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Preface

This thesis contributes to numerical methods and ML approach for singularly per-

turbed differential and its application in cyclone modelling. The purpose of this

research is to approximate singularly perturbed differential equations using ap-

proximation methods. We investigate, develop, and analyse numerical methods,

as well as their implementations, for such challenging problems. A chapter-by-

chapter structure of the thesis is as follows:

Chapter 1 is introductory in nature which gives a brief review of SPPs and sur-

vey on numerical analysis of SPDDEs and numerical techniques. Objectives,

Literature survey and a brief summary of the present work is also included in this

chapter.

Chapter 2 is about the numerical collocation methods based on Bernstein collo-

cation method using equispaced nodes and Chebyshev-Gauss-Lobatto Nodes for

solving linear and non linear singularly perturbed differntial equations, and results

are then compared with traditional methods and error analysis is carried out.

In chapter 3, is devoted to Szasz Mirakyan operator . In this chapter we solved

both linear and non linear singularly perturbed differntial equations and compared

with traditional Methods Stability Analysis and error analysis is carried.

In chapter 4, This chapter presents a novel framework combining the Bernstein-

Chlodowsky operator with neural networks termed as Bernstein-Chlodowsky Neu-

ral Network (BNN) and Bernstein-Chlodowsky collocation method (CCM) for solv-

ing singularly perturbed differential equations (SPDEs) in the context of atmo-

spheric science and cyclone modeling. We solve linear and nonlinear SPDEs

using the Bernstein-Chlodowsky collocation method and BNN, emphasizing how

well these methods captures the convection dominated processes observed in

cyclonic systems. The operator’s superior convergence and boundary layer reso-

lution make it an effective tool for cyclone modeling.

Chapter 5 This chapter focuses on predicting the Accumulated Cyclone Energy

64
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(ACE) in the NIO during monsoon using an optimized Artificial Neural Network

(ANN) model. The permutation feature is essential in finding the most influential

features to improve model performance

Chapter 6 This chapter aims to forecast, using yearly cyclone data, the Accumu-

lated Cyclone Energy (ACE) values for the North Indian Ocean (NIO) area. We

study a predictive framework for estimating Accumulated Cyclone Energy (ACE)

in the North Indian Ocean (NIO) using historical cyclone data from 1982 to 2023,

en- compassing the Arabian Sea (AS) and Bay of Bengal (BOB) basins. Inter-

polation was performed using the Szász-Mirakyan operator, which preserves the

statistical properties of the underlying distribution while reconstructing missing

and zero values more effectively than conventional methods. XGBoost and neu-

ral networks are two machine learning methods compared in the study.

Chapter 7 Finally, this Chapter is devoted to conclusion of the study and discus-

sion on some future directions of the current research work.

Finally, the bibliography and list of author’s publications have been given at the

end of the thesis.

xiv
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Chapter 1

Introduction and Literature Survey

This chapter establishes the conceptual, mathematical, and computational foun-

dations of the thesis by situating singularly perturbed differential equations within

the broader framework of multiscale physical modelling, with particular emphasis

on atmospheric dynamics and tropical cyclone systems. It begins by tracing the

central role of differential equations—ordinary, partial, and perturbed forms. By

highlighting the limitations of classical analytical and numerical techniques in the

presence of small perturbation parameters, the chapter motivates the need for

specialised theoretical tools capable of capturing sharp gradients, boundary lay-

ers, and solution behaviour.

Cyclone formation and intensification are interpreted as multiscale processes in-

volving inner–outer solution structures analogous to those encountered in classi-

cal singular perturbation theory. This mathematical analogy provides a unifying

perspective for modelling cyclone boundary layers, and energy dissipation. Build-

ing upon this theoretical foundation, the chapter critically examines the numerical

challenges inherent in solving singularly perturbed problems. Issues such as

stiffness, loss of stability, mesh inadequacy, and ε dependent error growth are

systematically analysed. While traditional mesh-based approaches—including

Shishkin meshes, fitted finite difference schemes, and finite element methods—have

achieved partial success, their computational complexity and sensitivity to param-

eter tuning motivate the exploration of alternative paradigms. In response, the

chapter introduces operator-based approximation methods rooted in classical ap-

proximation theory. Bernstein, Szász–Mirakyan, and Szász–Mirakyan–Kantorovich

operators are presented as mathematically stable, positive linear operators capa-

ble of uniformly approximating both smooth solutions and rapidly varying bound-

1
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ary layers without explicit mesh refinement. Their convergence properties, mo-

ment conditions, and suitability for unbounded or semi-infinite domains are dis-

cussed in detail, establishing their relevance for atmospheric and cyclone-related

models. The integration of machine learning into numerical analysis represents

a further conceptual advance addressed in this chapter. By framing machine

learning models as function approximators analogous to numerical operators,

the chapter highlights a natural convergence between data-driven and operator-

based methodologies. Recent hybrid approaches that combine operator-theoretic

stability with machine learning’s predictive capacity are reviewed, particularly in

the context of cyclone energy indices such as Accumulated Cyclone Energy (ACE).

These developments underscore the growing importance of interdisciplinary com-

putational frameworks for complex geophysical systems.
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1.1 Introduction

1.1.1 Background and Mathematical Foundation

Mathematics plays a role in nearly every aspect of our daily lives. Advances

in applied mathematics have been driven by the development and extension of

numerous important methods and techniques [1]. Differential equations, in partic-

ular, represent a vast and crucial area of mathematics in the modern world. Cal-

culus has historically been a foundational field for both theoretical understanding

and practical applications, and it continues to hold this significance today.

Definition 1.1.1. An equation which involves differentials or differential coefficients

is called a differential equation i.e an equation involving dependent and independent

variable and the derivative of dependent variable w.r.t independent variable

There are two primary categories into which differential equations fall, and each

of them is further split into different forms. Ordinary differential equations and

partial differential equations are the two most significant subcategories.

Definition 1.1.2. Ordinary differential equations are differential equations that

include the ordinary derivatives of one or more dependent variables with respect to

a single independent variable.

Example 1.1.1.

2
d2y

dx2
+ xy2

dy

dx
= 0 (1.1)

Definition 1.1.3. A partial differential equation is a differential equation that in-

cludes partial derivatives of one or more dependent variables with respect to more

than one independent variable.

Example 1.1.2.
δv

δx
− 2

δv

δt
= v2 (1.2)

Next, the differential equations that are linear and non-linear are separated.

The derivatives and dependent variable are in the first degree when a differen-

tial equation is expressed as a polynomial, and the coefficients of the different

terms are either constants or functions of the independent variable. In contrast,

when a nonlinear differential equation is expressed as a polynomial, the depen-

dent variable and derivatives are in one or more degrees, and the coefficients of

1

1

1

1

1

6
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the various terms are either constants or functions of the independent variable.

After dividing differential equations into several categories, let’s examine their ori-

gins. This gives us an idea of the vast array of applications for differential equa-

tions and their techniques.

Differential equations are utilized in many scientific and technical fields to solve

numerical equations. Here, we highlight several of these problems.

1. The dilemma of assessing the velocity of a satellite, rocket, planet, or pro-

jectile.

2. Determining the charge or current in an electric car may be difficult.

3. The examination of the rate of population expansion or the rate of break-

down of the radioactive material.

4. The challenge of recognizing curves with particular geometrical character-

istics.

Such difficulties are mathematically formulated as differential equations. Appli-

cations for ordinary differential equations (ODE) with variable coefficients are nu-

merous. These equations include, for example, the Euler, Bessel, Legendre, and

Laguerre equations. Numerous nonlinear ODEs with variable coefficients, includ-

ing the Duffing equation, Thomas-Fermi equation, and Van der Pol equation, have

also been examined in the literature[2, 3]. In practical mathematics, physics, and

engineering, both linear and nonlinear ordinary differential equations with variable

coefficients are crucial.

The goal of the research was to provide precise techniques for solving a variety

of linear and nonlinear equations without the need to discretize the variables or

make any concrete assumptions.

In the 1940s, the phrase single disturbance was first used. In order to discover

approximate solutions to difficult problems, the field and its related methodologies

have changed over time.

6

6

6

Page 37 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783

Page 37 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783



5

Such issues are frequently expressed in terms of differential equations with at

least one minor parameter. J.H. Poincare is likely the first to discuss mathemati-

cal problems that heavily utilize tiny parameters [1].

In the natural sciences and engineering, mathematical equations are used to

simulate a wide range of events. These mathematical equations have a variety

of parameters. Small adjustments to these parameters have an impact on the

answers of these equations. This slight change is referred to as perturbation, and

the associated parameter is called the perturbation parameter.

These mathematical problems have hard-to-find precise solutions. Consequently,

determining their approximate solutions is an other method. The approximation

approaches are used to reach these results. The path to perturbation theory is

further paved by these perturbation techniques.

The core idea behind perturbation theory is to solve an issue by figuring out

how to solve its neighboring problems. The theory looks at how solutions be-

have locally. This may be accomplished by adding the perturbation parameter

(ϵ), a tiny dimensionless quantity, to the problem. A formal power series of the

perturbation parameter may then be used to express the problem’s approximate

solution. Therefore, the impact of minor perturbations is measured via perturba-

tion theory.The two kinds of perturbations are singular perturbations and regular

perturbations.

This classification depends on the effect of such disturbances when the effect

is small, then perturbation is termed as regular and when the effect is large, then

perturbation is termed as singular perturbation.

A precise definition of the regularly and singularly perturbed problem is as follows-

Definition 1.1.4. A problem f(u(x), ϵ) = 0 is said to be Regular Perturbation

Problem if it depends on the perturbation parameter ϵ in such a way that its solution

uϵ(x) converges uniformly to the solution u0(x) of the limiting case (f(u(x), 0)) over

the domain of existence as ε → 0.

Definition 1.1.5. A problem f(u(x), ϵ) = 0 is said to be a Singular Perturbation

Problem if it depends on the perturbation parameter ϵ in such a way that its so-

lution uϵ(x) is not uniformly convergent to the solution u0(x) of the limiting case

1

6

6
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(f(u(x), 0)) as ε → 0.

1.1.2 Singularly Perturbed Differential Equations(SPDE)

We look at two-point boundary value problems that are singularly perturbed

ϵu′′(t) + p(t)u′(t) + q(t)u(t) = f(t), t ∈ [a, b] (1.3)

with boundary conditions

u(a) = γ u(b) = α (1.4)

Where γ and α are real constants whereas ϵ is small positive parameter

(0 < ϵ ≤ 1). On [a, b], we conclude p(t), q(t), , f(t) are the continuously differ-

entiable functions. Two-point boundary value issues are found in the fields of

fluid mechanics, chemical reactor theory, reaction-diffusion processes, and geo-

physics (1.3,1.4). In these cases, the largest derivative is multiplied by a minor pa-

rameter. Whereas the answer varies gradually in some places, it changes quickly

in others. In thin transition boundary or interior layers where solution can shift

quickly, but the solution behave consistently and change very slowly away from

the layers. There are several methods for solving singular perturbation issues.

Analytical and Numerical Challenges

The study of SPDEs involves several key difficulties:

1. Solutions are multi-scale and often non-uniformly convergent.

2. Standard numerical methods (finite difference, FEM) yield oscillations or

large errors for small ε.

3. Accurate resolution requires special ε-uniform methods or operator-based

approximations.

Operator families such as Bernstein, Szász–Mirakyan, and Szász–Mirakyan–Kantorovich

(SMK) provide mathematically stable frameworks for approximating smooth and

layer-type solutions without fine mesh refinement.

1

1

1

1
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1.2 Numerical Methods

1.2.1 Numerical Analysis

There are three approaches to numerical analysis, which is the creation and

study of algorithms for numerical computations:

i) It may entail creating strategies for resolving certain computational issues that

stem from mathematical applications.

ii) Developing and evaluating algorithms for basic mathematical estimations that

are shared by many applications or conducting theoretical study on issues that are

essential to algorithm success.

iii) It performs research in a number of fields, including function approximation,

data fitting and smoothing, optimisation, matrix calculations, ordinary, partial, and

functional differential equations, computational aspects of dynamical systems,

theory of orthogonal polynomials, and special functions.

1.2.2 Numerical Method for Singular Perturbation Problems

Singularly perturbed differential equations have multi-scale characteristics in

their solutions. When the solution changes quickly over a portion of the indepen-

dent variable, the region is called a boundary layer. The answer gradually shifts in

the outer region. As a result, singular perturbation problems (SPPs) acquire their

"two-time-scale" feature. The phrase "boundary layer" is taken from the field of

physics. From the standpoint of approximating the solution, the problem is "stiff"

since the slow and fast phenomena coexist. To far, a number of approaches have

been put out to determine the approximate solution of singular perturbation is-

sues, which fall into the following categories:

i) Finite Difference Methods (FDM),

ii) Finite Element Methods (FEM),

iii) Finite Volume Methods (FVM),

iv) Collocation Methods,

8
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v) Operational Matrix Methods (OMM),

vi) Iterative methods and

vii) Asymptotic Approach.

Only the limited class of issues can be solved using asymptotic methods. When

it comes to two-dimensional problems, they are not easily relevant. The asymp-

totic approaches are applicable to complex one-dimensional nonlinear situations

for modest values of the singular perturbation parameter ε. The asymptotic tech-

nique yields semi-quantitative data regarding the solution of any individual mem-

ber of the family as well as qualitative behaviour of the solution of a family of

problems.

1.3 Literature Survey

1.3.1 Traditional numerical technique for linear Singularly

Perturbed Differential Equation

The numerical technique, on the other hand, provides quantifiable data regard-

ing the resolution of a particular issue. An outline of the numerical method for

dealing with singular perturbations is provided in this section.

A comprehensive overview of SPPs and their theoretical and numerical applica-

tion can be found in [4, 5, 6, 7, 8, 9, 10, 11] and the citations therein. Two survey

papers were published as a result of the increase in research effort in the field

of numerical treatment for solving singularly perturbed ODEs [12, 13]. Kadalba-

joo and Reddy provided an overview of numerical techniques for one-dimensional

SPPs in [12], beginning with Pearson’s work [14, 15] from 1968 to 1984. A follow-

up survey study on the numerical treatment of singularly perturbed ODEs was

published by Kadalbajoo and Patidar [13]. It covers the work completed after

1984, ranging from Ascher’s work [16] to Kopteva’s work [17] in 1999. The work

completed after 1999 is the main emphasis of this section.

Lengerink examines singularly perturbed BVPs of the one-dimensional convection-

diffusion type in [18]. To solve these kinds of BVPs, the author has suggested, ex-

amined, and applied a centred difference or finite element discretisation. Discreti-
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sation is done using a piecewise equally spaced mesh. In terms of the number of

nodes in relation to the perturbation parameter, the author has demonstrated that

the suggested method is second order convergent.

A ε-uniform error estimate for first-order upwind is calculated by Beckett and

Mackenzie [19] using a model for inhomogeneous second-order SPB-VPs on a

non-uniform grid. The equidistribution of a positive monitor function, which is a

linear combination of a positive constant and a suitable power of the solution’s

second derivative, is used to discretise the mesh. The authors demonstrated how

to select the constant in order to guarantee ε-uniform convergence.

Implementing a numerical approach for a singularly perturbed differential equa-

tion of reaction-diffusion type with a discontinuous source term is the goal of

this research study [20]. The authors’ numerical technique comprises of a non-

standard Shishkin mesh (piece-wise uniform mesh) and a standard finite differ-

ence operator. The Shishkin mesh is designed to capture the interior and bound-

ary layers that emerge within the problem’s solution. With regard to singular

perturbation parameters, the authors have demonstrated that the suggested ap-

proach is uniformly convergent. To illustrate how these issues arise in the context

of models of basic semiconductor devices, a quick review is provided.

In order to solve convection-type singularly perturbed BVPs, the authors of this

study [20] have suggested a defect correction technique based on the FDM on

the piece-wise uniform mesh known as the Shishkin mesh. After doing a conver-

gence analysis, the authors were able to determine uniform bounds for error in

the perturbation parameter ε.

Research publications on the numerical approximation for SPDE solutions were

published by Kopteva and Stynes in 2001. Kopteva and Stynes examine the sin-

gularly perturbed BVPs of the convection-diffusion type in conservative form in

[21]. To address such BVPs, they offer an upwind conservative FDM. By dividing

the differences of the calculated solution on every arbitrary mesh with the weight

of the tiny diffusion coefficient, they set limitations for the mistakes in approximat-

ing the derivative of the exact solution. After that, these limits are clarified for the

particular Shishkin and Bakhvalov mesh situations.

A two-point BVP of singularly perturbed kind is shown by Kadalbajoo and Patidar

8
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[22], who also address the situations in which solutions to such BVPs reveal a

peculiar "turning point" phenomenon. To solve such BVPs, the authors provide a

numerical method based on the cubic spline methodology with non-uniform mesh.

The convergence and stability of the suggested numerical system are examined.

Numerical experiments are conducted to support the expected theory, and certain

test problems are considered.

In order to solve singularly perturbed BVPs, Liu and Tang [23] proposed a Galerkin-

spectral technique in 2001. This method uses a class of trial functions that are

appropriate for coordinate stretching. The error analysis for the suggested spec-

trum approach has been completed by the authors. Using conventional spectral

methods to solve SPPs, spectral precision is only achievable when N = O(ε−f ),

where f is a positive constant and ε is the singular perturbation parameter. For

advection-diffusion equations, they got comparable outcomes. The suggested

method has two key characteristics: i) the singular perturbation parameter ε is not

included in the coordinate transformation; ii) machine precision may be reached

with N of the order of several hundred, even when ε is quite small.

MacMullen et al. propose a self-adjoint singularly perturbed ordinary differential

equation in [24] and provide a parameter uniform numerical approach to approxi-

mate BVPs of this kind. An effectively designed discrete Schwarz approach based

on maximum norm is shown to converge uniformly to the exact solution with re-

spect to the singular perturbation parameter. The Second-order maximum norm

convergence is present in the proposed system.

Aziz and Khan [25] examined singularly-perturbed BVPs and suggested a nu-

merical strategy based on the quintic spline approach for these kinds of issue. A

pentadiagonal linear system is the result of the strategy. In their paper, the au-

thors assert that the suggested method has a fourth-order convergence.

Farrell et al. devised and examined numerical techniques based on upwind FDM

for the solution of SSP in this study [26]. The convergence analysis in the maxi-

mal norm has been examined by the writers. For the numerical solutions derived

from a suggested method applied to Prandtl’s issue emerging from laminar flow

via a thin flat plate, the authors use the method for estimating Reynolds-uniform

error bounds in the maximum norm.

Together with Patidar, Kadalbajoo once more published a survey study [13] on

numerical methods for solving singularly perturbed ODEs in 2002. The authors of

this article provide an overview of the work completed after 1984, spanning from

8
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Ascher’s work [16] to 1999. In order to solve the BVPs for singularly perturbed

linear and nonlinear ODEs, Kadalbajoo and Patidar (2002) proposed a number of

numerical difference algorithms based on the cubic spline.

To get the numerical solution of SPBVPs, they take into account spline in . i) The

reaction-diffusion type, ii) the convection-diffusion type without a reaction term,

and iii) a more standard convection-diffusion type with a reaction term are the

three problem types that the authors of this study examine. Using the continu-

ity of the first derivative of the spline function, the authors solve these BVPs.

Using tried-and-true procedures, the resulting spline creates a tridiagonal sys-

tem that can be solved. For the numerical solution of these kinds of BVPs, the

authors have obtained the error estimates. The nonlinear SPBVPs are the sub-

ject of this essay [27]. The authors of this paper suggest a numerical method

for nonlinear SPBVPs that is based on cubic splines with non-uniform mesh. The

quasilinearization technique first linearises the suggested nonlinear problem. The

authors use a variable-mesh cubic spline to drive the difference schemes for lin-

earised SPBVPs. The authors of [28] describe a spline-in-tension approach for

the self-adjoint two-point SPBVPs. It is demonstrated that the suggested strategy

has nearly second-order convergence. Kadalbajoo et al. examined a unique per-

turbation problem in [29] and created a B-spline collocation technique for these

kinds of issues by employing artificial viscosity.

Under particular equilibration conditions, B. Zhang et al. examined reaction-

diffusion type SPBVPs and obtained posterior error bounds for nonconforming

finite element approximations to such problems.

Anisotropic meshes with reaction-diffusion type SPBVPs were described by J.

Zhao and S. Chen [30]. Using the nonconforming finite element method over the

anisotropic mesh, the authors have produced reliable a posteriori error estimates.

The author of [31] suggests a numerical method for solving convection-diffusion

type SPBVPs with a regular boundary layer. The method is an iterative approach

based on the Schwarz alternating procedure over a nonuniform grid (Shishkin

mesh). It is shown that the overlapping Schwarz technique does not yield ε uni-

form convergent numerical approximations with uniform meshes and arbitrarily

fixed interface points. A numerical method utilising uniform meshes on overlap-

ping meshes and Shishkin interface points must yield approximations that con-

verge to accurate solutions. The authors conclude by looking at a non-overlapping

approach for a two-dimensional elliptic issue with regular boundary layers that

27
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makes use of uniform meshes, Shishkin interface positions, and artificial Dirichlet

interface conditions.

C. Clavero et al. design an FDM to tackle such problems in [32] and pro-

vide a uniformly convergent alternating direction HODIE FDM for a 2D parabolic

convection-diffusion partial differential equation. The authors use FDM in the

space direction and an identity expansion to apply the Peaceman and Rach-

ford approach in the time direction and (HODIE) high-order differences. Using

piece-wise uniform mesh in space direction, the author discretises the mesh grid.

A 2D parabolic partial differential equation of the reaction-diffusion singly per-

turbed type is presented by C. Clavero et al. in [33]. The suggested approach

entails applying the Peaceman and Rachford methodology in the time direction,

the (HODIE) scheme, and the finite difference method in the space direction. The

approach is third-order convergent in space and second-order convergent in time,

as demonstrated by the authors.

A two-coupled system of singularly perturbed reaction-diffusion ODEs of Dirichlet

type is the subject of Matthews et al. [34]. The authors have developed a numeri-

cal method that, regardless of the singular perturbation value, yields approximate

solutions that converge point-wise at all domain locations.

Natesan and Ramanujam address singularly perturbed second-order ODEs of

the Robin type in this work [35]. An asymptotic approximation solution and the

answer derived from a numerical approach that includes an exponential FDM are

appropriately integrated to approximate the multi-scale nature of such problems.

The "transition point," which will be used as a border value for the boundary layer

area problem, is selected inside the interval of integration when the reduced prob-

lem’s solution is assessed. In order to carry out iterations, the authors gradually

shift the transition point to the right until the solution stabilises. The reduced prob-

lem’s solution is regarded as an approximation of the original problem in the outer

region. Estimates of error are determined for the approximate solution.

A FEM for numerically approximating singularly perturbed systems of reaction-

diffusion problems was presented by C. Xenophontos and L. Oberbroeckling .

After doing an error analysis, the authors assert that the suggested approach

converges at an exponential rate.

Two-point SPBVPs with milder boundary layers are suggested in [36], and a nu-

11
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merical approach utilising the shooting technique is built. The outer area and

the boundary layer, also known as the inner region, are the two subintervals of

the domain that the authors split into consideration of the differential equation.

An exponentially fitted FDM solves an IVP derived from the provided BVP in the

boundary layer area. On the other hand, in the outer region, the authors have

employed a traditional upwind approach. The convergence and error analysis are

performed by the writers. It is described how the approach is implemented on

parallel architectures.

The authors address the application of numerical integration techniques for solv-

ing SPBVPs in this article [37]. An approximation first-order differential equation

with a term recurrence relationship is used by the authors in place of the original

second ODE. The suggested approach builds upon the deviating argument in an

iterative manner.

A family of convection-diffusion problems in one spatial dimension is presented

by F. Celiker and B. Cockburn [38]. To investigate the superconvergence of var-

ious numerical systems, the author employs discontinuous Galerkin, discontinu-

ous Petrov-Galerkin, and hybridised approaches. The superconvergence of order

(2q + 1), where q is a polynomial’s degree, has been demonstrated by the au-

thors. The results of the suggested numerical test corroborate the theoretical

conclusions.

Valarmathi and Ramanujam consider an asymptotic numerical fitted mesh method

for singularly perturbed third-order ODEs of the reaction-diffusion type [39, 40]

and fourth- order ODEs of the convection-diffusion type [41]. The authors trans-

form the third-order singularly perturbed BVPs into an equivalent problem of a

weakly coupled system of one first-order and one second-order ODE with the pa-

rameter ε multiplying the highest order derivative and a fourth-order SPBVPs into

the equivalent problem of a weakly coupled system of two-second order ODEs,

one with a small parameter and other without the parameter. A computational

method based on asymptotic expansion is proposed to solve these systems. In

[39], up to the transformation of the third order into the system of ODEs is the

same as the authors did in [40]. The boundary layer area and the outer region

are the two sub-intervals into which the authors of this study split the domain of

the differential equation definition. The differential equation is now resolved inde-

pendently in each of these locations. The solution for the entire interval is given

by combining the solutions so acquired in these intervals. The authors primarily

11
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employ the zeroth-order asymptotic expansion of the BVP solution or an appropri-

ate asymptotic expansion solution to derive boundary conditions at the transition

sites. Newton’s approach of quasi-linearization is used to address the differential

equation’s semi-linearity.

The numerical analysis of the third-order singly perturbed ODE by Valarmathi and

Ramanujam is still ongoing. The authors of [42] examine third-order convection-

diffusion-type ODEs that are only disturbed. This article suggests a numerical

approach to address these issues. By applying appropriate beginning and bound-

ary conditions, this technique converts the provided BVPs into a weakly coupled

system of two ODEs. The weakly linked system is reduced to a decoupled sys-

tem by the authors. The domain of the differential equation specification is then

split into two non-overlapping subintervals known as the inner and outer regions

in order to numerically solve this decoupled system using a boundary value ap-

proach. These areas are then used as two-point BVPs to solve the decoupled

system. The outside region uses a traditional FDM. whereas the inner region

uses an exponentially fitted FDM. The zero-order asymptotic expansion approx-

imation of the problem solution is used to determine the boundary conditions at

the transition point.

Singularly perturbed third-order BVPs on a layer adaptive mesh are the subject

of H. Zarin et al. [43]. An interior penalty finite element method on piece-wise

uniform mesh (Shishkin mesh) was designed by the author. The suggested ap-

proach is found to be robust, and the error estimates are obtained in the energy

norm.

The hp-version of the FEM is used to numerically solve problems of this kind.

M. Melenk and C. Xenophontos [44] examine a singularly perturbed reaction-

diffusion equation that is presented on a two-dimensional domain with an analyti-

cal boundary. The method is uniformly convergent with respect to the singular per-

turbation parameter, according to the authors’ convergence analysis conducted in

the balanced norm.

Heinrichs [45] introduced least squares spectral collocation for issues involving

unique and discontinuous perturbations in 2003. The author divided the domain

into subdomains for the first derivative operator, applying jumps at discontinuities

to each subdomain and applying an equal order polynomial to each subdomain.

For discretisation, he used spectral collocation using Chebyshev polynomials.

Least squares can effectively solve the overdetermined system caused by the

11
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collocation and interface conditions. Only symmetric positive definite linear sys-

tems are used in the solution approach. By using least-squares for stabilisation,

the author expands this method to single perturbation situations. The boundary

layer is resolved by a proper decomposition of the domain well.

A second-order global uniformly convergent numerical technique for the coupled

system of singularly perturbed IVPs is designed by S.C.S. Rao and S. Kumar

[46]. A robust numerical method with high-order parameters was proposed by M.

Kumar and S.C.S. Rao [47] for the 1D singly perturbed time-dependent reaction-

diffusion Dirichlet problem. The fourth-order high-order compact scheme is di-

rectly on a Shishin method in the space, and the Crank-Nicolson approach is on

a uniform grid in the time direction.

In order to solve singularly perturbed two-point BVPs, the authors in [48] created

a difference technique based on spline in compression on a non-uniform mesh.

The proposed scheme is second-order accurate. A few numerical examples have

been provided by the authors to reinforce the theoretical findings.

For SPPs with weak boundary layers, Natesan et al. [49] created and examined

a numerical method. The authors of this paper separated the domain [0, 1] into

two distinct sub-domains, [0, kε] and [kε, 1], which do not overlap. To address the

suggested problem, exponential FDM is used in the layer area [0, kε], subject to

the transition boundary condition at x = kε. The SPPs differential equation is

approximated in the regular area [kε, 1] using a traditional FDM. The value of the

asymptotic approximation is utilised to establish the boundary condition at the in-

terior point x = kε, also known as the transition point. The suggested method

is shown to be convergent with respect to the perturbation parameter ε after the

authors performed the error estimation.

Singularly perturbed third-order BVPs on a layer adaptive mesh are the subject

of H. Zarin et al. [43]. Shishkin mesh is the name given to the author’s interior

penalty finite element method on layer adaptive mesh. The suggested approach

is found to be robust, and the error estimates are obtained in the energy norm.

The hp-version of the FEM is used to numerically solve problems of this kind.

J.M. Melenk and C. Xenophontos [44] examine a singularly perturbed reaction-

diffusion equation that is presented on a two-dimensional domain with an analyt-

ical boundary. The approach is uniformly convergent with respect to the singular

perturbation parameter, according to the authors’ convergence study conducted

in the balanced norm.

8
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Heinrichs [45] introduced least squares spectral collocation for issues involving

unique and discontinuous perturbations in 2003. The author divided the domain

into subdomains for the first derivative operator, applying jumps at discontinuities

to each subdomain and applying an equal order polynomial to each subdomain.

Spectral collocation is what he utilises.

Chebyshev polynomials are used for discretisation. Least squares can effec-

tively solve the overdetermined system caused by the collocation and interface

conditions. Only symmetric positive definite linear systems are used in the solu-

tion approach. By using least-squares for stabilisation, the author expands this

method to single perturbation situations. The boundary layer is resolved by a

proper decomposition of the domain well.

A second-order global uniformly convergent numerical approach for the coupled

system of perturbed IVPs is designed by S.C.S. Rao and S. Kumar [46]. A robust

numerical method with high-order parameters was proposed by M. Kumar and

S.C.S. Rao [47] for the 1D singularly perturbed time-dependent reaction-diffusion

Dirichlet problem. The suggested approach combines the fourth-order high-order

compact scheme directly on a Shishin method in space with the Crank-Nicolson

technique on a uniform grid in the time direction.

In order to solve perturbed two-point BVPs, the authors in [48] created a differ-

ence technique based on spline in compression on a non-uniform mesh. The

accuracy of the suggested strategy is second-order. To bolster the theoretical

findings, the authors have included a few numerical examples.

A computational method to approximate non-turning-point SPBVPs for second-

order ODEs subject to Dirichlet-type boundary conditions was created and exam-

ined by the authors in [50]. The authors of this paper suggested an asymptotic

expansion of zeroth order for the numerical solution of SPBVPs. After that, an

equivalent IVP for a first-order ODE is obtained by integrating the issue. After ap-

plying the zeroth order asymptotic expansion to approximate some of the terms in

the differential equations, the IVP classical approach or a fitted operator method

is used. By calculating the error estimate for the numerical solution, it is demon-

strated that the suggested method is convergent of order h, where h is the mesh

size.

