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Abstract

The control of nonlinear dynamical systems exhibiting multi-time scale behaviors
and discontinuities remains a significant challenge in the field of control theory.
This thesis addresses two such classes of complex systems, singularly perturbed
systems (SPS) and singularly perturbed switched systems (SPSS) and proposes
advanced nonlinear control strategies to enhance their stability and robustness in
the presence of uncertainties and external disturbances.

A novel saturated controller is developed for singularly perturbed systems
that exhibit a time-scale separation between the slow and fast dynamics. These
systems often suffer performance degradation due to inherent uncertainties and
external disturbances. To mitigate these effects, a nonlinear saturated controller
is proposed by leveraging the singular perturbation technique. The control
scheme incorporates a filter to manage fast dynamics and a high-gain
disturbance observer (HGDO) to estimate and reject unknown disturbances
effectively. A contraction-theoretic framework is employed to establish the
convergence of all closed-loop system states, thereby ensuring robust
performance even under singular perturbations and model uncertainties. The
proposed method is validated through the pitch angle control of a Twin Rotor
MIMO System (TRMS), which serves as a practical benchmark for demonstrating
the effectiveness of the controller in replicating real-time operational conditions.

Hereafter, the focus shifts to switched nonlinear systems, where
discontinuities arise due to switching among subsystems, as commonly
encountered in chemical processes, robotic systems, and multi-agent networks.
A time-scale redesign-based robust filter backstepping controller is introduced
for a class of uncertain switched nonlinear systems expressed in strict feedback
form. Here, the singular perturbation technique plays a dual role: first, in the
design of high-gain filters to address the "explosion of complexity" typically
associated with backstepping methods; second, in the construction of high-gain
disturbance observers to counteract unknown disturbances and unmodeled



Vi

dynamics. The interplay between system discontinuities, high-gain design
elements, and disturbance rejection results in a three-time scale switched
nonlinear closed-loop system. The stability of this system is rigorously analyzed
using a Lyapunov-based average dwell time approach. To demonstrate
real-world applicability, the proposed control strategy is implemented on a
single-link robotic manipulator, and the results confirm its efficacy in achieving
robust performance and tracking accuracy under switching and uncertain
conditions.

A filtered backstepping controller integrated with HGDO is specifically
designed for SPSSs with frequent mode transitions. Contraction theory is
employed to guarantee stability and convergence within a bounded domain. The
approach is applied to a robotic manipulator, showing strong robustness against
switching and external disturbances.

A neural network-based disturbance observer (NNDO) within the filtered
backstepping framework. Exploiting the approximation capabilities of neural
networks, the NNDO enables real-time estimation and compensation of
unknown disturbances. = Combined with a high-gain filter, this structure
improves robustness while reducing computational burden. Stability is ensured
using average dwell-time analysis, and simulations on a robotic manipulator
confirm the approach’s practical viability.

A neural backstepping controller is developed for singularly perturbed
switched systems to effectively handle system nonlinearities and unknown
disturbances. = The design incorporates a high-gain filter to manage the
complexity typically associated with recursive backstepping, while a high-gain
disturbance observer (HGDO) is employed for real-time disturbance rejection.
The proposed control scheme is tested on a single-link robotic manipulator that
includes actuator dynamics, demonstrating its strong robustness and practical
applicability in dynamic and uncertain environments.

Overall, this thesis presents a unified framework for robust control of
singularly perturbed and switched nonlinear systems by incorporating

backstepping, high-gain observers, and rigorous stability tools.
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Chapter 1

Introduction and Motivation

1.1 Background

Modern engineering systems, such as robotics [1], power systems [2], aerospace
vehicles [3], and industrial automation processes, often involve components that
operate over multiple time scales [4]. These systems typically consist of fast and
slow subsystems interacting dynamically. The modeling and analysis of such
systems require mathematical frameworks that can distinctly capture this
dual-time-scale behavior. Singular perturbation theory provides an effective
analytical tool for such systems, where the presence of a small positive
parameter multiplies the derivatives of certain state variables, thereby separating
the dynamics into fast and slow subsystems [5]. These systems are formally
known as Singularly Perturbed Systems (SPSs). A general class of SPSs can be
expressed as a set of differential equations where the small parameter ¢ < 1
determines the time-scale separation. The reduction of system complexity,
simplification of control design, and improved numerical simulation are among
the main advantages of singular perturbation techniques. In recent years,
increasing attention has been devoted to switched systems, which consist of
multiple subsystems and a switching signal that governs transitions among
them. Such systems are common in networked control systems [6], fault-tolerant
systems [7], and systems with mode-dependent behavior [8]. When the features
of both singular perturbation and switching are present in a system, it leads to a
more complex but realistic model known as a Singularly Perturbed Switched
System (SPSS). SPSSs pose unique challenges in terms of modeling, stability
analysis, and controller design due to the coexistence of multiple time scales and
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the discrete switching behavior. The interaction between fast-slow dynamics
and switching logic significantly complicates the overall system behavior.
Traditional control techniques, when applied directly, often fail to guarantee
stability or desired performance in such systems. Thus, there is a strong need for
advanced control frameworks capable of handling both the singular
perturbation structure and the switching nature of the dynamics.

The motivation for studying Singularly Perturbed Systems and their
switched counterparts arises from both theoretical and practical considerations.
Theoretically, SPSs serve as an ideal platform for exploring reduced-order
modeling, time-scale decomposition, and hierarchical control. The framework
allows one to independently analyze and design controllers for fast and slow
subsystems and then synthesize the results to achieve overall system stability.
Extending these ideas to switched systems where the dynamics and time-scale
structure may change with each switching signal opens new avenues in switched
system theory and control design. In practical scenarios, numerous applications
naturally exhibit singular perturbation characteristics along with switching
behavior. Examples include, Control of robotic manipulators [9, 10], DC-DC
converters in control systems [11], Process control systems [12], and Networked
control systems [13].  Despite the rich applicability of SPSSs, designing
controllers that guarantee stability and robustness remains a challenging task.
Switching may introduce instability even if individual subsystems are stable,
and fast-slow interactions can lead to unpredicted transient behaviors.
Moreover, uncertainties, nonlinearities, and external disturbances further
complicate control synthesis. This motivates the development of novel control

techniques that:
¢ Exploit the time-scale separation of singularly perturbed systems.
¢ Handle the mode of transitions gracefully without compromising stability.

¢ Compensate for modeling uncertainties and external disturbances.
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1.2 Contraction Theory for Nonlinear System
Stability

Contraction theory provides a differential framework to analyze the stability of
nonlinear systems. It examines whether all trajectories of the system converge
towards each other, independent of their initial conditions. If this property holds,
the system is said to be contracting, which guarantees global exponential
stability [14]. The key idea is that if the distance between any two trajectories
decreases over time, then the system “forgets” its initial condition and all
solutions converge to a unique behavior. This makes contraction theory a useful
tool for analyzing complex nonlinear systems, as it provides guarantees of
stability that are independent of initial states. Contraction theory has been
widely applied in nonlinear control [15], observer design [16], robotics [17], and
biological systems [18], as it ensures robustness, synchronization, and global
stability in a straightforward and systematic way.

Consider a generalised nonlinear system:
X = f(x,t), xeR" (1.1)

Let J(x,t) = % be the Jacobian matrix of the system. The system is said to be
contracting if the symmetric part of the Jacobian satisfies. Where x is the state of
the system, f is time, A is the contraction rate, and I is the identity matrix.

% <](x,t) + ]T(x,t)) <—AI, A>0 (1.2)

This condition ensures that the Euclidean distance between any two

trajectories decreases exponentially:
lx1(t) = 22(H)]| < [l21.(0) — x2(0)fle™ (1.3)

Hence, contraction theory guarantees that all system trajectories converge to
each other, thereby ensuring global exponential stability.
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1.3 Average Dwell Time

In switched systems, stability depends critically on the switching signal. To
avoid destabilization caused by rapid switching, the concept of dwell time is
used, which requires the system to remain in one mode for a minimum interval
before switching [19, 20]. Since strict dwell time can be overly conservative, the
notion of average dwell time (ADT) was introduced. Formally, let Ny (¢,to)
denote the number of switchings on the interval [tg, t). The switching signal o ()
is said to have an average dwell time 7, > 0 with chatter bound Ny > 0 if
No(t,to) < No + P20 >y, (1.4)

Ta

Here, Ny allows a finite number of fast switchings, while 7, governs the
long-term switching frequency. If 7, is chosen sufficiently large, system stability
can be ensured, even when some subsystems are unstable, typically through
multiple Lyapunov functions [21]. The ADT framework is less conservative than
fixed dwell time and has become a fundamental tool in the analysis of nonlinear,

uncertain, and singularly perturbed switched systems.

1.4 Literature Review

Singular perturbation theory is a powerful tool for analyzing systems with
multiple time scales, where a small parameter significantly influences the
system’s dynamics. This approach is particularly useful for systems where the
perturbation parameter is either constant or state-dependent, allowing for a
broad range of applications in control and optimization problems. The theory’s
versatility is demonstrated through various methods and applications, including
stability analysis, numerical simulations, and control design.

Liu and Jiang introduced a framework where the perturbation parameter is a
state-dependent function, enhancing the robustness and stability analysis of
nonlinear singularly perturbed systems. This approach is particularly beneficial
for integral control and feedback optimization problems, providing solutions
beyond traditional methods [22]. Cheng et al. applied sliding mode control to
semi-Markov jumping systems with singular perturbations, incorporating neural



1.4. Literature Review 5

networks for weight estimation. This method ensures mean-square exponential
stability and reduces triggering rates, demonstrating the practical applicability of
singular perturbation theory in dynamic systems [13]. Liu et al. developed a
continuous-discrete time observer for slow state estimation in singularly
perturbed systems with discrete measurements. This approach addresses the
challenges of high dimensionality and stiffness, providing a method to estimate
observation errors and improve control algorithms based on slow dynamics [23].
Cardin and Teixeira explored the impact of singular perturbations on symmetric
vector fields, using geometric singular perturbation theory to analyze the
persistence of symmetry properties. This approach is crucial for understanding
the behavior of fast-slow dynamical systems under perturbations [24]. Gunti and
Movva applied singular perturbation methods to power factor correction
converters, demonstrating the method’s utility in managing fast and slow states
in power systems. This application highlights the method’s effectiveness in
handling switching ripple effects and improving system performance [25].

In the Robotics field, singular perturbation is used to model flexible joint
robots (FJRs) into fast and slow subsystems, which helps in handling
underactuation and reducing noise amplification. This modeling facilitates the
design of adaptive integral sliding mode controllers that achieve high tracking
performance and robustness against disturbances [9]. Voltage control strategies
for FJRs also benefit from singular perturbation by simplifying the control law
and ensuring stability across different subsystems. This approach allows for
practical implementation with reduced complexity compared to traditional
methods [26]. In underactuated Euler-Lagrange systems, singular perturbation
aids in designing saturated adaptive controllers that ensure semiglobal
asymptotic stability without violating control input constraints. This method
does not require high-order derivatives, making it efficient for practical
applications [27]. For cable-driven systems, singular perturbation helps in
decomposing the system into subsystems, allowing for effective damping
compensation and tension stability. =~ This method enhances the system'’s
bandwidth and suppresses high-frequency resonances, outperforming
conventional adaptive control methods [28]. In series elastic actuators, singular
perturbation combined with time-delay estimation techniques allows for robust

impedance control. This combination broadens the operational bandwidth and
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reduces driving-point impedance, improving safety and compliance during
human-robot interactions [29].

Although singular perturbation theory has greatly advanced the study and
control of multi-time-scale systems, challenges persist in dealing with
state-dependent parameters and maintaining stability in complex dynamics. In
robotic applications, these methods are extensively applied to handle systems
with distinct time scales, such as flexible-joint manipulators and underactuated
vehicles. By decomposing the overall dynamics into reduced-order subsystems,
singular perturbation techniques streamline controller design, enhance stability,
suppress noise, and improve robustness against disturbances. Nevertheless,
their success relies heavily on precise subsystem modeling and the careful
formulation of controllers that address the unique demands of each application,
ensuring that performance benefits are not diminished by modeling errors or
unmodeled constraints.

Controller design for singularly perturbed systems involves addressing the
challenges posed by the multi-time-scale dynamics inherent in these systems.
Singularly perturbed systems are characterized by a small parameter that causes
the system to exhibit both fast and slow dynamics, necessitating specialized
control strategies to ensure stability and performance. Various approaches have
been proposed to tackle these challenges, each with unique methodologies and
applications. A multi-rate sampling controller can be designed to stabilize
singularly perturbed hybrid systems. This involves establishing a hybrid model
and using the Lyapunov approach to ensure uniform global exponential stability.
The relationship between the singular perturbation parameter and the fast
sampling interval is crucial, as demonstrated in a DC motor model example [30].
For continuous-time Markov jump singularly perturbed systems, a
decomposition into fast and slow subsystems is employed. Reinforcement
learning algorithms, both offline and online, are used to design suboptimal
controllers, with the suboptimality of these controllers being a key focus. An
electric circuit model illustrates the method’s applicability [31]. A fuzzy integral
controller with an event-triggered strategy is proposed for nonlinear singularly
perturbed systems. This approach uses the Takagi Sugeno fuzzy model and
integral feedback to manage the effects of the singular perturbation parameter,
achieving performance comparable to conventional controllers with reduced
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communication events [32]. The design of Hoo output feedback controllers for
fuzzy nonlinear singularly perturbed systems involves linear matrix inequalities
to ensure asymptotic stability. This method reduces conservatism and expands
the application scope of the singular perturbation parameter [33].
Synchronization control for networked two-timescale dynamic agents is
addressed by designing distributed controllers that guarantee synchronization
within a specified stability bound.  Techniques such as particle swarm
optimization are used to enlarge this stability bound [34].

While these approaches provide robust solutions for controller design in
singularly perturbed systems, challenges remain, such as dealing with input
constraints and ensuring finite-time stability. These issues are addressed through
finite-time fuzzy control, which ensures state boundedness within a fixed time
interval [35].  The diversity of methods highlights the complexity and
adaptability required in controller design for singularly perturbed systems.

The design of controllers for singularly perturbed switched systems is a
complex task that involves addressing the challenges posed by the
multi-time-scale dynamics inherent in these systems. Singular perturbations
introduce fast and slow dynamics, requiring specialized control strategies to
ensure system stability and performance. Various approaches have been
proposed to tackle these challenges, each focusing on different aspects of
controller design, such as stability, robustness, and fault tolerance.

Composite control strategies involve designing controllers for individual
slow and fast subsystems, which are then synthesized to stabilize the overall
system under specific switching rules. This approach is effective when the
perturbation parameter is small, allowing for the stabilization of switched
singularly perturbed systems through state transformation techniques [36].
Asynchronous control designs address the practical scenario where system and
controller modes may not be synchronized. Non-fragile control mechanisms
enhance reliability by accounting for uncertainties in controller implementation,
ensuring mean-square stability and dissipative performance through linear
matrix inequalities (LMIs) [37]. Fault-tolerant control strategies are crucial for
maintaining system stability in the presence of actuator faults. Techniques such
as the Takagi-Sugeno fuzzy model and Lyapunov function approaches are

employed to design controllers that ensure exponential stability and robust
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performance under time-varying delays [38]. The paper [39] presents a
quantized fuzzy controller design for singularly perturbed switched nonlinear
systems, utilizing persistent dwell-time switching, singular perturbation
techniques, and interval type-2 Takagi-Sugeno (TS) fuzzy models to ensure
stability and Hoo performance through SPP-dependent Lyapunov-like functions.
The paper [40] proposes a slow-state feedback control method to design
controllers for singularly perturbed switched systems (SPSSs) with persistent
dwell-time (PDT) switching, ensuring global uniform exponential stability and
deriving mode-dependent controller gains for improved performance.

While these methodologies provide robust solutions for controller design in
singularly perturbed switched systems, challenges remain in terms of scalability
and real-time implementation. Future research could focus on integrating these
approaches with advanced computational techniques to enhance their
applicability in complex, real-world systems.

The concept of average dwell time (ADT) in singularly perturbed switched
systems is a critical aspect in ensuring system stability and performance. ADT
refers to the minimum average time that the system remains in a particular mode
before switching to another, which is crucial for maintaining stability in systems
with fast and slow dynamics. This mechanism is particularly relevant in systems
where switching between both modes can lead to instability if not properly
managed. The papers [41, 42] explore various control strategies and stability
criteria for singularly perturbed switched systems under ADT and related
mechanisms. Mode-dependent average dwell time (MDADT) is a refined
approach that considers the specific characteristics of each mode in a switched
system, allowing for more precise control and stability analysis. It is particularly
useful in systems where different modes have varying stability properties and
perturbation parameters. This approach has been applied to ensure exponential
stability and weighted Hco performance in singularly perturbed switched
systems by constructing Lyapunov functions that depend on the singular
perturbation parameter. The use of MDADT in stability analysis involves
constructing Lyapunov functions that account for the singular perturbation
parameters, ensuring that the system remains stable despite the presence of fast
and slow dynamics [41, 43]. In the context of fuzzy control systems, MDADT

helps in designing controllers that can handle nonlinearities and mode
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mismatches during switching, thereby maintaining system stability [42, 44]. The
inverted pendulum system has been used to demonstrate the effectiveness of
MDADT in ensuring stability and performance in singularly perturbed switched
systems [42, 45]. Numerical simulations and practical models, like tunnel diode
circuits, further validate the applicability of MDADT in real-world scenarios,
highlighting its potential in complex dynamic networks [40, 46]. While MDADT
provides a robust framework for stability and control in singularly perturbed
switched systems, it is important to consider the limitations and challenges
associated with its implementation. The complexity of designing
mode-dependent controllers and the need for precise parameter estimation can
pose significant challenges. Additionally, the approach may require extensive
computational resources, especially in systems with a large number of modes or
highly nonlinear dynamics. Nonetheless, MDADT remains a valuable tool in the
analysis and control of such systems, offering a balance between stability and
performance.

Contraction theory has emerged as a powerful tool for analyzing and
stabilizing singularly perturbed systems (SPS) and switched systems. This
approach focuses on ensuring that the trajectories of these systems converge
towards a desired state, thereby enhancing stability and performance.
Contraction theory has been applied to singularly perturbed systems to design
feedback controllers that achieve bounded tracking errors without the need for
interconnection conditions, unlike traditional Lyapunov-based methods. This
approach is robust to additive bounded uncertainties and does not rely on the
smallness of the singular perturbation parameter [47].  The concept of
k-contraction extends the classical notion of contraction to higher dimensions,
allowing for a richer characterization of system behavior. For singularly
perturbed systems, k-contraction properties can be derived from the
boundary-layer (fast) system and the reduced order (slow) model, especially
when there is a large time-scale separation [48]. Contraction theory also provides
explicit bounds on the convergence rate of trajectories to the slow manifold and
the asymptotic error between the trajectories of the singularly perturbed system
and those of the reduced system [49]. For switched systems, contraction theory
has been used to suppress harmonics in mechanical systems by ensuring that the
output frequency matches the input perturbation, thus reducing unintended
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vibrations [50]. In the context of singularly perturbed switched systems,
contraction theory aids in designing controllers that stabilize the system despite
the numerical stiffness introduced by small parameters. This is achieved through
e-dependent and e-independent controllers that do not suffer from
ill-conditioning linked to the small parameter (¢) [51]. The use of persistent
dwell-time switching laws in singularly perturbed switched systems ensures
global uniform exponential stability and improved dissipative performance,
verified through numerical examples [40]. While contraction theory offers
significant advantages in stabilizing singularly perturbed and switched systems,
it is important to consider the limitations and challenges associated with its
application. For instance, the design of contraction-based controllers may require
precise knowledge of system parameters and conditions, which can be difficult
to obtain in practice. Additionally, the extension of contraction theory to more
complex systems, such as those with non-linear dynamics or time-varying
parameters, remains an area of active research.

