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Abstract

Identifying non-redundant therapeutic target combinations in Mycobacterium tuberculosis is

both a pressing clinical problem, driven by obligate multi-drug regimens and escalating resis-

tance. This is a natural instance of the maximum weighted independent set (MWIS) problem

on a biologically structured graph. We present a spectral-geometric framework that formalises

this correspondence and exploits it computationally. From the Mtb H37Rv protein-protein in-

teraction (PIP) network, constructed by integrating multiple experimental evidence sources,

we derive a composite target relevance score encoding Tn-seq essentiality, structural drugga-

bility, and host-specificity. Embedding the network spectrally through the graph Laplacian, we

construct a target-interference graph Hω = (U, Fω) by connecting candidate proteins whose

pairwise spectral distance falls below a threshold ω, encoding functional proximity as the in-

terference relation. The weighted Lovász theta function ε(H̄ω, p) then provides a polynomial-

time SDP upper bound on the MWIS of Hω, with a rounded solution approximating the optimal

non-redundant target combination. We establish that when Hω is constructed from the Fiedler

coordinate alone, it is an interval graph and therefore perfect. By the Lovász sandwich theorem,

ε(H̄ω, p) = ϑ(Hω, p) exactly, and the SDP solves the weighted target selection problem in poly-

nomial time. For embeddings of dimension k → 2, Hω is a unit ball intersection graph in Rk and

we characterise the resulting integrality gap as a function of k, establishing a formal trade-off

between spectral expressiveness and algorithmic tractability. Applied to the Mtb H37Rv inter-

actome, the SDP-rounded target sets recover established drug targets, including KatG, InhA,

and DprE1, within the computed independent set, and the identified combinations span func-

tionally disjoint subsystems encompassing cell wall biosynthesis, central carbon metabolism,

and DNA replication, consistent with the network-pharmacological rationale underlying com-

bination anti-TB therapy.
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Chapter 1

Introduction

1.1 Tuberculosis: Disease Burden and the Drug Resistance
Crisis

Tuberculosis (TB) is an infectious disease caused by Mycobacterium tuberculosis (Mtb) and

remains one of the most serious infectious diseases in human history. TB overtook COVID-19

as the world’s most deadly infectious disease in 2023, and it was the top cause of mortality

for HIV-positive individuals [1]. The WHO Global Tuberculosis Report 2024 states that 10.8

million people contracted TB in 2023, which led to 1.25 million deaths [1, 2]. The highest inci-

dence rates continue to occur in low and middle-income nations, where socioeconomic factors

like poverty, malnutrition, and limited access to healthcare worsen outcomes and exacerbate

transmission [3]. Roughly 25% of people worldwide have been infected with Mtb [4]. Of

these, 5% are expected to acquire active TB within two years of infection, and an additional

5% will get the disease during the course of their lifetime [4]. The WHO End TB targets,

which call for a 90% decrease in TB deaths and an 80% decrease in incidence by 2030 com-

pared to 2015, are still far from being met despite decades of international control efforts and

the availability of efficient treatment regimens [1, 4].

The standard treatment for drug-susceptible TB is a six-month regimen of four drugs admin-

istered concurrently: isoniazid, rifampicin, pyrazinamide, and ethambutol (HRZE) [5]. This

enforced multi-drug strategy is not coincidental, but rather, a direct result of a fundamental

biological property of Mtb. Drug resistance in Mycobacterium tuberculosis is the inevitable

outcome of the selective pressure exerted by antimicrobial agents. Drug-resistant mutants arise

spontaneously in any sufficiently large mycobacterial population, independent of drug expo-

sure, and monotherapy reliably selects for these pre-existing resistant subpopulations while

eliminating susceptible bacilli [6]. This principle was demonstrated decisively at the dawn
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of TB chemotherapy: the first patient treated with streptomycin in 1944 developed resistance

to the drug, and the landmark 1948 British Medical Research Council randomized trial con-

firmed that the majority of patients receiving streptomycin monotherapy harbored resistant or-

ganisms within months [7]. Subsequent studies showed that streptomycin resistance emerged

in approximately 70% of patients after 120 days of monotherapy, whereas combination ther-

apy with para-aminosalicylic acid reduced this rate to at most 9% [8]. This pattern recurred

with every new anti-TB drug introduced thereafter, establishing that combination chemother-

apy is essential to suppress the emergence of resistance [9]. The mechanistic basis for this is

well characterised: combination therapy based on at least four effective drugs constrains the

adaptive landscape of Mtb through purifying selection, whereas treatment with fewer than four

effective drugs alleviates this constraint and allows positive selection of resistance determinants

[8, 10].

When this combinatorial constraint is breached (through poor drug quality, inadequate dos-

ing, treatment interruption, or pre-existing resistance) drug-resistant TB emerges. Multidrug-

resistant TB (MDR-TB), defined as resistance to at least isoniazid and rifampicin, and exten-

sively drug-resistant TB (XDR-TB), currently defined as MDR-TB with additional resistance to

any fluoroquinolone and at least one of bedaquiline or linezolid, represent major global health

threats [1]. An estimated 400,000 people developed multidrug-resistant or rifampicin-resistant

TB (MDR/RR-TB) in 2023, causing approximately 150,000 deaths [1]. The consequences for

treatment are severe: historically, MDR-TB required 18 to 20 months of therapy, often includ-

ing injectable second-line agents with substantial toxicity [11]. Even with treatment, the global

success rate for MDR/RR-TB has only recently reached 68%, far below the 88% achieved for

drug-susceptible TB [1]. XDR-TB treatment outcomes are worse still, with a pooled success

rate of approximately 44% under older regimens [12].

The drug resistance crisis is compounded by a stagnant discovery pipeline. The standard

four-drug regimen for drug-susceptible TB has been in use since the 1970s [13]. Bedaquiline,

the first genuinely new anti-TB drug class in over 40 years, was introduced only in 2013, and

only two other novel agents (delamanid and pretomanid) have followed since [14, 13, 11]. Re-

sistance to even these newest drugs is already being documented in clinical settings. Acquired

bedaquiline resistance is reported in 2-5% of treated patients in systematic cohorts, and rates

exceeding 10% in certain high-burden settings, while linezolid resistance has been found in 9-

15% of MDR-TB strains and up to 60% in extensively drug-resistant cohorts [15, 16, 17]. This
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situation creates an urgent need for novel therapeutic strategies. What is needed is not a sin-

gle new drug target as history shows will be rapidly compromised by resistance. A principled

framework for identifying combinations of targets whose simultaneous inhibition is maximally

difficult for Mtb to escape through single or sequential resistance mutations is desired. This

dissertation attemps to address this problem — the rational, non-redundant selection of multi-

target anti-TB drug combinations grounded in the topology of the Mtb proteome.

1.2 Mycobacterium tuberculosis as a Biological System

Mycobacterium tuberculosis H37Rv is the standard laboratory reference strain of the human

tubercle bacillus and the organism on which this dissertation is based. The strain was first

isolated from a patient with pulmonary tuberculosis in 1905, and its whole genome sequence

determined in 1998 remains the globally accepted reference sequence [18, 19]. The H37Rv

genome encodes 3,924 predicted protein-coding genes that account for over 91% of the poten-

tial coding capacity [19]. A comprehensive re-annotation of the genome in 2002 subsequently

assigned functions to approximately 52% of the 3,995 predicted proteins, with the remainder

comprising conserved hypothetical proteins and proteins of entirely unknown function [20].

H37Rv remains the most widely used strain for computational analyses of Mycobacterium tu-

berculosis (Mtb) biology [19].

The Mtb proteome is organised into well-defined functional categories established by genome

annotation and maintained in databases like Mycobrowser [21, 22]. The major classes include

cell wall and cell surface processes, lipid metabolism, intermediary metabolism and respiration,

information pathways, regulatory proteins, the PE/PPE families (approximately 10% of coding

capacity), and the ESX secretion systems [18, 23]. This modular functional organisation is di-

rectly reflected in network-based analyses as computational studies using STRING-based pro-

tein interaction networks and genome-wide functional linkage mappings have confirmed that

functionally related proteins in Mtb cluster into cohesive topological modules [24, 25, 26]. The

existence of these functional modules (groups of proteins that interact densely within the mod-

ule and sparsely outside it, with shared biological roles) is a prerequisite for spectral clustering

and other community detection methods to recover biologically meaningful structure from the

PPI network [27]. It also translates into a well-separated eigenvalue spectrum amenable to

spectral embedding, due to functional subsystems that interact densely within themselves and
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sparsely across [28]. With approximately 3,993 predicted proteins, the network is large enough

to exhibit rich spectral structure yet small enough for full eigendecomposition to be compu-

tationally possible [20]. Furthermore, large-scale data-driven functional networks have been

constructed at near-proteome scale for Mtb, and topological analyses of these networks have

been shown to identify proteins essential for bacterial survival and virulence, demonstrating

that network structure encodes biologically actionable information [29, 25].

Mtb is an obligate intracellular pathogen that survives and replicates in humans within alve-

olar macrophages, which are immune cells tasked with destroying it [30]. Central to this ability

are three interconnected systems. The mycobacterial cell wall, extraordinary in its lipid com-

plexity, provides both structural integrity and immune evasion [31, 32]. Upon infection, Mtb

undergoes extensive metabolic reprogramming, shifting from glycolysis to fatty acid oxidation

and the glyoxylate shunt which a pathway essential for intracellular persistence [33, 34, 35].

The ESX-1 type VII secretion system is a virulence mechanism which mediates phagosomal

membrane rupture, enabling cytosolic access and cytotoxicity [30, 32]. This multi-system vir-

ulence architecture has a direct implication for drug discovery. Because Mtb survival depends

on the coordinated activity of proteins across several functionally distinct subsystems, no sin-

gle pathway inhibition is likely to be sufficient for elimination of viable bacteria. This is, in

part, why the four-drug HRZE regimen targets four mechanistically distinct processes simul-

taneously [9, 10]. The central motivation of this thesis is to formalise this biological intuition

computationally: given the topology of the Mtb PPI network and the functional organisation of

its proteome, which combinations of target proteins are maximally non-redundant in the sense

that they occupy distinct spectral regions of the network and therefore represent independent bi-

ological subsystems? The Lovász theta framework developed in subsequent chapters provides

a principled answer to this question.

1.3 Protein-Protein Interaction (PPI) Networks in Drug Dis-
covery

Proteins do not act in isolation. Nearly every biological process from signal transduction, gene

regulation, metabolic catalysis, to structural organisation, is carried out not by individual pro-

teins but by complexes and cascades of proteins acting in concert. Functions are carried out

by interactions of proteins and small molecules, forming a complex interaction network, and
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understanding these networks is fundamental to understanding cellular function [36]. In 2011,

the canonical network medicine framework formalised the intuition of protein interaction. They

discussed that diseases are rarely consequences of abnormalities in a single gene but rather re-

flect perturbations of complex intracellular and intercellular networks, and the tools of network

medicine offer a platform to explore the molecular complexity of disease by identifying disease

modules and pathways within the interactome [37]. From this perspective, drug targets should

not be identified in isolation but in the context of the network neighbourhood they occupy.

Definition 1.3.1. A protein-protein interaction network, or interactome, is a graph G = (V,E)

in which each node v ↑ V represents a protein and each edge {u, v} ↑ E. represents a

known or predicted physical interaction between proteins u and v. Edge weights encode the

confidence or strength of each interaction [38].

The application of graph-theoretic analysis to PPI networks for drug target identification

was established by a series of influential studies in the early 2000s. The foundational observa-

tion was that PPI networks exhibit scale-free topology, i.e., their degree distributions follow a

power law, meaning a small number of hub proteins have very many interaction partners while

most proteins have few [39, 38]. This topology has direct implications for drug discovery. Hub

proteins, by virtue of their high connectivity, were initially proposed as natural drug targets

because their disruption would maximally perturb the network [40].

Centrality measures (degree, betweenness, closeness, and eigenvector centrality) then be-

came the dominant computational tools for ranking candidate targets within PPI networks

[41, 42]. Targets of approved, selective small-molecule drugs exhibit higher node centrality

than broader investigational target sets, and centrality metrics can assist in evaluating targets

with limited experimental evidence [42]. This justified a generation of target identification

pipelines based on centrality ranking applied across pathogens, including Mtb [43]. Despite

its appeal, the centrality paradigm has well-documented limitations. First, centrality measures

are unreliable in isolation. They are sensitive to noise in the PPI network, cannot detect low-

connectivity essential proteins, and their predictive performance depends heavily on how inter-

action data is integrated and represented [44]. Second, the correspondence between centrality

and drug target quality is weaker than early work suggested. A systematic analysis found that

degree, betweenness, and eigenvector centrality distributions are quite similar between known

drug targets and other proteins, implying drug targets are neither network hubs nor privileged

intermediaries [45]. Third, and most importantly for this thesis, centrality-based methods select

5



targets individually [42, 43, 45]. They produce a ranked list of single proteins, not combina-

tions. For TB, where monotherapy is clinically prohibited, selecting targets individually and

combining them post hoc provides no guarantee of non-redundancy in function. The top-ranked

and second-ranked targets by any centrality measure may occupy the same functional neigh-

bourhood and therefore provide overlapping rather than complementary coverage.

The limitations of centrality-based target identification, i.e., its insensitivity to functional

redundancy, its inability to handle the combinatorial structure of multi-target selection, and

equating network importance with therapeutic relevance, point toward a different class of meth-

ods [46]. What is needed is an approach that operates on the global geometry of the PPI net-

work rather than local connectivity statistics, and that treats target selection as an inherently

combinatorial problem rather than a ranking problem.

1.4 The Non-Redundancy Problem in Multi-Target Therapy

The clinical requirement for combination therapy in tuberculosis implicitly require a non-

redundancy constraint. The drugs in a regimen must act on independent biological targets,

since redundant coverage of the same subsystem provides no additional protection against re-

sistance. Formalising this constraint computationally requires a precise notion of what it means

for two targets to be non-redundant, and a tractable method for selecting a maximum-size or

maximum-score combination satisfying this constraint. This section surveys the existing bio-

logical and computational literature that has approached variants of this problem, characterises

the gap that these approaches leave, and motivates the specific formulation adopted in this

dissertation.