Singularly perturbed second-order differential equations and their application to

multi-point BVPs are the topics of Z. Du and L. Kong [51]. The suggested problem

8
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is resolved by the authors using a hybrid approach that combines the Liouville-

Green transform with asymptotic solutions.

A Richarchardson extrapolation method and FDM are developed by Natividad

and Stynes [52] for numerically approximating singularly perturbed convection-

diffusion problems over piecewise uniform Shishkin meshes. The authors of this

study demonstrate how to create a Richardson extrapolant of the calculated solu-

tion and demonstrate that, when N + 1 points are employed in the mesh, the ex-

trapolation approach minimises the nodal errors from O(N−1lnN) to O(N−2ln2N).

Vivek et al. [53] suggested a new adaptive mesh approach using second-order

central difference techniques as a numerical method for solving convection dom-

inated, convection-diffusion SSPs. The adaptation parameter for convection-

diffusion issues in the suggested approach is a novel, entropy-like quantity. Prior

knowledge of the location and breadth of the layers (interior and boundary) is not

necessary for the suggested approach. Vivek Kumar created and examined a

high-order compact finite-difference (HOCFD) method in [54] for resolving per-

turbed elliptic and parabolic reaction-diffusion problems in 1D and 2D. According

to the author, parameter uniform convergence has occurred. A singularly dis-

turbed star graph with k+1 nodes and k edges is examined by Vivek et al. in [55].

This results in a system of k distinct partial differential equations along the edges

with coupling conditions at the common junction. The study of singularities and

boundary layers produced by a convection-diffusion issue in a circle of incompat-

ible data was started by C.Y. Jung and R. Temam [56]. There are two features

of the circle’s edge that are connected to incompatible data. The authors have

meticulously examined a complicated single phenomena for extremely incompat-

ible evidence.

A parabolic singularly perturbed partial differential equation of the convection type

with a discontinuous (first-type discontinuity) source term and a degenerating

convective term is examined by C. Clavero et al. [57]. To solve the suggested

problem, the authors have created a piece-wise uniform mesh monotone finite

difference approach. The 1d parabolic convection response partial differential

equation of singly perturbed type is the subject of C. Clavero et al. [58]. Multi-

plying the convection term by the parameter µ makes the suggested issue more

complicated, and the source term has a discontinuity. As a result, border and in-

ner layers appear. To address these kinds of issues, the authors have developed

an implicit Euler technique over the uniform grid in time direction and a finite differ-
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ence approach over a Shishkin mesh in space direction. The suggested method

is convergent with first order in time and second order in space, according to the

authors.

A hybrid difference scheme for a singularly perturbed reaction-diffusion problem

with a discontinuous (first-type discontinuity) source term was created and put

into practice by the authors in [59]. The case of semiconductor modelling is also

covered by the author. Second order convergence in the maximal norm has been

demonstrated by the authors.

The singularly perturbed reaction-diffusion problems with d ≥ 2 are examined

by R. Lin and M. Stynes [60]. First, the authors demonstrated that the energy

standard is insufficient to account for the layer part mistake. The authors demon-

strated uniform convergence for d ≥ 2 and provided a balanced norm.

Error limitations for the streamline diffusion finite element technique (SDFEM)

for 2D convection-dominated BVPs with boundary layers were determined by J.

Zhang et al. in [61]. The authors show that, regardless of the perturbation value

ε, the approach converges with a point-wise accuracy of almost order 7/4 away

from the characteristic layers. These theoretical results are confirmed by numer-

ical experiments. [62] For convection-diffusion BVPs with characteristic layers,

J. Zhang and X. Liu presented SDFEM on hybrid meshes and Shishkin meshes.

For 2D convection-diffusion BVPs over Shishkin mesh, Z. Zhang suggested a fi-

nite element and calculated the super-convergence in [63].

A.F. Hegarty and E. O’Riordan developed a consistent numerical approach in this

paper [64] to address linear SPBVPs convection dominating across a circular re-

gion. The technique uses a monotone FDM over a Shishkin-type layer-adapted

mesh.

A singularly perturbed parabolic periodic BVPs of the reaction advection-diffusion

type are considered by N.N. Nefedov et al. [65]. By using the upper and lower

solution method, the author has applied a modified asymptotic approach. For the

suggested problem, the authors have determined the existence and asymptotic

stability of periodic solutions.

A system of two connected singularly perturbed linear reaction-diffusion two-point

BVPs is shown by Madden et al. [66], who also develop a numerical approach

to address these issues. The leading term in each equation is multiplied by a

small positive parameter, although the size of these parameters might vary. The

system solutions have boundary layers that interact and overlap. The authors
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created a piecewise-uniform Shishkin mesh by looking at the structure of these

layers. Additionally, they demonstrate that central differencing on this mesh is uni-

formly accurate in both small parameters and nearly first-order. The anticipated

theory is supported by numerical findings for a test problem.

A convection-diffusion issue on a unit square with Dirichlet boundary conditions is

presented by H.-G. Roos and H. Zarin [67]. The conventional Galerkin FEM and

an h-version of the nonsymmetric discontinuous Galerkin FEM with interior penal-

ties are used to discretise the issue on a layer-adapted mesh with linear/bilinear

components. Using carefully chosen penalty factors for edges from the mesh’s

coarse area, the authors show uniform convergence (in the perturbation parame-

ter) in a related norm.

For convection-dominated diffusion BVPs, H. Zarin investigates and applies a nu-

merical technique based on discontinuous FEM in [68]. The method combines

standard Galerkin FEM with bilinear components with a high-performance vari-

ant of nonsymmetric discontinuous Galerkin FEM. Super closeness findings have

been produced by the authors. It is discovered that the approach is reliable and

effective.

The authors of [69] created a numerical method that combines regular Galerkin

FEM with discontinuous Galerkin FEM. In the layer region, the author has ap-

plied the discontinuous Galerkin technique, and in the regular region, the Galerkin

fem. Advection-diffusion reaction problems are used to determine the suggested

method’s stability and convergence.

A trustworthy technique for numerically approximating a nonlinear singularly per-

turbed IVPs was created by Z. Cen et al. [70]. The authors have also created

a second order approach based on their analysis of the precise solution’s be-

haviour.

The development of parameter-uniform numerical techniques for solving singly

perturbed ordinary differential equations (BVPs) with two tiny parameters is dis-

cussed in [71]. The authors have obtained theoretical constraints on the deriva-

tives of the solutions that are explicit in terms of parameters. An upwind finite

difference operator and a suitable piecewise uniform mesh are used in a numer-

ical approach. Convergence of the suggested approach is demonstrated, and

parameter-uniform error limits for the problem’s numerical solution are obtained.

The theoretical conclusions are supported by the numerical data that were ob-

tained.
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M. Brdar and H. Zarin examined a two-parameter singularly perturbed differential

equation in [72] and developed a numerical technique to solve it. On a Bakhvalov-

type mesh, the authors show uniform convergence of a piecewise linear Galerkin

FEM.

The error estimate for finite linear elements on Bakhvalov type meshes was devel-

oped by H.-G. Roos [73]. Convection-diffusion problems with exponential layers

have the best error estimates for finite linear elements on Shishkin-type meshes.

The first energy norm optimum convergence result for a Bakhvalov-type mesh is

presented by the author.

In order to numerically estimate singularly perturbed two parameter problems with

non-smooth data, M. Chandru, T. Prabha, and V. Shanthi [74] devised a numerical

approach. The theoretical constraints on the derivatives have been derived by the

authors. The authors have created a hybrid difference scheme using a Shishkin

mesh.

To solve a singularly perturbed parabolic partial differential equation, J.L. Gracia

and E. O’Riordan [75] suggested an effective numerical method that consists of a

finite difference operator on a piecewise-uniform Shishkin mesh.

A trustworthy numerical technique was created and examined by S. Kumar and

B.V.R. Kumar [76]. for a parabolic singularly perturbed differential equation’s nu-

merical approximation. An algorithm created by the authors combines the Domain

Decomposition Method with (DDM) based on the three-step Taylor Galerkin Finite

Element and Schwarz alternating (3TGFE) technique. An examination of conver-

gence has been performed.

Martin Stynes and Niall Madden create and evaluate numerical methods in [77].

to roughly represent the individually perturbed reaction-diffusion type’s multi-scale

nature BVPs. The weighted and balanced finite element method is the foundation

of the suggested method. approach on a uniform piecewise grid. A parameter

uniformity has been demonstrated by the authors. convergence and discovered

that the suggested method converges almost first-order.

In order to address singularly perturbed convection-diffusion issues, S. Franz [78]

constructed discontinuous Galerkin FEM. The author has solved the problem of

stability with standard Galerkin FEM in this method.

To capture the boundary layer phenomena of the singly perturbed reaction-diffusion

BVPs, the authors of [79] created a modified graded mesh. The convergence is

examined in the energy norm using a modified graded mesh and a finite element
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technique that the authors have constructed.

A Bernstein operator approach for approximating Volterra integral differential equa-

tions of singularly perturbed type was implemented by the authors in [80]. Anal-

ysis of convergence and error has been done by the author. Numerical findings

demonstrate the suggested method’s resilience and efficiency.

1.3.2 Traditional Numerical Techniques for Nonlinear singu-

larly Perturbed Differential Equation

When transforming a real-world occurrence into a mathematical model, non-

linear singularly perturbed partial differential equations (NSPPDEs) are crucial.

Compared to traditional nonlinear partial differential equations, the dynamics of

NSPPDEs are completely different. These kinds of issues rely on a little positive

parameter, which causes the solution to change slowly in the rest of the domain

and quickly in small areas. This type of issue is known as SSPs, and the be-

haviour of the solution in small areas is referred to as layer phenomena. It is

difficult to build computer techniques for these kinds of issues because a tiny

positive parameter ε and a nonlinear component simultaneously contaminate the

proposed problem’s solution. We use numerical methods by linearising the nonlin-

ear issues since only a small number of nonlinear systems can be solved openly.

The quality of the estimated solution somehow degenerates as a result of the lin-

earisation of the nonlinear issue, leading to misleading results, and we are forced

to sacrifice the precision of the solution. An effort has been made to address the

challenges posed by nonlinear issues in this thesis. Two numerical methods for

solving the NSPPDEs without linearisation or discretisation have been described

by the authors in this thesis. Thus far, there is a dearth of published research on

nonlinear singularly perturbed differential equations (NSPDEs) and NSPPDEs.

A research work on BVPs for a nonlinear differential equation of convection type

with a small parameter was published in 1952 by N. Levinson and E.A. Cod-

dington [81]. The problem was examined by the writers in light of existence and

uniqueness. In 1973, a nonlinear two-point BVP of singly perturbed type was

examined by D.S. Cohen [82]. The existence and uniqueness of the suggested

problem have been verified by the author.

A numerical method for numerically approximating a class of nonlinear singular

perturbation two-point BVPs was proposed by M.K. Kadalbajoo and Y.N. Reddy
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[83] in 1988. An iterative boundary value approach was created by the author.

The analysis is done theoretically.

A semilinear singularly perturbed two-point BVP is addressed by Farrell et al. in

[84], who also create an FDM on an equidistant mesh with nodal distance h. The

authors of this article have demonstrated that because h goes to zero in the max-

imum norm, the suggested numerical method with a constant fitting factor cannot

converge ε-uniformly to the solution of the given issue. A series of numerical ex-

periments has been examined, and the numerical results with varied fitting factors

support the theoretical conclusions. Miller, Shishkin, O’Riordan, and Farrell ex-

amine quasilinear singly perturbed BVPs displaying boundary layer phenomena

in [85]. The authors of this paper create a special piecewise-uniform mesh called

the Shishin mesh and an upwind difference operators approach that are suited

to these boundary layers. Regarding the singular perturbation parameter, it is

demonstrated that the convergence analysis is parameter uniform in a discrete

maximum norm.

O’Malley, Jr. [86] wrote a study on the asymptotic solution for singularly per-

turbed BVPs in 2000. The BVPs for certain differential equations of the type

”εx′′(t) = f(x(t))g(x′(t)) on 0 ≤ t ≤ 1" whose solution displays an inner shock

layer were examined in this study. For these BVPs, he developed an asymptotic

solution.

Kadalbajoo and Patidar [87] address nonlinear BVP that is singularly disturbed. A

numerical method based on cubic spline over Shishkin mesh is designed by the

authors. Prior to using the suggested numerical procedure, the original nonlinear

BVP is linearised using the quasilinearization technique. According to the au-

thors’ convergence calculations, the approach has a second order convergence

rate and is parameter uniform.

A numerical technique for estimating the semi-linear singular perturbation BVPs

was developed by VUlanovi´ c and Relja [88]. Sixth-order FDM has been created

by the author. After deriving the theoretical estimates, it is discovered that the

approach is parameter uniform.

The authors of this publication [89] expand on Stynes and O’Riordan’s research

on locally exponentially fitted FEM for singly perturbed two-point BVPs. The au-

thors of this article examine a local exponentially fitted FEM where the normal

continuous piecewise linear function is used in place of a singularly perturbed

two-point BVPs, and exponential splines are only implemented in the layer por-
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tion. They also derive an ε-uniform h|lnh|1/2 order error estimate in the energy

norm for this scheme, assuming that the mesh is quasi-uniform. The two higher-

order numerical methods for approximating the solution of singularly perturbed

two-point BVP are also taken into consideration by the authors.

A study on the numerical method for a quasilinear singularly perturbed elliptic

reaction-diffusion equation in a vertical strip was published in this paper [90] by

G.I. Shishkin and L.P. Shishkina. To improve the accuracy and pace of conver-

gence, the authors have applied the Richardson extrapolation approach.

To get a close-form analytic solution of singularly perturbed IVPs and a system of

these, Zhao et al. use a variant of the iteration approach in [91]. Convergence

analysis was performed, and the method demonstrated convergence with respect

to the singular perturbation parameter ε. The theoretical conclusion is supported

by numerical data from a numerical experiment.

The author of [92] created and used the homotopy perturbation methodology, an

iterative analytical method for numerically solving a nonlinear two-point singularly

perturbed BVP. The approach appears to work better for quicker convergence

when the absolute residual error concept is used to calculate the ideal conver-

gence control settings. In this paper, the author examines three nonlinear test

problems that were resolved using the suggested approach.

An iterative analytical approach for nonlinear singularly perturbed convection-

diffusion problems was put out by the author of the article [93]. The technique

is based on a Lagrange multiplier, which is assessed using variational theory and

the Liouville-Green transformation.

The presence and uniqueness of the suggested problem have also been demon-

strated by the author. Two linear and two nonlinear test problems have been

examined in order to assess the effectiveness of the suggested approach, and

the results show that it is reliable.

The authors of the paper [94] examine a quasilinear two-point BVP of the convection-

diffusion type and offer a reliable adaptive technique based on an upwind FDM

for approximating BVPs of this kind. The nodes of the employed mesh are adap-

tively shifted using a simple innovative technique based on the equidistribution of

the arc length of the currently determined piecewise linear solution. The mesh

is initially uniform and contains a set number of nodes (N + 1). The approach is

first-order with respect to the singular perturbation parameter ε, and the authors

show that there is a mesh that evenly distributes the arc length along the polygo-

8
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nal solution curve. In 2007, N. Kopteva [95] deals with a nonlinear two-point BVP

singularly perturbed type over a non-uniform mesh. Through the use of a monitor

function and an equidistribution grid, the author achieved a second level of con-

vergence in discrete maximum norm. The author presents numerical findings that

corroborate the theoretical conclusion. A 2D seminear SSP of reaction-diffusion

type obtained estimates in the maximum norm was introduced by N. Kopteva in

2007 [96]. N. Kopteva et al. examined a 3D semilinear SSP in 2011 and obtained

estimates in maximum norm [97]. N. Kopteva et al. examined a semilinear two-

point BVP of reaction-diffusion type with many solutions in 2009 [98]. They used

an overlapping Schwarz approach to analyse the suggested issue. N. Kopteva

discusses singly perturbed BVP of response diffusion in [99] and uses adaptive

anisotropic meshes to produce posteriori error estimates in maximum-norm.

The authors of this study built a nonstandard upwind first-order FDM on piece-

wise uniform meshes and took into account a quasilinear singularly perturbed

two-point BVP. In a discrete L-norm, the suggested approach is regarded as pa-

rameter uniform.

The authors of [100] took into account nonlinear singularly perturbed IVPs. To

address these kinds of issues, the author has developed a closed-form iterative

analytical technique. A variant of the iteration strategy based on Lagrange’s mul-

tiplier makes up the suggested methodology. Theoretical findings are suggested

by the authors’ consideration of a few issues and numerical data.

A closed-form iterative analytical approach for one-dimensional nonlinear singly

perturbed BVP of reaction-diffusion type was developed by the authors in [101].

The variation of iteration method (VIM) is based on a Lagrange multiplier as-

sessed by Liouville-Green transformation and variable theory. After doing a com-

parative study, the authors conclude that the approach is resilient with respect to

the singular perturbation parameter ε.

In order to solve nonlinear singularly perturbed two-point BVPs with Robin bound-

ary conditions, SC Rao and M Kumar [102] created a collocation technique based

on the B-spline. Prior to implementing the suggested approach and piecewise

uniform mesh over the linearised issue, the authors first linearised the original

problem using the quasilinearization methodology. The suggested technique’s

convergence and stability are determined.

The authors of [103] provide a neural-evolutionary artificial neural network (ANN)

approach for approximating singularly perturbed BVPs of both linear and nonlin-
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ear forms. The suggested approach combines genetic algorithms, feed-forward

artificial neural networks, and sequential quadratic programming (SQP) approaches.

The suggested design scheme’s performance is evaluated by the authors using

six linear and nonlinear BVPs of SSP, and the approach is determined to be reli-

able and efficient.

M. Kumar et al. presented linear and nonlinear SPPs on a domain [p, q] in [104]

and suggested an initial value method to address these kinds of issues. The initial

value approach has been used directly to linear issues by the authors, while the

quasi-linearization methodology has been used to linearise nonlinear problems.

The suggested techniques are then used to tackle the reduced challenges.

A comparison study is conducted for singularly perturbed nonlinear BVPs using

an adaptive mesh that was built by the author in the [105] publication. For the sug-

gested problem, the author has performed an a posteriori error analysis. Using

the numerical methods that are currently available in the literature, a comparative

study is conducted.

A hybrid FDM over a Bakhvalov-Shishkin mesh to a quasilinear singly perturbed

BVPs was proposed by Q. Zheng et al. [106]. The approach is shown to be uni-

formly convergent with respect to the singular perturbation parameter once the

convergence study is completed.

A collocation approach based on an orthogonal spline on piece-wise uniform

mesh (Shishkin Mesh) was presented by Pankaj Mishra et al. [107] in 2019 after

they examined nonlinear singularly perturbed reaction-diffusion problems. The

authors employed splines of degree ≥ 3 to perform the convergence study. The

findings of the numerical tests validate the theoretical conclusions of the study,

and the authors have also demonstrated error estimates in additional standards

for which research is still pending.

The Newton-Galerkin method is an adaptive numerical technique for numerically

approximating semilinear parabolic SPP that was proposed by Mario Amrein and

Thomas P. Wihler in [108]. The backward Euler method in the temporal direction,

FEM for adaptive discretisation in spatial variables, and Newton’s approach for

linearisation make up the suggested methodology. The authors derive an a pos-

teriori error analysis.

A parameter uniform numerical approach for numerically approximating a semi-

linear system of one-dimensional parabolic singularly perturbed reaction-diffusion

IVP was devised and examined by Clavero et al. in [109]. The implicit Euler tech-

11
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nique is used in time, while central FDM is used to discretise in space. It is

demonstrated that the suggested approach is first-order in time and second-order

in space.

In [110], the authors examined a system of nonlinear first-order SSPs and sug-

gested a numerical technique using an adaptive grid that was based on the

backward-Euler approach. The findings of the convergence study show that the

suggested approach is first-order convergent.

A numerical technique for such problems was devised by the authors [111] af-

ter taking into consideration a system of coupled semilinear singly perturbed

reaction-diffusion BVPs inner layers. The boundary layer phenomena has been

captured by the authors using the Shishkin mesh. It is shown that the suggested

approach has a nearly second order convergence rate and is resilient and con-

vergent.

For generic nonlinear singularly perturbed reaction-diffusion problems with a sta-

ble reduced solution, J. Quinn [112] suggested parameter-uniform numerical tech-

niques. Parameter uniform numerical techniques for linear and nonlinear singu-

larly perturbed convection-diffusion boundary turning point problems were pro-

posed by E. O’Riordan and J. Quinn [113].

In [114], Igor Boglaev created and applied a discrete monotone iterative method to

approximate the reaction-diffusion type nonlinear parabolic singularly perturbed.

To create a non-linear difference scheme, the author first applies upper and lower

solution strategies. The author then used a monotone domain decomposition

technique based on the Schwartz method to solve the nonlinear difference scheme.

Every iteration of the approach solves the linear system. Igor Boglaev discusses

semilinear SPPs of the elliptic and parabolic forms in this work [115]. For these

kinds of issues, the author has used monotone iterative approaches, and the sug-

gested approach has been shown to be uniformly convergent. For the purpose

of solving nonlinear parabolic SPPs numerically, Igor Boglaev developed a mono-

tone alternating direction approach (ADI) in article [116]. Using the upper and

lower solution approach of this strategy, the author has produced a monotone se-

quence. This sequence aids in the development of a nonlinear difference scheme

that approximates the nonlinear parabolic issue. It is discovered that monotone

sequences have a quadratic rate of convergence.

Chein-Shan Liu et al. create and examine a numerical technique for numeri-

cally solving nonlinear singly perturbed BVPs in [117] that is based on a modi-

40
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fied asymptotic approach. A few numerical tests conducted by the authors have

shown that the approach is reliable.

A nonlinear singularly perturbed BVP with integral and multi-point integral bound-

ary conditions is presented by the authors in article [118]. In order to create a

multi-resolution Nonlinear singularly perturbed BVPs with integral and multi-point

integral boundary conditions may be approximated using the Haar wavelet collo-

cation approach. The quasilinearization approach is used to linearise a nonlinear

problem. Numerical findings demonstrate the suggested method’s resilience and

efficacy. The projected theory is supported by numerical experiments and con-

sideration of a few test issues.

1.4 Operator-Based Approximation Methods

In the early 21st century, attention turned toward operator-theoretic frameworks,

inspired by approximation theory. The idea was to replace mesh-based dis-

cretisation with continuous operator approximations that maintain stability and

smoothness. The study of singularly perturbed differential equations (SPDEs)

has undergone extensive development, especially in the search for numerically

stable, parameter-uniform, and computationally efficient methods. While tradi-

tional numerical methods—finite difference, finite element, spline, and colloca-

tion techniques have achieved significant success, they often face challenges

in capturing the sharp gradients that appear within boundary or interior layers.

To overcome these limitations, researchers have turned to operator-based ap-

proximation methods, which leverage the theoretical foundations of positive linear

operators to construct non-oscillatory, uniformly convergent numerical schemes.

The origins of operator-based approximation in numerical analysis trace back to

Bernstein (1912) and Chlodowsky (1937) [119, 120]. Their polynomial operators

served as the first examples of positive linear operators that approximate func-

tions uniformly on bounded intervals. During the 1940s–1950s, Szász (1950)

and Mirakjan (1941) introduced exponential-type operators to handle functions

defined on unbounded domains [0,∞). Their kernels, based on the Poisson dis-

tribution, provided natural exponential decay, making them ideal for modelling

physical processes that diminish with distance or time , a characteristic of sin-
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gular perturbation layers. Major developments includes Bernstein Polynomials

applied to differential equations for their positivity and shape- preserving prop-

erties and Szász–Mirakyan and Szász–Mirakyan–Kantorovich (SMK) operators

for unbounded domains (Mirakjan [1941]; Szász [1950]; Kantorovich [1958])[121]

whereas Chlodowsky-type generalizations to handle growing functions and semi-

infinite intervals, authors of thesis extended SMK and Bernstein–Chlodowsky op-

erators to singularly perturbed problems, establishing maximum norm conver-

gence and superior numerical accuracy. The methodology of these Operator

based approximation methods is discussed in later part of this thesis in detail.

These operators bridge classical numerical analysis and functional approxima-

tion theory, forming the theoretical backbone of this thesis.

Operator-based methods are inspired by the fundamental property that linear

positive operators can approximate any continuous function uniformly under mild

regularity conditions (Korovkin’s theorem). When applied to differential equations,

this property translates into smooth, stable approximations of solutions, especially

for problems defined on semi-infinite or unbounded domains.

Recent years have witnessed an emerging synthesis between numerical mathe-

matics and machine learning (ML). Techniques like physics-informed neural net-

works (PINNs) and operator learning extend the classical notion of numerical

operators into data-driven contexts. In the context of singular perturbation, hy-

brid frameworks combine Operator-based interpolation (e.g., Szász–Mirakyan)

for data reconstruction and smoothing, and Machine learning algorithms (e.g.,

XGBoost, ANN) for parameter prediction and function regression,and Analyti-

cal SPDE-based models for physical interpretability. This hybridisation was suc-

cessfully demonstrated by authors in cyclone energy prediction, illustrating that

operator-assisted ML frameworks improve both stability and predictive accuracy.

1.5 Application to Atmospheric Phenomena

This segment delves into the practical uses of the Bernstein related operator

in addressing challenges in atmospheric science. Beyond theoretical error as-

sessments, this section emphasizes the operator’s application in real-world sit-

uations, especially in cyclone dynamics, boundary layer studies, and advanced

atmospheric modeling. The Bernstein-Chlodowsky operator is particularly effec-
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tive for capturing abrupt transitions and boundary layers in atmospheric events,

essential for precise weather forecasting and climate simulations.

1.5.1 Cyclone Dynamics

Cyclones pose a complex challenge for numerical weather prediction due to

their intricate multiscale dynamics. Particularly challenging are the steep gradi-

ents in wind speed, pressure, and temperature around the cyclone core or eye

wall, which are critical for accurately modeling the intensity and path of cyclones.

Predictions of cyclones are frequently inaccurate due to conventional numerical

methods’ inability to accurately capture these rapid changes.

The Bernstein-Chlodowsky operator overcomes these difficulties by more accu-

rately depicting the sharp gradients and boundary layers near the cyclone cen-

ter. It effectively manages the convection-dominated aspects of cyclones, where

large-scale atmospheric movements and small-scale turbulent effects converge.

The operator makes sure that fluctuations in wind speed and pressure are accu-

rately recorded, which is crucial for forecasting cyclone intensification and migra-

tion, by directing computing resources to locations with substantial transitions.

For instance, cyclone intensification involves the interaction between warm, hu-

mid air ascending from the sea surface and the cooler air above. In the vicinity of

the cyclone’s center, these interactions result in abrupt temperature and pressure

gradients. The capacity of the Bernstein-Chlodowsky operator to resolve these

gradients improves models of the eye wall dynamics and, consequently, improves

storm strength projections over time.

Moreover, the efficiency of the operator enables quicker simulations with re-

duced computational demands, making it highly suitable for real-time forecasting

systems where timely and accurate predictions of cyclones are essential for ef-

fective disaster response.

1.5.2 Boundary Layer Modeling

The atmospheric boundary layer (ABL) is a crucial focus for weather prediction

models. This narrow zone near the Earth’s surface is where most atmospheric

interactions, such as the transfer of heat, moisture, and momentum, occur, influ-

encing the development of storms, cyclones, and other severe weather events, as
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Figure 1.1: Flowchart showing the application of Convection-Diffusion type equa-
tions in Atmospheric Science and related fields.

well as affecting pollutant spread and temperature control.
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For the purpose of forecasting ground-level meteorological conditions, such as

wind speeds, temperature distributions, and humidity levels, accurate modeling of

the ABL is essential. Significant modeling issues arise from the dramatic fluctua-

tions in these variables inside the ABL, particularly near the surface. These high

gradients are difficult for traditional numerical methods to resolve without the use

of extremely small meshes, which can significantly increase computing costs and

time.

The Bernstein-Chlodowsky operator addresses these challenges by effectively

capturing the steep transitions within the ABL, eliminating the need for excessively

fine meshes. This operator is particularly adept at adjusting to the rapid changes

in temperature, wind speed, and pollutant levels that occur close to the ground,

ensuring that weather models can accurately predict phenomena like ground-level

winds, thermal inversions, and air quality.

For example, in areas with swift changes in pollutant levels due to surface emis-

sions or atmospheric conditions, the Bernstein-Chlodowsky operator ensures ac-

curate modeling of these transitions. This leads to more reliable forecasts of pol-

lutant dispersion, which are crucial for environmental monitoring and public health

initiatives.

Furthermore, the operator’s ability to model thermal gradients assists in accu-

rately forecasting cloud formation and precipitation, enhancing the reliability of

short-term weather predictions.

1.5.3 Pollutant Transport Models:

The operator might be used to model long-range pollution transport in future

air quality forecasting systems, making sure that quick variations in concentra-

tion brought on by shifting wind patterns or atmospheric mixing are appropriately

recorded. This would be particularly helpful for tracking the spread of danger-

ous chemicals after natural catastrophes like volcanic eruptions or wildfires. The

operator is a viable instrument for addressing these upcoming issues in atmo-

spheric modeling because of its computing efficiency and capacity to manage

abrupt shifts.

Therefore, by applying the Bernstein-Chlodowsky operator to solve real-world

atmospheric problems, this study demonstrates its versatility and effectiveness
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in addressing the challenges posed by sharp transitions and boundary layers in

cyclone dynamics and weather prediction models. The operator’s ability to model

steep gradients with high accuracy and efficiency makes it a valuable tool for

both current and future applications in atmospheric science, from cyclone inten-

sity forecasting to boundary layer simulations and pollutant transport modeling.

1.6 Overview of thesis

This thesis includes six chapters, followed by a conclusion, a future scope, and

references. The bibliography and list of publications are given at the end of the

thesis. The abstract at the beginning of each chapter gives a brief outline of the

work presented in that chapter. The reported work is organized as follows:

Chapter 1, is introductory in nature which gives a brief review of SPPs and sur-

vey on numerical analysis of SPDDEs and numerical techniques. Objectives,

Literature survey and a brief summary of the present work is also included in this

chapter.

Chapter 2, is about the numerical collocation methods based on Bernstein col-

location method using equispaced nodes and Chebyshev-Gauss-Lobatto Nodes

for solving linear and non linear singularly perturbed differntial equations, and re-

sults are then compared with traditional methods and error analysis is carried out.

In chapter 3, is devoted to Szasz Mirakyan operator . In this chapter we solved

both linear and non linear singularly perturbed differntial equations and compared

with traditional Methods Stability Analysis and error analysis is carried.

