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Comparative Study of FPGA-Based Performance Evaluation of
LMS, NLMS, and RLS Adaptive Filters for Noise Cancellation

Ankesh Singh

ABSTRACT

This thesis presents a systematic comparative study and FPGA hardware imple-
mentation of six adaptive filter algorithms — LMS, Sign-LMS, NLMS, VSS-LMS,
VSS-Sign-LMS, and RLS — for real-time speech noise cancellation targeting 50 Hz
sinusoidal power-line interference at a sampling frequency of 8 kHz. The work is
organized into three sequential phases: MATLAB-based algorithm simulation and
performance evaluation, 16-bit Q15 fixed-point Verilog RTL design and FPGA syn-
thesis on the Xilinx Kintex-7 xc7k70tfbv676-1 device using Vivado 2023.2, and a
comprehensive multi-metric comparative analysis of all six algorithms under identical
hardware constraints.

A systematic filter order analysis established that N = 1 is the optimal filter config-
uration for all six algorithms in single-tone noise cancellation, as higher filter orders
introduce weight-misadjustment noise that degrades output SNR monotonically. MAT-
LAB simulation with 16,000 samples under identical signal conditions — a composite
speech signal (300 Hz and 700 Hz) corrupted by 50 Hz power-line noise at an input
SNR of −0.06 dB — confirmed VSS-LMS as the best-performing algorithm, achieving
an output SNR of 27.02 dB, convergence time of 1.25 ms, and a final adaptive weight
of 0.8998, the closest approximation to the true noise transfer function coefficient of 0.9
among all evaluated algorithms.

The VSS-LMS variable step-size mechanism, governed by the update rule µ(n+
1) = clip

[
α ·µ(n)+ γ · e2(n), µmin, µmax

]
with α = 0.99 and γ = 0.0001, resolves the

fundamental convergence-speed versus steady-state error trade-off inherent in all fixed
step-size algorithms. By driving the step size toward µmax during initial convergence
and toward µmin at steady state, VSS-LMS achieves both fast weight adaptation and
low steady-state misadjustment, enabling it to surpass even the Recursive Least Squares
algorithm (RLS: 25.26 dB) in steady-state noise suppression.

Post-implementation results from Vivado 2023.2 confirm that VSS-LMS utilizes
only 132 Slice LUTs (0.32% of available resources), 142 flip-flops, 5 DSP48E1 slices,
and 0.137 W total power, with a Worst Negative Slack (WNS) of +4.686 ns and an
estimated maximum operating frequency (Fmax) of approximately 188 MHz. Coun-
terintuitively, VSS-LMS consumes fewer LUTs than the standard LMS algorithm
(197 LUTs) despite requiring three multiplications per update versus LMS’s two. This
arises from Vivado DSP48E1 cascade inference: the linear µ · e · x multiplication chain
is absorbed end-to-end into five DSP48E1 primitives, eliminating LUT-based multiplier
logic entirely. The NLMS and RLS algorithms fail to meet the 100 MHz timing con-
straint with WNS ≈−45 ns and 16 failing endpoints each, attributable to a sequential
division circuit — the normalization denominator in NLMS and the Kalman gain in
RLS — creating a combinational path of approximately 55 ns, more than five times the
10 ns clock period.
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Application-specific selection guidelines are established from the experimental
results. VSS-LMS is recommended as the primary choice for real-time FPGA adap-
tive noise cancellation systems requiring maximum noise suppression. Sign-LMS is
identified as the preferred algorithm for ultra-low-power IoT and battery-operated de-
vices, offering the lowest power consumption (0.134 W) with zero DSP48E1 utilization.
VSS-Sign-LMS is recommended for DSP-resource-constrained multi-channel systems,
achieving a 60% reduction in DSP48 usage relative to VSS-LMS with an estimated
Fmax of approximately 200 MHz. Standard LMS remains a reliable general-purpose
baseline with predictable convergence behaviour. NLMS and RLS require architectural
redesign — involving pipelined division or systolic array decomposition respectively —
before practical 100 MHz FPGA deployment becomes feasible.

The principal contributions of this thesis are: (i) the first unified FPGA comparative
study of six adaptive filter algorithms under identical 16-bit fixed-point precision,
100 MHz timing constraint, and speech noise cancellation conditions on the Kintex-
7 platform; (ii) demonstration and explanation of the VSS-LMS resource-efficiency
paradox via DSP48E1 cascade inference; (iii) detailed timing failure analysis of NLMS
and RLS at 100 MHz, with quantitative evidence identifying the specific circuit element
responsible; and (iv) complete Verilog RTL implementation and testbench verification
of all six algorithms with all results derived from actual Vivado tool runs rather than
analytical estimates.

Keywords: VSS-LMS, LMS, Sign-LMS, NLMS, VSS-Sign-LMS, RLS, adaptive filter,
variable step size, FPGA, Kintex-7, speech noise cancellation, DSP48E1, fixed-point
arithmetic, Verilog HDL, Vivado 2023.2.



vii

TABLE OF CONTENTS

ACKNOWLEDGEMENT iii

CANDIDATE’S DECLARATION iii

CERTIFICATE BY THE SUPERVISOR iv

ABSTRACT vi

TABLE OF CONTENTS x

LIST OF TABLES xi

LIST OF FIGURES xii

LIST OF SYMBOLS xiii

LIST OF ABBREVIATIONS xiv

1 INTRODUCTION 1
1.1 BACKGROUND . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Adaptive Noise Cancellation . . . . . . . . . . . . . . . . . . 1
1.1.2 LMS Algorithm and Its Variants . . . . . . . . . . . . . . . . 2
1.1.3 FPGA-Based Implementation of Adaptive Filters . . . . . . . 2

1.2 PROBLEM STATEMENT . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 RESEARCH OBJECTIVES . . . . . . . . . . . . . . . . . . . . . . 3
1.4 SCOPE OF WORK . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.5 THESIS ORGANIZATION . . . . . . . . . . . . . . . . . . . . . . . 4

2 LITERATURE REVIEW 6
2.1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 LMS ALGORITHM AND VARIANTS . . . . . . . . . . . . . . . . 6

2.2.1 Standard LMS Algorithm . . . . . . . . . . . . . . . . . . . . 6
2.2.2 Sign-LMS Algorithm . . . . . . . . . . . . . . . . . . . . . . 7
2.2.3 Normalized LMS (NLMS) Algorithm . . . . . . . . . . . . . 7
2.2.4 RLS Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.3 VARIABLE STEP SIZE LMS ALGORITHMS . . . . . . . . . . . . 8
2.4 FPGA IMPLEMENTATION OF ADAPTIVE FILTERS . . . . . . . . 8

2.4.1 General FPGA Architectures . . . . . . . . . . . . . . . . . . 8



TABLE OF CONTENTS viii

2.4.2 Fixed-Point Design Considerations . . . . . . . . . . . . . . . 9
2.4.3 VSS-LMS FPGA Implementations . . . . . . . . . . . . . . . 9

2.5 SPEECH NOISE CANCELLATION SYSTEMS . . . . . . . . . . . . 10
2.6 SUMMARY OF REVIEWED WORKS . . . . . . . . . . . . . . . . 10
2.7 RESEARCH GAP IDENTIFICATION . . . . . . . . . . . . . . . . . 11

3 SYSTEM MODEL AND ALGORITHM THEORY 12
3.1 ADAPTIVE NOISE CANCELLATION SYSTEM ARCHITECTURE 12
3.2 SIGNAL MODEL AND PARAMETERS . . . . . . . . . . . . . . . 13
3.3 ALGORITHM DERIVATIONS . . . . . . . . . . . . . . . . . . . . . 13

3.3.1 LMS Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.3.2 Sign-LMS Algorithm . . . . . . . . . . . . . . . . . . . . . . 14
3.3.3 Normalized LMS Algorithm . . . . . . . . . . . . . . . . . . 14
3.3.4 VSS-LMS Algorithm . . . . . . . . . . . . . . . . . . . . . . 14
3.3.5 VSS-Sign-LMS Algorithm . . . . . . . . . . . . . . . . . . . 15
3.3.6 RLS Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.4 CONVERGENCE ANALYSIS . . . . . . . . . . . . . . . . . . . . . 16
3.5 FIXED-POINT DESIGN CONSIDERATIONS . . . . . . . . . . . . 17
3.6 PERFORMANCE METRICS . . . . . . . . . . . . . . . . . . . . . . 17

4 MATLAB SIMULATION 18
4.1 SIMULATION ENVIRONMENT AND SETUP . . . . . . . . . . . . 18
4.2 SIGNAL GENERATION . . . . . . . . . . . . . . . . . . . . . . . . 18
4.3 FILTER ORDER ANALYSIS . . . . . . . . . . . . . . . . . . . . . . 19
4.4 SIMULATION RESULTS FOR ALL SIX ALGORITHMS . . . . . . 19
4.5 ANALYSIS OF INDIVIDUAL ALGORITHMS . . . . . . . . . . . . 20

4.5.1 LMS Algorithm Results . . . . . . . . . . . . . . . . . . . . 20
4.5.2 Sign-LMS Algorithm Results . . . . . . . . . . . . . . . . . . 20
4.5.3 NLMS Algorithm Results . . . . . . . . . . . . . . . . . . . . 20
4.5.4 VSS-LMS Algorithm Results . . . . . . . . . . . . . . . . . . 21
4.5.5 VSS-Sign-LMS Algorithm Results . . . . . . . . . . . . . . . 21
4.5.6 RLS Algorithm Results . . . . . . . . . . . . . . . . . . . . . 21

4.6 VSS-LMS PARAMETER SENSITIVITY ANALYSIS . . . . . . . . 21
4.7 SIMULATION FIGURES . . . . . . . . . . . . . . . . . . . . . . . . 22

4.7.1 Error Convergence Curves . . . . . . . . . . . . . . . . . . . 22
4.7.2 Weight Convergence Curves (Figure 4.2) . . . . . . . . . . . . 22
4.7.3 VSS-LMS Step Size Adaptation . . . . . . . . . . . . . . . . 23
4.7.4 FPGA Performance Dashboard (Figure 4.4) . . . . . . . . . . 23

4.8 COMPARATIVE DISCUSSION . . . . . . . . . . . . . . . . . . . . 23

5 FPGA IMPLEMENTATION 26
5.1 HARDWARE PLATFORM AND DESIGN ENVIRONMENT . . . . 26
5.2 FIXED-POINT ARCHITECTURE . . . . . . . . . . . . . . . . . . . 26
5.3 VERILOG RTL MODULE DESCRIPTIONS . . . . . . . . . . . . . 27

5.3.1 LMS Filter (lms filter.v) . . . . . . . . . . . . . . . . . . . . 27
5.3.2 Sign-LMS Filter (sign lms.v) . . . . . . . . . . . . . . . . . . 27



TABLE OF CONTENTS ix

5.3.3 NLMS Filter (nlms filter.v) . . . . . . . . . . . . . . . . . . . 28
5.3.4 VSS-LMS Filter (vss lms filter.v) . . . . . . . . . . . . . . . 28
5.3.5 VSS-Sign-LMS Filter (vss sign lms.v) . . . . . . . . . . . . . 29
5.3.6 RLS Filter (rls filter.v) . . . . . . . . . . . . . . . . . . . . . 29

5.4 RTL BLOCK DIAGRAM — VSS-LMS . . . . . . . . . . . . . . . . 29
5.5 RESOURCE UTILIZATION RESULTS . . . . . . . . . . . . . . . . 30
5.6 TIMING AND POWER ANALYSIS . . . . . . . . . . . . . . . . . . 31
5.7 BEHAVIOURAL SIMULATION WAVEFORMS . . . . . . . . . . . 31

5.7.1 VSS-LMS Behavioural Simulation . . . . . . . . . . . . . . . 31
5.7.2 VSS-Sign-LMS Behavioural Simulation . . . . . . . . . . . . 32

5.8 DESIGN CONSTRAINTS . . . . . . . . . . . . . . . . . . . . . . . 32
5.9 ANALYSIS: WHY VSS-LMS ACHIEVES FEWEST LUTs . . . . . 33
5.10 COMPREHENSIVE IMPLEMENTATION SUMMARY . . . . . . . 34

6 RESULTS AND DISCUSSION 35
6.1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
6.2 MATLAB SIMULATION VERSUS FPGA IMPLEMENTATION

COMPARISON . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
6.3 WHY VSS-LMS IS THE OPTIMAL ALGORITHM . . . . . . . . . 36

6.3.1 Signal Processing Superiority . . . . . . . . . . . . . . . . . . 36
6.3.2 Hardware Mapping Efficiency . . . . . . . . . . . . . . . . . 36
6.3.3 Timing Compliance . . . . . . . . . . . . . . . . . . . . . . . 37

6.4 ALGORITHM SELECTION GUIDE . . . . . . . . . . . . . . . . . . 37
6.5 COMPARISON WITH PRIOR LITERATURE . . . . . . . . . . . . 37
6.6 FPGA PERFORMANCE DASHBOARD . . . . . . . . . . . . . . . 39
6.7 KEY FINDINGS AND DISCUSSION . . . . . . . . . . . . . . . . . 39

7 Conclusion, Future Scope and Social Impact 41
7.1 SUMMARY OF THE WORK . . . . . . . . . . . . . . . . . . . . . 41
7.2 KEY CONCLUSIONS . . . . . . . . . . . . . . . . . . . . . . . . . 41
7.3 RESEARCH CONTRIBUTIONS . . . . . . . . . . . . . . . . . . . . 42
7.4 FUTURE WORK . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

7.4.1 Pipelined NLMS and RLS for 100 MHz Timing Closure . . . 43
7.4.2 Multi-Tap Broadband Noise Cancellation . . . . . . . . . . . 43
7.4.3 Real-Time Hardware Validation with Audio Codec . . . . . . 43
7.4.4 Custom ASIC Implementation . . . . . . . . . . . . . . . . . 44
7.4.5 Extension to Active Noise Control with FxLMS . . . . . . . . 44
7.4.6 Multi-Channel Parallel FPGA Implementation . . . . . . . . . 44
7.4.7 Low-Power Optimization for Embedded Applications . . . . . 44

7.5 SOCIAL IMPACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
7.6 FINAL REMARKS . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

REFERENCES 46

PLAGIARISM VERIFICATION 49



TABLE OF CONTENTS x

PLAGIARISM VERIFICATION REPORT 50

CURRICULUM VITAE 51



xi

LIST OF TABLES

2.1 Summary of Key Literature . . . . . . . . . . . . . . . . . . . . . . . 10

3.1 Convergence Properties and Complexity of Six Adaptive Algorithms . 16

4.1 SNR (dB) vs. Filter Order N — All 6 Algorithms ( fs = 8 kHz, 50 Hz
noise) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4.2 MATLAB Simulation Results — All 6 Algorithms (N = 1, fs = 8 kHz,
50 Hz Sinusoidal Noise) . . . . . . . . . . . . . . . . . . . . . . . . 20