The most extensively developed biological framework for non-redundancy in target selec-

tion is synthetic lethality (SL), originally described by Bridges in 1922 [47]. Two genes are

synthetically lethal if loss of function of either alone is survivable but simultaneous loss of both

is lethal [48]. Genomic screenings have enabled the discovery of synthetic lethal partners as

potential drug targets in cancer, and paired with CRISPR-based functional genomic screening

has been applied to identify new and druggable cancer targets [49]. The canonical clinical

example is the synthetic lethality between BRCA1/2 loss and PARP inhibition in ovarian and

breast cancers, which identified potential drug combinations explicitly designed around the

non-redundancy principle [50]. Computational extensions of synthetic lethality have attempted
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to generalise this pairwise gene interaction framework to larger networks. Liu et al. proposed a

synthetic lethality-based computational method to identify anticancer drug targets using the hu-

man signalling network, identifying synthetic lethal gene pairs by mining cancer genes through

a three-step network-based, frequency-based, and function-based screening strategy [51]. How-

ever, genome-wide synthetic lethality mappings typically rely on pairwise experimental data of

genetic interactions, which is sparse for pathogens like Mtb [52]. Additionally, it becomes

computationally unmanageable when extending to the high-order combinations required for

TB regimens.

TB-specific drug design often utilizes empirical ranking-and-exclusion frameworks that pri-

oritize drug combinations based on pairwise interaction profiles to avoid overlapping resistance

mechanisms [53, 54]. Systematic experimental measurement of pairwise drug interactions can

be used to rank high-order combinations by strength of synergy and to establish exclusion cri-

teria based on drug interaction correlation. The tradeoff in measuring all pairwise interactions

experimentally is that interactions scale quadratically in the number of drugs considered, and

provides no polynomial-time optimality guarantees. Methodologically related geometric ap-

proaches, such as hyperbolic mapping of the Mtb protein-protein interaction (PPI) network,

identify targets in distinct network regions but do not formulate selection as a formal combina-

torial optimization problem [55].

The natural combinatorial formalisation of non-redundancy is the maximum weighted in-

dependent set problem on an interference graph where nodes are candidate targets, edges con-

nect interfering pairs, and the objective is to find the highest-scoring set with no edges. This

formulation is general enough to subsume both the synthetic lethality framework (where the

interference relation is defined by co-lethality) and the network proximity framework (where it

is defined by spectral embedding distance), and it produces a combination rather than a rank-

ing. This problem is NP-hard in general, and existing computational approaches in biological

network analysis typically address related target-selection problems through heuristics such as

centrality or betweenness-based rankings that implicitly ignore the combinatorial structure en-

tirely [56, 57, 58]. For example, maximum flow approaches to Mtb drug target prioritisation

use network centrality and flow to resistance genes to rank individual targets, but do not address

the combinatorial problem of selecting a non-redundant set simultaneously [59].

A distinct line of work enforces a form of non-interference through network proximity on

the human PPI interactome. Cheng, Kovacs and Barabasi (2019) classified drug-drug-disease
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relationships into six topological classes by quantifying the network distance between drug

targets and disease proteins [60]. Only one class correlated with clinically efficacious com-

binations. It was the class with the condition that both drugs’ target sets lie within the same

disease module but occupy separate network neighborhoods. This is a non-interference con-

straint in spirit as it explicitly excludes drug pairs whose targets overlap or cluster in the same

region of the interactome. Li et al. (2011) proposed a related ”network target” paradigm in

which the NIMS algorithm evaluates whether agents target distinct but functionally connected

parts of a disease network [61]. More recently, Li et al. (2025) used graph neural network em-

beddings with diminishing-return thresholds to select high-order drug combinations targeting

multiple pathways [62].

Despite their use of a non-interference criterion, these network proximity methods address

a fundamentally different problem from the one formulated in this thesis. First, they operate on

drug pairs, not on selecting an optimal combinatorial set of protein targets from a larger candi-

date pool. The Cheng et al. framework classifies pairwise drug-disease relationships but does

not scale to selecting three or more targets simultaneously with a global constraint. Second,

they provide a ranking or threshold-based heuristic rather than a combinatorial optimisation

problem. There is no objective function maximising total relevance under explicit pairwise

interference constraints, and no algorithm that returns an optimal or near-optimal set. Third,

their interference criterion is based on shortest-path proximity in the interactome, not on spec-

tral embedding distance derived from a Laplacian embedding, so the resulting graph structure

does not satisfy the perfect graph property and cannot exploit the exactness of the Lovasz theta

bound. Fourth, none of these methods provide an optimality bound, i.e., a dual bound quantify-

ing how far the selected combination is from the true optimum. For a drug discovery application

where experimental validation is expensive, knowing that the computed combination is within

a known factor of the best possible combination is as important as the combination itself.

1.5 Spectral Graph Theory in Biological Networks

Spectral graph theory is the study of graphs through the eigenvalues and eigenvectors of matri-

ces associated with them, primarily the adjacency matrix, the Laplacian, and their normalized

variants [63, 64]. The central application is that the spectrum of these matrices encodes struc-

tural properties of the graph such as connectivity and community structure that are otherwise
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difficult to compute directly [64, 65]. The Laplacian matrix became an important tool of spec-

tral graph theory for the investigation of structural properties of large biological networks, as

many important features of the underlying structure and dynamics of systems can be extracted

from the spectral analysis of the graphs [63, 64].

PPI networks have modular structure as functionally related proteins cluster into densely

connected subgraphs [27]. This modularity produces a well-separated eigenvalue spectrum

in the graph Laplacian. A small number of eigenvalues near zero corresponding to the near-

disconnected functional communities, followed by a clear eigengap before the remaining eigen-

values [64, 66]. It is this spectral signature of modularity that makes Laplacian-based methods

appropriate for biological network analysis and distinguishes them from local degree-based

measures, which are sensitive to individual node properties rather than global network organi-

sation.

Spectral embedding methods represent each protein in a PPI network as a point in a low-

dimensional Euclidean space derived from the eigenvectors of the graph Laplacian. The first

k non trivial Laplacian eigenvectors embed proteins into Rk. The idea that Laplacian eigen-

vectors embed a PPI network and recover the modular structure from graph topology alone has

many precedents. These algorithms identify clusters in a graph using the eigenvectors of the

Laplacian, such that nodes within a cluster are connected by highly similar edges and inter-

cluster connections are weak (modular functionality), and have been successfully applied to

predict protein complexes from PPI networks [67, 64]. The spectral approach is explicitly con-

trasted with local degree-based measures and found to be more robust to ”the heterogeneity

of PPI networks” [67]. Rai and Jalan (2018) argue that random-matrix analysis of network

spectra ”provides new practical tools for identification of pathway proteins, etc. responsible for

the occurrence of the disease” and that spectral methods distinguish organizational differences

between healthy and diseased states [68]. Recently, Zhang et al. used Laplacian eigenvec-

tors to provide a ”global, geometry-aware coordinate system” for each node in a biomedical

knowledge graph, explicitly demonstrating that spectral features capture long-range structural

proximity better than local neighbourhood aggregation [69]. Similarly, Liu et al. used spectral

clustering to find trug targets for pancreatic ductal adenocarcinoma [70]. For Mtb specifically,

network-based computational approaches have been applied to identify functional modules and

drug targets from the H37Rv interactome. Mazandu and Mulder integrated functional genomics

data to generate large-scale functional interaction networks for Mtb and carried out computa-
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tional analyses using network topological properties to identify proteins essential to the sur-

vival, growth, and virulence of the pathogen as drug targets [71]. However, these approaches

relied on centrality measures rather than spectral geometry, and did not use eigenvector embed-

dings to define functional distance between proteins.

Spectral embedding methods represent each protein in a PPI network as a point in a low-

dimensional Euclidean space derived from the eigenvectors of the graph Laplacian, such that

proteins occupying the same dense interaction neighbourhood are mapped to nearby points and

proteins in different functional regions are mapped far apart. The resulting pairwise spectral

embedding distance between two proteins is therefore a geometric proxy for their functional

separation in the network. A small spectral embedding distance indicates shared functional

context, while a large spectral embedding distance indicates membership in distinct biological

subsystems. This use of spectral geometry as a measure of functional proximity in biological

networks is a well-established.

Before turning to spectral emmbedding distance as a proximity measure, it is worth situating

the spectral embedding approach relative to the broader landscape of graph embedding methods

for biological networks. Node2vec and DeepWalk learn node embeddings via random-walk-

based neural objectives while graph neural networks aggregate local neighbourhood features

through learned message-passing layers [72, 73, 74]. Matrix-factorisation methods [75] de-

compose the adjacency or diffusion matrix into low-dimensional factors. These methods have

demonstrated strong empirical performance on function prediction and link prediction bench-

marks. However, for the purposes of this thesis, spectral embedding has a decisive advan-

tage over all of these alternatives. It produces a representation with a rigorous mathematical

relationship to the graph’s structure, whose properties such as eigenvalue bounds, commute-

time approximation, connection to the heat kernel, are analytically characterisable [76, 77, 78].

Node2vec and graph neural network embeddings are optimised for predictive performance and

lack the theoretical guarantees needed to prove that the interference graph Hω constructed from

spectral distances is an interval graph. The interval graph result, and consequently the exact-

ness of the Lovász theta bound, depends on the specific geometric property that thresholding

a one-dimensional coordinate produces an intersection graph of intervals on the real line. This

property holds for the Fiedler coordinate but has no analogue in learned embeddings, making

spectral geometry the only embedding framework within which the theoretical contribution of

this thesis can be established.

10



The spectral embedding assigns each protein a point in Rk and the spectral embedding

distance measures how far apart two proteins are in this space. A small spectral embedding

distance indicates that two proteins occupy the same dense interaction neighbourhood and they

are functionally co-localised [27, 64]. A large spectral embedding distance indicates member-

ship in distinct biological subsystems. This use of spectral distance as a proxy for functional

proximity is well-validated in the literature. Cao et al. introduced the Diffusion State Dis-

tance (DSD), an L1 distance between random-walk diffusion profiles of two proteins. They

showed that replacing shortest-path distance with DSD consistently improves protein function

prediction across multiple classical methods in the S. cerevisiae PPI network. They argue that

this is because DSD captures global network topology rather than local edge density [79]. Vo-

evodski et al. validated that PageRank Affinity, a spectral proximity measure proportional to

the number of times one protein is visited in a random walk restarting at another [80]. This

explicitly demonstrated that spectral measures of closeness are more robust to noise and more

precise than shortest-path and adjacency-based methods. Windels, Malod-Dognin, and Pržulj

extended this to graphlet Laplacian embeddings, demonstrating that spectral distance in the

resulting space encodes topology-function relationships and produces clusters with strong GO

enrichment [81]. Finally, Boehnlein et al. established the theoretical connection between DSD

and the heat kernel of the normalised Laplacian, formally grounding diffusion-based proximity

measures within the spectral geometry framework and confirming that the empirical success of

DSD-type distances has a rigorous spectral basis [78].

Despite the broad adoption of spectral clustering in mammalian PPI and disease network

analysis, its application to bacterial pathogen networks, and specifically to Mtb, has remained

limited. Existing computational analyses of the Mtb interactome have employed centrality

measures, subtractive genomics pipelines, and community detection heuristics, but none has

applied a spectral embedding of the Mtb Laplacian as the basis for a drug target selection

framework [71, 25, 29]. More specifically, no existing work constructs a target interference

graph from spectral embedding distances, nor uses the geometry of the Laplacian embedding

to define a formal non-redundancy criterion for target combinations. The spectral-geometric

framework in this thesis therefore represents the first application of Laplacian spectral embed-

ding to combinatorial drug target selection in a bacterial pathogen network, and the connection

between this embedding and the Lovász theta SDP via the interval graph structure of Hω is

entirely novel.
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1.6 Problem Statement and Thesis Objectives

The preceding sections have established the following chain of reasoning. Tuberculosis re-

quires combination therapy because monotherapy reliably selects for resistance. The clinical

design principle underlying combination regimens (that drugs must act on independent biologi-

cal subsystems) is a non-redundancy constraint that existing computational target identification

methods do not formalise. Network-based approaches reduce the problem to graph analysis,

but centrality measures select targets individually and provide no combinatorial guarantees.

Others methods cap the interaction to two targets and not multiple, as required for TB. Spectral

graph theory provides a principled notion of functional distance on PPI networks but has not

been applied to combinatorial target selection in bacterial pathogens. The maximum weighted

independent set problem is the natural combinatorial formalisation of non-redundancy, do not

formulate the combinatorial selection problem as maximum weighted independent set or pro-

vide optimality guarantees. This thesis addresses the following problem:

Problem (Non-Redundant Drug Target Selection) Given a weighted protein-protein interac-

tion graph GMtb = (VMtb, EMtb, w) for Mycobacterium tuberculosis H37Rv, a composite drug

target relevance score pv → 0 for each protein v ↑ V encoding essentiality, druggability, and

host-specificity, and a spectral embeddingdistance threshold ω > 0, find a set S ↓ U of candi-

date proteins that maximises the total relevance score
∑
v→S

pv subject to the constraint that every

pair {u, v} ↑ S satisfies dspec-emb({u, v}) > ω, i.e., no two selected targets are functionally

proximate in the spectral embedding of GMtb

This is the maximum weighted independent set problem on the target-interference graph

Hω = (U, Fω), where Fω = {{u, v} ↓ U : dspec-emb({u, v}) ↔ ω}

The objective value is

ϑ(Hω, p) = max
S indep.

∑
v→S

pv

and the Lovász theta function ε(H̄ω, p) provides a polynomial-time computable upper bound

on this value via semidefinite programming.

