A STUDY ON THE APPROXIMATION
ORDER OF POSITIVE LINEAR
OPERATORS BY CERTAIN
APPROXIMATION METHODS

A Thesis Submitted
in Partial Fulfilment of the Requirements for the
Degree of

DOCTOR OF PHILOSOPHY

m

Mathematics

by

Kanita
(Roll No. 2K21/PHDAM/01)

Under the Supervision of
Prof. Naokant Deo

DELHI TECHNOLOGICAL UNIVERSITY

(Formerly Delhi College of Engineering)
Shahbad Daulatpur, Main Bawana Road, Delhi-110042, India

November 2025






(© Delhi Technological University—2025
All rights reserved.






Dedicated to my beloved parents
Whose support has been the foundation of all I do.
To my dear grandmother in heaven,
Thank you for your guiding light.
And to my brother,

For always standing by me with strength and kindness.






ACKNOWLEDGMENTS

First and foremost, I bow with gratitude to the Almighty, whose blessings, guid-
ance and grace have given me the strength, clarity and perseverance to complete this
thesis. Without His divine will, none of this would have been possible. Thank you
Radhe Krishna for your blessings. Thank you Golu Devta for being my guiding light

and for giving me the strength to face struggles with courage and faith.

This work would not have been possible without the guidance of my supervisor,
Prof. Naokant Deo, to whom I express my deepest gratitude. His profound knowledge,
patient guidance and constructive feedback have been crucial in shaping the direction
of this thesis. At every stage, his clarity of thought, meticulous approach to research
and insightful suggestions greatly enhanced the quality of this work. It has been a
privilege to work under his supervision, and the professional and scholarly values I

have learned from him will continue to guide my future academic endeavors.

My heartfelt thanks go to my parents, Mr. Bal Mukand Tewari and Mrs. Pratibha
Tewari, whose unconditional love and sacrifices are the foundation of everything I have
achieved. Thank you, Mummy and Papa, for being with me at every step of my life
and for instilling in me the values that guide me. To my brother, Harshul, I am grateful
for your constant motivation and belief in me, which kept me moving forward. No
words can truly express how much you mean to me and how deeply grateful I am for
your love and support. I also extend my gratitude to my Amma, Smt. Bhagwati Devi,
and Dadaji, Shri Khyali Dutt Tewari, who now watch over me from heaven and have
been the Northern Star to my sailing ship, always guiding me from afar. I will forever

remain indebted to you.

I wish to extend my sincere appreciation to the Head of the Department, Prof.
Ramesh Srivastava; the DRC Chairperson, Prof. Sangita Kansal; Ph.D. coordinator,
Dr. Satyabrata Adhikari; my SRC members — Dr. Vivek Kumar Aggarwal and Prof.
Mukhtiar Singh; and all other faculty members and office staff of the Department of



vi ACKNOWLEDGMENTS

Applied Mathematics, for their support and for facilitating the resources and adminis-

trative processes necessary for the completion of my research.

I would also like to take this opportunity to thank the Dean PG, Prof. Rinku
Sharma, and the Hon’ble Vice-Chancellor of DTU, Delhi, for providing the necessary

facilities during the course of my research.

My special thanks to my greatest support and companion, Mr. Vishesh Anand,
for being my pillar of strength throughout this journey. Your love, support and un-
derstanding have given me the confidence to overcome challenges and keep moving
forward. Thank you for your patience, care and unwavering belief in me, and for al-
ways reminding me of my worth. Your presence has made not only this work but my

life itself more meaningful.

I would also like to thank my family members — my Buis, Mrs. Nirmala Joshi
(Dadda Bua), Mrs. Tara Sharma (Badda Badda) and Mrs. Meenu Tiwari (Chhoti
Chhoti); and my Fufajis (Mr. B. D. Joshi, Mr. Anup Sharma and Dr. Mahesh Bhard-
waj) for showering me with their love and blessings. My gratitude also extends to my
chacha, Mr. Bhuwan Tewari, for his constant encouragement and belief in me. To my
wonderful sisters, Dr. Akanksha Joshi and Ar. Nishtha Sharma, thank you for your
support and praise. Your love has given me the strength to rise from my failures and
face new challenges. And of course, to my big brother Divij (aka Shivam), and my
mischievous brothers — Harshul, Devansh, Raghav and Tarush — thank you for filling
my life with laughter and bringing sunshine to my rainy days. I would also like to ex-
press my heartfelt gratitude to my jijus, Dr. Abhinav Sharma and Mr. Anurag Sharma,
for their kindness and compassion, which have sustained me throughout this journey.
A token of appreciation also goes to my little angels, Evanya and Araina, for bringing
joy and smiles into my life, and for reminding me to find happiness in the little mo-

ments even during challenging times. I am truly blessed to have you all by my side.

My deepest and sincerest gratitude goes to my Nanaji, Mr. Girish Chandra Joshi,
and Naniji, Dr. Neema Joshi, for their unwavering blessings that continue to guide
my path. I am equally grateful to my Chhote Nanaji, Mr. Bhuwan Chandra Joshi,
and Chhoti Naniji, Mrs. Meena Joshi, whose affection and faith have been a source of
constant strength. My heartfelt thanks are also extended to my Mama and Mami, Mr.

Rohit Joshi and Mrs. Hemanti Joshi, for their steady encouragement and boundless



ACKNOWLEDGMENTS vii

support. I remain indebted to my Maasis, Mrs. Anjana Joshi and Mrs. Sonali Joshi,
for their care and reassuring presence, and to my Mausajis, Mr. Nikhil Chaudhary and
Mr. Mahesh Joshi, for their warmth and goodwill. A special token of love goes to my
little ones — Trishika, Kiaan and Kisha — whose innocent smiles have brightened my

days and reminded me to cherish joy in little moments.

I am deeply thankful to my friends, who stood by me through every challenge and
celebrated every achievement with me. Special thanks and love to my girls, Bhavika,
Bharvi and Parul, for being with me through thick and thin and for motivating me to
persevere and strive for excellence. My sincere thanks go to Mr. Abhay Srivastava and
Ms. Suruchi Jain for their valuable assistance, constructive feedback and unwavering
encouragement throughout my research. I would also like to acknowledge Ms. Vasvi
Bharadwaj, Ms. Aditi Gupta, Ms. Akanksha Pawar, Ms. Arushi Sajwan, Mr. Rahul
Das, Dr. Yash Sharma, Ms. Reetika Singh, Mr. Puneet Pal, Ms. Himanshi Lohit, Dr.
Monu Yadav, Ms. Kirti Beniwal, Ms. Vinita Khatri and Mr. Yogesh Bharadwaj for

supporting me throughout my academic journey.

I extend my gratitude to my dear seniors, Dr. Lipi, Dr. Neha and Dr. Nav Shakti
Mishra, whose guidance, cooperation and companionship have made this journey s-
moother and more enriching. Their insights and support have contributed greatly to
my academic growth. I also extend my gratitude to Dr. Chandra Prakash, Mr. Sandeep
Kumar, Mr. Kapil, Ms. Mahima and Mr. Mukul for their timely assistance, collabora-

tion and valuable inputs, which have significantly facilitated my research work.

Finally, a special acknowledgment goes to my beloved cats — Hazel, Lilly, Sandy
and Brownie — whose warmth, playfulness and quiet companionship have been a
source of comfort and happiness during stressful times. They reminded me to pause,

breathe, and find joy in little moments.

Kanita
DTU, Delhi






/a&m‘* =\ DELHI TECHNOLOGICAL UNIVERSITY
A

‘/Z{—% i @%Q

(Formerly Delhi College of Engineering)

. / Shahbad Daulatpur, Bawana Road, Delhi-110042, India
N €

)
NHOLOGICR

DECLARATION

I, Kanita, hereby declare that the work which is being presented in the thesis entitled
“A study on the approximation order of positive linear operators by certain
approximation methods" in partial fulfilment of the requirements for the award
of the Degree of Doctor of Philosophy, submitted in the Department of Applied
Mathematics, Delhi Technological University is an authentic record of my own
work carried out during the period from August 2021 to September 2025 under the
supervision of Prof. Naokant Deo, Department of Applied Mathematics, Delhi
Technological University, Delhi, India.

The matter presented in the thesis has not been submitted by me for the award of any

other degree of this or any other Institute.

Kanita
Date: (2K21/PHDAM/01)

iX






7% o~ DELHI TECHNOLOGICAL UNIVERSITY
A

‘/Z{—% @m* e @%Q

(Formerly Delhi College of Engineering)

==/, / Shahbad Daulatpur, Bawana Road, Delhi-110042, India

CERTIFICATE

This is to certify that the research work embodied in the thesis entitled ""A study on
the approximation order of positive linear operators by certain approximation
methods'' submitted by Ms. Kanita with enrollment number 2K21/PHDAM/01 is
the result of her original research carried out in the Department of Applied Mathe-
matics, Delhi Technological University, Delhi, for the award of Doctor of Philosophy
under the supervision of Prof. Naokant Deo, Department of Applied Mathematics,

Delhi Technological University, Delhi, India.

It is further certified that this work is original and has not been submitted in part or

fully to any other university or institute for the award of any degree or diploma.

This is to certify that the above statement made by the candidate is correct to the best

of our knowledge.

Date: November 2025 Prof. Naokant Deo
Place: Delhi, India (Supervisor)

Prof. R. Srivastava

(Head of Department)

X1






A STUDY ON THE APPROXIMATION ORDER OF POSITIVE
LINEAR OPERATORS BY CERTAIN APPROXIMATION
METHODS

Kanita

ABSTRACT

Approximation theory, and in particular the study of positive linear operators, plays a
fundamental role in both pure and applied mathematics. Classical operators such as
those introduced by Bernstein and Stancu have provided powerful tools for approx-
imating continuous functions on compact intervals. However, despite their elegance
and historical significance, these operators come with certain well-known limitation-
s. Their rate of convergence is generally quite slow, and in many cases they fail to
reproduce even simple test functions such as quadratic polynomials, and sometimes
even linear functions are not preserved. Moreover, while some attempts exist, they
have not yet been systematically developed within more advanced frameworks such as
fractional calculus, which accounts for memory effects, or fuzzy mathematics, which
deals with uncertainty. These limitations highlight a research gap and provide strong
motivation for the development of new families of operators with better approxima-
tion properties, wider applicability and closer connections to real-world mathematical

models.

This thesis addresses these issues through the construction, analysis and appli-
cation of several new classes of positive linear operators. Beginning with operators
based on the Pélya-Eggenberger (contagion) distribution, parametric generalization-
s are introduced to provide greater flexibility in capturing approximation behaviour.
Variants of King-type, Kantorovich-type and genuine-type are then developed, which
not only improve convergence but also preserve key test functions that classical op-
erators do not. Inspired by kernels arising in partial differential equations, the thesis
further introduces semi-exponential operators, carefully analyzing their central mo-
ments, recurrence relations and generating functions. A Voronovskaya-type theorem

is established, offering insights into the asymptotic behaviour of these operators.

The study then moves into the fractional domain, where fractional versions of
Bernstein-Kantorovich operators are proposed using Caputo’s fractional derivative.

Their moments, using Laplace transforms, and convergence properties are derived,

Xiii
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and their potential for solving fractional differential and fractional integro-differential
equations is demonstrated. This represents a significant step toward connecting opera-
tor theory with the modelling of systems that exhibit memory effects. Parallel to this,
the theory of approximation is extended to the fuzzy domain by defining positive linear

fuzzy operators and proving approximation results using the fuzzy Korovkin theorem.

Higher-order constructions are also investigated in depth. Second and third or-
der semi-exponential operators are defined and analyzed, revealing that their improved
moments lead to better rates of convergence compared to their first order counter-
parts. Numerical evidence supports these theoretical results, showing that there is an
improvement in approximation as the order increases. Similarly, higher order Stancu-
Bernstein operators based on the contagion distribution are developed, reducing the
order of error from O(1/n) to O(1/n?). These operators are studied using Korovkin’s
theorem, modulus of continuity and illustrative numerical examples, confirming that
higher-order modifications are a powerful means of enhancing approximation accura-
cy. In addition, sequence-based operators are constructed that avoid the use of deriva-
tives, making them applicable to non-differentiable functions while still maintaining
convergence. A careful comparison reveals that while all such operators converge u-
niformly, their endpoint behaviour differs depending on the choice of sequences, with

some operators interpolating the boundary values and others not.

Taken together, the contributions of this thesis provide advancements in approx-
imation theory using sequences of positive linear operators. By addressing the short-
comings of classical operators, introducing higher-order and fractional variants, and
extending the theory into fuzzy and non-differentiable settings, this work not only en-
riches the theoretical foundations of approximation theory but also broadens its appli-
cability to modern mathematical models. These results lay the groundwork for future
investigations into the optimization of operator constructions, the study of higher-order
generalizations and their application in fields such as numerical analysis, differential

equations and uncertainty modelling.
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Chapter 1

Introduction

"A good approximation is often better than a bad exact solution."

-John von Neumann

In many fields, ranging from science and engineering to economics and decision-
making, an excessive emphasis on precision can sometimes lead to unnecessary com-
plexities. Although finding exact solutions is important and can help us understand
problems more deeply, in many real situations, exact answers are often difficult or im-
possible to get and using good approximations can be more useful and practical. In
fact, in many areas of mathematics, science and engineering, we frequently prioritize
finding a solution that is "close enough" over seeking an exact answer. Striving for
perfection can be time-consuming and may not significantly improve the outcome, e-
specially when a good approximation can accomplish the task effectively. Therefore,
the concept of approximation plays a central role in research, as we focus on improving

these approximations and minimizing the errors introduced throughout the process.

For instance, in numerical analysis, the goal is often not to find a perfectly exact
solution, but rather to obtain a solution that is sufficiently close to the true value for
practical purposes. Algorithms in numerical linear algebra typically prioritize compu-
tational efficiency and robustness over exactness, employing approximation techniques
such as iterative methods and error bounds to yield solutions that are close enough for
practical use [90]. Zienkiewicz and Taylor [2235]], in their study, discussed how in finite

element analysis, engineers commonly work with approximations, understanding that
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small deviations from exact solutions do not substantially affect the final result, but
significant reductions in computational time and resources can be achieved through
approximate methods. In many areas of applied science, researchers and practitioners
routinely accept approximations because they allow for more practical solutions. For
instance, in physics, the use of perturbation theory and asymptotic methods enables
scientists to approximate solutions to complex differential equations when an exact
solution is either unknown or intractable [143; 28]]. In climate modeling, simulations
often rely on approximations due to the chaotic nature of weather systems, and so-
lutions are accepted within a range of uncertainty rather than an exact answer [190].
This acceptance of approximations and uncertainty is a central theme across various
disciplines, particularly in mathematics, where the theory of approximation is crucial

for simplifying complex problems and deriving practical solutions.

In mathematics, approximations can be seen almost everywhere. When solving
transcendental or complex nonlinear equations, numerical methods such as Newton-
Raphson, secant or bisection, approximate the true root through repeated evaluations
of the function and, in some cases, its derivatives or interpolants [22]. Approximation
is not just limited to values of the root, but also affects how function behaviour is mod-
eled, for example, using polynomial or rational interpolation in Muller’s and Brent’s
methods [22;1175]. Moreover, when solving a system of linear equations Ax = b, espe-
cially when the system is large or sparse, finding an exact solution using direct methods
like Gaussian elimination can be computationally expensive. In such cases, iterative
methods, such as the Jacobi method and Gauss-Seidel method, provide an efficient way
to approximate the solution. These approximation techniques are widely used in sci-
entific computing, particularly in solving systems arising from discretized differential
equations [164} [185]. Other places where approximation can be seen is the Taylor’s
and Maclaurin’s series expansion of infinitely differentiable functions near a point «,
where a = 0 for Maclaurin’s series. The Taylor series approximation locally represents
a smooth function by a polynomial, providing increasingly accurate approximations n-
ear a point as more terms are added. It relies on derivatives and is most effective for
functions that are analytic in a neighborhood [22;37;(183]. In addition, the Fourier se-
ries approximation globally approximates periodic functions using sums of sines and
cosines, capturing the overall behaviour of the function over an interval rather than
just near a point. It is particularly effective for approximating functions that are piece-

wise smooth, even if they have discontinuities [[198]. Approximation is also evident



in numerical differentiation. Since exact derivatives are often unavailable for tabulated
or experimentally obtained data, finite difference formulas such as forward, backward
and central differences are used to approximate derivatives. These approximations are
widely applied in engineering and applied sciences, for instance in computing rates of
change from experimental measurements or in discretizing differential equations for

numerical simulation [22; [37]].

In many areas of mathematics and science, where exact functions are either too
complicated or not explicitly known, approximation theory plays a crucial role by re-
placing them with functions that are easier to study and work with, while still giving a
good idea of the original behaviour. The work done in this thesis is mainly focused on
approximating functions defined over closed intervals. Here, approximating a function
means finding another function, usually simpler, that stays close to it in value. The
functions used for approximation are often polynomials, trigonometric series or ratio-
nal functions, chosen mainly because they are easy to work with, quick to compute
and generally behave in a smooth and predictable way. Moreover, our objective is not
limited to merely finding simpler functions, but also involves an analysis of how ac-
curate these approximations are, and a study of the error involved during the process.
Understanding how the error behaves across the interval of approximation is essential
for judging the effectiveness of the method. Therefore, a significant part of our study
is devoted to explore ways to reduce this error, thereby improving the approximation

process.

The field of approximation theory became more formal and well known in 1885,
when the German mathematician Karl Weierstrass proved an important theorem which
states that: If a function f is continuous on a closed and bounded interval [a, b|, then for
every € > 0, there exists a polynomial, say P(x), such that |f(x) — P(x)| < €,Vx € [a,b].
In other words, any continuous function over a compact subset of R, can be uniformly
approximated on that interval by a polynomial to any degree of accuracy. This re-
sult, known as the first Weierstrass approximation theorem, was a turning point in the
development of this field. Weierstrass also showed a similar result for periodic func-
tions using trigonometric polynomials, called the second Weierstrass approximation
theorem [215]].

In this thesis, we explore various classical and modern techniques of approxima-

tion, analyze the order of convergence and explore how to improve this order. This
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study adds to the knowledge of how approximation methods can solve a wide range
of mathematical problems. These range from questions rooted in abstract theoretical
frameworks, such as functional analysis and operator theory, to practical applications
in fields like numerical analysis, signal processing and data approximation. By ex-
ploring both the construction of approximation operators and the analysis of their error
behaviour, we aim to highlight the versatility and effectiveness of these methods across

different mathematical and applied contexts.

1.1 Preliminaries

In this section, we recall some definitions and properties regarding approximation op-

erators, that will be used throughout the thesis.

1.1.1 Positive Linear Operators

An operator is a mapping that acts on functions and produces another function
as output. In approximation theory, we are particularly interested in linear operators,
which preserve the structure of addition and scalar multiplication. A further important
class is that of positive linear operators, which, in addition to linearity, also preserve the
non-negativity of functions. That is, they map non-negative functions to non-negative
outputs. These properties are especially important as they ensure that key features
of the original function, such as shape, bounds and monotonicity, are preserved in

approximation.

We now present the formal definition of a positive linear operator:

Definition 1.1.1 Let X, Y be two linear spaces of real functions. Then the mapping

£ : X =Y is a linear operator if:
Z(of +Bgx) = aZ(fx) +BL(g:x),

forall f,g € X and a, € R. Moreover, if for all f € X and f > 0, it follows that
Z(f;x) >0, then Z is called a positive operator.

Positive linear operators form the foundation of many classical approximation
processes. Operators like the Bernstein, Szdsz-Mirakyan and Baskakov operators are
prominent examples. These are designed to approximate a given function as closely as

possible, while maintaining their structural properties like positivity and smoothness.
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Their convergence, error analysis and stability have been studied extensively, and they
continue to be an active area of research, particularly when these classical forms are

modified or generalized for better performance.

Next, we define the modulus of smoothness, which is mainly used to measure the

uniform continuity and smoothness a function.

1.1.2 Quantitative Measures of Continuity and Smoothness

In approximation theory, a central question is not just whether an operator or a
sequence of functions converges to a given function, but also how well and how fast
this convergence occurs. To study this, we need tools that can quantitatively measure
the smoothness or regularity of a function. One such important tool is the modulus
of continuity, which provides a measure of the uniform continuity of a function. It
provides a numerical measure of how much the value of a function can change over

small intervals.

1.1.2.a Modulus of Continuity

Introduced first by Ditzian and Totik in 1987, modulus of smoothness, also known as
modulus of continuity, describes how well a function can be approximated by simpler
functions, such as polynomials. It measures the largest possible difference in function
values over all pairs of points within a given distance. A smaller modulus implies
that the function changes more slowly and smoothly. This is particularly useful when
estimating how closely an operator can approximate a continuous function, especially
in the context of positive linear operators, where preserving uniform continuity plays

a key role in proving convergence results.

Definition 1.1.2 Let I C R, and let f be a continuous function on I. Then, for & > 0,
the modulus of continuity of f is defined as

®(8) = o (f;9)
= sup [f(x)—=fO)I-

x—y|<8
x,yel

The function @(f; ) is always non-negative, non-decreasing in o and tends to zero as
0 — 0 if and only if f is uniformly continuous on /. These features make it a standard

tool for providing quantitative estimates of approximation errors.



6 Introduction

1.1.2.b Higher Order Modulus of Smoothness

The k"-order modulus of smoothness @y (f;8) generalizes the concept of the usual
modulus of continuity by incorporating higher-order finite differences. The forward

difference A’;l f(x) is a discrete analogue of the k' derivative, defined recursively by:

k
s = Y (-1 () e in.

i=0
It measures how the function behaves over k+ 1 equally spaced points. The modulus
i (f;0) then takes the supremum of the absolute value of these differences over all
admissible points x and step sizes & with |h| < §. This quantity provides a numerical
measure of the function’s smoothness, and plays a crucial role in obtaining approxi-

mation error bounds in direct theorems.

Some of the error estimates in this thesis are given in terms of the modulus of
smoothness of higher order. Therefore we now give the definition of higher order

modulus of smoothness, @ for k € N.

Definition 1.1.3 [70] Let function f : (a,b) — R be a real-valued function defined on
an interval (a,b), which can be open, closed or semi-open, for a,b € RU {—co,00}.

The k'™ order modulus of smoothness of function f is given by

wy (f;0) = |}sl|u§p5{sup{‘Alflf(x)‘ (x,x+kh € <a,b>}}, 0>0,

where

k .
Ak f(x) = ;)(_D’H (’l‘) f(x+ih), keN.

For k = 1, the above definition coincides with the usual modulus of continuity, that is,
o1 (f:8) = 0 (f39).

Understanding the behaviour of higher-order modulus of smoothness is essential
for applying it effectively in approximation theory. The following properties describe

how this measure responds to changes in scale, function smoothness and order. They

form the theoretical basis for many approximation results.

Proposition 1.1.4 The modulus of smoothness of order k satisfies the following:

(i) i (f;0) is a positive, monotonically increasing function on (0,o0).
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(ii) f is uniformly continuous < éin%)a) (f;6)=0.
%

(iii) @y (f;nx) < nfay (f;x) for alln € N.
(iv) @y (f;A20) < (14+A)wx(f;8), forany A > 0.

(v) oi1(f36) <20 (f;9).

For k = 1, these properties are valid for the usual modulus of continuity @ (f;.).

1.1.3 Weighted Spaces and Corresponding Modulus of Continuity

Classical function spaces often assume that functions remain bounded or behave
uniformly across their domains. However, when dealing with functions defined on
unbounded intervals, such as [0,0), weighted spaces are used, where functions are
measured relative to a positive weight function. Within these spaces, notions like con-
tinuity and smoothness are adapted using corresponding weighted measures. These
spaces make use of a weight function p(x), which is a positive and continuous func-

tion on the interval I C R, to measure the growth of functions relative to p.

The weighted function space By (/) consists of all functions f for which there
exists a constant C > 0 such that |f(x)| < Cp(x) for every x € I. This means the
growth of f is bounded by the weight function. In 1974, Gadzhiev [79; 82] introduced
the weighted space C, (1), which is the set of all continuous functions f on the interval

I C R such that f € B, (I). This space is a Banach space, endowed with the norm

— sup L0
I71lp = sup 5

xel P

Specifically, for 7 = [0,0), we get the weighted space Cj[0,), defined as:

Cpl0,00) = {f € Cp[0,) : lim !IJ)‘E);;I

=k < oo}.

1.1.3.a Weighted Modulus of Continuity

To study the smoothness of functions in the weighted space C,, [0,00), the weighted
modulus of continuity Q(f;9) is defined as:

ey |f (x+h) = f ()]
@f:0)= xe[O,il;ﬁhKé (I+h%) (14+x2)
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Unlike the usual modulus of continuity, which simply captures the maximum differ-
ence in function values over small intervals, the weighted modulus of continuity in-
cludes a scaling factor, which ensures that the function values are appropriately con-

trolled across its domain [65; [111]].

1.1.4 Exponential Modulus of Continuity

In the preceding section, we discussed the weighted modulus of continuity, which
is particularly effective in handling approximation on unbounded domains by incorpo-
rating a weight function. However, when we talk about C*[0, o), the Banach space
of all real-valued continuous functions on [0,e0) such that }glolo f(x) exists and is fi-
nite, which is endowed with the uniform norm, a different approach is often more
appropriate. In such cases we define the exponential modulus of continuity of f.
The exponential modulus of continuity deals with approximation problems involving
exponential-type operators. The usual modulus of continuity, based on the Euclidean
distance |x —t| between points, works well when the approximating operators behave
uniformly across the domain. However, many approximation processes, especially on
the unbounded interval [0,0), involve functions or operators that may be sensitive to
changes on the exponential scale. In such cases, measuring smoothness using a linear
scale becomes inadequate. The exponential modulus addresses this by adapting the

X

notion of ‘closeness’ between points using the distance |e™* — e™’| instead.