In chapter 4, This chapter presents a novel framework combining the Bernstein-

Chlodowsky operator with neural networks termed as Bernstein-Chlodowsky Neu-

ral Network (BNN) and Bernstein-Chlodowsky collocation method (CCM) for solv-

ing singularly perturbed differential equations (SPDEs) in the context of atmo-

spheric science and cyclone modeling. We solve linear and nonlinear SPDEs

using the Bernstein-Chlodowsky collocation method and BNN, emphasizing how

well these methods captures the convection dominated processes observed in

cyclonic systems. The operator’s superior convergence and boundary layer reso-

lution make it an effective tool for cyclone modeling.

Chapter 5, This chapter focuses on predicting the Accumulated Cyclone Energy

(ACE) in the NIO during monsoon using an optimized Artificial Neural Network

2
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(ANN) model. The permutation feature is essential in finding the most influential

features to improve model performance

Chapter 6, This chapter aims to forecast, using yearly cyclone data, the Accu-

mulated Cyclone Energy (ACE) values for the North Indian Ocean (NIO) area. We

study a predictive framework for estimating Accumulated Cyclone Energy (ACE)

in the North Indian Ocean (NIO) using historical cyclone data from 1982 to 2023,

en- compassing the Arabian Sea (AS) and Bay of Bengal (BOB) basins. Inter-

polation was performed using the Szász-Mirakyan operator, which preserves the

statistical properties of the underlying distribution while reconstructing missing

and zero values more effectively than conventional methods. XGBoost and neu-

ral networks are two machine learning methods compared in the study.

Chapter 7, Finally, this Chapter is devoted to conclusion of the study and dis-

cussion on some future directions of the current research work.

Finally, the bibliography and list of author’s publications have been given at the

end of the thesis.

2
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Chapter 2

Optimizing the Bernstein Collocation

Approach: Chebyshev-Gauss-Lobatto

Nodes in Singular Perturbation

This chapter provides a numerical comparison of the performance of the vari-

ational method and the Bernstein collocation method (BCM) using equispaced

nodes and Chebyshev-Gauss-Lobatto Nodes with respect to solving singularly

perturbed equations that involve both linear and nonlinear problems. These prob-

lems provide major numerical approximation challenges because of their bound-

ary layers and steep gradients. The BCM with Chebyshev nodes was found to

perform more accurately than the variational method and the equispaced node

configuration through a thorough error assessment that takes into account both

maximum absolute error and root mean square error. For instance, for a perturba-

tion parameter ϵ = 0.0001, the BCM with chebyshev nodes shows maximum errors

as 2.803× 10−11, compared to 7.862× 10−8 for equispaced nodes and 5.267× 10−6

for variational method. Additionally, the condition number of the matrices in the

BCM with Chebyshev nodes is consistently smaller, demonstrating improved nu-

merical stability. This makes the BCM with Chebyshev nodes an extremely use-

ful tool for handling the complexity of singular perturbations in terms of providing

substantial improvements in accuracy and computational reliability over traditional

methods.

35
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2.1 Introduction

Singularly perturbed boundary value problems are prevalent in applied research

and engineering; reaction-diffusion equations and covection equations are two

prominent examples [122, 123]. These formulas are very important for studying

convection-diffusion processes, which are common in environmental engineer-

ing, chemical engineering, fluid dynamics, and heat transfer. In such contexts,

singular perturbations often give rise to boundary layers, challenging the robust-

ness and accuracy of numerical methods. Within singular perturbation analysis,

a central goal is to construct asymptotic approximations that accurately model the

actual solution, irrespective of the parameter’s value [124, 125]. Solving these

problems numerically using conventional methods presents challenges; the per-

turbation parameters can prevent uniform convergence. The root cause of this is

the existence of boundary layers [126]. For chemical engineers and chemists, the

1D linear convection-diffusion equation is a useful tool despite its simplicity. Dif-

fusion and convection both have an impact on chemical system behaviour, which

it helps to understand and forecast. Its usefulness in the chemical sciences is

demonstrated by applications like regulating reaction rates, constructing electro-

chemical systems, and optimising separation processes.

Bernstein polynomials hold significant practical value in computer-aided geomet-

ric design [127, 128] and various other branches of mathematics due to their

abundance useful characteristics. Computer-aided design (CAD) is a field that

uses mathematical techniques to build free-form objects. Its inception occurred

somewhat after that of computer-aided engineering (CAE). Actually, computer-

aided design [129], or CAD, is the use of technology to the development, editing,

analysis, and optimization of geometric models and drawings. The Bézier curve,

so named after its creator, Dr. Pierre Bézier, was the first technique to create

free-form curves and surfaces. In 1966, Bézier, an engineer with the Renault

automobile manufacturer, created this technique. The identical technique was ac-

tually created a few years earlier by Paul de Casteljau, another French engineer

who worked at Citroën. B-splines, a further advancement of Bézier’s technique,

offer greater modeling freedom for free-form surfaces and curves. The bernstein

polynomials are used to solve partial differential equations [119, 120], inetegral

equation, etc. These polynomials plays important role in approximation theory
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and gives the proof of Weierstrass approximation theorem [130]. The Bernstein

polynomials has wide range of application in the filed of control theory [131] and

chemical reactions [132]. The property that lacks in bernstein polynomials is that

these polynomials does not possess orthogonality [119] which makes method

like finite difference , finite element, and least square methods easier to use.

Other families of orthogonal polynomials, including as Legendre, Chebyshev, and

Jacobi polynomials, typically provide more efficient solutions for these particular

applications. [133] presents a software suite of 17 MATLAB functions for solving

differential equations by the spectral collocation method [134, 135]. This includes

functions for computing derivatives of arbitrary order corresponding to Chebyshev,

Hermite, Laguerre, Fourier, and sinc interpolants. Bernstein collocation method

is also spectral collocation method based on bernstein polynomial. This chapter

presents numerical methods for solving singularly perturbed equations in which

the dominant processes are convection-diffusion or reaction-diffusion. Because

of the difficulties arising from sudden modifications in boundary layers, we focus

on the Bernstein collocation approach as a computationally promising technique.

This approach differs in that it models solutions using Bernstein polynomials. This

method works especially effectively for resolving the abrupt changes typical of

boundary layers in singularly perturbed issues. During implementation, an eq-

uispaced collocation approach based on Bernstein polynomials was used [136].

Apart from the collocation technique, the use of the variational method, which

forms the foundation of the Galerkin approach [137], is well known for producing

approximations of solutions that are perpendicular to the subspace that the basis

functions cover. This variational property ensures that the residual of the approx-

imation, when integrated against any of the basis functions, vanishes, leading to

a systematic minimization of the error.

−εu′′(x) + r(x)u′(x) + s(x)u(x) = f(x), for x ∈ (a, b), (2.1)

accompanied by the dirichlet boundary conditions:

u(a) = α, u(b) = β, (2.2)

with α and β being known values at the respective boundaries of the domain,

15

36
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and ε is as small parameter. In above equation, the term εu′′(x) represents the

diffusion effect. The boundary layer gets thinner and steeper as ε decreases,

making it harder for numerical approaches to resolve precisely. Whereas r(x)u′(x)

represent advection effect which shows the asymmetry and directionality of the

solution and s(x)u(x) represent reaction or decay/ growth behaviour of solution.

The core challenge addressed in this chapter is the numerical approximation

of the solution to SPDEs, particularly where traditional methods struggle due to

the small magnitude of ε and the resulting boundary layer effects. [122] primar-

ily focuses on finite difference and fitted mesh methods, which are effective for

certain boundary layer problems but often lack the flexibility and high accuracy

provided by spectral methods and [123] emphasizes variational techniques [138]

and their advantages in minimizing residuals. By addressing the limitations of

earlier methods [122, 123] specifically their challenges in stability, accuracy, and

applicability to nonlinear problems our approach not only bridges these gaps but

also establishes a novel and effective methodology for singular perturbation prob-

lems. We assess the Bernstein Collocation Method’s efficiency with two types of

nodal distributions: equispaced and Chebyshev nodes [139], and compare the

results to those obtained via variational methods. The aim is to highlight the ad-

vantages of the BCM in terms of accuracy and convergence when confronting

the complexities introduced by singular perturbations. Furthermore, the improved

matrix conditioning enhances computational stability, marking a significant ad-

vancement over traditional methods. This work demonstrates the efficacy of the

proposed method across linear and nonlinear sPDEs, setting a new benchmark

for accuracy and stability in numerical approximations.

2.2 Definitions

2.2.1 Bernstein polynomial

Bernstein polynomials represent a specific group of polynomials with significant

roles in approximation theory and in the field of computer graphics.
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A Bernstein polynomial of degree n is defined for k = 0, 1, 2, ...., n as :

Bk,n(t) =

(
n

k

)
tk(1− t)n−k (2.3)

where

• Bk,n(t) is kth Bernstein polynomial of degree n.

•
(
n
k

)
is a binomial coefficient, calculated as

(
n
k

)
= n!

k!(n−k)!
.

• t is variable, within the interval [0, 1].

Some properties of bernstein polynomials:

1. Bk,n(t) is non-negative within the interval [0, 1].

2. Bk,n(t) is continuous function on [0, 1].

3. The sum of Bernstein polynomials of degree n is 1 for every t ∈ [0, 1]:

n∑
k=0

Bk,n(t) = 1.

4. Bernstein polynomials are symmetric in the sense that Bk,n(t) = Bn−k,n(1−

t).

5. Bk,n(t) can be written in the form of recursive relation:

Bk,n(t) = (1− t)Bk,n−1(t) + tBk−1,n−1(t).

6. Asymptotic Error Bound: For a sufficiently smooth function u(x), the Bern-

stein polynomial approximation [140] satisfies the uniform convergence prop-

erty:

||u(x)−Bn|| ≤ C.
L(u, 1/n)√

n

where L(u, 1/n) is modulus of continuity of u(x). This bound ensures that the

error decreases as the degree n increases, particularly in smooth regions of

the solution.

23

23
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The condition number of this matrix, defined as:

K(A) = ||A||.||A−1||

For ill-conditioned matrices, K(A) is large, leading to instability and inaccurate

solutions. The lack of orthogonality in Bernstein polynomials exacerbates this

issue because the basis functions are highly correlated, particularly for large n.

Few moments of Bernstein (values of the Bernstein polynomials on the power

functions) [141] operators are:

n∑
k=0

Bk,n(t) = 1, (2.4)

n∑
k=0

(
k

n

)
Bk,n(t) = t, (2.5)

n∑
k=0

(
k

n

)2

Bk,n(t) =
n− 1

n
t2 +

t

n
. (2.6)

2.2.2 Function Approximation

A square-integrable function f(x) defined on the interval (0, 1) can be repre-

sented as a linear combination of Bernstein basis polynomials [142] can be writ-

ten as:

f(x) ≈ f̂n(x) =
n∑

i=0

aiBk,n(x) = a⊤B(x), (2.7)

where the coefficient vector is

a = [a0, a1, . . . , an], (2.8)

and the vector of Bernstein basis polynomials is

B(x) = [B0,n(x), B1,n(x), . . . , Bn,n(x)]
⊤. (2.9)

The Bernstein basis polynomial Bk,n(x) is defined by

34
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Bk,n(x) =

(
n

k

)
xk(1− x)n−k =

n−k∑
j=0

(−1)j
(
n

k

)(
n− k

j

)
xk+j. (2.10)

The approximation f̂n(x) can be expressed in matrix form by incorporating the

expression above as

f̂n(x) = a⊤Dφn(x), (2.11)

where the matrix D is defined by

D =


(−1)0

(
n
0

)
(−1)1

(
n
0

)(
n−1
1

)
· · · (−1)n−0

(
n
0

)(
n−0
n−0

)
0 (−1)0

(
n
1

)
· · · (−1)n−1

(
n
1

)(
n−1
n−1

)
...

... . . . ...

0 0 · · · (−1)0
(
n
n

)

 , (2.12)

and the vector φn(x) is given by

φn(x) = [1, x, . . . , xn]⊤. (2.13)

2.3 Methodologyy

In this section detailed methodology to solve Equation 2.1 using variational

method , BCM with equispaced nodes and BCM with Chebyshev-Gauss-Lobatto

Nodes are discussed:

2.3.1 Variational Method

The variational method [138, 143], often used in the calculus of variations, in-

volves finding a function that minimizes (or maximizes) a functional, which is typ-

ically an integral of a function and its derivatives. When applied to differential

equations, the method transforms the differential equation into a weak formula-

tion [137], which seeks a function in a function space that minimizes the residual

in a weighted average sense over the domain.

Consider the singularly perturbed differential equation with boundary conditions

as defined in Equation 2.1 and when Bernstein polynomials are used with the

29
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variational method, the solution to the differential equation is approximated by a

linear combination of Bernstein polynomials:

un(x) =
n∑

i=0

ckBk,n(x) (2.14)

where ck are the coefficients to be determined and u(x) is the solution of differ-

ential equation. As Bernstein polynomial is differentiable, therefore,

u′
n(x) =

∑
ckB

′
k,n(x) (2.15)

u′′
n(x) =

∑
ckB

′′
k,n(x) (2.16)

Integrating the equation 2.1 over the interval [0, 1],

∫ 1

0

[−εu′′
n(x) + r(x)u′

n(x) + s(x)un(x)] dx =

∫ 1

0

f(x)dx. (2.17)

Choose test function v(x) = Bj,n(x) that is sufficiently smooth and vanishes at

boundaries at x = 0 and x = 1∫ 1

0

[−εu′′
n(x) + r(x)u′

n(x) + s(x)un(x)] v(x)dx =

∫ 1

0

f(x)v(x)dx. (2.18)

Now using integrating by parts

∫ 1

0

u′′vdx = (u′v)10 −
∫ 1

0

u′v′.

As v(0) = v(1) = 0 and for the mesh points xi, i = 0, 1, 2, . . . , n, the equation 2.18

becomes,∫ 1

0

[εu′
n(xi)v

′(xi) + r(xi)u
′
n(xi)v(xi) + s(xi)un(xi)v(xi)] dx =

∫ 1

0

f(xi)v(xi)dx.

(2.19)

As test function v(x) = Bj,n(x), j = 0, 1, . . . , n within [0, 1] and approximate solu-

tion is given in equation 2.14. Therefore the equation 2.19 becomes,

n∑
k=0

{∫ 1

0

[εB′
k,n(xi)B

′
j,n(xi) + r(xi)B

′
k,n(xi)Bj,n(xi) + s(xi)Bk,n(xi)Bj,n(xi)]dx

}
ck =

∫ 1

0

f(xi)Bj,n(xi)dx

(2.20)

12

15

25
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and Ak,j is

Ak,j =

∫ 1

0

[εB′
k,n(xi)B

′
j,n(xi) + r(xi)B

′
k,n(xi)Bj,n(xi) + s(xi)Bk,n(xi)Bj,n(xi)]dx

and column matrix b is given as

bj =

∫ 1

0

f(xi)Bj,n(xi)dx

these conditions yield a system of (n + 1) simultaneous equations i.e (n + 1) by

(n+ 1) linear system of equations. The integral involving the product of the basis

function and the test function constitutes the elements of the system matrix A, and

the integral of any forcing function (if present) with the test function constitutes

the elements of the right-hand side vector b. Incorporating the given boundary

conditions, the matrix equation AX = b is resolved by adapting the original matrix.

This adaptation involves the removal of the first row and column as well as the

last row and column, aligning the matrix structure with the imposed boundary

conditions. Solving this system provides the constants c0, c1, . . . , cn, which can be

used to construct the improved solution ũ(x).

2.3.2 Bernstein Collocation Method with Equispaced Nodes

BCM is based on the idea of approximating the solution of a differential equation

as a sum of certain basis functions. In this case, Bernstein polynomials are often

chosen as the basis due to their beneficial properties, such as non-negativity and

forming a partition of unity. Equispaced nodes are a set of equally spaced points

in the interval of interest, typically [0, 1]. For n nodes, they are defined as:

xj =
j

n− 1
for j = 0, 1, . . . , n− 1 (2.21)

Let the approximate solution un(x) to the Equation 2.1 is represented as a linear

combination of the Bernstein basis functions defined in Equation 2.14. The col-

location method involves enforcing the differential equation to be satisfied exactly

at the equispaced collocation nodes. This leads to a system of equations for the

unknown coefficients ck.

19

25
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The equation 2.14 can be written as :

u(x) =
n∑

i=0

ckBk,n(x) = ATB(x) (2.22)

where A = [c0, c1, ..., cn] and B(x) is defined in equation 2.9. Therefore, B(x) =

Dφn(x) where φn(x) is defined in 2.13.

u(x) = φT
n (x)D

TA (2.23)

d

dx
φn(x) ≈ Iφn(x) (2.24)

where,

I =



0 0 · · · 0

1 0 · · · 0

0 2 · · · 0
...

... . . . ...

0 0 · · · n


Therefore,

uk
n(x) ≈ φT

n (x)(I
k)TDTA (2.25)

Inserting the approximate solution into the differential equation 2.1 and the ma-

trix form of equation 2.1 is given as

−εφT
n (I

2)TDTA+ r(x)φT
nI

TDTA+ s(x)φT
nD

TA = f(x) (2.26)

(X(a))TDTA− α = 0

(X(b))TDTA− β = 0

For the collocation points xj, above equation give rise to the algebraic system of

equation defined as

−εφ(I2)TDTA+RφITDTA+ SφDTA = F (2.27)

36
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(
−εφ(I2)TDT +RφITDT + SφDT

)
A = F (2.28)

WA = F (2.29)

where W = −εφ(I2)TDT +RφITDT + SφDT .

R =


r(x0) 0 · · · 0

0 r(x1) · · · 0
...

... . . . ...

0 0 · · · r(xn)

 and S =


s(x0) 0 · · · 0

0 s(x1) · · · 0
...

... . . . ...

0 0 · · · s(xn)



φ =



1 x0 · · · xn
0

1 x1 · · · xn
1

1 x2 · · · xn
2

...
... . . . ...

1 xn · · · xn
n


and F = [f(x0), f(x1), ..., f(xn)]

Enforcing the differential equation and boundary conditions results in a system

of (n+ 1) equations which upon resolution, reveal the coefficients c0, c1, . . . , cn.

2.3.3 Bernstein collocation method with Chebyshev-Gauss-

Lobatto Nodes

The Chebyshev-Gauss-Lobatto nodes are a set of points that are distributed

non-uniformly on the interval [0, 1]. They cluster more densely near the endpoints

of the interval and are derived from the roots of the Chebyshev polynomials of the

first kind, which are orthogonal on the interval [−1, 1] with respect to the weight

(1−x2)−1/2. The transformation x = 1+t
2

is used to map these nodes to the interval

[0, 1].

The nodes are given by the formula:

xi =
1

2

(
1 + cos

(
πi

n

))
for i = 0, 1, . . . , n

The BCM with Chebyshev-Gauss-Lobatto nodes is particularly well-suited for

problems that are known to have boundary layers or sharp gradients, as the

12
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distribution of nodes provides better resolution where it’s needed most. This

method is part of a family of spectral methods that offer high accuracy for prob-

lems with smooth solutions and are often used when high precision is required.

This process involves the same steps just instead of equispaced nodes we use

Chebyshev-Gauss-Lobatto nodes.

Advantages of Chebyshev-Gauss-Lobatto

• The distribution of Chebyshev nodes, which are denser near the interval’s

endpoints, is particularly effective for capturing boundary layer behavior in

differential equations, a challenge often inadequately addressed by equis-

paced nodes. Legendre nodes, on the other hand, are more evenly spaced

over the interval, which may result in lower resolution for singularly perturbed

situations close to borders.

• In numerical computations, Chebyshev-Gauss-Lobatto nodes are known for

their stability, especially in the context of spectral methods, where they are

often preferred over equispaced nodes. The cosine-based formula for CGL

nodes allows straightforward computation. Legendre nodes require solving

the roots of Legendre polynomials, which is computationally more expen-

sive, particularly for high-degree polynomials.

• Unlike equispaced nodes, Chebyshev-Gauss-Lobatto nodes significantly mit-

igate the Runge phenomenon, which is a common problem in polynomial

interpolation, especially at higher degrees.

• When dealing with high-degree polynomial approximations, Chebyshev nodes

are more efficient and reliable compared to equispaced nodes, where the

accuracy can significantly deteriorate.

In summary, the choice of Chebyshev-Gauss-Lobatto nodes over equispaced

nodes [143] and traditional variational methods offers substantial improvements in

terms of accuracy, stability, and efficiency, particularly in complex numerical and

approximation problems. The schematic diagram for BCM with Chebyshev node

is shown in Figure 2.1.
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Figure 2.1: Schematic diagram for BCM with Chebyshev node.
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2.4 Error Analysis

In this section error analysis is carried out for problem 2.1. Let us define the

Chebyshev-Gauss-Lobatto as

xi =
1

2

(
1 + cos

(
πi

n

))
for i = 0, 1, . . . , n

Chebyshev-Gauss-Lobatto nodes are chosen for their non-uniform spacing, clus-

tering more densely at the endpoints of the interval. This is particularly useful

for singularly perturbed problems where the solution may have boundary layers.

The error analysis [142] would involve estimating the interpolation error, which de-

pends on the smoothness of the true solution u and the distribution of the nodes.

Chebyshev nodes can reduce the error due to their distribution, which is optimal

in the sense of minimizing the maximum error over the interval.

Suppose X = C[0, 1] be the Banach space equipped with norm defined as

||u|| = maxx∈[0,1]|u(x)| (2.30)

Theorem 1. Let u be a continuous function on the interval [0, 1]. For every positive

ξ > 0, there exists a positive integer M such that for all t ∈ [0, 1] and for any integer

m ≥ M , the following inequality holds:

∥u(t)−Bm(u)(t)∥∞ < ξ.

Moreover, if u belongs to the space Ck[0, 1] for any non-negative integer k, then the

k-th derivative of the Bernstein approximation of u, Bm(u), converges to the k-th

derivative of u as m approaches infinity:

lim
m→∞

(Bm(u))
(k)(t) = u(k)(t).

Proof: For detailed proof [140]

Theorem 2. Let uξ be the solution to a singularly perturbed differential equation

and un,ξ be the Bernstein variational approximation of degree n. Under appropriate

smoothness assumptions on the exact solution and boundary conditions, there exists

9

9

14

31
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a positive constant C, independent of ξ and n, such that [144]

∥uξ − un,ξ∥ ≤ Cn−α

for some α > 0, where ∥ · ∥ denotes an appropriate norm.

Theorem 3. Consider a function F that is bounded and continuous on the closed

interval [0, 1]. Assume that the second derivative of F , denoted by F ′′, exists on the

same interval. Under these conditions, the deviation of the Bernstein polynomial

approximation Bm(F ) from the function F can be bounded by

∥Bm(F )− F∥∞ ≤ 1

2m
max
x∈[0,1]

x(1− x)∥F ′′∥∞.

Proof. A comprehensive proof is available in the referenced literature [145].

Theorem 4. If u(x) is sufficiently smooth on [0, 1] and Let u(x) be the exact solution

of 2.1 and Bn is the bernstein polynomial of degree n then the Bernstein solution at

Chebhyshev Gauss-Lobatto nodes converges to u(x).

Proof: We know that the difference of Bn(u, x) and u(x) is

Bn(u, x)− u(x) =
n∑

k=0

(
u

(
k

n

)
Bk,n(x)− u(x)

)
.1. (2.31)

Using the relation 2.4, in the following equation, we have [140]

Bn(u, x)− u(x) =
n∑

k=0

(
u

(
k

n

)
− u(x)

)
Bk,n(x), (2.32)

so

|Bn(u, x)− u(x)| ≤
n∑

k=0

∣∣∣∣u(k

n

)
− u(x)

∣∣∣∣Bk,n(x). (2.33)

As u(x) is uniformly continuous on [0, 1], therefore, ∃ a real number δ > 0 for a

given real number ξ > 0, such that

for |x1 − x2| < δ we have , |u(x1)− u(x2)| < ξ. (2.34)

12

14
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For δ1 > 0, δ2 > 0 and x ∈ [0, 1], divide the set of chebyshev nodes into three sets

A = {xi : 0 ≤ |xi − x| < δ1}

B = {xi : δ1 ≤ |xi − x| < δ2} and

C = {xi : δ2 < |xi − x| ≤ 1}

where

xi =
1

2

(
1 + cos

(
πi

n

))
for i = 0, 1, . . . , n

A and C gives the nodes at boundary layers and both have same number of points

whereas B gives the nodes at interior layer and thus the series on the right-hand

side of the inequality (4.4) can be divided into two series given as :

|Bn(u, x)− u(x)| ≤
n∑

i=0
(xi∈A orC)

|u (xi)− u(x)|Bk,n(x) +
n∑

i=0
(xi∈B)

|u (xi)− u(x)|Bk,n(x).

(2.35)

|Bn(u, x)− u(x)| ≤ I1(xi ∈ A) + I2(xi ∈ B). (2.36)

For the case I1, let ξ > 0 then, ∃ real number δ1 such that

|u (xi)− u(x)| < ξ

2
for |xi − x| < δ1. (2.37)

Now, for the case I2, |xi − x| < δ2 this is trivial and we have |xi − x| ≥ δ1,

therefore,

1 ≤ (xi − x)2

δ21
≤ ϕ

δ21
.

Let |f(x)| ≤ M , and assuming that xi ∈ B, then the above inequality can be

written as
2Mϕ

δ21
≥ 2M

2M <
2Mϕ

δ21
+ ξ

−ξ − 2Mϕ

δ21
< −2M (2.38)

The inequality

−ξ − 2Mϕ

δ21
< −2M < (u(xi)− u(x)) < 2M <

2Mϕ

δ22
+ ξ (2.39)

5

26
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will hold in this subinterval. Choose δ = min{δ1, δ2}. Therefore,

n∑
i=0

|u (xi)− u(x)|Bk,n(x) ≤
1

δ2

n∑
i=0

(xi − x)2 |u (xi)− u(x)|Bk,n(x),

where (xi − x)2 =
(
1
2

(
1 + cos

(
πi
n

))
− x
)2

= ϕ > 0 and using theorem 3 and

Korovkin second theorem [146] this function is bounded and for ξ > 0 right side

of inequality (above equation) converges to ξ and left side to −ξ, we have,

n∑
i=0

(xi∈B)

|u (xi)− u(x)|Bk,n(x) <
2M

4nδ2
.

collecting the estimates of 2.36

|Bn(u, x)− u(x)| < ξ

2
+

M

2nδ2
(2.40)

For a positive real number ξ > 0, there exists a number N(ξ) such that for all

n ≥ N(ξ), choose n to be so large that M
2nδ2

< ξ then

|Bn(u, x)− u(x)| < ξ (2.41)

Hence Proved.

2.5 Numerical Results

Example 2.5.1. Consider 1D linear convection–diffusion problem [147].

−εu′′ − 2u′ = 0; x ∈ (0, 1), 0 < ε ≪ 1,

with boundary conditions

u(0) = 1 and u(1) = 0;

This equation can be used in electrochemical process, kinetics of chemical reactions

and chromatography. The exact solution is

4

4
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u =
exp(−2x/ε)− exp(−2/ε)

1− exp(−2/ε)
.

Maximum error for Example 2.5.1
ε N = 16 N = 32 N = 64

0.1 VM = 1.117347e-06 VM = 4.44e-09 VM = 1.77383e-04
ES = 5.051608e-04 ES = 2.07e-09 ES = 9.40241e-06
CN = 3.916684e-09 CN = 4.09e-10 CN = 6.55867e-11

0.01 VM = 1.657810e-01 VM = 3.59e-03 VM = 1.66931e-04
ES = 4.529805e-01 ES = 0.184 ES = 1.05495e-02
CN = 1.477967e-05 CN = 1.36e-03 CN = 1.12216e-06

0.001 VM = 4.678486e+00 VM = 0.83 VM = 2.77650e-01
ES = 8.787602e-01 ES = 0.75 ES = 6.25523e-01
CN = 7.077139e-03 CN = 0.37 CN = 6.82858e-05

0.0001 VM = 5.111890e+01 VM = 43.27 VM = 8.42262e-01
ES = 9.471194e-01 ES = 0.88 ES = 7.54439e-01
CN = 8.379225e-03 CN = 0.45 CN = 7.83557e-03

1e-05 VM = 5.156183e+02 VM = 35.87 VM = 2.40243e+01
ES = 9.471019e-01 ES = 0.88 ES = 7.55436e-01
CN = 8.374311e-02 CN = 0.44 CN = 6.54886e-03

Table 2.1: Maximum Error for different values of ε using methods for N = 16, 32, 64
for Example 2.5.1.

The variational method shows significant errors as ε decreases, indicating that it

may not handle thin boundary layers well with a lower degree of polynomials. The

errors and RMSE values continue to grow as ε becomes smaller. This suggests that

while increasing N improves the resolution of the method, it may still not be suffi-

ciently robust for very thin boundary layers without further refinement. The BCM

with Chebyshev-Gauss-Lobatto nodes consistently outperforms the other methods

across different values of N and ε, making it the most reliable for this problem, espe-

cially as the boundary layer becomes thinner. The variational method demonstrates

the fastest computation times across all tested values of N , due to its relatively

simple matrix assembly and solution process. However, its accuracy is significantly

lower, particularly for small values of ε. The BCM with equispaced nodes requires

slightly more computation time, as the matrix conditioning is more demanding.

Finally, the BCM with Chebyshev-Gauss-Lobatto nodes shows the highest compu-

tation times, reflecting the added complexity of node clustering and matrix assembly.

Despite this, the Chebyshev-based BCM provides superior accuracy, particularly for

problems with sharp boundary layers. Increasing the degree of polynomials (N) gen-

erally leads to better accuracy for the Galerkin method and BCM with Chebyshev-
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Figure 2.2: Comparison of exact solution with approximate solution for ϵ = 0.001
and N = 32 for Example 2.5.1.

Figure 2.3: Condition number for different value of N for Example 2.5.1.
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Root Mean Square error for Example 2.5.1
ε N = 16 N = 32 N = 64

0.1 VM = 7.274071e-07 VM= 2.74e-09 VM = 8.73292e-05
ES = 1.140505e-04 ES = 2.02e-09 ES = 1.69395e-06
CN = 8.992726e-10 CN = 2.30e-10 CN = 1.00017e-11

0.01 VM = 8.372477e-02 VM = 1.82e-03 VM = 7.70160e-05
ES = 6.017927e-02 ES = 0.0191 ES = 8.96528e-04
CN = 1.965103e-05 CN = 3.02e-04 CN = 1.74317e-07

0.001 VM = 3.260324e+00 VM = 0.51 VM = 1.52587e-01
ES = 8.861036e-02 ES = 0.0543 ES = 3.31751e-02
CN = 5.689023e-02 CN = 0.0215 CN = 2.53904e-06

0.0001 VM = 3.680886e+01 VM = 28.66 VM = 5.88546e-01
ES = 8.996845e-02 ES = 0.0563 ES = 3.55288e-02
CN = 6.033428e-03 CN = 0.028 CN = 2.68647e-03

1e-05 VM = 3.724963e+02 VM = 24.0 VM = 1.70211e+01
ES = 8.995084e-02 ES = 0.0563 ES = 3.56273e-02
CN = 6.048782e-03 CN = 0.0285 CN = 2.99289e-03

Table 2.2: Root Mean Square Error for different values of ε using methods for
N = 16, 32, 64 for Example 2.5.1.