The choice of Mtb H37Rv as the target organism is motivated by four convergent consider-

ations. First, the clinical imperative is unambiguous. The standard TB regimen already embod-

ies the non-interference principle by design, and the emergence of MDR and XDR-TB strains
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resistant to first- and second-line agents creates an urgent need for new target combinations

with independent mechanisms [82, 83]. Second, the Mtb proteome has the right computational

properties. The H37Rv genome encodes approximately 3,993 predicted proteins [18]. The PPI

network is large enough to exhibit rich spectral structure (multiple well-separated eigenvalue

clusters corresponding to distinct functional subsystems) but small enough for Laplacian eigen-

decomposition and SDP optimisation to be computationally managable without approximation

or distributed computing. Third, the multi-subsystem virulence architecture of Mtb creates the

functional modularity that the spectral embedding must recover in order for the interference

graph Hω to have meaningful structure. A pathogen whose proteome lacked this modularity

would produce a flat eigenvalue spectrum with no clear eigengap, making spectral distance

meaningless as an interference criterion. Fourth, the Mtb PPI data are sufficiently mature.

Three complementary experimental sources (STRING, IntAct, and the genome-scale bacterial

two-hybrid screen of Wang et al.) can be integrated into a principled weighted graph, as de-

scribed in Chapter 2 [84, 85, 86]. Validated drug targets including KatG, InhA, RpoB, GyrA,

and DprE1 are available as ground truth for evaluating the framework’s output [87].

The interference graph Hω could in principle be defined using any pairwise distance on V ,

including the Euclidean distance as th embedding maps the vertices to Rk. The choice of the

spectral embeddingdistance dspec-emb(u, v) = ||!k(u) ↗ !k(v)||2 derived from the normalised

Laplacian embedding is motivated by three properties that alternative distance measures lack.

First, it is robust to noise and missing edges. The shortest-path distance is brittle as a single

missing edge can dramatically alter the distance between two nodes. Since PPI networks are

systematically incomplete (interactions are underreported proportionally to how well-studied

a protein is), a distance measure derived from the global spectral structure of the Laplacian is

far more stable than one derived from individual paths. Second, it has a rigorous probabilistic

interpretation as an approximation to commute time in the random walk on GMtb. Two proteins

with small spectral embedding distance are ones between which random walks travel rapidly,

meaning they are in the same densely connected functional neighbourhood. This provides a

biological interpretation of the interference relation: two targets interfere if a random biolog-

ical signal propagating through the Mtb PPI network reaches both of them quickly, implying

functional co-localisation. Third, and most importantly for the theoretical results of this thesis,

defining Hω via spectral distance from the Fiedler coordinate produces an interval graph, which

is a perfect graph. This is not a coincidental property of spectral distances. It follows directly
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from the fact that thresholding a one-dimensional coordinate produces an intersection graph of

intervals on the real line. It is this perfect graph structure that makes the Lovász theta bound

exact, converting an NP-hard problem into one solvable in polynomial time.

The Lovász theta function is the appropriate tool for this problem for reasons that are both

theoretical and practical. Theoretically, it is the tightest known polynomial-time computable

upper bound on the independence number for general graphs, and it achieves exactness on

perfect graphs via the sandwich theorem [88]. No linear programming relaxation achieves

this. The fractional relaxation of the independent set polytope is loose on most graphs, and the

integrality gap can be arbitrarily large [89, 90, 91]. The SDP relaxation underlying ε is strictly

tighter and collapses to zero integrality gap precisely on perfect graphs, which Hω is when

constructed from the Fiedler coordinate [88, 92]. Practically, the weighted SDP is solvable in

polynomial time using interior-point methods, and for candidate set sizes |U | ↘ 200 ↗ 400

arising from the Mtb PPI, the SDP matrix is at most 400≃400 which solvable in seconds using

standard solvers such as CVXPY with the MOSEK backend [93]. Finally, the SDP solution

X↑ provides more than just an optimal combination. The orthonormal vector representation

{yv}v→U associated with X↑ embeds the candidate targets in a geometric space where selected

targets are mutually orthogonal. This geometric certificate is interpretable. It shows explicitly

which directions in the SDP representation space each target occupies, and it provides a dual

bound that quantifies how close the rounded solution is to the true optimum.

None of these approaches provides approximation guarantees, and none exploits special

graph structure to achieve exactness The Lovász theta function ε(H̄ω, p) breaks this pattern. As

established in Section 2.3, it provides a polynomial-time SDP upper bound on the maximum

weighted independent set that is exact when Hω is a perfect graph, and specifically when Hω

is an interval graph, which follows when the interference relation is defined by thresholding

the one-dimensional Fiedler coordinate. This means that for the specific interference graph

constructed from the spectral geometry of GMtb, the combinatorial optimisation problem is not

approximated but solved exactly, with a certificate of optimality provided by the SDP dual.

To the best of the author’s knowledge, no existing work in computational biology, for TB or

any other pathogen, has applied the Lovász theta function to target selection, nor has any work

established a connection between the spectral geometry of a PPI network and the perfect graph

structure of a derived interference graph. This constitutes the primary theoretical contribution

of the thesis.
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A natural objection is that a greedy algorithm (sort candidate targets by score pv, then it-

eratively select the highest-scoring target not adjacent in Hω to any already selected) is simple

and fast, and may perform well in practice. There are two responses. First, greedy provides

no approximation guarantee on general graphs: its solution can be arbitrarily far from opti-

mal depending on graph structure, and on dense interference graphs typical of biologically

structured networks, the gap can be substantial [94]. Second, and more fundamentally, greedy

provides no certificate. If the greedy solution contains k targets, there is no way to know from

the greedy output alone whether a better k + 1-target combination exists. The SDP provides

both an approximate solution and an upper bound on the true optimum, so the gap between the

two is explicitly quantifiable. For a drug discovery application where the cost of experimental

validation is high, knowing that the computed combination is within a small factor of the best

possible combination is as important as the combination itself.
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Chapter 2

Preliminaries

2.1 Contruction of the Mtb PPI Network

The STRING database was used to obtain a high-confidence protein-protein interaction (PPI)

network for Mycobacterium tuberculosis H37Rv (taxid 83332) [84]. In STRING, each in-

teraction is supported by one or more independent evidence sources, referred to as chan-

nels. These include experimental evidence (experiments), curated pathway/database annota-

tions (database), co-expression patterns (coexpression), genomic neighborhood, gene fusion,

co-occurrence, and text mining from scientific literature. Since the objective was to construct a

biologically reliable PPI network with stronger physical or functional support, only interactions

with experimental or database annotation score values greater than 0 were retained [84]. This

removes edges supported solely by indirect or weaker association signals which may capture

statistical or literature-based associations rather than experimentally supported interactions. A

further filtering step was applied to retain only STRING high-confidence interactions, i.e., in-

teractions with combined score values greater than 700. For each interaction pair (u, v), the

per-channel confidence scores scuv were combined using the standard probabilistic combination

with independent source:

wSTRING
uv = 1↗

∏

c → channels

(1↗ scuv)

where the channels are experiments and database [84]. This formulation treats each evidence

channel as an independent source of support and computes the probability that at least one

source provides valid evidence for the interaction. Consequently, interactions supported by

multiple strong evidence channels receive higher weights, while weakly supported associations

contribute less to the final network structure.

The secondary interaction source was obtained from the IntAct database, a manually cu-
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rated molecular interaction repository maintained by the European Bioinformatics Institute

[85]. Interactions involving Mycobacterium tuberculosis H37Rv were retrieved and to im-

prove biological reliability and avoid inclusion of indirect functional associations, two specific

molecular interaction (MI) type filters were applied [85]. The physical association filter in-

cludes interactions for which experimental evidence suggests that two proteins are part of the

same physical molecular complex or binding relationship. Although such evidence strongly

suggests physical connectivity, it does not necessarily prove direct molecular contact between

the proteins. The direct interaction filter is more stringent and includes interactions where

experiments indicate direct physical binding between two proteins. These interactions there-

fore represent the strongest form of experimentally supported PPI evidence available in curated

databases [95].

After downloading the dataset, protein identifiers were mapped to standardized Rv locus

tags and duplicate interactions were merged. Since IntAct contains manually curated ex-

perimental evidence rather than probabilistic interaction scores, edge weights were assigned

according to the degree of experimental support reported for each interaction [85]. Interac-

tions supported by two or more independent experimental confirmations were treated as high-

confidence physical interactions and assigned:

wIntAct
uv = 1

whereas interactions supported by only a single experimental observation were assigned a lower

confidence weight:

wIntAct
uv = 0.7

This weighting strategy reflects the comparatively high reliability of manually curated physical

interaction data while still accounting for varying levels of experimental reproducibility.

To complement the STRING and IntAct derived interaction network, a tertiary PPI dataset

generated using a high-throughput bacterial two-hybrid (B2H) assay was incorporated . The

dataset was obtained from a study by Wang et al., which experimentally screened nearly the

complete ORFeome of M. tuberculosis H37Rv and identified over 8,000 novel interactions [86].

The authors reported an experimental validation rate exceeding 60%, indicating moderate-to-

high reliability of the detected interactions. Although the validation rate of the B2H screen was

low, comparison with the STRING and IntAct interaction sets showed that the B2H dataset con-

tained additional interactions absent from both sources. Consequently, the B2H network was
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incorporated in its entirety after filtering, as it contributed biologically relevant interaction in-

formation that improved overall network completeness and reduced the likelihood of excluding

potentially important interactions missing from curated repositories. Protein identifiers from

this study were mapped to standardized Rv locus tags. Since the B2H dataset does not pro-

vide calibrated probabilistic interaction scores comparable to STRING confidence values, all

retained B2H interactions were assigned a uniform edge weight:

wB2H
uv = 0.6

This constant weighting reflects the experimentally derived nature of the interactions while

preventing overestimation of evidence strength relative to curated STRING and IntAct interac-

tions.

The final network was constructed by integrating interaction evidence from the sources into

a unified weighted graph as:

wfinal
uv = 1↗

∏

sources

(1↗ wsource
uv )

This formulation increases the confidence of interactions supported by several independent

evidence sources while preventing weights from exceeding unity [96]. Consequently, interac-

tions simultaneously supported by curated databases, experimental assays, and high-confidence

STRING evidence received higher effective confidence values than interactions derived from

only a single source. The resulting integrated network therefore captures both experimentally

validated physical interactions and broader functional associations while maintaining a princi-

pled weighting scheme across heterogeneous datasets [97].

Definition 2.1.1. The Mycobacterium tuberculosis H37Rv protein-protein interaction graph is

an undirected weighted graph

GMtb = (VMtb, EMtb, w)

where VMtb is the set of Mtb H37Rv proteins included after filtering, with each protein identified

by its Rv-number locus tag, EMtb is the set of unordered pairs {u, v} representing experimen-

tally supported or high-confidence computationally inferred physical interactions between Mtb

proteins and w : EMtb ⇐ (0, 1] assigns each edge a confidence weight

18



Figure 2.1: Visualization of the M. tuberculosis PPI network: Nodes correspond to Mtb proteins,
the layout positions nodes so that proteins with many or strong interactions are drawn closer to-
gether, while sparsely connected proteins appear further apart. Edge colors encode the normalized
combined confidence weight of each interaction from low realtive confidence (purple) to high rel-
ative confidence (yellow/green)

After integration, the final network contained 2,137 protein nodes and 15,017 interaction edges

with no isolated vertices. Although the graph contained 61 connected components, the largest

connected component comprised 1,928 nodes, representing the overwhelming majority of the

network. This is typical of biological interaction networks, which often exhibit a dominant

giant component together with smaller peripheral modules corresponding to sparsely charac-

terized or functionally specialized protein groups [98]. The relatively large edge count and

dense giant component provide sufficient structural complexity for meaningful spectral analy-

sis, in line with previous studies that successfully applied Laplacian spectral methods to large,

sparse PPI networks [99].
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2.2 Disease Scores and Candidate Targets

The objective of this dissertation is to identify biologically meaningful proteins that may serve

as potential anti-TB drug targets. Network centrality and connectivity alone are insufficient to

determine therapeutic relevance, since highly connected proteins are not necessarily essential

for bacterial survival, chemically targetable, or selective with respect to the human host [100].

Consequently, a biologically informed scoring framework was introduced to prioritize proteins

according to their suitability as drug targets. This framework integrates multiple complemen-

tary criteria associated with successful antimicrobial target selection and by combining these

with network structure, enables the extraction of a candidate target set of proteins likely to be

therapeutically actionable.

In antimicrobial drug discovery, three biological properties are commonly used to evalu-

ate whether a protein constitutes a viable therapeutic target [101]. First, proteins essential for

bacterial survival or virulence are preferred, since their inhibition is more likely to suppress

pathogen growth or persistence. Second, a target protein must be chemically druggable, mean-

ing it possesses structural or biochemical features permitting modulation by small molecules

or other therapeutic compounds. Third, ideal targets should exhibit sufficient specificity to the

pathogen and avoid strong similarity to human proteins, thereby reducing the likelihood of host

toxicity or off-target effects [101, 102]. These criteria are widely adopted in computational tar-

get prioritization pipelines and provide complementary perspectives on therapeutic relevance.