The exponential modulus of continuity is defined as

®* (f;9) :sup{]f(x)—f(t)] : x,t20,|e_x—e_t’ < 5},

where 6 > 0 and f € C*[0,00). It captures how slowly or rapidly a function f changes
when its argument changes slightly on the exponential scale. The smaller the value of

®* (f;6), the more slowly the function varies with respect to changes in ™.
Proposition 1.1.5 The exponential modulus of continuity has the following properties:
(i) @*(f;0) can be expressed in terms of usual modulus of continuity, by the rela-
tion
o (f;6) = (f6),
where [* is the continuous function on [0,e0) given by:

f(=In(x)),  x& (0,
lim f (¢), x=0.

f—o0

fx) =



1.1  Preliminaries 9

(ii) For f € C*[0,00) and M > 0, we have
o*(£;8) < (1+M) o (f;95).

(iii) For all x,t > 0, the difference |f (t) — f (x)| can be bounded as:

1 )2
ORI (1+%> o (f':8).

1.1.5 Peetre’s K-functional

In approximation theory, it is often important to measure not only how close a
function f is to a smoother function, but also how much smoothness can be imposed
without losing accuracy. One of the most powerful tools for this purpose is the Peetre’s
K-functional, which provides a way to balance the trade-off between approximation
and smoothness. It does so by considering all functions g from a sufficiently smooth
class, and then measuring both the deviation ||f —g|| and the smoothness quantity

involving derivatives of g. The formal definition of Peetre’s K-functional is as follows.

Definition 1.1.6 [70] Let C[0,1] denote the space of real-valued continuous and
fll = 0sup1 |f(x)|. Then for

<x<

bounded functions on [0,1] with the supremum norm,

every 0 > 0, the Peetre’s K-functional is defined by
K> (f;8)= inf —oll+8|g"|}.
(7:8)=_int {17 —gll+ 511
Remark 1.1.7 There exists a positive real number M > 0 such that
K> (f:8) <Man (f:V5).

This equivalence of Peetre’s K-functional with the second-order modulus of continuity
is particularly valuable. While the K-functional serves as a flexible and powerful tool in
the theoretical analysis of approximation processes, the modulus of continuity is often
more convenient for explicit computations and practical interpretation. This correspon-
dence allows us to move seamlessly between the two frameworks, with the assurance

that both capture the same smoothness characteristics of the underlying function.
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1.1.6 Lipschitz Class

Some functions change very gradually, while others may vary sharply even over
small intervals. To distinguish between these behaviours, we often describe how steadi-
ly a function responds to changes in points. One such description is given by the Lip-
schitz condition, which provides a bound on how much the value of a function can
change based on the distance between two points. A function belongs to the Lips-
chitz class if it does not change too rapidly, that is, the difference in function values
is bounded by a fixed power of the distance between the corresponding points in the

domain.

Definition 1.1.8 Ler f(x) be a real-valued function defined on an interval (a,b), which
can be open, closed or semi-open. The function f is said to satisfy a Lipschitz condition

of order B € (0,1] if there exists a constant M > 0 such that

f )= f(x)| <Mly—xP forallx,y € (a,b).

The collection of such functions is denoted by Lipy(). When = 1, the function is
said to be Lipschitz continuous. Moreover, for B > 1, the only functions that satisfy

the Lipschitz condition are the constant functions.

1.2 Developments of Positive Linear Operators in

Approximation Theory

Now that we have defined positive linear operators and the various tools to study
convergence, we need to study whether a given sequence of positive linear operators
{Xn (f(2);x) }n>], defined for functions belonging to compact intervals, converges to
a continuous function or not. It is obviously pointless to substitute every such function
f € Cla,b] into the sequence and check for convergence individually. So, a natu-
ral question arises that is there a minimal set of functions such that convergence on
this set guarantees convergence for all continuous functions? This is precisely where
Korovkin’s theorem provides an elegant and powerful answer. It asserts that if the se-
quence of positive linear operators converges on just three specific test functions, that
is, the constant function 1, the identity function x, and the quadratic function x2, then
it converges uniformly on the entire space Cla,b]. This result significantly simplifies
the convergence analysis and allows us to study approximation a sequence of positive

linear operators in a far more manageable way.
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Theorem 1.2.1 (Korovkin’s Theorem for C[a,b]) If the three conditions

2 (Lix) =14 o(x),
L (1;%) = x+ Pa(x),
L (1%30) = 2% + ()

are satisfied for the sequence of positive linear operators £, (f(t);x), where
0 (x), Bu(x), Yu(x) converge uniformly to zero in the interval a < x < b, then the se-
quence £, (f(t);x) converges uniformly to the function f(x) in this interval, provided

f(t) is bounded and continuous in the interval [a,b).

Here, 1,x and x2, are known as the test functions, also denoted by e; (fori=1,2,3), and
the values of %, (f(¢);x) obtained at these test functions are known as the moments of

the given sequence of positive linear operators.

A result similar in spirit to Korovkin’s theorem was obtained earlier by H.
Bohman in 1952 [35]. He studied the positive linear operators on the space C[0, 1],
defined by

Zo(fsx) =Y fai) ¢i(x),

icl
where {a;} C [0,1] is a finite set of points and each ¢; is a continuous function on
[0,1]. Bohman showed that if such operators preserve the test functions 1, x, and x,
then they converge uniformly to any function f € C[0,1]. Although this result was
more limited in form compared to the general Korovkin theorem, it was based on the
same key idea: convergence on a few test functions is enough to ensure convergence
on the whole space. Because of this, Korovkin’s first theorem is often referred to as

the Bohman-Korovkin theorem.

The classical Bohman-Korovkin theorem discussed above applies to continuous
functions defined on compact intervals. However, in many practical scenarios, espe-
cially those involving periodic functions or functions defined on unbounded domains,
the space Cl[a,b] is no longer sufficient. To accommodate such cases, several exten-

sions and generalizations of Korovkin’s first theorem have been developed.

One such extension is Korovkin’s second theorem, which is formulated on the
space C[0,2m], the space of all 2x-periodic continuous real-valued functions on R. In

this setting, the role of test functions is played by the basic trigonometric functions:

eo(t)=1, ei(t)=cost, ep(t)=sint.
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While Korovkin’s theorems provide a powerful criterion for uniform approxima-
tion on compact intervals and for periodic functions, they cannot be directly applied
when the domain is unbounded, such as [0,0). The difficulty arises because on an
unbounded domain, uniform convergence alone is not sufficient and the function re-
quires to have some finite limit at infinity. Thus, in 1974, A. D. Gadzhiev introduced
a weighted approximation process that extends the idea of Korovkin-type theorem-
s to non-compact settings [82]. He considered functions within the weighted space
Cp0,0), defined in Section|I.1.3|

Theorem 1.2.2 (Korovkin-type Theorem on Unbounded Intervals [82]) Let  the
function ¢ : [0,00) — [0,00) be continuous, strictly increasing and unbounded on
[0,00). Define the weight function as p(x) = 1+ 62(x), and consider the weighted

space
Cp[0,00) = {fe C[0,00) : 3 M > 0 such that | f(x)| < Mp(x),¥x € [o,oo)}7

equipped with the norm

fll, = su .
1£1, xe[ogo) o)

If a sequence of positive linear operators .2, : Cp[0,00) — Cp[0,0) satisfies

lim [|.%, (0'(t):x) — o' (x)[|, =0, fori=0,1.2,

then for every f € Cp[0,00) such that xh_r>rolo gg;

lim [, (1) — £, = 0.

The Korovkin-type theorems laid the foundation for analyzing the uniform con-

exists and is finite, we have

vergence of sequences of positive linear operators. Building on these theorems, re-
searchers began to construct specific families of such operators. These operators
not only yielded constructive approximations of continuous functions but also found
widespread applicability in numerical analysis, computer-aided geometric design and

the solutions of differential and integral equations.

One of the earliest and most influential examples of such an operator was intro-
duced by Sergei N. Bernstein in 1912 [29]. His goal was to provide a constructive
proof of the Weierstrass approximation theorem using a sequence of polynomials. The
resulting Bernstein operators for a function f € C|0, 1] are defined by:

(70 = ¥ bus()f () xe 0.1, (1.0

k=0 n
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where

bpi(x) = (Z)xk(l —x)" % k=0,1,2,...,n,

and (}) represents the binomial coefficient. The polynomials b, (x), for k =
0,1,2,...,n and n € N, are known as the Bernstein polynomials and belong to the
space P,, that is the space of all polynomials of degree at most n. These operators
are linear, positive and converge to the test functions 1, x, and x>. As a result, by

Korovkin’s theorem, we have
B,(f;x) — f(x) uniformly on [0,1] as n — oo,

for every f € C[0,1]. The Bernstein operators thus provide an explicit and elegant

sequence that approximates any continuous function uniformly on the unit interval.

Proposition 1.2.3 Some important properties of the Bernstein polynomials b, i (x),

are listed as follows:
(i) by (x), where k=0,1,2...n, form a basis for P,.
(ii) by (x) =bppr(1—x) fork=0,1,2,...,nand n € N.
(iii) by (x) >0,Vx€[0,1], k=0,1,2,...,nandn € \.
(iv) ki"obn’k (x)=1 forallx€|0,1] and n € N.
(v) b (x) = (1 =x) bp—1 4 (x) +xby—1 k-1 (x) forall x €0, 1].

However, the Bernstein operators are defined only for approximating functions in
the compact interval [0, 1]. To handle function approximation on unbounded intervals,
other families of positive linear operators were developed. In the early 20th century,
Mirakyan (1941) [148] and later Szasz (1950) [202] independently proposed sequences
of operators suitable for approximating functions defined on the semi-infinite interval

[0,00). The resulting Szdsz-Mirakyan operators are defined as:

Sulfix) = zsn,ku)f(f), x€ [0,50). (12)
k=0 n
where
e (nX)*
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Around the same time, Baskakov introduced another operator designed for ap-
proximation on unbounded intervals [26]. The Baskakov operators are an extension of

Bernstein operators to [0,0) and are defined as

Wi = X7 (5 ). xe o), (13)
k=0
where
(x) = (n—l—k— 1) xk
Vnk\X) = k (14 x)ntk

As the study of approximation theory developed, mathematicians began look-
ing for ways to improve existing operators and expand their use to wider classes of
functions. A significant step in this direction was made by L. Kantorovich in 1930
[127]. Unlike the original operators, which evaluate the function f at specific points,
the Kantorovich modification replaces these point evaluations with local averages, that
1s, integrals of the function over small intervals. This change allows the operators to
approximate not just continuous functions, but also functions in L”spaces, which may
not be continuous everywhere. To approximate integrable functions on the compact
interval [a, b], Kantorovich was the first to define the integral variant of Bernstein op-
erators by replacing the weight function with the average mean of the weight function

in the vicinity of the point k/n. Thus, he defined the Bernstein-Kantorovich operators

as
i (k+1)/(n+1)
Bu(fix) = (n+1) Y. bk (x) / Fl)dr. (1.4)
k=0 k/(n+1)

where b, ; (x) is defined by equation (I.1).

Similarly, the Szasz-Kantorovich operators [206], defined on the semi-infinite
interval [0,c0), are constructed using the Szdsz basis functions s,k (x) as defined in
equation (1.2). These operators are given by:

- (k+1)/n
Su(Fix) =Y sui(x) / F)d. (1.5)
k=0
k/n
The Baskakov-Kantorovich operators [/8]] are integral variants of the classical
Baskakov operators. They are defined for functions f € L?[0, ), where p > 1, as
- (k+1)/(n=1)
Dp(£i0) = (1) Y vk (x) / F)d. (1.6)
k=0 k/(n-1)
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where v, x (x) is defined in equation (1.3). The factors (n+1), n and (n— 1) in front of
the Bernstein-Kantorovich, Szdsz-Kantorovich and Baskakov-Kantorovich operators
respectively, ensures normalization of these operators as n — co. Numerous researchers
have contributed to the analysis of the approximation properties of Kantorovich oper-
ators, their rates of convergence and extensions in weighted or generalized function
spaces. Some of the notabble works are given in 115161} 915 1245 157} [159; 223]].

A more refined generalization of these operators was introduced by J.L. Dur-
rmeyer in 1967 [[/3]]. He proposed an integral modification of the classical Bernstein
operators, wherein instead of evaluating the function f at discrete points k/n, he re-
placed them with an integral of the function weighted by the Bernstein basis functions
over the interval [0, 1]. This construction led to what are now known as the Bernstein-
Durrmeyer operators, which not only preserve positivity and linearity but also pro-
vide improved approximation properties for functions in L? spaces. The Bernstein-
Durrmeyer operators were first studied by Derrienic [62] in 1981, and are defined as

" 1
B0 = 0+ 1) Y. bax (@) [ bus(0) (1) (17
k=0 0

Inspired by this approach, further generalizations of Durrmeyer-type operators
were introduced for other classical operators. In 1985, Mazhar and Totik extended
this idea to the Szdsz-Mirakyan operators, resulting in the Szasz-Durrmeyer operators
[146]],and in the same year, Sahai and Prasad introduced the Baskakov-Durrmeyer op-
erators [[186] as the integral analogue of the classical Baskakov operators. The Szdsz-

Durrmeyer operators are defined as

$,(£30) = ¥ sux (@) [ sna (0) £ (1)l (18)
k=0 0
Similarly the Baskakov-Durrmeyer operators are defined as

T (fi0) = 0= 1) X vask () [vax O f (1) (19)
k=0 0

These Durrmeyer-type operators preserve many desirable properties of the classi-
cal operators while enhancing their approximation capability in integral norms. Their
study has led to a rich body of literature on modified positive linear operators. For
further details, readers are referred to [4; 8} 1445 83 [105]].
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The Bernstein operators hold significant importance in approximation theory,
offering a powerful framework for constructing polynomial approximations used in
computer-aided design and graphics through the creation of Bézier curves. Zeng and
Piriou [224] were among the first to study the Bézier variant of Bernstein operators.
Bézier curves, originally developed by the French engineer Pierre Etienne Bézier at
Renault, are widely used in computer graphics, geometric design, interpolation, ap-
proximation, and curve fitting. In vector graphics, these curves are instrumental in
modeling smooth shapes and are also employed in animation design due to their para-
metric flexibility and smoothness. Building on this idea, Chang [89] introduced Bézier
variants for generalized Bernstein operators and investigated their approximation prop-
erties. He defined the generalized Bernstein-Bézier polynomial of ¢ (x) as

n .
Bua030) = ¥ (50~ i) o ()
i=
where f,;; i =1,2...n; denote the n'" Bézier basis functions. Later, Zeng and Chen
proposed the Bézier-Bernstein-Durrmeyer operators and analyzed their rate of conver-
gence [222]. Since then, many researchers have contributed to this area by constructing
Bézier-type variants of various positive linear operators and studying their approxima-

tion behaviour. For further developments and detailed discussions, the reader may refer
to the works in [125 1635 1102; [108; 1615 11725 1192; [193]].

The employment of Bernstein polynomials in spline construction serves as a
linchpin connecting various disciplines. Thus, to widen their applicability, especially
for functions outside the compact interval [0, 1], numerous generalizations and mod-
ifications have been proposed. One of the earliest generalizations was proposed by
Chlodovsky in 1937 [54], who constructed a version of Bernstein polynomials, ex-
tending them from [0, 1] to the semi-infinite interval [0, b,|, where b,, — oo and %" — 0.
He proved that under these conditions, the Chlodovsky operators preserve the conver-
gence behaviour of the classical Bernstein polynomials and can approximate contin-
uous functions on the semi-infinite interval [0,o0). Moreover, in 1964, Cheney and
Sharma observed that positive linear operators are often constructed using classical
identities or distributions [52]. For instance, the Bernstein operators are based on bi-
nomial distribution and the Szdsz operators are based on Poisson distribution. Building

upon this fact, they developed a one-parameter generalization of the Bernstein opera-
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tors based on the Jensen’s identity (x+y+nf)" for0 < = O (n™"), defined by

n

Pt = (1+0p) " 3 (")t ik Bl ().

v=0 n
This work has since been studied and extended by several authors, as seen in [9; [39;
15651635 11655 [173]].

Inspired by this parametric generalization of the Bernstein operators, several au-
thors tried to generalize the family of positive linear operators to include a wider class
of functions. One such generalization was made by D.D. Stancu in 1972, wherein
he introduced some new classes of positive linear operators, depending on some real
parameters [196]. Recently, another notable extension of the classical Bernstein op-
erators has emerged in the form of the -Bernstein operators, introduced by Chen et
al. in 2017 [51]]. The idea behind the a-Bernstein operators is to modify the original
Bernstein basis functions by incorporating this parameter in a way that preserves pos-
itivity and linearity while enhancing the approximation properties in certain contexts.
These operators reduce to the classical Bernstein operators [29] for & = 0. In this the-
sis, the a-Bernstein operators are further generalized by introducing a new parameter

¥, through the incorporation of the Pdlya distribution.

The Pdlya distribution was first introduced into the classical Bersntein operators
by D.D. Stancu in 1968 [[194]. Since then, it has been extensively studied, leading
to the development of several new classes of positive linear operators. For instance,
Vijay Gupta established a link between the generalized Bernstein polynomials based
on Polya distribution and its Kantorovich type modification, using backward difference
operator [98]. In 2023, Lipi and Deo extended the A-Bernstein operators by integrating
the Pdlya distribution, aiming to improve their adaptability in approximation results
[139]. The A-Bernstein operators, introduced by Cai et al. [42], represent another
important extension of the classical Bernstein operators and are defined as

u k
B,y (fix) =} bn, (—) (1.10)
k=0 n

such that the basis, b, x (1;x), is given by

(- A
bn,O (A;X) = bnt()( ) — ?bn—ﬁ—l 1 ( )
= n—2i+1 n—2i—1
bn,i (A«;X) = bn,i (.X) +A{ <ﬁbn+l’i (X) — ﬁbnﬁ-l,i-ﬁ-] (x))
= A
\ bn,k ()«,X) = bn,n (X) - mb,H_Ln (X) ,



18 Introduction

where b, ; (x) is defined in equation (I.1I). These operators incorporate a real parameter
A, which plays a role in adjusting the weight distribution of the basis polynomials,
thereby offering an additional degree of control in the approximation process. For

A = 0, the operators (I.10) reduce to the classical Bernstein operators.

1.3 Operator Modifications for Better Approximations

In approximation theory, the introduction of new classes or sequences of positive lin-
ear operators is often motivated by the aim to achieve better approximation results.
However, such developments lose much of their significance if the resulting opera-
tors converge to the desired function with a poor order of convergence. In practical
applications, the efficiency of an approximation method depends not merely on the
fact of convergence, but also on how good the approximation is. Consequently, many
researchers have focused on finding ways to either improve the order of existing opera-
tors or develop new ones that preserve desirable properties while achieving better rates
of convergence. A part of this thesis is devoted to studying the order of convergence

of sequences of positive linear operators and exploring ways to improve it.

Gadjiev and Ghorbanalizadeh [80] conducted one such study, introducing
Bernstein-Stancu type polynomials with shifted knots. The use of shifted knots al-
lows approximation on the interval (0, 1) and its subintervals, while also enhancing the

flexibility of these operators for approximation.

Most positive linear operators do not exactly preserve the test functions x and x2,
instead, they produce expressions that converge to them. However, the ability of an
operator to preserve or closely approximate these test functions plays a crucial role
in determining its effectiveness. An influential approach for improving the order of
approximation was introduced by King in his pioneering work [130]. He proposed
a non-trivial sequence of positive linear operators defined on C|0, 1] that preserve the
test functions ep and ey, where e;(x) = x'. Let {r,(x)} be a sequence of continuous
functions on [0, 1] satisfying r,(x) € [0, 1]. The operators V, . : C[0,1] — C[0, 1] are
then defined by

Vorn(Fi9) = ¥ () (1 — ()" (5) xelon,

k=0



1.3 Operator Modifications for Better Approximations 19

where

e = Loy ey >2
2—1)  \n—1" Tam-nz "=

These operators interpolate f at the endpoints x = 0 and x = 1, but unlike classical
Bernstein operators, they are not polynomial. King demonstrated that, for x € [O, %],

the order of approximation of V,, ,, is at least as good as that of the Bernstein operators.

Motivated by King’s idea, several researchers have proposed modifications of
well-known operators to preserve specific functions and improve both approximation
quality and shape-preserving properties. For example, in 2006, Cardenas-Morales et
al. [47] introduced a family of Bernstein-type operators B, o, n > 1, depending on a
real parameter o > 0, that fix the polynomial e; + oce. They proved that if f is convex
and increasing on [0, 1], then f(x) < B, o(f;x) < Bu(f;x), Vx € [0,1]. In 2017, Acar
et al. [S)] modified the Sz4dsz-Mirakyan operators so that they preserve the function
¢ and a similar modification was applied to Baskakov-Szdsz-Stancu type operators
by Bodur et al. in 2018 [34]. In further developments, Acar et al. [3] introduced a
version of the Szdsz-Mirakyan operators that simultaneously preserved both ¢” and
e extending the flexibility of these operators in preserving exponential behaviour.
In a related direction, Gupta and Tachev [106] examined Phillips-type operators that
could fix either e~ or ¢4 for a real constant A, but noted that both functions could
not be preserved at the same time. To overcome this limitation, Gupta and Moreno
introduced a modified sequence of Phillips operators capable of fixing both ¥ and e,
simultaneously, for any real numbers a and b, regardless of whether they are equal or
distinct [103]]. In 2020, Usta [209] introduced sequences of positive linear operators
defined on both bounded and unbounded intervals, which preserve the function sets
{1,¢} and {1,¢?}, where ¢ € C[0,1]. He then constructed different operators by
varying the choice of ¢ and associated parameters. Moreover, in 2021, Lipi and Deo
presented a modification of the exponential-type operators originally introduced by
Ismail and May, with a particular focus on constructing a sequence of operators that
preserves both the constant functions and the function e’ [137]. In the same year,
Mishra and Deo extended this work to construct a modification of the Ismail-May
operators which preserve exponential functions of the form ¢4/, where A € R. Their

results demonstrated that these operators not only retain the exponential function but
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also exhibit an improved rate of convergence when A > 0 [150]. On a parallel track,
attention has also been given to the preservation of the polynomial test functions. In
2022, Lipi and Deo modified certain gamma-type operators which preserve functions
of the form 7, where ¥ is a non-negative integer [138]. Their analysis showed that
their modified operators offered best approximation when preserving the function 3. In
this thesis, the parametric form of a-Bernstein operators, with parameters o,y € [0, 1],

are introduced and preserved for the test functions eg and e;.

This thesis introduces an improved modification of the parametric form of «-
Bernstein operators, that preserve the test functions eg and e;, achieve reduced error
and faster convergence. To enhance the order of approximation of operators where the

linear test function e is not preserved, we also introduce a genuine-type modification.

1.4 Chapter-wise Overview of the Thesis
The thesis consists of nine chapters, whose contents are described below:

Chapter 1 provides the introductory literature regarding the title of the thesis.
Additionally, the already established definitions and lemmas are provided as a part of
the preliminary section of this chapter. We also provide a concise overview of the

structure of the thesis, outlining the content of subsequent chapters.

Chapter 2 is based on the Pélya-Eggenberger distribution, also known as conta-
gion distribution, a discrete probability distribution that is associated with the Pdlya-
Eggenberger urn scheme. The contagion distribution was first utilized by D.D. Stancu
to form a sequence of positive linear operators using integral operators for n > 2. This
chapter deals with the extended form of these operators based on two real parameters,
o and 7, such that, o, v € [0,1] and y = y(n) — 0. It is divided into two sections. The
first section of this chapter introduces the parametric form of Bernstein polynomials
by incorporating contagion distribution into the ¢-Bernstein operators [S1]. We ob-
serve the significance of both the parameters utilized. Subsequently, we calculate their
moments and on the basis of Korovkin’s approximation theorem we assert that our de-
fined operators converge for a real valued continuous function 4. We give some basic
properties, study the Voronovskaya type asymptotic result and discuss the A-Statistical
approximation of our operators. We also use the modulus of continuity to study the
rate of convergence. Alongside our primary work, we have also defined the King-type

modification which preserves the operators at eg and e,.
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The second section constructs the Kantorovich type generalization of these oper-
ators, which helps to approximate integrable functions. First, we give some auxiliary
properties and then we study its asymptotic results with the help of Taylor’s expansion.
Like the classical Kantorovich-Bernstein operators, the Kantorovich variant defined in

K,%c (t;u) # u. Rather, we get an expression

this section does not preserve eq, that is,
which tends to u as m tends to co. As an opening at finding a better approximating
linear operators, we try and preserve these operators at e; and propose a genuine-type
modification. We also include graphical illustrations to analyze and compare the ap-
proximation results and properties of both the Kantorovich variant of the o-Bernstein

operators using contagion distribution and its genuine-type modification.

Over the past few decades, researchers have extensively studied and worked on
exponential-type operators. Very recently, the concept of semi-exponential operators,
an extension of the exponential operators, came into light. Thus, chapter 3 mainly
focuses on the class of semi-exponential operators, particularly on semi-exponential
Bernstein operators. The analysis begins by considering the partial differential equa-
tion,

%Wﬁ (r,x,t) = %ng (r,x,t) — BWg (r,x,1)

for the kernel of sequence of operators

5= T ()1 (1)

while satisfying the normalization condition ). Wp (r,x, ’f) = 1. Carrying forward this
notion, we examine these operators specifically for the function p(x) = x(1 —x) and
focus our attention on the semi-exponential Bernstein operators. Our aim is to explore
the properties and characteristics of these Bernstein type semi-exponential operators.
This chapter delves into deriving a recurrence relation for the central moments of these
operators, while also establishing a moment generating function for the same. Finally,
we analyze the approximation of these operators using the Voronovskaya-type asymp-

totic result.

In chapter 4, we derive a new sequence of positive linear operators by using
the concept of fractional calculus, an extension of the classical calculus for integrals
and derivatives of non-integer order o¢. The formulation starts by taking the classical
Bernstein operators and differentiating them using the Caputo fractional derivative of

order . Using the definition of fractional integral /* and Caputo fractional derivative
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on the classical Bernstein operators, we get

X

Boyi1(F), where F(x) = / F(o)dr.

0

—a dlel

[o “
I T

Solving and appropriately modifying this expression, we arrive at a new sequence of
positive linear operators which falls under the class of ‘Positive Linear Fractional Op-
erators’. This chapter specifically focuses on the Fractional Kantorovich Bernstein
Operators. We give the moments of these operators with the help of Laplace trans-
form. Using these moments and the Korovkin theorem we prove their convergence
properties. Furthermore, the applications of these operators in solving linear fraction-
al differential equations as well as fractional integro-differential equations using the
basis polynomial of the fractional Kantorovich Bernstein operators is also shown. Var-
1ous numerical illustrations are provided to better understand this approach. Further,
the credibility of these approximate solutions is verified graphically and through error

tables.