The development of neural backstepping controllers for switched systems is a
significant advancement in control theory, particularly for managing nonlinear
and uncertain systems.  These controllers leverage neural networks to
approximate unknown system dynamics and employ backstepping techniques
to ensure stability and performance under arbitrary switching conditions. The
integration of neural networks with backstepping provides a robust framework
for handling the complexities and uncertainties inherent in switched systems.
This approach is particularly beneficial in applications where system parameters
are not easily measurable or subject to rapid changes. A multilayer neural
network pre-observer is utilized to reconstruct system states that cannot be
directly measured, effectively neutralizing abrupt state changes due to switching
parameters, and the observer error compensation mechanism further refines
state estimation, reducing approximation errors and enhancing tracking
performance [52].  The backstepping technique is embedded within a
discontinuous controller design, incorporating proportional-integral (PI)
compensation to address tracking control challenges in uncertain switched
systems and Filippov’s theory and nonsmooth Lyapunov functions are
employed to construct a robust controller capable of handling approximation
errors from neural networks [53]. Radial basis function (RBF) neural networks
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approximate unknown functions in discrete-time switched systems, simplifying
the controller design process and ensuring stability [54]. Adaptive neural
controllers are developed using actor-critic architectures, optimizing control
strategies within the backstepping framework to meet predefined performance
criteria [55]. Predefined-time adaptive neural tracking control ensures that all
signals in the switched system remain bounded, with tracking errors converging
to zero within a specified time frame and The use of common Lyapunov
functions and finite-time differentiators enhances the robustness and efficiency
of the control strategy [56]. Event-triggered adaptive neural network
backstepping control reduces the frequency of control signal updates,
maintaining system stability without Zeno behavior [57]. Observer-based
adaptive neural network backstepping sliding mode control addresses stability
in fractional order systems with unmeasured states, ensuring robust
performance under switching conditions [58].

systems with unmeasured states, ensuring robust performance under
switching conditions(Chen et al., 2021). While neural backstepping controllers
offer significant advantages in managing switched systems, challenges remain in
terms of computational complexity and real-time implementation.  The
integration of neural networks requires careful tuning and training to ensure
accurate approximation of system dynamics. Additionally, the design of
backstepping controllers must consider the trade-off between robustness and
computational efficiency, particularly in systems with high switching frequencies
or complex dynamics. Despite these challenges, the continued development of
neural backstepping techniques holds promise for advancing control strategies
in a wide range of applications.

Neural disturbance observers (NDOs) are advanced control mechanisms that
integrate neural networks to estimate and compensate for disturbances in
dynamic systems. These observers are particularly useful in systems with
unknown or time-varying disturbances, providing robust control solutions
across various applications. The integration of neural networks allows for
real-time adaptation and learning, enhancing the system’s ability to maintain
stability and performance under uncertain conditions. A neural-network-based
disturbance observer is used in MEMS gyroscopes to estimate unknown gyro

parameters and integrate with sliding mode control to reduce chattering and
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ensure system stability. This approach leverages Lyapunov stability theory to
validate the control system’s stability, demonstrating effectiveness through
simulation results [59]. In quadrotor UAVs, a neural controller with a
disturbance observer compensates for aerodynamic disturbances. The system
uses feedforward neural networks to handle internal disturbances, while
external disturbances are estimated by the observer. ~Composite learning
enhances performance by updating the controller and observer in real-time,
proving robust trajectory tracking in challenging conditions [60]. An adaptive
neural network control scheme with a disturbance observer is applied to robotic
manipulators for trajectory tracking under external disturbances and model
uncertainties. The observer estimates approximation errors and disturbances,
providing compensation to reduce tracking errors. The system’s stability is
confirmed using Lyapunov theory [61]. A neural network disturbance observer
is integrated into a fault detection scheme for electro-mechanical flight actuators.
This observer efficiently estimates nonlinear factors and disturbances, aiding in
fault detection by analyzing estimation errors. The approach ensures stability
and convergence of observer errors [62]. In uncertain nonlinear systems, a
disturbance observer-based adaptive neural network control compensates for
approximation errors and disturbances. This method eliminates the need for an
exact system model, enhancing control effectiveness through online
compensation and simulation validation [63]. For multi-degree-of-freedom
robots, a robust control method using a neural network disturbance observer
addresses time-varying parameters and external disturbances. The observer
tracks total disturbances, significantly reducing angular displacement and
velocity errors compared to traditional methods [64]. An extreme learning
machine neural network disturbance observer is used in hypersonic vehicles to
manage disturbances and ensure precise tracking control. The system converts
nonlinear dynamics into a linear model, simplifying control law design and
enhancing performance through direct feedback compensation [65].

While neural disturbance observers offer significant advantages in handling
disturbances and uncertainties, they also present challenges such as
computational complexity and the need for accurate neural network training.
These systems require careful design to ensure stability and performance,

particularly in real-time applications. Despite these challenges, the integration of
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neural networks with disturbance observers continues to advance, providing
robust solutions across diverse fields.

The design of saturated controllers for singularly perturbed systems (SPS) is a
complex task due to the inherent fast and slow dynamics of these systems. These
dynamics allow for the decomposition of the system into distinct timescales,
which can complicate control strategies, especially when actuator saturation and
nonlinear perturbations are present. Various approaches have been proposed to
address these challenges, each leveraging different techniques to ensure stability
and performance under saturation constraints. A saturated smooth adaptive
controller is proposed for underactuated Euler-Lagrange systems (UELS) with
modeling uncertainties and control saturations. = This controller ensures
semiglobal asymptotic stability without violating control input constraints. The
use of Hoppensteadt’s Theorem demonstrates the controller’s ability to maintain
stability and track desired positions effectively, validated through simulations on
a two-link robot arm [27]. For discrete-time semi-Markov jump singularly
perturbed systems, a stabilization strategy is developed considering actuator
saturation and partially known semi-Markov kernel information. The convex
hull approach and Lyapunov stability theory are employed to derive conditions
for mean-square stability, with numerical examples validating the control
strategy [66]. In coal-fired power generation systems, a fuzzy controller design is
proposed using singular perturbation theory to address nonlinearity and input
saturation. An event-triggered observer-based controller structure is used to
ensure asymptotic stability, avoiding ill-conditioned numerical problems and the
Zeno phenomenon [67]. An adaptive fuzzy control approach is developed for
singular systems with nonlinear perturbation and actuator saturation. This
method uses a backstepping technique and an auxiliary system to manage
saturation effects. The approach ensures that the closed-loop system remains
impulse-free and regular, with bounded signals and adjustable tracking errors
[68]. A time-scale redesign-based saturated tracking controller is introduced for
MIMO nonlinear systems, focusing on reducing the vulnerability to actuator
saturation and noise. This method allows for tuning controller performance
without arbitrary reduction of singular perturbation parameters, demonstrated
through experiments with a wheeled mobile robot [69].

While these approaches offer robust solutions for handling saturation in
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singularly perturbed systems, they also highlight the complexity and diversity of
methods required to address different system characteristics and constraints.
Each method’s effectiveness is often validated through simulations or
experimental setups, underscoring the importance of practical applicability in

real-world scenarios.

1.5 Research gaps

Despite significant progress in the control of nonlinear systems, several gaps
remain in the literature, particularly for singularly perturbed and switched

systems:
* Rigorous quantitative analysis of controller performance for uncertain

singularly perturbed systems is missing.

* The existing timescale-based controller designs do not consider

discontinuities in the system dynamics.

¢ Further, most of the techniques assume full state measurement, which is

costly due to multiple sensors.

1.6 Research objectives

Based on the research gap identified from the comprehensive literature review,

the following research objectives are proposed.

* Develop robust controllers for singularly perturbed systems with

uncertainties.

* Extend the robust controllers for singularly perturbed systems to handle
switching in dynamics.

* Develop an output feedback controller for singularly perturbed systems

with uncertainties and switching.

* Apply the developed controllers to benchmarked dynamical systems like
the robotic manipulator, inverted pendulum and Twin Rotor MIMO System,

etc.
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1.7 Research contributions

Following are the contributions:
* Designed a saturated controller for SPS using contraction theory.

¢ Introduced switching into SPS and designed a filtered backstepping
controller using average dwell time (ADT).

* Developed a filtered backstepping controller for SPSS using contraction

analysis.

* Proposed a Neural Disturbance Observer-based Backstepping Controller for
SPSS.

* Developed a neural backstepping controller for SPSS.

1.8 Organization of the thesis

Chapter 1: This chapter introduces the control challenges in singularly
perturbed and switched nonlinear systems, emphasizing the difficulties arising
from multi-time-scale dynamics, switching mechanisms, and external
disturbances. These complexities necessitate the development of robust control
strategies. To address these issues, advanced methods such as backstepping,
high-gain filters, and disturbance observers are discussed, highlighting their
effectiveness in stabilizing nonlinear switched systems. In addition to motivating
the research problem, the chapter also presents important preliminaries that
provide the theoretical foundation of the study. These include contraction theory,
which ensures incremental stability of nonlinear systems; Lyapunov theory,
which provides the basic framework for analyzing system stability; and
Lyapunov-based average dwell time (ADT), which offers a stability criterion for
switched systems by regulating the switching frequency. Finally, the chapter sets
the stage for the subsequent research gaps, objectives, and contributions also
concludes by outlining the overall structure of the thesis, followed by concluding

remarks.
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Chapter 2: This chapter begins with a brief introduction to singularly
perturbed systems (SPS), highlighting their inherent time-scale separation and
control challenges under uncertainties. It then presents the motivation behind
designing a saturated controller using singular perturbation techniques. The
proposed method integrates a filter and disturbance observer, and leverages
contraction theory to ensure stability and convergence of the closed-loop system.
Finally, the chapter outlines the validation of the proposed control strategy using
the Twin Rotor MIMO System (TRMS) for pitch angle control.

Chapter 3: This chapter introduces switched nonlinear systems and their
relevance in modeling real-world systems such as chemical processes, robotic
systems, and multi-agent networks. It outlines the motivation for designing a
robust filter backstepping controller using time-scale redesign for uncertain
switched systems in strict feedback form. The use of singular perturbation
theory is emphasized for designing high-gain filters and disturbance observers
to address complexity and uncertainties. The chapter also describes how the
resulting three-time-scale switched closed-loop system is stabilized using an
average dwell time-based Lyapunov approach. Lastly, the controller’s
effectiveness is validated through numerical simulations on a single-link

manipulator.

Chapter 4: This chapter presents an overview of singularly perturbed switched
systems and the challenges posed by frequent mode transitions and system
uncertainties. It introduces the motivation for designing a filtered backstepping
controller augmented with a high-gain disturbance observer (HGDO) to handle
such complexities. The chapter outlines how contraction theory is employed to
ensure closed-loop convergence and robust performance across switching
modes.  Finally, the practical applicability of the proposed controller is
demonstrated through its implementation on a robotic manipulator, highlighting

its effectiveness under real-time disturbances.

Chapter 5: This chapter introduces the control challenges associated with
nonlinear singularly perturbed switched systems (SPSSs), particularly under

mode transitions and external disturbances. It presents the motivation for using
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a filtered backstepping controller combined with a high-gain filter to manage
system complexity. To enhance robustness, a neural network disturbance
observer (NNDO) is integrated to estimate and compensate for unknown
disturbances in real-time. The chapter also discusses how Lyapunov-based
analysis with average dwell time is employed to ensure closed-loop stability
during switching. Finally, the proposed control strategy is validated through
simulations on a robotic manipulator, demonstrating its effectiveness and

practical applicability.

Chapter 6: This chapter introduces singularly perturbed switched systems
(SPSSs), emphasizing the coexistence of fast and slow dynamics along with the
challenges introduced by switching among multiple subsystems. It motivates the
need for a robust control strategy capable of handling system uncertainties and
complexity. To address this, a neural backstepping controller is proposed,
integrated with a high-gain filter to manage design complexity and a high-gain
disturbance observer (HGDO) to counteract external disturbances. This chapter
concludes with the validation of the proposed approach on a single-link
manipulator with actuator dynamics, demonstrating its practical effectiveness
and feasibility.

Chapter 7: This chapter summarises the key findings of the research by
emphasising the effectiveness of the proposed control strategies for singularly
perturbed and nonlinear switched systems. It highlights the main outcomes
from simulations in terms of stability, robustness, and tracking performance.
This chapter also outlines the limitations of the research work and concludes
with possible future research directions, such as extending the methodology to
MIMO systems, implementing hardware validation, and exploring adaptive or

learning-based control techniques.

1.9 Concluding Remarks

In this chapter, the fundamental challenges associated with singularly perturbed
and switched nonlinear systems have been introduced. The discussion
highlighted the complexities arising from multi-time-scale dynamics, abrupt
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switching, and the presence of external disturbances, all of which significantly
influence the stability and performance of such systems. The necessity for
advanced and robust control strategies was emphasized, with particular
attention to approaches such as backstepping, high-gain filtering, and
disturbance observer-based methods. These techniques provide a foundation for
addressing the limitations of conventional controllers and form the motivation
for the investigations presented in this thesis. Finally, the chapter outlined the
overall structure of the thesis, thereby preparing the ground for the detailed
analysis, controller design methodologies, and applications that follow in
subsequent chapters.
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Chapter 2

Saturated controller design for

singularly perturbed systems

This chapter was published by Sidhaiia, Springer, the Indian Academy of Sciences,
doi : https : / /doi.org/10.1007 /512046 — 024 — 02526 — 8

2.1 Background

Singularly perturbed systems (SPS) are nonlinear dynamical systems
characterised by fast and slow dynamics evolving on different time scales [70].
Such systems appear in various engineering applications including robotics [71],
aerospace [72, 73], and power electronics [74], where time-scale separation
introduces analytical and design challenges. In addition, uncertainties,
nonlinearities, and actuator limitations such as saturation further complicate
control design. To overcome these issues, a nonlinear saturated controller is
proposed in this chapter. A filter and a disturbance observer are integrated into
the design to handle uncertainties and external disturbances while maintaining
actuator limitations. The analysis relies on contraction theory, which provides a
rigorous mathematical framework to guarantee convergence of closed-loop
trajectories irrespective of initial conditions. This property makes contraction
theory particularly suitable for SPS where disturbances and fast-slow
interactions can destabilize the system. The effectiveness of the proposed
method is validated through simulations on the Twin Rotor MIMO System
(TRMS) for pitch angle control. The obtained results demonstrate that the

designed controller effectively stabilizes the system and achieves accurate pitch



20 Chapter 2. Saturated controller design for singularly perturbed systems

angle tracking even in the presence of singular perturbations, parameter
uncertainties, and actuator saturation constraints. The control input remains
within permissible limits, ensuring practical feasibility of the design. Moreover,
the convergence of all system states to their desired trajectories highlights the
robustness and reliability of the proposed approach. These findings further
indicate that the developed control strategy can be extended to other nonlinear

and high-order systems with similar characteristics.

2.2 System description

We consider the class of nonlinear systems which is in strict feedback form
described as:

X1 = g1%2 + f1(x1)

Xp = gox3 + fo(x1,x2)

(2.1)
X = gt + fu(X1,%2,..., Xn)
Equation (2.1) can be represented in the following form:
Xn = G(x)u + F(x) (2.2)

fi(.) are sufficiently smooth function and g; # 0. The equation (2.2) can be
converted into equation (2.4) by choosing z;, a; and a;f as (2.3): Where,

Zi = Xj — ocif,i =1,2,3..n

plip = —jf +

Mf = wa (2.3)
1

ki = [_f(ifl)(xlr--x(ifl))

8(i-1)
- g(i72)2(1?2) + é‘(ifl)f]li =23,4.n

Where, i1 € (0,1), wy is desire signal and «; £ are obtained through the first order
filter [75, 76]. The initial conditions are a;¢(0) = «;(0), go = 0. As we can see in
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equation (2.1) and (2.3) a nonlinear system in strict feedback form and a
controller structure have been defined respectively. After applying the controller
in the equation (2.1), equation (2.4) can be derived as

21 = 8122
Zi = —8(i-1)Z(i-1) T &iZ(i+1) (2.4)
Zn = —&(n-1)%(n-1)

This equation (2.4) can be written in compact form as Z = Az, which can be seen

in equation (2.5).

0 ¢ O " 0

_ 0 . 0
A= ® |
0 ) 0 _g(n—l) 0

Where A is a skew-symmetric matrix. For a skew-symmetric matrix A, the
inequality A + AT < 0 always holds true, and the closed loop dynamics
described by A is therefore stable even though marginally stable. Additionally,
we have added robustifying terms to make the closed-loop dynamics uniformly
ultimately bounded.

z=f(z) = Az (2.5)

By using equation (2.3), equation (2.1) can be converted into the following form:
Zn = G(z)u + F(z) (2.6)

Assumption:2.1 A transformation w = T(x) exists for which the equation (2.2)
can be expressed as in the following form:

w = Aw + B(f(w) + h(w)u) (2.7)

Where, A and B are in Brunovsky canonical form. w € D, C R"
f(w) : Dy — R, h(w) : Dy — R and h(w) # 0, Vw € R

Assumption:2.2 The function f(w) and h(w) are locally Lipschitz.
Assumption:2.3 A smooth saturation function with the following properties



22 Chapter 2. Saturated controller design for singularly perturbed systems

(c(.) : R — R) exists -

(@) c(0) =0and so(s) > 0Vs # 0

(b) im0 0(s) =1, limg_,_ 0(s) = —1
(c) For a finite set D; C R, a%(ss) > 0Vs € D,

Assumption 2.1 can transform the system (2.1) into a fully linearizable form.

Assumption 2.2 gives information about existence of solution and uniqueness of
solution for equation (2.2). And finally Assumption 2.3 implies that the
saturation function o(s) is continuously differentiable and it will be an odd
function such as sigmoid function, the hyperbolic tangent function, etc.

The aim is find an input u that ensures the closed loop trajectories of the system

w(t) closely match the states w;(t) of a stable system, as mentioned below:
wy = Agwy + Byr (2.8)

Where, wy = [wg1, Wy, ..., way]” € R", r represents bounded reference input.

0 1 0
Ay =
0 0 1
—ag1 —ag — gy

0

By =
0
by

Where A, is Hurwitz for suitable ag;, i = (1,2,3...n).

2.3 Controller Design

Here, the objective is to solve the tracking problem of a non-affine system by using

a saturated control rule u = ‘BU(%), where v is a new control input.
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Error dynamics can be denoted as:
¢ = Aw + BF(w,v) — Ajwy — Bgr (2.9)

uv = —sign(j) [F(z) + G(z)o(v) — g
n (2.10)
+ Y tanh(z;)]
i=1
Where, ¢ = w — wy and F(w,v) = f(w) + ﬁh(w)a(%),h(w) > 0. Equation (2.7)
and Equation (2.10) can be represented in the following forms:

w = Aw + BF(w, V)
(2.11)
wr = g(v,z,wy,r)

Where,

8(-) = —sign(jg)[F(z) + G(2)o(v) — @y
+ ) tanh(z;)]

i=1

(2.12)

Equation (2.11) represents the time scale form of the system and the system’s
dynamics are in a standard singularly perturbed form (The fast dynamics consist
of an isolated and unique root). This fact can be observed in Theorem 2.1.
Theorem 2.1: The ensuing closed-loop dynamics may be described in the
standard singularly perturbed form if the pre-stated assumptions (2.1-2.3)
continue to hold true and the dynamic controller is chosen as u = ,8(7(%) In this
situation, v = p(z, wy, r) of the equation g(v, z, wy, ¥) = 0 will be the unique root.
proof: Reference [49, 77] presents findings that prove the existence of a distinct
root for a vector field that is partially contracting. The Jacobian matrix of the
vector field g(.) with respect to the variable v is designated as:

s = () 5B

— (k) "G E )|

(2.13)
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The expression j, exhibits negative definiteness within a specific bounded region
of D, and D,, as indicated by equation (2.13). So, the equation uv = g(v,z, wy, 1)
will be partially contracting in v and there will be a unique and isolated solution of
(v, z,wy,7) = 0[14, 49]. In other words, we can say that a mapping between the
variables z, wy, r, and control input v exists inside the domain D, and D,. That’s
why equation (2.11) is in the typical form of a singularly perturbed equation.

Corollary: The error dynamics involving the slow reduced system of
equations (2.11) is contracting in e and (w, — wy) — 0.

Proof: Consider the root of the equation g(v,z,wy,r) = 0 is denoted by
v = p(z,wy, 7). Hence, the reduced slow system of equations (2.11) will be as:

W, = Aw + BF (wy, p(z, wy, 1)) (2.14)

Using ¢(p(.),z,wy, 1) = 0, we can write

r()

w = (L)
= Gzz) (—F(Z) — gadiwdi + Z_il bair (2.15)

n
— Y _tanh(z;))
i=1
The error dynamics can be expressed as:
¢ =Aw+F(w,p(.)) — Ajwy — Bgr = Ace (2.16)

Where the A, is a Hurwitz matrix and it has distinct real eigen values. A positive
definite matrix M4, will exist in such a way that Ao =M AeA,gMge1 is negative
definite. Here, M4, is an invertible matrix. So, equation (2.16) is contracting in
M 4, and w(t) exponentially converge to wy i.e. (w, —wy) — 0and e(t) — 0[78].
Feasible region: With a limited actuation power, any unstable system may not
be globally or semi-globally stabilized. The tracking problem in this article can be

solved inside a certain domain. From equation u = ,30'(%), the dynamic inversion
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with a limited actuation power f is feasible, provided

u=po(2L))

_ ng) (—F(z) — ; a4 + ; bair 2.17)

— étanh(zi))

The parameter, denoted as a4, is adjustable, and ||o(.)|| < 1. Consequently, the
region of attraction, represented by the finite region (D, x D,), can be
approximated. =~ Within this region, the vector fields satisfy the following

condition.

|l (= f(w) +@a)|| < B (2.18)

2.4 Convergence Analysis

Equation (2.11) is convergent in nature. This crucial information provides the
boundedness of closed-loop system and is represented in the form of a lemma.
Lemma 2.1: Consider a system «w = f(w) which is contracting in a
transformation matrix M with rate A and assume a perturbed system
wy = f(wp) +w(wp, ), ¢: An external signal.
(1) if [|w(wp, §)|| < mo, mg € RT then the following equation will be satisfied.

lwp(t) = w(B)]] < Te™*[wp(0) — w(0)|| + —= (2.19)

where I' represents the supremum of the condition number for M.