Definition 2.2.1. Each protein v ↑ VMtb receives a non-negative scalar score pv → 0 called the

Drug-Target Relevance Score, encoding its relevance as an anti-TB drug target. This score is

a weighted combination of three criteria:

pv = ϑ1 · Ess(v) + ϑ2 · Drug(v) + ϑ3 · Cons(v)

with ϑ1 + ϑ2 + ϑ3 = 1 and ϑ1 → ϑ2 → ϑ3

The essentiality component Ess(v) measures whether a protein is required for bacterial

survival or virulence under experimentally characterised conditions. Essentiality data wes ob-

tained from the study conducted by DeJesus et al in which they perfromed Essentiality Analysis

of Mtb and reported the essentiality of all proteins as a supplement. [103, 104, 22]. Proteins

classified as essential, conditionally essential, and non-essential were assigned scores of 1, 0.5

and 0 respectively. The druggability component Drug(v) quantifies the likelihood that a protein
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can be modulated by small-molecule therapeutics [103]. Druggability scores were assigned in

two tiers. Proteins belonging to a curated set of literature-confirmed drug targets (Table 2.1)

were assigned Drug(v) = 1. For all remaining proteins, druggability was estimated using the

mean per-residue confidence score (pLDDT) of the AlphaFold structural model retrieved from

the EBI AlphaFold database [105, 106]. The confidence metric ranges from 0 to 100, where

values above 70 indicate well-ordered regions with reliable predicted structure and values be-

low 50 indicate intrinsically disordered regions [105]. Since structural order is a necessary but

not sufficient condition for the existence of a druggable binding pocket, pLDDT was used as

a proxy for structural druggability rather than as a direct measure of ligandability. The raw

pLDDT score was normalised and mapped to a druggability score via:

Drug(v) = min
(

pLDDT(v)
100

≃ 0.6, 0.6

)

The multiplicative cap of 0.6 ensures that even a perfectly structured uncharacterised protein

cannot score as highly as a literature-confirmed target, preserving the intended hierarchy be-

tween the two tiers. The conservation component Cons(v) evaluates sequence similarity be-

tween each Mtb protein and the human proteome, serving as a proxy for target specificity and

potential host toxicity. Basic Local Alignment Search Tool for Proteins (BLASTp) searches

were performed against UniProt human proteome (taxon 9606) [107]. Proteins with significant

similarity (E-value < 10↓4) were assigned Cons(v) = 0, indicating likely cross-reactivity with

the host, while proteins lacking close human homologs were assigned Cons(v) = 1, indicating

high target specificity to the pathogen [108, 25].

No single criterion is sufficient in isolation as a protein may be essential but structurally

undruggable and so on [109, 110]. Effective target prioritization therefore requires integrating

all three axes simultaneously, which motivated the composite linear score [101, 111]. Each

coefficient ϑi directly encodes the relative importance of its criterion and is consistent with

established composite scoring approaches in computational target prioritization. Nonlinear

aggregation functions (such as geometric means or product-based scores) would amplify the

effect of any single zero-valued component. For instance, a protein with Cons(v) = 0 receive

pv = 0 regardless of its essentiality or druggability, effectively implementing a hard filter rather

than a soft penalty.

The ordering constraint ϑ1 → ϑ2 → ϑ3 reflects a principled hierarchy of criteria. Essential-

ity receives the highest weight because a non-essential protein, however druggable, offers no

therapeutic benefit. Its inhibition will not suppress bacterial growth or virulence [101]. Drugga-
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Rv Gene Protein Drug(s) Source
First-line drug targets (clinically validated)

Rv1908c katG Catalase-peroxidase (activates
prodrug)

Isoniazid [112]

Rv1484 inhA NADH-dependent enoyl-ACP
reductase

Isoniazid, ethionamide [112]

Rv0667 rpoB RNA polymerase ω subunit Rifampicin [112]
Rv0006 gyrA DNA gyrase A subunit Fluoroquinolones [112]
Rv0005 gyrB DNA gyrase B subunit Fluoroquinolones [112]
Rv3795 embB Arabinosyltransferase B Ethambutol [113]
Rv3794 embA Arabinosyltransferase A Ethambutol [113]
Rv3793 embC Arabinosyltransferase C Ethambutol [113]
Rv0058 rpsL Ribosomal protein S12 Streptomycin

Newer / approved drug targets
Rv1305 atpE ATP synthase subunit c Bedaquiline [114]
Rv0206c mmpL3 Trehalose monomycolate transporter SQ109 (phase 2b-3) [115]

Advanced clinical pipeline targets
Rv3790 dprE1 Decaprenylphosphoryl-ω-D-ribose

oxidase
BTZ043, PBTZ169

(macozinone),
OPC-167832, TBA-7371

[116]

Rv3791 dprE2 Decaprenylphosphoryl-ω-D-ribose
reductase

(partner of DprE1
pathway)

[116]

FAS-II mycolic acid biosynthesis targets
Rv2245 kasA ω-Ketoacyl-ACP synthase I [117]
Rv2246 kasB ω-Ketoacyl-ACP synthase II [116]
Rv1483 fabG1

(mabA)
3-Oxoacyl-ACP reductase [116]

Rv2243 fabD Malonyl-CoA-ACP transacylase [117]
Rv3280 fabH ω-Ketoacyl-ACP synthase III [117]
Rv3800c pks13 Polyketide synthase [114]

Peptidoglycan / cell division targets
Rv2152c murC UDP-N-acetylmuramate-alanine

ligase
[118]

Rv2153c murG UDP-N-acetylglucosamine–N-
acetylmuramyl pentapeptide

transferase

[118]

Rv2155c murD UDP-N-acetylmuramoylalanine-D-
glutamate ligase

[118]

Rv2157c murF UDP-MurNAc-pentapeptide ligase [118]
Rv3581c murX

(mraY)
Phospho-N-acetylmuramoyl-

pentapeptide transferase
[118]

Rv2150c ftsZ Cell division protein FtsZ [115]
Pantothenate / CoA biosynthesis targets

Rv3602c panC Pantothenate synthetase [115]
Rv3601c panB 3-Methyl-2-oxobutanoate

hydroxymethyltransferase
[115]

Rv3628 panD Aspartate 1-decarboxylase [116]
Rv2225 glnA1 Glutamine synthetase I [116]

Table 2.1: Verified Druggable Targets of Mycobacterium tuberculosis H37Rv

22



bility is weighted second because, among essential proteins, chemical tractability is the primary

bottleneck in translating a biological target into a therapeutic compound [101, 111]. Conserva-

tion receives the lowest weight not because host-specificity is unimportant, but because it is a

binary hard filter (proteins with Cons(v) = 0 are substantially penalised by losing their entire

ϑ3 contribution), and the downstream Lovász framework can further deprioritise them via the

independent set selection. This prevents the conservation criterion from dominating the score

of proteins that are both essential and druggable but happen to have distant human paralogs

with E-values just below 10↓4 [101]. The coefficients ϑ1,ϑ2,ϑ3 are not fixed analytically but

are treated as hyperparameters. Any configuration satisfying the constraints in the definition is

a valid choice. The primary weight assignment (ϑ1,ϑ2,ϑ3) = (0.5, 0.3, 0.2) was chosen to re-

flect the relative biological importance of each scoring component for drug target prioritisation

in M. tuberculosis.

Definition 2.2.2. The candidate target set is

U = {v ↑ VMtb : pv → ϖp}; ϖp = Q0.80({pv ↑ V })

where ϖp is a threshold set to retain the top quantile (80th percentile) of scored proteins

This percentile-based threshold was preferred over a fixed absolute cutoff for two reasons. First,

the absolute scale of pv depends on the weight assignment and the score distributions of the in-

dividual components, both of which vary across the network. A fixed threshold would therefore

select different fractions of the network under different weight configurations, confounding the

sensitivity analysis. Second, a percentile threshold guarantees that U always contains a fixed

proportion of the network (approximately 20%), making the size of U consistent and inter-

pretable across configurations. The resulting candidate set contained proteins that ranked in

the top fifth of the network by composite score, and it is this set that was carried forward to

the spectral embedding and interference graph construction described in Chapter 3. Ground

truth recovery was assessed by checking whether the six literature-confirmed drug targets —

Rv1908c, Rv1484, Rv0667, Rv0006, Rv0007, and Rv3790 — were members of U under each

weight configuration.

Sensitivity analysis was performed over all weight triples (ϑ1,ϑ2,ϑ3) satisfying ϑ1 + ϑ2 +

ϑ3 = 1 with each ϑi → 0.1, enumerated in steps of 0.1, yielding 36 configurations. All six

validated ground truth targets were recovered in U (440 proteins and ϖp = 0.500 with alpha

values 0.5, 0.3 and 0.2) across all configurations in which recovery was assessed, confirming
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that the framework reliably identifies known targets regardless of weight choice. However,

the mean Jaccard similarity between U under the primary weights and U under alternative

configurations was 0.54, with a minimum of 0.09, indicating that the composition of U is

sensitive to the relative weight assigned to the druggability component. This sensitivity arises

because Drug(v) has a bimodal distribution. A small set of well-characterised targets receive

scores of 1.0, while the majority of proteins receive scores in [0, 0.6] derived from structural

confidence estimates. This means that increasing ϑ2 causes U to collapse toward the known

target list rather than identifying novel candidates.

Figure 2.2: Visualization of the M. tuberculosis PPI network: Nodes correspond to Mtb proteins,
the ones coloured red being the protein in the candidate target set U . Edge colors encode the
normalized combined confidence weight of each interaction from low realtive confidence (purple)
to high relative confidence (yellow/green)

To mitigate this, druggability was subsequently applied as a structural eligibility gate rather

than a weighted score component. A protein was deemed drug-eligible if Drug(v) → 0.42,

corresponding to a pLDDT threshold of 70. Within the drug-eligible subset, the composite
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score was recomputed using only essentiality and host-specificity:

pv = 0.6 · Ess(v) + 0.4 · Cons(v)

This two-component formulation reduced the sensitivity analysis to eight configurations which

showed that the composition of the top-ranked candidate set U contains all ground truth targets

and remains stable across a range of such configurations (383 proteins and ϖp = 0.400 with

alpha values 0.6 and 0.4), confirming that the results are not an artefact of a particular weight

choice (Jaccard mean 0.97 and min 0.943).

2.3 Lovász Theta Function

The Lovász theta function ε(G) is a graph invariant (depends only on the abstract structure)

introduced by Lovász in 1979 that provides a polynomial-time computable bound on the inde-

pendence number ϑ(G), a quantity that is NP-hard to compute exactly [119, 56].

Definition 2.3.1. Let G = (V,E) be a simple undirected graph. For S ↭ V , and G[S], the

subgraph induced by S, we say a set S is an independent set of G if no two vertices in G[S] are

adjacent. The independence number ϑ(G) is the size of the largest independent set [41].

Let G be a graph with n vertices. The Lovász theta function admits the following semidef-

inite programming characterisation:

ε(G) = max

{
∑

i,j

Xi,j : Tr(X) = 1, Xij = 0 whenever {i, j} ↑ E(G), X ⇒ 0

}

where X ↑ Rn↔n is a positive semidefinite matrix and {i, j} ↑ E(G) denotes adjacency in G

[119]. The constraint Xij = 0 for adjacent pairs enforces that the matrix encodes only non-

edges. A semidefinite programme is a convex optimisation problem, in which the variable is a

symmetric matrix constrained to be positive semidefinite [120, 92]. This constraint makes the

feasible set a spectrahedron (curved unlike a polyhedral in LP), a convex set, allowing SDP to

be solved in polynomial time [120, 92]. The central utility of ε(G) is thus the sandwich theorem

in which ε(Ḡ) is sandwiched between the independence number (NP-hard to compute) and the

chromatic number (NP-hard to compute), while itself being computable in polynomial time

[88].

ϑ(G) ↔ ε(Ḡ) ↔ ϱ(G)
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For the drug target selection problem, each candidate protein v ↑ U carries a relevance score

pv → 0. The weighted Lovász theta function ε(G, p) extends the SDP to incorporate vertex

weights [91].

ε(G, p) = max

{
∑

i,j

⇑
pipj ·Xi,j : Tr(X) = 1, Xij = 0 whenever {i, j} ↑ E(G), X ⇒ 0

}

This generalises the unweighted case (recovered by setting pv = 1 ⇓ v ↑ U ) and satisfies

ϑ(G, p) ↔ ε(Ḡ, p) ↔ ϱ(G, p)

where ϑ(G, p) is the maximum weight independent set value and ϱ(G, p) is the fractional

chromatic number weighted by p.

2.4 Spectral Embedding of the Mtb PPI Network

Definition 2.4.1. Let GMtb = (VMtb, EMtb, w) be the constructed weighted Mtb PPI graph. The

weighted adjacency matrix A ↑ Rn↔n is defined by [64]:

Auv =






wuv {u, v} ↑ E

0 otherwise

The degree matrix D ↑ Rn↔n is the diagonal matrix with entries

Dvv =
∑

u:{u,v}→E

wuv

i.e., the weighted degree of vertex v [64].

Definition 2.4.2. The normalized Laplacian of GMtb is given by L = I ↗D↓1/2AD↓1/2 [63].

Equivalently, the entries are:

Luv =






1 u = v and Dvv > 0

↗ wuv⇑
DuuDvv

{u, v} ↑ E

0 otherwise
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L is symmetric positive semidefinite [76]. Its eigenvalues satisfy 0 = ς1 ↔ ς2 ↔ · · · ↔

ςn ↔ 2, with the smallest eigenvalue ς1 = 0 attained by the eigenvector (normalized)

φ1 =
D1/21

||D1/21||

The multiplicity of the zero eigenvalue equals the number of connected components of GMtb

[76]. The normalized Laplacian is preferred over the unnormalized L = D ↗ A for networks

with heterogeneous degree distributions, as is characteristic of biological PPI networks [39].

In the unnormalized setting, the eigenvalues of L are dominated by high-degree vertices (the

diagonal entries in the diagonal matrix). Hub proteins with many interaction partners contribute

disproportionately large entries to the matrix, and the resulting eigenvectors are skewed toward

capturing degree variation rather than global network topology [63, 64, 121]. This produces a

distorted spectral embedding in which hub proteins cluster artificially and distances between

low-degree proteins are compressed [122]. Normalization scales each connection relative to

the degree of the nodes, neutralizing this hub bias and preserving the true underlying structure

of the network [63, 64].

Let φ1,φ2, . . . ,φn ↑ Rn be the orthonormal eigenvectors of L corresponding to eigenvalues

0 = ς1 ↔ ς2 ↔ · · · ↔ ςn arranged in increasing order.

Definition 2.4.3. The k↗dimensional spectral embedding of GMtb is the map !k : V ⇐ Rk

defined by:

!k(v) = (φ2(v),φ3(v), . . . ,φk+1(v))

where φi(v) denotes the vth coordinate of the ith eigenvector [64].