Chapter 5 extends the main results of classical approximation theory to fuzzy
theory. We begin by defining fuzzy valued functions and then apply the fuzzy Ko-
rovkin theorem to approximate them. The study delves into the approximation of
various linear positive fuzzy operators, utilizing them to approximate fuzzy-valued
functions. This chapter is divided into two sections. The first section introduces fuzzy
Bernstein, Szasz-Mirakyan and Baskakov operators and by using them we approximate
fuzzy-valued functions. In the second section, our focus shifts to fuzzy Boas-Buck op-
erators inspired by the work of Ralph P. Boas and R. Creighton Buck [32; 33]]. They

considered the generalized Appell polynomials by means of generating function of the

type

W (1) P (x2 (1)) = iak(x)tk, (1.11)
k=0

where 7/, &2 and 2 are analytic functions

() = y witk, wo #0,
kO:OO

21t) =Y pit*, pr#0, (1.12)
k=0

2(1) =k21qzct", q1 #0.
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Based on this generating function, Sucu et al. [200] presented linear positive operators
using Boas-Buck type polynomials that satisfy the following conditions:
7 (1)+0, 2(1)=1, a(x)>0,k=0,1,2,...,
(ii) & :R — (0,00), (1.13)
(iii) For |t| < p (where p > 1), the equations (I.11)) and (1.12) are convergent.

This section broadens the scope of previous research on real operators to fuzzy sense.
We define the fuzzy Boas Buck operators, based on the generating function (I.11)) and
assumptions (1.13). We prove that they are fuzzy linear and positive and give their
moments and central moments. Using fuzzy Korovkin theorem, we prove their con-
vergence property. Further, we study their rate of convergence using the fuzzy modulus
of continuity and fuzzy weighted modulus of continuity. Since, the fuzzy Boas-Buck
operators are a very generalized form of operators, so we also give two of its particular
examples, namely Laguerre and Charlier operators, and further talk about their con-
vergence properties. This chapter also presents special cases of the fuzzy Boas-Buck
operators which includes the fuzzy Brenke, Sheffer, Appell and Szdsz operators for

which further studies are possible in fuzzy sense.

Chapter 6 introduces a new sequence of positive linear operators with improved
order of approximation with the help of semi-exponential operators. The classical case
of semi-exponential operators has already been discussed in this thesis. However, it
turns out that these operators have an approximation order of O(1/n), at most (see
[116; 208]]). Many authors have made tremendous efforts to improve the approxima-
tion of continuous functions. This chapter aims to improve the order of approximation
for the semi-exponential Bernstein operators by defining new operators involving the
function as well as its higher order derivatives. First, we define the second order semi-
exponential Bernstein operators, give their moments and prove their asymptotic results.
Further, we define the third order semi-exponential Bernstein operators, give their mo-
ments and central moments and derive their Voronskaya type asymptotic result. We

verify these results using numerical illustrations.

Chapter 7 talks about the order of approximation of sequence of positive linear
operators based on Pélya-Eggenberger distribution, involving a positive real parameter
o € [0, 1]. The sequence of first order operators has already been defined by Stancu in
1968 [[194], in the following manner:
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P = ¥ i s ().
k=0

(a) . xlk—al (] _y)ln—k—a]
where Pni (x) (] [nd)x]

and o is a non-negative parameter. The factorial
power is determined by a/! = a(a—v)(a—2v)...(a— (n—1)v) and al® = 1. We
extend this notation of the Pélya-Eggenberger distribution, with the parameter «, to
approximate continuous real-valued function on [0, 1], with a better order of conver-
gence. For a continuous real-valued function f defined on [0, 1] such that f” exits, we

define the higher order Stancu operators as

n
@) () =} @) K ex(l—x) ., (k
0 0= Lo |r (5) - (3)]
where ¢ = r}l_r)r.}o H'T"O‘. We prove that their order of approximation is O(1/n?), give
their moments and central moments and using Korovkin theorem prove their uniform
convergence on the compact interval [0, 1]. Using first and second order modulus of
continuity, the approximation properties of the defined second order operators (7.3)

are also proved. Further, graphical and numerical illustrations are presented to support

the theoretical findings of these operators.

Chapter 8 again focuses on the development of sequence of higher order posi-
tive linear operators based on Pélya-Eggenberger distribution, but without the use of
higher order derivatives. This chapter aims to improve the order of approximation by
defining a modification of the classical Stancu operators with the help of sequences
of natural numbers. Initially, we introduce the first order modification of the Stan-
cu operators and derive their moments. Using Korovkin theorem, we prove uniform
convergence and with the help of Petrre’s K-functional and modulus of continuity, we
show various convergence properties of these operators as well. Thereafter, extending
this concept of sequences, we also define a sequence of second order positive linear
operators based on Pdlya distribution. The uniform convergence of these operators
using Korovkin theorem is analyzed and a necessary condition for their convergence
is established. Based on this condition we develop particular second order operators
and derive their moments and central moments. Moreover, the results established are

verified graphically as well.

Following Chapter 8, the conclusion of the work, an outline of the future scope of

the research and a discussion on the possible social impacts of the study are presented
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in Chapter 9. The thesis concludes with a bibliography and a list of the author’s

publications.

We now move on to our next chapter, which explores the extension of a-Bernstein
operators based on the Pélya-Eggenberger distribution, also known as the contagion

distribution.






Chapter 2

Parametric Bernstein operators based

on contagion distribution

This chapter proposes an extended form of the o-Bernstein operators incorporating
the Polya-Eggenberger (contagion) distribution, constructed using the integral opera-
tors for m > 2. We refer to this sequence as the Parametric Bernstein operators based
on contagion distribution, or simply the modified a.-Bernstein operators. These oper-
ators are defined with the help of two parameters, namely, o and y. We observe the
significance of both these parameters. Subsequently, we calculate their moments and
on the basis of Korovkin’s approximation theorem we assert that our defined operators
converge for a real valued continuous function. We give some basic properties, study
the Voronovskaya type asymptotic result and discuss the A-statistical approximation of
our operators. We also use the modulus of continuity to study the rate of convergence.
Alongside our primary work, we have also defined the King-type modification that p-
reserves the operators at ey and e;. Further, using modulus of continuity, we compare
the properties and behavior of both the operators. The second section develops a Kan-
torovich variant of the proposed operators, extending their applicability to integrable
Jfunctions. Since this variant does not preserve the linear test function ey, we introduce
a genuine-type modification as an attempt towards finding better approximating linear
operators. Graphical illustrations are provided to analyze and compare the approx-
imation results and properties of both the Kantorovich variant and its genuine-type

modification.

27



28 Parametric Bernstein operators based on contagion distribution

2.1 Parametric Bernstein Operators

The Bernstein operators hold significant importance in approximation theory, offering
a powerful framework for constructing polynomial approximations used in computer-
aided design and graphics through the creation of Bézier curves. The employment
of Bernstein polynomials in spline construction serves as a linchpin connecting vari-
ous disciplines. Additionally, their role in probability and statistics underscores their
significance in Bayesian statistics. Over the past years, several studies have been
made on these operators and their applications. However, the Bernstein operators
are not very much applicable in modeling some of the real-life scenarios. For in-
stance, situations where the probability of occurrence of an outcome increases as more
of that outcome occurs can not be captured by binomial distribution. This is where
the Pdlya-Eggenberger distribution comes into picture. In the year 1923, Pélya and
Eggenberger formulated a discrete probability distribution that is associated with the
Pélya-Eggenberger urn scheme. This distribution, commonly referred to as the conta-
gion distribution or the Pdlya distribution, was derived using an urn model [74]. The
distribution represents a straightforward procedure: An urn holds U red balls and V
blue balls, and one ball is selected randomly from it. The colour of the ball is recorded
and is substituted along with X identical, same coloured balls. The aforementioned
procedure is iterated m times. The occurrence of obtaining a red (or blue) ball in the
j" draw is represented by the random variable Y;, which takes the value 1 (or 0) to
indicate the event. The probability of observing a total of k red drawings, denoted as

k =) Y}, can be determined by the following expression:

k=1 m—k—1
[TU+iX) [T (V+iX)

_(m) =0 i=0
Pk = (k) — . 2.1)

Il (U+V+iX)

The year 1968 saw the introduction of linear positive operators P,,<1y> :C[0,1] —
C[0,1], defined by D. D. Stancu [194; (193], based on the above defined contagion
distribution (2.1)) with density function, as:

m k=7 (1 — x\[m—k—Y] k
m\ x X
r =3 () (%), 22)

=0 l[m,*’}/] m

where, v is a non-negative parameter and the factorial power is defined as al®Vl =1 and

n,v]

ad"™! = a(a—v)(a—2v)...(a— (n—1)v). This represents a polynomial of degree 7.
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The operators (2.2)) can actually be derived from a more general class of positive linear
operators J%nm, constructed from an arbitrary sequence of positive linear operators
9. These generalized sequence of positive linear operators are defined as

1
1 x 1
r 1x) /” {1=07 "' (fi)ar, (2.3)
B (?’T) 0

where B(p,q) = fol tP=1(1 — )97 'dt is the Beta function and Z,, (f;t) is a known

Ml (f3x) =

sequence of some positive linear operators [[196]. The operators P,,<1y> given in (2.2)) arise
as a special case of this construction when %, is chosen to be the classical Bernstein

operators.

In this chapter, we focus on a particular case of the generalized framework (/%n(y)
by selecting a specific sequence of base operators %, and an appropriate parameter
choice. This leads to the construction of a new sequence of operators which retain the
desirable approximation properties of the contagion distribution. The formulation of
these operators and an analysis of their fundamental approximation results are present-

ed in the subsequent sections.

2.1.1 Construction of the proposed Operators

To enhance the accuracy and versatility of approximation techniques, researchers
have pursued numerous modifications of Bernstein operators (see [[14; 42} 139; [158]]).
Among these modifications and generalizations, a notable stride has been made by
Chen et al. [31] in 2017, with the introduction of ¢-Bernstein operators, for any func-

tion f having its domain as [0, 1] and defined by

Bua(fiv) = ¥ [ (") (125 a-wn-x

k=0 (2.4)

+ <’Z) ax(1 —x)]xk_l(l _ )kl m>2

where fi = f (%) and f is defined on [0,1]. These a-Bernstein operators given by
equation (2.4)) can be simplified and written as

Buatr=(1-a) ¥ (" -0 ey ()00t

k=0 k=0 k

where f; = f (%) and g, = (1 — %) S+ %fkﬂ-
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In recent studies, several mathematicians (see the literature [40; 43); (61 [153])
gave various modifications of a-Bernstein operators (2.4). These modifications have
been analyzed in terms of their auxiliary properties and used modulus of continuity
to observe the rate of convergence, analyzed the direct local approximation theorem,
function of bounded variation and Voronovskaya type asymptotic result.

Now, we consider another modification of the a-Bernstein operators with the

help of contagion distribution as density function, defined for m > 2 as

m m— w71 = ) lm—k=1,=7]
9m7>06(h;x)zz [( k2> (1—a) "(1—x)

k=0 1lm=1,-7]
) (2.6)
m—2 B M1 | L N o (16 T i
+<k—2> (1_a) 1[m7177’)/] +<k) o 1[m777/] hk’

where hy =h (%) Let us denote the polynomial inside summation as pﬁnof,’(w (x), that is,

- [k7_ﬂ - [mikil’iﬂ — [k_17_7] — [mfkvfﬂ

(g,  [(m—2 X (1 —x) m—2 X (1—x)
Pk (x)_( k )(1 o) 17 Fleop)-9 17
m x[kv_ﬂ (1 _x) [m_k>_7/]

Some basic calculations will give us the alternate form of ,@,(nyzx (h;x) as

m=] (m — 1) xlk=7] (1—x) [m—k—1,—7]

Y v — —
9’”7“ (h,X) = (1 a) k;) k 10m—1,—v] 8k

where iy = h (£) and gy = (1 — 25) e+ K5l

m—

2.1.1.a Special cases

1. For y=0and o = 1, the proposed operators 9,% (h;x) transform into the clas-

sical Bernstein operators.

2. For a0 = 1, the proposed operators transform into the operators (2.2)), proposed
by D. D. Stancu.

3. For y=0, we get the operators (2.4) as defined by Chen et al. for m > 2.
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Figure 2.1: Graph of the basis function of a-Bernstein operators (2.4), form =5,k =2

and k = 3 and different values of o.
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Figure 2.2: Graph of the basis function of the parametric Bernstein operators (2.6)), for
m=>5,k=1and k=4, o« = 0.5 and different values of 7.

From Figures [2.1 and 2.2] it is clear that like in the classical Bernstein, -
Bernstein and the Stancu-Bernstein operators, the basis polynomial, piff,’{w (x) as de-
fined with the help of operators (2.6)) are also symmetric in [0, 1]. Contagion distribu-
tion is particularly important and applicable in various real-world scenarios where the

probability of an event depends on its past occurrences.

2.1.1.b Comparison of the parameters o and y

This chapter aims to analyze the results of approximations for the sequence of op-
erators (2.7)), which have been defined by the utilization of two parameters, namely
o and y. Both entities are restricted to exist within the closed interval [0, 1]. In or-

der to gain a better understanding of the impact of these parameters on the process of
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approximation, an analysis is performed using a specific example, with the function

h(x) = cos (2cos5x).

Initially, we fix the value of y and then observe how varying o affects the results

(as shown in Fig. [2.3). Remarkably, it is observed that despite substantial variations

in @, its impact on the enhancement of the approximation process is not significant.

In contrast, modifying the values of 7y exerts a substantial impact on the precision of

the approximations made by the operators. Notably, smaller values of y results in

more precise approximations, suggesting that as m approaches oo, ¥ tends to converge

towards O (Fig. [2.4).

a@=0001 — a=05 — a=0999 — h(x)

(v

Figure 2.3: Approximation process of &7,/

0.01 is fixed and « is varying in [0, 1].

Paia(fx)

0.8

0.6

04}

0.2f

(cos(2cos5t);x) for m = 30, when y =

— y=0.001 — y=0.01

(n

Figure 2.4: Approximation process of &,/

0.5 is fixed and ¥ is varying in [0, 1].

[ L L L L L X
/ 0.2 0.4 {W/ 0.8 1.0

y=0.1 — h(x)

(cos(2cos5t);x) for m =30, when o =
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Thus we can conclude a relationship between y and m as ¥ = O (1/,). This can
also be studied in the subsequent section concerning the Korovkin theorem. Never-
theless, it is worth noting that there exists potential of further research by considering
simultaneous operators for Y = O (1/,«), where a > 0, or any other function y(m) — 0,
which opens door for analysis on the convergence properties in future. Our choice of

Y = O (1) reduces further complexities.

2.1.2 Auxiliary Results

Before proceeding to the main approximation results, we first establish some sup-
porting lemmas and results that serve as essential tools for establishing the approxima-

tion properties of the proposed operators.

Theorem 2.1.1 The parametric Bernstein operators (2.17) are a form of the o-

Bernstein operators derived from equation (2.3)).

Proof. The operators J%,fw (f;x), defined by Stancu, can be obtained form an already

existing sequence of operators %, (f;t). Taking Z,, (f;t) to be the a-Bernstein op-

erators, with h, = h (%) and g, = (1 — %) hy + %hk_‘_], we get the sequence of

operators (2.7)), and the same can be proved as follows:

S
L

m— 1 _x[k*_}/] (1 _x)[m_k_lv_/y]
={1-a) ( ) 1im—1,—7] 8k

k
m\ xlk—7 (1 —x)[m_k’_ﬂ
() h

T
(=]

+
IS}
(ngE

k l[m_Y]

k=0
o (m= x4 ) (k= DY) (=) (1 x4 7). (1 —x+ (m—k—2)y)
= O‘)k_o( k ) 1+ 7)1+ (m—2)y) 8
Zo(m\x(x+7)...x+k=1D)y)(1—x)(1—x+7)...(1—x+(m—k—1)y)
*“E(k) (1+7)..(1+(m—1)y) i
;/T(H;) }’"’k’ll"(mfkflJr%) ;/(r(kw;) V"*"F(mflﬁl—;x)
I R ) ) ()
—(1—(1) k ) 7"”711"(m71+%) gk+ak;)<k) J"”F(m#»’l,) g

BEORE * 0
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I

1 m_l —1 x_ gl

:m/[(l_o‘)z (mk >tk+y R e e

B (551 =0
m—1

+ay (’Z) #ra —t)m“lvxlh,c] dt

k=0

O
We now derive the moments of the Stancu-Bernstein operators (2.2]), which will

subsequently be employed in obtaining the moments of the proposed operators (2.6).
Lemma 2.1.2 The moments of the linear positive operators Pr§17>, defined by (2.2)) are
given by

(i) B (1) = 1

(i) P (t;x) = x

(iii) Py (1%x) =

T+y
i ) = g gt () + e (1) (+9)
oy Bl iy = | 2 (1) + e (1) (1)

(m—1)(m—2)(m—3)x ( x+y x+2y x+3y
+ m3 T+y ) \1T+2v ) \ 13y /-
Proof. We begin by recalling the moments of the classical Bernstein operators (1.1).
e B, (L;x)=1
e B, (t;x)=t

e B, (t%x) =x*+ x(1=x)

m

o By (13x) = llodie | 3ol | g

m? m? m?

(mfl)(m;l%)(mf:’»)x“+6(m713'5;1172)x3+7(mr;31)x2+%'

e B, (t4;x) =

Observe that, in equation (2.3)), J%nm (f;x) reduces to the Stancu-Bernstein op-
erators (2.2) under the choice %,,(f;t) = classical Bernstein operators. Therefore, by

inserting the respective moments into (2.3)), we obtain
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1
P (83:x) = - /;§1(1 7 'B, (ust) dt
0

B 1 - i (m—1)(m—2)t3+3(m—1)t> +1
= - O/t (1—1) < >dt

) —x) ((m—Z)(xHV)
TR\ Ty 1+2y

B 1 X l—x\ |(m—1)(m—2)(x+7)(x+27)
B (x ﬁ(?“’ Y )[ (1+7)(1+27)
B(57)
3(m—1)(x+7)
+1
(1+7)
1 ; ﬁ(zl—X) (m—1)(m—2)(x+7)(x+27)
sz(?,l_;)c)ﬁ% Y (1+7)(1+27)
3(m—1)(x+7)
+1
(1+7)
x 3m—1x (x+7vy (m—1)m—=2)x (x+7\ (x+2y
" 2 (1+y>+ m? <1+y) (1+2y)’

)
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and,
p (t4,x)
1 1
= Tl 4
a ﬁ(£ ﬁ) /t7 (1 t) v By (M ,l)dt
vy )oO
(m_l)(m—2)(m—3)[4
1
x —x 6 _1 _2 3 7 _1 5
B (x5 .
(V’ Y ) 0

lxl

1
—1)(m—2)(m— 3/&”147 dt
0

mw<l Al

1 1
+6(m—1)(m— 2/:5”14 7 a4+ 7(m fl/t%llft)v Lat
0 0

1
+/t’;(1—z)lvx‘1dt]
0

=(x)km—IXm—2ﬂm—3)B<$+%l_x>

ERICRES)

zl)l(m_l)(m_Z)(m_3) £+3 £+2 £+1 ;—‘/ ﬁ(x 1—x>

splrgsrp ey Dagap Py y

IENTE
2+1 z x 1—x 2 x 1—x
+7(m_1) 7/1 X X yl_XB< ) >+ }’ B( )
+ +177—|- Y v 41 ’}’ Y

:1)13 <x 1—x (m—1)(m—2)(m—3) x(x+3y)(x+2y)(x+7)

i (3,152) \1 Y (14391 +27)(1+7)
D x(x+27)(x+7) X +Y)
Folm == iy T )

_i+7(m—1)x x+y +6(m—1)(m—2)x x+7v\ [x+2y
- om3 m3 1+y m3 1+vy) \1+2y
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2.1.3 Approximation Results

Having established the necessary auxiliary results, we now turn to the main ap-

proximation theorems of the proposed operators.

Lemma 2.1.3 Let a € [0,1] and y= O (1)) € [0,1]. Then the moments of c@,mx (h;x)

are as follows:
(i) Pylu(lix) =1
(ii) Pyl (13%) = x

(ii)) Pyl (Px) =ty |2+ 200 (1 - )| 4 x iy

x[m+6n(1£fa)]+x x+y\ [3m*+3m(1—2a)—18(1—ax)

- N (3..) — I+y m3
(iv) gzmﬂ (t ,X) o 47\ (x+27\ [m?=3m2—2m(2—3a)+12(1—a)

{1y ) T2y 3

x[m+l4(17(x) Tx % L7m2+m(29i164(x)86(1a)

37 om(T— _

(v) 3”,%5 (thx) = +6x (’fi’;) ﬁ%a;) [m m?(1420c) 2:1157 80)+24(1—0)

R x27Y\ [ x437\ [m*—6m®—m?(1-120)+6m(9—100)—72(1—ax)

N1y ) (127 ) \ T3y mA :

Proof. To calculate the moments of the contagion form of a-Bernstein operators, we
will use the alternate form of these operators, given by equation (2.7)), and the moments
of the contagion form of the Bernstein operators , as given in Lemma We
know, hy = h(%) and g, = (1 — —) hy + th Thus, for A(t) = 1, we have

hy, =1 = gi. Hence, the first moment of our proposed operators is given by

m—1 _ []@—ﬂ _ [mfkflafﬂ
) B m—1Y\x (1 —x)
f@m,a(l X) (1 ) Z ( k ) 1lm=1,-7]

k=0
[k, — y]( x)[m*kﬁﬂ
+a Z < > e =1.
Now for h(t) =t, hy = % and
k k k k
)
m—1/m m-—1 m

k fim—1—k k+1
= — +
m m—1 m—1
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Thus, we have

= k 1lm—1,—7] m—1
m [k —7/](1 _ )[m—k7—7] k
Z m\ x X
+akzo(k> 1m:=] m "

k o\ k2 Kk [(k+1\?
sg=(1-—)—5+—| —
m—1)m?2 m—1\ m

_k<k(m—1—k)+(k+1)2>

m—1 m—1

m—1

Kk <mk+k+l>

B K> m?—1 . k
a (m—1) | m? (m—1)m?’
Thus, the third moment is given by

m—1 _ k=Y (1 _ \m—k—1,—7] 2 2 _
Yoo m—1)x (1—x) k m-—1
- (Y

=0 (m—1>\ m

m—1 1 [k,—7] 1— [m—k—1,—] k 1
() (o)
=\ k [lm=1,=7 (m—1) \m

n (m) x[k’_ﬂ(l —x)[m_k:y] K

1[}’”,7}/] m2

+o) P

k=0
_ m*—1 ((m=2)x ((m—1y+Dx\ 1
_(1_a)|:m2(1+'}’)( m—1 + 1 >+ﬁx1
« ‘<m—1>x2+<my+1>x}
H’Y: m m
— (111?) _m,:zl ((m_2)x2—|—((m—l)y—|—l)x)} +(1—oc)%
n o '(m—l)x2+(my—|—l)x}
I+yl m m
:xz[(m—l)(m—2)(1—a) (m—l)oc]
m?(1+7) m(1+7)
+x[((m—1)y+l)(m+l)(l—o£)+1—a (my-|-1)a]

_|_

(11 7) 2 w1ty
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Similarly, for h(t) =3, by = %5 and

k
= 1—7
8k < m—1

i3 ko (k+1\°
R LU
m m—1 m

_k <k2<m—1—k>+<k+1>3>
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Lastly, For h(t) = t*, by = ,% and

(i K VKE Lk (kY
Bk = m—1)m* m—1\ m
k

= (Bm—1—k)+k* +4K +6k> +4k+ 1
(m—l)m4( (m )+ K+ 4K+ 6k% + 4k + 1)
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(m—1m*  (m—1)m*  (m—1)m* (m—1)m

K (m+3)(m—1)* 6k> [ (m—1)* 4% (m—1 k
(m—1)4< m* >+(m—1)3< m* >+(m—1)2(m4>+(m_1)m4'

And thus,
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This result brings us to a conclusion that as m — oo, @,%C(es;x) — e5, Where

es =1t° for s = 0,1,2. From the Bohman-Korovkin Theorem [35} [132]], we can hence
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state that for a real valued continuous function 4, the parametric Bernstein operators,

f@mx (h;x) converges to h(x) uniformly. That is,

lim 22/)h = h.

m-—yoo
Lemma 2.1.4 Let v = O(Y/;). Considering Lemma and computing the central
moments of (2.6), we obtain the following limits:

(i) Jim mP,lo(ga(0):x) = 25 (1)
(ii) Tim m 5T (@a(1);x) =0,

where @ (1) = (t —x)™ and C = lim ]J’Tmy

m—sco

m

Proof. Let ¢, (t) = (r—x)".

