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Preface

a Cosmology is a branch of science which deals with the study of the origin of Universe, its
evolution, and its eventual fate.

Cosmology has been classified into two categories in contemporary science:
Physical cosmology and Observational Cosmology. The study of the Universe’s
formation, evolution, and the physics behind it, is known as physical cosmology.
Observational cosmology investigates the direct evidence of the Universe’s formation
and structure using telescopes and other tools. Cosmological models are studied
using the combination of theories and observations. These models incorporate ideas
as well as data gathered from observations. Cosmology integrates developments
from a wide range of scientific fields, such as relativity, quantum mechanics, particle
physics, nuclear physics, astrophysics, and plasma physics.

Nicolaus Copernicus’ discovery that the Earth rotates around the Sun in the early
1500s marked the beginning of modern cosmology. Isaac Newton’s discovery in the
late 1600s that objects in space functioned in accordance with the same rules of
physics as objects on Earth was an additional breakthrough. Early in the 2074 century,
Albert Einstein’s theory of relativity provided a model of spacetime, establishing the
way to modern physical cosmology.

Contemporary cosmologists assert that the Universe is made up of far more than
the ordinary matter we encounter daily. Most scientists believe that a significant
portion of the Universe is composed of Dark energy and Dark matter. According to this
theory, about two-thirds of the Universe is composed of dark energy. The dark energy
is believed to be the force that defies gravity and permits the Universe to expand - a
phenomenon known as cosmic acceleration. According to this concept, dark matter
makes up an additional 26% of the cosmos. Scientists are unable to directly detect
this hypothetical kind of matter since it does not emit or absorb light and only interacts
with regular matter through gravity.

° The most plausible and effective candidate of dark energy is the cosmological
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constant introduced by Albert Einstein. Several alternative models have been
proposed to explain the Universe’s observed accelerated expansion which includes
scalar field theories, Chaplygin gas, holographic dark energy and Ricci dark energy,
and several other dark energy models. The decaying vacuum energy density and
bulk viscosity have recently been investigated as additional potential explanations for
the universe’s current accelerated expansion.

The objective of this thesis is to investigate how decaying vacuum and bulk
viscosity contribute to the explanation of dark energy phenomena in the context of
a spatially homogenous and isotropic flat Friedmann-Lemaitre-Robertson-Walker
metric in general relativity and its modified theories. Using observational data, we
fit the model to the proposed model and extract the relevant information on the
decaying vacuum energy density and bulk viscosity. The first chapter serves as
an introduction. The research that was published as research articles in reputable,
peer-reviewed publications served as the basis for chapters 2—6. The conclusion and
future directions of the thesis work are covered in the final chapter. Each chapter

starts with an overview of the work accomplished in that chapter.
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Chapter 1

Introduction

In this chapter we present an elementary discussion on some basic concepts and an
overview of General Relativity and Cosmology. We present the Einstein’s discovery
of General Relativity, the idea of expanding Universe, cosmological principle, metric
of spacetime, Friedmann-Lemaitre-Robertson-Walker line element, Einstein’s field
equations, Friedmann equations. It also delves into introduction of cosmological con-
stant in the Einstein’s field equations and its importance in cosmology. We particularly
emphasize the time varying cosmological constant models in depth throughout this
thesis. A discussion on the thermodynamics of dissipative phenomena, such as bulk
viscosity is presented. The fundamental components of the A-Cold-Dark-Matter (or
ACDM) also known as the standard model of cosmology along with some important
alternatives to the ACDM are briefly discussed. This section also analyzes recent ob-
servational data, including Type la supernovae, the Hubble constant, baryon acoustic
oscillations, cosmic microwave background radiation , and f(z)os(z). Additionally, a
concise overview of significant cosmological and geometric parameters is provided.

The chapter concludes by outlining the research’s motivation and structural roadmap.
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§1. Introduction

General Theory of Relativity, introduced by Albert Einstein in 1915 and published
in 1916 [1], represents a pivotal advancement in understanding of gravity, offering a
revolutionary conceptual framework. It proposes that gravity is the curvature of four-
dimensional spacetime, guiding the formation and evolution of the Universe on the
largest scales. Cosmology, which investigates the origins, evolution, and large-scale
dynamics of the Universe, operates within this framework. Thus, it is one of the key
applications of general relativity, focusing on the interplay between cosmic structures
and their long-term behavior. Over recent decades, the insights provided by cosmol-
ogy have deepened, through both theoretical models and observational data. One of
the significant advances in cosmology has been the identification of enigmatic entities
such as dark matter and dark energy. Over the past two decades, the standard cos-
mological model, known as the Lambda-Cold-dark-matter model, has gained promi-
nence. This model offers a comprehensive explanation of the Universe’s expansion
and evolution, though certain anomalies within the model suggest the need for further
refinements beyond its current formulation.

The subsequent sections explore key topics that illustrate both historical advance-

ments and ongoing developments in the field of cosmology.

1.1 Cosmology

Cosmology is a branch of science which deals with the study of the origin of Uni-
verse, its evolution, and its ultimate fate. Under cosmology, scientists study about the
origin and evolution of the Universe, large scale structures and their dynamics. The
geocentric model proposed by Ptolemy, which placed the Earth at the center of the
Universe, dominated for more than a thousand years. During the Renaissance, Nico-
laus Copernicus revolutionized this perspective with the heliocentric model, where
Earth and other planets orbit around the Sun, laying the foundation for modern cos-
mology. Johannes Kepler’s laws of planetary motion and Galileo Galilei’s telescopic
observations provided strong evidence for the heliocentric view, but Isaac Newton’s
law of universal gravitation in the 17:h century unified these advances with a robust
mathematical framework for comprehending gravitational interactions. Newtonian me-

chanics assumed absolute space and time, but this notion was fundamentally chal-
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lenged in the early 20¢h century by Albert Einstein. The disk structure of the Milky Way
was discovered by the 18¢h and 19¢h centuries, but the Herschels’ initial observations
put the Solar System at its center. Shapley rectified this in the 20tk century, demon-
strating that the Solar System is displaced from the center of the Galaxy. Baade
later demonstrated that the Milky Way is a typical galaxy among billions in a dynamic
Universe. These discoveries, combined with evidence of cosmic expansion and relic
radiation, established that the Big Bang theory describes how the Universe has been
evolving since its birth in a hot, dense state billions of years ago, a process described
by the Big Bang theory. Thus, the modern cosmology is based on the Big Bang theory,
where the Universe is considered as emerged out of the Big Bang, which occurred
about 13.8 billion years ago. Cosmology assumes the homogeneous and isotropic
Universe, which is justified on the large scales of larger than 100 Mpc.

1.2 General Theory of Relativity

The major breakthrough in modern cosmology came in 1915 when Albert Einstein
introduced the General Theory of Relativity (GTR), which provided a new understand-
ing of gravity. Rather than being a force as described by Newton, Einstein’s theory
showed that gravity is the manifestation of the curvature of spacetime caused by mass
and energy [1]. This revolutionary idea allowed scientists to describe the dynamics of
celestial bodies and the structure of the Universe in a completely new light.

Einstein’s general theory of relativity is a classical field theory of gravitation. It in-
cludes and surpasses Newton’s theory, which only applies to particles travelling slowly
(in relation to the speed of light) in a weak, stationary gravitational field. General Rel-
ativity may naturally account for the potential for a repulsive gravitational force to arise
from a constant “vacuum energy density". Such an agent is a fundamental compo-
nent of contemporary cosmological models of the Big Bang (the inflationary cosmol-
ogy) and the accelerating Universe (containing a dark energy). GTR depends on two
fundamental principles: the principle of general covariance and the principle of equiv-
alence.

The Principle of general covariance states that the laws of physics must be ex-
pressed in a form that remains valid in any coordinate system. This requires that all
physical laws be formulated using covariant equations, ensuring that they hold true

regardless of the observer’s frame of reference. These equations often take the form
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of tensors, which inherently have the same structure in all coordinate systems.

The Principle of Equivalence is another cornerstone of GTR, proposing that the
effects of gravitational force on a mass are locally indistinguishable from the pseudo-
force felt in an accelerated reference frame. In simple terms, an observer in free fall
within a gravitational field will not be able to discern the presence of gravitation. This
principle is well-tested in experimental settings, such as within our solar system. This
principle underscores the relationship between inertial mass and gravitational mass,
showing that they are equivalent. The principle of equivalence has profound implica-
tions for general relativity and has been validated to a high degree of precision through

experimental observations.

1.3 Cosmological Principle

The Cosmological Principle, abbreviated as CP, is the foundation of modern cos-

mology, which allows cosmologists to use simple, symmetric equations to describe

@ the Universe’s evolution. It states that the Universe is uniformly isotropic and homo-
geneous, when viewed on a sufficiently large scale at any given cosmic time. This
assumption holds for scales exceeding 100 megaparsecs (Mpc). In essence, the prin-

ciple suggests that the Universe appears identical from any location in space. Let’s

briefly explain these concepts.

* Isotropy indicates that the Universe appears the same when observed in any di-
rection, meaning there are no special directions in space. An isotropic Universe
also lacks a center, as it looks the same from any vantage point. The align-
ment of the Earth’s poles provides an example of orientation, yet the Universe

remains uniform in all directions regardless of position.

@ * Homogeneity refers to the notion that the Universe looks the same everywhere.
This means there is no preferred or special place in the Universe. On large
scales, homogeneity implies that the average distribution of matter is uniform
throughout the Universe, making its structure relatively smooth over vast dis-

tances.

While the concepts of isotropy and homogeneity might seem similar, they refer to
different aspects of the Universe’s structure. Consequently, according to the cosmo-

(1) logical principle, the physical laws are universal. The same laws and models that
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apply to Earth can be extended to distant stars, galaxies, and all regions of the Uni-
verse. In other words, CP is a foundational assumption which allows scientists to ap-
ply physics universally and model the theories and its expansion history. It is important
to note that fundamental physical constants (such as the gravitational constant, elec-
tron mass, and speed of light) are assumed to remain consistent throughout space
and time. When extending the cosmological principle to infinity, we arrive at the per-
fect cosmological principle, which states that the Universe has always been both
homogeneous and isotropic across all time. There are plenty of observations that
support the Cosmological Principle. Specifically: the isotropy of cosmological sig-
nals, including the cosmic microwave background radiation (CMBR), the large-scale
distribution of matter (large-scale structures), and the recession of distant galaxies
(Hubble’s Law).

1.4 Expansion of the Universe

Cosmological interpretation for red-shifts of spectral lines from galaxies is that the
Universe is expanding. The velocity of recession of a galaxy is proportional to its dis-
tance from any observer. The red-shift provides the velocity of galaxy. It is measured

by the quantity
_ AO - /le
==

where Ay and A, are the observed and emitted wavelengths respectively. According

(1.1)

<

to Doppler effect, the wavelength of a light emitted by a cosmic object receding away
from an observer with a velocity v is found to increase as compared to its wavelength
measured in a laboratory. The relation between the red-shift z of a cosmic object and
its receding velocity v is

2+1l=—=. (1.2)

For non-relativistic case (v << ¢), we have z =v/c. Since all cosmic objects show red-
shift and if the Doppler effect is valid, it shows that all the objects are moving away
from us, i.e., the Universe is expanding.

It was first used to measure a galaxy’s velocity by Vesto Slipher around 1912 and it
was systematically applied by Edwin Hubble in 1926 during an observation on galax-
ies.

Hubble realized that there was a relation between the distance of a galaxy and its
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@ red-shift. He found that the velocity of recession v of a galaxy was proportional to its

distance r from an observer. Mathematically, it can be expressed as
v=Hyr (1.3)

@ where the proportionality constant Hy is known as Hubble’s constant. It measures
the rate at which the Universe is expanding. It also helps to determine the age of
the Universe, size and history. However, its precise value is presently a major point
of debate as the different measurements yield very conflicting results which creates
so-called Hubble tension. We will discuss about Hubble tension in later section of this

chapter.

1.5 Metric of space-time

In the three-dimensional Euclidean space, the distance ds between the two neigh-
bouring points (x,y,z) and x+dx,y+ dy,z+ dz is given by

ds* = dx* +dy* +dz?, (1.4)

where ds is called the line element.

The idea of distance was extended by Riemann to a space of N-dimensions. Thus,
the distance ds between two adjacent points whose coordinates in any system are x*
(u=1,2,..N) and x* +dx", is given by

ds* = guydx* dx, (u, v=1,2,3,..N) (1.5)

where g,y are functions of x#, known as metric tensor or fundamental tensor. This
quadratic differential formulation is known as Riemannian metric.

Einstein’s general theory of relativity provides an excellent description of gravita-
tional physics. It is a geometric theory of gravity - gravitational phenomena are at-

tributed as reflecting the underlying curved spacetime. An important idea is the metric

of space-time, which describes the physical distance between points. The metric of

space-time interprets the geometry of the Universe, and the ideas of luminosity and
distances in cosmology.

General Relativity is formulated in a four-dimensional Riemannian space. An inter-
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o val ds, invariant with respect to coordinate transformations, is related to the coordi-
nates dx* of the spacetime manifold through the metric whose line element is given
by

ds* = guyditdx’,  (u,v=0,1,2,3) (1.6)

where (X%, x!, x2, ¥*) = (et, x, y, z) and gy transforms according to

_ ox* 9x°
8ij = Ha g Sro (L.7)
@ In the line element (1.6), dx* and dx" are contravariant tensor, g,y is a covariant

tensor of rank-2 and is a symmetric tensor, i.e., guv = gvu. The line element (1.6)
represents the curved geometry and g,y is a function of the coordinates.

° The contravariant metric tensor corresponding to g,v is denoted by g"¥ and is de-
fined by

guvg"t =& (1.8)

where 5;} is the Kronecker delta with 5[} = 1 when A = u and zero otherwise.

(5 ) The metric that is used to describe the Universe on large scales is known as the
Friedmann-Lemaitre-Robertson-Walker (FLRW) line element. It is based on the as-
sumption of Cosmological Principle. The FLRW metric was developed by Alexander
Friedmann [2, 3], Georges Lemaitre [4], Howard P. Robertson [5, 6] and Arthur Geof-
frey Walker [7].

In spherical coordinates (r, 0, ¢), the FLRW metric for contracting or expanding Uni-

@ verse that is homogeneous and isotropic on large scales is given by
2 272, 2 dr? 20102 1 o2 2
ds” = —cdt”+a"(t) 2T (dO° +s5in"0d¢~) | , (1.9)
— KI"

where k is a constant representing the curvature of the space. The constant k is taken

a to be {—1, 0, +1} for negative, zero or positive curvature respectively, and a(z) is the
scale factor of the Universe. It measures the universe’s expansion rate. It is a function
of time alone and it tells us how physical separations are growing with time.

1.6 Einstein’s Field Equations

In the General Theory of Relativity (GTR), the metric is the fundamental field char-

acterising the geometric and gravitational properties of spacetime, and so the action
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must be a functional of g,,. The Einstein-Hilbert action gives the Einstein field equa-
tions through the stationary action principle. In metric signature (—, +, +, +), the
gravitational part of the action is given by

1
S = ﬂ/R\/—g d*x, (1.10)

where R is the Ricci scalar, g = det(gyv) and k = 8nGc~* is the Einstein gravitational
constant (G is the Newtonian gravitational constant and c is the speed of light in vac-
uum). The minus sign under the square-root arises due to the Lorentz spacetime.

The full action with any matter field .%,,, appearing in the theory is given by

_ (L — 4
S_/[ZKRJFZ,Z]\/_gd X, (1.11)

where %, represents the Langragian density for the matter fields.
Varying the action with respect to the metric tensor g, and applying the principal
of least action, we arrive at the Einstein’s field equations

8nG
Guv = C_4T,uw (1.12)

The left hand side of (1.12) represents the geometry of spacetime where G is the

Einstein tensor, which measure the curvature of spacetime and is given by

1
Guv = Ruv - EgHVRa (1.13)
where
R zguvRuv, (1.14)
and
0 0
A A A A 10 A 10

where Fﬁv is the Christoffel symbol given by:

Al Ap dgpu  9gpv  Iguv
F“V_Eg oxv + oxt  dxP )’ (1.16)

The right hand side (fgf—fTuv> in (1.12) represents the distribution of mass, en-
ergy and momentum within the spacetime where 7}, is the stress-energy tensor (or
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energy-momentum tensor). !

1.7 Energy-momentum tensor

The energy-momentum tensor describes the presence and motion of gravitating
matter. Let us discuss the energy-momentum tensor for a particular case of a “perfect
Auid", which is a mathematical idealisation but one which is a good approximate de-
scription of the gravitating matter in many cosmological models.

The simplest type of relativistic fluid is known as ‘dust’ which means that a col-
lection of particles that are at all rest with respect to Lorentz frame. However, the
particles within a fluid element will have random motions, and these will give rise to
pressure in the fluid. There is also an exchange of energy with its neighbours via
heat conduction, and there may be viscous forces present between neighbouring
fluid elements which are directed parallel to the interface between neighbouring fluid
element, and that result in a shearing of the fluid. A relativistic fluid element is said
to be a perfect fluid if the fluid element has no heat conduction or viscous forces. It
follows that dust is the special case of a pressure-free perfect fluid. The perfect fluid
form of energy-momentum tensor is extremely important and common. Cosmologists
find that it is nearly perfect description of the Universe on large scales.

For a perfect fluid, the energy-momentum tensor 7),, is solely determined by the

energy density p and pressure p, which is given by

Tuy = (p + p)uyuy — (u®uq) pguv, (1.17)

where u represents the velocity of an observer in the fluid’s rest frame, and u®uq = u* =
u.u equals to +1 for the signature (+, —, —, —) and —1 for signature (—, +, +, +).
However, in the present thesis, we adopt the signature (—, +, +, +) for which the

above energy-momentum tensor for perfect fluid modifies to

Tuv = (p + p)upuy + pguv, (1.18)

The conservation of the energy-momentum tensor requires that 7.y" = 0, which
gives
. .a
p+3-(p+p)=0, (1.19)

'In the present thesis, we assume the speed of light in vacuum ¢ = 1 in relativistic unit.
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° where an overdot represents the derivative with respect to the cosmic time .
When Einstein formulated the field equations (1.12) of general relativity, he believed
that the Universe was static as the expansion of the Universe had not been discov-
@ ered. However, he found that his theory of general relativity did not permit it. In order
to make a static Universe, he therefore modified his equation by adding the so-called

“cosmological constant” t0 his equation (1.12) as follows:

where A is the cosmological constant and it has the dimension of [Length]~2. Some-
times, we measure it in the unit [time] 2. The above form of the Einstein field equations
is the standard established by Charles W. Misner, Kip S. Thorne and, John Archibald
Wheeler [8, 9]. It is frequently abbreviated MTW. MTW uses the (—, +, +, +) sign
convention.

Apart from the static solution mentioned above, there are, of course, many dynamic
solutions with the cosmological constant. These models were first studied by Lemaitre
so they are known as Lemaitre models. In recent years, other motivations have been
found for introducing a cosmological constant term and such a term arises in many
different contexts. Introducing cosmological term as a fictitious ‘fluid’ with energy-

momentum tensor T‘EC) given by

Aguv

— 1.21
rpeg (1.21)

A
T;Ev) = (PA+ PA) uplty + paguv =

This tensor describes a vacuum state with an energy density p, and pressure p, that
are fixed constants and given by

A A
= — =——. 1.22
PA 87[G7 PA 871G ( )
@ Thus, the existence of cosmological constant is equivalent to the existence of vacuum

energy and a pressure of negative sign. Now, Eq. (1.20) can be written as follows:
Guy =876 (Tuv + T3 ). (1.23)
Properties of the Einstein tensor:

* Gyy vanishes when spacetime is flat.
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* Guy is constructed from the Riemann tensor and the metric.

* Gyy is different from other tensors that can be constructed from the Riemann
tensor and the metric by the demands:
(1) Guy is linear in Riemann.
(2) Guv (like T,y) is symmetric.
(3) Gyuv (like Tyy) obeys Bianchi identity, G, = 0.

1.8 Friedmann Universe

The Einstein field equations (1.20) for the FLRW line element (1.9) and energy-

momentum tensor (1.18) yield the following two equations:

@  8nG kK A

a2 3 p_a2+§’ (1.24)
a 4nG A
Z__= 3 _ 1.25

Equation (1.24) is the well known Friedmann equation [2], which provides the fun-
damental description of the expansion of the Universe. The second Eqg. (1.25) is
known as acceleration equation. Different choices of matter content lead to different
cosmological solutions. A positive A gives a positive contribution of g, and so acts
@ effectively as a repulsive force. If the cosmological constant is sufficiently large, it
can overcome the gravitational attraction represented by the first term and lead to an
accelerating Universe.
Introducing the cosmological constant term as a fluid with energy density p, and
pressure pa as given in Eq. (1.22), Equations (1.24) and (1.25) can be modified as (In

relativistic unit, assuming the speed of light in vacuum ¢ = 1)

8nG k
H?=—"— - 12
: 4G
H+H? =——=[(p+pn) +3(p+pa)], (127)

where H = ¢ is Hubble parameter. We use Hubble parameter as function of cosmic
time. However, it is Hubble constant, Hy for its present value, which is the propor-
@ tionality constant of Hubble’s law. Normally, Hubble parameter decreases with time

for instance, as the expansion is slowed by gravitational attraction of the matter in the
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Universe.

The conservation equation (1.19) with the inclusion of vacuum energy is rewritten as

p+3H(p+p)=—pa. (1.28)

In cosmology, matter and energy are usually characterized by an equation of state,

which links pressure and energy density as
p=wp, —-1<w<l (1.29)

where w is the equation of state (EoS) parameter. This EoS parameter is extremely
important in cosmology to describe the different phases of the Universe. For instance,
w = 0 describes the matter-dominated phase, w = 1/3 leads the radiation-dominated
phase whereas w = —1 describes the cosmological constant (vacuum energy domi-
nated phase). Applying to a fluid with a given equation of state, the Friedmann equa-
tions yield the time evolution and geometry of the Universe as a function of the fluid
density.

1.9 Lambda-Cold-Dark-Matter model

The Lambda-Cold-Dark-Matter, abbreviated as ACDM model is a parametrization
of the Big-Bang cosmological model. In this model, the Universe contains three major

components:

» Dark energy: Represented by the cosmological constant A, it accounts for ap-
proximately 68% of the total energy density of the Universe and is responsible
for the observed accelerated expansion.

» Cold dark matter (CDM): It constitutes about 27% of the Universe’s energy
content. CDM interacts gravitationally but not electromagnetically, explaining
why it does not emit, absorb, or reflect light.

» Baryonic matter: The ordinary matter that makes up stars, planets, and galax-

ies, comprising roughly 0.04% of the Universe’s energy density.

The ACDM model is also known as standard concordance model. This is the simplest

model that provides a reasonably good account of the following properties of cosmos:
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@ » Existence and structure of the cosmic microwave background.
» The large scale structure in the distribution of galaxies.

» The accelerating expansion of the Universe.

The ACDM model is based on three postulates: Cosmological Principle, lines of
spacetime (geodesics) intersect at only one point, and general relativity assumes the
correct theory on the cosmological scales. The Greek letter A represents the cosmo-
logical constant which is currently associated with vacuum energy or dark energy in

empty space. This vacuum energy plays an important role in explaining the acceler-

ating expansion of the space against the attractive effects of gravity. A cosmological
constant has negative pressure, pp = —pa. It explains the Universe’s early evolution
with great precision, especially when compared with the observed CMB, the distribu-
@ tion of galaxies, and the large-scale structure of the Universe. Additionally, the model
accurately predicts the growth of cosmic structures over billions of years. However,
despite its success, the ACDM model has its own set of limitations, particularly con-
cerning the late-time behavior of the Universe and the nature of its key components.
° In the Friedmann Universe, the density parameter Q is expressed as the ratio of
actual (or observed) density p to the critical density p.. This parameter determines
the overall geometry of the Universe. When Q = 1, the Universe is flat (Euclidean).
An expression for the critical density is found by assuming A = 0 and setting the
normalized spatial curvature k equal to zero. Substitution of these values in the Fried-

mann’s first equation (1.26) gives

3H?
= 1.30
Pe=31G (1.30)
The density parameter is thus defined as

p 8nGp
Q=r-=—"—"" 1.31
0o 32 (1.31)
a It is to be noted that p used in the above equation is the total energy density of the

Universe. Our Universe contains several different types of matter, this notation can be
used not only for total density but also for each individual component of the density. It
is the sum of a number of different components including both normal dark matter as

well as dark energy suggested by the observations. We can write as

Q=Qp+Qun+ Qpaqg + - (1.32)
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where Q, is the density parameter of baryonic matter, Q,,, for dark matter, Q,,; for
radiation and Q4 for dark energy. The total density parameter is roughly 1.02. The
observations reveals that we live in a dark energy dominated Universe with Q5 = 0.73,
Quin =0.23 and Q;, = 0.04. Thus, we live in a flat (Q is very closed to 1) Universe.

Since the densities of various species scale as different powers of a, e.g., pum =<
a—3 for dark matter, p,.s o< a=* for radiation and p, stays constant. Therefore, the
Friedmann equation (1.26) for ; = 0 can be conveniently rewritten in terms of various

density parameters as

H(a) = HO\/ (Qam + Qp)a=3 +Qpuga* +Qy, (1.33)

where H is the present value of Hubble parameter. As we know that the scale fac-
tor is related to the redshift of the light by the relation (1+z) = a~!' (assuming the
parametrizing the scale factor at present day, a(ty) = 1). Thus, the above equation for

the evolution of Hubble parameter can be rewritten as

H(z) = HO\/(Qdm + Q) (1 42)3 + Qraa (1 +2)* + Q4. (1.34)

Observations show that the radiation density is very small today, Q,.; ~ 1074, Ne-
glecting this term, we have

H(z) = Hon/ (Qum+Q5)(14+2)* + Q. (1.35)

The analytic solution of scale factor of the above equation for neglecting Q, is obtained
as
a(t) = (Qn/Qa) "3 sinh?3 (1 /14), (1.36)

where 1A =2/(3Hyp/Q4p).

1.10 Challenges

Despite of the widespread success of ACDM model, cosmologists find that the model

has some following issues.

* Fine-tuning problem: The observed value of the cosmological constant A is
extremely small compared to theoretical predictions from quantum field theory,

leading to a severe mismatch of scales.
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(25 ) - Cosmic coincidence problem: It is unclear why the energy densities of dark
energy and matter are of the same order of magnitude in the present epoch,
even though they evolve differently over time.

As the precise mechanism behind cosmic acceleration remains unknown, alternative
explanations for dark energy have been explored due to the limitations of the cos-
mological constant. In general relativity, the dynamics of vacuum energy and the
cosmological constant, represented by A, are equivalent. A significant fine-tuning is-
sue for A is revealed when cosmological data has been compared with estimates of
vacuum energy from quantum field theory (QFT) calculations. Refer to Ref.[10] for
further details. The density p, is specifically estimated to be around 10-4’GeV* [11]
based on existing findings. The Planck scale, at about 107¢ GeV*, is the natural scale
for vacuum energy density, indicating a 123-order-of-magnitude difference. The dif-
ference is more than 55 orders of magnitude even if we take into account a fictitious
vacuum state post-electroweak phase transition at roughly 108 GeV*. Refer to [12] for
a more comprehensive examination of these concerns.

The so-called cosmic coincidence problem [13] is another noteworthy challenge
with A. This problem occurs because, the density of the cosmological constant stays
constant throughout time, whereas the density of matter decreases as the Universe
expands. Currently, their densities seem to be nearly equal, which is quite coinciden-
tal. The ramifications make this even more perplexing: if A had dominated earlier,
galaxies might not have formed; if it had dominated later, the Universe would still be
decelerating, which could have resulted in younger structures like some stellar clus-
ters [14].

Another way to interpret this cosmic coincidence is as a fine-tuning of the Universe’s
initial conditions. The ratio of p, to the matter density p,, can be used as an example.
It scales roughly as a*, where a is the scale factor. p,/p., ~ 10~ is the result of ex-
trapolating this relationship to the Planck scale at a ~ 10732, A method that precisely
adjusts this ratio with 96 significant digits would be required at such high energies.
Any divergence would contradict current observations and suggest radically different
cosmic models.

We are currently at an impasse. While A is the most successful dark energy op-
tion, it is also prevalent with these fine-tuning problems. This circumstance leads to a
quest for alternatives, which can include changes to GR itself or new theories of grav-

ity. There are so many conflicting hypotheses in the field that it is difficult to choose a
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leading candidate. Refer to [15] for a clear overview of the topic.

1.11 Cosmic Tensions and Small-Scale Problems

The research in cosmology is currently facing several significance gaps in under-
standing the evolution and dynamics of the Universe, especially dark matter and dark
energy. The standard ACDM model faces challenges and discrepancies with the
observations. In what follows, we describe a more detailed the research gaps in cos-

mology.

1. Nature of dark matter and dark energy: Dark matter and dark energy are two major
components in the Universe. Dark matter and dark energy are estimated to be
about 27% and 68% of the Universe which are invisible. Dark matter interacts
gravitationally and affects the movement of the galaxies which makes it unde-
tectable by telescope. Its existence can be realized only due to gravitational
effects. On the other hand, dark energy is thought to be a force that permeates
all of space. Observations like Type la supernova reveals that dark energy is
responsible for driving an accelerated expansion of the Universe. However, the
fundamental properties of these quantities are still unknown. Cosmological con-
stant (CC) and cosmic coincidence are major problems with ACDM model which
highlight a fundamental gap between theoretical expectations and observational
data.

2. Hubble tension: The Hubble constant represents the rate at which the Universe is
expanding. The Hubble constant derived from two observations, namely, Cos-
mic Distance Ladder and Cosmic Microwave Background (CMB) are not con-
sistent. The Cosmic Distance Ladder measures high value of Hubble constant
than the CMB method. This discrepancy is known as Hubble tension. This
shows that the standard ACDM is not the complete model which gives a sign of
new physics beyond the standard ACDM model.

3. og tension: The og is a cosmological parameter that quantifies the clustering of
matter in the Universe. It helps to determine how much matter (both visible and
dark) is clustered in different cosmic regions. The og tension gives the mismatch
in the value of og as obtained by CMB measurements (higher value) and cosmic

shear / lensing surveys (lower value). The higher value of oy signifies the more
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clumpy Universe where as lower value of og indicates a more uniform distribution
of matter. This discrepancy challenges the ACDM model, the standard model of

cosmology.

1.12 Alternatives to the ACDM

In this section, we discuss some of the alternative models to the concordance cos-
mological model that have been proposed over the time. These models have one
thing in common: they all deviate, though in different ways, from the theoretical frame-
work that ACDM is based on. Cosmologists are encouraged to investigate potential
alternative theories since, as is generally known, the ACDM model, despite its effec-
tiveness in many areas, does not provide a completely satisfactory explanation for
the Universe’s accelerating expansion. Finding models that offer a more physically
based mechanism for this expansion is not the only objective but resolving the known
tensions within the concordance model is also a goal.

It should be noted that although ACDM has been successful in explaining cosmo-
logical observations, promising alternatives should not deviate much from its theo-
retical predictions. For instance, certain models may provide a better description of
large-scale structure data while reproducing Cosmic Microwave Background (CMB)
observations as precisely as ACDM by accounting for small changes in the cosmo-
logical constant. Furthermore, competing models will be subject to stricter constraints
as new, extremely accurate measurements become available, which will assist us in
identifying models that do not fit observational data effectively. It is crucial to have an

open mind and consider all reasonable options in the possibilities.

1.12.1 Running vacuum models

The fundamental idea of the running vacuum models is that the vacuum energy
density in cosmology is a time-dependent quantity rather than a constant value. It
is difficult to conceptualize a vacuum energy density that has not changed since the
beginning of time in an expanding Universe. A more conventional approach would be
to think of a smoothly fluctuating vacuum energy density that changes in response to
cosmological parameters like the scale factor a(r) or the Hubble rate H(z). This idea is
supported by theoretical physics, specifically Quantum Field Theory (QFT) in curved

space-time, in addition to being evident from a cosmological perspective [16, 17].
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Considering the renormalized zero-point energy (ZPE) contribution from quantum
fluctuations of a non-minimally coupled scalar field in the FLRW metric, which is es-
sential in understanding the variation of p, when shifting from one scale to another. If
we know the observed value at a certain scale, we can evaluate p, at a different scale.
Let us examine the vacuum energy density at the current energy scale, represented
by M = H,, where Hy is the current Hubble parameter, using the grand unified theory
(GUT) scale My ~ 10'°GeV. Since we are concerned with the present Universe, we

can ignore terms of order ¢(H*), such as H?, HH, and HH?, thus the expression is

oy — AA _ 3 (e N ola2 o2 (HoN?
pA<M—Ho>_po—pA<Mo—Mx>+16nz(é & ) H3 M3+ )| a7

Here, p) denotes the observational measurement of the vacuum energy at present.

This expression can be simplified by introducing a running parameter vgs:

3y
P = pa(My = My) + 8;”H3M1%1, (1.38)
where X )
. 1 1 MX m H() 2
vqf—g(g—é)M—%l(lJr@ln(M—X) ) (1.39)

This dimensionless parameter v,/ is non-zero as long as & # ¢. Given that M3 /M3, <
1, we can expect this value to be relatively small. Applying (1.37) again, now relating
the vacuum energy density p, at M = H to the previously obtained value (1.38) at
My = My, we get

3v 3v H
palH) = pit~ velt paggy 4 V) gy, (1.40)
with R )
1 /1 M m H \2
H = —(-—e) 2 (147 (—) . 141
Vers(H) 27r<6 €>M1231( +M)2( {5z ) (1.41)

As our focus is on the post-inflationary Universe, we assume that the Hubble pa-
rameter H(a) at any scale factor a does not differ significantly from the current Hubble
parameter Hy. This permits the approximation v,sr(H) ~ v.rr. Gonsequently, the run-

ning vacuum energy density becomes

3v 3v
" A0 eff (142 2\ 142 0 eff (172 2
Pa(H) = pR+ =25 (H? — HG) Mpy = pR+ o =- N(H —H}), (1.42)
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where in the last equality we used M3, = 1/Gy (non-reduced Planck mass).

For positive v,.sr, this expression can be interpreted as vacuum energy decaying
into matter, with a larger value in the past. Conversely, for v.;r < 0, the effect is
reversed, which is particularly relevant for interacting models. For further details on
this, see Refs. [18, 19, 20, 21, 22, 23]. Although Eq.(1.42) only accounts for the zero-
point energy (ZPE) from scalar fields, it provides an ansatz to study phenomenological
models of running vacuum energy.

In fact, EQ.(1.42) can be derived as a special case of a broader expression for the
vacuum energy density that relates to the renormalization group equation, providing

a framework based on quantum field theory (QFT):

dpa 1 [ 2 2 4,
=Y |aMFa? 4 bt e+, (1.43)
dino? 471221." M2

which encodes quantum corrections from bosonic and fermionic fields through dimen-
sionless coefficients a;, b;, ¢;, with M; the particle masses. The scale « is typically iden-
tified with a ~ a H> + bH, and only even powers of H or H enter p,(H) by covariance.

Integrating (1.43), one obtains for the current Universe

pa(H) (Co+vH2+uH) +O(HY), (1.44)

- 87L'GN

where u and v are dimensionless parameters, and ¢, is a constant of mass dimension
2 in natural units. We keep ¢y # 0 to ensure a smooth ACDM limit when the dimen-
sionless parameters vanish. These coefficients can be computed in QFT from ratios
of particle masses to the Planck mass, and may be interpreted as f-functions for the
running of the vacuum energy density [17]. Theoretically one expects u,v ~ 1076—
1073 [17], but their values must be determined phenomenologically by confronting the
models with cosmological data.

Accordingly, RVMs are tested and compared to various observational data, in-
cluding the Pantheon, BAO measurements, Cosmic chronometers and significant
f(z)os(z) observations. The results depend on the data set used; however, they con-
sistently show that RVMs are preferred over the ACDM model.
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1.12.2 Brans-Dicke theory

Brans-Dicke (BD) theory, which is also known as scalar-tensor theory is an alterna-
tive theory of gravitation to Einstein’s GTR which was formulated by Robert H. Dicke
and Carl H. Brans [24, 25] on the basis of Jordan’s work. This scalar-tensor theory is
consistent with Mach’s principle (that inertia comes from the Universe’s matter) and
Dirac’s large number hypothesis (LNH). In this theory, in addition to the tensor field
that describes the geometry of spacetime, a scalar field is also included. The effec-

@ tive gravitational constant G is replaced by a time-varying scalar field ¢, and a new
coupling parameter wgp was introduced.

The action of GR (1.11) for BD theory in Jordan frame is generalized as follows
[26, 27] 2

_ ﬁ/d“x\/—_g <¢R— 8D 5 699 ) /d4x N (1.45)

where g = |guv|, v/—gd*x is the four-dimensional volume form, and ., is the matter

Lagrangian density.

O Varying the action (1.45) with respect to the metric gy, the field equations of the BD
theory are
1 0 1 1 8
Ryy — Eg“vR — % <¢,u¢,v - Eguv¢,a¢’a> - 6 (¢,u;v _g#VD(p) - ?Tuv(matter%

(1.46)
On the other hand, a preference that ¢ be part of “matter" gives the same result but

in different form

1 ¥4
Ruyv — 8uvR = —

1
7 0 Tuv(matter) + ¢2 (‘Pu‘l) v 8uv¢7a¢7a> + m (Opv — guvD90),

(1.47)

Varying with respect to ¢, we get the following scalar field equation (wave equation)

81

= T (matter 1.48

where ¢ is the scalar field, wgp is the dimensionless Dicke coupling constant and O
is the Laplace operator or covariant wave operator, O¢ = ¢, and T = T“ is the trace

of energy-momentum tensor.

o 2We use natural units, with = ¢ = 1 and Gy = 1/M3;, where Mp; ~ 1.22 x 10'°GeV is the Planck mass. The
sign convention follows (—, +,+,+).
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@ The BD field equations (1.47) in a flat FLRW metric (1.9) for perfect fluid energy-

momentum tensor (1.18) yield

3H? — %”p—m%iJr? (%)2 (1.49)
s s 8T 6@ awpp ()
—2H —3H :KP—FE—FZHE—'—T(E) , (1.50)
while Eq. (1.48) results to
%+3H%:%%. (1.51)
o The first two equations reduce to the conventional Friedmann and pressure equations

of GR given a constant ¢ = 1/G, whereas the third equation requires wgp — o for
consistency. Since matter and the BD field do not interact, we can construct a local
covariant conservation law that is analogous to GR by combining these equations.

9 This can be verified through explicit calculations. Although the procedure is more
complicated than in GR, the final result is identical:

p+3H(p+p)=Y px+3H(py+py) =0, (1.52)
N

where all of the components-baryons, dark matter, radiation, neutrinos, and vacuum
are added together. We implement an approach that during significant stages of

cosmic evolution, each component conserves independently.

1.13 Viscous Cosmology

In standard cosmological models, the cosmic fluid is often assumed to be perfect,
implying that it is devoid of any dissipative processes such as viscosity or heat con-
duction. However, this idealized case does not fully capture the physical reality of the
universe. In more realistic models, it is necessary to consider the effects of dissipa-
tion, particularly when dealing with large-scale cosmological evolution, early Universe
dynamics, or structure formation.

Viscous cosmology deals with the effect of bulk viscosity-a type of internal friction
in fluids in GR which explain the cosmic expansion, particularly the current cosmic

acceleration of the universe. The cosmic fluid has resistance to expansion (viscosity)
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which generates a negative pressure, responsible for acceleration, mimicking dark
energy and provides the alternate of ACDM. In the context of cosmology, viscosity
is related to thermodynamic processes and can manifest in two forms: bulk viscosity
and shear viscosity. Bulk viscosity is particularly relevant in cosmological models due
to its isotropic nature, meaning it affects the Universe’s expansion rate without intro-
ducing directional dependence.

In a cosmological setting, bulk viscosity arises when the cosmic fluid expands or
contracts too rapidly for the system to maintain thermodynamic equilibrium. As a re-
sult, the pressure of the fluid is modified by an additional dissipative term, which acts
to restore equilibrium. The bulk viscosity serves as an effective mechanism for reduc-
ing the deceleration of the universe, and under certain conditions, it can lead to an
accelerated expansion similar to the effects of dark energy.

1.13.1 Thermodynamic of Bulk Viscosity

In physical systems, bulk viscosity can be interpreted as a deviation from local ther-
modynamic equilibrium. In a cosmological fluid, bulk viscosity appears when the fluid
cannot adjust quickly enough to changes in the expansion rate. This dissipative pro-
cess introduces a resistance to the expansion, which is described by an effective
pressure term that accounts for the deviation from equilibrium.

The general form of the pressure in a cosmological fluid with bulk viscosity is modi-
fied as:

P=p+II, (1.53)

where p is the thermodynamic pressure and IT is the dissipative pressure. For bulk

viscosity, the dissipative pressure is typically given by:
I1=-3CH, (1.54)

where H is the Hubble parameter, and ¢ is the bulk viscosity coefficient, which governs
the strength of the viscous effects. The negative sign indicates that viscosity acts to
resist the expansion of the Universe. The energy-momentum tensor of a relativistic

fluid with bulk viscosity as the only dissipative phenomena is given by

THV = (P +P+H)”u“v+(l7+n)guv, (1.55)
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@ where p is the energy density, p is the equilibrium pressure, I1 is the bulk viscous
pressure and u, is the four-velocity of the fluid.
The particle flow vector N% is given by

N% = nu®, (1.56)

where n is the particle number density. For the scond order deviations from equilib-
rium, the entropy flow vector S* is given by [28]

TI12
S* = gN* — — % 1.57
= ZCTM (1.57)

where s is entropy per particle, 7 is the relaxation time, T is the temperature and ¢ is
the bulk viscous coefficient. The balance equation is given by

N% =0, and 73" =0 (1.58)

which give
n+0®n=0 and p=-0O(p+p+II), (1.59)

respectively, where ® = u, is the fluid expansion and n = n qu®, etc. Using the above
equations with Gibbs relation T'ds = d2 + pd1, we get

nTs = —OII. (1.60)

From (1.57) and (1.59), we get the entropy production density as

o
%, =

H 1
Q] I1 HT o . 1.61
gty o ) ] oy

Now, S > 0 implies the evolution equation

. 1
1+ 7ll = _C®_§HT

®+f————l (1.62)
T

One can observe that Eq. (1.62) reduces to the Eckart theory, IT= —{6 in the relax-

(61 ation limit 7 — 0. If the bracket term on the right hand side of (1.62) can be neglected
compared to the viscous term —{@, i.e., if the condition ®+ z— % - 4 =0, we get the
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truncated theories
I+ 7l = - (0. (1.63)

The study of bulk viscosity in cosmology dates back to the work of Eckart [29] and
Landau and Lifshitz [30], who first laid the foundations for relativistic viscous hydrody-
namics. These early models treated viscosity as a first-order deviation from equilib-
rium, leading to a causal formulation of dissipative processes. However, such models
were later shown to suffer from non—causal behavior and instability under certain
conditions. A more refined treatment was developed by Israel and Stewart [28], who
introduced a second—order relativistic theory of viscosity, known as the full causal the-
ory. This framework allowed for a more accurate description of non-equilibrium states
in cosmology, particularly during the early universe.

One of the primary motivations for considering bulk viscosity in cosmological models
is that it can potentially remove singularities, such as the initial singularity in the Big
Bang model. Several authors have explored the idea that bulk viscosity could drive
the inflationary phase of the early universe, allowing for a smooth transition to the
radiation-dominated era. Furthermore, viscous models have been shown to produce
late-time acceleration, mimicking the effects of dark energy. The concept of viscous
dark energy has been developed to characterize models in which the bulk viscosity
of the cosmic fluid plays the role traditionally assigned to dark energy in driving the
accelerated expansion.

Recent research has shown that viscous effects can play a crucial role in the late-
time acceleration of the universe. By introducing a large enough bulk viscosity coef-
ficient, the deceleration of the Universe can be halted, and an accelerated expansion
phase can be triggered without the need for an exotic dark energy component. This
opens up the possibility of explaining cosmic acceleration within the framework of
standard thermodynamics and fluid dynamics, rather than invoking unknown forms of
energy.

One key result of viscous cosmology is the realization that singularities, such as the
initial Big Bang singularity, can be avoided. The introduction of viscosity smooths the
evolution of the universe, leading to non-singular models that are free from the diver-
gences that typically arise in perfect fluid models. This has motivated many authors
to explore the implications of viscous cosmology in both the early and late stages of
cosmic evolution.

Moreover, viscous dark energy models have gained significant attention as they of-
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fer a potential solution to the dark energy problem. By treating the bulk viscosity as
a dynamic property of the cosmic fluid, these models can account for the observed
acceleration while remaining consistent with observational data. However, the exact
nature of bulk viscosity in cosmology is still not well understood, and further research
is required to constrain its value and behavior through observations.

1.14 Cosmological Parameters

The cosmological parameters are the fundamental quantities that characterize the
dynamics, structure, and development of the Universe. The following is a list of the

key cosmological parameters:

1.14.1 Hubble Parameter

Hubble parameter is defined as the rate of expansion of the universe and is given
by '
= % (1.64)
where a represents the cosmic scale factor and an over-dot describes the derivative
with respect to cosmic time ¢. It determines the scale of the universe and the rate
at which distant galaxies are receding due to cosmic expansion. The current value
of the Hubble parameter is referred to as the Hubble constant and is represented
by the proportionality constant in Hubble’s law, Hy. The modest differences in val-
ues obtained from different approaches (local versus early universe measurements)
are referred to as the “Hubble tension". The Planck Collaboration [31] anticipates
Hy = 67.4+0.5 kms~'Mpc~!, while Riess et al. (also known as R21)[32] reported
73.04+1.04 kms—'Mpc~! at a 5o confidence level. These are the significant ramifica-
tions to confirming the Hubble tension. The Hubble constant has become even more

important to understand the composition and expansion history of the Universe.

1.14.2 Deceleration Parameter

The deceleration parameter is a way quantifying the rate at which the Universe is
expanding. It is defined as follows:

g=-Y_ (1.65)
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Since the above equation contains 4, thus it describes how the expansion of Universe
is accelerating. It serves as an indicator for the Universe’s acceleration or deceleration
phase. A positive value of ¢ indicates the Universe’s decelerated phase, while a
negative value indicates its accelerated phase. As a result, it is a crucial parameter
for verifying the Universe’s phase transition, which is symbolized by the shift in the
deceleration parameter’s sign. Two phase transitions have occurred in our Universe:
o early time inflation to decelerated expansion and decelerated expansion to late time
accelerated expansion. Analysis of type la supernovae observations in [33, 34] have
revealed that ¢gg < 0, signifying the deceleration parameter is negative and the universe

is expanding at an accelerated rate.

1.14.3 Effective equation of state parameter

a In modern cosmology, the effective equation of state parameter, denoted w, ¢, char-
acterizes the overall pressure-to-energy density ratio of the total cosmic fluid driving
the expansion of the Universe. It is a useful diagnostic quantity that encapsulates
the combined dynamical effect of all components-such as matter, radiation, and dark
energy-on the background evolution. By definition,

Weff = s (166)

where p;,; and p;,, are the total pressure and energy density, respectively.
Using the Friedmann equations for a spatially flat FLRW metric, w.ss can be ex-
pressed directly in terms of the Hubble parameter. Combining the acceleration equa-

tion (1.25) with the first Friedmann equation (1.24), one finds

2 H
(16 Equivalently, in terms of the dimensionless Hubble parameter h(z) = H(z)/Hy, we may
write ,
1 dinh
Weff(Z)=—1+§(1+Z)—ndZ ), (1.68)

1.15 Cosmographic Parameters

We may observe behaviour of the Universe through many cosmological models by

@ studying cosmological parameters such as the Hubble parameter H, the decelera-
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tion parameter ¢, and the effective equation of state parameter w,ss. However, some
of these parameters exhibit the same behavior across various dark energy models.
Therefore, in order to properly comprehend dark energy models, cosmographic pa-
rameters are needed. The evolution of Universe in presence of cosmological data has
been studied using the cosmographic technique that utilizes a Taylor expansion of the
scale factor. We know that the Hubble parameter (H) and deceleration parameter (g)
are related to the first and second order derivative of the scale factor, respectively.
The jerk (j) parameter and snap (s) parameter are related to third and fourth order
derivative of the scale factor These quantities are defined as [35]

1 da 1 d*a

= = —— 1.69
aH3 dt3’ s aH* dt* ( )

J
These parameters can also be expressed in terms of redshift and are computed as

dq

j(2) = (2) +24° (D) + (1+2) 7 (2), (1.70)
(@) = ~(1+2 2@ ~2j0) -3/ (1.7

These parameters are dimensionless, and a Taylor expansion of the scale factor about

to provides

a(t) = ap{1+ Hy(t —10) — %quOZ(t —10)* + %jOHS’(t —10)° + %sng(t —10)*+0[(r—1)°]}

(1.72)
In the concordance ACDM model, the jerk parameter is constant and equal to 1. As
anticipated by the observations, for any DE model other than ACDM, the jerk pa-
rameter is consistently positive and the snap parameter exhibits transitional behavior
similar to the deceleration parameter. Thus these parameters demonstrates how any
DE model is different from the ACDM model.

1.16 Observational analysis

In cosmology, observational analysis plays a crucial role in validating theoretical
models and improving our understanding of the composition and evolution of the
Universe. Cosmological models, especially the concordance ACDM model, is signif-
icantly influenced as a result of observational achievements such as the discovery

of dark matter and dark energy. This process depends on the precise observations
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of cosmological phenomena such as, baryon acoustic oscillations (BAO), the Hub-
ble data(cosmic chronometers), type la supernovae and structure formation data
f(z)os(z). Cosmologists can use these data to refine model parameters for increased
accuracy by comparing observed data with theoretical predictions. Complex sta-
tistical techniques such as the Monte Carlo Markov Chain (MCMC) approach is
frequently used in this process. Applications such as the Python-based “emcee"
package, created by Foreman-Mackey and associates [36] is employed to explore
the parameter space of the model by alternating between several sets of values
according to likelihood and convergence on regions that best fit the observations.
This method involves ‘jumping’ randomly from one set of parameter values to another
in order to explore the parameter space. The rule determining whether a jump is
accepted or declined is based on how likely the new point is in comparison to the old.
As a result, the algorithm typically leans toward the areas with the highest likelihood,
which fits best to the data. With the help of these mechanisms, cosmologists can
rapidly integrate a variety of datasets, allowing them to examine new or improved
cosmological models and investigate late-time cosmic acceleration enabling a deeper
and more precise understanding of the universe’s complex dynamics and the forces
influencing its evolution. We adhere to the following some of these datasets in this

thesis that are significant when considering late time acceleration.

1.16.1 Supernova Type Ia Datasets:

Type la supernovae (SNela) are among the most powerful cosmological probes,
widely employed as standardizable candles to measure extragalactic distances and
trace the expansion history of the Universe. In this thesis, we focus on the statistical
treatment of SNela data within a Bayesian framework, emphasizing methodological
and theoretical aspects rather than detailed modeling of systematic uncertainties.

We consider three progressively expanded compilations of SNela observations. The
first comprises 40 binned data points in the redshift interval 0.014 <z < 1.612, drawn
from the Pan-STARRS1 (PS1) Medium Deep Survey [37]. The second, known as the
Pantheon sample, incorporates this PS1 subset along with data from the Sloan Digi-
tal Sky Survey (SDSS), the Supernova Legacy Survey (SNLS), low-redshift surveys,
and the Hubble Space Telescope (HST), resulting in a total of 1048 SNela span-

ning 0.01 < z < 2.3 [37]. The third and most comprehensive compilation is the Pan-
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theon+ dataset, which extends Pantheon by including additional low-redshift SNela—
particularly those in galaxies with Cepheid distance measurements—yielding 1701
light curves from 1550 distinct supernovae over the redshift range 0.00122 <7 <2.2613
[38, 39].

The fundamental observable in SNela cosmology is the apparent magnitude m, de-

fined as
5 F

m = —Eloglo (FO) y (173)

where F is the measured flux and Fj is a reference flux calibrated such that m = 0 for
a standard source.

The absolute magnitude M represents the apparent magnitude an object would have
at a fiducial luminosity distance of 10 parsecs. The distance modulus p, which links m
and M, is given by

d
1=m—M =5log,, (Tch>’ (1.74)

where d; is the luminosity distance. In cosmological units (megaparsecs), this is

commonly expressed as

D;(z,0
u(z;@):Slogw( lLl(\prc)) +25, (1.75)

with the model-dependent luminosity distance

o c(l42) 2 de
Dy(z6) = " /oE(z';9>’ (1.76)

where E(z;0) = H(z;0)/Hy, c is the speed of light, and 6 denotes the set of cosmo-
logical parameters.

In the Pantheon analysis, the goodness—of—fit is quantified via a x* statistic:
Xpan = AUTC AL, (1.77)

where Au = p° — umodel "and C = Dy, + Csys is the full covariance matrix accounting
for both statistical and systematic uncertainties [40].

The Pantheon+ analysis introduces a critical refinement: it incorporates Cepheid-
calibrated distance moduli for SNela hosted in galaxies with direct distance measure-
ments. This breaks the degeneracy between the Hubble constant Hy and the absolute
magnitude M, which is otherwise treated as a nuisance parameter. Specifically, the
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residual vector D in the y? expression is redefined as

Ceph

mi—M — u; if i € Cepheid hosts,

D, = (1.78)
m; —M — 1u(z;;0) otherwise,

where pu "

1

denotes the Cepheid-inferred distance modulus for host i. Consequently,
the Pantheon+ likelihood is constructed as

Xéneta = D Ch . eons D (1.79)

Pantheon+"""

with Cpanmeons €Ncoding the updated covariance structure that includes correlations
from photometric calibration, peculiar velocities, and other systematics [39]. This
approach allows M to be constrained independently through the Cepheid anchor,
thereby enabling tighter and more robust inferences on cosmological parameters, par-

ticularly Hy, within a joint analysis framework.

1.16.2 Hubble dataset(cosmic chronometers)

A key observational approach in modern cosmology involves using passively evolv-
ing early-type galaxies as cosmic chronometers to directly measure the Hubble pa-
rameter H(z) across cosmic time. This method relies on the differential aging of stellar
populations in such galaxies, enabling model-independent estimates of the expansion
rate at various redshifts. Current compilations of these measurements span the red-
shift interval 0.07 < z < 1.965, drawing from multiple independent surveys to improve
the statistical robustness of cosmological inferences.

The foundational set of cosmic chronometer (CC) data consists of 32 measure-
ments, as compiled in Table Il of [41]. The agreement between theoretical predictions

and these observations is assessed using the chi-squared statistic:

32 2
) [H;1,(zi,0) — Hyps(zi)]
_ : (1.80)

where Hy,(z;,0) denotes the Hubble parameter predicted by a given cosmological
model with parameter vector 6, H,(z;) is the measured value at redshift z;, and oy (z;)
represents the associated observational uncertainty.

To enhance constraining power, we employ an extended sample of 36 H(z) mea-
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surements -referred to as Observational Hubble Data (OHD) -which integrates com-

plementary probes:

» 31 data points obtained via the cosmic chronometer technique [42];

« 2 measurements inferred from the baryon acoustic oscillation (BAO) feature
in the Lyman-a forest, either from its autocorrelation or cross-correlation with

quasars [43, 44];

3 correlated measurements derived from the radial BAO signal in the distribution
of galaxies at z =0.38, 0.51, and 0.61 [45].

For the first 33 uncorrelated entries (31 CC + 2 Lyman-a), the contribution to the total

chi-squared is:

2 o 33 [H()bs (Zi) - ch (Zi)]z
XcCtLya = Z o2 )
i=1 ]

1

(1.81)

with o; denoting the reported uncertainty of the i-th measurement.

The final three data points from galaxy clustering are statistically correlated, neces-
sitating the use of their full covariance matrix. Following [45], the covariance matrix is
given by:

3.65 1.78 0.93
C=11.78 3.65 2.20|,
093 2.20 445

and the residual vector between observed and theoretical values is:

H,ps(0.38) — H,,(0.38)
A = | H,,(0.51) — H;,(0.51)
H,p5(0.61) — Hy,(0.61)

The corresponding chi-squared term is computed as:
Ko =ATCT'AL (1.82)
The total chi-squared for the complete 36-point OHD sample is thus:

%J%I(Z),% = X%CJrLya + ngal- (1.83)

This multi-probe compilation provides a stringent and largely model-independent test
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of cosmological scenarios through direct measurements of the Universe’s expansion

history.

1.16.3 Baryon Acoustic Oscillations

Baryon acoustic oscillations (BAOs) provide a powerful standard ruler for probing

the expansion history of the Universe.

In this analysis, we employ three comple-

mentary BAO data configurations to test cosmological models: (i) a joint BAO+CMB

dataset calibrated to the CMB sound horizon, (ii) a dimensionless BAO estimator

d,(z) = rs(z4) /Dy (z), and (iii) the latest anisotropic BAO measurements from the Dark

Energy Spectroscopic Instrument Data Release 2 (DESI DR2). Each approach offers

distinct advantages and redshift coverage, enabling robust cross-validation of model

predictions.

* BAO+CMB: We adopt the widely used BAO+CMB compilation that combines

low and intermediate-redshift isotropic BAO measurements with the CMB-

inferred angular diameter distance to last scattering. This dataset includes six
effective redshifts from the 64dF Galaxy Survey (z = 0.106), SDSS Main Galaxy
Sample (z = 0.35), BOSS CMASS (z = 0.57), and WiggleZ (z = 0.44,0.60,0.73)

[46, 47, 48, 49].

chi-squared is constructed from the ratios d4(z.) /Dy (z;) as

x]%AO/CMB —=ATC A,

The CMB anchor uses ds(z.) with z. =~ 1090 [50]. The

(1.84)

where C~! represents the inverse of the covariance matrix [51] given by

[ 0.52552

~0.03548
—0.07733
—0.00167
~0.00532
| —0.00590

—0.03548
24.97066
—1.25461
—0.02704
—0.08633
—0.09579
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82.92948
—0.05895
—0.18819
—0.20881

—0.00167
—0.02704
—0.05895
2.91150
—2.98873
1.43206

—0.00532
—0.08633
—0.18819
—2.98873
15.96834
—7.70636

—0.00590
—0.09579
~0.20881
1.43206
~7.70636

15.28135 |
(1.85)
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and the residual vector A is given by

% —30.84
Di:(((ﬁ%e,é)a) —10.33
D,(0.44,6) — ©
Dd—f((g.*éi;)) —6.66
I Diosay — 543 ]

This approach assumes a fixed sound horizon calibrated by CMB data and tests

consistency of late-time expansion.

» BAO, : An alternative isotropic BAO statistic uses the dimensionless quantity

dy(z,0) = (1.87)

where ry(z4) is the comoving sound horizon at the baryon drag epoch z;, com-

puted as

oo Cs(Z) .
Zd H<Z7 6) ’
with sound speed ¢,(z) = ¢/1/3(1 +R(z)) and R(z) < (1 +z)~!. The dilation scale

Dy (z) is defined as

rs(zq) = (1.88)

ez 113
Dv(z):{(l—kz)zdﬁ(z)m} . (1.89)

This formulation, used in [52] and subsequent works [53, 54], avoids explicit de-
pendence on CMB calibration and instead treats r(z,) as a derived quantity from
the cosmological model. The corresponding x? is computed from differences

between observed and predicted d, values, assuming uncorrelated errors.

+ BAO DESI DR2: We further incorporate the most recent BAO results from the
Dark Energy Spectroscopic Instrument Data Release 2 [55], which provide high-
precision, anisotropic constraints across seven tracer populations: BGS, LRG1,
LRG2, LRG3+ELG1, ELG2, QSO, and Lya. These yield 13 independent BAO
measurements at effective redshifts z.i = 0.295,0.51,0.706,0.934,1.321,1.484,
and 2.33, with multiple tracers at some redshifts.

The DESI DR2 analysis reports constraints on the transverse and radial BAO

scales normalized by the sound horizon at drag, r,(z4) (with z; ~ 1060) is given
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in (1.88).
The relevant distance measures are the transverse comoving distance

Z C ,
Dy (z) =/O H7.0) d7, (1.90)

(26 the Hubble distance Dy (z) = ¢/H(z,0), and the angle-averaged distance

1/3

Dy(z) = [zD}/(2) Du(2)] (1.91)

For each tracer, the data vector Y consists of one or more of the ratios
Dy(z)/rs(za), Du(z)/rs(zq), and Dy (z)/rs(zq), depending on the survey geometry
and redshift. The chi-squared contribution is then

XdEst =AY CpapAY, (1.92)

where AY is the difference between observed and model-predicted values, and
C;ao is the published inverse covariance matrix for the full DESI DR2 BAO
dataset [56, 57].

1.16.4  f(z)og(z) data (Growth data)

To complement the geometric probes discussed earlier, we also employ measure-
ments of the growth rate of cosmic structure. Specifically, we use the so-called
“Gold-17” compilation, which comprises 18 independent estimates of the combined
growth observable f(z)og(z) derived from redshift-space distortions (RSD) in large-
scale structure (LSS) surveys. These data points are compiled in Table Ill of Nesseris
et al.[58] and represent some of the most robust low-redshift constraints on the evo-
lution of matter perturbations.

The linear growth rate of matter density fluctuations, f(z), quantifies how perturba-

tions evolve with cosmic expansion and is defined as

dIné, 1 dé,
9 f(Z)Zm——(lJrz)md—z, (1.93)

where §,,(z) is the linear matter density contrast, a = 1/(1+z) is the scale factor, and
primes denote derivatives with respect to redshift z.
@ The amplitude of matter fluctuations is characterized by og(z), which denotes the

root-mean-square mass fluctuation within spheres of radius 842~' Mpc, extrapolated
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to redshift z using linear theory:

(1.94)

where og = og(z = 0) is the present-day value.

The product f(z)os(z) provides a convenient, nearly model-independent probe of
structure growth, as it minimizes degeneracies between growth and bias in RSD anal-
ysis. Substituting Egs. (1.93) and (1.94), it can be expressed as

Oy don
5,(0) dz

fog(z) =—(1+z) (1.95)

To compare theoretical predictions with observations, we adopt a Gaussian likeli-
hood. The corresponding chi-squared statistic for the fog dataset is given by

ijcgg = f [fos(zi:6) — (fag)gbs}z

2 )
i=1 0;

(1.96)

where (fo3)?™ and o; are the measured value and 1o uncertainty of the i-th data
point, respectively, and 6 denotes the set of cosmological parameters that determine
the growth history 6,(z;0). This form assumes uncorrelated errors across the 18

measurements, consistent with the treatment in Quelle & Maroto (2020) [59].

1.16.5 H, Prior

The Hubble constant, denoted H,, characterizes the present-day expansion rate of
the Universe. A notable discrepancy—often termed the “Hubble tension” has emerged
between determinations of Hy based on early-Universe observations and those de-
rived from local distance-ladder methods. Analyses of the cosmic microwave back-
ground (CMB) by the Planck satellite, assuming the standard ACDM cosmology, yield
a value of Hy = 67.4+0.5 kms~!Mpc~! [31]. On the other hand, the SHOES collabora-
tion has pursued a late—Universe approach using Cepheid-variable—calibrated Type la
supernovae. Their 2019 analysis (R19) reported Hy = 73.04 & 1.04 kms~!Mpc~—! [60],
and this was subsequently updated in 2021 (R21) to Hy = 73.2+1.3 kms~! Mpc~! [32)].
The difference between the Planck and SHOES results stands at approximately 5o,

challenging the standard cosmological model or pointing to unaccounted systematics.
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1.17 Model Selection Criterion

In this thesis, we assess the statistical significance of the data fitting and the ob-
servational compatibility of the models by applying the well-known Akaike Information
Criterion (AIC), the Bayesian Information Criterion (BIC), and the Deviance Informa-
tion Criterion (DIC).

1.17.1 Akaike information criteria and Bayesian information criteria

When comparing competing models that aim to describe the same physical phe-
nomenon, two widely used statistical tools are the Akaike Information Criterion (AIC)
and the Bayesian Information Criterion (BIC). Both criteria balance the goodness of fit
of a model with its complexity, penalizing models that require a larger number of free
parameters. While AIC originates from information theory and is rooted in a frequen-
tist framework, BIC arises from an asymptotic approximation to the Bayesian marginal
likelihood (or evidence).

In cosmology, AIC and BIC have been utilized to discriminate cosmological models
based on the penalization associated with the number of parameters that the model
needs to explain the data. By using statistical analysis, we can identify which models
are “more favorable" by considering the dataset and number of parameters. The AIC

is defined as [61]
2dN

AIC =y, + N_d_1’

(1.97)

where N denotes the total number of data points, d is the number of free parameters
in the model, and 2. is the minimum chi-squared value obtained from the best-fit
parameters. To compare a candidate model k£ against the standard ACDM model
(denoted as model ), we compute the difference

AAIC; = AIC; — AIC,. (1.98)

A negative value of AAIC,; indicates that model & is preferred over ACDM. Following
conventional interpretation thresholds given by Liddle[62], we classify the strength of

evidence as follows:

* AAIC; < 2: strong evidence in favor of model k,

» 2 < AAICy; < 4: moderate (or average) evidence,
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* 4 <AAICy; < 7: weak (or little) evidence,

* AAIC; > 8: essentially no evidence supporting model k over ACDM.
In contrast, the BIC is given by [63]
BIC = y2,, +dInN. (1.99)

The difference ABIC;; = BIC, — BIC; is interpreted as evidence against model k
relative to the reference ACDM model. The standard interpretation is:

0 < ABICy; < 2: not enough evidence against model «,

2 < ABICy < 6: positive evidence against model «,

6 < ABIC;; < 10: strong evidence against model «,

ABICy; > 10: very strong evidence against model .

Both criteria rely on the assumption that the models being compared are fitted to
the same dataset. Moreover, while AIC tends to favor more complex models (as
its penalty grows linearly with d), BIC imposes a stronger penalty for additional
parameters- especially for large N and thus generally prefers simpler models.

1.17.2 Deviance information criteria

In addition to AIC and BIC, the Deviance Information Criterion (DIC) [62] provides
a Bayesian framework for model comparison that naturally incorporates the trade-
off between goodness of fit and model complexity. It is particularly well-suited for
analysis based on posterior samples, such as those obtained from Markov Chain
Monte Carlo (MCMC) methods. The DIC is built upon the concept of the effective
number of parameters, denoted pp, which quantifies the Bayesian complexity of a
model. It is defined as

pp=D(6)—D(0), (1.100)

~—

where D(0) = —2In.Z(0) is the deviance, .Z(0) is the likelihood for parameter vector
0, and the bar indicates the posterior mean. Thus, pp measures the difference be-
tween the average deviance and the deviance evaluated at the posterior mean.

Under the common assumption of a Gaussian likelihood, the deviance coincides with
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the chi—squared statistic up to an additive constant, allowing us to equivalently write

pp=2%(0)—x*(9), (1.101)
where x2(8) = —2In.Z(8). The DIC is then defined as

DIC = D(0) +2pp = D(0) + pp. (1.102)

This expression penalizes model complexity through pp, while D(6) reflects the fit
quality at the posterior mean. In the regime where parameters are tightly constrained
and the posterior is approximately Gaussian, pp approaches the actual number of free
parameters d, and DIC behaves similarly to AIC rather than BIC, due to its relatively
milder penalty on complexity.