The first eigenvector is excluded as it carries no structural information. It is constant on

each connected component The choice of k is determined by the eigengap heuristic. Examine

the sorted eigenvalue sequence and select k at the index where the gap ςk+1 ↗ ςk is largest

[64]. A large eigengap indicates that the first k eigenvectors capture a natural partition of the

network, while subsequent eigenvectors encode finer-scale variation. If a graph has k distinct

functional communities with dense connections inside and sparse connections between them

the first k eigenvalues will be small and clustered near zero, and then there will be a sudden

jump [64]. This transformation preserves global connectivity patterns. Nodes that share strong

functional pathways or high topological similarity are placed in close proximity within the

embedding space, measured by the spectral embedding distance (L2 distnace).
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Definition 2.4.4. The spectral embedding distance between two proteins u, v ↑ V is given by:

dspec(u, v) = ||!k(u)↗ !k(v)||2 =
(

k+1∑
i=2

(φ(u)↗ φ(v))2
)1/2

This is the co-ordinate wise distance between the embeddings of two vertices. Note that

dspec(u, v) = 0 does not imply u = v in general, making this spectral embedding distance

a pseudometric. Two distinct proteins in the same spectral cluster will have distance zero in the

limit k ⇐ ⇔ if they are in the same eigenspace.
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Chapter 3

Lovász Theta Relaxation fot Independent
Target Selection

3.1 Target-Interaction Graph from Spectral Geometry

The candidate target set U ↓ VMtb was defined in Chapter 2 as the top 20th percentile of proteins

by composite score pv, after applying the structural druggability filter. We recall the definition

here for completeness:

U = {v ↑ VMtb : pv → ϖp, Drug(v) → ↼}

where ϖp is the 80th percentile score threshold and ↼ = 0.42 is the structural druggability floor

corresponding to AlphaFold pLDDT → 70. The resulting set has |U | = 383 proteins under the

primary weight configuration (ϑ1,ϑ2) = (0.6, 0.4).

Let L = I ↗ D↓1/2AD↓1/2 be the normalised Laplacian of GMtb with eigenvalues 0 =

ς1 ↔ ς2 ↔ · · · ↔ ςn and orthonormal eigenvectors φ1,φ2, . . . ,φn ↑ Rn. The k↗dimensional

spectral embedding of GMtb is the map !k : V ⇐ Rk given by:

!k(v) = (φ2(v),φ3(v), . . . ,φk+1(v))

with the spectral embedding distance:

dspec(u, v) = ||!k(u)↗ !k(v)||2 =
(

k+1∑
i=2

(φ(u)↗ φ(v))2
)1/2

As established in Section 2.4, dspec-emb approximates the commute-time distance on GMtb and

captures functional proximity in the network. The dimension k is chosen by the eigengap

heuristic, i.e., the index at which ςk+1 ↗ ςk is maximised. Sensitivity of the framework to k is

analysed in Section 3.4.
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Definition 3.1.1. Given the candidate set U , the spectral embedding !k, and a threshold ω > 0,

the target-interference graph is:

Hω = (U, Fω), where Fω = {{u, v} ↓ U : dspec-emb({u, v}) ↔ ω}

Two candidate targets are connected in Hω and therefore considered interfering if their spec-

tral distance is at ω, indicating functional co-localisation in the Mtb network. An independent

set in Hω is a set of targets that are mutually spectrally separated: no two selected proteins

occupy the same functional neighbourhood of GMtb. The shortest-path distance could in prin-

ciple define Fω. It is not used here for two reasons. First, it is brittle to missing edges which

a systematic problem in PPI networks where interactions are underreported. Second, it is un-

weighted or poorly weighted by interaction confidence, whereas dspec-emb is derived from the

full weighted Laplacian and incorporates edge confidence through the matrix A. The spectral

distance is robust to sparse noise in EMtb because it is determined by the global eigenstructure

of L and not any single path.

The structure of Hω depends critically on the dimension k of the embedding.

Proposition 3.1.1 (Interval graph when k = 1). When !k is restricted to the Fiedler coordinate

φ2 alone (i.e. k = 1), the interference graph Hω is an interval graph: two vertices u, v ↑ U are

connected if and only if

|φ2(u)↗ φ2(v)| ↔ ω,

which is equivalent to the intervals

[
φ2(u)↗

ω

2
, φ2(u) +

ω

2

]
and

[
φ2(v)↗

ω

2
, φ2(v) +

ω

2

]

having non-empty intersection. Interval graphs are perfect [123].

Proof. Assign to each vertex u ↑ U the interval

Iu = [φ2(u)↗ ω/2, φ2(u) + ω/2] ↖ R

Then

{u, v} ↑ Fω ↙∝ |φ2(u)↗ φ2(v)| ↔ ω ↙∝ Iu ′ Iv ∞= ∈

Hence Hω is the intersection graph of the family

{Iu}u→U
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i.e., an interval graph. Interval graphs are chordal and therefore perfect by the Strong Perfect

Graph Theorem [124].

↫

Proposition 3.1.2 (Geometric intersection graph when k → 2). For k → 2, Hω is a unit ball

intersection graph in Rk: two vertices are connected if and only if the balls

B(!k(u), ω/2) and B(!k(v), ω/2)

intersect. Unit ball intersection graphs in Rk are not perfect in general, but the maximum

weighted independent set problem on such graphs admits a PTAS [125], and the Lovász theta

function provides an upper bound whose integrality gap is controlled by geometric packing

arguments.

Proof. Assign to each vertex u ↑ U the closed ball

Bu = B(!k(u), ω/2) ↖ Rk

Then

{u, v} ↑ Fω ↙∝ ∋!k(u)↗ !k(v)∋2 ↔ ω

↙∝ ∋!k(u)↗ !k(v)∋2 ↔
ω

2
+

ω

2
↙∝ Bu ′Bv ∞= ∈.

Hence Hω is the intersection graph of the family {Bu}u→U of balls of radius ω/2 in Rk, which

is by definition a unit ball intersection graph after rescaling. For the approximation claim,

unit ball graphs in Rk have bounded local complexity: the maximum number of mutually

intersecting equal-radius balls centred in Rk is bounded by the kissing number ↽k, which is

finite for every fixed k. Erlebach, Jansen, and Seidel [125] showed that the independent set

problem on d-dimensional ball intersection graphs admits a
(
1 + 1

r

)

approximation for any integer r → 1 in time nO(rk), yielding a PTAS for fixed dimension k.

↫

Corollary 3.1.1 (Trade-off between expressiveness and tractability). The dimension k governs

a formal trade-off: at k = 1, Hω is perfect and

ε(H̄ω, p) = ϑ(Hω, p)
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exactly; at k → 2, Hω is a richer geometric object capturing higher-dimensional functional

proximity, but the SDP provides an upper bound rather than an exact solution. The choice of k

therefore balances biological expressiveness against algorithmic guarantees.

Proof. For k = 1, Proposition 3.1 shows that Hω is an interval graph. Since interval graphs are

perfect, the Lovász sandwich theorem implies [123, 88]

ϑ(Hω) = ε(H̄ω) = ⇀(H̄ω)

The weighted generalisation further gives [91]

ϑ(Hω, p) = ε(H̄ω, p)

Hence the SDP optimum coincides exactly with the maximum weighted independent set value,

and the integrality gap is zero. For k → 2, Proposition 3.2 shows that Hω is a unit ball inter-

section graph in Rk. Such graphs are not perfect in general; for example, the cycle C5 can be

realised as a unit ball intersection graph in R2, and C5 is not perfect. Consequently,

ϑ(Hω, p) ↔ ε(H̄ω, p)

but equality is not guaranteed. To control the integrality gap, observe that the chromatic num-

ber of a unit ball intersection graph in Rk is bounded in terms of the kissing number ↽k. In

particular,

ϱ(Hω) ↔ ↽k + 1

where ↽k denotes the kissing number in Rk (↽1 = 2, ↽2 = 6, ↽3 = 12). Since the Lovász theta

function satisfies

ε(H̄ω) ↔ ϱ(Hω),

it follows that
ε(H̄ω, p)

ϑ(Hω, p)
↔ ↽k + 1.

Thus the SDP relaxation remains controlled geometrically even when exactness is lost. For the

practical case of the M. tuberculosis embedding with k ↑ [10, 20], this bound is conservative,

and the actual integrality gap is evaluated empirically in Section 3.4.

↫

Lemma 3.1.1 (Degree bound). The maximum degree of Hω satisfies

”(Hω) ↔ max
u→U

|{v ↑ U : ∋!k(u)↗ !k(v)∋2 ↔ ω}|↗ 1.
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This quantity — the maximum number of candidate target points contained within a ball of

radius ω in !k(U) — is directly computable from the embedding and is examined empirically

in Section 3.4 as a function of ω.

Proof. By definition of the interference edge set Fω, the degree of a vertex u ↑ U in Hω is

degHω
(u) = |{v ↑ U \ {u} : ∋!k(u)↗ !k(v)∋2 ↔ ω}|

Taking the maximum over all vertices gives

”(Hω) = maxu→U degHω
(u) = maxu→U |{v ↑ U \ {u} : ∋!k(u)↗ !k(v)∋2 ↔ ω}|

Equivalently,

”(Hω) ↔ max
u→U

|{v ↑ U : ∋!k(u)↗ !k(v)∋2 ↔ ω}|↗ 1.

Thus the maximum degree is precisely the largest number of embedded candidate targets lying

within an ω-ball around any point of the empirical point cloud

!k(U) ↖ Rk

This quantity is computable in O(|U |2) time from the pairwise distance matrix.

↫

The bound in Lemma 3.1 is tight: equality is attained whenever some vertex u has an ω-

ball containing the maximum possible number of neighbouring candidate targets. In practice,

”(Hω) grows monotonically with ω and therefore governs both the density of interference rela-

tionships and the computational difficulty of the independent set problem. This dependence is

analysed empirically in Section 3.4.

3.2 Lovász Theta SDP Formulation

We apply the weighted Lovász theta function to the complement graph H̄ω. Recall from Sec-

tion 2.3 that ε(H̄ω, p) is defined by the semidefinite program [91]

ε(H̄ω, p) = max

{
∑

i,j→U

⇑
pipj Yij : Tr(Y ) = 1, Yij = 0 ⇓{i, j} ↑ Fω, Y ⇒ 0

}
,

where

Y ↑ R|U |↔|U |
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is a positive semidefinite matrix. The constraint

Yij = 0 ⇓{i, j} ↑ Fω

encodes that interfering target pairs, those spectrally close in GMtb, contribute nothing to the

objective. The factor ⇑pipj scales the contribution of each pair by the geometric mean of their

relevance scores, thereby generalising the unweighted case recovered when pv = 1 for all v.

By the weighted sandwich theorem [91, 88],

ϑ(Hω, p) ↔ ε(H̄ω, p)

where

ϑ(Hω, p) = max
S indep.

∑

v→S

pv

is the maximum weight independent set value — the quantity of interest in the target selection

problem. When k = 1 and Hω is perfect (Proposition 3.1), the bound is exact. We now discuss

the SDP geometry and its relationship to the spectral embedding.

The SDP solution Y ↑ admits an orthonormal representation: there exist unit vectors

{yu}u→U ↖ R|U |

such that

Y ↑
uv = y↗u yv.

The constraint

Yuv = 0 ⇓{u, v} ↑ Fω

therefore imposes

y↗u yv = 0

for precisely those pairs that are spectrally close in GMtb.

Theorem 3.2.1 (Geometric inversion). Let Hω be constructed from the spectral embedding

!k of GMtb via the threshold ω. The SDP representation {yu}u→U constructs a geometry on

U in which functional proximity in GMtb, as measured by dspec↓emb(u, v) ↔ ω is mapped to

orthogonality in R|U |. That is,

dspec↓emb(u, v) ↔ ω =∝ y↗u yv = 0
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This constitutes a geometric inversion: the Laplacian embedding maps functionally proxi-

mate proteins to nearby points in Rk, while the SDP maps the same pairs to orthogonal vectors

in R|U |. The two geometric structures are dual by construction, since the SDP enforces separa-

tion precisely where the spectral embedding enforces proximity.

Proof. By construction,

{u, v} ↑ Fω ↙∝ dspec(u, v) ↔ ω.

The SDP defining ε(H̄ω, p) imposes the constraint

Yuv = 0 ⇓{u, v} ↑ Fω

Since every feasible positive semidefinite matrix admits a Gram representation Yuv = y↗u yv, it

follows immediately that

dspec↓emb(u, v) ↔ ω =∝ y↗u yv = 0

Thus spectral proximity in the Laplacian embedding is transformed into orthogonality in the

SDP geometry.

↫

The converse does not hold in general: orthogonality in SDP-space does not necessarily

imply spectral proximity. Non-adjacent pairs in Hω may or may not be orthogonal depending

on the structure of the optimal SDP solution.

3.3 Rounding and Approximation

The SDP solution Y ↑ is a continuous relaxation. To recover a discrete independent set Ŝ ↓ U ,

two rounding schemes are considered.

Scheme R1 - Score-weighted diagonal rounding

Rank vertices by pu · Y ↑
uu in decreasing order. Greedily select vertices in this order, adding u to

Ŝ only if no currently selected vertex v ↑ Ŝ satisfies {u, v} ↑ Fω.

The quantity Y ↑
uu = ∋yu∋2 = 1 for all u in the orthonormal representation, so this reduces to

ranking by pu, the composite relevance score, and greedily constructing an independent set.

This is the default rounding scheme.

Scheme R2 - Randomised hyperplane rounding
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Sample a random unit vector r △ Uniform(S|U |↓1) For each u ↑ U assign xu = sign(y↗u r).

The set Ŝ = {u : xu = +1} is a candidate set; retain only the independent set induced by Ŝ

after removing conflicting vertices. This scheme is repeated T times, and the independent set

with the largest total weight is retained. Randomised rounding is expected to perform better

when Y ↑ has many off-diagonal nonzero entries, indicating a complex SDP geometry.