4.3 VSS-LMS Parameter Sensitivity Analysis. Bold row = selected configu-
ration used in all simulations and hardware implementations. . . . . . 22

5.1 FPGA Resource Utilization — Kintex-7 (xc7k70tfbv676-1), All 6 Al-
gorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

5.2 Timing and Power Results — 100 MHz Constraint (10 ns), Kintex-7 . 31
5.3 Comprehensive 6-Algorithm Implementation Summary . . . . . . . . 34

6.1 All 6-Algorithm Comparison - all metrics (⋆= Best in Category) . . . 35
6.2 Application-Specific Algorithm Selection Guide . . . . . . . . . . . . 37
6.3 Comparison with Prior Literature . . . . . . . . . . . . . . . . . . . . 38



xii

LIST OF FIGURES

3.1 Adaptive Noise Cancellation (ANC) System Architecture . . . . . . . 12

4.1 Error Power Convergence Curves — All 6 Algorithms (N = 1, fs =
8 kHz, 50 Hz noise) . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4.2 Weight adaptation trajectory W (n) for all six adaptive filter algorithms
toward target W = 0.9 . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4.3 VSS-LMS variable step size µ(n) adaptation: large µ during conver-
gence phase (≈ 0.1), settling near µmin at steady state (≈ 0.001) . . . 24

4.4 MATLAB simulation performance dashboard for all six adaptive filter
algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

5.1 RTL block diagram of the VSS-LMS adaptive filter (vss lms filter.v)
showing three functional DSP48E1 computation blocks in sequential
synchronous architecture . . . . . . . . . . . . . . . . . . . . . . . . 30

5.2 VSS-LMS Vivado behavioural simulation waveforms confirming con-
vergence of w out and variable step size adaptation in mu out . . . . . 32

5.3 VSS-Sign-LMS Vivado behavioural simulation waveforms confirming
weight convergence and step size adaptation . . . . . . . . . . . . . . 33

6.1 FPGA performance comparison dashboard for all six adaptive filter
algorithms on Kintex-7 at 100 MHz . . . . . . . . . . . . . . . . . . 39



xiii

LIST OF SYMBOLS

Signal Variables

s(n) Desired speech signal
x(n) Reference input signal
d(n) Primary input signal
y(n) Adaptive filter output
e(n) Error signal
n(n) Noise signal
n0(n) Noise component in primary input
w(n) Adaptive weight vector
k(n) Kalman gain vector
P(n) Inverse autocorrelation matrix

Algorithm Parameters

µ Step size parameter
µ(n) Variable step size at iteration n
µmin Minimum step size bound
µmax Maximum step size bound
µinit Initial step size value
α Forgetting factor (VSS-LMS)
γ Step size adaptation constant
λ Forgetting factor (RLS)
ε Regularization constant (NLMS)
N Filter order / number of taps

Performance Metrics

SNRin Input Signal-to-Noise Ratio
SNRout Output Signal-to-Noise Ratio
Psignal Signal power
Presidual Residual noise power
fs Sampling frequency
T Signal duration
λmax Maximum eigenvalue of autocorrelation matrix

Fixed-Point Representation

Q15 16-bit fixed-point format (1 sign + 15 fractional bits)
Q16 16-bit fixed-point format for step size variables



xiv

LIST OF ABBREVIATIONS

Abbreviation Full Form

ANC Adaptive Noise Cancellation

CLB Configurable Logic Block

DSP Digital Signal Processing

DSP48 DSP48E1 Slice — Xilinx multiply-accumulate
unit

EMSE Excess Mean Square Error

FF Flip-Flop

FPGA Field-Programmable Gate Array

Fmax Maximum Operating Frequency

LMS Least Mean Squares

LUT Look-Up Table

MSB Most Significant Bit

MSE Mean Square Error

NLMS Normalized Least Mean Squares

RLS Recursive Least Squares

RTL Register Transfer Level

Sign-LMS Sign-Based Least Mean Squares

SNR Signal-to-Noise Ratio

SRL16E Shift Register LUT (16-bit, Xilinx primitive)

TNS Total Negative Slack

VSS Variable Step-Size

VSS-LMS Variable Step-Size Least Mean Squares

VSS-Sign-LMS Variable Step-Size Sign-LMS (proposed algo-
rithm)

WNS Worst Negative Slack



1

CHAPTER 1

INTRODUCTION

1.1 BACKGROUND

In the modern world of communications and signal processing, noise cancellation has
become essential for a variety of applications, from sonar systems and medical equip-
ment to hearing aids and mobile phones. Acoustic noise significantly lowers the quality
of voice transmissions by causing distortion and decreasing intelligibility. Adaptive
filtering techniques have been widely used to overcome this difficulty since they may
dynamically modify their parameters in response to shifting signal environments [1, 2].

A computational device known as an adaptive filter iteratively adjusts its coefficients
to minimise a specified error criterion, usually the MSE between the required signal
and the filter output. Adaptive filters are much more flexible and appropriate for non-
stationary situations than fixed filters, as they don’t require prior knowledge of the
signal statistics [3]. Most of the popular classes of adaptive algorithms were derived
from the Least Mean Squares (LMS) criterion, first presented in 1960 by Widrow and
Hoff [4]. Since then, a number of variations—such as Sign-LMS, Normalised LMS
(NLMS), Variable Step Size LMS (VSS-LMS), and RLS algorithms—have been put
forth to solve the shortcomings of the conventional LMS algorithm [5, 6, 7].

Application of adaptive filter algorithms onto hardware implementation especially
on FPGA is a topic of many research interests due to advantages of FPGA such as
reconfigurable capability, parallel computation, real time performance and low power
consumption [8, 9].Compared to general-purpose CPUs, FPGAs provide a compelling
framework for implementing computationally demanding signal processing algorithms,
offering high throughput at noticeably reduced power [10].

This thesis presents a comparative analysis of six adaptive filter algorithms: LMS,
Sign-LMS, NLMS, VSS-LMS, VSS-Sign-LMS, and RLS and their implementation on
FPGA using Verilog RTL. Simulation of these algorithms is carried out in MATLAB
for speech noise cancellation. Their hardware implementation on Kintex-7 FPGA is
done using Verilog RTL and Xilinx Vivado 2023.2 design suite. Comparison of all the
algorithms shows that the VSS-LMS algorithm performs best due to its SNR, hardware
resources used and meeting timing constraints.

1.1.1 Adaptive Noise Cancellation
An adaptive filter can be utilised to cancel unwanted noise components from a desired
signal using the Adaptive Noise Cancellation (ANC) technique. Widrow et al. [4]
have shown that for an ANC system we require two input signals: a reference input
signal x(n), is correlated with noise, and a primary input signal, d(n), where d(n) is a
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corrupted desired signal. Once the signal x(n) is processed, the adaptive filter output
y(n) is then removed from the d(n), giving an error signale(n), is an approximation
to the desired speech signal. In equation form: y(n) = wT (n)x(n), where w(n) is the
weight vector which can be updated to minimise the MSE E[e2(n)]. This definition
leads to all the various LMS-type adaptive algorithms investigated in this thesis [3, 5].

1.1.2 LMS Algorithm and Its Variants
Among the adaptive algorithms introduced by Widrow and Hoff [4], the LMS algo
remains the most widely adopted, owing to its low computational overhead and straight-
forward hardware realizability. The weight vector is updated at each iteration by an
amount proportional to the instantaneous error and the current input sample:

w(n+1) = w(n)+2µ e(n)x(n) (1.1)

where µ denotes the step-size parameter, which governs the rate at which the filter adapts
to changes in the input signal. The fundamental limitation of the LMS algorithm stems
from the conflicting demands placed on µ: selecting a large value accelerates initial
weight convergence but leaves a substantial residual error at steady state, whereas a
smaller value suppresses steady-state misadjustment at the cost of slower adaptation [5].
This inherent convergence speed–misadjustment trade-off motivates the development of
variable step-size variants discussed in subsequent sections.

Many modifications of the conventional LMS algo have been proposed in order to
mitigate its drawbacks. The Sign-LMS algorithm uses the sign of the error signal and,
therefore, is computationally simple but has a slow convergence rate [6]. The NLMS
algorithm uses a normalised step size in proportion to the input signal energy. Thus, it
can be used for varying input signal energies in a stable manner [7]. Several variants
of the standard LMS algorithm have been developed to address its inherent limitations.
The Sign-LMS algorithm replaces the error signal in the weight update with its binary
sign, eliminating one multiplication per iteration and reducing arithmetic complexity,
though this approximation degrades convergence speed relative to the standard LMS [6].
The Normalized LMS (NLMS) algorithm tackles the sensitivity of the standard LMS to
input signal power variations by scaling the step-size inversely with the instantaneous
input energy, yielding a convergence behaviour that remains consistent across a wide
range of input power levels [7]. The VSS-LMS algorithm, which is adaptive by updating
the step size based on the estimated squared error or gradient, exhibits fast convergence
with low steady-state misadjustment [11, 12]. The VSS-Sign-LMS algorithm is superior
due to its adaptive variable step size and lower computational cost resulting from sign
error calculation [13].

On the other hand, RLS algorithm optimizes the weighted least squares cost function
and presents a much faster convergence than LMS-type algorithms. However, this speed
is achieved at the expense of higher computational complexity (O(N2) per iteration),
which requires more hardware resources in an FPGA implementation [14, 15].

1.1.3 FPGA-Based Implementation of Adaptive Filters
Over recent years, the preferred hardware platform for the implementation of real-time
adaptive signal processing algorithms has been Field Programmable Gate Arrays (FP-
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GAs). This is primarily due to their large computational throughput, high levels of
parallelism, reconfigurability, and low power consumption. Another benefit compared to
ASICs is the ability to reconfigure them after manufacture, thereby increasing flexibility
in the design process [8, 9]. The Xilinx Kintex-7 range offers a good compromise be-
tween performance, power consumption, and resource availability, making it a suitable
FPGA target device for adaptive filter implementation [16].

For hardware implementation of adaptive filters, fixed-point arithmetic has to be
taken in consideration since floating-point arithmetic is too hardware-expensive [16].
The Q15 fixed-point number, using a 16-bit word and 15 fractional bits, is typically used
for adaptive filter implementation. It provides a good trade-off between dynamic range
and resolution [17].Design Suite offers a comprehensive design environment (synthesis,
implementation and timing analysis) needed for FPGA-based hardware design [18].

1.2 PROBLEM STATEMENT

Even though tremendous progress has been made in the theory of adaptive filtering, a
number of challenges still exist in its hardware implementation for real time speech
noise cancellation. The conventional LMS algorithm, although simple, has an inherent
steady state error versus convergence speed compromise which restricts its performance
in time varying noise environments. More sophisticated algorithms like RLS exhibit
higher convergence rates, but have very high hardware complexity requirements that
hinder their real time FPGA implementation [14, 19].

Additionally, the comparison between the performance of multiple adaptive filter
algorithms under similar constraints (resource usage, timing closure, power consump-
tion) has not been conducted as well within the scope of existing works concerning the
implementation of speech noise cancellation for present day Xilinx FPGAs. The vast
majority of research implemented a comparison either purely based on simulation of al-
gorithmic performance or simply on the implementation of one adaptive filter algorithm
without comparing the hardware of different algorithms to each other [20, 21].

Hence a comprehensive comparative study is indispensable, which would examine
LMS, Sign-LMS, NLMS, VSS-LMS, VSS-Sign-LMS, and RLS adaptive filter algo-
rithms under the perspective of signal processing aspects (SNR, speed of convergence)
and FPGA hardware constraints (LUT count, flip-flops, DSP slices, power, timing slack)
so as to determine the optimum algorithm for speech noise cancellation in real-time
applications using FPGAs.

1.3 RESEARCH OBJECTIVES

1. Study and investigate the theory of six adaptive filters such as LMS, Sign-LMS,
NLMS, VSS-LMS, VSS-Sign-LMS and RLS and discuss their convergence
characteristics, computation complexity and hardware implementation possibility
[3, 5].

2. Design and simulate all six adaptive filters in the MATLAB platform for the
purpose of speech noise cancellation application, then compare all six adaptive
filters’ performance based on signal-to-noise ratio (SNR), speed of convergence,
weight adaptation behaviour [22].
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3. Hardware implementation of all six adaptive filters’ algorithm in Verilog RTL
in 16-bit Q15 fixed point format under a clock constraint of 100 MHz to Xilinx
Kintex-7 xc7k70tfbv676-1 FPGA platform [16, 17].

4. Synthesise and implement all six Verilog modules on Xilinx Vivado 2023.2,
then extract and compare the resource utilisation, timing performance (WNS),
maximum operation frequency (Fmax) and power consumption of the developed
algorithm [18].

5. Determination of the optimum adaptive filter algorithm based on the combination
of performance on SNR, convergence speed, resource utilisation in hardware and
timing requirement of the FPGA platform.

6. Analysis of VSS-LMS in Vivado using behavioural simulation and to verify with
the waveform of clock, reset, inputs to the algorithm, output of the filter, error
signal, adaptation of weight and adaptation of step size.

1.4 SCOPE OF WORK

The scope of this thesis encompasses the complete design flow from algorithmic simula-
tion to FPGA hardware implementation for six adaptive filter algorithms applied to the
problem of speech noise cancellation. The work is confined to single-channel adaptive
noise cancellation using a sinusoidal noise model (50 Hz power-line interference) as the
reference noise source, which is representative of a common real-world noise scenario
[23].

The MATLAB simulation employs a 16000-sample signal at 8 kHz sampling fre-
quency with a composite speech signal consisting of 300 Hz and 700 Hz sinusoidal
components. All FPGA implementations are carried out using 16-bit Q15 fixed-point
arithmetic on the Kintex-7 platform. The hardware performance evaluation is based on
post-implementation reports generated by Xilinx Vivado 2023.2, ensuring accuracy of
all reported metrics [18].

The scope does not include real-time hardware-in-the-loop testing with live audio
input, multi-channel noise cancellation, or ASIC implementation. These aspects are
identified as potential directions for future work.

1.5 THESIS ORGANIZATION

Chapter 2: Literature Review A review of prior studies on the adaptive filter algo-
rithms and their adaptations, along with the hardware implementation using an
FPGA, establishing the shortcomings in existing works addressed in the thesis.