(2) Let wus consider two positive scalars my,, mj, such that
[lw(wp, §)|| < mon + myy||wp||. Also consider that, a forward bounded solution
wy, exists for the system’s dynamics, w = f(w), where the inequality my, < %,
then

wp = fwp) +w(wy, ) (2.20)



26 Chapter 2. Saturated controller design for singularly perturbed systems

is partially contracting in w, and

eop(t) — ()] < Te AT iy (0) — (O] £ mae 221)
bound can be obtained. where, 15, = %’W

2.4.1 Convergence to Slow Manifold, p(z, wy, 1)
The above-mentioned controller in equation (2.10) is given in the form:
W= g(v,z,wy,r) (2.22)

Let us consider a virtual perturbed system of equations (2.10) in stretched time

scale T = i,

du
T = 8(vas + p(),z,w4,1) + p (045, 2, 04,7, 1) (2.23)
where,
(s z 00,10 = < (p()
R (2.24)
vgs = 0(t) — p(z,wy, 1)
p'(.) can be evaluated as:
ap(), , op() . ap(),
/ —_—
P (Vas, z,wa, 1, 1) = p( 9z zZ+ Y, Wy + 5 7) (2.25)

By using the Lipschitz properties of the function f(w), u, and p(z, wy, ) it can be
derived that[78]:

Pl < mza|vas|| + map||wal | + mac|[#]] + maq (2.26)

where, my,, myy, myc, My, are positive scalars. Let us consider p’ (.) = 0 then %
is partially contracting in v;. Let’s assume contraction rate is %, M, is
transformation matrix and (), is supremum of the condition number for M,.
Reference [79] ensures forward boundedness of trajectories inside the

unperturbed system '%”fs = ¢(vgs + p(.), z,wy, 7). It is stated in Lemma 2.2.
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Lemma 2.2 [79]: Let us assume that w = f(w,t), w € R", is contracting in w for
all t > 0. Suppose the contraction matrix is time invariant, finite, and also
[|f(0,f)|] < a < ooforallt > 0, then the trajectories w(t) remain bounded and
the solution w(t) will be well defined for all ¢ > 0.

If vgs = 0 then v = p(.) which implies that the function g(vys + p(.),z, wy, 1) die

out at vggs = 0. By using Lemma 2.2 we can summarize that v;(7) of the
unperturbed system d;gs = g(vgs + p(.),z,wy,v) are forward bounded for all
t > 0 and a positive number ag exist for which ||v(t)|| < ag for all + > 0. For
equation (0 + p(.),z,wy,r) = 0, vgs = 0 can act as a particular solution of
d;{is = g(vgs + p(.),z,w4,1) + p'(v4s, 2, wq,7, 1) in the absence of perturbation
term.

There exist a scalar p,; such that mp, < % for all 4 < py,. That is why Lemma

2.1 can be used in equation % = g(vgs + p(.),z,wa, 1) + p'(v4s, 2, 4,7, 1) to

derive:

|[oas(t) — Of| < [[o(t) — p(z, wa, 7)l|
1O (2.27)

Ay
< Qe F[o(0) = p(2(0),wa(0), )| + E52
(Y
Where, A, and d, can be evaluated from [79] as A, = A, — uQumy, and dy =
1 (moavg + myc||7|| + may). By using [79], the following bound can be obtained.

lim ||o(t) — p(z, wy, 1)|| < pQy—= (2.28)

t—o0 v

2.4.2 Convergence analysis of trajectories

Equation (2.7) can be written in the following form with extra perturbation terms:

@ = Aw + BF(w, p(z,wq,7)) + BF(w, V) (2.29)
— BF(w, p(z,wy,1))

The first two terms Aw + BF (w, p(z, wy, 7)) is same as equation (2.11), and that’s
why it is partially contracting in w with transformation matrix My,. By
employing the Lipschitz properties of the function F(.) it can be determined that

there exists a Lipschitz constant denoted as L;. This constant ensures



28 Chapter 2. Saturated controller design for singularly perturbed systems

||BF(w,v) — BF(w, p(z,wy,7))|| < L1||lv — p(z, w4, 7)||. The bounds of equation
(2.28) are finite inside the region of interest. That is why finite perturbation terms
for all t > 0in (2.29) can be derived. In (2.29) the nominal unperturbed dynamics
are partially contracting, so Lemma 2.2 can be used to obtain forward
boundedness of trajectories w(t) Vt > 0. By using Lemma 2.1 on (2.14) and
(2.29), the following bounded equation can be derived:

im [ (1) — or (1) < e (22

lim A ( X ) (2.30)

where A, is the minimum eigen value of A, and Qy, is the condition number of
M 4,. From equation (2.30), the bounded steady state tracking error can be derived
by using triangle inequalities.

lim [lw(t) — wq(n)]] < Zectt (K

lim A ( % ) (2.31)

2.5 Filtered Saturated Controller With Disturbance

Observer

A disturbance observer with a high gain is provided to estimate the uncertain
dynamics of the systems. The system uncertainties can be eliminated through
disturbance observer §;(.)[80].

&= —k(&; + kx4 fi(x1, %2, .., X)) + giXiv1)

gﬂ = _k(én +kxn +fn(x1/x2/- . -/xn) +gn”)
6i(.) = i + kx;

A

n(.) = Cu + kxy

(2.32)

where the scalar k > 0 is a large positive constant, J;(.) is the estimation of
disturbance ¢;(.), and ¢; is an intermediate variable. Using observer (2.32), the

dynamics of the disturbance estimator (J;) are given by:

o; = hi(8:,6:) = —k(8: — &)). (2.33)
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Defining a disturbance error variable §; = &;(.) — 4;(.), the estimation error

dynamics can be written as:

6(51‘(.) = —51' — €(51() (2.34)

where 0 < € = 1/k < 1. The boundary layer dynamics resulting from (2.34) can
be written as: 5
E(‘i’) =5;. (2.35)

2.5.1 Conversion to Singularly Perturbed form

The filter-based saturated control law u chosen for system (2.1) is based on a
disturbance observer and filtering.
v
u=po(3)
P
pv = —sign(jg)[F(z) + G(z)o(v) — 0;
n
—wy + 2 tanh(z;)]
i=1
Zj = Xj — Qjf, (i =1,2... m) (2'36)
af=wq, i €[2,3...m]
1
8(i-1)
— 8(1—2)2(1‘—2) + a(i—l)f — g(i—l)]/i = 2, 3, 4..n.

n; =

[_f(i—l) (x1, ~-x(i—1))

The closed-loop system described in equation (2.1) with the control law given in
equation (2.36) can be represented as follows:

2 = 122+ §1fof + by

Zi = §(i-1)%i-1

+ 8(i)Zit1 T Gif(is1)f T i
Zn = ~&(n-1)Zn-1+ O(n).

(2.37)

Rewriting (2.37) in a compact form as (2.38),(2.39), and (2.40)
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z = f(z,&,0) (2.38)
pip = g(ay, a;) = —&fp + pi; (2.39)
€6 = h(5,8;) = -6+ €f; (2.40)

where § = [51,32,...,5n], 5=1[61,60,...,64] 6; = [6162,...,04]. In equations (2.38)-
(2.39), the system dynamics undergo a transformation, resulting in a singularly
perturbed system with three distinct time scales. By employing the ratio % this
system can be further simplified into a two-time scale format. Assuming, without
loss of generality, that € < y, indicating that the observer dynamics operates at a
faster rate as compared to the filter dynamics. A suitable choice for € is € = xpy,
where k¥ < 1 is a small positive constant. Express the fast subsystem (2.39), (2.40)

as:

. 10
o =W(9,0,x) = — [ ] 0+ uo (241)
0

Al

1T, 0=1[a],6711T and W(.) = [¢7(.), 1hT(.)]T. By using Equation

where 7 = [&;, 5T /
(2.41), the dynamics of the closed-loop system can be described using two distinct
time scales in a singularly perturbed form. Convergence of system trajectories can

be analysed by using the same reasoning.

2.6 Experimental outcomes

The TRMS serves as a benchmark in the field of aerodynamics and shares
similarities with helicopter dynamics, featuring two inputs and two outputs.
This system contains vertical and horizontal rotors, which are actuated by two
DC motors. The vertical rotor gives vertical take off and landing momentum
(pitch angle 1) and the horizontal rotor gives the steering action (yaw angle ¢)
under strong coupling. The following momentum equations [81] for the vertical
take off and landing of TRMS is considered to validate the boundedness and

convergence of the proposed filter saturated controller:

Lip = My — Mpg — Mpy — Mg (2.42)
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and

kq

= — U 2.43
T11s + Tho (2.43)

T

Where,

M, =m le + by T, nonlinear static characteristic

Mrc = Mgsin(y), gravity momentum

Mpy = Biyp + Boysign(¢p), friction forces momentum

Mg = KgyMi¢cos(yp), gyroscopic momentum

The parametric values of the experimental setup of TRMS [82] are given in Table
2.1. The actuated motor momentum is described by the equation (2.43). Here, u is
a bounded control input.

Consider, x; = ¢, x = P and x3 = 7.

TABLE 2.1: Parametric values of TRMS

TRMS Parameters Values
I (Moment of inertia of vertical rotor) 6.8 x 1072 Kg m?
T11 (Motor 1 denominator parameter) 1.1
T10 (Motor 1 denominator parameter) 1
M, (Gravity momentum) 0.3 N'm

Byy (Friction momentum function parameter) | 6 X 1073 N-m-s/rad

B,y (Friction momentum function parameter) | 1 x 1072 N-m-s?/rad

kgy (Gyroscopic momentum parameter) 0.05s/rad
a1 (Static characteristic parameter) 0.0135
by (Static characteristic parameter) 0.0924

X1 = g1%2 + f1(x1)
Xp = Qox3 + fo(x1,x2) (2.44)

X3 = g3t + f3(x1,x2,x3)

Where, 81 = 1, f1(x1) = 0, 2 — by
flxn,x) = —F[Mgsinx; + Biyxo + Bysignxy), g3 = g and
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fa(x1,x2,x3) = —%x

The proposed controller was tested and validated on a TRMS under two
different test cases. Additionally, in both cases, a nonlinearity term
5 = 103 x tanh(2t) has been added to the state x;.

For the first test case, the reference parameters a;; of the stochastic bounded
signal has been taken as a4; = 20, a5, = 21 and a43 = 42 with perturbed parameter
u = 0.01. It is observed from the Figure 2.1 that the closed-loop state response x;
of the TRMS tracks the stochastic bounded reference signal quickly and ensures
stability during a disturbed environment. The required control law to track the
reference, depicted in Figure 2.2, is designed to achieve quick stability.

The tracking performance of the designed controller has also been tested
under second test case for different reference parameters such as a;; = 25,
Az = 26, az3 = 40 with perturbed parameter y = 0.01. It is observed from Figure
2.3 that the trajectory of the closed-loop state x; of TRMS satisfactorily follows
the reference signal. The required control law to track the reference is depicted in
Figure 2.4. Finally, the results reveal that the nonlinear saturated controller

satisfactorily meets control design objectives.
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FIGURE 2.1: Closed loop response of pitch angle in rad and reference
signal with parameters a4, = 20,45, = 22, a43 = 42 as first test case
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2.7 Concluding remarks

In this chapter, a contraction theory-based nonlinear saturated controller has
been designed specifically for singular perturbation systems. The effectiveness of
the designed controller has been tested on a Twin rotor MIMO System (TRMS)
for tracking of pitch angle at two different unknown dynamical scenarios. The
obtained outcomes suggest that the controller has the capability to provide
reliable and precise control under changing conditions. One of the notable
versatile strengths of this novel controller is its boundedness and convergence
under all closed loop states. Its effective application and performance analysis on
TRMS show that it may be used to a variety of physical systems, such as robotics
platforms, inverted pendulums, and single-link manipulators etc. In summary,
the designed nonlinear saturated controller exhibits encouraging outcomes when
applied to TRMS for pitch angle tracking. Also, It may have great potential to

tackle control issues in diverse dynamic systems.
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Chapter 3

Singular perturbation-based filtered
backstepping controller for
singularly perturbed switched

systems

This chapter was published in the International Journal of Control, Taylor &
Francis, doi : https : //doi.org/10.1080/00207179.2024.2421819

3.1 Background

Switched nonlinear systems represent a class of hybrid dynamical systems
capable of describing discontinuous behaviors encountered in many real-world
processes, such as robotics [83, 84], chemical plants [85, 86], and multi-agent
networks [87, 88]. Their analysis and control are challenging due to the
coexistence of nonlinearities, switching dynamics, and external disturbances. To
address these challenges, this chapter develops a time-scale redesign-based
robust filter backstepping controller for uncertain switched nonlinear systems in
strict-feedback form. The proposed approach leverages singular perturbation
techniques to design high-gain filters, which eliminate the explosion of
complexity in backstepping, and high-gain disturbance observers, which
compensate for uncertainties. The interaction between switching, disturbances,
and high-gain filtering leads to a three-time-scale closed-loop system, whose

stability is ensured using an average dwell-time Lyapunov framework. The
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effectiveness of the proposed controller is validated through simulations on a
single-link robotic manipulator. The results clearly demonstrate the controller’s
ability to achieve precise trajectory tracking despite the presence of system
uncertainties and external disturbances. This confirms the robustness and
stability of the designed control scheme.  Furthermore, the successful
performance on the single-link manipulator highlights the controller’s
adaptability and scalability, indicating its strong potential for extension to more

complex, higher-order, and multi-link robotic systems.

3.2 System Description and Problem Statement

Consider a class of switched nonlinear systems described as:

X1 = fio(x1) + big(x1)x2 + dig(x9, 1)

X = far(x1,%2) + bog (¥1, X2) %3 + dog (x1, X2, 1) 3.1)

X-n — fng'(xl, XQ, X3....xn) + bng(xl, xz, PPN ,xn)u + dna’(x, t)

where f;;(.), b, (.) are known sufficiently smooth functions, x = [x1,x, ..., 4],
bir(.) #0Vx € R"and o € P = [1,2,---,N] is piece-wise constant signal with
finite number of values and u € R is the control input. The terms d;,(.) denote
uncertain parts of system dynamics. To ensure that the output x;(t) follows a
desired signal x;(f) while retaining stability in the closed loop, the goal is to
design a control law utilizing the filter backstepping approach, represented as u.
Generally, the filtered backstepping literature frequently contains assumptions
3.1 and 3.2 [76], [89], [90]. Assumption 3.2 is analogous to rate-bounded
uncertainties which hold for many disturbances, including friction, saturation,
smooth periodic uncertainty [91, 92].

Assumption 3.1: The desired signal x;(t) and its derivatives are continuous
and bounded. fi,;(.), bj-(.) and its partial derivative are continuous upto 2nd
order.
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Assumption 3.2: The unknown terms in the system dynamics including
disturbances can be modeled as: d,; = ©;(d,;), where i € 1,2...,n and Oy;(d;)
are unknown functions whose norms are bounded by a positive scalar ¢, which

may be written as ||®;(dy;)|| < ¢, Vi, 0.

3.3 Filtered Backstepping in the Absence of

Disturbances

This section introduces a filtered backstepping (FB) controller design. The
approach assumes that the system dynamics (3.1) do not include disturbance
terms represented by d;;(.). The control law is similar to the singularly perturbed
systems without switching. In this section, a control law (u,) has been proposed
for singularly perturbed switched systems. The standard FB control law in the

absence of any uncertainties is expressed as:

ty = bn:w[—fw) b 10 ()21 — Ko (2) + ]

Zi = Xi — &if, (i=1,2...n) (3.2)

where xy¢(zn) are user-defined scalar tuning functions, which are chosen as
kiczi,where,i € 1,2,3..n, kjz > 0. The terms a;; are obtained through the first
order filter[75, 76]. It can be expressed expressed as:

Plif = —if +0jg 1=2,000 1

fp—
7 b (%)

—bii)e(X)zica + & 1)f,boc =0 1 =2,---,n

[—fli—1)o (%1, -%i-1) = X(i—1)0(2i-1) (3.3)

where x(;_1)s,i € 1,2,3..n is scalar tuning function and p € (0,1) is called
perturbed parameter. The initial condition of (3.3) is chosen as a;¢(0) = «;(0).
Using (3.2) and (3.3), the closed-loop system can be expressed in the following
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form.

21 = —X10(21) + b1 (%) 22 + b1o(x) @20
zi = —b(_1)0(¥)zi-1 — Xio (i) + big(%)zit1 + big (X)X (j11)0 (3.4)

Zn = _b(n—l)U(x)Zn_l — Xng(zn), i == 2, N ( 1

where &;r = a;r — ;. The overall closed-loop system with the FB controller can
be written as (3.5), (3.6) and (3.7).

z= fo(z,&5) (3.5)
picg = go(ap, ap) = —ag + ag (3.6)
where  a, = @20, 30, Q4gnting], 0y = aaf, asf, ayp.ttyf] T,

ECf = [ONézf, 563f, 564f...5énf]T and f0'<.> = [flg‘,on’,fE’,g...fnU]T with
fie(l) = —x10(21) + bio(x)22 + bio (%) 2o

fie() = =bii_1)e(X)zi1 = Xioe(2i) 4 big(¥)Zi g1 + big ()& (i41)0, (I =2,3...,n—1)

]EWT(') = _b(n—l)a(x)zn—l — Xno(Zn)
(3.7)

3.4 Stability of the Closed Loop System

It should be noted that the closed loop dynamics (3.5)-(3.6) is a switched nonlinear
singularly perturbed system [93]. Replacing the root of the fast subsystem «, in
place of £1in (3.7), the reduced slow subsystem can be obtained as:

21 = _Xla(zlr) + bla(x)ZZr
zj = =b(i_1)e (¥)2(i—1)r — Xio (Zir) + bic (X)Z(i41), (38)
2y = —b(n_l)g(x)z(n_l)r — Xno(znr), i =2,...,(n—1).

The reduced slow system in compact form can be written as:

z = fo(2) (3.9)
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Consider the fast filter dynamics, when
w—0=golagar) = 0= ar — ag = tsmo

where the slow manifold is represented as (asmy). Define a error variable y =

af — &gy, whose dynamics can be derived as:

Hy = —y — pig. (3.10)

The fast boundary layer dynamics of (3.10), which are expressed in a stretched
timescale T = ﬁ, can be formulated as follows [93].

dy
== (3.11)
3.4.1 Stability of System Between Switching Instants

For a suitable choice of x;,(z;) = kjyz; with kj; > 0 Vo, the reduced order
dynamics (3.8) can be derived to be linear in z, and (3.9) takes the form of

z= fo(z) = Apz (3.12)
where _ -
_kla bla(x) 0 ce 0
AU _ —b.la(x) _-k20‘ bz(?(x) .. .. .0
i 0 N 0 b(n_l)a(x) —kng_

is a skew symmetric matrix through the selections of k;. Exploiting the

properties of skew symmetric matrices:

—ki; 0O o ... 0
Al+A, | 0 —kypy O ... O
2 . . . .

0 e 00 —kpo
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Hence, there exists a set of symmetric positive definite matrices M, Q. such that
MyAy + ATM, < —Q,. (3.13)

Let us define a Lyapunov function candidate

1
Vig = EZTMUZ (3.14)

Then
maHZHZ < Vie SWUHZHZ (3.15)

where m, = Apin(My), My = Amax(My). Using (3.15) yields
Vrlf < _,30||Z||2 < _(,Ba/ma)vrm (3-16)

where By = Amin(Qo).
Similarly, constructing a Lyapunov function V; = 1yTy and using (3.16), we

can show

Ve < —|ly|]> = —2Vy. (3.17)

Once, the stability of the reduced order system has been established, it can be

considered a scalar (0 < p < 1) and set of composite Lyapunov functions
Vo = (1 - p)VrU + pr (318)

whose derivative along the trajectories of all systems (3.5), (3.10) can be derived

as
. B oV, _ pan an
Vo(zy) = (1= p) 75~ o2 8p)) = 5oy =P 0e
. WV, pan an
— VO’ Z, = 1 o _ -7 (319)
(o) = 1= 252 — L5y % e

+ (1= p) S (folz ) —fa(Z))-
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The last term of (3.19) can be further simplified using the following Lemma.

Lemma 3.1: There exist positive constants L;, such that

W (.
=77 (falz ) — fol2)) < 2Ll 2]l (320)

Proof: Using Lipschitz inequality:

Vo _ WVrg -
= S (folz,ty) — fo(2)) < S Luollall.

From the structure of V,, ||agzi"|| < 2||Mg||||z|| < 27i,||z||. Note that, & = y
from the definition of y. Combining these two equations, R.H.S of (3.20) can be

evaluated.