To compare a candidate cosmological model k with the standard ACDM model /, we

define the DIC difference as
ADIC;,; = DIC;, — DIC;. (1.103)

Since a lower DIC value indicates a more favorable balance between fit and com-
plexity, a negative ADIC;; implies that model k is preferred over model /, whereas a
positive value indicates that ACDM provides a better description of the data under the
DIC criterion.

1.17.3 Ongoing Research and research gaps:

Researchers are actively working on refining measurements, developing new tech-
niques, and exploring different theoretical models to try and resolve the cosmological
constant, cosmic coincidence, Hubble tension and oy tension. They are also working
on understanding of galaxy formation, properties of black holes and neutron stars. In
existing research, researchers are working on modified theories to explore the nature
of the Universe.

The biggest research gap include understanding dark matter, dark energy and
cosmic acceleration where we are still uncovering. Different measurements show
a conflicting results of Hy and og raising the Hubble tension and og tension, and

bridging gaps between small-scale astrophysics and large-scale cosmology.
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1.18 Motivation

Analysis carried out by various researchers demonstrate that the Universe recently
went transition from a decelerating to an accelerating expansion [11, 33, 34, 64, 65,
66, 67]. These observations are consistent with the concordance ACDM model. This
accelerated phase of the universe is mainly explained by two well-known theories.
The first involves changes to conventional General Relativity, while the second in-
volves the addition of a component called dark energy, which has an equation of state
w < —1/3 and a strong negative pressure.

In this regard, it is important to note that the existence of negative pressure is a sig-
nificant component for accelerated expansion. When physical systems deviate from
their thermodynamic equilibrium states, this sort of stress arises spontaneously in
many different circumstances. Such states are generally associated with phase tran-
sitions, and the presence of negative pressure appears to be inevitable for certain
systems.

Several publications have highlighted that bulk viscous fluid can generate an ac-
celerating expansion of the Universe. Some authors [68, 69] investigated the im-
pact of bulk viscosity in the framework of inflation and discovered that the bulk vis-
cous fluid can lead to an accelerated expansion of the Universe. Many authors
[70, 71, 72, 73, 74, 75] have discussed the late time expansion of the Universe by
including the viscous term in the cosmic fluid.

Our aim is to achieve a more complete and accurate understanding about the origin,
evolution and fate of the Universe. Tensions in key cosmological parameters Hy, Sg,
and og suggest the necessity of a more comprehensive framework to address these
fundamental gaps while aligning with precise observational data. Several explana-
tions have been proposed to resolve the tensions. This includes: New physics beyond
ACDM model, systematic errors in measurement and modification in GTR. These research
gaps to understand the evolution of the Universe motivate me to investigative the al-
ternative theories beyond ACDM model. Modified gravity seeks to address key gaps
in standard cosmology, particularly inflation, dark matter, and dark energy. Broadly,
modifications to General Relativity fall into two categories: introducing new fields or
altering the geometric structure of spacetime. This study focuses on both categories,
which have been instrumental in explaining cosmic acceleration without the need of

an explicit dark energy component. In particular, some modified gravity models offer
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viable solutions to the H, tension, especially through late-time modifications. Some
research suggest that the cosmological constant is not a constant but varies with time
which gives a new sight to understand the evolution of the Universe, especially dark
matter and dark energy. This thesis is dedicated to address the above issues by
studying the decaying vacuum model with bulk viscosity in General Relativity and its
alternative theories.

1.19 Organization of thesis work

The thesis entitled “A Study on Evolution and Dynamics of Dark Energy models in
Cosmology" comprises of six chapters. A summary of the thesis and future scope of
the work are also provided. The list of publications and the bibliography are given at
the end of the thesis.

Chapter 1 titled “Infroduction” presents a brief study on Einstein’s general
theory of relativity, spacetime and cosmological models. It gives a brief overview
of the model for explaining the Universe’s accelerated expansion that have been
proposed in the literature. The thermodynamics of dissipative processes of bulk
viscosity has been discussed. A brief survey of running vacuum models has been
carried out. We have briefly discussed the cosmological parameters, since they
are vital in the study of cosmological models. Finally, the chapter discusses key
cosmological observations that provide insights into the nature of the Universe and
validate theoretical models. Some of the latest observational data such as Type la
supernovae (SNe), Hubble data (CC), Baryon acoustic oscillations (BAO) and Growth
data (f(z)os(z)) are discussed. Hence, chapter 1 establishes a context of the thesis
work, explains its purpose and offers tools to accomplish the objectives.

Chapter 2 titled “Viscous fluid dynamics with decaying vacuum energy density”
introduces the analytical and observational consequences of cosmology inspired by
dissipative phenomena with varying vacuum energy density (VED) for a spatially flat,
homogeneous and isotropic FLRW geometry. We have assumed the interaction of
two components: viscous dark matter and vacuum energy density. We have solved
the field equations by assuming the most general form of bulk viscous coefficient,

viz., { = §o+ §1H + (d/aH). We have also explored three particular cases of bulk
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viscosity, namely (1) { = {o; (2) { = §iH; (8) ¢ = {y+ {1 H to observe the effect of
viscosity with varying VED. We have used the varying VED of the functional form
pa = co+3vH? in all of viscous models presented above. It has been observed that
all these viscous A(r) models expand exponentially with cosmic time . The models
o show the transition from decelerated phase to accelerated phase in late time. The
matter energy density, p,,(¢) approaches to a finite value in late time evolution of the
Universe. The value of x2, is less than unity with every data sets which show that
the model is in a very good fit with these observational data sets. The jerk parameter
remains positive and less than unity in past, and eventually tends to unity in late-time.
Thus, the jerk parameter deviates in early time but it attains the same value as ACDM
in late-time. To discriminate the viscous A(t) with the ACDM, we have examined them
° using the selection criterion. The content of this chapter has been published as a research
paper “Viscous fluid dynamics with decaying vacuum energy density”, Physical Review D,

American Physical Society, 109, 023508 (2024).

Chapter 3 titled “Interacting bulk viscous model with decaying vacuum density”
explores a cosmological model composed of a viscous dark matter interacting with
decaying vacuum energy in a spatially flat Universe. In the first part, we have
found the analytical solution of different cosmological parameters by assuming
the physically viable forms of bulk viscosity and decaying vacuum density with the
interaction term. The second part is dedicated to constrain free parameters of
the interacting viscous model with decaying vacuum energy by employing latest
observational data of Pantheon+, Cosmic Chronometer and f(z)ogs(z). We have found
that the interacting model just deviate very slightly from well-known concordance
@ ACDM model and can alleviate effectively the current H, tension between local
measurement by R21 and global measurement by Planck 2018, and the excess
in the mass fluctuation amplitude og essentially vanish in this context. We have
reported the Hubble constants as Hy = 72.1007 7% and 72.2007)000 kms~'Mpc~!,
deceleration parameters as go = —0.53275:932, and —0.53170053, and equation of state
parameters as wp = —0.6897591% and —0.688 )91 for ACDM and interacting models,
respectively. It has been found that the interacting model is in good agreement with
ACDM. Further, we have discussed the amplitude of matter power spectrum og and
its associated parameter Sg using f(z)os(z) data. Finally, the information selection
criterion and Bayesian inference have been discussed to distinguish the interacting
a model with ACDM model. The content of this chapter has been published in the form of
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"

a research paper, “Exploring interacting bulk viscous model with decaying vacuum density

Astronomy and Computing, Elsevier(Science Direct), 53, 100992 (2025).

In Chapter 4 titled “Interacting viscous running vacuum model in FLRW Universe", we

have discussed the dynamics of interacting viscous model with time-varying cosmo-

logical constant, A(z), which is a natural generalization of the standard ACDM model

in FLRW) spacetime. The A(¢) is motivated by different cosmological approaches.

Recent investigations involving the renormalization of quantum field theory (QFT) in
curved spacetime yield a time-varying A, so-called running vacuum model (RVM)
in which it acquires a dynamical component through quantum effects. We discuss
both the background and perturbation equations for viscous RVM using a more
generalized parametrization form of vacuum density. We employ the cosmic data,
namely distant Type la Supernovae (Pantheon+), Baryonic Acoustic Oscillations
DESI, Cosmic Chronometers and growth data. We anchor ACDM and viscous RVM
on two Hubble constant priors of Planck2018 and SHOES R22 that reflect the Hubble
tension. Using these data samples we assess the viability and compare viscous RVM
with the standard ACDM model. The Gelman-Rubin statistic ( or R-hat statistic) is
used to assess the convergence of Markov Chain Monte Carlo (MCMC) simulations.
We also discuss the stability of viscous RVM using information criterion such as AIC,
BIC and DIC. The constraints on parameters show that the viscous RVM is consistent
o with the standard ACDM model and alleviates the Hubble tension up to 0.569c. The
content of this chapter has been published as a research paper, “Interacting model of bulk
viscous and decaying vacuum energy " Physical Letters B, Elsevier(Science Direct), 871,

139994 (2025).

In Chapter 5 titled “Time-varying vacuum energy models in Brans-Dicke the-
ory", we have constrained the time-varying VED models in Brans-Dicke (BD) theory
within the framework of a flat FLRW space-time by using the latest observational
data. In the first step, the analytical solution of field equations have been found by
considering the two functional forms of cosmological constant, viz. power-series
form: A = niH +n,H? and power-law form: A o< a™", where n;, n, and n are all
constants, and H and a are the Hubble parameter and scale factor, respectively.
Then, to test the viability of the models, the latest data sample such as Hubble
H(z) data, Type la supernovae and baryon acoustic oscillations have been used to

(5 ) constrain the model parameters. We have applied the Markov Chain Monte Carlo
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(MCMC) method to find the best-fit values of the space parameters of both the
models. The cosmological implications of the models have been discussed by using

ao the best-fit values of parameters. It has found that both the models are in good
agreement with the datasets and are consistent with the analytical solutions. We
have used jerk parameter and selection criteria (AIC and BIC) to find the consistency
of the proposed models with the observation as compared to ACDM model. Both the

o models explain the late-time acceleration of the Universe. The content of this chapter
has been published in the form of a research paper “Constraining the time-varying vacuum
energy models in Brans-Dicke theory"”, Astrophysics and Space Science, Springer, 368, 16
(2023).

In Chapter 6 titled “Brans-Dicke cosmology with cosmological term A(H) = co+3vH?",
we have studied the dynamics of a flat FLRW cosmological model by considering
varying VED in BD cosmology. For this purpose, we have considered the well-
motivated VED of the form A(H) = ¢y +3vH?, where ¢y and v are dimensionless
constants. We first adopt a theoretical method to find the exact solutions for various
cosmological parameters of two models, namely Agrgi and Aggz. In Aggi model,
the scale factor evolves as a power-law expansion which gives the deceleration
parameter a constant value. Hence, this type of model does not show the transition
phase. The second model Agg, describes the transition phase from deceleration to
acceleration. In the second part, we have performed two joint likelihood analysis
in order to find the constrain on the main free parameters of the Az, model using

e the latest observational data sets including SNe Pantheon, H(z) data, BAO/CMB
data and local Hy by SHOES. Performing the two different combination of datasets,
we have found that the model shows prior decelerated epoch followed by late time
accelerated epoch. We have also compared the decaying VED with traditional A
cosmology, which help us to define the evolution of the VED model. The results
show that varying VED model in BD theory is consistent with data and the cosmic
evolutions are in good agreement with the concordance ACDM and BD with constant

(1) A models. The AIC and BIC selection criteria have also been discussed. The
content of this chapter has been published as a research paper “Brans-Dicke cosmology
with cosmological term A(H) = co+3VH 2n Physics of the Dark Universe, Elsevier(Science
Direct), 42, 101300 (2023).
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° Chapter 7 titled “Conclusion, Future Scope and Social Impact” presents the conclu-
sion of this thesis work and the research strategy for the future. The impacts of bulk
viscosity and decaying vacuum energy density in a few cosmological models have

0 been examined in the current thesis. To illustrate the early and late-time development
of the Universe, we have addressed different forms of cosmological constant A and
bulk viscous coefficient {. We have further examined the linear perturbation growth
of some models to study the current og and H, tensions. In the context of other
cosmological models or hypotheses, these forms might be crucial for the study of the
universe. We think there is a lot of potential for studying many cosmic events with
these forms. In the future, we intend to add more modified theories and other forms

of time—varying cosmological constant A(z).

° Finally, the thesis concludes with a bibliography and a list of the author’s publica-

tions.
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Chapter 2

Viscous fluid dynamics with decaying

vacuum energy density

In this chapter ', we explore an alternative cosmological model which contains a
viscous fluid with decaying vacuum energy that diminishes over time. The model
describes a transition from deceleration towards accelerated expansion of the
Universe. It potentially solve the Hubble tension when fit into the observational data.
It shows a good agreement with standard ACDM model.

Highlights:

IE” A spatially isotropic and homogeneous flat FLRW spacetime is considered for
studying the evolution and dynamics of the Universe.

" Assumes decaying vacuum energy (VED) instead of a constant cosmological
constant which decays over cosmic time.

" Presents a modified the Einstein’s equations to include bulk viscosity and
decaying vacuum energy.

I¥” Such cosmological models create a richer system than a simple non-interacting
scenario.

" The solutions for Hubble parameter, scale factor, deceleration parameter, equa-
tion of state parameter and energy density as a function of redshift are obtained.

2" This model explains a transition from deceleration to accelerating Universe where

the deceleration parameter ¢ approaches to —1 in late time of its evolution.

I'This chapter is based on a published research paper, *“ Viscous fluid dynamics with decaying vacuum energy
density, Physical Review D 109, 023508 (2024)".
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5" Uses the MCMC methods with observational data like Pantheon, cosmic
chronometer, BAO, to constrain model’s parameters.

" Analyzes the matter fluctuations (structure formation) to know how the viscous
decaying models affect the galaxy and structure growth.

=" Plots the trajectories of various cosmological parameters to analyze the dynamics
and late time evolution of the Universe.

" Discuss the model selection criterion (AIC and BIC) to compare the proposed
model with the standard ACDM model.

2" Presents the findings in Conclusion section.

2.1 Introduction

Different observations such as luminosity distances of type la supernova, measure-
ments of anisotropy of cosmic microwave background (CMB) and gravitational lensing
have confirmed that our Universe is spatially flat and expanding with an accelerated
rate. It has been observed that the Universe contains a mysterious dominant compo-
nent, called dark energy (DE) with large negative pressure, which leads to this cosmic
acceleration [33, 34, 45, 76, 77, 78, 79]. In literature, several models have been pro-
posed to explain the current accelerated expansion of the Universe. The two most
accepted DE models are that of a cosmological constant and a slowly varying rolling
scalar field (quintessence models)[80, 81, 82, 83].

The cosmological constant A(CC for short), initially introduced by Einstein to get the
static universe, is a natural candidate for explaining DE phenomena with equation of
state parameter equal to —1. The natural interpretation of CC arises as an effect of
quantum vacuum energy. Thus, the cold dark matter based cosmology together with
a CC, called the ACDM cosmology, is preferred as the standard model for describing
the current dynamics of the Universe. It is mostly consistent with the current cosmo-
logical observations. However, despite of its success, the ACDM model has several
strong problems due to its inability to renormalize the energy density of quantum vac-
uum, obtaining a discrepancy of ~ 120 orders of magnitude between its predicted and
observed value, so-called CC or fine-tuning problem [10, 84, 85]. It also has the coin-
cidence problem, i.e., why the Universe transition, from decelerated to an accelerated
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phase, is produced at late times [13].

Many models have been proposed to tackle these issues. One of the possible pro-
posal is to incorporate energy transfer among the cosmic components. In this respect,
the models with time—varying vacuum energy density (VED), also known as ‘decaying
vacuum cosmology’(DVC) seems to be promising. The idea of a time-varying VED
models (pp = A(t)/8nG) is physically more viable than the constant A [86, 87, 88, 89].
Although no fundamental theory exists to describe a time-varying vacuum, a phe-
nomenological technique has been suggested to parametrize A(z). Such attempts
suggest that decaying VED model provides the possibility of explaining the accelera-
tion of the Universe as well as it solves both cosmological constant and coincidence
problems [16, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105,
106, 107, 108, 109, 110].

On the other hand, in recent years, the observations suggest that the Universe
is permeated by dissipative fluids. Based on the thermodynamics point of view, phe-
nomenological exotic fluids are supposed to play the role for an alternative DE models.
It has been known since long time ago that a dissipative fluid can produce acceler-
ation during the expansion of the universe [111, 112]. The bulk and shear viscosity
are most relevant parts of dissipative fluid. The dynamics of homogeneous cosmo-
logical models has been studied in the presence of viscous fluid and has application
in studying the evolution of the Universe.

Eckart [29] extended a classical irreversible thermodynamics from Newtonian to rel-
ativistic fluids. He proposed the simplest non-causal theory of relativistic dissipative
phenomena of first order which was later modified by Landau and Lifshitz [30]. The
Eckart theory has some important limitations. It has been found that all the equi-
librium states are unstable [113] and the signals can propagate through the fluids
faster than the speed of light [114]. Therefore, to resolve theses issues, Israel and
Stewart [28] proposed a full causal theory of second order. When the relaxation time
goes to zero, the causal theory reduces to the Eckart’s first order theory. Thus, tak-
ing the advantage of this limit of vanishing relaxation time at late time, it has been
used widely to describe the recent accelerated expansion of the Universe. An ex-
haustive reviews on non-causal and causal theories of viscous fluids can be found in
Refs.[115, 116, 117, 118, 119, 120, 121, 122, 123, 124, 125, 126]. In recent years,
the direct observations indicate for viscosity dominated late epoch of accelerating ex-
pansion of the Universe. In this respect, many authors have explored the viability of

a bulk viscous Universe to explain the present accelerated expansion of the Universe
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cf.[72, 74, 75,127, 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140,
141, 142, 143, 144, 145].
ee In Eckart theory, the effective pressure of the cosmic fluid is modeled as IT= —3{H,
where ( is bulk viscous coefficient and H the Hubble parameter. Bulk viscous coef-
ficient can be assumed as a constant or function of Hubble parameter. It allows to
explore the presence of interacting terms in the viscous fluid. Since the imperfect fluid
should satisfy the equilibrium condition of thermodynamics, the pressure of the fluid
must be greater than the one produced by the viscous term. To resolve this condi-
tion, it is useful to add an extra fluid such as cosmological constant. Many authors
[146, 147, 148, 149] have studied viscous cosmological models with constant or with
time-dependent cosmological constant. Hu and Hu [146] have investigated a bulk
viscous model with cosmological constant by assuming bulk viscous proportional to
the Hubble parameter. Herrera-Zamorano et al. [147] have studied a cosmological
model filled with two fluids under Eckart formalism, a perfect fluid as DE mimicking
the dynamics of the CC, while a non-perfect fluid as dark matter with viscosity term.
In this chapter, we focus on discussing the dynamics of viscous Universe which
consider the first order deviation from equilibrium, i.e., Eckart formalism with decay-
a ing VED. Using different versions of bulk viscous coefficient £, we find analytically the
main cosmological functions such as the scale factor, Hubble parameter, matter den-
sity, deceleration and equation of state parameters. We have discussed the effect of
viscous model with varying VED in perturbation level. We implement the perturbation
equation to obtain the growth of matter fluctuations in order to study the contribu-
tion of this model in structure formation. We perform a Bayesian MCMC analysis to
0 constrain the parameter spaces of the model using three different combinations in-
volving observational data from type la supernovae (Pantheon), Hubble data (cosmic
chronometers), Baryon acoustic oscillations and f(z)og(z) measurements. We com-

pare our model and concordance ACDM to understand the effects of viscosity with

decaying vacuum by plotting the evolutions of the deceleration parameter, equation

of state parameter and Hubble parameter. We also study the selection information

criterion such as AIC and BIC to analyze the stability of the model.
The work of this chapter is organized as follows. In Section 2.2, we present the basic

cosmological equations of FLRW geometry with bulk viscosity and decaying VED. In
Section 2.3, we find the solution of the field equations by assuming the most general
form of bulk viscous coefficient. Section 2.4 is devoted to study the evolutions of some

particular forms of bulk viscous coefficient with varying VED. We discuss the growth
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rate equations that govern the perturbation in Section 2.5. Section 2.6 presents the
observational data and method to be used to constrain the proposed model. The
results and discussion on the evolution of the various parameters are presented in
Section 2.7. In Section 2.8, we present the selection information criterion to distin-
guish the presented model with concordance ACDM. Finally, we conclude our finding

in Section 2.9.

2.2 Viscous model with varying-A

We assume a homogeneous, isotropic and spatially flat FLRW metric in spherical
coordinates
ds* = —c*dt* +a*(t) [dr* + 1 (d6* + sin*0d9?)] . (2.1)

The large scale dynamics of (2.1) is described by the Einstein field equations, which

include the cosmological constant A and is given by
1

We introduce a bulk viscous fluid through the energy-momentum tensor which is given
by [150]
Tyy = (Pm + P)uyuy + guvP, (2.3)

where u* is the fluid four-velocity, p,, is the density of matter and P is the pressure
which is composed of the equilibrium pressure p,, of the matter fluid plus the viscous
pressure I1, i.e., P = p,, +II.  The viscous effect can be defined by the viscous
pressure IT1 = —3CH, where { is the bulk viscous coefficient and H is the Hubble pa-
rameter. The bulk viscous coefficient { is assumed to be positive on thermodynamical
grounds. Therefore, it makes the effective pressure as a negative value which leads
to modification in energy-momentum tensor of perfect fluid.

If we denote the total energy-momentum tensor 7,y + g,vpa as modified 7, on right
hand side of field equations (2.2), then the modified Tuv can be assumed the same
form as 7y, thatis, T,y = (p + p)uyuy +guvp, Where p = p,,+pa and p = p,, —3CH + pa
are the total energy density and pressure, respectively. Further, we assume that the
bulk viscous fluid is the non-relativistic matter with p,, = 0. Thus, the contribution to
the total pressure is only due to the sum of negative viscous pressure, —3{H and

vacuum energy pressure, pp = —pPa.
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Using the modified energy-momentum tensor as discussed above, the Einstein field
equations (2.2) describing the evolution of FLRW Universe dominated by bulk viscous

matter and vacuum energy yield
3H? = p = pp+pa, (2.4)

2H +3H? = —p =3(H + pa. (2.5)

where H = a/a is the Hubble parameter and an over dot represents the derivative with
respect to cosmic time ¢.  In this chapter, we propose the evolution of the Universe
based on decaying vacuum models, i.e., vacuum energy density as a function of the

cosmic time. From (2.2), the Bianchi identity VKG,, = 0 gives
VET,, =0, (2.6)

or, equivalently,
Pm+3H (P + pm —3CH +Pa+ pa) = —Pa, (2.7)

which imply that the there is a coupling between a dynamical A term and viscous
CDM. Therefore, there is some energy exchange between the viscous CDM fluid and
vacuum. Using the equation of state of the vacuum energy pr = —pa and p,, =0, Eq.
(2.7) leads to

Pm~+3H(pm —3CH) = —pa. (2.8)

Now, combining (2.4) and (2.8), we get

.3 5, 1 3
H+4+-H" = — —CH. 2.
3 SPat 2C (2.9)
The evolution equation (2.9) has three independent unknown quantities, namely, H, {
and p,. We get the solution only if { and p, are specified. In what follows, we discuss

the dynamics of the Universe depending on the specific forms of p, and &.

2.3 Solution of field equations

In this chapter, we parameterize the functional form of p, as a function of Hubble
parameter. The motivation for a function py = pa(H) can be assumed from different

points of view. Although the correct functional form of p, is not known, a quantum
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field theory (QFT) approach within the context of the renormalization group (RG) was
proposed in Refs.[151, 152] and further studied by many authors [16, 17, 95, 100,
153, 154]. In Ref. [97], the following ratio has been defined between the two fluid

components:
— p/\ - p[\o
Pm+PA’

where p,, is a constant vacuum density. If py = pa,, then y =0, and we get ACDM

Y (2.10)

model. On the other hand, if ps, # 0, then we get

Pa = Pr0+Y(Pm +PA) = Pao+37H>. (2.11)

The above proposal was first considered by Shapiro and Sola [155] in context of
RG. Many authors have studied the evolution of the Universe by assuming this form
[96, 101, 107]. Hereafter, we shall focus on the simplest form of p, which evolves with

the Hubble rate. Specifically, in this chapter we consider
pA = co+3VH?, (2.12)

where ¢y = 3H3 (Quo — V) is fixed by the boundary condition ps(Hp) = pao. The suffix
‘0’ denotes the present value of the parameter. The dimensionless coefficient v is the
vacuum parameter and is expected to be very small value |v| < 1. A non-zero value
of it makes possible the cosmic evolution of the vacuum.

The choice of { generates different viscous models and in literature there are differ-
ent approaches to assume the evolution of bulk viscosity. In this chapter, we consider
the most general form of the bulk viscous term { , which is assumed to be the sum
of three terms: the first term is a constant, ¢, the second term is proportional to the
Hubble parameter H = a/a which is related to the expansion and the third term is
proportional to the acceleration, d/a. Thus, we assume the parametrization of bulk
viscous coefficient in the form[73, 141, 142, 143, 156, 157]

C=®+QZ+Q2, (2.13)

where §y, {; and {, are constants to be determined by the observations. The term
d/ain Eqg. (2.13) can be written as ¢d/aH. The basic idea about the assumption of
in Eq.(2.13) is that the dynamic state of the fluid influences its viscosity in which the

transport viscosity is related to the velocity and acceleration.
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Using Egs.(2.12) and (2.13), the differential equation for the Hubble parameter (2.9)

finally reduces to

1

3 . 3 3
(1—ECZ)H—I-i(l—C1—§2—V)H2—§C0H—§c020, (2.14)

which on integration, it gives

_ o 1+ e 30-G-G-Vv)or
" 21-&i=&—V) o 1 —e30-6-&G—V)or |’ (2.15)

_ & 2 H3(Qp0—V)
where o = \/(2(1—51352—\/)) T (1—0C1—C2—V)'
The above equation simplifies to give

So

H=i—t-t-v

3U—Q—Q—WGQ. 216

+ocoth | —
(2 (1-36)
Using the Hubble parameter H = d/a, the scale factor of the model a(¢) with the con-

dition a(zp) = 1 is given by

21-38)

b 11— — & — 30-C-5-v)
= GG |sinn (2076 352 v)o, , (2.17)
2 (1-38)

which shows that the scale factor increases exponentially as ¢ increases. From (2.17),
one can observe that, in general, it is not possible to express cosmic time ¢ in terms
of the scale factor a. It is possible only if the viscous coefficient terms are zero.
In the absence of bulk viscosity, we obtain the result of decaying vacuum model as
discussed in Ref.[100]. Further, for constant A, the solution reduced to the ACDM
model with no viscosity.

It is worthwhile to compute the evolution of matter energy density as a function
of scale factor (or redshift) or function of cosmic time. Using (2.12) and (2.13), the

continuity equation (2.8) takes the form
Pn+3(1—V)Hp, =9(1—v) (co+clg+c:zg) H. (2.18)

The solution of above equation involves a big expression. Therefore, we avoid to write
the expression for matter density. However, we present the numerical solution of this

equation for different combinations of viscous and v terms in Fig. 2.1. It is observed
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that the matter energy density decreases as ¢ increases and it approaches to the finite
value as t — -, However, in the absence of viscous terms, p,, — 0 as r — oo.
Using (1.65), the deceleration parameter is calculated as

2000w||w ——
I 1T =0, ©1=0, &
I $0=0, ¢1=0, §»=0, v=0.01
L ‘| 20=0.01, £;=0.015, &»=0.02, v=0
1500 - | —— == == $0=0.03, §41=0.025, {»=0.04, v=0.01
{]
R
!
1
1
Lo
1000 -
& Eol
\
AY
\ e e e e e e e e e e e
500 I\ _
0 \“
S S T S S S O NS SO S S
0.00 0.05 0.10 0.15 0.20

0.25 0.30
t

Figure 2.1: The matter energy density as a function of cosmic time 7 for decaying vacuum with
C=0+85+ 0y

(1-8i—-&-v) 2 . 2;3/30=-86-5—-V)
S R (e 1) oresehla gy oY)

(2.19)
2 S

[\S][O8)

5

(1-&-&%~v)
IS >>

From (2.19), we observe that the model transits from decelerated phase to acceler-

ated phase. As t increases, the deceleration parameter decreases and as r — oo, it

approaches to ¢ = —1. The rate of deceleration parameter attaining to —1 depends
on the viscous terms.

For sake of completeness, we discuss another important cosmological parameter,

known as effective equation of state (EoS) parameter. Using (2.16), Eq.(1.67) gives

(1=6i=6—V) 52 2 (3 1=61=8—V) 5
gy = —14 030 7 % G g

5 (2.20)
=~
(W + Gcoth(%LCZ)")mO

It can be observed that the effective E0S parameter decreases to negative values

and finally saturated to w.sr = —1 corresponding to a de Sitter epoch in future time of
evolution.
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2.4 Some particular solutions

In order to calculate specific expressions for cosmological parameters of viscous
model with decaying vacuum energy, let us analyze three particular popular proposals
depending on the choice of { defined in Eq.(2.13)

Case I: { = {, = const

This is the simplest parametrization of Eckart’s bulk viscosity model. Many authors
[75, 117,128, 129, 130, 144, 145, 158, 159, 160] have studied the viscous cosmolog-
ical models with constant bulk viscous coefficient. In this case, the evolution equation
(2.14) reduces to |

.3 , 3
H+—-(1—-Vv)H” —=(H = =¢p. 2.21
+2( V) 2C0 50 (2.21)

Solving (2.21) or directly taking & = {; =0 in (2.16), for v < 1, we get

R 3

H—2(1_v)+01COth 2(1—V)C71t , (2.22)
where
o] = \/(2(1€3v))2 + Hgg?fi)_v). It can be observed that the solution reduces to
the standard A for {, =0 and v = 0, whereas for {; =0 and v # 0 it gives the solution

(34) for A(r) model from quantum field theory[100]. The scale factor is given by
o (. 3 3(1-v)
a(t) = e21-) smh(i(l —V)oit) , (2.23)

which shows that the scale factor increases exponentially as 7 increases. From (2.23),
o one can observe that, in general, it is not possible to express cosmic time ¢ in terms
of the scale factor a. It is possible only if {; = 0. In the absence of bulk viscosity, we
obtain the result of decaying vacuum model as discussed in Ref.[100]. Further, for
constant A, the solution reduced to the ACDM model with no viscosity.
@ The deceleration parameter and effective EoS parameter are respectively given by

(1— v)clzcsczh(%(l —V)oit)

3
2 2’
(2(f—gv) + 6y coth(3(1— v)cm))

g=—1+ (2.24)
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and

(1—v)oZesc?h(3(1—v)oyt)

-
(35 + o1 coth(3(1 = v)our))

Werr = —1+ (2.25)
The time evolutions of g and w, ¢, are similar to the evolutions of these parameters as
discussed for general form of viscous term in Sect. 2.3.

The continuity equation (2.18) in this case has the form
P +3(1 = V)Hp, =9(1 —v)§H? (2.26)

Solving (2.26), one may find the time evolution of the matter density. We will only
present a numerical solution of this equation. In Fig. 2.2 we plot the time evolution of
matter energy density p,,(¢) for different combinations of {, and v. This figure shows
that the matter density diverges at beginning of the cosmic evolution and decreases
as r increases, and finally approaches to a finite value asr —  for { 20 and v #0. In
the absence of viscosity or decaying vacuum energy, the matter energy density tends

to zero as t — oo.

Casell: { ={+CiH

We assume that the bulk viscous coefficient is a linear combination of two terms:
and §1H, i.e., £ = {y+ {1H. In literature, many authors [72, 142, 143] have assumed
such a form of { to study the dynamics of Universe. In this case, Eq.(2.14) reduces to

.3 » 3 1
H+§(1—C1—V)H —EC()H—ECO. 2.27)

Solving Eq. (2.27) or directly putting {; = 0 in Eq.(2.16), the solution for Hubble param-
eter for ({; +v) < 1 is given by

So

M= a6

+ 0 coth (%(1 - — V)Gzt) , (2.28)

2
where o, = %(ﬁ) +%. The corresponding expression for the scale

factor in normalized unit has the form

2
S 3 3(1-¢-v)
a= 62(1—41—V)t |:Sinh (5(1 — Cl — V)62l>:| : . (229)
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Figure 2.2: The time evolution of

matter energy density for decaying
vacuum model with viscosity § = {.

Figure 2.3: The time evolution of

matter energy density for decaying
vacuum model with viscosity § =
Co+CiH

The respective deceleration parameter and effective EoS parameter are calculated as

e NR2 2031
g=—1+ 3(1-¢ v)0'2csc h(2(1 & V)Gzt)z, 030
2 (2(1 CCOfV) +62C°th(%(1 -8 - V)O'QI))
and
1-& —v)ogesc?h(3(1— & —
Weff:—1+( Ci—v)oyesch(5(1— & V)GZt)z- 031
(2(1}—;01—\/) +0scoth(3(1 -1 — v)cm))

The time evolutions of ¢ and w, s are similar to the evolutions of these parameters as
discussed for general form of viscous term in Sect.2.3.

The continuity equation (2.18) in this case has the form

P+ 3(1 = V)Hpy = 9(1 = V) ({H> + {iHP). (2.32)

We only present a numerical solution of Eq.(2.32). In Fig. 2.3 we plot the time

dependent matter energy density p,,(¢) for different combinations of {y, {; and v. It
is observed from figure that the matter density diverges at beginning of the cosmic
evolution and decreases as time passes, and finally approaches to a finite value

ast— o for { #£0, {; #0 and v # 0. In the absence of viscous terms or decaying
vacuum energy, the matter energy density tends to zero as ¢ — oo.
Caselll: { = |H
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Finally, let us consider the case where bulk viscous coefficient is proportional to the
Hubble parameter, i.e., { = {{H. Such a form of { has been studied by many authors
[115, 116, 117, 131, 142, 146]. In this case, the evolution equation (2.14) for Hubble
parameter reduces to |

H+%(1—<§1 —V)H? = Sco=0. (2.33)

The above equation with change of a variable from 7 to x =Ina can be written as

dn? 5
E—}—S(I—Cl—\/)h 23(.QA()—V>, (2.34)

where h = H/H, is the dimensionless Hubble parameter and Q5o = pA0/3H§. Assum-
ing ({1 +v) < 1 and using the normalized scale factor -redshift relation, a = (1+z)7!,

we can express the normalized Hubble function E(z) = H(z)/Hyp as

1/2

1 /
[(1 — 5 —Qp) (142079 L Qg —v| . (2.35)

1=a-vr”

E(z)=

From the above equation, it is clear that for v =0 and {; = 0, we recover exactly the
ACDM expansion model whereas only {; = 0 gives the solution obtained in Ref.[107].
It is observed that at very late time we get an cosmological constant dominated era,

H ~ H, (fz_/\é)—ljvv) which implies a de Sitter phase of the scale factor. Using H = d/a,

the solution for the scale factor in terms of cosmic time ¢ is given by

2

= (M)m—cw . [sinh(%\/(l—gl—v)(QAo—v)Hot) T

.QA()—V

It can be observed that the scale factor evolves as power-law expansion, i.e.,
a o« 12/31-6-V) for small values of r whereas it expands exponentially, i.e.,
a o< exp %Hm for large values of time 7. In other words, the model expands
with decelerated rate in early time of its evolution and expands with accelerated rate
in late time of its evolution.

From Eq. (2.36), we can find the cosmic time in terms of the scale factor, which is

given by
3(17%17V)

= 2 sinh ™! | (£
) = 3Ho\/(1— 81— Vv)(Qao—V) " (a,) @37

s 1/3(1=81-v)
where a; = (%—fﬁ)")) s
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(1) Using (2.35), the value of ¢ in terms of redshift is calculated as
3 1— & — Qo) (1 +2)30-8-V)

g =-1+3 (QA()S) o1 (AQ)A)O(VT@ — (2.38)
R+ (1 P ) (2P0

The above equation shows that the dynamics of ¢ depends on the redshift which
describes the transition of the Universe from decelerated to accelerated phase. We
observe that as z — —1, ¢(z) approaches to —1. However, the model decelerates or
accelerates if Qx9 = v, which gives ¢ = —1+1.5(1 — {; —v). Thus, a cosmological
constant is required for a transition phase. Also, for z =0, we find the present value of
g which is given by

go=—1+1.5(1—& —Qno). (2.39)

The transition redshift, z;,, of the Universe can be calculated as

_ 2(Qr0—V) )
v 1+<(3(1_C1—V)—Z)(I—CI—QAO)) - (2.40)

2
dinl” “where

In this case, the effective EoS parameter is defined by we;r = —1— 1
x=1Ina and h = H/H,. Using Eq. (2.35), we get

(1-& —Qag)(1+2)—07Y)

Worf(z) = —1 4+ ——— s (2.41)
2+ (1 () (i)
© The present value of w, s at z = 0 is given by
werf(z=0) = —1+ (1 = —Qno)- (2.42)

We can observe that the model will accelerate provided 3w,sr(z=0)+1=—-2+3(1—
€1 —Qn0) <0.

Let us discuss the behavior of the matter energy density in this model as a func-
tion of scale factor (or redshift). Transforming the time derivative into derivative with
respect to the scale factor, the conservation equation (2.18) reduces to a differential

equation for matter density,

dpm+3(1—v)pm: 9(1—V)C1H2, (2.43)
da a a
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Using (2.35) into (2.43) and integrating, we find

(2.44)

P = (me  3CiHG(Qp0— V)) a30-6-v) | 381Hg (Qa0—V) |

(1-8i—v) (1-=8i—v)
where p,,0 = pm(a = 1) is the present matter density. Substituting Eq. (2.36) in the
above equation, one may obtain the explicit time evolution of the matter density if de-
sired. It can be observed from Eq. (2.44) that the matter density does no longer
evolve as p,, = pmo a—>. There is a correction in the exponent of the scale fac-
tor and some additional constant terms. This is due to the fact that matter is ex-
changing energy from vacuum and viscous term. We also note that as t — o, p,, =
381HZ (Qa0 — Vv)/(1— &1 — V), i.e, matter density does not approach zero in infinitely far
future due to viscosity. In the absence of viscous term, the matter density tends to
zero as t — 0. The detail discussion on the evolutions of matter energy density and

other cosmological parameters of this particular model is presented in Section 2.7.
In the following Section, we constrain the parameters of this model by using the lat-
est observational data sets and analyze the evolutions of all above discussed various
cosmological parameters using the best-fit values. We compare the proposed model

with the existing model through the stability criteria.

2.5 Growth of perturbations

In cosmic structure formation it is assumed that the present abundant structure of
the Universe is developed through gravitational amplification of small density pertur-
bations generated in its early evolution. In this section, we briefly discuss the linear
perturbation within the framework of viscous fluid with varying A(z). We refer the
reader to Refs. [161, 162] for the detailed perturbation equations since here we have
discussed some basic equations only. The differential equation for the matter density

contrast 9, = dp./pm for our model considered here can be approximated as follows

[163]:
y (3 H(@)Y « ATGp Sy
g (245 ) g o2 o (2.45)

where prime represents derivative with respect to the scale factor a. The above

second-order differential equation turns out to be accurate since the main effects
come from the different expression of the Hubble function. We consider the Hubble

function as obtained in case III of Sect. 2.4. Equation (2.45) describes the smoothness
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of the matter perturbation in extended viscous A(r) model.
The linear growth rate of the density contrast, f, which is related to the peculiar
velocity in the linear theory [164] is defined as

_ dInDy,(a)

fla)= TIng (2.46)

where D,,(a) = 6,(a)/ém(a = 1) is the linear growth function. The weighted linear
growth rate, denoted by fog, is the product of the growth rate f(z), defined in (2.46),
and og(z). Here, oy is the root-mean-square fluctuation in spheres with radius 84!
Mpc scales [165, 166], and it is given by [167]

Om(2)

O3 (Z) =

Using (2.46) and (2.47), the weighted linear growth rate is given by

Gg(z = 0) d5m
4

fGS(Z):_(1+Z)6m( N (2.48)

I
=
QU

N

In what follows, we perform the observational analysis of case Ill of Section 2.4 to
estimate the parameters of the model and analyse the evolution and dynamics of the

model in detail.

2.6 Data and methodology

In this section, we present the data and methodology used in this work. We con-
strain the parameters of the GR — ACDM and { = {;H with varying A models using a
large, robust and latest set of observational data which involve observations from: (i)
distant type la supernovae (SNe la); (ii) a compilation of cosmic chronometer mea-
surements of Hubble parameter H(z) at different redshifts; (iii) baryonic acoustic os-
cillations (BAO); and (iv) f(z)os(z) data. A brief description of each of datasets are as

follows:

* SNe la sample (Pantheon data): We use the recent SNe la data points, the so-
called Pantheon sample which includes 1048 data points of luminosity distance
in the redshift range 0.01 < z < 2.26 [37].

« BAO measurements: We have used 6 points of BAO data-sets from several

surveys, which includes the Six Degree Field Galaxy Survey (6dFGS),the Sloan
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Digital Sky Survey (SDSS), and the LOWZ samples of the Baryon Oscillation
Spectroscopic Survey(BOSS) )[52, 168, 169].

* Hubble measurements H(z) (CC): We use 32 CC data points of the Hubble pa-
rameter measured by differential age technique [41] between the redshift range

0.07 <z < 1.965 and are determined by cosmic chronometric technique (CC).

» f(z)og(z) data : We use 18 data points of “Gold -17" compilation of robust and
independent measurements of weighted linear growth f(z)og(z) obtained by var-

ious galaxy surveys as complied in Table Ill as mentioned in [58].

Using the observational data as discussed above, we use the Markov Chain Monte
Carlo (MCMC) method by employing EMCEE python package [36] to explore the
parameter spaces of viscous model with decaying vacuum density as discussed in
case Il of Sect. 2.4 by utilizing different combinations of data sets. The combinations

are as follows:

« BASE: The combination of two datasets SNe Ia + BAO is termed as “BASE",

whose the joint x? function is defined as x2, = X2y, 14 + X310
* +CC: We combine CC data to the BASE, where i, = X3y, 1o+ X3a0 + Xii(2)-

» +fog(z): The BASE data is complemented with CC and fog, where
%tzot = X.Sz’Ne Ia +X§AO + %I%I(z) + XJ%O'S'

We consider the ACDM model as a reference model and its parameters are also

constrained with the above sets of data.

2.7 Results and Discussion

In this section, we present the main results obtained through the observational data
on the viscous A(¢) model of the form ¢ = ¢ H with A = ¢+ 3vH? (Refers to case Il of
Sect.2.4). We also present the cosmological observation for ACDM model using the
three combination of datasets. The viscous A(r) model has 4 free parameter spaces
{Ho,Q4,C1,v}, where as ACDM has 2 free parameters {Hy,Qx}. We calculate the
best-fit values by minimizing the combination of x? function for above defined data

sets. We also provide the fitting values of the ACDM for comparison with the viscous
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Figure 2.4: Two-dimensional confidence contours of the Hy — Q4 and one dimensional poste-
rior distributions of Hy, Q4 for the ACDM and viscous A(7) models using “BASE” data. The
green and black dot on the contour represents the best fit value of ACDM and viscous A(t)
models respectively.
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Figure 2.5: Two-dimensional confidence contours of the Hy — Q4 and one dimensional poste-
rior distributions of Hy, Qx for the ACDM and viscous A(¢) models using “+ CC” data. The
green and black dot on the contour represents the best fit value of ACDM and viscous A(t)
models respectively.

A(t) model. The constraints of the statistical study are presented in Tables 2.1 and 2.2.
Figures 2.4-2.6 show the 15(68.3%) and 205(95.4%) confidence level (CL) contours
with marginalized likelihood distributions for the cosmological parameters of ACDM
and viscous A(r) models considering combination of different datasets, respectively.
It is observed from Tables 2.1 and 2.2 that the constraints on the parameter spaces

of ACDM and viscous with A(r) are nearly the same.

Using best-fit values of parameters obtained from BASE, +CC and + fog data into
Eq.(2.38), the evolutions of the deceleration parameter with respect to the redshift
are shown in Figs.2.7-2.9 for viscous A(¢z) model along with the ACDM model. It is
observed that with each data set ¢(z) varies from positive to negative and show the
similar trajectory that is comparable to the ACDM model. Thus, both the models de-
pict a transition from the early decelerated phase to the late-time accelerated phase.
Further, ¢(z) approaches to —1 in late-time of evolution. Thus, the models success-
fully generate late-time cosmic acceleration along with a decelerated expansion in the

past. Figures 2.7-2.9 show that the transition from decelerated to accelerated phase
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Figure 2.6: Two-dimensional confidence contours of Hy — Qx, Qz — Sg and Hy — Sg and one-
dimensional posterior distributions of Hy, Q4 and Sg for the ACDM and viscous A(f) models
using “+ fog” data. The green and black dot on the contour represents the best fit value of
ACDM and viscous A(f) models respectively.

Table 2.1: Constraints on parameters of ACDM for different set of observation data. Here
“BASE" denotes “SNe la+BAQO".

7 turnitin

ACDM

Parameter BASE +CC +foy
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Table 2.2: Constraints on parameters of viscous A(t) model using different set of observation

data.
Viscous A(t)
Parameter BASE +CC +fog
F0.274 +0.262 0.259
Ho 68.843+_00021388 68.913@0021631 68.684}0002145 1
Qa 0.68078:8(2)(7) 0.684,8;8%(8) 0-674_818 16
G ool | oonam | Do0%iodn
v 0.004%5005 | 0-003Tg05 | 00037005
o3 - - 0.790%0010
Ss - - 0.822" 010
0.031 0.031 0.028
oo oo, | OS5 omm, | 0926 00
q0 —0.533 1000 | 0535701000 | —0.516700,7
Wo —0.689%86%; —0.690%86%2 —0.677%80;%‘1‘
0.5 = 0.51
L _ — 1 [
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| /
0.0 /
i /
o / o
0.5¢ /
al /
/ Viscous A(t) Viscous A(t)
/ ____ ACDM - - -~ A\CDM
-1.0—~ ] ]
_1 0 1 2 3 -1 0 1 2 3
z Z

Figure 2.7: The redshift evolution of the de-
celeration parameter for viscous A(f) using
“BASE” dataset. The evolution of decelera-
tion parameter in the standard ACDM model
is also shown as the dashed curve. A dot de-
notes the current value of g (hence g).

Figure 2.8: The redshift evolution of the de-
celeration parameter for viscous A(f) using
“+4+ CC” dataset. The evolution of decelera-
tion parameter in the standard ACDM model
is also shown as the dashed curve. A dot de-
notes the current value of g (hence g).
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Figure 2.9: The redshift evolution of the de-
celeration parameter for viscous A(¢) using
“+ fog” dataset. The evolution of decelera-
tion parameter in the standard ACDM model
is also shown as the dashed curve. A dot de-
notes the current value of ¢ (hence ¢gg).
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Figure 2.11: Best fits using “+ CC” data set
over H(z) data for viscous A(z) (blue dot-
dashed line) and ACDM (black solid line) are
shown. The grey points with uncertainty bars

correspond to the 32 CC sample.
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Figure 2.10: Best fits using “BASE” data set
over H(z) data for viscous A(t) (green dot-
dashed line) and ACDM (black solid line) are

shown. The grey points with uncertainty bars
correspond to the 32 CC sample.
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Figure 2.12: Best fits using “+ fog” data
set over H(z) data for viscous A(r) (red dot-
dashed line) and ACDM (black solid line) are
shown. The grey points with uncertainty bars

correspond to the 32 CC sample.
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Figure 2.13: Effective EoS parameter as a
function of redshift z for viscous A(z) using
“BASE” dataset. The evolution of EoS param-
eter in the standard ACDM model is also rep-
resented as the dashed curve. A dot denotes
the present value of the EoS parameter.
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Figure 2.14: Effective EoS parameter as a
function of redshift z for viscous A(t) using
“+4CC” dataset. The evolution of EoS param-
eter in the standard ACDM model is also rep-
resented as the dashed curve. A dot denotes
the present value of the EoS parameter.

take place at redshift z,, = 0.664 0031 with BASE data, z,, = 0.6657) 03} with +CC data

and z, = 0.62670.03 with +fos data. The datasets BASE, +CC and +fog yield the
present deceleration parameter g as —0.53370-9% —0.53510-9%3 and —0.51610033 re-
spectively (cf. Table 2.2). The present values of z;, and g( are very close and thus are
in good agreement to ACDM as presented in Table 2.1.

The evolutions of the Hubble parameter H(z) of viscous A(¢) model with respect to
the redshift are shown in Figs. 2.10-2.12. Throughout the expansion, viscous A(z) is
coinciding with the ACDM model and the model paths cover majority of the dataset
with the error bar of Hubble parameter, indicating that the viscous A(z) agrees well
with the ACDM model for all the three combination of datasets. In the considered
cosmological scenario, the present age of the Universe are found to be 7y ~ 13.52 Gyr
, to ~ 13.48 Gyr and 1y =~ 13.47 Gyr respectively as presented in Table 2.2. The ages
thus obtained are very much compatible with that obtained from the ACDM model with
the same datasets (cf.Table 2.1).

Using the best-fit values of parameters in Eq.(2.41) , the evolutions of the effec-
tive EOS parameter w,ss are shown in Figs. 2.13-2.15. We conclude that for large
redshifts, w,¢r has small negative value w,¢r > —1/3 and in future the model asymp-
totically approaches to w.sr = —1. The trajectory of w, s for BASE and +CC datasets

coincides with the evolution of ACDM model. However, it slightly varies with the best-
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Figure 2.15: Effective EoS parameter as a Figure 2.16: Jerk parameter j(z) with redshift
function of redshift z for viscous A(¢) using
“4 fog” dataset. The evolution of EoS param-
eter in the standard ACDM model is also rep-
resented as the dashed curve. A dot denotes

the present value of the EoS parameter.

z using best-fit values of parameters for vis-
cous A(r) model. The horizontal line repre-
sents the ACDM model.

Table 2.3: Values of Chi-squared, reduced Chi-squared, AIC and BIC of ACDM and viscous
A(r) models. The ACDM model is considered as reference model to calculate the AAIC and

ABIC.

Values BASE +CC +f 0oy
ACDM | viscous A(t) | ACDM | viscous A(t) | ACDM | viscous A(t)

x? 518.017 515.074 525.457 522.390 842.630 831.112
d 2 4 2 4 2 4
N 1054 1054 1086 1086 1104 1104
xrzed 0.492 0.498 0.484 0.481 0.764 0.755
AIC 522.028 523.055 529.468 530.427 846.641 839.112
BIC 531.938 542.915 539.438 550.351 856.643 859.139
AAIC — 1.026 — 0.959 — —7.492
ABIC — 10.977 — 10.913 — 2.496
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fit values obtained through + fog(z) data points. It can be observed that the viscous
A(t) model behaves like a quintessence in early time and cosmological constant in
late-time. The present values of w,; are found to be —0.68910017, —0.69075513 and
—0.67719011 with BASE, +CC and + f o3 datasets respectively, which are very close to
the current value of ACDM model as presented in Table 2.1.

From Tables 2.1 and 2.2, let us discuss the present value Hy of Hubble param-
eter in case of viscous A(t) and ACDM models. The viscous A(r) model gives Hy =
68.84370-27% km/s/Mpc with BASE data, the +CC data gives Hy = 68.913 70252 km/s/Mpc
and, finally, the +fos renders the present value: Hy = 68.6847033) km/s/Mpc. Re-
cently, the local measurement Hy = 73.04 + 1.04 km/s/Mpc from Riess et al.[32] ex-
hibits a strong tension with the Planck 2018 release Hy = 67.4 +0.5 km/s/Mpc [31] at
the 4.89c confidence level. The residual tensions of our fitting results with respect to
the latest local measurement Hy = 73.04 + 1.04 km/s/Mpc [32] are 3.920, 3.85¢ and
4.070 respectively.

Let us focus on og and Sg which play very relevant role in structure formation.
The best-fit values of these parameters for ACDM and viscous A(r) models using
BASE + CC + fog data are reported in Tables 2.1 and 2.2, respectively. We can
read off o5 = 0.794100'3 for ACDM model (cf.Table 2.1), whereas the viscous A(r)
model prediction is oy = 0.790700% (cf. Table 2.1. This is a very good result, which
can be rephrased in terms of the fitting value of the related LSS observable Sg =
os/(1 —Q4)/0.3 quoted in the Tables 2.1 and 2.2: Sg = 0.811 4+0.022 for ACDM and
Sg = 0.822+0.019 for viscous A(t) model. The values of og and Sg for viscous A(r)
model is compatible for 1o confidence level with ACDM. Our result predicts that the
tensions in og and Sg are reduced to 0.23¢ and —0.38c, respectively. The behavior of
f(z)os(z) as a function of redshift is plotted in Fig. 2.17. We can see that the evolution
of fog for both viscous A(r) and ACDM models are consistent with the observational
data points.

Table 2.3 presents the x? and reduced x> of ACDM and viscous A(z) models, re-
spectively for the used datasets. To compute reduced x2, denoted as 2, ,, we use x>,
= x2,./(N—d), where N is the total number of data points and d is the total number of
fitted parameters, which differs for the various models. It should be noted that when a
model is fitted to data, a value of x2, < 1 is regarded as the best fit, whereas a value
of x2, > 1 is regarded as a poor fit. In our observations, we have used N = 1054 data
points for BASE (SNla and BAO), N = 1086 data points for BASE+CC and N = 1104

data points for BASE+CC+ fog. The number of free parameters of viscous A(r) isd =4
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where as for ACDM it is d = 2. Using these information, the x>, for both the models
are given in Table 2.3. It can be observed that the value of 2, is less than unity with
every data sets for both the models which show that the both models are in a very
good fit with these observational data sets and the observed data are consistent with
the considered models.

Using the three combination of data sets, we are also interested in investigating the
cosmographical aspects of the models, such as jerk parameter, which is defined in
1.15. As we know that the jerk parameter provide us the simplest approach to search
for departures from the ACDM model. It is noted that for ACDM model, j = 1(const.)
always. Thus, any deviation from j = 1 would favor a non-ACDM model. In contrast to
deceleration parameter which has negative values indicating accelerating Universe,
the positive values of the jerk parameter show an accelerating rate of expansion.
In Fig.2.16, the evolutions of jerk parameter are shown for ACDM and viscous A(t)
models using the best-fit values of parameters obtained from three combination of
datasets. It is obvious from the figure that this parameter remains positive and less
than unity in past, and eventually tends to unity in late-time. Thus, the jerk parameter
deviates in early time but it attains the same value as ACDM in late-time.

Using the best-fit values of parameters from Table 2.2 in Eq.(2.44), we plot the mat-
ter energy density as a function of redshift for different combinations of datasets in
Fig.2.18. It is observed that the matter density was too large at the beginning of the
cosmic evolution. As z — —1, the matter energy density tends to a finite value for all

combinations of datasets.

2.8 Selection criterion

To evaluate which model provides a better fit, we rely on the Akaike Information Cri-
terion (AIC) and the Bayesian Information Criterion (BIC). These criteria have been
explained in Section 1.17.1 and are useful for comparing models based on their sta-
tistical performance. According to equations (1.97) and (1.99), models with lower AIC
and BIC values are considered more consistent with the observational data. For this
comparison, it is necessary to choose a reference model. Here, the ACDM model is
taken as the reference model.

The values of AAIC and ABIC with respect to ACDM as the referring model are
shown in Table 2.3. According to our results, AAIC(ABIC) = 1.026(10.977) with re-
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fit values of the cosmological param-

eters listed in Tables 2.1 and 2.2 for

“+ fog” data.

spect to the BASE dataset, AAIC(ABIC) = 0.959(10.913) with +CC dataset, and for
+ fog dataset, we have AAIC(ABIC) = —7.492(2.416). Thus, under AIC there is “strong
evidence in favor" of the viscous A(z) model where as under BIC, there is “strong
evidence against" the viscous A(t) model with BASE and +CC dataset and “positive
evidence against" the model with + fog dataset.

2.9 Conclusion

In this chapter, we have studied the analytical and observational consequences of
cosmology inspired by dissipative phenomena in fluids according to Eckart theory with
varying VED scenarios for spatially flat homogeneous and isotropic FLRW geometry.
We have assumed the interaction of two components: viscous dark matter and vac-
uum energy density satisfying the conservation equation (2.8). We have solved the
field equations by assuming the most general form of bulk viscous coefficient, viz.,
§=8C+ & H+ G (d/aH). We have also explored three particular cases of bulk viscos-
ity, namely (1) { = §o; (2) { = §1H; (3) ¢ = {y+ {1 H to observe the effect of viscosity
with varying VED. These viscous models have different theoretical motivations, but
not all of them are able to constraint observationally. We have constrained only the

viscous model { = {;H with varying VED. The motivation of the present chapter is to
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study the dynamics and evolutions of a wide class of viscous models with time vary-
ing vacuum energy density in the light of the most recent observational data. Current
observations do not rule out the possibility of varying DE. It has been observed that
the dynamical A could be useful to solve the coincidence problem. Although the func-
tional form of A(z) is still unknown, a quantum field theory (QFT) approach has been
proposed within the context of the renormalization group (RG). Thus, we have used
the varying VED of the functional form p, = ¢y +3vH? in all of viscous models pre-
sented in this chapter. The motivation for this functional form stems from the general
covariance of the effective action in QFT in curved geometry. It has been shown that
the A(z) provides either a particle production processes or increasing the mass of the
viscous dark matter particles. In what follows, we summarize the main results of the
four different viscous A(¢) models.

In case of the viscous A(t) models with { = §y, { = {o+ §H and § = §y+ §1H +
$(d/aH ), we have found the analytical solutions of the various cosmological param-
eters, like H(t), a(t), pm(t), q(t) and w.s¢(t). It has been observed that all these three
viscous A(z) models expand exponentially with cosmic time 7. The models show the
transition from decelerated phase to accelerated phase in late time. The matter en-
ergy density, p,,(¢) approaches to a finite value in late time evolution of the Universe.
This happens due to the presence of bulk viscosity. The deceleration parameter ¢(r)
tends to —1 as r — . It is important to note that it is H(z) that is actually the ob-
servable quantity in cosmology which can be examined with current observations.
However, assuming suitable choice of model parameters, we have discussed numer-
ically the evolutions and dynamics of these models.

In case of viscous A(r) model with { = {;H, we have obtained the various cosmo-
logical parameters. We have performed a joint likelihood analysis in order to put the
constrain on the main parameters by using the three different combinations of obser-
vational data: BASE, +CC and + fog. To discriminate our model with the concordance
ACDM model, we have also performed the statistical analysis for ACDM by using the
same observational datasets. Our finding shows that this viscous A(z) model can
accommodate a late time accelerated expansion. It has been observed that we can
improve significantly the performance of the model by using BASE 4+ CC + fogs.

From observational consistency points of view, we have examined the evolution of
the viscous A(¢r) model on Hubble parameter, deceleration parameter and equation
of state parameter by using the best-fit values of parameters. It has been observed

that the model depicts transition from an early decelerated phase to late-time accel-
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erated phase and the transition takes place at z;, = 0.664 7001 with BASE data, z,, =
0.66575:93) with +CC data and z;» = 0.626 70055 with +fog data. The present viscous
A(r) model has go = —0.53370053, g0 = —0.53570 053 and g = —0.516 7003 respectively.
Thus, both z, and gy values are in good agreement with that of ACDM model. The
ages of the Universe obtained for this model with each dataset are very much com-
patible with the ACDM model. The proposed model has small negative value of EoS
parameter for large redshifts and asymptotically approaches to cosmological constant
for small redshifts. Thus, the viscous A(¢r) model behaves like quintessence in early
time and cosmological constant in late-time. The residual tensions of our fitting re-
sults with respect to the latest local measurement Hy = 73.04 +1.04 km/s/Mpc [32] are
3.920, 3.850 and 4.07c, respectively. In Ref. [170], the authors found Hy = 69.13+2.34
km/s/Mpc assuming the ACDM. Such result almost coincides with H, that we obtained
in Tables 2.1 and 2.2 for ACDM and viscous A(t) models. We have explored the oy
and Sg parameters using the combined datasets of BASE + CC + fog. The constraints
on o3 and Sg from this combined analysis are og = 0.79075.0% and Ss = 0.82270-91,
respectively which are very close to the values of ACDM. The tension of our fitting
results in oy and Sg for viscous A(t) model with respect to respective og and Sg of
ACDM are 0.230 and —0.38c, respectively. The evolution of fog as displayed in Fig.
2.17 shows that the behaviour of fog is consistent with the observational data points.
It has been noticed that the best-fit results are consistent in the vicinity of Planck data
[31].

It has been observed that the value of x2, is less than unity with every data sets
which show that the model is in a very good fit with these observational data sets
and the observed data are consistent with the considered model. The jerk parameter
remains positive and less than unity in past, and eventually tends to unity in late-time.
Thus, the jerk parameter deviates in early time but it attains the same value as ACDM
in late-time.

To discriminate the viscous A(r) with the ACDM, we have examined the selection cri-
terion, namely, AlIC and BIC. According to the selection criteria AAIC, we have found
that the viscous A(r) model is “positively favored” over the ACDM model for BASE,
+CC and + fog datasets. Similarly, with respect to ABIC our model has a “very strong
evidence against" the model for BASE and +CC datasets whereas when we add + fog
dataset, there is “no significant evidence against" the model. As a concluding re-
mark we must point out that the viscous models with decaying VED may be preferred

as potential models to examine the dark energy models beyond the concordance cos-
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mological constant. The viscous effects with decaying VED can drive an accelerated

expansion of the Universe.

*kkkkkkhkkkhkkkkkkk
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Chapter 3

Interacting bulk viscous model with

decaying vacuum density

In this chapter ', we study an interacting decaying vacuum energy with bulk viscosity
which creates a more complex cosmological model. It is assumed that they can
exchange energy with each other with the aim to explain the accelerated expansion
of the Universe in a better way. It has been shown that how coupled decaying vacuum
and dissipative effects influence the structure formation, Hubble constant and late

time expansion of the Universe.

Highlights:

I¥” Discusses the cosmological model of bulk viscosity and decaying vacuum energy
within the framework of FLRW spacetime.

5" Instead of a constant cosmological constant, decaying vacuum energy
pa = co +3VH? is assumed, which decreases with time.

IE” A viscous fluid linked to dark matter, described in Eckart formalism is assumed
with the bulk viscous coefficient proportional to Hubble parameter.

I¥" Combines the viscous with decaying vacuum to form a single framework to
explore their combined effects.

5" An energy exchange between dark matter containing viscous term and decaying
vacuum through the interaction term Q = 3ap,,H.

2" The solutions for Hubble parameter, deceleration parameter and effective EoS

I'This chapter is based on a published research paper “ Exploring interacting bulk viscous model with decaying
vacuum density, Astronomy and Computing 53, 100992 (2025)".
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parameter in terms of redshift are obtained.

I¥" Uses the MCMC method for Pantheon+, cosmic chronometer and f(z)os(z) data
to find the best fit values of model’s parameter.

5" Analyzes the matter fluctuations (structure formation) to know how the interacting
viscous decaying models affect the galaxy and structure growth.

IZ” Plots the trajectories of various cosmological parameters to analyze the dynamics
and late time evolution of the Universe.

I Uses model selection criterion (AIC, BIC and DIC) and Bayesian inference to
compare the proposed model with the standard ACDM model.

" Some particular solutions with § = §y and § = {y+ {1 H are obtained.

IZ" Main results are discussed in the last section.

3.1 Introduction

In modern cosmology, understanding the two dark components of the Universe
— DE and DM, remains one of the most challenging problems. The discovery of
the accelerated expansion of the Universe [33, 34] has motivated research on the
composition of these dark sectors. DM, which interacts only gravitationally, explains
galaxy rotation curves [171], with proposed candidates such as scalar fields and
supersymmetry particles [172, 173, 174]. DE, with negative pressure, is considered
responsible for the cosmic acceleration, and various models have been proposed
such as the cosmological constant (CC), phantom energy, quintessence, Chaplygin
gas, and modified gravity [83, 175, 176]. The ACDM model, which incorporates CC
as DE, remains the standard model but faces theoretical issues like the fine-tuning
and coincidence problems [10, 85].

In recent years, dynamical DE models have been proposed to address these prob-
lems. A prominent class is time-varying VED models, especially the running vacuum
models (RVMs) proposed in Ref. [17, 155] on the basis of renormalization group
(RG) formalism of QFT in curved spacetime. In the context of RVMs, it is considered
that the VED evolves slowly with the cosmic expansion. It has been illustrated that
both the background and linear perturbation levels of the cosmic evolutions can
be described by the RVMs. The vacuum energy is typically determined in curved

space-times using renormalization group procedures, which depend on the Hubble
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parameter H and its time derivative and is given by the form px(H,H) = Ma,A(H,H)
[16]. Many works have studied the time-varying VED models. In recent years, the
RVMs have been carefully confronted against many cosmological data, which have
received a significant success [23, 87, 88, 90, 93, 94, 99, 100, 101, 102, 103, 104,
105, 107, 110, 161,177,178, 179, 180, 181, 182, 183, 184], and these models have
shown success in fitting various cosmological datasets.

Another interesting approach is viscous fluid cosmology, which considers irre-
versible processes as a possible cause of cosmic acceleration. Bulk viscosity,
consistent with the cosmological principle, is most relevant. Two main formulations
exist: the non-causal first-order Eckart theory [29] and the causal second—order
Israel-Stewart theory [28]. Despite its known limitations [113, 114], the Eckart theory
is widely used due to its simplicity. Many studies have examined bulk viscous models
with constant or evolving { [72, 75, 115, 117,118, 120, 127, 128, 129, 130, 131, 133,
134, 135, 136, 141, 142, 143, 144, 145, 146, 156, 185, 186, 187, 188, 189, 190, 191].
These studies show that bulk viscosity can drive late-time acceleration.

Decaying vacuum energy density and viscous fluid models are two appealing
theoretical models that have been separately studied by many authors to solve
some of problems facing by standard ACDM model. Despite the success of
decaying VED and viscous fluid models, it should be noted that they have, sep-
arately, limitations in describing the entire cosmological evolution. Recently, the
authors in Refs. [147, 192, 193, 194] have combined the viscous with decaying
vacuum to form a single framework to explore their combined effects. Addition-
ally, the standard assumption that DM and DE do not interact lacks physical
justification.  Interacting dark energy (IDE) models consider energy exchange
between DM and DE while conserving total energy, and have been explored as
possible solutions to cosmological tensions such as the Hy and og discrepancies
[22, 119, 195, 196, 197, 198, 199, 200, 201, 202, 203, 204, 205, 206, 207]. These
studies suggest that interactions can affect both background dynamics and structure
formation. In chapter 2, we have successfully performed a combined cosmological
model of viscous and decaying VED into a single cosmological setting and have
investigated their cosmological implications using observational data.