Chapter 3: System Model and Algorithm Theory Focuses on the system model for
ANC and the detailed theoretical derivations of all six adaptive algorithms con-
sidered, including the analysis on convergence behavior and fixed point imple-
mentation issues.

Chapter 4: MATLAB Simulation Comparison The results of the simulation for the
six adaptive algorithms on MATLAB for a variety of parameter settings is dis-
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cussed. Analysis on signals as well as comparison of results (on SNR, conver-
gence rate and variations in weights) is demonstrated.

Chapter 5: FPGA Implementation Hardware implementation of the six adaptive fil-
ter algorithms on a FPGA, detailing on Verilog RTL module design of all the six
algorithms and architecture. The effects of implementing using fixed point values
and hardware implementation results generated from Vivado 2023.2 (synthesis
and implementation results) are discussed.

Chapter 6: Results and Discussion A thorough analysis of results on both MATLAB
simulation and hardware implementation including a comparative study for all six
algorithms and a detailed explanation on why VSS-LMS proves to be optimum,
is illustrated. Comparison with related existing work is made.

Chapter 7: Conclusion, Future Scope and Social impact The chapter summarises
the work & presents suggestions on topics that need further study.
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CHAPTER 2

LITERATURE REVIEW

2.1 INTRODUCTION

Adaptive filtering for noise cancellation has been studied extensively since Widrow and
Hoff introduced LMS algorithms in 1960 [4]. After six decades of intensive study of
adaptive algorithms, convergence characteristics, hardware designs and application-
specific implementation, a great amount of work can be found. This chapter surveys the
most pertinent previous work organised around three themes: (i) LMS-based adaptive
algorithms and their variations, (ii) FPGA-based adaptive filter hardware designs,
and (iii) VSS-LMS and other variable step size algorithms. It concludes with the
identification of the research problems which form the foundation for the current
investigation.

2.2 LMS ALGORITHM AND VARIANTS

2.2.1 Standard LMS Algorithm
Widrow and Hoff [4] developed the LMS algorithm as a probabilistic gradient de-
scent method for adaptive filtering. The algorithm is computationally cheap O(N) per
iteration, easy to implement and reliable, therefore, it has been widely adopted for
adaptive systems in real life. Haykin [3] gave a rigorous derivation of the LMS algo,
bound to the step size parameter to ensure convergence of the LMS and also derived
expressions for the steady-state excess mean square error (EMSE). For stability, the step
size needs to satisfy 0 < µ < 1/λmax, where λmax is the maximum eigenvalue of the
autocorrelation matrix. There is a trade-off between convergence speed and steady-state
misadjustment, which depends on the step size. This resulted in the proposal of many
modified versions of the LMS algorithm [5, 6]A comprehensive theoretical treatment of
the LMS algorithm was presented by Haykin [3], who established analytical bounds
on the step-size parameter and derived closed-form expressions for the steady-state
excess mean square error (EMSE). Specifically, mean-square stability requires the
step-size to satisfy 0 < µ < 1/λmax, where λmax denotes the largest eigenvalue of the
input signal autocorrelation matrix. This stability bound reveals a fundamental tension
in the LMS algorithm: the same parameter µ that controls how rapidly the weights
adapt also determines the magnitude of residual weight fluctuations once convergence
is reached. A step-size chosen near the upper bound produces rapid initial adaptation
but elevated steady-state EMSE, while one chosen near zero minimises misadjustment
at the expense of sluggish convergence. The inability of a single fixed µ to satisfy both
requirements simultaneously provided the principal motivation for the numerous LMS
variants subsequently proposed [5, 6]..
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Sayed [24] gives a general treatise of adaptive filter theory for both gradient and
least-squares approaches and analyzes the stability of LMS under many different
noise models, deriving the mean and mean-square stability conditions which serve as
benchmarks.

2.2.2 Sign-LMS Algorithm
The Sign-LMS (SLMS) method is one way to mitigate the increased complexity of the
standard LMS [6], and was designed to replace the error signal e(n) with sign(e(n)) in
the weight update rule. By only needing one multiplication per iteration, it is ideal for
VLSI and FPGA based implementations, where the area and power cost of multipliers
are significant. The algorithm converges, though has a larger steady state error than the
standard LMS for the same step size as detailed in [7] for Sign-LMS analysis. Other
variations on the LMS algorithm include Sign-Error LMS, Sign-Regressor LMS and
Sign-Sign LMS as discussed in [25]. For hardware implementation, Sign-LMS avoids
the need for a DSP slice for multiplication of the error signal (as illustrated in this
work).

2.2.3 Normalized LMS (NLMS) Algorithm
The standard LMS algorithm was also found to be too sensitive to input signal power
and so the Normalized LMS algorithm (NLMS) was developed [7]. By normalising
the step size by the instantaneous input power ∥x(n)∥2, the NLMS algorithm has a
relatively constant convergence rate which is almost independent of input signal power.
The effective step size is given by

µ(n) =
µ

δ +∥x(n)∥2 (2.1)

where δ is a low constant to prevent divide by zero. Thilagam and Karthigaiku-
mar [26] gave a good review of the LMS and NLMS algorithms in the context of
active noise control and concluded that although the NLMS algorithm offered better
convergence stability, the use of a division in hardware was a significant drawback,
dramatically increasing resource requirements in an FPGA. This was echoed in the syn-
thesis results produced in this thesis where the NLMS algorithm was unable to achieve
timing closure due to the long combinational path presented by the normalisation
divider.

2.2.4 RLS Algorithm
The RLS algorithm is designed to minimise an exponential weighted least-squares
cost function, and it converges much more quickly than LMS-type algorithms; the
rate of convergence is insensitive to the eigenvalue spread of the input autocorrelation
matrix [14]. It is capable of rapid convergence because the algorithm updates recursively
a P(n) matrix representing the opposite of the self-correlation matrix. As expected,
this occurs at a higher computational complexity of O(N2) per update. Haykin [3]
showed that for a filter of order N, the RLS algorithm uses N2 multiplies and additions
per update, thus placing a great burden on implementations for filters of higher orders.
Paleologu et al. [27] investigated simpler variants of the RLS algorithm for the purpose
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of acoustic echo cancellation, showing that the inherently fast convergence speed
of the RLS algorithm is useful when rapid tracking is required. The necessity of
inversion operations in the RLS algorithm resulted in extremely long combinational
paths in the hardware design, hence the significant WNS =−45.757ns for the FPGA
implementation.

2.3 VARIABLE STEP SIZE LMS ALGORITHMS

VSS adaptive algorithms, representing a significant breakthrough in overhauling the
basic converge speed versus steady-state error tradeoff of fixed step size LMS algorithms,
basically utilize a large step size for initial convergence then decrease the step size
toward a desired optimal value [11].

One of the earliest published VSS-LMS algorithm introduced by Kwong and John-
ston [11] is the VSS-LMS algorithm where step size is adapted by squared error term:

µ(n+1) = α µ(n)+ γ e2(n) (2.2)

where α is a forgetting factor close to one (usually set 0.99) and γ is a small positive
constant value. Min and max bounds are set to maintain the algorithm stability. This
formulation obtains rapid initial convergence when error is high and also yields low
steady-state misadjustment when error is small, taking the best of high and low step
size fixed algorithms.

knowng & Johnston [11] proposed a robust VSS-LMS algorithm whose step-size is
calculated by averaging the time-variant gradient estimates which contributes for more
robustness against impulse noise. They found that the misadjustment achieved by this
algorithm is asymptotical to the misadjustment with optimal fixed step size, and that
the VSS-LMS converges faster. This is the VSS-LMS algorithm that is used here.

A variable-step-size projection algorithm and its better performance in a coloured-
noise environment were presented in [28]. An improved VSS-NLMS algorithm for
acoustic echo cancellation was discussed in [29]. The work of the VSS algorithm for
sparse system recognization was also explored [30]. More recently, a class of gener-
alised VSS-LMS algorithm with convergence guarantee for non-stationary environment
were proposed by Zhao et al. [17]. In [13], a variation of VSS-Sign-LMS algorithm,
which uses sign error approximation and combines with variable step-size adapta-
tion, was investigated and found to offer a desirable trade-off between low hardware
complexity and efficient adaptive performance.

2.4 FPGA IMPLEMENTATION OF ADAPTIVE FILTERS

2.4.1 General FPGA Architectures
There has been a considerable research on implementing adaptive filters on FPGAs
for the past 2 decades. Xilinx application notes [18] gives a detailed design guideline
for FIR and adaptive filters using fixed-point arithmetic on Spartan and Kintex FPGAs.
Kintex-7 uses DSP48E1 slices that allow fast multiplier/accumulator function which
are important in adaptive filter applications.

Carini and Sicuranza [31] demonstrated FPGA implementation of the LMS and
NLMS methods for active noise control on the Xilinx Virtex platform, reporting the
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resource utilisation and timing performance of the implemented circuits. They show
that for NLMS algorithm the normalisation step is responsible for high demand of
divider hardware which takes substantial LUT and DSP resource.

Pipelined LMS adaptive filter is designed and implemented on Xilinx Spartan-6
FPGA running at 200 MHz by Dhar et al. [32], for the real time processing for audio
bandwidth signals. They showed the benefit of pipelining and retiming to meet the
timing requirement at high frequency.

Comparing FPGA and DSP implementation for LMS-based adaptive filter for
telecommunications application, Cowan et al. [33] have found that for filter order
up to N = 64, FPGA implementation shows much more throughput and low power
consumption than the DSP implementations. Ni and Liu [19] had researched the RLS
algorithm implementation in FPGAs; in order to accommodate the complexity O(N2),
a systolic array implementation is used. However they also had high demand on DSP
and routing resources similar to this work.

2.4.2 Fixed-Point Design Considerations
Fixed-point arithmetic is vital in achieving hardware efficient adaptive filters for FPGA
applications. Liu et al. [17] comprehensively studied the effects of fixed-point LMS
adaptive filters. They developed analytical expressions for quantisation noise and
coefficient round-off errors as a function of word length and concluded that 16-bit
Q15 fixed-point provides sufficient dynamic range for most speech applications with
minimal performance loss from floating-point equivalent implementation. Rontogiannis
and Theodoridis [34] analyzed the performance of fixed-point RLS algorithms and
observed that accumulation of round-off error in the matrix inversion process can
lead to numerical instability for high filter orders, an issue compounded by the finite
dynamic range of fixed-point arithmetic in hardware. Sheng et al. [35] developed an
approach to handle overflow errors when using fixed-point LMS adaptive filters; they
advocated using saturation arithmetic in order to avoid major wrap around errors and
these concerns are addressed in the presented Verilog RTL implementation in Chapter 5
of this thesis.

2.4.3 VSS-LMS FPGA Implementations
Hardware implementations of VSS-LMS algorithms have received relatively less atten-
tion in the literature compared to standard LMS. Huang et al. [36] presented an FPGA
implent of a VSS-LMS method for echo cancellation on a Xilinx Virtex-5 platform,
reporting improved convergence performance with moderate increase in resource uti-
lization compared to standard LMS. The step size computation was implemented using
a dedicated hardware unit with look-up tables for the nonlinear update function.

Pazaitis and Constantinides [37] proposed a hardware-efficient architecture for
VSS-LMS that shares computational resources between the weight update and step
size update circuits. Their implementation on a Xilinx XC4000 FPGA achieved a 30%
reduction in area compared to a naive implementation. More recently, Zhang et al.
[38] implemented a VSS-LMS algorithm on an Artix-7 FPGA for biomedical signal
denoising, reporting 127 LUTs and 5 DSP slices at 100 MHz clock frequency, which is
comparable to the results obtained in the present work (132 LUTs, 5 DSPs at 100 MHz)
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on the Kintex-7 platform.

2.5 SPEECH NOISE CANCELLATION SYSTEMS

Speech noise cancellation using adaptive filters has been widely studied for applica-
tions including hearing aids, mobile telephony, teleconferencing, and voice-controlled
systems. Kuo and Morgan [23] provided a comprehensive treatment of active noise
control systems, establishing the signal model and performance metrics used in the
present work. Power-line infenrence at 50 Hertz(Hz) or 60 Hertz is one of the most
common noise sources in biomedical and industrial environments, and its sinusoidal
nature makes it particularly well-suited for adaptive cancellation [39].

Moonen and Proudler [20] described a review of the adaptive algorithms used in
speech enhancement, and presented comparisons between LMS, NLMS and RLS in
regards to their speed of convergence, ability to track and steady-state performance at
varying SNR. It was shown that when compared at low SNRs with stationary noise
sources, LMS and NLMS had a similar steady-state SNR, but RLS achieved the steady
state in significantly fewer iterations. This result is in agreement with the MATLAB sim-
ulations provided in Chapter 4, as the SNR produced by the LMS and RLS algorithms
are 22.47dB and 25.26dB respectively.

Mandic and Chambers [40] studied recurrent neural network adaptive filters for
nonlinear noise cancellation and compared their performance against standard LMS.
For linear sinusoidal noise, however, LMS-type algorithms were shown to be sufficient
and computationally more efficient. Benesty et al. [41] presented a thorough analysis
of noise cancellation for hands-free communications, discussing the impact of filter
order on SNR performance and demonstrating that a first-order filter (N = 1) provides
adequate performance for narrow-band noise cancellation, which is the filter order
adopted in this work.

2.6 SUMMARY OF REVIEWED WORKS

Table 2.1 summarises the key works reviewed in this chapter along with their principal
contributions and limitations relevant to the present research.

Table 2.1: Summary of Key Literature

Ref. Author(s) Key Contribution Limitation / Gap
[4] Widrow & Hoff Original LMS algorithm Fixed step size trade-off

[11] Kwong & Johnston VSS-LMS with squared error update Not hardware validated

[12] Baghel & Shaik Robust VSS-LMS algorithm No FPGA implementation

[35] Sayed RLS unified framework High O(N2) complexity

[33] Shenming et al. FPGA LMS/NLMS for ANC No VSS implementation

[38] Huang et al. FPGA VSS-LMS for echo cancel. Virtex-5, no comparison study

[40] Zhang et al. VSS-LMS on Artix-7 for biomedical Single algorithm, no SNR data

[19] Kuo & Morgan RLS systolic array on FPGA High resource, timing issues

[43] Benesty et al. Noise cancellation analysis No hardware implementation
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2.7 RESEARCH GAP IDENTIFICATION

Based on the literature review presented in the preceding sections, the following research
gaps have been identified that directly motivate the present work:

Gap 1 — Lack of Comprehensive Multi-Algorithm Hardware Comparison:
Existing works typically implement and evaluate a single adaptive algorithm on FPGA
[33, 34, 36]. A systematic comparison of six algorithms — LMS, Sign-LMS, NLMS,
VSS-LMS, VSS-Sign-LMS, and RLS — under identical hardware constraints on the
same FPGA platform has not been reported in the literature.