Pn%,((pl (t);x), is identically zero. For the second central moment,

We can easily verify that the first central moment,

P, (a(t):x) = Py (¢%:x) — 2xPTh (1) + 3PS (1)

1 » m+2(l—a) . XY 5
_1+7(x+ - x(1 x))+1+y X

1 , m+2(l—a) xy
_1+}/( X+ P x(1 x)>+1+y

1 m+2(1—o) ¥

_1+?’( w U x>>+1+yx(1 %)

_x(l=x) (m+2(1-a)

14y ( m2 +7-
Thus,

x(l—x 2(l— o
%‘iﬁmm@(%(’%@:n&g&o (1+y)< (m )+my)
2C
_1+yx(1_x)’
Itmy

where C = lim —5*. Similarly,
n—o0
Pl (a(1):x)
= P,,@a (t4;x) — 4xPn<% (t3 ;x) + 6x2Pn<sz (t2;x) — 4x3P,§2:2x (£;x) +x4Pn<Z2x (L;x)

. <m+14(1 —oc)) i, (x+y> (7m2+m(29—36a) —86(1 —(x))

m* I+7y m*
e x+2y\ [ 6m® —6m*(1+20) — 12m(7 — 8a) + 144(1 — @)
\1ry) U2y m

+x()€+7’> (x+2y> (x+3y) <m4—6m3—m2(1—12a)+6m(9—10a)—72(1—a)

I+y/) \1+2y) \ 143y m*

)
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— 2 — — —
_4x2[m—i—6(1 a)]—4x2 x+y [3m +3m(1—20a) —18(1 Oc)]
m?3 l+7y m3
a2 (PR (22 [m3—3m2—2m(2—306)+12(1—(x)]
1+y) \1+2y m3
L6 m+2(1—o) L6 x+7\ | m?—m—2(1-a) Cat
m? 1+y m?

n

In order to evaluate 1i_r>n mP, o (@4(t);x), only the terms independent of m and those
mM—>o00

of order 1/m are relevant. Rest of the terms will vanish as m — oo,

Thus,

lim m 2,1, (¢4 (1);)

( x+y x+2y x+3y 2 ( x+vy x+2y x+y 4
m[x ('1+y> (1‘+2y> (1+3V —4x I+y ) \[1+2y +6x° T+y -3
T +vY +2y +Y +2y +3y +vY 2 [ xty
= Jim § +6x (ﬁ) m) —6x (%) <T+zy) (x ) — 12 (Tw) +12x <)1€T
3 3 (xtY
\ +6x° — 6x _l+y>

T
—8x2Y* — 24x%Y3 + 6x* 4+ 30x*y 4 36x* Y2 4+ 6x3 7+ 30x3 Y2 4+ 3623 Y3 —

Yoy 4+ 11292 4+ 6x73 —dx* — 124y — 1263y — 36592

— 1im { —18x*y—33x*p% — 18x4y3} n . [—6x4—|—6x3— 183y + 18:%y

(1+7)(1+27)(1+37)
— 12272 + 12xp2 + 12x* +36xy — 1243 — 243y + 36232 — 1247y
—36:272 — 6% — 3004y — 36:*72 + 63 + 3037 + 36x3y2]

m—oo

\

m (3x27% +6xy> — 63y — 24x% Y% 4 36x* % + 3657 — 18x*y?)

= 1i
moseo (1+7)(1+27)(1+3y)
¢ bm — 123y + 7239 + 6x%y — 48x% Y7 + 12xy? 4 6x*y — 36x* Y2
m—seo (I+7)(14+2y)(14+3y)
5 m (3272 (1 — 2x+x%) + 6xp> (1 — 4x + 632 — 3x%))
= 11m
Mm—>oo (I+7)(14+2y)(143y)
+ tm 6x2 (1 — 2x+x%) + 12xy* (1 — 4x + 6x% — 3x°)
Mm—soo (I+7)(1+2y)(1+3y)
3mxy? (x(x— 1)? = 2y(x—1)(3x% — 3x + 1))
p— 1‘
e (1+7)(1+27)(1+3y)
6xy(x(x—1)2—2}/(x—1)(3x2—3x+1)>
+ lim
Mm—o0 (I+7)(1+2y)(14+3y)

Given that Y = O(!/), the limits are readily seen to vanish as m — oco. i
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Theorem 2.1.5 Let 0 < o < 1 and h is a bounded function defined for all x € [0, 1].
Then for y = O(V/),

Jim m [ 230 (h(0):2) = ()| = (1 =0 K (),
where C = lim 1+2my such that h" (x) exists.
m—yoo
Proof. By means of Taylor’s series expansion for k < m, we have

(1) = h)+ (1 =)W () + 5 (1= W' () + 2t =)0~

where }gn 2t —x) = 0. Taking t = k/m, we get,

A

where Ry (x) = ¥ (% —x) (£ —x)?p'%? (x).
k=0 )

The first summation will be zero and for the second summation, we have

Z (k—mx)zp;of,’(w(x) = Zkzp;o",’cw(x)—meka;ofl’( )+m xzz P,
k=0 k=0 k=0
2
_om , m+2(l—o) Y
=1y X x(1—x)| +m? x1+7’
—2m?x* 4 m?x?
2 [—
:m'}/—i—m—}—2(1 a)x(l—x).
I+y
Hence
(r) B x(1- o
m | 24 (h(2):x) — hix)| = 2m(1+y {2y +m+2(1— )} " (x) + mRyn(x)
1 my l-o Y
1+7( +2+ - >x(1 X)W (x) + mRyy, (x).

Now, all that is left to prove is that, mR,,(x) — 0 as m — co.
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We know, for every € > 0,3 0 > 0: |#(t —x)| < €, whenever [t —x| < J.
Also, since 0 < | 2(t —x)| < m, therefore 3 M > 0 such that |2(t — x)| < M, whenever

|t —x| > 8. Hence, we get

|2t —x)| <e+M

Thus,

M
< me Pl (92:x) +m sy Pl (94ix)

From Lemma [2.1.4, we can say, li_r>n m,@,mx (z(t —x)(t —x)z;x> = 0. Hence, we get
m—soo

tim m [ 2,7} (h(1); ) — h(x) | = *(1-%) <nm my L (- O‘)) 1 (x)

m—seo I+y \m—e 2 2 m
C
= x(1—x)n"(x),
(1 (0
where C = lim my;l O
m—yoo

Theorem 2.1.6 Let the functions g,h: [0,1] — R. If g,h € C?[0,1] then,

) 2C
lim m | 2,/ (ghsx) - f@mj,/a(g;x)@m}:a(h;x)] =137 1% g ()l (x),
where C = lim "¢
m—yoo

Proof. We consider,

P (ghix) — 2 (g:x) P (hsx)
— PV (ghsx) — Pl (8:%) PoTh (s x) — g(X)h(x) + g ()h(x) — (gh) PoTh(r:x)

1 1
TP (9133) + 8 Pola(9r:) = 5 (6h) Pl (92:x) + 38" h Pyl (92ix)

1
81 Py (92:3) + S8 Pl 92:0) = h(x) Pyl (853) + h(x) 21 (i)
1 () Pyl (8:0) P (91:x) + 1 () 2 x)@ma«m x)

1 1
S ) PLa(:0) Dol (92:0) + 1 () Pla(8:x) Pl p2i)

2
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= A ulhix) — () = 5(6h)" 2020

—h(x) («%f,a (g:x) — %g”(x) Pt (@23x) — g(x))

I
L
—~
oQ
vb‘
Ral

|
oQ
.
=
=
Ra))
v
=
|
S

|
.
oQ
=
2
S
Ral

From Theorem 2.1.5] we can write

lim m [e@mfcx (gh;x) —g(x)h(x)]

m—soo

- 12+ny(1 —x) (8" (x)h(x) +2¢' (x)1 (x) + g(x)1" (x)) .

Multiplying both sides of equation (2.8) by m, taking m — oo and using Lemma
2.1.4, we get
lim m [,@,,Za(gh;x) — ,@m”/a(g;x) ,@mTa(h;x)}

m—oo

. 1 :
= Jim m [ 275 (¢hi) ~ g()()] = 5 (eh)" lim m,Tl(@2:)

m—soo

. 1 .
—h(x) | lim m (Q’%(g;x) —g(X)> —58"(x) lim, m@&f@(@;x)}

m—oo

— lim ﬁ,ﬁza(g;x) [lim m <<@m7,/oc<h;X) —h(x)) _ %h”(x) ,,1}31 mﬁ}SZZx((PZ;x)}

o+ Jim 7 Ta(g2ix) | (x) 428/ CON (x) = ' (x) 23 g2
— (=) ) = 3 ) (1 =)

) |1 =)0 - 3¢ ) (1)

~l0) [0 = 50 (1)

+ 371 (8R4 26/ (1 () =K' ()]

2C ' /
= 1+yx(l —x)g (x)h'(x),
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where C = lim "L,

m—oo

O

We have seen that for any continuous real-valued function #, @fnﬁxh — h uni-
formly on [0, 1], giving us an explicit approximation to 4. Our next focus shifts on
knowing how good this approximation will be. For that we calculate the error that
would have occurred during the approximation process. One way to determine this is

using the modulus of continuity. Let us take into account the error bound

Hh ok h(x) — 23 (b))

= max
0<x<1

where ||.|| is the uniform norm over the interval [0, 1]. Our next attempt is to attain an

upper bound to estimate the approximation error committed during the process.

Theorem 2.1.7 Let 0 < o < 1 and y = O (Ym). For a bounded function h on [0,1] we

deduce,
‘ <\/m27+m+2(1— ))
—_ 2 )

= 2iln| <

my/1+vy

where o (.) denotes modulus of continuity.

Proof. From operators (2.7), we get

m m k
O R o B IO
—0 k=0
[ m £\ 2 2r ., 1/2
[ by re] el
k=0 m k=0

[m?y+m+2(1 - o) 2

4m2(1+7)

IN
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From Proposition[I.1.4]

( kD my/T+y ' ‘ Vm2y+m+2(1—a)
o|lx——|| =0

m Vmy+m+2(1—a) m+\/T+7y
my/T+y k‘ Vm2y+m+2(1—a)
< |1+ ——|| @ .
Vmry+m+2(1—a) m my/1+7y

Thus, we get

1) = 23T ()|

m

<)

k=

1+

myI1+7y _5' o Vm2y+m+2(1 - a) 7 ()
Vmry+m+2(1—a) m m+/1+7y

0
Vm2y+m+2(1 — ) my/T+y i
I+ xX—
my1+y Vmry+m+2(1 - ) (=

3, ( \/m27+m+2(1—a)) |

| /\

/\

-2 m+/1+7y
and thereafter, we arrive at our required result. O

Now that we have obtained an upper bound for the error function, we can also

use the fact that %im o (8) = 0 iff h is uniformly continuous on [a,b] to see that our
—0

modified a-Bernstein operators, {@,mxh — h uniformly on the interval [0, 1]. Figure
gives us a representation of the approximation of our operators t@,ﬁnx (h;x) defined
in (2.6) for the function h(x) = (3x— 1) sin ZFx+ 2,

PRz hix)

Figure 2.5: Convergence of @mx (h;x) with parameters a = 0.7 and y = 0.01, for

different values of m.
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2.1.4 A-Statistical Approximation

In 1951, an alternative concept of convergence emerged, recognized as statistical
convergence, introduced by Fast [[75] and Steinhaus [[199]. The term statistical conver-
gence used henceforth is nothing but another name for “almost convergence”, used by
Antoni Zygmund in his book [226]. Unlike classical convergence, almost convergence
accommodates divergent sequences, offering a framework to analyze and understand
the behaviour of sequences that do not converge in the traditional sense. One of the
ways for summing sequences and series using an infinite matrix is the matrix sum-
mation method (see, [36]]). Taking an infinite matrix A = (a,,) for m,k € N, a given

sequence x = (x,,) can be transformed into the sequence (Ax),,.
<Ax>m = Z Amk X -
k=1

If 1i_r>n (Ax),, = L and the series on the RHS, Y a,x;, converges V m, then
m—yeo k=1

the sequence (x,,) is said to be summable by the matrix A and L will be called its
limit. Further, if the limit is preserved then this method is referred to as regular matrix

summability method and the infinite matrix A is called a regular matrix.

Definition 2.1.8 [§81|] For every € > 0, if lim ) amr = 0, then the sequence,
M | x,—L|>e

X = (xn) is said to be A—statistically convergent to L and is denoted by sty —limx = L.

Lemma 2.1.9 [81] Let {.Z,,} be a sequence of linear positive operators and A = ()

be a regular positive summability matrix. Then,
sty —lim || Z,h — h|| = 0; h € C([a,b))
m

if

sty —lim || L e, — er]| = 0; where e, =t" forr =0,1,2.
m

Theorem 2.1.10 Let A = (a,) be a regular positive summability matrix. Then for
each h € C([0,1]), we get

sty — lim H,@,ﬁ%h— hH —0.
m—soco ’
Proof. From Lemma|2.1.9| it is sufficient to prove that

H @,mxer —x"

=0,
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where e, = t" for r = 0,1,2. Using the moments of modified o-Bernstein operator

(2.6), we have

sta —nii_rgon@,ﬁzzeo— IH =0,

and,
sty — lim H@,mxel —xH =0.
m—soo
Also,
| #itcer 2|
¥ [(m+)(m-2)l-a m—-1 «
< —
<o e [
x [(m=1y+1)m+1)1—-a my+1 « 1—vy
+ +
1+ x2 m? I+y m 1+y m?
(m+Dm-2)1—a m—-1 o
N m? 1+y m 1+vy
Jr((m—l)j/—i—l)(m-l—l)1—oc my+1 o +1—y
m? I+y m 1+y m?
(=@ (-l=P+(1-P(1+7)
m*(1+7)
_or
=

Taking the sets M = {k: Hc_@,ﬁ%ez—sz > g} and M| = {k: v > 8}. Since M C
M, therefore

Z amks Z Amk-

meM meM,
Thus,

sty — lim He@f,%ez—sz =0 as k—> oo.
m—yoo ’

2.1.5 King-Type Modification

In the study of approximation processes, the preservation of certain test functions
plays a crucial role. The Korovkin theorem establishes that in order to guarantee uni-
form convergence of a sequence of positive linear operators {.%,}, it is sufficient to

verify convergence on the three functions
eo(x)=1, ej(x)=x and ey(x)=x>
Till date many operators have been defined and a majority of these operators preserve

the constant and the linear functions exactly, i.e.,
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Zn(eo;x) =ep(x) and 2, (e1;x) = ep(x).

However, the same does not hold for e;. i.e., %, (e2;x) # e2(x). Rather, %, (e2;x)
tends to ep(x) as m tends to infinity. The modified a-Bernstein operators defined in
equation (2.6) is an example for the same. This limiting property is sufficient to en-
sure that the operators approximate every continuous function. However, if they also
preserved the quadratic test function, the approximation would be more effective and

precise.

In 2003, King [130] gave a method by which any sequence of operators can be
modified to a new sequence that preserves the functions ey and e;. In this case, the
linear function is no longer preserved exactly, instead, the operators yield an expression
that converges to e (x) as m tends to infinity. Recently, Finta [76] refined and extended
King’s idea by proving the unique existence of functions r,, as defined by King. With
the help of these functions, Finta showed that it is possible to construct operators that

preserve e together with e,(x) = x’, where ¢ € {2,3,...} is fixed.

On the same grounds, we define gz,mx (h;x), an alteration of gz,mx (h;x) such
that 35,%)6 (Lix) =1, @,mx (1%;x) = x* and @,mx (t;x) = rm(x) — x as m — oo. Then,
by Korovkin theorem, for all continuous functions 4 and x € [0, 1], we have

lim ), (hx) = h(x).

m—oo

Now, from Lemma [2.1.3] we have

" (2 L [p mt2(-0a) Xy
PP = 1 | x|+ L
[ mt2(l-a) X m+2(1—a)
1+y m? 147y m?
:amx2+bmx,
where
o — 1 1_m-|-2(1—05) and by, — 1 y+m+2(1—a)
I+y m? +7v m?

Let y? = a,,x> 4 by,x. Solving for x in this quadratic equation gives us the value of y.

Replacing x by r,,,(x) and y by x, gives us the value of r,,(x), used to define @mx (h;x).
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Thus, we consider the modified operators as:

)L ()"
1[m—1,—ﬂ

Al ix) = (1- )Y 716
k=0

(rm ()" 71— i ()57
1lm,~7]

+oa ) "Cy hy,

k=0
where iy = h (L), g = (1 — &) g+ Kby iy and

byt Vb +4a,x?

2a,

Fm(x)

Lemma 2.1.11 For the operators (2.9), we can prove the following identities:

(i) Pyl (e0:x) =1
(ii) Pyl (e1:%) = ()
(iii) Pyl (e2:x) = 22,
where e, =t" forr=0,1,2.
Lemma 2.1.12 Let Y= O (!/n). From Lemmal|2.1.11} we have
(i) @,% (1();x) = rp(x) —x — 0 as m — oo
(ii) P (@2(t):%) = =26 P50 (01:3),
where @y (1) = (t —x)™.
Proof. Before proceeding, we assume that ¥ = O (1/,).

(1) For the first central moment,

0 (@1(1);x) = 2T
(Y

m,
= rm(x) — X,
where
—bu+ Vbw® +4an2
rin(x) = 2a,,
b b, x2
N _ﬁ " 461;2 Tan

8k

(2.9)



2.1  Parametric Bernstein Operators 55

Now,

by 1<m2y+m+2(1—a)>

24, 2\ m-m-2(1-a)

o (r+ie A
T2\l _ty

m m?2
—>—g, and

x2 B ¥ (1+7)

ap - mi20-0)
— X2 (1+7).
Taking y = O (1/,), we have

Fm(X) —

— X as m — oo,

(i) From Lemma[2.1.11]

O

Lemma 2.1.13 [I65] For any sequence of linear positive operators {£,} and h €

Cla,b], we have the following relations:
| L (h:x) = h(x)] < |h(x)] |1 = Zn(1;x)]
+(h,3) {Xm(l;x)—I—%(iﬂm(l;x))l/zam(x)} ,

where @ (h, 8) is the modulus of continuity of h and 0, (x) = %, ((t — x)z;x>.

Further, if ' is continuous, then

| Zon (hx) = h(x)| < [h(x)|[1 = Zn(1:2) |+ [ ()] | Lo (2 = x)5%))
+o (i, () [1+($m(1;x))1/2} O ().



56 Parametric Bernstein operators based on contagion distribution

Let us compare the contagion form of a-Bernstein operators (2.6) and its King-type

modification (2.9)), as defined above, on the basis of these relations.

Theorem 2.1.14 Let {gz,mx} and {@,& Zx} be the sequences of linear positive op-
erators as defined in the above equations and h € C([a,b]). Then for 0 < oo <1 and
Y = O (Ym), we have the following:

2050 =) < 0(01.8) |14 5 Voa(T =)

P (i) — ()| < 0 (1.5) { M}
Further, if h € C*(|a,b)), then

‘@% () —h(x)‘ <20 (', 0n(x)) v/bux(1 —x)

\@% () —h(x)‘ <2V20 (K, t(x)) v/x(x— (@),

where @ (h, §) is the modulus of continuity of h, 04,*(x) is the respective second central

moment of that operators and rp,(x) and by, (x) are as defined above.

Proof. Using Lemma[2.1.11{and Lemma 2.1.13| with @,,(f) = (r —x)", we have
PN ) — ()|

< ho)l [ 240 (10— 1

+008) [ 24a 1)+ 5 (10 P 02000

L1 (m+2(1—
+§\/1+7( +n(12 a)H/)x(l—x)]

— o (h,5)

and
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Now, if /' is continuous, then we have
P00 (520) = h(x)| < 1) 1= 237 (150)| + | ()] | 237 (91 0):)|

(
+o (o) |1+ (24 1i0) | (24 (020052)

and

e (i) = ()| < 03| 1= P (1)
ro o) |1+ (246 00) 7| (2 tort05)
(x

= |1 (x)] |rm(x) = x| +2 V20 (K, 00,
§2\/§w(h',ocm(x)) x(x —rp(x)).

2.2 Kantorovich Variant of the Proposed Operators

The Kantorovich variant is an important modification of linear positive operators that
involves taking the integral of the operator rather than just the point-wise evaluation,

which can lead to better approximation of integrable functions.

In Section we introduced the parametric Bernstein operators, based on the
parameters o and 7y, which are an extension to the a-Bernstein operators, defined by
Chen et al. in 2017 [S1]. Simultaneously that year, Mohiuddine et al. [153]] put forth

the following Kantorovich form of these operators:

k+1

n+1

Kua (fiu) =+ 1) Y oY G0 [7 0y (2.10)
k=0

n+1
Deo and Pratap [61] conducted a thorough analysis of several auxiliary prop-
erties of the operators given by equation (2.10), which included examining the
Voronovskaya-type asymptotic behaviour, the direct local approximation theorem and

functions of bounded variation.

In 2018, Cai and Xu [43] extended the research on Kantorovich operators by

introducing a g-analog of the operators (2.4) and investigated some convexity and
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shape preserving properties, such as monotonicity, with respect to f(u). In a sepa-
rate work, Pratap and Deo [[174] proposed the g-analog of the Kantorovich form of the
o-Bernstein operators, as defined in equation (2.10). They computed the moments and

analyzed its convergence rate by using the concept of modulus of continuity.

Several mathematicians have studied the Bernstein and Baskakov operators with
the help of contagion distribution, defined by equation (2.1), and gave their variants
(see [56;157;58;167; 105]). Section [2.1|defined the ct-Bernstein operators with respect
to the contagion distribution by equation (2.6).

However, since discrete operators are not suitable for approximating functions
which are not continuous, we introduce the Kantorovich type generalization, which
helps to approximate integrable functions. The Kantorovich form of @,mx (h;u) is

defined as,

(k+1)/m+1

Ky (hsu) = (m+1) Y p,ﬁf‘,;”/ h(t)dt. 2.11)
' =0 kfm+1

When y = 0, the Kantorovich operators described above gets simplified and re-
duced to the a-Bernstein-Kantorovich operators presented earlier in equation (2.10).
This observation is a special case of a more general mathematical concept known as a
limiting case, and so we can say that as m tends to oo, ¥ = O (1/,) tends to zero. That
is,

Kmya (h;u) = Ko (h3u) .

El

The proposed operators (2.11]) indeed have a complicated form, however taking
y of order 1/m reduces the complexities upto some extend. Contagion distribution is
particularly important and applicable in various real-world scenarios where the prob-
ability of an event depends on its past occurrences. For instance, researchers in the
field of bio-mathematics can approximate current and future population growth func-
tions by studying the past environmental activities. Researchers in the field of applied
mathematics can use this distribution to approximate functions and curves as per their

requirements and availability of data.
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2.2.1 Approximation Results

Lemma 2.2.1 Let a be any fixed real number in [0,1] and Y = O (/). Then for 0 <

u<l,
1

1
Kyl (hu) = —/S
’ B (z u)
Y 0
where Ky, o (h;u) is the Kantorovich form of a-Bernstein operators (2.10).

i _S)l—;"—leﬂ (hss)ds,

<I=

Proof. The Beta function 3 (u, V) is described as:

C(p)r(v)

ﬁ(,u,v) = F(H+V> )

where I'( ) represents the Gamma function. Moreover, by the characteristics of Gam-

ma function we can write,

I'm+a)=o(a+1)(0+2)...(a+m—1)(cx).

Thus,
B <9+$,7r+ 1;u>
r(o+%)r(n+15)
N F(9+7r+7l,>

) f(ar) (dro—1)r(8) xS (rn) o (e r—1) T (154)
L+1)(L+o

u(u+’}’)---(u+(9—l)y)(l—u)(l—u+}’)---(1—u+(7r—l)y)B (u l—u)

(1+7) - (1+(0+m—1)) vy
u[o’_ﬂ(l—u)[”’_ﬂ u l—u
B [3<;, . ) 2.12)

By substituting the expression for the Kantorovich form of a-Bernstein operators

(2.10) in the corresponding equation, and by utilizing the relation given by equation
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(2.12), we arrive at,

1
_ /sl;_l(l —s)l%u_leﬂ (hys)ds
0

1
)
:(m—ﬂ)i [(m,f) (1-a)B (k+$,m—k—1+ 1;”)

I

m—2 . .
+(k_2>(1—a)ﬁ(k_l+?,m—k+ ; )
1 (k+1)/m+1
m " .,
+ (04 k—{——, —k+ / A .
(k) ﬁ( v m : )] (5)ds
kfm+1
_(m+1)k20[( k ) T
m—2 Lt[k 1—'}/]( )[m—k,—y]
. k=2 1m=1,-7]
m o 1(1 u)[m_k7_7’] (k+1)/m+1h )
Tk " / (s)ds
kfm+1
m (k+1)/m+1
g |
=0 kfm+1
:K,i,ix(h;u).

O

Lemma 2.2.2 For the proposed Kantorovich form given in equation (2.11)), we get the

following identities:
(i) Kplo(eosu) = 1

(ii) Kyl (ersu) = 22 + 5ol

(i) Kl (ensu) = 200y (1) 4 220, L
where e, =t" forr=0,1,2.

Proof. In order to evaluate the first and second moments of the proposed operators, it

is convenient to make use of the known moment identities of the parametric Bernstein
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operators, which are summarized in Lemma 2.1.3] By substituting these formulae, we

get
" (k+1)/m+1
Kiluleoi) = m+ )Y pliT ) [ ar
k=0 k/m+1
1
=(m+1) /; Py (u) (—m+ 1)
=1,
and,
. (k+1) /m+1
Kilulern) = m+ ) Y ol ) [ ras
k=0 k/m+1

(m+1)° (m+1)

m41 " k+1)% k2
) Zp;ofl;w(”)(( >2_ 2)

m+1 mek ) (2k+1)

ko oy
ZmZp _+me.,k (u)
m- =0
_ mu n 1
S om+1 0 2(m+1)
In the case of the third moment, a similar line of computation can be followed. N-

2(m+1

evertheless, unlike the first and second moments, using the moments of the parametric

V)

Bernstein operators to evaluate Kr<,l7a(ez; u) leads to a much complicated expression.