In light of the aforementioned discussions, it has been observed that the interacting
scenario that include dynamical dark energy have attracted the interest in literature
as they are efficient to resolve the Hy and og tensions. In this chapter we investigate

a cosmological model for a spatially flat FLRW Universe including two components:
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a non-perfect and interacting viscous dark matter, and VED that interact with viscous
dark matter in Eckart’s approach. We analyze the dynamics of interacting model by
constraining the free parameters by performing a MCMC method using the latest
observational data. Further, we investigate how our interacting viscous model with
decaying VED affects the perturbation level. To investigate the role of this model in
structure formation, we employ the perturbation equation to determine the growth
of matter fluctuations. Finally, we study the evolutions of various cosmological
parameters and compare the perfect fluid case that corresponds to the ACDM model
through the model selection criteria and Bayesian evidence analysis.

This chapter is organised as follows. In Section 3.2, we present the general features
of the proposed cosmological model for a spatially flat FLRW Universe where dissi-
pative effects are present with interacting decaying VED. Section 3.3 deals with the
analysis on Structure formation and perturbation equations. We present in Section
3.4 the cosmological probes that are used to constrain the model. Section 3.5 gives
the results and discussions on various cosmological parameters with the trajectories
and compares the proposed model with the concordance ACDM using information
criterion and the Bayesian inference. The main results of the work are summarized
and discussed in Section 3.6. Two more solutions are also presented in Appendix.

3.2 Interacting dark energy model

We start with a homogeneous, isotropic and spatially flat FLRW metric in spherical

coordinates as given in (2.1). The Einstein field equations are given by

1 -
R‘uv - Eg'u_vR - SﬂGTﬂv, (3.1)

where T,y = Tyy + guvpPa is the total energy-momentum tensor, which accounts for
contribution of viscous dark matter and vacuum energy.

In this chapter, we propose to study the cosmological dynamics of the Universe
which include the interaction between the dark matter component including dissipa-
tion through a bulk viscous coefficient and a VED described by running coupling de-
pending on the Hubble parameter (hereafter we refer interacting viscous A(z) model).

The energy-momentum tensor, 7, for viscous matter is given by [29]
Tuv = (Pm + P)uguy + guvP (3.2)
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where p,, is the energy density of DM, u,, is the associated four-velocity and P = p,, +11
is the sum of pressure of fluid contributed from the equilibrium pressure, p,, and the
non-equilibrium pressure, IT due to bulk viscosity.

The viscous fluid in homogeneous and isotropic cosmological models is determined
by its bulk viscosity. The Eckart’s formalism serves as the basis for this theory [29]. It
is basically obtained from the second order theory of non-equilibrium thermodynam-
ics in the limit of vanishing relaxation time which was proposed by Israel and Stewart
[28]. Inspired by the viscosity behavior in fluid mechanics, being proportional to the
speed, we assume IT1 = —3(H, where H is the Hubble parameter and ¢ is the bulk
viscous coefficient, which is assumed to be positive on thermodynamic grounds. Fur-
thermore, we consider the non-relativistic matter with p,, = 0 to be the bulk viscous
fluid. Therefore, the sum of the vacuum energy pressure, pp = —pa and viscous pres-
sure IT = —3{H are the components contributing to the total pressure. These two
extra ingredients have been introduced to get a more realistic fluid description of DM
and DE and also a suitable comparison with ACDM model.

In the presence of a non-gravitational interaction between viscous dark matter and
decaying vacuum energy, which is characterized by a coupling function Q(z), also
known as the interacting rate, the Friedmann equation and conservation equations

can be written as

3H? = pu+Pa, (3.3)
P+ 3Hpy = 9CH> + Q(1), (3.4)
pa+3H(pa+pa) = —0(1), (3.5)

where dot denotes derivative with respect to the cosmic time ¢. In Egs.(3.4) and (3.5),
Q(r) denotes the interaction function providing the rate of energy transfer between
viscous dark matter and decaying VED. It is to be noted that Q(¢) < 0 gives energy
transfer from viscous DM to decaying vacuum energy where as Q(¢) > 0 gives energy
transfer from decaying vacuum energy to viscous DM. Once the interaction function
Q(r) is specified, the background dynamics of the model can be found using (3.3)-(3.5).
We can define Q(r) by two ways: either by deriving the interaction function from some
fundamental physics at the Lagrangian level or by assuming at phenomenological
level and testing using observational data. Due to the absence of a fundamental
physical theory, we will consider the second approach by assuming the interaction
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function as [208, 209]
0 =3ap,H, (3.6)

where the term o denotes the dimensionless coupling parameter and included in
the fitting vector of free parameters which is to be constrained by the observational
dataset.

For decaying VED, we assume a phenomenological application of renormalization

group analysis, which can be written as [23, 183]
pa = co+3VH?, (3.7)

where ¢y = 3H3(Q4 — v) is the additive constant and fixed by the boundary condition
pa(Ho) = pao- In this scenario, v is the dimensionless vacuum parameter and is nat-
urally anticipated to have extremely small magnitude i.e. |v| < 1. Thus, the positive
magnitude of v enables the vacuum’s cosmic evolution. In this instance, we will fit v
to the cosmological data set by taking it as a free parameter.

Substituting (3.6) into (3.4), we get

Pm=9CH* —3(1— ) puH (3.8)

From (3.3)-(3.8), we get the following Hubble evolution equation,

3 » 3 ¢ 11—

The above evolution equation (3.9) has H and { as unknown quantities. We can get
the solution of H only if the functional form of { is specified. We consider the bulk
viscous coefficient { as proportional to the expansion rate of the Universe, i.e., to the
Hubble parameter H, which can be expressed as [115, 116, 117, 131, 146]

{=C0H (3.10)

where {; is a dimensionless constant to be estimated from the observations. Substi-
tuting this relation into (3.9), we get

H+§<(1_v)(1_a)_CI)H2—%(1_a>c0:o. G.11)

2 1—v 1—v
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The preceding equation with a variable change from ¢ to x = loga together with ¢y =

3H3(Q — V) can be written as

ﬁ+3((1—v)(1—a)—§1>h2:3((QA—V)(I—OC)), (3.12)

dx 1—v 1—v

where h = H/H, represents the Hubble parameter which is dimensionless and Q =
pa/3HZ. Assuming (1 —v)(1—a)— ¢ > 0 and employing the redshift relation to the

normalised scale factor, a = (1+z)~!, Eq.(3.12) gives

(1-v)(1-a)={; »
E*(2) :Qm,0(1+2)3< “ v) >+QA,0, (3.13)
where
~ . (QA—V)(I—(X)
BTy G149
and
Bo—1- V=) 4 o (3.15)

T -w-a) =&
In Eq.(3.13), E(z) = H/H, is dimensionless Hubble parameter and Q; (i = DM,DE)
represents the current value of density parameter of viscous DM and decaying vac-
uum energy. For E(0) = 1, we have Q,,0+ Qa0 = 1. The scale factor of expansion can
be calculated by using H = d/a and integrating the equation (3.13), the solution for the

scale factor a(t) is given by

(1 V)
~ —_— (1=v)
Q 3[(1—a)(1-v)=¢ I\ oo =¢
a(r) = (—Qm0> | : (simn? (5)) " (3.16)
A0

where 7 = 2/(3H, \/[ (1=v)( )(lglv]gé (@ =V)) It can be observed from (3.16) that the

scale factor reduces 1o a(t) = (Q,0/Qa0)"/? sinh?3(¢/f) for a =0, { =0and v =0

which is the analytical solution of the scale factor for ACDM model. It can be observed
from above equation that the scale factor varies as a « tw“%g'iiv‘%—éﬂ during early times
which the power-law expansion of the Universe. For late-time evolution the scale fac-
tor varies as a <« exp y / (( - )V)Hot which implies the de Sitter Universe.

To investigate the decelerated and accelerated phases of the expansion of the Uni-
verse as well as its transition during the evolution, we explore a crucial cosmological

parameter, called ‘deceleration parameter’. It is defined in Section 1.14.2.  Using
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e (3.13) into (1.65), the deceleration parameter ¢ in terms of redshift z is given by
3<<1—v><l—a>—cl)
3 (1=a)(1-Q)—&)(1+2) Y
q(z) = —1+ 0 | i )10 3(Iaa)
i+ (1 a1+
3.17)

The aforementioned equation demonstrates how the redshift affects the dynamics of
q - We note that the value of ¢(z) approaches —1 in the future (negative redshift).
Furthermore, we determine the present value of g for z = 0, denoted as (qp), which is

given by
3
2(1—v)

qgo=—1+ [(1—a)(1—=Q4)—C1]. (3.18)

For go > 0, the Universe exhibits expanding behaviour and goes through a decelera-
tion phase. For —1 < ¢y < 0, represents the current state of the Universe which is the
expanding and accelerating Universe.

For the sake of completion, we further calculate effective EoS parameter w, s as a
function of redshift z,

e 3<<17v)(17a>7§1)
1 (I-—o)(A-Qp)—C)(1+2)° Y
Weff(z):_1+(1_v) 3 v
@onloa) | (- @aonie ) 1y (s

(1=v)(1-a)=¢ 1=v)(1—a)=¢
(3.19)
© At z =0, the present value of w, s is determined by
1
Weff(ZZO):—1+m[(1—a)<1—QA)—C1]. (3.20)

3.3 Growth of perturbations

The presence of cosmological fluctuations influences the background cosmology in
which the perturbations evolve. Hence for the complete analysis of our interacting
viscous A(¢) model we must take into account the effects on the large scale structure
(LSS) formation data, which we incorporate into our observational analysis, in order
to fully confront the model. As a result, we must take the matter density perturbations
into consideration. Details on this portion of the analysis has been provided in many
references [161, 162]. Here, we simply cite the resulting differential equation, which is
entirely consistent with the analysis of [194] and references therein. For the interacting

viscous A(t) model, we use the standard perturbations equation for the linear matter
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density contrast 6,, = 6p./pm @s given below:

" 3 H'(a)\ ., _AnGppw Om
S+ (a+ H(a) s a) a2 =0. (3.21)

Here () = d/da represents the derivative with respect to the scale factor. The afore-
mentioned approximation to structure formation is sufficient for considering the pri-
mary consequences originate from the distinct expression of the Hubble function as
compared to the ACDM. Thus, the preceding second-order differential equation (3.21)
seems to be accurate. We examine the Hubble function (3.13) as it was determined in
Sect. 3.2. The smoothness of the matter perturbation in the interacting viscous A(z)
model is described by the equation (3.21).

The weighted linear growth, f(z)og(z), is typically used to compare the theoreti-
cal calculations with the structure formation data in the linear regime. Here, og(z)
represents the r.m.s. mass fluctuations on Rg = 84! Mpc at redshift z and f(z) =
dIné,(a)/dIn(a) is the growth factor. The details of the calculation are provided in
Sect. 1.16.4.

3.4 Data and methodology

In this section, we use a variety of observational data and methodology in order
to constrain the model parameters of ACDM and interacting viscous A(t) models
which comprise observations from: (i) Pantheon+ dataset; (ii) Hubble dataset(Cosmic
Chronometers); and (iii) f(z)og(z) dataset. The following provide an overview of each

data set.

* SNe la sample (Pantheon-+ data): We consider an updated Pantheon+ sample
[38] which is the successor of the Pantheon sample. This compilation comprises
of 1701 light curves gathered by 1550 type la supernovae (SNe), providing de-
tailed information for cosmological analysis. In addition to the most recent SNe
sightings, the Pantheon+ collection expands upon earlier SNe compilations and

offers a broad range of redshifts ranging from z = 0.00122 to 2.2613..

* Hubble measurements H(z) (Cosmic chronometers): In our analysis, we em-
ploy a compilation of 32 data points of the Hubble parameter derived through the
differential age technique [41] in the redshift range 0.07 < z < 1.965 with errors.
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Table 3.1: Flat prior used on various parameters during statistical analysis.

Table 3.2: The values of parameters for ACDM and interacting viscous A(z) models for com-

bination of Pantheon+, Hubble(CC) and f(z)0g(z) observational datasets.

Parameter ACDM Interacting viscous A(t)
Ho 72.100" 72.2007 3000
Q\ 0.68810:022 0.67910-033
M —19.293"5 048 —19.2917002)
G - 0.010%0010
v — 0.00575:50:2
o — —0.00410:00
o3 0.748 10032 0.738 10082
Ss 0.76210023 0.7621003
@ 05327008 | .53t
Zr 0.643" 4, 064800,
wo —0.689 10016 —0.688 10016
to(Gyr) 13.74 7000 13.7570:023

* f(z)og(z) data : Finally, in this work we use the recent “Gold -17" compilation

consisting of 18 independent measurements of f(z)og(z). These data points are

based on Redshift Space Distortion (RSD) measurements from various obser-

vations of the Large Scale Structure (LSS) and complied in Table Il of Ref. [58].

Based on the EMCEE [36] python module, we employ the Markov Chain Monte

Carlo(MCMC) statistical technique to examine the parameter space of our cosmo-

logical models and minimise the x? function for both ACDM and interacting viscous

A(t) models. We consider the joint analysis by assuming the sum of all x> functions:

2 2 2 2
Xiot = XPan+ + Xce + deg (2)°

(3.22)

To perform this analysis, we choose uniform priors for the parameters of models which
is listed in Table 3.1.
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Figure 3.1: The one-dimensional marginalized distributions and two-dimensional contour
plots of ACDM model at 68.3% and 95.4% confidence levels using combined data of
Pantheon+, CC & f(z)03(z).
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Figure 3.2: The one-dimensional marginalized distributions and two-dimensional contour
plots of interacting viscous A(¢) model at 68.3% and 95.4% confidence levels using com-
bined data of Pantheon+, CC & f(z)03(z).
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3.5 Result and discussion

@ In this section, we present the results of our observational analysis on ACDM and
interacting viscous A(r) models, including both the constraints and cosmological
parameters from the current data. In the first subsection, we will present the
parameters constraints achieved by observational analysis using the data discussed
in Sect.3.4. In second subsection, we will implement the Bayesian inference, and in

last subsection, we will examine the model comparison through information criterion.

3.5.1 Parameter constraints

The best-fit values of parameters of ACDM and interacting viscous A(¢) models us-
ing a combined CC + f(z)og(z) + Pan+ data are summarized in Table 3.2. Figures 3.1
and 3.2 show the 68.3% and 95.4% confidence regions and marginalized likelihood
distributions for ACDM and interacting viscous A(r) models, respectively. The GetDist
code [210] is utilised to retrieve their mean values and the aforementioned Figs. 3.1—
3.2. In what follows we discuss the constraints on different cosmological as well as
model parameters.

It is noted that the H, determined by Riess et al. (2022) is 73.04 4 1.04 kms~'Mpc—!,
so-called R21 where as Planck Collaboration [79] predicts Hy = 67.4+0.5 kms™'Mpc~!
at 50 confidence level. This discrepancy is recognized as “Hubble tension". For
ACDM model we obtain Hy = 72.100"|7 kms~'Mpc~!. This is in tension with both
Planck [79] and R21 [32] results at 2.65¢ and 0.47c respectively. For interacting vis-
cous A(r) model, we obtain Hy = 72.200")000 kms~'Mpc~! which is tension with both
Planck and R21 results at 3.03c and 0.46c respectively. In other words, the Hy mea-
surement of interacting viscous A(r) model is consistent with R21. The evolutions of
H(z) with redshift z are shown in Fig.3.3 which predict that the trajectories cover ma-
jority of dataset with error bars of H(z). This means that the interacting viscous A(r)
model agrees with the combination of dataset as well as ACDM model.

In the interacting viscous A(z) model, we obtain the viscosity coefficient, {; as
0.01119015 and v as 0.0055502. The coupling parameter of the interaction term, «
is calculated as —0.004 10002, The negative value of « indicates that there is a possi-
bility of the dark matter to decay into the dark energy.

Using the best-fit values, the evolutions of deceleration parameter with redshift for
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ACDM and interacting viscous A(¢r) models with errors are plotted in Fig.3.4. The
trajectories show that the models have transition from decelerating phase to acceler-
ating phase at transition redshift z,=0.6430-0% and z, =0.648"0 0.3, respectively. The
present value of deceleration parameter are found to be go= —0.5320052 and ¢o =
—0.53170:033. These values of gy are within the range of the observational results, i.e.,
go = —0.64£0.12 [79]. In late time of evolution, ¢(z) approaches to —1 in both models
which is the future de Sitter phase.

In Fig.3.5, we plot the effective EoS parameter as a function of redshift for best-fit
values of ACDM and interacting viscous A(¢) models. It is observed that wei — —1 in
the late-time in both the models, which implies that the models correspond to de
Sitter phase in late-time. Using the best-fit, we get the present EoS parameters
Wefi(z=0) = —0.689 +0.016 and we¢(z = 0) = —0.688 +0.016, respectively.

Next, we explore another tension between the theoretical prediction of the growth
rate of matter perturbations with the observational growth rate data points for ACDM
and interacting viscous A(r) models. For both models the constraints on og and Sg
are given in Table 3.2. The amplitude of the matter power spectrum (og) and its
associated parameter Sg = o3+/(1 —Q,)/0.3 may be determined using the f(z)os(z)
dataset and it is further possible to calculate the og/Ss tension. The combined dataset
gives o3 = 0.748 003 and Sg = 0.76270:023 in the ACDM model and o = 0.73870:0%2
and Ss = 0.7621003 in interacting viscous A(r) model. Our results are perfectly con-
sistent with the combined use of the SDSS and KiDS/Viking data which gives og =
0.76075:925 and Ss = 0.76679-929 [211]. It is to be noted that Planck collaboration gives
og = 0.806 +0.005 and Sg = 0.811+0.011. Thus, the interacting viscous A(¢) model is
in 1.140 tension in og and 0.91¢ tension in Sg with the corresponding values of Planck
[79]. These tensions are not as large compared to Hy tension as discussed above.
This confirms that the measurement of oy and Sg using CC + Pan+ with f(z)og(z) data
is fully consistent with ACDM. The trajectories of f(z)og(z) for ACDM and interacting
viscous A(r) models are plotted in Fig.3.6. It can be observed that both the models
are consistent with the observational data points.

Let us discuss the interacting viscous A(¢) model by defining a dimensionless pa-
rameter, known as jerk parameter, j. This parameter is purely kinematical and is
associated with the third order derivative of the scale factor a(z). It is defined in 1.15 It
can provide us the deviation of any model from the ACDM model. It is noted that jerk
parameter always has constant value j = 1 for ACDM model. We report jo = 0.992 in

interacting viscous A(r) model which is quite comparable to the ACDM model. We plot
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e Figure 3.3: The evolution of Hubble function H(z) with redshift z. The solid black line cor-
responds to the ACDM model and the dashed blue line corresponds to the interacting viscous
o A(t) model. The H,(z) data are also plotted with their error bars.
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Figure 3.4: The evolution of ¢(z) with redshift z for interacting viscous A(7) model and ACDM
model using the best fit values. The present value g is represented by a dot.

(15 the evolution of jerk parameter with respect to the redshift as shown in Fig.3.7. We
observe that the trajectory of j(z) deviates from ACDM in early phase where as it ap-
proaches to j =1 as z — —1. Thus, jerk parameter points us the effects of interacting

viscous A(z) model over the ACDM model.

3.5.2 Model selection

e In this section, we will discuss mainly reduced Chi-square and model selection
criterion to observe the compatibility of the proposed model.

Let us first calculate the reduced Chi-square, x2, Wwhich is defined as

° X2, = Xin/dof. Here, dof denotes the degree of freedom which is equal to

the number of observational data points (N) minus the number of parameters (K). It is
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Figure 3.5: The evolution of w, sy with redshift z for interacting viscous A(¢) model and ACDM
model using the best fit values. The present value of w,r(z = 0) is represented by a dot.
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Figure 3.6: The evolution of f(z)og(z) with redshift z for interacting viscousA(7) model and
ACDM model using the best fit values.
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to be noted that we have used N = 1751 and K =3 in ACDM and K = 6 in interacting
viscous A(z) model with same number of data points. Table 3.4 presents the x> and
%rzed of ACDM and interacting viscous A(¢) models, respectively. It is noted that a
value x>, < 1 gives the best-fit with the data. We observed that both the models have
the reduced x* less than unity (for ACDM, x2, = 0.447 and for interacting viscous
A(t) model, it is x>, = 0.448). This shows that both the models are in very good fit
with the observational data.

We discuss the another method which provides the statistical comparison of the
proposed model with ACDM model. In this regard, there are two model selection
criterion, namely, Akaike information criteria (AlC) and Bayesian information criteria
(BIC) [61, 63]. These selection criterion allow to compare models with different
degree of freedom. They are defined in section 1.17.1.  In these approaches,
the model with low values of AIC(BIC) is preferred by data. Considering the AIC
(BIC) of ACDM model as reference model, denoted as AICA(BIC,), we compute
AAIC = AlCyp4e1 — AICAcDM(ABIC = BIC 0401 — BICAcDM)-

Table 3.4 displays the values of AIC (BIC) and corresponding AAIC (ABIC) for
interacting viscous A(¢) model. According to our results, we have AAIC = 6.670 and
ABIC = 23.039. This shows that there is “less support in favor" of the interacting
viscous A(t) model as far as AIC is concerned where as BIC gives “strong evidence
against" the interacting viscous A(r) model. This indicates that the evidence against
our model is overwhelmingly strong and it is not the best-fit for the data according
to BIC. This discrepancy arises because AIC tends to be more inclusive in model
selection. Generally, AIC is more lenient with additional parameters, while BIC
penalizes them. Thus, AIC limits the number of parameters, making it worthwhile.

3.5.3 Bayesian Inference

The Bayesian evidence serves as the foundation for assessing a model’s perfor-
mance in light of the data. In Bayesian data analysis, the correlation between the
data, the model or hypotheses, and the prior knowledge is characterized by the joint
probability distributions. Given the observed data, the conditional probability distri-
bution of the unknowns can be used to uniquely infer the posterior distribution using
Bayes theorem. The key statistic of Bayesian model selection is the Bayesian evi-
dence & [212, 213], which is employed in a model comparison problem by integrating

the product of likelihood and posterior over the entire parametric space of the model.
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Table 3.3: “Jeffreys’ scale" for evaluating the strength of evidence between two comparing
models, M; versus M;. The right column provides the convention for denoting the different
levels of evidence above these thresholds.

In %;; Strength of Evidence
<1.0 Inconclusive
1.0 Weak evidence
2.5 Moderate evidence
5.0 Strong evidence

Itis defined as [62, 214, 215, 216]
&(DIM) = / 2(D|®,M)2(D|©,M)d®. (3.23)
M

On the right-hand side, © is a set of free parameters for the given data D, M stands
for the model, the vertical bar reads as ‘given’, and . and & stand for likelihood and
prior probability distribution function of those parameters before the data, respectively.

In cosmology, this concept has been utilized extensively [217, 218]. When compar-
ing two models, M; versus M;, one is interested in the ratio of the models’ evidences

known as Bayes factor, which is given by:

N &

(3.24)

Here, B;; indicates the support for model i over model ;.

Bayes factors are typically interpreted using the Jeffreys’ scale [212] which
measures the strength of the evidence, given in Table 3.3. We accomplish this
by estimating the values of the logarithm of Bayes factor (In#) and the Bayesian
evidence (In&’). Using the dataset and the priors mentioned in Table 3.1, the values
of & and # are determined. We assume the ACDM as the reference model.

The results for the Bayesian evidence (In&’) and Bayes factor (In.%) for both ACDM
and interacting viscous A(t) models examined in this work are summarized in Table
3.4. We find that the In % for interacting viscous A(t) model with respect to the ACDM
model is obtained as 2.577 and thus the Bayesian evidence analysis shows that our
model is “moderately supported" by the considered priors and dataset on Jeffreys’

scale.
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Table 3.4: Summary of In&, InA, ){2, xrze 4+ AIC and BIC for the ACDM and interacting
viscous A(¢) models for the following:

Values ACDM Interacting viscousA(z)
Iné& —793.120£0.473 —795.697£0.532
In%# — 2.577

x? 781.708 782.344

K 3 6

N 1751 1751

X 0.447 0.448

AlIC 787.722 794.392
AAIC — 6.670

BIC 804.112 827.152
ABIC — 23.039

3.6 Conclusion

Inspired by dissipative phenomena and decaying vacuum energy, we have
discussed some cosmological consequences of an alternative mechanism of accel-
erating Universe based on a class of interacting viscous model with decaying vacuum
energy, referred as interacting viscous A(r) model. The coupling between viscous
fluid and vacuum energy density has been made through a coupling parameter, Q.
Within the framework of Eckart thermodynamic theory the non-equilibrium pressure,
IT is proportional to the Hubble parameter H with proportionality constant (, i.e.,
IT= -3¢ (¢t)H. Thus, the effective pressure is assumed as sum of barotropic pressure,
bulk viscous pressure and pressure due to vacuum energy, i.e., p = pu + 11+ pa. In
the first part of work, we have obtained some main results for the scale factor, the
Hubble parameter, the deceleration parameter, jerk parameter and EoS parameter
by assuming the interaction term Q = 3ap,,H. Although the nature of bulk viscosity
and time-varying vacuum energy density are unknown, we have assumed { = {|H
for bulk viscous coefficient and p, = co +3vH? for vacuum energy density. One can
expect that the viscosity is affected by the expansion rate of the Universe and varying
VED from the general covariance of the effective action in QFT. We have investigated
the growth perturbation of interacting viscous A(z) model. In the second part of this
work, we have performed the Bayesian analysis using the latest background probes
such as SNe Pantheon+, cosmic chronometer and f(z)os(z). We have compared the
interacting viscous A(r) model with ACDM using the Bayesian inference and model

selection criterion such as AIC and BIC. The results show that the standard ACDM
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model is reproduced in the absence of parameters {, o and v. In what follows, we
summarize the main points of our analysis.

The constraints on model free parameters have been reported in Table 3.2. The
best-fit value of Hy according to a combination of Pantheon+, CC and f(z)os(z) is
Hy = 72.200") 000 kms~'Mpc~!, which is tension with both Planck and R21 results
at 3.030 and 0.460 ,respectively. In other words, the tension in Hy measurement is
almost resolved in interacting viscous A(r) model with respect to R21. The best fit
values of present g and w,s; are go = —0.5327003% and weg(z = 0) = —0.688 +0.016,
respectively. From Fig.3.4, it has been observed that the interacting viscous A(r)
model exhibits transition from an early decelerated phase to late-time accelerated
phase and the transition takes place at z, = 0.64870:0; which is close proximity
zir = 064370071 to that of ACDM model. It has been found that the value of x2, < 1
which shows that the interacting viscous A(¢) model is in very good fit with the used
data points. The jerk parameter remains positive and less than one in past, and tends
to unity in late-time.

We have explored the og and Sg parameters for ACDM and interacting viscous
A(r) models using the combined data set of Pantheon+, CC and f(z)os(z). The
constraints on og and Ss in interacting viscous A(r) model are oy = 0.73810-9%2 and
Ss = 0.76275:935 which are very close to ACDM model as reported in Table 3.2. The
tensions of our fitting results in og and Sg with respect to Plank results [79] are 1.14c
and 0.91c, respectively. The evolution of f(z)os(z) has been plotted in Fig. 3.6 which
shows that it is consistent with the observational data points.

It is noted that cosmological models are testable from the abundance of observa-
tional data as discussed above. However, an important distinction must be made
between parameter fitting and model selection. As we know that the parameter fitting
simply tells us how well a model fit the data. Model selection such as Bayesian
inference and AIC and BIC are necessary to discriminate the proposed model with
the existing model. The Bayesian inference analysis demonstrated the interacting
viscous A(t) model is moderately supported by the considered dataset and priors.
Further, there has been increasing interest in applying information criterion such as
AIC and BIC for model selection. We have examined the models using AIC and BIC
for a fairer comparison. We have observed that the interacting viscous A(r) model
has “less support" according to the selection criteria AAIC. On contrary, with respect
to ABIC, interacting viscous A(z) model has “strong evidence against" the model with

the considered datasets.
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As a concluding remark we must point out that despite its intrinsic nature of bulk
viscosity and decaying vacuum energy and its interaction are not well understood
yet, the work presented in this chapter suggests a possible description for resolving
the Hy and og tensions in cosmology. In principle, to give a robust approach for
investigating the dark energy model beyond ACDM, background dynamics should
be considered. Taking into account such interaction between the dark components
may provide an opportunity to explain the present accelerating Universe. Indeed
considering the interaction between the viscous fluid and decaying vacuum energy

potentially enables us to resolve tensions in cosmological parameters.

Appendix

The main aim in this appendix is to present some more analytical solutions of the
cosmological parameters of the interacting viscous model with decaying vacuum en-
ergy density based on the different choices of {.

Solution with { = {

It is the most simple parametric form of the bulk viscous coefficient. Many authors
[75, 128, 129, 160] have studied the viscous cosmological models with constant bulk
viscous coefficient. Using { = {, in Eq.(3.9), the Hubble evolution equation deduces

the form

.3 » 3 GH . 1(1-a

Solving (3.25) with the condition H(ty) = Hy, we get

%o
2(1=-v)(l—a)

H= + kcoth (%(1 - a)kt) . (3.26)

G +4(Qp—v)(1-v) (1 -a)°Hy?
4(1-v)*(1—-a)? :
Integrating again with the condition a(7y) = 1, we obtain the scale factor

where k =

ciot . 3 3(170‘)
a(t) = e2T-v1-a)" |sinh 5(1 — )kt ) (3.27)
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Using (3.26), the deceleration parameter ¢ and Effective EoS parameter w,; are re-

spectively given by

— 265c2h(3
q:—l—i—% (1—o)k“csc”h(5(1 — a)kt) N (3.28)
(=g + keoth(3(1 — a)ka)
_ 265c2h(3
e = —1+ (1—o)k”csc”h(5(1 — a)ke) (3.29)

;.
(=g + keoth(3(1 — o))
Solution with { = {y+ {1H

This form of bulk viscous coefficient has been discussed by several authors and the
references therein [72]. For { = {y+ {1 H, where {, and {; are constants, the Eq. (3.9)

simplifies into

. 3
H+§(1—a)H2—

2 _
3 GHT 3 GoH —1(1 O‘>co, (3.30)

2(1—-v) 2(1-v) 2\1-v

which can be integrated to calculate the Hubble function and the scale factor

) % (30— &)
(e TR E] Ca = e NCD

2(1-v)
Cot _ (=) (1-v)=C)
a:ez<<1>a)((1)fv4>fél> X [sinh <§((1 )1( v)= Cl) )] e ¢1>’ (3.32)
h G’ +H4((1=a) (1=v)=&) ((Qn— V)(l—a))Hoz_
where & = M) (1-a)-0)?
With this, we can calculate the deceleration parameter ¢ and effective equation of

state parameter w, ¢, which are respectively given by

_ 25(3(1 —
g= 142G VoA - & —v)ow) (3.33)
2(2(1}; 5+ orcoth(3(1- )cm))
and
Lt —wWoZesc (3 (1 — & —
e — 14 (1= —v)oiesc”h(5(1 -8 —v)our) (3:34)
(

¢ 3 2
(2(1_—21_‘/) + 01 COth(i 1-— Cl — V)Gﬂ))
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Chapter 4

Interacting viscous running vacuum

model in FLRW Universe

In this chapter ! , we combine the two alternative ideas to a standard ACDM: bulk
viscosity from dissipative mechanism and running vacuum energy from quantum field

theory within the framework of FLRW metric.

Highlights of the chapter:

I¥” Presents a running vacuum model with bulk viscosity in FLRW spacetime.

2" Running vacuum model (RVM): A vacuum energy density (a cosmo-
logical constant), which changes with cosmic time and assume the form
pa =3 [co+ FuH (2) + VH?(2)].

=" Bulk viscosity: Creating a non-ideal fluid added to the pressure of dark matter,
which is parametrized as { = {|H.

5~ Modified equations: Friedmann equations governing the cosmic expansion are
modified by including bulk viscosity and RVM term.

¥~ The combined model allows for a more complex, non-static description of the
dark energy and matter.

IF" Test model with the latest observational data like, Pantheon+, BAO DESI, CC and

growth data to find the best-fit values of parameters.

I'This chapter is based on a published research paper * Interacting model of bulk viscous and decaying vacuum
energy, Physics Letters B 871, 139994 (2025)".
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5" Uses Gelman-Rubin statistic (or R-hat statistic) to assess the convergence of
MCMC simulations.

I¥” Discuss the stability of viscous RVM using information critetion like AlC, BIC and
DIC.

%" The viscous RVM is consistent with the standard ACDM model and alleviates the
Hubble tension up to 0.569c.

¥~ The model shows a smooth transition from a matter-dominated era to an acceler-
ating vacuum-dominated era.

2" Concludes the results in conclusion section.

4.1 Introduction

Many cosmological observations indicate that General theory of Relativity (GTR)
may not be the only ultimate theory which explains this accelerating phenomena.
Therefore, it compels to modify either in matter part or gravitational part of Einstein
field equations. The simplest modification is the introduction of cosmological con-
stant(CC), A, into the Einstein field equations. A flat Friedmann-Lemaitre-Robertson-
Walker (FLRW) model with CC-term, known as ACDM (A plus Cold Dark matter)
model of cosmology [219, 220], is considered as the most effective model to explain
the accelerating expansion of the Universe. However, this model suffers several theo-
retical and observational difficulties. Some remarkable examples are the cosmological
constant problem and the coincidence problem(see, e.g., [10, 16, 175, 221] for a re-
view).

Nowadays, Hubble tension is one of the most intriguing problem with ACDM, which
refers mismatching between the value of the Hubble constant Hy, inferred from early-
Universe probes such as Planck CMB data [79] and direct local distance ladder mea-
surements such as Type la supernovae and Cepheid variable stars [196, 222, 223].
In particular, the Planck collaboration gives Hy = 67.4 +0.50 kms~'Mpc~!, while the
SHOES collaboration finds Hy = 73.04 +1.04 kms—'Mpc~', a tension of 4.89c. Another
tension pertains to Sg parameter, defined as Sg = 05+/Q,,/0.3, where Q,, is the frac-
tional matter density and oy is the variance of matter density field at 8Mpc scales.

This tension refers mismatch in measurements of matter density fluctuations today as
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inferred from the CMB and galaxy surveys [224]. Due to these theoretical and obser-
vational shortcomings, it is necessary to look beyond the ACDM model.

In literature, many cosmological models have been proposed to provide a concep-
tual framework for physical interpretation to DE. The most compelling representative
for the DE is the CC, A which is traditionally connected to VED through py = A/87G,
where G is the Newton’s gravitational constant. Recent developments in QFT sug-
gest that the issues related to vacuum energy and its connection to the A-term can
be largely resolved. Moreover, a time-evolving A (or dynamical DE) could help in al-
leviating the problems faced by ACDM model [87, 88, 89, 182, 225, 226, 227, 228,
229, 230, 231, 232, 233, 234, 235, 236, 237, 238, 239, 240]. Motivated by pertur-
bation of QFT in curved spacetime, running vacuum models (RVMs) [180, 244] and
viscous DM models [72, 74, 75, 111, 112, 127, 128, 129, 130, 131, 132, 133, 134,
135, 136, 137, 138, 139, 140, 141, 144, 145, 241, 242] have been explored to al-
leviate these tensions. The works show that viscous DM and RVMs are capable in
alleviating some limitations of ACDM, and attempts have been made to combine both
frameworks [146, 147, 148, 149, 191, 194, 243]. Sola and Gémez-Valent[180], and
Moreno-Pulido and Solé [244] proposed a dynamical VED called in the literature ‘run-
ning vacuum model’(RVM) in which the effective VED appears as an expansion in
powers of the Hubble function and its time derivatives, i.e., pyac = Pvac(H,H,H..). In
RVMs, the dynamical dependency of the VED yields from proper renormalization of
quantum effects in QFT in curve spacetime. Thus, the potential dynamics of VED is
well motivated from different fundamental perspectives, and therefore, it creates the
interest to study the dynamical VED in cosmology. One can find more literature review
on RVMs in Refs. [108, 245, 246, 247, 248] and therein.

The other dark component is the cold dark matter(CDM) which is commonly de-
scribed by pressureless fluid and is responsible for structure formation of the Uni-
verse. The first attempt towards developing a general theory of dissipation in rela-
tivistic imperfect fluids was carried out by Eckart [29] and in a somewhat different
formulation by Landau and Lifshitz[30]. These theories were further developed by Is-
rael and Stewart[28]. The possibility of explaining late-time accelerated expansion of
the Universe, as an influence of the effective negative pressure due to bulk viscosity
in the cosmic fluids, was first studied in [111, 112] and since then several authors
[72, 74, 75, 127, 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140,
141, 144, 145, 241, 242] have included bulk viscosity in cosmological models.

The works discussed above show that viscous DM models and a running VED mod-
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els are capable in alleviating some of the tensions associated with the ACDM model.
But these theories have separately some physical limitations to describe the entire
evolution of the Universe. However, we can anticipate a more comprehensive phys-
ical scenario by combining these two theories to overcome the limitations of each
individual approach. Such attempts have been carried out in Refs.[146, 147, 148,
149, 194, 243].

In the light of aforementioned outlines, the main motivation of the present work is to
address whether incorporating viscous DM with dynamical vacuum energy into a flat
FLRW framework could provide a completely consistent cosmological evolution. In
Ref.[194], the authors have explored the late-time evolution of the Universe through
viscous DM and decaying vacuum with particular parametrization of decaying vacuum
and bulk viscous coefficient { = {;H. This chapter aims to examine the cosmological
evolution by considering a more general parametrization for a running VED along with
a simple parametrization of bulk viscous coefficient within Eckart’s framework of rel-
ativistic non-perfect fluids. As a first step we shall determine the analytical solutions
for Hubble function, deceleration parameter and effective equation of state parameter
using certain phenomenological assumptions on bulk viscous coefficient and vacuum
energy. It is learnt that viscous DM and RVM type of cosmological models can help to
improve the best-fit to cosmological observations. Using latest observational data set,
such as SNela (Pantheon+), BAO (DESI), Cosmic Chronometer (CC) and f(z)os(z),
we find the best-fit values of parameters to check whether further improvement of the
tensions can be attained as compared to ACDM model. The Gelman-Rubin statistic (
or R-hat statistic) is used to assess the convergence of MCMC simulations. To ana-
lyze the stability of our model, we additionally study information criterion such as AIC,
BIC and DIC to discuss the stability of the model.

This chapter is structured as follows: In Sec. 4.2 we introduce the mathematical
formalism of bulk viscosity with RVM, evolution equations and motivation for assump-
tions on bulk viscous DM and running VED. In Sec.4.3 we find the analytical solutions
for the Hubble parameter, scale factor, equation of state parameter and deceleration
parameter. In Sec. 4.4 we analyze the stability of our cosmological model using the
scalar perturbation approach. In Sec.4.5, we provide a brief overview of the various
observational data used in this work as well as the method employed to constraint
the free parameters of the models. We use two datasets: Baseline (SNela, CC and
BAO(DESI)) and Baseline +f(z)os(z) through out the chapter. We also use the priors
of Hubble constant of Planck2018 and SHOES R22 with these datasets. The results
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are discussed in Sec. 4.6. In Sec. 4.7 we discuss the convergence diagnostic of
Gelman-Rubin for our proposed model. The selection information criteria are pre-
sented in Sec. 4.8. Finally, the main findings are summarized in Sec. 4.9.

4.2 Viscous RVM

Let us consider a cosmological framework described by the spatially homogeneous
and isotropic flat FLRW metric (2.1). As we know that the simplest explanation for the
current observations is the unclumped form of energy density corresponds to positive
A whose presence modifies the Einstein field equations to

where the symbols have their usual meaning. We consider the presence of two cos-
mic fluids: running VED and viscous DM. The first fluid represents a vacuum en-
ergy density described from the renormalization of QFT in curve spacetime which de-
pends on the Hubble parameter and its time derivatives, py = pa(H,H). The energy-
momentum tensor for the vacuum energy can be assumed to have the same form as
Tuv, that is,

T;i\v = (PA + PA)uptty +8uvpa 4.2)

where p, and p, are the energy density and pressure, respectively for vacuum energy.
For vacuum energy density we have py = —pa.

As a second fluid, we assume the imperfect fluid characterized by bulk viscous
coefficient as a part of pressureless cold dark matter. The energy-momentum tensor,
T,v, for such a viscous fluid modifies to [150]

Tuv = (Pm + P)uyuy + guvP, 4.3)

where p,, denotes the matter density of the fluid, u* is the associated fluid’'s four-
velocity and P = p,, —3CH.

In this chapter, we combine these two components in a single cosmological scenario
and explore their cosmological implications.Considering p,, = 0, the Einstein’s field
equations (4.1) yield

3H? = p = ppu+pa, (4.4)

zl'—.l turnitin Page 134 of 202 - Integrity Submission Submission ID _ trn:oid:::27535:125422881



z'l_.l tutQitin  Page 135 of 202 - Integrity Submission Submission ID  trn:0id:::27535:125422881

2H+3H? = —p =3(H + py, (4.5)

(15 As usual, the dot sign denotes derivative with respect to the cosmic time. In this work,
we present a theory of the Universe’s evolution based on time varying VED. From
(4.1), the Bianchi identity imply that the coupling between vacuum energy and viscous
CDM fluid must be of the type

u Ty = —ut (Ag")., (4.6)

or, equivalently,
Pm+3H(pm —3CH) = —pa, (4.7)

This suggest that viscous CDM and varying A term are coupled. As a result, there is
certain energy exchange amongst vacuum and the viscous CDM fluid. From equa-
tions (4.4) and (4.7) together, the evolution equation for Hubble parameter is given
by
.3 1 3
H+>-H>= _ps+=CH. :
+3 SPat ZC (4.8)

4.3 Solution of Field Equations

There are three independent unknown quantities, namely, H, p, and ¢ in the evolu-
tion equation (4.8). One can obtain the solution only when both p, and ¢ are defined.
As previously mentioned, we shall consider the framework of FLRW spacetime in our
study. Within the RVM, the generic low-energy form of the VED has been phenomeno-
logically investigated on several prior times and with an impressive level of success.
Moreover, it has consistently shown to be very competitive with the ACDM and even
capable of outperforming the latter’s fitting performance. In this chapter, we examine
to what extent a viscous dark matter plus running vacuum framework is consistent
with current cosmological data to describe the late-time expansion of the Universe.
Motivated by the explicit QFT calculations on a FLRW background, the VED in the
RVM takes following form [244, 246]

2 .
pa=3 |co+ SHH(2)+ VH?(2) |, (4.9)

where pu and v are dimensionless parameters and expect that the values of these
(33 parameters should be less than one. The value of the additive constant cy is fixed by
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the boundary condition p(Hy) = pao and the two evolving components, H> and H are
independent and dimensionally homogeneous. Notice that in above equation (4.9),
the parameter u has an explicit factor 2/3 for convenience. Additionally, for u,v — 0,
the model smoothly reduce to the concordance ACDM.

In literature various methods have been proposed for assuming the evolution of
bulk viscosity and different viscous models are produced depending on the choice of
{. In this chapter, we examine the bulk viscous term { is proportional to the Hubble
parameter, i.e, to the expansion rate of the Universe which can be expressed as
[115, 117,131, 142, 146, 249]:

{=CH. (4.10)

Using (4.9) and (4.10), the evolution equation (4.8) has in the following form.

(I—M)H—F%(I—V—Cl)Hz:%CO. (4.11)

We can find the additive constant ¢ = HZ[Qa — v +u(1 —Qp — &1)], Where Q;o =
Pi0/Pero With p..0 = 3HZ /87G is the current critical density at a = 1. Now, equation

(4.11) immediately gives the Hubble function as

1-v-¢
H*(z) = H;j (QA,0+Qm,o(1+z)3( '—ﬂ1>), (4.12)
where
~ (QA—V)+u(l—Qp—Cr)
Qpp = 4.13
Ao (1-v—2_r1) ’ (4.13)
and
O, g=1_ Ea=V)+pd-0r—6) = 1— e (4.14)

’ (1-v—-3&)
Solving Eq. (4.12), we can find the evolution of various cosmological parameters of
our model. Given the multiplicity of particles in Grand Unified Theory (GUT), the
theoretical value of v must be below 1. In the calculations carried out in [244], the
coefficients u, v are expected to be of order ~ Mz /m3, << 1, being My of order of a
typical GUT scale. An estimate of v in QFT indicates that it is of order 10~ at most
[17]. Here, we consider the fact that u must be small and positive (i.,e 0 < u << 1)
since the term (1/1 +z)3<%) — 0 for virtually any (1/1+z) < 1. Further v can have
any sign with |v| << 1.
By utilizing H = a/a and integrating the equation (4.12), one may determine the scale
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factor which is given by

(1—

~ (1=p)
Q 3(1-v-4;) t v
a(t) = <~i0) 1 <Sil’lhz/3 (l;)) " Cl) ’ (415)

QA0

where 7 = 2/(3H0\/(1_V_Cl)[(QA(li"Z;”“_QA_CIH). It is evident from the above equation

(4.15) that for v =0, u = 0 and {; = 0, the scale factor reduces to the ACDM model,

i.e. a(t) = (Q mo/QAO)1/3 sinh®3(¢/f). The above equation shows that the scale factor
g

varies as a « t3<1 30=v=0) during early Universe expansion, which is power-law expan-

sion. Further, the scale factor varies as a exp\/ -y +“§(] f)A Cl)Hot for late-time
evolution, which implies the de Sitter universe. It follows that the model expands with
deceleration in the early stages followed by acceleration in the later stages.

In order to investigate the decelerated and accelerated phases of the expansion of
the Universe and the evolution during this time, we examine a crucial cosmological
parameter, known as the ‘deceleration parameter’ ¢, which is defined in Section 1.65.
Using (4.12) into (1.65), the value of deceleration parameter ¢ in terms of redshift is

calculated as

1-v=-{;
3 1—v— —[(QA—V 1—Qp — 1+ (1")
q(z)=—1+2<1_u) (Q( - (ICIQ) c[() - ):;H(v)+ (IAQ CZ))]( g ez (4.16)
_v —On— _ —Qp— -
R (1 Bt ) (1409 }
Moreover, we compute g, the current value of ¢ at z =0, which is obtained as
Go= 1+ 5 [(1 =&~ Q)+ (1~ Qr—C1)] 4.17)
0 2(1_‘“) 1 A A 1)]- .

In order to help us better understand the accelerated phase, we consider another parameter,
called as the equation of state (EoS) parameter w,/, that is described in section 1.67. Using
(4.12), we obtain

1-v={;
_ U —v=f)—[@a v +u-eu -+ )
Weff (@) =S (T=) | [@aveui-0-0) | (1 _ @a=v)su-04-0)Y g 3 (F5)

(1-v=G) < o 1—v=04) > (1+2)
(4.18)

© Further, we compute the present value of w,s(z = 0) which is determined as

1

werf(z=0)=—1+ =n [(1=Ci —Qa) +u(1—Qa—G)]. (4.19)
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4.4 Growth of perturbations

The LSS observable f(z)os(z), which is primarily determined by Redshift Space Distortion
measurements, plays a crucial role in understanding the formation of structures in the uni-
verse. In this section, we want to discuss a few points that will enable us to quickly review why
improving the description of structure can also benefit our model in contrast to GR. In terms
of the linear density contrast between the matter perturbations, §,, = §p../pm, the precise dif-

ferential equation is expressed as

" 3 H(a)\ _é 67”1 _
O, + <a+ H{a) O, ZQm(a) 2 =0, (4.20)

where the primes denote the derivative with respect to the scale factor. The Q,,(a) can be

derived from Q,,(a) = 1 —Qx(a) where

Qala) = v+ ml(a) [H&{ (QA(a —1)— v> +u (1 —Qula=1)— §1> } + i,uaH(a)H’(a)] . @421
The above equation utilizes the Hubble function that corresponds to the model under consider-
ation. Due to the different Hubble function expression in each model, the above approximation
for the structure formation equation is accurate.

In Ref.[194], equation (4.20) turns to be a very good approximation for the analysis of the
matter perturbations and thus for present analysis, equation (4.20) is adequate. Details on this
aspect of the analysis have been provided in numerous references [161, 162]. Furthermore,
in these references the impact is evaluated in considerable detail and the model’s ability to
reduce Sg tension is predicated using the same fundamental process. Here, we shall utilize
the Hubble function determined in Section-4.3, equation (4.12) to perform our analysis of the
matter perturbation in Viscous RVM. The linear LSS regime’s investigation is conveniently
implemented using the weighted linear growth f(z)og(z), where f(z) is the growth factor and
is described by f(z) =dInd,/dIna. Here, og3(z) is the RMS mass fluctuation in spheres with

radius 8%~' Mpc scales. The calculation specifics are given in the Section 1.16.4.

4.5 Dataset and Methodology

This section briefly describes the observational datasets and the statistical analysis method-
ology. We use following diverse array of observational datasets, which include latest Pan-
theon+ obtained from observations of Type la Supernovae (SNela), cosmic chronometer (CC),
Baryonic Acoustic Oscillations (BAO) and f(z)os(z) to perform the statistical inference. We

also consider two independent Hubble constant measurements that lead to the Hubble ten-
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sions [79, 223].

» SNela dataset:Pantheon+: The Pantheon+ analysis extends the Pantheon dataset
by including Cepheid distance measurements to galaxies in the extended dataset of
SNela. We use Pantheon+ SNela compilation [37, 38, 39] which includes the apparent
magnitudes and redshifts corresponding to 1701 light curves in the redshift range 0.001 <
7 <2.2613 that were collected from 1550 SNela.

» H(z) dataset: CC: Depending on the basis of the relative age of passively evolving
galaxies, we employ the most recent estimates of 32 CC data points, precise estimates,
and model-independent data in the redshift region 0.07 < z < 1.965. We have taken into
account the impact of the established correlations between the different data points as
described in[250].The computation of full covariance matrix for cosmic chronometers
has been described in Ref. [250].

» BAO dataset: We use the most recent 13 BAO measurements from DESI DR2 includ-
ing the BGS, LRG1, LRG2, LRG3+ELG1, ELG2, QSO and Lya samples at effective
redshifts z.;; = 0.295, 0.51, 0.706, 0.934, 1.321, 1.484 and 2.33, respectively. We use
the Dark Energy Spectroscopic Instrument (DESI) BAO measurements from the Data
Release 2 [251].

* f(z)og(z) data : In this chapter, we utilize the recent compilation of “Gold-17" data which
consists of 18 independent measurements of f(z)os(z). These data points are compiled
in Table Il of Ref.[58] and are essentially determined from RSD measurements from

many observations of the Large Scale Structure (LSS).

« Hubble constant measurements: In the background of the Hubble tension, we
use the Hubble constant estimated by the Planck (H}'® = 67.4 +0.5 kms~'Mpc" [79])
collaborations and the SHOES (HF?? = 73.04 4 1.04 kms~'Mpc~! [223]). We take these

values as priors in the parameter space of ACDM and viscous RVM models.

The details regarding the minimized 2 values for the datasets presented above are provided
in Section 1.16. Statistical analysis is performed using MontePython code emcee [36] of Python
library. In this code, MCMC method [252] is used to perform the statistical analysis on the input
data to constrain the parameters of the viscous RVM. As a comparison, we perform a similar
MCMC for the ACDM model, also based on the same likelihood. The following combinations

are employed for our study:

» Baseline: It consists of combination of 3 datasets, namely SNe Ia+ CC + BAO and the

jOint x2 function is %lz?aseline = X.S%Nela +%(%C +X1§AO'
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» Baseline +f(z)og(z): In this combination, Baseline dataset is complemented fog, where

2 _ .2 2 2 2
XBaseline+fos — XSNe1a T Xcc T+ Xao T X oy

In the next section, we use MCMC sampling technique and the emcee library together with the
above two splices of full data to see how the results are affected by minimising their respective
x? values, that correspond to the likelihood by .Z o exp (—%2) We built two competing models
with each datasets by taking into account the Planck and SHOES measurements of the Hubble
constant as independent priors, while the rest of the cosmological parameters take the initial
flat priors. We refer to the models as P18 (with the prior H}®) and R22 (with the prior H3?) for

simplicity.

4.6 Results

Let us explore the evolution of the primary cosmological parameters for the best-fit values
of the parameters derived from Baseline and Baseline+f(z)os(z) datasets with P18 and R22
priors, rspectively. Tables 4.1 and 4.2 show the constraints on full and subsets of the data, re-
spectively for ACDM and viscous RVM models. These results are obtained with a reasonable
Gelman-Rubin convergence criterion of R — 1 = 1072, which has been discuss in Section 4.7.
Figures 4.1 and 4.2 depict the 1 — o and 2 — ¢ contour plots of ACDM and viscous RVM from
Baseline and Baseline+f(z)og(z) datasets with P18 and R22, respectively.

As we know that the one of the key cosmological parameter in cosmology is current value
of the Hubble parameter. Recent observations have revealed differences in the Hubble con-
stant Hy between Planck CMB data [79] and SHOES-calibrated SNe[223]. This discrepancy
is described as “Hubble tension" which is one of the most lingering tensions in cosmology.
Note that the Planck Collaboration [79] predicts HY'® = 67.44+0.5 kms~'Mpc~!, while Riess
et al.[223] estimates a higher value of Hf?? =73.04+1.04 kms~'Mpc~!. This leads to a ten-
sion at the level of 4.89¢. Tables 4.1 and 4.2 demonstrate that the present value of Hy for
the viscous RVM are HE'® = 67.403£0.49 kms 'Mpc~! and HF?? =72.212+£1.0 kms 'Mpc™!
from Baseline, respectively, which has 4.318c level of tension. In contrast, H, obtained for
ACDM model are H'® = 67.410+0.49 kms~'Mpc~" and Hf*? =72.776 £0.99 kms 'Mpc™!,
respectively with Baseline, respectively. This leads to a tension at the level of 4.857c.

Similarly, we have reported the present H for the proposed viscous RVM as H}'® = 67.416 +
0.48 kms 'Mpc—'and HF*? =72.212+1.0 kms 'Mpc~!, respectively obtained from Baseline+
f(z)os(z), which leads to a tension of 4.323¢ level. The ACDM model have H}'® =67.391+£0.51
kms~'Mpc~! and HE?? = 72.678 £1.00 kms~'Mpc~! which has a tension of 4.709¢ level. The
analysis of present values of Hubble constant show that the viscous RVM minimizes the Hub-

ble tension up to 0.569¢ and 0.564c, respectively with the datasets used for this observation.
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Table 4.1: Cosmological constraints on ACDM model by Baseline and Baseline+ f(z)03(z)
with Hubble constants priors by the Planck (P18) and the SHOES (R22) values, respectively,
obtained via MCMC analysis.

Model Dataset Hy Qp rq M e} Sg
ACDM Baseline+P18 67.410£0.49 | 0.690+£0.008 | 148.810+1.5 | —19.438+0.016 - -
Baseline+R22 72.776 £0.99 | 0.6914+0.009 | 137.998 £2.1 | —19.272+0.030 - -
ACDM Baseline+{(z)og(z)+ P18 | 67.391+0.51 | 0.692+0.007 | 149.060+ 1.4 | —19.437+0.017 | 0.753+0.026 | 0.751 £0.022
Baseline+f(z)og(2)+R22 | 72.678 £ 1.00 | 0.693+0.008 | 138.290+£2.1 | —19.275+£0.030 | 0.752+0.028 | 0.762+0.024

The Hubble constant values also remain consistent with the Planck measurement regardless
of the prior used.

Figure 4.3 show the evolutions of H(z) with redshift z for ACDM and viscous RVM using
the baseline+P18 and Baseline+R22, respectively. Figure 4.4 is same as in Figure 4.3 but
considering the results obtained with the Baseline+f(z)og(z) dataset. It is observed that the
trajectories cover the majority of the dataset with H(z) error bars. This indicates that both
the datasets used for analysis agree with the viscous RVM. Further, in the current scenario
the present age of the Universe is 13.7Gyr which is compatible with ACDM model with same

combination of datasets.

Table 4.2: Cosmological constraints on viscous RVM by Baseline and Baseline+ f(z)0g(z)
with Hubble constants priors by the Planck (P18) and the SHOES (R22) values, respectively,
obtained via MCMC analysis.

Model Dataset Hy Qp 4] v n rq M oy Sg
Baseline+P18 67.403+0.49 | 0.667£0.012 | 0.013+0.004 | 0.005+0.003 | 0.00440.003 | 148.494+1.5 | —19.4354+0.017 - -
Baseline+R22 72.2124+1.0 | 0.669+0.013 | 0.0124+0.005 | 0.006+£0.003 | 0.003+0.002 | 137.81+£2.2 | —19.2714+0.031 - -

Baseline+f(z)og(z)+P18 | 67.416+0.48 | 0.670£0.011 | 0.012£0.005 | 0.006+0.003 | 0.004 £0.003 | 148.62+1.4 | —19.435+0.016 | 0.745+0.028 | 0.782+£0.021

Baseline+f(z)og(2)+R22 | 72.212+1.0 | 0.669+0.013 | 0.012£0.004 | 0.00640.002 | 0.004 +0.002 | 137.81+2.1 | —19.271+£0.030 | 0.749+0.027 | 0.784 +0.024

viscous RVM

viscous RVM

Focusing on the deceleration parameter ¢, which plays a crucial role in describing decelera-
tion, acceleration or transition of the Universe, we find present values of ¢(z) for viscous RVM
go = —0.520+0.014 and go = —0.523 +£0.013 with transition redshift z,, = 0.646 +-0.009 and z,, =
0.650 + 0.007, respectively for the Baseline with P18 and R22, whereas Baseline+f(z)os(z)
dataset with P18 and R22 give ¢go = —0.523 +0.015 and gy = —0.524 £ 0.016 with z,, = 0.650 +
0.009 nd z;,, = 0.653 £0.009, respectively (see, Table 4.3). These value of ¢y are quite compara-
ble to those obtained by the ACDM model. The evolution of ¢(z) with redshift z for viscous RVM

Table 4.3: Present values of cosmological parameters for ACDM and viscous RVM with Hub-
ble constant priors by the Planck (P18) and the SHOES (R22) values.

Submission ID  trn:oid:::27535:125422881

Model Dataset q0 Werr(z=0) Zr to(Gyr) Jo
ACDM Baseline+P18 —0.5354+0.012 | —0.69040.009 | 0.645+0.007 | 13.775+£0.256 1
Baseline+ R22 —0.5374+0.014 | —0.691 £0.008 | 0.648 +=0.005 | 13.790£0.268 1
ACDM Baseline+f(z)og(z)+ P18 | —0.538 +0.012 | —0.692 +0.008 | 0.649 +0.007 | 13.787 £0.245 1
Baseline+f(z)og(z)+ R22 | —0.5394+0.013 | —0.693+£0.007 | 0.652+0.008 | 13.811+0.288 1
Viscous RVM Basel.ine+P18 —0.5204+0.014 | —0.68040.006 | 0.6464+0.009 | 13.805+0.284 | 0.978 +0.004
Baseline+ R22 —0.5234+0.013 | —0.6814+0.009 | 0.65040.007 | 13.834+0.274 | 0.978 +0.006
Viscous RVM Baseline+f(z)og(z)+ P18 | —0.523+0.015 | —0.682+0.008 | 0.65040.009 | 13.825+0.240 | 0.979 £0.007
Baseline+f(z)og(z)+R22 | —0.524+0.016 | —0.683 +£0.007 | 0.653 +0.009 | 13.839+0.249 | 0.980+0.005
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Figure 4.1: Likelihood contours on the ACDM and viscous RVM cosmological parameters
with the Baseline dataset + the Hubble constant priors from the Planck (P18) and the SHOES
(R22) values at 1 — o and 2 — ¢ confidence levels.
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Figure 4.2: The same as in Fig.4.1 but for the Baseline+f(z)0g(z) dataset + the Hubble con-
stant priors from the Planck (P18) and the SHOES (R22) values at 1 — ¢ and 2 — o confidence
levels.
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Figure 4.3: The evolution of H(z) with z for
ACDM model and viscous RVM, using Base-
line dataset. The 32 observational data points
of H(z;) are displayed with their associated er-
ror bars.
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Figure 4.5: Deceleration parameter with red-
shift z for the ACDM model and viscous
RVM, using the results obtained from the
Baseline dataset.
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Figure 4.7: Effective equation of state param-
eter with redshift z for the ACDM model and
viscous RVM, using the results obtained from
the Baseline dataset.

Page 144 of 292 - Integrity Submission

Submission ID  trn:oid:::2793}: 125422881

300
—— NCDM (Baseline+fiz)os+P18)
<+ ACDM (Baseline+f(z)os+R22) ’,4
250 1 —- Viscous RVM (Baseline +f(z)os +P18)
== Viscous RVM (Baseline +f(z)os+R22)
foud Hz data
| 200
o
a
=
W 150
£
=
N w0
I -
50 fll X l
0 - - T T
0.0 05 10 15 20 25

Figure 4.4: The same as in figure 4.3 but
considering the results obtained with the
Baseline+f(z)og(z) dataset.
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Figure 4.6: The same as in figure 4.5 but
considering the results obtained with the
Baseline+f(z)0g(z) dataset.
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Figure 4.8: The same as in figure 4.7 but
considering the results obtained with the
Baseline+f(z)og(z) dataset.
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Figure 4.9: f(z)og(z) with redshift z for the

ACDM model and viscous RVM, using the Figure 4.10: Jerk parameter for Viscous RVM
results obtained from the Baseline+f(z)0g(z) using the results obtained with the Baseline
dataset. and Baseline+f(z)0g(z) dataset.

models with errors are plotted in Figs. 4.5 and 4.6, respectively for these two combinations of
datasets. As ¢(z) evolves, it clearly shows that Universe has decelerated in the past (¢ > 0)
and accelerated recently (¢ < 0). In both models, ¢(z) approaches —1 in the late-time, corre-
sponding to the future de Sitter phase. The plots also demonstrate that the evolution of ¢(z)
for viscous running vacuum model is consistently compatible with the ACDM model across
these datasets. We find that the best-fit values of ¢yp and z, align well with the predictions
of ACDM model and other previous findings by many researchers using different approaches
[189, 194, 253, 254, 255].

Further, based on the estimated model parameters, the evolutions of the effective equa-
tion of state parameter, w.rs(z = 0) are shown in Figs. 4.7 and 4.8 for all dataset combina-
tions. In both models, it is found that the Universe transits from quintessence to de Sitter
phase. The present effective EoS parameters for viscous RVM with respect to Baseline and
Baseline+f(z)os(z) along with P18 and R22 are align with the theoretical predictions for the
present value of ACDM model.

As we know that the second tension in cosmology is referred as the growth tension. This
arises as the result of the discrepancy between the Planck value of the cosmological pa-
rameters Q,, and og from weak gravitational lensing survey, cluster counts,and the redshift
space distortion data. Given the degenerate impacts of these two parameters in lensing sur-
veys, typically weighted amplitude of matter fluctuations Ss = o5+/(1 — Q4)/0.3 is employed as
a parameter to compare the consistency with other observations. The weak gravitational
lensing surveys provide constraints via cosmic shear, e.g. Ss = 0.7597005; from the Kilo-
Degree Survey (KiDS-1000)[256] which is in 30 tension with the prediction of the Planck
Legacy analysis of the cosmic microwave background. The values of og and Sg for viscous
RVM are og = 0.7454+0.028 and Sg = 0.782 +0.021 using Baseline+f(z)os(z) with P18, and
og = 0.74940.027 and Sg = 0.784 +-0.024 for Baseline+f(z)og(z) with R22. We find reasonable
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results for the matter sector including the perturbation. These values of Sg(og) are aligned
with the KiDS-1000 [256]. However, viscous RVM shows a difference of 1.366 with P22 and
1.27¢ with R22 when compare with Sg(os) = 0.81470-91(0.8021007%) of KiDS-Legacy [257].
We present the redshift evolution of the growth rate parameter fog(z) for ACDM and viscous
RVM, compared against recent observational measurement of fog(z) (see Tables 4.1 and 4.2).
These comparisons are shown in Fig. 4.9. We constraint viscous RVM by Baseline+f(z)os(z)
with P18 and R22 which closely follow the ACDM curve.

The results of MCMC analysis for x? and reduced Chi-squared x2, = x2;,/(N —d), where N
and d are respectively the total number of data points used and number of free parameters,
for ACDM and viscous RVM are reported in Table 4.5. It is noted that we have N = 1747 for
Baseline and N = 1765 for Baseline+fog including P18 or R22. In viscous RVM, d =5 and in
ACDM, we have d = 2. Table 4.5 reveals that the x2,, is less than unity for both the models
with both combinations of datasets. Note that a value of 2, < 1 is considered the best-fit
with data while x2, > 1 is considered a bad fit. This indicates that both the models fit these
observational data sets quite effectively and that the observed data are compatible with the
concerned models.

As a supplementary information, we include an additional purely kinematical parameter,
which is called the jerk parameter j(z) and is described in 1.70. It provide us with the de-
parture of our model from the ACDM model. It is observed that for the ACDM model, jerk
parameter always has a constant value of j = 1. The evolution of j(z) for the viscous RVM and
ACDM model are plotted in Fig. 4.10 using the best-fit parameter values derived from two dif-
ferent combinations of dataset. The positive value of j(z) indicates an accelerating expansion
of the Universe. The present values of jerk parameter for viscous RVM are j, = 0.978 +0.004
for Baseline +P18 and j, = 0.978 +0.006 for Baseline+R22 dataset, and j, = 0.979 +0.007 for
Baseline+fog(z) +P18 and j, = 0.980+0.005 for Baseline+fog(z) +R22 dataset, which slight
deviation from the ACDM model. However, in late time, jerk parameter tends to 1 for all

datasets.

4.7 Convergence diagnostics

Convergence diagnostics is a tool which is used to assess the stability state of the MCMC
simulation. This diagnostics ensure the validity and reliability of the result obtained from
MCMC analysis. The Gelman-Rubin (GR) diagnostic is one of the most commonly used
techniques to evaluate the convergence of MCMC simulations. This diagnostic works by run-
ning multiple Markov chains, denoted as {X,Xii,...,Xi,—1} for i = 1,...,m, with each chain
initialized from an over-dispersed starting distribution compared to the target distribution x.

Gelman and Rubin[258] presented approaches to construct such initial distributions, although
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in practice, these starting points are often selected arbitrarily. When running these m parallel
chains, two variance estimators are computed for a variable X ~ x. The first is the within-chain

variance:

W=3 ¥ 0~ %)% mn—1) @2)

where X; is the mean of the ith chain.

The second is the pooled (between-chain) variance estimate:
n—1 B

W+ — (4.23)
n n

‘7:

where

m X'i_X 2
B=n (; (m_1)> (424)

with X representing the overall mean across all chains.
Gelman and Rubin [258] suggested comparing the ratio of the pooled to the within-chain
variance, known as the potential scale reduction factor (PSRF):

L4
W

R= (4.25)
A value of R close to 1 indicates convergence. As more samples are drawn and the chains
mix, R approaches 1.