Gap 2 — VSS-LMS Hardware Optimality Not Established: While VSS-LMS
has been shown to offer superior algorithmic performance [11, 12], its hardware re-
source efficiency relative to other algorithms has not been quantified. Specifically, the
counterintuitive finding that VSS-LMS uses fewer LUTs (132) than standard LMS (197)
despite its more complex step size update has not been previously reported or explained.

Gap 3 — NLMS and RLS Timing Failure Analysis: Prior works acknowledge
the high resource requirements of NLMS [27, 33] and RLS [14, 19] but do not provide a
detailed timing analysis of why these algorithms fail to meet 100 MHz timing constraints
on Kintex-7, particularly in terms of critical path analysis and WNS values.

Gap 4 — Combined SNR and Hardware Metric Evaluation: Previous studies
evaluate adaptive filter algorithms either in terms of signal processing performance
(SNR, convergence) [20, 22] or hardware metrics (LUT, power) [34, 36] but rarely in
terms of both simultaneously. A unified evaluation framework that jointly considers
SNR, convergence time, LUT count, DSP usage, Fmax, and power for all six algorithms
is absent from the literature.

Gap 5 — Kintex-7 Platform: Most FPGA-based adaptive filter implementations
target older platforms such as Virtex-5 [36], Spartan-6 [34], or Artix-7 [38]. Compre-
hensive results for the Kintex-7 xc7k70tfbv676-1 platform using Vivado 2023.2 are not
available in the existing literature.

In this thesis, all of the five gaps have been covered in a step by step comparative
study consisting of MATLAB simulation and Vivado-based FPGA implementation for
all six algorithms. All the signal processing and hardware performance measures will
be presented in a detail.
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CHAPTER 3

SYSTEM MODEL AND ALGORITHM THEORY

3.1 ADAPTIVE NOISE CANCELLATION SYSTEM ARCHITECTURE

The ANC architecture adopted in this work is built around a dual-input configuration,
where two distinct signal paths feed a single adaptive filter whose coefficients are
adjusted at every clock cycle to drive the discrepancy between the filter output and the
target signal toward zero. This structure, first formalised by Widrow et al. [4], separates
the corrupted observation from a noise reference, allowing the filter to learn and cancel
the noise component without distorting the underlying speech signal.

Figure 3.1: Adaptive Noise Cancellation (ANC) System Architecture

The input signal d(n) is defined as the superposition of the require speech signal
s(n) and a noise component n0(n) that is correlated with the reference noise x(n).
Mathematically:

d(n) = s(n)+n0(n) (3.1)

The reference input x(n) is a noise signal that is correlated with n0(n) but does not
contain the desired speech component. The adaptive filter processes x(n) to give an
output y(n) that is an estimate of n0(n). The error signal e(n) is computed as:
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e(n) = d(n)− y(n) = s(n)+n0(n)− y(n) (3.2)

When the adaptive filter converges, y(n)→ n0(n) and therefore e(n)→ s(n), recov-
ering the desired speech signal. The filter output y(n) for a transversal filter of order N
is given by the inner product of the weight vector w(n) and the input vector x(n) [3]:

y(n) = wT (n)x(n) =
N−1

∑
k=0

wk(n)x(n− k) (3.3)

where w(n) = [w0(n), w1(n), . . . , wN−1(n)]T is the N × 1 adaptive weight vector
and x(n) = [x(n), x(n−1), . . . , x(n−N +1)]T is the N ×1 input signal vector.

is the N ×1 input signal vector. In this work, a first-order filter (N = 1) is employed
for narrow-band 50 Hz power-line noise cancellation, which requires only a single
weight coefficient [41].

3.2 SIGNAL MODEL AND PARAMETERS

In this work we consider the following model specifications as it is aimed to simu-
late a real scenario of noise canceling with speech signals corrupted with power-line
interference [23]:

Sampling Frequency fs = 8000Hz

Signal Duration T = 2 seconds or N = 16000 samples

Speech Signal s(n) = 0.8sin(2π ·300t)+0.4sin(2π ·700t)

Noise Signal n(n) = sin(2π ·50t)

Reference Input x(n) = n(n)+0.01randn(n)
(noise + small additive Gaussian jitter)

Primary Input d(n) = 0.9n(n)+ s(n)

Initial SNR SNRin = 0.06dB

An input SNR of 0.06dB implies that the powers of noise and speech are virtually
equal, which constitutes a difficult situation to perform cancellation. The factor 0.9
in front of n(n) in the expression for d(n) is considered to represent an acoustic path
attenuated among the noise source and the primary mike [4]. Finally the jitter in x(n)
accounts for sensor noise and aims to make x(n) not exactly equal to n(n), forcing the
adaptive noise filter to learn the noise transfer function.

3.3 ALGORITHM DERIVATIONS

3.3.1 LMS Algorithm
The standard LMS algorithm updates the weight of vector in the direction of steepest
descent by minimizing the cost function: instantaneous square error J(n) = e2(n)

The weight update equation:

w(n+1) = w(n)+2µ e(n)x(n) (3.4)
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where µ is the step size , 0 < µ < 1 and µ ≪ 1
NPx

for the mean convergence. The
complexity of LMS algorithm is O(N) multiply and add for every iteration and hence
is the most computationally efficient adaptive algorithm [5]. The steady state excess
mean square error (EMSE) can be show as : EMSE ≈ µNσ2Px

as σ2 is the variance of noise. The above expression shows that increasing µ results
in increase of EMSE although increase in µ leads to faster convergence.

3.3.2 Sign-LMS Algorithm
The Sign-LMS method uses sgn(e(n)) where sgn(e(n)) ∈ {−1, 0,+1} [6] as a substi-
tute for e(n) in the weight update.

w(n+1) = w(n)+2µ sgn(e(n)x(n)) (3.5)

In this equation e(n) is not multiplied by x(n) but rather a conditional addition
or subtraction is carried out. For implementation in FPGA hardware, the Sign-LMS
algorithm is a useful alternative; it has zero DSP slices in its weight update computation.
However it does suffer from an approximation error due to using the sign function, and
this results in a greater steady state EMSE compared to standard LMS [25, 26]. To
obtain the same steady state performance as standard LMS a much smaller step size
must be used for the Sign-LMS algorithm.

3.3.3 Normalized LMS Algorithm
The step size is normalised by the NLMS algorithm to the instantaneous input signal
power to achieve a constant convergence rate free of the input signal variance [7]. The
weight update is:

w(n+1) = w(n)+
(

µ

ε + ||x(n)||2

)
e(n)x(n) (3.6)

where ε is the low regularisation constant (typically 10−4) to prevent division by
zero when the input power is negligible. The normalized step size µ̃(n) = µ

ε+||x(n)||2
satisfies 0 < µ̃(n)< 2 for convergence in the mean square sense [27]. The computation
of ||x(n)||2 and the division operation introduce significant hardware complexity. In the
present implementation, a 16-bit division using a sequential restoring divider circuit
results in a critical path delay of approximately 55 ns, causing the timing constraint
violation observed at 100 MHz.

3.3.4 VSS-LMS Algorithm
The Variable Step Size LMS algorithm uses an adaptive step size µ(n) that is adjusted at
each iteration based on the current squared error [11, 12]. Its equations are as follows:
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y(n) = w(n)x(n) (3.6)
e(n) = d(n)− y(n) (3.7)

µ(n+1) = α µ(n)+ γ e2(n) (3.8)
µ(n+1) = clip(µ(n+1), µmin, µmax) (3.9)
w(n+1) = w(n)+2 µ(n)e(n)x(n) (3.10)

where α is the forgetting factor (α = 0.99), γ is the step size adaptation constant
(γ = 0.0001) and the clip operation keeps µ(n) in the stable range [µmin, µmax]. In
this implementation the Q16 fixed-point constants are: α = 64881, γ = 7, µmin = 66,
µmax = 6554 and µinit = 3277. Large errors (when converging initially) result in µ(n)
increasing to µmax (fast convergence) while small errors (in steady-state) will result in
µ(n) decreasing to µmin (low steady-state EMSE), leading to combined performance
superior to both LMS and NLMS [11, 12].

When implemented in hardware, VSS-LMS only adds one extra multiplier for e2(n)
computation and registers to store µ(n). However, due to the omission of the division
operator present in the NLMS and the very simple clipping operation, the critical path
is far shorter in VSS-LMS than NLMS, permitting timing closure at 100 MHz. A total
DSP utilization of 3 slices is achieved due to the three multiplications required per
iteration (w ·x, e ·x (for weight update) and e2 (for step size update)).

3.3.5 VSS-Sign-LMS Algorithm
The VSS-Sign-LMS algo combines the variable step size adaptation of VSS-LMS with
the sign error approximation [13]. The weight change equation is modified as:

µ(n+1) = α µ(n)+ γ e2(n) [step size update same as VSS-LMS] (3.11)

w(n+1) = w(n)+2 µ(n)sgn(e(n))x(n) (3.12)

By replacing e(n) with sgn(e(n)) in the weight update, the VSS-Sign-LMS algo-
rithm eliminates one multiplication in the weight update path while retaining the squared
error e2(n) in the step size update. This results in a slight reduction in SNR performance
(21.06dB vs 27.02dB for VSS-LMS) but also reduces DSP slice usage from 5 to 2. The
VSS-Sign-LMS algorithm is therefore suitable for applications where area is critically
constrained [13].

3.3.6 RLS Algorithm
The RLS algorithm minimises a cost function that assigns exponentially decaying
weights to past error samples [14]:

J(n) =
n

∑
i=0

λ
(n−i) e2(i) (3.13)
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where λ ∈ (0, 1] is the forgetting factor, set to λ = 0.99 in this work. Rather than
solving the normal equations directly propagated by the RLS algorithm propagate an
estimate of the inverse input autocorrelation matrix P(n) from one sample to the next
through the following recursive update equations:

k(n) =
P(n−1)x(n)

λ +xT (n)P(n−1)x(n)
(3.14)

e(n) = d(n)−wT (n−1)x(n) (3.15)

w(n) = w(n−1)+k(n)e(n) (3.16)

P(n) =
1
λ

[
P(n−1)−k(n)xT (n)P(n−1)

]
(3.17)

Here k(n) denotes the Kalman gain vector, which determines the correction applied
to the weight vector at each iteration. When the filter order is restricted to N = 1, the
matrix P(n) degenerates to a scalar quantity, considerably reducing the per-iteration
arithmetic to a single division, three multiplications, and two additions. Despite this
simplification, the division required to evaluate the Kalman gain in Equation (3.14)
introduces a long combinational delay that prevents timing closure at 100 MHz, yielding
WNS =−45.757ns in the post-implementation timing report. [19].

3.4 CONVERGENCE ANALYSIS

Table 3.1 presents a comparative summary of the convergence properties and com-
putational complexity of all six adaptive algorithms considered in this work. The
convergence speed is expressed as the number of iterations required to reach within 1%
of the steady-state EMSE value, as measured in MATLAB simulations.

Table 3.1: Convergence Properties and Complexity of Six Adaptive Algorithms

Algorithm Step Size Complexity Division Req. Conv. Speed EMSE
LMS Fixed O(N) No Moderate Moderate

Sign-LMS Fixed O(N) No Slow High

NLMS Normalised O(N) Yes Fast Low

VSS-LMS Variable O(N) No Fast Low

VSS-Sign-LMS Variable O(N) No Fast Moderate

RLS Matrix-based O(N2) Yes Very Fast Very Low

As shown in Table 3.1, VSS-LMS and VSS-Sign-LMS achieve fast convergence
without requiring division operations, making them the most hardware-friendly algo-
rithms among the six. RLS achieves the fastest convergence and lowest EMSE but at the
cost of O(N2) complexity and a mandatory division, which precludes timing-compliant
FPGA implementation at 100 MHz for the present architecture. NLMS also requires a
division for normalization, leading to similar timing issues [27, 33].
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3.5 FIXED-POINT DESIGN CONSIDERATIONS

All algorithms are implemented using 16-bit fixed point arithmetic in the Q15 format,
where the MSB shows the sign bit and the remaining 15 bits shows the fraction. The
Q15 format has dynamic range [−1, 1−2−15] and resolution of 2−15 = 3.05×10−5.
This format is a common practice in 16-bit fixed point DSP implementations and was
found to offer adequate precision for LMS type algorithms [17].

The step size parameters of VSS-LMS use Q16 fixed point representation to hold
the large dynamic range of the step size parameter µ(n). To convert the floating point
constants into fixed point format they are multiplied by 216 and rounded to the nearest
integer. The boundaries µmin = 0.001 and µmax = 0.1 are converted into 66 and 6554
in Q16 format respectively.

Multiplication of two Q15 numbers gives a Q30 number. This Q30 number has to
be right shifted by 15 bit positions to be back in Q15 format. Overflow of registers
is managed by saturation arithmetic to avoid the wrap around effect which would
result in catastrophically divergent adaptive weights [40]. In the Verilog module all
arithmetic operations are done on signed 16-bit registers with explicitly designed
overflow detection logic.

3.6 PERFORMANCE METRICS

The quality of each of the algorithm’s outputs will be analyzed using the following
performance indicators:

SNR : The quality of the output signal will be quantified as a ratio of the signal
power over the residual noise power in the error signal e(n) in decibels,

SNRout = 10log10

(
Psignal

Presidual noise

)
[dB] (3.18)

Convergence Time: This refers to the amount of time (in milliseconds) that the
output SNR takes to settle within 1dB of the desired final steady-state value.

Final Weight Value (wfinal): This represents the steady-state value of the adaptive
weight coefficient and should ideally converge to the true value of the noise
transfer function coefficient (approximately 0.9 in the case of the given signal
model).

Hardware Metrics: The metrics that have been collected for each algorithm are
as follows: LUT count, flip-flop count, DSP slice count, Worst Negative Slack
(WNS) and the maximum operating frequency (Fmax) as well as total on-chip
power, as read out from Xilinx Vivado post-implementation analysis.
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CHAPTER 4

MATLAB SIMULATION

4.1 SIMULATION ENVIRONMENT AND SETUP

All six algorithms have been implemented and simulated in MATLAB for performance
comparison and evaluation purposes under the same signal environment. All six adap-
tive filter algorithms have been implemented as self-contained MATLAB function
routines (i.e. none of the in-built adaptive filter toolbox in MATLAB was used). Direct
comparison can be easily made with Verilog hardware implementation [22] to follow.
Six algorithms run in sequence and data are collected. SNR is computed for the last
1000 stable state samples and convergence time is defined as the first sample that error
power falls into and maintains within 1dB of steady state [16].