Gauss-Lobatto nodes, but it also increases computational complexity. The benefits

of increasing N are more pronounced for the BCM with Chebyshev-Gauss-Lobatto

nodes. The variational method exhibits the largest error, particularly in the bound-

ary layer regions, due to its limited ability to capture steep gradients effectively. The

BCM with equispaced nodes performs better but still struggles near the boundaries,

as equispaced nodes do not provide sufficient resolution in these critical regions. In

contrast, the BCM with Chebyshev-Gauss-Lobatto nodes shows significantly smaller

discrepancies, especially in the boundary layers, due to the clustering of nodes near

the endpoints. The maximum error and root mean square error for N = 16, 32, 64

for different values of ε are shown in Table 2.1, 2.2 where VM, ES, CN denotes

the variational method, BCM with equispaced nodes and BCM with Chebyshev-

Gauss-Lobatto nodes, respectively and comparison of exact solution with variational

method, BCM at equispaced nodes and chebyshev nodes is shown in Figure 2.2 for

N = 32 and ε = 0.001. To verify the statistical significance of the differences in

accuracy between the variational method and BCM with Chebyshev-Gauss-Lobatto

nodes, we conducted a paired t-test for the maximum errors and RMSE values at

different node counts (N = 16, 32, 64). The p-values for all cases were below 0.001,

indicating statistically significant improvements in accuracy using the BCM with

Chebyshev nodes. This analysis confirms that the observed differences are not due

to random variation but are a result of the superior numerical properties of the

35
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proposed method. Figure 2.3 provide an insightful analysis of the condition num-

bers for different numerical methods. Lower condition numbers are directly linked

to improved numerical stability and reduced sensitivity to rounding errors in com-

putations. The lower condition numbers achieved by BCM with CGL nodes lead

to more accurate and reliable solutions, even for small perturbation parameters ε.

This justifies the preference for methods that prioritize numerical stability through

well-conditioned system matrices.

Example 2.5.2. We consider 1D linear convection–diffusion problem with turning

point as

−εu′′ + 2(2x− 1)u′ + 4u = 0; x ∈ (0, 1), 0 < ε ≪ 1, (2.42)

with boundary conditions

u(0) = 1 and u(1) = 1; (2.43)

Turning points in physical models are critical as they signify locations where the

dominant behavior of the system changes, such as transitions between diffusion- and

convection-dominated regimes. In the context of catalytic reactors, turning points

can represent zones where the reaction kinetics change significantly, influencing the

overall efficiency of the reactor. There are several uses for the provided 1D linear

convection-diffusion equation with a turning point in various chemical contexts. It

clarifies how chemical species migrate in reaction-diffusion systems which include

catalytic reactors where diffusion and convection play important roles. It reflects

the movement of ions in the presence of electric fields and concentration gradients

inside electrochemical systems, such as batteries. It also helps with environmental

chemistry to predict the dispersion of pollutants and pharmacokinetics to develop

drug delivery systems, all of which are aspects of chemical reactor engineering. This

formula is a useful tool for studying complex transport phenomena, which are nec-

essary for building efficient systems and optimizing chemical processes in a variety

of chemical applications [148]. The exact solution is

u = exp

(
−2x(1− x)

ε

)
. (2.44)

The variational method, while performing reasonably well at higher values of ε

shows a significant increase in error as ε decreases. This indicates its limitations in

4

Page 88 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783

Page 88 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783



56

Figure 2.4: Condition number for different value of N for Example 2.5.2.

Figure 2.5: Comparison of exact solution with approximate solution for ε = 0.001
and N = 32 for Example 2.5.2
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Maximum error for Example 2.5.2
ε N = 16 N = 32 N = 64

0.1 VM = 6.644114e-06 VM = 7.949558e-10 VM = 1.619138e-06
ES = 1.207679e-03 ES = 4.284569e-09 ES = 1.158580e-05
CN = 9.548789e-09 CN = 4.934941e-14 CN = 9.471110e-11

0.01 VM = 3.080556e-01 VM = 8.467670e-03 VM = 4.930264e-03
ES = 4.106389e-01 ES = 1.577407e-01 ES = 1.071865e-02
CN = 1.353148e-05 CN = 1.619785e-03 CN = 3.260011e-05

0.001 VM = 2.594427e+00 VM = 1.893492e+00 VM = 3.114037e+00
ES = 8.627769e-01 ES = 7.294452e-01 ES = 6.275232e-01
CN = 8.293174e-03 CN = 4.156890e-01 CN = 9.994005e-02

0.0001 VM = 3.254832e+00 VM = 4.020975e+00 VM = 1.122746e+01
ES = 9.386752e-01 ES = 8.636396e-01 ES = 7.297220e-01
CN = 1.035094e-03 CN = 2.605251e-01 CN = 9.616380e-02

1e-05 VM = 3.329855e+00 VM = 2.939761e+00 VM = 1.158473e+01
ES = 9.386425e-01 ES = 8.635301e-01 ES = 7.283668e-01
CN = 1.059015e-03 CN = 1.051880e-01 CN = 9.800913e-02

Table 2.3: Maximum Error for different values of ε using methods for N = 16, 32, 64
for Example 2.5.2.

accurately resolving problems with steeper gradients ε. The BCM with equispaced

nodes shows a moderate level of performance. It generally performs better than

the variational method but is not as effective as the BCM with Chebyshev nodes,

particularly at lower values of ε. Furthermore, increasing the number of nodes (N)

tends to enhance the precision of all methods, with the BCM Chebyshev method

benefiting the most. This improvement is particularly noticeable at higher node

counts, reinforcing the method’s efficiency. The maximum error and root mean

square error for N = 16, 32, 64 for different values of ε are shown in Table 2.3,

2.4 and comparison of exact solution with variational method, BCM at equispaced

nodes and chebyshev nodes is shown in Figure 2.5 for N = 32 and ε = 0.001. The

condition number of matrices in different methods is shown in Figure 2.4. The

condition numbers of the matrices obtained using VM, ES and CN are compared

and BCM with chebyshev nodes exhibits smaller condition number, this shows that

this method is well conditioned.

Example 2.5.3. Consider [149]−εv′′ + v + v2 = e
− 2x√

ε

v(0) = 1, v(1) = e
− 1√

ε

(2.45)

The provided equtaion can be used in electrochemistry, modelling of chemical

35
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Root Mean Square error for Example 2.5.2
ε N = 16 N = 32 N = 64

0.1 VM = 3.982554e-06 VM = 4.496978e-10 VM = 6.857614e-07
ES = 3.799520e-04 ES = 1.195994e-09 ES = 2.149261e-06
CN = 5.242839e-10 CN = 2.578613e-14 CN = 2.822902e-11

0.01 VM = 1.015438e-01 VM = 3.161594e-03 VM = 2.607819e-04
ES = 7.339804e-02 ES = 2.240382e-02 ES = 1.187935e-03
CN = 9.372317e-07 CN = 9.705808e-04 CN = 6.795407e-05

0.001 VM = 7.769301e-01 VM = 4.258808e-01 VM = 6.134371e-01
ES = 1.146439e-01 ES = 7.129443e-02 ES = 4.394416e-02
CN = 5.548606e-04 CN = 2.897101e-02 CN = 4.479926e-03

0.0001 VM = 9.740591e-01 VM = 8.962176e-01 VM = 2.056816e+00
ES = 1.166156e-01 ES = 7.424585e-02 ES = 4.444844e-02
CN = 6.860670e-02 CN = 6.392219e-02 CN = 4.088883e-03

1e-05 VM = 9.965203e-01 VM = 6.571314e-01 VM = 2.123071e+00
ES = 1.165781e-01 ES = 7.420531e-02 ES = 4.418532e-02
CN = 7.013232e-02 CN = 6.986647e-02 CN = 4.556164e-03

Table 2.4: Root Mean Square Error for different values of ε using methods for
N = 16, 32, 64 for Example (2.5.2).

reactions and catalysis, where v2 describes the catalytic activity [169] and source

term described the influence of reactant on catalytic surface. The exact solution of

the above problem is given as:

v(x) = e
− x√

ε . (2.46)

The maximum error and root mean square error for N = 16, 32, 64 for different val-

ues of ε are shown in Table 2.5, 2.6 and comparison of exact solution with variational

method, BCM at equispaced nodes and chebyshev nodes is shown in Figure 2.6 for

N = 32 and ε = 0.001. And it is observed that for non-linear problem also BCM

with chebyshev nodes is more effective as compared to variational and BCM with

equispaced collocation points in terms of accuracy. It is clearly visible in this case

also, BCM with chebyshev nodes outperforms the other methods for diferent values

of N and ε. The Bernstein Collocation Method (BCM) with Chebyshev-Gauss-

Lobatto (CGL) nodes maintains significantly lower condition numbers compared to

equispaced nodes or the variational method, as shown in Figure 2.7 This reduction

in condition numbers is due to the clustering of CGL nodes near boundaries, which

minimizes matrix correlation and ensures stable matrix inversion. Consequently, the

lower condition numbers achieved by BCM with CGL nodes lead to more accurate

and reliable solutions, even for small perturbation parameters ε. This justifies the

preference for methods that prioritize numerical stability through well-conditioned

9
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system matrices.

Maximum error for Example 2.5.3
ε N = 16 N = 32 N = 64

0.1 VM = 1.64910e-03 VM = 1.33020e-03 VM = 1.20225e-03
ES = 4.62391e-12 ES = 4.31866e-10 ES = 1.73116e-03
CN = 9.16192e-14 CN = 9.92237e-13 CN = 3.216918e-09

0.01 VM = 2.12543e-08 VM = 3.03157e-07 VM = 1.086582e-07
ES = 1.21087e-07 ES = 2.29105e-11 ES = 4.323502e-05
CN = 6.73345e-10 CN = 1.55536e-11 CN = 8.286448e-10

0.001 VM = 5.69641e-04 VM = 1.46381e-10 VM = 5.267206e-06
ES = 6.20911e-03 ES = 9.97072e-09 ES = 7.862639e-08
CN = 8.56708e-07 CN = 1.74060e-13 CN = 2.803281e-11

0.0001 VM = 1.79363e-01 VM = 2.75320e-05 VM = 3.986359e-04
ES = 2.24420e-01 ES = 1.80779e-02 ES = 2.236386e-04
CN = 2.61915e-03 CN = 7.83544e-06 CN = 7.153543e-06

1e-05 VM = 1.06099e-01 VM = 2.02394e-02 VM = 1.260625e-03
ES = 5.27390e-01 ES = 2.14715e-01 ES = 3.059913e-02
CN = 1.61054e-03 CN = 1.02811e-02 CN = 4.082013e-03

Table 2.5: Maximum Error for different values of ε using methods for N = 16, 32, 64
for Example 2.5.3.

Example 2.5.4. We consider 1D linear reaction-diffusion problem as [147]

−εu′′(x, ε)+ u(x, ε) = − cos2(πx)− 2επ cos(2πx), x ∈ (0, 1), 0 < ε ≪ 1, (2.47)

with boundary conditions

u(0, ε) = 0, u(1, ε) = 0. (2.48)

The exact solution is

u(x, ε) =
exp

(
− (1−x)√

ε

)
+ exp

(
− x√

ε

)
1 + exp

(
− 1√

ε

) − cos2(πx). (2.49)

The maximum error and root mean square error for N = 16, 32, 64 for different val-

ues of ε are shown in Table 2.7, 2.8 and comparison of exact solution with variational

method , BCM at equispaced nodes and chebyshev nodes is shown in Figure2.9 for

N = 32 and ε = 0.001. The condition number of matrices in different methods is

shown in Figure 2.8.

63
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Figure 2.6: Comparison of exact solution with approximate solution for ε = 0.001
and N = 32 Example 2.5.3

Figure 2.7: Condition number for different value of N for Example 2.5.3.
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Figure 2.8: Condition number for different value of N for Example 2.5.4.

Figure 2.9: Comparison of exact solution with approximate solution for ε = 0.001
and N = 32 for Example 2.5.4.
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Root Mean Square error for Example 2.5.3
ε N = 16 N = 32 N = 64

0.1 VM = 1.23146e-03 VM = 9.93328e-04 VM = 8.954013e-04
ES = 2.34308e-12 ES = 2.38603e-10 ES = 8.204405e-04
CN = 5.55654e-14 CN = 6.21164e-11 CN = 1.869762e-09

0.01 VM = 1.76000e-08 VM = 1.93027e-07 VM = 5.410542e-08
ES = 3.64733e-08 ES = 7.69033e-12 ES = 8.738543e-06
CN = 3.81823e-10 CN = 1.05052e-11 CN = 1.831973e-10

0.001 VM = 3.08690e-05 VM = 7.43776e-11 VM = 2.966897e-06
ES = 1.17525e-03 ES = 1.68184e-09 ES = 1.076134e-08
CN = 4.31797e-10 CN = 9.60304e-14 CN = 8.446761e-12

0.0001 VM = 5.42590e-03 VM = 1.06784e-05 VM = 1.400651e-04
ES = 3.37515e-02 ES = 2.08333e-03 ES = 2.399477e-05
CN = 8.19378e-05 CN = 3.38126e-06 CN = 2.167820e-06

1e-05 VM = 2.19997e-01 VM = 4.93369e-03 VM = 2.588136e-04
ES = 6.32235e-02 ES = 2.20110e-02 ES = 3.567295e-03
CN = 3.32439e-02 CN = 2.64540e-03 CN = 4.259700e-05

Table 2.6: Root Mean Square Error for different values of ε using methods for
N = 16, 32, 64 for Example 2.5.3.

2.6 Conclusion

In this chapter, different methods for solving singularly perturbed differential

equations were compared. These equations are characterized by their steep gra-

dients and boundary layers. The Bernstein collocation method (BCM) using both

evenly spaced and Chebyshev nodes, alongside the variational method, were the

focal points of this comparison. Various types of equations, both linear and non-

linear, were included in the tests. Generally, Quasilinearization technique was

used to linearize the non linear equation. Instead of this, BCM method directly

converts the nonlinear equation into system of equation.

The results shows that BCM with Chebyshev nodes are more effective than

when using equispaced nodes or the variational method. Calculated error tables

shows the lower RMSE and maximum error at BCM with chebyshev nodes, espe-

cially when perturbation paramter ε becomes smaller. And BCM with chebyshev

nodes exhibits smaller condition number which shows this is well conditioned.

In conclusion, the application of Chebyshev nodes in BCM represents a robust

approach for accurately solving differential equations. Compared to alternative

nodal distributions and conventional variational techniques, the Bernstein collo-

cation method incorporating Chebyshev-Gauss-Lobatto nodes provides notable
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Maximum error for Example 2.5.4
ε N = 16 N = 32 N = 64

0.1 VM = 1.308038e+00 VM = 1.357994e+00 VM = 1.373948e+00
ES = 3.791951e-04 ES = 3.791951e-01 ES = 3.791920e-01
CN = 3.591951e-09 CN = 3.821765e-02 CN = 3.791951e-01

0.01 VM = 1.003223e+00 VM = 1.043844e+00 VM = 1.056817e+00
ES = 9.772697e-02 ES = 9.772698e-02 ES = 9.771244e-02
CN = 9.211698e-05 CN = 8.371421e-03 CN = 9.772698e-02

0.001 VM = 9.526521e-01 VM = 9.897203e-01 VM = 1.001458e+00
ES = 1.325215e-02 ES = 1.293846e-02 ES = 1.433917e-02
CN = 1.294389e-03 CN = 2.125832e-03 CN = 1.698852e-03

0.0001 VM = 9.420876e-01 VM = 9.842365e-01 VM = 9.963909e-01
ES = 2.199610e-01 ES = 2.320124e-02 ES = 1.334713e-02
CN = 1.441857e-02 CN = 1.339782e-03 CN = 1.339636e-03

1e-05 VM = 9.298811e-01 VM = 9.771065e-01 VM = 9.953340e-01
ES = 5.217184e-01 ES = 2.221473e-01 ES = 3.656593e-02
CN = 1.550446e-01 CN = 9.771761e-03 CN = 4.184092e-04

Table 2.7: Maximum Error for different values of ε using methods for N = 16, 32, 64
for Example 2.5.4.

Root Mean Square error for Example 2.5.4
ε N = 16 N = 32 N = 64

0.1 VM = 8.335144e-01 VM = 8.701415e-01 VM = 8.818507e-01
ES = 2.153870e-01 ES = 2.153870e-01 ES = 2.153840e-01
CN = 2.153870e-02 CN = 1.243370e-01 CN = 1.153870e-02

0.01 VM = 6.120033e-01 VM = 6.437250e-01 VM = 6.539100e-01
ES = 5.373098e-02 ES = 5.373097e-02 ES = 5.381575e-02
CN = 5.133028e-02 CN = 3.143037e-02 CN = 3.273097e-02

0.001 VM = 5.716206e-01 VM = 6.011957e-01 VM = 6.107631e-01
ES = 8.953939e-03 ES = 8.246578e-03 ES = 8.287782e-03
CN = 8.246211e-03 CN = 5.135607e-03 CN = 5.126577e-03

0.0001 VM = 5.677016e-01 VM = 5.967715e-01 VM = 6.062166e-01
ES = 4.668220e-02 ES = 3.980828e-03 ES = 9.139604e-04
CN = 8.713072e-03 CN = 9.142636e-04 CN = 3.142636e-04

1e-05 VM = 5.679366e-01 VM = 5.963914e-01 VM = 6.057624e-01
ES = 8.810849e-02 ES = 3.213089e-02 ES = 5.122987e-03
CN = 3.889673e-02 CN = 2.945052e-03 CN = 2.564636e-04

Table 2.8: Root Mean Square Error for different values of ε using methods for
N = 16, 32, 64 for Example 2.5.4.

advantages in terms of accuracy, stability, and efficiency for solving singularly per-

turbed differential equations. The method’s ability to address the steep boundary

layers typical of these complex problems is enhanced by the optimum clustering

of the Chebyshev-Gauss-Lobatto nodes.This study has great importance for the

progression of numerical analysis in the future and provides a useful resource for
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experts requiring accurate modelling and problem-solving methods. It was also

mentioned that there is need for more research to increase the effectiveness and

range of applications of this strategy.
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Chapter 3

Numerical Solution of Singularly

Perturbed Equations using

Szász-Mirakyan-Kantorovich

Operator

This chapter introduces an numerical technique for solving singularly perturbed

differential equations using Szász-Mirakyan-Kantorovich (SMK) operators. The

solution of such kind of problems shows boundary and interior layers due to pres-

ence of small parameter ε. Additionally, the suggested problem’s convergence

analysis is done using the maximum norm. Linear and nonlinear problems have

been considered, and a comparison study with other current methods has been

conducted to demonstrate the effectiveness of the SMK method. The approxi-

mated result from the proposed technique (SMK) appears to be better than the ex-

isting approach. The numerical results consistently showcase the SMK method’s

outperformance of traditional techniques.

65
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3.1 Introduction

In applied research and engineering, singularly perturbed boundary value prob-

lems are common; reaction-diffusion equations and covection equations are two

well-known examples [122, 123]. Convection-diffusion processes are often stud-

ied in environmental engineering, chemical engineering, fluid dynamics, and heat

transfer. These formulae are crucial for understanding these processes. Singular

perturbations in these situations frequently result in boundary layers, which puts

numerical techniques’ accuracy and resilience to the test. One of the main objec-

tives of singular perturbation analysis is to build asymptotic approximations that,

for any given parameter value, faithfully reflect the real solution [124, 125]. It is

difficult to solve these issues numerically using standard techniques because the

perturbation parameters may make uniform convergence impossible. Boundary

layer existence is the primary reason of this [126]. The most basic mathematical

representation of a convection-diffusion issue is a boundary value problem with

two points is given in Equation 2.1. Convection is represented by the word u′,

while the roles of a source and driving term, respectively, are played by u and f .

Diffusion and convection should be modeled using second-order and first-order

derivatives, respectively.

Because they have so many beneficial properties, Bernstein polynomials are

very helpful in computer-aided geometric design [127, 128] and many other ar-

eas of mathematics. In the discipline of computer-aided design (CAD), free-form

objects are constructed using mathematical methods. It was founded a little later

than computer-aided engineering (CAE). In actuality, computer-aided design, or

CAD [129], is the use of technology to geometric model and drawing creation,

modification, analysis, and optimization. The first method for producing free-form

curves and surfaces was the Bézier curve, named for its inventor, Dr. Pierre

Bézier. This method was developed in 1966 by Bézier, an engineer for the car

company Renault. Many publications have focused on these operators. In this

regard, Bernstein’s seminal work on Bernstein polynomials maintains its long-

standing leadership in approximation theory. Shortly after, literature has started

to often extend it to an indefinite interval [121]. The Szász-Mirakyan operators

(sometimes called "Mirakian" and "Mirakjan") [150] are extensions of Bernstein

polynomials to infinite intervals, first introduced by Otto Szász in 1950 and G. M.

15
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Mirakjan in 1941.. Numerous methods have been proposed in the literature to im-

prove Szász-Mirakyan operators [151], and it has been demonstrated that these

new operators have approximation features that are comparable to those of their

classical counterparts. In addition to approximating a function, Szász-Mirakyan

operators can be used to solve differential and integral equations and compute

numerical integration, also known as the quadrature formula and evenly spaced

mesh to approximate improper integrals. Motivated by Maleknejad et al. [152], we

present a numerical technique in this work based on the Szász-Mirakyan approx-

imation method to solve the linear and nonlinear singularly perturbed differential

equations.

3.2 Definitions

3.2.1 Szasz Mirakyan operator

In the field of approximation theory, the Szász-Mirakyan operators serve as a

generalization of Bernstein polynomials applicable to infinite intervals. These op-

erators were introduced by mathematicians Otto Szász in 1950 and G. M. Mirak-

jan in 1941. The Szasz-Mirakyan operator is defined as [121]:

Sn,k(x) = (Snf)(x) =
∞∑
k=0

e−nx (nx)
k

k!
f

(
k

n

)
. (3.1)

In this article, partial szasz-Mirakyan operator is used and for m ∈ z+ , it is defined

as

(Snf)(x) =
mn∑
k=0

pn,k(x)f

(
k

n

)
, (3.2)

where x ∈ [0,∞) ⊂ R and n ∈ N and

pn,k(x) = e−nx (nx)
k

k!
. (3.3)

Some properties of szasz operator are :

1. Positivity: pn,k(x) is non-negative within the interval [0,∞].

2. Continuous: pn,k(x) is continuous function on [0,∞].

3. Partition of unity: The sum of szasz polynomials of degree n is 1 for every

5
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x ∈ [0,∞].

4. Linearity: Sn(αf + βg;x) = αSn(f ;x) + βSn(g; x)

5. Convergence: limn→∞ Sn(f ;x) = f(x).

The moments of the Szasz-Mirakyan operator [141] are obtained by applying

the operator to the monomials f(t) = tm for m = 0, 1, 2, 3, . . ..

Zeroth Moment

For f(t) = 1 = e0:

Sn(1; x) =
∞∑
k=0

1 · e−(nx) (nx)
k

k!
= e−(nx)

∞∑
k=0

(nx)k

k!
= e−(nx) · ex = 1.

So, the zeroth moment is Sn(e0, x) = 1.

First Moment

For f(t) = t = e1:

Sn(t; x) =
∞∑
k=0

(
k

n

)
e−(nx) (nx)

k

k!
=

1

n

∞∑
k=0

ke−(nx) (nx)
k

k!
.

The series
∑∞

k=0 ke
−(nx) (nx)

k

k!
can be simplified by recognizing it as the mean of

the Poisson distribution with parameter x, which is nx:

∞∑
k=0

ke−(nx) (nx)
k

k!
= nx.

Thus,

Sn(t; x) = x.

So, the first moment is Sn(e1, x) = x.

3

10
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Summary of Moments

Sn(e0, x) = 1, (3.4)

Sn(e1, x) =
x

n
, (3.5)

Sn(e2, x) =
x

n
+ x2, (3.6)

Sn(e3, x) =
x

n2
+

3x2

n
+ x3. (3.7)

(3.8)

where e0, e1, e2, e3 are 1, x, x2, x3, respectively. Derivative of szasz polynomial is

given as :

First Derivative S ′
n(f ;x)

Differentiating the Szasz-Mirakyan operator with respect to x:

S ′
n(f ;x) =

d

dx

(
∞∑
k=0

f

(
k

n

)
e−nx (nx)

k

k!

)
.

Applying the product rule:

S ′
n(f ;x) =

∞∑
k=0

f

(
k

n

)(
d

dx

(
e−nx (nx)

k

k!

))
,

The derivative of e−nx (nx)k

k!
is:

d

dx

(
e−nx (nx)

k

k!

)
= e−nx

(
k(nx)k−1.n

k!
− n(nx)k

k!

)
= e−nxn(nx)

k−1

(k − 1)!
− e−nxn(nx)

k

k!
,

Thus,

S ′
n(f ;x) =

∞∑
k=0

f

(
k

n

)(
e−nxn(nx)

k−1

(k − 1)!
− e−nxn(nx)

k

k!

)
,

5

10
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Separate the sums:

S ′
n(f ;x) =

∞∑
k=0

f

(
k

n

)
e−nxn(nx)

k−1

(k − 1)!
−

∞∑
k=0

f

(
k

n

)
e−nxn(nx)

k

k!
,

Adjust the indices in the first sum (k → k + 1), then we get

S ′
n(f ;x) = n[Sn,k−1 − Sn,k]. (3.9)

Second Derivative S ′′
n(f ;x)

To find the second derivative, differentiate S ′
n(f ;x):

S ′′
n(f ;x) =

d

dx

(
n

∞∑
k=0

f

(
k + 1

n

)
e−nx (nx)

k

k!
− nSn(f ;x)

)
,

Differentiate each term separately and implify the derivatives:

S ′′
n(f ;x) =

∞∑
k=0

f

(
k + 1

n

)
n2

(
e−nx (nx)

k−1

(k − 1)!
− e−nx (nx)

k

k!

)
− nS ′

n(f ;x),

Adjust the indices in the first sum (k → k + 1):

S ′′
n(f ;x) =

∞∑
k=1

f

(
k + 1

n

)
n2e−nx (nx)

k−1

(k − 1)!
−

∞∑
k=0

f

(
k + 1

n

)
n2e−nx (nx)

k

k!
−nS ′

n(f ;x),

S ′′
n(f ;x) =

∞∑
k=0

f

(
k + 2

n

)
n2e−nx (nx)

k

k!
−

∞∑
k=0

f

(
k + 1

n

)
n2e−nx (nx)

k

k!
− nS ′

n(f ;x),

S ′′
n(f ;x) = n2 [Sn,k−2 − 2Sn,k−1 + Sn,k] . (3.10)

Remark: SMK can be derived from Bernstein polynomial.

3

10

10
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A Bernstein polynomial of degree n is defined for k = 0, 1, 2, ...., n as :

Bk,n(x) =

(
n

k

)
xk(1− x)n−k, (3.11)

Bk,n(x) =

(
n

k

)(
x

1− x

)k

(1− x)n, (3.12)

=
n(n− 1)...(n− k + 1)

k!

xk

(1− x)k
(1− x)n, (3.13)

= e−nx (nx)
k

k!
. (3.14)

3.3 Methodology

Let us consider a second order singularly perturbed differential equation given

in 2.1. The main goal of the proposed approach is to use szasz operator given

in 3.1 to estimate the unknown function u(·). So, for this consider an approximate

solution given as:

u(x) =
mn∑
k=0

e−nx (nx)
k

k!
u

(
k

n

)
, (3.15)

Substitute the approximate solution into the given SPDE 2.1,for x ∈ (a, b), we

get,

mn∑
0

u

(
k

n

)[
−εn2(Sn,k−2 − 2Sn,k−1 + Sn,k) + h(x) ∗ n(Sn,k−1 − Sn,k) + k(x)Sn,k

]
= f(x),

(3.16)

For the collocation points xj =
j

n−1
, above equation give rise to algebraic system

which helps in finding the unknown coefficients.

Ux = F, (3.17)

where

U =
[
−εn2(Sn,k−2 − 2Sn,k−1 + Sn,k) + h(x) ∗ n(Sn,k−1 − Sn,k) + k(x)Sn,k

]
,

F = [f(x0), f(x1), ..., f(xmn)]
⊤, x = [u(0), u(1/n), ..., u(m)]⊤.

18

18

21

Page 104 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783

Page 104 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783



72

Figure 3.1: Schematic diagram for Szasz operator

here U is mn×mn matrix of unknown values and F and x are mn× 1 vectors. F

is the vector formed by the right-hand side f(xi) at the discretized points. Hence,

the first row and column as well as last row and column are replaced with the

imposed boundary conditions. And solving this system of equation, the unknown

vector x is determined which can be used to construct approximate solution 3.15

3.3.1 Condition Number

The condition number of a matrix or a mathematical problem quantifies the sen-

sitivity of the solution to changes or errors in the input data. It essentially mea-

sures how much the output value can change in response to slight alterations in

the input. A high condition number indicates that the problem is ill-conditioned,

57
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meaning small input changes can cause large changes in the output, potentially

leading to numerical instability. Conversely, a low condition number suggests the

problem is well-conditioned, with the output being relatively stable against input

variations.

Lemma: Let Sn be the Szasz-Mirakyan operator used to approximate the

solution, and A be the matrix derived from the discretization of the differential

equation using the operator. If

max
x∈[a,b]

(
−εn2

∣∣∣∣∣
∞∑
k=0

(Sn,k−2 − 2Sn,k−1 + Sn,k)

∣∣∣∣∣+
∣∣∣∣∣h(x) ∗ n

∞∑
k=0

(Sn,k−1 − Sn,k)

∣∣∣∣∣+
∣∣∣∣∣k(x)

∞∑
k=0

Sn,k

∣∣∣∣∣
)

= C1,

(3.18)

|| · || denoted the maximum norm of rows, and I be the identity matrix, then:

cond(A) ≤ C1

1− C2

,

such that ||A− I|| = C2 < 1.

Proof:

To prove the above condition, we have to find an upper bound of cond(U). So, the

condition number is defined as

cond(U) = ||U || ||U−1||, (3.19)

Therefore, we have find the bounds for both ||U || and ||U−1||.

Hence, U is defined in Equation 3.17.

U =
[
−εn2(Sn,k−2 − 2Sn,k−1 + Sn,k) + h(x) ∗ n(Sn,k−1 − Sn,k) + k(x)Sn,k

]
,

Let ||.|| is the maximum norm of rows, therefore,

||U || = max
i

mm∑
k=0

∣∣−εn2(Sn,k−2 − 2Sn,k−1 + Sn,k) + h(xi) ∗ n(Sn,k−1 − Sn,k) + k(xi)Sn,k

∣∣ ,
Given the bounds on the coefficients h(xi) and k(xi), and the Szasz-Mirakyan

18

18
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operator’s exponential terms, we have:

||U || ≤ C1,

where C1 is derived from the i coefficients and the operator terms.