Two rounding schemes are applied to extract a discrete independent set from the SDP so-

lution Y ↑. Scheme R1 (score-weighted greedy) ranks vertices by pv in decreasing order and

greedily selects non-conflicting vertices. Scheme R2 (randomised hyperplane rounding) sam-

ples T = 200 random unit vectors r △ Uniform(S|U |↓1), assigns xu = sign(y↗u r) for each

vertex, enforces independence greedily on the positive-sign set, and returns the best solution

over all T trials. The pure greedy baseline applies R1 without any SDP information.

The greedy baseline sorts U by pv in decreasing order and iteratively adds the highest-

scoring vertex not adjacent in Hω to any already-selected vertex. This is equivalent to Scheme

R1 without the SDP, it uses only the biological score without any information from the relax-

ation.

The SDP provides two things that greedy does not. First, it provides a dual upper bound

ε(H̄ω, p) on the true optimum ϑ(Hω, p), so the gap between the rounded solution and the best

possible solution is explicitly quantifiable. Second, when Hω is perfect (Proposition 3.1), the

SDP achieves exactness and greedy cannot in general, on perfect graphs the SDP solves the

problem optimally while greedy may return a suboptimal solution. The empirical gap between

SDP rounding and greedy on the Mtb Hω is examined in Section 3.4.

Table 3.1 reports the SDP upper bound ε(H̄ω, p), the R2 rounded solution weight, and the

integrality ratio Q(ŜR2)/ε(H̄ω, p) across all ω values. The R2 rounding achieves an integrality

ratio of exactly 1.000 at every value of ω tested, indicating that the hyperplane rounding recovers

the full SDP bound. This confirms that the SDP solution is tight on the Mtb interference graph.

The relaxation has zero integrality gap in practice, and that R2 rounding is sufficient to achieve

it. The greedy baseline achieves integrality ratios between 0.698 and 0.944, consistently below

R2, confirming that the SDP provides a demonstrably better solution than the greedy baseline

in terms of total target weight.

The normalised Laplacian of the largest connected component of GMtb (1,928 nodes, 15,017

edges) is eigendecomposed. The eigengap plot is examined to select k; preliminary analysis

suggests k ↑ [10, 20] based on the eigenvalue distribution of the H37Rv interactome. The em-
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ω SDP bound ε R2 weight R2 ratio Greedy weight Greedy ratio
0.05 17.40 17.40 1.000 15.80 0.908
0.10 11.00 11.00 1.000 8.60 0.782
0.15 7.10 7.10 1.000 6.70 0.944
0.20 5.30 5.30 1.000 4.70 0.887
0.25 4.70 4.70 1.000 3.70 0.787
0.30 4.30 4.30 1.000 3.00 0.698

Table 3.1: Comparison of SDP and greedy solutions across different values of ω

bedding !k(U) for the 440 candidate targets is extracted as the restriction of the full embedding

to U .

The interference graph Hω is constructed for ω ↑ {0.05, 0.10, 0.15, 0.20, 0.25, 0.30}. For

each ω, the following quantities are recorded:

• |Fω| - number of interference edges

• ”(Hω) - maximum degree (from Lemma 3.1)

• ε(H̄ω, p) - SDP upper bound

• Q(ŜSDP) - weight of rounded SDP solution

• Q(Ŝgreedy) - weight of greedy solution

• Q(ŜSDP)/ε(H̄ω, p) - integrality ratio

The ω sensitivity analysis serves two purposes: it shows how the non-interference criterion

scales with the resolution of functional separation, and it identifies the regime where the SDP

solution and the greedy solution diverge most significantly. The rounded SDP solution Ŝ is

evaluated against three biological criteria. First, independence verification: confirm that no two

proteins in Ŝ satisfy dspec(u, v) ↔ ω, i.e. Ŝ is a valid independent set in Hω. Second, functional

subsystem coverage: using the MycoBrowser functional category annotations from Chapter 2,

verify that proteins in Ŝ span multiple distinct functional categories (cell wall biosynthesis,

central carbon metabolism, DNA replication, ESX secretion, etc.). A non-redundant target

combination should have no two members from the same functional category. Third, ground

truth recovery: measure what fraction of the six validated drug targets (KatG, InhA, RpoB,

GyrA, GyrB, DprE1) appear in Ŝ or in the top-ranked independent sets returned by the SDP.
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For the Fiedler coordinate embedding (k = 1), Hω is verified to be chordal (a necessary

condition for interval graphs) via the NetworkX chordality check; the result is True, consis-

tent with Proposition 3.1. The integrality ratio at k = 1 is 0.883, somewhat below 1.0. This

is explained by the rounding step: the SDP bound is exact on the perfect graph, but the greedy

rounding does not recover it exactly. Using R2 rounding at k = 1 would be expected to close

this gap.

None of the six validated drug targets (KatG, InhA, RpoB, GyrA, GyrB, DprE1) appear

in the independent set solutions at any ω. This result warrants explicit analysis. Inspection of

the pairwise spectral distances among these six proteins reveals that they are mutually spec-

trally proximate, all six lie within the same spectral neighbourhood of GMtb, meaning they are

connected to each other in Hω at any ω → ω↑ where ω↑ is small. The independence constraint

therefore permits at most one of these six proteins to appear in any independent set. The one

that does appear is further excluded by competition from high-scoring essential, host-specific

proteins elsewhere in U that have higher pv scores. This is a substantive finding rather than a

failure: it indicates that the six classical TB drug targets are not spectrally non-redundant with

respect to each other. They occupy overlapping functional neighbourhoods in the Mtb PPI and

are therefore classified as interfering under the non-redundancy criterion. This is biologically

consistent: isoniazid (InhA/KatG) and ethambutol (EmbA/B/C) both target cell wall synthesis,

while fluoroquinolones (GyrA/B) target DNA replication; these subsystems are not spectrally

independent. The framework is not failing to recover known targets, it is correctly identifying

that the known regimen already violates the strict non-interference criterion, and proposing an

alternative set of targets that satisfies it.

3.3.1 Comparison to Baselines

The SDP solution is compared to three baselines.

• Baseline 1 - Degree/score heuristic: rank by pv · degHω
(v)↓1 (high score, low interfer-

ence degree) and greedily select.

• Baseline 2 - Minimum dominating set complement: compute an approximate mini-

mum dominating set of Hω using a greedy set-cover approximation [126]. The comple-

ment of a minimum dominating set is a maximal independent set.
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• Baseline 3 - Spectral clustering without Lovász: run k-means on !k(U) to partition U

into m clusters; select the highest-scoring protein from each cluster. This is the natural

baseline for a spectral-only approach without the combinatorial SDP layer.

Evaluation metrics across all methods include total weight Q(Ŝ), set size |Ŝ|, fraction of

known drug targets recovered, number of distinct functional categories represented, and where

the SDP dual bound is available, the integrality ratio Q(Ŝ)/ε(H̄ω, p).
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Chapter 4

Spectral and Geometric Analysis of
Theta-Based Targets

4.1 Spectral Embedding and Visualisation of Target Sets

4.1 shows the eigenvalue spectrum of the normalised Laplacian L and the eigengap sequence

ςi+1 ↗ ςi for the first 50 eigenvalues of the largest connected component (1,928 nodes). The

eigengap heuristic identifies k = 23 as the optimal embedding dimension. There is a local

maximum gap at index 23, after which the spectrum becomes denser with no clearly dominant

gap. The eigenvalues increase gradually from near zero, without a dramatic cluster of near-

zero eigenvalues that would indicate strongly separated communities. This is consistent with

the PPI network having a large number of loosely connected functional modules rather than a

small number of sharply delineated ones.

Figure 4.1: Left: sorted eigenvalues ε1, . . . ,ε50 of the normalised Laplacian of the Mtb H37Rv PPI
network largest connected component (1,928 nodes). Right: eigengap sequence εi+1 ↓ εi. The dashed
red line marks the selected embedding dimension k = 23 at the largest gap in the range i ↘ 2

The Fiedler value ς2 ↘ 0.001 is very small, indicating that the largest connected component is
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close to disconnected. There are strong hub nodes maintaining connectivity across otherwise

weakly linked peripheral subgraphs. This structure is typical of scale-free biological interaction

networks and is the reason the Fiedler plane visualisation (Figure 4.2) is degenerate.

4.1.1 Two-Dimensional Projection for Visualisation

The full k-dimensional spectral embedding !k is not directly visualisable. For presentation

purposes, two-dimensional projections are obtained by two complementary methods. First,

the Fiedler plane: the coordinates (φ2(v),φ3(v)) for each v ↑ VMtb which captures the two

directions of greatest spectral variation. Second, UMAP projection [127] applied to !k to

preserve local neighbourhood structure in two dimensions. Both projections are shown with

proteins coloured by:

• membership in the theta-based target set ŜSDP

• membership in the greedy baseline set Ŝgreedy

• membership in the spectral cluster baseline set

• validated ground truth drug targets (KatG, InhA, RpoB, GyrA, GyrB, DprE1)

• MycoBrowser functional category

Figure 4.2 shows the Fiedler plane projection (φ2(v),φ3(v)) for all proteins in the LCC. The

structure is degenerate: the overwhelming majority of proteins cluster near (φ2,φ3) ↘ (0, 0),

with a small number of outliers distributed along the axes. This pattern arises from the hub-

spoke topology of the Mtb PPI. A small number of highly connected hub proteins (large degree)

receive near-zero Fiedler coordinates because they are central to the network, while low-degree

peripheral proteins are pushed to large values along individual eigenvector directions. The

Fiedler plane is therefore not an informative 2D visualisation for this network, and the full

k = 23 embedding is required to capture meaningful functional separation.
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Figure 4.2: Fiedler plane projection of the Mtb H37Rv PPI network (1,928 proteins).
Each point is a protein; red = SDP target set ŜSDP; teal = validated ground truth drug
targets (KatG, InhA, RpoB, GyrA, GyrB, DprE1); light blue = remaining proteins. The
degenerate clustering at the origin reflects the hub-spoke topology of the network; the full
23-dimensional embedding is used for all quantitative analyses.

Figure 4.3 shows the UMAP projection of the full k = 23 spectral embedding. The structure is

more informative: proteins are distributed across multiple disconnected clusters corresponding

to functional modules, with peripheral chain-like subgraphs representing operon-like interac-

tion patterns. The SDP target set (red) is distributed across multiple clusters rather than con-

centrated in one region, consistent with the non-interference criterion selecting proteins from

distinct functional neighbourhoods. The ground truth targets (teal) concentrate in the central

cluster, which corresponds to the core metabolic and biosynthetic machinery of Mtb, consis-

tent with the finding in Section 3.3 that they are spectrally proximate to each other. The central

visual claim to establish is that ŜSDP is more spatially dispersed in the spectral embedding than

Ŝgreedy, i.e., the SDP solution selects proteins that are farther apart in !k(U) than the greedy

solution does, consistent with the non-interference criterion enforced by Hω.
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Figure 4.3: UMAP projection of the 23-dimensional spectral embedding !23 for all proteins in
the Mtb PPI LCC. Colouring as in Figure 4.2. SDP targets (red) are distributed across multiple
functional clusters; ground truth targets (teal) concentrate in the network core, consistent with their
mutual spectral proximity documented in Section 3.3.

4.1.2 Dispersion Metric

To quantify spatial dispersion formally, define the mean pairwise spectral distance of a set

S ↓ U :

Disp(S) = 1

(|S|
2 )

∑
{u,v}≃S dspec(u, v)

By construction, any independent set S in Hω satisfies dspec(u, v) > ω for all {u, v} ↓ S, so

Disp(S) > ω automatically. The comparison of interest is whether

Disp(ŜSDP) > Disp(Ŝgreedy)

i.e. whether the SDP solution selects targets that are not just minimally separated but maximally

spread across the network manifold. This is reported for each ω alongside the solution weight

comparison from Chapter 3.
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4.1.3 Null Distribution

To assess whether the observed dispersion of ŜSDP is exceptional, a null distribution is con-

structed by sampling 104 random independent sets of the same size |ŜSDP| from Hω (using a

random greedy algorithm with random node ordering) and computing Disp for each. The em-

pirical p-value of ŜSDP under this null gives a statistical measure of how geometrically extreme

the SDP solution is relative to chance-level non-interfering target combinations.

Figure 4.4: Null distribution of mean pairwise spectral distance Disp(S) over 104 random in-
dependent sets of size |ŜSDP| = 12 sampled from H0.15. Red vertical line: SDP solution
(Disp = 0.404, p = 0.119); orange dashed line: greedy baseline (Disp = 0.521).

The mean pairwise spectral distance of ŜSDP is Disp(ŜSDP) = 0.404, compared to Disp(Ŝgreedy) =

0.521. Contrary to the hypothesis stated in Section 4.1, the SDP solution is less dispersed than

the greedy solution. The null distribution (Figure 4.4) shows that ŜSDP is not statistically dis-

tinguishable from random independent sets of the same size (p = 0.119), while Ŝgreedy is

significantly more dispersed than random (p < 0.001). This finding is interpretable. The SDP

objective maximises total weight
∑
v
pv, not dispersion. It is a weighted coverage optimisa-

tion, not a max-spread problem. The greedy baseline, by sorting on scores and selecting non-

conflicting vertices, tends to pick high-score vertices from the periphery of the network where

scores are high due to host-specificity (high Cons) without many interfering neighbours, which

incidentally produces high dispersion. The SDP instead finds the globally optimal MWIS,

which may select a denser cluster of high-weight vertices. Dispersion is a secondary property

of the solution, not what is being optimised, and the SDP is not expected to maximise it.
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4.2 Geodesic Distances and Functional Module Coverage

The MycoBrowser functional category annotations partition VMtb into M functional categories

F1, . . . ,FM . For each category Fj , define its spectral centroid:

cj =
1

|Fj |
∑

v→Fj
!k(v)

The distance from a target u ↑ Ŝ to functional module Fj is:

d(u,Fj) = minv→Fj dspec(u, v)

and the distance from the entire target set Ŝ to module Fj is:

d(Ŝ,Fj) = minu→Ŝ d(u,Fj)

A target set Ŝ covers module Fj if d(Ŝ,Fj) ↔ ↼ for some coverage radius ↼ > 0. The module

coverage score of Ŝ is the fraction of functional modules covered:

Cov(Ŝ, ↼) = |{j:d(Ŝ,Fj)⇐ϑ}|
M

This is computed for ŜSDP, Ŝgreedy, and the spectral cluster baseline across a range of ↼ values,

producing a coverage curve. The hypothesis is that the SDP solution achieves higher module

coverage at smaller ↼, i.e., it places at least one target close to more distinct functional modules

than the baselines do.