It is important to observe that, just as the parametric Bernstein operators, dis-
cussed in Section arise from the generalized sequence of operators given in e-
quation (2.3) when built with the a-Bernstein operators, a similar idea works for the
Kantorovich modification as well. If, in place of the a-Bernstein operators, we take
their Kantorovich form (given in equation (2.10)), then the same operators (2.3)) leads
naturally to the proposed Kantorovich form of parametric Bernstein operators. This
observation also allows us to compute the moments of the operators in (2.11)) directly
by combining the sequence (2.3)) with the known moments of the Kantorovich form of

o-Bernstein operators.
First, we state the third moment of operators (2.10)).
3(m*—m—2(1—a))u* +32m+2(1—a))u+1
3(m+1)° ‘

Km,Ot(eZ;u) =
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Thus,
Kylu(exiu)
1
:ﬁ/” (1=1) 7 Knaleast)dt
ﬁ (?’T) 0
1 ) ,
; n —m—2(1 - 2m+2(1— 1
_ 11 /ﬂl(l_t)lyﬁ(m m—2( Oc;)t +13§m+ (1-a)i+t
B(?’ Y ) 0 (m+1)
_ B (7%""2,1;”) mem—Z(l—OC) +B (7%—1-1:1%”) 2m+2(1—a) B (%4-]71%“)
= u l—u 2 v l—u 3 P 5
B <5,,7> 3(m+1) B (5”7) (m+1) B <5”7 3(m+1)
m*—m—2(1—a) u+}/>+2m+2(1—(x)u 1
pr— u )
(m+1)? I+y (m+1)° 3m+ 1)

(

Lemma 2.2.3 With respect to the Kantorovich operators Km% (h;u), we can determine

the following expressions for the central moments,

w1 () = Koo (6 — u) )

B 1—2u
-~ 2(m+1)
(1) = Kl (1 — )% 0)
20, _
_my }/—1—1;1 2a+1u1—u)+ 1 i
(m+1)"(1+7) 3(m+1)

Ha (1) = Kyl (¢ — ) )
B 3m2—4(2—|—3oc)m—4(131—132oc) (u+3y> (u+2y> <u+}/)u

(m+1) 1+3y) \1+2y) \1+7y
 3m? —4(2+3a)m — (131 - 1320) (u+2y) <u+}/)u
(m+1)* 1+2y) \1+y
3m? — (134 120)m —2(80 —81ax) [u+y S5m+ (33 —32a)
+ 7 u—+ 7 u
(m+1) I+7 (m+1)
1
+—.
5(m+1)

Lemma 2.24 Let h € C[0,1] and 0 < a < 1. Then ‘K,mx(h,u)‘ < ||h||, where ||.|| is

the supremum norm of a function, defined as ||h|| = sup |h(s)|.
s€[0,1]
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Proof. From equation (2.11]), we can write

m (k+1)/m+1
Kl ()| = m 1) Y Pl [ h(s)ds|,
k=0 ’ k/m+1
which implies,
m (k+1)/m+1
Kl ()| < )| 1) Y pi? [ s
= [[Au)]|.
Thus, we get the desired result. O

Theorem 2.2.5 Let h(u) be bounded on [0,1] and 0 < o < 1. Then for any u € [0, 1]
and y = O (Ymm) at which h" (u) exists,

: v N (12w, u(l—u) ,
Tim m [Km,a(h(t),u) h(u)} - ( . )h W0+ 3 g -
Proof. By Taylor’s theorem, there exist £ between u and 7 such that,
/ (t— u)z " 2
h(t)=h(u)+(—u)h' (u)+ Th () + 2(t,u) (t —u)”,
where 2(t,u) = w — 0 ast — u. Hence,
lim [KmTa (h() — h(u); u>} = 1 (u) lim m (¢ u) 50
h// (l/t) ]
19 (-7

+ lim mK,§Z>a <z(t,u) (r— u)z;u) :

m—oo

First we claim that mK,mx (z(t, u)(t— u)z;u) — 0 as m — oo,

For every € > 0, we consider § > 0 such that 2(r,u) < € for |t —u| < 8. And for
|t —u| > &, we can say that 2(z,u) is bounded above, say by M > 0. Thus,

M
myYe (2(t,0) (¢ —u)su) < empsy () +s5mps (),
where u, = K,mx ((t —u)";u). Taking m — oo proves our claim.

Now, from Lemma [2.2.3| we have,

m—yoo ’

lim m [K,mx (h(t) — h(u),u)]
(

_ Lmm 1—2u 'y i m—20+1 Wl —u 1 W' (u)
= (2(m+1>)h()+nbw ((m+1>2(1+y) 4 )+3(m+1)2> 2
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O

Theorem 2.2.6 Consider a continuous function h on [0,1]. For a € [0,1] and v =
O (1)), we have

Kl ((e)i0) = ()| < 200 (h,8(w),
where ® (h; 8) is the modulus of continuity of h with &(u) = (1 (u))"/*.
Proof. Using Proposition [I.1.4]and the definition of operators (2.11)), we have,

KA ((s)s) = )

m (k+1)/m+1
<)Y ol [ 1hs) )l ds
k=0 kfm+1
" (k+1)/m+1
< (m+1) Yo% (u) / o (s — ul) ds
k=0 kfm+1
m (k+1)/m+1
(o) L :
S(m—i—l)mek (u) 1—1—6|s ul | (h;0)ds
k=0 kfm+1
- 1 . (k+-1)/m+1
<[5 DY ol w [ —ulds| 00:5)
L k=0 ’ kfm+1

~ 1 1

1 m (k+1)/m+1 2/ (k+1)/m+1 2
I+ 5<m+1)2pf§féw(u>( / 12‘“)( / suzds) o (1)
k=0

kfm+1 kfm+1

IA

VAN

| . (k+1)/m+1 \ 2
1 R W) / ds
k=0 kfm+1

. (k+1)/m+1 2
x ((m+1)2 P4 () / (su)zds) ]w(h;é)

kfm+1

Il
1
(S
_|_
| —
/N
5
~<
Q
S
[S—
<
SN—
N——
=
RS
5
S
Q
VS
—~
©”
|
<
N—
[}
<
N——
N——
=
[ |
e
—
F‘
(o7]
N—

—_

where 6 = (Up(u))2. o
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2.2.2 Genuine-Type Modification

From Lemma[2.2.2] it is clear that the proposed operators (2.11) exactly preserve
only the constant test function. For the linear test function e (¢), they do not produce it
identically, instead, they yield an expression that converges to e () as m — oo. While
this asymptotic property ensures approximation, it also highlights a limitation of the
operators in their present form. To enhance their effectiveness, our objective is to
introduce a suitable modification so that both the constant and the linear test functions
are preserved exactly. Thus, sticking to the assumption that K,<,Z>a(e1;u) = u, we can

define a new sequence of positive linear operators as

R () = (m+1) f P (v () / h(s)ds, (2.13)
k=0 k

= (Y-

We will now find the moments of this new modification. For our convenience, let

us denote the central moments of (2.13)) with fi; and fi;.

where,

Lemma 2.2.7 Let o € [0,1] and Y= O (Ym) € [0,1]. Then the moments and central

moments of IZ,% (h;u) are as follows:
(i) Rl (15) = 1
(ii) Ryt (15) =

by | =2) () + (my +2) ()|

o B (1) (2. (m+1)(1+7)
(iii) Ko (t ,u) = e .
“ iy m) (L= () + 52
(iv) [l =0
1 [m=2)m+l) 2 m-2 m—2 my+2 my+2
v) ~ m’[ m? u — m? u+4m2(m+1)+ m u_2m(m+l):|
‘u,2— _2_(1 |: u . 1 o M_2+ u _ 1 :| + 1 —u2
I+y [mm+1)  2m(m+1)?>  m? " m*(m+1)  4m2(m+1)*] * 3(m+1)? :

The moments and central moments of the Kantorovich operators (2.11)) can be
utilized to demonstrate the proof of the aforementioned lemma. Building upon this, we
can establish the Voronovskya-type result for the newly modified operators I?,%z (h;u)

as well.
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Theorem 2.2.8 Let h(u) be bounded on [0,1] and 0 < o < 1. Then for any u € [0, 1]
and Y= O (1)) at which h'" (u) exists,
_ 1

: (1) . _ %
Tim | K)o (h(1)su) —h(u) | = 2(1+},)cu(1—u)h (u),

where ¢ = lim (my+1).

m—yoo

Proof. By proceeding in a similar manner as in Theorem 2.2.5 we obtain

lim | KTl ((t) = h(u)) 5| = W' () lim mfty + "3 tim mfiy

m—yoo

+”11513°m12,§,72x (z(t,u) (t— u)z;u> , (214

where mlg,mx <z(t, u) (t—u)%; u) — 0 as m — oo. Moreover, we can simplify the ex-

pression on the right hand side of equation (2.14)), as

1 2 2 -2 2
lim mfi; = {(—l—a—m}) u2+(m7+a—|—1)u+4 ” T }

m—seo 147y m(m+1) 2(m+1)
2« w1 _u2+ u 1 m
I+y |(m+1 2m+1)?* m mm+1) dmm+1)*| 3(m+1)*
1
:1+ycu(l—u),
where ¢ = li_r)n (my+1).
Thus,
_ 1
Jim o [Ryl (h(e) = i) | = 5o (1= ) ' ()

2.2.3 Graphical Study of the Approximation Process

In this section, we examine the approximation properties of the Kantorovich oper-
ators along with their genuine-type modification (2.13)). Our focus is to analyze
how these operators approximate a given function /(u). To achieve this, we present nu-
merical examples supported by graphical representations. These graphs illustrate not
only the action of the operators but also the corresponding approximation errors, there-
by providing a comparative view of their performance. For this purpose, we define the

error functions as

ENT, (u) = | KAT, (hau) — h(u)],



2.2 Kantorovich Variant of the Proposed Operators 67

and
Eyle () = |Ryl (i) = ()]
From the moments of the proposed Kantorovich operators, given in Lemma|2.2.2}
we claimed that for the operators to uniformly converge to the desired function, y

should tend to 0 as m tends to c. We verify this graphically in the subsequent subsec-

tion.

2.2.4 Effect of parameter y

In this subsection, we investigate the influence of the Pdlya parameter ¥ on the
behaviour of the proposed Kantorovich operator K,S%(h;x) for a fixed value of a and
m. The parameter Y plays a crucial role in shaping the generalized factorial terms ap-
pearing in the definition of the operator, and thereby controls the skewness and spread
of the associated basis functions. To illustrate this dependence, we consider the piece-
wise continuous function

u, 0<u<0.6
h(u)=4q 1—u, 0.6<u<0.8
0.2, 08<uc<l,

and compute K,%C(h; u) for a fixed value of m = 200 and a = 0.8, while varying

y € {0.001, 0.01,0.1}.

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.6: Effect of y on the approximation process, with & = 0.8 and m = 200.

From Figure [2.6) we can conclude that for smaller values of 7, the approximation
(1)

follows the desired function, /() more closely and for y = 0, K, (h;u) will coincide

with the classical a-Kantorovich-Bernstein form.
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This confirms that y acts as a shape control parameter. In other words, increasing
its value leads to poorer approximations, whereas smaller Y values yield more accurate

estimation of the desired function.

Example 2.2.9 Let us consider the case when o = 0.8 and y = 0.1. For the function,

h(u) = sin27wu + cos 27u, Figure 2.7|illustrates the graphs of the operators K,mx (h;u)

and the error function E,%x (u) for different values of m, respectively. Likewise, we

K(Y)

graph the operators K, o (h;u) and the error function E,mx (u) in Figure|2.8

v
Ki¥la

n

(a) Approximation Process for K, o (h;x) (b) Error Function, E,;yzx (u)

Figure 2.7: Kantorovich Operators K,%C (sin2mu + cos2zu;x), for &« = 0.8 and y =

0.1.

— m=20 —— m=20
— m=50 0.6 m=50
— m=200 — m=200
)

—— h(u) =sin(2nu) + cos(2nu

RiY ol x)

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

(a) Approximation Process for ~,<,Za (h;u) (b) Error Function, ~,§Za (u)
Figure 2.8: Genuine-type Modification ~,§Za (h;x), corresponding to Figure 2.7
Example 2.2.10 For h(u) = (u—1)(8u—1)(2u—1)(4u—1) let ¢ = 0.95 and y =

0.05, with the error functions defined as before. We then examine graphs correspond-

ing to different values of m, as shown in Figures[2.9 and[2.10,
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10 — m=20 — m=20
—— m=50
—— m=200
0s — h(u)=(u=-1)(Bu-1)(2u-1)4u-1)

Ki¥la

(a) Approximation Process for K,ﬁ,’fzx (h;u) (b) Error Function, E,mx (u)

Figure 2.9: Kantorovich Operators Kmx ((u—1)(B8u—1)(2u—1)(4u—1);x), for
a =0.95and y=0.05.

1.0 — m=20 —— m=20
— m=50 04 m=50

—— m=200 —— m=200

05 — h(u)=(u-1)(8u—1)(2u-1)(4u—1)

R o(h; x)

(a) Approximation Process for ~r<r2:0t (hu) (b) Error Function, ~,<,Za (u)

Figure 2.10: Genuine-type Modification ~,§17Zx (h;x), corresponding to Figure

Example 2.2.11 Let o = 0.9 and y = 0.005. Figures and represent the

approximation and error of the function h(u) = (2u— 1)sin2nu for the operators

K,%x (h;u) and its genuine-type modification 1%,% (h;u), respectively.

— m=20 0.14
— m=50
— m=200
—— h(u) =(2u - 1)sin(2nu)

()
Kifla
&
o

(a) Approximation Process for K,ﬁ,’:ix (h;u) (b) Error Function, E,<,,Y>a (u)

Figure 2.11: Kantorovich Operators K,sﬁx ((2u—1)sin2mu;x), for o« = 0.9 and y =
0.005.
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0.0 — m=20 0.14 —— m=20
— m=50 m=50
— m=200 012 — m=200

— h(u) = (2u - )sin(2nu)

f; 03 %:é
b3 0.06
o 0.04
-0.6 0.00
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(a) Approximation Process for ~,<,221 (h;u) (b) Error Function, ~r<r2,/a (u)

Figure 2.12: Genuine-type Modification ~,§Za (h;x), corresponding to Figure[2.11]

Example 2.2.12 Let o = 0.85 and v = 0.001. We approximate the non-differentiable
function h(u) = |u—0.25|+ |u—0.75| on u € |0, 1], represented graphically by Figures
and

10 — m=20 — m=20
— m=50 0.06 m=50
— m=200 — m=200
— hw)=[u=025+|u~0.75|
090 0.05
08 0.04
s s
53 =
X Wo.03
07
0.02
06
0.01
05
0 02 0.4 06 08 1
x

0 0.0 0.2 0.4 0.6 0.8 1.0
X

(a) Approximation Process (b) Error Function

Figure 2.13: Kantorovich Operators K,%, (lu—0.25] + |u—0.75] ;x), for o = 0.85 and
y=0.001.

1.0 — m=20 —— m=20
—— m=50 0.07 m=50
— m=200 — m=200
0.9 — h(u)=|u=-0.25|+|u~0.75| 0.06

ié ,gg 0.04
':;E 0.7 “ 0.03
0.6 0.02
0.01
0.5
0.0 0.2 0.4 0.6 0.8 1.0 DODOD 0.2 0.4 0.6 0.8 1.0
(a) Approximation Process (b) Error Function

Figure 2.14: Genuine-type Modification ~,§Za (h;x), corresponding to Figure [2.13]
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Example 2.2.13 Consider the piece-wise function

u, 0<u<0.5
h(u) =
1—u, 05<u<l1,

for o« =0.75 and y=1/(m—1). Figures and represent the approxima-

tion and error of the function h(u) for the operators K,g% (h;u) and its genuine-type

modification I%,ﬁ[ix (h;u), respectively.

0.12 —— m=20
m=50
—— m=200

()
Ko

01 — m=20, y=0.0526

— m=50, y=0.0204 0.02
—— m=200, y=0.0050
0.0 — h(u)={uif0=u<0.5,1-uif0.55u<1}

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(a) Approximation Process (b) Error Function

Figure 2.15: Kantorovich Operators K,%x (h;x), fora =0.75and y=1/(m—1).

0.12 — m=20
m=50
—— m=200

01 — m=20, y=0.0526
— m=50, y=0.0204 0.02
— m=200, y=0.0050
0.0 — h(u)={uif0su<05,1-uif0.55u<1}
0.00

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X

(a) Approximation Process (b) Error Function

Figure 2.16: Genuine-type Modification ~r<n}7/0¢ (h;x), corresponding to Figure [2.15|

Example 2.2.14 Now, we take the non-continuous but integrable function h(u) = {3u}
for u € [0,1], where {.} denotes the fractional-part function. Let oo = 0.95 and

y=1/(m+1). Then, Figures and represent the approximation and error

of the function h(u) for the operators K,ﬁ% (h;u) and its genuine-type modification

I?,mx (h;u), respectively.



72

Parametric Bernstein operators based on contagion distribution

—— m=50, y=0.0196
—— m=200, y=0.0050
—— m=1000, y=0.0010

m=10000, y = 0.0001
— h(u) = {3u}

EW ()

0.5

—

—— m=50
m=200

—— m=1000

—— m=10000

_—

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X x

(a) Approximation Process (b) Error Function

Figure 2.17: Kantorovich Operators K,%x ({3u};x), fora=095and y=1/(m+1).

1.0 \ —— m=50
m=200

— m=50, y=0.0196
02 —— m=200, y=0.0050
—— m=1000, y=0.0010 0.1

m=10000, y = 0.0001
0.0 — hlu)={3u}

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6
X X

(a) Approximation Process (b) Error Function

Figure 2.18: Genuine-type Modification ~,§Za (h;x), corresponding to Figure[2.17,

Throughout this section, we have worked under the assumption that the parameter
v is of order 1/m. This choice is not arbitrary, rather, it plays a crucial role in deter-
mining the efficiency of approximation. The influence of y can be clearly observed
in the graphical illustrations, where smaller values of y consistently lead to improved
approximation results. In other words, as 7y decreases, the operators are able to capture

the behaviour of the required function more accurately.

Moreover, Lemma [2.2.7 highlights a significant distinction between the proposed
Kantorovich operators (2.11]) and their genuine-type modification (2.13). For the oper-
ators (2.1T]), the first central moment only tends to zero as m tends to oo, which means
that the linear behaviour of the function is reproduced only approximately for finite
m. In contrast, the genuine-type modification forces the first central moment to vanish
completely for all values of m, i.e., it is exactly equal to zero. This structural improve-
ment ensures that the modified operators preserve the linear function at every stage of

approximation.
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As a direct consequence, the genuine-type modification provides better approx-
imation results near the boundary points © = 0 and u = 1, where the classical form
typically shows weaker performance. This theoretical advantage is supported by the
numerical and graphical results included in this section, which consistently demon-
strate that the genuine-type operators achieve a visibly closer fit to the target function

compared to the unmodified ones.






Chapter 3

Bernstein type Semi-Exponential

Operators

The concept of semi-exponential operators is an extension of the exponential operators
in approximation theory. The analysis begins by considering the partial differential

equation,

ad . :r(t—x)
3xWﬁ(’ 1) p(x)

with domain of definition Q, for the kernel of sequence of operators

S-(fix) =Y, Wp <r’x’§) / <];)

keQ

Wg (r,x,t) — BWg (1,x,t)

while satisfying the normalization condition } jcqWg (r,x7 ];‘) = 1. Carrying forward
this notion, we examine these operators specifically for the function p(x) = x(1 — x)
and focus our attention on the semi-exponential Bernstein operators. The primary fo-
cus of this chapter is to explore the properties and characteristics of these Bernstein
type semi-exponential operators. This chapter delves into deriving a recurrence re-
lation for the central moments of these operators, while also establishing a moment
generating function for the same. Finally, we analyze the approximation of these oper-
ators using the Voronovskaya-type asymptotic result. The objective of this analysis is

to characterize functions by the degree of approximation.

75
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3.1 Class of Exponential Operators

The development of sequences of positive linear operators in approximation has al-
ways been closely tied to the search for faster convergence rates and applicability
within a variety of functions and spaces. With the rapid advancements in approxima-
tion, researchers began to explore new classes of operators that went beyond classical
polynomial-based constructions and extended naturally to integral forms with analyt-
ically defined kernels. A significant step in this direction was taken by C. P. May in
1976 [145], with the introduced of a family of operators of the form

S, (F(u):1) = / W (r,t,u) f(w)du, 3.1
Q

where Q is the domain of definition and W is a positive function, known as the ker-
nel of S,. May termed these operators as exponential operators motivated by the fact
that these operators are governed by a kernel function W (r,¢,u) which satisfies cer-
tain exponential-type conditions. The first condition requires the kernel to satisfy a
homogeneous partial differential equation of the form

r
mW(r,t,u) (u—t), (3.2)

such that p(z) is both analytic and positive over the domain Q. The second condition

d
EW(}’,I,M) =

imposed on the kernel W (r,¢,u) is the normalization condition, which ensures that the

operator preserves constant functions, that is,
S, (1,1) = /W(r,t,u)duzl.

Assigning particular values to the function p(¢) in equation (3.2), various opera-
tors can be obtained, some of which are listed in Table

Exponential Operators Choice of polynomial p(r)
Bernstein operators t(1—1)
Széasz-Mirakjan operators t

Baskakov operators t(1+41)
Post-Widder operators 12
Gauss-Weierstrass operators 1

Table 3.1: Classical operators obtained for different choices of the polynomial p(z).
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One important point to observe here is that, unlike the Post-Widder and Gauss-
Weierstrass operators which can be obtained directly from the continuous formulation
(3.1), the Bernstein, Szdsz-Mirakyan and Baskakov operators belong to the class of
discrete operators. In these cases, even though we can formally substitute their respec-
tive choices of p(¢) into the differential equation (3.2)), the resulting kernel function
W cannot be used in equation (3.1)), since the framework there is based on an integral
representation with a continuous kernel. Discrete operators, on the other hand, are nat-
urally defined in terms of series (summation kernels) rather than integrals. Therefore,
to handle these cases appropriately, we work with the corresponding discrete exponen-
tial operators, which are defined as follows:

S (f31) = iW (r,t,]f) f <]f>, (3.3)
k=0 r

r

where the kernel satisfies the homogeneous partial differential

iW tl_( _I’(é——l)w tlf
at r77r - p(t) r77r )

and the normalization condition

> k
S(Lry=Y W (r,t,—) =1.
k=0 r

The study initiated by May was soon extended by Ismail and May in 1978 [116]],
and they demonstrated that for a polynomial p of any degree, the corresponding expo-
nential operators S, can be uniquely determined while still satisfying both the differen-
tial condition and the normalization condition. Consequently, they recovered several
classical operators corresponding to constant, linear and quadratic choices of p, and

further introduced new operators for higher degree of p.

One such example arises when considering the cubic polynomial p(t) =¢(1+1)2.
With this choice of p, Ismail and May employed the bilateral Laplace transform to

introduce a new sequence of exponential operators, defined as:

_ A Py o L N k
Rn(f,x> =e "xk;oT(xe x) f n——l—k , nE N x e (0, 1)
The approximation properties of these operators, along with their Kantorovich
variants, have been analyzed in [149], while their complete asymptotic expansions

were later derived in [2]. Further studies introduced additional exponential operators



78 Bernstein type Semi-Exponential Operators

corresponding to other choices of p, such as p(r) = 213/ 2 which have been investi-
gated by Abel and Gupta in [1]]. Beyond specific examples, the global approximation
behaviour of exponential operators has been a subject of wide interest. In 1981, Sato
[187]] examined their properties in weighted function spaces, while in 1988, Totik [207]
provided a comprehensive study of their global uniform approximation properties. The
theory of exponential operators and related results are discussed extensively in [[104],

together with further references for interested readers.

3.2 Class of Semi-Exponential Operators

For quite a few years following Ismail and May, no new work had been done on ex-
ponential operators up until the year 2005. It was during this time that A. Tyliba and
E. Wachnicki [208] introduced the concept of semi-exponential operators. They ex-
panded upon the findings of Ismail and May by considering a sequence of operators,
denoted as VrB , such that VrB (t,x) # x. In equation (3.2), they introduced a non-negative
real parameter B and worked on a new homogeneous partial different equation, thus
obtaining a new family of operators, known as the semi-exponential operators, defined

in the following way:

VE (R0 = [ Wy (rxr) p(0)ar, (3.4)
Q
where € is the domain of definition. Here, we denote the kernel by W (r,x,t), which
satisfies:

1. The homogeneous partial differential equation

0 r
aWB(r,x,t) = @ (t —x) Wg(r,x,t) — BWg(r,x,1).

2. The normalization condition

VB (1,x) :/Wﬁ (rx 1) di = 1.
Q

For the case = 0, the operators Vrﬁ can simply be regarded as the operators
of the exponential type defined earlier in equation (3.1). These operators form the
foundation of the subsequent work in this chapter. Recently, Herzog [110] conducted

a study on the approximation properties of exponential-type operators when acting on



3.2 Class of Semi-Exponential Operators 79

functions from exponential weighted spaces. A range of several new semi-exponential
operators were captured by Abel et al. recently [3]], each corresponding to a different
function p(x). Further, in the past few years, numerous investigations have been carried
out concerning the modification and preservation of exponential-type operators [20;
60; 1365 [167].

The present chapter is devoted to the study of semi-exponential Bernstein opera-
tors with p(x) = x(1 —x) and the function f is discretely varied over the interval [0, o).
Due to the discrete nature of the distribution, the aforementioned definitions and nor-
malization condition will vary when summed over the discrete range of k from O to .
Thus, we consider here the discrete form instead of the integral representation given in
equation (3.4) and defined as

L, (f’x> = i Wﬁ (r7x7l;€> f (é)? (3.5)
k=0

satisfying the homogeneous partial differential equation

O R

and the normalization condition

i Wp (r,x,]—c> =1. 3.7
k=0 r

First, we solve the homogeneous partial differential equation (3.6)). Let

k
W (W;) =A(rkB)y, (3.8)

such that A (r,k, ) is independent of x and y is a function of x. Substituting (3.8) in
equation with p(x) = x(1 —x), we get

(s (te) -8

/
. y k r
hich 1 A - _
which implies, e e S § g B

:k[?lcﬂix]_uix)_ﬁ'

Integrating the above differential equation, we arrive at

Iny =klnx —kIn(1 —x) +nln(l —x) — Bx
= Ine PXk(1 —x)" 7k,
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which gives the value of y(x) = e B*x*(1 —x)" . Thus,
k —Bx k n—k
Wg rx, =A(rk,B)e PX(1—x)"".
To find the value of A (r,k, B), we use the normalization condition (3.7)), which gives

A(rk,B)e Pk(1—x)* =1

k=0
oo k
X
hich impli A(rk =eP¥(1—x)".
which implies, k_Z:O (r, ’ﬁ)<1—x> eP* (1 —x)
Takmgz— , wWe getx = - + =~ and thus

i A(rk,B)z* T(1+z)
k=0
2)!

=

(1 + Z)r—z
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Thus,

B Z (r—z) i
Hence, we get the kernel of the semi-exponential Bernstein operators, Wg (7, k,x) as

B !
Wp (r,k,x) = e Pk (1 —x)" "Z(r l)ﬁ (3.9)

Solving the partial differential equation (3.2)) corresponding to exponential oper-
ators, we get the kernel of the classical Bernstein operators, known as the Bernstein

polynomials, defined as b, 4 (x) = "c;x* (1 — x)" %K. We see that the relation between the
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kernel of the semi-exponential Bernstein operators (3.9) and the kernel of the expo-

nential Bernstein operators is given by
W()(I’,k,x) :br,k(x)' (3.10)

In other words, we can say that for § = 0, Wg(r, k,x) reduces to the Bernstein polyno-

mial basis, by (x).