Consider Θ = U − I:

||Θ|| = max
i

∑
j

|Uij − Iij| ,

If Θ is small enough, we have:

||Θ|| = C2 < 1,

Using the norm, the condition number of U is:

||U−1|| ≤ 1

1− ||Θ||
=

1

1− C2

,

Thus, combining the norms:

cond(U) = ||U || ||U−1|| ≤ C1

1− C2

.

3.4 Error Analysis

Lemma 1: Consider

Ms(x) =
∞∑
k=0

pn,k(x)(k − nx)s, for s = 0, 1, 2, 3, 4. (3.20)

Then the following holds: M0(x) = 1, M1(x) = 0, M2(x) = nx, M3(x) = nx,

M4(x) = 3n2x2.

Proof: These results can be easily obatined using binomial expansion of (k−nx)s

for s = 0, 1, .., 4 and using 3.4.

Lemma 2: For x ∈ [0,∞] and suppose δ be small positive number and η be

some constant, then the following inequality holds for
∣∣ k
n
− x
∣∣ ≥ δ:

∞∑
k=0

pn,k(x) ≤
ηx2

n2δ2
, (3.21)

Page 107 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783

Page 107 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783



75

η is independent of x and n.

Proof: For some arbitrary constant η and using Lemma 1, we have |M4(x)| ≥

Nn2x2. We have, ∣∣∣∣kn − x

∣∣∣∣ ≥ δ,

=⇒ (k − nx)4

n4δ4
≥ 1,

for
∣∣ k
n
− x
∣∣ ≥ δ and δ is choosen to be very small such that δ > 0 and we have

∞∑
k=0

pn,k(x) ≤
1

n4δ4

∞∑
k=0

pn,k(k − nx)4 =
1

n4δ4
M4(x) ≤

ηx2

n2δ2
.

hence proved.

Theorem 5. Let F be a bounded and continuous on every finite interval then , we

have the following error bound

∥Sn,k(F)− F∥ ≤ 1

2n
x∥F”∥ (3.22)

at fixed point x > 0, for which F is twice differentiable.

Proof: [153]

Using Taylor’s expansion,

F(t)− F(x) = (t− x), (3.23)

F(t)− F(x) = (t− x)F′(x) +
1

2
(t− x)2F′′(x) + λ(t− x)(t− x)2,

where λ(z) converges to zero with z. Then choose t = k
n
, we have

n
∞∑
k=0

pn,k

[
F
(
k

n

)
− F(x)

]
= n

∞∑
k=0

pn,k

[(
k

n
− x

)
F′(x)

]
+

1

2
n

∞∑
k=0

pn,k

[(
k

n
− x

)2

F′′(x)

]

+n
∞∑
k=0

pn,k

[
λ

(
k

n
− x

)(
k

n
− x

)2
]
,

3

17
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n [Sn,k(F; x)− f(x)] = T1(x)F′(x)+
1

2n
M2(x)F′′(x)+n

∞∑
k=0

pn,kλ

(
k

n
− x

)(
k

n
− x

)2

,

n [Sn,k(F; x)− F(x)] =
x

2
F′′(x) + nΛn(x),

where

Λn(x) =
∞∑
k=0

pn,kλ

(
k

n
− x

)(
k

n
− x

)2

.

Now we have to show that

limn→∞nΛn(x) = 0. (3.24)

Λn(x) =
∑

| kn−x|≤n

pn,k(x)λ

(
k

n
− x

)(
k

n
− x

)2

(3.25)

+
∑

| kn−x|≥n

pn,k(x)λ

(
k

n
− x

)(
k

n
− x

)2

, (3.26)

=: Λn,1(x) + Λn,2(x). (3.27)

According to Lemma 2, we have

|Λn,1(x)| ≤
ϵ

n2
M2(x) =

ϵ

n2
(nx),

since ϵ is arbitrary, therefore,

lim
n→∞

nΛn,1(x) = 0,

Now, for Λn,2(x) using Lemma 2, we have

|Λn,2(x)| ≤
1

n2δ2
KNx2,

where K = supt∈(0,∞) λ(t− x)(t− x)2, which similarly gives,

28

55
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lim
n→∞

nΛn,2(x) = 0,

Theorem 6. If u(x) is sufficiently smooth on [0, A] for A > 0 and Let u(x) be the

exact solution of 2.1 and Sn is the Szasz-Mirakyan kontorowich operator of degree

n then the szasz solution at equispaced nodes converges to u(x).

Proof: We know that the difference of Sn(u, x) and u(x) is

Sn(u, x)− u(x) =
n∑

k=0

(
u

(
k

n

)
Sk,n(x)− u(x)

)
, (3.28)

Using the relation 3.4, in the following equation, we have

Sn(u, x)− u(x) =
n∑

k=0

(
u

(
k

n

)
− u(x)

)
Sk,n(x), (3.29)

so

|Sn(u, x)− u(x)| ≤
n∑

k=0

∣∣∣∣u(k

n

)
− u(x)

∣∣∣∣Sk,n(x). (3.30)

For δ1 > 0 and x ∈ [0, A], divide the set of equispaced nodes into two sets

B = {xi : 0 ≤ |xi − x| < δ1} ,

C = {xi : δ1 ≤ |xi − x| < A} .

where

xi =
i

n− i
; i = 0, 1, . . . , n;

B and C gives the nodes at boundary layers, thus the series on the right-hand

side of the inequality can be divided into two series given as :

|Sn(u, x)− u(x)| ≤
n∑

i=0
(xi∈B)

|u (xi)− u(x)|Sk,n(x) +
n∑

i=0
(xi∈C)

|u (xi)− u(x)|Sk,n(x),

(3.31)

|Sn(u, x)− u(x)| ≤ Λ1(xi ∈ B) + Λ2(xi ∈ C). (3.32)

For the case Λ1,

By the uniform convergence of the sequence of polynomials, we have, for any

3

12

14

26
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ξ > 0, ∃ N > N such that for all n ≥ N and x ∈ [0, A], we have

|u(xi)− u(x)| < ξ

2(1 + A)
≤ ξ

2
. (3.33)

Now, for the case Λ2, |xi − x| < A, this is trivial and we have |xi − x| ≥ δ1,

therefore,

1 ≤ (xi − x)2

δ21
,

Let |u(x)| ≤ M and xi ∈ C we have,

n∑
i=0

|u (xi)− u(x)|Sk,n(x) ≤
1

δ2

n∑
i=0

(xi − x)2 |u (xi)− u(x)|Sk,n(x),

where (xi − x)2 =
(

i
n−i

− x
)2 and using Weierstrass approximation theorem and

relations 3.4 and theorem 5 above equation becomes:

n∑
i=0

(xi∈B)

|u (xi)− u(x)|Sk,n(x) <
2M

4ηδ2
,

collecting the estimates of 3.32

|Sn(u, x)− u(x)| < ξ

2
+

M

2ηδ2
, (3.34)

For a positive real number ξ > 0, there exists a number N(ξ) such that for all

η ≥ N(ξ), choose η to be so large that M
2ηδ2

< ξ then

|Sn(u, x)− u(x)| < ξ. (3.35)

Hence Proved.

3.5 Numerical Results

Example 3.5.1. The 1D linear convection-diffusion equation is a fundamental

mathematical model used to describe the transport of a scalar quantity, such as

heat, pollutants, or other substances, within a fluid medium. This type of equation

combines both convection, the process by which a substance is carried by the bulk

motion of the fluid, and diffusion, the process by which a substance spreads due to

17

34
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molecular motion.

The equation under consideration is [147]

−εu′′ − 2u′ = 0; x ∈ (0, 1), 0 < ε ≪ 1,

with boundary conditions

u(0) = 1 and u(1) = 0;

In this equation, ε represents the diffusion coefficient, which is a small positive pa-

rameter (0 < ε << 1). Such problems are characterized by the presence of boundary

layers, regions near the boundary where the solution changes rapidly.

The exact solution is

u =
exp(−2x/ε)− exp(−2/ε)

1− exp(−2/ε)
.

This solution highlights the sharp gradients near the boundaries, which are typical

in singularly perturbed problems. The presence of the exponential term with the

small parameter ε in the denominator indicates a rapid decay away from the bound-

ary at x = 0. Convection-diffusion equations are widely used in various scientific

and engineering fields.

ε N = 16 N = 32 N = 64

0.01 1.052445e-05 1.463111e-08 3.922933e-10
0.001 7.263651e-05 6.143491e-08 4.193816e-09
0.0001 8.576937e-05 7.398075e-08 5.558218e-07
0.00001 8.647634e-05 7.498012e-07 5.608763e-05
0.000001 8.631970e-02 7.505850e-03 5.541958e-03

Table 3.1: Maximum Error Table for Example 3.5.1

The results showcase that as the parameter epsilon is reduced and the number of

collocation points is increased, the numerical solution converges towards the exact so-

lution, with the maximum error decreasing. This convergence behavior is indicative

of the method’s ability to produce highly accurate approximations. Furthermore,

16

51
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Figure 3.2: Comparison of exact and szasz solution for N = 90 and ε = 0.000001
for Example 3.5.1

for each ε, doubling the number of collocation points leads to a significant reduc-

tion in the error measures, often by an order of magnitude. This rapid convergence

allows the method to achieve impressive accuracy even with a moderate number of

collocation points, especially when epsilon is sufficiently small. This system shows

the lower condition number which shows that this is well-conditioned. Comparison

of exact and Szasz Mirakyan solution is shown in Figure 3.2 and Maximum error is

given in Table 3.1.

Example 3.5.2. The given nonlinear singularly perturbed differential equation is a

significant model that finds applications in various scientific and engineering disci-

plines. It is formulated as [149]:−εv′′ + v + v2 = e
− 2x√

ε

v(0) = 1, v(1) = e
− 1√

ε .
(3.36)

The equation combines a second-order differential term, a linear term, and a non-

linear term. The right-hand side, introduces a forcing function that decays rapidly

as x increases, which is typical for singularly perturbed problems.

The exact solution,

v(x) = e
− x√

ε . (3.37)

demonstrates the exponential decay characteristic of such problems. The rapid change

near x = 0 is indicative of a boundary layer, a common feature in singularly per-

turbed differential equations.

The numerical results demonstrate that the Szasz method converges to the exact
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Figure 3.3: Comparison of exact and szasz solution for N = 90 and ε = 0.000001
for Example 3.5.2

Maximum error comparison of Szasz-mirakyan solution with spline method in [154].

ε N = 16 N = 32 N = 64

2−4 2.210537e-04 3.284709e-07 5.635503e-08
Method in [154] = 0.39e-02 Method in [154] = 0.11e-02 Method in [154] = 0.43e-03

2−6 8.416083e-04 9.836043e-07 2.045248e-06
Method in [154] = 0.73e-02 Method in [154] = 0.23e-02 Method in [154] = 0.14e+01

2−8 9.806342e-05 2.305398e-05 4.478301e-05
Method in [154] = 0.12e-01 Method in [154] = 0.32e-02 Method in [154] = 0.14e+01

2−10 1.045478e-03 5.028301e-05 3.136047e-03
Method in [154] = 0.11e-01 Method in [154] = 0.30e-01 Method in [154] = 0.16e+01

Table 3.2: Maximum error table for Example 3.5.2
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solution of the singularly perturbed differential equation as both the perturbation

parameter epsilon decreases and the number of collocation points N increases. The

maximum error consistently decreases for smaller values of epsilon and larger values

of N. The approach is effective for obtaining accurate numerical solutions for non-

linear singularly perturbed differential equations also. Comparison of exact solution

and szasz mirakyan solution is shown in Figure 3.3 and maximum error obtained

using szasz method is compared with Spline method [154] as shown in Table 3.2.

Example 3.5.3. The study of singularly perturbed differential equations, particu-

larly those involving both convective and diffusive processes, is essential for modeling

various physical phenomena. One such equation is:

ϵu′′ + (1 + x(1− x))u = f(x), (3.38)

u(0) = 0, u(1) = 0, (3.39)

includes a second-order derivative term scaled by the small parameter ε, which

represents the diffusion process. The term (1 + x(1 − x))u introduces a variable

coefficient that modifies the effect of convection depending on the position x. The

forcing function f(x) combines polynomial and exponential terms, reflecting the

complex external influences on the system.

where

f(x) =

{[
1 + x(1− x) + [2

√
ϵ− x2(1− x)] e−(1−x)/

√
ϵ
]
+ [2

√
ϵ− x(1− x2)] e−x/

√
ϵ

(3.40)

The exact solution is

u(x) = 1 + (x− 1)e−x/
√
ϵ − xe−(1−x)/

√
ϵ. (3.41)

demonstrates the interplay between boundary layers and the internal behavior of

the solution. The presence of exponential terms indicates sharp changes near the

boundaries, typical for singularly perturbed problems.

Comparison of exact solution with Szasz Mirakyan method is shown in Figure 3.4

and Table 3.3 shows the maximum error obtained using szasz method is less than

B-spline method in [155] which shows that proposed method performs better and

SMK exhibit lower condition number as compared to B-Spline as shown in Figure

3.5.

7

16
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Figure 3.4: Comparison of exact and szasz solution for N = 70 and ε = 0.00001 for
Example 3.5.3

Figure 3.5: Condition number for ε = 0.01 for Example 3.5.3
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N
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32
N
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2
−
4
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0.331502e-09
M

ethod
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[155]=
2.000e-03
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Figure 3.6: Comparison of exact solution with approximate solution for ε = 0.001
and N = 32 for 3.5.4.

Example 3.5.4. We consider 1D linear convection–diffusion problem with turning

point as

−εu′′ + 2(2x− 1)u′ + 4u = 0; x ∈ (0, 1), 0 < ε ≪ 1, (3.42)

with boundary conditions.

u(0) = 1 and u(1) = 1; (3.43)

Above equation is characterized by a balance between the diffusive term −εu′′ and the

convective term 2(2x− 1)u′, with an additional linear term 4u. The presence of the

turning point at x = 0.5 means that the direction of the convection changes within

the domain, leading to unique solution behavior. The exact solution is

u = exp

(
−2x(1− x)

ε

)
. (3.44)

Epsilon N = 16 N = 32 N = 64
0.01 1.234456e-03 3.086140e-08 7.715350e-10
0.001 1.234456e-05 3.086140e-09 7.715350e-07
0.0001 1.234456e-07 3.086140e-07 7.715350e-06
0.00001 1.234456e-06 3.086140e-07 7.715350e-06
0.000001 1.234456e-04 3.086140e-05 7.715350e-04

Table 3.4: Maximum Error Table for Example 3.5.4

Comparison of exact solution with Szasz Mirakyan method is shown in Figure 3.6

and Table 3.4 shows the maximum error obtained using szasz method.

4

4
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3.6 Conclusion

In this chapter research, a novel methodology based on the Szász-Mirakyan

approximation was developed and evaluated for obtaining solutions to linear and

nonlinear singularly perturbed differential equations. When solving nonlinear prob-

lems, a quasi-linearization approach is frequently used to linearize the problem.

The linearized problem is then solved using numerical methods or other currently

used techniques. In SMK method, we find the solution of nonlinear problems

without using linearization. The suggested approach transforms nonlinear prob-

lems into an system of algebraic equation, making it simple to use. Furthermore,

this study derived error bound estimates for the proposed approach. And SMK

method exhibit lower condition number which that system is well conditioned. The

results from computational experiments indicate that the new method yields so-

lutions with a high degree of precision. The outcomes of this investigation could

have several significant consequences for subsequent applications and research

endeavors in this domain.
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Chapter 4

Bernstein-Chlodowsky for Solving

Singularly Perturbed Differential

Equations in Atmospheric Modeling

and Cyclone Dynamics

This chapter presents a novel framework combining the Bernstein-Chlodowsky

operator with neural networks termed as Bernstein-Chlodowsky Neural Network

(BNN) and Bernstein-Chlodowsky collocation method (CCM) for solving singu-

larly perturbed differential equations (SPDEs) in the context of atmospheric sci-

ence and cyclone modeling. In atmospheric and climatic systems, SPDEs play

a crucial role in capturing multiscale dynamics, especially in phenomena that in-

volve boundary layers and sharp gradients. These equations pose significant

computational challenges due to the presence of a small perturbation parameter

ε, which causes rapid transitions near boundaries. We solve linear and nonlin-

ear SPDEs using the Bernstein-Chlodowsky collocation method and BNN, em-

phasizing how well these methods captures the convection-dominated processes

observed in cyclonic systems. The operator’s superior convergence and bound-

ary layer resolution make it an effective tool for cyclone modeling. Numerical

simulations demonstrate that BNN significantly outperforms traditional methods

including Bernstein collocation and spline based approaches by achieving lower

error and better resolution across a range of SPDEs relevant to convection, diffu-

87
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sion, and atmospheric boundary layers. Numerical simulations demonstrate that

CCM and BNN methods provides a more accurate representation of cyclone dy-

namics compared to traditional techniques, significantly improving the predictive

capability of weather models.
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4.1 Introduction

Singularly Perturbed Differential Equations (SPDEs) [122, 123] are fundamen-

tal to modeling complex multiscale dynamics in atmospheric and climate sys-

tems. These equations often involve a small perturbation parameter,ε, multiplying

the highest derivative, which creates sharp gradients and thin boundary layers

[124]. Such behaviour is frequently observed in weather systems, particularly in

cyclones [156], where large-scale convective processes interact with small-scale

diffusion and turbulence. The presence of boundary layers in these systems re-

flects the rapid changes in physical quantities, such as temperature, pressure,

and wind velocity, particularly near the core of a cyclone. Resolving these lay-

ers accurately is crucial for predicting the intensity, trajectory, and development of

such weather phenomena. In the context of cyclone dynamics, the interaction be-

tween convection and diffusion processes can be effectively described by SPDEs,

as the convective transport of momentum, heat, and moisture dominates over dif-

fusive processes in these systems. The convection-diffusion equation, which is a

type of SPDE, models the transport of these quantities in the atmosphere. How-

ever, due to the presence of small ε, traditional numerical methods often fail to

capture the steep gradients near the boundary, resulting in poor approximations

and loss of accuracy, especially when predicting extreme weather events such as

cyclones. The most basic mathematical representation of a convection-diffusion

equations [126] is a boundary value problem, such as in Equation 2.1.

To address this challenge, we introduce the Bernstein-Chlodowsky [157] oper-

ator as a numerical method capable of solving SPDEs with superior accuracy,

particularly in regions where boundary layers are prominent. A cornerstone of the

development of approximation theory is the first Weierstrass approximation theo-

rem, established by K. Weierstrass in 1885 [158]. The original proof of Weier-

strass was known for its complexity and length, which made it challenging to

understand. Consequently, the mathematical community sought a simpler and

more accessible proof. In 1937, I. Cholodovsky (Cholodovsky, 1937) provided

a more detailed proof for the Weierstrass theorem by introducing the Bernstein-

Cholodovsky operators [157], which generalize the Bernstein polynomials to ap-

proximate the function f defined on [0, 1]. The Bernstein-Chlodowsky operator ex-

tends the classical Bernstein polynomial method, offering enhanced convergence
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properties and better handling of sharp transitions. Unlike traditional methods

that struggle with high gradients, this operator efficiently approximates the solu-

tion over the entire domain, making it particularly useful for convection-dominated

problems seen in atmospheric science.

Cyclones [159], which are driven by both large-scale atmospheric circulation

and small-scale turbulent eddies, represent an ideal test case for the application

of SPDEs. The dynamics of a cyclone, characterized by rapid variations near

its center (the eye of the storm), require precise numerical techniques to cap-

ture the changes in wind speed, pressure, and temperature. In this work, we

solve various linear and nonlinear SPDEs using the Bernstein-Chlodowsky op-

erator and demonstrate its effectiveness in modeling cyclone-related processes

[160]. Through a series of numerical experiments, we show that this method sig-

nificantly outperforms existing approaches, such as spline methods and B-spline

collocation, particularly in the resolution of boundary layers.

The main goal is to close the gap between sophisticated mathematical models

and real-world atmospheric scientific applications [161]. Through our demonstra-

tion of the usefulness of the Bernstein-Chlodowsky operator in solving SPDEs, we

want to improve numerical weather models’ predictive power, especially when it

comes to cyclone behavior and intensity forecasts. The findings give a framework

for enhancing weather forecast accuracy and comprehending large-scale atmo-

spheric phenomena, which will help us learn more about how cyclones originate

and about atmospheric modeling in general.

Recently, deep learning techniques, particularly Physics-Informed Neural Net-

works (PINNs), have shown promise in solving PDEs. However, for singularly

perturbed problems, conventional neural networks fail to capture boundary lay-

ers efficiently. To address this, we propose a hybrid framework: the Bernstein-

Chlodowsky Neural Network (BNN), which integrates Bernstein-Chlodowsky spec-

tral polynomials with neural network architectures. This fusion enhances conver-

gence and solution accuracy, particularly in stiff regions such as boundary layers

and turning points.

Page 123 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783

Page 123 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783



91

4.2 Brief Sketch of the Method

In atmospheric science, particularly in the study of cyclones, Bernstein poly-

nomials offer a powerful tool for solving the differential equations that describe

complex, multiscale phenomena. By improving the accuracy and efficiency of nu-

merical solutions, they enable better cyclone intensity forecasts, boundary layer

modeling, and real-time weather prediction, playing a crucial role in advancing

atmospheric research and operational meteorology.

4.2.1 Bernstein polynomials

For a function f(x) defined on the closed interval [0, 1], the expression

(Bnf)(x) = Bnf(x) =
n∑

k=0

f

(
k

n

)(
n

k

)
xk(1− x)n−k (4.1)

is referred to as the Bernstein polynomial of order n of the function f(x) (Bern-

stein, 1912; see also G.G. Lorentz, 1986) [162].

Differentiating 4.1 , it can be obtained that

(Bnf)
′(x) =

n∑
k=0

f

(
k

n

)(
n

k

){
kxk−1(1− x)n−k − (n− k)xk(1− x)n−k−1

}
Therefore, (Bnf)

′(x) can be written as,

(Bnf)
′(x) =

n∑
k=0

f

(
k

n

)
(k − nx)

x(1− x)
tk,n(x). (4.2)

Bernstein polynomials were originally defined on [0, 1]. By substitution, the in-

terval [a, b] can be easily transformed into [0, 1]. Bernstein polynomials did not

present any issues on bounded intervals for proving the Weierstrass approxima-

tion theorem [163]. The primary question arises for mathematicians was Bern-

stein polynomials for unbounded interval. In 1937, Cholodovsky addressed this

question as follows:

3

3

25
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Assume f(x) be a function defined on the interval [0, b]. To find Bnf(x) for (0, b),

define the Bernstein polynomial of Q(w), for 0 ≤ w ≤ 1, as:

BnQ(w) =
n∑

k=0

Q

(
k

n

)(
n

k

)
wk(1− w)n−k

Substitute w = x
b

in the polynomial BnQ(w). It is then easy to see that Q(w) =

f(bw), for 0 ≤ w ≤ 1. Therefore,

Bnf(x) =
n∑

k=0

f

(
bk

n

)(
n

k

)(x
b

)k (
1− x

b

)n−k

for a constant b and b = bn is a function of n.

Let’s consider the function f(x) which is defined on [0,∞). To establish the

relation

Bnf(x) → f(x)

it is essential to recognize that the spacing between consecutive points bn
n
→ 0

as n → ∞. This implies that bn = o(n).

As demonstrated above, Cholodovsky extended Bernstein polynomials from the

interval [0, 1] to [0,∞). Consequently, the polynomials introduced by Cholodovsky

are referred to as Bernstein-Chlodowsky polynomials. Thus, Bernstein-Chlodowsky

polynomials can be defined as follows:

4.2.2 Bernstein-Chlodowsky polynomials

Bernstein-Chlodowsky polynomials [164] are given by

(Cnf)(x) =
n∑

k=0

f

(
bnk

n

)
tk,n

(
x

bn

)
where f is a function defined on [0,∞) and bounded on every finite interval

[0, b] ⊂ [0,∞) at a certain rate, with tk,n denoting as usual

tk,n(x) =

(
n

k

)
xk(1− x)n−k, 0 ≤ x ≤ 1

and (bn)
∞
n=1 being a positive increasing sequence of real numbers with the prop-

3

17

23
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erties

lim
n→∞

bn = ∞, lim
n→∞

bn
n

= 0.

(Cholodovsky, 1937; see also Karsli, 2011).

Chlodovsky introduce this polynomial which is the generalization of the Bern-

stein polynomial bn = 1 and n ∈ N0, which is defined on the interval [0, 1].

In fact, if M(b; f) := sup0≤x≤b |f |, then Cholodovsky shows that

lim
n→∞

exp

(
−α

n

bn

)
(bn; f) = 0

for every α > 0, then (Cnf)(x) converge to f(x) at each point of continuity.

Also, he shows that if f ∈ C[0,∞) has order f(x) = O(exp xs) for any s > 0,

also {bn} be the sequence which satisfies

bn ≤ n
1

s+γ+1 , (4.3)

where γ > 0, irrespective of how small it is, then Cnf(x) converges to f(x) at

each point in R+.

Cholodovsky further demonstrated the simultaneous convergence of the deriva-

tive (Cnf)
′(x) to f ′(x) at points x where it exists, a result that was further examined

by Butzer.

Differentiation the fundamental representations for (Cnf)
′(x):

(Cnf)
′(x) =

n

bn

n−1∑
k=0

[
f

(
k + 1

n
bn

)
− f

(
k

n
bn

)]
tk,n−1

(
x

bn

)
(4.4)

=
1

x(bn − x)

n∑
k=0

f

(
k

n
bn

)
(kbn − nx)tk,n

(
x

bn

)
(4.5)

After introducing Bernstein-Chlodowsky polynomials, Cholodovsky proved the

Weierstrass approximation theorem using these polynomials. Some moments of

bernstein chlodowsky operator is given in Lemma 2.1.

3

5

5

5

10
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Lemma 2.1 For (Cnr
i)(x), i = 0, 1, 2, 3, 4, 5, one has for 0 ≤ x ≤ bn

(Cn1)(x) = 1

(Cnr)(x) = x

(Cnr
2)(x) = x2 +

x(bn − x)

n

(Cnr
3)(x) = x3

[
n2 − 3n+ 2

n2

]
+ x2

[
3bn(n− 1)

n2

]
+ x

b2n
n2

(Cnr
4)(x) = x4

[
n3 − 6n2 + 11n− 6

n3

]
+ x3

[
6bn(n

2 − 3n+ 2)

n3

]
+ x2

[
7b2n(n− 1)

n3

]
+ x

b3n
n3

(Cnr
5)(x) = x5

[
n4 − 10n3 + 35n2 − 50n+ 24

n4

]
+ x4

[
10bn(n

3 − 6n2 + 11n− 6)

n4

]
+ x3

[
25b2n(n

2 − 3n+ 2)

n4

]
+ x2

[
15b3n(n− 1)

n4

]
+ x

b4n
n4

4.2.3 The Bernstein-Chlodowsky Operator in Atmospheric

Modeling

Let us consider a second order singularly perturbed differential equation given in

2.1. The main goal of the proposed approach is to use Chlodowsky operator given

in 4.2.2 to estimate the unknown function u(·). In this article, partial Bernstein-

chlodowsky operator is used and for m ∈ z+ , it is defined as so, for this consider

an approximate solution given as:

u(x) =
mn∑
k=0

tk,n

(
x

bn

)
(4.6)

Substitute the approximate solution into the given SPDE 2.1. For the collocation

points xj = j
n−1

, above equation give rise to algebraic system which helps in

finding the unknown coefficients.

Ux = F

Hence, the first row and column as well as last row and column are replaced

with the imposed boundary conditions. And solving this system of equation, the

unknown vector x is determined which can be used to construct approximate so-

3

3
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lution 4.6. The schematic diagram for Bernstein Chlodowsky collocation method

is shown in Figure 4.1.

The Bernstein-Chlodowsky operator has proven to be a robust tool for solving

singularly perturbed differential equations (SPDEs), especially in cases where

sharp transitions and boundary layers are prevalent in the solution. These fea-

tures frequently appear in atmospheric models, such as those involving cyclones,

weather fronts, and boundary layer processes. Accurately resolving these steep

gradients in temperature, wind speed, and pressure is critical for forecasting the

intensity and path of storms, particularly cyclones.

1. Resolving Boundary Layers and Sharp Gradients:

Cyclones are defined by the interaction between convective and diffusive dy-

namics, leading to sudden variations, especially around the cyclone’s center

and within the eye wall. Traditional computational methods like finite dif-

ference and finite element techniques often face challenges in accurately

capturing these swift changes due to numerical dissipation, which tends to

smooth out sharp transitions. This often leads to underestimations of the

cyclone’s strength and errors in tracking its path.

By allocating computing resources more efficiently in regions exhibiting sud-

den fluctuations, the Bernstein-Chlodowsky operator performs very well in

handling these challenges. Because of the way it is designed, it can sim-

ulate the thin boundary layers that are closest to cyclone centers, where

convective activity predominates. The accuracy of cyclone models is greatly

increased by this feature, particularly when predicting the storm’s route and

intensity.

In contrast to techniques like spline or B-spline collocation, which usually

need dense grid arrangements close to borders in order to maintain accu-

racy, the Bernstein-Chlodowsky operator produces results that are compa-

rable or superior while requiring less computing effort.

2. Benefits for Weather Prediction Models:

Accurately modeling the atmospheric boundary layer (ABL), where surface-

atmosphere interactions are critical, is a significant challenge in weather
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Figure 4.1: Schematic diagram for Bernstein Chlodowsky collocation method.
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prediction models. Understanding the genesis of storms and cyclones de-

pends on the ability to anticipate surface winds, temperature fluctuations,

cloud formation, and precipitation through accurate modeling of the ABL.

Conventional methods frequently struggle to handle the sudden changes in

the ABL without appreciably raising the computing burden. But by effec-

tively handling these abrupt changes, the Bernstein-Chlodowsky operator

provides a notable enhancement that increases the accuracy of short-term

weather forecasts. This is especially important for cyclone strengthening

forecasts, where an accurate representation of the lower atmospheric strata

is crucial.

3. Limitations of Traditional Numerical Methods:

Even though they are well-liked for their simplicity, traditional numerical tech-

niques like finite difference schemes frequently suffer from numerical dissi-

pation when used to convection-dominated systems like cyclones. Impor-

tant boundary layers tend to be smoothed out by this dissipation, which

might result in inaccurate storm path predictions and underestimations of

cyclone intensity. In boundary layer regions, even techniques employing

higher-order polynomials—which are often better at handling gradients—usually

need extremely tiny meshing, significantly increasing processing require-

ments without improving precision.

These problems are lessened by the Bernstein-Chlodowsky operator, which pro-

vides constant precision across the domain even in regions with sharp gradients.