Assumption 3.3: There exist positive scalars Ly, L3, such that.

0y

EZH < 2Lyq||z|| + Lacs||y|| + Ls1e- (3.21)

|| = 1]

Assumption 3.3 is standard for singularly perturbed dynamics[93]. It implies the
rate of change of the virtual control signal a, to be slower than the growth of
the weighted combination of z and the fast variable y. Further, many practical
systems like robotic manipulators, inverted pendulums, ships, chemical systems,
synchronous machines, etc., shall satisfy Assumption 3.3 ( [93, 94]).

Previously, it is defined that V; = %yZy. So, the value of aa% can be evaluated.

Also from the equations (3.16) and (3.20) ag;,, and ag;, < fo(z, &) — fg(z)) can be
exploited in equation (3.19) respectively to obtain the following equation (3.22).

Vo < —Bo(1—p)|lz]|2 - £||y||2 + 2pLac| |2//] |y

+ pLac[yl* +2(1 = p)Licl Izl ]| + pLarcl Iyl (3:22)
It can be written in a compact form as:

Vo = —218,7Z + pL31sZ (3.23)

where Z = [z,y]T and
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S, — (1—-p)Beo —(1=p)Liy — pLas (3.24)

—(1—P)L10—PL20 P(%_L:))(T)
The overall system is asymptotically stable only when S, is positive definite [4].
By Schur’s complement, it can be derived that S, is positive definite if
Bo

<t = (3.25)
fo=to BoLso + 57 (1= p)L1g + pLao)?

From the properties of M, there exist two positive constants m;, m;, such that
mZI < Mg < mhI .

So, one can derive

al|Z|? < Vo < 7||Z| (3.26)
where
_ = p)my o py (L—p)my, p
g—mm(T,z), a = max( 5 ,2).

Hence, it can be concluded that within any two consecutive switching instances,

the dynamics of the overall singularly perturbed system is stable, if y, < u;, i.e.
Vo < =BV + pLao || Z|| (3.27)

where ) = % Let

Mw{apm%. o]

0 pMye

then

Amin(Mpo)[|Z|? < Vi < Amax(Mpo)| 1 Z]
Therefore,

A% p p L

S Ve -+ VY,

/\min(Mp(f)
0 2
aV, < _Poy o 0.5(pL3,)

dat - 2 B Amin(Myo)
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For 9
pL dv
( 30) = v < O

V,

Once the trajectories Z enter the UUB (uniformly ultimately bounded) region,
they might not stay within it because of switching, even if the average dwell time

condition
In! u

B

Further discussed in section 3.4.2, equation (3.31) to satisty (3.3.1). Therefore,

T, >

further investigation is required to ensure that the trajectories remain within a
maximum bound. To analyze this, consider a time instant T; and V,, enters an
ultimate bound defined as B,. Let N° represent the number of switchings
between any initial time ft, and t, + Ti. By using
V(tiy1) < LV(t ), No(0,T) < TT—:t +No& T > hﬁl# (Also further discussed in
section 4.3) it can be derived that

Vo (t) < exp(N°Inly,) Vi (to) (3.28)

From V(t;y1) <1, V(t; ;) it can be derived that Vi (tno11) < [,By, where tyo 1 is
the first switching time after Tj. This indicates that V,; may exceed the bound B,,.
Let’s denote T; as the time just before another switching happens. For all t &
[tNOJrl/ to + TZ]/

Vo (t) < exp(N°Inly,) Vo (tnos1) < exp(NInly, )1, By

However, V;(t) < By and the Lyapunov function cannot exceed [,By after the
next switching instant. So, by applying a similar recursive approach, it can be
concluded that the Lyapunov function cannot grow beyond exp(N°Inl)l,By. So

Vo (t) < max{exp(N°Inl,)l,By, exp(N°Inl,) Vs (t,)}.

3.4.2 Lyapunov Function at Switching Instants

Starting with any time stamp t;,i € N, let the subsystem ¢(¢;,,) is active in the
time interval t € [t;,t;11), and o(t;11) is active when t € [tj11,t;17). From
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(3.26),(3.27), and the structure of the Lyapunov function V,,, one can derive:

=K
V()

V(ti+1) - V(tijﬂ

) <
at the switching instant ¢; ;. Therefore,

V(tir) < LV (5. (3.29)

where [, = g > 1. Consider a time (0, T), where the time of switchings is defined

R(t) = exp(Bot)Vy, B° = min(By)Vo € P
it's time derivative in t € (¢;,t;11) is given by
R(t) = B°R(t) 4+ exp(B°t) Vi

which is non-positive in between two consecutive switching times. Exploiting
(3.29), it can be derived that

R(T™) < (1,)NOTR(H)

An average dwell time 7; > 0 in the interval (0, T) exists if there exists a positive

scalar N, such that
T—t
NU‘(OI T) S

+ N, (3.30)

Ta

Using (3.29), it can be obtained

= exp(B°t) Vo) Z(T) < (1,)NOT) exp (S x 0)V, () Z(0).

= Vo) Z(T) < exp(inly" ") exp(—B5t) V(o) Z(0).

= Vo1 Z(T) < exp(Inly (N (0, T))) — Bot) Vir(0)Z(0).
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For the time T and by using (3.30) it can be obtained that

T 0
= VU(T—)Z(T) < exp(lnly(_(—a + No) — ‘BUT)VU(O)Z(O).

T o
= Vor-)Z(T) < exp(Nolnly) exp(T—aln(ly) — BoT)Ve(0)Z(0).

In(1,)

= Vor)Z(T) < exp(Nolnly) exp(—aT — BoT)Ve(0)Z(0).

I,

= Vo(r-)Z(T) < exp(Nolnly) exp((—B° + ——)T) V,(0)Z(0)

Therefore, the function V. +—\Z(T) asymptotically converges to zero if the
o(T™) ymp y 8

Ta

average dwell time satisfies
In!
"

B

Ty > (3.31)

3.5 Robust Filtered Backstepping With Disturbance

Observer

This section proposes a new time scale redesign based on robust filtered
backstepping controller design for the uncertain system (3.1) by estimating the
unknown parts of the dynamics and then canceling them with feedback. The
proposed observer in [80] for each d;(.) is given by:

& = —k(& +kx; + fir(x1, %2, .., %) + bigXis1)
én - _k(’én + k-xn +fn(7(x1/ xZ/ .. -/xn) + bTZUM)
dig(\) = & + kx;

d’\na'(.) — gn + kxn

(3.32)

where the scalar k > 0 is a large positive constant, di;(.) is the estimate of d;,(.),
and ¢; is an intermediate variable. Using the observer structure in (3.32), the

dynamics of the disturbance estimator (dAi) can be written as:

d; = &tk = —k(d; — diy) = hig(d;, diyy). (3.33)
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Defining a disturbance error variable d; = dic(.) — rfig(.), the estimation error

dynamics can be written as:

ed;(\) = —d; —ediy(.). (3.34)

where 0 < € = 1/k < 1. The boundary layer dynamics resulting from (3.34) can

be written as: p
e (d;) = —d;. (3.35)

3.5.1 Conversion to Singularly Perturbed form

The disturbance observer-based filtered backstepping control law for the system
(3.1) is selected as:

1
bno(x
- Xna(zn) + ‘j‘nf - dAn(T]

zi = X — g, (i = 1,2.....n)

ug‘:

[_fna(x) - b(n—l)a(x)znfl

~—

3.36
ayf = a1, = x4(t) and fori € [2...7n] (3.36)

1
Rig = m[_f(ifl)a(xlw-xi—l) = X(i~1)o(zi-1)

— b2y (X)zi2 + &(i1yF — d(i1)0]-
where the tuning functions are chosen similarly to the case with no disturbances

in the system dynamics, i.e. x;;(z;) = kiyz;. The closed loop system of (3.1) with
the control law (3.36) can be expressed as:

2 = —x10(21) + b1o (%) 22 + b1 ()20 + ds
Z; = b(l;l)g(xﬂi—l — Xio(2i)
+ big (X)zi41 + big (V)& (141)0/

- (3.37)
+d;
Zp = _b(n—l)o'(x)zn—l - Xna(zn) + d~n

Rewriting (3.37) in a compact form, we can get
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2 = fol(z, &y, d) (3.38)
pip = go(ag, ag) = —&f + piy (3.39)
ed = h(d,d,) = —d + edy (3.40)

where d = [tiAl,dAz,...,(iAn], d = [d~1,d~2,...,dn] dy = |[diodos, ..., dns]). The
dynamics are transformed into a three-time scale singularly perturbed switched
system. However, it can be transformed into a two-time scale form, using the
ratio % Without any loss of generality let’s assume that € < p, so that the
observer dynamics is faster than the filter dynamics. We can select € = xu where
x is a small positive constant less than one.Express the fast subsystem (3.39),
(3.40) as:

1
0

1wt = W, (3,0,,k) = — [ 5+ o, (3.41)

A= O

where 7 = [@JI, d)T, o, = [al,dI]T and We(.) = [gX(.), 1nT(.)]T. Using (3.41),
the closed-loop dynamics can be written in two-time scale singularly perturbed
form, and hence, the convergence of the system trajectories can also be derived

with similar arguments as mentioned in Section 3.4.

3.5.2 Closed Loop Stability

The closed loop system comprises of (3.38) and (3.41). When,

pu—0=d—0,andd; —0
=d — dy(.) and a; — a,.

Hence the slow manifold is obtained as: v, = [szT, daT]T. The reduced slow

system can be obtained by replacing the slow manifold in (3.38), i.e:

27 — fO’(Zi’/ O/ 0)

This dynamics is the same as (3.9), which is the reduced slow system in the

absence of uncertainties. Hence, a set of quadratic Lyapunov functions can be
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chosen as (3.14), which satisfies (3.15).
The boundary layer dynamics for (3.41) is obtained as:

i 10
a_ { ] (4 (3.42)

dt 0 1

K

Consider a Lyapunov function V,, = %TJTU, for which
. 10 ) )
Voo < — 0 1 [|9]]7 < —|]v]|* < =2V (3.43)
3

Consider a scalar (0 < p < 1) and set of composite Lyapunov functions

Vine = (1 - p)‘/f’a + va (3-44)

whose derivative along the overall system (3.38), (3.41) can be derived as

P aVZJ £ aVv .
0 Uy
00,

HA=p 2 (faapd) - fo(2). 649

Ve = (1 p) 2 (o)) +

The first and second terms of (3.45) are negative definite. As the structure of V,,
is the same as (3.14), the last term in (3.45) can be upper bounded similarly as
Lemma 3.1. By exploiting Lipschitz continuity property of f(.), and Lemma 3.1,
it can be derived that

Vrg
0z

(folz @, d) = folz0)) < 2Laol[2]l]0]. (3.46)

where Ly, € RT. Expanding the third term:

oV,

2% oV,
00,

Jv

Vol < 1M (léo|| + [de]]) < [loll(lacl] +|lde|]) (3.47)

Here, the disturbance terms considered are to be satisfy the following premise.
Assumption 3.4: There exist Lsy, Les, L7, € R s.t

||de|| < Lse||z|] + Lee||d]| + L7s (3.48)
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for any o.
Using assumption 3.3 and assumption 3.4, the third term of (3.45) can be upper
bounded as:

oVy . . - -
1p5,~00ll < Lsoll8]]]12]] + Loo[81|* + Lol [3]]
g

for some positive constants Lg,, Lo,
The equation (3.45) can be simplified to:

Vino < —Bso (1= p)||2]]2 — §||v||2+szga||z||||v||

+ pLog|[v][* +2(1 = p) Lac| |zl |0/ + pL7o|[0]]. (3.49)

It can be written in a compact form as:

Vino < =Y'SueY + pLyo|| Y]] (3.50)
where Y = [z7,7]T and
1-— —(1—p)Lge — pL
S, — (1—p)Bso ( 117) 40 — PL8or (3.51)
—(1=p)Las — pLss p(5 — Lso)

The overall system can be stable only when S, is positive definite. By using some
basic matrix algebra, it can be derived that S, is positive definite if
,Bsa

< ut = (3.52)
te o 55(7L90' + ﬁ((l - p)L4U + png)z

If po < g,

Vm(r < —Bmo Ve + pL7(7||Y||

where B = Amin(Sme) 1 ot

Amax(sma)
1—p)M, 0
Mta — |:( p) 7 :|

0 pMye
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then
Amin(Mio) [|[Y]]* € Vine < Amax(Mio) || Y] %

Therefore,

AVine ,BWZ(T ,Bma PL%

< — Vo — —V, —\/V
dt = 2 mo 2 mo + /\mln(MtU,) \/_ma
deU‘ ,Bmo O'S(PL90)2
< -V
dt — 2 ne + ,Bma)\min(Mta)

For

(pL9U)2 deLT
Amin(Mta) dt

Once the trajectories Y enters the UUB bound, they may not remain inside it due

to switching even if the average dwell time condition derived in (3.31) holds.
Therefore, further investigations are necessary to assure the trajectories to remain
inside a maximum bound. To analyze more, assume a time instant T;, when V,,,;
enters an ultimate bound defined as B,. Define the number of switchings
between any initial time ¢, to t, + T; as N°. From (3.29), (3.30) and (3.31), it can
be derived that

Vine (t) < exp(NoInly) Viyo (to) (3.53)

From (3.29), it can be derived that Vi (tnog1) < [;By, where tynoyq is the
immediate switching time after Tj. So, it seems V};,, may breach the bound B,,.
Let’s denote T, as the time just before another switching happens. For all
t € [tnos1, to + T2,

However, V,,¢(t) < By, and the Lyapunov function can not be greater than [, By
after next switching instant. A similar recursive approach can be followed to
conclude that, the Lyapunov function can not grow beyond exp(N,lnl,)[,,By. So

Vine () < max{exp(Nolnl,, )1, By, exp(Nolnly, ) Vins (to) }-

The results of this research can be effectively summarized and formalized in

the form of a theorem.
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Theorem 3.1: Consider a singularly perturbed switched system described by
Equation (3.1). Let the assumptions 3.1-3.4 hold true. Then under a switched
control law (3.36), the states of the closed-loop dynamics will asymptotically
converge to the bound (3.52) provided the average dwell time satisfies the

inequality (3.31).

3.6 Implementation of FB controller on single link

manipulator system with actuator dynamics

Here, an example of a single link manipulator system with actuator dynamics has

been considered [95, 96]. The system dynamics is given by

Dj+Bg+ Nsin(q) =71
Mt + Ht + Kp = u

(3.54)

The value of model parameters D,B,N,M,H, and K;;, depend on the robot’s and
actuator’s physical parameters. The scalars g and 4 represent the angular
component of the position and velocity of the joint respectively. T is the torque
supplied at the joint using the motor. u represents the voltage supplied control
input to the motor for generating the torque. The above equations can be
represented in the following form by choosing,

X1 = q
X2 =g (3.55)
X3 =T
Equation (3.54) can be written as

X1 =X

1 : 1

Xy = 5(—1\7 sin(x1) — Bxz) + o3 (3.56)

1 1
X3 = —M(KmXQ + HX3) + Mu
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The controller aims to force the output g to converge to desired trajectories x;(t)
with all other signals remaining bounded. The tracking error e = g — x; and select
ziasz; = x; — a;jf wherei = 1,2,3..nand a1 = a1 = x4(t).

Here, the control input u, has been designed for the switching signals
o = 1,2,3. The values of system parameters i.e D,B,N,M,H and k;, for switching
signal ¢ = 1,2,3 are given in Table 3.1.

TABLE 3.1: The parameters of the system for three-time switching.

System Parameters D B N M H km

Foro =1 1 1 10 0.01 0.5 100
Foro =2 10 150 10 0.01 0.5 10
Foro =3 10 1 10 0.01 0.5 100

TABLE 3.2: The parameters of the system for four-time switching.

System Parameters D B N M H km

Foro =1 1 1 10 0.01 0.5 100
Foro =2 10 150 10 0.01 0.5 10
Foro =3 10 150 1 0.01 05 10
Foro =4 10 1 10 0.01 0.5 100

Here, xi,(zi)) = kisz; (select the suitable value of gain, k;;) and perturbed
parameter ¢ = 0.001 are given. Disturbances are d1 = 0.1tanh(2t) and
d2 = 0.1tanh(2t) for 0 = 1 and d1 = 0.1sin(2¢), d2 = 0.1 cos(2t) for o = 2,3. The
average dwell time (7;) has been calculated in the interval 0 to 1.5 sec.

(w = WM). For the switching signal ¢ = 1 at t < 0.20 sec, 7, can be

calculated as 7, = % = 1.5 sec which satisfies the equation 7, > %, where

12# = 0.60 sec. For switching ¢ = 1 at ¢ < 0.20 sec and for ¢ = 2 in the interval

0.2 to 0.55 sec, average dwell time is 7, = 12—5 = 0.75 sec which also satisfies the
condition 7, > 12# So, the state x; tracks the desired signal sin(5t), sin(10¢) and

rtsin(—5t), which have been shown in Figure 3.1, Figure 3.5 and Figure 3.9,
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respectively and the tracking error for state x; (¢ = 1,2) with reference signals
sin(5t), sin(10t), msin(—5t) is shown in Figure 3.3, Figure 3.6 and Figure 3.10
respectively. For switching signal ¢ = 1 att < 0.20 sec, for ¢ = 2 in interval 0.20
to 0.55 sec and for ¢ = 3 at t > 0.55 sec, 1, can be calculated as 7, = % = 0.50
which do not satisfies the inequality 7, > 12# and that is why, the state x; is not
able to track the reference signal sin(5¢), sin(10t) and 7 sin(—5¢) which have
been shown in Figure.3.4, Figure 3.8, and Figure 3.12, respectively.

Another example with four time switching for the same reference
sin(5t), sin(10t), msin(—5t) signals has been shown in Figures 3.13 to 3.21.
Based on the different values of k;; and system parameters the value of
h;lo” = 0.48 sec can be obtained. The system parameters for ¢ = 1,2,3,4 can be
given in Table 3.2. Here, disturbances are d1 = 0.1 tanh(2¢) and d2 = 0.1 tanh(2¢)
foroc =1and dl = 0.1sin(2t), d2 = 0.1 cos(2t) for o = 2,3,4. Average dwell time
for c = 1,2 at t < 0.20 sec and in interval 0.20 to 0.50 sec respectively,

T, = 175 = 0.75 s which satisfy 7, > 1?3#, here lrgf‘ = 0.48 sec. So the state x7 tracks

the reference signals as shown in Figure.3.13, Figure.3.16 and Figure.3.19. For
c = 1,2,3 att < 0.20 sec and in intervals 0.20 to 0.55 sec and 0.50 to 1 sec
respectively, average dwell time 7, = % = 0.50 sec which satisty 7, > h% so the
state xp is still able to track the reference signals which have been shown in
Figure.3.14, Figure.3.17 and Figure.3.20. Average dwell time for ¢ = 1,2,3,4 at
t < 0.20 sec and in the intervals 0.20 to 0.50 sec, 0.50 to 1 sec and at t > 1 sec
respectively, 7, = % = 0.37 sec which do not satisfy 7, > 12# that is why state x;
is not able to track the reference signals which have been shown in Figure.3.15,
Figure.3.18 and Figure.3.21. The same control law without switching given in
reference [80] is:
1 .
U= b—(x)[_f”(x) — b(n—1)(¥)zn-1 — Xn(2n) + dy]
n
n) (3.57)

where x;(z;) = k;z; are user-defined tuning functions for which k; > 0. The terms
a;f are obtained through the first order filter [75, 76]. By using this controller
mentioned in (3.57) the performance of state x; during switching signal ¢ for
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reference signals sin(5t), sin(10¢), and 7t sin(—5¢t) have been shown in Figure 3.3,
Figure 3.7, and Figure 3.11 respectively, and it can be observed that, the system
tries to follow the reference signal with the switching signal ¢ = 1,2. However,
the state x1 cannot follow the reference signal x; properly because of changes in
the system’s parameters. So, to fix this issue, a filtered backstepping controller
has been used.

3.6.1 Controller performance for three-time switching:

Initially, the manipulator starts moving when the switching signal is set to o = 1.
It then modifies its parameters as the switching signal changes to ¢ = 2 and
continues its movement. When the switching signal shifts to ¢ = 3, the
parameters are adjusted once more. However, after the switching signal reaches
o = 3, the manipulator does not meet the average dwell time criteria, leading to
an inability to track the reference signal. Consequently, a divergence behavior is
seen with each switching event. To check the performance of the proposed
controller a comparison between standard backstepping and filtered
backstepping technique for switching ¢ = 1,2 have been shown in Figure 3.1 and
Figure 3.3, Figure 3.5 and Figure 3.7, Figure 3.9 and Figure 3.11. In this chapter, a
single-link manipulator has been taken as an example. The system parameters
are given in Table 3.1. For three-time switching, this manipulator starts with
compressed mode (0 = 1) at t < 0.20 sec and it changes its shape to ¢ = 2 during
the interval 0.20 to 0.55 sec and again it changes its shape to o = 1 at t = 0.55 sec.
So, for this switching, i.e. ¢ = 1,2 the condition of average dwell time is satisfied
that is why the system can track the references as shown in Figure 3.1, Figure 3.5,
and Figure 3.9. Again, the manipulator changes its configuration to ¢ = 3 at
t > 0.55 sec. By this time, the average dwell time condition is not satisfied so the
manipulator is not able to follow the references. The scenario of this
phenomenon has been shown in Figure 3.4, Figure 3.8, and Figure 3.12.