In this chapter, to assess the convergence of our Markov Chain Monte Carlo sampling, we
execute four independent chains using the emcee package. Each chain was initialized from
a different starting position to ensure diverse exploration of the parameter space. We ran
each chain for a total of 5000 iterations. To eliminate the influence of initial transients, we treat
the first 2000 samples from each chain as burn-in and excluded them from all subsequent
analyses. After discarding these burn-in samples, we evaluate convergence by calculating
the Gelman-Rubin statistic R for each model parameter. The R values of parameters of ACDM
and viscous RVM model are given in Table 4.4 which shows that both the models converge
to 1 for both datasets, indicating that the chains had converged satisfactorily. In addition,
we visualize the sampling behavior by plotting trace plots for each parameter of ACDM and
viscous RVM models using baseline and baseline+ f(z)o(z) datasets, respectively as shown
in figures 4.11-4.18, which further confirm that the chains are well-mixed and stable after

burn-in.
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Table 4.4: The R values of parameters for ACDM and viscous RVM models with Hubble
constant priors by the Planck (P18) and the SHOES (R22) values.

Model Dataset Hy Qn & \% u g M o3
ACDM Baseline+P18 1.0003 | 1.0002 - - - 1.0005 | 1.0004 -
Baseline+R22 1.0003 | 1.0000 - - - 1.0002 | 1.0003 -
ACDM Baseline+f(z)og(z)+ P18 | 1.0000 | 1.0000 - - - 1.0000 | 1.0000 | 1.0008
Baseline+f(z)og(z)+ R22 | 1.0000 | 1.0000 - - - 1.0001 | 1.0000 | 1.0000
Viscous RVM Basel.ine+P1 8 1.0000 | 1.0000 | 1.0004 | 1.0001 | 1.0006 | 1.0000 | 1.0000 -
Baseline+ R22 1.0008 | 1.0001 | 1.0002 | 1.0007 | 1.0001 | 1.0006 | 1.0006 -
Viscous RVM Baseline+f(z)og(z)+P18 | 1.0003 | 1.0000 | 1.0006 | 1.0000 | 1.0004 | 1.0002 | 1.0003 | 1.0000
Baseline+f(z)og(z)+ R22 | 1.0008 | 1.0000 | 1.0002 | 1.0009 | 1.0000 | 1.0009 | 1.0007 | 1.0000
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Figure 4.11: Trace plot ACDM
model using Baseline dataset with
P18.
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Figure 4.13: Trace plot ACDM
model using Baseline + f(z)03(z2)
dataset with P18.
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Figure 4.12: Trace plot ACDM
model using Baseline dataset with
R22.
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Figure 4.14: Trace plot ACDM
model using Baseline + f(z)o3(z)
dataset with R22.
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Figure 4.15: Trace plot Viscous
RVM using Baseline dataset with
P18.

Figure 4.17: Trace plot Viscous
RVM using Baseline + f(z)og(z)
dataset with P18.
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Figure 4.16: Trace plot Viscous
RVM using Baseline dataset with
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Figure 4.18: Trace plot Viscous
RVM using Baseline + f(z)og(z)
dataset with R22.
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Table 4.5: The reduced chi-squared xrze J= )(2 /N —d, AIC, BIC, DIC values for viscous RVM
model with the Hubble constant Priors by the Planck (P18) and the SHOES (R22) values.

Model Dataset Xow |d] N [ 22, AIC BIC DIC | AAIC | ABIC | ADIC
ACDM Baseline+P18 1581.053 | 2 | 1747 | 0.906 | 1585.053 | 1595984 | 1585.960 | - - -
Baseline+R22 1582.420 | 2 | 1747 | 0.907 | 1586.420 | 1597351 | 1586222 | - - -

AcDM | Baseline+(2)as()+P18 | 1593.451 |2 1765 | 0.903 | 1597.451 | 1608.403 | 1597411 | - - -
Baseline+f(z)og(z)+ R22 | 1594.890 | 2 | 1765 | 0.905 | 1598.890 | 1609.841 | 1599.567 | - - -

Viscous RYM Baseline+P18 1573334 | 5 | 1747 | 0.903 | 1583334 | 1610.662 | 1585.404 | —1.719 | 14.678 | —0.565

Baseline+R22 1573.531 | 5 | 1747 | 0.903 | 1583.531 | 1610.859 | 1586.044 | —2.889 | 13.508 | —0.178

Viseous Ry | Baseline+f2)og(2)+ P18 | 1587.194 | 5| 1765 | 0902 | 1597.194 | 1624.573 | 1598255 | ~0.257 | 16.170 | 0.844
Baseline+f(z)og(z)+R22 | 1589.721 | 5| 1765 | 0.903 | 1599.721 | 1627.100 | 1600.326 | 0.831 | 17.259 | 0.759

4.8 Model Selection Statistics

Finally, we assess the statistical relevance of the data fitting and the observational
compatibility of the models by applying the well-known Akaike Information Criterion (AIC), the
Bayesian Information Criterion (BIC), and the Deviance Information Criterion (DIC). These
criteria evaluate fitted models against a reference model. The details on minimized yx? of
above datasets are given in section 4.6.

Table 4.5 displays the values of AAIC, ABIC and ADIC assuming the ACDM as the
referring model. We find the values of (AAIC,ABIC,ADIC) = (—1.719,14.678,—0.565)
for Baseline+P18 and (AAIC,ABIC,ADIC) = (—2.889,13.508,—0.178) for Baseline+R22,
and (AAIC,ABIC,ADIC) = (—0.257,16.170,0.844) for Baseline+f(z)os(z) + P18 and
(AAIC,ABIC,ADIC) = (0.831,17.259,0.759) for Baseline+f(z)os(z) + R22. The values of
AAIC(ADIC) show that the datasets have strong support in favor of viscous RVM model. In
contrast, the evaluation based on ABIC, we find that both the datasets exhibit a strong support
for the ACDM model.

This discrepancy arises because AIC (DIC) tends to be more inclusive in model selection.
The BIC imposes a stronger penalty on models with more number free parameters than
AIC(DIC) and that the penalization function is proportional to the number of points in the

dataset.

4.9 Conclusion

In this chapter, we have examined a bulk viscous cosmological model in the framework
of time-varying vacuum energy density, where the bulk viscosity coefficient is proportional
to the Hubble parameter H. Additionally, we have assumed a generic form of the VED
which is proportional to H and H. This type of model has been the subject of discussions
in the literature [16, 95, 180, 259, 260] and the references therein. These models have
withstand numerous benchmark tests against all kinds of contemporary data with success

and proved their robustness and viability as strong competitors to the standard ACDM model.
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This is true not only in terms of their ability to fit the recent cosmological data, but also
important in terms of elevating the significance of the ACDM and its extensions in the context
of theoretical physics. The primary distinctive characteristic of the RVM is predicting the
existence of dynamical dark energy (DDE) related with the vacuum. In other words, the
running vacuum manifests itself as a type of DDE, but it is actually (quantum) vacuum, and
not merely an additional phenomenon taken out of the dark energy’s blackbox to imitate or
replace the core idea of vacuum energy in QFT. Since the VED in QFT must be renormalized,
the rigid cosmological term A does not exist in the RVM paradigm. The renormalization
scale is dynamic; hence, the calculated quantum corrections result in a time-evolving VED
with the expansion [260]. In the context of QFT in curved spacetime, precise calculations
have recently reinforced the general structure of the RVM. As mentioned in the references
[244, 245, 246], the smooth VED dynamics in the RVM was long anticipated based on
semi-qualitative renormalization group arguments and it was only confirmed recently in an
entire QFT context. In RVM framework, a true cosmological constant does not exist and it
is reasonable to assert that a rigid parameter of this kind, is not predicted in renormalizable
QFT [260].

Regarding the analysis presented in this chapter, we have focused on the implementation
of viscous RVM, in order to facilitate a better comparison with earlier studies, especially
the most recent one in Ref. [194]. In our approach, we have described a novel and
comprehensive parametrization of bulk viscous coefficient and VED. The viscous RVM has
one additional parameter u. The dynamical component of the VED is proportional to the
scalar of curvature, H and H?, with its coefficient u and v respectively. Although such a
coefficient can be analytically explained in QFT, in practical application it has to be fitted to
the overall cosmological data because it depends on the masses of all the quantized matter
fields. We have employed the chosen parameterizations in order to derive analytical solutions
for different cosmological parameters, including H(z), a(t), q(z), w(z) and j(z).

We have validated our findings using observational data from a wide range of sources,
which comprises of, SNela pantheon+, CC, BAO and f(z)og(z) datasets. The priors of the
present Hubble constant from Planck and SHOES have been implied with these two datasets.
Applying the MCMC methodology, the constraints of the model parameters of ACDM and
viscous RVM have been estimated which are presented in Tables 4.1 and 4.2. When a
global fit is made to the cosmological dataset using two different combinations, including
the Baseline and Baseline+ f(z)os(z), and the rigid option v,u,{ = 0 (i.e., A=constant
corresponding to the ACDM model) is compared with the viscous RVM (v,u,{ # 0), we
observed that a mild dynamics of the cosmic vacuum (v, u ~ 10~3) and viscosity ({ ~ 0.01) is
strongly preferred. We have evaluated convergence by calculating the Gelman-Rubin statistic

R for each model parameter. The R values of parameters of ACDM and viscous RVM model
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are given in Table 4.4 which shows that both the models converge to 1 for both datasets,
indicating that the chains had converged satisfactorily. The analysis of present values of
Hubble constant show that the viscous RVM minimizes the Hubble tension up to 0.569c
and 0.564c, respectively with the datasets used for this observation. The Hubble constant
values also remain consistent with the Planck measurement regardless of the prior used. In
other words, the MCMC analysis naturally favors the Planck value of Hy. This holds when
both the Baseline and Baseline +f(z)og(z) have been considered. We have also found the
reasonable results for the matter sector including the perturbation. These values of Sg(o3) are
aligned with the KiDS-1000 [256]. However, viscous RVM shows a difference of 1.365 with
P22 and 1.27c with R22 when compare with Ss(o3) = 0.8147(915(0.80270073) of KiDS-Legacy
[257]. The analysis of other cosmological parameters such as deceleration parameter, E0S
parameters and jerk parameter and their corresponding present values reveal that the viscous
RVM describes the Universe transits from a decelerated phase to accelerated phase. The
comparison with ACDM model demonstrates the efficacy of our parametrization of viscous
RVM in determining the late-time cosmic acceleration.

We have reported the model selection criteria such as AIC, BIC and DIC of proposed
viscous RVM with reference to the ACDM model. According to AAIC(ADIC), viscous RVM has
“strong evidence in favour", and as far as ABIC is concerned, we have obtained the values
> 10 and hence strong support of ACDM model.

To conclude, it is intriguing that the interacting viscous DM and vacuum energy density,
i.e., viscous RVM provides the present values of Hubble constant which alleviates the Hubble
tension. The viscous RVM which have been considered seems to be consistent with ACDM
model in terms of evolution and present values of cosmological parameters such as the Hub-
ble parameter, deceleration parameter, EoS parameter and jerk parameter. Our model is able
to explain the accelerated expansion of the Universe with the consistency of observational
datasets. Our findings imply that the dark energy is most likely dynamical and assumes the
running vacuum form with viscosity. The potential for late-time new physics in the dark sector,

which may be concealed behind these ongoing cosmological tensions, cannot yet be ruled out.

kkkkkkkkkkkkkkkk
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Chapter 5

Time-varying vacuum energy models in

Brans-Dicke theory

In this chapter ', we discuss decaying vacuum energy model, which suggests that vacuum
energy is not constant but decreases as Universe expands, in a modified theory of gravity,
known as Brans-Dicke (BD) theory. The solution of the field equations lead to late-time

acceleration and model’s parameters are consistent with the observations.

Highlights:

=" Presents a cosmological model with decaying vacuum and bulk viscosity in the framework
of FLRW spacetime in Brans-Dicke theory.

IZ” |nstead of constant A, a time-varying vacuum energy density p, as a truncated power
series of Hubble parameter up to second order, A(t) = niH +nyH? and power-law A(t) = 3ya™"
are assumed to find the solutions of the proposed models.

=" The BD theory introduces a scalar field ¢ in place of 1/G which permeates spacetime
which distinguishes from the standard ACDM model.

=" The scalar field ¢ is assumed to be related to the scale factor a by a power-law relation,
¢ = @oa(t)?, where ¢y and € are constants.

" Analytical solutions of two proposed models are obtained for Hubble parameter in terms
of redshift.

'This chapter is based on a published research paper “Constraining the time-varying vacuum energy models
in Brans-Dicke theory, Astrophysics and Space Science 368, 16 (2023)".
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5" Observational analysis are performed using SNe la, Hubble data and BAO by MCMC
simulation method.

2" The different cosmological parameters show that there is a smooth transition from
decelerated phase to the late-time accelerated phase approaching to de Sitter model.

2" The information criterion AIC and BIC suggest that both the models have strong evidence
in favor over the ACDM model.

I¥” Presents a summary of findings in last section.

5.1 Introduction

In the current view of modern cosmology, the nature and origin behind the current accel-
erating expansion of the Universe constitute a major problem. The analysis and interpre-
tation of many observational data like Type la supernova [34, 261, 262], galaxy clustering
[263], Cosmic microwave background radiation [264] and other cosmological observations
[11, 67, 265, 266, 267] provide a cosmic expansion of the Universe that involves a recent
accelerated expansion. This phenomena has been discussed either by adding an energy
component in energy-momentum tensor usually called Dark energy (DE) which has negative
pressure, or modifying the General theory of relativity. The Cosmological constant (CC), which
was initially introduced by Albert Einstein to make the static Universe, is a natural and simplest
candidate of DE. This DE model, so-called standard Lambda-cold dark matter (ACDM) model,
fits accurately the current observational data and describes well the observed Universe, but
faces two serious problems, namely, the fine-tuning and the cosmological coincidence prob-
lems [10, 176].

In the recent years, these longstanding problems have galvanized a variety of alternative
theories beyond the ACDM model, including a dynamical A instead of just assuming the A as
a constant. The A(r) model is based on vacuum quantum fluctuations in the curved space-
time, and the resulting effective vacuum energy density depends on the space-time curvature
which decays from high initial values to smaller ones as the Universe expands [268]. In Quan-
tum field theory, the renormalization group [269] describes a dynamical vacuum energy, in
which the A-term varies as A ~ H?, and a number of flat FLRW models have been studied by
assuming the vacuum energy density as a truncated power-series in terms of Hubble param-
eter H [97, 99, 100, 101, 102, 103, 105, 107, 270, 271, 272].

On the other hand, the scalar-tensor theories have been reconsidered extensively in litera-

ture, in particular, the Brans—Dicke theory. Brans and Dicke [24] introduced this scalar—tensor
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theory to incorporate the Mach’s principle in general relativity. In this theory, a scalar field ¢ is
included in the Einstein—Hilbert action that makes the Newtonian gravitational constant G as a
function of coordinates. We replace the gravitational constant G by an inverse of time-varying
scalar field ¢, which couples to gravity with a coupling parameter w. However, in the limit
o — oo, BD theory reduces to the corresponding general relativity.

In recent years, this theory has received significant attention as it successfully describes the
early inflationary era and late-time evolution of the Universe. Many authors [130, 144, 145,
184, 273, 274, 275, 276, 277, 278, 279, 280, 281, 282, 283, 284, 285, 286, 287, 288, 289,
290, 291, 292, 293] have extensively studied FLRW model in the framework of BD theory.
Since the vacuum energy models have the dynamical behavior, it is more suitable to consider
the models in a dynamical framework such as BD theory.

In this chapter, we extend the successful approach recently presented on BD cosmology
with decaying vacuum energy by Singh and Sola (2021) [184] with the some suitable form of
A(t). Here, we assume two different functional form of time-varying A: a power series up to
the second order of H and a power-law form. We focus our attention on exact solutions and
discuss the observational aspects of A(z) models in the framework of BD theory. Additionally,
we perform a Bayesian MCMC method to constrain the space parameters using the obser-
vational data of SNe la, Hubble data and BAO. Using the best-fit values of parameters we
discuss the evolution of the Universe through Hubble parameter, deceleration and equation
of state parameters, and check the consistency of the analytical solution so far obtained for
the both models. The model selection criteria and jerk parameters are also discussed and
compared the models with the standard ACDM model.

The chapter is organized as follows: In Sect. 5.2, we propose the model and basic field
equations in BD theory with cosmological constant. The analytical solutions of the field equa-
tions are presented in Sects. 5.3 and 5.4 with two different functional forms of A(z). In Sect.
5.5, we discuss the latest observational data and method to constrain the main parameters
of our vacuum models. In Sect. 5.6, we analyze the models by using the best-fit values of
model parameters. Section 5.7 discusses the statistical criteria of AIC and BIC in respect of

the models along with ACDM. In Sect. 5.8, we draw our conclusions.

5.2 BD field equations with varying—A(7)

The action of Einstein-Hilbert in Jordan frame for BD theory defined in Eq. (1.45) is modified

by inclusion of cosmological constant A to [293, 294]

S= /d4x\/jg |:1é7'€ ((PR_ w(];l)&aqbgaq)) _p/\:| +/d4x —8%m, (5.1
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where g =|guv|, v/—gd*x is the four-dimensional volume form, and .%,, is the matter Lagrangian
density. Assume that the cosmological constant A implies as vacuum energy density with EoS

PA = —PA-
Varying the action (5.1) with respect to the metric g,v, the field equations of the BD theory

are
Ryv — Eg#VR = ? (Tuv(matter) —guvPA) + % (‘P,MP,V — Zgﬂv¢,a¢7a> + $ (‘P,u;v B guqu)) ’
(5.2)
Varying with respect to ¢, we get the following scalar field equation (wave equation)
8 A
Op=—— il ‘
¢ omy 13 (T(matter) + 87r¢> , (5.3)

where ¢ is the scalar field, wgp is the dimensionless Dicke coupling constant and O is the
Laplace operator or covariant wave operator, 0¢ = ¢, and T = T,ﬁ‘ is the trace of energy-
momentum tensor.
The field equations of BD theory defined in Eq.(5.2) can be rewritten as
1 87 - n SjTBD

R[,LV - *guvR = 7Tuv ¢ nv o

5 ; (5.4)

where T,y = Ty — guvPa IS the total energy-momentum tensor, that is, the sum of the matter
and vacuum contributions. Here py, = A/87G = A¢/8n is the vacuum energy density and
Tuv = (Pm+ pm) uptty + pm guv is the ordinary energy-momentum tensor of perfect fluid, where
pm is the energy density of matter, p,, is the corresponding pressure and u,, is the four-velocity
vector. Thus, we consider 7, as a perfect fluid form of energy-momentum tensor which is
given by

Tuv = (p + p) uptty +p guv, (5.5)

where p = p,, +pa and p = p,, + pa.
In Eq. (5.4), T, is considered as

1 rTo 1
vaD = ST [% (Vu(bvv(b - 2guvva¢va¢> +VuVyo —g“VVaVa(])] ) (5.6)

which is assumed to be perfect fluid like form of BD energy-momentum tensor

Tfé)z (PBD + PBD) Uty + PBDE YV 5.7
where _
_ L Josp (92N L
pBD—8n|: > (‘P) 3H¢}, (5.8)
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. L Wpp ¢72 . .
PBp = o [2 <¢>+2H¢+¢}7 (5.9
For energy-momentum tensors (5.5) and (5.6), the BD field equations for FLRW metric (2.1)
yield
¢ ¢2 8
3H?>+3H- — —22 —""p (5.10)
o 292 ¢°F
. ¢) q) (0):75) ¢2 87'[
2H+3H*+ -~ 42H- + =227 4 — : (5.11)
o o2 92 o7
o . 81
3Hp = ——(p —3p). 5.12

The consistency of the BD field equations (5.4) yield

| 8 8
v, <R”V—2g“VR> —0=V, < ¢ET“V+(;ITI§’DV> (5.13)

Assuming that the matter with vacuum and scalar field conserve separately, i.e., T*" obeys

the usual conservation law, V, 7% = 0, which leads to

P+ 3H (P + Pm) = —Pa- (5.14)

One should note here that the EoS of the vacuum energy density follows the same usual form,

i.e., pa(t) = —pa(t) = —0A(r) /87 despite it evolves with time. From (5.13), we obtain

- 1
§rThY v, <> v, <8”T;DV> —0, (5.15)
¢ ¢
which simplifies to )
Psp +3H (psp + pep) = (Pm—i-PA-i-PBD)g- (5.16)

In this chapter, we assume that the scalar field ¢ is related to scale-factor a by a power-law
relation [273, 295, 296]:

¢ = ¢oa(t)*, (5.17)
where ¢y and € are constants. Using (5.17) into (5.10), we get

S T
- (6+68 — (DBDEZ) ¢

(Pm+Pn), (5.18)

where A = 8mp,a/¢. One can find that the standard cosmology is recovered in the limit of
e—0.

Finally, using (5.14) and (5.18), we find

B+e), 2 3A
2 N (6+68 — (DBDSZ) '

H-+ (5.19)
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In the following sections, we find the exact solutions with two forms of A(¢): power-series and

power-law forms.

5.3 A power series A(7) model

In this chapter, we first assume the time-varying A as a truncated power series of the Hubble

parameter up to the second order [hereafter, PS-model], that is, [99, 100, 297]
A(t) = n H +nyH?, (5.20)

where n; is a constant with dimension of H, while n, is a dimensionless constant. The first
term, i.e., A «< H was discussed in Refs.[102, 103, 105, 270] where as the second term, i.e.,
A < H? was proposed in [87, 298]. Thus, Eq.(5.20) is a combination of linear and quadratic
form of A(z). Using (5.20) into (5.19), we get

. 3+¢ 3ny 2 3nH
H — H" = . 5.21
+ ( 2 (6+6€ — wBD£2)> (6+6€ — wppe?) -2

Now, considering the current value of A as Ag = 3H3Qa, Where Q, is the density parameter
for vacuum, Eq. (5.20) gives n; = Hy(B —3Q,,), where Q, = 1 —Q,,. Here, Q,, is the matter

density parameter. Using this value of n;, EQ.(5.21) can be rewritten as

dh <(3+8)(6+6e—w3082)—6(3—[3)) 3(B —3Q)

— h= 5.22
dx 2(6+68 — (DBDEZ) (6+6€ — (DBD&'Z) ( )

where x =Ina and h = H/H, is the dimensionless Hubble parameter and 8 =3 —n; (or |ny| <<
1). It is obvious from (5.22) that 8 > 3Q,,, where 0 < 8 < 3.
On solving (5.22), the dimensionless Hubble parameter as a function of the scalar factor can

be written as

h(a) — 6(ﬁ _3'Qm) + ( o 6(B _3Qm) afk
(3+2)(6+6¢ — wpne?) —6(3—P) (3+2)(6+ 6 — wpne?) —6(3—B)
(5.23)
where k = BHe)(E+6e—m5e®) 63-F) |t is 5 be noted that for & — 0, we recover the result obtained

2(6+6&—wppe?)
in Ref. [297] and further for B — 3 i.e. n, — 0 and &€ — 0, we recover the dynamical A solution

derived in Ref. [103].

Considering a = (14z)~!, we can define the normalized Hubble expansion E(z) as

H - =
E(z) = - = Qar+Qm(1 +2)k, (5.24)
0
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where
6(8 —3Qn)
(3+¢€)(6+6€—mppe?) —6(3—P)°

Opni=1-Q = (5.25)

One can observe that for e — 0 and 8 — 3, Eq.(5.25) reduces to Q,; = Q4. Assuming the scale

factor to unity at present, i.e., agp = 1, the scale factor evolves with time as

(e(kaHo H_1 +QA1 > 1/k

alt) = Qi

(5.26)

It is obvious from (5.26) that the scale factor varies as a ~ /¥ | i.e., power-law expansion
during the early times. Therefore, the model expands with decelerated rate. It is followed by a
transition to an accelerating epoch where the scale factor varies a ~ exp(Qa1Hp ¢) in late time.

The observational data suggest that the accelerated expansion of the Universe is a recent
phenomenon. It means that the Universe might be decelerated phase in the early epoch when
there was no DE or when its effect was subdominant. Therefore, the Universe must have a

transition from decelerating to accelerating phase. In this context, the deceleration parameter

oe plays an important role to describe the evolution history of the Universe. For this model, the

deceleration parameter in terms of redshift is calculated as

kﬁml (1+Z)k
7)=—14 = = . 5.27
CI( ) Qa1+ Q1 (1—|—Z)k ( )

The present-day value g can be found by putting z = 0 in (5.27), which is given by
qo =k Qi — 1. (5.28)

We now discuss the deceleration-acceleration transition redshift, z;, which is defined as a

redshift where ¢(z) =0 and it is given by

2(6+68—COBD82) QA] 1/k

(14+¢€)(6+6€ — awppe?) —6(3—B)) Q1]

Zr=—1-+ (5.29)

At this stage, we also discuss another important parameter, known as equation of state (EoS)

parameter which describes the dynamics of the Universe. In this model, we discuss the effec-

tive EoS parameter, which is defined as w.;; = —1 — %42 Using (5.23) in this expression, we
get .
2k,
wepy(a) = 1+ = L1+2)k. (5.30)

The present value of EoS parameter is given by

2k ~
Weff(ZZO) :—I—F?le. (5.31)
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The condition for acceleration of the present universe is given by
BWerp(z=0)+1=2(—1+kQpu). (5.32)

It should ne noted here that for an accelerated expansion of the Universe the effective EoS
parameter must be w, ¢ < (—1/3). This condition is satisfied if &,,; < 1/k, which is also com-
patible with the analysis of deceleration parameter as given in Eq.(5.28). From Eq. (5.30), it
is found that w.sr(z) - —1 as z — —1, i.e., as a — «. Thus, the model exhibits to de Sitter
Universe and coincides with the ACDM model in later stages of its evolution.
In what follows, we check the consistency of the model. Using (5.8), (5.9) and (5.18) into
(5.16), we get
2(wppe —3)H + (wppe* + 6wppe — 12)H? = 0. (5.33)

We substitute the solution of Hubble function A from (5.24) into (5.33), we get
2](((!)31)8 — 3)Qm1(1 —i—Z)k + (12 — (J)BD82 — 6(0308)(.(2/\1 + le(l +Z)k) =0. (5.34)

It can be observed that, in general, the above equation is not satisfied. However, we can get

a relation between the constants at present epoch, i.e., for z =0, which is given by
2k(wppe —3)Qum1 + (12 — wppe® — 6wppe) = 0. (5.35)

Once we get the best-fit values of model parameters by observations, we can check the con-

sistency of the Eq. (5.35) for the present epoch.

5.4 A power-law A(¢) model

Bertolami (1986) [177], Ozer and Taha (1987)[179], and Chen and Wu (1990) [240] have
studied the model with vacuum energy density in general relativity which evolves as A o« a2,
In the following, we assume that the vacuum energy density evolves as the general power of

the scale factor (hereafter PL-model):
Aa) =3ya™", (5.36)

where 7 is a constant. Using (5.36) in (5.19) and simplifying, we get

dH2+(3+8)H2_ 18y

—n—1
= . 5.37
da a (64 6€ — wppe?) “ (5:37)
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Using the present value of vacuum energy density, Ao = 3H3Q4 into (5.36), we get y = Q\H.

Using this value of v, the solution of (5.37) with H(a = 1) = Hy in terms of redshift is given by

1/2

H " ~
E(z) = T Qu(1+2)P 1+ Q01 +2)"| . (5.38)
0
where
~ 18Q4
Qpr = 5.39
AT 6+ 66— wppe?)(3+e—n)’ (5.39)
and
~ 18Qp
Qup=1- : 5.40
2= 1= 6 6e —wme?)31e—n) (5.40)
The deceleration parameter is obtained as
1 Qo (1+2)3%8) + nQpr(142)"
g= 1+ LB HECm(1+9770 +nlp(l1+2)" (5.41)
2 sz(l +Z)(3+£) —|—.QA2(1 +Z)n

It is clear from (5.41) that ¢(z) tends to —1 in the future (negative redshifts). The present value

qo is obtained as

do=—1+ (3+8)Q;2+71.QA2. (5.42)
The transition redshift is given by
A 1/(3+&—n)
r = (Q”)QM) -1, (5.43)
(1 + E)sz

where as the effective EoS parameter is calculated as

1 (3+&)Qum(14+2)C78) +nQpr (1 +2)"
W, = _1+7 = ~ . 5.44
e 3 Qun(1+2)09) + Qa0 (1 +2) (544

The w,.sr at z = 0 is obtained as
1 ~ ~
Werr(2=0) = =142 (3+€)Qm2 +nQn2) . (5.45)

From above equation, we observe that the condition for acceleration of the present Universe
3werr(z=0)+1 < 0 is satisfied if (3+&)Qu2 +nQas < 2, which is also compatible with the
analysis of deceleration parameter. From Eq. (5.45), itis found thatw — —1asz— —1, i.e., as
a — o. Thus, the model attains to de Sitter Universe and coincides with the ACDM model in
late time evolution.

Let us check also the consistency of the model. Substituting the solution of Hubble function
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H(z) obtained in Eq. (5.38) in Eq. (5.33), we get

((DBDE - 3)[(3 + E)sza_(3+8) + nQAza_"} - ((IJBDEZ + 6wgpe — 12) [sza_(3+8) + .QAQG_"] =0.
(5.46)

We can get the relation between the constants at present epoch which is as follows.
(0ppe —3)[(34 &) Qo+ nQns] — (wppe® + 6wppe — 12) = 0. (5.47)

We will check the above consistency equation for the model once the best-fit values of model

parameters by observations are obtained.

5.5 Data Sample and methodology

In this section we discuss the observational constraints on the free parameters of PS and
PL models by using the latest observational data of H(z), Type la supernovae and baryon

acoustic oscillations.

* Hubble data: We employ 30 H(z) measurements obtained via the differential age
method [299] for passively evolving galaxies in the redshift range 0.07 < z < 1.965 [23].

These data points are uncorrelated with the BAO points.

« Type la Supernovae: For SNe constraints, we adopt the Pantheon sample of 1048
SNe covering 0.01 < z < 2.3 [37]. Accounting for varying G [283, 300], we modify u
(1.74) given in section 1.16.1. Simple analytical models of light curve predict that the
SNe peak luminosity is proportional to the mass of nickel synthesized which in turn,
to a good approximation, is a fixed fraction of the Chandrasekhar mass (My; < Mc¢y),
which satisfies M o« G—3/2 [283, 301, 302]. Based on the fact that luminosity L < My, a
modification is required to the absolute magnitude of a SNe in the case of varying G.
Thus, for the luminosity distance we have L o« G3/2, i.e., for a slow decrease of G with
time, the distant supernovae should be dimmer than predicted for a standard scenario.

Using the definition of absolute magnitude

L
M= —-25log—, (5.48)
Lo

the modulus distance relation (1.74) must be corrected as [283, 300]

15 G
.uth(zv p) =35 loglO[dL(Z7 p)/lo pC] + Z IOg EO + %7 (549)
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Since, in BD theory, G o< y~!, where y = yya®, we rewrite (5.49) as

15
W(z,p) = 5 logygld(z.P)/10 pe] + —elog(1+2) +.4. (5.50)

where p is the set of parameters.

» Baryon acoustic oscillations (BAO,.): We adopt six d, measurements from [52]. The

values of z;, d; .5, 0;,; can be found in Table 3 of Blake et al(2011) [52].

The data description of SNe, H(z) and BAO,, data are given in Section 1.16. Using the above
a cosmological observations, we adopt the Markov Chain Monte Carlo (MCMC) method to find
the best-fit value of model parameters of viscous model. The x? for each data, namely, x2,..

xf,(z) and x2,, are given in equations (1.77), (1.80) and (1.84) respectively.

5.6 Results and discussion

In our analysis, we use the publicly available MCMC sampling algorithm in emcee python
o library [36] to generate the chain. In MCMC method, the best-fit of the parameters are maxi-
mized by using the probability function .Z o< exp(—x2/2).

In order to find the best fit, we minimize the overall x? function using two different com-
binations of datasets, namely, DS1 : %, = Xsve + Xii(z) @nd DS2: X = Xine + Xii(2) + Xino,.
The main cosmological parameters are €, wgp and Hy which are common for both models. In
addition to this PS model has two extra parameters Q,, and 8, and PL model has two extra
parameters n and Q5. We constrain the space parameters in three models: ACDM, PS and
PL. The contours of our statistical analyses are shown in Figs.5.1-5.3 and best-fit values of
parameters are summarized in Table 5.1 that arise from the joint analysis described above.
Using fitting values of parameters of ACDM, PS and PL models, a comparative study of PS

and PL models with concordance ACDM are as follows:

In PS model, we find Q,, = 0.3447007} and Q,, = 0.3417005% from DS1 and DS2, respec-
tively which are subsequently higher than the respective values Q,, = 0.313%!% and Q,, =
0.3147991% of ACDM model. However, these results are close to Q,, = 0.3200} obtained in
Ref. (Basilakos et al.2009) in general relativity.
The respective transition from deceleration to acceleration takes place at the redshift z,, =
0.73570%0 and z, = 0.73570%¢, which show that the transitions occur earlier than ACDM
model as mentioned in Table 5.2, and also z;, = 0.660 as obtained in Ref. [31].
e The present values of g and w, ¢ are listed in Table 5.2 which show that the go and w,s¢(z=0)

of PS model are lower than the ACDM obtained from DS1 dataset. However, these values,
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Figure 5.1: Two-dimensional confidence contours and one -dimensional posterior distributions
on free parameters in ACDM model obtained from the datasets DS1 : SNe + H(z) (red con-
tours) and DS2 : SNe + H(z) + BAO,;, (grey contours)
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Figure 5.2: Two-dimensional confidence contours and one -dimensional posterior distributions
on free parameters in the PS model obtained from the datasets DS1 : SNe+ H(z) (red contours)
and DS2 : SNe + H(z) + BAO,, (grey contours)
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Figure 5.3: Two-dimensional confidence contours and one -dimensional posterior distributions
on free parameters in the PL model obtained from datasets DS1 : SNe + H(z) (red contours)
and DS2 : SNe+ H(z) + BAO,, (grey contours)

Table 5.1: The fit values of parameters of ACDM, PS and PL models, respectively obtained
from DS1:SNe+H(z) and DS2: SNe+ H (z) + BAO,;, datasets. The Hy parameter is expressed

in Kms~'Mpc!
Models — ACDM PS PL
Parameters |, DS1 DS2 DS1 DS2 DS1 DS2
Hy 68.17973008  68.126 | 51% | 67.80171 % 6770671817 | 67.266" 40  67.1827151
- — | o036t 00367 | 003870 003870
wpp — - 48.234 71885 48.384718303 | 46.489T20- 2 46.1511[9933
p - R L 1 VR A -
n — — — — 0.219701%  0.222%011¢
Q 031310018 031410010 | 03447005 034175056 - -
Q 0.708+5%23  0.706+552 - ~ 0.672+3%1  0.669*9 %3]
X2 569.617  10684.353 553.587 10659.909 544.063 10633.291
AIC 575.639  10690.355 563.642 10669.964 554.685 10643.346
AAIC — — 11.997 20.391 20.954 47.029
BIC 578.714  10693.458 568.750 10675.084 559.226 10684.474
ABIC — - 9.964 18.374 19.488 8.984
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Table 5.2: The transition value z;, and the present values of g, w.rs of ACDM, PS and PL
models, respectively.

Model — ACDM | PS | PL
Values | DS1 DS2 | DSl DS2 | DSl DS2
ar | 0.6SUigny 064715053 | 0735105, 07351515 | 0.667%005 06071505
q0 —0.5417003%  —0.53570031 | —0.7707033  —0.7807033 | —0.4597( 018  —0.4597 0018
werr(z=0) | —0.69470920  —0.69075:921 | —0.8507013  —0.850701% | —0.63910015  —0.63910013
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Figure 5.4: Best fits over H(z) obtained from  Figure 5.5: Best fits over H(z) obtained from
DS1 dataset . The grey bars show the data  DS2 dataset . The grey bars show the data
points of H(z) points of H(z)

which are obtained with dataset DS2, are little-bit higher than ACDM model. From Figs.
5.6 and 5.8, we observe that as z — —1, both ¢ and EoS parameter w, s tend to —1. The
present values of Hubble parameter are Hy = 67.8017%%%  Kms~'Mpc~! and Hy = 67.7061} )]
Kms~'Mpc~!, which are good agreement with Planck result (Aghanim et al.2018), where
Hy=67.7+0.46 Kms~'Mpc—'. However, these values are slightly lower than the values of

ACDM obtained from the same datasets.

In this model, we have two extra free parameters, namely € and B with respect to the A
CDM model. In dataset DS1 we find € = 0.03670932 and B = 3.710704}4 whereas for DS2
dataset, we have & = 0.0361003; and  =3.70970417.

The yx? is an important quantity which is used to data fitting process. In this analysis, we
find x2 = 553.587 and x* = 10659.909, respectively with respect to DS1 and DS2 datasets. The
reduced chi-square is defined as x2, = x2,,/V, Where v = (N —n) is the degree of freedom
(dof). Here, N is total number of combined data, which are 1078 and 1084 and n is the number

of estimated free parameters of model, which is 5 for each dataset DS1 and DS2, respectively.
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Figure 5.6: Plot of evolution of deceleration
parameter with redshift using fitting values of
parameters obtained from DS1 dataset. The
dot denotes the present value of deceleration
parameter
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Figure 5.8: Plot of evolution of EoS parameter
with redshift using fitting values of parameters
obtained by DS1 dataset. The dot denotes the
present value of EoS parameter.
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Figure 5.7: Plot of evolution of deceleration
parameter with redshift using fitting values of
parameters obtained from DS1 dataset. The
dot denotes the present value of deceleration
parameter.
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Figure 5.9: Plot of evolution of EoS parameter
with redshift using fitting values of parameters
obtained by DS2 dataset. The dot denotes the
present value of EoS parameter.
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If 2, <1, then the fit is good and the observed data is consistent with the proposed model.
For PS model, itis x2,=0.515 and x2, = 9.879, respectively. Thus, the data DS1 is compatible
with the considered model.

An another way to analyze the departure from the concordance ACDM model is through the
Jjerk parameter (j), which is defined in section1.15. This parameter gives the information about
the dynamics of DE corresponding to j(z) = 1 (constant) for ACDM model. Any deviation
from j =1 would favor a non-ACDM model. The plot of jerk parameter j(z) is shown in Fig.
5.10 using the best-fit values of parameters obtained from DS1 and DS2 datasets in (??). It
is found that j(z) — 1 as z — —1 which incorporates the flat ACDM model well in late times.
The current value j(z) at z=0is jo = 0.6214 and j, = 0.6247 with DS1 and DS2 datasets,
respectively which differ from j, = 1 at present-day.

In PL model, we find Q) = 0.672+0.021 from DS1 and Qx = 0.669 0.021 from DS2, which

2.0— \
1.5r // b B
L //, 7
T
K
T 1.0F~_ #7
Q.\ _/7
N
] PS(DS1) ]
— — = PS(DS2)
0-0 L 1 1
-1 (0] 1 2 3

z

Figure 5.10: Plot of evolution of jerk parameter j(z) with redshift z using fitting values of
parameters of model PS. The horizontal line represents the ACDM model.

are comparatively lower than the value Q, = 0.70870:933 and Q4 = 0.70670-927, respectively.
The redshift transition values are z,, = 0.667709% and z, = 0.607 0%, which are consistent
with the values of ACDM model.

The present values of Hubble constant for this model are Hy = 67.266%| ¢ and
Hy = 67.1827%]3 obtained from DS1 and DS2 datasets which are slightly lower than
the values of ACDM model. The evolution of H(z) for this model with ACDM are shown in Fig.
5.4 and 5.5. The present values of ¢ are higher than ACDM model whereas the w,;s(z = 0)
are very closed to standard model (Refer to Table 5.2). From Fig. 5.6-5.9, we observe that
as z — oo, g — —0.779 and —0.802, where as w,rr — —0.850 and —0.864 for datastes DS1 and
DS2, respectively. This model shows the quintessence-like behavior (—1 < w < 0) in late-time
evolution. This model has two extra parameters, namely € and n with respect to the ACDM
model. The best-fit values of these parameters are & = 0.0387003 and n = 0.219701% from
DS1 dataset, and € = 0.0387) (3 and n = 0.2227013¢ from DS2. The values of n are much
larger than the value n = —0.06 +-0.04 obtained in Ref.[100].
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The respective chi-square values from DS1 and DS2 datasets are y? = 544.063 and
x? = 10633.291 for which 2, =0.507 and x2, = 9.854. Thus, the x>, is less than unity for DS1
dataset which show that the the model provides a very good fit to this dataset.

The plot of jerk parameter j(z) as a function of redshift z is shown in Fig. 5.11 using the
best-fit values of parameters obtained from DS1 and DS2 datasets. It is observed that the
model PL deviates from the ACDM model at current epoch (j, = 0.6004 and j, = 0.6574,
respectively) as well as z — —1. These deviations from ACDM model need attention which
would be found to know the real cause behind the cosmic acceleration.

It is to be noted that the best-fit values of parameters obtained from DS1 and DS2 datasets
for both the models satisfy the consistency equations (5.35) and (5.47), respectively. Thus, the

models PS and PL are also analytically consistent.
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Figure 5.11: Plot of evolution of jerk parameter j(z) with redshift z using fitting values of
parameters of model PL. The horizontal line represents the ACDM model.

5.7 Selection Criteria

In order to compare the proposed models with ACDM, we implement the selection informa-
tion criteria in terms of the strength of the evidence according to Akaike information criteria
(AIC) [61] and Bayesian information criteria (BIC) [63]. These information criteria penalize
the presence of extra degree of freedom (d.o.f.). For detail discussion about these criteria,
we refer to Section 1.17.1. The AIC and BIC and their difference values AAIC and ABIC for
models PS and PL with reference to the corresponding values of AIC and BIC of ACDM model
are given in Table 5.1.

According to AIC and BIC in DS1 dataset, we find AAIC(ABIC) = 11.997(9.964) for PS model
whereas it is AAIC(ABIC) = 20.954(19.488) for PL model. Similarly, in DS2 dataset, we find
AAIC(ABIC) = 20.391(18.374) for PS model and AAIC(ABIC) = 47.029(8.984) for PL model.
These values suggest that according to AIC, there is a very strong evidence in favor whereas as

per BIC there is a strong evidence in favor of these two models.
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® 5.8 Conclusion

In this chapter, we have discussed the dynamics of a flat FLRW model in BD theory with
varying vacuum energy density. We have assumed two different functional forms of vacuum
energy density, namely power series expansion in H up to the second order excluding constant
term and power-law form in terms of scale factor, in order to parametrize the vacuum energy
density. In the first step, we have solved the BD field equations analytically using these two
forms of vacuum energy density. These two models have different theoretical solutions. We
have discussed the cosmological consequences of cosmic acceleration based on these two
forms of interacting A scenarios. Secondly, We have performed two different combinations of
joint likelihood analysis DS1 = SNe+ H(z) and DS2 = SNe+ H(z) + BAO,, for each model includ-
ing ACDM model in order to put the constraints on the main free parameters by x> minimizing

technique. It is noted that there are extra parameters, namely € and 8 in PS model, and € and

n in PL model with respect to the ACDM model. The fit values of these free parameters are

provided in Table 5.1.

Figures 5.1-5.3 show the two-dimensional confidence contours and one-dimensional poste-
rior distributions on the free parameters in ACDM, PS and PL models obtained from datasets.
The best-fit values of the models parameters, transition redshift z;., go and w.ss(z = 0) are
displayed in the Tables 5.1 and 5.2, respectively. Using the fitting values we have discussed
the dynamical behavior of various cosmological parameters, like H(z), q(z), werr(z) and j(z)
by plotting the trajectories of evolution with redshift as shown in Figs. 5.4-5.11. In view of the
observational datasets, we find datasets DS1 and DS2 are very much compatible for the con-
sidered models. The present values Hy, go and w,¢¢(z=0) are very close to the ACDM model.
However, the current value of jerk parameter j, deviates from concordance model. We have
° found that the PS model behaves as a de Sitter model in late-time evolution of the Universe

where as the PL model behaves as a quintessence DE with an EoS lying in (—1 <w < 0).

The yx2,, implies the same goodness of the models considered here. Also, using the best-fit
values of models parameters, we have found that the consistency equations (5.35) and (5.47)
for the both models are satisfied. In what follows, we have summarized our main results in
more detail.

Assuming ACDM as a reference model, we have discussed the performance of these two
@ proposed models. We have found that both the models PS and PL show a smooth transition
from deceleration (¢ > 0) epoch to acceleration (¢ < 0) epoch in recent past. The trajectories
of ¢(z) clearly show that the models generate decelerated expansion in past and late time cos-
mic acceleration in present. Figures 5.6 and 5.7 also show the transition from decelerated to

accelerated expansion happen in the range 0.667 < z;, < 0.735 which are comparatively same
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as ACDM model. The parameters ¢(z), w.rs and j(z) tend to ACDM model in late-time evolu-
tion in PS model. In PL model, these parameters do not tend to respective values of ACDM in
late-time evolution. It has been observed that both the models are well consistent with H(z)
data at low redshifts. Therefore, we conclude that both the models are well fitted with the
present H(z) data.

As for as the AIC and BIC statistical criteria is concerned, we have discussed these two
parameters for the models against the ACDM to observe the performance of each model be-
yond the standard concordance ACDM model and have analyzed any deviation against or in
favor of these models. According to AAIC and ABIC we have found large positive values which
show that PS and PL models have strong evidence in favor over the ACDM model with reference
to datasets DS1 and DS2.

We therefore conclude that, within the framework of Brans-Dicke theory paired with an ap-
propriate form of time varying cosmological constant can successfully account for the ob-

served accelerated expansion of the universe.

*kkkkkkkkkkkhkkkkk
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Chapter 6

Brans-Dicke cosmology with cosmological

term A(H) = co+3VH?

In this chapter ', we study the dynamics of a flat FLRW cosmological model by considering
dynamical VED in BD cosmology. Two different forms of VED are discussed to explain the

evolution of the Universe.

Highlights:

IE” A spatially homogenous and isotropic flat FLRW Universe is considered in Brans-Dicke
theory for the dynamics of the model.
IZ"  Assumes the cosmological constant a dynamical parameter, that is, it varies with
Universe’s expansion.
2" Analyzes the physical behaviours of various cosmological parameters using phenomeno-
logical decaying—laws as A(r) = 3vH?, so-called Aggi model and A = ¢y + 3vH?, so-called
Arg2 model.
=" In Agg1 model, the scale factor evolves as a power-law expansion which gives a constant
value of deceleration parameter. Hence it does not show the transition.
=" Performs the MCMC simulations with two different combintion of observational datasets,
including SNe la (Panthoen sample), BAOs and CMB, Hubble data and local Hubble constant
Hy=73.5+1.4 kmS~'Mpc~' as measured by SHOES for Agg, model

5 The deceleration parameter and EoS parameter trajectories show that there is a smooth

'This chapter is based on a published research paper “Brans-Dicke cosmology with cosmological term
A(H) = co+3VH?, Physics of the Dark Universe 42, 101300 (2023)".
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transition from deceleration to late-time acceleration and approach to —1 in late time.
=" Discuss the selection criterion, AIC and BIC to analyze the model’s stability.

5" Summary in conclusion section.

6.1 Introduction

Bertolami [177], and Ozer and Taha [179] proposed a cosmological model of time-varying
cosmological constant, A(¢) and claimed that it could be a possible candidate of DE. Later
on, many authors [87, 182, 303, 304, 305] have studied the cosmological model with time-
varying cosmological constant. The renormalization of quantum field theory (QFT) provides
a time-varying VED in which the A component evolves as A ~ H?, where H is the Hubble
parameter [269]. Wang and Meng [110] have given a more interesting and realistic decay
law. Although, there exists no fundamental theory to model the time-varying VED, a phe-
nomenological approach has been proposed to parametrize A(z). In literature, many authors
[16, 90, 91, 92, 93, 94, 95, 96, 100, 101, 102, 103, 104, 105, 107, 271, 306] have carried out
analysis on decaying VED in which VED has been phenomenologically assumed in various
possible ways, as a function of scale factor or Hubble parameter. Such attempts suggest that
decaying VED model describe not only the acceleration of the Universe but also solve both
cosmological constant and coincidence problems.

Although Einstein’s GTR is a very successful theory, the research on its alternative theories
are getting a lot of attention during the last two decades. There are many reasons behind the
alternative theories. The motivation comes from the attempt to quantize gravity, which requires
higher order modifications on the EinsteinHilbert (EH) action. Some motivation comes from
the dark components (DE and DM) which might be the effects caused by the modifications
on large scales of GR. It may also possible due to the unification of gravity with other forces,
which requires the modifications on EH action

Brans and Dicke [24] proposed a scalar tensor theory of gravitational field based on Mach'’s
principal and Dirac’s large number hypothesis (LNH), known as Brans-Dicke (BD) theory of
gravitation. BD theory is a modified theory of Einstein’s general theory of relativity. It involves
the non-linear kinetic terms for the BD scalar field. In this theory, the Newtonian gravitational
constant G is replaced by a time-varying scalar field, and a new coupling parameter wgp is
introduced. It is generally assumed that General Relativity is recovered in the limit wgp — oo.

The action and field equations for BD theory are well-known. They involve the ordinary

(tensor) gravitational field of GR, g, v, but also the scalar BD field ¢ and the (dimensionless)
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BD parameter, wgp. We include the cosmological constant associated to vacuum energy
density, pp as a fundamental ingredient of the theory. In fact, we wish to consider the same
matter and vacuum components as in the concordance ACDM except that we replace GR
paradigm by the BD one. Vacuum dynamics, and in general dynamical DE can be phe-
nomenologically favorable, even if not firmly established yet. The idea that the DE could
be not just the cosmological constant of Einstein equations but a dynamical variable, or just
some appropriate function of the cosmic time, i.e., there must be some decay-law of vacuum
energy density, sometimes on purely phenomenological grounds. In particular, models with
time-dependent VED seem to be promising. Many of these models, however, are of pure
phenomenological nature since these models are parametrized in a totally ad hoc manner
and having no obvious connection with any fundamental theory, therefore, these need test-
ing. This kind of theory was renewed, owing to its association with superstrings theories
[138, 274, 275, 276, 277, 278, 279, 293, 294, 295, 296, 307, 308, 309, 310, 311]. In recent
years, many authors [144, 145, 161, 181, 184, 281, 282, 283, 312] have studied BD theory
with cosmological constant in explaining the DE phenomena.

In this work, we combine BD gravity with the idea of dynamical DE. More especially, we
show that if one tries to encapsulate the slow evolution of the BD field in terms of the cur-
rent GR paradigm, the effective theory that emerges is a variant of the ACDM framework in
which pjacquires a time-evolving component and plays the role of an approximate dynami-
cal VED. Although the correct form of this varying VED is not known, a quantum field theory
(QFT) approach within the context of renormalization group (RG) have been proposed phe-
nomenologically. Therefore, we assume the phenomenological form of the dependence of
the cosmological constant on the square of the Hubble parameter with a constant term. In
the absence of this square term of Hubble parameter, it reduces to the concordance ACDM
model. Thus, due to this additional term, the model deviate from the ACDM. Our analysis
includes both analytical and observational. We perform the joint statistical analysis using the
latest observational data including Hubble data, Type la Supernova Pantheon data, baryon
acoustic oscillation data and cosmic microwave background data, and local Hubble constant,
Hy by SHOES. The evolution of various cosmological parameters such as Hubble parameter,
deceleration parameter and equation of state parameter have been discussed.

We have organized the chapter as follows. Section 6.2 presents the model and field equa-
tions of a flat FLRW cosmological model in BD theory with varying cosmological constant. In
Section 6.3, we present the exact solution for two different models depending on the choice
of VED. In Section 6.4, we describe the datasets used in this chapter and the method to con-
straint the free parameters of the model. The results are discussed in detail for the various
cosmological parameters such as deceleration parameter, Hubble parameter and equation of

state parameter in Section 6.5. Section 6.6 discusses the model selection criteria of AIC and
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BIC of the models assuming ACDM as a reference model. In Section 6.7, we conclude the

main findings of our work.

6.2 The field equations in BD theory

Let us recall that Eq. (5.4) of cosmological constant contribution to the curvature of space-

time is represented by Ag,, term on the right hand side of BD field equations

1 8T 81
and
8
VoV% = T —4 6.2

where the modified Tpv is given by Tﬂv = Tuv + 8guvpa- Here pp = A¢/8x is the VED in BD
theory associated with the presence of A (with pressure px = —pa) and 7, is the energy-
momentum tensor for dark matter. Modelling the expanding Universe as a perfect fluid wih

velocity four-vector field u,, we have

Tuv = (p+p)uyuy +p guv, (6.3)

with p = p,, + pa and p = p,, + pa, Where p,, and p, are the matter energy density and VED,
respectively, while p,, and p, are the corresponding thermodynamical pressure and vacuum
pressure, respectively. In this work, we consider the pressure of dust matter containing the
dark matter, p,, = 0.

The energy-momentum tensor for BD scalar, Tjé’ in (6.1) is defined by

= [“’g’) < A a¢V°‘¢) +(VaVvd —guVaV%9) |, (64)

By assuming the above generalized energy-momentum tensor and a spatially flat FLRW

metric (2.1), The indepenent BD field equaiotns reduce to as follows:

3m2 3t - Om 9 _ Ee 6.5)

o 2 ¢ ¢

2H+3H2+¢+2H¢+@¢— b (6.6)

¢ ¢ 2 ¢ ¢

b+3Hp = ) (p—3p). (6.7)

T
(Z(DBD +3
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e where an overdot means derivative with respect to cosmic time + and H = a/a is the Hubble

parameter. The Bianchi identity of V,G*¥ =0 in Eq.(6.1) leads to the following consistency

relation.
1 -
Vy <R“V — gﬂvR> =0=V, <8”T“V - S”T;DV> : (6.8)
2 ¢ ¢
a Let us assume that 7,,, obeys the usual energy conservation equation 74 = 0, which gives
. a :
Pin+3(Pm+Pm) = —Pa. (6.9)
We assume that 7,7} regards as a perfect fluid, i.e., T, = (psp + pap)uutty + Pepguv, Where
@ 1 [wsp (¢° ~
=—|—|—)—-3H 6.10
Psp = o { > (¢> ¢:|7 (6.10)
_ L@ (97 +2H$+ ¢ 6.11)
PED =%z 12 o ‘ '

Now, using (6.9) the Bianchi identity equation (6.8) gives

8xTH Vv, (1> +Vy <8’IT;DV> =0, (6.12)
¢ ¢
which simplifies to )
psp +3H(psp + pBD) = (pm+PA+PBD)Z- (6.13)

Let us assume that the BD scalar ¢ varies as a power-law of the scale factor [295, 296, 308],
which is given by
¢ = goa(t)’, (6.14)

where ¢y and € are constants. The value of € is assumed to be small in order to make the
consistency with G. Therefore, large wgp results the product ewgp as an order unity [295]. It
is noted that the Cassini experiment set a very high lower bound on wgp.

It is interesting to note that in Ref.[161] such power-law form of BD scalar has been assumed
to study the dynamics of BD cosmology with a cosmological term. It has been observed that
the power-law form of BD scalar can conveniently improve the fitting of the cosmological data
[312]. Therefore, we expect that this assumption would also be helpful in a different form of

@ time-varying VED model in BD theory.

Thus, using the power-law form of BD scalar, Eqg. (6.5) reduces to

2 8

2— -
H = et —ame) (P + Pa)- (6.15)

e Equation (6.15) shows that the standard cosmology of general relativity can be recovered in

the limit of € — 0. Considering the dust matter p,, =0, Egs. (6.9) and (6.15) give a single
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evolution equation for Hubble parameter as

(3+e) , 3 87 3A

H H” = —pA =
+ 2 (6+6€ — COBDSZ) (]) pA (6 + 6€ — COBD82) ’

(6.16)

where pp = A/8nG = A¢ /8n. The above equation is solvable once we know the functional form
of A. In the next Section, we find the solution of Eq.(6.16) using time-dependent cosmological

constant.

6.3 Solution with time-varying A

In this chapter, we assume A(¢) as a combination of constant term and a quadratic term in
H [107, 161], that is,
A(H) = co+3vH?, (6.17)

where ¢y and v are constants. The motivation for assuming variable A of the form (6.17)
originates from quantum field theory (QFT)[313], for a detail review, see, Refs.[97, 99, 247].
This functional form of A(¢) has been used to study the evolution of the cosmic star formation
rate and constrained the model parameter v < 0.1 [99, 101].

It is to be noted that in Ref. [184], the authors have studied the Friedmann cosmology
with decaying vacuum energy in BD theory with A = ¢y and A = oH. It has been found that
cosmological model with constant A gives the consistent results where as the model with
A = oH does not show consistency with the observational data used. Therefore, we extend
our work by assuming the functional form of A(H) as defined in (6.17) with the possibility that
it would describe the current accelerating Universe and fit well with the latest observational
data. The following two subsections study two different cosmological models depending on
the choice of A component defined in Eq. (6.17), namely A = 3vH? and A = ¢y + 3vH? and

perform the qualitative and observational analysis(see, the model A = ¢ in Ref.[184]).

6.3.1 Model with A < H?

We assume that the cosmological term is proportional to the quadratic Hubble parameter
(hereafter, Aggi model). This form of A(z) can be obtained from Eq.(6.17) by setting ¢y = 0,
which gives [87, 239, 314, 315, 316]

A(H) =3vH?, (6.18)
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where v is a constant and is expected to be |v| < 1. Using (6.18) into (6.16), we get

3+e 9v H
H' — —=0 6.19
+ < 2 (6+6€ — (oBDez)) ’ (6.19)

where a prime represents dH /da. On solving (6.19), we get

3+e 9v

H(z) =Ho (1+2) <T 6*6“’3082) , (6.20)

where H, denotes the current Hubble parameter at r = 0 and z = (ap/a) — 1 is the redshift

(thereafter, we take ap = 1). Using H = a/a, the scale factor is given by

1

3+¢ 9v (3% o)
— _ Hot 6+6c—0ppHE 6.21
“ |:( 2 (6+6£—(DBD82)> 0 :| * ’ ( )

We find the power-law solution of the scale factor which shows that the model de-

celerates, marginally inflates or accelerates depending on (3% - (6-1—689—7‘,@3[)82)) > 1,
3 9 _ 3 9 i

(% - m) =1or (% - WV(HBDEZ)) < 1, respectively.
Using (6.21) in to (1.65), we get the deceleration parameter as ¢ = (3# - m&givwws%) —1,

which is a constant. This shows that the model either decelerates (¢ > 0), marginally inflates
(¢ = 0) or accelerates (¢ < 0) depending on the bracket term is greater, equal or less than
one. Thus, the model does not describe transition from decelerating phase to accelerating
phase. We can say that, this model does not fit the present observational data as desired. In
general, a time varying ¢ describes the phase transition.

Let us test the consistency of the solution obtained for this model. Using (6.5), (6.10) and
(6.11), Eq. (6.13) gives

2¢e(wppe —3)H = £(12 — wppe* — 6wppe)H. (6.22)

Using the solution (6.20) into (6.22), one can get

3+e Ov 2
2 -3 — — 6 —-12)=0 6.23
(®pp€ —3) ( 2 (646w wBD82)> (wppe® +6wppe —12) =0, (6.23)

which gives a relation between the constants.

6.3.2 Model with A = ¢y + 3VH?

In the previous subsection, we observe that the form A = 3vH? gives power-law solution and
constant value of deceleration parameter, which shows that the Agrg; model can not describe

the current transition phase of the Universe. Therefore, to observe the phase transition we
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now consider the form of A with the addition of a constant ¢, i.e., A = co + 3vH? as defined
in Eq.(6.17). This type of model (hereafter Agg>, model) was first proposed in Ref.[155] using
renormalization group (RG) in quantum field theory, which have been further extensively stud-
ied in the literature, cf. Refs.[97, 99, 101, 317].

Using (6.17), Eq.(6.16) reduces to

dH? N 3+¢ 9v N 6¢o
2 (6+6€— COBDEZ)

H = 6.24
dx (6+6€ — wppe?)’ (6:24)
where x = Ina. By defining Ao = 3H3Qx, Eq. (6.17) gives ¢y = 3HZ(Qa — V), where “0" repre-

sents the present cosmic time. Therefore, Eq. (6.24) can be rewritten as

dH?* (3+¢ 9v ,  18H3(Qp—V)
_ H? = 6.25
dx +< 2 (6+6£—a)BD£2)> (6+6€ — wppe?)’ (6:23)

The solution of (6.25) in terms of redshift is given by
18(Q7 — V) 18(Qr — V) .
H2 — H2 1— 1
(2) = Ho (3—|—8)(6—|—68—(03D82)—18V+< (3+¢€)(6+6€ — wppe?) — 18v (4277,

(6.26)

_ ((Bre)6+6e—appe)—18v
where k = ( (6+68—w:§82) )

Using the dimensionless Hubble parameter E(z) = H/Hy, EQ.(6.26) can be represented as
E*(z) = Qa+ Qu(1 +2)F, (6.27)

where
~ ~ 18(Qp — V)
Qr=1-Q,, = 6.28
A (6+6€ — wppe?)(3+€)—18v (6.28)

From above equations it is to be noted that the solution (22) of the Ref.[184] in case of standard
BD model with constant cosmological constant can be recovered by taking v = 0 and further
€ =0 gives the standard ACDM regime, the standard scaling law of non-relativistic matter and
a strictly constant VED [99]. Again, in the absence of BD theory € =0, i.e. ¢ =¢9=1/G
and v # 0, the model Agg, reduces to the the ACDM regime, the standard scaling law of non-
relativistic matter and varying VED [97, 99].

We observe from (6.27) that in the limit « — 0, the Hubble parameter, H ~ HyQ,,a */2, which
implies that the model decelerates. However, in the limit a — «, we have H = HO\/fTA, which
corresponds to a pure de Sitter phase. Thus, the model transits from a decelerated phase to
a late time accelerated phase.

Integrating and simplifying (6.26), the scale factor has the solution
~ ]/k =
a(t) = (g’”> sinh?/k (k ”29AHO t) : (6.29)
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It is observed that at early times the scale factor varies as a o 12/*, i.e, power-law expansion
and during late-time, it varies as a o< exp (\/QA Hot), which shows the de Sitter phase of the
Universe.

The Hubble parameter in terms of cosmic time 7 is given by

H(t) = Hy \/ Q4 coth (k VZQA H0t> : (6.30)

whereas the cosmic time ¢ in terms of the scale factor a is expressed by

2 . g — QA k/2
t(a) = ———sinh™! \|x—a 2. (6.31)
kv QA Hy Qp

Thus, the current age ¢, of the Universe is given by

2 — wppe? Q
o (6 +6¢ — wppe?) sinh V[ (2] (6.32)

(3+8)(6+68—0)BD82)\/ QAHO Qy

It is straight forward to calculate the deceleration parameter ¢ which is obtained as

ka(l +Z)k
)=—1+—0 . . (6.33)
4 2@ + 81+ 2]
Now, the present value of g corresponds to z = 0 is calculated as
1 (3+¢€)(6+6€ — wppe?) — 18Q
= 14+- : 6.34
1 T3 (6+6€ — wppe?) (6.34)

We observe that the present transition from decelerated to accelerated phase, g(atz=0) =0
occurs at 18(Qx = (1+€)(6 + 6€ — wppe?). The transition redshift, z, at g(z) = 0 is given by
2(6 +6& — wppe?)Qp Lk

= . —1 6.35
a [(1+€)(6+6€ — wppe?) — 18V]Q,, (635

For sake of completeness, we discuss another parameter known as equation of state (EoS)
parameter w, which also describes the different phases of the evolution of the Universe. It
is observed that 3w+ 1 < 0 describes the accelerated expansion of the Universe. The EoS

parameter (hereafter, effective EoS parameter, w,/) is defined by
Wepf=—1—2>—". (6.36)

For this model, we have

H_l k(14 2)*
We = — —_— = .
7 3[Qn+Q (1+2)]

(6.37)
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The above equation gives w,sr at z =0 as

1 (3+¢)(6+6¢ — wppe*) —18Q)
3 (6 + 6€ — (OBDSZ) '

Werr(z=0) = —1+ (6.38)

The condition 3w, /¢(z=0)+1 < 0 is satisfied if 18Q4 > (1+¢)(6+ 6 — wppe?). From Eq. (6.37),
it is observed that w.ss — —1 as z — —1. Thus, the model corresponds to the ACDM model.

Substituting the solution (6.26) into the consistency equation (6.22), we obtain
k(wppe —3)Qua* 4 (12 — wppe® — 6wppe) [Qn + Qpa¥] = 0. (6.39)

One can observe that the above equation are not always consistent. Therefore, we assume
that this equation satisfies at present, i.e. a = ao = 1. Thus, Equation (6.39) at present reduces
to

k(wppe —3)Q,, — (0ppe + 6wppe — 12) = 0, (6.40)
where Q) +Q,, = 1.

6.4 Data and statistical method

In this section we will discuss the observational data and the statistical method to constraint

the parameters of model.

6.4.1 Data

In our analysis, we use the most recent and relevant observational data as follows:

SNe (Pantheon sample): We use 40 binned data points in the redshift range 0.014 <
z < 1.62 from the Pantheon sample [37].

BAOs and CMB: We use BAO measurements from SDSS(R), 6dF, BOSS CMASS and
WiggleZ surveys, combined with CMB data [46, 48, 49, 318].

Hubble data: We use 36 measurements of H(z) including 31 from CC technique, 2
from Lyman-o, and 3 from radial BAO signals [42, 43, 44, 45].

L]

Local Hubble constant: We use Hy =73.5+1.4Kms~! Mpc~—! as measured by SHOES
[319].

The details of the minimized x? values for each dataset are provided in Section 1.16.

zl'—.l turnitin Page 183 of 292 - Integrity Submission Submission ID _ trn:oid:::27535:125422881



z"-.l turnltln Page 184 of 292 - Integrity Submission Submission ID  trn:oid:::27935; 125422881

X
@ \¢

8 T 7L T 00 08 003 55 @ 6 70 071 072 073 074 073 0000 0035 BOL0 0015 uH BR BE
HO € @ [N v M

a
- 3 y = 4

Figure 6.1: The 2— dimensional contours and 1— dimensional posterior distribution of the free
parameters of Agg2 model using the combined dataset DS1 = SNe + H(z) + BAO/CMB + H,.

6.4.2 Statistical method

We study two combinations of data set, labeled as DS1 : SNe + BAO/CMB+ H(z) + Hy and
DS2 : SNe+ BAO/CMB + H(z) to minimize the total y? -function of the model. The correspond-

ing chi-squared are defined as

Xbs1 = Xan+ Xsnojcmp + szf(z)?,ﬁ + Ho, (6.41)
and
Xbs2 = Xban + Xsaojcms + it (236 (6.42)

We perform a Bayesian Markov Chain Monte Carlo (MCMC) analysis based on EMCEE mod-
ule [36]. In our study, we assume prior values for model parameters, viz., 60 < Hy < 80, 0 <
e<l, 0<wpp <500, 0<v<land0.6<Qu <0.8.
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Table 6.1: Constraints of the parameters, and AIC and BIC for ACDM model obtained from
joint analysis of data sets DS1 and DS2 [184].

Sample Qp Hy xfu.n AIC  BIC

DS1  0.68070010 71.545%0475 34.78 40.78 48.04

DS2  0.69075032 68.545711%5 34.69 40.69 47.91

Table 6.2: Constraints on the parameters, and AIC and BIC for Agg> model obtained from
joint analysis of data sets DS1 and DS2.