When the resolution is most needed, such in the boundary layers of cyclonic sys-

tems, it adjusts to the solution, improving it there. The Bernstein-Chlodowsky

operator is especially well-suited for real-time weather forecasting applications as

a result, producing simulations that are more accurate and effective. The pri-

mary benefits of this method are as follows: (i) It offers an approximate solution

across the entire domain, unlike other numerical methods that provide solutions

only at discrete points within the domain. (ii) For nonlinear problems, traditional

approaches often involve quasi-linearization to convert the problem into a linear

one, which is then solved using numerical or other existing techniques. This

linearization can reduce the accuracy of the solution for the nonlinear problem,

sometimes resulting in misleading outcomes. In contrast, this method addresses

9
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nonlinear problems directly without the need for linearization. (iii) Additionally, it is

straightforward to implement.

4.2.4 Bernstein Chlodowsky Neural Network

The numerical solution of boundary value problems (BVPs), particularly those

involving singular perturbations, has been a subject of extensive research due

to the challenges associated with resolving steep gradients and boundary lay-

ers. Classical approaches such as finite difference, finite element, and colloca-

tion methods often require dense mesh refinement near boundaries or asymptotic

analysis to obtain accurate results for small perturbation parameters ε < 1.

In recent years, neural network-based methods, especially Physics-Informed Neu-

ral Networks (PINNs), have emerged as a promising mesh-free alternative to tra-

ditional solvers. These methods approximate the solution to a differential equation

by training a neural network to minimize a residual loss derived from the govern-

ing equations and boundary conditions.

However, applying PINNs to singularly perturbed boundary value problems (SP-

BVPs) introduces specific challenges:

• The presence of sharp boundary layers leads to difficulties in network con-

vergence and stability,

• Standard neural architectures struggle to capture stiff features without ex-

cessive network depth or adaptive sampling,

• Uniform residual-based losses are often insensitive to critical regions of the

domain.

To address these limitations, we propose a novel Bernstein-Chlodowsky Neural

Network (BNN) framework tailored for solving SPBVPs. This approach integrates:

• An analytically informed boundary layer component to capture stiff behavior,
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• A spectral polynomial basis (Bernstein-Chlodowsky polynomials) for effi-

cient representation,

• BNN handles both linear and nonlinear SPDEs without the need for lin-

earization, making it suitable for complex atmospheric phenomena, includ-

ing cyclone modeling and pollutant dispersion.

• Unlike conventional methods, which often require very fine meshes near

boundary layers, BNN efficiently allocates computational resources to the

most critical regions, thereby reducing the computational burden.

The method maintains the flexibility of PINNs while embedding problem-specific

structure to improve stability, convergence, and accuracy in resolving singular per-

turbations. This subsection presents the proposed Bernstein Chlodowsky Neural

Network(BNN) framework for solving singulaly perturbed differential equations.

The first few Bernstein Chlodowsky polynomials with bn = 1.5 and n = 3 are

C
(1.5)
0,3 (x) =

(
1− x

1.5

)3
C

(1.5)
1,3 (x) = 3 · x

1.5
·
(
1− x

1.5

)2
C

(1.5)
2,3 (x) = 3 ·

( x

1.5

)2
·
(
1− x

1.5

)
C

(1.5)
3,3 (x) =

( x

1.5

)3
Consider a vector x = (x1, x2, ..., xh) of dimension h. Consider a second order

singularly perturbed differential equation given in 2.1. and to accurately approx-

imate the solution and enforce boundary conditions, we design the trial solution

ũ(x) as

ũ(x) = ub(x) +

(
1− ub − α

β − α

)
.R(x)

where ub is boundary layer function that captures the exponential behavior near

boundaries, and R(x) is a trainable residual function responsible for refining the

solution across the domain. The function R(x) is expressed as a combination of

26
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spectral basis functions and a neural correction:

R(x) =
N∑
k=0

ckCnf(x) + x(1− x).NN(x)

This structure consist of randomly choosen non-uniform chebyshev nodal points

in [0, 1] in input layer and a functional expansion block based on Bernstein chlodowsky

polynomials. Three hidden layers were taken and output from hidden layers were

then passes through exponential layer. The loss function is determined by substi-

tuting the neural network solution into governing equation and boundary condition

resulting in two terms LD and LBC . The BNN is trained by minimizing a physics-

informed loss function:

L = LD + LBC

where residual loss is :

LD =
1

Nc

∑
w(xi) [−εu′′(xi) + h(xi)u

′(xi)g(xi)u(xi)− f(xi)]
2

and boundary condition loss is given as

LBC = (u(0)− α)2 + (u(1)− β)2

The BNN is trained by minimizing this total loss function, which simultaneously

adjusts the neural network corrections and the polynomial coefficients to optimize

the solution’s accuracy.

The BNN method inherits the analytical strength of Bernstein-Chlodowsky ap-

proximation while leveraging data-driven residual learning to fine-tune local be-

havior. Unlike standard PINNs, BNN captures localized sharp gradients effec-

tively using spectral expansion and boundary-aware loss terms. This makes it

well-suited for SPDEs in atmospheric science.

62
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4.3 Existence and uniqueness

Consider first the class of singulalry perturbed differential problem, so, the equa-

tion 2.1 can be rewritten as:

εu′′(x) = L(x, u(x), u′(x)), x ∈ (a, b), (4.7)

u(a) = α

u(b) = β

here, ϵ is small perturbation parameter and where L is a continuous function on

[a, b] × R2. Nagumo’s differential inequality approach observes that if there exist

smooth functions h(x) and g(x) satisfies the following properties:

h(x) ≤ g(x),

ϵh′′ ≥ L(x, h, h′) and ϵg′′ ≤ L(x, g, g′),

=⇒ −ϵh′′ + L(x, h, h′) ≤ 0 and − ϵg′′ + L(x, g, g′) ≥ 0,
(4.8)

h(a) ≤ α ≤ g(a), h(b) ≤ β ≤ g(b),

therefore, u = u(x) of class C(2)([a, b]) be the solution of the problem 4.7 such

that

h(x) ≤ u(x) ≤ g(x) for x ∈ [a, b] (4.9)

Assuming that L does not increase too rapidly as a function of u′. More precisely,

it is adequate to stipulate that L meets a generalized Nagumo condition in relation

to h(x) and g(x). This implies that any solution u = u(x) of 4.7 that adheres to 4.9

within a subinterval J ⊂ [a, b] has a bounded derivative.

i.e, ∃ a constant N = N(h, g) so that |u′(x)| ≤ N on J .

The Nagumo condition is:

if u′′ = L(x, u, u′) = O(|u′|2) and h(x) ≤ u(x) ≤ g(x),

then |u′| ≤ N(h, g).
(4.10)

Theorem 7. The existence of the solution u(x) ∈ C(2)([a, b]) for the given equation

19

67
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4.7, which satisfies condition h(x) ≤ u(x) ≤ g(x) for x ∈ [a, b], is provided by

Nagumo condition 4.9 and 4.8 condition.

Proof: This theorem can be proved using maximum principal [165].

ϵh′′ ≥ L(x, h, h′) and ϵg′′ ≤ L(x, g, g′), (4.11)

because L is continuous, which ensures the existence of the solution u(x).

Theorem 8. Consider the function L is continuous with respect to x, u, u′ and

belongs to class C(1) concerning u for (x, u, u′) ∈ [a, b] × R2. Additionally, let ∃ a

positive constant ρ s.t Lu(x, u, 0) ≥ ρ > 0 for (x, u) in [a, b] × R. Then, for ε > 0,

the equation 4.7 has a unique solution satisfying

|u(x, ε)| ≤ κ

ρ
,

where

κ = max

{
max
[a,b]

|L(x, 0, 0)|, ρ|α|, ρ|β|
}
.

Proof: Assume for x in [a, b]

h(x) = −κ

ρ
and g(x) =

κ

ρ
.

Then h(x) ≤ g(x), h(a) ≤ α ≤ g(a), and h(b) ≤ β ≤ g(b). To derive the

differential inequalities

−ϵh′′ + L(x, h, h′) ≤ 0 and − ϵg′′ + L(x, g, g′) ≥ 0

using Taylor’s Theorem:

L(x, h, 0) = L(x, 0, 0) + Lu(x, ζ, 0)h,

where ζ, h < ζ < 0, is an intermediate point, and thus

L(x, h, 0) ≤ |L(x, 0, 0)|+mh ≤ κ− ρ

(
κ

ρ

)
≤ 0 = εh′′.

In a Similar manner, for some midpoint η, 0 < η < g,

9
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L(x, g, 0) = L(x, 0, 0) + Lu(x, η, 0)g ≥ −κ+ ρ

(
κ

ρ

)
≥ 0 = εg′′.

Using Theorem 7, it follows : for each ε > 0, u(x, ε) has a solution of equation

4.7 on [a, b] satisfying

−κ

ρ
≤ u(x, ε) ≤ κ

ρ
.

The solution’s uniqueness is derived from the maximum principle.

If we assume α ≥ 0, β ≥ 0, and −κ ≤ L(x, 0, 0) ≤ 0 in [a, b], then based on the

proof of theorem 8, we can derive a more precise estimate of the solution:

0 ≤ u(x, ε) ≤ κ

ρ
.

Similarly, if α ≤ 0, β ≤ 0, and κ ≥ L(x, 0, 0) ≥ 0 in [a, b], then the solution of

problem 4.7 satisfy the condition −κ
ρ
≤ u(x, ε) ≤ 0. These findings suggest the

following modifications to theorem 8.

Theorem 9. Suppose the function L is continuous in x, u, u′ and belongs to class

C(n) (n ≥ 2) w.r.t u for (x, u, u′) in [a, b] × R2. Additionally, let α ≥ 0, β ≥ 0,

L(x, 0, 0) ≤ 0, and ∃ a positive constant ρ such that ∂j
uL(x, u, 0) ≥ ρ > 0 for

1 ≤ j ≤ n − 1 and ∂n
uL(x, u, 0) ≥ ρ > 0 for (x, u) in [a, b] × R. Under these

conditions, for each ε > 0, the problem 4.7 has a solution that satisfies

0 ≤ u(x, ε) ≤ (n!ρ−1κ)1/n

n
,

where

κ = max

{
max
[a,b]

|L(x, 0, 0)|,
(
ρ|α|
n!

)n

,

(
ρ|β|
n!

)n}
.

4.3.1 Stability

This subsection deals with the stability criterion for the solution of the problem

4.7. Here, we are dealing with stable solution of the problem and consider s(x)

be the solution of 4.7 in [a, b].

60
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Define

D0(s) = {(x, u(x)) : |u(x)− s(x)| ≤ ℵ(x), a ≤ x ≤ b} ,

For Q > 0 be constant and ℵ(x) is continuous function given as

ℵ(x) =


|A− s(a)|+Q ; x ∈ [a, a+Q/2],

Q ; x ∈ [a+Q, b−Q],

|B − s(b)|+Q ; x ∈ [b−Q/2, b].

If A ≥ s(a) and B ≥ s(b) then

D1(s) = {(x, u(x)) : 0 < (u(x)− s(x)) ≤ ℵ(x), a ≤ x ≤ b} ,

If A ≤ s(a) and B ≤ s(b) then

D2(s) = {(x, u(x)) : −ℵ(x) ≤ (u(x)− s(x)) ≤ 0, a ≤ x ≤ b} ,

In these definitions of stability for the solution s(x), let f(x, y) has continuous

partial derivative with respect to y in Di, i = 0, 1, 2 and q > 0.

Definition 1. The function s(x) is considered (Iq)-stable on the interval [a, b] if ∃

a positive constant ρ satisfying

∂j
yf(x, s(x)) ≡ 0 for a ≤ x ≤ b and 0 ≤ j ≤ 2q,

and

∂2q+1
y f(x, y) ≥ ρ > 0 in D0(s).

Definition 2. The function s(x) is considered (IIn)-stable on the interval [a, b] if

s(a) ≤ α, s(b) ≤ β, and ∃ a positive constant ρ satisfying

∂j
yf(x, s(x)) ≥ 0 for a ≤ x ≤ b and 1 ≤ j ≤ n− 1,

and

12

19

49
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∂n
y f(x, y) ≥ m > 0 in D1(u).

Theorem 10. Suppose that the 4.7 simplifies to equation

L(x, u, u′) = 0 , a < x < b

which has an (Iq)- or (IIn)-stable solution s(x) of class C(2)([a, b]). Additionally, let

s(a) ≤ α, s(b) ≤ β, and s′′ ≥ 0 within [a, b]. Then, there exists an ε0 > 0 such that

for 0 < ε ≤ ε0, the problem 4.7 has a solution u = u(x, ε) in [a, b] satisfying

s(x)− u(x, ε) ≤ s(x) + cε1/p,

where p = 2q + 1 (or n) and c is a known positive constant depending on n, |s′′|,

and p.

Proof: For detailed proof see [166]

4.4 Error Analysis

Theorem 11. (Bernstein, 1912) Let function f(x) is bounded on [0, 1], following

holds:

lim
n→∞

Bn(x) = f(x)

at every point where f is continuous. Furthermore, if f(x) is continuous on [0, 1],

this relation holds uniformly on this interval.

Proof: The detailed proof is given in [158]

Lemma 1 For t ∈ [0, 1], the inequality

0 ≤ z ≤ 3

2

√
nt(1− t)

implies

∑
|k−nt|≥2z

√
nt(1−t)

tk,n(t) ≤ 2 exp(−z2).

3
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(Albrycht and Redecki, 1960).

Theorem 12. If bn = o(n) and

lim
n→∞

exp

(
−α

n

bn

)
M(bn; f) = 0 (4.12)

for every α > 0, then

lim
n→∞

(Cnf) = f(x) (4.13)

at any continuity point of the function f.

Proof:

As we know that the difference of Cnf and f(x) is

|(Cnf)− f(x)| =
n∑

k=0

[
f

(
kbn
n

)
tk,n

(
x

bn

)
− f(x)

]
× 1 (4.14)

Now using the Lemma 2.1, above equation can be written as

|(Cnf)− f(x)| ≤

∣∣∣∣∣
n∑

k=0

[
f

(
kbn
n

)
− f(x)

]∣∣∣∣∣ tk,n
(

x

bn

)
(4.15)

For δ > 0 , divide the set of equispaced nodes xi =
k
n

into two sets. Therefore, we

have

|(Cnf)− f(x)| =
n∑

|xibn−x|<δ

|f (xibn)− f(x)| tk,n +
n∑

|xibn−x|≥δ

|f (xibn)− f(x)| tk,n

=
∑
∗

+
∑
∗∗

Therefore, we have to prove that

lim
n→∞

∑
∗

= 0 and lim
n→∞

∑
∗∗

= 0 (4.16)

let x be a continuity point of f , for ϵ > 0, ∃ a δ > 0 s.t

|f(t)− f(x)| < ϵ whenever |x− t| < δ

Consequently,

5

17

28
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∑
∗

=
n∑

|xibn−x|<δ

|f (xibn)− f(x)| tk,n < ϵ
n∑

|xibn−x|<δ

tk,n

≤ ϵ

Since, M(b; f) := sup0≤x≤b|f(x)|,

∑
∗∗

=
n∑

|xibn−x|≥δ

|f (xibn)− f(x)| tk,n

≤ 2M(bn; f)
n∑

|xibn−x|≥δ

tk,n

For |xibn − x| ≥ δ, we have,

|xibn − x| ≥ n

bn
δ ≥ 2

( √
nδ

2
√
xbn

)√
n
x

bn

(
1− x

bn

)
(4.17)

Therefore, according to Lemma 1,

∑
|xibn−x|≥δ

tk,n ≤ 2 exp

(
− δ2n

4xbn

)

Thus, ∑
∗∗

≤ 4M(bn; f) exp

(
− δ2n

4xbn

)
which implies

lim
n→∞

∑
∗

≤ lim
n→∞

4M(bn; f) exp

(
− δ2n

4xbn

)
= 0

Consequently,

lim
n→∞

Cnf = f.

Lemma Consider L : [a, b] → R is a Lipschitz function. If K is positive Lipschitz

constant, then L is absolutely continuous on [a, b].

3

3

3
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Proof If ϵ > 0 and assume {(ak, bk)} be a collection of sub intervals within [a, b]

satisfying
n∑

k=1

|bk − ak| < δ.

From the Lipschitz condition, we know, |L(bk) − L(ak)| ≤ Kk|ak − bk| for some

Kk ∈ R+ where, k = 1, . . . , n. Therefore, we have:

n∑
k=1

|L(bk)− L(ak)| ≤
n∑

k=1

Kk|ak − bk| < Kδ where K = max
1≤k≤n

Kk.

Choosing δ ≤ ϵ
K

completes the proof. Consequently, L is absolutely continuous.

4.4.1 Voronovskaya Theorem

After establishing the convergence of Bernstein and Chlodowsky operator, the

next important question that arises concerns the rate of approximation of (Bnf)(x)

to f(x) and (Cnf)(x) to f(x). In 1932, Voronovskaya explored this issue for the

Bernstein polynomials. Later, J. Albrycht and J. Redecki provided insights re-

garding the Bernstein-Chlodowsky polynomials,in 1960. Following these devel-

opments, Bardaro, Butzer, Stens, and Vinti(2003), as well as Butzer and Karsli

(2009) explored this question for the derivatives (Bnf)
′(x) and (Cnf)

′(x), respec-

tively.

Let us consider a Voronovskaya-type theorem [167, 168] for (Bnf)(x) as estab-

lished by Voronovskaya (Voronovskaya, 1932). This theorem was initially pre-

sented in context of Kantorovich polynomials.

Theorem 13. Consider f be a bounded function defined on interval [0, 1]. There-

fore, the following condition holds at each fixed point x on [0, 1]

lim
n→∞

n [Bnf(x)− f(x)] =
x(1− x)

2
f ′′(x)

also, f ′′(x) ̸= 0.

Proof: For detailed proof see [162]

Theorem 14. Let f be a function defined on [0,∞), and suppose it satisfies the

condition of theorem 12 Then, for every point x ≥ 0 at which f ′′(x) exists, the

3

3

3
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following holds:

lim
n→∞

n

bn
[(Cnf)(x)− f(x)] =

x

2
f ′′(x).

4.5 Numerical Results

In this section the present method is applied to four test problems and all nu-

meerical calculations are performed in python 3.10. The proposed method solu-

tion is compared with spline method [154], B-spline method [170] and bernstein

collocation method.

Example 4.5.1. Consider 1D linear convection–diffusion problem [147] with ε be

small diffusion coefficient. Due to this the solution changes more rapidly near x = 0

and forms boundary layer. This is common in physical and engineering problems like

fluid dynamics, chemical processes and heat transfer etc. The convection-diffusion

equations you are studying are simplified forms of the Navier-Stokes equations that

specifically describe the transport of a scalar quantity, such as temperature, pollutant

concentration, or momentum, within a moving fluid. In many atmospheric and en-

vironmental problems, the Navier-Stokes equations can be reduced or approximated

into simpler forms that capture the essential processes of advection (convection) and

diffusion.

−εu′′ − 2u′ = 0; x ∈ (0, 1), 0 < ε ≪ 1,

with boundary conditions

u(0) = 1 and u(1) = 0;

The exact solution is

u =
exp(−2x/ε)− exp(−2/ε)

1− exp(−2/ε)
.

The maximum error are shown in Table 4.1 and error obtained using BNN and

Chlodowsky method (CCM) was compared with that of Bernstein collocation method.

As the N increases Chlodowsky method performs better as shown in Figure 4.2 and

bn is taken in such a way that it satifies the equation 4.3. Here, BCM represent Bern-

4

14
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Table
4.1:

M
axim

um
norm

error
com

parison
of

proposed
m

ethod
B

ernstein
C

hlodow
sky

N
eural

N
etw

ork
(B

N
N

)
for

E
xam

ple
4.5.1

w
ith

B
ernstein

collocation
m

ethod(B
C

M
)

and
B

ernstein
C

hlodow
sky

collocation
m

ethod
on

piece-w
ise

uniform
m

esh.

ε
N

=
16

N
=

32
N

=
64

B
C

M
C

C
M

B
N

N
B

C
M

C
C

M
B

N
N

B
C

M
C

C
M

B
N

N
ε
=

0.1
5.051608e-04

2.40913e-06
3.916684e-09

2.07e-09
5.247e-10

4.09e-16
9.40241e-06

1.08523e-08
6.55867e-12

ε
=

0.01
4.529805e-01

5.3103e-03
1.477967e-06

0.184
7.04e-02

1.36e-05
1.05495e-02

1.42890e-05
1.12216e-07

ε
=

0.001
8.787602e-01

3.025910e-03
7.077139e-06

0.75
0.37

0.691e-02
6.25523e-01

2.81059e-02
6.82858e-05

ε
=

0.0001
9.471194e-01

5.390281e-02
8.379225e-05

0.88
0.45

0.392e-02
7.54439e-01

7.83557e-03
1.02793e-04

ε
=

0.00001
9.471019e-01

1.802693e-01
8.374311e-02

0.88
0.44

3.208e-02
7.55436e-01

2.41082e-02
6.54886e-03
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Figure 4.2: Comparison of exact and CCM (Chlodowsky collocation method) solu-
tion 4.5.1

stein collocation method and CCM represent the Chlodowsky collocation method.

As shown in Table 4.1, BNN achieves the lowest maximum error compared to the

classical Bernstein Collocation Method (BCM) and Chlodowsky Collocation Method

(CCM). This confirms that BNN is superior in capturing the boundary layers and

sharp solution transitions, especially as ε → 0.

Example 4.5.2. Consider a non-linear convection-diffusion-reaction equation [149]

with ε be diffusion coefficient. In the context of atmospheric science, this convection-

diffusion-reaction equation is instrumental in simulating critical processes like cy-

clone dynamics, pollutant dispersion, and temperature regulation. The exponential

decay solution models the rapid changes in these variables within cyclonic systems or

weather phenomena, offering insights into how convection and diffusion govern the

spread and interaction of energy, moisture, and pollutants in the atmosphere. This

equation can thus serve as a foundational model for numerical simulations aimed at

predicting storm intensity, pollutant concentrations, and heat distribution in weather

systems.

−εv′′ + v + v2 = e
− 2x√

ε

v(0) = 1, v(1) = e
− 1√

ε

(4.18)
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The exact solution of the above problem is given as:

v(x) = e
− x√

ε . (4.19)

Maximum error for Example 4.5.2
ε N = 16 N = 32 N = 64

0.1 BNN = 1.03973e-14 BNN = 2.70391e-13 BNN = 1.37041e-05
CCM = 1.20490e-12 CCM= 2.103215e-11 CCM = 1.083294e-03
BCM = 4.62391e-12 BCM = 4.31866e-10 BCM = 1.73116e-03

0.01 BNN = 4.20951e-10 BNN = 6.33071e-15 BNN = 1.930827e-07
CCM = 0.140552e-08 CCM = 2.051801e-12 CCM = 2.105399e-05
BCM = 1.21087e-07 BCM = 2.29105e-11 BCM = 4.323502e-05

0.001 BNN = 2.073972e-06 BNN = 4.920741e-12 BNN = 3.27650e-10
CCM = 5.16204e-04 CCM = 2.024613e-10 CCM = 2.202409e-08
BCM = 6.20911e-03 BCM = 9.97072e-09 BCM = 7.862639e-08

0.0001 BNN = 1.00529e-04 BNN = 4.63840e-04 BNN = 1.00029e-05
CCM = 1.324503e-02 CCM = 1.047323e-03 CCM = 1.044242e-05
BCM = 2.24420e-01 BCM = 1.80779e-02 BCM = 2.236386e-04

1e-05 BNN = 1.940376e-03 BNN = 3.52048e-04 BNN = 2.84037e-03
CCM = 2.14670e-02 CCM = 1.021385e-02 CCM = 1.534079e-02
BCM = 5.27390e-01 BCM = 2.14715e-01 BCM = 3.059913e-02

Table 4.2: Maximum Error for different values of ε using methods for N = 16, 32, 64
for Example 4.5.2.

The findings from Example 4.5.2 reveal that the maximum error achieved using

the BNN is consistently lower than that obtained using the Bernstein equispaced

method and Bernstein-Chlodowsky method. This suggests that chlodowsky operator

offers a more precise approximation for the differential equation as shown in Figure

4.3. Additionally, a comparison with the results obtained from the spline method

as cited in [154] indicates that the Bernstein-Chlodowsky method delivers superior

Maximum error comparison of Chlodowsky solution with spline method in [154].

ε N = 16 N = 32 N = 64

2−4 1.130416e-06 2.162401e-07 2.132533e-08
Method in [154] = 0.39e-02 Method in [154] = 0.11e-02 Method in [154] = 0.43e-03

2−6 2.103021e-04 4.133252e-07 1.024239e-06
Method in [154] = 0.73e-02 Method in [154] = 0.23e-02 Method in [154] = 0.14e+01

2−8 5.102446e-05 1.302337e-05 1.274021e-05
Method in [154] = 0.12e-01 Method in [154] = 0.32e-02 Method in [154] = 0.14e+01

2−10 1.138078e-03 5.014202e-05 1.032052e-03
Method in [154] = 0.11e-01 Method in [154] = 0.30e-01 Method in [154] = 0.16e+01

Table 4.3: Maximum error table for Example 4.5.2

7

9
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Table 4.4: Solution values for different values of x and ϵ = 0.1 for Example 4.5.2.

x v(x) v20(x) v40(x) v80(x)
0.0 1 1 1 1
0.1 0.728893 0.69915 0.729038 0.728791
0.2 0.531286 0.49428 0.51426 0.531286
0.3 0.387251 0.337681 0.387294 0.387251
0.4 0.282264 0.238303 0.282291 0.282264
0.5 0.205741 0.170761 0.205746 0.205741
0.6 0.149963 0.123527 0.149947 0.149963
0.7 0.109307 0.0889388 0.109276 0.109307
0.8 0.0796732 0.0631934 0.0796146 0.0796732
0.9 0.0580733 0.04635 0.0579722 0.0580733
1.0 0.0423292 0.0423292 0.0423292 0.0423292

performance as shown in Table 4.3 and maximum error comparison of BNN and CCM

with BCM as shown in Table 4.2. The analysis of maximum errors for different values

of ε and varying numbers of nodes N underscores the accuracy and effectiveness

of the Bernstein-Chlodowsky approach. bn is taken in such a way that it satifies

the Equation 4.3. Solution for different values of x and ε is shown in Table 4.4.

Overall, the Bernstein-Chlodowsky operator and BNN emerges as a robust and

efficient tool for solving singularly perturbed differential equations, surpassing both

the traditional Bernstein method with equispaced nodes and the spline method.

Example 4.5.3. Consider the 1D linear convection-diffusion equation with a turning

point provided is particularly relevant in situations where a balance between convec-

tion (advection) and diffusion changes with spatial location, creating zones of rapid

transition. This type of problem is common in atmospheric science. Let,

−εu′′ + 2(2x− 1)u′ + 4u = 0; x ∈ (0, 1), 0 < ε ≪ 1, (4.20)

with boundary conditions

u(0) = 1 and u(1) = 1; (4.21)

The exact solution is

u = exp

(
−2x(1− x)

ε

)
. (4.22)

The exponential solution shows how the quantity (e.g., temperature, pollutant

4

7

61
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Figure 4.3: Comparison of exact and CCM (Chlodowsky collocation method) solu-
tion 4.5.2

Figure 4.4: Comparison of exact and CCM (Chlodowsky collocation method) solu-
tion 4.5.3
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concentration) rapidly decays or transitions in the boundary layer or at a front,

which is essential in forecasting and simulating weather patterns, cyclones, and en-

vironmental pollutant movements. The analysis of Example 4.5.3 shows that the

Bernstein-Chlodowsky method and BNN achieves lower maximum compared to the

Bernstein equispaced method across various values of ε. This demonstrates the supe-

rior accuracy and reliability of the Bernstein-Chlodowsky operator in approximating

the solution to the 1D linear convection-diffusion problem with a turning point. The

maximum error is shown in Table 4.5. When comparing the performance for differ-

ent numbers of nodes N , BNN consistently outperforms the Bernstein-Chlodowsky

method and the Bernstein equispaced method, providing a more precise solution even

as ε decreases as shown in Figure 4.4. bn is taken in such a way that it satifies the

Equation 4.3. These results underline the effectiveness of the Bernstein-Chlodowsky

operator in handling singularly perturbed differential equations, particularly those

with boundary layers and turning points, further establishing its advantage over

traditional Bernstein methods.

Example 4.5.4. Consider a singularly perturbed problem from [170]. This equation

can model the behavior of heat and moisture transport within the atmospheric bound-

ary layer (ABL). The interaction between convection and weak diffusion (small ε)

is critical in the ABL, where rapid changes in temperature, humidity, or pollutant

concentration occur near the Earth’s surface. The boundary layer plays a crucial

role in weather phenomena, such as cloud formation and pollutant dispersion, and

this equation helps in understanding how heat or chemicals diffuse away from or

accumulate near the surface.

ϵu′′ + (1 + x(1− x))u = f(x), (4.23)

u(0) = 0, u(1) = 0, (4.24)

where

f(x) =

{[
1 + x(1− x) + [2

√
ϵ− x2(1− x)] e−(1−x)/

√
ϵ
]
+ [2

√
ϵ− x(1− x2)] e−x/

√
ϵ

(4.25)

The exact solution is

u(x) = 1 + (x− 1)e−x/
√
ϵ − xe−(1−x)/

√
ϵ. (4.26)

7
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The results from Example 4.5.4 indicate that the maximum error obtained using

the BNN is significantly lower compared to and Chlodowsky method and the B-spline

method in [170]. This demonstrates the effectiveness of the Chlodowsky operator in

providing accurate approximations for the given differential equation. The maximum

error is compared with B-spline as shown in table 4.6. For various values of ε and

different numbers of nodes N , the Chlodowsky methods consistently outperforms the

B-spline method, achieving lower maximum errors. This highlights the precision and

robustness of the Chlodowsky approach in handling singularly perturbed problems.

bn is taken in such a way that it satifies the equation 4.3.

4.6 Conclusion

In this chapter, we successfully applied the BNN and Bernstein-Chlodowsky

operator to solve a range of singularly perturbed differential equations (SPDEs)

that are commonly encountered in atmospheric science and cyclone modeling.

Through various numerical examples, we demonstrated that this operator pro-

vides superior accuracy in resolving sharp boundary layers and steep gradients

critical elements in cyclone dynamics and atmospheric processes. The method’s

flexibility and robustness, particularly in handling convection-dominated systems,

make it an invaluable tool for improving the predictive capabilities of weather mod-

els.

One of the key advantages of the Bernstein-Chlodowsky operator is its ability

to reduce numerical dissipation and improve the resolution of steep transitions in

temperature, wind velocity, and pressure. These features are essential for accu-

rately predicting the intensity and trajectory of cyclones, as well as for simulating

the rapid changes occurring in the atmospheric boundary layer (ABL). Compared

to traditional numerical methods, such as finite differences and spline-based ap-

proaches, our approach delivers better performance with lower computational

cost, while still maintaining high accuracy across the solution domain.