3.6.2 Controller performance for four time switching:

For the four-time switching, this manipulator also starts with compressed mode
(c = 1) att < 0.20 sec and changes its shape to ¢ = 2 during the interval 0.20 to
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0.50 sec and again it changes its shape to ¢ = 1 at t=0.5 sec. Again, the
manipulator again changes its configuration to ¢ = 3 during the interval 0.50 to 1
sec. So for this switching signals i.e ¢ = 1,2,3 the condition of average dwell
time is satisfied that is why the manipulator is still able to track the references.
This scenario has been shown in the Figure.3.14, Figure 3.17, and Figure 3.20.
Again, the system changes its shape to ¢ = 4 at t > 1 sec and by this time the
condition of average dwell time is not satisfied that is why, the manipulator is
not able to track the references as shown in Figure 3.15, Figure 3.18, and Figure
3.21.

Closed loop response for x1 at t<0.20 sec and in
interval (0.2,0.55) sec for o=1 and o=2 respectively

X1

Reference
= == Switching zone

o=1 | o=2

isturhances

Closed loop response
1 with dis
=}

for.A X
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(1] 0.3 0.6 0.9 1.2 1.5
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FIGURE 3.1: Closed loop response for x; with disturbances and
reference sin(5t) foro = 1,2
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FIGURE 3.2: Tracking error for state x; (0 = 1, 2) for reference signal
sin(5t).
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Closed loop response for x1 at t<0.20 sec and in
interval (0.20,0.55) sec for o=1 and o=2 respectively
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FIGURE 3.3: Tracking with a standard backstepping controller
without switching for reference sin(5t).
Closed loop response for x1 at t<0.20 sec and
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FIGURE 3.4: Closed loop response for Average dwell time not

satisfying 7, > lgff‘ and doesn’t track the reference signal sin(5t)
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Closed loop response for x1 at t<0.20 sec in
interval (0.20,0.55) sec for o=1 and 0=2 respectively
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FIGURE 3.5: Closed loop response for x; with disturbances and
reference sin(10t) foro = 1,2
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FIGURE 3.6: Tracking error for state x; (0 = 1, 2) for reference signal
sin(10t).
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Closed loop response for x1 at t<0.20 sec and in
1.5 interval (0.20,0.55) sec for o=1 and o0=2 respectively
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FIGURE 3.7: Tracking with a standard backstepping controller
without switching for reference sin(10t).
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FIGURE 3.8: Closed loop response for Average dwell time not

satisfying 7, > lg{," and doesn’t track the reference signal sin(10t)
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Closed loop response for x1 at t<0.20 sec and in
interval (0.20,0.50) sec for o=1 and o=2 respectively
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FIGURE 3.9: Closed loop response for x; with disturbances and
reference rtsin(—5t) foro = 1,2
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FIGURE 3.10: Tracking error for state x; (0 = 1, 2) for reference signal
rsin(—5t).
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Closed loop response for x1 at t<0.20 sec and in
interval (0.20,0.55) sec for o=1 and o0=2 respectively
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FIGURE 3.11: Tracking with a standard backstepping controller
without switching for reference 7tsin(—>5t).
Closed loop response for xlat t<0.20 sec and in
interval (0.20,0.55) sec for o=1 and o=2
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I T I T T
| 1
- I Reference
23 — = Switching zone
£ = |
&2 I
O =
Rt E |
.2 i
S = |
==
2 |
2 N‘_‘ .
O |
= I
_4 I 1 I 1 1 1
0 0.3 0.6 0.9 1.2 1.5

Time in Sec

FIGURE 3.12: Closed loop response for Average dwell time not

satisfying 7, > lgi" and doesn’t track the reference signal 7rsin(—5t)
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Closed loop response

Closed loop response
for x | with disturbances

with disturbances

v

for x

Closed loop response for x1 at t<0.20 sec and in
interval (0.20,0.50) sec for o=1 and o=2 respectively
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FIGURE 3.13: Closed loop response for x; with disturbances and
reference sin(5t) foro = 1,2

Closed loop response for x1 at t<0.20 sec and
in interval (0.20,0.55) and (0.5,1) sec for o=1, 0=2
and 0=3 respectively
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FIGURE 3.14: Closed loop response for x; with disturbances and
reference sin(5t) foroc = 1,2,3
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Closed loop response
for x | with disturbances

Closed loop response
for x , with disturbances

Closed loop response for x1 at t<0.20 sec for o=1 and
in the interval (0.2,0.5),(0.5,1) & at t>1 sec
for 0=2,0=3 & 0=4 respectively
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FIGURE 3.15: Closed loop response for Average dwell time not

lgi" and doesn’t track the reference signal sin(5t).
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Closed loop response for x1 at t<0.20 sec and
in interval (0.20,0.50) sec for o0=1 and o=2 respectively
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FIGURE 3.16: Closed loop response for x; with disturbances and
reference sin(10t) foro = 1,2
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Closed loop response for x1 at t<0.20 sec and
in interval (0.20,0.50) and (0.50,1) sec for o=1, 0=2
and o=3 respectively
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FIGURE 3.17: Closed loop response for x; with disturbances and
reference sin(10t) foroc =1,2,3

Closed loop response for x1 at t<0.20 sec for o=1 and
in the interval (0.2,0.5),(0.5,1) & at t>1 sec
for 0=2,0=3 & 0=4 respectively
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FIGURE 3.18: Closed loop response for Average dwell time not

satisfying 7, > lgi" and doesn’t track the reference signal sin(10¢).



Chapter 3. Singular perturbation-based filtered backstepping controller for

66
singularly perturbed switched systems
Closed loop response for x1 at t<0.20 sec and in
interval (0.20,0.50) sec for o=1 and o=2 respectively
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FIGURE 3.19: Closed loop response for x; with disturbances and
reference 7tsin(—5t) foro = 1,2

Closed loop response for x1 at t<0.20 sec and
in interval (0.2,0.5) and (0.5,1) sec for o=1,
o0=2 & o0=3 respectively
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FIGURE 3.20: Closed loop response for x; with disturbances and
reference rtsin(—5t) foroc =1,2,3
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Closed loop response for x1 at t<0.20 sec for o=1 and
in the interval (0.2,0.5),(0.5,1) & at t>1 sec
for 0=2,0=3 & 0=4 respectively
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FIGURE 3.21: Closed loop response for Average dwell time not
satisfying 7, > lg# and doesn’t track the reference signal 7rsin(—5t).

3.7 Concluding remarks

This chapter demonstrates the efficient tracking and stabilization of nonlinear
singularly perturbed switched systems by implementing the proposed filtered
backstepping control approach utilizing an average dwell time-based Lyapunov
criterion. The use of the high-gain filter in conjunction with the disturbance
observer successfully tackles the complexities of the system and reduces the
uncertainties through the implementation of this proposed singular perturbation
technique. The simulation results are validated on a single-link manipulator
system with actuator dynamics. This proposed controller exhibits robustness
against the dynamics of the switched system, achieves effective trajectory
tracking, and ensures stability. The outcomes demonstrate the controller’s
applicability in real-world higher-order systems with switching dynamics and
inherent nonlinearities. Also, the performance of the filtered backstepping
technique is better than the standard backstepping technique while switching
between different modes in a short period. This implies that the manipulator’s



Chapter 3. Singular perturbation-based filtered backstepping controller for

68
singularly perturbed switched systems

movements may grow highly complicated, emphasizing the need to adopt the
appropriate control to handle these changes efficiently. To improve control
system design and execution, this approach provides helpful guidance for
implementing control techniques in other complex systems.
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Chapter 4

Filtered backstepping controller for
singularly perturbed switched

systems based on contraction analysis

This chapter was accepted by the Indian Academy of Sciences, Sadhina, Springer

for publication.

4.1 Background

This chapter focuses on the design of a filtered backstepping controller
integrated with a high-gain disturbance observer (HGDO) for singularly
perturbed switching systems. Such systems often encounter abrupt mode
transitions and external disturbances, posing challenges for stability and
performance.  The proposed control strategy regulates system dynamics
effectively under switching conditions and is validated through implementation
on a robotic manipulator. Contraction theory is employed to establish the
closed-loop convergence, ensuring robustness within bounded operating ranges
[97, 98]. The results demonstrate the capability of the proposed controller to

handle switching and disturbances in real-time applications.
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4.2 Problem Statement

Consider a nonlinear switched system, which described as:

X1 = fi1o(x1) + 10(x1) %2 + diy

X2 = for(x1,%2) + Qo0 (X1, X2) X3 + doyr
4.1)

Xn = frno(X1,X%2,X3, ..., Xn) + Guo (X1, X2, .., Xn ) Ug + dye

Where, 0 € P = {1,2,...,N} is a piecewise constant signal with a finite number
of values. u, € R is the control input. d;, is unknown disturbances. fi,(.) and
Qir(.) are known smooth functions and g;,(.) # 0 Vx € R". Hence, for this
proposed nonlinear switched system needs to be a control law u by using a
tiltered backstepping approach. The filtered backstepping approach ensures that
the output x1(t) follows a desired signal x;(t). The following assumptions are
required to maintain stability in the closed-loop system:

Assumption (4.1): The desired signal x,;(¢) and its derivatives are continuous
and bounded.

Assumption (4.2): The functions f;,(%;) and g;,(%;), i = 1,2,3..n, along with
their derivatives, are continuous up to the second order (C?).

Assumption (4.3): The disturbances are bounded.

4.3 Filtered Backstepping in the Absence of

Disturbances

The contraction theory-based approach is used for developing a filtered
backstepping controller for the system (4.1). The design and convergence

analysis is performed under the assumption that disturbance terms are absent in
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the system dynamics. The proposed control law is:

1 )
Ue = ———[—fuo(x) — g(n—l)a(x)zn—l — Xno(2zn) + “nf]
gno (X)
zi = x; — i, (i =1,2....n) (4.2)
ayf = oy = x4(t)
where  Xuo(zn) = kuozn are wuser-defined scalar tuning functions,
i €1,2,3..nkij; > 0. The first order filter «; ¥ [75,76] and expressed as:
:u‘j‘if = _“if+“i0 i=2,--,n
1
Rjg = m[—fu—na(% Xio1) = §(i—2)0 (X)Zi-2 (4.3)

- X(i—l)a’(zifl) + 0‘(1—1)f]/g0(7 - 0 Z - 2/ e ,n

Here, X(i-1)o i=1,2,3,...,n, represents a scalar tuning function, and y € (0,1)
denotes the perturbation parameter. The initial condition for (4.3) is set as
;ir(0) = a;(0). The closed-loop system can be reformulated as follows by
combining (4.2) and (4.3).

21 = —X10(21) + 810(X)22 + 10 (x) @20
zi = —8(i—1)0(X)zi-1 — Xio (2i) + &iv(*)2Zit1 + &io (X)&(i41)0 (4.4)

Z}’Z = _g(n—l)U(x)Zn_l —Xno—(zn), i == 2.,. N (e 1

Here, &;; = a;jf — aj,. The closed loop system can be written as:

z= fo(z,8f) = fo(z,af,a0) (4.5)
picy = gg(ocf, Ay) = —af+ag (4.6)
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where  a, = (220, 035, oc4g...oc_,w] T, ay = aaf, asf, agp.tf] T,
Eéf = [Eézf, 563f,5€4f...56nf]T and fo'(.) = [fl'U]T with

fio(0) = =x10(21) + &10(%)22 + §10 (%) E2o

fie() = _g(i—l)a(x)zifl — Xio(2i) + 8io(X)zit1 4.7)

+ glU'(x)&(l—l—l)U/ (l - 2, 3...,7’1 — ]_)
fna(-) = _8(;1,1)0(3()27,_1 — Xna(zn)

The convergence analysis has been discussed in the form of Theorem 4.1:
Theorem 4.1: Assume that the initial conditions are finite and that assumptions
(4.1) and (4.2) are satisfied. If a filtered backstepping controller is selected as
described in (4.2-4.3), then the reduced slow system in (4.5-4.6) exhibits
contraction, and the tracking error will eventually be bounded for all u € (0,1).
Proof: The reduced slow system is derived by setting # = 0 in the closed-loop
dynamics (4.5-4.6). By substituting u = 0 into equation (4.6), it can be obtained as
i = ag. The reduced slow system can be represented as:

21 = —X10(217) + §10(X) 22
zi = =8 (i-1)0(X)Z(i-1)r = Xie(2ir) + &ic(X)Z(141)r (4.8)
in = _g(n—l)a(x)z(nfl)r - XHU(ZW)/i =2,., (1”1 - 1)'

A Jacobian | to emphasize multivariate changes in a space for the slow system.

M axg;(lzl) Q1o 0 . 0 0
—810 _BX#EZZ) Q20 e 0 0
T e I
0 0 0 .. 7%@ S(n-1)r
0 0 0 v —guoye  —EE

Since, axg"—z(zi) >0

i

IJ+]71 < —2Diag(a7‘1a‘7z(zl)...aX”“(Z”)> I

1 dzy

Where Diag(.) denotes a diagonal matrix. The reduced slow system contracts
with the identity matrix M = ®T@® = I. The tuning x;,(z;) determines the
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contraction rate. Since x;,(0) = 0 and the reduced dynamics are autonomous,
there will be a unique equilibrium point at z = 0 within the contracting region.
Consequently, the trajectories of the reduced slow system converge
exponentially to zero.

Since the filter parameter yu is not equal to zero. There are specific differences
between the virtual control variables a and their filtered counterparts a¢. To verify
the boundedness of the system a perturbed system is considered, which is given
by:

pig = g(aa o) + pQ(z, a0) (4.9)
Here, Q(z,00) = %22 and &, is a particular solution of (4.9). By replacing & with
ay in (4.9), piy = g(ay, ae) + y%z‘ ie pi, = y%z can be obtained. Also, ay is
a particular solution of (4.9) in the absence of #Q(z, &, ). So, Equation (4.9) can be
considered as a perturbed form of (4.6) [80]. By exploiting the assumption (4.2)
ie. fir(.), gir(.), aic & their 1% order partial derivative are bounded inside any

compact set. So, a positive constant ¢; will exist such that
1Q(z,a0) || < c1 for (z,a5) € (Bz, By,) (4.10)

In the absence of a bounded perturbation term Q(z, ay), (4.9) can be written as:

pig = g(ag, ap) = —ag + o (4.11)
i i i o7, 980) 1
The jacobian of (4.11) with respect to ay is |y = égTd =~ Thus, the unperturbed

dynamics (4.11) exhibit partial contraction in a; with the identity matrix I and a
contraction rate of % The error bound [49] between (4.6) and (4.9) can be written
as: 1

g (t) — ao () [| < flay(0) — o (0)[le ¥ + ey (4.12)

By replacing the root a; of the fast subsystem with ay in (4.5), the following

reduced equation can be obtained.

Z1r = —X1o(21r) + §10(X) 22
Zir = =&(i—1)o(X)Z(i=1)r — Xic(Zir) + Gio(X)Z(i1)r (4.13)

Znr = —8(n-1)0(X)Z(n-1)r — Xno(znr), 1=2,...,n—=1
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The above equation (4.13) can be written as

2 = f(2r, 00, 05 (4.14)

Where, z, = [z;,]T, i = 1,2,3..n. The Jacobian of (4.14) is the same as (4.8), so
(4.14) is also contracting. Equation (4.5) can be represented as (4.15).

z=f(z,a0,00) + f(z,07,00) — f(2,80,a7) (4.15)

Lets consider (f(z,a £/ ag) — f(z, a0, 05)) is perturbation. From assumption (4.2),
it is assumed that the functions f(-), g(+), ¢ (-), and their partial derivatives with
respect to their arguments are continuous and bounded within a compact region.
Based on this, it is reasonable to conclude that there exists a positive constant L
such that the function f(-) is Lipschitz continuous with respect to its arguments.
If we further assume that the function f(-) is Lipschitz continuous in a; with a

constant L1, equation (4.16) can be derived.

| (z,(xf,(xg) — f(z 00, 00) | < Ly Hocf — g (4.16)

Exploiting (4.12) and Lemma A.1 (Appendix A). The following equation can be

obtained.
J2(6) =201 < (1=0) — =0 (0)] - 52
exp(—Bt) + Ly ||1Xf1(0_) ;ﬁ%(o)” (4.17)

<exp(—,8t) — exp (%)) + y%.

Here, B represents the contraction rate. Since z, = 0 is also a solution to equation
(4.14), the norm of z,(t) satisfies ||z, (t) — 0| = ||z+(¢)|| < ||zr(0)|| exp(—pt). Using
the triangle inequality, we have ||z1 () || < ||z(¢)|| < ||z(t) —z+(¢)|| + ||z+(t)||. From
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this, it can be concluded that

[2(8) = x4 (B)[] = llz1 (B[] < [z (0) [} exp(—pt)

Licq Licq
= (IO === p 5 exp=po+n g
Ly || (0) — ao (0)]] < (—f>>
+ exp(—pt) —exp (| — .
- p(=pt) —exp {
The Jacobian | of the nominal contracting system depends on the derivatives
—ax"a‘fz (iZi ) which can be derived as:
. (9x10 (21) IX1o (2n)
T < _ “Alo A\=1) _
J+J71< 2D1ag( 2 am, )]

Exploiting the equation

As mentioned in the Appendix A, the contraction rate p = min;—; _, 87(18#2(,7‘") can

be evaluated. @~ Where, E is a nonsingular matrix called the associated
transformation matrix, M = ZTZ is called the contraction matrix, and A € Rt is
referred to as the contraction rate.

One straightforward method for selecting the tuning functions is
Xio(zi) = kiozi, ki € RT
In this case, B is determined as
p = min(kix).

Choosing a very small B can significantly slow down convergence and increase
the steady-state error, even for a small y. In other words, a smaller B demands

an exceptionally small y to achieve a satisfactory system response. The bound
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established in (4.18) indicates that the transient component of the tracking error is
influenced by the contraction rate 8, which is determined by the functions x;,(z;).
To get a higher B and faster transient response, one could select a larger control
gain k;,; however, this approach may result in increased control costs. A well-
chosen nonlinear tuning function can enhance the transient response and improve

the damping characteristics. For example, a tuning function
3
Xio (zi) = max (kilzi + ki221‘> ki, kip € R

may result in a faster response and better damping.

A significant portion of the literature on filtered backstepping has focused on
analyzing the time-scale behavior and demonstrating semiglobal practical
stability for a narrow range of filter parameters [76], [91], [99], [92]. However,
Theorem 4.1 demonstrates the ultimate boundedness of the tracking error for all
u € (0,1). The relaxation of the magnitude restriction on y is achieved through
the application of contraction theory techniques [49], [47], [100], [101].

4.4 Disturbance Observer

As a contracting observer is exponentially convergent and robust to bounded
uncertainties [14, 102], it is advantageous to design a contracting observer. The

proposed observer for each d;, is given by:

771' = —A (771 + kxi - fiU (xll X2, .. '/xi) - biU’xi-l—l)
= —A (0 +kxy — fuo (x1,%2,..., X)) — byott) (4.19)
d; = 1i + Ax;

wherei € {1,2,...,n—1}. A > Oisascalar positive constant. #; is an intermediate
variable and d; is the estimate of d;, and
By exploiting (4.19), the derivative of the disturbance estimate (d;) can be written

as:

d=n (&i, dig> Y (di - dl-0> (4.20)
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Lets consider a disturbance error d; which can be written as d; = d,, — d;,, and its
derivative will be
ed; = —d; —ed;, (4.21)

where 0 < € = 1/A < 1. The error dynamics in the absence of the perturbation
term can be written as:

dip = —Adj, (4.22)
The equation (4.22) is contracting with an identity matrix and the contraction rate
is A (Jacobian with respect to d; is —A ). From assumption (4.3), we know that the
perturbation term ¢ (d;,) is bounded. The following bound can be derived using

Lemma A.1 (Mentioned in Appendix A ).

|di(t) — dio(t)|| < [|di(0) — dis(0) ]| exp(—At) +%4

It is possible to ensure that the steady-state estimation error is within a narrow
neighborhood of origin by choosing A high. For slowly varying disturbances, the
scalar ¢4 = 0, where d; ~ 01ie. ||d;(t)|| < ||dio(0)]| exp(—At). Using triangle

Thus, in this situation, the disturbance observer precisely estimates the

inequality.

d; —diy

< (14(0) ~ du(©) | + |4 (0) ) exp(-2t) +

disturbance d; — dj,. In case of slowly varying disturbances for which d; ~ 0, the

scalar c4 = 0. That is why the disturbance observer exactly estimates d; — djg.