Parameters | DS1 DS2
¢ 002975902 0.029+5:9%2
v 0.0055900%  0.007+000]
® 68.870139%8  62.6731473¢
Qn 0.741%50%  0.730%50;
H 69.7807 9801 67.951 197
X2 41.03 38.82
AIC 51.03 48.82
BIC 63.13 60.85
AAIC 10.25 8.13
ABIC 15.09 12.94
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Figure 6.2: The 2— dimensional contours and 1— dimensional posterior distribution of the
free parameters of Agg, model using the combined dataset DS2 = SNe + H(z) +BAO/CMB.

(14 6.5 Results and discussion

In this section, we present the main results obtained by observational data sets: DS1 and
DS2, and describe the physical properties of the vacuum model accordingly. We summarize
the best-fit of free parameters of Agg, model in Tables 6.2. To make a comparison with the

Agrg2 model, we also present the fitting values of ACDM (cf. Table 6.1). The contour maps of

parameters Qu, €, wpp and v of Agg2 model with 16(68.3%) and 20(95.4%) confidence level

are shown in Figs.6.1 and 6.2, respectively.

Figures 6.3 and 6.4 present the evolution of the deceleration parameter for the best fit
values of parameters obtained from DS1 and DS2 data sets for Agg; model. It is observed
that ¢(z) with each data set varies with redshift z from positive to negative and show the same
trajectory as ACDM model. Thus, the model shows transition from early deceleration to the
late time acceleration. It can be observed that ¢(z) — —1 in late-time of evolution. Figures
6.3 and 6.4 also show that the transition from decelerated to accelerated phase occurs at
the redshift z,, = 0.7070%; with DS1 data and z,, = 0.678 003 with DS2 data (cf. Table 6.4).
The joint datasets DS1 and DS2 yield the present deceleration parameter g as —0.572"0-0!
and —0.555%091%, respectively. These results show that the parameters z, and ¢ are in good
agreement with that of ACDM model (cf. Table 6.3).

Using the parameter constraints in analytical solution of Hubble parameter (6.26), the

G evolutions of the Hubble parameter H(z) with the error bar of Hubble data set are shown

Z"—.I turnitin Page 186 of 292 - Integrity Submission Submission ID  trn:oid:::27535:125422881



Z'l_.l tuﬂﬁiﬁtin' Page 187 of 292 - Integrity Submission Submission ID  trn:oid:::27535:125422881

1.5/

Figure 6.3: Figure shows the evolution of the deceleration parameter for Agg>, and ACDM
using data combination DS1. A dot on a curve represents the current value gg.

Table 6.3: Values of z;,, o ,werr(z = 0) and £y for ACDM model [184]

Sample Ztr q0 Weff (z=0) 10

0.024 0.014 0.009 0.450

DS2  0.6727005%  —0.554700% —0.70370008  13.697009 Gyr

in Figs.6.5 and 6.6. For sake of comparison the ACDM model is also plotted. The cosmic
evolution of Agg, is coinciding each other through out the expansion history with ACDM
model. The trajectories of the model for both data sets DS1 and DS2 cover most of the data
set of error bar of Hubble parameter, which shows that the Az, model is in good agreement
with ACDM model.

In this cosmological scenario, the current age of the Universe with each dataset are found
to be 1 = 14.0775918 Gyr and 1o = 13.95%0%, ) Gyr, respectively. The age of the Universe
obtained are very much compatible with that obtained from the ACDM (cf. Table 6.3), and
to ~ 14.37 Gyr and 1y ~ 13.7 obtained through the combined data set of WMAP, BAO and
SNe [266]. Using data set DS1, the present value of Hubble parameter is extracted as
Hy = 69.780"05)) Kms~'Mpc~!, which is slightly lower than Hy = 71.545" 4} Kms™'Mpc~!
based on the observation from ACDM model applied to DS1 dataset. With DS2 dataset,
it is Hy = 679517197 Kms~'Mpc=" which is consistent with the observational value of
ACDM model Hy = 68.545"11% Kms~'Mpc~' . These values show a variation from

Hy=71.9%3% Kms~'Mpc~! of WMAP sky survey [266].

The evolution of effective EoS parameters w, s are shown in Figs.6.7 and 6.8 for Agg, and
ACDM models obtained through the combined data sets DS1 and DS2. We may conclude
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Figure 6.4: Figure shows the evolution of the deceleration parameter for Agg>, and ACDM
using data combination DS2. A dot on a curve represents the current value gg.
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Figure 6.5: Best fits using DS1 data set over H(z) data for Agg, (blue dash-dot line) and
ACDM (black solid line) are shown. The grey points with uncertainty bars correspond to the

36 H(z) sample.
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Figure 6.6: Best fits using DS2 data set over H(z) data for Agg, (magenta dashed line) and

36 H(z) sample.
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Figure 6.7: Figure shows the evolution of effective EoS parameter as a function of redshift z
for Arg2 and ACDM using data combination DS1. A dot on a curve represents the current

value werp(z=0).
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a Figure 6.8: Figure shows the evolution of effective EoS parameter as a function of redshift z
for Aggz and ACDM using data combination DS2. A dot on a curve represents the current

value werr(z=0).
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Table 6.4: Values of z;,, o, werr(z = 0) and #o for Agg> model.

Sample Zr

q0

werf(z=0)

fo

0.094
DSl 0.707") 077

0.013
DS2  0.6787 )13

0.067
—0.5717¢ 075

0.016

+0.004
—0.714"5 009

+0.011
—0.703% 5015

+0.018
14.077 025 Gyr

0.020
13.95+0.020 Gyr
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that for large redshifts, w.rs has small negative value w.rr > —1/3 and in future the model
asymptotically approaches to w.rr = —1. The each trajectory of w,s, coincides with the evolu-
tion of ACDM model. The Agg>, model behaves like a quintessence. The present value of w, s
is found to be —0.71470-9% and —0.70370-01% with DS1 and DS2 datasets, respectively, which
are very close to the current value of w,. s of ACDM model (cf.Table 6.3).

The combined data sets DS1 and DS2 give the minimal chi-squared viz. x> as 41.038
and 38.820, respectively. Let us calculate the reduced x2,, which can be obtained as x2, =
X2,/ (N —d), where N is the total number of data and d is the number of fitted parameters,
which vary for the different models. In our observation, we have used N = 83 data points for
DS1: 40 data points of SNe Pantheon, 36 Hubble data, 6 data set of BAO/CMB and 1 of local
Hubble constant Hy, N = 82 data points for DS2 consists of 40 data points of SNe Pantheon,
36 Hubble data, 6 data set of BAO/CMB, and d = 5 for Agg, model. Using these information,
we get x2, = 0.526 and 0.504, respectively with DS1 and DS2 data sets which provide a very
good fit with these observation data sets. A model with x2 , < 1 or closer to 1 is considered as

red

a best-fit where as x2, > 1 is considered a bad fit.

6.6 Selection Criterion

We now study model selection information criteria like, Akaike Information Criterion
(AIC)[61] and Bayesian Information Criterion (BIC)[63] for Agg, and ACDM models.

Based on our AAIC(ABIC) results given in Table 6.2 for Agg; model with reference to
ACDM, we find AAIC(ABIC) = 10.25(15.09) for DS1 dataset whereas in DS2 dataset, it is
AAIC(ABIC) = 8.13(12.94). These values suggest that Agg> model is not supported from a
model selection point of view. These results show that BIC penalizes the free parameters

more strongly than AIC.

6.7 Conclusion

In this chapter, we have discussed the dynamics of a flat FLRW model with decaying VED
in BD theory. Many authors, as mentioned in introductory part, have studied the FLRW model
with varying A in GR assuming the phenomenological form of A(t). We have considered the
cosmological model in dynamical BD theory of gravity to explore the role played by the scalar
field and varying A(r) in describing the late-time evolution of the Universe. It is here worthy
to mention that the authors [184] studied the FLRW spacetime with varying vacuum density
in BD theory by assuming the forms A = ¢y and A = cH and found that A = cH model does

not satisfy the consistency condition whereas the model with constant A in BD theory satisfies
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remarkably well the consistency equation.

We have studied a flat FLRW model in BD theory by assuming two different functional forms
of VED, viz. Aggi: A =3VvH? and Az : A = co+3VH?. We have found that Azg;-model does
not able to fit with the observational data. This model gives power-law expansion of the Uni-
verse which does not show the phase transition. The Universe decelerates or accelerates
depending on the values of model parameters. A similar discussion has been carried out by
many authors [87, 99]. On the other hand, the Ags; model is well compared with standard
ACDM model. Firstly, we have obtained the analytical solution of the basic cosmological func-
tions of flat FLRW model in BD theory for these two models. The second part of the work
consists of performing a Bayesian MCMC analysis using two different joint combinations of
observational data of SNe Pantheon, H(z) data, BAO/CMB and local Hubble constant to ob-
tain the best fit parameters for Agg, model. We have constrained the parameter v using these
observational data and found to be 0.005™7 503 with DS1 data and 0.007 00, with DS2 data.

The observational data sets DS1 and DS2 yield the density parameter Q4 as 0.741700%
and 0.73010:015, respectively. If we look the consistency of the Agg, model, Eq. (6.40) must be
satisfied by using best fit values of the free parameters of the model obtained numerically as
listed in Table 6.2 or it gives the same value of one of the free parameters of the model. Hence,
using the best fit values of parameters of DS1 and DS2 listed in Table 6.2 into the consistency
relation (6.40), we found the free parameter Q4 as 0.723 and 0.730, respectively. These results
of Q, are perfectly consistent with the values of Q5 as mentioned above obtained from the
observations using DS1 and DS2 datasets (cf. Table 6.2). In what follows, we summarize the
main results of our analysis.

Based on the best-fit values of model parameters obtained from two different combined
datasets, the evolution of the cosmological quantities have been plotted as a function of
redshift. In case of Agga model, we have observed that the scale factor expands with de-
celerated rate in early times and accelerated at late-time of the evolution. We have esti-
mated the deceleration-acceleration transition redshift that takes place at z,, = 0.707"5%; and
2 = 0.6787051%, which are consistent with the ACDM model. The deceleration parameter
exhibits a transition from decelerated phase to an accelerated phase. The effective EoS pa-
rameter is small negative values at high redshift but tend to —1 as z — —1, showing the ACDM
behavior.

Using the best fit values, the current age of the Universe are found to be 7y ~ 14.07 Gyr and
to ~ 13.95 Gyr from DS1 and DS2 datasets, respectively. In Figs. 6.5 and 6.6 , we have plotted
the best fitting curve over Hubble data points and have presented a comparison with ACDM
model. It has been found that Agg; model is well fitted along with ACDM. According to the
Chi-square and hence reduced chi-square values, this model is also good agreement to data.

However, the model is not in favor with respect to the selection information criteria of AIC and
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BIC.

In the final remark, we have discussed the possibility, in contrast to ACDM case, that A is
not a constant but a function of the cosmic time, i.e., px = pa(¢). This varying VED is perfectly
allowed within the FLRW metric in a dynamical frame of BD theory. It has been observed that
the choice of functional form of A is very important in describing the dynamics of the Universe,
especially the late time acceleration. In the absence of BD theory, we recover exactly the
varying vacuum models as discussed in Ref. [97, 99]. At very late time we get an effective
cosmological constant dominated era that implies a pure de Sitter phase of the scale factor.
In summary, the Agg> model successfully reproduces the expected epochs and shows a good

agreement with the ACDM model.

*kkkkkkkkkkkhkkkkk
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Chapter 7

Conclusion, Future Scope and Social

Impact

7.1 Conclusion

Einstein’s general theory of relativity is the fundamental basis for modern cosmology, which
describes the interactions of matter, energy, space and time. Cosmological models are
theoretical frameworks which are used in cosmology to explain the Universe’s expansion. As
we know that the most accepted cosmological model is the ACDM model which is based on
the Einstein’s GTR. It provides a reasonably good account of the properties of existence and
structure of the cosmic microwave background, the large scale structure in the distribution
of galaxies and the accelerating expansion of the Universe. The faster expansion has been
attributed to the DE with negative pressure. The A term which was introduced by Einstein
to make the Universe as a static, is currently associated with the vacuum energy or dark
energy in empty space which is used to explain the accelerating expansion of space. The
ACDM model, which contains (cold dark Matter (CDM) to explain the clustering, flat spatial
geometry, fits accurately the current observational data. It has the equation of state px = —pa,
with w = —1. However, the ACDM suffers from, among others, two fundamental problems:
fine-tuning problem and the coincidence problem.

Over the past decade, it has been observed that one of the main attempts to solve the
issues of ACDM model is based on the idea that vacuum energy density is not a constant
but a time-dependent quantity, i.e., A = A(r). There are a number of interesting works on
A—variable models as we have already discussed in the Introductory chapters. The decaying
vacuum provides the repulsive force which drives the accelerated expansion of the Universe.

It can affect the growth of cosmic structures, putting constraints on the decay rate. In most of
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the work, the decaying vacuum models have been proposed on phenomenological grounds.
In recent years, many authors have presented the a more fundamental approach for the
decaying vacuum models which are based on the quantum field theory (QFT).

° On the other hand, the viscous cosmology is an interesting alternative to understand the
accelerated expansion of the Universe. The bulk viscosity in a cosmic fluid creates the
necessary negative pressure, responsible for accelerated expansion of the Universe. It can
potentially describe both DM and DE using single viscous fluid component which simplifies

o our understanding about the Universe. The origin of the bulk viscosity in physical system is
due to its deviation from local thermodynamic equilibrium. The energy-momentum tensor
of bulk viscous component it that of an imperfect fluid with a first-order deviation from the
thermodynamic equilibrium. The effective pressure was proposed by Eckart [29] for relativistic
dissipative processes in thermodynamics system out of local equilibrium. In spite of the

problems of the Eckart theory, it has been widely used by many authors due to simplified

form. Bulk viscous model has been used to explain the observed acceleration of the Universe

by assuming that the approximation of vanishing relaxation time is valid for this purpose.

In this thesis, we also assume a vanishing relaxation time, so that, in this limit the Eckart
theory is a good approximation to the Israel-Stewart theory. In this context, it is convenient
to mention that Hiscock et al. showed that flat FLRW cosmological models with bulk viscous
Boltmann gas expand more rapidly using Eckart theory.

In this thesis, we have combined the decaying vacuum with the bulk viscosity in a spatially
homogeneous and isotropic FLRW metric in General Relativity and its alternative theories,
like Brans-Dicke theory. These type of cosmological models provide a richer, more dynamic
picture of the Universe’s expansion and offer plausible solutions to the current cosmological
puzzles. In order to evaluate the theoretical predictions using the vast amount of cosmological
data that we presently have access to, the related studies have been conducted by carefully
° examining the predictions at the background and perturbation levels. Finding evidence of

new physics that helps to ease some of the tensions that affect the ACDM is the ultimate
objective. As previously said, because the concordance hypothesis is generally consistent
with a substantial amount of cosmological data, it has remained strong and uncontested for
a very long time. This characteristic makes it impractical to search for models that behave
considerably differently from the ACDM; instead, one should examine models that show minor
@ deviations from the standard model in significant domains. We have thoroughly examined the
Running Vacuum Models (RVMs). They are characterized by having time-evolving vacuum
energy density, whose functional form is inspired by quantum field theory (QFT) in curved
space-time. We have studied different forms of decaying vacuum energy density in this thesis.
Finally, the Brans and Dicke (BD) gravity model was thoroughly examined at the conclusion

o of the thesis. This model’'s primary characteristic is that a dynamical scalar field G(r) = 1/¢(z),
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linked to the curvature, takes the place of the Newtonian constant coupling G. As a result,
the metric field mediates the gravitational interaction for both the aforementioned scalar field
and the General Relativity (GR) case. A dimensionless parameter in the theory is called the
BD-parameter and is represented by wgp. We take into account the presence of the constant
pa in the action, unlike in the model’s initial formulation. In this sense, the model has two
additional d.o.f. compared to the standard model, namely the wgp parameter indicated above
and the initial value of the BD scalar field. As a result, we must impose the limits wgp — « and
¢ — Gy in order to recover the ACDM. As we’ve seen, having these two degrees of freedom

is essential for solving the Hy-tension and og-tension.

Let us summarize the main conclusions obtained in this thesis:

 In chapter 2 we have studied the analytical and observational consequences of cosmol-
ogy inspired by dissipative phenomena in fluids according to Eckart theory with varying
VED scenarios for spatially flat homogeneous and isotropic FLRW geometry. We have
assumed the interaction of two components: viscous dark matter and vacuum energy
density. We have solved the field equations by assuming the most general form of bulk
viscous coefficient, viz., { = §o+ §1H + {2 (d/aH ). We have also explored three particular
cases of bulk viscosity, namely (1) { = {o; (2) { = §1H; (3) £ = o+ {1 H to observe the
effect of viscosity with varying VED. We have used the varying VED of the functional
form p, = co+3vH? in all of viscous models presented above. It has been observed
that all these viscous A(r) models expand exponentially with cosmic time . The mod-
els show the transition from decelerated phase to accelerated phase in late time. The
matter energy density, p,,(¢) approaches to a finite value in late time evolution of the
Universe. The value of x2, is less than unity with every data sets which show that the
model is in a very good fit with these observational data sets. The jerk parameter re-
mains positive and less than unity in past, and eventually tends to unity in late-time.
Thus, the jerk parameter deviates in early time but it attains the same value as ACDM
in late-time. To discriminate the viscous A(r) with the ACDM, we have examined them

using the selection criterion.

 In chapter 3, we have extended the work of chapter 2 and discussed some cosmological
consequences of an alternative mechanism of accelerating Universe based on a class of
interacting viscous model with decaying vacuum energy, referred as interacting viscous
A(t) model. The coupling between viscous fluid and vacuum energy density has been
made through a coupling parameter, Q. The interaction term is taken to be Q = 3ap,,H.
We have assumed ¢ = ¢ H for bulk viscous coefficient and p, = co +3vH? for vacuum

energy density. We have investigated the growth perturbation of interacting viscous
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A(t) model and performed the Bayesian analysis using the latest background probes
such as SNe Pantheon+, cosmic chronometer and f(z)os(z). We have discovered that
indeed the interaction between the viscous fluid and decaying vacuum energy potentially

resolved tensions in cosmological parameters.

< Additionally, Chapter 4 explores another bulk viscous cosmological model in the frame-
work of time varying vacuum energy density, where the bulk viscosity coefficient is pro-
portional to the hubble parameter H. Additionally, we have assumed a specific form of
the vacuum energy density which is proportional to the scalar of curvature, H and H>.
We have discovered that the VED with viscosity is keeping pace with the expansion of
the universe. When a global fit is made to the cosmological dataset using two differ-
ent combinations, including the Baseline(SNla + BAO + H(z)) and Baseline+ f(z)o3(z),
and the rigid option v, u,{ = 0 (i.e., A=constant corresponding to the ACDM model) is
compared with the Viscous RVM (v, u,{ # 0), we discovered that a mild dynamics of
the cosmic vacuum and viscosity is strongly preferred. Further the model alleviates the

Hubble tension up to 0.569¢.

* In chapter 5, we have discussed the dynamics of a flat FLRW model in BD theory with
varying vacuum energy density by using combination of two datasets DS1 = SNe+ H(z)
and DS2 = SNe + H(z) + BAO,,. We have found the analytical solution of field equations
by considering the two functional forms of cosmological constant, viz. power-series(PS)
form: A =nH +n,H? and power-law(PL) form: A o< a™", where n;, n, and n are all
constants, and H and a are the Hubble parameter and scale factor, respectively. As-
suming ACDM as a reference model, we have discussed the performance of these two
proposed models. We have found that both the models PS and PL show a smooth tran-
sition from deceleration (¢ > 0) epoch to acceleration (¢ < 0) epoch in recent past. The
parameters ¢(z), w.rr and j(z) tend to ACDM model in late-time evolution in PS model.
In PL model, these parameters do not tend to respective values of ACDM in late-time
evolution. It has been observed that both the models are well consistent with H(z) data
at low redshifts. In order to examine different cosmological parameters, we have used
the MCMC method to constrain the model parameters and then, we have compared

them using the information criterion techniques.

e In chapter 6, we have enchanced our work and studied a flat FLRW model in BD
theory by assuming two different functional forms of VED, viz. Agg : A = 3vH? and
Arc2 : A = co+3vH?. We have found that Agrgi-model was unable to fit with the obser-
vational data as this model gave power-law expansion of the Universe which did not
show the phase transition. On the other hand, the Agg> model was well compared with

standard ACDM model. Firstly, we have obtained the analytical solution of the basic
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cosmological functions for these two models and then performed a Bayesian MCMC
analysis using two different joint combinations of observational data of SNe Pantheon,
H(z) data, BAO/CMB and local Hubble constant to obtain the best fit parameters for Agca
model. The deceleration parameter exhibited a transition from decelerated phase to an
accelerated phase and the effective EoS parameter has small negative values at high
redshift but tend to —1 as z — —1, showing the ACDM behavior. It has been observed
that the choice of functional form of A is very important in describing the dynamics of the
Universe, especially the late time acceleration. In the absence of BD theory, we recover
exactly the varying vacuum models. At very late time we got an effective cosmological
constant dominated era that implies a pure de Sitter phase of the scale factor. In sum-
mary, the Agg> model successfully reproduced the expected epochs and shows a good

agreement with the ACDM model.

7.2 Future Scope
One can plan the following by continuing the present thesis work as a future scope:

* As we know that the current decaying VED and viscous cosmology are often phe-
nomenological. In future we one focus on developing models grounded in fundamental
physics, like Quantum field theory (QFT) in curved spacetime to provide a solid founda-

tion of decaying vacuum and viscosity.
« This might help to unify inflationary and late-time acceleration at one platform.

« In the thesis work, we have observed that the combined cosmological models have the

potential to resolve the current discrepancies in the ACDM model.

» We have also observed that combined models have shown in alleviating Hy and oy

tensions. Further investigations and refinement could give better results.

 Since the dissipative processes are the thermodynamical dynamics in which general-

ized second law of thermodynamics, will play an important role for study.

« One can focus on phase—space analysis to examine the stability and evolution of the

Universe.

» Future study will delve in deeper knowledge of structure formation at perturbation level.

Using latest advanced observational data, one can find more tighter constraints and
explore their potential to solve Hy and oy tensions.
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7.3 Social Impact

Although this thesis is rooted in theoretical cosmology, its social impact lies in how it
strengthens the foundations on which modern astrophysics is built and how it improves the
way we interpret evidence about the Universe. By developing and testing alternative models
for cosmic acceleration—especially those using bulk viscosity and decaying (or running)
vacuum energy—the work directly engages with well-known limitations of the standard ACDM
framework, including the coincidence and fine-tuning problems.

A key societal benefit of this research is methodological reliability. The thesis emphasizes
confronting theory with observation using multiple datasets—Type la supernovae, Hubble
expansion data, BAO, and large scale structure, rather than relying on a single measurement.
This multi-probe approach contributes to a culture of verification in science, where results are
judged by consistency across evidence. In practical terms, with improved models researchers
can analyse future data more accurately and reduce errors that come from systematic
mismodelling. This work also addresses a broader challenge in cosmology: reducing
persistent tensions in key measurements. The proposed interaction between running vacuum
energy and bulk viscosity is presented as a promising route in improving the current tensions,
particularly the Hy and oy tensions. If such alternatives continue to perform well, they can
guide how the community prioritizes follow up observations and what kinds of measurements
are most decisive.

Finally, the thesis has an educational and capacity building impact. By working within
established frameworks (GTR, FLRW geometry) while also extending to modified gravity
through Brans—Dicke theory, it demonstrates how new ideas can be tested without aban-
doning scientific discipline. The use of MCMC parameter estimation and model comparison
methods further supports training in modern data driven research skills that transfer well to
other fields requiring rigorous statistical inference. Beyond observational tests, this research
engages with fundamental questions about the Universe’s origin and ultimate fate, and it has

cultural value by supporting public scientific literacy.

*kkkkkkkkkkkkkkk
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Viscous fluid dynamics with decaying vacuum energy density
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In this work, we investigate the dynamics of bulk viscous models with decaying vacuum energy density
(VED) in a spatially homogeneous and isotropic flat Friedmann-Lemaitre-Robertson-Walker spacetime.
We particularly are interested to study the viscous models which consider first-order deviation from
equilibrium, i.e., the Eckart theory. In the first part, using the most general form of bulk viscous coefficient,
we find the analytical solutions of main cosmological parameters, like Hubble parameter, scale factor,
matter density, deceleration parameter, and equation of state parameter, and discuss the evolutions of the
models accordingly. We also discuss the cosmological consequences of the evolutions and dynamics of
three particular viscous models with decaying VED depending on the choices of bulk viscous coefficient.
We examine the linear perturbation growth of the model to see if it survives this further level of scrutiny.
The second part of the work is devoted to constrain one of the viscous models, viz., { « H, where ¢ is the
bulk viscous coefficient and H is the Hubble parameter, using three different combinations of data from
type Ia supernovae (Pantheon), H(z) (cosmic chronometers), baryon acoustic oscillation, and f(z)og(z)
measurements with the Markov chain Monte Carlo method. We show that the considered model is
compatible with the cosmological probes and the ACDM recovered in late time of the evolution of the
Universe. Finally, we obtain selection information criteria (Akaike information criteria and Bayesian
information criteria) to study the stability of the models.

DOI: 10.1103/PhysRevD.109.023508

I. INTRODUCTION observations. However, despite its success, the ACDM
model has several strong problems due to its inability to
renormalize the energy density of quantum vacuum,
obtaining a discrepancy of ~120 orders of magnitude
between its predicted and observed value, the so-called
CC or fine-tuning problem [12-14]. It also has the
coincidence problem, i.e., why the Universe transition,
from decelerated to an accelerated phase, is produced at
late times [15].

Many models have been proposed to tackle these issues.
One possible proposal is to incorporate energy transfer
among the cosmic components. In this respect, the models
with time-varying vacuum energy density (VED), also
known as “decaying vacuum cosmology,” seems to be
promising. The idea of a time-varying VED model [p, =
A(t)/87G] is physically more viable than the constant A
[16-19]. Although no fundamental theory exists to describe
a time-varying vacuum, a phenomenological technique has
been suggested to parametrize A(7). In the literature, many
authors [20-41] have carried out analyses on decaying
vacuum energy in which the time-varying vacuum has
been phenomenologically modeled as a function of time
in various possible ways, as a function of the Hubble
parameter. Such attempts suggest that the decaying VED
model provides the possibility of explaining the acceler-

Different observations such as luminosity distances of
type la supernova, measurements of anisotropy of cosmic
microwave background (CMB), and gravitational lensing
have confirmed that our Universe is spatially flat and
expanding with an accelerated rate. It has been observed
that the Universe contains a mysterious dominant compo-
nent, called dark energy (DE) with large negative pressure,
which leads to this cosmic acceleration [1-7]. In the
literature, several models have been proposed to explain
the current accelerated expansion of the Universe. The two
most accepted DE models are that of a cosmological
constant and a slowly varying rolling scalar field (quintes-
sence models) [8-11].

The cosmological constant A (CC for short), initially
introduced by Einstein to get the static Universe, is a natural
candidate for explaining DE phenomena with the equation
of state parameter equal to —1. The natural interpretation
of CC arises as an effect of quantum vacuum energy. Thus,
the cold-dark-matter-based cosmology together with a
CC, called ACDM cosmology, is preferred as the standard
model for describing the current dynamics of the Universe.
It is mostly consistent with the current cosmological

fcpsingh@dce‘ac.in ation of the Universe as well as it solves both cosmological
"vinitakhatri_2k20phdam501 @dtu.ac.in constant and coincidence problems.
2470-0010/2024/109(2)/023508(19) 023508-1 © 2024 American Physical Society

zl'—.l turnitin‘“ Page 226 of 292 - Integrity Submission Submission ID  trn:oid:::27535:125422881



7 turnitin

zﬂ turnitin Page 227 of 292 - Integrity Submission

C.P. SINGH and VINITA KHATRI

Submission ID  trn:oid:::27535:125422881

PHYS. REV. D 109, 023508 (2024)

Shapiro and Sola [42], and Sola [43] proposed a
possible connection between cosmology and quantum
field theory on the basis of renormalization group (RG)
which gives the idea of running vacuum models (RVMs),
characterized by VED p,; see Refs. [32,35,39] for a
review. The RVM has been introduced to solve the
coincidence problem where the term A is assumed to
be varying with the Hubble parameter H. Carneiro et al.
[27] proposed that the vacuum term is proportional to the
Hubble parameter: A(a) x H(a). However, this model
fails to fit the current CMB data. It is interesting to note
that RG in quantum field theory (QFT) provides a time-
varying vacuum, in which A(z) evolves as A o< H? [44].
Basilakos [28] proposed a parametrization of the func-
tional form of A(#) by applying a power series expansion
in H up to the second order. Recently, a large class of
cosmologies has been discussed where VED evolves like
a truncated power series in the Hubble parameter H; see
Refs. [45,46], and references therein.

On the other hand, in recent years, the observations
suggest that the Universe is permeated by dissipative fluids.
Based on the thermodynamics point of view, phenom-
enological exotic fluids are supposed to play the role for
an alternative DE models. It has been known since a long
time ago that a dissipative fluid can produce acceleration
during the expansion of the Universe [47,48]. The bulk
and shear viscosity are the most relevant parts of dis-
sipative fluid. The bulk viscosity characterizes a change in
volume of the fluid which is relevant only for the com-
pressed fluids. The shear viscosity characterizes a change
in shape of a fixed volume of the fluid which represents
the ability of particles to transport momentum. In general,
shear viscosity is usually used in connection with the
spacetime anisotropy, whereas bulk viscosity plays the
role in isotropic cosmological models. The dynamics of
homogeneous cosmological models has been studied in
the presence of viscous fluid and has application in
studying the evolution of the Universe.

Eckart [49] extended a classical irreversible thermody-
namics from Newtonian to relativistic fluids. He proposed
the simplest noncausal theory of relativistic dissipative
phenomena of first order which was later modified by
Landau and Lifshitz [50]. The Eckart theory has some
important limitations. It has been found that all the
equilibrium states are unstable [51] and the signals can
propagate through the fluids faster than the speed of
light [52]. Therefore, to resolve theses issues, Israel and
Stewart [53] proposed a full causal theory of second order.
When the relaxation time goes to zero, the causal theory
reduces to Eckart’s first-order theory. Thus, taking advan-
tage of this limit of vanishing relaxation time at late time, it
has been used widely to describe the recent accelerated
expansion of the Universe. An exhaustive reviews on
noncausal and causal theories of viscous fluids can be
found in Refs. [54-67]. In recent years, direct observations

indicate for a viscosity-dominated late epoch of accelerat-
ing expansion of the Universe. In this respect, many authors
have explored the viability of a bulk viscous Universe
to explain the present accelerated expansion of the
Universe; cf. [68-89].

In Eckart theory, the effective pressure of the cosmic
fluid is modeled as IT = —3{H, where { is the bulk viscous
coefficient and H the Hubble parameter. The bulk viscous
coefficient can be assumed as a constant or function of the
Hubble parameter. It allows one to explore the presence of
interacting terms in the viscous fluid. Since the imperfect
fluid should satisfy the equilibrium condition of thermo-
dynamics, the pressure of the fluid must be greater than
the one produced by the viscous term. To resolve this
condition, it is useful to add an extra fluid such as
cosmological constant. Many authors [90-94] have studied
viscous cosmological models with constant or with time-
dependent cosmological constant. Hu and Hu [93] have
investigated a bulk viscous model with cosmological
constant by assuming bulk viscous proportional to the
Hubble parameter. Herrera-Zamorano, Herndndez-Almada,
and Garcia-Aspeitia [94] have studied a cosmological
model filled with two fluids under Eckart formalism, a
perfect fluid as DE mimicking the dynamics of the CC,
while a nonperfect fluid as dark matter with viscosity term.

In this paper, we focus on discussing the dynamics of a
viscous Universe which consider the first-order deviation
from equilibrium, i.e., Eckart formalism with decaying
VED. Using different versions of bulk viscous coefficient
¢, we find analytically the main cosmological functions
such as the scale factor, Hubble parameter, matter density,
deceleration, and equation of state parameters. We discuss
the effect of a viscous model with varying VED in
perturbation level. We implement the perturbation equation
to obtain the growth of matter fluctuations in order to study
the contribution of this model in structure formation. We
perform a Bayesian Markov chain Monte Carlo (MCMC)
analysis to constrain the parameter spaces of the model
using three different combinations involving observational
data from type Ia supernovae (Pantheon), Hubble data
(cosmic chronometers), baryon acoustic oscillations, and
f(z)og(z) measurements. We compare our model and
concordance ACDM to understand the effects of viscosity
with decaying vacuum by plotting the evolutions of the
deceleration parameter, equation of state parameter, and
Hubble parameter. We also study the selection information
criterion such as Akaike information criteria (AIC) and
Bayesian information criteria (BIC) to analyze the stability
of the model.

The work of the paper is organized as follows. In Sec. II,
we present the basic cosmological equations of Friedmann-
Lemaitre-Robertson-Walker (FLRW) geometry with bulk
viscosity and decaying VED. In Sec. III, we find the
solution of the field equations by assuming the most
general form of bulk viscous coefficient. Section IV is
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devoted to study the evolutions of some particular forms
of bulk viscous coefficient with varying VED. We discuss
the growth rate equations that govern the perturbation in
Sec. V. Section VI presents the observational data and
method to be used to constrain the proposed model. The
results and discussion on the evolution of the various
parameters are presented in Sec. VII. In Sec. VIII, we
present the selection information criterion to distinguish
the presented model with concordance ACDM. Finally,
we conclude our findings in Sec. IX.

II. VISCOUS MODEL WITH VARYING A

Let us start with the FLRW metric in the flat space
geometry as the case favored by observational data:

ds? = —di* + a*(1)[dr? + r*(d6* + sin® 0dg?)], (1)

where (r, 0, ¢) are the comoving coordinates and a(?) is the
scale factor of the Universe. The large-scale dynamics
of (1) is described by the Einstein field equations, which
include the cosmological constant A, and is given by

1
G,=R,—- Egme =87G(Ty + gupr): (2)

where G,, is the Einstein tensor, py = A/8zG is the
vacuum energy density (the energy density associated to
the CC vacuum term), and 7, is the energy-momentum
tensor of matter. It is to be noted that for simplicity we
use geometrical units 8#G = ¢ = 1. We introduce a bulk
viscous fluid through the energy-momentum tensor which
is given by [95]

Tm/ = (pm + P)uﬂuy + g/wP7 (3)

where u is the fluid four-velocity, p,, is the density of
matter, and P is the pressure which is composed of the
barotropic pressure p,, of the matter fluid plus the viscous
pressure I1, i.e., P = p,, + II. The origin of bulk viscosity
is assumed as a deviation of any system from the local
thermodynamic equilibrium. According to the second law
of thermodynamics, the reestablishment to thermal equi-
librium is a dissipative processes which generates entropy.
Because of generation of entropy, there is an expansion in
the system through a bulk viscous term.

In homogeneous and isotropic cosmological models,
the viscous fluid is characterized by a bulk viscosity. It is
mostly based on Eckart’s formalism [49], which can be
obtained from the second-order theory of nonequilibrium
thermodynamics proposed by Israel and Stewart [53] in
the limit of vanishing relaxation time. The viscous effect
can be defined by the viscous pressure Il = —3{H, where
{ is the bulk viscous coefficient and H is the Hubble
parameter. The bulk viscous coefficient { is assumed
to be positive on thermodynamical grounds. Therefore,

it makes the effective pressure as a negative value which
leads to modification in the energy-momentum tensor of
perfect fluid.

If we denote the total energy-momentum tensor
T,, + gupa as modified Tﬂb on the right-hand side of
field equations (2), then the modified Tﬂ,, can be assumed
the same form as T,,; that is, T, = (p + p)u,u, + g, p.
where p = p,, + pp and p = p,, —3{H + p, are the total
energy density and pressure, respectively. Furthermore, we
assume that the bulk viscous fluid is the nonrelativistic
matter with p,, = 0. Thus, the contribution to the total
pressure is due to only the sum of negative viscous pressure
—3¢H and vacuum energy pressure pp = —p,.

Using the modified energy-momentum tensor as dis-
cussed above, the Einstein field equations (2) describing
the evolution of the FLRW Universe dominated by bulk
viscous matter and vacuum energy yield

3H? = p = p, + pa. (4)
2H +3H? = —p = 3CH + py, (5)

where H = d/a is the Hubble parameter and an overdot
represents the derivative with respect to cosmic time 7. In
this paper, we propose the evolution of the Universe based
on decaying vacuum models, i.e., vacuum energy density
as a function of the cosmic time. From (2), the Bianchi
identity V¥G,, = 0 gives

VT, =0 (6)
or, equivalently,

pm+3H(pm+pm_3CH+pA+pA) = _pA9 (7)

which imply that there is a coupling between a dynamical A
term and viscous CDM. Therefore, there is some energy
exchange between the viscous CDM fluid and vacuum.
Using the equation of state of the vacuum energy p, =—px
and p,, =0, Eq. (7) leads to

Pm + 3H(pm - 3CH) = —PA- (8)

Now, combining (4) and (8), we get

. 3 1 3
H+>-H*=~ ~(H.
+3 5Pa 56 )

The evolution equation (9) has three independent unknown
quantities, namely, H, £, and p,. We get the solution only if
¢ and p, are specified. In what follows, we discuss the
dynamics of the Universe depending on the specific forms
of p, and .
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III. SOLUTION OF FIELD EQUATIONS

In this paper, we parametrize the functional form of p, as
a function of the Hubble parameter. The motivation for a
function p, = p(H) can be assumed from different points
of view. Although the correct functional form of p, is not
known, a QFT approach within the context of the RG was
proposed in Refs. [96,97] and further studied by many
authors [29,32,35,43,98,99]. In Ref. [36], the following
ratio has been defined between the two fluid components:

_PrT P (10)

Pm + PA
where p, is a constant vacuum density. If py = p,, then
y = 0, and we get the ACDM model. On the other hand, if
P, # 0, then we get

P =Pro +7(Pm +pa) = pao +3rH?.  (11)

The above proposal was first considered by Shapiro
and Sola [42] in the context of RG. Many authors have
studied the evolution of the Universe by assuming this
form [33,34,41]. Hereafter, we shall focus on the simplest
form of p, which evolves with the Hubble rate.
Specifically, in this paper, we consider

pA = ¢y + 3vH?, (12)

where ¢y = 3H3(Quo — v) is fixed by the boundary con-
dition p,(Hy) = pao- The suffix “0” denotes the present
value of the parameter. The dimensionless coefficient v is
the vacuum parameter and is expected to be very small
value |[v| < 1. A nonzero value of it makes possible the
cosmic evolution of the vacuum.

The choice of ¢ generates different viscous models, and
in the literature there are different approaches to assume the
evolution of bulk viscosity. In this paper, we consider the
most general form of the bulk viscous term ¢, which is
assumed to be the sum of three terms: The first term is a
constant, ¢, the second term is proportional to the Hubble
parameter H = d/a, which is related to the expansion, and
the third term is proportional to the acceleration, d/d. Thus,
we assume the parametrization of bulk viscous coefficient
in the form [67,72,73,79,82,100,101]

=t it hS, (13)

where ), {1, and ¢, are constants to be determined by the
observations. The term ¢/a in Eq. (13) can be written as
d/aH. The basic idea about the assumption of { in Eq. (13)
is that the dynamic state of the fluid influences its viscosity
in which the transport viscosity is related to the velocity and
acceleration.

Using Egs. (12) and (13), the differential equation for the
Hubble parameter (9) finally reduces to

3 .3 3 1
<1 —§C2>H+§(1 _Cl —C2—Z/)H2—§€OH—§CO :O,

(14)

which on integration gives

_ o 1+ e—3(1=41=0-v)ot
H_2(1 =& _€2_V)+U 1 = ¢-30=8=G-v)ot |7 (15)

B ¢ 2 H} (Qpo—v)
where ¢ = \/(2(1_41342_,,)) + (1_0C1—Cz—u).

The above equation simplifies to give

_ o §(1—51—C2_V)U
H=si-g-g-ptoeon <2 (1-34) ’)‘
(16)

Using the Hubble parameter H = d/a, the scale factor of
the model a(z) with the condition a(#,) = 1 is given by

201-30)

a— e%z [Sinh (3 (1 -{ _52 - I/)G t>] 3(1—51*52—»)’
2 (1-50)
(17)

which shows that the scale factor increases exponentially as
t increases. From (17), one can observe that, in general, it is
not possible to express cosmic time ¢ in terms of the scale
factor a. It is possible only if the viscous coefficient terms
are zero. In the absence of bulk viscosity, we obtain the
result of decaying vacuum model as discussed in Ref. [29].
Furthermore, for constant A, the solution reduced to the
ACDM model with no viscosity.

It is worthwhile to compute the evolution of matter
energy density as a function of scale factor (or redshift) or
function of cosmic time. Using (12) and (13), the continuity
equation (8) takes the form

i+ 31 =0pn =901 -0) (@ + 05465 ) (18)

The solution of the above equation involves a big expres-
sion. Therefore, we avoid writing the expression for matter
density. However, we present the numerical solution of this
equation for different combinations of viscous and v terms
in Fig. 1. It is observed that the matter energy density
decreases as t increases, and it approaches to the finite
value as t — oo. However, in the absence of viscous terms,
Pm — 0as t — oo.

To discuss the decelerated and accelerated phases and its
transition during the evolution of the Universe, we study a

023508-4

Page 229 of 292 - Integrity Submission

Submission ID  trn:oid:::27535:125422881



7 turnitin

7 turnitin

Page 230 of 292 - Integrity Submission

VISCOUS FLUID DYNAMICS WITH DECAYING VACUUM ...

Submission ID  trn:oid:::27535:125422881

PHYS. REV. D 109, 023508 (2024)

2000'"x""x""x""x""x""
I - $0=0, {1=0, =0, v=0
— ——  %=0, {=0, &=0, v=0.01
| e §=0.01, {=0.015, {;=0.02, v=0
1500k pL——=—-- £6=0.03, £;=0.025, £,=0.04, v=0.01 |
g 1000( R
Q
500 1
0* —
ST T T T S T ST S T S S S S AN S S T S N S S S S S S S S
0.00 0.05 010 0.15 020 0.25 0.30
t
FIG. 1. The matter energy density as a function of cosmic time ¢

for decaying vacuum with { = {4+ 44,4

cosmological parameter, known as “deceleration param-
eter,” g, which is defined as

a1 H
= —_——— —_ 1 — . 1
1= ( +HZ) (19)

Using (16), the deceleration parameter is calculated as

(1-¢ 4 v) 27 (30=4-5—v)
3 1274 52 ¢ h( 7(1‘_%5) at)

2 & 3(1-61=8-v) 2
(2<1—cl—cz—u)+ ocoth (5 = ‘”))

From (20), we observe that the model transits from
decelerated phase to accelerated phase. As ¢ increases,
the deceleration parameter decreases, and as f — oo, it
approaches to ¢ = —1. The rate of deceleration parameter
attaining to —1 depends on the viscous terms.

For sake of completeness, we discuss another important
cosmological parameter, known as effective equation of
state (EOS) parameter, which is defined as

(20)

2 H

wer = —1 corresponding to a de Sitter epoch in future
time of evolution.

IV. SOME PARTICULAR SOLUTIONS

In order to calculate specific expressions for cosmologi-
cal parameters of the viscous model with decaying vacuum
energy, let us analyze three particular popular proposals
depending on the choice of { defined in Eq. (13).

A. Case I: { =&, =const

This is the simplest parametrization of Eckart’s bulk vis-
cosity model. Many authors [70,71,78,85,88,89,92,102—-104]
have studied the viscous cosmological models with a
constant bulk viscous coefficient. In this case, the evolution
equation (14) reduces to

1

.3 3
H+§(1—U)H2—§C()H:§CO (23)

Solving (23) or directly taking £
we get

=¢, =0in(16), forv < 1,

e TRad coth @(1 —y)01t>, (24)

where 6, = \/ (2 <fﬂu)>2 + "E?_AO) “) 1t can be observed that

the solution reduces to the standard A for {; = 0 and v = 0,
whereas for {, = 0 and v # 0 it gives the solution for the
A(t) model from quantum field theory [29]. The scale factor is
given by

a(t) = e (smh(i(l—u)aﬁ))ﬁ, (25)

which shows that the scale factor increases exponentially as ¢
increases. From (25), one can observe that, in general, it is not
possible to express cosmic time 7 in terms of the scale factor a.
It is possible only if £, = 0. In the absence of bulk viscosity,
we obtain the result of decaying vacuum model as discussed
in Ref. [29]. Furthermore, for constant A, the solution reduced
to the ACDM model with no viscosity.

The deceleration parameter and effective EOS parameter
are, respectively, given by

Wer = —1 32 (21)
3 (1-v) alcsczh(g (1-v)o )
Using (16), Eq. (21) gives g=-1+3 (26)
g (10, Fa. Cle 2<< >+alcoth(%(l—u)61t))2
(1-6-6-v) 27 (3(=4-8-v)
_ = il = ). 5y and
Wegr =—1+ : — 5. (22)
b 30-6-6v)
(2<1—cl—cz—u>+6°°th(2 (=) "t)>
(1 - v)olesc? h(gu — ), z)
It can be observed that the effective EOS parameter Werr = —1 + % 5 ;- (27)
. . 57—+ oy coth (3 (1 — v)oyt
decreases to negative values and finally saturated to 2(1-v) 2
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FIG. 2. The time evolution of matter energy density for the
decaying vacuum model with viscosity { = {,,.

The time evolutions of g and wg; are similar to the
evolutions of these parameters as discussed for the general
form of viscous term in Sec. III.

The continuity equation (18) in this case has the form

P +3(1 =v)Hp,, = 9(1 = v){oH>. (28)

Solving (28), one may find the time evolution of the
matter density. We will present only a numerical solution
of this equation. In Fig. 2, we plot the time evolution of
matter energy density p,,(¢) for different combinations
of {, and v. This figure shows that the matter density
diverges at the beginning of cosmic evolution, decreases
as ¢ increases, and finally approaches to a finite value as
t — oo for { # 0 and v # 0. In the absence of viscosity or
decaying vacuum energy, the matter energy density tends
to zero as t — oo.

B.CaseIl: ¢ =¢&, + & H

We assume that the bulk viscous coefficient is a linear
combination of two terms: {, and {H, i.e.,{ =y + { H.
In the literature, many authors [73,79,80] have assumed
such a form of { to study the dynamics of Universe. In this
case, Eq. (14) reduces to

.3 3 1

H"‘E(l—gl—l/)Hz—EC()H:ECO. (29)
Solving Eq. (29) or directly putting {, =0 in Eq. (16),
the solution for the Hubble parameter for ({; +v) < 1 is
given by

o

H=0—e -0

+ () COth (% (1 - é‘l - Z/)O'zt) s (30)

_ ¢ 2 | Hy(Qy—v) :
where ¢, = \/ (2(1—401—v)) + o The corresponding
expression for the scale factor in normalized unit has

the form

)

it
a4 — ot {sinh @(1 —f - y)02r>]“"“ 3D

The respective deceleration parameter and effective EOS
parameter are calculated as

3(1-¢, —y)agcsc%(g(l _¢ —1/)021)

qg=-1+ : ; 3 (32)
2(2(1_721_”)4‘02C0th<§(1 _é‘l —I/)62t>)
and
(1-¢, —y)agcsczh(g(l _¢ —u)azt)
Wegr = —1+ g ; 5. (33)
(2(1_21_”) +02C0th (E(l _é’l —I/)Gzt))

The time evolutions of g and wy; are similar to the
evolutions of these parameters as discussed for the general
form of the viscous term in Sec. IIL

The continuity equation (18) in this case has the form

P +3(1 = v)Hp, = 9(1 —v)((oH? + L HY). (34)

We present only a numerical solution of Eq. (34). In Fig. 3,
we plot the time-dependent matter energy density p,,(z) for
different combinations of {, {;, and v. It is observed from
the figure that the matter density diverges at the beginning
of cosmic evolution, decreases as time passes, and finally
approaches to a finite value as t — oo for { # 0, {; # 0, and

1000: T B T T
r $0=0, {1=0, v=0
I =0, £1=0, v=0.01
800 I =001, §;=0.02, v=0 ]
I 0=0.03, ¢1=0.04, v=0.01
600 ]
& [
400f ---------------------- .
200}
F \
U H\Tf"T"fTT"TTTTTT‘_
0.00 0.05 0.10 0.15 0.20 0.25 0.30
t
FIG. 3. The time evolution of matter energy density for the

decaying vacuum model with viscosity { = {, + ¢ H.
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v # 0. In the absence of viscous terms or decaying vacuum
energy, the matter energy density tends to zero as t — oo.

C. Case III: (=¢H

Finally, let us consider the case where the bulk viscous
coefficient is proportional to the Hubble parameter, i.e.,
¢ = H. Such a form of { has been studied by many
authors [54,60,73,81,105,106]. In this case, the evolution
equation (14) for Hubble parameter reduces to

3 1
+§(1—€1—1/)H2—5C0:0. (35)

The above equation with change of a variable from ¢ to
x =Ina can be written as

dn?
_+3(1 _Z:l —U)]’l2

dx = 3(Qno — 1), (36)

where h = H/H, is the dimensionless Hubble parameter
and Q, = pao/3H3. Assuming (¢ +v) <1 and using
the normalized scale factor—redshift relation a = (1 + z)_l,
we can express the normalized Hubble function E(z) =
H(z)/H, as

-
(1=¢1-p)'?
X [(1 _é‘l _QAO)(l +Z)3<1_C]_D) +QA0—IJ]1/2. (37)

E(z)=

From the above equation, it is clear that, for v = 0 and
£, = 0, we recover exactly the ACDM expansion model,
whereas only {; =0 gives the solution obtained in
Ref. [41]. It is observed that at very late time we get a
Qro—v
1-(-v)
which implies a de Sitter phase of the scale factor.
Using H = d/a, the solution for the scale factor in terms
of cosmic time ¢ is given by

a:<( -& 9A0)>ﬁ
QAO_

X {sinh @ V(I=¢ —y)(QAO—I/)HOtﬂm. (38)

cosmological-constant-dominated era, H = H i

It can be observed that the scale factor evolves as
power-law expansion, ie., a o 230-47%) for small
values of ¢, whereas it expands exponentially, i.e.,

a « exp EQ"" ”))Hot for large values of time ¢. In other

words, the model expands with decelerated rate in early
time of its evolution and expands with accelerated rate in
late time of its evolution.

From Eq. (38), we can find the cosmic time in terms of
the scale factor, which is given by

AT = — PCRET R [(‘)} |
(39)

where a; = (%)1/3(1—&—0'

Using (37), the value of ¢ in terms of redshift is
calculated as

(1= = Qo) (1 +2)30)
R (1~ )1+ 204
(40)

q(z)=—1+%[

The above equation shows that the dynamics of ¢ depends
on the redshift which describes the transition of the Universe
from decelerated to accelerated phase. We observe that,
as z — —1, g(z) approaches to —1. However, the model
decelerates or accelerates if Q,y, = v, which gives ¢ =
-1+ 1.5(1 = ¢, —v). Thus, a cosmological constant is
required for a transition phase. Also, for z = 0, we find
the present value of ¢ which is given by

go=—1+15(1 = ¢ — Q). (41)

The transition redshift z, of the Universe, which is
defined as a zero point of the deceleration parameter,
g = 0, can be calculated as

s < 2(Qp0 — V) >3(1—51—v>
B =& =v)=2)(1 =& = Q) ‘
(42)
In this case, the effective EOS parameter is defined by
Wi = —1 =142 \where x = Ina and h = H/H,. Using

Eq. (37), we get

{-Q 4 7)30-6-)
Weff(Z) =-1+ (QAOED) 11 ([g\g(/)\zfy) 1) 3(1—¢,—2) .
[+ (1= Ry (14 920
(43)
The present value of w.; at z = 0 is given by
Werr (2 = 0) = =14 (1 =} = Q). (44)

We can observe that the model will accelerate provided
3weir(z =0) +1=-2+3(1-¢; —Qyp) <0.

Let us discuss the behavior of the matter energy density
in this model as a function of scale factor (or redshift).
Transforming the time derivative into derivative with
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respect to the scale factor, the conservation equation (18)
reduces to a differential equation for matter density:

d 3(1 - 1-
ﬁ_i_ ( U)pm — 9( y)gl Hz. (45)
da a a
Using (37) into (45) and integrating, we find
3clH(2)(QA0 - V)) -3(1=¢,-v)
m = mo 7 - .~ |4 e
p <p 0 (1-¢-v)
38 H5(Qp0 —v)
_ 46
(-6 -0) (46)

where p,,0 = pn(a=1) is the present matter density.
Substituting Eq. (38) in the above equation, one may
obtain the explicit time evolution of the matter density if
desired. It can be observed from Eq. (46) that the matter
density no longer evolves as p,, = p,0a . There is a
correction in the exponent of the scale factor and some
additional constant terms. This is due to the fact that matter
is exchanging energy from vacuum and viscous term.
We also note that, as ¢ — oo, p,, =3(H3(Qxo—v)/
(1 =¢, —v); ie., matter density does not approach zero
in infinitely far future due to viscosity. In the absence of a
viscous term, the matter density tends to zero as t — .
The detailed discussion on the evolutions of matter energy
density and other cosmological parameters of this particular
model is presented in Sec. VII.

In the following section, we constrain the parameters
of this model by using the latest observational datasets
and analyze the evolutions of all above discussed various
cosmological parameters using the best-fit values. We
compare the proposed model with the existing model
through the stability criteria.

V. GROWTH OF PERTURBATIONS

In cosmic structure formation, it is assumed that the
present abundant structure of the Universe was developed
through gravitational amplification of small density per-
turbations generated in its early evolution. In this section,
we briefly discuss the linear perturbation within the
framework of viscous fluid with varying A(z). We refer
the reader to Refs. [107,108] for the detailed perturbation
equations, since here we have discussed some basic
equations only. The differential equation for the matter
density contrast J,, = p,,/p,, for our model considered
here can be approximated as follows [109]:

(e

4Gpy 5,
H*(a) a

=0, (47)

where prime represents derivative with respect to the scale
factor a. The above second-order differential equation turns

out to be accurate, since the main effects come from the
different expression of the Hubble function. We consider
the Hubble function as obtained in case III in Sec. IV.
Equation (47) describes the smoothness of the matter
perturbation in the extended viscous A(7) model.

The linear growth rate of the density contrast, f, which is
related to the peculiar velocity in the linear theory [110],
is defined as

dinD,,(a)

fla) ==, (48)
where D,,(a) = 6,,(a)/5,,(a =1) is the linear growth
function. The weighted linear growth rate, denoted by
fog, is the product of the growth rate f(z), defined in (48),
and og(z). Here, oy is the root-mean-square fluctuation in
spheres with radius 8h! Mpc scales [111,112], and it is
given by [113]

_ (@
"5 =0

o3 (Z = 0) (49)
Using (48) and (49), the weighted linear growth rate is
given by

fGS(Z) = —(1 + Z)@dﬁm

S Em (50)

In what follows, we perform the observational analysis
of case III in Sec. IV to estimate the parameters of the
model and analyse the evolution and dynamics of the model
in detail.

VI. DATA AND METHODOLOGY

In this section, we present the data and methodology
used in this work. We constrain the parameters of the GR-
ACDM and ¢ = {H with varying A models using a large,
robust, and latest set of observational data which involve
observations from (i) distant type Ia supernovae (SNe Ia);
(i) a compilation of cosmic chronometer measurements of
Hubble parameter H(z) at different redshifts; (iii) baryonic
acoustic oscillations (BAO); and (iv) f(z)og(z) data.
A brief description of each dataset follows.

A. Pantheon SNe Ia sample

The most known and frequently used cosmological
probe are distant type la supernovae (SNe Ia) which are
used to understand the actual evolution of the Universe.
A supernova explosion is an extremely luminous event,
with its brightness being comparable with the brightness of
its host galaxy [114]. We use the recent SNe Ia data points,
the so-called Pantheon sample which includes 1048 data
points of luminosity distance in the redshift range 0.01 <
z < 2.26. Specifically, one could use the observed distance
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modulo g, to constrain cosmological models. The Chi-
squared function for SNe Ia is given by

1048
Z%Nela = AﬂTc_lA”’ (51)
i=1

where Ap = pgps — py,- Here, ug,s is the observational
distance modulus of SNe Ia and is given as pgp, =
mp — M, where mp is the observed peak magnitude in
the rest frame of the B band and M is the absolute B-band
magnitude of a fiducial SNe Ia, which is taken as —19.38.
The theoretical distance modulus uy, is defined by

D (Zhets Zemb)
p) = Slogo [ 2Ll Zemb)) 4 55 (sp
palzop) = Stogs (P E)) 25 ()

where p is the parameter space and D; is the luminosity
distance, which is given as Dy (Znels Zemp) =
(1 + Zhel)r(zcmb)‘ Here, r(Zcmb) is given by

r(z) = cHy! AZ 7E(Czl’z,lp)’ (53)

where ¢ is the speed of light, E(z) = H(z)/H, is the
dimensionless Hubble parameter, and z,, and z..,, are
heliocentric and CMB frame redshifts, respectively.
Here, C is the total covariance matrix which takes the
form C = Dy, + Ciys, where the diagonal matrix Dy, and
covariant matrix Cjy, denote the statistical uncertainties and
the systematic uncertainties, respectively.

B. BAO measurements

In this work, we have used six points of BAO datasets
from several surveys, which includes the Six Degree Field
Galaxy Survey (6dFGS), the Sloan Digital Sky Survey
(SDSS), and the LOWZ samples of the Baryon Oscillation
Spectroscopic Survey (BOSS) [115-117].

The dilation scale D, (z) introduced in [118] is given by

D,(z) = <d%(z)z> " (54)

H(z)

Here, d,(z) is the comoving angular diameter distance and
is defined as

= d
da(z) = S

—Jo H(y)" (53)

Now, the corresponding Chi-squared function for the BAO
analysis is given by

Xiao = ATCghoA, (56)

where A depends on the considered survey and Cgh, is the
inverse of the covariance matrix [117].

C. H(z) data

The cosmic chronometer (CC) data, which are deter-
mined by using the most massive and passively evolving
galaxies based on the “galaxy differential age” method,
are model independent (see Ref. [119] for detail). In our
analysis, we use 32 CC data points of the Hubble parameter
measured by differential age technique [119] between the
redshift range 0.07 < z < 1.965. The Chi-squared function
for H(z) is given by

(57)

where H(z;, p) represents the theoretical values of Hubble
parameter with model parameters, H,(z;) is the observed
values of Hubble parameter, and o; represents the standard
deviation measurement uncertainty in H g (z;)-

D. f(z)64(z) data

In Sec. IV, we have mainly discussed the background
evolution of the growth perturbations and defined the
weighted linear growth rate by Eq. (50). To make a more
complete discussion on the viscous A(z) model in pertur-
bation evolution, we focus on an observable quantity of
f(2)og(z). We use 18 data points of “Gold-17" compilation
of robust and independent measurements of weighted linear
growth f(z)og(z) obtained by various galaxy surveys as
compiled in Table III in Ref. [120]. In order to compare the
observational dataset with that predicted by our model, we
define the Chi-square function as

_ i [ Gtshe(zi’l’) —fggbs(zi)]z
a " (72 ’
i=1 fog(zi)

2
X{foy) (58)

where fol®(z;,p) is the theoretical value computed by

Eq. (50) and fo3™(z;) is the observed data [120].

Using the observational data as discussed above, we use
the MCMC method by employing the EMCEE PYTHON
package [121] to explore the parameter spaces of viscous
model with decaying vacuum density as discussed in
Sec. III by utilizing different combinations of datasets.
The combinations are as follows:

(i) BASE: The combination of two datasets SNela +
BAO is termed as “BASE,” whose joint y* function
is defined as )(tzot = X%Nela +)(123AO'

(i) +CC: We combine CC data to the BASE, where

it = Xineta T XBa0 T X
(iii) 4+fog(z): The BASE data are complemented
with CC and fog, where y2, = yinern +X5r0 +
)(%J(z) +X§'08'
We consider the ACDM model as a reference model, and its
parameters are also constrained with the above sets of data.
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TABLE 1. Constraints on parameters of ACDM for different set
of observation data. Here, BASE denotes “SNela 4+ BAO.”
ACDM

Parameter BASE +CC +fog

Hy 68.987 0253 69.00175-238 68.7937025%
o 0701083 0.699°008  0.6847001
oy 0.79470014
Sg 0.81170072
Zir 0.6701 098 0.67470052 0.6251 0041
o —0.549%503  —0551%550  —0.52370¢;3
Wo -0.69970013  —0.7017°9913  —0.68270017
fo (Gyr) 13733900 13.697 0013 13.5430013
TABLEIL Constraints on parameters of the viscous A(7) model

using different sets of observation data.

Viscous A(t)

Parameter BASE +CC +fog

H, 68.843102714 68.91370:262 68.684702%0
Q, 0.680*0018 0.684+0013 0.674+0012
< 0.006*0:37 0.006*9:99% 0.003+9:%
v 0.004+0:03 0.003+0.004 0.003*350
Sq 0.82219019
Zur 0.664+0031 066510037 0.626 1563
o —05335000 0535450 —0.516150%
Wo —0.6891 9017 —0.69010913 —0.677+901
to (Gyr) 13.52+9019 134870017 134759013

VII. RESULTS AND DISCUSSION

In this section, we present the main results obtained
through the observational data on the viscous A(#) model
of the form ¢ = ¢ H with A = ¢, + 3vH? (refer to case III

in Sec. IV). We also present the cosmological observation
forthe ACDM model using the three combination of
datasets. The viscous A(z) model has four free parameter
spaces {Hg,Q\,{,v}, whereas ACDM has two free
parameters {H, Q,}. We calculate the best-fit values by
minimizing the combination of y function for the above
defined datasets. We also provide the fitting values of the
ACDM for comparison with the viscous A(z) model. The
constraints of the statistical study are presented in Tables I
and II. Figures 4-6 show the 16(68.3%) and 26(95.4%)
confidence level (CL) contours with marginalized like-
lihood distributions for the cosmological parameters of
ACDM and viscous A(7) models considering combination
of different datasets, respectively. It is observed from
Tables I and II that the constraints on the parameter spaces
of ACDM and viscous with A(#) are nearly the same.

Using best-fit values of parameters obtained from BASE,
+CC, and +fog data into Eq. (40), the evolutions of the
deceleration parameter with respect to the redshift are
shown in Figs. 7-9 for the viscous A(7) model along
with the ACDM model. It is observed that with each
dataset ¢(z) varies from positive to negative and shows the
similar trajectory that is comparable to the ACDM model.
Thus, both the models depict a transition from the early
decelerated phase to the late-time accelerated phase.
Furthermore, ¢(z) approaches to —1 in late time of
evolution. Thus, the models successfully generate late-time
cosmic acceleration along with a decelerated expansion
in the past. Figures 7-9 show that the transition from
decelerated to accelerated phase take place at redshift
Ze = 0.6647003) with BASE data, z, = 0.6657)0:) with
+CC data, and z, = 0.62610:5 with +foy data. The
datasets BASE, +CC, and +foyg yield the present decel-
eration parameter g, as —0.5337003, —0.53570:03, and
—0.51670:922  respectively (cf. Table IT). The present values
of z,, and g are very close and, thus, are in good agreement
to ACDM as presented in Table I.

The evolutions of the Hubble parameter H(z) of viscous
A(t) model with respect to the redshift are shown in
Figs. 10-12. Throughout the expansion, viscous A(t) is

. ACDM —— ACDM ~—— ACDM
074 . Viscous A(t) —— Viscous Alt) —— Viscous A(t)
5 //
072
070 §
& g g
3 v
= -
068 ] =1
066
064
63.5 69.0 69.5 635 69.0 695 064 066 0.68 070 072 074
HolKms~1Mpc-1] HolKms~1Mpc-1) o

FIG. 4. Two-dimensional confidence contours of the Hy — €, and one-dimensional posterior distributions of H, and Q, for the
ACDM and viscous A(7) models using “BASE” data. The green and black dot on the contour represent the best-fit value of ACDM and

viscous A(#) models, respectively.
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—— Viscous A(t)
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—— Viscous A(t)

Likelihood

69.0 69.5
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70.0 69.

FIG. 5.

HolKms~1Mpc1]

(]

Two-dimensional confidence contours of the Hy — Q, and one-dimensional posterior distributions of H, and Q, for the

ACDM and viscous A(#) models using “+CC” data. The green and black dot on the contour represent the best-fit value of ACDM and

viscous A(r) models, respectively.

—— ACDM — ACDM —— ACDM
—— Viscous Alt) —— Viscous Alt) —— Viscous A(t)
3 T ]
x
3 3 3
68.0 68.5 69.0 69.5 0.64 0.66 0.68 070 072 075 0.80 0.85
HolKms~=1Mpc1] [ Sg
. ACDM . ACDM . ACDM
074 EE Viscous A(t) 0.86 Il Viscous Alt) W Viscous A(t)
0.85
072 0.84
070 0.82
é : & ¢ 080

68.5 69.0

Holkms~=1Mpc1]

69.5

68.0 68.5

HolKms~1Mpc~1]

69.0 69.5

FIG. 6. Two-dimensional confidence contours of Hy — Q,, Q) — Sg, and Hy — Sg and one-dimensional posterior distributions of Hy,
Q,, and Sy for the ACDM and viscous A(7) models using “+ fog” data. The green and black dot on the contour represent the best-fit

value of ACDM and viscous A(7) models, respectively.

coinciding with the ACDM model and the model paths
cover the majority of the dataset with the error bar of
Hubble parameter, indicating that the viscous A(z) agrees
well with the ACDM model for all three combinations
of datasets. In the considered cosmological scenario, the
present age of the Universe is found to be 7, &~ 13.52 Gyr,
to ~ 13.48 Gyr, and 1, =~ 13.47 Gyr, respectively, as pre-
sented in Table II. The ages thus obtained are very much
compatible with that obtained from the ACDM model with
the same datasets (cf. Table I).

Using the best-fit values of parameters in Eq. (43), the
evolutions of the effective EOS parameter w, are shown
in Figs. 13—-15. We conclude that, for large redshifts, wgg
has small negative value wyy > —1/3, and in the future
the model asymptotically approaches to wey = —1. The
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trajectory of wyy for BASE and 4+CC datasets coincides
with the evolution of the ACDM model. However, it
slightly varies with the best-fit values obtained through
+fog(z) data points. It can be observed that the viscous
A(r) model behaves like a quintessence in early time and
cosmological constant in late time. The present values

of we are found to be —0.68970017, —0.690753, and
—0.677-90]1 with BASE, +CC, and +fog datasets,

respectively, which are very close to the current value of
the ACDM model as presented in Table I.