The simulation settings are the same as listed in Section 3.2 of Chapter 3: fs = 8kHz,
T = 2s (N = 16,000), filter order N = 1 tap. Initial SNR of the noise added signal
(before filtering) is 0.06dB. The targeted weight is W = 0.9 (noise coupling factor
between the noise source and the primary mike) [1, 6].

4.2 SIGNAL GENERATION

The test signals are produced from the following MATLAB code and represent a typical
speech noise cancellation setup where the desired signal is corrupted by 50 Hz power
line interference [19]:

s(n) = 0.8sin(2π ·300 t)+0.4sin(2π ·700 t) (4.1)

x(n) = sin(2π ·50 t)+0.01randn(1, N) (4.2)

d(n) = 0.9x(n)+ s(n) (4.3)

The speech signal s(n) contains two frequencies at 300 and 700 Hz. These are
used to approximate the voiced formants within a speech signal [39]. The reference
signal x(n) has a frequency at 50 Hz and contains a small amount of additive white
Gaussian noise (σ = 0.01) so that the signals do not have perfect correlation and so
as to model actual reference sensor noise [4]. The input d(n) contains the sum of the
require speech signal and a noise signal that is 0.9 times as powerful, where the 0.9
coefficient approximates the attenuation of the signal along the path between the noise
source and primary mike [6]. At the input, the SNR is −0.06dB (10log10(Ps/Pn)), and
it is confirmed that the signal and noise power at the input are almost the same.
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4.3 FILTER ORDER ANALYSIS

The step size for all six algorithms was optimized and a filter order analysis performed
to obtain the appropriate value of N. The values of output SNR as a function of filter
order N for the six algorithms with their optimized step sizes are given in Table 4.1.
This is a more complete filter order analysis than that of single algorithms which has
appeared in literature previously [5, 6].

Table 4.1: SNR (dB) vs. Filter Order N — All 6 Algorithms ( fs = 8 kHz, 50 Hz noise)

N LMS Sign-LMS NLMS VSS-LMS VSS-Sign RLS
1 22.47 18.73 6.49 27.02 21.06 25.26

4 14.02 12.27 2.91 15.31 13.44 14.88

8 9.00 8.03 11.00 10.21 9.55 9.77

16 5.18 5.09 10.84 6.02 5.88 6.44

Bold = best SNR at N = 1. Optimal tap length confirmed at N = 1.

From Table 4.1, it can be noticed an important and consistent phenomenon over all
6 algorithms, i.e. SNR gets decreased monotonically as N increases beyond the value
of 1. In the case of VSS-LMS, SNR decreases from 27.02dB to 15.31dB for N = 4
(i.e. 11.71dB decrease in SNR). As the noise source is a single-tone 50 Hz sinusoid,
it has only one degree of freedom; hence only one adaptive weight will fully model
its amplitude [39]. Single tone 50 Hz noise has one degree of freedom — one weight
will fully model its amplitude. Hence if N > 1, new weights do not contribute to better
noise cancellation and contribute only to the weight-misadjustment noise. Thus, it is
observed that N = 1 is the optimum filter order for all 6 algorithms for this problem,
and subsequently all simulations and hardware implementation use N = 1 [2].

One exception to the rule above is seen with the NLMS algorithm which gets
improved SNR for N = 8 (11.00dB) and N = 16 (10.84dB) as compared to the N = 4
case (2.91dB). The cause for this non-monotonic nature is that the denominator of the
NLMS algorithm ∥x(n)∥2 becomes more consistent with bigger input vectors, which,
in a way, compensates for the additive white noise amplification observed at N = 1. But
still with N = 16 the NLMS algorithm (10.84dB) does significantly poorer than the
VSS-LMS algorithm with N = 1 (27.02dB).

4.4 SIMULATION RESULTS FOR ALL SIX ALGORITHMS

In Table 4.2 is the complete performance of all 6 adaptive filter algorithms simulated in
MATLAB at N = 1. They have all been simulated for the full 16,000 samples at their
best step sizes which are found experimentally by sweeping the step sizes from 10−4 to
0.5 and choosing the optimum value [5].
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Table 4.2: MATLAB Simulation Results — All 6 Algorithms (N = 1, fs = 8 kHz, 50
Hz Sinusoidal Noise)

Algorithm SNR (dB) Conv. (ms) Final W µ Type Complexity
LMS 22.47 10.75 0.8978 Fixed O(N) — 2N multiplications per update

Sign-LMS 18.73 24.62 0.8698 Fixed O(N) — N multiplications; 0 DSP48 weight update

NLMS 6.49 0.12 0.7279 Adaptive O(N) + division — FPGA timing FAIL

VSS-LMS ⋆ 27.02 1.25 0.8998 Variable O(N) — 3N multiplications; best SNR + fewest LUTs

VSS-Sign-LMS 21.06 5.88 0.8987 Variable O(N) — 2N multiplications; 2 DSP48 only

RLS 25.26 0.12 0.8991 Adaptive O(N2) — division + covariance; FPGA timing FAIL

⋆ VSS-LMS performance is the best among others.

4.5 ANALYSIS OF INDIVIDUAL ALGORITHMS

4.5.1 LMS Algorithm Results
The standard LMS algorithm obtains an output SNR of 22.47dB in a convergence time
of 10.75ms for µ = 0.01. The weight converges to w = 0.8978 which is close to the
actual noise transfer function coefficient of 0.9. The average convergence time shows
the compromise with a rigid step length : a larger step size means faster convergence but
lower steady-state SNR, as the weights oscillate about the ideal value [5, 6]. LMS forms
the reference for the performance. For FPGA implementation, µ = 2−7 to represent
a multiplication by a division (using a bit-shift), to lessen the strain on the DSP48
slices [3].

4.5.2 Sign-LMS Algorithm Results
At an SNR of 18.73dB, 3.74dB less than that of standard LMS, Sign-LMS is shown to
have the largest convergence time of 24.62ms. Its last weight value of 0.8698 indicates
the largest difference from the real weight value of 0.9, and demonstrates the impact
of using an approximate sign function [10, 11]. The sign function takes only the MSB
of the error signal, equivalent to a free wire in digital hardware, and has a 2N to N
reduction in multiplication operations with a value of zero DSP48 slices in the weight
update path [12]. Although having the poorest SNR performance, the Sign-LMS is
useful for IoT and battery powered devices due to its extremely low power consumption.
The Sign-LMS at 18.73dB SNR consumes 0.134W.

4.5.3 NLMS Algorithm Results
The NLMS algorithm produces the lowest output SNR of 6.49 dB. The normalization
operation amplifies the AWGN perturbation in the reference input x(n) = sin(2π ·50t)+
0.01 · randn, causing the instantaneous power ||x(n)||2 to fluctuate, leading to excessive
weight noise and degraded SNR [27]. The convergence time of 0.12 ms is among
the fastest because the normalized step size automatically scales with the input power.
However, the division operation in the normalization creates a critical combinational
path exceeding 55 ns on FPGA — over 5× the 10 ns clock period — causing timing
failure at 100 MHz with 16 failing endpoints [9]. ε = 0.01 prevents division by zero.
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4.5.4 VSS-LMS Algorithm Results
The VSS-LMS algorithm achieves the highest output SNR of 27.02 dB among all
six algorithms, representing a 4.55 dB improvement over standard LMS and 1.76 dB
improvement over RLS. The convergence time of 1.25 ms demonstrates the effectiveness
of the variable step size adaptation [13, 14]. The final weight of 0.8998 is the closest
to the true value of 0.9 among all algorithms. During initial convergence, large |e(n)|
drives µ(n) toward µmax ≈ 0.1 for rapid weight adaptation. As the error decreases at
steady state, µ(n) decays toward µmin ≈ 0.001, suppressing misadjustment noise [15].
The VSS-LMS fixed-point constants in Q16 format are: α → 64881, γ → 7, µmin → 66,
µmax → 6554, µinit → 3277.

4.5.5 VSS-Sign-LMS Algorithm Results
The VSS-Sign-LMS algorithm achieves an output SNR of 21.06 dB with a convergence
time of 5.88 ms. It combines VSS adaptation (fast convergence) with sign-based weight
update (hardware efficiency): the step size update retains the squared error e2(n) for
accurate µ(n) estimation, while the weight update uses sgn(e(n)) saving one DSP48
versus VSS-LMS (2 vs 5 total) [13, 14]. The final weight of 0.8987 demonstrates
that the variable step size partially compensates for the bias introduced by the sign
approximation. VSS-Sign-LMS achieves approximately 200 MHz Fmax and 0.145 W
— recommended for DSP-resource-constrained designs [17].

4.5.6 RLS Algorithm Results
The RLS algorithm achieves an output SNR of 25.26 dB with the fastest convergence
time of 0.12 ms, confirming its theoretical superiority in convergence speed through
covariance-based adaptation [7]. The forgetting factor λ = 0.99 gives theoretically opti-
mal convergence in MATLAB. However, the division in the Kalman gain computation
(Equation 3.15) and the O(N2) weight update produce WNS = −45.757 ns (TNS =
−729.430 ns, 16 failing endpoints) at 100 MHz, making RLS unsuitable for direct high-
speed FPGA deployment [20, 21]. Additionally, RLS is outperformed in steady-state
SNR by VSS-LMS (27.02 dB vs 25.26 dB) because the exponential forgetting factor
introduces a residual tracking component that prevents perfect steady-state convergence.

4.6 VSS-LMS PARAMETER SENSITIVITY ANALYSIS

A parameter sensitivity study was conducted for the VSS-LMS algorithm to evaluate
the influence of the key parameters α (forgetting factor) and γ (step size adaptation
constant) on output SNR and convergence time. Table 4.3 presents the results for
selected parameter combinations.

These outcomes demonstrate that the choice of parameters (α = 0.99, γ = 0.0001,
µmin = 0.001, µmax = 0.1) were the nearly optimal parameters for achieving 27.02dB
SNR. Decreasing α to 0.95 reduces the weight of past error values, which leads to
quicker (but less stable) adaptation of the step size and a steady state SNR which is
1.88dB lower [11]. Increasing γ to 0.001 results in a step size which is much too
susceptible to instantaneous error, and is a step back in SNR. Only a slight gain in SNR
(to 27.18dB) can be achieved by decreasing µmin to 0.0001 at the expense of a slow
final settling time; indicating stability of the chosen parameters around the optimal
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Table 4.3: VSS-LMS Parameter Sensitivity Analysis. Bold row = selected configuration
used in all simulations and hardware implementations.

α γ µmin µmax SNR (dB) Conv. (ms)
0.99 0.0001 0.001 0.1 27.02 1.25
0.95 0.0001 0.001 0.1 25.14 0.88
0.99 0.001 0.001 0.1 24.87 0.75
0.99 0.0001 0.001 0.05 26.31 1.50
0.99 0.0001 0.0001 0.1 27.18 1.30
0.99 0.0001 0.001 0.2 26.85 0.95

point.

4.7 SIMULATION FIGURES

4.7.1 Error Convergence Curves
Figure 4.1 showing the error power convergence curves for all six algorithms plotted on
the same axes. VSS-LMS converges fastest among hardware-compatible algorithms
while achieving the highest steady-state SNR of 27.02 dB. NLMS and RLS achieve
the fastest initial convergence (0.12 ms) due to their normalised and matrix-based step
size computations. Sign-LMS exhibits the slowest convergence (24.62 ms) and highest
residual error floor [3, 5].

Figure 4.1: Error Power Convergence Curves — All 6 Algorithms (N = 1, fs = 8 kHz,
50 Hz noise)

4.7.2 Weight Convergence Curves (Figure 4.2)
Figure 4.2 illustrates the weight adaptation trajectories w(n) for all six algorithms
converging toward the target W = 0.9. VSS-LMS, NLMS, and RLS converge fastest.
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VSS-LMS achieves the closest final value of 0.8998. Sign-LMS shows the largest
deviation at 0.8698, reflecting the bias of the sign approximation [12]. The smooth
monotonic weight trajectory of VSS-LMS in steady state confirms the effectiveness of
the variable step size in suppressing weight noise [12].

Figure 4.2: Weight adaptation trajectory W (n) for all six adaptive filter algorithms
toward target W = 0.9

4.7.3 VSS-LMS Step Size Adaptation
Figure 4.3 showing the step size in the µ(n) adaptation for both VSS-LMS and VSS-
Sign-LMS over time. During the initial convergence phase (≈ 0–200 ms), µ(n) is large
(≈ 0.1 = µmax), enabling rapid weight adaptation. At steady state (> 200 ms), µ(n)
settles near µmin ≈ 0.001, suppressing misadjustment noise. This two-phase automated
adaptation behaviour is the fundamental mechanism behind VSS-LMS superior SNR
performance [13, 14].

4.7.4 FPGA Performance Dashboard (Figure 4.4)
Figure 4.4 shows the complete MATLAB simulation performance comparison including:
(a) SNR comparison bar chart for all six algorithms, (b) convergence time comparison,
(c) final weight accuracy comparison. The figure clearly illustrates VSS-LMS achieving
the highest SNR of 27.02 dB and the second-fastest convergence time of 1.25 ms among
hardware-compatible algorithms [15, 16].

4.8 COMPARATIVE DISCUSSION

The MATLAB simulation results establish the following key conclusions:

(i) N = 1 is optimal for all algorithms: Single-tone 50 Hz noise has one degree of
freedom. Higher N introduces weight-misadjustment noise that degrades SNR
for all algorithms [2, 41].
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Figure 4.3: VSS-LMS variable step size µ(n) adaptation: large µ during convergence
phase (≈ 0.1), settling near µmin at steady state (≈ 0.001)

Figure 4.4: MATLAB simulation performance dashboard for all six adaptive filter
algorithms

(ii) VSS-LMS is optimal for SNR performance: At 27.02 dB, VSS-LMS out-
performs all algorithms including RLS (25.26 dB). By dynamically adjusting
µ(n) in response to the instantaneous error magnitude, the VSS-LMS archi-
tecture decouples the competing demands of rapid initial adaptation and low
steady-state misadjustment that fundamentally constrain all fixed step-size imple-
mentations [13, 14, 15].

(iii) NLMS is unsuitable for noisy reference inputs: The normalization amplifies
reference AWGN, producing the worst SNR of 6.49 dB. Additionally, its division
operation causes FPGA timing failure [9, 27].
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(iv) RLS offers fast convergence at high implementation cost: RLS achieves the
fastest convergence (0.12 ms) but is exceeded in steady-state SNR by VSS-LMS.
Its O(N2) complexity and Kalman gain division cause FPGA timing violation
(WNS = −45.757 ns) [7, 20, 21].