4.5 Filtered backstepping in the presence of

disturbances

In the presence of external disturbances, the filtered backstepping control law can
be designed as follows:

Uo = gwl(x) [_f”‘T(x) —8(n—-1)c4n—1 — Xno (Zn)

‘Hj‘nf - dna]

(4.23)
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zi=xi— i, (i=1,2...... n) (4.24)

ayf = a1 = x4(t) and fori € [2...7n] (4.25)
o= 1 _f. . oy .

S [ fii-1)e (x1,-Xi-1) = X(i-1) (2i-1) (4.26)

—8(i—2)0Zi—2 T &(i—1)f — 5(1—1)0] :

By exploiting (4.23) the following equation (4.27) can be obtained as:

21 = —Xlo (Zl) + 81022 + 10820 + d~1(7
2 = (i-1)0%i-1 — Xio (2i) + QioZit1 + iok(is1)0r T4ic (4.27)
Zp = —8(n—1)c%n—1 — Xno (Zn) + Jna

So, in a compact form, the closed-loop dynamics can be written as:

z=f (z, &f, g, do, da)
pag =g (‘Xf/ Oéa) = —&f+ &g (4.28)

where z = [zl,zz,...,zn]T,ocf = [oczf,a3f,...,ocnf]T,ag —
(020, @30, - - o], dy = [aiw,aizg,...,aim} ,d=[d,dy,...,d)ande =1 € (0,1).

The above equation (4.28) is in the perturbed form with three time scales. It can
be converted into two time scales by using the ratio 5 Let’s consider a perturbed
parameter ¢ < p so that the observer dynamics are faster than the filter dynamics.

Here, ¢ = xp can be assumed, where the subsystems of (4.28) can be written as:
wo = W(v,ag,dg, x) (4.29)

where v = [zx}, dAT] ! and W(.) = [gT(.), %hT()] T. Using (4.29), the closed-loop
system can be written in two time scales singularly perturbed switched system.
Also, the convergence of the trajectories can be obtained by following the same
arguments as in the previous section. In a similar way the convergence of the
disturbance observer can be concluded as if the initial conditions are finite, and
assumptions (4.1-4.3) are true for (4.1). The controller (4.23) and the disturbance

observer (4.19) are chosen in such a way that the closed-loop system is uniformly



4.6. Mathematical Outcome 79

ultimately bounded (UUB) for all € (0,1) and the steady-state tracking error is

given by:
. L, (max (cq,c
lim [|x(t) — x4(t)|| < p (max (c1,¢4))

t—o0 ‘

o (12|

where L, is a Lipschitz constant of the function W(.).

(4.30)

4.6 Mathematical Outcome

The proposed filter backstepping controller with a high-gain disturbance observer
is validated on a single-link manipulator [96] to test its performance. The system

dynamics are as follows:

Di+ BG+ Nsin(g) =1
Mt+Ht+Kpg=u

(4.31)

The parameters D, B, N, M, H, and K, are determined by the physical properties
of the robot and its actuators, given in Table 4.1 for three different switching
signals. The values g and g refer to the angular position and angular velocity of
the joint, respectively. The torque T is the force applied to the joint by the
actuator motor, and u represents the voltage input supplied to the motor to
produce this torque. Let’s choose x; = g, x = § and x3 = 7. The equation (4.31)

can be written in a strict feedback form as:

X1 = X2

1 . 1

Xy = 5(—N sin(x1) — Bxz) + DY (4.32)
. 1 1

X3 = —M(Kmxz + Hxs) + it
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TABLE 4.1: The parameters of the system for different switching
signals.

System Parameters D B N M H Km

Foro =1 1 8 10 0.01 0.5 100
Foro =2 10 150 10 0.01 0.5 10
Foro =3 10 1 10 0.01 0.5 100

In [103, 104] it is given that a signal has the average dwell time T, if there exists
a number Ny such that VT >t > 0:

T—t

Ta

Ny (T —t) < No+ (4.33)
Here, a reference signal 7tsin(—5t) has been considered. For ¢ = 1, the
disturbances are d; = 0.1tanh(2t) and d, = 0.1tanh(2f) and for ¢ = 2,3, the
disturbances are d; = 0.1sin(2t) and d, = 0.1cos(2t) have been added to the
system to check the convergence of closed loop trajectories. The systems are
switched at t < 0.20sec and in the interval (0.2,0.5) sec. Despite this, the system
is able to follow the reference signal, as shown in Figure. 4.1, and the
corresponding error shown in Figure 4.2 which confirms the quick convergence
of the controller to zero. Similarly, the same reference signal 77 sin(—5¢) has been
considered. This time, the system is switched at t < 0.20sec, in the interval
(0.2,0.5) sec, and at t > 0.5sec. Once again, it can be observed that despite these
switches, the system is able to follow the reference signal, as shown in Figure.
4.3, and the corresponding error convergence to zero can be seen in Figure 4.4.

Another reference sin(10t) has been used. The systems are switched at t <
0.20 sec and during the interval (0.2,0.5) sec. Even with these switches, the system
successfully follows the reference, as given in Figure 4.5, and the corresponding
error convergence to zero is evident in Figure. 4.6. Similarly, the same reference
sin(10t) is considered, but this time the system is switched at t < 0.20 sec, within
the interval (0.2,0.5)sec, and at + > 0.5sec. Once again, it is evident that the
system maintains its ability to track the reference, as shown in Figure 4.7, with the
corresponding error convergence to zero depicted in Figure 4.8.
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for o0=1 and 0=2 respectively
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FIGURE 4.1: Closed loop response of x; for ¢ = 1,2 for reference
signal 7tsin(—>5t)
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FIGURE 4.2: Error convergence to zero for ¢ = 1,2 for reference
signal 7tsin(—5t)
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Closed loop response for x1 at t<0.20 sec and

in the interval (0.2,0.5) sec for o=1 and o=2 respectively
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FIGURE 4.3: Closed loop response of x; for ¢ = 1,2,3 for reference
signal 7tsin(—>5t)
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FIGURE 4.4: Error convergence to zero for ¢ = 1,2,3 for reference

signal 7tsin(—5t)
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FIGURE 4.5: Closed loop response of x; for ¢ = 1,2 for reference

signal sin(10¢)
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FIGURE 4.6: Error convergence to zero for ¢ = 1,2 for reference
signal sin(10¢)
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Closed loop response for x1 at t<0.20 sec and
in the interval (0.2,0.5) sec for o=1 and o=2
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FIGURE 4.7: Closed loop response of x; for o = 1,2,3 for reference
signal sin(10¢)
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FIGURE 4.8: Error convergence to zero for ¢ = 1,2,3 for reference
signal sin(10¢)
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All outcomes demonstrate that, despite different switching modes, the system
transitions very smoothly, and the trajectories of the closed-loop system exhibit
contraction regardless of their initial conditions.

4.7 Concluding remarks

The contraction property of the closed-loop system ensures that the trajectories
converge to the reference signal, irrespective of the initial conditions. This
behavior is consistently observed across all scenarios, as evidenced by the error
convergence to zero. The ability of the system to maintain contraction even
during switching, indicating its robustness under disturbances and dynamic
changes in the operating conditions. The outcomes validate the claim that the
proposed control strategy effectively handles nonlinearity and switching
dynamics, providing smooth operation and reliable performance.  The
demonstrated robustness and adaptability make this approach highly suitable
for practical applications where systems operate under changing conditions or

require frequent mode transitions.
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Chapter 5

Neural disturbance observer-based
backstepping controller for
singularly perturbed switched

systems
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and Engineering, Springer.

51 Background

This chapter focuses on the control of nonlinear singularly perturbed switched
systems (SPSSs) using a filtered backstepping approach.  Conventional
backstepping methods, though effective, often lead to high computational
complexity, particularly in systems with multiple time scales and switching
dynamics. To address this challenge, a high-gain filter is incorporated,
simplifying the control design while preserving stability and performance.
Furthermore, to mitigate the effects of unknown external disturbances, a neural
network disturbance observer (NNDO) is employed, exploiting neural networks’
approximation capability for real-time disturbance estimation and
compensation. The combined strategy enhances robustness, reduces
computational effort, and ensures practical applicability. Closed-loop stability
during switching is rigorously analyzed using Lyapunov methods under
average dwell-time conditions [105]. The proposed methodology is validated on
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a single-link robotic manipulator to assess its practical effectiveness and
reliability. The simulation results show that the designed controller achieves
smooth and accurate trajectory tracking, even in the presence of system

uncertainties and external disturbances.

5.2 Problem Statement

A category of nonlinear switched systems can be represented as follows:

X1 = fio(x1) + 10(x1)x2 + Aqo (X1, 1)

X2 = for(x1,%2) + Qo0 (X1, X2) X3 + Ao (X1, X2, 1) 51)

Xy = fna(xll X2, XS‘---xn) + gna(xlz X2, .. -/xn)ua + Ana(x/ t)

where fi;(.), gir(.) are known sufficiently smooth functions, x = [x1,xp, ..., xn)T,
Qir(.) #0Vx € R"and 0 € P = [1,2,--- ,N] is piece-wise constant signal with
finite number of values and u, € R is the control input. The terms A;,(.) denote
uncertain parts of system dynamics.

Assumption 5.1: The desired signal x,;(¢) and its derivatives are continuous
and bounded. fi;(.), gir(.) and its partial derivative are continuous upto 2nd
order.

Assumption 5.2: The external uncertain parts of the system dynamics Aj;,
i = 1,2,3..n are bounded, i.e., there exist unknown positive constants A;, > 0,
such that [|Aj,|| < A,

5.3 Backstepping without Disturbances

This section presents the design of a filtered backstepping (FB) controller. The
method assumes that the system dynamics in equation (5.1) exclude disturbance
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terms denoted as A, (.).

Uy = %(x)[—fmm — g1 ()20t — Ao (2) + ]

zi = Xi — Qjf, (i=1,2....n) (5.2)

where Ayq(z,) are user-defined scalar tuning functions, which are chosen as
kiyz;,where,i € 1,2,3..n, k;j; > 0. The terms a;f are derived using a first-order
filter [75, 76]. It can be expressed as:

Phif = —&jf + Qig i =2, 0
[—flic1)e (X1, Xi-1) — A1) (2i-1) (5.3)
— 8(i—2)0(X)zia +é(i_1yfl, oo =0 i=2,--+,n

where A_q),,i € 1,2,3..n is scalar tuning function and p € (0,1) is called
perturbed parameter. a;¢(0) = ;(0) has been chosen for (5.3). Equation (5.4) can
be obtained using (5.2) and (5.3).

21 = —Me(21) + 10(%)22 + g10(X) &2
zi = —g(i-1)0 (X)zi—1 — Aig(2i) + giv(%)ziv1 + Sio(X)&(i41)0 (54)

Zy = _g(n—l)a(x)znfl —Mio(zn), i=2,...,n—1

where &;y = a;f — a;;. The overall closed-loop system can be written as

Z.:f(T(Z/bzf) (55)
piy = —af+ag 5.6)
where  a, = (@20, 030, Xagroting]T, g = aof, a3, dgf..tyf]T,

fp = [Apf, Af, Baf..lng”.
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54 Closed Loop Stability

It should be noted that the closed loop dynamics (5.5)-(5.6) is a switched nonlinear
singularly perturbed system [93]. Replacing af in (5.4) with the root of the fast

subsystem, a., results in the following reduced slow subsystem:

21 = —Mo(z17) + §10(X) 22
Zi = —g(i_l)a(x)z(i_m - Aia(zir) + gia(x)z(i+1)r (5.7)
Zn = =8&n-1)0(X)Z(n-1)r — Mo (znr), 1 =2, ..., (n = 1).

The reduced slow system in compact form can be written as:
z = fo(z) (5.8)
Consider the fast filter dynamics, when
y—>0$(xf—>ocg:ocsma

where the slow manifold is represented as («s). Define a error variable y =

af — &y, whose dynamics can be derived as:

Wy = —Yy — pbo. (5.9)
The fast boundary layer dynamics of (5.9), which are expressed in a stretched
timescale T = ﬁ, can be formulated as follows [93].

dy _

== (5.10)

5.4.1 Stability of System Between Switching Instants

For a suitable choice of Aj,(z;) = kjyz; with k;; > 0 Vo, the reduced order

dynamics (5.7) can be derived to be linear in z, and (5.8) takes the form of

z=fo(z) =Epz (5.11)
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where ) ]
_kla' glo-(x) 0 e 0
o —810(x)  —kao  gor(x) . 0
HU —
L 0 e 0 g(nfl)a(x) _kn(r_

is a skew-symmetric matrix through the selections of k;. Exploiting the
properties of skew symmetric matrices:

ki O o ... 0
El+E, | 0 —ky O ... O

5 =
O CREEEY O O _kng'

Hence, there exists a set of symmetric positive definite matrices M, Q, such that
M,E, +EIM, < —Q,. (5.12)

Let us define a Lyapunov function candidate

1
Vig = EzTMUz (5.13)

Then
my||z|[* < Vie < 1| |2|? (5.14)

where m, = Amin(My), My = Amax(My). Using (5.13) yields
Vr(r < _ﬁUHZHZ < _(ﬁa/ma)vmz (5.15)

where By = Amin(Qo).
Similarly, constructing a Lyapunov function V; = %yTy and using (5.10), we
can show

V< —|lyll* = -2V} (5.16)
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Once, the stability of the reduced order system has been established, it can be
considered a scalar (0 < p < 1) and set of composite Lyapunov functions

Vo = (1 - p)vm + PVf (5-17)
whose derivative along the trajectories of all systems (5.5),(5.9) can be derived
as
) B oV, N p an an
Ve(z,y) = (1-p) e (fo(z,&f)) — ﬁ@y P== E)y
. B Vo p an an 518
= Vo(zy)=(1- ) (fa( ) woay Y Pyt (5.18)

F1- )2 (fo(z 8 )—fa(Z))-

The last term of (5.18) can be further simplified using the following Lemma 5.1.
Lemma 5.1: There exist positive constants L;, such that

an

2 (folz,&p) = fo(2)) < 2Laol 2]l (5.19)

Proof: Using Lipschitz inequality:

an WVro

2 (folz,8p) — fa(2)) < S Lol

From the structure of V,, ||aV"T|| < 2||Mg]||||z|| < 27i,||z||. Note that, & = y
from the definition of y. Combining these two equations, R.H.S of (5.19) can be

evaluated.

Assumption 5.3: There exist positive scalars Ly, L3y&L31, such that.

lao|| = || 2l < 2Lao|[2]] + Lao |y + Laro- (5.20)

Assumption 5.3 is standard for singularly perturbed dynamics [93]. It implies
the rate of change of the virtual control signal &, to be slower than the growth
of the weighted combination of z and the fast variable y. Further, many practical
systems like robotic manipulators, inverted pendulums, ships, chemical systems,
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synchronous machines, etc. satisfy Assumption 5.3 ( [93, 94]).
Previously, it is defined that V; = %yZy. So, the value of a% can be evaluated.

Also from the equations (5.15) and (5.19) a(})/m and agw ( folz, d5) — fa(z)> can be

Z zZ

exploited in equation (5.18) respectively to obtain the following equation (5.21).

Vo < —Bo(1—p)|z|] — guyuz +2pLag||z|[]yl]

+ pLaoly|* +2(1 = p)Lic|lzlly]] + pLaiellyll. (5.21)

It can be written in a compact form as:

Vo =—218,7Z + pL31,Z (5.22)
where Z = [z,y]T and
1-— —(1—p)L1, — vL
S, = (1-p)Bo ( 119) 10 — PLa2o (5.23)
—(1—=p)Lie — pLor P(ﬁ_L%)

The overall system is asymptotically stable only when S, is positive definite [4].
It can be derived that S, is positive definite if

Ho < po = : Ps (5.24)

BoLss + m((l — p)Lig + pLag)?

From the properties of M, there exist two positive constants m;, m;, such that
mll S Mg' S mhI .

So, one can derive

a||Z||? <V, <al|Z|% (5.25)
where (1 ) (1 )
o —p)mopy o —p)mp p
o= mm(—2 , 2), o max(—2 , 2).

Hence, it can be concluded that within any two consecutive switching instances,

the dynamics of the overall singularly perturbed system is stable, if y, < uy, i.e.

Ve < —Bo Vo + pLaie| | Z]] (5.26)
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where Bf = —i‘z:;((zz))

5.4.2 Lyapunov Function at Switching Instants

Starting with any time stamp #;,i € N, let the subsystem (¢, ;) is active in the
time interval t € [t;,t;y1), and o(t; 1) is active when t € [ti11,ti12). From
(5.25),(5.26), and the structure of the Lyapunov function V,;, one can derive:

_ n—r _
V(t,-+1) - V(ti+1) < Tv(ti—I—l)

at the switching instant ;. Therefore,
V(ti—H) < lyv(t;_1)- (5.27)

where [;, = £ > 1. Consider a time (0, T), where the time of switchings is defined

a
o
as ty, ..., tn,(o,r)- For a function

R(t) = exp(Bot)Vy, B° = min(p))Vo € P
it's time derivative in t € (¢;,t;11) is given by
R(t) = BR(t) + exp(B°) Vs

which is non-positive in between two consecutive switching times. Exploiting
(5.27), it can be derived that

R(T) < (L)NODR(t)

An average dwell time 7, > 0 in the interval (0, T) exists if there exists a positive

scalar N, such that
T—t

Ta

Ny(0,T) < + N, (5.28)

Using (5.28), it can be obtained

In(!
= VU(T_)Z(T) < exp(Nplnly,) exp( '(C;) T — ,B(”TT)VU(O)Z(O).
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In/
= Vyr ) 2(T) < exp(Nilnly) exp((—f° + =) T) Vo0 Z(0)

Therefore, the function V,;-)Z(T) asymptotically converges to zero, if the

average dwell time satisfies
In!
I

B

T > (5.29)

5.5 Conversion to Singularly Perturbed form

This section discusses control law for the overall closed-loop system with

unknown uncertainties.

1
 Gno(x)
— Ao (zn) + ey — Ao
zi = x; — aif, (i =1,2...n)

Ug

[—fro(x) = g(n—l)(r(x)zn—l

5.30
ayf = a1y = x4(t) and fori € [2...n] (5.30)

1

—)[—f(iq)a(xl/ WXil1) — /\(ifl)a(zi—l)

Kig =
7 g(i—l)a(x

A~

— 8(i—2)o (X)zi—2 + b(i1)f — B(i—1)o]-

where the tuning functions are chosen similarly to the case with no disturbances
in the system dynamics, i.e. Aj;(z;) = kiyz;. The closed-loop system of (5.1), using

the control law (5.30), can be written as:

21 = —A10(z1) + 10(%)22 + Q10 (X)Aor + Ay
zj = g(ifl)a(x)zi—l — Mg (2i)
+ i (X)ziy1 + Gic (X)X (i41)0, +

i (5.31)
A
Zn = =8(n-1)0(X)Zn-1 = Ano(2n) + Ap.
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Rewriting (5.31) in a compact form, we can get

2 = fo(z, iy, A) (5.32)
pip = —af + iy (5.33)
eA = h(A,Ay) = —A + €Ay (5.34)

where A = [Al,Az, .. .,An], A = [A, Dy, ..., Ay Ny = [D1oDog, ..., Ayo]. The
dynamics are transformed into a three-time scale singularly perturbed switched
system. It can be rewritten in a two-time scale form using the ratio % Without
loss of generality, we assume € < y, meaning the observer dynamics are faster

than the filter dynamics. Let € = xu, where « is less than one. The fast subsystem
(5.33), (5.34) can be expressed as:

10
G+ uo, (5.35)

e
A=

where 7 = [Ec}, AT, g = [&L, AL)T and W, (.) = [gL(.), hI(.)]T. Using (5.35), the
closed-loop dynamics can be expressed in a two-time scale singularly perturbed
form. Therefore, the system’s trajectory convergence can be analyzed using the
same approach as mentioned in Section 5.4.

5.6 Prerequisites on neural network

The Radial Basis Function Neural Network (RBFNN) is frequently used to
simulate nonlinear continuous functions because of its superior function
approximation capabilities. In a typical three-layer RBFNN, there are three
layers: input, hidden, and output. This structure allows RBFNNs to learn and

approximate complex functions effectively.

h
Y (x,w) = Y wij@ri(x) (5.36)
j=1

=wigp(x),k=1,...,m (5.37)
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with
Wi Pr1(x)
we=1 i |,¢(x)= :
Wih Prn(x)

In an RBENN, #, h, and m represent the number of neurons in the input, hidden,
and output layers, respectively. The network’s outputs, denoted as v (x, wy) for
k=1,...,m,depend on the input vector x and the adjustable weight parameters
Wyj, where k = 1,...,mand j = 1,...,h. According to the approximation
theorem [106], the activation function @;(x) in the hidden layer is chosen as a

Gaussian function, which is defined as follows:

(y) — - [ x - :”J'HZ
_ (=) (-]
= exp _— 2(7]2 J=1,...,h (5.39)

Here, u; = [p1j, pjs - - -, yh]']T represents the center of the receptive field, while o;

determines the width of the activation function ¢;(x). The complete RBENN can

be expressed as:

f1 (x,w1) wi ¢ (x)
y(x, W) = : : (5.40)
fm (x, wm) WP (x)
= WId(x) (5.41)
where ~ -
ZU? (Pl(X) 0
W — wg @(x) — 0 4)2(X)
] w) | |0 0 P (x) |
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In this case, the RBFNN is used to approximate the nonlinear function 7 (x).
hix) = W Td(x) +¢ (5.42)

Here, W™ represents the ideal weight matrix, and e is the minimum
approximation error.