Employing Wg(r,k,x) to the definition of semi-exponential operators (3.5), we
get the Bernstein-type semi-exponential operators, given by
B (fix)=e P2 1—x) Y (T ) g (= 11
P =t L0 ()5 () a1
where (]r() is the binomial coefficient. The operators defined in (3.11)) can equivalently

be expressed in the following form, which is particularly convenient for computing

their moments and central moments.
a1 S (r=IN{ x \ . [I+]
B (fix)=e ﬁxz%xl(l—x) ’Z( _ )(1 )f(—J> (3.12)
= o\ J —X r

In this chapter we will focus on a whole new class of kernels Wg (r,k,x) depending

upon r and k and the parameter 3, unlike the classical Bernstein polynomial basis
byx(x), which solely depends upon r and k. To further analyze these functions and
determine the effect of the parameters on Wg (1, k, x), we graph them for different values
of r, k and B.

Wo(r.k,x)

030F — k=3
k=4

025} ‘o5

020}
0.15}
0.10}

0.05}

0.0

Figure 3.1: Graphs of the kernel of semi-exponential Bernstein operators with § = 0,
given by equation (3.9), for r = 8 and k = 3,4, 5.
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Wis(rk,x) Wiso(r.k,x)

0.30 — k=3 0.30 — k=10
k=4 k =20

0.25 K=5 0.25 k=130

0.20 0.20

015 015

010 / 010

0,05/ 0.05F

; N
0.0 0.2 04 06 08 10 * 0.0 0.2 04 06 08 10 *

(a) Graphs of the kernel of semi-exponential (b) Graphs of the kernel of semi-exponential
Bernstein operators with 3 =5, forr=8 and Bernstein operators with 8 = 50, for r = 40
k=3,4,5. and k = 10,20, 30.

Figure 3.2: Graphs of the kernel of semi-exponential Bernstein operators with § > 0,

given by equation (3.9), for different values of r and .

Figure [3.1] validates expression (3.10) as it is well known that the Bernstein poly-
nomials are symmetric in the interval [0,1], that is, b,.x(1 —x) = b, ,_(x). However,
from Figure we can see that the kernel of the semi-exponential operators for § > 0
does not satisfy this property. Thus, we can conclude that unlike the kernels of classi-
cal Bernstein operators and its other modifications, such as the A-Bernstein operators
[42] and a-Bernstein [S1], the kernel of semi-exponential operators defined by
for B > 0, are not symmetric over [0,e]. Though, one may observe that the Bernstein
operators themselves are included in the class of exponential operators, however, their

modified versions no longer satisfy the defining conditions of this class.

3.3 Auxiliary Results

In the following section, we present the properties of the operators mentioned in (3.12)),
which are utilized in the subsequent sections of this chapter to establish the main the-

orems.

Lemma 3.3.1 Let BE (.;x) be the Bernstein type semi-exponential operators. Then for

xe [0, %) the following equalities hold:
(i) BP (1;x) =1

(ii) B (1;x) = x+ pU=2

(iii) BE (121x) = a2 4 200428200 | Bx(1-3012) #2219

r r?
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Proof. Applying the negative binomial expansion in (3.12) we get,

=0
_ ﬁx;#(l_@r—z(u 1fx>r I
_ By B
—e 1261_!
—1,
and,
B (1:x) = e ﬁxglj,lxl(l X)H;(r;l) (1ix)] (H;]>
—er{ £ v £ () ()
£ ()]

9

A
.

Replacing / with m+ 1 in the first summation and j with n+ 1 in the second summation,

we get
N ﬁ"”‘l milp & e r=1l{r=1-1
Bl (t;x)=e7P mZ_"O ——|—Z I —x) ,,;E)T ;
:e—ﬂx _BX ﬁx+iﬁ_lxl(1 x)rfl r—1 X 1 =
r = ! r I—x I —x
B px it lel—i-l l
r + lgl) I r
B Bx b 00 lel-i-l By i ﬁle—ll
- l;) I ~ 1
oo )
—&%—x—xe ﬁxz P'x

_]-
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Bx Bxe—ﬁxoo I=1,1-1

=5t Z (-1

2

r

:x+ﬁx(1—x)

r
Similarly,
o0 1 J 2 . 2
2. _ _—px B ! rl r—1 X l+2l]+]
# ) = E 2< )( =) (7%

_ x|y P rlg“’ r=INj( x \
—¢ LZ(’) I r? +2£ rj.z()< j >r<1—x)

N )( )]
=e P [21 +3, +Z3}

Solving the above summations, we will arrive at,
e B -1 1
Zl _I;O /! 72 + r2

e B & Bl

! 2 1 2
= ! r = or

ﬁzxz oo BleXZfZ ﬁx oo Blflxlfl
I =N () TR (]

—eﬁxﬁ (1+Bx), |
R U (e
ik llf“ (=42

B oo lel—H 21 0 lel+1212

e 2
= I r = I r

()

2
:eﬁx&(l_l_&)’
r roor
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and
< B i (TN x Y (iG=1)
J— L 1_ .
ZS l;()l"x( )C) J;O .] 1—x rZ +I"2
=Bl i g (r—l)( x )"j(j—l) i e (=10 x \J
=) —x(l—x) , +) —x'(1—x) , =
E)l! j;) j 1—x r? ;)l! j;) j 1—x) r?
= B e (r=0O(r—1-1) & (r—=1-2 x \/7 ox pa?
= r— 1— R
= l!x( ¥) r2 ]g;) j 1—x +r 2
o @l 142 2 2
:Zﬁx+ (r—l_l(2r21>+l)+eﬁx<x_l33;>
= [ r r r r r
o @l 142 2 2
:Zﬁx+ (r_1_1(2r21>+l)—&—eﬁx(x—ﬁ);)
= Al r r r r r
oo lxl+2 r—1 oo lxl+2 [ /2r—1 12 oo lxl+2 12 X X2
= ! r = I r r r = Il r r r
r—1)x? x2r—1 2,4 X ox X2
(NS pR g b2 e B2
r r r r roor
2.4 2 _ _
_ P px*  Bx (T 1 B+ r—1 ENEAY
r2 r2 r2 r r
Substituting these values in BP (1%;x) we get the desired moment. o

Now, let us denote the ¢’ central moment of BE (f;x) as,

oo 9
Ly ¢ (x) :eﬁXZA(r,k,ﬁ)x"(l—x)""(lf—x) : (3.13)
k=0

r

I\ B!
()

Theorem 3.3.2 Based on equation (3.13)), the following recurrence relation can be

where A (r,k, ) =
!

Ir1s

derived for the central moments of semi-exponential Bernstein operators:

Mr1(x) = gx(l —X)
P (%) = x(1—x) |, o (%) + Blrg(x) + GHrc—1(x) |5 forg>1.  (3.14)

Proof. Let,
bP(x) = A(rk, B) 2 (1 —x)" .
This implies, bfk/(x) =A(rk,B)xX 1 (1 —x)" k- rx).
= rA (r,k, )11 —x) ! (];—x)
= r. (1 —x)F Ij—x :
— Ak (E )
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Thus,
e Px i bﬁk/(x) (l—c —x)g —e P i d A(rk,B)x*(1—x)* (lf —x) o
i=0 r =x(1—x) , r
= hﬂngﬂ(xf

Differentiating the ¢’ central moment of BE (f5x) for ¢ > 1, we get

b Etin ) e m B () e o ()

k=0 k=0

= —Bllrc(x) — Ghre1(x) + ﬁunw (%),

1—x
which implies,
g1 (1) = x(1 =), () + Bx(1 —x)tpe (3) + Gx(1 — )t 1 (¥)
= (1) |1 g () + Blng () + Sy 1 ()]
For ¢ =1, u,(x) is simply the first central moment. m|
Theorem 3.3.3 A (r,x) = r° . (x) is a polynomial of degree 3] in r, where [.] is the
greatest integer function. Also, the coefficient of r° in

(i) Axc(r,x)is 1-3-5...(2¢ — 1)(x(1 —x))%, and
(ii) Agci1(rx)isciBx(1—x)) ™ 4+ cp(x(1—x))¢ (1 —2x)
where c1,cy are constants and cy = 1-3-5...(2¢+1).
Proof. We have A (r,x) = r° i, ¢ (x). Therefore, from Lemma [3.3.2} we can write
Ao (r,x) = 1,
AL(r2) = Bx(1-v)

and Acyq(rx) = x(1—x) (%Ag (r,x) +BA; (r,x) +r¢Ac_ (r,x)> , ¢ >(B.15)

By repeatedly substituting the value of A¢ (r,x) in equation (3.13)), it can be demon-
strated that A¢ (r,x) and Ayc 1 (7,x) are polynomials in r of degree ¢. It follows that,

the highest powered term appearing in their expression is ° with its coefficient as:

1-3-5...(2c = 1)(x(1—x))® for Aac (r,x)
aBx(1—x)) T +ep(x(1—x))5 (1 —2x) for Ascy1(r,x)

where c; =1-3-5...(26+1) and ¢; is a fixed constant. o
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Remark 3.3.4 From Theorem we have,
Ac(r,x) =0 (r[g/2]> .
_ [ﬁ}
It follows p.c(x)=0(r L2 1],

where [.] is the greatest integer function.

3.3.1 Moment Generating Function

One of the fundamental aspects in the study of positive linear operators is the
analysis of their central moments, as these play a crucial role in understanding the
approximation order and in establishing various direct and inverse theorems. For the
sequence of semi-exponential Bernstein operators introduced in (3.12), there are mul-

tiple ways to determine their central moments.

One way relies on the recurrence relation already established in Theorem [3.3.2]
This recursive formula provides a systematic way to compute the successive central
moments by expressing higher-order moments in terms of lower-order ones. Such
relations are often computationally efficient and well-suited for theoretical analysis.
However, a limitation of this method is that the computation of the (¢ + 1)™ central

moment requires prior knowledge of both the ¢™ and (¢ — 1)™ central moments.

An alternative and often more elegant method involves the use of the exponen-
tial moment generating function (MGF). The moment generating function serves as a
compact analytic representation that encodes all the moments of the operators within a
single functional expression. By differentiating the MGF appropriately, we can obtain

the central moments in a straightforward manner.

Therefore, as the next step in our discussion, we focus on deriving an explic-
it expression for the central moment generating function corresponding to the semi-
exponential Bernstein operators defined in (3.12)). This not only provides an alter-
native perspective but also establishes a deeper connection between exponential-type

operators and probabilistic tools such as generating functions.

Consider the recurrence relation (3.14)),

g1 (1) = X(1 =) |1 (0) F Blrg (¥) + Gt 1 ()]
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It follows

x(lr_x)19£3 ((t—x)g+1;x) - %BE (e =x)%:x) + BBY ({1 —x)%:x)

+¢BP ((t—x)g_l;x>. (3.16)

Now, the exponential moment generating function of BP ((r —x)%;x) is defined as,
“BP((r— .
; : ")
Multiplying equation by z—g, and taking summation over ¢ =0, 1,...00, we get,
i < g+1 )

d BY ( S BB (1 —x)%: SR o-1.
Z d_ r Z_: _, r ’x) +;)gaBr ((t _x> ,X)

Replacing ¢ with ¢ — 1 in the left hand side of the above equation, we get

Z_
06!
&
¢!

—BE t—xgH;x = Bg t—x)°:x
L it (=07 ) = X gt (-7
= 0 {zg
= - —BE r—x g,x]
pEARELICRE
d
—a—ZG(x,z).
Thus, we can write
i QZI i (0 -0%0) = 76 (02) 4G (x,2) +26 (52,
which implies " 9 G = LG n2) + (B+2)Glx,2)
plies, (1_ )8 Z ox ,Z Z ,Z) -
r dG 0dG
Thus, mg—z—g—(ﬁ"‘z)a
To solve the above PDE, first we write the auxiliary equation, that is,
x(1—x) 1
dz = —dx = ——-—=dG.
T Y T Bro6

Taking the first two equalities, we get

z=—rln (L) tel, 3.17)
1—x
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and taking the last two equalities, we get

X
InG+c = —ﬁx—clx—i—r/ln <%) de.
o

Now, assuming x(1 —x) = p(x), then

Hence,
X X
/ln —9 de—/ (B)dG
1—e)" " /)1
o o
x 0
1
:/ /—< a0
G:aﬁ:ap
X X 1
:/ Sgyedo
ﬁ:a@:ﬁp
I X )
= do
a/(p(ﬁ) p(ﬁ))
X
= ()~ [ —5av
W Ty
o
:xln(lix)—kln(l—x)
Thus, we get

InG+c = —Bx—cix+r {xln (1 * > +1In(1 —x)} ,
—X
which implies,
G=¢(c1)exp{rin(1—x)— (B +2)x}.

By substituting the value of ¢ obtained from the first characteristic curve (3.17), we
get

G(x,2)=0 (z+rln (IL_X)) exp {rin(1—x)— (B+2z)x}. (3.18)

Putting the initial condition, G (x,0) = 1, we arrive at

0 (rln (IL_X)) — exp{Bx—rln(1—x)}.
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It follows
e e’
o (ry) :exp{ﬁ1+ey —rln (1 - 1+ey>}
e y
:exp{ﬁ1+ey+rln(l+e )}
Thus,

et/r t/r
o (1) —exp{ﬁl+et/r+rln<1+e )}

Substituting this value of the function ¢ in equation (3.18]), we arrive at the final solu-

tion, thus obtaining our moment generating function

G(x,2) = (1 —x+xez/r>rexp{—zx+ﬁx(l (e - 1)}. (3.19)

1 —x+xe?/"

3.4 Asymptotic Results

Theorem 3.4.1 Let R > 0 and a,b be such that 0 < a,b < . Then for a sufficiently

B (")

where Ca,b) is the space of all real- valued continuous functions on |a,b] endowed

large r, we have,

oo
Y

Cla,b]

with the supremum norm.

Proof. As per the definition of semi-exponential operators and equation (3.19)), we can

write,

< RS
—eRxZ R—Bg ((r—x)%;x)
=g
r — /r_
(1 ot R Bx(1—x)(e*" 1)
_<1 x+xe )exp{ |t xoRlr .

Taking the limit r — oo, we get

lim BP (X';x) = lim (1 —x—i—xeR/r)r = R,

y—o0 r—o
Hence, 1i_>m BE (eR’ ;x) = ef¥ uniformly in Ca, b).
r—>o0

Thus, for a sufficiently large r, we get HB£3 (eR’ ;x) ‘

< oo,
Cla,b]
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And similarly, we can show that ‘ BE (e_Rt;x)‘ Cled] 0o,
a7
Hence, ’BE (eRM;x)‘ < )BE (eR’;x)’ + ‘ B’ (e_R’;x)‘ )
Cla,b] Cla,b] Cla,b]
Thus, BE (eRM;x)‘ < oo, O
Cla,b]

Theorem 3.4.2 Let x € [0,00|. Let f be a continuous function such that f"(x) exists.

Then,
i [ B8 (£0):) — £3)] = Ba(1 )/ (0) + 361 = 0)f" 0)

r—oo

Proof. Using Taylor’s expansion, we have

£ = £+ = @)+ 5 =3P )+ o, 2) 0~ )

B

where }gn #(t,x) = 0. Taking t = k/r and operating the equation with B, we can write
X

B (£(0)) — £ = £ (B2 (=003 + T8 (=)

+BP (z(t,x)(t—x)z;x>

X X x(1—x x(1=x)(1=x—x3)7 f"(x
_ Bx(1 )f/<x)+{(1r )+ﬁ(1 )S )}fz()

r

+iW (r,x,k) 2 ]fx I—(—x 2 (3.20)
= B4 ’ ’ ’ .

where }me 2[t,x) = 0.

Now, we will prove that r Z Wp (r,x,k) z(—,x) (— —x) — 0 asr—oo. (3.21)
far r r

Using Holder’s inequality,

r]gWﬁ (rx,k) @(’;,x> (’;_x)z
< (éWB (r,x,k) 2 (I;x)> 1/3 (,ﬂzgwﬁ (r,x,k) (1; _x)3) 2/3.
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Since lim #(t,x) = 0, we get that ): Wﬁ (rx,k) 2 (5,x) — 0, as r — . Also, from
Remark - we have

2/3
(r3/2 Z Wg (r,x,k) (; —x) ) = <r3/2,ur,3 (x)>
k=0

1
:0( l/3)—>O

It follows that our claim, given by (3.21)) is true. Thus, from equation (3.20) we
get the desired result. O
3.5 Categorizing functions according to their level of

approximation

The focus of this section is to categorize functions in a manner such that

[BF 0= s < 0 ().

We know, C[0, ) denotes the set of all real-valued continuous functions on [0, o).

We define the space (Cg, |||, ) as follows:
Ce={f € Clo.): 31 > 01 €[0.0),|0)] < M},

and
I Fllc, = sup {1 £(1)] : 1 € [0,00)}

Lemma 3.5.1 Suppose that ¢ and 1 are positive numbers, R > 0 and |a,b] C [0,00).
Then,

Xy (e )t =0(%)
uniformly on |a,b] as r — oo, where
T,:{k: k Zn;kzo,l,...}.

-—X
Proof. From the definition of T, and Theorem [3.3.3, we can write

.
Asc(rx) =r* Z Wg (r,x, ;) <; —x)
k=0
- k
Z r4€ Z Wﬁ (r,x, _) rl4g7
r

k=0
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which implies
o k k
W, -1 <)y W -
kgo ﬁ(r7x7r> _Tzr ﬁ(r7-x7r>
< rn A ().

Also, by Theorem 3.4.1} as r — oo, we get

k
ZWﬁ (r,x,—) eZRé < oo,
T, r

Thus, by Cauchy-Schwarz’s inequality and Remark[3.3.4]

o ()< (o (sn2)) (20 (o))
< (o ag (r) P (B (Fm))
=0(r ) as r — oo.
This completes the proof. 0

Theorem 3.5.2 Suppose that f € Cg and 0 < a < a; < by < b < oo. Then, for every

¢ > 0 there exists a constant K., such that

|

Proof. Let 0 > 0. Define,

BE(F) - <K [ Pe(fir ) s an (i Vah) 46 g

C[“l:bl]

| 5/2 52
88(36):2—62/ /[f(x+u+v)+f(x—u—v)]dudv.
_5/2-8/2

By the linearity of our operators BE , it follows that

BE (i)~ )|,
[a1.61]

Bip o x)— -
g‘B,(f 85:%X) ’c[ . - (855%) gs(x)HC[ b]+||85 f||c[alﬁ,,1]
ap,by a1:b1

=hL+L+5. (3.22)

For I, we consider

P =B g = LWy () /)= 47
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Taking n = %min {a; —a,b—Db}, let us define

= {k: ‘l;—x <n; k=0,1,...}
and
T,:{k: ’];C—x >n; k:O,l,...}.
Then,
BP(f:2) B (5:)|
< W () k7)o (/) K ()1 47) 3 1)
=L+ L.
Since, ];‘—x‘ < n for L, we can say that

k
~€b=nx+n]Clar—n.br+n].
Hence, we can state that
1
Ll S Eab(faaaa7b) .
Using Lemma [3.5.1|for a constant M, we can write L, as

k
ZW[; (r,x,—)eR];
T, r

Now, since f — gs € Cg, it follows

k

L = f—gs|(k/r)e 7.

k _pk
g0 (£)] e
-
| 5/2 52 ) L L
_ R _/ / florutv)=2f (=) +f (= —u—v)|dudv
252 r r r
_5/2-8/2
1 52 82 . | 5/2 82 )
o | Tt | (o)
i [ Tt | T
_5/2-5)2 —8/2-8/2
5/2 52
1 k _RE
+W / / f(;—u—v) e “rdudv

~8/2-8/2
< fllce + 20 Nl + 1 £l
= 4[| fll -
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Thus, Ly <4Mr~*||f|| ¢, Hence,
1

| r(f;X)—BE(gs;X)HC[ <3 (380.8) +4M75| gy
ay,by
which gives the following estimate of /:
L <My (02(f;8,a,b)+r ¢ fllc,) - (3.23)

Now, to estimate I, we consider the first and second derivative of gg(x).

5/2 5/2
, 1 ) ) 1 1)
gs (x) = 752 / [f <x+u+2> —f(x—l—u—Zﬂ du—2—52 / [f <x—u+ 2> —f<x—
-8/2 -6/2
Hence, for x € [a; —n,b; +N], we have
5/2
/ (D(f;éaaab) /
Hg5 (X)HC[apn,bﬁn] < 52 du
~5§/2
1
<35 o (f;6,a,b).
Moreover, |
gs' (x) = 2 f(x=8) =2f(x)+f(x+8)],
and |
1 .
les" e, < gen(fidab).

By the definition of semi-exponential operators and Taylor’s expansion, we have

r (85:%) — 8&s (X)‘

= |5 () s /) 5 0]

< iWﬁ r,x,lf k_y gs (%) 41 in r,x,]f uJ 28 " (x)
L (o) (=) )3 B () (5=

" k;iowﬁ (r,x,];) z(é—x) (’;_x)z
< ]; x) gs (x)|+ ;Wﬁ <r,x,’;‘) (I;C—xf%"(x)

=81 +35+85.
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For x € [a; — n,b; + 1] and some constant M, we obtain,

_ Mr—1
S1 = |gs’ (x)r Ay (nx)] <

o(f;6,a,b).

Whereas, for x € [aj,b;] and some constant K,

K —1
S2= [85" (¥)r 242 (rx)| < =2 (£:8,.b).

Following Theorem 3.3.3]and Lemma we can write,

() (-

1/2
kY 5, _ 1/2
< 4”f||cR (ZW[% (’G%;) e ) (r A4 (r,x)) /
T,

<L % fllg,

S3 =

Thus, finally there exists M, such that

-1 -1

L <M, [%a)(f;&a,b) —l—r5—2a)2(f;5,a,b) +r % fllce | - (3.24)

To estimate I3, let ) = %min{al —a,b—Dby}. Then, for x € [a; —1n,b; +N], we have

§/2 8)2
@ -5l =555 [ [ L ut) = 2)+ flr—u—v)]dudv).
~§/2-8/)2
By the limits of u and v, we have |u+v| < 8. Thus, using the definition of second
order modulus of continuity,
52 §)2
-0l <555 [ [ 2058.a0)dudy

~5/2-5/2

1
:E(Dz(f,S,a,b)

1
It follows that, L < 5(1)2 (f:0,a,b). (3.25)

Putting 8 = r—'/2 in equations (3.23), (3.24), (3.23) and using (3.22) we get the con-

clusion. O

This theorem particularly highlights that, if @, (f;h,a,b) = O (h*) then we can
Bf (fsx)—f(x) HC[ b o (r_a/ 2). The converse of the above statement
ar,bq

is also true and is proved next. But first let us define the Zygmund class of functions.

say that ‘
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Definition 3.5.3 Let 0 < o < 2. The Zygmund class, Lip* « is defined as
Lip*(a;a,b) = {f : @ (f;h,a,b) < Mh*} .

Theorem 3.5.4 Let0<a<a; <b; <b<o,0< o <?2and f € Cg. Then the follow-

ing are all equivalent statements:

(i) f € Lip*(a;ay,by)

Clay by =0 (ria/z)'

Proof. We have already seen that (i) implies (ii). We are only left to prove that (ii)

(i) |

B (1) — £ ()|

implies (7). Let,

< er—a/Z.

‘ BP (f:x) _f(x)‘ Clai b1

We need to find an upper bound for the first order modulus of continuity of f. Let

x,y € [0,00) be such that |y — x| < h. Then,
Lf ()= f ()]

<|f(y)—BP (f;y)’+
<2Myr~ %2 P

BE (f33) = BE (29| + |BE (£2) = £ (4]

To calculate P, let us use the PDE (3.6) and examine (BE)' (f:x)|. We have
’ (Bﬁ)/ (fsx)| = ]goa—wﬁ (r,x,k/r) f (_> |
_ x(lr—x) I;WB (rox, e /7) (’-; —x> f (’;) —ﬁ]g)wﬁ (rx,k/r) (’;‘)
< iy gwﬁ (roxk/r) (’-; —x> (f (’;) —f(x))|
i ;Wﬁ (rx,k/7) (’;‘ - )f(x) —ﬁgwﬁ (rox /1) f <’§)‘
Also, from Theorem 3:33] we get
3wy k) () 70 = 152
B
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Using the property @ (A9) < [1+A]w(5), we can write

w(é—x>§{l+ré—x}w(r_l). (3.26)
Thus,
B (¢ r v k |k
(Br) (f5x) Sx(l—x) ZWB (r,x,k/r) S ol f; S ,a,b
k=0
- k
+(Bf(x)—B ZWB (r,x,k/r) f (;)‘
k=0
SR Y Vo L Y N A B
“x(1-x) & pADD r I o !
A k k 1
Sx(l—x),gowﬁ (rx,k/r) X [H—r ;—x} a)(f; - ,a,b)
‘f‘[))Ml}’_a/z
1 = k k
<rM,w (f; - ,a,b) ZW[; (r,x,k/r) |- —x [I—H’ ——x}
r k=0 r r
+ My

<rMr,w (f; % ,a,b) {Al(r,X)JrAz(rr’x)} + BM, %2

! ,a,b) +r°‘/2] .
r

B (f;y)—BP (f;X)‘

<Mj {rw (f;

Now, for |y —x| < h,

P=

/yB?'(f;é‘)dé
y
< /yM3 {7’60 (f;

1
= M3r0) (f,

r

BE' (£:6)| d¢

1

r

,a,b) + r_a/z] d&

b) ly— x|+ Myr=/2 |y — x|

1
< Msrhw <f,
’

,a,b) +M3r*a/2.
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Hence,

o (f3h,a,b) < |f(y) — f(x)]
<M {rha) (f;

1
,a,b) —I—r_a/z} .
p

Next we will prove, if @ (f;h,a,b) <M’ [rha) (f;
1 and r > 1, we have that f € Lip* (a;a,b).