(v) VSS-Sign-LMS provides a hardware-efficient trade-off: At 21.06 dB SNR
with only 2 DSP48 slices and ≈ 200 MHz Fmax, VSS-Sign-LMS is recommended
for DSP-resource-constrained designs [13, 17].

(vi) Sign-LMS suits ultra-low-power applications: Zero DSP48 utilization and
0.134 W power make Sign-LMS the preferred choice for battery-powered IoT or
multi-channel parallel architectures, while accepting an 8.29 dB SNR reduction
versus VSS-LMS [10, 12].
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CHAPTER 5

FPGA IMPLEMENTATION

5.1 HARDWARE PLATFORM AND DESIGN ENVIRONMENT

It can be concluded that the parameter set (α = 0.99, γ = 0.0001, µmin = 0.001, µmax =
0.1) chosen, yields the near optimal configuration with 27.02dB SNR. The step size
adaptation rate when α = 0.95 is faster but becomes unstable due to a rapid reduction
of the past error impact resulting in a 1.88dB drop in steady state SNR [11]. Whereas,
when γ is increased to 0.001, the step size becomes too sensitive to instantaneous
error. It is noticed that there is only a small improvement in SNR (27.18dB) with
µmin = 0.0001 at the cost of slower settling at the end, confirming robust operating
parameters around the optimum.

All six filter designs were coded in signed 16-bit fixed-point Verilog HDL and
taken through the complete synthesis and implementation flow in Xilinx Vivado 2023.2,
targeting the Kintex-7 device xc7k70tfbv676-1 at speed grade −1. The chosen device
offers a resource budget of 41,000 slice LUTs, 82,000 flip-flops, 240 DSP48E1 multiply-
accumulate primitives, and 135 block RAMs [16] — a capacity comfortably in excess
of the combined requirements of all six filter implementations. A constraint on the
clock period of 10ns (100 MHz) is applied to the designs with the help of the Xilinx
Design Constraints (XDC) file:

Listing 5.1: XDC clock constraint applied to all six implementations
c r e a t e c l o c k − p e r i o d 10 .000 [ g e t p o r t s c l k ]

DSP48E1 primitives are the main computational primitives for the multiply and
accumulate operation. Vivado will infer the DSP48E1 primitive from multiply and
accumulate statements in Verilog and map the arithmetic chains for the adaptive filters
efficiently. Post-implementation results of Vivado were used for all resource utilization,
timing and power data reported in this chapter [22, 23].

5.2 FIXED-POINT ARCHITECTURE

All algorithms use 16-bit Q15 fixed point where the most significant bit (MSB) is the
sign bit and the other 15 bits showing the fractional part of the value. This gives a
dynamic range of [−1, 1−2−15] with resolution of 2−15 ≈ 3.05×10−5. VSS-LMS step
size variables use Q16 format, to allow for the larger range that would be necessary [17].
The VSS-LMS fixed point Q16 constants are:
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α 64881 (0.99×216)

γ 7 (0.0001×216)

µmin 66 (0.001×216)

µmax 6554 (0.1×216)

µinit 3277 (0.05×216)

Multiplication of two Q15 numbers gives a Q30 result, which is right shifted by 15
bits to regain the Q15 format. Throughout, saturation arithmetic is used to cope with
overflow. If overflow occurs and wrap-around arithmetic is used, the adaptive weights
could go into catastrophic divergence [40]. Registers are signed 16-bit in Verilog as
shown by the signed [15:0] data type, and two’s complement is used for the negative
values.

5.3 VERILOG RTL MODULE DESCRIPTIONS

5.3.1 LMS Filter (lms filter.v)
The LMS filter module implements the standard weight update equation

w(n+1) = w(n)+2µ · e(n) · x(n)

using two DSP48E1 blocks: one for the filter output computation

y(n) = w(n) · x(n)

and one for the weight update multiplication

2µ · e(n) · x(n)

The step size µ = 2−7 is implemented as a right bit-shift by 7 positions, eliminating
the need for a dedicated multiplier and reducing one DSP48 slice [3]. The module
ports are: clk, reset, x in [15:0], d in [15:0], y out [15:0], e out [15:0],
w out [15:0]. The corresponding testbench lms filter tb.v applies the MATLAB-
generated input vectors and verifies convergence of w out toward the target value.

5.3.2 Sign-LMS Filter (sign lms.v)
The Sign-LMS module extracts the sign of the e(n) signal using only the MSB of
e out, implemented as a direct wire connection (sign e = e out[15]) — requiring
no arithmetic operation. The weight update

w(n+1) = w(n)+µ · sgn(e(n)) · x(n)

requires only a conditional addition or subtraction based on sign e, implemented
using a 2-to-1 multiplexer and a single adder [10, 12]. This eliminates all DSP48E1
usage in the weight update path, resulting in zero DSP slices for the weight update. The
module achieves the highest Fmax of approximately 204 MHz due to the absence of
multiplier delays in the weight update critical path.
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5.3.3 NLMS Filter (nlms filter.v)
The NLMS filter implements the normalized weight update:

w(n+1) = w(n)+
(

µ

ε + ||x(n)||2

)
· e(n) · x(n)

The normalization denominator ε + ||x(n)||2 requires a division operation, imple-
mented using a sequential restoring divider circuit. This divider creates a combinational
path of approximately 55 ns — more than five times the 10 ns clock period — resulting
in WNS = −45.382 ns (TNS = −721.886 ns) and 16 failing timing endpoints at 100
MHz [9]. The high LUT count of 934 (4.74× LMS) arises from the LUT-based imple-
mentation of the division logic that cannot be mapped to DSP48E1 primitives. NLMS
would require architectural modifications such as pipelined division or Goldschmidt
reciprocal approximation [21, 24] to achieve 100 MHz timing closure.

5.3.4 VSS-LMS Filter (vss lms filter.v)
The VSS-LMS module is the primary contribution of this work and implements a
three-stage pipelined architecture as illustrated in Figure 5.1:

Stage 1 — FIR Filter Path:

y(n) = w(n) · x(n)

using one DSP48E1 block.
Stage 2 — VSS Step Size Update:

µ(n) = clip[α ·µ(n−1)+ γ · e2(n),µmin,µmax]

using two DSP48E1 blocks — one for α ·µ(n−1) and one for γ ·e2(n). The squarer

e2(n) = e(n)× e(n)

is implemented as a DSP48E1 cascade. The clip logic is implemented using com-
parators and a 3-to-1 multiplexer.

Stage 3 — Weight Update:

w(n+1) = w(n)+µ(n) · e(n) · x(n)

using two DSP48E1 blocks — one for µ(n) · e(n) and one for the result multiplied
by x(n), followed by an adder for the weight accumulation.

Vivado DSP48E1 inference absorbs the complete µ · e · x chain into 5 DSP48 slices
end-to-end, leaving only 132 LUTs — fewer than even standard LMS (197 LUTs)
despite having three multiplications versus LMS’s two. This counterintuitive result
arises because the three-multiplication chain µ · e · x is absorbed end-to-end into a
cascaded DSP48 pipeline, eliminating the need for LUT-based multiplier logic. In
contrast, LMS splits its two multiplications across both DSP48 and LUT logic due to
partial computation dependencies, resulting in 197 LUTs [22, 23, 24]. The pipelined
register structure also creates a clean critical path with WNS = +4.686 ns at 100 MHz,
corresponding to Fmax ≈ 188 MHz.
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5.3.5 VSS-Sign-LMS Filter (vss sign lms.v)
The VSS-Sign-LMS module retains the full VSS step size update from Stage 2 of the
VSS-LMS architecture but replaces the weight update multiplication in Stage 3 with a
conditional sign-based operation:

w(n+1) = w(n)+µ(n) · sgn(e(n)) · x(n)

This saves one DSP48E1 slice compared to VSS-LMS, reducing DSP usage from 5
to 2. The step size computation still uses e2(n) for accurate µ(n) estimation, retaining
the fast convergence advantage of VSS adaptation [13, 17]. The resulting architecture
achieves 270 LUTs, 2 DSP48 slices, 0.145 W power, and Fmax ≈ 200 MHz — making
it the recommended choice for DSP-resource-constrained designs.

5.3.6 RLS Filter (rls filter.v)
The RLS module implements the scalar RLS algorithm (N = 1) with the Kalman gain

k(n) =
P(n−1) · x(n)

λ + xT (n) ·P(n−1) · x(n)
weight update

w(n) = w(n−1)+ k(n) · e(n)

and covariance update

P(n) =
1
λ

[
P(n−1)− k(n) · xT (n) ·P(n−1)

]
Despite the scalar simplification (N = 1), the division in the Kalman gain computa-

tion introduces a critical path of approximately 55 ns, causing timing closure failure with
WNS = −45.757 ns (TNS = −729.430 ns, 16 failing endpoints) at 100 MHz [20, 21].
The RLS module uses 7 DSP48E1 slices — the highest among all six algorithms —
due to the Kalman gain and covariance update multiply-accumulate chains. Achieving
100 MHz timing closure for RLS would require a systolic array decomposition of the
P-matrix update operations [20].

5.4 RTL BLOCK DIAGRAM — VSS-LMS

Figure 5.1 shows the RTL block diagram of the VSS-LMS filter architecture. The dia-
gram illustrates the three functional computation blocks: the FIR filter path (DSP48E1
computing y(n) =W · x), the VSS step size update unit (DSP48E1 blocks computing
α ·µ + γ · e2 with clip logic), and the weight update path (DSP48E1 blocks computing
prev+µ ·e ·x). The W reg stores the adaptive weight, and the mu reg stores the current
step size. The subtractor computes e(n) = d in− y out [22, 23].
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Figure 5.1: RTL block diagram of the VSS-LMS adaptive filter (vss lms filter.v)
showing three functional DSP48E1 computation blocks in sequential synchronous
architecture

5.5 RESOURCE UTILIZATION RESULTS

Table 5.1 presents the post-implementation resource utilization for all six algorithms
on the Kintex-7 xc7k70tfbv676-1 FPGA as reported by Vivado 2023.2. The available
resources are: 41,000 Slice LUTs, 82,000 Flip-Flops, 240 DSP48E1 slices, and 135
Block RAMs [16].

Table 5.1: FPGA Resource Utilization — Kintex-7 (xc7k70tfbv676-1), All 6 Algorithms

Resource LMS Sign-LMS NLMS VSS-LMS VSS-Sign-LMS RLS Available
Slice LUTs 197 197 934 132 270 472 41,000

Flip Flops 80 80 92 142 85 42 82,000

DSP48E1 2 0 2 5 2 7 240

Block RAM 0 0 0 0 0 0 135

LUT Util% 0.48% 0.48% 2.28% 0.32% 0.66% 1.15% —

VSS-LMS achieves the fewest LUT utilization (0.32%) among all adaptive algorithms.

Several key observations arise from Table 5.1. VSS-LMS uses only 132 LUTs
— 33% fewer than LMS (197) and 86% fewer than NLMS (934) — despite having
three multiplications per update versus LMS’s two. Sign-LMS achieves zero DSP48E1
utilization since sgn(e) requires only MSB extraction, implemented as a direct wire.
NLMS consumes 934 LUTs (4.74× LMS), making it the most resource-intensive O(N)
algorithm. RLS uses 7 DSP48E1 slices — the highest — due to the Kalman gain and
covariance update chains. No algorithm requires Block RAM [22, 23, 24].
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5.6 TIMING AND POWER ANALYSIS

Table 5.2 consolidates the post-implementation timing and power data extracted from
Vivado for all six filter designs. Of the timing metrics available, the Worst Negative
Slack (WNS) is the single most informative indicator: a non-negative WNS confirms
that every register-to-register path in the design closes within the allotted clock period,
whereas a negative value reveals that at least one path exceeds the 10 ns budget and
the design cannot operate reliably at 100 MHz. The upper bound on achievable clock
frequency is recovered directly from the slack figure as Fmax = 1/(10ns−WNS) [23].

Table 5.2: Timing and Power Results — 100 MHz Constraint (10 ns), Kintex-7

Metric LMS Sign-LMS NLMS VSS-LMS VSS-Sign-LMS RLS Status
WNS (ns) +4.962 +5.094 −45.382 +4.686 +4.998 −45.757

TNS (ns) 0.000 0.000 −721.886 0.000 0.000 −729.430

Failing Endpoints 0 0 16 0 0 16

Timing @ 100 MHz PASS PASS FAIL PASS PASS FAIL 4 PASS / 2 FAIL

Fmax (MHz) ∼198 ∼204 ∼18 ∼188 ∼200 ∼18

Power (W) 0.135 0.134 0.184 0.137 0.145 0.208

VSS-LMS = best overall. WNS = Worst Negative Slack. TNS = Total Negative Slack.
Fmax = 1/(10 ns−WNS).

Four algorithms — LMS, Sign-LMS, VSS-LMS, and VSS-Sign-LMS — success-
fully satisfy the 100 MHz timing constraint. NLMS fails with WNS = −45.382 ns
(TNS = −721.886 ns, 16 failing endpoints) due to LUT-based division logic creating a
critical combinational path exceeding 55 ns, which is more than five times the 10 ns
clock period [9]. RLS also fails with WNS = −45.757 ns (TNS = −729.430 ns, 16
failing endpoints) because of the Kalman gain division and P-matrix update operations
[20, 21]. Both NLMS and RLS achieve an estimated Fmax of only approximately 18
MHz. VSS-LMS achieves the best combined result with WNS = +4.686 ns, Fmax
≈ 188 MHz, 132 LUTs, and 0.137 W power. Sign-LMS achieves the lowest power of
0.134 W due to zero DSP48 activity. RLS consumes the highest power of 0.208 W due
to its seven active DSP48E1 slices.

5.7 BEHAVIOURAL SIMULATION WAVEFORMS

5.7.1 VSS-LMS Behavioural Simulation
Figure 5.2 shows the Vivado behavioural simulation waveforms for the VSS-LMS filter
(vss lms filter tb.v). The following signals are verified: clk (100 MHz clock),
reset (active-high synchronous reset), x in (16-bit reference noise input), d in (16-bit
primary input with speech + noise), y out (16-bit filter output — noise estimate), e out

(16-bit error signal — recovered speech), w out (16-bit adaptive weight), and mu out

(16-bit variable step size) [22, 23].
The simulation confirms correct operation: the adaptive weight w out converges

toward the target 50 Hz noise coupling factor after the initial transient, while mu out

demonstrates the two-phase variable step size adaptation — large µ during the conver-
gence phase and small µ at steady state. The error signal e out reduces progressively
as the filter converges, confirming successful noise cancellation.
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Figure 5.2: VSS-LMS Vivado behavioural simulation waveforms confirming conver-
gence of w out and variable step size adaptation in mu out

5.7.2 VSS-Sign-LMS Behavioural Simulation
Figure 5.3 shows the Vivado behavioural simulation waveforms for the VSS-Sign-LMS
filter. The waveform outputs confirmed: correct sign extraction from e out MSB,
variable step size adaptation identical to VSS-LMS in the mu out signal, and weight
convergence of w out toward the target value. The convergence is slightly slower than
VSS-LMS due to the sign approximation in the weight update path, consistent with the
MATLAB simulation results (5.88 ms vs 1.25 ms) [13, 17].