Lemma 5.2: Let 7i(x) be a continuous function defined on a compact set Q).
Suppose there is a predefined constraint region Qyy = {W € R"" | |W| < Dg},
where the ideal weight matrix belongs to Qy. In this case, the function fi(x) can
approximate 71(x) as accurately as possible, i.e.:

sup |[i(x) — fi(x, W)| < e (5.43)

xeQ)

Here, fi(x) represents the RBFNN’s estimation of the function %(x). The ideal

weight matrix is defined as:

W* = i —fi(x, W .
arg min {igg |7i(x) — h(x, W)\} (5.44)

Assumption 5.4: Without loss of generality, we assume that there is a positive
constant D, > 0 such that the error |¢| is always bounded by D;.

5.6.1 Neural network disturbance observer

The state-space representation, incorporating unknown disturbances and

uncertainties, can be expressed using the following equation.

X = fio(%i) + &io (%) Xi1 + Dig(x),
i=1,...,n—1 (5.45)
Xy = fna(fn) +gna(fn)u + Ana(x)

Here, ¥; = [x1,...,x;]T represents the system states. The functions f;,(%;) and
Qic(%;) are the known parts of the nonlinear model, while A;;(x) (fori =1,...,n)
represents the unknown parts, which include uncertainties and disturbances. To

estimate these unknown uncertainties and disturbances A (%;), a Neural
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Network Disturbance Observer (NNDO) is introduced. The dynamic model of
the NNDO is designed as follows:

p

@; = ki (xj — @;) + fior(%i)+
Qi (%) xit1 + Aj(x, W),

i=1,...,n—1 (5.46)
Wy = Ky (xn - C@n) ‘|‘fna(fn)+
\ gna(fn)u‘FAn(x, Wn)
Here, x; (i = 1,...,n) are positive constants, and Ai(x, W,-) represents the
estimated value of A (x) for i = 1,...,n. Next, we define the auxiliary

disturbance observer error variables as:
ei=x;—w;i=1,...,n (5.47)
Differentiate both sides of Eq. (5.47),

& = X — @ = —Kie; + Nig(x) — A; (x, W) (5.48)
= —K;e; + Nig(x) — WiTcpi(x),i =1,...,n (5.49)

Based on Lemma 5.2, the unknown disturbances A;,(x) fori = 1,...,n can be
expressed as:
Nig(x) = WH Tpi(x) +e;,i=1,...,n (5.50)

As stated in [107], the neural disturbance observer corresponding to equation
(5.45) is formulated as equation (5.46). Furthermore, the adaptive weight
parameters of the Radial Basis Function Neural Network (RBFNN) are designed
accordingly as

W,‘ = M1 (gbz-(x)ei — ﬂZiWi) ,i =1,...,n (5.51)

where #77; > 0 and #; > 0 fori = 1,...,n are the positive parameters. Then, the
weight parameter errors W; for i = 1,...,n and the neural disturbance observer
errors e¢; remain uniformly ultimately bounded (UUB) within an arbitrarily small
region.
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5.7 Outcome results

An example of a single-link manipulator system incorporating actuator dynamics

has been considered [95, 96]. The system dynamics are given in (5.52).

Dj+Bg+ Nsin(g) =7
Mt + HT + K = u

(5.52)

The model parameters D, B, N, M, H, and K, are determined by the physical
characteristics of both the robot and the actuator. The scalars g and 4§ denote the
joint’s angular position and velocity, respectively. The torque applied at the joint
via the motor is represented by 7, while u signifies the control input voltage

supplied to the motor to generate the required torque. By choosing,

X1 = q
Xy =4 (5.53)
X3 =T

Equation (5.52) can be written in strict feedback form as

5(1 = X2

. 1 ) 1

Xp = 5(—1\7 sin(x1) — Bxa) + D3 (5.54)
. 1 1

X3 = —M(Kmxz + Hxs) + it

The objective of the controller is to ensure that the output g follows the desired
trajectory x,;(t) while keeping all other signals bounded. The term z; is defined
as zj = x;j — ajr, where i = 1,2,3,...,n, with a;¢ set as a; = x4(t). Here, the
control input u, is designed for the switching signals ¢ = 1,2,3,4. The system
parameter, including D, B, N, M, H, and k;,, corresponding to each switching
signal o = 1,2, 3,4, are given in Table 5.1.

A four time switching mechanism for the reference signals i.e.
sin(10t), sin(10t 4 20) is illustrated in Figures 5.1 to l5.110. Based on different

iy

values of kj, and system parameters the value of 5 = 0.48 sec can be
determined. The average dwell time (7;) can be computed over the interval 0 to
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Closed loop response for x1 at t<0.20 sec and
in the interval (0.2,0.5) for 0=1,2 respectively

4 I
3l I Xy
% | — = Reference
z S 2F 0=1| o=2 = = Switching zone
S = I
? E 1 -~
=
2<% 0 1
g5 [
N o =2 f | .
3+ I i
_4 I L L L L
0 0.3 0.6 0.9 1.2 1.5

Time in Sec

FIGURE 5.1: Closed loop response for x; for reference sin(10t).
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FIGURE 5.2: Tracking error for reference sin(10t)
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Closed loop response

Closed loop response for x1 at t<0.20 sec for o=1 and
in the interval (0.2,0.5) & (0.5,1) sec

4 for 0=2 & o0=3 respectively
I I | T T T
S 4 ! - | _ — = Reference
E 2 o=l 7 o= — — Switching zone
E 1 d |
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= 0 I
=
g I
“ I I
® ot 4
:§ I I
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FIGURE 5.3: Closed loop response for x; for reference sin(10¢).
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FIGURE 5.4: Tracking error for reference sin(10t)
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Closed loop response for x1 at t<0.20 sec for o=1 and
in the interval (0.2,0.5) & (0.5,1) Sec for 0=2,0=3 and
at t>1 sec for 0=4 respectively

4 — I X
3L I I 1

I I — = Reference
2t o=1 I o=2 7 = = Switching zone
15 -4 1 1 -~
0 Ve

/

Closed loop response
for x ) with disturbances

0 0.3 0.6 0.9 1.2 1.5
Time in Sec

FIGURE 5.5: Closed loop response for 1, % h;f‘ and doesn’t track the
referemce sin(10t).

Closed loop response for x1 at t<0.20 sec and
in the interval (0.2,0.5) sec for 0=1,2 respectively
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FIGURE 5.6: Closed loop response for x; for reference sin(10f 4 20).
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FIGURE 5.7: Tracking error for reference sin(10f 4 20)
Closed loop response for x1 at t<0.20 sec for o=1 and
in the interval (0.2,0.5) & (0.5,1) sec
4 for 0=2 & 0=3 respectively
| |
X
3L I I 1
° 8 I I — = Reference
2 % 2 o=1 I o=2 . 7 = = Switching zone
g 2
% E 1 1 1
= 2 1 1
=S R N
== -1 | |
E: zﬁ 2¢ ' ' .
o :2" [ [
3 1 1 T
_4 I | I | | |
0 0.3 0.6 0.9 1.2 1.5

Time in Sec

FIGURE 5.8: Closed loop response for x; for reference sin(10¢ + 20).
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Closed loop response
for x | with disturbances

Tracking error
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Time in Sec
FIGURE 5.9: Tracking error for reference sin(10¢ + 20)
Closed loop response for x1 at t<0.20 sec for o=1 and
in the interval (0.2,0.5) & (0.5,1) Sec for 0=2,0=3 and
4 at t>1 sec for o0=4 respectively
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FIGURE 5.10: Closed loop response for 7, »* ﬁo" for reference
sin(10t + 20).
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Closed loop response for x1
at t<0.20 sec and in interval (0.2,0,5) sec
4 for o0=1 and o0=2 respectively
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FIGURE 5.11: Closed loop response for x; for reference sin(10¢)
Closed loop response for x1
at t<0.20 sec and in interval (0.2,0,5) sec
4 for o0=1 and 0=2 respectively
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FIGURE 5.12: Closed loop response for x; for reference sin(10t + 20)
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TABLE 5.1: The parameters of the system for different switching
signals.

System Parameters D B N M H km

Foro =1 1 1 10 0.01 0.5 100
Foro =2 10 150 10 0.01 0.5 10
Foro =3 10 150 1 0.01 05 10
Foro =4 10 1 10 0.01 0.5 100

Time interval
No. of switching

for t < 0.20 s and at o = 2 for the interval 0.2 to 0.55 sec, average dwell time can
1.5 _
2

1.5 sec using (1, = ). For instance, when switching occurs at o = 1
be calculated as 7, = = 0.75 sec. Here, the disturbances are defined as
A1 = 0.1tanh(2t) and A, = 0.1tanh(2t) for ¢ = 1, while for ¢ = 2,3,4, the
disturbances are given by A; = 0.1sin(2t) and A, = 0.1cos(2f). The average
dwell time for c = 1 at t < 0.20 sec and for ¢ = 2 in the interval 0.20 to 0.50 sec is

calculated as 17, = % = 0.75sec. Since this satisfies the condition 7, > h/;#
(where h;s(lf‘ = 0.48 sec), the state x; successfully tracks the reference signals, as

illustrated in Figures 5.1 and 5.6. The corresponding tracking error is depicted in
Figures 5.2 and 5.7.

For o = 1,2,3, the switching occurs at t < 0.20 sec and within the intervals
0.20 to 0.55 sec and 0.50 to 1 sec, respectively. So, the average dwell time will
be 7, = % = 0.50 sec. Since this satisfies the condition 7, > h[;#, the state x;
successfully tracks the reference signals, as illustrated in Figures 5.3 and 5.8. The
corresponding tracking error is presented in Figures 5.4 and 5.9. However, for
o =1,2,3,4, where switching occurs at t < 0.20 sec and in the intervals 0.20 to 0.50

sec, 0.50 to 1 sec, and t > 1 sec, the average dwell time will be 7, = TS = 0.37 sec.

Since this does not satisfy the condition 7, > h;s#, the state x; fails to track the
reference signals. This behavior is depicted in Figures 5.5 and 5.10. The proposed
theory of this chapter can be summarized in Theorem 5.1.

Theorem 5.1: Given the singularly perturbed switched system defined by
Equation (5.1) and assuming that Assumptions 5.1-5.4 hold, the states of the
closed-loop system will asymptotically converge within the bound specified in
Equation (5.24) under the switched control law (5.30), provided that the average

dwell time condition in inequality (5.29) is satisfied.
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The control law without switching is presented in reference [80]:

1
gn(x)
zi = x; — ajf, (i =1,2....n)

u [—fn(x) = §(n=1)(X)Zn—1 — An(2n) + df]

(5.55)
ayf = oy = x4(t)

where A;(z;) = k;z; are user-defined tuning functions for which k; > 0. The terms
a;f are obtained through the first order filter [75, 76]. By using this controller the
performance of the state x; under the switching signal ¢ for the reference signals
sin(10t) and sin(10¢ + 20) is illustrated in Figures 5.11 and 5.12, respectively. It
can be observed that the system attempts to follow the reference signal when the
switching signal ¢ = 1,2 is applied. However, due to variations in the system’s
parameters, the state x; is unable to accurately track the reference signal x;. To

address this issue, a filtered backstepping controller has been implemented.

5.71 The performance of the Controller during four time

switching

In four-time switching, the manipulator initially operates in a compressed mode
(c = 1) fort < 0.20 sec. It then transitions to ¢ = 2 during the interval 0.20 to
0.50 sec before reverting back to ¢ = 1 att = 0.5 sec. Then, the manipulator
turther changes its configuration to ¢ = 3 during the interval 0.50 to 1 sec. Since
the switching signals ¢ = 1,2,3 satisfy the average dwell time condition, the
manipulator continues to track the reference signals. This behaviour is illustrated
in Figures 5.3 and 5.8. However, the system transitions to o = 4 att > 1 sec, at
which point the average dwell time condition is no longer met. As a result, the

manipulator fails to track the reference signals, as shown in Figures 5.5 and 5.10.

5.8 Concluding remarks

This chapter presents an effective control strategy for nonlinear singularly
perturbed switched systems by integrating a neural network-based disturbance
observer with a filtered backstepping control approach. The proposed method
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leverages the average dwell time-based Lyapunov criteria to ensure system
stability while mitigating disturbances and uncertainties through adaptive
neural network approximation. The high-gain filter, in combination with the
disturbance observer, successfully handles the complexities of fast and slow
dynamics in the singular perturbation framework. Simulation results, validated
on a single-link manipulator system with actuator dynamics, demonstrate the
robustness of the proposed controller in trajectory tracking and disturbance
rejection. Nevertheless, the methodology also has certain limitations. The
reliance on neural network training and adaptation increases computational
demand, which may present challenges for real-time implementation on
hardware with limited resources. In addition, the controller involves multiple
tuning parameters such as neural network learning rates, filter gains, and
switching constraints that may require careful adjustment to achieve optimal
performance. Furthermore, the stability analysis, while rigorous, assumes ideal
conditions that may not fully capture all uncertainties in physical systems. These
findings indicate the potential applicability of this control methodology to other
complex dynamical systems with switching behaviors, offering a promising
direction for future research in intelligent control and adaptive learning-based
disturbance compensation.
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Chapter 6

Neural backstepping controller for
singularly perturbed switched

systems

6.1 Background

This chapter addresses the control of singularly perturbed switched systems
(SPSSs), which involve fast-slow dynamics and mode transitions, making
stability analysis and controller design highly challenging. To handle these
complexities, a neural backstepping controller is developed, leveraging the
approximation capability of neural networks to manage system uncertainties
[108]. A high-gain filter is integrated to reduce computational complexity, while
a high-gain disturbance observer (HGDO) is incorporated to suppress unknown
external disturbances. The overall strategy enhances robustness and practicality
compared to conventional methods. Stability is analyzed under switching
conditions, and the effectiveness of the proposed approach is demonstrated

through simulations on a single-link manipulator with actuator dynamics.
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6.2 System Description
Consider a class of nonlinear systems described as:
X1 = fio(x1) + big(x1) %2 + d15(x1, )
X = far(x1,%2) + bag(x1, X2) %3 + 20 (x1, X2, 1) 61)

Xn = fng‘(x]_, X2, X3....Xn) + bng'(x]_, xz, oo ,x”)u + 5n0‘(x, t)

where f;;(.), b, (.) are known sufficiently smooth functions, x = [x1,x, ..., 4],
bir(.) # 0Vx € R", 0 € P = [1,2,---,N] is piece-wise constant signal with
finite number of values and u € R is the control input. The terms J;,(.) represent
uncertainties of systems.

Assumption 6.1: The desired signal ie. x4(f) and its derivatives are
continuous and have finite bounds.

6.3 Controller Design

The filtered-based control law in the absence of uncertainties is expressed as:
1 . . .
ug = [~ fno(x) — bin—1)0Zn-1 — Xno(zn) + “nf]
be(x)

zi = X — tjf, (1 = 1,2.....n) (6.2)

a1f = a1 = x4(t) = Desired signal

Where, f;(.) is the estimate values of f(.). Assuming that the nonlinear function
fi(.) can be represented by an m-layer neural network with some constant ideal
weights W, fori =1,2,...,m.

EF = W/¢; +¢€; (6.3)

Where, ||€;||] < €y and ¢; is suitable basis function for m NNs. The net

reconstruction errors €; are bounded by known constants €;y,i = 1,2, ...m. Let us
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consider the NN estimation of (6.3) is
£ = Wi, (64)

Where, W; is the current NN weight estimate. The terms «; £ are obtained through
the first order filter[75, 76] and expressed as:

[_f(i—l)(f(xlr --xifl) - X(i_l)g(zi,l) (65)
— b ayzia + i 1yfl boe =0 i =2, ,m

Here, xi,(zi) = kijyz; are user-defined tuning functions where k;, > 0 and y €
(0,1) is called the perturbed parameter. a;f(0) = a;(0) is the initial condition.
Utilizing Equations (6.1)-(6.5), the closed-loop system can be rewritten as (6.6).

21 = fie — fie — X10(21) + bio22 + bisllog
% = fie — fio + D(i—1)0%Zi-1 — Xio(2i) + bicZit1 + biok (i11) (6.6)

Z” :fng'_fno_b(l’l—l)ﬂzn—l _XYZ(T(ZH)/ i:2,...,7’l—1

Equation (6.6) can be expressed in a compact form as Equation (6.7), while the

filter dynamics are reformulated as Equation (6.8).

2 =0 (f,z ) (6.7)
pig = go(ap, ap) = —af+ag (6.8)
where &if = wjf — tig, &g = [0jg]T, i = 2,.,m, a5 = [w]", i = 2,.,n, & =

[ﬁéif]T, 1= 2, ., n and @U(.) = [@i]T with

01(.) = fir — fic — X10(21) + b1oz2 + biofine
Oi(.) = fie — fie + bi—1)02(i-1) — Xio(2i) + bioZit1+ 69)
, .

®n() = fna — fna - b(n—l)gzn—l - me(zn)
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6.4 Stability of the Closed Loop System

It should be noted that the closed-loop dynamics (6.7)-(6.8) is a nonlinear
singularly perturbed system [93]. By substituting (4 — 0, &; = a,) the root of the
fast subsystem «; in place of a; in Equation (6.6), the reduced slow subsystem

can be expressed as Equation (6.10).

21 = fio — fie — X10(z1r) + bizor
% = fie — fie = b1 Z(i-1yr — Xio (Zir) + biZ(i1)r (6.10)
Zy = fng’ — fng’ — b(n—l)z(n—l)r — Xng‘(an),i =2,.., (Tl — 1).

By using (6.3) and (6.4), the reduced ordered dynamics can be written as:

21 = Wip1 — x10(21) + b1oza + €1

2y = Wiy — Z5) — bi1z1 + bagzz + €
2 b2 — Xoo(22) — b1z1 + bapzz + €2 6.11)

Zn = W,;(Pn — Xn(f(zn) - b(n—l)(fz(”—l) +€n

Where W; = W; —W;, i = 1,2,..n. The above equation (6.11) in compact form
will be:

2 =0,(f,2)
2= 01,(2) + 72 (6.12)
z=Az+ Y2
Where, ) )
—kio by O 0
A/ _ _bla _kZU bzcr 0
I 0 - 0 b(n_l)g —k,w_

Y = {®+e€ z = [2] 2h..2), € = [€] €€}, ¢ = diag{W;, W,..W, }, and
D = [¢1 -]’

A' is a stable matrix for ki, > 0. Hence, there exists a set of symmetric positive
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definite matrices B, Q. such that
By A, + ATB, < —Q,. (6.13)
Assumption 6.2: The ideal weights are bounded by known positive values so that
[|Wil|lF < Wip,i=1,2...1.

equivalently,

1E11F < M

Where, { = diag{W1, W,..W,, } and {1 is known. ||.||r denotes the Frobenius
norm. Under the validity of Assumptions 6.1 and 6.2, also the Theorem
mentioned in [109] establishes that the tuning law for the neural network
weights can be expressed as:

Wi = Tipizl — kol |2|W;, i=1,2,...,n,

where I'; = FiT > 0(G = 1,2,...,n) is a positive definite matrix, and k;, is a
positive scalar constant. Under this tuning law, both z; and the neural network
weight estimates W; are uniformly ultimately bounded (UUB).

Let us consider a Lyapunov function candidate for reduced order system as
1 1, 4 .
Vie = EZTZ + Etr(éTl"*lé)

The derivative of V,; has been proved negative in [109]. By using norm

inequalities and properties of positive definite matrices, it can be obtained that

1 1 1y 2 1
SlIzl1% + S Amin (T ENF < Vie < S iz

1 _ ~
+ S Ama(T ]

(6.14)

(or) compactly,

my (11212 + 1§13) < Vo < 7 (1121 + 1213 (6.15)
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where , 1
m, = Emin{l,)tmin(l"*l)}, My = > max{l,/\max(l"*l)}.