From Tables I and II, let us discuss the present value
H, of Hubble parameter in the case of viscous A(¢) and
ACDM models. The viscous A(f) model gives Hy =
68.84310274 km/s/Mpc with BASE data, the +CC data

-0.238
give Hy = 68.913702%2 km/s/Mpc, and, finally, the +fog

11
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FIG. 7. The redshift evolution of the deceleration parameter for
viscous A(#) using BASE dataset. The evolution of deceleration
parameter in the standard ACDM model is also shown as the
dashed curve. A dot denotes the current value of g (hence g).
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FIG. 8. The redshift evolution of the deceleration parameter
for viscous A(#) using +CC dataset. The evolution of deceler-
ation parameter in the standard ACDM model is also shown as
the dashed curve. A dot denotes the current value of g (hence g).

renders the present value: H, = 68.684

7 turnitin
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km/s/Mpc.
Recently, the local measurement H, = 73.04 + 1.04
km/s/Mpc from Riess et al. [122] exhibits a strong
tension with the Planck 2018 release Hy = 67.4 £
0.5 km/s/Mpc [7] at the 4.89c confidence level. The
residual tensions of our fitting results with respect to the

Viscous A(t)
- - _-_- N\CDM

FIG. 9. The redshift evolution of the deceleration parameter for
viscous A(7) using +fog dataset. The evolution of deceleration
parameter in the standard ACDM model is also shown as the
dashed curve. A dot denotes the current value of ¢ (hence g).

—-= ViscousA(t)

250 9 — ACDM
Uncertainty

$ Data

N

o

o
'

150 A

H(z) [km/s/Mpc]

100

50 4

0.0 0.5 1.0 15 2.0 2.5
z

FIG. 10. Best fits using BASE dataset over H(z) data for
viscous A(r) (green dot-dashed line) and ACDM (black solid
line) are shown. The gray points with uncertainty bars correspond
to the 32 CC sample.

latest local measurement H, = 73.04 £ 1.04 km/s/Mpc
[122] are 3.920, 3.850, and 4.070, respectively.

Let us focus on og and Sg, which play a very relevant role
in structure formation. The best-fit values of these param-
eters for ACDM and viscous A(¢) models using BASE +
CC + fog data are reported in Tables I and II, respectively.
We can read off oz = 0.794100!4 for the ACDM model
(cf. Table I), whereas the viscous A(z) model prediction is
oy = 0.7907 9% (cf. Table II). This is a very good result,
which can be rephrased in terms of the fitting value of the
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FIG. 11. Best fits using +CC dataset over H(z) data for viscous e
A(t) (blue dot-dashed line) and ACDM (black solid line) are -1 0 1 2 3
shown. The gray points with uncertainty bars correspond to the z
32 CC sample.
FIG. 13. Effective EOS parameter as a function of redshift z

for viscous A(r) using BASE dataset. The evolution of EOS

—-- ViscousA(t) parameter in the standard ACDM model is also represented as the
250 1 — ACDM dashed curve. A dot denotes the present value of the EOS
Uncertainty parameter.
¥+ Data
200 -
: 0.0
£ 150 1 I
s
* -0.2r
100
~0.4}
50 =
, , , , , , =
0.0 0.5 1.0 15 2.0 2.5 -0.6+
z
FIG. 12. Best fits using +fog dataset over H(z) data for 0.8 ]
viscous A(t) (red dot-dashed line) and ACDM (black solid line) L :
are shown. The gray points with uncertainty bars correspond to I Viscous A(t)
the 32 CC sample. -1.0F ---- A\CDM N
-1 0 1 2 3

related LSS observable Sg = og4/(1 —,)/0.3 quoted
in Tables I and II: Sg = 0.811 4+0.022 for ACDM and z
Sg = 0.822 4+ 0.019 for the viscous A(7) model. The values
of o5 and Sy for the viscous A(#) model are compatible for
1o confidence level with ACDM. Our result predicts that
the tensions in g and Sg are reduced to 0.23¢ and —0.380,
respectively. The behavior of f(z)og(z) as a function of
redshift is plotted in Fig. 17. We can see that the evolution
of fog for both viscous A(¢) and ACDM models is
consistent with the observational data points.

Table III presents the y> and reduced y> of ACDM

FIG. 14. Effective EOS parameter as a function of redshift z for
viscous A(#) using +CC dataset. The evolution of EOS parameter
in the standard ACDM model is also represented as the dashed
curve. A dot denotes the present value of the EOS parameter.

2aa =12/ (N —d), where N is the total number of data
points and d is the total number of fitted parameters, which
differs for the various models. It should be noted that, when

and viscous A(#) models, respectively, for the used data-
sets. To compute reduced x2, denoted as y2,, we use

a model is fitted to data, a value of 2, < 1 is regarded as
the best fit, whereas a value of y2,; > 1 is regarded as a poor
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V4
FIG. 15. Effective EOS parameter as a function of redshift z for

viscous A(t) using +foy dataset. The evolution of EOS param-
eter in the standard ACDM model is also represented as the
dashed curve. A dot denotes the present value of the EOS
parameter.

fit. In our observations, we have used N = 1054 data points
for BASE (SNe Ia and BAO), N = 1086 data points
for BASE 4 CC, and N = 1104 data points for BASE +
CC + fog. The number of free parameters of viscous A(t)
is d =4, whereas for ACDM it is d =2. Using this
information, the y2, for both the models are given in
Table I11. It can be observed that the value of y2 is less than
unity with every dataset for both the models, which shows
that both models are in a very good fit with these
observational datasets and the observed data are consistent
with the considered models.

Using the three combination of datasets, we are also
interested in investigating the cosmographical aspects of
the models, such as the jerk parameter, which is defined as

1,10
,,,,,,, BASE+CC+f0g
| mmm = BASE+CC 4
1.05f  BASE 1
~ 1.00
0.95r ]
e
-1 0 1 2 3
4

FIG. 16. Jerk parameter j(z) with redshift z using best-fit values
of parameters for the viscous A(#) model. The horizontal line
represents the ACDM model.

a(n) dgq
= —= 2 1 1 .
I= 0 q(2g+ 1)+ ( +Z)dz

(59)

The jerk parameter, which is a dimensionless third
derivative of the scale factor, can provide us the simplest
approach to search for departures from the ACDM model.
It is noted that, for the ACDM model, j = 1(const) always.
Thus, any deviation from j = 1 would favor a non-ACDM
model. In contrast to a deceleration parameter which has
negative values indicating an accelerating Universe, the
positive values of the jerk parameter show an accelerating
rate of expansion. In Fig. 16, the evolutions of jerk
parameter are shown for ACDM and viscous A(#) models
using the best-fit values of parameters obtained from three

TABLE III.  Values of Chi-squared, reduced Chi-squared, AIC and BIC of ACDM, and viscous A(z) models. The
ACDM model is considered as a reference model to calculate the AAIC and ABIC.

BASE +CC +fog
Values ACDM Viscous A(t) ACDM Viscous A(?) ACDM Viscous A(t)
e 518.017 515.074 525.457 522.390 842.630 831.112
d 2 4 2 4 2 4
N 1054 1054 1086 1086 1104 1104
;(fed 0.492 0.498 0.484 0.481 0.764 0.755
AIC 522.028 523.055 529.468 530.427 846.641 839.112
BIC 531.938 542.915 539.438 550.351 856.643 859.139
AAIC 1.026 0.959 —7.492
ABIC 10.977 10913 2.496
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FIG. 17. Theoretical curves for the f(z)og(z) corresponding to
ACDM and viscous A(7) model along with some of the data
points employed in our analysis. To generate this plot we have
used the best-fit values of the cosmological parameters listed in
Tables I and II for +fog data.

4)(106 LB L B R S B R S S L S R B R |
rrrrr BASE+CC+f 03 /
—-—— BASE+CC /' ]
3x108] | —— heow i
& 2x10°
1x10°} ]
0>‘ - - . ) ) ) i

2 0 2 4 6 8

y4

FIG. 18. The matter energy density as a function of redshift for
decaying vacuum with viscous term ¢ = {;H using the best-fit
values obtained from different combinations of datasets.

combination of datasets. It is obvious from the figure that
this parameter remains positive and less than unity in the
past and eventually tends to unity in late time. Thus, the
jerk parameter deviates in early time, but it attains the same
value as ACDM in late time.

Using the best-fit values of parameters from Table II in
Eq. (46), we plot the matter energy density as a function of
redshift for different combinations of datasets in Fig. 18.
It is observed that the matter density was too large at the
beginning of the cosmic evolution. As z — —1, the matter
energy density tends to a finite value for all combinations
of datasets.

VIII. SELECTION CRITERION

There are two widely used selection criterion, namely,
AIC and BIC, to measure the goodness of the fitted models
compared to a base model. AIC is an essentially selection
criteria based on the information theory, whereas the BIC is
based on the Bayesian evidence valid for a large sample size.
In cosmology, AIC and BIC are used to discriminate
cosmological models based on the penalization associated
with the number of free parameters of the considered models.
The AIC parameter is defined through the relation [123]

2dN

AICZ){lznm +m»

(60)

where d is the free parameters in a model, N the observa-
tional data points, and y2. the minimum value of the y?
function. AIC penalizes according to the number of free
parameters of that model. To discriminate the proposed
model m; with the reference model m,, we calculate
AAIC,, ,,, = AIC,, —AIC,,, which can be explained as
“evidence in favor” of model m; as compared to model m,.
In this paper, we consider ACDM model as a reference
model (m,).

The value 0 < AAIC,, ,,, <2 refers to strong evidence
in favor of the model m; for 2 < AAIC,, ,,, < 4, there is
average strong evidence in favor of the model m; for
4 < AAIC,, ,,, <7, there is little evidence in favor of the
model m; and for AAIC,, ,,, > 8, there is no evidence in
favor of the model m;.

On the other hand, the BIC can be defined as [124]

BIC = y2., +dInN. (61)

Similar to AAIC, ABIC,,,, = BIC,, —BIC,, gives
evidence against the model m, with reference to model m,.
For 0 <ABIC,,,, <2 gives not enough evidence of
the model m,; for 2 < ABIC,, ,, < 6, we have evidence
against the model m;; and for 6 < ABIC,, ,,, < 10, there
is strong evidence against the model m;. Finally, if
ABIC > 10, then there is strong evidence against the
model, and it is probably not the best model.

The values of AAIC and ABIC with respect to ACDM as
the referring model are shown in Table III. According to our
results, AAIC(ABIC) = 1.026(10.977) with respect to the
BASE dataset, AAIC(ABIC) = 0.959(10.913) with +CC
dataset, and for +fog dataset, we have AAIC(ABIC) =
—7.492(2.416). Thus, under AIC there is strong evidence
in favor of the viscous A(#) model, whereas under BIC
there is strong evidence against the viscous A(7) model
with BASE and +CC datasets and positive evidence
against the model with the +fog dataset.
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IX. CONCLUSION

In this work, we have studied the analytical and
observational consequences of cosmology inspired by
dissipative phenomena in fluids according to Eckart theory
with varying VED scenarios for spatially flat homogeneous
and isotropic FLRW geometry. We have assumed the
interaction of two components: viscous dark matter and
vacuum energy density satisfying the conservation equa-
tion (8). We have solved the field equations by assuming
the most general form of bulk viscous coefficient, viz.,
{=Co+ ¢ H+{y(a/aH). We have also explored three
particular cases of bulk viscosity—namely, (i) ¢ = {o;
(i) { = {1 H; and (iii) § = { + { H—to observe the effect
of viscosity with varying VED. These viscous models
have different theoretical motivations, but not all of them
are able to constrain observationally. We have constrained
only the viscous model { = {| H with varying VED. The
motivation of the present work is to study the dynamics
and evolutions of a wide class of viscous models with
time-varying vacuum energy density in the light of the
most recent observational data. Current observations do
not rule out the possibility of varying DE. It has been
observed that the dynamical A could be useful to solve the
coincidence problem. Although the functional form of
A(t) is still unknown, a QFT approach has been proposed
within the context of the RG. Thus, we have used the
varying VED of the functional form p, = ¢, + 3vH? in all
of the viscous models presented in this paper. The
motivation for this functional form stems from the general
covariance of the effective action in QFT in curved
geometry. It has been shown that the A(7) provides either
a particle production processes or increasing the mass of
the viscous dark matter particles. In what follows, we
summarize the main results of the four different viscous
A(r) models.

In case of the viscous A(?) models with ¢ = ¢,
(=Cy+H, and { =g+ HA+ o (d/aH), we have
found the analytical solutions of the various cosmological
parameters, like H(1), a(t), p,,(2), q(t), and we (). It has
been observed that all these three viscous A(z) models
expand exponentially with cosmic time ¢. The models show
the transition from decelerated phase to accelerated phase
in late time. The matter energy density p,,(t) approaches
to a finite value in late time evolution of the Universe.
This happens due to the presence of bulk viscosity. The
deceleration parameter g(f) tends to —1 as ¢ — oo. It is
important to note that it is H(z) that is actually the
observable quantity in cosmology which can be examined
with current observations. However, assuming a suitable
choice of model parameters, we have discussed numerically
the evolutions and dynamics of these models. In the case of
viscous A(#7) model with { = {;H, we have obtained the
various cosmological parameters. We have performed a
joint likelihood analysis in order to put the constrain on
the main parameters by using the three different

combinations of observational data: BASE, +CC, and
+fog. To discriminate our model with the concordance
ACDM model, we have also performed the statistical
analysis for ACDM by using the same observational data-
sets. Our finding shows that this viscous A(z) model can
accommodate a late time accelerated expansion. It has been
observed that we can improve significantly the performance
of the model by using BASE + CC + fog.

From observational consistency points of view, we have
examined the evolution of the viscous A(f) model on
Hubble parameter, deceleration parameter, and equation of
state parameter by using the best-fit values of parameters.
It has been observed that the model depicts transition from
an early decelerated phase to late-time accelerated phase,
and the transition takes place at z,, = 0.664700; with
BASE data, z, = 0.6657005; with +CC data, and z, =
0.626700:% with +fog data. The present viscous A(?)
model has gy = —0.53370¢%, qo = —0.535" 005, and
qo = —0.516709%, respectively. Thus, both z, and g,
values are in good agreement with that of the ACDM
model. The ages of the Universe obtained for this model
with each dataset are very much compatible with the
ACDM model. The proposed model has a small negative
value of EOS parameter for large redshifts and asymptoti-
cally approaches to cosmological constant for small red-
shifts. Thus, the viscous A(7) model behaves like
quintessence in early time and cosmological constant in
late time. The residual tensions of our fitting results with
respect to the latest local measurement Hy = 73.04 +
1.04 km/s/Mpc [122] are 3.920, 3.850, and 4.070, respec-
tively. In Ref. [125], the authors found H, = 69.13 +
2.34 km/s/Mpc assuming the ACDM. Such a result
almost coincides with H( that we obtained in Tables I
and I for ACDM and viscous A(z) models. We have
explored the og and Sg parameters using the combined
datasets of BASE + CC + fog. The constraints on og and
Sg from this combined analysis are og = 0.790%00% and
Sg = 0.82270019 respectively, which are very close to the
values of ACDM. The tension of our fitting results in og
and Sy for the viscous A(7) model with respect to respective
og and Sg of ACDM is 0.23¢ and —0.380, respectively. The
evolution of fog as displayed in Fig. 17 shows that the
behavior of fog is consistent with the observational data
points. It has been noticed that the best-fit results are
consistent in the vicinity of Planck data [7].

It has been observed that the value of 2%, is less than
unity with every dataset, which shows that the model is in a
very good fit with these observational datasets and the
observed data are consistent with the considered model.
The jerk parameter remains positive and less than unity in
past and eventually tends to unity in late time. Thus, the
jerk parameter deviates in early time, but it attains the same
value as ACDM in late time. To discriminate the viscous
A(r) with the ACDM, we have examined the selection
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criterion, namely, AIC and BIC. According to the selection
criteria AAIC, we have found that the viscous A(7) model is
positively favored over the ACDM model for BASE, +CC,
and +fog datasets. Similarly, with respect to ABIC our
model has a very strong evidence against the model for
BASE and +CC datasets, whereas, when we add +fog
dataset, there is no significant evidence against the model.
As a concluding remark, we must point out that the viscous
models with decaying VED may be preferred as potential
models to examine the dark energy models beyond the
concordance cosmological constant. The viscous effects

with decaying VED can drive an accelerated expansion of
the Universe. Thus, a viable cosmology can be constructed
with viscous fluids and decaying VED. With new and more
accurate observations and with more detailed analyses, it
would be possible to conclusively answer the compatibility
of viscous model with dynamical vacuum energy.
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ARTICLE INFO ABSTRACT
Keywords: In the present work, we study a cosmological model composed of a viscous dark matter interacting with
Dark energy decaying vacuum energy in a spatially flat Universe. In the first part, we find the analytical solution of different

Viscous cosmology
Varying A
Cosmological parameters

cosmological parameters by assuming the physically viable forms of bulk viscosity and decaying vacuum
density with the interaction term. The second part is dedicated to constrain free parameters of the interacting
viscous model with decaying vacuum energy by employing latest observational data of Pantheon+, Cosmic
Chronometer and f(z)og(z). We find that the interacting model just deviate very slightly from well-known
concordance ACDM model and can alleviate effectively the current H, tension between local measurement by
R21 and global measurement by Planck 2018, and the excess in the mass fluctuation amplitude o4 essentially

vanish in this context. We report the Hubble constants as H, = 72.100717% and 72.200*1%% kms~'Mpc™',

deceleration parameters as g, = —0.5327002, and —0.531*0922, and equation of state parameters as w, =
—0.689%00'¢, and —0.688*0016 for ACDM and interacting models, respectively. It is found that the interacting

model is in good agreement with ACDM. Further, we discuss the amplitude of matter power spectrum oy
and its associated parameter Sy using f(z)og(z) data. Finally, the information selection criterion and Bayesian
inference are discussed to distinguish the interacting model with ACDM model.

1. Introduction Some works in literature have shown that some dynamical DE
models are able to resolve the problems of ACDM. In this respect,

In modern cosmology, understanding of two dark components: dark the cosmological models with time-varying vacuum energy are the
energy (DE) and dark matter (DM) of the Universe is so far the most promising models to resolve the issues. Although there is no funda-
challenging research area in cosmology. The discovery of accelerated mental theory to describe a time-varying vacuum, a phenomenological
expansion (Riess et al., 1998; Perlmutter et al., 1999) has motivated to technique has been proposed to parametrized CC. Shapiro and Sola
comprehend the composition of these dark entities. Dark matter, which (2002) and Sola (2008) proposed a running vacuum models (RVMs)
interacts only gravitationally with ordinary matter, explains the mea- on the basis of renormalization group (RG) formalism of Quantum
surement of rotation curves of spiral galaxies (Persic et al., 1996). The Field Theory (QFT) in curved spacetime. In the context of RVMs, it

most important theories for DM are scalar fields and supersymmetry
models (Magania and Matos, 2012; Hernandez-Almada and Garcia-
Aspeitia, 2018; Martin, 1998). On the other hand, dark energy, which
has negative pressure, is considered for the accelerated expansion of
the Universe. The most interesting candidates are the cosmological
constant (CC), phantom energy, quintessence, Chaplygin gas, modified
theories of gravity, etc. (Sahni and Starobinsky, 2000; Peebles and
Ratra, 2003; Copeland et al.,, 2006). The cosmological constant as
DE so-called Lambda-cold-dark matter, abbreviated as ACDM is still
the best candidate to explain the cosmological observations. However,
ACDM model suffers with some theoretical problems (Weinberg, 1989;
Padmanabhan, 2003) when its origin is considered as quantum vacuum the RVMs have been carefully confronted against many cosmological
fluctuations. data, which have received a significant success (Wang and Meng, 2005;

is considered that the vacuum energy density evolves slowly with the
cosmic expansion. It has been illustrated that both the background and
linear perturbation levels of the cosmic evolutions can be described by
the RVMs. The vacuum energy is typically determined in curved space-
times using renormalization group procedures, which depend on the
Hubble parameter H and its time derivative and is given by the form
pA(H,H) = M2 A(H, H) (Sola, 2013). In literature, many authors (Car-
valho et al., 1992; Lima and Carvalho, 1994; Bertolami, 1986; Ozer and
Taha, 1987; Peebles and Ratra, 1988; Overduin and Cooperstock, 1998)
have studied the time-varying vacuum energy models. In recent years,
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Elizalde et al., 2005; Borges and Carneiro, 2005; Carneiro et al., 2006;
Borges et al., 2008; Carneiro et al., 2008; Basilakos, 2009; Basilakos
et al., 2009; Costa and Alcaniz, 2010; Pigozzo et al., 2011; Bessada
and Miranda, 2013; Sola and Gémez-Valent, 2015; Sola et al., 2017a,b,
2018, 2019, 2021; Jayadevan et al., 2019; Singh and Sola, 2021; Khatri
and Singh, 2023).

On the other hand, viscous fluid cosmology is an interesting re-
arch area to understand the accelerated expansion of the Universe.
has been observed that irreversible processes in the evolution of the

Universe may also be responsible for explaining the recent accelerated
expansion. There are two types of viscosity: bulk and shear, however,
bulk viscosity is the one that plays an important role in the evolution
of the Universe as it satisfies the cosmological principle. Bulk viscous
models have been studied using two approaches: the Eckart (1940),
and Israel and Stewart (1976) theories. Eckart (1940) proposed a
non-causal theory of viscous of first order which was later modified
by Landau and Lifshitz (1987). In this theory, all equilibrium states are
unstable (Hiscock and Lindblom, 1985) and the signals can propagate
through the fluids faster than the speed of light (Miiller, 1967). The
Israel-Stewart formalism is a full causal theory of second order which
avoids the casuality problem. When the relaxation time goes to zero,
the causal theory reduces to the Eckart’s first order theory. Despite of
the causality problem, Eckart theory is widely used due to its simplicity.
In both theories, the bulk viscous term is included in Einstein field
equations through an effective pressure, written in the form p = p +
IT where p is pressure of matter contents such as dust-matter, DE
or relativistic species (photons and neutrinos) and IT refers the bulk
viscous pressure. In Eckart theory, the bulk viscous pressure is assumed
as IT1 = -3¢ H, where ¢ is the bulk viscous coefficient and H the Hubble
parameter. Some works related to Eckart theory have studied the evo-
lution of the Universe at late time by assuming bulk viscous coefficient
with a constant (Murphy, 1973; Padmanabhan and Chitre, 1987; Gron,
1990; Maartens, 1995; Brevik and Gorbunovae, 2005; Normann and
Brevik, 2017) and polynomial as functions of redshift or in terms of
energy density (Singh et al., 2007; Xin-He and Xu, 2009; Avelino and
Nucamendi, 2010; Herndndez-Almada, 2019). Brevik et al. (2017) have
presented a basic review on viscous cosmology. Some more authors
(Fabris et al., 2006; Hu and Meng, 2006; Ren and Meng, 2006; Meng
et al.,, 2007; Wilson et al., 2007; Mathews et al., 2008; Avelino and
Nucamendi, 2008; Avelino et al., 2008; Avelino and Nucamendi, 2009;
Meng and Dou, 2009; Mostafapoor and Grgn, 2011; Singh and Kumar,
2014; Sasidharan and Mathew, 2015; Bamba and Odintsov, 2016; Wang
et al., 2017; Singh and Kumar, 2018a,b; Singh and Srivastava, 2018;
Singh and Kumar, 2019; Singh and Kaur, 2020; Hu and Hu, 2020) have
explored the viability of a bulk viscous Universe to explain the present
accelerated expansion of the Universe.

Decaying vacuum energy density (VED) models and viscous fluid
models are two appealing theoretical models that have been sepa-
rately studied by many authors to solve some of problems facing
by standard ACDM model. Despite the success of decaying vacuum
energy and viscous fluid models, it should be noted that they have,
separately, limitations in describing the entire cosmological evolu-
tion. Recently, Herrera-Zamorano et al. (2020), Ashoorioon and Davari
(2023), Cruz et al. (2023), Singh and Khatri (2024) have studied
the cosmological model with combination of these two notions in a
single cosmological setting and have investigated their cosmological
implications using observational data.

The ACDM'’s problems also motivate research into new physics be-
yond this standard model. In standard cosmology, it is usually assumed
that DM and DE do not interact with each other. However, there is no
physical basis for this assumption. In this regard, a popular approach is
to investigate the cosmological models where the interaction between
the DM and DE takes place. In this interaction theory, DM and DE are
not separately conserved but they exchange energy (and /or momen-
tum). However, the total energy (and/or momentum) is conserved. It is
worth constraining the interacting models against the available wealth
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of precision cosmological data. This has motivated a large number of
studies based on models where DM and DE share interactions, usually
referred to as interacting dark energy (IDE) models. Chen et al. (2009,
2014) have performed a detailed phase-space analysis and studied
the possibility of transient acceleration by considering the interaction
between DE and DM. Several studies in the literature have been devoted
to explore whether DM-DE interactions may help to resolve the endur-
ing H, tension (Wang and Wang, 2014; Nunes et al., 2016; Valentino
et al., 2017, 2020; Yang et al., 2018; Wang et al., 2022; Gariazzo et al.,
2022; Marcel and Abebe, 2024). Ju-Hua et al. (2011), Kremer and
Sobreiro (2012), Avelino (2012), Avelino et al. (2013), Harko and Lobo
(2013), Leyva and Septlveda (2017), Atreya et al. (2018), Hernédndez-
Almada et al. (2020) have studied the interacting viscous dark fluids
for explaining the early and late time evolution of the Universe. The
above cited works on bulk viscosity show that interacting viscous fluid
models can be one of the possible mechanism to explain the present
acceleration of the Universe.

In recent years, Hubble tension and oy tension are the major chal-
lenge in cosmology, which highlight the need of further research to
understand the evolution of the Universe. These tensions have created
due to the discrepancy between the measurement the expansion rate
by two different methods: Cosmic Microwave Background(CMB) and
distance ladder. Researchers are actively working to understand these
tensions by exploring the alternative modified theories beyond the stan-
dard ACDM model. Abdalla et al. (2022) have presented a cosmological
review of particle physics, astrophysics and cosmology associated with
cosmological tensions and anomalies, and proposed some interesting
models which could alleviate H, and oy tensions.

In light of the aforementioned discussions, it has been observed
that the interacting scenario that include dynamical dark energy have
attracted the interest in literature as they are efficient to resolve the
H, and og tensions (Pan et al., 2019). The main purpose of the
present work is to investigate a cosmological model for a spatially flat
Friedmann-Lemaitre-Robertson-Walker Universe including two compo-
nents: a non-perfect and interacting viscous dark matter, and decay-
ing vacuum energy that interact with viscous dark matter in Eckart’s
approach. We analyse the dynamics of interacting model by constrain-
ing the free parameters by performing a Markov chain Monte Carlo
(MCMC) using the latest observational data. Further, we investigate
how our interacting viscous model with decaying VED affects the
perturbation level. To investigate the role of this model in structure
formation, we employ the perturbation equation to determine the
growth of matter fluctuations. Finally, we study the evolutions of
various cosmological parameters and compare the perfect fluid case
that corresponds to the ACDM model through the model selection
criteria and Bayesian evidence analysis.

The paper is organized as follows. In Section 2, we present the
general features of the proposed cosmological model for a spatially
flat Friedmann-Lemaitre-Robertson-Walker Universe where dissipative
effects are present with interacting decaying VED. Section 3 deals
with the analysis on Structure formation and perturbation equations.
We present in Section 4 the cosmological probes that are used to
constrain the model. Section 5 gives the results and discussions on
various cosmological parameters with the trajectories and compares
the proposed model with the concordance ACDM using information
criterion and the Bayesian inference. The main results of the work are
summarized and discussed in Section 6. Two more solutions are also
presented in Appendix.

2. Interacting bulk viscous model with decaying VED

We start with a homogeneous and isotropic Universe described by
the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric

ds® = —dt* + a*(t) [dr* + r*(d0” + sin®0d ¢?)] . €]
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where a(r) represents the cosmic scale factor of the Universe. The
Einstein field equations in General Relativity are given by

R R =8xGT,,, 2

1

v Egyv
where R = g, R, is the Ricci scalar, G is the Newton gravitational
constant and T, = T,, +g,,p, is the total energy-momentum tensor,
which accounts for contribution of viscous dark matter and vacuum
energy. Here, p, = A/8zG is the energy density associated to A-term,
so-called the vacuum energy density (VED). It should be emphasized
that we employ the geometric units 8zG =c¢ = 1.

In this paper, we propose to study the cosmological dynamics of
the Universe which include the interaction between the dark matter
component including dissipation through a bulk viscous coefficient
and a VED described by running coupling depending on the Hubble
parameter (hereafter we refer interacting viscous A(#) model).

The energy-momentum tensor, 7,, for viscous matter is given
by (Eckart, 1940)

T, = (py + Pu,u, +g,,P 3

where p,, is the energy density DM, u,, is the associated four-velocity
and P = p,, + II is the sum of pressure of fluid contributed from the
equilibrium pressure, p,, and the non-equilibrium pressure, IT due to
bulk viscosity. It is assumed that deviation of any system from the
local thermodynamical equilibrium is the source of bulk viscosity. In
accordance with the second law of thermodynamics, the restoration
of thermal equilibrium is a dissipative process that produces entropy.
As a result of this entropy generation, the bulk viscous term causes an
expansion in the system. We also assume that the energy—-momentum
tensor for vacuum energy similar to a perfect fluid, with equation of
state, py, = —py .-

The viscous fluid in homogeneous and isotropic cosmological mod-
els is determined by its bulk viscosity. The Eckart’s formalism serves as
the basis for this theory (Eckart, 1940). It is basically obtained from
the second order theory of non-equilibrium thermodynamics in the
limit of vanishing relaxation time which was proposed by Israel and
Stewart (1976). Inspired by the viscosity behaviour in fluid mechanics,
being proportional to the speed, we assume IT = —3{ H, where H is
the Hubble parameter and ¢ is the bulk viscous coefficient, which is
assumed to be positive on thermodynamic grounds. Furthermore, we
consider the non-relativistic matter with p,, = 0 to be the bulk viscous
fluid. Therefore, the sum of the vacuum energy pressure, p, = —p,
and viscous pressure II = —3¢H are the components contributing to
the total pressure. These two extra ingredients have been introduced to
get a more realistic fluid description of DM and DE and also a suitable
comparison with ACDM model.

In the presence of a non-gravitational interaction between vis-
cous dark matter and decaying vacuum energy, which is characterized
by a coupling function Q(7), also known as the interacting rate, the
Friedmann equation and conservation equations can be written as

3H% = p, +pss @
pm +3Hp, =9 H* +O®), 5)
pp+3H(py+py) = =00, )

where dot denotes derivative with respect to the cosmic time ¢. In
Egs. (5) and (6), QO(¢) denotes the interaction function providing the
rate of energy transfer between viscous dark matter and decaying VED.
It is to be noted that Q(f) < 0 gives energy transfer from viscous DM
to decaying vacuum energy where as Q(r) > 0 gives energy transfer
from decaying vacuum energy to viscous DM. Once the interaction
function Q(¢) is specified, the background dynamics of the model can
be found using (4)-(6). We can define Q(r) by two ways: either by
deriving the interaction function from some fundamental physics at
the Lagrangian level or by assuming at phenomenological level and
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testing using observational data. Due to the absence of a fundamental
physical theory, we will consider the second approach by assuming the
interaction function as (Nojiri and Odintsov, 2011; Brevik et al., 2015)

0 =3ap, H. %)

where the term « denotes the dimensionless coupling parameter and in-
cluded in the fitting vector of free parameters which is to be constrained
by the observational dataset.

For decaying VED, we assume a phenomenological application of
renormalization group analysis, which can be written as (Sola et al.,
2017b; Khatri and Singh, 2023)

pp =co+3vH?, (€)]

where ¢, = 3H§(.Q 4+ — v) is the additive constant and fixed by the
boundary condition p,(H) = p 4. In this scenario, v is the dimension-
less vacuum parameter and is naturally anticipated to have extremely
small magnitude i.e. |v| < 1. Thus, the positive magnitude of v enables
the vacuum’s cosmic evolution. In this instance, we will fit v to the
cosmological data set by taking it as a free parameter.

Substituting (7) into (5), we get

pm=9CH? =3(1 — a)p,, H 9
From (4)-(9), we get the following Hubble evolution equation,
-3 ,» 3 ¢ l/(l-a
H+Z2(0-aH*=2—_H+-(—2)¢,. 1
tRU-oH =30 +2<1—V)CO a0

The above evolution Eq. (10) has H and ¢ as unknown quantities. We
can get the solution of H only if the functional form of ¢ is specified. We
consider the bulk viscous coefficient ¢ as proportional to the expansion
rate of the Universe, i.e., to the Hubble parameter H, which can be
expressed as (Grgn, 1990; Singh et al., 2007; Singh and Kumar, 2014;
Brevik, 2002; Hu and Hu, 2020)

¢=0H an

where ¢, is a dimensionless constant to be estimated from the observa-
tions. Substituting this relation into (10), we get

L 3 (A=A —0)=8G\ o 1 (l-ay _
H+§<?>H —3(=5)a=0 12

The preceding equation with a variable change from 7 to x = loga
together with ¢y = 3H§(Q 4 — V) can be written as

2 1-v)(1-a)— Q- -
ﬂ+3 (I=-v1-a)-¢ =3 Q4 —v)(1—a) ’ a3)
dx I-v 1-v

where h = H/H, represents the Hubble parameter which is dimension-
less and 24 = p,/3H]. Assuming (1-v)(1-a)—¢; > 0 and employing the
redshift relation to the normalized scale factor, a = (1 4+ z)~!, Eq. (13)
gives

5 _ 3((1—v>(1—«)—4l) -
EX(2) = 3,01 +2) =)+ 83,0 14)
where
. (@0 -a)
ST T i-a-g a4
and
I (o T (¢ et N
G0 =l i e (e

In Eq. (14), E(z) = H/H, is dimensionless Hubble parameter and
;0 (i = DM,DE) represents the current value of density parameter
of viscous DM and decaying vacuum energy. For E(0) = 1, we have
Q,,0+82 4 = 1. The scale factor of expansion can be calculated by using
H = a/a and integrating Eq. (14), the solution for the scale factor a(t)
is given by

1=v)

a-v)
gm o\ 2la-oi-v-¢] ) N\ T
— | . /3 (1t T—)(1—v)-{;
a(n) <—Q > (smh (t)) , a7

A0
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[A-v)(1-@)=¢ | (1-a)(24-v)
2/(3H0\/ v

(17) that the scale factor reduces to a(r) = (£2,,0/240)"/> sinh?3(t/7)
for a = 0, {; = 0 and v = 0, which is the analytical solution of the

scale factor for ACDM model. It can lgel: observed from above equation
(1-v)

that the scale factor varies as a « ¢310-(-9-¢1] during early times which

the power-law expansion of the Universe. For late-time evolution the
4=V

30-¢,-

where 7 = ). It can be observed from

scale factor varies as a o exp Hot which implies the de Sitter

Universe.

To investigate the decelerated and accelerated phases of the expan-
sion of the Universe as well as its transition during the evolution, we ex-
plore a crucial cosmological parameter, called ‘deceleration parameter’.
The definition of deceleration parameter q is

q:_éL:_<1+%>, 8)

Using (14) into (18), the deceleration parameter g in terms of redshift
z is given by
3
=14+ —
9@ =1+ 70

(-v)(1-a)~¢
(A=)l =0 =PI+ z)S(T)l>

(@4=v)(1-a) ( (@40 >(1 +z)‘(%)

1=-v)(1-a)=¢; A=v)(1-a)=¢
The aforementioned equation demonstrates how the redshift affects the
dynamics of q. We note that the value of g(z) approaches —1 in the
future (negative redshift). Furthermore, we determine the present value
of ¢ for z =0, denoted as (qy), which is given by
2 [ -a -2, -] (20)
2(1 —v)
The accelerating and decelerating phase of the Universe can be inferred
from the negative and positive signs of the deceleration parameter,
respectively. For g, > 0, the Universe exhibits expanding behaviour
and goes through a deceleration phase. For —1 < ¢, < 0, represents the
current state of the Universe which is the expanding and accelerating
Universe.

For the sake of completion, we further calculate effective equation

of state parameter w,,, as a function of redshift z,

_ 1
weff(z) =-1+ T-v

19)

qyo=-1+

A=v(i-a)—(; )

(A - -2, -¢pd +Z)3( i

@1
1-v)(1-a)={y
@4-v(1-0) _ @umui-o ()
d-v)(1-a)=¢ + (1 A=-nd-a)=¢; )U +2)
At z = 0, the present value of w,,, is determined by
Wopp(z=0)=—1+ Qn-4]. (22)

3. Growth of perturbations in interacting model

The presence of cosmological fluctuations influences the back-
ground cosmology in which the perturbations evolve. Hence for the
complete analysis of our interacting viscous A(f) model we must take
into account the effects on the large scale structure (LSS) formation
data, which we incorporate into our observational analysis, in order to
fully confront the model. As a result, we must take the matter density
perturbations into consideration. Details on this portion of the analysis
has been provided in many references (Sola et al., 2018; Gomez-
Valent and Sola, 2018). Here, we simply cite the resulting differential
equation, which is entirely consistent with the analysis of Singh and
Khatri (2024) and references therein. For the interacting viscous A(r)
model, we use the standard perturbations equation for the linear matter
density contrast §,, = é6p,,/p,, as given below:
5L§+<§+H/(”)>5/ 3G O _ (23)

a H@ /) ™ H2a) a
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Here () = d/da represents the derivative with respect to the scale
factor. The aforementioned approximation to structure formation is
sufficient for considering the primary consequences originate from the
distinct expression of the Hubble function as compared to the ACDM.
Thus, the preceding second-order differential Eq. (23) seems to be
accurate. We examine the Hubble function (14) as it was determined in
Section 2. The smoothness of the matter perturbation in the interacting
viscous A(¢) model is described by Eq. (23).

The weighted linear growth, f(z)og(z), is typically used to compare
the theoretical calculations with the structure formation data in the
linear regime. Here, 63(z) represents the r.m.s. mass fluctuations on
Rg =8 h™! Mpc at redshift z and f(z) = d Iné§,,(a)/d In(a) is the growth
factor. The details of the calculation are provided in coming Section 4.3.

4. Data and methodology

In this section, we use a variety of observational data and method-
ology in order to constrain the model parameters of ACDM and in-
teracting viscous A(t) models which comprise observations from: (i)
Pantheon+ dataset; (ii) Hubble dataset (Cosmic Chronometers); and
(iii) f(z)og(z) dataset. The following subsections provide an overview
of each data set.

4.1. Pantheon+ dataset

We consider an updated Pantheon+ sample (Scolnic et al., 2022)
which is the successor of the Pantheon sample. This compilation com-
prises of 1701 light curves gathered by 1550 type Ia supernovae (SNe),
providing detailed information for cosmological analysis. In addition to
the most recent SNe sightings, the Pantheon+ collection expands upon
earlier SNe compilations and offers a broad range of redshifts ranging
from z = 0.00122 to 2.2613. The Chi-squared related to the Pantheon+
dataset is given by

1701

z DT Pan+ (24)

){ Pan+ —

where D = mp — M — ... Here, mp, and M are the observed
peak magnitude in the rest frame of the B band and absolute B-
band magnitude respectively. The theoretical distance modulus u,,,y,;
is defined by

DL(Zf)) +25, 25)

Hmodel(21) = 510g;o < 1M pe

where D, (z) represents the luminosity distance, that is described by
D;(z) = (1 +2)H, f £ ‘“ . In Eq. (24), C denotes the total covariance
matrix which takes the orm C = Dy, +Cj,, where the diagonal matrix
Dy, and covariant matrix C,,, denote the statistical uncertainties and
the systematic uncertainties.

In contrast to the Pantheon dataset, the degeneracy between the
absolute magnitude M and H, is broken in Pantheon+. In order to
accomplish this, the vector D in Eq. (24) is written in terms of the
distance moduli of SNe in Cepheid hosts. As a result, M can have an

independent constraint, which leads to the following expression:

b= mp; — M — Cephe'd i € Cepheid 26)
mp; — M — ymode,(z,-) Otherwise

where Ml.cep heid Jenotes the distance modulus, determined indepen-
dently using Cepheid calibrators, and corresponds to the Cepheid host
of the ith SNe. Hence, we can rewrite Eq. (24) as follows:

1701

ZD c;l D @27

){ Pan+ —
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4.2. Cosmic chronometers

The cosmic chronometers (CC) is another observational data ob-
tained through the differential-age method. We can find the Hubble
parameter values from CC method at distinct redshifts based on the
relative age of passively evolving galaxies. For our analysis, we employ
a compilation of 32 data points of the Hubble parameter derived
through the differential age technique (Moresco et al., 2022) in the
redshift range 0.07 < z < 1.965 with errors. The Chi-squared function

for CC is given by
» o [H(z.0) = H(z)P
Xce = Z 2
i=1 O-H(z)

(28)

where H(z) represents the theoretical prediction of the Hubble param-
eter calculated in Eq. (14) and H°"*(z) are the observational data with
eITors oyy(;)-

4.3. f(z)o4(z) data

Finally, in this work we use the recent “Gold -17” compilation con-
sisting of 18 independent measurements of f(z)og(z). These data points
are based on Redshift Space Distortion (RSD) measurements from var-
ious observations of the Large Scale Structure (LSS) and complied in
Table III of Nesseris et al. (2017).

The linear growth rate of matter perturbations is defined as follows:

(29)

dIns,, 8,.(2)
f2) = 71

=—(1+2
3,(2)
Here, (') denotes the derivative with respect to redshift. Further, in
the linear regime og4(z) is the redshift-dependent parameter which
measures the growth of root-mean-square mass fluctuations in spheres
with radius 8 h~! Mpc scales which is given as:

6(2)

5z =0) 30)

og(2) = 0g(z =0)

Combining (29) and (30), the weighted linear growth is determined by:

og(z = 0) d,,

5,(z=0) dz (31)

fog(2) = —(1+2)

The Chi-squared function of f(z)og(z) can be calculated as (Quelle and
Maroto, 2020):

18 2
[fos(z) — (fog,)0s]
fonter = Z} o2 32

Based orll_the EMCEE (lForeman—Mackey et al., 2013) python module,
we employ the Markov Chain Monte Carlo (MCMC) statistical tech-
nique to examine the parameter space of our cosmological models and
minimize the y? function for both ACDM and interacting viscous A(f)
models. We consider the joint analysis by assuming the sum of all y2
functions:

2 _ 2 2 2
Xiot = X Pan+ + Xce + ’Yfag(z)' (33)

To perform this analysis, we choose uniform priors for the parameters
of models which is listed in Table 1.

5. Result and discussion

In this section, we present the results of our observational analysis
on ACDM and interacting viscous A(f) models, including both the
constraints and cosmological parameters from the current data. In the
first subsection, we will present the parameters constraints achieved by
observational analysis using the data discussed in Section 4. In second
subsection, we will implement the Bayesian inference, and in last
subsection, we will examine the model comparison through information
criterion.
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Table 1
Flat prior used on various parameters during
statistical analysis.

Parameters Priors

H,y [50, 100]

2 0, 1]

& ©,1]
0,11
(=11]

oy [0.6,1.2]

Table 2
The values of parameters for ACDM and interacting viscous A(f) models for combination
of Pantheon+ , Hubble(CC) and f(z)o4(z) observational datasets.

Parameter ACDM Interacting viscous A(r)
+1.7 +1.000
H, 72.100% 7 72.200%, 000
+0.029 +0.033
Q4 0.6887 ¢ 0.679% 054
_ +0.048 _ +0.051
M 192937045 192917054
+0.011
& - 0.010%0
+0.005
v - 0.005%50s
_ _ +0.005
a 0.0047005
+0.055 -+0.062
oy 0.748% 055 0.7387 s
+0.053 +0.055
Sy 0‘7624).055 0'76270.052
_ +0.022 _ +0.022
4o 0‘5324)1)24 0.531 —0.022
+0.041 +0.042
z, 06437041 0.6487 015
— +0.016 — +0.016
wy 0.6897 1e 0.688% 0 1¢
+0.019 +0.023
t(Gyr) 13.747 001 13.75% 051
HdKms=*Mpc*)=72.1%]
- AcOM
Q.= 0688333
on
070
& ose
066
064 M= -19203%22
-19.25
= -1930 / .
-19.35
0a=07482233
080
@ @ @
S
070
065 5.=0762223
085
080
® @ 7
070
70 72 784 064 067 070 073 -19.36 -19.30 -19.24 065 070 075 080 07 08
HolKms~*Mpc—'] Qn M o Se

Fig. 1. The one-dimensional marginalized distributions and two-dimensional contour
plots of ACDM model at 68.3% and 95.4% confidence levels using combined data of
Pantheon+, CC & f(z)o3(2).

5.1. Parameter constraints

The best-fit values of parameters of ACDM and interacting viscous
A(t) models using a combined CC + f(z)og(z) + Pan+ data are summa-
rized in Table 2. Figs. 1 and 2 show the 68.3% and 95.4% confidence
regions and marginalized likelihood distributions for ACDM and in-
teracting viscous A(r) models, respectively. The GetDist code (Lewis,
2019) is utilized to retrieve their mean values and the aforementioned
Figs. 1-2. In what follows we discuss the constraints on different
cosmological as well as model parameters.

It is noted that the H,, determined by Riess et al. (2022) is 73.04 =
1.04 kms~'Mpc~!, so-called R21 where as Planck Collaboration
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L)

.y

.
.

Fig. 2. The one-dimensional marginalized distributions and two-dimensional contour
plots of interacting viscous A(f) model at 68.3% and 95.4% confidence levels using
combined data of Pantheon+, CC & f(z)og(z).

(Aghanim et al., 2020) predicts H, = 67.4 + 0.5 kms~'Mpc™! at 5¢
confidence level. This discrepancy is recognized as “Hubble tension”.
For ACDM model we obtain H,, = 72.100*}7 kms~'Mpc~". This is in
tension with both Planck (Aghanim et al., 2020) and R21 (Riess et al.,
2022) results at 2.65¢ and 0.47¢ respectively. For interacting viscous
A() model, we obtain H, = 72.200%)-000 kms~'Mpc~" which is tension
with both Planck and R21 results at 3.03¢ and 0.460 respectively. In
other words, the H, measurement of interacting viscous A(r) model
is consistent with R21. The evolutions of H(z) with redshift z are
shown in Fig. 3 which predict that the trajectories cover majority of
dataset with error bars of H(z). This means that the interacting viscous
A(r) model agrees with the combination of dataset as well as ACDM
model. In the interacting viscous A(r) model, we obtain the viscosity
coefficient, ¢ as 0.011*%9!! and v as 0.005*%03, The coupling parameter

~0.010 ~0.005
of the interaction term, « is calculated as —0.004t0%3 The negative

value of « indicates that there is a possibility of t(ii(gsdark matter to
decay into the dark energy.

Using the best-fit values, the evolutions of deceleration parameter
with redshift for ACDM and interacting viscous A(r) models with errors
are plotted in Fig. 4. The trajectories show that the models have
transition from decelerating phase to accelerating phase at transition
redshift z,, = 0.64379%! and z,, = 0.64810%42 respectively. The present

—0.041 -0.042
value of deceleration parameter are found to be ¢, = —0.532f8'8§i
and g, = —0.531709°2. These values of g, are within the range of the

observational results, i.e., g, = —0.64 + 0.12 (Aghanim et al., 2020). In
late time of evolution, ¢(z) approaches to —1 in both models which is
the future de Sitter phase.

In Fig. 5, we plot the effective EoS parameter as a function of
redshift for best-fit values of ACDM and interacting viscous A(r) models.
It is observed that wes — -1 in the late-time in both the models,
which implies that the models correspond to de Sitter phase in late-
time. Using the best-fit, we get the present EoS parameters weg(z =
0) = —0.689 + 0.016 and weg(z = 0) = —0.688 + 0.016, respectively.

Next, we explore another tension between the theoretical prediction
of the growth rate of matter perturbations with the observational
growth rate data points for ACDM and interacting viscous A(#) models.
For both models the constraints on og and Sy are given in Table 2.
The amplitude of the matter power spectrum (og) and its associated pa-
rameter Sg = og4/(1 — £2,)/0.3 may be determined using the f(z)og(z)
dataset and it is further possible to calculate the o4/Sg tension. The

; ; _ +0.055 _ +0.053
combined dataset gives oy = 0.7487. =2 and Sg = 0.7627;>2 in the
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Fig. 3. The evolution of Hubble function H(z) with redshift z. The solid black line
corresponds to the ACDM model and the dashed blue line corresponds to the interacting
viscous A(t) model. The H,, (z) data are also plotted with their error bars.

ACDM model and o4 = 0.7384_’8:823 and Sy = 0.7624_’8:8;; in interact-
ing viscous A(f) model. Our results are perfectly consistent with the
combined use of the SDSS and KiDS/Viking data which gives o3 =
0.760*00> and S = 0.76670 %) (Heymans et al., 2021). It is to be noted
that Planck collaboration gives g = 0.806+0.005 and Sg = 0.811+0.011.
Thus, the interacting viscous A(f) model is in 1.14¢ tension in oy and
0.91¢ tension in Sy with the corresponding values of Planck (Aghanim
et al., 2020). These tensions are not as large compared to H, tension
as discussed above. This confirms that the measurement of o5 and Sy
using CC + Pan+ with f(z)og(z) data is fully consistent with ACDM.
The trajectories of f(z)og(z) for ACDM and interacting viscous A(r)
models are plotted in Fig. 6. It can be observed that both the models
are consistent with the observational data points.

Let us discuss the interacting viscous A(r) model by defining a
dimensionless parameter, known as jerk parameter, j. This parameter
is purely kinematical and is associated with the third order derivative
of the scale factor a(?). It is defined as j = :(Tt)z (Al Mamon and Bamba,
2018). In terms of the deceleration parameter, it can be expressed as
follows (Al Mamon and Bamba, 2018):

J@)=aCa+ D+ + 250 34)

It can provide us the deviation of any model from the ACDM model. It
is noted that jerk parameter always has constant value j = 1 for ACDM
model. We report j, = 0.992 in interacting viscous A(r) model which
is quite comparable to the ACDM model. We plot the evolution of jerk
parameter with respect to the redshift as shown in Fig. 7. We observe
that the trajectory of j(z) deviates from ACDM in early phase where as
it approaches to j = 1 as z — —1. Thus, jerk parameter points us the
effects of interacting viscous A(r) model over the ACDM model.

5.2. Model selection

In this section, we will discuss mainly reduced Chi-square and model
selection criterion to observe the compatibility of the proposed model.

Let us first calculate the reduced Chi-square, )(rze ,» which is defined
as y2, = x2,/dof. Here, dof denotes the degree of freedom which is
equal to the number of observational data points (N) minus the number
of parameters (K). It is to be noted that we have used N = 1751 and
K =3 in ACDM and K = 6 in interacting viscous A(f) model with same

number of data points. Table 4 presents the y? and sze , of ACDM and
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Fig. 4. The evolution of ¢(z) with redshift z for interacting viscous A(f) model and
ACDM model using the best fit values. The present value ¢, is represented by a dot.
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Fig. 5. The evolution of w,,, with redshift z for interacting viscous A(r) model and
ACDM model using the best fit values. The present value of w,, (z = 0) is represented
by a dot.
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Fig. 6. The evolution of f(z)o4(z) with redshift z for interacting viscousA(r) model and
ACDM model using the best fit values.
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Fig. 7. The evolution of j(z) with redshift z for interacting viscous A(r) model the best
fit values. The present value of j,(z = 0) is represented by a dot and the horizontal
line j =1 represents ACDM model.

interacting viscous A(f) models, respectively. It is noted that a value
;(rze . < 1 gives the best-fit with the data. We observed that both the
models have the reduced y? less than unity (for ACDM, y2 , = 0.447
and for interacting viscous A(r) model, it is ;{fe 4 = 0.448). This shows
that both the models are in very good fit with the observational data.

We discuss the another method which provides the statistical com-

parison of the proposed model with ACDM model. In this regard, there
are two model selection criterion, namely, Akaike information criteria
(AIC) and Bayesian information criteria (BIC). These selection criterion
allow to compare models with different degree of freedom. They are
defined as (Akaike, 1974; Schwarz, 1978)
AIC = 2 + % BIC =z,
where N is the size of the data sample and K is the number of free
parameters. In these approaches, the model with low values of AIC
(BIC) is preferred by data. Considering the AIC (BIC) of ACDM model
as reference model, denoted as AIC,(BIC,), we compute AAIC =
AIC, 40 — AIC4cpp (ABIC = BIC,, 1.1 — BIC scpar)-

Following the rules described in Singh and Khatri (2024) and
Hernandez-Almada et al. (2020), the value 0 < AAIC < 2 indicates
“strong evidence in favour” of the proposed model. For 2 < AAIC <4,
there is “averagely strong evidence in favour” of model. If 4 < AAIC <
7, then there is “little evidence in favour”, whereas for AAIC > 7, there
is “no evidence in favour” of the proposed model.

Whereas, the value 0 < ABIC < 2 indicates “not enough evidence
in favour” of the proposed model. For 2 < 4 < 6, there is “evidence
against” the model, and for 6 < ABIC < 10, we have “strong
evidence against” model. If ABIC > 10 then there is “overwhelmingly
strong evidence” against the proposed model, and it is not the best
model (Liddle, 2007).

Table 4 displays the values of AIC (BIC) and corresponding AAIC
(4BIC) for interacting viscous A(f) model. According to our results, we
have AAIC = 6.670 and ABIC = 23.039. This shows that there is
“less support in favour” of the interacting viscous A(r) model as far
as AIC is concerned where as BIC gives “strong evidence against” the
interacting viscous A(r) model. This indicates that the evidence against
our model is overwhelmingly strong and it is not the best-fit for the
data according to BIC. This discrepancy arises because AIC tends to be
more inclusive in model selection. Generally, AIC is more lenient with
additional parameters, while BIC penalizes them. Thus, AIC limits the
number of parameters, making it worthwhile.

+KInN, (35)
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Table 3

“Jeffreys’ scale" for evaluating the strength of evidence
between two comparing models, M; versus M;. The
right column provides the convention for denoting the

different levels of evidence above these thresholds.

InB; Strength of Evidence
<1.0 Inconclusive

1.0 Weak evidence

2.5 Moderate evidence
5.0 Strong evidence

5.3. Bayesian inference

The Bayesian evidence serves as the foundation for assessing a
model’s performance in light of the data. In Bayesian data analysis,
the correlation between the data, the model or hypotheses, and the
prior knowledge is characterized by the joint probability distributions.
Given the observed data, the conditional probability distribution of
the unknowns can be used to uniquely infer the posterior distribution
using Bayes theorem. The key statistic of Bayesian model selection
is the Bayesian evidence & (Jeffreys, 1961; MacKay, 2003), which is
employed in a model comparison problem by integrating the product of
likelihood and posterior over the entire parametric space of the model.
It is defined as (Liddle et al., 2006; Mukherjee et al., 2006; Liddle, 2007;
Trotta, 2007)

E(DIM) = / L(D|6, M)P(D|O, M)do. (36)
M

On the right-hand side, O is a set of free parameters for the given data
D, M stands for the model, the vertical bar reads as ‘given’, and £
and P stand for likelihood and prior probability distribution function
of those parameters before the data, respectively.

In cosmology, this concept has been utilized extensively (Santos
et al., 2017; Silva and Silva, 2021). When comparing two models, M;
versus M, one is interested in the ratio of the models’ evidences known
as Bayes factor, which is given by:

8,-

B.= — (37)

ij £.
J

Here, B;; indicates the support for model i over model ;.

Bayes factors are typically interpreted using the Jeffreys’ scale
(Jeffreys, 1961) which measures the strength of the evidence, given in
Table 3. We accomplish this by estimating the values of the logarithm
of Bayes factor (In B) and the Bayesian evidence (In £). Using the dataset
and the priors mentioned in Table 1, the values of £ and B are
determined. We assume the ACDM as the reference model.

The results for the Bayesian evidence (In &) and Bayes factor (In )
for both ACDM and interacting viscous A(t) models examined in this
work are summarized in Table 4. We find that the In B for interacting
viscous A(t) model with respect to the ACDM model is obtained as
2.577 and thus the Bayesian evidence analysis shows that our model
is “moderately supported” by the considered priors and dataset on
Jeffreys’ scale.

6. Conclusion

Inspired by dissipative phenomena and decaying vacuum energy,
we have discussed some cosmological consequences of an alternative
mechanism of accelerating Universe based on a class of interacting
viscous model with decaying vacuum energy, referred as interacting
viscous A(¢) model. The coupling between viscous fluid and vacuum
energy density has been made through a coupling parameter, Q. Within
the framework of Eckart thermodynamic theory the non-equilibrium
pressure, IT is proportional to the Hubble parameter H with propor-
tionality constant ¢, i.e., IT = —3¢(1)H. Thus, the effective pressure
is assumed as sum of barotropic pressure, bulk viscous pressure and
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Table 4
Summary of In&, InB, z2, ;(rzud, AIC and BIC for the ACDM and interacting viscous
A(t) models for the following:

Values ACDM Interacting viscousA(t)
In& —793.120 + 0.473 -795.697 + 0.532
InB - 2.577

7 781.708 782.344

K 3 6

N 1751 1751

P 0.447 0.448

AlIC 787.722 794.392

AAIC - 6.670

BIC 804.112 827.152

ABIC - 23.039

pressure due to vacuum energy, i.e., p = p,, + II + p,. In the first part
of work, we have obtained some main results for the scale factor, the
Hubble parameter, the deceleration parameter, jerk parameter and EoS
parameter by assuming the interaction term Q = 3ap,,H. Although the
nature of bulk viscosity and time-varying vacuum energy density are
unknown, we have assumed ¢ = ¢, H for bulk viscous coefficient and
ps = ¢y + 3vH? for vacuum energy density. One can expect that the
viscosity is affected by the expansion rate of the Universe and varying
VED from the general covariance of the effective action in QFT. We
have investigated the growth perturbation of interacting viscous A(r)
model. In the second part of this work, we have performed the Bayesian
analysis using the latest background probes such as SNe Pantheon+,
cosmic chronometer and f(z)og(z). We have compared the interacting
viscous A(r) model with ACDM using the Bayesian inference and model
selection criterion such as AIC and BIC. The results show that the
standard ACDM model is reproduced in the absence of parameters ¢, a
and v. In what follows, we summarize the main points of our analysis.

The constraints on model free parameters have been reported in
Table 2. The best-fit value of H, according to a combination of
Pantheon+, CC and f(z)og(2) is H, = 72.200*} 000 kms~'Mpc™!, which is
tension with both Planck and R21 results at 3.03c and 0.460,
respectively. In other words, the tension in H,, measurement is almost
resolved in interacting viscous A(f) model with respect to R21. The best
fit values of present ¢ and w,,, are g, = —0.532*00>* and weg(z =
0) = —0.688 + 0.016, respectively. From Fig. 4, it has been observed
that the interacting viscous A(f) model exhibits transition from an early
decelerated phase to late-time accelerated phase and the transition
takes place at z,, = 0.648*004 which is close proximity z,, = 0.643*)%1
to that of ACDM model. It has been found that the value of ;(,26 g <1
which shows that the interacting viscous A(f) model is in very good fit
with the used data points. The jerk parameter remains positive and less
than one in past, and tends to unity in late-time.

We have explored the o3 and .Sy parameters for ACDM and inter-
acting viscous A(r) models using the combined data set of Pantheon+,
CC and f(z)og(z). The constraints on oy and Sy in interacting viscous
A(r) model are oy = 0.738*00%2 and Sy = 0.762*0 %% which are very
close to ACDM model as reported in Table 2. The tensions of our fitting
results in g and S with respect to Plank results (Aghanim et al., 2020)
are 1.14¢ and 0.910, respectively. The evolution of f(z)og(z) has been
plotted in Fig. 6 which shows that it is consistent with the observational
data points.

It is noted that cosmological models are testable from the abundance
of observational data as discussed above. However, an important dis-
tinction must be made between parameter fitting and model selection.
As we know that the parameter fitting simply tells us how well a model
fit the data. Model selection such as Bayesian inference and AIC and
BIC are necessary to discriminate the proposed model with the existing
model. The Bayesian inference analysis demonstrated the interacting
viscous A(t) model is moderately supported by the considered dataset
and priors. Further, there has been increasing interest in applying
information criterion such as AIC and BIC for model selection. We have
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examined the models using AIC and BIC for a fairer comparison. We
have observed that the interacting viscous A(f) model has “less support”
according to the selection criteria AAIC. On contrary, with respect to
ABIC, interacting viscous A(r) model has “strong evidence against” the
model with the considered datasets.

As a concluding remark we must point out that despite its intrinsic
nature of bulk viscosity and decaying vacuum energy and its interaction
are not well understood yet, the work presented in this paper suggests a
possible description for resolving the H,, and oy tensions in cosmology.
In principle, to give a robust approach for investigating the dark energy
model beyond ACDM, background dynamics should be considered.
Taking into account such interaction between the dark components
may provide an opportunity to explain the present accelerating Uni-
verse. Indeed considering the interaction between the viscous fluid and
decaying vacuum energy potentially enables us to resolve tensions in
cosmological parameters.
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Appendix

The main aim in this appendix is to present some more analytical
solutions of the cosmological parameters of the interacting viscous
model with decaying vacuum energy density based on the different
choices of ¢.

A.1. Solution with ¢ = ¢,

It is the most simple parametric form of the bulk viscous coefficient.
Many authors (Brevik and Gorbunovae, 2005; Hu and Meng, 2006;
Avelino and Nucamendi, 2009; Montiel and Breton, 2011) have studied
the viscous cosmological models with constant bulk viscous coefficient.
Using ¢ = ¢, in Eq. (10), the Hubble evolution equation deduces the
form

r2 302 3 o 1 (1-a
H+ (1 -aH 2(1—v)H_2(1—v)0 (A1)
Solving (A.1) with the condition H(t,) = H,, we get
%o 3
H=—7—— h{=(1- . A2
2w —a e (30 - k) A.2)

2 D (I=v)(—a)? Hy? . - -
& +4(!i’(‘1 V)(;(]V)(])z o Hy” Integrating again with the condition
—v) (-

a(ty) = 1, we obtain the scale factor

where k =
o, 3 ﬁ
a() = e [sinh (5(1 - a)kt)] e (A.3)

Using (A.2), the deceleration parameter ¢ and Effective EoS parameter
w, s are respectively given by

(1 — a)k? csc? h(%(l — a)kt)

3
=142 A4
q +3 (A.4)

%) 3 2"
(m + kcoth(z(l — a)kt))
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(1 — a)k? csc? h(%(l — a)kt)

Wepy = —1+ (A5)

(5—0 + keoth(G(1 — )kt))z'
2(0—v)(I=a) 2 o

A.2. Solution with §{ =&, + (| H
This form of bulk viscous coefficient has been discussed by several

authors and the references therein (Avelino and Nucamendi, 2010). For
¢ =¢y+¢ H, where {, and ¢, are constants, the Eq. (10) simplifies into

2
36H" 3 §H 1(1—a)C07 (A6)

T+30—aH? - 1
H+350-aH - 52—

20-v  2\1=y
which can be integrated to calculate the Hubble function and the scale

factor

_ % 3 -0 -9 -§)
H= =l -n=0) +ky coth(2 - k1t>, (A.7)
ot
a = ¢ XT-00-9-2p
2(1-v)
N PEEREREL T R R

where k, = Q2HU=00=V-0)(@~(1-a) Hy®
- , A(1-(1-a)—)) )
With this, we can calculate the deceleration parameter g and effec-

tive equation of state parameter w, ,, which are respectively given by

3(1 - ¢ = v)o? esc? h(%(l - = Vo)

q= -1+ 2 (A9)
_% 31-¢ —
2 g + o0 coth(2(1 £y —v)ot)
and
(1=¢ =votese? h((1 =& =)oy 1)
Wep =—1+ (A.10)

% 3 2
(572 + oy cothG(1 - ¢, = Vo)

Data availability

Data will be made available on request.
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ABSTRACT

We discuss the dynamics of interacting viscous model with time-varying cosmological constant, A(t), which
is a natural generalization of the standard Lambda-Cold-Dark matter (ACDM) model in Friedmann-Lemaitre-
Robertson-Walker (FLRW) spacetime. The A(r) is motivated by different cosmological approaches. Recent inves-
tigations involving the renormalization of quantum field theory (QFT) in curved spacetime yield a time-varying
A, so-called running vacuum model (RVM) in which it acquires a dynamical component through quantum ef-
fects. We discuss both the background and perturbation equations for viscous RVM using a more generalized
parametrization form of vacuum density. We employ the cosmic data, namely distant Type Ia Supernovae (Pan-
theon+), Baryonic Acoustic Oscillations DESI, Cosmic Chronometers and growth data. We anchor ACDM and
viscous RVM on two Hubble constant priors of Planck2018 and SHOES R22 that reflect the Hubble tension.
Using these data samples we assess the viability and compare viscous RVM with the standard ACDM model.
The Gelman-Rubin statistic ( or R-hat statistic) is used to assess the convergence of Markov Chain Monte Carlo
(MCMC) simulations. We also discuss the stability of viscous RVM using information criterion such as AIC, BIC
and DIC. The constraints on parameters show that the viscous RVM is consistent with the standard ACDM model

and alleviates the Hubble tension up to 0.569¢.

1. Introduction

Observational data from Type Ia Supernovae (SNela) [1,2], Weak
Gravitational Lensing [3-5], Baryonic Acoustic Oscillations (BAO) [6—
11], and Cosmic Microwave Background (CMB) [12-15] confirm that
the Universe is dominated by two dark sectors: dark matter (DM) and
dark energy (DE). Dark matter is essential for structure formation. It
interacts with the standard model fields solely through gravity. Dark
energy is responsible for the acceleration of expanding Universe.

Many cosmological observations indicate that General theory of Rel-
ativity (GTR) may not be the only ultimate theory which explains this ac-
celerating phenomena. Therefore, it compels to modify either in matter
part or gravitational part of Einstein field equations. The simplest mod-
ification is the introduction of cosmological constant(CC), A, into the
Einstein field equations. A flat Friedmann-Lemaitre-Robertson-Walker
(FLRW) model with CC-term, known as ACDM (A plus Cold Dark matter)
model of cosmology [16,17], is considered as the most effective model
to explain the accelerating expansion of the Universe. However, this
model suffers several theoretical and observational difficulties. Some
remarkable examples are the cosmological constant problem and the
coincidence problem(see, e.g., [18-21] for a review).

Nowadays, Hubble tension is one of the most intriguing problem with
ACDM, which refers mismatching between the value of the Hubble con-

* Corresponding author.

stant H,, inferred from early-Universe probes such as Planck CMB data
[22] and direct local distance ladder measurements such as Type Ia su-
pernovae and Cepheid variable stars [23-25]. In particular, the Planck
collaboration gives Hy = 67.4 +0.50 km s~' Mpc~!, while the SHOES
collaboration finds Hy = 73.04 + 1.04 km s~! Mpc~', a tension of 4.89c.
Another tension pertains to Sg parameter, defined as Sg = 031/€,,/0.3,
where Q,, is the fractional matter density and oy is the variance of matter
density field at 8 M pc scales. This tension refers mismatch in measure-
ments of matter density fluctuations today as inferred from the CMB and
galaxy surveys,(see, [26]). Due to these theoretical and observational
shortcomings, it is necessary to look beyond the ACDM model.