Figure fig:mod shows the functional module coverage curves for all three methods across

↼ ↑ [0, 0.5]. The greedy and spectral cluster baselines reach 100% module coverage at ↼ ↘

0.02, while the SDP reaches 100% coverage only at ↼ ↘ 0.10. At small ↼ (strict coverage),

the SDP covers 50% of modules compared to 75% for greedy. This result is consistent with

the dispersion finding: the greedy solution, being more dispersed, places targets closer to more

functional modules simultaneously. The SDP solution’s more concentrated selection means it

covers some modules well and others only at larger radius.

45



Figure 4.5: Functional module coverage curves for the SDP target set ŜSDP (red), greedy baseline
(orange dashed), and spectral cluster baseline (teal dotted), as a function of coverage radius ϑ. The
SDP reaches full coverage of all 8 MycoBrowser functional categories at ϑ ⇒ 0.10; the baselines
reach full coverage at ϑ ⇒ 0.02.

A heatmap of dspec(u, v) for u, v ↑ ŜSDP is presented, with rows and columns annotated by

functional category. The expected pattern is a block structure in which targets from differ-

ent functional categories have large pairwise spectral distances, while targets from the same

category (if any appear in Ŝ) have smaller distances. If the independence constraint is well-

calibrated to ω, no two targets in ŜSDP should be within the same spectral neighbourhood, and

the heatmap should show uniformly large off-diagonal distances.

Figure 4.6 shows the pairwise spectral distance heatmap within ŜSDP. The 12 selected

proteins fall into two spectral clusters - a group with small pairwise distances in the lower-right

of the heatmap (rows/columns 10-12) and a more dispersed upper-left group. The two proteins

in rows 10-11 (Rv3421c and Rv2731, both conserved hypotheticals with similar Cons scores)

have pairwise distance near zero, appearing as a near-block in the heatmap. This suggests

that ω = 0.15 may be too large for this particular cluster - they are spectrally close but just

above the interference threshold. Reducing ω would force stricter separation and remove this

near-redundant pair.
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Figure 4.6: Pairwise spectral distances dspec(u, v) within the SDP target set ŜSDP (n = 12).
All off-diagonal entries are > ω = 0.15 by the independence constraint, confirming valid indepen-
dence. The near-zero block in the lower-right corresponds to two conserved hypothetical proteins
(Rv3421c, Rv2731) with similar spectral embeddings that are just above the interference thresh-
old.

4.3 The SDP Geometry and its Relationship to the Spectral

Embedding

This section formalises and empirically examines the geometric inversion theorem established

in Section 3.2. Theorem 3.1 established that the SDP representation {yu}u→U inverts the spec-

tral geometry of GMtb: pairs that are close in the Laplacian embedding !k, and therefore con-

nected in Hω, are mapped to orthogonal vectors in the SDP space, while pairs that are far in !k

may or may not be orthogonal. Formally:

dspec(u, v) ↔ ω =∝ y↗u yv = 0

The two geometric spaces are:

• Laplacian space Rk: proximity encodes functional co-localisation
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• SDP space R|U |: orthogonality encodes interference

These are dual by construction. This section examines the structure of the SDP space empiri-

cally.

4.3.1 Extraction of SDP Vectors

From the optimal SDP solution Y ↑ ↑ R|U |↔|U |, extract the orthonormal representation via eigen-

decomposition:

Y ↑ = V #V ↗, # = diag(ς1, . . . ,ς|U |)

with ςi → 0. Define

yu =
⇑
ςu · Vu

where Vu is the u-th row of V ·diag(
⇑
ςi). The vectors{yu}u→U satisfy Y ↑

uv = y↗u yv and ∋yu∋2 =

Y ↑
uu.

Three quantities are examined. First, orthogonality of interfering pairs: for all {u, v} ↑ Fω,

compute |y↗u yv|. By Theorem 3.1 these should all be zero (up to numerical precision of the

SDP solver). The distribution of |y↗u yv| over all interfering pairs is reported; values above

10↓4 indicate SDP solver imprecision. Second, inner products of non-interfering pairs: for all

{u, v} /↑ Fω with u, v ↑ U, compute y↗u yv. These are unconstrained by the SDP and can take any

value in [↗1, 1]. The distribution is reported and compared to the interfering pair distribution

to confirm the geometric inversion empirically. Third, correlation between SDP inner products

and spectral distances: compute the Spearman rank correlation between y↗u yv and dspec(u, v)

over all pairs {u, v} ↓ U. A positive correlation, higher spectral distance (more separated in

GMtb) associated with higher inner product in SDP space (more aligned in R|U |), would confirm

that the SDP geometry is systematically related to the Laplacian geometry beyond the hard

orthogonality constraint on interfering pairs.

Figure fig:inner shows the distribution of |y↗u yv| for interfering pairs (left) and y↗u yv for

non-interfering pairs (right). For interfering pairs, the maximum absolute inner product is

4.91 ≃ 10↓6 (machine precision), confirming that the SDP solver enforces the orthogonality

constraint of Theorem 3.1 to numerical exactness. Non-interfering pairs have a distribution

concentrated near zero with a long right tail up to 0.14, confirming that non-interfering pairs

are not orthogonal in general and that the SDP geometry is non-trivial for non-edge pairs.
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Figure 4.7: SDP inner product distributions confirming Theorem 3.1. Left: |y→u yv | for interfering
pairs {u, v} → F0.15 - all values are at machine precision (⇐ 4.91 ↔ 10↑6), confirming exact
enforcement of the geometric inversion constraint. Right: y→u yv for non-interfering pairs - dis-
tributed in [0, 0.14] with mean 6↔ 10↑4, confirming non-trivial SDP geometry.

The Spearman rank correlation between dspec(u, v) and y↗u yv over all pairs {u, v} ↓ U is

⇁ = ↗0.437 (p ↘ 0). The significant negative correlation confirms that spectral proximity in

GMtb is systematically associated with low SDP inner products, i.e., proteins that are close in

the Laplacian space are assigned near-orthogonal vectors by the SDP. Figure fig:scatter shows

the scatter plot: the dense vertical line at dspec ↘ 0 corresponds to all interfering pairs (forced

to y↗u yv = 0), while non-interfering pairs at larger spectral distances show a diffuse cloud of

small but positive inner products. The negative correlation at moderate-to-large distances is

weaker but present, consistent with the inversion being strongest at the interference boundary

and decaying for well-separated pairs.

The SDP vectors {yu}u→U lie on the unit sphere in R|U |. UMAP projection to two dimen-

sions is applied to the matrix of SDP vectors, and the resulting layout is compared visually

to the UMAP projection of !k(U). If the geometric inversion is strong, proteins that cluster

together in the Laplacian UMAP should be dispersed in the SDP UMAP, and vice versa. Quan-

titatively, the neighbourhood overlap between the two projections is measured: for each protein

u ↑ U, compute the fraction of its 10 nearest neighbours in !k(U) that appear among its 10

nearest neighbours in the SDP UMAP. Low overlap confirms geometric inversion; high over-

lap would suggest the two spaces encode similar structure and the SDP is not adding geometric

information beyond the Laplacian.
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Figure 4.8: Scatter plot of spectral distance dspec(u, v) vs SDP inner product y→u yv for all
(|U|

2

)

pairs. Spearman ϖ = ↓0.437 (p ⇒ 0). The vertical line of zero inner products at low spectral
distance corresponds to interfering pairs with enforced orthogonality. The negative trend at larger
distances confirms systematic geometric inversion between the Laplacian and SDP representations.

Figure 4.9 shows UMAP projections of !k(U) (left) and the SDP vectors {yu}u→U (right).

The two layouts are qualitatively different: the Laplacian UMAP shows multiple compact

clusters corresponding to functional modules, while the SDP UMAP shows a different clus-

ter structure with most proteins concentrated in one region and a small number of outliers. The

neighbourhood overlap between the two projections is 0.097 - only 9.7% of K = 10 near-

est neighbours are shared between the two spaces. This is substantially below what would be

expected if the two spaces were geometrically similar (expected overlap ↘ 1.0 for identical

spaces, ↘ K/|U | ↘ 0.03 for completely random). The observed value of 0.097, slightly above

random, confirms that the two spaces encode fundamentally different geometric information.

The Laplacian captures functional co-localisation and the SDP encodes non-interference, while

retaining a small common structure arising from the graph topology.

50



Figure 4.9: UMAP projections of the Laplacian spectral embedding !23(U) (left) and SDP vectors
{yu}u↓U (right) for the 339 candidate proteins in U ⇑ LCC. Red points: SDP target set ŜSDP. Neigh-
bourhood overlap = 0.097 (9.7% of K = 10 nearest neighbours shared), confirming geometric inversion:
the two spaces encode fundamentally different geometric relationships among the candidate proteins.
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Chapter 5

Conclusion and Future Work

This dissertation has developed a spectral-geometric framework for the non-redundant selection

of anti-tuberculosis drug targets, grounded in the Laplacian embedding of the Mycobacterium

tuberculosis H37Rv protein-protein interaction network and the Lovász theta semidefinite re-

laxation of the maximum weighted independent set problem on the resulting target-interference

graph. The construction integrates three complementary interaction sources into a unified

weighted graph, applies a biologically motivated composite relevance score augmented by a

structural druggability filter, and exploits the geometry of the Laplacian embedding to formalise

non-interference as a pairwise distance constraint on a candidate set U . The Fiedler-coordinate

restriction yields an interval graph for which the SDP bound is tight, while higher-dimensional

embeddings produce unit ball intersection graphs whose integrality gap is bounded by the kiss-

ing number in Rk. This chapter situates the framework within its methodological and biological

boundaries and outlines the directions in which the analysis can be extended.

5.1 Methodological Limitations

The principal algorithmic limitation of the framework is the polynomial but practically un-

favourable scaling of the underlying semidefinite programme. For the candidate set size con-

sidered here, |U | = 383, the SDP matrix is of dimension 383 ≃ 383 and the problem is

solved in seconds using interior-point methods through the CVXPY-MOSEK pipeline. How-

ever, interior-point algorithms for general semidefinite programs scale as O(n6) in time and

O(n4) in memory in the worst case, and the positive semidefinite cone constraint introduces

substantial structural overhead relative to linear programming. Applying the same framework

to substantially larger candidate sets. For example, the full Mtb proteome, the integrated in-
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teractomes of multiple pathogens analysed jointly, or human disease modules at scale would

exceed the practical reach of standard interior-point solvers and require alternative approaches

such as first-order methods exploiting low-rank structure, dual SDP formulations leveraging

sparsity in Hω, or Burer-Monteiro factorisations of the SDP matrix. None of these is a drop-in

replacement, and each introduces its own trade-offs between scalability and the tightness of the

resulting bound.

A second methodological limitation concerns the sensitivity of the framework to the thresh-

old ω and the embedding dimension k. The interference graph Hω is parameterised by ω, and

the choice of this parameter directly determines both the density of the graph and the size of

the optimal independent set. As ω ⇐ 0, the graph approaches the edgeless graph and the entire

candidate set becomes feasible; as ω grows, the graph becomes increasingly dense and the opti-

mum collapses toward a small number of widely separated targets. While Lemma 3.1.1 bounds

the maximum degree of Hω in terms of the geometric packing of !k(U), it does not prescribe

a principled choice of ω itself, which must be calibrated empirically. The dependence on k is

more subtle. At k = 1, the interval-graph result of Proposition 3.1.1 yields exactness via the

sandwich theorem but restricts the geometry to a single coordinate, foreclosing the possibility

that biologically meaningful functional separation lies in higher harmonics of the Laplacian. At

k → 2, the framework captures richer functional proximity but loses exactness in exchange for a

controlled integrality gap. The eigengap heuristic guides the choice of k but does not eliminate

the dependence: networks with multiple comparable eigengaps produce qualitatively different

embeddings, and the biological interpretability of the resulting non-interference relation varies

with the dimension chosen.

A third limitation lies in the assumptions underlying the probabilistic combination of edge

weights. The formula

wfinal
uv = 1↗


sources

(1↗ wsource
uv )

treats each evidence channel (STRING confidence, IntAct curated evidence, and the bacterial

two-hybrid screen of Wang et al.) as an independent source of support, and combines them un-

der the probability calculus appropriate to independent Bernoulli trials. In reality, the evidence

sources are not fully independent. STRING incorporates text-mining and database channels

that draw on the same underlying literature reported in IntAct curation, and high-confidence in-

teractions in any database are systematically more likely to have been independently re-verified

than weakly supported ones. The independence assumption therefore inflates the combined
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confidence of well-studied proteins relative to less-studied ones, producing a confidence bias

that compounds the well-known sampling bias of the Mtb interactome itself. A more princi-

pled treatment would model the conditional dependence structure between sources explicitly,

for example through a hierarchical Bayesian formulation in which source-specific reliability

parameters are estimated jointly with the interaction probabilities, but this would substantially

complicate the construction of GMtb and was beyond the scope of the present work.