Consider the fast filter dynamics, when
p—0=go(arar) = 0= 07— ar = Asmo

The slow manifold is given by (as,,). Let’s define an error variable y = « F— g
The dynamics of this error variable can be derived as follows:

Wy = —y — pig. (6.16)

The fast boundary layer dynamics [93] in the context of stretched timescale T = ﬁ

can be expressed as:

dy _
=Y (6.17)

Similarly, consider a Lyapunov function Vy = %yTy shows
Ve < —|ly||> = —2Vy. (6.18)

After confirming the stability of the reduced-order system, a scalar value p within
the range 0 < p < 1 and a set of composite Lyapunov functions can be selected as
follows:

Vo = (1—P)Vm+PVf (6-19)

whose derivative along the overall system can be derived as

_ B oV, - _pan _ an'
Vie = (1 P)g(@la(fzz)) ﬁ@y Pay Qg
aV, - s
+ (1= ) S (Ol f 2, 8f) ~ O1(f,2)). (620)

Using the following Lemma the last term of (6.20) can be further simplified as .
Lemma 6.1: A positive constant Lj,, exists such that

Wie

=2 (010(f,2,89) = ©10(f,2)) < 2LaolI2]l]Iyl]. (6:21)
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Proof: Considering the structure of V;, it follows that ||ag%|| < 2|lz|]. Ttis
important to note that & is equivalent to y as per the definition of y. Utilizing
these observations, equation (6.21) can be proved. To ensure the global
asymptotic stability of the closed-loop switched system, the subsequent
condition must be satisfied.

Assumption 6.3: There exist positive scalars Ly, L3y, & L4y such that

. oy |
ol = S22 < 2L 2] + Laglyl| + Lae- (622)

Assumption 6.3 is a conventional requirement in the context of singularly
perturbed dynamics, as indicated in the reference [93]. This assumption implies
that the rate of change in the virtual control signal a, should be comparatively
slower than the growth of the weighted combination of z and the fast variable y.
Moreover, Assumption 6.3 is applicable to various practical systems such as
inverted pendulums, robotic manipulators, chemical systems, ships,
synchronous machines, and others. Utilizing the given assumptions and the

properties of Lyapunov functions, it can be deduced that:
Vo < —(1=p)llzll* - gllyH2 +2pLao|[z[ 1]yl
+ pLao|[ylI* +2(1 = p)Lacl Izl [Iyl] + pLacllyll + (1 = p)Lso2]l2] |- (6.23)
It can be written in a compact form as:
Vo < =Z'S¢Z + pLao|lyll + (1 — p)Lso2| |2]] (6.24)

where Z = [z,y]T and

5, — (1-p) —(1=p)Lig = pla (6.25)

—(1=p)Liy — pLoy P(%—L%)



118 Chapter 6. Neural backstepping controller for singularly perturbed switched

systems

The system achieves asymptotic stability only if S, is positive definite. So, we can
deduce that S, indeed exhibits positive definiteness if

1
"~ Lao+ 575 (1= p)Lag + pLac)?

Ho < Yy (6.26)

From the properties of A/, there exist two positive constants m;, m;, such that
mlI < A(/T < mhl .

So, one can derive

al|Z|? < Ve <a||Z] ] (6.27)
where a1 ) a )
o —p)mopy —p)my p
§ = mm(—2 , 2), o max(—2 , 2).

Hence, it can be concluded that within any two consecutive switching instances,
the dynamics of the overall singularly perturbed system is stable, if i, < g, i.e.

Vo < =BaVe + pLac||Z|| + (1 = p)Lso 72| |Z]] (6.28)

— )‘min(s )

0 o
where ), = T (5]

6.5 Robust Filtered Backstepping With Disturbance

Observer

In this section, a robust filtered backstepping design is introduced for the
uncertain system (6.1) by estimating the unknown parts of the dynamics. The
suggested observer for each J;(.) is formulated as follows [96]:

i = =10 +1x; + fio(x1, %2, .., %;) + bigXi11)
n = —1(7’]71 + Ixy +fna(x1/ X2, -/xn) + bnﬂu)
5i(.) = mi+Ix

On(-) = 1tn + Iy

(6.29)
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where the scalar I > 01is a large positive constant, J;(.) is the estimate of d;,(.), and
17; is an intermediate variable. Using observer (6.29), the dynamics of disturbance
estimator (4;) is given by:

A

51 = hig(81,610) = —1(3; — 6i4). (6.30)

Defining a disturbance error variable §; = &;,(.) — 4;(.), the dynamics of

estimation error can be written as:

651'(.) = —51' - 651'0—(.). (631)

where 0 < € = 1/k < 1. The boundary layer dynamics resulting from (6.31) can

be written as:

26 = 4 (6:32)

6.5.1 Conversion to Singularly Perturbed form

The disturbance observer-based filtered backstepping control law for the system

in Equation (6.1) is given as follows.

1 , o
Ug = W[‘fﬂv(x) = b(u_1)0Zn—1 = Xno(2n) + s — Ono]
zi = x; — i, (i =1,2.....n)
ayf = a1 = x4(t) (6.33)
1 N
Kig = b(zel)g [_f(ifl)v(xlr WXjo1) — X(ifl)a(zi—l)

o b(i—Z)O'Zi—Z + D.C(i_l)f — g(i—l)(j]/boa' =01i= 2’ R 1

Phif = —0if +ig 1=2,-+-,1

1 N
[—fli—1)o (%1, -Xi-1) = X (i—1)0(2i-1) (6.34)

—b(i_g)ezi-2+ &(i_1)fl,boc =0 i =2, ,n

where the tuning functions are chosen similar to the case with no disturbances in
the system dynamics, i.e. x;,(z;) = kiyz;. The closed-loop system from Equation
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(6.1), using the control law (6.33), can be written as follows.
Z1 = fio — fla — X1o + b1oz2 + 1ol + 51
% = fio — fio + bi—1)0%i-1 — Xio(2i) + bioZit1+
biok (i+1)0 + i (6.35)
Zpy = fna — fna — b(n_l)gzn—l - me(zn) + 57’!/
i=2,...,n—1
Rewriting (6.35) in a compact form as:
2 =0, (f,zd5,0) (6.36)
y&f = go(ap, ap) = —&f + pio (6.37)
€6 = h(6,6,) = —6 + €b, (6.38)

where § = [61,85,...,64], 8 = [61,02,...,04] 60 = [016020,-..,0ns]. The system
dynamics are converted into a three-time-scale singularly perturbed switched
system. However, by using the ratio %, it can be simplified into a two-time-scale
form. Let’s assume that € < y, so that the observer dynamics is faster than the
tilter dynamics. It can be chosen that € = xp, where « is a small positive constant

less than one. The fast subsystem (6.37) and (6.38) can be expressed as follows.

. 1
1o = Wy (9,94, %) = — [ T+ uo, (6.39)
0

A= O

where 7 = [&}F, 61T, v, = [&F,61]T and W, (.) = [gL(.), LhI(.)]T. Using Equation
(6.39), the closed-loop dynamics can be written in a two-time-scale singularly
perturbed form. Therefore, the system’s trajectory convergence can be analyzed

using similar arguments from Section 6.4.

6.6 Lyapunov Function at Switching Instants

Consider any time instant ¢;, where i € IN. Suppose the subsystem o (¢, ;) remains

"y
active during the time interval t € [t;, t;11), while the subsystem o (t;,1) becomes
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active for t € [tjyq,t;12). Based on equations (6.27) and (6.28), along with the
structure of the Lyapunov function V, the following relation can be derived:

-
V()

V(tip1) = V(]

1+1) <

at the switching instant ;. Therefore,
V(tia) < LV(E ). (6.40)

where [, = & > 1. Consider a time (0, T), where the time of switchings is defined

a
o
as ty, ..., tn,(o,r)- For a function

R(t) = exp(Bot)Vy, B° = min(By)Vo € P
it's time derivative in t € (¢;,t;,1) is given by
R() = BR(t) + exp(B°) Vi

which is non-positive between two consecutive switching times. Exploiting (6.40),

it can be derived that
R(T7) < (1) ODR(r)

An average dwell time 7, > 0 in the interval (0, T) exists if there exists a positive

scalar N, such that
T—t

Ny(0,T) < + N, (6.41)

Ta

Using (6.41), it can be obtained

In(!
= Vo1 Z(T) < exp(Nolnly) exp(%T — BoT)Ve(0)Z(0).

In!/
= V(1 Z(T) < exp(Nolnl,) exp((—p° + T—a”)T)V(f(o)Z(O)

Therefore, the function V,p-)Z(T) asymptotically converges to zero if the

average dwell time satisfies
In!
I

B

Tg >

(6.42)
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6.7 Result outcomes

The concept of average dwell time (ADT) has been utilized to govern system
switching, enabling the observation of tracking of reference signals. A single-link
manipulator system with actuator dynamics [95] has been shown in equation
(6.43). In this case, bj, (See equation (6.1) for b,&f;) (i = 1,2,...,n) is considered
to be known. The conventional backstepping controller design approach
assumes that f;; (i = 1,2,...,n) is linearly parameterizable in terms of unknown
system parameters. In contrast, the proposed controller design utilizes a
two-layer neural network to approximate f;, (i = 1,2,...,n). The proposed
neural backstepping can be applied directly. Each of the 2-layer neural networks
uses 10 neurons. The sigmoid function is used for ¢;. The initial conditions for
x1, X2, and x3 are set to 0, 6.28, and 0, respectively. The model-specific parameters
D,B,N, M, H, and K, for each switching signal are given in Table 6.1. The joint’s
angular position and velocity are represented by the variables g and 4,
respectively. The torque supplied to the joint by the motor is denoted by the
symbol 7, and the input voltage that is used to drive the motor and produce the

necessary torque is represented by the symbol u,.

Dj+ Bg+ Nsin(q) =t

(6.43)
Mt + Ht+ Kyug = u,
Let’s consider x; = g, xo = ¢4, x3 = 7. Equation (6.43) can be written as
X1 = X»
. 1 . 1
tp = 5 (=Nsin(x1) = Bx2) + 53 (6.44)
. 1 1
X3 = —M(Kmxz + Hxs) + e

A four-time switching strategy for the reference signal, namely sin(20t), is
demonstrated in Figures 6.1 to 6.5. Here, the uncertainties are defined as 6; =
0.1tanh(2¢t) and 6, = 0.1 tanh(2t) for ¢ = 1, while for o = 2, 3, 4, the uncertainties
are given by 6; = 0.1sin(2t) and 6, = 0.1 cos(2t). By using the values of k;; > 0

and other system parameters, the quantity h;;(lf’ = 0.48 s can be obtained. The

average dwell time (7;) is evaluated over the time interval 0 to 1.5 sec using the
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Closed loop response for x1 at t<0.20 sec for o=1 and
in the interval (0.2,0.5) sec for 0=2

4 I
3p ! !
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1 I
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0 0.3 0.6 0.9 1.2 1.5

Time in Sec

FIGURE 6.1: Closed loop response for x; for reference signal sin(20t).

Tracking error for x1 at t<0.20 sec for o=1 and
in the interval (0.2,0.5) sec 0=2

4 |
b ! A
I
71 o=l o=2 i
5 I
o 1r 1
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) :
Z I
8.1+ I |
L
20 1
I
3+t : a
-4 | I | | |
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FIGURE 6.2: Tracking error for reference signal sin(20t).
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Closed loop response for x1 at t<0.20 sec
for o0=1 and in the interval (0.2,0.5) & (0.5,1) sec
for 0=2 & o=3 respectively
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FIGURE 6.3: Closed loop response for x; for reference signal sin(20t).

Tracking error for x1 at t<0.20 sec for o=1 and
in the interval (0.2,0.5) & (0.5,1) sec for o=2
& 0=3 respectively
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FIGURE 6.4: Tracking error for reference signal sin(20t).
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Closed loop response

Closed loop response

Closed loop response for x1 at t<0.20 sec for o=1 and
in the interval (0.2,0.5) & (0.5,1) sec for 0=2,0=3 &
at t>1 sec 0=4 respectively
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FIGURE 6.5: Closed loop response for 7, # 12# and doesn’t track the

reference sin(20t).

Closed loop response for x1 at t<0.20 sec and in
interval (0.2,0.5) sec for o=1
and 0=2 respectively
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FIGURE 6.6: Closed loop response for x; for reference signal sin(20t).
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Tracking error for x1 at t<(0.20 sec and in interval
(0.2,0.5) sec for 0=1 and o=2 respectively
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FIGURE 6.7: Tracking error for reference signal sin(20t).
formula 7, = ngg;eoifnstffi‘t’g}lﬁn 55+ For example, suppose the system changes its

parameters during the switching signal ¢ = 1 at t < 0.20 sec, and again changes
its parameters during the switching signal ¢ = 2 in the interval 0.20 to 0.55) sec.

In that case, the average dwell time is calculated as 7, = % = 0.75 sec. As
the condition 7, > h;# (with 1?3# = 0.48 sec) is satisfied, the state x; is able to

effectively track the reference signal, as shown in Figure 6.1 and the associated
tracking error is presented in Figure 6.2.

For o = 1,2, 3, the switching occurs at t < 0.20 sec and within the intervals
0.20 to 0.55 sec and 0.50 to 1 sec, respectively. So, the average dwell time will be
T, = % = 0.50 sec. Since this satisfies the condition 7, > %, the state x;
successfully tracks the reference signals, as illustrated in Figure 6.3 and the
corresponding tracking error is presented in Figure 6.4.  Similarly, for
o = 1,2,3,4, where switching occurs at ¢t < 0.20 sec and in the intervals 0.20 to
0.50 sec, 0.50 to 1 sec, and at t > 1 sec, the average dwell time will be
T, = % = 0.37 sec. Since this does not satisfy the condition 7, > h/;#, the state x;

fails to track the reference signal. This behaviour is depicted in Figure 6.5.
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TABLE 6.1: The parameters of the system for different switching
signals.

System Parameters D B N M H km

Foro =1 1 1 10 0.01 0.5 100
Foro =2 10 150 10 0.01 0.5 10
Foro =3 10 150 1 0.01 05 10
Foro =4 10 1 10 0.01 0.5 100

The control law without switching is presented in [80]:

1

= ) = 8 (0201~ Aa(an) + ]

(6.45)

where A;(z;) = k;z; are user-defined tuning functions for which k; > 0. The terms
a;f are obtained through the first order filter [75, 76]. By using this controller, the
performance of the state x; under the switching signal ¢ for the reference signals
sin(20¢) is illustrated in Figure 6.6, and the corresponding error is presented in
Figure 6.7, which are not comply with the reference trajectory. To address these
challenges, a neural backstepping controller has been proposed and
implemented in this chapter. This controller leverages the universal
approximation capability of neural networks to estimate the unknown
nonlinearities in the system in real-time. By incorporating the neural network
with the traditional backstepping design framework, the controller adaptively
compensates for uncertainties and ensures improved tracking performance. As a
result, the closed-loop system demonstrates enhanced robustness and stability,
with the state x; achieving better convergence towards the desired signal x;

across different switching scenarios.

6.7.1 The performance of the Controller during during switching

In the four time switching, the manipulator initially operates in a compressed

mode (c = 1) for t < 0.20 sec. It then transitions to ¢ = 2 during the interval
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(0.20,0.50) sec before reverting back to o = 1 att = 0.5 sec. Then, the manipulator
turther changes its configuration to ¢ = 3 during the interval (0.50,1) sec. Since
the switching signals ¢ = 1,2,3 satisfy the average dwell time condition, the
manipulator continues to track the reference signals. This behavior is illustrated
in Figure 6.3. However, the system transitions to ¢ = 4 att > 1 sec, at this point,
the average dwell time condition is no longer met. As a result, the manipulator
fails to track the reference signals, as shown in Figure 6.5. The proposed theory
of this chapter can be summarized in Theorem 6.1.

Theorem 6.1: Consider the singularly perturbed switched system described by
Equation (6.1). Assuming that Assumptions 6.1-6.3 hold, the states of the
closed-loop system under the switched control law (6.33) will asymptotically
converge to the bound given in Equation (6.26), provided that the average dwell
time condition specified in Equation (6.42) is satisfied.

6.8 Concluding Remarks

This chapter presented a robust controller design for nonlinear switched systems
subjected to disturbances and frequent switching. The proposed controller
demonstrated its effectiveness in ensuring accurate tracking of various reference
signals under different switching scenarios. Simulation results confirmed that
the system maintains stable performance and achieves error convergence to zero
despite the presence of disturbances and varying switching intervals. The results
illustrate the versatility and reliability of the controller in handling dynamic
environments and switching behaviors, making it suitable for practical
applications in complex control systems. Future work will explore the extension
of this approach to multi-input multi-output (MIMO) systems and its

implementation on hardware platforms to validate real-time performance.
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Conclusion and Future Work

7.1 Overall Conclusion

This thesis has explored advanced control methodologies for singularly
perturbed systems (SPSs), switched nonlinear systems, and singularly perturbed
switched systems (SPSSs), each of which presents unique challenges due to
multi-time-scale dynamics, switching mechanisms, and external disturbances.
The research systematically progressed from theoretical preliminaries to the
design and validation of robust controllers, ultimately establishing a
comprehensive framework for stabilizing complex nonlinear systems under

uncertainty and switching conditions.

¢ The foundation was laid in Chapter 1, where key mathematical tools such
as contraction theory, Lyapunov stability analysis, and average dwell time
(ADT) were discussed with the theoretical backbone for the subsequent

control strategies.

¢ Building on this groundwork, the thesis developed and validated several
robust control approaches: In Chapter 2, a saturated controller was
designed for singularly perturbed systems, incorporating filters and
disturbance observers, with contraction theory ensuring stability. The
method was validated on the Twin Rotor MIMO System (TRMS) for pitch

angle control.

¢ In Chapter 3, switched nonlinear systems were studied, and a robust filter
backstepping controller with time-scale redesign was proposed. Singular
perturbation theory was used to design high-gain filters and disturbance
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observers, while ADT-based Lyapunov stability ensured robustness of the
resulting three-time-scale closed-loop system. Numerical simulations on a
single-link manipulator verified the approach.

In Chapter 4, singularly perturbed switched systems were addressed with a
filtered backstepping controller enhanced by a high-gain disturbance
observer (HGDO). Contraction theory was employed to guarantee
closed-loop convergence, and implementation on a robotic manipulator
highlighted practical feasibility.

In Chapter 5, robustness was further improved through the integration of a
neural network disturbance observer (NNDO), enabling real-time
estimation and compensation of unknown disturbances. Lyapunov-based
ADT analysis ensured closed-loop stability, and the method was validated

on a robotic manipulator.

In Chapter 6, a neural backstepping controller was proposed for SPSSs,
augmented with high-gain filters and a disturbance observer to manage
actuator dynamics and external uncertainties. The strategy was

successfully demonstrated on a single-link manipulator.

This Thesis summarizes the findings, highlighting that the proposed
controllers effectively enhance stability, robustness, and tracking

performance across multiple nonlinear system classes.

Overall, this thesis has contributed novel control strategies that integrate
backstepping, singular perturbation methods, high-gain filters, disturbance
observers, and neural networks within a Lyapunov and
contraction-theoretic framework. The theoretical analysis, supported with
Lemmas and Theorems also validated on nonlinear dynamical systems
such as TRMS, robotic manipulator, which confirms the applicability of the
proposed designs.
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7.2 Future Work

Despite these advances, certain limitations remain, most notably the focus on
SISO systems and simulation-based validations. @ These open promising

directions for future research, including;:

* Developing output feedback controllers for singularly perturbed systems
with uncertainties and switching, reducing the dependence on full state

measurements.

¢ Extending the proposed methodologies to MIMO systems, thereby
broadening their applicability to more complex real-world processes.

* Implementing and testing the controllers on hardware platforms, such as
robotic manipulators or aerospace systems, to assess real-time feasibility

and performance.

* Incorporating adaptive or learning-based techniques, including neural
adaptation and reinforcement learning, to enhance disturbance rejection

and adaptability in dynamic environments.

In summary, this thesis has contributed robust and theoretically sound control
solutions for SPSs, switched systems, and SPSSs. By bridging advanced
nonlinear control theory with practical implementations, it lays a strong
foundation for future advancements in real-time, adaptive, and scalable control
of complex dynamical systems.
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Appendix A

Contraction Theory

A system of the form f = f(x,t) is considered contracting if all trajectories that
begin within a certain region of the state space converge to one another [110]. A
region in the state space is defined as a contraction region if the system dynamics

satisfy any of the following inequalities.

The inequality describes a contraction condition, where A € R™ represents the
contraction rate. Here, E is a nonsingular matrix known as the associated
transformation matrix, and M = ZT & is referred to as the contraction metric.

Lemma A.1: Consider a system represented in its perturbed form as:
Xp = f(xp, t) +d(xp,w,t),

where w is an external parameter, and the disturbance satisfies
[|d(xp,w,t)|| < do, with dy € RT. Assume the nominal system, given by
x = f(x,t), is contracting with a transformation matrix ® and a contraction rate
A.  The deviation between the trajectories of the perturbed system and the
nominal system can then be bounded as:

[2p () — x(8)]] < ¥[lxp(0) — x(0)[[ exp(=At) + deof
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where 7 denotes the supremum of the condition number of ®, and exp(.)

represents the standard exponential function.
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