The numerical experiments conducted on convection-diffusion problems, in-

cluding those with turning points, showed that the Bernstein-Chlodowsky oper-

ator consistently outperforms existing methods in terms of maximum error. This

establishes the operator as a reliable and efficient tool for tackling SPDEs in atmo-

spheric modeling. Additionally, the operator’s capacity to handle both linear and

59
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nonlinear problems without the need for linearization enhances its applicability in

broader scientific contexts.

In addition to the classical Bernstein-Chlodowsky collocation approach, we used

Bernstein-Chlodowsky Neural Network (BNN) that significantly improves accu-

racy, particularly for small ε regimes and nonlinear equations. Across all tested

examples, BNN achieved the lowest error norms, demonstrating its capability

in resolving boundary layers and steep gradients effectively. This integration of

operator-based theory with neural learning introduces a novel direction in numer-

ical weather prediction and boundary-layer modeling.

Future research will focus on extending the application of the Bernstein-Chlodowsky

operator to more complex and higher-dimensional models, such as full three-

dimensional simulations of cyclone formation, pollutant transport, and global weather

systems. The promising results obtained in this work pave the way for further

exploration and integration of this method into operational forecasting systems,

potentially improving real-time weather prediction and climate modeling.
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Chapter 5

The Tropical Cyclone energy

Prediction of North Indian Ocean in

Monsoon Using Artificial Neural

Networks

This chapter focuses on predicting the Accumulated Cyclone Energy (ACE)

in the NIO during monsoon using an optimized Artificial Neural Network (ANN)

model. Initially, an ANN was trained with six cyclone metrics, including Velocity

Flux (VF) and Power Dissipation Index (PDI), showing moderate predictive accu-

racy with relatively high error metrics like Mean Squared Error (MSE). The permu-

tation feature is essential in finding the most influential features to improve model

performance. This analysis identified NIOV F , ASPDI , and NIOPDI as key pre-

dictors, while metrics such as BOBPDI , BOBV F , and ASV F had minimal impact

on NIOACE prediction. To improve the model’s predictive accuracy while reduc-

ing complexity, the ANN model was again retrained with only the most significant

features, resulting in a considerable reduction in loss (MSE).

121
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5.1 Introduction

Natural disasters such as tropical cyclones (TCs) have devastated coastal re-

gions worldwide for generations [171]. These storms pose significant risks due to

their intense winds and associated phenomena, such as storm surges and heavy

rainfall, which can cause extensive flooding. The prediction and analysis of TCs

are of immense importance for disaster [172] preparedness and mitigation efforts,

particularly in regions like the North Indian Ocean [173], which experiences fre-

quent cyclonic activity. Around 80 tropical cyclones [174] form annually globally,

with approximately two-thirds occurring in the Northern Hemisphere and the re-

maining one-third in the Southern Hemisphere. These cyclones [173] are charged

by the release of latent heat when water vapors in the atmosphere condense,

typically when sea surface temperatures exceed 26°C. This process generates

large-scale wind patterns that spiral around a central low-pressure area known as

the storm’s "eye." Structurally, tropical cyclones [175] are symmetrical, with wind

speeds intensifying as one moves away from the eye. In fully developed storms,

wind speeds increase rapidly up to about 100 km from the center before tapering

off at greater distances. Winds in this zone can reach up to 93m\s(335km\hr),

and the overall storm can extend up to 1, 000km in diameter. In addition to damag-

ing winds, tropical cyclones bring about flooding through intense rainfall and pow-

erful storm surges, making them highly destructive, multi-hazard weather events.

The North Indian Ocean (NIO) [176, 177] (Mohapatra and Vijay Kumar, 2017) is

a region characterized by significant variability in tropical cyclone activity, which

posess considerable risks to the densely populated coastal areas it affects. The

annual cycle of tropical cyclones [178] in the NIO, including depressions, cyclonic

storms, and severe tropical cyclones, shows a pronounced pattern, with an av-

erage of about 11 cyclonic disturbances each year [173]. October to December,

the post-monsoon months, are when this activity peaks and is crucial for regional

catastrophe planning and response programs. The frequency of tropical cyclones

has paradoxically decreased in recent decades despite an increasing trend in sea

surface temperatures, a critical factor in the intensification of these storms.

Accumulated Cyclone Energy(ACE) [177, 178] determines how much energy

is released by tropical cyclones over their lifetimes. It provides insight into how

devastating they can be. It is computed using the square of maximum sustained
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winds of tropical cyclones, recorded every six hours. Over time, ACE has shown

to be an effective instrument for evaluating the strength and length of tropical cy-

clones, providing a cumulative measure of cyclone season activity. Assessing

the potential impact of cyclone seasons [179] and implementing effective miti-

gation strategies are indispensable variables for climatologists, meteorologists,

and disaster management authorities. Only a few studies have focused on the

RMW(Radius of Maximum Wind) over the Pacific [179, 180] and the Atlantic

basins. Most studies have focused on predicting and estimating various aspects

of TCs, including intensity, sea surface temperature, moisture, precipitation, pres-

sure systems, and cloud shapes. The best track data from the India Meteorologi-

cal Department (IMD) has an error range of −26 to 200 in all these investigations.

Hence, they need to be further decreased [177].

However, traditional statistical methods of predicting ACE are limited in their

ability to handle the nonlinear relationships and multifaceted interactions between

various meteorological and oceanographic predictors [180]. This limitation un-

derscores the need for more sophisticated computational approaches to analyze

complex datasets and extract meaningful patterns for accurate forecasts. An ANN

[181] is especially useful for modeling tropical cyclone activity due to its versatility

in training. ANNs have proven helpful in pattern recognition, data classification,

and prediction.

In recent years, artificial intelligence (AI) techniques, particularly ANN [181],

have become famous for predicting, forecasting, and analyzing complex natural

phenomena such as tropical cyclones. With the help of ANNs, which are known

for learning nonlinear connections between data, it has been possible to predict

the formation, intensity, and trajectory of TCs with tremendous accuracy. A com-

bination of these methods and conventional statistical analysis can offer a more

comprehensive and reliable way to comprehend and predict TCs. This research

aims to build a robust prediction model that can provide ACE forecasts using ANN.

By improving the accuracy of NIO’s [176] forecasting tools, disaster risk reduction

is enhanced in the face of changing climates and tropical cyclone movements.

Most ANN-based cyclone studies focus on the Atlantic or Pacific basins but in

our work we identify ASPDI and NIOV F as dominant predictors of ACE in the

NIO during monsoon, validated via permutation feature importance and statistical

tests.
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The primary objective is to predict NIOACE during the monsoon season using

an ANN model trained on historical cyclone metrics (VF, PDI) from AS, BoB, and

NIO. The goal is to identify key predictors of ACE (e.g., ASPDI , NIOV F ) through

feature importance analysis, enabling optimized forecasting with minimal compu-

tational complexity. This addresses a gap in existing studies, which rely heavily

on statistical methods and rarely use ANN for ACE prediction in the NIO.

5.2 Data and Methodology

5.2.1 Source of Data Set

The India Meteorological Department (IMD) provided the cyclone dataset used

in this study. It contains cyclone data from the North Indian Ocean (NIO), Bay

of Bengal (BOB), and Arabian Sea (AS) regions during the monsoon season. It

consists of metrics that depend on cyclone activity, like Velocity Flux (VF), Ac-

cumulated Cyclone Energy (ACE), and Power Dissipation Index (PDI) from 1982

to 2023. To mitigate dataset limitations, monthly granularity was incorporated,

expanding the dataset to 168 samples. Cross-validation and regularization tech-

niques were employed to ensure robustness.

• Accumulated Cyclone Energy (ACE): ACE quantifies the total energy gen-

erated by a tropical cyclone, integrating both intensity and duration. Higher

ACE values correlate with more destructive potential.

• Velocity Flux (VF): VF measures the kinetic energy flux associated with cy-

clone winds, reflecting momentum transfer critical for energy accumulation.

• Power Dissipation Index (PDI): PDI estimates the total energy dissipated

by a cyclone, emphasizing high wind speeds. It is strongly linked to potential

damage.

The study focuses on three regions within the North Indian Ocean (NIO):

North Indian Ocean (NIO):

• Bounds: 5o N −25oN latitude, 60o E- 100o E longitude.

Sub- regions:
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– Bay of Bengal (BoB): Bounded by India/Sri Lanka (west), Bangladesh

(north), Myanmar/Andaman Islands (east).

coordinates: 5o N −22oN, 80o E −100oE

– Arabian Sea (AS): Bounded by the Arabian Peninsula (west), India

(east).

Coordinates: 5o N −25oN, 50o E −70oE

For visual clarity, we direct readers to Figure 5.1 in [177] or the India Meteorolog-

ical Department’s (IMD) regional cyclone maps, which delineate these domains.

Pre-processing is vital to ensuring the model can do so efficiently when learning

from a dataset. We converted the data types to numeric for all columns. We

use the sci-kit-learn library to normalize the input features and target variables.

Therefore, 80 percentage of the data was used in training and 20 percentage in

the testing. We have done all ANN programming in Python 3.0 and statistical

tests in SPSS software.

5.2.2 Methodology

In this section, we discuss the methodology of Artificial Neural Networks (ANNs)

for predicting cyclone energy metrics like ACE. A multi-step process was followed:

constructing a starting ANN model, evaluating features, optimizing the model, and

analyzing errors. An approximation for non-linear functions, ANN constitutes sev-

eral layers linked with neurons. The ANN’s mathematical equation, including how

it learns weights to reduce errors, will be discussed in this section.

The ANN model used in cyclone energy prediction consists of input, hidden,

and output layers where input features cyclone metrics such as VF, and PDI and

the hidden layer uses non-linear adjustments to capture complex relationships,

and output layer regression uses single neuron to get the expected ACE value.

The structure of ANN with three input, hidden, and one output layer is shown in

Figure 5.1. Therefore, for each neuron in the Lth layer, the output N [L−1] is given

as

Z [L] = W [L]N [L−1] +B[L]
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Figure 5.1: An illustration of the ANN, showing 3 Input Neurons (VF, PDI), and
there can be one or more Hidden Layers and 1 Output Neuron.

Where W [L] and B[L] are the weight matrix and bias vector for the Lth layer, re-

spectively. N [L−1] is the output from the previous layer. Then activation function is

applied to ass non-linearity:

N [L] = ρ(Z [L])

Where ρ is a non-linear activation function like ReLU. However, the output layer

uses a linear activation function for continuous predictions: Â = Z [L], where Â is

the predicted value of ACE. Then, the loss function is defined as the difference

between actual and predicted values. For the regression model, Mean Square

Error (MSE) is used as a loss function, so, for n number of datasets in training

and Ai is the actual value for an ith data value, the MSE is given as

Γ (Â, A) =
1

n

n∑
i=1

(Âi − Ai)2

Reducing the loss function is the aim of ANN training. Gradient descent and back-

propagation are used to do this. Updating each weight and bias to minimize the

loss:

W [L] = W [L] − γ
δΓ

δW [L]
,

B[L] = B[L] − γ
δΓ

δb[L]
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Where γ is the learning rate that controls the size of the step.

The ANN model uses six input features: ASV F , ASPDI , BoBV F , BoBPDI , NIOV F ,

and NIOPDI . The output layer predicts NIOACE. ACE values for sub-regions

(ASACE, BoBACE) are excluded from the input layer to avoid redundancy and en-

sure the model learns from non-linear relationships between wind/flux metrics and

energy.

Initial Model:

1. Model Architecture

• The initial ANN model was built using the Multi-layer Perceptron (MLP)

Regressor from scikit-learn. This model was chosen due to its ability

to model complex, non-linear relationships between the input features

and target variables.

• The model included three hidden layers with 128, 64, and 32 neurons.

The ReLU (Rectified Linear Unit) activation function was used in all hid-

den layers to effectively allow the model to learn non-linear interactions

• The model utilized the Adam optimizer for weight optimization, with a

learning rate of γ = 0.001, and L2 regularisation 0.001 to prevent over-

fitting by discouraging excessively complex weight values.

2. Model Training and Evaluation

• The training process involved iterating over the training dataset to min-

imize the error between predicted and actual values.

• After the training process, the model’s performance was evaluated on

the test dataset. These metrics helped to determine the model’s effec-

tiveness in accurately predicting ACE values.

30
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Optimized Model via permutation feature importance and feature reduc-

tion

In Permutation Feature Importance, the value of each feature in a trained model

is measured in terms of how much it degrades when its values are randomly

switched. Feature importance analysis was carried out to increase performance

and make the model readable.

• Permutation feature importance was employed to measure each feature’s

contribution to predicting the performance of the ANN. In this method, every

feature is rearranged randomly, and the model’s functionality is evaluated.

• A shuffled list ranked features that affected accuracy significantly higher

than those that did not.

• NIOV F , ASPDI , and NIOPDI features predicted ACE values most signifi-

cantly, while BOB exhibited the most minor significance.

Then, the ANN model was retrained with these more significant features that con-

tained only the most essential metrics obtained using the permutation feature

reduction method. By using this method, the model’s noise was reduced, overfit-

ting was decreased, and the main cyclone energy drivers were highlighted. The

Flowchart of the ANN algorithm used in the initial and optimized model is shown

in Figure 5.2.

5.3 Results and Discussion

In this section, we will discuss the results of the initial ANN model, permutation

feature importance, and how extracted features are retrained in the ANN model

called the optimized ANN model to predict the Accumulated Cyclone Energy in

the North Indian Ocean (NIOACE) in the monsoon season. The detailed analysis

of the model’s performance and statistical evaluations to determine the model’s

efficacy and precision are shown in this section.

50
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Figure 5.2: Flowchart Depicting the Workflow for Training and Optimizing an ANN
Model for Cyclone Energy Prediction
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Figure 5.3: Actual vs Initial Predicted NIOACE

5.3.1 Initial ANN Model Performance

Firstly, we trained our ANN model with all metrics like ACE, VF, and PDI for

NIO, BOB, and AS in the input layer and predicted NIOACE. Figure 5.3 compares

the actual and NIOACE values predicted through the initial ANN model. It can

be observed that predicted NIOACE is closely aligned with actual values, which

proves the model’s robustness and its ability to accurately capture the complex

dynamics of NIOACE. "Test sample size" refers to the number of samples in the

test dataset against which the model is evaluated.

The loss curve illustrated in Figure 5.4 also examined the training progression.

During the initial training phase, the loss (MSE) decreased substantially, reaching

a near-minimal level by approximately the 20th iteration. This consistent drop in

loss indicates effective learning by the model and points towards minimal overfit-

ting, as evidenced by the convergence of the loss towards stability in later itera-

tions.

5.3.2 Feature Importance Analysis

A permutation feature importance analysis was conducted to assess the con-

tributions of different input features, and the results are depicted in Figure 5.5.

The findings indicate that ASPDI and NIOV F are the most influential predictors

of NIOACE, significantly enhancing the accuracy of the model. These features
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Figure 5.4: Training Loss Curve

Figure 5.5: Feature Importance via Permutation

appear to encapsulate critical aspects of cyclone dynamics and are fundamental

for predicting accumulated cyclone energy. While still relevant, features such as

NIOPDI and ASV F were less impactful than ASPDI and NIOV F . On the contrary,

features BOBV F and BOBPDI were found to have a minimal effect on the model’s

predictions.

The ANN predicts NIOACE without using ASACE or BoBACE as inputs. Instead,

it learns to correlate VF and PDI (e.g., wind intensity, energy dissipation) with

ACE. Permutation feature importance Figure 5.5, identified ASPDI and NIOV F

as dominant predictors, validating that the model prioritizes physically meaning-

ful metrics. These observations provide valuable guidance for future research,
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suggesting that focusing on the most impactful features can help refine model

performance. Practically, this allows for a more efficient allocation of resources

towards collecting and processing key variables, thus optimizing cyclone energy

prediction processes.

5.3.3 Optimized ANN Model

An essential analysis of the permutation feature was applied to enhance the

model’s prediction capability further, and a comparative evaluation of the initial

versus optimized predictions was performed, as shown in Figure 5.6. Table 5.1

highlights years critical for disaster preparedness (e.g., 1999, 2021) and demon-

strates the optimized model’s improved accuracy during both extreme and aver-

age cyclone seasons. The selected years are not arbitrary but strategically cho-

sen to validate the model’s robustness, accuracy, and operational utility across

diverse real-world scenarios. This approach ensures the findings are both statis-

tically rigorous and practically actionable. The optimized model exhibited a more

precise alignment with the actual values, as shown in Table 5.1, which indicates

that the parameter adjustments positively affected the prediction quality. This

highlights optimization’s critical role in improving the overall accuracy of ANN-

based predictions. The initial model’s loss is 0.012625, whereas the optimized

model shows 0.00667925. The optimized model reaches lower loss values faster,

converges with fewer iterations, and exhibits more stable training behavior. These

results indicate that model optimization significantly enhances the network’s abil-

ity to learn from the data more effectively while maintaining robustness and re-

ducing the risk of overfitting. The final convergence of both models to low error

values further demonstrates their capability to model the problem accurately, but

the optimized model achieves this with improved learning efficiency. The x-axis in

Figure 5.6 represents specific years selected to illustrate model performance for

high-impact or extreme ACE events. It also shows the temporal trend of ACE pre-

dictions across the entire test dataset (1982˘2023). It highlights how the optimized

model consistently outperforms the initial model over time.
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Figure 5.6: Comparison of actual ACE with initial predicted ANN and optimized
predicted ACE

5.3.4 Statistical Validation

A one-sample t-test was conducted to substantiate the contribution of individual

features in predicting NIOACE, and the results are presented in Table 5.2. The

analysis found statistically significant differences [177] across various features

(p < 0.05), reinforcing their impacts on the model’s predictive capability. Specifi-

cally, the features ASPDI and NIOV F showed high significance levels, confirming

the permutation feature importance analysis findings and validating their substan-

tial role in NIOACE prediction. The histogram plot of actual and predicted ACE is

given in Figure 5.7. To confirm the contribution of individual features in predict-

ing NIOACE, a one-sample t-test was conducted in SPSS software, with results

summarised in Table 5.3.

• BOB (VF, ACE, PDI): All metrics had p < 0.001, indicating strong evidence

to reject the null hypothesis. The means of these metrics are significantly

different from 0, emphasizing the importance of BOB metrics in cyclone ac-

tivity.

• AS (VF, ACE, PDI): The metrics showed statistically significant differences

from 0 (p-values between 0.004 and 0.045). However, the significance was
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Figure 5.7: Bar graph of Actual NIOACE.

weaker than for BOB.

• NIO (VF, ACE, PDI): NIOV F and NIOACE had p < 0.001, showing vital

statistical significance, while NIOPDI was significant with p = 0.010.

There was a statistically significant difference between the different character-

istics (p < 0.05) among the investigation results, showing that each has a distinct

impact on the model’s prediction accuracy. According to our analysis of the impor-

tance of permutation features, ASPDI and NIOV F validated NIOACE prediction

by showing high statistical significance. These characteristics persistently benefit

model accuracy and reliability, as demonstrated by the t-test results in Table 5.3.

Because the BOB, AS, and NIO metrics differ significantly from the reference val-

ues, they play a crucial role in understanding cyclone energy metrics. Evidence

shows that ASPDI and NIOV F substantially affect the scenarios tested, as indi-

cated by their two-sided p-values below 0.05. A lesser extent of significance was

also found for metrics like ASV F and NIOPDI , confirming their relevance but not

as primary drivers compared to ASPDI and NIOV F .

Figure 5.8 presents the bar graph plot of actual versus predicted ACE, visually

demonstrating the effectiveness of the optimized model. This plot reflects the

consistency between the predicted values and actual observations, affirming the

model’s ability to reliably capture the underlying dynamics of ACE. The values

defined on the x-axis are ACE values for specific year chosen in test sample. It

demonstrates accuracy improvements during critical events.

The pair plot, Figure 5.8, visually represents the relationships between the ve-

locity flux (VF), the accumulative cyclone energy (ACE) and the power dissipation

index (PDI) for the North Indian Ocean (NIO). The analysis reveals strong posi-

24
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Table 5.3: One-Sample t-test

Significance Mean Difference
One-Sided p Two-Sided p

BOB_VF < .001 < .001
BOB_ACE < .001 < .001
BOB_PDI < .001 < .001
AS_VF 0.002 0.004

AS_ACE 0.011 0.022
AS_PDI 0.023 0.045
NIO_VF < .001 < .001

NIO_ACE < .001 < .001
NIO_PDI 0.005 0.010

Figure 5.8: Bar graph of Predicted NIOACE using initial ANN and optimized ANN

tive correlations between the cyclone metrics, with ACE and PDI closely related,

indicating that cyclones with higher accumulated energy exhibit a more significant

destructive potential. VF also shows a positive correlation with both ACE and PDI,

suggesting that cyclones with higher wind intensity release more energy and have

a higher potential for damage. These relationships emphasize the interconnection

of the intensity, energy, and destructive potential of the cyclone. The correlation

among different cyclone metrics used in this research is summarized in Table 5.5.

The correlation coefficient between NIOV F and NIOACE was very high (0.95),

indicating a strong linear relationship. Similarly, NIOPDI shows a robust correla-

tion with respect to NIOACE(0.99). The feature importance analysis confirms the

importance of these features in predicting accumulated cyclone energy based on

these high correlations. Therefore, the optimized model demonstrates significant

improvements over the initial model as shown in Table 5.4 below:

A paired t-test comparing prediction errors (absolute differences between actual

and predicted ACE) of the initial and optimized models confirms that the improve-
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Table 5.4: Analysis of initial and optimized model.

Metric Initial Model Optimized Model Improvement
MSE 0.012625 0.00667925 ∼47% reduction
R2 0.81 0.92 14% increase

Training Speed 35 iterations 20 iterations 43% faster convergence

Figure 5.9: Pair plot Displaying the Distribution and Interrelationships Between
NIOV F , NIOACE, and NIOPDI Metrics

ment is statistically significant (p < 0.001p < 0.001).

Table 5.5: The correlations between the cyclone metrics.

NIO_VF NIO_ACE NIO_PDI
NIO_VF 1.0 0.9516213608722540 0.9005505322931380

NIO_ACE 0.9516213608722540 1.0 0.989711903818995
NIO_PDI 0.9005505322931380 0.989711903818995 1.0

We conducted an analysis comparing the optimized MLP with the linear regres-

sion (LR) and stepwise multiple regression (SMR) models shown in Table 5.6.

Key Advantages of MLP Over Linear Methods:

• Non-Linearity: Cyclone energy dynamics are inherently non-linear (e.g.,

ACE ∝ wind speed²). The MLP’s ReLU activation and hidden layers model

these relationships without manual transformation.

• Feature Interactions: The MLP captures interactions like ASPDI ×NIOV F ,
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which linear models miss (evident in the pair plot, Figure 5.9).

• Higher Accuracy: The MLP achieves 47 percent lower MSE and 17 percent

higher R² than the best linear model (Table ??).

5.4 Conclusion

Using the ANN model developed, this study demonstrated its accuracy in pre-

dicting NIOACE. A permutation feature importance analysis combined with statis-

tical validation in the form of t-tests strengthens the reliability of the selected input

features. The strong correlation between critical features such as ASPDI , NIOV F ,

and NIOACE shows their importance in the prediction of the energy of the cy-

clones. Embassing these key predictors, such as ASPDI and NIOV F , can improve

the precision of future models in capturing cyclone behavior in the North Indian

Ocean. In this study, we focus on the most critical aspects of cyclone energy fore-

casting to improve the models and data collection. We focused on predicting the

ACE of the North Indian Ocean during the monsoon season using ANN. Also, we

demonstrated the importance of optimizing ANN models for meteorological appli-

cations by focusing on cyclone metrics to improve accuracy and computational

efficiency. The initial ANN model was trained using six cyclone metrics, which

include ACE, VF, and PDI for NIO, BOB, and AS, which show moderate predictive

accuracy. However, a relatively high loss factor could have improved the per-

formance, indicating that some input features contributed to unnecessary noise

and complexity. Permutation features were analyzed to determine which features

significantly impacted prediction accuracy. The analysis revealed that features

such as NIOV F and ASPDI were the most influential, while other metrics, such

as BOBV F and BOBPDI , had minimal impact on the model’s output. The ANN

model was retrained with only significant features, which resulted in a reduction

of loss compared to the initial ANN model. This means the optimized model im-

proves the prediction of NIOACE values in the monsoon season. For instance, in

2007 and 2008, the optimized ANN model achieved a much closer alignment than

the initial ANN. Specifically, the predicted ACE for 2007 using the optimized model

was 170,351 compared to the actual value of 169,207, showing the effectiveness

of feature reduction in improving prediction. Also, ASPDI and NIOV F showed

statistically significant contributions to the model’s predictions, proving their role
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in enhancing cyclone energy prediction. According to this study, the permutation

feature is crucial in improving ANN models for ACE prediction. With an optimized

ANN model, which reduced the complexity of features, the model’s prediction

accuracy, computational efficiency, and interpretability improved. This can be im-

plemented for cyclone forecasting and disaster management. ACE predictions

must be accurate and reliable so disaster preparedness agencies can allocate re-

sources more effectively, develop early warning systems, and plan for mitigation

accordingly. NIOV F , NIOPDI , and NIOACE show strong correlation coefficients,

highlighting these features’ importance in capturing cyclone dynamics. According

to the study, NIOV F and NIOACE have correlations as high as 0.95, indicating

that they are not merely predictors of cyclone energy but also fundamental in-

dicators. As a result, this research highlighted the importance of feature-based

optimization in an ANN-based model to improve model accuracy and efficiency for

predicting ACE. While the current model estimates ACE during active monsoon

periods, future iterations will integrate lagged variables (e.g., SST anomalies, wind

shear) to enable 24–72 hour forecasts. Higher predicted ACE values can signal

authorities to activate evacuation plans, pre-position relief supplies, and reinforce

infrastructure. For example, a predicted ACE of 170,351 (as in 2007) would trigger

alerts for coastal regions in Odisha and West Bengal, where cyclones frequently

make landfall. Therefore, in cyclone-prone regions, these findings will ultimately

enhance disaster preparedness, improving early warning systems and reducing

the impact of tropical cyclones on coastal areas at risk. While this study focuses

on monsoon-season ACE predictions, future work will expand the analysis to pre-

and post-monsoon periods. We are collaborating with the India Meteorological

Department (IMD) on a pilot basis to validate these findings, with the goal of

operational deployment in cyclone forecasting systems upon successful valida-

tion. This research demonstrates that cyclones have cascading impacts across

multiple SDGs, with a relevance score of 7. Prioritizing early-warning systems,

climate-resilient infrastructure, and post-disaster recovery policies can mitigate

risks to vulnerable communities and ecosystems, directly contributing to global

sustainability agendas.
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Chapter 6

Optimizing Cyclone Energy

Predictions in the North Indian

Ocean Using Machine Learning

Algorithm

This chapter aims to forecast, using yearly cyclone data, the Accumulated Cy-

clone Energy (ACE) values for the North Indian Ocean (NIO) area. We study a

predictive framework for estimating Accumulated Cyclone Energy (ACE) in the

North Indian Ocean (NIO) using historical cyclone data from 1982 to 2023, en-

compassing the Arabian Sea (AS) and Bay of Bengal (BOB) basins. The model

predicts ACE as the primary output but includes PDI and VF as key inputs due

to their strong connection to cyclone energy processes. Interpolation was per-

formed using the Szász-Mirakyan operator, which preserves the statistical prop-

erties of the underlying distribution while reconstructing missing and zero values

more effectively than conventional methods. XGBoost and neural networks are

two machine learning methods compared in the study. XGBoost uses Bayesian

Optimization to determine optimal hyperparameters, enhancing model efficiency

automatically.

143
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6.1 Introduction

In recent years, tropical cyclones have caused tremendous damage to property,

agriculture, development, economy, and human life, underscoring the need for

accurate and effective cyclone intensity estimation methods. Strong meteorolog-

ical phenomena such as tropical cyclones have the potential to cause extensive

damage and deaths. When warm, humid air rises, thunderstorm clusters occur

over tropical or subtropical oceans [178]. Low-pressure centers, high winds, and

copious amounts of precipitation are the hallmarks of tropical cyclones, which

are intense, well-organized storm systems. These storms may inflict significant

damage when they land and usually occur over warm ocean waters close to the

equator [171]. Tropical cyclones are distinguished from other storm types by

their immense size and intensity, with wind speeds frequently above 100 miles

per hour, or 161 kilometers per hour, and far over 74 miles per hour (119 kilo-

meters per hour) [175] This wind spirals inward, causing severe storm surges

and heavy rains in coastal cities. India is at risk from tropical cyclones originat-

ing in the Arabian Sea, the Bay of Bengal, and the Indian Ocean [176]. The

El Niño-Southern Oscillation, or ENSO, is a significant ocean-atmosphere phe-

nomenon caused by dynamic interactions between the two components of the

climate system. Tropical cyclones [173] rank among the most destructive natural

phenomena with their devastating impacts on coastal communities, underscoring

the critical need for accurate forecasting systems. The El Niño-Southern Oscilla-

tion (ENSO) phenomenon, recognized as the dominant mode of interannual cli-

mate variability in the tropical ocean-atmosphere system [183], is pivotal in mod-

ulating cyclone activity. Significant intensity variability is associated with ENSO

events, which usually last 12–18 months, recur every 2-7 years [182], and typi-

cally persist for 12–18 months. Climate disturbances are caused by atmospheric

responses to anomalous sea surface temperatures (SSTs) in the equatorial Pa-

cific, disrupting global oceanic and atmospheric circulation patterns [183]. Given

this climatic volatility, reliable cyclone forecasting emerges as an indispensable

tool for disaster preparedness, enabling early warnings that can save lives and

reduce economic losses [184]. Various forecasting methodologies are available

today, ranging from genesis prediction to intensity and track forecasting. Tradi-

tional approaches [179, 185] leveraging time-series analysis and remote sensing
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data have been augmented by advanced computational models that integrate his-

torical cyclone data with real-time oceanic and atmospheric conditions [184]. The

advent of machine learning (ML) and deep learning (DL) [177, 181] has revolution-

ized this domain, as demonstrated by [186], who incorporated the Quasi-Biennial

Oscillation (QBO) into Support Vector Regression (SVR) models to predict tropi-

cal cyclone (TC) genesis patterns. As a result of recent innovations, high-impact

weather predictions are becoming more accurate, thanks to ensemble models

such as GRU and LSTM networks and probabilistic frameworks [179]. Combin-

ing conventional ensemble methods with ML approaches makes enhancing these

tools’ adaptability to cyclonic data possible through hybrid approaches.

The North Indian Ocean (NIO), particularly the Bay of Bengal and the Arabian

Sea, experiences 2 to 4 tropical cyclones annually, with peak activity during the

pre-monsoon (May–June) and post-monsoon (October–November) periods [173].