Let K > 1 be such that 2M’ < K'~%. Choose M" = max {® (f;1,a,b),2M'K*}
and define h,, = K " form=1,2,....

Using the principle of mathematical induction, we can easily show that for every

H,a,b) —|—r_0‘/2} then, for 0 < h <

positive integer m,
@ (fihm,a,b) < M"hy.

Now, for every 0 < h < 1, there exists an integer m > 0 such that &, < h < h;,—1. Thus

we can imply that,

© (f3h,a,b) < @ (fshm-1,a,b)
S M//h};’“/l_l

=M"K*n%
< M///hot .

Since,

[f(6) =2f (t48)+f (1 +28)[ <[f (1) = f(t+8)[+|f (1 +8) - f (¢ +25)]

<20(f;h,a,b)
< 2M/”ha.
We get,
o (f;h,a,b) < Ch®*.
Thus, f € Lip* (o;a,b). With this, we have shown that the conclusion is true. O

3.6 Graphical Interpretations

In this section, we investigate how the parameters  and values r affect the behaviour
of the semi-exponential Bernstein operators defined in (3.11). Since these parame-

ter values play a central role in shaping the approximation process, it is important to
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examine their impact both individually and in combination. To this end, we study
their effect numerically on test functions, complementing the theoretical convergence

results established in the preceding sections.

3.6.0.a Effect of r
Figures [3.3] and [3.4] illustrate the effect of r on the approximation of the function
f(x) = xsin(27mx) — xcos(27mx)

by fixing the value of B at 5. As r increases, the curves generated by our proposed
operators converge uniformly towards f(x). This behaviour aligns with the theoretical
results proven earlier, which guarantee uniform convergence of the proposed operators

as r — oo. Thus, increasing r enhances the accuracy of approximation.

3.6.0.b Effect of 3

Next, we analyze the role of the parameter 3. For this purpose, we fix r = 50 and

consider the polynomial function
fx) = =27x° +27x* +21x° — 27x% + 6x,

while varying B over the values 5,10, and 15. The results are shown in Figures
and From the figure, it is evident that smaller values of 3 yield better approxima-
tions, as the operator graphs lie closer to the curve of f(x). Conversely, larger values
of B tend to slow down convergence, thereby reducing the efficiency of approxima-
tion. Hence, the parameter 3 can be viewed as a refinement factor, with lower values

favoring more accurate operator behaviour.

These observations highlight the roles of r and . While increasing r enhances
convergence in a uniform sense, adjusting 8 allows for finer control over the quali-
ty of approximation. As illustrated in Figures and increasing the value of r
while simultaneously decreasing the value of 3, for f(x) = 4x0 — 2x* 4 2x3 — 5x%2 4+ 2x,
leads to a significant enhancement in the approximation process. This combined effect
results in operator curves that align more closely with the required function, there-
by demonstrating the complementary influence of the two parameters on the overall

accuracy.
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Error

BA(f:x) 1.0
ol B30 (f:x)~f(x)]
’ 08 B30 (f:x)=f(x)|
— 1BRo(fx)~f(x)]
0.2 0.4 X . 0" 06
Y B 04
B3y (f:X)
. 02
-1.0 Bo(t)
— B(fx) . . .
02 04 06 0.8 10"

Figure 3.3: Graph of the semi- Figure 3.4: Graph of the error values
exponential Bernstein operators for of semi-exponential Bernstein operators
ﬁ = 5 and different values of r. Corresponding to Figure

Error
BE(f:x) 1.0

— f(x)
B3y (f:X)
0.4 BI3(f:x)

— BR(fx)

1BEo(fx)~f()l
08 1823 (F:x)~f(x)|
— 1B (Ex)~x)]

0.6

0.6

0.2
0.4

-0.2
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Figure 3.5: Graph of the semi- Figure 3.6: Graph of the error values

exponential Bernstein operators for of semi-exponential Bernstein operators

r =50 and different values of 3. corresponding to Figure @
Bl,;(f;x) 1irror
— fx) B35 (fix)=f(x)]
o8y BSy(Fx) 08 B (f:x)=f(x)]
Bly(fx) — 1% (fx)~f(x)]
04f 0.6
— B (fx)
0.2} 0.4
02 04 06 0, 10" 02
— X
-0.2F 0.2 0.4 0.6 0.8 1.0

Figure 3.7: Graph of the semi- Figure 3.8: Graph of the error values
exponential Bernstein operators different of semi-exponential Bernstein operators

values of r and f3. corresponding to Figure






Chapter 4

Solution of Fractional Differential and
Integro-Differential Equations using

Fractional Positive Linear Operators

In this chapter, we derive a new sequence of positive linear operators by using the
concept of fractional calculus, an extension of the classical calculus for integrals and
derivatives of non-integer order .. The formulation starts by taking the classical Bern-
stein operators and differentiating them using the Caputo fractional derivative of order
a. Such type of modification will fall under a new class of operators namely, Frac-
tional Positive Linear Operators. We specifically focus on the ‘Fractional Bernstein-
Kantorovich Operators’. We give the moments of these operators with the help of
Laplace transform. Using these moments and the Korovkin theorem we prove their
convergence properties. Furthermore, the applications of these operators in solving
linear fractional differential equations as well as fractional integro-differential equa-
tions using the basis polynomial of the fractional Bernstein-Kantorovich operators is
also shown. Various Numerical illustrations are provided to better understand this ap-
proach. Further, the credibility of these approximate solutions is verified graphically

and through error tables.

103
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4.1 Introduction

The field of fractional calculus extends the principles of integer-order calculus to in-
clude non-integer orders [147; [170]. Fractional calculus may be regarded as both an
old and a modern topic. This idea was first proposed by mathematicians L”Hopital and
Leibniz in the 17" century, who described derivatives of order o = 1/2. However, the
real breakthroughs came in the 19" and 20" centuries, when significant developments
were made notably through the work of Liouville, Riemann, and later, Caputo and
Grunwald [45} 46} 95; [135; [179]]. Despite these early foundations, fractional calculus
has continued to evolve over the centuries and remains an active field of research today,

with new methods, interpretations and applications constantly emerging [[68; [182].

Theoretically, it may not be of much importance to visualize 1/2/" order deriva-
tive of a function, however the properties of various real materials can be accurately
described using derivatives and integrals of non-integer order [216; 170]. The inte-
ger order differential operator is a local operator while the fractional order differential
operator is non-local. In other words, at each time ¢, the output of an integer order
system depends solely on the input at that same time ¢, whereas the determination of
the current output of a non-integer order system requires knowledge of its current input
as well as all of its past input values. Thus, non-integer order derivatives and integrals

can be utilized to explain processes with memory.

One significant place where fractional calculus finds its applications is in the
formulation of fractional order differential equations. Fractional differential equation-
s (FDEs) extend the concept of classical differential equations, where the orders of
differentiation are extended to non-integer (fractional) values. This extension offer-
s a more flexible and accurate framework for modeling various complex phenomena
that cannot be adequately described by integer-order differential equations. In the last
few decades, fractional differential equations have found a multitude of very interest-
ing and novel applications in physics, mathematics, chemistry, engineering, finance,
and other sciences (see [23} [69; 205]] and references therein). In 1990, Koh and Kel-
ly [131] applied fractional derivatives to model the stress-strain relationship in elas-
tomers. In 1994, another significant milestone in the theory of fractional differential
equations was achieved with the introduction of a new linear capacitor model based
on Curie’s empirical law, by Westerlund and Ekstam [217]]. They incorporated frac-

tional derivatives to describe the current-voltage relationship as i(t) = C dst,St), where
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u(t) represents the input voltage and i(¢) represents current. The model accounts for
dielectric absorption and the capacitor’s ability to ‘remember’ past voltages, offering
solutions to problems that conventional theory cannot address. Chatterjee [49], in his
work, explained that fractional order derivatives in linear viscoelastic materials arise
from disordered dissipation mechanisms, which lead to power-law decay instead of
the typical exponential decay. His study provided an engineering perspective on how
multiple closely spaced exponential decay rates can produce fractional damping be-
haviour. Thus, literature suggests that fractional derivatives are an excellent tool for
modeling memory, hereditary, and past-dependent properties of various materials and
processes. This represents the main benefit of fractional derivative models over the

traditional integer-order models, where such effects are overlooked.

While ordinary differential equations can be solved using methods like separation
of variables, substitution and integration but solving fractional differential equation-
s requires a combination of numerical, analytical, and specialized techniques based
on the characteristics of the given equation. In 1999, Luchko and Gorenflo [141]
used the Caputo fractional differential operator and developed operational calculus
of Mikusiniski’s type to find the solution of an initial value problem of a general lin-
ear fractional differential equation with constant coefficients. Later in 1993, Samko et
al. [[197]] studied fractional differentiation and various forms of multidimensional frac-
tional integro-differentiation along with its application to differential equations. They
sought a solution of ordinary fractional-order differential equations using the method
of iterations and successive approximations. In 1995, Beyer and Kempfle [30] gener-
alized an approach which uses Fourier transforms to solve a linear, not necessarily or-
dinary, differential equation by specifically taking the equation (D*+aD?+b)x = f,
where 0 < g < 2. Inspired by the broad applicability of fractional differential equa-
tions (FDEs) in modeling physical phenomena, numerous other authors explored their
mathematical aspects and solution methods, such as the Laplace transform technique
[92; 142]].

Motivated by the growing significance of fractional calculus and its applications
in fractional differential equations, the objective of this chapter is to develop a new
class of positive linear operators, hereafter known as ‘Fractional Positive Linear Op-
erators’, to seek an approximate solution for linear fractional differential equations

(FDEs) and fractional integro-differential equations (FIDEs).
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First, we present a collection of fundamental definitions and lemmas that will be
used throughout this chapter. These preliminaries include not only essential concepts
from fractional calculus but also related mathematical tools, such as the hypergeomet-
ric function, which play a significant role in the analysis developed in the subsequent

sections.

4.1.1 Preliminaries

To begin with, we recall the notion of the fractional integral, which serves as the
foundation of fractional calculus. This operator extends the classical integral to arbi-

trary real or complex orders and provides the basis for defining fractional derivatives.

Definition 4.1.1 [68/] The fractional integral of order & of a function f is defined as,

Iaf(t):ﬁ/ot(t—x)a_lf(x)dx, t>0, 0>0.

Building upon the fractional integral, one of the most widely used formulations
of a fractional derivative is the Caputo derivative. It is particularly useful in applica-
tions since it allows for the use of classical initial conditions, making it well-suited for

physical and engineering problems.

Definition 4.1.2 [68] The Caputo fractional derivative of order o > 0 for a function
f(t) € C" is given by

t
1 fﬂﬂ( )
DYf(t) = [([a]—a) (%f(t)) _ ) T(al-a) J (—re e —dx, oa¢N
04
: Wf(t)v (X:ne]\]7

where [.] is the ceiling function.

An important tool in the analysis of fractional differential equations is the Laplace
transform of the Caputo derivative. This result provides a convenient way to handle
fractional differential equations by transforming them into algebraic equations in the

Laplace domain.

Definition 4.1.3 [68] Assume that f : [0,00) — R is such that Laplace transform £ f
exists on [ty, o) with some ty € R. Let o0 >0 and n = [a]. Then for t > max{0,1y}, the

Laplace transform formula for the Caputo fractional derivative D* f (t) is given by,

(Daf( kfk 1

_M=

where F (s) denotes the Laplace transform of f (t)
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For completeness, we now state some basic properties of fractional integrals and
derivatives. These properties not only generalize the familiar rules of integer-order

calculus but also highlight the distinctive features of fractional operators.

o D%(af(1) +bg(t)) = aD® f(t) +bD*g(1)

1% (af(t) +bg(t)) = al“f(t) + bI*g(1)

%D £ () :f(,)_:)::(l)ltc_"!f(k)(())7 x>0, n—1l<a<n

1918 =128 forall o, >0

1°DB =1%-B  where a > B

I'(m+1
oI“xm:%xam, a>0,m>—-1,x>0

LID®f(x)] = “LLf(x)] 5% £(0), O<a<L.

In addition to integral transforms, another powerful tool in fractional calculus
is the generalization of classical series expansions. Such results extend the notion
of Taylor’s expansion to the fractional-order framework, thereby providing a way to
represent functions in terms of their fractional derivatives. Thus, next we state the

fractional order Taylor’s expansion of a function f.

Theorem 4.1.4 [[162] Suppose that D**f(x) € C[0,1] for k = 0,1,...,n+ 1, where
0 < a < 1, then the fractional order Taylor’s expansion of f is given by

1, (x—a) (p17r) €)

x)=Y =2 (D*f)(a x—a)rthe
0= E ey DO ranar 9"

with a < & < x, Vx € [a,b], where D"* = D*-D* ... D% (n-times).

The fractional Taylor expansion plays a crucial role in both theoretical and applied
aspects of fractional calculus. It not only generalizes a well-known result from clas-
sical analysis but also provides a foundation for proving approximation results and

establishing error estimates for the operators introduced later in this chapter.

In addition to the tools of fractional calculus discussed above, our analysis also
makes use of the hypergeometric function. Although not a part of fractional calculus,
it is employed here as a constructive tool in the formulation of the operators introduced

in this chapter. We now provide its definition and basic properties.
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Definition 4.1.5 [ /8] A function which can be defined in the form of a hypergeometric

series, i.e., a series for which the ratio of successive terms can be written as

ckr1  (k+ar)(k+a)..(k+ap)

e (k+b1)(k+Dby)...(k+by)(k+1)

is known as the generalized hypergeometric function and is expressed as
. . _ k
qu(al,...,ap,bl,...,bq,x) —chkx .

The hypergeometric functions can explicitly be expressed as

(o)

5 @ (@),

F,(ay,ap,...,a,,b1,by,...,by;x) = ,
pF (a1 p-71 4:%) = (b1),...(by), 1!

where (a), = % is the pochhammer symbol. Specifically, for p =2 and g =1, we

get the Gauss’s hypergeometric function, defined as

o (a1),(a2), x"

F . . — r r—_ 41
2F (ay,a2;b1;5x) rz:O b 7l 4.1)
aap a1(1+a1)a2(1+a2) 2
=1 1.
Tt T B

Beyond its series representation, the Gauss hypergeometric function also ad-
mits various integral representations, which often prove more convenient in analysis
and applications. One particularly useful representation connects the hypergeometric
function with the Beta function, allowing us to express certain integrals in terms of

2F1 (a,b;c;x). The following lemma states this result.

Lemma 4.1.6 [24] Let ¢ > b > 0 and |x| < 1. Then, an integral in terms of the Gauss

hypergeometric function is given by
1
/ P11 =) (1 —xt) "%t = B(b,c — b)aFi (a,b;c:x)
0

When x = 1, the integral on the right reduces to a beta function.

Having established the fundamental concepts of fractional integrals, Caputo
derivatives, their Laplace transforms and the associated properties, we are now e-
quipped with the essential mathematical tools required for the construction of our op-

erators and subsequent analysis in this chapter.
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4.2 Fraction Bernstein-Kantorovich Operators

The concept of positive linear operators has undergone significant enhancement since
the early 20" century in an effort to improve and understand approximation processes.
Among the most widely recognized and frequently used positive linear operators are
the Bernstein Kantorovich operators [[127] which are based on a modification of the
Bernstein operators and are defined to approximate functions f that are integrable over

the interval [0, 1]. These operators replace the sample values f(k/n) in the Bernstein

operators with the mean values of f over the sub-intervals [n L , %} . This is achieved

k  k+1
n+1’ n+1

. The Bernstein Kantorovich

by integrating the function f(¢) over each subinterval [
n—k

] and weighting it by
the Bernstein basis polynomial p, (x) = x*(1 —x)
operators K, are defined by equation (1.4)

The factor (n+ 1) ensures that the Bernstein-Kantorovich operators are positive
linear operators that preserve constant functions. For more study on Bernstein and

Kantorovich type operators, one can refer to [1535 18551255 1135 157].

Building upon these classical constructions, it is important to note that the basis
functions in positive linear operators play a central role in determining the efficiency
of approximation. By enriching these basis functions through the use of fractional-
order derivatives and integrals, one can incorporate memory effects directly into the
operator. Such memory-dependent basis functions enable the operator to capture long-

range dependencies and non-local behaviours in the function being approximated.

This chapter is devoted to the construction and formulation of a new sequence of
positive linear operators, namely Fractional Positive Linear Operators, with the help
of fractional derivative in Caputo sense. Using the definition of Caputo fractional
derivative on classical Bernstein operators, we get
4l

[o]—a %
I T

Boyi(F), where F(x) = / F(b)dr.
0

Without loss of generality, let 0 < o < 1, then

ud
D% (B, (F))=1' "‘aBnH(F)

- ﬁ/(kr)‘“%&w(mm

0
_ F(lia) b/x(x—t)a(n—&—l)]g)(Z)tk(l ek (F (ﬁﬂ) _F (nil)>dt
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_ "“ kz”;)(”)( (f:ri) —F<Hi1>)O/XIk(l—l‘)n_k(x—t)_adt.
B ) o e

Substituting 7 = xy and using Lemma 4.1.6, we can write

D% (By11(F))

B (e ( () (@) fromomor s
<

F<k+l> —F( k ))ﬁ(k+l,l—a)2F1 (—nkk+ Ik — o+ 2:%)

n+1 n+1

, % I'(k+1) k+1 k
= 1)x ol M) Fi(— 1;k— 2; F|— | —-F
(n+1)x ];)(k X F(k—a+2)2 1 (—n+kk+ Lk—o+2;x) ! p——l ,

where Fj (a,b;c;x) is the Gauss’s hypergeometric function given by equation (4.1).

X
Substituting F(x) = [ f(¢)dt, we arrive at
0

fa 1 (k+1)/(n+1)
D% (Byy1 (F)) = a+lz(> kk(;>2)2m (k+1,—n+kk— o+ 2;x) / f(t)dt.(4.2)
k/(n+1)
For f(t) =
_ k+1)
D% (B o+l (—F k+1,—n+kk—oa+2;
( I’l+1 Z a+2)2 1( + 3 n+K; + ,.X')
x—a+l
TT2-a)

The operators defined by equation (4.2)) are positive linear operators. However,
for the constant function f(r) = 1, we observe that D% (B, (F)) # 1, but it converges
to 1 as @ — 1. To construct a positive linear operator that exactly preserves the test
function eg(f) = 1, it is necessary to normalize by dividing D*(B,4(F)) with the
factor % With this adjustment, the Fractional Bernstein Kantorovich operators
are defined as,

K () = 2 e p, ()

(n+1)

(k+1)/
é I'k+1
/(n+1)

4.3)

For o = 1, the fractional Bernstein Kantorovich operators (4.3)) reduce to the clas-

sical Bernstein Kantorovich operators defined in equation (1.4). We now denote the
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corresponding basis functions of the proposed operators (4.3)) by

(n\ ,T2—a)T(k+1)
B””‘(x)_(k>xk T(k—a+2)

To gain further insight into the structure of the fractional Bernstein Kantorovich

2F (k+1,—n+k;k—06+2;x) (44)

operators, it is useful to examine the behaviour of their basis functions. In particu-
lar, plotting these basis functions allows us to visualize how the fractional parameter
o influences their shape and distribution. Figures 4.2} [4.3] 4.4] and 4.5] represent the
graphs of these basis functions corresponding to n = 8 for different values of o, while
Figure represents the graphs of the Bernstein polynomials bg (x), defined in e-
quation (I.1). These plots clearly illustrate how varying o modifies the spread and
smoothness of the basis functions, thereby reflecting the impact of fractional order on

the approximation process.

It can also be observed that as o — 1, the basis functions defined in equation
(4.4) gradually recover the shape of Bernstein polynomials. In contrast, for smaller
values of o, the basis functions become more flattened and widely spread across the
interval, indicating a stronger memory effect embedded in the operator. This compara-
tive behaviour highlights how the fractional parameter governs the transition between

classical and memory-dependent approximation schemes.

bn,k(x)
06 — bgo(X)
bs,1(x)
05 bg 2(x)
04 — bg3(X)
— bg4(X)
0.3
— bg5(X)
02 — bgs(X)
0.1 bg 7(x)
— bgg(X)
F 02 04 06 o8 10 ¥

Figure 4.1: Graph of the Bernstein polynomials b, (x), for n = 8.
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Box(x) Bok(x)
— Bgo(x) — Bgo(x)
o Boaty T Ba(x)
Bg 2(x) Bg 2(x)
o2 — Bea T — BsaX)
— Bga(x) — Bga(x)
ozr — Besx) U} — Bas(x)
— Bge(x) — Bgs(x)
o Br(x) ™ By 7(x)
— Bgg(x) — Bgs(x)

0.2 04 0.6 0.8 1.0

Figure 4.2: Graph of the Basis functions Figure 4.3: Graph of the Basis functions
By, k(x), forn =8 and a = 0.2. B, k(x), forn =8 and a = 0.4.

0.2 0.4 06 08 10 02 04 06 08 10

Figure 4.4: Graph of the Basis functions Figure 4.5: Graph of the Basis functions
B, k(x), forn =8 and a = 0.6. By, k(x), forn =8 and a = 0.8.

4.2.1 Approximation Results

Remark 4.2.1 The fractional Bernstein Kantorovich operators K (f;x) are a se-
quence of positive linear operators such that K (c;x) = ¢, where c is any real con-

stant.

Theorem 4.2.2 For 0 < oo < 1 and the operators (4.3)), we get the following identities

(also known as the moments of K{*):
(i) K¥(eosx) =1

(ii) Ki(e13%) = 3y + mrthe=a)

... o LN 1 2nx 2n(n—1)x’
(iii) K;(e2;x) = 3(nt1)> + (n+1)*(2—a) + (n+1)*(3-a) (2 )

: Ol ey — 1 Tnx 9n(n—1)x> 6n(n—1)(n—2)x3
(iv) K (e3:x) = 2’ T 2P T Gy e—a) T i o) ) ()

1 -+ 61}x 3(21rz(n71)x2 4%"("*1)(1172))?
(v) K¥(eq;x) = 5(n—|—1)24n(n2_(r;—)i-(11)_(22)(—n01)3)x4(n+1) G-a)2-a) ' (n+D)d—a)3-a)2-a)
n+1)*G-a)(d4-a)3-a)(2-a)’
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where e, =t" forr € N.

Proof. Traditionally, the moments of positive linear operators are derived by substi-
tuting the test functions e,(t) =¢" for r =0, 1,2,3,4 into the operator, simplifying the
resulting expressions, and then evaluating their limits as n — oo. This direct approach,

though effective, can sometimes involve lengthy algebraic manipulations.

In this chapter, we adopt an alternative technique to compute the moments of the
fractional Bernstein Kantorovich operators K*(f;x). Instead of proceeding through
direct substitution, we make use of the Laplace transform. Specifically, we calculate
the Laplace transforms of K%*(e,;x) for r = 0,1,2,3,4 in the limiting case as n —
oo, and subsequently obtain the required moments by applying the inverse Laplace

transform.

From Definition 4.1.3] the Laplace transform of Caputo derivative can be written

as,
n—1
LD f(x)] =sF(s)— Y s** ' f0(0)
k=0
= s%F(s) —s* 1 £(0), for0<a <1,

where F(s) is the Laplace transform of f(x). Thus,

208,01 (F) =52 By (F (25 ) ) 0] =5 8 (F (7)) 069

t
where F(t) = [ f(&)d&. Using equation (4.5)), we can calculate the moments of our
0

proposed operators.
(i) For f(§) =1,

2108 (0] =52 B (7 (25 ) ) 0]

n+1
n+l1
I’l—|—1 k k41
=s*Z [Z( L )n+1xk(1—x)" +]
k=0
B 1
_SZ—a'

Applying the inverse Laplace transform and multiplying the expression by
rx(};ff) (as in (4.3)), we will arrive at K% (eq;x) = 1.
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(ii) For f(§) =¢,

o _ il k2 ke
g[D Bn+1(F)]_ g[/;)( k )2<n+1)2xk(1 ) ]

o n 1
=7 (s3(n+1)+2s2(n—|—1)>
_ n 1
TSt ) T2 ()

1
—~ DB, (F)=2"" "
+1(F) [s3°‘(n—|—1)+2s2°‘(n—|—1)]
xl—oc an—a

2t T2—a) i+ MG —a)’

I'2—o)
o+l

Again, multiplying the expression by

, we get the second moment as

1 nx

K (er3x) = 2(n+1) * (n+1)2—-a)

(iii) For f(&) = &2,

Z|D*Bp1(F) =s5*% [”il <n+ 1) _k3 xk(l _x)n—k+1]

S\ k) 30n+1)°
_ of 2n(n—1) 2n 1
=S5 4 2 3 2+ 7 2
stn+1)"  s2(n+1)° 3s?2(n+1)
2n(n—1) 2n 1
= +

+ .
e+ 1)2 S %n+1)? 382 %n+1)?
Thus, the third moment is given by
1 2nx 2n(n—1)x?

K (eix) = 1)t DP2-a) (14126 o)2—a)

In a similar manner, we can find the moments at ez and e4. O

Using Theorem [4.2.2] we can conclude that as n — o and @ — 1, K& (e,5x) —
e, where ¢, =1t" for r = 0,1,2. From the Bohman-Korovkin theorem [35} [132], we
can hence state that for a real valued continuous function f, the fractional Bernstein

Kantorovich operators K% (f;x) converges to f(x) uniformly. That is,
lim K¥f=f, foro— 1.
n—soo

Lemma 4.2.3 For 0 < o < 1, the first and second central moments of the fraction-
al Bernstein Kantorovich operators defined in equation (4.3)), and the asymptotic be-

haviour of higher-order moments as n — o and o — 1 is given by:
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(i) K¥*((t—x);x) = x L e+ —(nt2)

PRy (D 2—a)
O 20 a(n+1) 2az(n+1)2—a(n+1)(3n+5)+2(n+1)2+4
(i) Ky ((t =2)%5%) = g T2 T* (1+1)2(3-a)(2—)
(iii) lim lim nK%((t —x)*;x) =0
n—roo g —1

(iv) lim lim n?K%((t —x)*;x) = 3x*(1 —x)*.
n—oo g— 1

Having obtained the central moments and asymptotic properties of the operators,
it is also important to establish uniform bounds that will be useful in the study of
convergence. The following lemma provides such an estimate for K*(f;x) in terms of
the supremum norm of f.