In literature, many other cosmological models have been proposed
to provide a conceptual framework for physical interpretation to DE.
The most compelling representative for the DE is the CC, A which
is traditionally connected to vacuum energy density (VED) through
ppr = A/8zG, where G is the Newton’s gravitational constant. In cosmol-
ogy, the VED is a complex concept that has long challenged to the theo-
retical physicists and cosmologists, particularly since the introduction of
Quantum Field Theory (QFT) and VED is a crucial notion in QFT. Recent
developments in QFT suggest that the issues related to vacuum energy
and its connection to the A-term can be largely resolved. The traditional
vacuum energy can potentially align with the data in a more relaxed the-
oretical setting if the VED is properly renormalized in QFT within curved
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spacetime [27-29]. In literature, many works [30-49] have shown that
a time-evolving A (or dynamical DE) could help in alleviating the prob-
lems faced by ACDM model. Motivated by the perturbation of QFT in a
curved classical background, Sola and Gémez-Valent [28], and Moreno-
Pulido and Sola [50] proposed a dynamical VED called in the literature
‘running vacuum model’(RVM) in which the effective VED appears as an
expansion in powers of the Hubble function and its time derivatives, i.e.,
Poae = Poac(H, H, H.). In RVMSs, the dynamical dependency of the VED
yields from proper renormalization of quantum effects in QFT in curve
spacetime. Thus, the potential dynamics of VED is well motivated from
different fundamental perspectives, and therefore, it creates the interest
to study the dynamical VED in cosmology. One can find more literature
review on RVMs in Refs. [51-59] and therein.

The other dark component is the cold dark matter(CDM) which is
commonly described by pressureless fluid and is responsible for struc-
ture formation of the Universe. Some recent works [60-64] show that
the Hubble tension and Sy tension can be alleviated by inclusion of vis-
cosity in the dark matter component due to late decoupling from the pri-
mordial plasma. The first attempt towards developing a general theory
of dissipation in relativistic imperfect fluids was carried out by Eckart
[65] and in a somewhat different formulation by Landau and Lifshitz
[66]. These theories were further developed by Israel [67] and Israel and
Stewart[68]. The possibility of explaining late-time accelerated expan-
sion of the Universe, as an influence of the effective negative pressure
due to bulk viscosity in the cosmic fluids, was first studied in [69,70]
and since then several authors [71-92] have included bulk viscosity in
cosmological models.

The works discussed above show that viscous DM models and a run-
ning VED models are capable in alleviating some of the tensions associ-
ated with the ACDM model. But these theories have separately some
physical limitations to describe the entire evolution of the Universe.
However, we can anticipate a more comprehensive physical scenario by
combining these two theories to overcome the limitations of each indi-
vidual approach. Such attempts have been carried out in Refs. [93-99].
In reference [100], the authors have shown that the viscous DM in ad-
dition to any dynamical DE alleviates H,, and Sy tensions.

In the light of aforementioned outlines, the main motivation of the
present work is to address whether incorporating viscous DM with dy-
namical vacuum energy into a flat FLRW framework could provide
a completely consistent cosmological evolution. In Ref. [99], the au-
thors have explored the late-time evolution of the Universe through vis-
cous DM and decaying vacuum with particular parametrization of de-
caying vacuum and bulk viscous coefficient ¢ = ¢ H. This paper aims
to examine the cosmological evolution by considering a more general
parametrization for a running VED along with a simple parametriza-
tion of bulk viscous coefficient within Eckart’s framework of relativistic
non-perfect fluids. As a first step we shall determine the analytical so-
lutions for Hubble function, deceleration parameter and effective equa-
tion of state parameter using certain phenomenological assumptions on
bulk viscous coefficient and vacuum energy. It is learnt that viscous
DM and RVM type of cosmological models can help to improve the
best-fit to cosmological observations. Using latest observational data set,
such as SNela (Pantheon + ), BAO (DESI), Cosmic Chronometer (CC) and
f(z)og(z), we find the best-fit values of parameters to check whether fur-
ther improvement of the tensions can be attained as compared to ACDM
model. The Gelman-Rubin statistic ( or R-hat statistic) is used to assess
the convergence of Markov Chain Monte Carlo (MCMC) simulations. To
analyze the stability of our model, we additionally study information
criterion such as AIC, BIC and DIC to discuss the stability of the model.

This paper is structured as follows: In Section 2 we introduce the
mathematical formalism of bulk viscosity with RVM, evolution equa-
tions and motivation for assumptions on bulk viscous DM and running
VED. In Section 3 we find the analytical solutions for the Hubble pa-
rameter, scale factor, equation of state parameter and deceleration pa-
rameter. In Section 4 we analyze the stability of our cosmological model
using the scalar perturbation approach. In Section 5, we provide a brief
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overview of the various observational data used in this work as well as
the method employed to constraint the free parameters of the models.
We use two datasets: Baseline (SNela, CC and BAO(DESI)) and Baseline
+ f(z)og(z) through out the paper. We also use the priors of Hubble con-
stant of Planck2018 and SHOES R22 with these datasets. The results are
discussed in Section 6. In Section 7 we discuss the convergence diagnos-
tic of Gelman-Rubin for our proposed model. The selection information
criteria are presented in Section 8. Finally, the main findings are sum-
marized in Section 9.

2. Viscous running vacuum model

Let us consider a cosmological framework described by the spatially
homogeneous and isotropic flat Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric

ds* = —dt* + a*(1)[dr* + r’(d9” + sin*0d¢*), 1

where a(r) represents the scale factor as a function of cosmic time ¢ and
(r, 0, ¢) are the co-moving coordinates.

As we know that the simplest explanation for the current observa-
tions is the unclumped form of energy density corresponds to positive
A whose presence modifies the Einstein field equations to

G,, = 87GT,, +Ag,,. @

where G,, = R,, - %guVR is the Einstein tensor, T,, is the energy-
momentum tensor of viscous matter fields. Here and thereafter, we work
in units where 872G =c = 1).

We consider the presence of two cosmic fluids: running VED and vis-
cous DM. The first fluid represents a vacuum energy density described
from the renormalization of QFT in curve spacetime which depends on
the Hubble parameter and its time derivatives, p,,. = pyq.(H, H). The

energy-momentum tensor for the vacuum energy can be assumed to

have the same form as T,,, that is,
T:fc = (pvac + pvac)uyuv + guvpuuc (3)

where p,,. and p,,, are the energy density and pressure, respectively for
vacuum energy. For vacuum energy density we have p,,. = —p,q.

As a second fluid, we assume the imperfect fluid characterized by
bulk viscous coefficient as a part of pressureless cold dark matter. The

energy-momentum tensor, 7,,,, for such a viscous fluid modifies to [101]

T,, = (py + Puju, +g,,P, 4

where p,, denotes the matter density of the fluid and u* is the associ-
ated fluid’s four-velocity. It can be seen that the above Eq. (4), that the
energy-momentum tensor resembles to that of a perfect however with
an equivalent pressure P = p,, + I, i.e, the sum of barotropic pressure of
the matter fluid p,, and the viscous pressure I1. However, in this paper
we assume pressureless viscous DM where p,, =0 and the only pres-
sure is bulk viscous, II. In general, it is assumed that the bulk viscosity
arises from deviation of the local thermodynamic equilibrium in any
system. In thermodynamics as per the second law, the re-establishment
of thermal equilibrium is a dissipative process resulting in entropy. As
a consequence of this entropy generation, the bulk viscous term in the
system expands.

The bulk viscosity is a characteristic of the viscous fluid in homoge-
neous and isotropic cosmological models. The majority of its foundation
comes from Eckart’s formalism [65] in the limit of vanishing relaxation
time, which is derived from Israel and Stewart’s [67] second order the-
ory of non-equilibrium thermodynamics. The viscous pressure is char-
acterized by I1 = -3¢ H, where H is the Hubble parameter and ¢ is the
bulk viscous coefficient that adheres the second law of the thermody-
namics given that, { > 0. As a result, it causes the effective pressure to
be negative, which modifies the ideal fluid’s energy-momentum tensor.

In our study, we combine these two components in a single cosmo-
logical scenario and explore their cosmological implications. Using the
above framework, the Einstein’s field Eq. (2) yield

3H? = p=p,y + Pouer (5)

Submission ID  trn:oid:::27535:125422881



z'l-_l turnitin Page 257 of 292 - Integrity Submission

V. Khatri and C.P. Singh

2H +3H? = —p=3¢(H + pyyes (6)

where H = d/a is the Hubble parameter representing the rate at which
the universe is expanding. As usual, the dot sign denotes derivative with
respect to the cosmic time. In this work, we present a theory of the uni-
verse’s evolution based on time varying vacuum energy density. From
(2), the Bianchi identity imply that the coupling between vacuum en-
ergy and viscous CDM fluid must be of the type

u, TH = —ut(Ag"),,, )
or, equivalently,
pm + 3H(pm - 3§H) = _ﬂuac’ (8)

This suggest that viscous CDM and varying A term are coupled. As a
result, there is certain energy exchange amongst vacuum and the viscous
CDM fluid. From Egs. (5) and (8) together, the evolution equation for
Hubble parameter is given by

.3 1 3
H+ EH2 = 3P+ 5EH. ©)

3. Solution of field equations

There are three independent unknown quantities, namely, H, p,,.
and ¢ in the evolution Eq. (9). One can obtain the solution only when
both p,,. and ¢ are defined. As previously mentioned, we shall consider
the framework of FLRW spacetime in our study. Within the running
vacuum model (RVM), the generic low-energy form of the vacuum en-
ergy density (VED) has been phenomenologically investigated on sev-
eral prior times and with an impressive level of success. Moreover, it
has consistently shown to be very competitive with the ACDM and even
capable of outperforming the latter’s fitting performance. In this work,
we examine to what extent a viscous dark matter plus running vacuum
framework is consistent with current cosmological data to describe the
late-time expansion of the Universe. Motivated by the explicit QFT cal-
culations on a FLRW background, the VED in the RVM takes following
form [50,102]

pU(I(‘

=3|co + %MH(Z) +VvH(2)|, (10)

where y and v are dimensionless parameters and expect that the values
of these parameters should be less than one. The value of the additive
constant ¢ is fixed by the boundary condition p,,.(H;) = p 4 and the
two evolving components, H> and H are independent and dimension-
ally homogeneous. Notice that in above Eq. (10), the parameter y has an
explicit factor 2/3 for convenience. Additionally, for y, v — 0, the model
smoothly reduce to the concordance ACDM.

In literature various methods have been proposed for assuming
the evolution of bulk viscosity and different viscous models are pro-
duced depending on the choice of ¢. In this work, we examine the
bulk viscous term ¢ is proportional to the Hubble parameter H = d/a,
i.e, to the expansion rate of the universe which can be expressed as
[76,84,96,103-105]:

{=§H. a1

Using (10) and (11), the evolution Eq. (9) has in the following form.
-3 3

(l—y)H+§(l—v—§])H2:§co. (12)

We can find the additive constant ¢, = Hé[QW —v4+u(l=Qu. — &)L
where Q, o = p;o/p.r0 With p.,.o = 3H§ /8zG is the current critical den-
sity at a = 1. Now, Eq. (12) immediately gives the Hubble function as

- - =g
H(2) = Hé(szm,omm,o(l v )>, a3
where
e = Qe = V) + pu(1 = Q. — Cl)’ a4

d=v=£p)
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and
6 o Que == Qe =8 _
"0 a-v-¢p)

Solving the above Eq. (13), we can find the evolution of various cos-
mological parameters of our model. Given the multiplicity of particles
in Grand Unified Theory (GUT), the theoretical value of v must be be-
low 1. In the calculations carried out in [50], the coefficients yu,v are
expected to be of order ~ Mi / mf,[ << 1, being My of order of a typical
GUT scale. An estimate of v in QFT indicates that it is of order 10~3 at

most [106]. Here, we consider the fact that 4 must be small and pos-
1-v—=()

itive (i.e 0 < u << 1) since the term (1/1 + z)3(ﬁ) — 0 for virtually
any (1/1+ z) < 1. Further v can have any sign with |v| << 1.

By utilizing H = a/a and integrating the Eq. (13), one may determine
the scale factor which is given by

(1-p)
fzm 0 30-v={7) ) ' -
_ X s 12/3 _) =)
a(t) (Q > (smh ( : ) S (16)

vac,0

1= Qo (15)

. 1v=0)[(Quue =) +u(1-2,
where 7 = 2/(3H0\/< il Lazl,v,i;”(

above Eq. (16) that for v=0, x =0 and ¢, = 0, the scale factor reduces
to the ACDM model, i.e. a(r) = (Q,,0/Rpuc0)'/? sinh?3(1/7). The above

2(1-p)
equation shows that the scale factor varies as a « 730==¢1) during early

Universe expansion, which is power-law expansion. Further, the scale

Quae=V+(1=Qyge 1) . .
30-0,—v) Ht for late-time evolution,

which implies the de Sitter universe. It follows that the model expands
with deceleration in the early stages followed by acceleration in the later
stages.

In order to investigate the decelerated and accelerated phases of the
expansion of the Universe and the evolution during this time, we ex-
amine a crucial cosmological parameter, known as the ‘deceleration pa-
rameter’ ¢, which is defined as

H (I1+2)dE

0=-(1+95) =524k a7
where E = H(z)/H, represents the dimensionless Hubble parameter.
The positive value, g > 0 indicates a deceleration in the expansion of
the Universe. At ¢ = 0, the expansion of the Universe remains constant.
When -1 < ¢ <0, it represents an accelerating Universe. It is to be
noted that g = —1 signifies the exponential expansion, recognized as de
Sitter expansion. Additionally, for ¢ < —1, the Universe expands super-
exponentially.

Using (13) into (17), the value of deceleration parameter ¢ in terms
of redshift is calculated as

3
21 —p)

vae=C1)] ). It is evident from the

factor varies as a « exp

q(z) = -1+
1(5552)
A =v=8) = [ Qe = V) + (1 = Qe = EPIA +2)7\ 14

1-v=¢;
<9m—v(>l+uv<1?:m—cl> 4 ( 1— <ﬂua(r—v>+u(1—ﬂm—c1>>(1 " Z)a(il—u )]
—vVTel

(A=v=¢1)

Moreover, we compute g, the current value of ¢ at z = 0, which is ob-

tained as
3

20 -p
In order to help us better understand the accelerated phase, we consider
another parameter, called as the equation of state (EoS) parameter w,, ,

2
that is described as w,;, = -1 - %dl;xh , where x=Ina and h= H/H,
is the dimensionless parameter. Using (13), we obtain

1

d-mw

Go=—1+ [(1 =81 = Qo) + 1 = Qe = 8] as

weff(z) =-1+

(55)
1 =v=0) = [(Que —v) + (1 = Q) = {PIA+2)°\ 174

[
Ny (e rentE RN A(55)
(== * (==t (1+2)
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Further, we compute the present value of w,rr(z=0) which is de-
termined as

1
(1=pw

Wyrp(z=0)=—1+ [(1 =& = Quue) + (1 = Q0 = 4))]- 19)

4. Growth of perturbations

The LSS observable f(z)og(z), which is primarily determined by Red-
shift Space Distortion measurements, plays a crucial role in understand-
ing the formation of structures in the universe. In this section, we want
to discuss a few points that will enable us to quickly review why improv-
ing the description of structure can also benefit our model in contrast
to GR. In terms of the linear density contrast between the matter per-
turbations, §,, = 6p,,/p, the precise differential equation is expressed
as

" é H'(a) o § 5_m _
3, + <a + Ha >5m 2Q,,,(a) i 0, (20)

where the primes denote the derivative with respect to the scale factor.
The Q,,(a) can be derived from Q,,(a) = 1 — Q,,.(a) where

Q. (@) = v+ H+@ [Hg{ (Quac(a =1- v) (o3

+u(1-Quela=1-4) } + %MaH(a)H'(a)] . (22)

The above equation utilizes the Hubble function that corresponds to
the model under consideration. Due to the different Hubble function
expression in each model, the above approximation for the structure
formation equation is accurate.

In Ref. [99], Eq. (20) turns to be a very good approximation for
the analysis of the matter perturbations and thus for present analysis,
Eq. (20) is adequate. Details on this aspect of the analysis have been
provided in numerous references [107,108]. Furthermore, in these ref-
erences the impact is evaluated in considerable detail and the model’s
ability to reduce Sy tension is predicated using the same fundamen-
tal process. Here, we shall utilize the Hubble function determined in
Section-3, Eq. (13) to perform our analysis of the matter perturbation
in Viscous RVM. The linear LSS regime’s investigation is conveniently
implemented using the weighted linear growth f(z)og(z), where f(z) is
the growth factor and is described by f(z) = d Iné,,/d In a. Here, og(z) is
the RMS mass fluctuation in spheres with radius 82~! Mpc scales. The
calculation specifics are given in the upcoming Section 5.4.

5. Dataset and methodology

This section briefly describes the observational datasets and the sta-
tistical analysis methodology. We use following diverse array of obser-
vational datasets, which include latest Pantheon+ obtained from ob-
servations of Type Ia Supernovae (SNela), cosmic chronometer (CC),
Baryonic Acoustic Oscillations (BAO) and f(z)og(z) to perform the sta-
tistical inference. We also consider two independent Hubble constant
measurements that lead to the Hubble tensions [22,25].

5.1. SNela dataset:Pantheon +

The Pantheon+ analysis extends the Pantheon dataset by includ-
ing Cepheid distance measurements to galaxies in the extended dataset
of SNela. We use Pantheon+ SNela compilation [109-111] which in-
cludes the apparent magnitudes and redshifts corresponding to 1701
light curves in the redshift range 0.001 < z < 2.2613 that were collected
from 1550 SNela. Interestingly, the new Pantheon+ compilation incor-
porates redshifts lower than z < 0.01, in contrast to the Pantheon study.

More precisely, the distance modulus u(z;, 6) of an object is defined as
the difference between observed apparent magnitude, m and its absolute
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magnitude, M. At redshift z;, the distance modulus is given as

D;(z;,0
u(z;,0) = Slogy, (%) + 25, (23)

where Dy (z;,0) represents the luminosity distance in Mpc, which is
model-based and can be obtained by

_ 2 odZ
DL(z,-,é’)—c(l+z,-)/0 T 0 @4

Furthermore, each SNela’s apparent magnitude must be calibrated using
an arbitrary fiducial absolute magnitude M. Consequently, we may con-
sider M as a nuisance parameter in the MCMC analysis by marginalizing
over it. The next step involves constraining the cosmological parameters
by minimizing y? probability given by [112]

=D'cy! D (25)

2
XSNela Pantheon+~""

In this case, D=m-M —u(z;,0), and C is the corresponding co-
variance matrix that takes into account the systematic and statistical
uncertainty.

In contrast to the Pantheon dataset, the degeneracy between the H,
and the absolute magnitude M is broken by redefining the D in Eq. (25)
in terms of the distance moduli of SNela in Cepheid hosts. This permits
M to be an independent constraint, resulting to the following expres-
sion:

Ceph . .
5= m—M — p; i € Cepheid 26)
m—M — y,...(z;) Otherwise
where uic"p " is the distance modulus which corresponds to the Cepheid
host, and are independently determined through Cepheid calibrators.
Eq. (25) can therefore be rewritten as follows:
T .
=D C D’ 27)

2
XSNela Pantheon+"~" *

5.2. H(z) dataset: CC

Massive, slowly evolving galaxies with old stellar populations and
minimal star formation rates can serve as cosmic chronometers (CC)
by implementing the differential age technique. The CC approach is
an excellent method for discovering the expansion history of the Uni-
verse. Depending on the basis of the relative age of passively evolving
galaxies, we employ the most recent estimates of 32 CC data points,
precise estimates, and model-independent data in the redshift region
0.07 < z < 1.965. The whole set of data points together with the rele-
vant references are compiled by [59] in Table 2, where the correlations
between the data points are indicated by a *. We have taken into ac-
count the impact of the established correlations between the different
data points as described in [113]. In the present work, the ;(éc function
takes the following form

T —
/Yé(j = (Hi - Hmodel(zi)) C[jl (Hj - Hmadel(zj))’ (28)

where (H — H,,,4./(z)) represents the difference vector between the mea-
sured values and the model predictions of the Hubble parameter, and
Ci;l is the inverse covariance matrix of the data. The computation of full
covariance matrix for cosmic chronometers has been described in Ref.
[113].

5.3. BAO dataset

Another important piece of data is Baryonic Acoustic Oscillations
(BAO). We use the most recent 13 BAO measurements from DESI DR2
including the BGS, LRG1, LRG2, LRG3 + ELG1, ELG2, QSO and Lya sam-
ples at effective redshifts z,;r = 0.295,0.51, 0.706, 0.934, 1.321, 1.484
and 2.33, respectively. We use the Dark Energy Spectroscopic Instru-
ment (DESI) BAO measurements from the Data Release 2 [114].
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The BAO measurements depend on the sound horizon at the drag
epoch r,; which is given by [115]
® ¢(2)

= Bl (29)

where z,; ~ 1060 is the redshift at baryon drag epoch and ¢, is the speed
of sound prior to recombination. The traverse comoving distance is de-
fined as

_ e ’
Dy(2) = /0 oz 30

and the distance variable is represented by Dy (z) = ¢/H(z). Further,
the angle-average distance Dy (z) which quantifies the average of the
distances measured along, and perpendicular to the line of sight to the
observer is given by the relation

Dy(2) = (2Dy (212 Dy (2)) . (31)

The BAO statistics can be implemented by using D,,/r;, Dy /ry and
Dy, /r, and the covariance matrix. We can estimate the chi-squared func-
tion for BAO measurements as

Yoo = AYCGl AY (32)
where C! is the inverse of the covariance matrix for BAO dataset [116,

BAO
117] and Y is taken as Dy, /ry;, Dy /r;, and Dy, /r,. Here A represents

the difference between observed and model values.
5.4. f(z2)o3(z) dataset

The f(z)o3(z) structure formation data are crucial in diagnosing dark
energy. In this study, we utilize the recent compilation of “Gold-17” data
which consists of 18 independent measurements of f(z)og(z). These data
points are compiled in Table 3 of Ref. [118] and are essentially deter-
mined from RSD measurements from many observations of the Large
Scale Structure (LSS). The current galaxy surveys grant observational
data for the combination fog where f is the linear growth rate of the
density contrast and oy is the root mean square mass fluctuation in
spheres. Within the linear framework, they are given by [119]

6(2)

5 (z=0) og(z=0) (33)

og(z) =

and

og(z=0) dé,
Oop(z=0) dz
The corresponding chi-square function of f(z)og(z) can be computed as
[120]:

fog(z)=—(1+2) (34)

18

2 -y [fo5(2) = (fo5,)op)”

A1y = & 2 —
i= i

(35)

5.5. Hubble constant measurements

In the background of the Hubble tension, we use the Hubble constant
estimated by the Planck (H(f18 =67.4+0.5 kms~ Mpc~! [22]) collabo-
rations and the SHOES (H ** = 73.04 + 1.04 kms™' Mpc™! [25]). We take
these values as priors in the parameter space of ACDM and viscous RVM
models.

Statistical analysis is performed using MontePython code emcee
[121] of Python library. In this code, Markov Chain Monte Carlo
(MCMC) method [122] is used to perform the statistical analysis on the
input data to constrain the parameters of the viscous RVM. As a com-
parison, we perform a similar MCMC for the ACDM model, also based
on the same likelihood. The following combinations are employed for
our study:

¢ Baseline: It consists of combination of 3 datasets, namely SNe [a +
ioi 2 ion is 2 -2 2
CC + BAO and the joint y* function is yy .. = Yoy, 1ot Yoo T

2
ABao
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¢ Baseline +f(z)og(z): In this combination, Baseline dataset is com-
2 _ .2 2 2 2
plemented fog, where X Baseline+fog — XSNeta T Xcc ¥ a0+ Xfoy:

In the next section, we use MCMC sampling technique and the emcee
library together with the above two splices of full data to see how the
results are affected by minimising their respective y? values, that cor-

2
=
models with each datasets by taking into account the Planck and SHOES
measurements of the Hubble constant as independent priors, while the
rest of the cosmological parameters take the initial flat priors. We refer
to the models as P18 (with the prior H(}g) and R22 (with the prior ng)
for simplicity.

respond to the likelihood by £ « exp( ) We built two competing

6. Results

Let us explore the evolution of the primary cosmological param-
eters for the best-fit values of the parameters derived from Baseline
and Baseline + f(z)og(z) datasets with P18 and R22 priors, rspectively.
Tables 1 and 2 show the constraints on full and subsets of the data,
respectively for ACDM and viscous RVM models. These results are ob-
tained with a reasonable Gelman-Rubin convergence criterionof R — 1 =
10~2, which has been discuss in Section 7. Figs. 1 and 2 depict the 1 — ¢
and 2 — ¢ contour plots of ACDM and viscous RVM from Baseline and
Baseline + f(z)og(z) datasets with P18 and R22, respectively.

As we know that the one of the key cosmological parameter in cos-
mology is current value of the Hubble parameter. Recent observations
have revealed differences in the Hubble constant H, between Planck
CMB data [22] and SHOES-calibrated SNe [25]. This discrepancy is de-
scribed as “Hubble tension” which is one of the most lingering tensions
in cosmology. Note that the Planck Collaboration [22] predicts HJ'® =
67.4 +0.5 kms~' Mpc~!, while Riess et al. [25] estimates a higher value
of H?? =73.04 + 1.04 kms™' Mpc~!. This leads to a tension at the level
of 4.89¢. Tables 1 and 2 demonstrate that the present value of H,
for the viscous RVM are H''® = 67.403 + 0.49 kms™' Mpc™' and H}* =
72212 + 1.0 kms~' M pc~! from Baseline, respectively, which has 4.318c
level of tension. In contrast, H,, obtained for ACDM model are H(f 18 =
67.410 + 0.49 kms~'Mpc~' and Hém =72.776 £ 0.99 kms~' M pc~!, re-
spectively with Baseline, respectively. This leads to a tension at the level
of 4.857c.

Similarly, we have reported the present H, for the pro-
posed viscous RVM as HJ'® =67.416+0.48 kms™'Mpc™' and
Hém =72212+1.0 kms~'Mpc~',  respectively = obtained from
Baseline+ f(z)og(z), which leads to a tension of 4.323c level.
The ACDM model have HJ'® =67.391+0.51 kms™'Mpc™' and
H(fzz =72.678 + 1.00 kms~' M pc~! which has a tension of 4.709¢ level.
The analysis of present values of Hubble constant show that the
viscous RVM minimizes the Hubble tension up to 0.569¢ and 0.5640,
respectively with the datasets used for this observation. The Hubble
constant values also remain consistent with the Planck measurement
regardless of the prior used.

Fig. 3 show the evolutions of H(z) with redshift z for ACDM and
viscous RVM using the baseline + P18 and Baseline +R22, respectively.
Fig. 4 is same as in Fig. 3 but considering the results obtained with the
Baseline + f(z)og(z) dataset. It is observed that the trajectories cover the
majority of the dataset with H(z) error bars. This indicates that both the
datasets used for analysis agree with the viscous RVM. Further, in the
current scenario the present age of the Universe is 13.7Gyr which is
compatible with ACDM model with same combination of datasets.

Focusing on the deceleration parameter g, which plays a crucial role
in describing deceleration, acceleration or transition of the Universe,
we find present values of ¢(z) for viscous RVM ¢, = —0.520 + 0.014 and
qo = —0.523 = 0.013 with transition redshift z,, = 0.646 + 0.009 and z,, =
0.650 + 0.007, respectively for the Baseline with P18 and R22, whereas
Baseline + f(z)og(z) dataset with P18 and R22 give g, = —0.523 + 0.015
and g, = —0.524 + 0.016 with z,, = 0.650 +0.009 nd z,, = 0.653  0.009,
respectively (see, Table 3). These value of ¢, are quite comparable to
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Table 1

Cosmological constraints on ACDM model by Baseline and Baseline+ f(z)og(z) with Hubble constants priors by the Planck (P18)

and the SHOES (R22) values, respectively, obtained via MCMC analysis.

Model Dataset H, Q, ry M oy Sy

ACDM Baseline + P18 67.410 £ 0.49 0.690 + 0.008 148810+ 1.5 —19.438 +0.016 . -
Baseline + R22 72776 £0.99  0.691£0.009  137.998+2.1  -19.272+0.030 - -

ACDM Baseline +f(z)oy(z) + P18 67.391 £0.51 0.692 + 0.007 149.060 + 1.4 —19.437 £ 0.017 0.753 £ 0.026 0.751 +£0.022
Baseline + f(z)og(z) + R22 72.678 £1.00 0.693 + 0.008 138.290 + 2.1 —19.275 £ 0.030 0.752 £0.028 0.762 + 0.024

Table 2
Cosmological constraints on viscous RVM by Baseline and Baseline+ f(z)o3(z) with Hubble constants priors by the Planck (P18) and the SHOES (R22) values,
respectively, obtained via MCMC analysis.

Model Dataset H, Q, & v u ry M oy S

67403 +£0.49 0.667+0.012 0.013+£0.004 0.005+0.003 0.004+0.003 14849+15 -19435+0.017 - -
72212+1.0  0.669 +£0.013 0.012+0.005 0.006+0.003 0.003 +0.002 137.81+22 -19.271+0.031 - -

viscous RVM  Baseline +P18
Baseline + R22

viscous RVM  Baseline +f(z)og(z) +P18  67.416 +0.48 0.670+£0.011 0.012+0.005 0.006 +0.003 0.004 +0.003 148.62+14 —19.435+0.016 0.745+0.028 0.782 +0.021
Baseline +f(z)og(z) +R22  72.212+ 1.0  0.669 +£0.013 0.012+0.004 0.006 +0.002 0.004 +0.002 137.81 +2.1 —19.271 +£0.030 0.749 +0.027 0.784 +0.024

Table 3
Present values of cosmological parameters for ACDM and viscous RVM with Hubble constant priors by the Planck (P18)
and the SHOES (R22) values.

Model Dataset a0 Werp(z=0) z,, t,(Gyr) Jo
ACDM Baseline +P18 —0.535+0.012  —0.690 £0.009  0.645+0.007  13.775+0.256 1
Baseline+ R22 —0.537 +£0.014 —0.691 + 0.008 0.648 + 0.005 13.790 £ 0.268 1
ACDM Baseline +f(z)og(z) + P18  —0.538 £0.012  —0.692+0.008  0.649£0.007  13.787£0.245 1
Baseline +f(z)og(z) + R22  -0.539£0.013  —0.693 +0.007  0.652+0.008  13.811+£0.288 1
Viscous RVM Baseline +P18 —0.520 + 0.014 —0.680 + 0.006 0.646 + 0.009 13.805 £ 0.284 0.978 + 0.004
Baseline + R22 —0.523+0.013  -0.681£0.009  0.650 +0.007  13.834+0.274  0.978 +0.006
Viscous RVM Baseline +f(z)o4(z) + P18 —0.523 +0.015 —0.682 + 0.008 0.650 + 0.009 13.825 +0.240 0.979 + 0.007
Baseline + f(z)og(z) + R22 —0.524 +0.016 —0.683 +0.007 0.653 + 0.009 13.839 +0.249 0.980 + 0.005
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Fig. 1. Likelihood contours on the ACDM and viscous RVM cosmological pa-
rameters with the Baseline dataset + the Hubble constant priors from the Planck

Fig. 2. The same as in Fig. 1 but for the Baseline+ f(z)og4(z) dataset + the
Hubble constant priors from the Planck (P18) and the SHOES (R22) values at

(P18) and the SHOES (R22) values at 1 — ¢ and 2 — ¢ confidence levels.

those obtained by the ACDM model. The evolution of ¢(z) with red-
shift z for viscous RVM models with errors are plotted in Figs. 5 and 6,
respectively for these two combinations of datasets. As g(z) evolves, it
clearly shows that Universe has decelerated in the past (¢ > 0) and accel-
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erated recently (¢ < 0). In both models, ¢(z) approaches —1 in the late-
time, corresponding to the future de Sitter phase. The plots also demon-
strate that the evolution of ¢(z) for viscous running vacuum model is
consistently compatible with the ACDM model across these datasets. We
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Fig. 3. The evolution of H(z) with z for ACDM model and viscous RVM, using
Baseline dataset. The 32 observational data points of H(z;) are displayed with
their associated error bars.
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Fig. 4. The same as in Fig. 3 but considering the results obtained with the
Baseline + f(z)og(z) dataset.
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Fig. 5. Deceleration parameter with redshift z for the ACDM model and Viscous
RVM, using the results obtained from the Baseline dataset.
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Fig. 6. The same as in Fig. 5 but considering the results obtained with the
Baseline + f(z)og(z) dataset.
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Fig.7. Effective equation of state parameter with redshift z for the ACDM model
and Viscous RVM, using the results obtained from the Baseline dataset.

find that the best-fit values of ¢, and z,, align well with the predictions
of ACDM model and other previous findings by many researchers using
different approaches [99,123-126].

Further, based on the estimated model parameters, the evolutions
of the effective equation of state parameter, w,(z = 0) are shown in
Figs. 7 and 8 for all dataset combinations. In both models, it is found that
the Universe transits from quintessence to de Sitter phase. The present
effective EoS parameters for viscous RVM with respect to Baseline and
Baseline + f(z)og(z) along with P18 and R22 are align with the theoret-
ical predictions for the present value of ACDM model.

As we know that the second tension in cosmology is referred as the
growth tension. This arises as the result of the discrepancy between
the Planck value of the cosmological parameters Q,, and oy from weak
gravitational lensing survey, cluster counts,and the redshift space dis-
tortion data. Given the degenerate impacts of these two parameters
in lensing surveys, typically weighted amplitude of matter fluctuations
Sg = 0g4/(1 —Q,)/0.3 is employed as a parameter to compare the con-
sistency with other observations. The weak gravitational lensing surveys
provide constraints via cosmic shear, e.g. S5 = 0.759*0 0> from the Kilo-
Degree Survey (KiDS-1000)[127] which is in 3¢ tension with the predic-
tion of the Planck Legacy analysis of the cosmic microwave background.
The values of o3 and Sy for viscous RVM are og = 0.745 +0.028 and
Sg = 0.782 + 0.021 using Baseline + f(z)o3(z) with P18, and o3 = 0.749 +
0.027 and Sg = 0.784 + 0.024 for Baseline + f(z)og(z) with R22. We find
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Fig. 8. The same as in Fig. 7 but considering the results obtained with the
Baseline + f(z)og(z) dataset.
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Fig. 9. f(z)o3(z) with redshift z for the ACDM model and Viscous RVM, using
the results obtained from the Baseline + f(z)og(z) dataset.

reasonable results for the matter sector including the perturbation.
These values of Sg(og) are aligned with the KiDS-1000 [127]. How-
ever, viscous RVM shows a difference of 1.36¢ with P22 and 1.27¢ with
R22 when compare with Sg(cy) = 0.814*0011(0.802*(0%2) of KiDS-Legacy
[128]. We present the redshift evolution of the growth rate parameter
fog(z) for ACDM and viscous RVM, compared against recent observa-
tional measurement of fog(z) (see Tables 1 and 2). These comparisons
are shown in Fig. 9. We constraint viscous RVM by Baseline + f(z)og(z)
with P18 and R22 which closely follow the ACDM curve.

The results of MCMC analysis for > and reduced Chi-squared ;(fe .=
;(‘im /(N —d), where N and d are respectively the total number of data
points used and number of free parameters, for ACDM and viscous RVM
are reported in Table 5. It is noted that we have N = 1747 for Baseline
and N = 1765 for Baseline + f o5 including P18 or R22. In viscous RVM,
d =5 and in ACDM, we have d = 2. Table 5 reveals that the ;(fe , is less
than unity for both the models with both combinations of datasets. Note
that a value of 72 < 1is considered the best-fit with data while 2 , > 1
is considered a bad fit. This indicates that both the models fit these
observational data sets quite effectively and that the observed data are
compatible with the concerned models.

As a supplementary information, we include an additional purely
kinematical parameter, which is called the jerk parameter j(z) and is
described as

J@)=aCa+ D+ + 25 (36)
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Fig. 10. Jerk parameter for Viscous RVM using the results obtained with the
Baseline and Baseline + f(z)o3(z) dataset.

It provide us with the departure of our model from the ACDM model.
It is observed that for the ACDM model, jerk parameter always has a
constant value of j = 1. The evolution of j(z) for the viscous RVM and
ACDM model are plotted in Fig. 10 using the best-fit parameter val-
ues derived from two different combinations of dataset. The positive
value of j(z) indicates an accelerating expansion of the Universe. The
present values of jerk parameter for viscous RVM are j, = 0.978 + 0.004
for Baseline +P18 and j, = 0.978 + 0.006 for Baseline + R22 dataset, and
Jo = 0.979 + 0.007 for Baseline+ fog(z) +P18 and j, = 0.980 + 0.005 for
Baseline + fog(z) +R22 dataset, which slight deviation from the ACDM
model. However, in late time, jerk parameter tends to 1 for all datasets.

7. Convergence diagnostics

Convergence diagnostics is a tool which is used to assess the stabil-
ity state of the MCMC simulation. This diagnostics ensure the validity
and reliability of the result obtained from MCMC analysis. The Gelman-
Rubin (GR) diagnostic is one of the most commonly used techniques to
evaluate the convergence of Markov Chain Monte Carlo (MCMC) simu-
lations. This diagnostic works by running multiple Markov chains, de-
noted as {X;y, X;;, ..., X;,_1 } for i = 1,..., m, with each chain initialized
from an over-dispersed starting distribution compared to the target dis-
tribution z. Gelman and Rubin [129] presented approaches to construct
such initial distributions, although in practice, these starting points are
often selected arbitrarily. When running these m parallel chains, two
variance estimators are computed for a variable X ~ z. The first is the
within-chain variance:

m n—1
W= > (Xy; = X)*/(m(n = 1) @37
i=1 j=0
where X; is the mean of the ith chain.
The second is the pooled (between-chain) variance estimate:

n—1 B

V= w4+ = (38)
n

where
moowo_ w2
X; - X)
B= AL, 39
”<; m—1 (39

with X representing the overall mean across all chains.

Gelman and Rubin [129] suggested comparing the ratio of the pooled
to the within-chain variance, known as the potential scale reduction
factor (PSRF):

R= (40)

sl
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The R values of parameters for ACDM and viscous RVM models with Hubble constant priors by the Planck (P18) and

the SHOES (R22) values.

Model Dataset H, Q, & v u ry M oy
ACDM Baseline + P18 1.0003 1.0002 - - - 1.0005 1.0004 -
Baseline + R22 1.0003 1.0000 - - - 1.0002 1.0003 -
ACDM Baseline + f(z)og(z) + P18 1.0000 1.0000 - - - 1.0000 1.0000 1.0008
Baseline + f(z)og(z) + R22 1.0000 1.0000 - - N 1.0001 1.0000 1.0000
Viscous RVM Baseline + P18 1.0000 1.0000 1.0004 1.0001 1.0006 1.0000 1.0000 -
Baseline + R22 1.0008 1.0001 1.0002 1.0007 1.0001 1.0006 1.0006 -
Viscous RVM Baseline + f(z)og(z) + P18 1.0003 1.0000 1.0006 1.0000 1.0004 1.0002 1.0003 1.0000
Baseline + f(z)og(z) + R22 1.0008 1.0000 1.0002 1.0009 1.0000 1.0009 1.0007 1.0000
» R — chain1 »
n —— Chain 2
—— Chain . 7
e — Chains EN
j sl -
o \ e
X o

[ 1000 2000

sep

Fig. 11. Trace plot ACDM model using Baseline dataset with P18.

A value of R close to 1 indicates convergence. As more samples are
drawn and the chains mix, R approaches 1.

In this work, to assess the convergence of our Markov Chain Monte
Carlo sampling, we execute four independent chains using the emcee
package. Each chain was initialized from a different starting position to
ensure diverse exploration of the parameter space. We ran each chain for
a total of 5000 iterations. To eliminate the influence of initial transients,
we treat the first 2000 samples from each chain as burn-in and excluded
them from all subsequent analyses. After discarding these burn-in sam-
ples, we evaluate convergence by calculating the Gelman-Rubin statistic
R for each model parameter. The R values of parameters of ACDM and
viscous RVM model are given in Table 4 which shows that both the
models converge to 1 for both datasets, indicating that the chains had
converged satisfactorily. In addition, we visualize the sampling behav-
ior by plotting trace plots for each parameter of ACDM and viscous RVM
models using baseline and baseline+ f(z)o(z) datasets, respectively as

Table 5

Fig. 12. Trace plot ACDM model using Baseline dataset with R22.

shown in Figs. 11-18, which further confirm that the chains are well-
mixed and stable after burn-in. Figs. 12-17

8. Model selection statistics

Finally, we assess the statistical relevance of the data fitting and the
observational compatibility of the models by applying the well-known
Akaike Information Criterion (AIC), the Bayesian Information Criterion
(BIC), and the Deviance Information Criterion (DIC). These criteria eval-
uate fitted models against a reference model. AIC comes from informa-
tion theory and is essentially a frequentist criterion, while the BIC is
derived from an estimate of the Bayesian evidence that holds true for
high sample sizes.

In cosmology, AIC and BIC have been utilized to distinguish cos-
mological models on the basis of penalization related to the number of
parameters that the model requires to explain the data. Specifically, in
Ref. [99], the author uses AIC and BIC to perform cosmological model
selection in order to determine the parameter set that better fits the data.
Subsequently, in this work we compare among models in light of AIC

The reduced chi-squared )(rze 0= x?/N —d, AIC, BIC, DIC values for viscous RVM model with the Hubble constant Priors by the Planck

(P18) and the SHOES (R22) values.

Model Dataset i d N 2, A BIC DIC AAIC  ABIC  ADIC

ACDM Baseline +P18 1581.053 2 1747 0906 1585053 1595984 1585969 - - -
Baseline + R22 1582420 2 1747 0907 1586420  1597.351 1586222 - - -

ACDM Baseline +f(z)oy(z) +P18 1593451 2 1765 0903  1597.451  1608.403  1597.411 - - -
Baseline +f(z)oy(z) + R22  1594.890 2 1765 0905  1598.890  1609.841 1599567 - - -

Viscous RVM  Baseline +P18 157333 5 1747 0903 1583334  1610.662 1585404  —1.719  14.678  —0.565
Baseline +R22 1573.531 5 1747 0903 1583531  1610.859  1586.044  -2.889  13.508  —0.178

Viscous RVM  Baseline +f(z)o(z)+ P18 1587.194 5 1765 0902  1597.194 1624573 1598255 0257 16170  0.844
Baseline+f(z)oy(z) +R22 1589721 5 1765 0903  1599.721  1627.100 1600326 0831 17259  0.759
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Fig. 14. Trace plot ACDM model using Baseline + f(z)og(z) dataset with R22.

and BIC, as well as the Deviance information criterion (DIC) utilizing
the combinations of Pantheon+,CC, BAO, f(z)og(z) datasets. By using
statistical analysis, we can identify which models are “more favorable”
by considering the dataset and number of parameters.

The AIC is defined by [130]

2dN
AIC = 42 + ———. 1
C= o+ g @D
On the other hand, the BIC is defined as [131]
BIC = y2, +dInN. (42)

Further, we assess the evidence of the model by analysing the Deviance
information criterion (DIC)[132]. The effective number of parameters
pp» also known as Bayesian complexity of a model is expressed as

pp =D(@) — D©), where D) =—21nL(0) (43)

Here, D is the deviance of the likelihood and the bars denotes the aver-
ages over the posterior distribution. In other words, p, is the difference
of the mean of the deviance and the deviance of the mean. We can define
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Fig. 16. Trace plot Viscous RVM using Baseline dataset with R22.
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Fig. 17. Trace plot Viscous RVM using Baseline + f(z)o3(z) dataset with P18.

pp in terms of y? as well. i.e.,

pp =220 — 72(0), where y*=-2InL (44)
The DIC is then defined by [133]
DIC = D) +2pp = D) + pp (45)

Indeed, we can easily see from the definitions that when parameters are
well-constrained, the DIC moves closer to the AIC rather than the BIC
since D(6) —» —21In £ and pp — nh.

Let us compute the comparison between our model / and the stan-
dard ACDM model k which is expressed as AAIC,, = AIC, — AIC,,
and it is interpreted as the model / is preferable over the model .
The support for the model is interpreted based on the thresholds in
AAIC,, AAIC,, and AAIC,;, with respect to the reference model,
i.e.,, ACDM. For AAIC;; <2 indicates strong support for model over
reference model, “average” support for 2 < AAIC,, <4 and “consider-
ably less support” if 4 < AAIC,; <7 and AAIC > 10 indicates essen-
tially “no support for the model” [134]. Similarly, we can calculate
ABIC;, = BIC, - BIC,. AABIC;, <2 indicates no distinguishable ev-
idence; values between 2 < ABIC,, < 6 indicate mild to positive evi-
dence against the model; a value between 6 < ABIC,, < 10 gives strong
evidence against the model, and ABIC;, > 10 represents very strong
evidence against the model favoring the reference model [135]. The in-
terpretation of ADIC generally aligns with that of AAIC [136].

Table 5 displays the values of AAIC, ABIC and ADIC assum-
ing the ACDM as the referring model. We find the values of
(AAIC,ABIC,ADIC) = (-1.719,14.678,-0.565) for Baseline+P18
and (AAIC,ABIC,ADIC)=(-2.889,13.508,-0.178)  for  Base-
line+R22, and (AAIC,ABIC,ADIC) = (-0.257,16.170,0.844)
for Baseline + f(z)og(z) + P18 and (AAIC,ABIC,ADIC) =
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Fig. 18. Trace plot Viscous RVM using Baseline + f(z)o4(z) dataset with R22.

(0.831,17.259,0.759) for Baseline+ f(z)og(z) + R22. The values of
AAIC(ADIC) show that the datasets have strong support in favor of
viscous RVM model. In contrast, the evaluation based on ABIC, we find
that both the datasets exhibit a strong support for the ACDM model.
This discrepancy arises because AIC (DIC) tends to be more inclusive
in model selection. The BIC imposes a stronger penalty on models with
more number free parameters than AIC(DIC) and that the penalization
function is proportional to the number of points in the dataset.

9. Conclusion

In this work, we have examined a bulk viscous cosmological model in
the framework of time-varying vacuum energy density, where the bulk
viscosity coefficient is proportional to the Hubble parameter H. Addi-
tionally, we have assumed a generic form of the VED which is propor-
tional to H and H. This type of model has been the subject of discussions
in the literature [20,28,29,137,138] and the references therein. These
models have withstand numerous benchmark tests against all kinds of
contemporary data with success and proved their robustness and viabil-
ity as strong competitors to the standard ACDM model. This is true not
only in terms of their ability to fit the recent cosmological data, but also
important in terms of elevating the significance of the ACDM and its
extensions in the context of theoretical physics. The primary distinctive
characteristic of the RVM is predicting the existence of dynamical dark
energy (DDE) related with the vacuum. In other words, the running vac-
uum manifests itself as a type of DDE, but it is actually (quantum) vac-
uum, and not merely an additional phenomenon taken out of the dark
energy’s blackbox to imitate or replace the core idea of vacuum energy
in QFT. Since the VED in QFT must be renormalized, the rigid cosmolog-
ical term A does not exist in the RVM paradigm. The renormalization
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scale is dynamic; hence, the calculated quantum corrections result in
a time-evolving VED with the expansion [29]. In the context of QFT in
curved spacetime, precise calculations have recently reinforced the gen-
eral structure of the RVM. As mentioned in the references [50,53,54],
the smooth VED dynamics in the RVM was long anticipated based on
semi-qualitative renormalization group arguments and it was only con-
firmed recently in an entire QFT context. In RVM framework, a true
cosmological constant does not exist and it is reasonable to assert that
a rigid parameter of this kind, is not predicted in renormalizable QFT
[29].

Regarding the analysis presented in this work, we have focused
on the implementation of viscous RVM, in order to facilitate a better
comparison with earlier studies, especially the most recent one in Ref.
[99]. In our approach, we have described a novel and comprehensive
parametrization of bulk viscous coefficient and VED. The viscous RVM
has one additional parameter u. The dynamical component of the VED
is proportional to the scalar of curvature, H and H?, with its coefficient
u and v respectively. Although such a coefficient can be analytically ex-
plained in QFT, in practical application it has to be fitted to the overall
cosmological data because it depends on the masses of all the quantized
matter fields. We have employed the chosen parameterizations in or-
der to derive analytical solutions for different cosmological parameters,
including H(z), a(t), q(z), w(z) and j(z).

We have validated our findings using observational data from a
wide range of sources, which comprises of, SNela pantheon +, CC, BAO
and f(z)og(z) datasets. The priors of the present Hubble constant from
Planck and SHOES have been implied with these two datasets. Apply-
ing the MCMC methodology, the constraints of the model parameters
of ACDM and viscous RVM have been estimated which are presented in
Tables 1 and 2. When a global fit is made to the cosmological dataset
using two different combinations, including the Baseline and Baseline +
f(2)og(z), and the rigid option v, u,{ = 0 (i.e., A=constant correspond-
ing to the ACDM model) is compared with the viscous RVM (v, u, ¢ # 0),
we observed that a mild dynamics of the cosmic vacuum (v, u ~ 1073)
and viscosity (¢ ~ 0.01) is strongly preferred. We have evaluated con-
vergence by calculating the Gelman-Rubin statistic R for each model pa-
rameter. The R values of parameters of ACDM and viscous RVM model
are given in Table 4 which shows that both the models converge to 1 for
both datasets, indicating that the chains had converged satisfactorily.
The analysis of present values of Hubble constant show that the viscous
RVM minimizes the Hubble tension up to 0.569¢ and 0.564c, respec-
tively with the datasets used for this observation. The Hubble constant
values also remain consistent with the Planck measurement regardless
of the prior used. In other words, the MCMC analysis naturally favors
the Planck value of H,,. This holds when both the Baseline and Baseline
+f(z)o3(z) have been considered. We have also found the reasonable
results for the matter sector including the perturbation. These values of
Sg(og) are aligned with the KiDS-1000 [127]. However, viscous RVM
shows a difference of 1.36¢ with P22 and 1.27¢ with R22 when compare
with Sg(og) = 0.8147001(0.802*00%) of KiDS-Legacy [128]. The analysis
of other cosmological parameters such as deceleration parameter, EoS
parameters and jerk parameter and their corresponding present values
reveal that the viscous RVM describes the Universe transits from a decel-
erated phase to accelerated phase. The comparison with ACDM model
demonstrates the efficacy of our parametrization of viscous RVM in de-
termining the late-time cosmic acceleration.

We have reported the model selection criteria such as AIC, BIC and
DIC of proposed viscous RVM with reference to the ACDM model. Ac-
cording to AAIC(ADIC), viscous RVM has “strong evidence in favour”,
and as far as ABIC is concerned, we have obtained the values > 10 and
hence strong support of ACDM model.

To conclude, it is intriguing that the interacting viscous DM and vac-
uum energy density, i.e., viscous RVM provides the present values of
Hubble constant which alleviates the Hubble tension. The viscous RVM
which have been considered seems to be consistent with ACDM model in
terms of evolution and present values of cosmological parameters such
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as the Hubble parameter, deceleration parameter, EoS parameter and
jerk parameter. Our model is able to explain the accelerated expansion
of the Universe with the consistency of observational datasets. Our find-
ings imply that the dark energy is most likely dynamical and assumes
the running vacuum form with viscosity. The potential for late-time new
physics in the dark sector, which may be concealed behind these ongo-
ing cosmological tensions, cannot yet be ruled out. The future data will
play a crucial role in further validating the viscous RVM.
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Abstract

In this work, we constrain the time-varying vacuum energy models in Brans-Dicke theory within the framework of a flat
Friedmann-Lamaitre-Robertson-Walker space-time by using the latest observational data. In the first step, the analytical
solution of field equations are found by considering the two functional forms of cosmological constant, viz. power-series
form: A =n1H +nyp H? and power-law form: A oca™", where ny, ny and n are all constants, and H and a are the Hubble
parameter and scale factor, respectively. Then, to test the viability of the models, the latest data sample such as Hubble H (z)
data, Type Ia supernovae and baryon acoustic oscillations are used to constrain the model parameters. We apply the Markov
Chain Monte Carlo (MCMC) method to find the best-fit values of the space parameters of both the models. The cosmological
implications of the models are discussed by using the best-fit values of parameters. It is found that both the models are in
good agreement with the datasets and are consistent with the analytical solutions. We use jerk parameter and selection criteria
(AIC and BIC) to find the consistency of the proposed models with the observation as compared to ACDM model. Both the
models explain the late-time acceleration of the Universe.

Keywords Cosmology - Vacuum dark energy model - Brans-Dicke theory

1 Introduction mological constant (CC), which was initially introduced by

Einstein to make the static Universe, is a natural and sim-
In the current view of modern cosmology, the nature and  plest candidate of DE. This DE model, so-called standard
origin behind the current accelerating expansion of the Uni- Lambda-cold dark matter (ACDM) model, contains the cold
verse constitute a major problem. The analysis and inter-  dark matter for explaining cluster formation and a CC, A.
pretation of many observational data like Type Ia supernova  Ajthough the ACDM model fits accurately the current ob-
(Perlmutter et al. 1999; Riess et al. 2004; Astier etal. 2006),  gervational data and describes well the observed Universe,
galaxy clustering (Feldman et al. 2003), cosmic microwave  (his model faces two serious problems, namely, the fine-

background radiation (Spergel et al. 2007) and other cosmo- tuning and the cosmological coincidence problems (Wein-
logical observations (Komatsu et al. 2009, 2011; Sanchez berg 1989; Copeland et al. 2006).

et al. 2011; Ade et al. 2014, 2016) provide a cosmic ex-
pansion of the Universe that involves a recent accelerated
expansion. This phenomena has been discussed either by
adding an energy component in energy-momentum tensor
usually called “dark energy” (DE) which has negative pres-
sure, or modifying the general theory of relativity. The cos-

In the recent years, these longstanding problems have
galvanized a variety of alternative theories for the cosmic
acceleration beyond the ACDM model. One of such theo-
ries includes dynamical A instead of just assuming the A
as a constant. A varying A has been proposed in literature
to alleviate the CC problems. A number of works was pro-
posed using varying A even before the discovering of the ac-

= C.P. Singh . celerating Universe (Ozer and Taha 1986; Peebles and Ratra
cpsingh@dce.ac.in 3 3
V. Khatri 1988; Carvalho et al. 1992; Lima 1996; Overduin and Coop-
. atri

erstock 1998). This A(f) model may act as an important al-

vinitakhatri_2k20phdam501 @dtu.ac.in . A
ternative to the ACDM model. The A(#) model is based on

I Department of Applied Mathematics, Delhi Technological vacuum quantum fluctuations in the curved space-time. The
University, Bawana Road, Delhi, 110 042, India resulting effective vacuum energy density depends on the
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space-time curvature which decays from high initial values
to smaller ones as the Universe expands (Carneiro 2003).

Due to lack of a concrete theory to model a time-varying
A function, we generally parametrize the vacuum energy
density by using phenomenological approach. In quantum
field theory, the renormalization group (RG) (Shapiro and
Sol4 2000) describes a dynamical vacuum energy, in which
the A-term varies as A ~ HZ2, where H is the Hubble
parameter. In a series of recent papers (Schiitzhold 2002;
Borges and Carneiro 2005; Carneiro et al. 2006, 2008;
Basilakos 2009; Basilakos et al. 2009; Perico et al. 2013;
Bessada and Miranda 2013; Lima et al. 2013; Szydlowski
and Stachowski 2015; Jayadevan et al. 2019), a number
of flat Friedmann-Lemaitre-Robertson-Walker (FLRW) type
cosmologies have been studied by assuming the vacuum en-
ergy density as a truncated power-series in terms of Hubble
parameter H. Carneiro et al. (2008) proposed a cosmologi-
cal model by assuming the vacuum term as proportional to
the Hubble parameter, A o« H. Carvalho et al. (1992) and
Grande et al. (2006) proposed a time-dependent vacuum,
A ~ ¢1 H? (here ¢ is a constant), which arises from the RG
in quantum field theory. Bessada and Miranda (2013) have
studied the evolution of the model with a phenomenological
law A = Ao+ SﬂHz. Basilakos (2009) and Basilakos et al.
(2009) investigated the properties of flat FLRW model by
assuming the function form of A () as a power series expan-
sion in H up to the second order, A ~n1H +n» H?, where
n1 and np are constants. Later on, Oliveira et al. (2014)
have discussed the cosmological consequences of a model
in which the vacuum varies as a truncated power series of
the Hubble parameter.

On the other hand, the scalar tensor theories have been re-
considered extensively in literature, in particular, the Brans-
Dicke (BD) scalar-tensor theory. Brans and Dicke (1961) in-
troduced this scalar tensor theory to incorporate the Mach’s
principle in general relativity. In this theory, a scalar field
Y is included in the Einstein-Hilbert action that makes the
Newtonian gravitational constant G as a function of coordi-
nates. We replace the gravitational constant G by an inverse
of time-varying scalar field v, which couples to gravity with
a coupling parameter . However, in the limit @ — oo,
BD theory reduces to the corresponding general relativity.
In recent years, this theory has received significant atten-
tion as it successfully describes the early inflationary era
and late-time evolution of the Universe. Many authors (Pi-
mental 1985; Johri and Kalyani 1994; Ram and Singh 1999;
Sen et al. 2001; Banerjee and Pavon 2001a,b; Sen and Sen
2001; Mota and Barrow 2004; Das et al. 2006; Arik and
Calik 2006; Arik et al. 2008; Xu et al. 2010; Singh 2012;
Karchi and Shojaie 2016; Kumar and Singh 2017; Singh and
Kumar 2017; Srivastava and Singh 2018; Singh and Kaur
2019; Sharif and Syed Asit Ali Shah 2019; Karimkhani and
Khoadam-Mohammadi 2019; Singh and Kaur 2020) have
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extensively studied FLRW model in the framework of BD
theory. Since the vacuum energy models have the dynami-
cal behavior, it is more suitable to consider the models in a
dynamical framework such as BD theory.

In the present paper, we extend the successful approach
recently presented on BD cosmology with decaying vacuum
energy by Singh and Sola Peracaula (2021) with the some
other suitable form of A(¢). However, the model could not
gain the consistency with the analytical solutions. Here, we
assume two different functional form of time-varying A: a
power series up to the second order of H and a power-law
form. We focus our attention on exact solutions and discuss
the observational aspects of A(¢#) models in the framework
of BD theory. Additionally, we perform a Bayesian MCMC
method to constrain the space parameters using the obser-
vational data of Type Ia supernova, Hubble data and baryon
acoustic oscillations. Using the best-fit values of parameters
we discuss the evolution of the Universe through Hubble pa-
rameter, deceleration and equation of state parameters, and
check the consistency of the analytical solution sofar ob-
tained for the both models. The model selection criteria and
jerk parameters are also discussed and compared the models
with the standard ACDM model.

The paper is organized as follows: In Sect. 2, we pro-
pose the model and basic field equations in BD theory with
cosmological constant. The analytical solutions of the field
equations are presented in Sects. 3 and 4 with two different
functional forms of A(z). In Sect. 5, we discuss the latest ob-
servational data and method to constrain the main parame-
ters of our vacuum models. In Sect. 6, we analyze the models
by using the best-fit values of model parameters. Section 7
discusses the statistical criteria of AIC and BIC in respect
of the models along with ACDM. In Sect. 8, we draw our
conclusions.

2 BD field equations with dynamical
vacuum energy

We start with a spatially homogeneous and isotropic flat
Friedmann-Lemaitre-Robertson-Walker (FLRW) line ele-
ment in standard spherical coordinates xi= (t, r, 0, @)
ds? = —di* + (1) [a’r2 +r2(d6? + sin20d¢2)] M
where a () is the scale factor of the Universe. The field equa-
tions of BD theory in the presence of cosmological constant
(in the unit ¢ = 1) is given by (Uhera and Kim 1982; Kim
2005)

87 - 87 _mD
?TMV + ?Tuv ’
where 1 is the scalar field known as BD scalar field,
 is a dimensionless BD coupling constant and 7, =

1
Gy =Ry — zguwR= 2

2
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Tyw — guvpn is the total energy-momentum tensor, that
is, the sum of the matter and vacuum contributions. Here
poan = A/8mG = Ay /8m is the vacuum energy density
which has the equation of state (EoS) ppn = —pa, and
Tyw = (om + pm) uyly + Py guv is the ordinary energy-
momentum tensor of perfect fluid, where p,, is the energy
density of matter, p,, is the corresponding pressure and u,,
is the four-velocity vector. Thus, we consider f",w as a per-
fect fluid form of energy-momentum tensor which is given
by

Tuv = (p + p) ity + P v, 3)

where p = o + pa and p = py + pa.
In Eq. (2), T3P is considered as the energy-momentum
tensor for the BD scalar which is defined by

1 o
Tff:s?b( Vay Vg — g,wv YV w)

YV = 8 VeV Y |- @
The BD wave equation is given by

8

Dy = Qw+3) (

—4pp), 5)
where Tﬂ” is the trace of Tj,,.

For energy-momentum tensors (3) and (4), the BD field
equations (2) and (5) for metric yield

) g
3H2+3H%—%% %p, ©)
. v ¥ 1/,2 8w
2H +3H? QH— + — = ——p, 7
+ + = = + " +5 w2+ 5P (7N
. . 87
v +3HY = m(ﬂ D), ®)

where dots means time derivatives and H = a/a is the
Hubble parameter. Let us assume the perfect fluid like
form of BD energy-momentum tensor as TB D = (ppp +
PBD)Uylty + PBDE&uv, Where the energy densuy and pres-
sure for BD are defined as

1[9 v —3H‘} 9

PBD =2 <K0> ¥, 9
1o r? L

PBD—QI:E<?>+2H¢+Wi|- (10)

The consistency of the BD field equations (2) yield

1 8 8
v, <R’“’ - EgWR) =0=V, ( 1ZTW+ JT[;B)

(11)
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Assuming that the matter with vacuum and scalar field con-
serve separately, i.e., T*" obeys the usual conservation law,
V, TH*¥ = 0, which leads to

om +3H (om + Pm) = —PA. (12)

One should note here that the EoS of the vacuum en-
ergy density follows the same usual form, i.e., pa(t) =
—pa(t) = —y A(t)/8m despite it evolves with time. From
(11), we obtain

- 1 87
8TV, — |+ V, T’“) 0, 13
g (w) (w (1)

which simplifies to

oD +3H(pep + pBD) = (Pm + PA +,OBD)%~ (14)

In this paper, we assume that the scalar field v is related
to scale-factor @ by a power-law relation (Pimental 1985;
Banerjee and Pavon 2007; Sheykhi 2010):

v =10a(), 5)

where 1o and € are constants. Using (15) into (6), we get

2 2

- (6 + 6¢€ —

= w 2 (o + P, (16)

where A = 8mpp /Y. One can find that the standard cosmol-
ogy is recovered in the limit of € — 0.
Finally, using (12) and (16), we find

(B+e) H2 = 3A ‘ a7

H
Tt 6+ 66 —wed)

In the following sections, we find the exact solutions with
two forms of A (¢): power-series and power-law forms.

3 A power series A(¢) model

In this paper, we assume the time-varying A as a truncated
power series of the Hubble parameter up to the second order
[hereafter, A ps-model], that is, (Basilakos 2009; Basilakos
et al. 2009; Oliveira et al. 2014)

A(t)=n H +nyH?, (18)

where 7 is a constant with dimension of H, while n, is
a dimensionless constant. The first term, i.e., A x H was
discussed in Refs. (Schiitzhold 2002; Borges and Carneiro
2005; Carneiro et al. 2006, 2008) where as the second term,
ie., A x H? was proposed in Refs. (Carvalho et al. 1992;
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Grande et al. 2006). Thus, Eq. (18) is a combination of linear
and quadratic form of A(#). Using (18) into (17), we get

. 3+¢ 3ny 5 3nH
2 (6 + 6€ — we?) (6 + 6€ — we?)
(19)

Now, considering the current value of A as Ag = 3H029 As
where 2, is the density parameter for vacuum, Eq. (18)
givesn; = Hy(B —3R2,,), where Qp =1 —Q,,. Here, Q,, is
the matter density parameter. Using this value of n1, Eq. (19)
can be rewritten as

dh <(3+e)(6+66—a)62)—6(3—ﬂ)> .,

dx 2(6 4 6€ — we?)
3B —3Qy)
T (6 + 66 — we?) (20)

where x =In a and h = H/H is the dimensionless Hubble
parameter and 8 = 3 — nj (or |nz| < 1). It is obvious from
(20) that 8 > 3€2,,, where 0 < 8 < 3.

On solving (20), the dimensionless Hubble parameter as
a function of the scalar factor can be written as

6(8 —3Qu)
h(a) =
G+ (6+ 66 —we2) —6(3 — B)
+(1- 6(8 —3Qn) a
B+ €)(6+ 6¢€ — a)ez) —6(3—-p8)
2D
where k = (+O6+6¢-0e)—6G=5) 1 ic (6 be noted that for

2(64+6€ —we?)
€ — 0, we recover the result obtained in Ref. (Oliveira et al.

2014) and further for 8 — 3 i.e. np — 0 and € — 0, we
recover the dynamical A solution derived in Ref. (Carneiro
et al. 2006).

Considering a = (1 + z)~!, we can define the normalized
Hubble expansion E(z) as

H & & k
E(@)=— =Qa1 +Qui(1+2)", (22)
Hy
where
Oni=1— 8y = 6(8 —3%Q2) _
B4 €)(6 4+ 66 —we2) —6(3—P)
(23)

One can observe that for ¢ — 0 and 8 — 3, Eq. (23) reduces
to Qa1 = Q2. Assuming the scale factor to unity at present,
i.e., ag = 1, the scale factor evolves with time as

~ - 1/k
kQatHo?) _ 14 Q
a(t)=<e i “) (24)

QA1
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It is obvious from (24) that the scale factor varies as
a~ t'/% ie., power-law expansion during the early times.
Therefore, the model expands with decelerated rate. It is
followed by a transition to an accelerating epoch where the
scale factor varies a ~ exp(fz A1Hp t) in late time.

The observational data suggest that the accelerated ex-
pansion of the Universe is a recent phenomenon. It means
that the Universe might be decelerated phase in the early
epoch when there was no DE or when its effect was sub-
dominant. Therefore, the Universe must have a transition
from decelerating to accelerating phase. In this context, the
deceleration parameter, which is defined as g = —adi/a?,
plays an important role to describe the evolution history of
the Universe. For this model, the deceleration parameter in
terms of redshift is calculated as

k Qi (14 2)F

q(z)=—1+ < = .
Qa1+ 21 (14 2)F

(25)

The present-day value gg can be found by putting z =0 in
(25), which is given by

g0 =k Q1 — 1. (26)

We now discuss the deceleration-acceleration transition red-
shift, z;» which is defined as a redshift where ¢(z) = 0 and
it is given by

2(6 + 6 — we?) Qay VK

Zer = —1+ = .
(14 €)(6+ 66 — we2) —6(33 — B)) Qi

(27)

At this stage, we also discuss another important parameter,
known as equation of state (EoS) parameter which describes
the dynamics of the Universe. In this model, we discuss the
effective EoS parameter, which is defined as werr = —1 —

27“ %. Using (21) in this expression, we get

2kQ2m1

=, 0+ k. (28)

Werf(2) =—1+

The present value of EoS parameter is given by

2k ~
Werf(z=0)=—-1+ ?QmL (29)
The condition for acceleration of the present universe is

given by
Swerr(z=0)+1=2 (=1 +kQ ). (30)

It should ne noted here that for an accelerated expansion of
the Universe the effective EoS parameter must be wers <
(—1/3). This condition is satisfied if €2,,1 < 1/, which is
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also compatible with the analysis of deceleration parame-
ter as given in Eq. (26). From Eq. (28), it is found that
Werf(z) - —1as z — —1,1i.e., as a — oo. Thus, the model
exhibits to de Sitter Universe and coincides with the ACDM
model in later stages of its evolution.