5.8 DESIGN CONSTRAINTS

A single constraints file (constraints.xdc) is used for all six implementations con-
taining only the clock constraint. No pin location constraints are required as the designs
are implemented for simulation and synthesis evaluation only, without targeting a
specific board configuration. The constraint file content is:

create_clock -period 10.000 -name clk [get_ports clk]

Vivado automatically propagates the clock constraint through all sequential ele-
ments and reports timing violations at all failing endpoints. The set max delay and
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Figure 5.3: VSS-Sign-LMS Vivado behavioural simulation waveforms confirming
weight convergence and step size adaptation

set false path constraints are not applied, ensuring that all reported timing results
reflect the true critical path delays of each algorithm’s combinational logic [23].

5.9 ANALYSIS: WHY VSS-LMS ACHIEVES FEWEST LUTs

The counterintuitive result that VSS-LMS uses only 132 LUTs despite having three
multiplications per update — fewer than even LMS (197 LUTs) with two multiplications
— is explained by the Vivado DSP48E1 inference mechanism [22, 23]. In VSS-LMS, the
three-multiplication chain µ ·e ·x is a direct cascade with no intermediate branching: the
output of each multiplication feeds directly into the next. Vivado recognises this linear
chain and absorbs it end-to-end into a cascade of DSP48E1 primitives (5 slices total),
eliminating the need for any LUT-based multiplier logic. The clean DSP48E1 arithmetic
structure also creates a well-bounded critical path with minimal LUT overhead.

In contrast, the LMS weight update w(n+ 1) = w(n) + 2µ · e(n) · x(n) involves
two multiplications where the intermediate result 2µ · e(n) must be computed before
being multiplied by x(n), with an additional addition for the weight accumulation. This
partial dependency structure causes Vivado to split the computation across both DSP48
and LUT logic, resulting in 197 LUTs despite fewer total multiplications. Similarly,
Sign-LMS has the same structure as LMS (197 LUTs) because the sign extraction
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creates a branch in the weight update data flow [22, 23, 24].

5.10 COMPREHENSIVE IMPLEMENTATION SUMMARY

Table 5.3 presents the comprehensive implementation summary consolidating all FPGA
metrics along with the MATLAB SNR results and algorithm recommendations for each
use case.

Table 5.3: Comprehensive 6-Algorithm Implementation Summary

Metric LMS Sign NLMS VSS-LMS VSS-Sign RLS Best Use Case
SNR (dB) 22.47 18.73 6.49 27.02 21.06 25.26 VSS-LMS Max SNR

LUTs 197 197 934 132 270 472 VSS-LMS Resource-limited

DSP48E1 2 0 2 5 2 7 Sign-LMS DSP-limited

Fmax (MHz) ∼198 ∼204 ∼18 ∼188 ∼200 ∼18 Sign-LMS High speed

Power (W) 0.135 0.134 0.184 0.137 0.145 0.208 Sign-LMS Low power IoT

100 MHz PASS PASS FAIL PASS PASS FAIL VSS-LMS Real-time FPGA

Recommend Baseline IoT N/A OPTIMAL DSP-lim N/A VSS-LMS Overall optimal
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CHAPTER 6

RESULTS AND DISCUSSION

6.1 INTRODUCTION

In this chapter, all results from the MATLAB simulation (Chapter 4) and the FPGA
implementation (Chapter 5) are summarized and analyzed comprehensively. Four main
topics are discussed, namely (i) a combined MATLAB-FPGA performance comparison
between the six algorithms; (ii) an explanation of why VSS-LMS is regarded as the
optimum algorithm; (iii) a guide for algorithm selection given a particular application
based on the results; and (iv) a comparison between the results from the previous studies.
Finally, a combined multi-metric ranking between the six algorithms is established [18,
19].

6.2 MATLAB SIMULATION VERSUS FPGA IMPLEMENTATION COMPAR-
ISON

The performance metrics for both the MATLAB simulation and the FPGA implementa-
tion are all grouped together in Table 6.1, giving the best overview of the performance
of each algorithm throughout the entire design flow. Showing all of them together
will make it easy to spot any differences between the algorithmic performance (SNR,
convergence) and the hardware implementability (LUT, timing, power).

Table 6.1: All 6-Algorithm Comparison - all metrics (⋆= Best in Category)

Metric LMS Sign-LMS NLMS VSS-LMS VSS-Sign-LMS RLS Best
SNR (dB) 22.47 18.73 6.49 27.02 21.06 25.26 VSS-LMS ⋆

Conv. (ms) 10.75 24.62 0.12 1.25 5.88 0.12 NLMS/RLS ⋆

Slice LUTs 197 197 934 132 270 472 VSS-LMS ⋆

DSP48E1 2 0 2 5 2 7 Sign-LMS ⋆

Fmax (MHz) ∼198 ∼204 ∼18 ∼188 ∼200 ∼18 Sign-LMS ⋆

Power (W) 0.135 0.134 0.184 0.137 0.145 0.208 Sign-LMS ⋆

100 MHz Timing PASS PASS FAIL PASS PASS FAIL VSS-LMS ⋆

Recommendation Baseline IoT/Low-pwr Not suitable OPTIMAL DSP-limited Not suitable VSS-LMS

VSS-LMS is the recommended overall algorithm. ⋆ = Best or joint-best metric.
PASS/FAIL at 100 MHz on Kintex-7.

As evidenced in Table 6.1, the six algorithms can be clearly divided into two classes.
The first class of algorithms — LMS, Sign-LMS, VSS-LMS, and VSS-Sign-LMS —
were able to meet the 100 MHz timing deadline, and were implementable on the FPGA
directly.



Chapter 6. RESULTS AND DISCUSSION 36

The second class of algorithms — NLMS and RLS — were unable to meet the
timing deadline, with WNSs of −45ns for both algorithms due to division-intensive
critical paths. The achievable Fmax is roughly 18 MHz. Both algorithms must be run on
lower than 20 MHz clock speeds, or redesigned (using pipelined division or systolic
array style division) before they can be efficiently implemented on an FPGA operating
at 100 MHz [20, 21, 28, 29].

Comparing the four hardware-compliant algorithms, VSS-LMS offers the best
overall result for all measures in a concurrent fashion. The VSS-LMS offers both the
highest SNR (27.02dB), lowest number of LUTs (132), reasonable power (0.137W)
and met timing at a WNS of +4.686ns. No other algorithm comes closest to the
best result for more than one hardware measure, while also being the best at the SNR
measure. This means that the VSS-LMS algorithm is unquestionably the best candidate
for this real-time application for noise cancellation on the FPGA [13, 14, 15].

6.3 WHY VSS-LMS IS THE OPTIMAL ALGORITHM

The optimal behavior of VSS-LMS is achieved as the sum of three independently opti-
mizing aspects, namely, excellent signal processing results, efficiently implementable
with hardware, and timing compatible. They are analyzed further in details.

6.3.1 Signal Processing Superiority
The VSS-LMS algorithm resolves the fundamental convergence speed versus steady-
state error trade-off that limits all fixed step size algorithms. As established in Sec-
tion 4.5.4, the variable step size mechanism operates in two phases: during the initial
convergence phase, the large error drives µ(n) toward µmax = 0.1, providing fast weight
adaptation comparable to a large fixed step size algorithm. Once the error reduces
in steady state, µ(n) decays toward µmin = 0.001, suppressing weight noise to levels
achievable only by very small fixed step size algorithms [11, 12]. This two-phase
behaviour produces the highest steady-state SNR of 27.02dB — surpassing even RLS
(25.26dB) which achieves theoretically optimal covariance-based adaptation. The VSS-
LMS advantage over RLS in steady-state SNR arises because the exponential forgetting
factor λ = 0.99 in RLS introduces a persistent residual tracking component, while
VSS-LMS effectively freezes adaptation (µ → µmin) in true steady state.

6.3.2 Hardware Mapping Efficiency

The VSS-LMS three-multiplication chain e2 · x is implemented as a linear cascade
which Vivado’s DSP48E1 inference engine merges entirely (end-to-end) into 5 DSP48s,
requiring only 132 LUTs. This is 33% fewer LUTs compared to LMS (197) and 86%
fewer LUTs than NLMS (934). The fact that there is no division, as present in NLMS
and RLS, is the main architectural advantage that allowed for such efficient hardware
mapping [22, 23]. The step size bounding clip logic merely consists of comparators
and a multiplexer which are efficiently implemented in LUT fabric and do not utilize
DSP48s. This means VSS-LMS offers the least silicon usage of any of the algorithms
presented, which meet timing.
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6.3.3 Timing Compliance
In VSS-LMS the DSP48E1 arithmetic chain produces a bounded critical path with
a WNS of +4.686ns and therefore an Fmax of 188MHz. A positive timing slack
allows a 4.686ns margin above the constraint of 100 MHz which guarantees safe
operation for all variations of process, voltage and temperature (PVT) in the Kintex-7
platform [16, 23]. On the other hand, division operations in NLMS and RLS have
critical paths of approximately 55ns (5.5 times the clock period) making timing closure
basically impossible without architecture modifications [9, 20].

6.4 ALGORITHM SELECTION GUIDE

Table 6.2 gives guidelines on the choice of algorithm according to the application. The
choices were based on the results obtained from the experimental analysis as well as
the implementation on FPGA [18, 19].

Table 6.2: Application-Specific Algorithm Selection Guide

Algorithm SNR (dB) 100 MHz Primary Use Case Key Advantage

VSS-LMS 27.02 PASS Real-time FPGA ANC — maximum SNR required Best SNR + fewest LUTs + timing pass

Sign-LMS 18.73 PASS IoT / battery-powered / multi-channel parallel Zero DSP48, lowest power (0.134 W)

VSS-Sign-LMS 21.06 PASS DSP-resource-constrained designs (≤2 DSP48) ∼200 MHz Fmax, 2 DSP48, variable step size

LMS 22.47 PASS General-purpose baseline / reference design Simple implementation, predictable convergence

NLMS 6.49 FAIL Not suitable at 100 MHz — requires redesign Fast convergence if timing resolved (<20 MHz)

RLS 25.26 FAIL Not suitable at 100 MHz — requires redesign Fastest convergence if systolic array used

VSS-LMS is the primary recommendation for real-time FPGA ANC applications
requiring maximum noise suppression. It achieves 27.02 dB SNR, 132 LUTs, 0.137
W power consumption, and approximately 188 MHz Fmax — providing the best
overall trade-off across all measured metrics simultaneously [13, 14, 15]. Sign-LMS is
recommended for battery-powered IoT or multi-channel parallel architectures where
zero DSP48 utilization and ultra-low power consumption (0.134 W) are critical, while
accepting an 8.29 dB SNR penalty [10, 12]. VSS-Sign-LMS suits systems constrained to
≤2 DSP48 slices per channel while still requiring the convergence advantage of variable
step size adaptation [13, 17]. LMS remains the reliable general-purpose baseline with
predictable convergence and moderate hardware requirements [5, 6].

6.5 COMPARISON WITH PRIOR LITERATURE

Table 6.3 compares the present FPGA implementation results with representative prior
works on adaptive filter implementations. This comparison contextualises the contribu-
tions of the current work within the available body of literature.

The comparison in Table 6.3 highlights several contributions of the present work
relative to prior literature. Shiva et al. [20] reported a reconfigurable FPGA architecture
across LMS, NLMS, and RLS achieving 87% area savings through resource sharing.
In comparison, the present VSS-LMS implementation achieves superior SNR (27.02
dB) compared to all three individual algorithms in that work, while using only 132
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Table 6.3: Comparison with Prior Literature

Ref. Algorithm Platform LUTs DSP Power
(W)

Contribution /
Limitation

[20] LMS/NLMS/RLS
(reconfig-
urable)

Xilinx Virtex N/A N/A N/A 87% area sav-
ing via sharing;
no SNR data

[21] Robust LMS
(impulsive
noise)

Artix-7 1247 N/A N/A Impulsive
noise robust;
89% more
LUTs vs VSS-
LMS

[10] Multiplier-less
LMS

Xilinx FPGA Low 0 N/A No DSP48;
fixed step only,
no variable
step size

[36] VSS-LMS
(echo cancella-
tion)

Virtex-5 N/A N/A N/A Single algo-
rithm; no
multi-algo
FPGA compar-
ison

[38] VSS-LMS
(biomedical)

Artix-7 127 5 N/A No SNR/tim-
ing /Power
data

[25] RDLMS /
RDZA-LMS

Xilinx FPGA N/A N/A N/A High-speed;
fixed step
only, no VSS
comparison

This work VSS-LMS (op-
timal) among
6 algorithms

Kintex-7 (Vi-
vado 2023.2)

132 5 0.137 First unified
6-algo FPGA
comparison;
27.02 dB
SNR; timing
+ power re-
ported

LUTs without resource sharing techniques. Parmar et al. [21] implemented an impulse-
noise-robust adaptive filter using 1,247 LUTs, whereas VSS-LMS achieves standard
noise cancellation with 89% fewer LUTs. Zhang et al. [38] reported a VSS-LMS
implementation on Artix-7 with 127 LUTs and 5 DSP slices for biomedical signal
denoising — comparable to the present results (132 LUTs, 5 DSP) on the Kintex-7
platform — but did not report SNR, timing, or power metrics, making direct comparison
incomplete.
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The major significant contribution of the current work is the combined six-algorithm
FPGA comparative study under identical implementation conditions — the same plat-
form (Kintex-7), the same clock constraint (100 MHz), the same fixed-point format
(Q15 16-bit), and the same tool (Vivado 2023.2). This systematic comparison, reporting
SNR, LUT, DSP, WNS, TNS, Fmax, and power simultaneously, has not been previously
reported in the literature for this algorithm set.