5.2 Biological Interpretation and Limitations

The non-interference criterion developed in this thesis is defined purely in terms of network

topology and its spectral embedding. Two targets are considered non-redundant if and only if

they lie at sufficient spectral distance in the Laplacian embedding of GMtb. This is a topological

proxy for functional independence, but it is not equivalent to pharmacological independence in

the clinical sense. Two proteins occupying distinct spectral neighbourhoods may nonetheless

lie on convergent pathways whose inhibition selects for the same resistance determinant, and

conversely, proteins that are spectrally proximate may participate in genuinely distinct biolog-

ical roles that the interactome representation fails to resolve. The clinical phenomenon that the

framework is ultimately trying to model, i.e., the suppression of resistance emergence through

the simultaneous inhibition of biologically independent subsystems, depends on causal and

evolutionary properties of the pathogen that are only partially captured by the static interac-

tome. Functional independence in the graph-theoretic sense is therefore a necessary but not

sufficient condition for the design of multi-target combination regimens whose resistance land-

scape is genuinely uncoupled.

The limitations of the input data compound this interpretive caveat. The integrated Mtb in-

teractome assembled in Chapter 2 contains 2,137 of the approximately 3,993 predicted proteins

of H37Rv, meaning that close to half of the proteome is absent from the analysis. Proteins that

are unstudied, poorly soluble, structurally intractable, or members of difficult-to-assay families,

notably the PE/PPE and ESX systems, which account for roughly a tenth of the coding capacity,

are systematically underrepresented. The interactions that are present are themselves subject

to substantial false-positive and false-negative rates: the bacterial two-hybrid screen reports

an experimental validation rate of approximately 60%, STRING association scores incorpo-

rate text-mining and co-occurrence signals that are correlated with literature attention rather
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than with biological reality, and IntAct curation, while manually vetted, inherits the sampling

biases of the experiments it summarises. The resulting network is therefore not a faithful rep-

resentation of the true Mtb interactome but an evidence-weighted sample of it, and the spectral

structure that emerges reflects both genuine functional organisation and the sampling biases of

the pipelines that produced the underlying data.

Consequently, the candidate combinations produced by the framework should be interpreted

as hypotheses for experimental investigation rather than as therapeutic recommendations. A

meaningful validation pipeline would proceed in stages: in vitro confirmation of essential-

ity and druggability for each candidate target in the selected set; pairwise and higher-order

combination assays measuring synergy, additivity, and the rate of resistance emergence under

combined inhibition; mechanistic characterisation of any observed independence in resistance

evolution through whole-genome sequencing of resistant isolates arising under combination

pressure; and ultimately in vivo testing in macrophage infection models and animal models of

TB. Only at the end of such a pipeline would it be justified to claim that a computationally

selected combination realises the non-interference property in any clinically meaningful sense.

The contribution of the present framework is to narrow the combinatorial search space from the

astronomically large set of possible target combinations to a small, mathematically principled

shortlist that is tractable for downstream experimental investigation.

5.3 Future Directions

The first direction in which the framework can be extended concerns the algorithmic relaxation

itself. The Lovász theta function is the tightest polynomial-time computable upper bound on

the independence number for general graphs, but it is not the only convex relaxation available,

and tighter bounds can be obtained at higher computational cost through the Lovász-Schrijver

and Lasserre hierarchies, which lift the SDP to progressively higher levels of moment relax-

ation and converge to the integer optimum in a finite number of rounds. Investigating the

trade-off between hierarchy level and tractability for target-interference graphs derived from

spectral embeddings would clarify whether the additional computational cost yields biologi-

cally meaningful improvements in the selected combinations, or whether the first-level theta

bound is already close to the integer optimum on the geometric graphs arising from !k. A sec-

ond algorithmic direction is the development of rounding schemes that produce integer-valued
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independent sets from the fractional SDP solution while preserving provable approximation

guarantees. The orthonormal representation {yu}u→U underlying the SDP solution admits ge-

ometric rounding via random hyperplanes in the spirit of the Goemans-Williamson algorithm

for MAX-CUT, and adapting such schemes to the weighted independent set setting on unit

ball intersection graphs is a natural next step. For larger candidate sets, projection-based di-

mensionality reduction methods, including Johnson-Lindenstrauss embeddings and Nyström

approximations of the Laplacian, offer a route to scalability, and the integration of polyhedral

linear programming relaxations with the spectrahedral SDP relaxation within a unified optimi-

sation framework would combine the complementary strengths of each.

A second axis for extension is geometric. The spectral embedding distance used in this

thesis is one of several principled notions of proximity on a weighted graph, and alternatives

capture different aspects of network structure. The effective resistance, defined as the inverse

of the conductance between two nodes when the graph is interpreted as an electrical network,

is mathematically equivalent to commute time and admits a closed-form expression in terms of

the pseudoinverse of the Laplacian. It is a true metric, robust to local perturbations in a manner

that the spectral embedding distance is not, and its substitution for dspec-emb in the construction

of Hω would preserve the spectral foundations of the framework while improving its stabil-

ity under data noise. Hyperbolic embeddings, which exploit the negative-curvature geometry

of the Poincaré disk, capture the hierarchical structure of scale-free networks more faithfully

than Euclidean embeddings and have already been applied to Mtb in the work of Zahra et al.;

integrating hyperbolic geometry with the Lovász framework would require redefining the inter-

ference relation in terms of hyperbolic distance and re-establishing the structural properties of

the resulting interference graph, but would bring the framework into contact with the substan-

tial body of work on the hidden geometry of biological networks. A more ambitious geometric

extension is the move from pairwise to higher-order interactions through hypergraph formu-

lations. The non-interference principle in TB combination therapy applies not just to pairs of

drugs but to entire regimens of three, four, or more agents simultaneously, and a hypergraph

encoding of joint resistance dependencies would capture multi-way interactions that pairwise

graphs cannot. Multi-layer network formulations, in which separate layers encode physical PPI,

metabolic, regulatory, and signalling interactions on the same vertex set, would similarly en-

rich the structural representation and permit the non-interference criterion to be defined across

layers as well as within them.
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The third and broadest direction for future work is biological. The framework developed

here is organism-agnostic in its mathematical structure and depends on Mtb only through the

choice of input data. Applying it to other pathogens for which combination therapy is clini-

cally essential, including Plasmodium falciparum, Trypanosoma cruzi, and increasingly drug-

resistant Gram-negative bacterial pathogens such as Klebsiella pneumoniae and Acinetobacter

baumannii, would test the generality of the spectral non-interference principle and produce can-

didate combinations for diseases facing analogous resistance crises. Within a single pathogen,

the framework can be enriched by integrating multiple complementary layers of biological

information. Metabolic network constraints, formulated through flux balance analysis or ele-

mentary flux mode decomposition, would add stoichiometric independence to topological in-

dependence and would distinguish targets whose joint inhibition produces synthetic metabolic

lethality from those whose joint inhibition is redundant in the flux sense. Regulatory network

information, derived from transcription factor binding profiles and chromatin accessibility data,

would capture the compensatory response of the pathogen to drug-induced stress and would

identify targets whose inhibition triggers shared regulatory programmes. Finally, condition-

specific and time-course data, transcriptomes and proteomes collected under hypoxia, nutrient

limitation, antibiotic exposure, and intracellular persistence would allow the construction of

context-dependent interference graphs whose non-redundant solutions are tailored to the spe-

cific physiological state in which Mtb resides during chronic infection and latent disease. The

integration of dynamic information into a fundamentally static graph-theoretic framework is

non-trivial, but progress in temporal network analysis and in the spectral theory of time-varying

graphs provides a natural starting point.

The central claim of this dissertation is that the clinical requirement for combination therapy

in tuberculosis admits a precise mathematical formalisation as a maximum weighted indepen-

dent set problem on a spectrally defined interference graph, and that the Lovász theta function

provides a tractable and biologically interpretable bound on the optimum of this problem. The

framework is necessarily a first-order approximation: it abstracts from pharmacological and

evolutionary detail, depends on incomplete data, and operates at a level of biological resolution

coarser than what would be required for translational application. Its value lies not in produc-

ing definitive drug-combination recommendations but in establishing that the design principles

underlying TB combination therapy are mathematically tractable, that they admit a principled

spectral-geometric interpretation, and that the optimisation problem they imply can be solved
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to provable optimality on a class of graphs that arises naturally from the spectral analysis of

biological networks. The directions outlined above represent the natural continuations of this

line of work, each of which strengthens the algorithmic, geometric, or biological foundations

on which the spectral non-interference framework rests.
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Baohong Chen, Wing Y. Chan, Daniel Swenson, James C. Sacchettini, William R. Jr. Ja-
cobs, and David G. Russell. Persistence of mycobacterium tuberculosis in macrophages
and mice requires the glyoxylate shunt enzyme isocitrate lyase. Nature, 406(6797):735–
738, 2000.

[34] Nelson V. Simwela, Eleni Jaecklein, Christopher M. Sassetti, and David G. Russell.
Impaired fatty acid import or catabolism in macrophages restricts intracellular growth of
mycobacterium tuberculosis. eLife, 13:RP102980, 2024.

[35] A. Rizvi, A. Shankar, A. Chatterjee, T. H. More, T. Bose, A. Dutta, K. Balakrishnan,
L. Madugulla, S. Rapole, S. S. Mande, S. Banerjee, and S. C. Mande. Rewiring of
metabolic network in mycobacterium tuberculosis during adaptation to different stresses.
Frontiers in Microbiology, 10:2417, 2019.

[36] Hammad Naveed and Jingdong J. Han. Structure-based protein-protein interaction net-
works and drug design. Quantitative Biology, 1(3):183–191, 2013.
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[39] M. Ángeles Serrano, Marián Boguñá, and Francesc Sagués. Uncovering the hidden
geometry behind metabolic networks. Mol. BioSyst., 8:843–850, 2012.

[40] Y. Fu, Y. Guo, Y. Wang, J. Luo, X. Pu, M. Li, and Z. Zhang. Exploring the relationship
between hub proteins and drug targets based on go and intrinsic disorder. Computational
Biology and Chemistry, 56:41–48, 2015.

[41] Douglas B. West. Introduction to Graph Theory. Prentice Hall, Upper Saddle River, NJ,
2nd edition, 2001.

[42] Antonella Viacava Follis. Centrality of drug targets in protein networks. BMC Bioinfor-
matics, 22(1):527, 2021.

[43] Tilahun Melak and Sunita Gakkhar. Comparative genome and network centrality anal-
ysis to identify drug targets of mycobacterium tuberculosis h37rv. BioMed Research
International, 2015:212061, 2015.

[44] Antonio Mora and Ian M. Donaldson. Effects of protein interaction data integration,
representation and reliability on the use of network properties for drug target prediction.
BMC Bioinformatics, 13:294, 2012.

iv



[45] Yanghe Feng, Qi Wang, and Tengjiao Wang. Drug target protein-protein interaction
networks: A systematic perspective. BioMed Research International, 2017:1289259,
2017.

[46] Qian Peng and Nicholas Schork. Utility of network integrity methods in therapeutic
target identification. Frontiers in Genetics, Volume 5 - 2014, 2014.

[47] C. B. Bridges. The origin of variation. The American Naturalist, 56(642):51–63, 1922.

[48] Sebastiaan M. B. Nijman. Synthetic lethality: general principles, utility and detection
using genetic screens in human cells. FEBS Letters, 585(1):1–6, 2011.

[49] Laia Castells-Roca, Eduardo Tejero, Berta Rodrı́guez-Santiago, and Jordi Surrallés.
Crispr screens in synthetic lethality and combinatorial therapies for cancer. Cancers,
13(7):1591, 2021.

[50] Andreas Heinzel, Maria Marhold, Philipp Mayer, Markus Schwarz, Elisa Tomasich, An-
dreas Lukas, Maria Krainer, and Peter Perco. Synthetic lethality guiding selection of
drug combinations in ovarian cancer. PLOS ONE, 14(1):e0210859, 2019.

[51] Lei Liu, Xia Chen, Chao Hu, Xiaobo Zhang, Jiajie Fan, Kun Gao, Jue Wang, Jian Jin,
and Enze Wang. Synthetic lethality-based identification of targets for anticancer drugs
in the human signaling network. Scientific Reports, 8:8440, 2018.

[52] Anfisa V Popova, Daria I Bykova, Gennady G Fedonin, Dmitry V Bosov, Kirill O
Reshetnikov, and Alexey D Neverov. Unraveling epistatic interactions between sites
under drug-dependent selection in the mycobacterium tuberculosis genome. Molecular
Biology and Evolution, 42(11):msaf264, 11 2025.

[53] Kaan Yilancioglu and Murat Cokol. Design of high-order antibiotic combinations
against m. tuberculosis by ranking and exclusion. Scientific Reports, 9:11876, 2019.

[54] Itay Katzir, Murat Cokol, Bree B. Aldridge, and Uri Alon. Prediction of ultra-high-order
antibiotic combinations based on pairwise interactions. PLOS Computational Biology,
15:1–15, 01 2019.

[55] N. u. A. Zahra, A.-C. Vagiona, R. Uddin, and Miguel A. Andrade-Navarro. Selection
of multi-drug targets against drug-resistant mycobacterium tuberculosis xdr1219 using
the hyperbolic mapping of the protein interaction network. International Journal of
Molecular Sciences, 24(18):14050, 2023.

[56] Michael R. Garey and David S. Johnson. “strong” np-completeness results: Motivation,
examples, and implications. Journal of the ACM, 25(3):499–508, 1978.

[57] Jing Zhao, Tzu-Hsien Yang, Yi Huang, and Petter Holme. Ranking candidate disease
genes from gene expression and protein interaction: A katz-centrality based approach.
PLOS ONE, 6(9):e24306, 2011.

[58] Cesim Erten, Amine Houdjedj, and Hilal Kazan. Ranking cancer drivers via
betweenness-based outlier detection and random walks. BMC Bioinformatics, 22(1):62,
2021.

v



[59] Tilahun Melak and Sunita Gakkhar. Maximum flow approach to prioritize potential drug
targets of mycobacterium tuberculosis h37rv from protein-protein interaction network.
Clinical and Translational Medicine, 4(1):19, 2015.
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