In what follows, we check the consistency of the model.
Using (9), (10) and (16) into (14), we get

2(we — 3)H + (we” + 6we — 12)H?> =0. (31)

We substitute the solution of Hubble function H from (22)
into (31), we get

2k(we — 3)n1 (1 4+ 2% + (12 — we* — 6we)
X Qa1+ Q1 (1425 =0. (32)

It can be observed that, in general, the above equation is
not satisfied. However, we can get a relation between the
constants at present epoch, i.e., for z =0, which is given by

2k(we — 3)n1 + (12 — we” — 6we) = 0. (33)

Once we get the best-fit values of model parameters by ob-
servations, we can check the consistency of the Eq. (33) for
the present epoch.

4 A power-law A (¢) model

Bertolami (1986), Ozer and Taha (1987), and Chen and Wu
(1990) have studied the model with vacuum energy density
in general relativity which evolves as A o< a~2. In the fol-
lowing, we assume that the vacuum energy density evolves
as the general power of the scale factor (hereafter Apy-
model):

A(a) =3ya™", (34)

where y is a constant. Using (34) in (17) and simplifying,
we get

dH2+(3+e) ) 18y

—n—1
= . 35
da a (6 + 6¢ —a)ez)a (33)

Using the present value of vacuum energy density, Ag =
3H§QA into (34), we get y = Qx H02. Using this value of y,
the solution of (35) with H(a = 1) = Hy in terms of redshift
is given by

H ~ ~ 1/2
E@ =30 = Q@m0 +29%9+ Qna+a"] 7, o)

where

1824
(6+6€ —we2)(3+€—n)’

Qar= (37)
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and

_— 1892,
M T 6+ 66 —we)B+e—n)

(38)

The deceleration parameter which is defined in the previous
a__dH?

section is redefined as ¢ = —1 — 2H?(a) da

and it gives

134+ 6)Qua(l+28) +nQar(1 +2)"
2 Q1426+ £ Qa1 42"

g=—1+ . (39)

It is clear from (39) that g (z) tends to —1 in the future (neg-
ative redshifts). The present value ¢ is obtained as

14+ G+ E)sz + nQAZ )

= 40
q0 > (40)
The transition redshift is given by
~ 1/(3+€—n)
(2—n)Qp2
tr=\ —T—"—""—=— -1, (41)
(1+ )22

where as the effective EoS parameter is calculated as

B+ )1 +2)%T) 4 nQpr(1 +2)"

1
Werr=—14+ = = —
! 3 Qu(+2079 + Gl +2)"
(42)
The w,fr at z = 0 is obtained as
1 ~ ~
wer@=0)=—1+3 (G+O%m+nln). @3

From above equation, we observe that the condition for ac-
celeration of the present Universe 3w,rr(z =0) +1 < 0is
satisfied if (3 + €)Qm2 + nQ2a2 < 2, which is also com-
patible with the analysis of deceleration parameter. From
Eq. (43), it is found that w — —1 as z — —1, ie., as
a — 0o. Thus, the model attains to de Sitter Universe and
coincides with the ACDM model in late time evolution.

Let us check also the consistency of the model. Sub-
stituting the solution of Hubble function H(z) obtained in
Eq. (36) in Eq. (31), we get

(we —3)[B 4 €)Q2maa= T 4 nQp2a™"]
— (w€* + 6we — 12)[Smaa~ 31 + Qp2a"1=0.
(44)

We can get the relation between the constants at present
epoch which is as follows.

(e —3)[(34+€)Smz +1a2] — (we2 +6we —12) = 0. (45)

We will check the above consistency equation for the model
once the best-fit values of model parameters by observations
are obtained.
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5 Data sample and methodology

In this section we discuss the observational constraints on
the free parameters of Apgs and A py models by using the
latest observational data of H(z), Type Ia supernovae and
baryon acoustic oscillations.

5.1 Hubble data

The Hubble parameter measurements (abbreviated as H(z))
is an effective tools to constrain the free parameters of
the model. In literature, there are two different techniques,
differential-age method (Stern et al. 2010) and radial BAO
method (Gaztafiaga et al. 2009) to measure the Hubble pa-
rameter. We use 30 data points of Hubble parameter ob-
tained by the so-called differential-age technique applied
passively evolving galaxies in the redshift range 0.07 <
z < 1.965 as listed in Table 3 of Ref. (Sola et al. 2017).
These Hubble data inputs are uncorrelated with the BAO
data points.
The chi-square is defined as

30 2
Ho s \<i — H, is
XI2{(z) :Z[ bs (Zi) (2 P)i| , (46)

on;
i—1 H,i

where Hyj,(z;) is the theoretical values and H,ps(z;) repre-
sents observed values as given in Table 3 of Ref. (Sola et al.
2017) and p is the set of space parameters.

5.2 Type la supernovae

We use the recent Type Ia supernovae (SNe) data points, the
so-called Pantheon sample which includes 1048 data points
of luminosity distance in the redshift range 0.01 < z < 2.3
(Scolnic et al. 2018). This sample contains PanSTARRS1
Medium Deep Survey, SDSS, Low-z and HST samples
(Scolnic et al. 2018). The chi-square function for Pantheon
SNe data is

XSne(pam = A’ -C™1 - Ap, 47)

where A = [,Ll-Obs — ' (z;, p). The observed distance mod-
ulus, ;Ll.”hs reads pops = mp — Mp, where mp is the ob-
served peak magnitude in the rest frame of the B band and
M3p is the absolute magnitude nuisance of SNe. The the-
oretical distance modulus, u’h, which depends on redshift

and the cosmological parameters, is defined by

W'z, p) =5 logoldL(z, p)/10 pc]l + M, (48)

where dy,(z) is the luminosity distance which is given by

<] dZ/
dy(zp) = (1 +z>c/0 B (49)
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where ¢ is the speed of light. Also, M is the nuisance pa-
rameter in which Hy and Mp can be absorbed. It is to be
noted that M has been assumed to be 23.83. It is mentioned
that C is the total covariance matrix which takes the form
C = Dyyqr + Csys, where the diagonal matrix Dy, and co-
variant matrix Cyys denote the statistical uncertainties and
the systematic uncertainties, respectively. !

Simple analytical models of light curve predict that the
SNe peak luminosity is proportional to the mass of nickel
synthesized which in turn, to a good approximation, is a
fixed fraction of the Chandrasekhar mass (Mpy; & Mcy),
which satisfies M o« G~3/2 (Khokhlov et al. 1993; Gomez-
Gomar et al. 1998; Karimkhani and Khoadam-Mohammadi
2019). Based on the fact that luminosity L o« Mcj, a mod-
ification is required to the absolute magnitude of a SNe in
the case of varying G. Thus, for the luminosity distance we
have L o« G=3/2, i.e., for a slow decrease of G with time,
the distant supernovae should be dimmer than predicted for
a standard scenario. Using the definition of absolute magni-
tude

L
M = -2.5log —, (50)
Lo

the modulus distance relation (48) must be corrected as (Li
et al. 2015; Karimkhani and Khoadam-Mohammadi 2019)

15 G
w!"(z,p) =5 logiqldL (2, p)/10 pe] + - log G M.

61y}

Since, in BD theory, G o ¥~ !, where ¢ = yoa®, we rewrite
(51) as

15
"z, p) =5 logioldL (2, p)/10 pel+ —elog(l +2) + M.
(52)
5.3 Baryon acoustic oscillations (BA O ;)

In recent years, measurements of BAO have been proven as
an important geometric probe that we can employ to con-
strain the dark energy models. In this paper, we have used
BAO estimator d,(z) collected by Blake et al. (2011). It can
computed as follows:

rs(zd)

dZ(Zl'v p) = DV(Z')

) (53)

where

o0 cdz
rs(Zd) :/
“H(), /3 (1 + ;%)

Thttps://archive.stsci.edu/prepds/ps | cosmo/index.html.

(54)
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is the comoving sound horizon prior to the drag redshift
epoch, z4, i.e., the epoch at which baryons are released from
the Compton drag of photons, and p;, and p, are the baryon
and photon densities, respectively.

The remaining term, Dy (z) is the “dilation scale” intro-
duced by Eisenstein et al. (2005) and can be calculated by

1
3
Dy(z) = [(1 +22D3(2) 1; (ZZ )} . (55)

Here, D4(z) = (1 + z)72d;(z, p) is the angular diameter
distance.

The chi-square function for BAO,, is defined as
(Gomez-Valent et al. 2015a,b)

o,
i=1 o

6 2
dz is - dz obs \<i
Xinon® =Y [ D)~ oot & )] (56)

The values of z;, d; obs, 0. can be found in Table 3 of Blake
et al. (2011).
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6 Results and discussion

In our analysis, we use the publicly available MCMC sam-
pling algorithm in emcee python library (Foreman-Mackey
et al. 2013) to generate the chain. In MCMC method, the
best-fit of the parameters are maximized by using the prob-
ability function £ ocexp(—x2/2).

In order to find the best fit, we minimize the overall
X2 function using two different combinations of datasets,
namely, DS1 : X,%”.n = )(gne + XIZ-I(Z) and DS2: X,f”-n =
Xine Xlzi(z) + X34 0, The main cosmological parame-
ters are €, w and Hy which are common for both models.
In addition to this A pg-model has two extra parameters 2,
and B, and A py-model has two extra parameters n and 24 .
We constrain the space parameters in three models: ACDM,
Aps and A pr. The contours of our statistical analyses are
shown in Figs. 1, 2, 3 and best-fit values of parameters are
summarized in Table 1 that arise from the joint analysis de-
scribed above. Using fitting values of parameters of ACDM,
Aps and Apyp models, a comparative study of Apg and
A pp, models with concordance ACDM are as follows:

@ Springer
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Fig.2 Two-dimensional — S
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Table 1 The fit values of parameters of ACDM, Aps and A py, respectively obtained from DS1: SNe+ H(z) and DS2: SNe+ H(z) + BAOy;
datasets. The Hy parameter is expressed in Kms~! Mpc~!

Models — ACDM Aps Apr

Parameters | DS1 DS2 DS1 DS2 DS1 DS2

Ho 68.1791299% 68.1267 ) 344 67.8017]-55% 6770611811 6726611429 67.18211013
€ - - 0.03670:932 0.03670:931 0.03810:93 0.03810:93
» - - 4823471578 4838471550 46.4897393% 4615171098
p - - 004 3709 - -

n - - - - 0.21970:19 0.22210:116
Qn 031375018 031475013 0.34470033 0.3417003% - -

Qa 0.708+0.023 0.7060.03] - - 0.6727 00! 0.669+0.02!
Xz 569.617 10684.353 553.587 10659.909 544.063 10633.291
AIC 575.639 10690.355 563.642 10669.964 554.685 10643.346
AAIC - - 11.997 20.391 20.954 47.029
BIC 578.714 10693.458 568.750 10675.084 559.226 10684.474
ABIC - - 9.964 18.374 19.488 8.984
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Table2 The transition value z;, and the present values of ¢, werr of ACDM, Aps and A pr, respectively
Model — ACDM Aps APL
Values | DS1 DS2 DS1 DS2 DS1 DS2
Zr 0.651700%% 0.64710033 0.735799%8 0.735799% 0.667100% 0.607790%
0 —0.54170033 —0.53570031 —0.7707933 —0.7807933 —0.45970018 —0.4597001%
Werr(z=0) —0.694100%1 —0.69010.051 —0.8501013 —0.850101¢ —0.63910013 -0.63910012

In Aps model, we find 2, = 0.344“:8:8%2 and @, =

0.341f8:8§2 from DS1 and DS2, respectively which are
subsequently higher than the respective values 2, =
0.313%918 . and ©,, = 0.31470:013 of ACDM model. How-
ever, these results are close to €2, = 0.32J_r8:8; obtained in
Ref. (Basilakos et al. 2009) in general relativity.

The respective transition from deceleration to accelera-
tion takes place at the redshift z; = 0.735J_r8:(1)§(]) and z; =

0.735+8:(1)gg, which show that the transitions occur earlier

than ACDM model as mentioned in Table 2, and also z;,, =
0.660 as obtained in Ref. Aghanim et al. (2020).
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The present values of ¢ and w,ysy are listed in Table 2
which show that the g and werr(z =0) of Apg are lower
than the ACDM obtained from D S1 dataset. However, these
values, which are obtained with dataset DS2, are little-bit
higher than ACDM model. From Figs. 6 and 8, we ob-
serve that as z — —1, both ¢ and EoS parameter wys
tend to —1. The present values of Hubble parameter are
Ho = 67.8017 %% Kms~! Mpc~! and Hy = 67.7067} 81!
Kms~! Mpc~!, which are good agreement with Planck
result (Aghanim et al. 2020), where Hp = 67.7 & 0.46
Kms~! Mpc~!. However, these values are slightly lower
than the values of ACDM obtained from the same datasets.
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In this model we have two extra free parameters, namely
€ and B with respect to the ACDM model. In dataset DS1
we find € = 0.0361'8:82% and 8 = 3.7101‘8:2}6‘ whereas for
DS2 dataset, we have € = 0.03670-03 and g =3.7097317.

The x? is an important quantity which is used to data
fitting process. In this analysis, we find 2 = 553.587 and
x* = 10659.909, respectively with respect to DS1 and
DS?2 datasets. The reduced chi-square is defined as sze g =
Xr%”.n /v, where v = (N — n) is the degree of freedom (dof).
Here, N is total number of combined data, which are 1078
and 1084 and n is the number of estimated free parameters
of model, which is 5 for each dataset DS1 and DS2, re-
spectively. If sze 4 < 1, then the fit is good and the observed
data is consistent with proposed model. For A pg model, it is
szed =0.515 and szed = 9.879, respectively. Thus, the data
DS1 is compatible with the considered model.

An another way to analyze the departure from the con-
cordance ACDM model is through the jerk parameter (j),
which is a dimensionless third order derivative of the scale
factor a(z) with respect to cosmic time ¢. It is defined as
(Blandford et al. 2004; Rapetti et al. 2007)

_a) _

dq
=—Z=-— 1+2)— +2¢(1 , 57
J =3 q+( +Z)dz+ q(1+49) (57

where ¢ is the deceleration parameter as given by (25) and
(39). This parameter gives the information about the dynam-
ics of DE corresponding to j(z) = 1 (constant) for ACDM
model. Any deviation from j = 1 would favor a non- ACDM
model. The plot of jerk parameter j(z) is shown in Fig. 10
using the best-fit values of parameters obtained from DS1
and DS2 datasets in (57). It is found that j(z) — 1 as
z — —1 which incorporates the flat ACDM model well in
late times. The current value j(z) at z =0 is jo = 0.6214
and jo = 0.6247 with DS1 and DS2 datasets, respectively
which differ from jy = 1 at present-day.

In Apy, we find Qp = 0.672 & 0.021 from DS1 and
Qp = 0.669 = 0.021 from DS2, which are compara-
tively lower than the value 2 = 0.70870053 and Q4 =

0.706‘_"8:8%;, respectively. The redshift transition values are

Zr = 0.667f8:8§§ and z;, = 0.6071‘8:8‘5‘;, which are consis-
tent with the values of ACDM model.

The present values of Hubble constant for this model are
Ho = 67.266" ¢33 and Hy = 67.1821]%]3 obtained from
DS1 and DS2 datasets which are slightly lower than the val-
ues of ACDM model. The evolution of H(z) for this model
with ACDM are shown in Fig. 4 and 5. The present values
of g are higher than ACDM model whereas the w,rr(z = 0)
are very closed to standard model (refer to Table 2). From
Fig. 6, 7, 8, 9, we observe that as z — oo, ¢ — —0.779
and —0.802, where as w,fr — —0.850 and —0.864 for
datasets DS1 and DS2, respectively. This model shows the
quintessence-like behavior (—1 < w < 0) in late-time evo-
lution. This model has two extra parameters, namely € and
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Fig. 4 Best fits over H(z) obtained from DS1 dataset. The grey bars
show the data points of H (z)
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Fig. 5 Best fits over H(z) obtained from DS?2 dataset. The grey bars
show the data points of H(z)

1.5

Fig. 6 Plot of evolution of deceleration parameter with redshift using
fitting values of parameters obtained from DS1 dataset. The dot de-
notes the present value of deceleration parameter

n with respect to the ACDM model. The best-fit values of
these parameters are € = 0.0381'8:823 and n = 0.2194_'8:%%

from DS1 dataset, and € = 0.038 70035 and n = 0.2221011¢
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Fig. 10 Plot of evolution of jerk parameter j(z) with redshift z using

. . . . . . fitting values of parameters of A pg. The horizontal line represents the
Fig. 7 Plot of evolution of deceleration parameter with redshift using

: ; ACDM model
fitting values of parameters obtained from DS2 dataset. The dot de-
notes the present value of deceleration parameter
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Fig. 11 Plot of evolution of jerk parameter j(z) with redshift z using
fitting values of parameters of A py . The horizontal line represents the

Fig. 8 Plot of evolution of EoS parameter with redshift using fitting ACDM model

values of parameters obtained by DS1 dataset. The dot denotes the
present value of EoS parameter

The respective chi-square values from DS1 and DS2
datasets are x2 = 544.063 and x2 = 10633.291 for which
x4 =0.507 and x?2,, = 9.854. Thus, the x2, is less than
unity for DS1 dataset which show that the model provides a
very good fit to this dataset.

The plot of jerk parameter j(z) as a function of redshift
z is shown in Fig. 11 using the best-fit values of parameters
obtained from DS1 and DS2 datasets. It is observed that the
A py, deviates from the ACDM model at current epoch (jo =
0.6004 and jo = 0.6574, respectively) as well as z — —1.
These deviations from ACDM model need attention which
would be found to know the real cause behind the cosmic
z acceleration.

In a paper (Singh and Sola Peracaula 2021), the au-
thors explored two functional forms of A: A = const. and
A = 0o H, so-called Ay and Apgy models in BD theory.
It was found that the BD version of the A-cosmology, i.e.,
A g1 1s on an essentially equal footing position as compared
to the concordance model in the light of observational fits.
However, despite the quality fit of the A p2, the model does

Wett

5 e
1.0 -05 00 05 1.0 15 20

Fig. 9 Plot of evolution of EoS parameter with redshift using fitting
values of parameters obtained by DS2 dataset. The dot denotes the
present value of EoS parameter

from DS2. The values of n are much larger than the value
n = —0.06 + 0.04 obtained in Ref. (Basilakos et al. 2009).
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not adapt to the consistency equation and 25 comes to very
poor with this equation which is not acceptable in the present
scenario. It has been shown that model A g1, in the context
of the BD theory, is more favored than A g» and is compa-
rable to the concordance ACDM model within general rela-
tivity.

In the present A ps and A py models, the observational
values obtained from DS1 and DS2 datasets are much more
favored and satisfy the consistency equations (33) and (45),
respectively, which show that the A ps and A p; models are
also analytically consistent. The analytical values of 2, are
much favored with the observed values obtained from DS1
and DS2 datasets in both the models. The version of the BD
framework with these dynamical forms of A improve the
efficiency with respect to the two datasets used. This can
also be observed by information criteria as discussed below.

7 Selection criteria

In order to compare the proposed models with ACDM, we
implement the selection information criteria in terms of the
strength of the evidence according to Akaike information
criteria (AIC) (Akaike 1974) and Bayesian information cri-
teria (BIC) (Schwarz 1978). These information criteria pe-
nalize the presence of extra degree of freedom (d.o.f.). For
detail discussion about these criteria, we refer to Ref. (Lid-
dle 2007). The AIC and BIC are respectively defined as

2nN
AIC = Xr%u'n + m, (58)
and
BIC = x2;, +nlog(N), (59)

where n is the number of free parameters and N is the size
of the data sample. It is to be noted that the dataset DS1 has
a total of 1078 data points (1048 data points of SNe and 30
points of H(z)), where as the dataset DS2 has 1084 data
points (1048 data points of SNe, 30 points of H(z) and 6
points of BAOy;).

Assuming AIC (or BIC) value of ACDM as the refer-
ence, the AIC (or BIC) differences are defined as AAIC; =
AIC[ — AICACDM (or ABIC,' = BIC,' - BICACDM),
where i denotes either the A g or the A g2 model. A model
having 0 < AAIC (or ABIC) < 2 gives “weak evidence in
favor”. In contrast, for 2 < AAIC <4and 2 < ABIC <6,
the model has “positive evidence in favor”, where as for
6 < AAIC (or ABIC) < 10, the model is considered to
have “strong evidence in favor” and finally, for AAIC (or
ABIC) > 10, the model has “very strong evidence in favor”
(Liddle 2007). The AIC and BIC and their difference val-
ues AAIC and ABIC for models PS-model and PL-model
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with reference to the corresponding values of AIC and BIC
of ACDM model are given in Table 1.

According to AIC and BIC in DS1 dataset, we find
AAIC(ABIC) = 11.997(9.964) for Aps whereas it is
AAIC(ABIC) = 20.954(19.488) for Apr. Similarly, in
D S?2 dataset, we find AAIC(ABIC) =20.391(18.374) for
Apsand AAIC(ABIC)=47.029(8.984) for Apy. These
values suggest that according to AIC, there is a very strong
evidence in favor whereas as per BIC there is a strong evi-
dence in favor of these two models.

8 Conclusion

In this work, we have discussed the dynamics of a flat FLRW
model in BD theory with varying vacuum energy density.
We have assumed two different functional forms of vacuum
energy density, namely power series expansion in H up to
the second order excluding constant term (A ps-model) and
power-law form in terms of scale factor (A pr-model), in
order to parametrize the vacuum energy density. In the first
step, we have solved the BD field equations analytically us-
ing these two forms of vacuum energy density. These two
models have different theoretical solutions. We have dis-
cussed the cosmological consequences of cosmic acceler-
ation based on these two forms of interacting A scenar-
ios. Secondly, we have performed two different combina-
tions of joint likelihood analysis DS1 = SNe + H(z) and
DS2 = SNe + H(z) + BAOy, for each model including
ACDM model in order to put the constraints on the main
free parameters by x> minimizing technique. It is noted that
there are extra parameters, namely € and 8 in Apg, and €
and n in A py, with respect to the ACDM model. The fit val-
ues of these free parameters are provided in Table 1.
Figures 1-3 show the two-dimensional confidence con-
tours and one-dimensional posterior distributions on the free
parameters in ACDM, A pg and A p; models obtained from
two different datasets. The best-fit values of the model’s pa-
rameters, transition redshift z;,, go and wesy(z = 0) are dis-
played in the Tables 1 and 2, respectively. Using the fitting
values we have discussed the dynamical behavior of vari-
ous cosmological parameters, like H (z), q(z), wess(z) and
J (z) by plotting the trajectories of evolution with redshift as
shown in Figs. 4-11. In view of the observational datasets,
we find datasets DS1 and DS2 are very much compatible
for the considered models. The present values Hyp, go and
werf(z = 0) are very close to the ACDM model. However,
the current value of jerk parameter jj deviates from concor-
dance model. We have found that the A pg model behaves
as a de Sitter model in late-time evolution of the Universe
where as the A p; model behaves as a quintessence DE
with an EoS lying in (—1 < w < 0). The szed implies the
same goodness of the models considered here. Also, using
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the best-fit values of models parameters, we have found that
the consistency equations (33) and (45) for the both models
are satisfied. In what follows, we have summarized our main
results in more detail.

Assuming ACDM as a reference model, we have dis-
cussed the performance of these two proposed models. We
have found that both the Apg and A p; models show a
smooth transition from deceleration (¢ > 0) epoch to ac-
celeration (¢ < 0) epoch in recent past. The trajectories of
q(z) clearly show that the models generate decelerated ex-
pansion in past and late time cosmic acceleration in present.
Figures 6 and 7 also show the transition from decelerated
to accelerated expansion happen in the range 0.667 < z; <
0.735 which are comparatively same as ACDM model. The
parameters ¢(z), wefy and j(z) tend to ACDM model in
late-time evolution in A pg. In A pr, these parameters do not
tend to respective values of ACDM in late-time evolution.
It has been observed that both the model are well consistent
with H (z) data at low redshifts. Therefore, we conclude that
both the models are well fitted with the present H (z) data.

As for as the AIC and BIC statistical criteria is con-
cerned, we have discussed these two criteria for the mod-
els against the ACDM to observe the performance of each
model beyond the standard concordance ACDM model and
have analyzed any deviation against or in favor of these
models. According to AAIC and ABIC we have found
large positive values which show that A pg and A p;, models
have strong evidence in favor over the ACDM model with
reference to datasets DS1 and DS2. Finally, it should be
mentioned that the results of our studied could be improved
if more observational data is involved.
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In this paper, we study the dynamics of a flat Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmo-
logical model by considering varying vacuum energy density (VED) in Brans-Dicke (BD) cosmology.
For this purpose, we consider the well-motivated VED of the form A(H) = ¢y + 3vH?, where ¢y and v
are dimensionless constants. We first adopt a theoretical method to find the exact solutions for various
cosmological parameters of two models, namely Argy and Aggy. In Agg; model, the scale factor evolves

Keywords:

Cosmology as a power-law expansion which giyes the deceleration parameter a constaqt value. Henct.e,.this type
Dark energy of model does not show the transition phase. The second model Agg, describes the transition phase
FLRW model from deceleration to acceleration. In the second part, we perform two joint likelihood analysis in order

Brans-Dicke theory
Cosmological constant

to find the constrain on the main free parameters of the Agg; model using the latest observational
data sets including SNe Pantheon, H(z) data, BAO/CMB data and local Hy by SHOES. Performing the two
different combination of datasets, we find that the model shows prior decelerated epoch followed by
late time accelerated epoch. We also compare the decaying VED with traditional A cosmology, which
help us to define the evolution of the VED model. The results show that varying VED model in BD
theory is consistent with data and the cosmic evolutions are in good agreement with the concordance

ACDM and BD with constant A models. The AIC and BIC selection criteria are also discussed.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

The astrophysical observation datasets [1-6] for different red-
shift lead a strong evidence for a spatially flat and accelerating
Universe in the present time. This accelerated expansion is char-
acterized by an unknown energy component which is popularly
called as “dark energy” (DE). The DE constitutes ~ 68% of the
total energy density and has negative pressure to cause the ob-
served accelerating Universe. The nature of the DE still remains
a complete mystery. The simplest type of DE is the cosmolog-
ical constant [7]. A flat Friedmann-Lemaitre-Robertson-Walker
(FLRW) model with a cosmological term, known as Lambda-
cold-dark matter (ACDM) is well consistent with the current
observational data. However, this model has still some problems
such as the fine-tuning problem and the cosmic coincidence prob-
lem. In literature, many other cosmological models have been
proposed to describe this phenomena. In particular, cosmological
models with time-dependent VED seem to be challenging be-
cause these models may explain unification of early and late-time
evolution of the Universe.

Bertolami [8], and Ozer and Taha [9] proposed a cosmological
model of time-varying cosmological constant, A(t) and claimed

* Corresponding author.
E-mail addresses: vinitakhatri2k20_phdam501@dtu.ac.in (V. Khatri),
cpsingh@dce.ac.in (C.P. Singh).
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that it could be a possible candidate of DE. Later on, many
authors [10-14] have studied the cosmological model with time-
varying cosmological constant. The renormalization of quantum
field theory (QFT) provides a time-varying VED in which the A
component evolves as A ~ H?, where H is the Hubble parame-
ter [15]. Wang and Meng [16] have given a more interesting and
realistic decay law. Although, there exists no fundamental theory
to model the time-varying VED, a phenomenological approach
has been proposed to parametrize A(t). In literature, many au-
thors [17-33] have carried out analysis on decaying VED in which
VED has been phenomenologically assumed in various possible
ways, as a function of scale factor or Hubble parameter. Such
attempts suggest that decaying VED model describe not only the
acceleration of the Universe but also solve both cosmological
constant and coincidence problems.

Although Einstein’s general theory of relativity is a very suc-
cessful theory, the research on its alternative theories are getting
a lot of attention during the last two decades. There are many
reasons behind the alternative theories. The motivation comes
from the attempt to quantize gravity, which requires higher order
modifications on the Einstein-Hilbert (EH) action. Some motiva-
tion comes from the dark components (DE and DM) which might
be the effects caused by the modifications on large scales of GR.
It may also possible due to the unification of gravity with other
forces, which requires the modifications on EH action.

Brans and Dicke [34] proposed a scalar-tensor theory of gravi-
tational field based on Mach’s principal and Dirac’s large number
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hypothesis (LNH), known as Brans-Dicke (BD) theory of gravita-
tion. Brans-Dicke scalar-tensor theory is one of the most simple
and most studied theory of gravity. In this theory, the gravi-
tational interaction is mediated by both the curvature of the
space-time represented by a non flat metric tensor and also a
scalar field. The scalar field in the original BD theory is a long
range one which sets the coupling BD parameter wgp to very high
values, wpp > 40000 that makes the BD theory indistinguish-
able from General Relativity (GR). In order to overcome this, a
potential term, is added to brings the effective mass to the scalar
a short range. This arbitrary potential effectively plays the role
of a cosmological constant in BD theory. However, addition of
arbitrary potential to the action is not the only way to bring an
effective cosmological constant to this theory. It is possible to
extend BD theory by adding a cosmological constant term whose
coupling with the scalar field is exactly same as its coupling to the
Ricci curvature scalar in original BD action. The main difference
between these extensions of BD theory is that, in latter case,
the scalar field is still long range one. Hence, BD theory with
cosmological constant keeps the spirit of original BD theory by
having a long range scalar field even in the presence of cosmolog-
ical constant. BD theory has important consequences in different
areas which makes it worthwhile to study. The extra degree of
freedom due to presence of cosmological constant term gives
very interesting solutions and results which are not present in
BD theory.

The action and field equations for BD theory are well-known.
They involve the ordinary (tensor) gravitational field of GR, g,,,
but also the scalar BD field ¢ and the (dimensionless) BD pa-
rameter, wgp. We include the cosmological constant associated to
vacuum energy density, p, as a fundamental ingredient of the
theory. In fact, we wish to consider the same matter and vacuum
components as in the concordance ACDM except that we replace
GR paradigm by the BD one. Vacuum dynamics, and in general
dynamical DE can be phenomenologically favorable, even if not
firmly established yet. The idea that the DE could be not just
the cosmological constant of Einstein equations but a dynamical
variable, or just some appropriate function of the cosmic time,
i.e., there must be some decay-law of vacuum energy density,
sometimes on purely phenomenological grounds. In particular,
models with time-dependent VED seem to be promising. Many
of these models, however, are of pure phenomenological nature
since these models are parametrized in a totally ad hoc manner
and having no obvious connection with any fundamental theory,
therefore, these need testing.

This kind of theory was renewed, owing to its association
with superstrings theories [35-50]. In recent years, many au-
thors [51-59] have studied BD theory with cosmological constant
in explaining the DE phenomena.

In this work, we combine BD gravity with the idea of dynam-
ical DE. More especially, we show that if one tries to encapsulate
the slow evolution of the BD field in terms of the current GR
paradigm, the effective theory that emerges is a variant of the
ACDM framework in which p, acquires a time-evolving com-
ponent and plays the role of an approximate dynamical VED.
Although the correct form of this varying VED is not known,
a quantum field theory (QFT) approach within the context of
renormalization group (RG) have been proposed phenomenolog-
ically. Therefore, we assume the phenomenological form of the
dependence of the cosmological constant on the square of the
Hubble parameter with a constant term. In the absence of this
square term of Hubble parameter, it reduces to the concordance
ACDM model. Thus, due to this additional term, the model de-
viate from the ACDM. Our analysis includes both analytical and
observational. We perform the joint statistical analysis using the
latest observational data including Hubble data, Type Ia Super-
nova Pantheon data, baryon acoustic oscillation data and cosmic
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microwave background data, and local Hubble constant, Hy by
SHOES. The evolution of various cosmological parameters such as
Hubble parameter, deceleration parameter and equation of state
parameter are discussed.

We organize our paper as follows. Section 2 presents the
model and field equations of a flat Friedmann-Lemaitre-
Robertson-Walker cosmological model in BD theory with vary-
ing cosmological constant. In Section 3, we present the exact
solution for two different models depending on the choice of
VED. In Section 4, we describe the datasets used in this paper
and the method to constraint the free parameters of the model.
The results are discussed in detail for the various cosmological
parameters such as deceleration parameter, Hubble parameter
and equation of state parameter in Section 5. Section 6 discusses
the model selection criteria of AIC and BIC of the models assuming
ACDM as a reference model. In Section 7, we conclude the main
findings of our work.

2. The field equations in BD theory

Assuming homogeneity and isotropy, the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric for a flat Universe is

ds? = —dt? + a*(t)dL,, (1)

with d22_, = dr?+r2(d6*+sin® 6d$?) which represents the spa-
tial line element associated to the hypersurfaces of homogeneity
corresponding to a three sphere. Here, (r, 6, ¢) are defined as the
co-moving coordinates, t denotes the proper cosmic time and a(t)
represents the scale factor of the Universe. We use units in which
c=h=1

The scalar-tensor theories, especially the BD theory provides
a very suitable alternative theory to GR. The BD theory includes
both a scalar field ¢ and metric tensor g,, to describe the grav-
itational interaction. This interaction is due to the curvature of
the space-time and the effect of scalar field. The BD theory in its
original form does not contain the cosmological constant, how-
ever, in this paper, we consider BD theory with a cosmological
constant. A very straightforward extension of GR theory with
cosmological constant to BD theory with cosmological constant is
just following the original BD prescription by replacing Newton
coupling constant G with a scalar field ¢ and adding a dynamical
term coupled by an arbitrary parameter wgp, known as BD param-
eter. Hence, the action of the BD theory can be described by the
following action in Jordan frame, in which the matter Lagrangian
L is not coupled to the scalar field, as [35,39,60]

S= /d“xx/?g [1 <¢R - @VWV%) —pat Em] , (2)
167 ¢

where ¢ is new degree of freedom representing the BD scalar
field, which is non-minimally coupled to curvature, R. The dy-
namics of ¢ is the inverse of the Newtonian constant G. The
factor wgp is a dimensionless BD coupling constant and £, is the
Lagrangian density of the matter fields. Here, p, = A/87G =
A¢/8m is VED associated with the cosmological constant A.
Setting A = 0 one can obtain the original BD theory [34]. It is
to be noted that this theory reduces to general relativity with A
when ¢ becomes constant. The other symbols have their usual
meaning.

Varying the action (2) with respect to both the metric g,,, and
the BD scalar field ¢, we obtain the following field equations of
motion.

1 81 ~ 87 s
G;w = R;w - Eg/wR = ?T;w + ?Tuv’ (3)
and
VoVip = —T (i 4p,) (4)
¢ (2wpp +3) ’
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where T,w is the total energy-momentum tensor (EMT) consist-
ing of the sum of the matter and VED related through T,, =
T\, — &uwpa and assume it as a perfect fluid form:

Tuv = (,0 +p) u,u, +Pg;w, (5)

with p = pm + pa and p = pm + pa, Where p, and p, are
the matter energy density and VED, respectively, while p, and
pa are the corresponding thermodynamical pressure and vacuum
pressure, respectively. In this work, we consider the pressure of
dust matter containing the dark matter, p,, = 0.

The EMT for BD scalar, TZ) in (3) is defined by

o _ 1 |wm «
T//.v - 87'[|: ¢ ( d)v ¢ guvvotd)v ¢)

+ (vuvu¢ _guvvava(p)]» (6)

In the framework of metric (1), we can write down the BD field
Egs. (3) as follows:

b wom¢? 8w

3H> 4 3H- — — = = —p, 7

" 2 ¢p (7)

: ¢ ¢ wBD¢2 8

2H4+3H> 4+ = 42H- + — = = ——p, 8
6 T 22 pF (®)

b + 3Hp = (o — 3p). (9)

8w
(2wpp + 3)
where an overdot means derivative with respect to cosmic time
t and H = a/a is the Hubble parameter. The Bianchi identity of
V,G* = 0 in Eq. (3) leads to the following consistency relation.

1 8w 8
Vv (R/w _ Eg/wR> =0= Vv < ¢ T//.u + %THDV> .

Let us assume that the EMT, T,w obeys the usual energy conser-
vation equation T* = 0, which gives

(10)

. a .
Pom + 3(om +pm)* = —Pa. (11)

We assume that EMT for BD scalar field, T2 regards as a perfect

o by
fluid, i.e., TED = (psp + Pep)U, Uy + Papg)iv, Where
1 [wpp [(¢? ;
=—| == )-3Ho|. 12
PED = o |: 5 ( ) ¢ (12)
1 WBD éz . .
=—|—— 2H . 13
PsD 8n|:2(¢ +2H¢ + ¢ (13)
Now, using (11) the Bianchi identity Eq. (10) gives
- 1 8
87T V, (—) +V, ( ”T‘”> =0, (14)
¢ ¢
which simplifies to
, ¢
oep + 3H(pgp + Pp) = (om + P4 + pBD) (15)

¢

Following [36,43,45], let us assume that the BD scalar ¢ varies
as a power-law of the scale factor, namely ¢ = ¢¢ a(t), where ¢q
and e are constants. The value of € is assumed to be small in order
to make the consistency with G. Therefore, large wpp results the
product ewgp as an order unity [43]. It is noted that the Cassini
experiment set a very high lower bound on wgp.

It is interesting to note that in Ref. [51] such power-law form
of BD scalar has been assumed to study the dynamics of BD
cosmology with a cosmological term. It has been observed that
the power-law form of BD scalar can conveniently improve the
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fitting of the cosmological data [52]. Therefore, we expect that
this assumption would also be helpful in a different form of
time-varying VED model in BD theory.

Thus, using the power-law form of BD scalar, Eq. (7) reduces
to

2 2 8w

" (6 4 6€ — wppe?) ¢
Eq. (16) shows that the standard cosmology of general relativity
can be recovered in the limit of ¢ — 0. Considering the dust
matter p,, = 0, Egs. (11) and (16) give a single evolution equation
for Hubble parameter as

(om + pa)- (16)

B3+¢€), , 3 8m 3A

H H? = o, = ,
* 2 (6 + 6 — wppe?) ¢ pa (6 + 6 — wppe?)
(17)

where py, = A/8wG = A¢/8m. The above equation is solvable
once we know the functional form of A. In the next Section, we
find the solution of Eq. (17) using time-dependent cosmological
constant.

3. Solution with time-varying A

In this paper, we assume A(t) as a combination of constant
term and a quadratic term in H [28,51], that is,

A(H) = co + 3vH?, (18)

where co and v are constants. The motivation for assuming vari-
able A of the form (18) originates from quantum field theory
(QFT) [61], for a detail review, see, Refs. [62-64]. This functional
form of A(t) has been used to study the evolution of the cosmic
star formation rate and constrained the model parameter v <
0.1 [26,62].

It is to be noted that in Ref. [59], the authors have studied
the Friedmann cosmology with decaying vacuum energy in BD
theory with A = ¢y and A = oH. It has been found that
cosmological model with constant A gives the consistent results
where as the model with A = oH does not show consistency
with the observational data used. Therefore, we extend our work
by assuming the functional form of A(H) as defined in (18) with
the possibility that it would describe the current accelerating
Universe and fit well with the latest observational data. The fol-
lowing two subsections study two different cosmological models
depending on the choice of A component defined in Eq. (18),
namely A = 3vH? and A = cy+3vH? and perform the qualitative
and observational analysis (see, the model A = ¢q in Ref. [59]).

3.1. Model with A « H?

We assume that the cosmological term is proportional to the
quadratic Hubble parameter (hereafter, Agg; model). This form
of A(t) can be obtained from Eq. (18) by setting ¢, = 0, which
gives [11,65-68]
A(H) = 3vH?, (19)

where v is a constant and is expected to be |v| <« 1. Using (19)
into (17), we get

3+e€ 9v H
H - — =0, 20
+< 2 (6+66—a)3D62)) a (20)
where a prime represents dH /da. On solving (20), we get
(355 9 2)
H(Z) HO (-l +Z) 6-+6c—wppe , (2])
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where Hy denotes the current Hubble parameter at t = 0 and
z = (ap/a) — 1 is the redshift (thereafter, we take ay = 1). Using
H = a/a, the scale factor is given by

1

(32 o0
a | (3F€_ v Hot (4 6+6€*wBD52) . (22)
2 (6 + 6€ — wppe?)

We find the power-law solution of the scale factor which shows
that the model decelerates, marginally inflates or accelerates de-

. 3+ 9v 3te 9% ) _
pending on (—2 Gr6c—omeD ) = 1, (3 Tt6e—aomd) ) = 1
34 _ 9 i
or ( : Gr6em)) < 1, respectively.

In cosmology, the deceleration parameter, g plays an vital role
to study the deceleration-acceleration phase and its transition.
This dimensionless parameter is defined as

q = —ai/a*. (23)

Using (22) in to (23), we get ¢ = (2 — m&ii‘;mez) -1,
which is a constant. This shows that the model either decelerates
(@ > 0), marginally inflates (g = 0) or accelerates (g < 0)
depending on the bracket term is greater, equal or less than one.
Thus, the model does not describe transition from decelerating
phase to accelerating phase. We can say that, this model does not
fit the present observational data as desired. In general, a time
varying q describes the phase transition.

Let us test the consistency of the solution obtained for this

model. Using (7), (12) and (13), Eq. (15) gives
26(603[)6 — 3)1‘1 = 6(]2 — COBDEZ — GwBDe)Hz. (24)

Using the solution (21) into (24), one can get

2 3) 3+e€ 9v
WBpDE — —
5D 2 (6 + GU)BD — O)BDEZ)
— (wppe® + 6wppe — 12) =0, (25)

which gives a relation between the constants.

3.2. Model with A = ¢g + 3vH?

In the previous subsection, we observe that the form A =
3vH? gives power-law solution and constant value of deceleration
parameter, which shows that the Ags; model cannot describe the
current transition phase of the Universe. Therefore, to observe
the phase transition we now consider the form of A with the
addition of a constant ¢, i.e., A = co+3vH? as defined in Eq. (18).
This type of model (hereafter Azs; model) was first proposed in
Ref. [69] using renormalization group (RG) in quantum field the-
ory, which have been further extensively studied in the literature,
cf. Refs. [26,62,63,70].

Using (18), Eq. (17) reduces to

dH? L (3t 9v s 6o
dx 2 (6 + 6€ — wppe?) "~ (64 6 — wppe?)’
(26)

where x = Ina. By defining Ay = 3H§.QA, Eq. (18) gives cg =
3H§(.(2A — v), where “0” represents the present cosmic time.
Therefore, Eq. (26) can be rewritten as

dH> N 3+4¢ 9v W 18H2(£24 — v)
dx 2 (6 + 6€ — wppe?) " (6 4 6¢ — wppe?)’
(27)
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The solution of (27) in terms of redshift is given by
18(£24 — v)
(3 + €)(6 + 66 — wppe?) — 18v
18(§24 —
+(1- (24 —v)
(3 +€)(6 + 6€ — wppe?) — 18v

2 2
H%(z) = Hj

>(1 +z)"], (28)

(3+¢€)(6+6€ —wppe?)—18v
BD

where k = 5
(6466 —wppe=)

Using the dimensionless Hubble parameter E(z) = H/H,
Eq. (28) can be represented as
E%(z) = 24 + £2m(1 + 2)%, (29)
where
- ~ 18(824 —
2i=1— 0= (824 — v) (30)

(6 + 6€ — wppe?)(3+¢€)— 18v

From above equations it is to be noted that the solution (22) of the
Ref. [59] in case of standard BD model with constant cosmological
constant can be recovered by taking v = 0 and further ¢ = 0
gives the standard ACDM regime, the standard scaling law of
non-relativistic matter and a strictly constant VED [62]. Again, in
the absence of BD theory € = 0, i.e. ¢ = ¢po = 1/G and v # 0, the
model Agg, reduces to the ACDM regime, the standard scaling
law of non-relativistic matter and varying VED [62,63].

We observe from (29) that in the limit a — 0, the Hubble
parameter, H ~ Hy$2ma~*/2, which implies that the model decel-
erates. However, in the limit a — oo, we have H ~ HO\/A’Tm
which corresponds to a pure de Sitter phase. Thus, the model
transits from a decelerated phase to a late time accelerated phase.

Integrating and simplifying (28), the scale factor has the solu-
tion

~ 1/k =
P k2

a(t):(~ ) sinh?/* <<AH0 t). (31)
24 2

It is observed that at early times the scale factor varies as a
t2/% i.e, power-law expansion and during late-time, it varies as

a o« exp (\/fTA Hot), which shows the de Sitter phase of the

Universe.
The Hubble parameter in terms of cosmic time ¢ is given by

H(t) = Ho \/EA coth (k\/;TA Hgt) . (32)

whereas the cosmic time t in terms of the scale factor a is
expressed by

sinh™! {ZA a’? . (33)

2
B k+v/ .QA Hy m

Thus, the current age t, of the Universe is given by

t(a)

2(6 4 6¢ — 2 Q
to = (64 B¢ — wae’) sinh ' | /24|, (34

(3 +€)(6 + 6¢ — wape? v/ 2 4Ho o

It is straight forward to calculate the deceleration parameter q as
defined in Eq. (23), which can be obtained as

k2m(1 + 2)K
2[241 + 2u(1+2)]
Now, the present value of q corresponds to z = 0 is calculated as
1(3 4 €)(6 + 6€ — wppe?) — 1882,

= —1 —
o + 2 (6 + 6¢ —CUBDEZ)

q(z) = -1+ (35)

(36)
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We observe that the present transition from decelerated to accel-
erated phase, g(at z = 0) = 0 occurs at 182, = (1+€)(6 4 6¢ —
wppe?). The transition redshift, z; at q(z) = 0 is given by

~ 1/k
L, 2(6 + 6€ — wppe?)2, .
T 11+ €)(6 + 66 — wppe?) — 18V]2m

For sake of completeness, we discuss another parameter known
as equation of state (EoS) parameter w, which also describes the
different phases of the evolution of the Universe. It is observed
that 3w + 1 < 0 describes the accelerated expansion of the
Universe. The EoS parameter (hereafter, effective EoS parameter,
werr ) is defined by

(37)

Wep = —1— = —. (38)

For this model, we have

1 kQ2m(1+2)F

Wef = —14+ = — = . 39
7 3[4+ @m (1+2)] 9
The above equation gives wef at z = 0 as

1(3 4 €)(6 + 6 — wppe?) — 1882
vz = 0)= 14 LBHEN s€’) 2 )

3 (6+66 —a)BDEZ)
The condition 3wey(z = 0) + 1 < 0 is satisfied if 18§24 > (1 +
€)(6 + 6e — wppe?). From Eq. (39), it is observed that wey — —1
as z — —1. Thus, the model corresponds to the ACDM model.
Substituting the solution (28) into the consistency Eq. (24), we
obtain

k(wppe —3)2ma ¥+ (12 — wppe?® —6wppe)[24+ 2ma ] = 0. (41)

One can observe that the above equation are not always
consistent. Therefore, we assume that this equation satisfies at
present, i.e. a = ap = 1. Thus, Eq. (41) at present reduces to

kwppe — 3)2m — (wppe? + 6wgpe — 12) = 0, (42)
where 2, + 2, = 1.

4. Data and statistical method

In this section we will discuss the observational data and the
statistical method to constraint the parameters of model.

4.1. Data

In our analysis, we use the most recent and relevant observa-
tional data as follows:

1. Type Ia supernova (SNe): SNe is the most powerful tool to
study DE because of their role as standardizable candles.
The Pantheon sample [71] consists of 40 binned data points
of the bolometric apparent magnitude covering the redshift
range 0.014 < z < 1.62 with. The compute the theoretical
one as

Mi(z) = M + 5 logyo[di(z)/10pc], (43)

where M is a nuisance parameter. The dimensionless lu-
minosity distance, d;(z) is defined as

(A 42) [* d7
di(z) = Ho foE(Z/,H)’ (44)

where c is the speed of light which has been taken as unity
in this model. The chi-squared function, x2 for SNe data is
given by

Xlgan = (M, — mobs)coviwmth - mobs)Ta (45)
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where Cov™! is the inverse of the covariance matrix which
consists of systematic covariance Covsys and statistical ma-
trix Dgqe having diagonal component [71,72], and myys is
the observed quantity of m [73].

. Baryon acoustic oscillations (BAOs) and cosmic microwave

background (CMB): BAOs provide another independent test
for constraining the property of DE. We use BAO measure-
ments from the Sloan Digital Sky Survey (SDSS(R)) [74], the
6dF Galaxy survey [75], BOSS CMASS [76] and three parallel
measurements from WiggleZ survey [77]. The combined
dataset gives tight constraints on DE models. In this work,
we follow them to constrain different vacuum models us-
ing their combined BAO dataset. This data can be used to
measure the angular diameter, da(z, 0), which is given by

Zx dzl

da(z.,0) = C/ (46)
o H(Z.6)

where z, represents the photons decoupling redshift which

is taken as z, ~ 1090 [78]. Also, the volume-distance,

2 1
D,(z.6) is defined by D,(z,6) = (“4=7)*. Using the
measurements obtained from the ratio of the BAO dilation
scale to the sound horizon scale and CMB acoustic scale
at the drag epoch, the x? function for BAO/CMB can be

defined as [79]

XgAO/CMB =A"CT'A (47)
where
[ s —30.84]
priogs g — 10.33
\o| e
D,(0.44.0) — ©
biloas — 666
| poosze — 543

and C~! represents the inverse of the covariance ma-
trix [79]. The correlation coefficient has been taken from
Ref. [80].

. Hubble data: The Hubble data H(z) is applied to constrain

the model parameters independently. We use 36 measure-
ments of H(z) in which first 31 measurements are deter-
mined from the cosmic chronometric (CC) technique [81],
two measurements determined from the BAO signal in
Lyman-a forest distribution alone or cross-correlated with
quasistellar objects (QSOs) [82,83] and last three correlated
measurements from the radial BAO signal in the galaxy
distribution [84].

The x?2 function of H(z) for 33 Hubble measurement includ-
ing CC and Lyman-c, is given by

o~ [H(z) — H™(2))?
5 ,

i=1 %i

where H™(z;) is the theoretical and H°*(z;), the observed

values at redshift z;, and Giz is the standard deviation of

each H%(z;).

The x? for the last 3 correlated measurements from BAO

signals in galaxy distribution is given by

X =ATCTA, (49)

Xc2c+Lya = (48)

where C is the covariance matrix given by [84]

3.65 178 0.93
C=|178 3.65 2.20

093 220 4.45
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Fig. 1. The 2— dimensional contours and 1— dimensional posterior distribution of the free parameters of Ags; model using the combined dataset DS1 =

SNe -+ H(z) + BAO/CMB + Ho.

and
Hops(0.38) — Hy(0.38)
A = | Hyps(0.51) — Hy,(0.51)
Hops(0.61) — Hyn(0.61)

Thus, the final x? function of H(z) is defined by
ng(z)% = X3C+Lya + ngul' (50)

4. Local Hubble constant: Finally, we use Hy = 73.5 +
1.4 Km s~! Mpc~!, which is locally measured by SHOES
as reported in Ref. [85].

4.2, Statistical method

We study two combinations of data set, labeled as DS1
SNe + BAO/CMB + H(z) + Hy and DS2 : SNe 4+ BAO/CMB + H(z) to
minimize the total x? -function of the model. The corresponding
chi-squared are defined as

2 2 2 2
Xbs1 = Xpan + XBaojcms T Xiizy36 + Hos (51)
and
2 2 2 2
Xps2 = Xpan t Xaoscme T Xh(z)36- (52)

We perform a Bayesian Markov Chain Monte Carlo (MCMC) anal-
ysis based on EMCEE module [86]. In our study, we assume prior
values for model parameters, viz., 60 < Hy < 80, 0 < ¢ < 1,
0 <wpp <500, 0<v<1land0.6 <, <0.8.

5. Results and discussion

In this section, we present the main results obtained by ob-
servational data sets: DS1 and DS2, and describe the physical
properties of the vacuum model accordingly. We summarize the
best-fit of free parameters of Arg; model in Table 2. To make
a comparison with the Agg; model, we also present the fitting
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Table 1
Constraints of the parameters, and AIC and BIC for ACDM model obtained from
joint analysis of data sets DS1 and DS2 [59].

Sample 24 Ho Xl AIC BIC
0.015 1.175
DS1 0.68070015 71.545% 400 3478 40.78 48.04
0.032 2.102
DS2 0.69070032 68.5451270 34,69 40.69 47.91
Table 2

Constraints on the parameters, and AIC and BIC for Agg; model
obtained from joint analysis of data sets DS1 and DS2.

Parameters |, DS1 DS2

c 0.029°5%% 00295
v 0.005*%4 0.007+9%7
w 68.8701398 62.6737373¢
2, 0.741%9%8 07307931
Ho 69.7801039 67.9511 928
Xiin 41.03 38.82

AIC 51.03 48.82

BIC 63.13 60.85

AAIC 1025 8.13

ABIC 15.09 12.94

values of ACDM (cf. Table 1). The contour maps of parameters
24, €, wpp and v of Agg; model with 1o (68.3%) and 20 (95.4%)
confidence level are shown in Figs. 1 and 2, respectively.

Figs. 3 and 4 present the evolution of the deceleration pa-
rameter for the best fit values of parameters obtained from DS1
and DS2 data sets for Agg; model. It is observed that q(z) with
each data set varies with redshift z from positive to negative and
show the same trajectory as ACDM model. Thus, the model shows
transition from early deceleration to the late time acceleration. It
can be observed that g(z) — —1 in late-time of evolution. Figs. 3
and 4 also show that the transition from decelerated to accel-
erated phase occurs at the redshift z, = 0.707+)9%% with DS1

data and z, = 0.678%091% with DS2 data (cf. Table 4.). The joint
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Fig. 2. The 2— dimensional contours and 1— dimensional posterior distribution of the free parameters of Ags; model using the combined dataset DS2 =

SNe + H(z) 4+ BAO/CMB.
Table 3
Values of z, qo, wer(z = 0) and tp for ACDM model [59].
Sample Zir Qo Wef(z = 0) to
0.024 0.014 0.009 0.450
DS1 07017595, —0.594%0018  —0.729700%  13.48¥09%0 Gyr
DS2 0.67273028  _0.5541002%  _0.703790%  13.69700% Gyr

datasets DS1 and DS2 yield the present deceleration parameter
o as —0.572%0%%7 and —0.55577 035, respectively. These results
show that the parameters z; and qo are in good agreement with
that of ACDM model (cf. Table 3).

Using the parameter constraints in analytical solution of Hub-
ble parameter (28), the evolutions of the Hubble parameter H(z)
with the error bar of Hubble data set are shown in Figs. 5 and
6. For sake of comparison the ACDM model is also plotted. The
cosmic evolution of Agg, is coinciding each other through out
the expansion history with ACDM model. The trajectories of the
model for both data sets DS1 and DS2 cover most of the data set of
error bar of Hubble parameter, which shows that the Ags; model
is in good agreement with ACDM model.

In this cosmological scenario, the current age of the Universe
with each dataset are found to be ty = 14.077% Gyr and t, =
13.95%0% ) Gyr, respectively. The age of the Universe obtained
are very much compatible with that obtained from the ACDM
(cf. Table 3), and to &~ 14.37 Gyr and to &~ 13.7 obtained through
the combined data set of WMAP, BAO and SNe [5]. Using data
set DS1, the present value of Hubble parameter is extracted as
Ho = 69.78073%%) Kms~'"Mpc™"', which is slightly lower than
Ho = 71.545" 47> Kms™'Mpc™' based on the observation from
ACDM model applied to DS1 dataset. With DS2 dataset, it is Hy =
67.9517197° Kms™'Mpc~" which is consistent with the observa-
tional value of ACDM model Hy = 68.545%21% Kms~'Mpc~".
These values show a variation from Hy = 71.9%5% Kms™'Mpc™!
of WMAP sky survey [5].

The evolution of effective EoS parameters wes are shown in
Figs. 7 and 8 for Agg; and ACDM models obtained through the
combined data sets DS1 and DS2. We may conclude that for large
redshifts, wey has small negative value wey > —1/3 and in future
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Fig. 3. Figure shows the evolution of the deceleration parameter for Ags; and
ACDM using data combination DS1. A dot on a curve represents the current
value qo.

Table 4
Values of z, qo, we(z = 0) and ty for Agg, model.
Sample Zir qo Wepr(z = 0) to
DS1 07077904 —0.571%0%7  —0.714759%  14.071008 Gyr
0.013 0.016 0.011 0.020
DS2 0.6787001;  —0.555700)5  —0.703%001:  13.9570050 Gyr
the model asymptotically approaches to wey = —1. The each

trajectory of wep coincides with the evolution of ACDM model.
The Agc; model behaves like a quintessence. The present value
of wey is found to be —0.71470:508 and —0.703*001} with DS1
and DS2 datasets, respectively, which are very close to the current
value of wey of ACDM model (cf. Table 3).
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Fig. 4. Figure shows the evolution of the deceleration parameter for Agc and
ACDM using data combination DS2. A dot on a curve represents the current
value qo.
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Fig. 5. Best fits using DS1 data set over H(z) data for Agg, (blue dash-dot line)
and ACDM (black solid line) are shown. The grey points with uncertainty bars
correspond to the 36 H(z) sample.

The combined data sets DS1 and DS2 give the minimal chi-
squared viz. x% as 41.038 and 38.820, respectively. Let us calcu-
late the reduced x2,, which can be obtained as x2, = x2,,/(N —
d), where N is the total number of data and d is the number
of fitted parameters, which vary for the different models. In our
observation, we have used N = 83 data points for DS1: 40 data
points of SNe Pantheon, 36 Hubble data, 6 data set of BAO/CMB
and 1 of local Hubble constant Hy, N = 82 data points for DS2
consists of 40 data points of SNe Pantheon, 36 Hubble data, 6
data set of BAO/CMB, and d = 5 for Ags; model. Using these
information, we get szed = 0.526 and 0.504, respectively with
DS1 and DS2 data sets which provide a very good fit with these
observation data sets. A model with szed < 1 or closer to 1 is
considered as a best-fit where as x2, > 1 is considered a bad fit.
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Fig. 6. Best fits using DS2 data set over H(z) data for Agg; (magenta dashed
line) and ACDM (black solid line) are shown. The grey points with uncertainty
bars correspond to the 36 H(z) sample.
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Fig. 7. Figure shows the evolution of effective EoS parameter as a function of
redshift z for Agg; and ACDM using data combination DS1. A dot on a curve
represents the current value wegf(z = 0).

6. Selection criterion

We now study model selection information criteria like,
Akaike Information Criterion (AIC) [87] and Bayesian Information
Criterion (BIC) [88] for Agc; and ACDM models. The AIC (or BIC)
model selection criteria has been developed to summarize the
data evidence in favor or against of a model. The AIC and BIC are
respectively defined as

AIC = X,f“-n + 2d;

where d and N are the number of free parameters and data points
used in the analysis, respectively. In this approach, the model
with lower values of AIC (or BIC) is preferred by data.
Considering ACDM as the reference model, we can calculate
AAIC = AICARGZ _AICACDM and ABIC = BICARGZ _BICACDM- In case
of AIC, if AAIC < 2, the data strongly support the given model.
If 2 < AAIC < 4, there is average support and the range 4 <

BIC = %2, +dInN; (53)
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Fig. 8. Figure shows the evolution of effective EoS parameter as a function of
redshift z for Ags; and ACDM using data combination DS2. A dot on a curve
represents the current value wegf(z = 0).

AAIC < 10 still supports the model but less than the preferred
one. For the value of AAIC > 10, the data does not support the
given model. Similarly, in case of BIC, ABIC < 2 indicates no
evidence against the model. If 2 < ABIC < 6, there is positive
evidence against the model. A value in the range 6 < ABIC < 10
suggests a strong evidence against the model and a very strong
evidence against the model for ABIC > 10. Thus, based on
our AAIC(ABIC) results given in Table 2 for Agg; model with
reference to ACDM, we find AAIC(ABIC) = 10.25(15.09) for DS1
dataset whereas in DS2 dataset, it is AAIC(ABIC) = 8.13(12.94).
These values suggest that Aggs; model is not supported from
a model selection point of view. These results show that BIC
penalizes the free parameters more strongly than AIC.

7. Conclusion

In this paper, we have discussed the dynamics of a flat FLRW
model with decaying VED in BD theory. Many authors, as men-
tioned in introductory part, have studied the FLRW model with
varying A in GR assuming the phenomenological form of A(t).
We have considered the cosmological model in dynamical BD
theory of gravity to explore the role played by the scalar field and
varying A(t) in describing the late-time evolution of the Universe.

Kim [39] presented BD theory with cosmological constant
as a unified model for DM and DE. It was found that the BD
theory predicts the emergence of a yet-unknown zero acceler-
ation epoch, which is an intermediate stage acting as a crossing
bridge between the decelerating matter-dominated era and the
accelerating phase. Pérez and J. Sola [52] reconsidered BD theory
in which the model can be formulated in ACDM form, but at
the expense of replacing constant cosmological constant with a
dynamical form.

In Ref. [59], the authors have studied the Friedmann cosmol-
ogy with decaying vacuum energy in BD theory with A = ¢g
and A = oH. It has been found that cosmological model with
constant A gives the consistent results where as the model with
A = oH does not show the consistency with the observational
data used. Therefore, if one tries to encapsulate the slow evo-
lution of the BD-field in terms of the current GR framework
(in which G and A remain both constant), the effective theory
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that emerges is a variant of the ACDM framework in which p4
acquires a time-evolving component of a very specific nature. This
plays the role of an approximate dynamical VED. The resulting
ACDM-like model appears as if p4 = A/(87wG) were a dynamical
VED composed of a constant term plus a small dynamical term,
i.e., pa = co + 3vH?, so-called Agc; model. Therefore, this model
is not exactly the traditional ACDM, but has additional features.

The Agg; model deserves a particular consideration since it
has extra parameters ¢ and v. We have found that Ags; model
is favored by the overall observational data, DS1 and DS2 when
it is compared with the standard ACDM model of cosmology.
The output of Agg; model for the datasets brings the model to
the forefront position with respect to the standard ACDM and
BD with constant A models as discussed in a paper [59]. Thus,
when fitted to the cosmological data, we have found that the BD
cosmology with variable A, transcribed in such a GR paradigm,
appears to be competitive with the ACDM and emulates the
dynamical VED model. Current values of various parameters show
that the BD model mimics quintessence at present and de Sitter
in late-time. In what follows, we summarize the result of both
the Agg; and Agg; models:

We have studied a flat FLRW model in BD theory by assuming
two different functional forms of VED, viz. Agc1 : A = 3vH? and
Arca © A = co+ 3vH?. We have found that Agc;-model does not
able to fit with the observational data. This model gives power-
law expansion of the Universe which does not show the phase
transition. The Universe decelerates or accelerates depending on
the values of model parameters. A similar discussion has been
carried out by many authors [11,70]. On the other hand, the Agc,
model is well compared with standard ACDM model. Firstly, we
have obtained the analytical solution of the basic cosmological
functions of flat FLRW model in BD theory for these two models.
The second part of the work consists of performing a Bayesian
MCMC analysis using two different joint combinations of observa-
tional data of SNe Pantheon, H(z) data, BAO/CMB and local Hubble
constant to obtain the best fit parameters for Azs; model. We
have constrained the parameter v using these observational data
and found to be 0.00570:9%2 with DS1 data and 0.007"39%7 with
DS2 data.

The observational data sets DS1 and DS2 yield the density
parameter 2,4 as 0.741730% and 0.73073911, respectively. If we
look the consistency of the Agg; model, Eq. (42) must be satisfied
by using best fit values of the free parameters of the model
obtained numerically as listed in Table 2 or it gives the same
value of one of the free parameters of the model. Hence, using the
best fit values of parameters of DS1 and DS2 listed in Table 2 into
the consistency relation (42), we found the free parameter §2, as
0.723 and 0.730, respectively. These results of §2, are perfectly
consistent with the values of §2, as mentioned above obtained
from the observations using DS1 and DS2 datasets (cf. Table 2).
In what follows, we summarize the main results of our analysis.

Based on the best-fit values of model parameters obtained
from two different combined datasets, the evolution of the cos-
mological quantities have been plotted as a function of red-
shift. In case of Ags; model, we have observed that the scale
factor expands with decelerated rate in early times and accel-
erated at late-time of the evolution. We have estimated the
deceleration-acceleration transition redshift that takes place at
Zy = 0.707f8:33‘7‘ and z;, = 0.678f8:gﬁ, which are consistent
with the ACDM model. The deceleration parameter exhibits a
transition from decelerated phase to an accelerated phase. The
effective EoS parameter is small negative values at high redshift
but tend to —1 as z — —1, showing the ACDM behavior.

The evolutions of various cosmological parameters, like H(z),
q(z) and we(z) have been shown in Figs. 3-8 by using the
fitting values of model parameters obtained from DS1 and DS2
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for ACDM and BD Agg; models, respectively. Using these datasets
we have analyzed whether the BD Ags, is capable to fit the
observations in a comparable way to the concordance GR-ACDM
model. The best-fit values and evolution of various parameters
of these two models, namely Agc; and GR-ACDM show that the
evolutions of the both models are coincide to each other. It means
that the BD model with variable A may be the considered as a
competitive model to GR-ACDM model. We have also compared
the models with reduced chi-squared value with DS1 and DS2
datasets. We have found that x2; = 0.526 and 2, = 0.504, re-
spectively which are very close to the values of GR-ACDM ( szed =
0.429 and szed = 0.433). It means that both the models provide a
very good fit with these observational datasets. It is well-known
that the discrepancy is much smaller than the expected if the
reduced chi-squared value is less than one. Using the best fit
values, the current age of the Universe are found to be t, ~ 14.07
Gyr and tp ~ 13.95 Gyr from DS1 and DS2 datasets, respectively.

In the final remark, we have discussed the possibility, in con-
trast to ACDM case, that A is not a constant but a function of
the cosmic time, i.e.,, px = pa(t). This varying VED is perfectly
allowed within the FLRW metric in a dynamical frame of BD
theory. It has been observed that the choice of functional form of
A is very important in describing the dynamics of the Universe,
especially the late time acceleration. In the absence of BD theory,
we recover exactly the varying vacuum models as discussed in
Ref. [62,63]. Our results show that both the models, GR-ACDM
amd BD-Agc;,, fit the observational datasets used here in very
well. In late-time evolution, both the models show a similar
evolution and approach to the de Sitter Universe. Thus, the Agg,
model successfully reproduces the expected epochs and shows a
good agreement with the ACDM model.
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