6.6 FPGA PERFORMANCE DASHBOARD

Figure 6.1 presents the complete FPGA performance comparison dashboard for all
six algorithms, including: (a) SNR comparison, (b) LUT utilisation, (c) DSP48 usage,
(d) Fmax with 100 MHz target line, (e) power consumption, and (f) timing pass/fail
summary. This dashboard provides a visual confirmation of VSS-LMS dominance
across SNR, LUT, and timing metrics simultaneously [18, 19].

Figure 6.1: FPGA performance comparison dashboard for all six adaptive filter algo-
rithms on Kintex-7 at 100 MHz

6.7 KEY FINDINGS AND DISCUSSION

Summarizing the optimal findings from the MATLAB and FPGA simulations presented
in Chapters 4 and 5, we present the following five key conclusions:

1. N = 1 gives optimal sinusoidal noise cancellation performance. The steady
state of the adaptive weight with constant amplitude single tone noise is well
represented by a single value. Higher values of N result in a weight-misadjustment
noise that degrade the SNR for all 6 algorithms [2, 39]. This provides a direct
hardware benefit where low N reduces required memory.

2. VSS-LMS provides the best all around MATLAB and FPGA performance.
It is the only algorithm to provide both the best SNR (27.02dB) and the least
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number of LUTs (132) along with good power usage and passing the 100 MHz
target timing WNS of +4.686ns [11, 12, 13, 14]. It is thus the clear winner for
the target application.

3. The division operation is the dominant cause of timing issues in FPGA. NLMS
and RLS are unable to close timing at 100 MHz due to the critically dependent
divisions, each having WNS values around −45ns. The elimination of division
in VSS-LMS from [9, 20, 21] thus becomes more than just a desirable aspect but
a critical requirement for the design at 100 MHz.

4. The VSS-LMS LUT reduction is primarily a result of DSP48E1 inference.
Although it involves one more multiplication, the VSS-LMS implementation has
fewer LUTs than LMS (132 vs 197) because the multiple multiplications in e(n) ·
x(n) were combined into a single 5-DSP48 calculation cascade that efficiently
computed the sum without needing individual LUTs to multiply [22, 23, 24]. The
algorithm structure was shown to influence FPGA resource usage much more
than total multiplications.

5. The VSS-Sign-LMS is the optimal choice for designs with DSP constraints.
While its performance degrades, it still has acceptable SNR (21.06dB) with only
2 DSP48s and a resulting FPGA frequency of 200 MHz [13, 17].



41

CHAPTER 7

CONCLUSION, FUTURE SCOPE AND SOCIAL IMPACT

7.1 SUMMARY OF THE WORK

In this thesis, a structured, thorough analysis and evaluation of 6 adaptive filter al-
gorithms — LMS, Sign-LMS, NLMS, VSS-LMS, VSS-Sign-LMS, RLS — were
performed to address the real-time speech noise cancellation with 50 Hz sinusoidal
power-line interference with the sampling frequency of 8 kHz. This work consisted of
3 stages: Algorithm simulation and performance analysis on MATLAB, Verilog RTL
design and FPGA implementation on Xilinx Kintex-7 xc7k70tfbv676-1 device under
the tool of Vivado 2023.2, and comprehensive multi-metrics comparison.

In the 1st stage, the 6 algorithms are simulated in MATLAB with the same signal
condition using a first-order filter N = 1 selected as the best one after filter order analysis.
It proved that VSS-LMS had the maximum output SNR of 27.02dB and convergence
time of 1.25ms, and also had the final weight of 0.8998 closer to the actual noise
transfer function coefficient 0.9 [11, 12].

In the 2nd stage, the 6 adaptive filter algorithms are designed as 16-bit Q15 fixed
point Verilog RTL modules and then synthesized on Kintex-7 with the clock constraint
100 MHz. The Vivado implementation reports shown that VSS-LMS used only 132
slice LUTs (utilization 0.32%), 142 flip-flops, 5 DSP48E1 slices and 0.137W power.
The WNS =+4.686ns and Fmax = 188MHz which indicates this algorithm would be
able to run the real time operation successfully. However, NLMS and RLS failed to
achieve timing closure because their critical paths were computationally expensive
division calculations (WNS ≈−45ns respectively) [9, 20, 21].

7.2 KEY CONCLUSIONS

Here are five key conclusions that can be drawn from the research work in this thesis:

Conclusion 1: Filter order N = 1 is the optimum. For 50 Hz single tone sinusoidal
noise cancellation, N = 1 is the optimum filter order for all six algorithms. Sin-
gle tone noise has only 1 degree of freedom, thus only one filter coefficient is
required to fully describe the amplitude of the noise signal. With N > 1, weight-
misadjustment noise dominates and decreases SNR monotonically for all algo-
rithms except NLMS where the normalization provides some protection [2, 39].
This gives considerable benefit for hardware implementation, drastically decreas-
ing the Verilog module size and DSP resource utilization to a minimum level.

Conclusion 2: The VSS-LMS is the optimum algorithm. The optimum algorithm
out of the six researched was found to be the VSS-LMS due to its balance
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between SNR, FPGA resource usage, timing closure and power: the highest
SNR (27.02dB — 4.55dB above LMS, 8.29dB above Sign-LMS, 1.76dB above
RLS), the lowest LUT usage (132 — 33% below LMS, 86% below NLMS),
relatively low power consumption (0.137W) and 188MHz Fmax with a WNS of
+4.686ns giving timing closure. The variable step size mechanism that drove
µ(n) towards µmax when converging and µmin at steady state elegantly resolves
the fundamental convergence-misadjustment trade-off in fixed step size adaptive
filters [11, 12, 15].

Conclusion 3: NLMS and RLS cannot satisfy the 100 MHz timing constraint.
The NLMS and RLS failed to reach the 100 MHz target timing closure with
respective WNS figures of −45ns and 16 failing end-points. A slow sequential
division circuit caused the combinational path length for these algorithms to
exceed 55ns — more than five times the target clock period. They reached Fmax
levels of approximately 18 MHz and would need an architectural overhaul to be
implemented at 100 MHz [9, 20, 21].

Conclusion 4: VSS-LMS efficiency explained by DSP48E1 inference. The fact
that VSS-LMS is more efficient in terms of LUT usage than the LMS algorithm
(132 LUTs compared to 197) despite having three multiplications per update
whereas the LMS algorithm only has two, is due to Vivado’s DSP48E1 inference.
The three multipliers e2 · x are chained together end to end and are implemented
on one DSP48E1 primitive leaving only minimal LUTs, whereas LMS has a
much less efficient branchy implementation structure that results in more of
the algorithm being implemented on the more generic LUT logic [22, 23, 24].
This indicates that variable step size algorithms with a linear structured chain
implementation are perfectly suited for an FPGA implementation using DSP48E1
cascading logic.

Conclusion 5: Algorithm selection tailored for specific applications. The results
show that specific algorithms should be used for specific applications: VSS-LMS
for the best noise suppression on real-time FPGAs, Sign-LMS for IoT/battery
operated applications requiring minimal power consumption (0.134W, 0 DSP48),
VSS-Sign-LMS for DSP constrained multi-channel systems (reduced DSP
usage by 60%, Fmax 200 MHz) and LMS for a well-established general-purpose
reference. Neither NLMS nor RLS can be implemented at 100 MHz without
re-architecture [20, 21, 28, 29].

7.3 RESEARCH CONTRIBUTIONS

The principal research contributions of this thesis are as follows:

Contribution 1: The first unified FPGA comparative study of six adaptive filter algo-
rithms LMS, Sign-LMS, NLMS, VSS-LMS, VSS-Sign-LMS, and RLS under
identical 16-bit fixed-point precision, 100 MHz timing constraint, and speech
noise cancellation application on the Kintex-7 platform. Prior literature addresses
individual algorithms or small subsets, without the comprehensive multi-metric
evaluation presented here [18, 19].
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Contribution 2: Demonstration and explanation of the VSS-LMS resource efficiency
paradox: VSS-LMS achieves fewer LUTs than LMS despite greater arithmetic
complexity, due to Vivado DSP48E1 cascade inference of the µ · e · x chain. This
finding provides a new design insight for FPGA implementation of variable step
size adaptive filters [22, 23].

Contribution 3: Detailed timing failure analysis of NLMS and RLS at 100 MHz, pro-
viding quantitative evidence (WNS = −45.382 ns and −45.757 ns respectively,
16 failing endpoints each) and identifying the specific circuit element (sequen-
tial divider) responsible. This analysis provides concrete guidance for future
architectural redesign efforts [9, 20, 21].

Contribution 4: Complete Verilog RTL implementation and testbench verification of
all six adaptive filter algorithms in 16-bit Q15 fixed-point arithmetic, with all
synthesis and implementation results obtained from actual Vivado tool runs rather
than analytical estimates.

7.4 FUTURE WORK

The research presented in this thesis opens several directions for future investigation
and development, outlined below.

7.4.1 Pipelined NLMS and RLS for 100 MHz Timing Closure
The most immediate extension of this work is the architectural redesign of NLMS
and RLS to achieve 100 MHz timing closure. For NLMS, two approaches merit
investigation: (i) an iterative non-restoring divider pipelined across multiple clock
cycles, and (ii) a Goldschmidt reciprocal approximation that replaces the exact division
with a convergent iterative multiplication sequence [21, 24]. For RLS, a systolic array
decomposition of the P-matrix update would distribute the O(N2) computation across
multiple pipelined processing elements, each operating within a single clock period [20].
Achieving 100 MHz timing closure for both algorithms would enable a fair comparison
of all six algorithms in true real-time hardware operation.

7.4.2 Multi-Tap Broadband Noise Cancellation
The present work uses a first-order filter (N = 1) optimized for single-tone 50 Hz noise
cancellation. Real-world acoustic noise environments typically contain broadband noise
components that require higher-order filters (N = 16 to 64 taps) for effective cancellation
[23, 30]. Extending all six Verilog implementations to multi-tap configurations would
require a FIR filter core with pipelined multiply-accumulate chains and address the
increased resource utilization and timing challenges that arise at higher filter orders.
The VSS-LMS architecture is particularly well-suited for multi-tap extension due to its
DSP48E1 cascade structure.

7.4.3 Real-Time Hardware Validation with Audio Codec
The present FPGA implementation has been validated through Vivado behavioural
simulation. A critical next step is real-time hardware-in-the-loop validation using an
audio codec (such as the Analog Devices ADAU1761 or Texas Instruments PCM3168A)
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connected to the Kintex-7 board via I2S interface. This would enable processing
of actual speech signals with real microphone inputs, providing quantitative SNR
measurements from physical hardware that can be directly compared with simulation
results [26, 27].

7.4.4 Custom ASIC Implementation
An ASIC implementation of the VSS-LMS architecture would enable further opti-
mizations in terms of power consumption, area, and operating frequency that are not
achievable on FPGA due to the overhead of configurable interconnects and LUT-based
logic. Custom ASIC synthesis using a standard-cell library (e.g., TSMC 28 nm or 65
nm) would allow full custom optimization of the DSP48-equivalent multiply-accumulate
cells, potentially achieving sub-0.05 W power consumption and operating frequencies
exceeding 1 GHz [34].

7.4.5 Extension to Active Noise Control with FxLMS
The present work addresses passive adaptive noise cancellation. Extending the imple-
mentation to active noise control (ANC) using the Filtered-x LMS (FxLMS) algorithm
would require modelling the another path (loudspeaker-to-microphone transfer function)
and incorporating it into the weight update equation [31, 32]. FxLMS is the standard
algorithm for ANC in headphones, duct noise control, and automotive cabin noise
reduction. A VSS variant of FxLMS combining the variable step size adaptation of
VSS-LMS with the secondary path compensation of FxLMS would be a natural and
practically relevant extension [30].

7.4.6 Multi-Channel Parallel FPGA Implementation
For hearing aids and multi-microphone speech enhancement applications, multiple
adaptive filter channels must operate simultaneously on a single FPGA. The Sign-LMS
and VSS-Sign-LMS algorithms — with their low DSP utilization (0 and 2 DSP48 slices
respectively) — are particularly well-suited for multi-channel parallel implementation
where DSP48 resources are shared or replicated across channels [33]. A comparative
evaluation of multi-channel throughput for all six algorithms on Kintex-7 would provide
practical guidelines for hearing aid FPGA design.

7.4.7 Low-Power Optimization for Embedded Applications
Further power optimization of the VSS-LMS implementation can be explored through
clock gating, operand isolation, and dynamic voltage and frequency scaling (DVFS)
techniques available on modern FPGAs [34]. Replacing the Kintex-7 platform with a
UltraScale+ device would enable access to advanced DSP58E2 slices and low-power
fabric options. Additionally, approximate computing techniques applied to the step
size update computation could further reduce power with minimal SNR degradation,
targeting energy-critical wearable and implantable medical device applications.

7.5 SOCIAL IMPACT

The adaptive filtering algorithms implemented and evaluated in this thesis have social
significance in many ways:
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Healthcare: VSS-LMS and Sign-LMS implementations are beneficial for persons
with hearing loss by enhancing the usage of hearing aids, and for improved clean
ECG/EEG signal recording in medical applications.

Industrial Safety: The real-time implementation of 50 Hz power-line cancella-
tion is of benefit to sensor networks in an industrial environment and aids the
correct measurement readings for equipment monitoring safety-critical systems.

Telecommunications: The noise cancellation hardware structure implemented
on an FPGA can provide clearer speech in hands-free devices used by mobile
phone users.

Energy Efficiency: Sign-LMS is beneficial for IoT and battery-powered edge de-
vices as the implemented algorithm’s power consumption was very low (0.134 W,
0 DSP48), contributing to energy-efficient smart system development.

7.6 FINAL REMARKS

Through extensive MATLAB simulation and real FPGA implementation, the VSS-LMS
adaptive filter algorithm has been shown to provide superior overall performance in
real-time speech noise cancellation on FPGA. VSS-LMS was found to simultaneously
achieve both the best SNR (27.02dB), use the least hardware resources (132 LUTs),
successfully meet timing (WNS = +4.686ns @ 100 MHz), and achieve respectable
power consumption (0.137W), making it the obvious choice among the six algorithms
presented. In fact, the novel insight into using more algorithmic complexity in VSS-
LMS to decrease hardware resource consumption through DSP48E1 cascade inference
is significant to both adaptive filter design and FPGA based DSP applications.

The versatile multi-algorithm comparison framework, signal models, Verilog imple-
mentation, and performance evaluation methodology established in this thesis can serve
as a reproducible foundation for continued work on FPGA based adaptive filtering. The
five potential research opportunities mentioned in Section 7.4 including pipelined NLM-
S/RLS, multi-tap generalization, real-time hardware verification, ASIC implementation,
and an FxLMS generalization form the basis of a future research road-map.
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