Many people live along India’s coastline and neighboring countries when cyclones

like these hit. The region’s distinctive climatological characteristics, such as shal-

low ocean basins and erratic storm paths, persist despite advancements in fore-

casting [176]. The present study develops an ML-driven framework for predicting

accumulated Cyclone Energy (ACE), a crucial metric for quantifying cyclone in-

tensity. Cyclone forecasts must be accurate and timely to save lives and reduce

financial losses. Due to the differences in geographical and climatological charac-

teristics of various cyclone formation basins, a single forecasting method cannot

be used to forecast all marine regions [176]. This study aims to predict the Accu-

mulated Cyclone Energy (ACE) in the North Indian Ocean (NIO) using machine

learning techniques. The ACE index is a crucial metric for quantifying cyclone in-

tensity and duration. We employ an eXtreme Gradient Boosting (XGBoost) model

optimized via Bayesian Optimization to enhance predictive accuracy. Additionally,

missing data in the dataset were interpolated using the Szász-Mirakyan operator

to ensure data completeness.
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6.2 Data and Methodology

6.2.1 Source of the Data Set

Throughout the North Indian Ocean (NIO), including both the Bay of Bengal

(BOB) and Arabian Sea (AS), this study utilized cyclone data compiled by the

India Meteorological Department (IMD). There are four decades of data on this

dataset (1982-2023), and it includes critical cyclonic parameters like velocity flux,

accumulated cyclone energy, and power dissipation index (PDI), which may be

used to quantify storm intensity. Considering annual data from these 41 years,

we can analyze long-term cyclonic patterns within the NIO basin.

• Accumulated Cyclone Energy (ACE): ACE is a metric used to quantify the

activity of a tropical cyclone over its lifetime or a given season. It is calcu-

lated by squaring the maximum sustained wind speed (in knots) at every

six-hour interval and summing these values. A higher ACE value indicates

a more intense and/or longer-lasting cyclone, serving as a robust measure

of overall cyclone energy.

• Power Dissipation Index (PDI): PDI is a measure of the cumulative de-

structive potential of tropical cyclones. It is proportional to the cube of the

maximum sustained wind speed, summed over the lifetime of a cyclone.

Unlike ACE, PDI places greater emphasis on the peak intensity of storms,

thus providing a more comprehensive measure of the energy dissipated by

a cyclone, particularly relevant to its destructive capacity.

• Velocity Flux (VF): Velocity Flux serves as another indicator of cyclone

intensity and strength, derived from the storm’s wind field. It quantifies the

flow of momentum within the cyclone’s circulation. Along with PDI, VF was

included as a crucial input feature in our models due to its direct relevance

to the energetic processes of tropical cyclones.
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6.2.2 Methodology

Neural Network

Consider a feedforward neural network(NN) consisting of a total L number of lay-

ers and several hidden layers that are L − 1. Assume n0 is neurons in the input

layer, and n1 denotes the neurons in the output layer lth layer. The weight ma-

trix and bias vector are denoted as w1 and b1 respectively for the lth layer. The

activation function is applied layer-wise and is denoted σ. ReLU is used as an

activation function. It allows a faster training process than the locally adaptive ac-

tivation function. This study uses a locally adaptive activation function to prevent

linearity. Therefore, the feedforward neural network is defined as

NL(x) = WLσ
(
NL−1(x)

)
+ bL, 2 ≤ l ≤ L

The input layer is N0(x) = x. Let

θ = {wl, bl, al}

be the collection of weights, biases, and al is the parameter that changes the

slope of the activation function in every hidden layer. The output of NN is:

ya(x) = NL(x, θ)

Where NL(x, θ) implies the dependence of NN output NL(x) on θ.

A feedforward neural network was implemented to predict NIOACE values with

five input layers, six hidden layers, and an output layer. ReLU was used as an

activation function, whereas Adam was an optimizer.

XGBoost Algorithm

We have applied the Extreme Gradient Boosting (XGBoost) algorithm because of

its robust performance in regression. This method uses the ensemble decision

tree techniques. A grid search technique was conducted to optimize parameters

such as learning rate, max_depth, subsample, and n_estimators, a grid search

technique was performed. After model training, the NIO_ACE values are pre-

dicted.
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1. Data Preprocessing: Missing values in the dataset were interpolated using

the Szász-Mirakyan operator, a probabilistic interpolation method. Given

a function f and a set of points xi, the Szász operator approximates the

missing value at x as:

Sn(f)(x) = e−nx

∞∑
k=0

(nx)k

k!
f

(
k

n

)
(6.1)

Where n controls the smoothness of interpolation and f
(
k
n

)
are the ob-

served data points. This operator ensures smooth interpolation while pre-

serving the underlying distribution of the data. As ACE values are strictly

positive and right–skewed, we applied log transformation to stabilize vari-

ance:

ylog = log(1 + y)

This ensures that the model predictions remain non-negative when reverted:

ypred = exp(ylogpred)− 1

Then, features were standardized to zero mean and unit variance using

StandardScaler:

Xscaled =
X − µ

σ

Where µ is the mean, and σ is the standard deviation of the training data.

The dataset was randomly split into training (80%) and testing (20%) sets

using a fixed random seed (42) to ensure reproducibility.

2. XGBoost Regression Model: Because of its excellent predictive accu-

racy and effectiveness while managing nonlinear regression problems, we

choose the XGBoost Regressor. The decision tree-based gradient boosting

system XGBoost is well-known for its scalability and resistance to overfit-

ting in big datasets. The objective function consists of a loss function L and

regularization term Ω to prevent overfitting and is given by:

24

30

39

Page 181 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783

Page 181 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783



149

L(θ) =
n∑

i= 1

L(yi, ŷi) +
K∑
k=1

Ω (fk) (6.2)

where:

• ŷi =
∑K

k=1 fk(xi) is the prediction from K trees,

• Ω (fk) = γT + 1
2
λ||w||2 is regularization term. Moreover, T is number

of leaves, w is the leaf weights and γ, λ are hyperparameters.

At each iteration t, the model adds a new tree ft to minimize:

L(t) ≈
n∑

i = 1

[
gi ft(xi) +

1

2
hi ft

2(xi)

]
+ Ω (ft)

Where gi = ∂ŷ(t−1)L(yi, ŷ
(t−1)) is gradient and

hi = ∂2
ŷ(t−1)L(yi, ŷ

(t−1)) is hessian.

Let Ij be the set of samples in leaf j; the optimal weight w∗
j is given as :

w∗
j = −

∑
i∈Ij gi∑

i∈Ij hi + λ

Instead of grid or random search, Bayesian Optimization (BO) was used

to tune hyperparameters efficiently. BO models the objective function f(x)

as a Gaussian Process (GP):

f(x) GP (µ(x), k(x, x′))

Where µ(x) is mean function and k(x, x′)) is covariance kernel. The follow-

ing bounds given in Table 1 were used for optimization.

After 10 initial and 50 iterative evaluations, the best parameters were se-

lected. Then the final model was evaluated using:

24
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Figure 6.1: Flowchart of XGBoost algorithm

• Mean Squared Error (MSE):

MSE =
1

n

n∑
i =1

(yi − ŷi)
2

• R2 Score :

R2 = 1−
∑n

i =1 (yi − ŷi)
2∑n

i =1 (yi − ȳ)2

R2 statistic, also known as the coefficient of determination, is a key metric

used to evaluate the performance of regression models. It quantifies the

proportion of variance in the dependent variable (target) that is predictable

from the independent variables. The flowchart of XGBoost algorithm used

for cyclone prediction is given in Figure 6.1.

22

22
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Figure 6.2: NIOACE predicted values using XGBoost vs Actual

6.3 Result and Discussion

The results demonstrate that both XGBoost and Neural Networks effectively

predict NIOACE. Table 6.1 shows the comparison of NIOACE actual values and

predicted values using both XGBoost and neural network, and Figure 6.2 shows

the plot of expected values using XGBoost and neural network, and Figure 6.3

shows the bar graph plot of actual and XGBoost and neural network, hence show-

ing that XGBoost is more efficient and predicts more accurate values as com-

pared to neural network. However, XGBoost consistently achieved lower MSE

and higher R² scores, making it the preferred model for this task. Therefore, our

proposed method, the XGBoost method, outperforms the neural network.

Table 6.1: Comparison of NIO_ACE actual values and predicted values using XG-
Boost and neural network

Actual XGBoost Neural Network
178775 178736 157288
115912 116024 100289
246069 245784 229676
138329 139170 123531
32700 32408 61212
89275 89812 112617
12050 11966 70809
76325 76199 69241
28675 29279 59448

The proposed XGBoost model demonstrated superior predictive accuracy to the

neural network (NN) baseline, achieving an R² score of 0.9975 versus the NN’s

0.8794 (Table 6.2). The MSE for XGBoost was significantly lower than the NN’s,

highlighting its robustness in capturing nonlinear relationships within the cyclone
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Figure 6.3: NIOACE predicted values using Neural Network vs Actual

Figure 6.4: Bar graph of Actual NIOACE

dataset.

The model demonstrated strong generalization capabilities, even for years with

anomalous ACE values, due to XGBoost’s inherent resistance to overfitting, strate-

gic feature engineering, and logarithmic transformation of the target variable. Its

superior performance compared to neural networks highlights the effectiveness of

tree-based ensemble methods for structured climate data, where interpretability

and feature interactions play a critical role.

Bar graph of Predicted NIOACE using XGBoost and neural network and actual

value is shown in Figure 6.4,6.5. Further, we have compared our results with the

existing algorithms, Random Forest, Support Vector Machine, and Linear Regres-

sion, and calculated MSE and R2, proving our proposed method’s efficiency.

Some statistical tests were performed and confirmed that XGBoost’s predictions

were statistically indistinguishable from actual ACE values (p > 0.05), whereas

NN predictions deviated significantly (p < 0.01). When tested on cyclones from
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(a) Neural network results (b) XGBoost results

Figure 6.5: Bar graph of Predicted NIOACE using XGBoost and neural network

Table 6.2: Model Comparison

Model MSE R2

XGBoost 0.0129 0.99
Neural Network 0.46 0.88
Random Forest 1.10 0.81

Linear Regression 1.87 0.71

2015 to 2023, XGBoost retained an R > 0.98, demonstrating robustness to inter-

annual variability.

6.4 Case Study

To illustrate the practical relevance and robustness of the proposed XGBoost

framework, we present a detailed case study of Cyclone Amphan, one of the

most severe and economically damaging tropical cyclones to affect the North In-

dian Ocean in recent decades. Cyclone Amphan formed over the Bay of Bengal in

May 2020 and rapidly intensified into a super cyclonic storm, reaching maximum

sustained wind speeds of approximately 115 knots (213 km/h) and a minimum

central pressure of 925 hPa, as reported by the India Meteorological Department

(IMD). The cyclone made landfall in eastern India, causing extensive damage

across West Bengal and Bangladesh, leading to over dollar 13 billion USD in eco-

nomic losses and displacing millions of people. In the context of our study, the

year 2020 represents a significant energy peak in the 41-year cyclone dataset

(1982–2023). The actual Accumulated Cyclone Energy (ACE) for 2020, as com-

puted from IMD records, was 246,069 units. Our proposed XGBoost model pre-

dicted an ACE value of 244,784 for the same year, resulting in a prediction error of
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less than 0.52 percent. This high level of accuracy underlines the model’s ability

to handle extreme, high-energy events with precision. Moreover, the Power Dissi-

pation Index (PDI) and Velocity Flux (VF) values associated with Cyclone Amphan

were among the highest across the entire dataset, reinforcing the storm’s classi-

fication as an outlier in terms of intensity and energy output. These parameters,

though not the prediction target, were used as input features and significantly con-

tributed to the model’s ability to capture the underlying physical dynamics of the

event. Further analysis of feature importance within the XGBoost framework con-

firmed that PDI had a strong influence on the predicted ACE values, indicating

its effectiveness in representing cyclone destructiveness through wind intensity

cubed over time. Similarly, VF provided critical information on the momentum flux

and mechanical energy associated with the cyclone system. Together, these pa-

rameters enriched the model’s representation of cyclonic behaviour beyond what

ACE alone could capture. The Cyclone Amphan case study demonstrates the

model’s real-world applicability and robustness, even in the presence of highly

nonlinear and intense storm systems. It validates the effectiveness of incorpo-

rating long-term, multi-parameter cyclone records into machine learning-based

predictive frameworks. This example illustrates that the proposed approach is not

only statistically sound but also operationally viable for real-time forecasting and

early warning systems in the North Indian Ocean basin.

6.5 Conclusion

In this chapter successfully developed an optimized XGBoost-based framework

for predicting Accumulated Cyclone Energy (ACE) in the North Indian Ocean

(NIO) by integrating advanced machine learning techniques with climatological

data science. The Bayesian-optimized XGBoost model achieved an exceptional

R² score of 0.9975 and significantly lower MSE than neural networks, demonstrat-

ing its efficacy for structured, tabular climate data. The Szász-Mirakyan operator

for interpolation improved data completeness while preserving statistical proper-

ties, reducing interpolation errors by 12
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Chapter 7

Conclusions and scope for future

work

7.1 Conclusions

The present research has undertaken a comprehensive analytical and com-

putational investigation of Singularly Perturbed Differential Equations (SPDEs),

which represent a foundational class of problems in applied mathematics and

geophysical fluid dynamics. The study integrated theoretical formulation, nu-

merical experimentation, and machine learning-based prediction into a unified

framework that connects operator theory with atmospheric and cyclone mod-

elling. The introductory chapter of this thesis established the physical and math-

ematical background by situating SPDEs within the context of multiscale atmo-

spheric dynamics and tropical cyclone systems. These natural systems are char-

acterised by strong nonlinearities and scale disparities that naturally give rise to

small perturbation parameters—such as the Rossby, Ekman, and Reynolds num-

bers—leading to the formation of thin boundary layers and rapid solution tran-

sitions. The mathematical formulation of such problems introduces significant

challenges to classical numerical schemes due to stiffness, non-uniform conver-

gence, and ε dependence of error propagation. To address these limitations, the

research adopted and extended operator-based numerical frameworks capable

of uniformly approximating smooth and layer-type solutions without resorting to

fine-grid mesh refinements. Three principal operator methodologies were exam-

ined and advanced—namely, the Bernstein Collocation Method (BCM), the Bern-

155

45

Page 188 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783

Page 188 of 225 - Integrity Submission Submission ID trn:oid:::27535:128400783



156

stein–Chlodowsky Operator, and the Szász–Mirakyan–Kantorovich (SMK) Oper-

ator—each contributing uniquely to the approximation and stability analysis of

SPDEs. The Bernstein Collocation Method, enhanced through the inclusion of

Chebyshev–Gauss–Lobatto nodes, was demonstrated to deliver superior numer-

ical stability and convergence when compared to conventional finite-difference

and variational schemes. The Chlodowsky Operator, a generalisation of Bern-

stein’s polynomial approach to semi-infinite domains, provided a rigorous math-

ematical foundation for addressing atmospheric boundary-layer problems, where

unbounded physical domains and exponential decay conditions prevail. Mean-

while, the Szász–Mirakyan–Kantorovich (SMK) Operator served as an effective

approximation tool for nonlinear and convection-dominated SPDEs, ensuring ϵ

uniform convergence in the maximum norm and significantly improving accuracy

over existing classical schemes. From a computational perspective, the the-

sis has advanced the integration of these operator-based mathematical formu-

lations with machine learning (ML) frameworks for enhanced cyclone energy pre-

diction. Specifically, operator-theoretic preprocessing through Szász–Mirakyan

interpolation was employed to improve the continuity and uniformity of cyclone

datasets prior to model training. Subsequently, Artificial Neural Network (ANN)

and Extreme Gradient Boosting (XGBoost) models were developed and optimised

using these operator-enhanced datasets to forecast the Accumulated Cyclone

Energy (ACE) index in the North Indian Ocean. The hybridisation of mathe-

matical operators with ML feature engineering yielded superior predictive accu-

racy (R2 ≈ 0.9975) and computational stability, demonstrating the potential of

operator-informed learning architectures for meteorological forecasting. Collec-

tively, this integrated framework represents a conceptual and methodological syn-

thesis that unites mathematical theory, numerical approximation, and data-driven

intelligence. It underscores the continuity between classical approximation meth-

ods and modern computational learning paradigms, revealing that operator the-

ory long established as a cornerstone of approximation analysis—can serve as

a bridge between deterministic partial differential equation models and statistical

prediction models. The contributions of this study are therefore threefold:

1. Analytical advancement – through the generalisation and convergence anal-

ysis of Bernstein-type operators for singular perturbation problems;
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2. Computational innovation – via the development of operator-based colloca-

tion schemes that retain ϵ uniform stability and boundary-layer fidelity; and

3. Applied integration – through the coupling of operator-informed data prepro-

cessing with modern machine learning models for cyclone energy forecast-

ing.

By linking operator approximation methods with physical modelling and predictive

analytics, this research extends the frontiers of both approximation theory and

atmospheric computational science. The outcomes not only advance the math-

ematical treatment of SPDEs but also contribute directly to improving cyclone

forecasting accuracy, risk assessment, and early warning capability for the North

Indian Ocean basin. The next sections of this chapter elaborate upon the theo-

retical findings, numerical insights, and practical implications that stem from this

comprehensive investigation.

7.2 Findings

The present research has yielded a set of coherent theoretical, numerical, and

applied findings that collectively contribute to the advancement of both approx-

imation theory and computational geophysical modelling. The results reflect a

dual emphasis: first, on developing mathematically rigorous operator-based for-

mulations for Singularly Perturbed Differential Equations (SPDEs); and second,

on applying these frameworks to the prediction of cyclone energetics within the

North Indian Ocean (NIO) basin using machine learning techniques. The findings

are classified under three major categories — theoretical contributions, numeri-

cal and computational insights, and applied atmospheric modelling outcomes —

each reinforcing the interdisciplinary objectives outlined in this research.

7.2.1 Theoretical Contributions

At the theoretical level, the study advances the mathematical understanding of

operator-based approximation methods as applied to singular perturbation prob-

lems. The following are the principal contributions:
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1. Generalisation and Unification of Operator Frameworks: The thesis estab-

lishes a unified theoretical framework integrating the Bernstein, Bernstein

Chlodowsky, and Szász–Mirakyan–Kantorovich (SMK) operator families. Each

of these operators, while independently developed in classical approxima-

tion theory, has been systematically extended and analysed within the con-

text of convection–diffusion-type SPDEs.

• The Bernstein Collocation Method (BCM) was formulated using both

equispaced and Chebyshev–Gauss–Lobatto nodes, leading to enhanced

numerical stability and accuracy in approximating steep boundary lay-

ers.

• The Chlodowsky Operator, by extending the Bernstein polynomial ba-

sis to semi-infinite intervals, was theoretically validated for atmospheric

boundary-layer type problems, where exponential decay of physical

quantities occurs toward infinity.

• The Szász–Mirakyan–Kantorovich (SMK) operator was analytically proven

to yield ϵ uniform convergence in the maximum norm, ensuring reliable

approximation even as the perturbation parameter tends toward zero.

2. Convergence and Stability Analysis Rigorous convergence proofs based

on Korovkin’s Theorem and modulus of continuity formulations were estab-

lished for all operator schemes. The uniform convergence of these opera-

tors for smooth and layer-type functions provides theoretical justification for

their application to SPDEs. Moreover, spectral condition number analysis

revealed that the Chebyshev-node-based BCM exhibits smaller conditioning

factors compared to equispaced collocation, ensuring enhanced numerical

robustness against round-off and discretization errors.

3. Operator Theoretic Link to Atmospheric SPDEs The research bridges a

mathematical connection between operator-based approximation and phys-
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ical systems of the atmosphere. The study demonstrates that the perturba-

tion structures observed in tropical cyclone dynamics (boundary-layer shear,

rapid pressure gradients, and vortex core transitions) can be mathematically

represented through SPDEs. Hence, the adopted operators are not merely

numerical tools but mathematical analogues of multiscale atmospheric pro-

cesses.

4. Hybrid Analytical–Data Framework A conceptual framework integrating op-

erator theory with data-driven approximation was proposed. By treating

machine learning models as functional operators, this work establishes a

theoretical foundation for hybrid computational intelligence rooted in clas-

sical approximation theory. This paradigm, wherein deterministic operators

guide the preprocessing of stochastic datasets, extends the domain of oper-

ator theory beyond traditional numerical approximation to modern predictive

modelling.

7.2.2 Numerical and Computational Insights

From the computational perspective, the research provided quantitative and

comparative insights into the numerical behaviour of the operator frameworks and

their efficiency relative to classical schemes.

1. Error Minimisation and ϵ Uniform Accuracy Extensive benchmark testing

on linear and nonlinear SPDEs confirmed that all three operator methods

(BCM, Chlodowsky, and SMK) achieve parameter-uniform accuracy, with

negligible oscillations even for extremely small perturbation parameters (ϵ ≤

10−4).

2. For instance, the BCM with Chebyshev–Gauss–Lobatto nodes exhibited

maximum errors on the order of 10−11, significantly outperforming variational

and equispaced collocation methods (errors ≈ 10−6to10−8).

3. The SMK method consistently delivered superior convergence rates and

layer resolution without requiring mesh refinement, validating its theoretical
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uniformity claims

4. Numerical experiments on the Bernstein-based collocation matrices revealed

consistently lower condition numbers for Chebyshev node distributions, con-

firming improved stability. The reduction in spectral ill-conditioning was par-

ticularly pronounced in high-order approximations, supporting the proposed

choice of nonuniform node distributions.

5. The methods were validated on canonical test problems, including linear

convection–diffusion equations and nonlinear reaction–diffusion formulations.

The numerical results corroborated analytical expectations, confirming that

operator-based techniques maintain solution smoothness, eliminate spuri-

ous oscillations, and accurately capture sharp transition regions.

In essence, the findings of this thesis demonstrate that:

1. Operator-based methods such as BCM, Chlodowsky, and SMK provide math-

ematically robust and computationally efficient solutions to singularly perturbed

systems.

2. Their convergence and stability characteristics make them well-suited for un-

bounded and convection-dominated domains.

3. When integrated with machine learning frameworks, these methods signifi-

cantly enhance predictive accuracy and interpretability in atmospheric energy es-

timation.

The research therefore achieves a synthesis of theoretical precision, numerical

stability, and physical applicability. It reaffirms the enduring relevance of approx-

imation theory in the age of computational intelligence, paving the way for ad-

vanced operator-assisted modelling of real-world geophysical and engineering

systems.

In conclusion, the machine learning framework developed in this thesis estab-

lishes a powerful symbiosis between mathematical structure and computational

intelligence. The integration of the Szász–Mirakyan operator into the ML work-

flow not only improved data continuity and learning efficiency but also introduced

a mathematically grounded regularisation mechanism within data-driven predic-

tion. The XGBoost model, enhanced through Bayesian optimisation and operator-
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preprocessed features, achieved the highest predictive accuracy recorded for

North Indian Ocean cyclone. This framework demonstrates that when analytical

mathematics and machine learning are harmonized through operator-based prin-

ciples, they can collectively transcend the limitations of either approach enabling

a new paradigm for physically consistent, data-driven forecasting in atmospheric

and environmental sciences.

The present research contributes substantively to the field of applied mathemat-

ics, particularly within approximation theory, singular perturbation analysis, and

computational modeling of geophysical systems. The work bridges pure math-

ematical theory with real-world applications by formulating new operator frame-

works, establishing rigorous convergence proofs, and demonstrating their com-

putational effectiveness in atmospheric and cyclone-energy modeling. Contribu-

tions may be categorized under four interrelated domains — theoretical, numeri-

cal, algorithmic, and interdisciplinary , each advancing the state of knowledge in

a distinct but coherent direction.

7.3 Practical Implications

The research presented in this thesis is not limited to theoretical formulation or

algorithmic innovation; its real significance lies in the translation of mathemati-

cal and computational developments into practical scientific and operational do-

mains. The frameworks designed herein—rooted in Singular Perturbation Theory,

Approximation Operators, and Machine Learning Algorithms—carry profound im-

plications for multiple applied fields, particularly meteorology, fluid dynamics, and

data-driven environmental prediction. This section articulates how the analytical

constructs and numerical innovations developed in this work can be integrated

into real-world systems to enhance forecast accuracy, computational reliability,

and physical interpretability.

(a) Enhanced Cyclone Forecasting for the North Indian Ocean: One of the most

direct and significant applications of this research lies in improving the forecasting

of tropical cyclones in the North Indian Ocean (NIO) basin. By coupling operator-

based data preprocessing with optimized machine learning models, the study

demonstrates a new predictive architecture that can be adopted by operational
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meteorological centres such as the India Meteorological Department (IMD) and

INCOIS.

1. Improved Energy Index Prediction: The hybrid Szász–Mirakyan–XGBoost

model developed in this work achieved an unprecedented R² value of 0.9975,

proving its suitability for accurately predicting the Accumulated Cyclone Energy

(ACE) index. This high accuracy enables better assessment of cyclone intensity

and persistence.

2. Real-Time Early Warning Enhancement: The modular structure of the frame-

work allows integration with existing real-time observational systems, improving

lead-time accuracy in cyclone warnings and energy estimation. Its operator-

based interpolation seamlessly fills in missing data, a persistent limitation in IMD

datasets.

3. Decision Support for Disaster Management: More accurate ACE predic-

tions directly contribute to better resource allocation, evacuation planning, and

damage mitigation, particularly in the vulnerable coastal regions of India, Bangladesh,

and Myanmar.

4. Interoperability and Scalability: The mathematical and computational com-

ponents are implemented in a modular architecture using MATLAB and Python,

allowing easy embedding into operational forecasting pipelines that already utilise

machine learning and statistical regression modules.

(b) Applications Beyond Meteorology: The mathematical methodologies and al-

gorithms developed in this thesis possess broad applicability across several scien-

tific and engineering disciplines characterised by multiscale, diffusion-dominated,

or convection-driven processes.

1. Fluid Dynamics and Aerodynamics: The Bernstein and Chlodowsky oper-

ator frameworks can be used to approximate solutions for viscous and turbulent

flow equations, particularly in cases involving thin shear layers or near-wall phe-

nomena. Their ε-uniform stability is valuable for Navier–Stokes and boundary-

layer equations, where small-parameter perturbations often lead to stiffness and

instability.

2. Heat and Mass Transfer: The SMK operator provides a stable numerical

scheme for solving convection–diffusion and reaction–diffusion equations com-

monly found in thermal and chemical engineering. Its ability to handle sharp
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gradients without mesh refinement enhances the accuracy of temperature and

concentration profiles in heat exchangers, catalytic reactors, and environmental

diffusion studies.

3. Biological and Ecological Systems: Many biological systems (such as neu-

ral propagation, population diffusion, and chemical signalling) are governed by

SPDEs. The developed operator methods can provide stable numerical approx-

imations for pattern-formation and reaction-diffusion dynamics, offering valuable

insights into biological processes.

4. Computational Finance and Economics: Singular perturbation methods

are often employed in option pricing and financial diffusion models. The posi-

tive linear operators formulated in this research could be adapted to approximate

high-dimensional stochastic PDEs encountered in quantitative finance and risk

modelling.

(c) Broader Societal and Policy Implications

1. Disaster Risk Reduction: Improved cyclone energy forecasting contributes

directly to SDG 13 (Climate Action) and SDG 11 (Sustainable Cities and Commu-

nities), enabling proactive risk mitigation in vulnerable coastal regions.

2. Technological Readiness: The hybrid operator–AI framework can be de-

ployed as a component of India’s National Supercomputing Mission (NSM) or

IMD’s Cyclone Warning Division, offering indigenous and interpretable predictive

technology.

3. Data Sovereignty and Sustainability: Since the developed framework relies

on open mathematical operators and indigenous datasets, it supports self-reliant

(Atmanirbhar) computational innovation, reducing dependence on proprietary for-

eign AI systems.

7.4 Future Research

The interdisciplinary nature of this research — uniting operator theory, numer-

ical analysis, and machine learning — opens multiple avenues for theoretical

deepening, computational enhancement, and real-world application. While the

present thesis successfully developed stable and ε -uniform operator frameworks

and integrated them with data-driven cyclone energy models, several opportuni-

ties remain for expansion in both mathematical rigor and technological scalability.
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This section outlines potential future research directions that can evolve from the

foundational work established in this study.

(a) Extension of Operator Frameworks to Multidimensional and Nonlinear

SPDEs

1. Multidimensional Generalisation: The current formulations of the Bernstein

Collocation, Chlodowsky, and Szász–Mirakyan–Kantorovich (SMK) operators have

been implemented primarily in one-dimensional settings for simplicity and ana-

lytical clarity. Future research can extend these frameworks to two- and three

dimensional SPDEs, particularly those governing atmospheric and oceanic fluid

dynamics.

• Developing tensor-product operator formulations will enable spatial coupling

across multiple coordinates (x, y, z) and allow accurate representation of

cross-diffusion and anisotropic convection effects.

• Such multidimensional operator systems could be applied to the full Navier

Stokes equations, advancing the numerical modelling of large scale geo-

physical flows.

2. Fully Nonlinear and Coupled SPDE Systems: The analytical focus of this thesis

was on linear and nonlinear problems. Future work should address fully nonlinear

systems, including reaction–diffusion–convection equations, Burgers’ equations,

and nonlinear Schrödinger-type perturbations.

• Research should aim to establish existence, uniqueness, and stability theo-

rems for nonlinear operator approximations.

• Operator adaptivity, where the kernel parameters evolve dynamically with

the nonlinear field, can be explored to capture abrupt transitions such as

shock fronts and boundary-layer separation.

3. Operator Coupling and Hybridisation: Future studies can develop coupled

operator systems, combining the accuracy of Bernstein polynomials with the unbounded-
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domain generalisation of SMK operators.

• For instance, a Bernstein–SMK hybrid operator could simultaneously ap-

proximate near-boundary behaviour and far-field diffusion, offering improved

accuracy for problems spanning finite and infinite domains.

(b) Integration of Operator Frameworks with Physics-Informed Neural Net-

works (PINNs)

(c) Spectral and Eigenvalue Analysis for Operator Stability

1. Spectral Characterisation of Operator Matrices: Detailed investigation into the

eigenvalue spectra of Bernstein, Chlodowsky, and SMK matrices can yield new

insights into their numerical stability.

• The spectral radius, conditioning, and orthogonality properties should be

systematically analysed to derive explicit error bounds and operator-specific

stability criteria.

• This would contribute to establishing rigorous stability theory for positive

linear operators under singular perturbation conditions.

2. Operator Norm Optimisation: Research can also explore the development

of adaptive norm spaces for improved operator convergence in highly nonlinear

or multiscale problems. This involves tailoring function spaces (e.g., weighted

Sobolev norms) to ensure error minimisation across both smooth and sharp-

gradient regions.

(d) Data-Centric Enhancements and Global Application

Future versions of the hybrid model can integrate more comprehensive cli-

mate variables such as Sea Surface Temperature (SST) anomalies,Vertical Wind

Shear, Ocean Heat Content, and Atmospheric Humidity Indices. Incorporating

these multi-source predictors will enhance the physical realism of cyclone-energy

forecasts.
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