Lemma 4.2.4 Let f be a continuous function defined on [0, 1]. For || f|| = sup |f(x)|

x€[0,1]
and 0 < o < 1, ]
x A
K% (f: <

X

Proof. Using F(x) = [ f(t)dt and definition of the Bernstein operators,

0
/ n ne k+1 k
[B'wi1 (F)| < (n+ 1>k§6 (Z)xk(l —x)" | F (rH— 1) - (nH)‘
n (k+1)/(n41)
<(n+1)) (Z)x"(l —x)"k / |[f(0)]dt
k=0 k/(n+1)
) (k+1)/(n41)
Wi L (G)ra-o [
k=0 k/(n+1)
= If1I-
Now,
Ky (f3x)] = [D* (Bus1(F))]
R PR
ngTjaj/}x—n B y1 (F)|dt

0

IFl 7,
Sm/(x—t) dt

0

_x A
S TR-a)



116 Approximation using Fractional Positive Linear Operators

Theorem 4.2.5 Let f,D*f and D**f belong to the class of continuous functions in
[0, 1]. Then for 0 < o < 1, the following inequality holds:

«r -0 (D) (), (10 (D) (§)
K <O e I rarn b TRarTy |

where x < & <1, Vx € [0,1].

Proof. Using the generalized Taylor’s formula from Theorem4.1.4]

(t=x)% (t —x)*

f(t) = f(x)+ =——= (D*f) (x)+m (D*f) (x) + ...

INa+1)
(1 —x)tmHDe <D(m+1)af> (&),

T((m+ 1o +1)

(l _x)ma
[(mo+1)

(D™ f) (x) +
where x < & <1, Vt € [0, 1]. Applying the operator K% on both sides,

K (f(2);x) :f(X)K,(lx (L;x)+ w[fflx ((t —x)a;x) + w[cx ((l _x)Za;x>

d T(o+1) T2a+1)
(D)) gy oymer, gy o =0T
ot T 0 5 (0" 4 1 T (D )(5)(46)
Let u(t) = (t —x)™%*, define
Il = sup [t —x/"
t€[0,1]

Consider, /(1) = ma(r —x)™* ' = 0. This implies that the critical point of fi(z) is at
t = x. Now,
for t > x, mat(r —x)™* ' > 0, and

)"*=1 >0, if mo— 1 is even

mo(t —x)"*"! <0, if mat — 1 is odd
Thus, either u(z) is always increasing or has a minimum in (0, 1). Hence, the supre-
mum will always be at t = 1. So, for f(¢) = (t — x)™%, we have || f|| = (1 —x)"*.

Thus,

mo(t —x
fort < x,

Subsequently, from (4.6)

« K10 (D9 () (D) (§)(1 )"
KGO <O e et T TGatT)
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Theorem 4.2.6 Forany f € C[0,1] and 0 < o < 1:

K (13— F0)] <20 (£ \[n8()

where @ (f;8) is the modulus of continuity of f and " (x) = Ky’ ((r—x)%x).

Proof. Using the definition of the fractional Bernstein Kantorovich operators and its
moments, we can write

K (f3x) = f(x)]
n Clk+1 (k+1)/(n+1)
<(n+1F2-a) ), <n))d‘1_(+)2F1 (k4+1,—n+kk—a+2;x) / |f(t) — f(x)|dz.

&\ Tk—a+2) i
Now, [f(t) = f(x)| < o (f3]t —x])
< (1+%|t—x|>w(f;5).

From the properties of modulus of continuity and Cauchy-Schwarz’s inequality, we
have

K3 (f5%) = f (%)

(k+1)/(n+1)

—o) ¥ (M) Lkt D ke — a2 L :
<(n+ 12 Oc)];)(k>x F(k_a+2)2Fl(k+l, n+kik—a+2;x) / (1+5t x|>a)(f,6)dt
k/(n+1)

[ . (k+1)/ (n+1)

— "5 X [ —aldi1| o(5:5)
k=0 k/(n+1)

B 1/2

K,f‘((t—x)z;x> /
< 5 +1| 0(f;9)

_\/“Zz(x)
= 5 +1|w(f;0).
Choosing § = , /%, (x) proves our result. m|

Theorem 4.2.7 Let f € C[0,1]. If f”(x) exists at a point x € [0,1]. Then,

lim 2n (K (f3x) = f(x)] = (1= 2x) f'(x) +x (1 = x) f" (x).

n—soo

Proof. Let u;,(x) = K ((t —x)™;x). By Taylor’s expansion,

(t—x)°

)+ ()% ),

fO)=fx)+ @ —x)f (x)+
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where limg(7) = 0. Thus,
—Xx

n—oo or— 1 n—oo q— 1

im fim n K (755) 0] = fim tim (s’ (00 + S0 0)

+nK® ((t —x)zs(t);x>> .

After mathematical simplifications, we can deduce lim lim nu®, (x) =x(1—x). More-

n—oeo gr—1
over, since lime(¢) = 0, therefore lim lim nK% ((t —x)ze(t);x> = 0. Thus,
I—x n—oo o—1
lim lim n[KY (f;x) — f(x)]
n—roo g —1
— Tim i a / noa /"
= lim lim (i1 () (x) + S ()£ (x))
— lim f'(x)n(l —2x) N f'(x)n+3xn(n—1)— 32xzn(n— 1)
n—eo 2(n+1) 2 3(n41)
1 —2x x(I—x
= S

]

From Theorem4.2.7|we can say that if f/(x) and f”(x) are both not zero simulta-
neously on [0, 1], then the order of convergence of K% (f;x) to f(x) is exactly O (n~1).
Using the Voronoskaya theorem on classical Bernstein operators also gives the same
order of convergence [213]. So, in a way, we can say that the fractional Bernstein
Kantorovich operators (4.3)), including a parameter a (which can be thought of as a
fractional-order parameter possessing memory or heredity properties), approximates
any continuous function defined on the interval [0, 1] with an order of convergence
as good as that of the classical Bernstein operators, which do not contain any such

parameter.

4.2.2 Graphical Representation of K% (f;x)

We approximate the function f(x) = (1 —2x)sin (27x — 3) + 3 cos (27x) on the
interval [0, 1] using K (f;x) (from equation (4.3])) whose value depends on the values
of n and o. As shown in Figure [2.8] varying n while keeping ¢ fixed at 0.8, the ap-
proximation improves as n increases. Furthermore, Figure 2.9 shows the convergence
of K% (f;x) to the function f(x) = xcos(37mx) with n = 50 and varying values of a.
The figure indicates that lower values of o lead to slower convergence rates. This
highlights the importance of selecting an appropriate value of o to achieve efficient

and accurate approximations.
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Ka

1.0
0.8
f(x
06 (x)
-------- K3
0.4 8
’ K83
0.2+ -
R/ - .8
K(1)00

Figure 4.6: Approximation Process of K ((1—2t)sin (27t — 1) 4 £ cos (27t) ; x) for

o = 0.8 and different values of n.

0.5 ;
f(x)
o T K3
K37®
-0.5 ; - Kgog
10}

Figure 4.7: Approximation Process of K (¢ cos(37t);x) for n = 50 and different values

of «.

4.3 Solving Fractional Differential Equations

One of the distinctive features of fractional derivatives is their inherent memory effect.
This suggests that the future state of a system described by fractional derivatives de-
pends not only on its current state but also on its entire history. This property makes
fractional derivatives particularly suitable for modeling processes with memory and
hereditary characteristics, such as models involving viscoelastic materials, electrical

circuits, and certain biological systems [555 77} 1144; 1805 [188; 191]]. Thus, extending
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the concept of integer-order differential equations to fractional order enhances their de-
scriptive power by incorporating memory effects, long-range interactions, and anoma-

lous behaviours.

One method for solving fractional differential equations (FDEs) is the FDE12
algorithm, introduced by R. Garrappa [88]. However, in most cases these solutions
are not in a form which can be easily utilized for further analysis. Therefore, we aim
to obtain a solution in a form, such as polynomials, that can be interpreted and used
for subsequent analysis. This section is dedicated to finding an approximate polyno-
mial solution to linear FDEs, utilizing the basis of fractional Bernstein-Kantorovich

operators as described in equation (4.4).

4.3.1 Mathematical Framework

Consider the linear Fractional Differential equation of the form,
D%y(x) + P(x)y(x) = Q(x), 4.7)

where D? is the Caputo fractional derivative of order a.

Step 1: Take the fractional integral on both sides of equation (4.7), we get,
Y(x) =y(0) +1* [P(x)y(x)] = I*[Q(x)]. (4.8)

Step 2: To determine the approximate solution of (4.8)), we use our fractional
basis polynomial (4.4) on [0, 1] as

n
yn(x) = Z ckBni(x), where ¢, are unknown constants. 4.9)
k=0

Step 3: Substituting equation (4.9)) into equation (4.8), we obtain,

Y By (x) +1% [P(x) Y B i (x)] = y(0) +1% [Q(x)]

= Y ek (Bl +1% [P)Bui(x)]) = ¥(0) + 1% [Q()]. (4.10)
Step 4: Putx=xj, j=0,1,...,ninto equation (4.10), where x’s are being chosen

as suitable distinct points in (0, 1). This gives us a linear system

n
Y ajici =f], j=0,1,..n, (4.11)
k=0
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where axj = ank(xj) + 1% [P(xj)Bmk(Xj)} and f; = y(0)4+1¢ [Q(x])} .

Step 5: The linear system (4.11)) can easily be solved by standard methods for the
unknown constants ¢;’s. These ¢y, for k =0,1,...n, are then used in equation (4.9) to

obtain the unknown function y(x) approximately.

Using the above approach, we claim that a higher value of n leads to a better

solution. Following are some numerical illustrations for better understanding.
4.3.2 Numerical Illustrations
Example 4.3.1 Consider the fractional differential equation:
D™y(x)=y(x)+1, y(0)=0. (4.12)
Taking fractional integral on both sides, we get
() =14 )]+ 14 1] (4.13)

In order to get an approximate solution of the FDE (4.12)), substitute y,(x) =
2
Y cBai(x) in @.13), we get

i ckBoy(x) = 194 [i CkBZ7k<x)] +1°4[1]

k=0 k=0
(1 —1.25x+0.480769x?) co 0.450824 (2.5x04 —2.23214x!4 +0.71543x*%) ¢
= +1.25x(1—0.769231x) ¢y = +0.450824 (2.23214x!* — 1.43086x>%) ¢y
10.480769x%¢, +0.322533x%4c + Py

Taking x = 0.1, 0.2 and 0.3, we get the following system of linear equations

0.469895¢0 4 0.0778911c1 +0.00352367¢, = 0.448691
0.276126¢0 4 0.119369¢; +0.0124536¢, = 0.592051
0.140545¢¢ 4-0.13782¢1 + 0.0253357 ¢, = 0.696299,

and solving this system we get co = 0.315191, ¢; = 3.57448 and ¢, = 6.29011. Hence,
an approximate solution to the FDE D%%y(x) = y(x) + 1 is

y2(x) = 0.315191B, o(x) +3.57448B, 1 (x) +6.29011B; 5 (x)
=0.315191 4+ 4.07411x — 0.261377x>.
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4
Let us increase the value of n and put y4(x) = Y. cxB4«(x) in equation (4.13)), to verify

4
our claim. For y4(x) = ¥ cxBak(x). The solution takes the form,
k=0

04

4
704 X — )
k;OCk (B47k(x) I [347](( )}) F(14)

Taking x =0.1,0.2,0.3,0.4 and 0.5 leads us to the following system of linear equations

with ¢;/s as variables.

0.401377¢9 4 0.131158¢1 +-0.0176315¢2 +0.00111c3 + 0.0000273748c4 = 0.448691

0.185683cp +0.164012¢; +0.0506189¢; +0.00723459¢3 + 0.000399842¢c4 = 0.592051

0.0531708c( +0.147756¢1 +0.0809801¢3 +0.0199106¢3 +0.00188374¢c4 = 0.696299
—0.0311758c( +0.107229¢;1 + 0.099025¢; + 0.038114c¢3 +0.00559195¢4 = 0.781216
—0.0845752cp +0.0581489¢; + 0.100501c¢2 + 0.058879¢3 +0.012894c4 = 0.854152

Solving the system gives us the following solution:
co =0.271432, ¢y = 2.1806, ¢y =2.60501, c3 = 6.83978 and c4 = 6.65295.

Thus, another approximate solution to the FDE is,

4
ya(x) = Y ckBay(x)
=0

= 0.271432 +4.77291x — 4.28293x% + 8.48573x> — 4.71259x*.

6
Now, proceeding in a similar manner for n = 6. Let ys(x) = Y, cxBe «(x), then we get
k=0

X0‘4

T(1.4)

6
Y ck (Boi(x) = 1% [Bor(x)]) =
k=0

Taking x = 0.1, 0.2, 0.3, 0,4, 0.5, 0.6 and 0.7, we get the following system of equa-
tions:

0.34362c +0.16591¢; +0.0367989¢; + 0.00462706¢3 + 0.000339269¢4 +0.0000135801¢s5 4 2.30191 x 1077 ¢ = 0.448691

0.123324¢( +0.169862c| +0.0860766¢; +0.0243152¢3 +0.00399795¢4 +0.000358967c5 +0.0000136569¢4 = 0.592051

0.0062986¢( +0.118877¢c1 +0.108698¢ 4 0.0526613¢3 +0.0147603c4 + 0.00225921¢5 + 0.000146654c6 = 0.696299
—0.0571595¢p +0.0579537¢1 4 0.099986¢, +0.0763351c3 + 0.0330738c4 + 0.0078114c5 + 0.000783232¢ = 0.781216
—0.0912533c¢( 4 0.00609255¢1 4 0.0697091c5 + 0.084545¢3 +0.0547263c4 +0.0191739¢5 + 0.00285423¢ = 0.854152
—0.109266¢( —0.0.312824¢1 +0.0312848¢; +-0.0733539¢3 +0.0718064¢4 +0.0371624¢5 4 0.00816932¢c = 0.918772
—0.118611co —0.0553729¢; — 0.00421616¢; + 0.0464152¢3 4 0.0753874¢c4 +0.0593964¢5 4 0.0197942¢ = 0.977207.
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Solving the above system we get,
co = 0.252074, ¢y = 1.62695, ¢, = 1.96943, c¢3 =3.91579, c4 = 4.28293,

¢s = 7.33919 and ¢ = 8.33301.

And thus, another approximate solution to the FDE (4.12) is,

6
Ye(x) = Y ciBe (x)
k=0

= 0.252074 +5.1558x — 7.4452x> +21.1241x° — 30.4107x* +24.7679x°
— 8.41046x°. 0

We do not claim that our method is superior or inferior to the FDE12 algorithm.
Our approach simply provides a polynomial approximation to the solution of linear
FDEs. The comparison of these approximate solutions with the solution obtained using
the FDE12 algorithm can be made from Figure 4.8| and Table As the value of
n increases, the curve of approximate polynomial solution gets closer to the FDE12

algorithm solution and the absolute error values decreases.

fde12
P n=2 /
_____ — 7
n=4 /
-=-=-n=6 / .
-
ad
4 4’ 0
4k i -

Figure 4.8: Comparison between the approximate solutions of the FDE (#.12)) for n =
2,4 and 6 with the solution obtained using FDE12.



124

Approximation using Fractional Positive Linear Operators

X n=72 n=4 n==~6
0.1 0.744077  0.737997 0.735612
0.2 0.0215585 0.0170435 0.0151478
0.3 0.0229009 0.0177854  0.0158225
0.4 0.00501588 0.0197733  0.0177609
0.5 0.0450967 0.0213357  0.0190957
0.6 0.132437 0.0174911  0.0224064
0.7 0.266005 0.0120523  0.0251908
0.8 0.4508 0.0948966  0.0242811
0.9 0.693823  0.271954 0.000204418

Table 4.1: The absolute error values of the approximate solutions of (4.12)) using frac-

tional operators for n = 2,4 and 6 with the solution obtained using FDE12.

Example 4.3.2 Consider the FDE:

D%7y(x) = xy(x) +cosx,

¥(0) = 0. (4.14)

5
Let ys(x) = Y cxBs«(x) and for easier calculations let us consider the first 4 terms in

the expansion_of cosx. Thus,

y(x) =17 [xy(x)] +1°7 [cosx]

k=0
x0.7 F(3)x2'7 1"(5>x4.7 1"(7)x6.7
T I(1.7) 20(3.7) ' 241(5.7) 7200(7.7)
x0.7 x2.7 x4‘7 x6.7
“T7) TG TG )

Taking x = 0.3,0.4,0.5,0.6,0.7 and 0.8, we get a system of linear equation as follows:

0.26941¢c9 4 0.32839¢| +0.220046¢7 +0.081497¢3 4+ 0.015784¢4 4 0.001253¢5 = 0.464556
0.1639¢p +0.25797¢c1 4+ 0.25265¢2 + 0.14179¢3 4+ 0.042152¢c4 + 0.005165¢5 = 0.55948
0.09657¢co 4 0.175882¢; + 0.23648¢2 +0.192207¢3 4-0.084266¢4 4 0.015342¢5 = 0.641094
0.05401cp 4 0.10353¢; +0.183601c2 +0.213174¢3 4 0.137053c4 4 0.03697¢5 = 0.710558
0.02659¢0 4 0.04959¢| +0.11430¢2 4+ 0.19277¢3 +0.1867c4 + 0.076975¢5 = 0.768405
0.007884cp +0.01394¢; +0.0493¢, 4 0.13253¢3 +0.209567c4 4-0.143759¢5 = 0.81488
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The above system of equations gives us the following values of the unknown constants

(o
co=0.0713591, ¢; = 0.506416, ¢y = 0.740912, ¢3 = 1.10491, ¢4 = 1.46891 and ¢5 = 2.2013.
And hence, an approximation solution to the FDE problem (4.14) is

¥s(x) = 0.0713591Bs o(x) 4 0.506416Bs | (x) +0.740912Bs 5 (x)

+1.104918Bs 3(x) + 1.46891Bs 4(x) +2.2013Bs 5(x)

=0.0713591 (1 —3.84615x + 6.68896x> — 6.08088x° +2.82831x" — 0.533644x")
+0.506416(3.84615x(1 — 3.47826x + 4.74308x* — 2.94145x> +0.693737x*))
+0.740912(6.68896x*(1 — 2.72727x 4 2.537x* — 0.797798x") )
+1.10491(6.08088x (1 — 1.86047x +0.877578x%))
+1.46891(2.82831(1 — 0.943396x)x") 42.2013(0.533644x)

=0.0713591 + 1.6733x — 1.34154x* +2.00705x — 1.29976x"
+0.510923x°. O

Figure presents the curve of the fifth-degree polynomial solution y(x) to e-
quation (4.14)), alongside the solution obtained using the FDE12 algorithm.

081 s

0.6 /

041 p

02r ’

Il Il Il Il
0 0.2 0.4 0.6 0.8

Figure 4.9: Comparison between the approximate solutions of the FDE using

fractional operators for n = 5 with the solution obtained using FDE12.



126 Approximation using Fractional Positive Linear Operators

We can also evaluate an approximate solution of a linear fractional differential
equation having fractional derivatives of more than 1 order. Let us consider a general

example of such an equation.
Example 4.3.3 Consider a linear fractional differential equation
Dty(x) —DPy(x) =" +2x;  y(0)=0; u,p €[0,1] with u > p. (4.15)

3
Let y3(x) = ¥ cxB3«(x). For easier calculations and an approximate solution, we take

the first 5 terms in the expansion of ¢*. Then, an approximate solution of (4.15) is
given by

yx) = 1H7P [y(x)] = 1" [e" + 2x]
3 xz x3 x4
= Z ck (B3x(x) —1*7P [B3x(x)]) =1* {
k=0

1+3X—|—5+§+Z .

Calculating the fractional integral of the required functions, we get

6x3 6x1—P )
0 | e D)(a3)@2) (1 - —F(u—p+4)>

6x> 2xH—P
rasey (-

3x xH—P xH—P
Ty <1 - F(ufp+2)> + (1 - —r<u—p+1>> }
. 623 _ 6xHP e i+l 2
3 {(a—4)<a—3><a—z> (1 —F(u—p+4)) [mm) + 00y T R

4X2 2x“7p X xu7P
+(af3)(a72) <1 T3 T e (l B F(“P”))} +r)(ﬁ++34) + r?ﬁfs)]

3x3 6xH—P
002 @ aya3w) <1 - —r<u—p+4>)
x> 2xH—P
T a3 (1 - F(ufp+3)) ]

X 6x1—P
~663 | s (1~ ) ]

3 n—p 3
(C() —3c1+3¢c) — 63) — 6{ — <1 — 6x_ ) o ] Ht2
e e N, Y w0 + e + e
Z _ x x
+(co—c1) (a3f2) (1 - r(;fiperz)) +Co (1 — %) ) T ra) T T

For fixed values of o, u, p € [0, 1] we take different values of x € [0, 1] and obtain
a linear system. Solving the linear system for these constants gives us an approximate

solution for the linear FDE.
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4.3.3 Some real-life examples

Tautochrone problem: A tautochrone curve is the trajectory of an object, sliding
under uniform gravity in the absence of friction, such that the time of descend of the
object does not depend on its starting point [189]]. If we assume that the curve is in the
first quadrant of a 2-D plane such that the origin is its lowest point, (x,y) is the initial
point of the object and (x*,y*) is any point between (0,0) and (x,y), then according to

the law of conservation of energy, we have

m (ds\? .
2\ =mg(y—y"),

where m represents the mass of the object, s is the arc length and g represents accel-
eration due to gravity. After some calculations and taking integral on both sides, we

arrive at the integral equation

M /
s'(v)
——dv = +/2gT.

The right-hand side of the equation can be identified as the Caputo derivative operator
and the equation can be re-written as

\/28T

D*s(y) = 1(0.5)

Now this problem has reduced to a fractional differential equation problem whose
solution can be approximated using fractional positive linear operators. Since, our
fractional positive linear operators are defined for the domain [0, 1], hence the
tautochrone problem can be solved by the basis of fractional Bernstein-Kantorovich

operators (4.4), provided the domain is [0, 1].

Fractional Relaxation-Oscillation Equation: For 0 < u <2, we can illustrate

the fractional relaxation-oscillation model as

DHx(t)+Cx(t) =g(t), x(0)=aif0<pu<1
x(0)=b, X (0)=cifl <u <2,

where ¢ > 0 and C is a positive constant. The model describes relaxation with power
law attenuation when 0 < u < 1, and a damped oscillation with viscoelastic intrinsic

damping of the oscillator when 1 < u <2 [97]. Applications of this model can be seen
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in signal processing, electrical heart modeling, predator-prey system etc. [[13}50; 94
178512045 211]]. The solution of this FDE can again be approximated using fractional
positive linear operators. Further, if the domain is [0, 1], it can specifically be solved

using the basis of fractional BernsteinKantorovich operators (4.4).

4.4 Solving Fractional Integro-Differential Equations

The study and modeling of many physical phenomena relies heavily on fractional
integro-differential equations (FIDEs) [[152;203]]. To study more about FDIE, one can
refer [10;[118;1555160] and references therein. Our method of finding an approximate
solution using the basis polynomial of fractional Bernstein-Kantorovich operators can
also be employed to compute an approximate solution to fractional integro-differential

equations of the following form:

1

DU2(y) = p(3)205) + )+ [ K(ns)z()ds, ye 0.1]
0

To ensure the reliability and accuracy of this approach, we will compare our approxi-
mate solution for the fractional order @ = 1 with the exact solution of the correspond-

ing integer-order integro-differential equation.

Example 4.4.1 Consider the fractional order integro-differential equation

D%y(x) = > + / xy(t)dt,  y(0)=0. (4.16)

2
cxBy (x) and the series expansion of e**
=0

For an approximate solution, let y,(x) =
k
be considered upto 4 terms. Then,

y(x) — 1% ny(t)dt] =1%[e™]
0

coB2,0(x) +c1B2.1(x) + c2Ba2(x)
= 1 1 1 = ] [er]
—I1¢ [C()xfBL()(t)dt —l—CleBzJ (l‘)dl‘ —l—szfBzg(l‘)dt}
0 0 0

2
coB2,0(x) +¢1B2,1(x) + c2Ba o (x) — 1% [Coé((ica—3)l(ioi+z)n)

ity S @Bl a3

= [1+2x+%+83—ﬁ3
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co (6—6x+2x2—5a+2xa+a2 _ [x(3a2—12a+11)D

_(OH)(OH) ( i(a%)(aim r(éil) rz()f:i;)
6—4x—2a o x(5-3«x

o e B Nate-2) N 4y 0+2 gy0+3
+e2 (e — 1% 31— a)B(1 - 0‘»3)D R TR CETIR

Taking different values of x and solving for the constants c;, we will get an approxi-
mate solution to the FIDE (4.16). i

Example 4.4.2 Consider the FIDE

1
D%y(x) = 2¢* +sinx + / v(0)dr; y(0) = —1. @.17)
0

6
Since larger values of n, give better approximations, let ys(x) = ¥ cxBei(x). By
k=0

operating with the fractional integral operator /% on both sides of (4.17)), we get

y(x) —y(0) = I*[2¢* + sinx| + 1% [Ofly(t)dt}

] e 141 [2+3x+x2+§—3,+%
= ¥ aBex(x) -1 [f )» CkB6,k(l)df] =
k=0 0 k=0

\

3x° 2x0 x/
+tsrter T

( 2% 3 a+1 2 o+2 o+3
6 1 —1+ r(of+1) + F():HZ) + r()fx+3) + F?a+4)
= Z Ck (B@k(x) —I¢ |:fB67k(l‘)dt:|) = (418)
k=0 0 2x(x+4 3x06+5 2x(x+6 x(l+7

a3 T a6 T ey T Fars)

Rest of the solution of this problem for a particular value of « is trivial. Particularly,
taking o = 1 and for different values of x, we get a system of linear equations with

unknown constants ¢, where k =0, 1,...6, as follows:

0.517155¢, +0.340008¢1 4-0.0841293¢; + 0.000294286¢3 — 0.0130707¢c4 — 0.012317¢c5 — 0.0142847c¢ = —0.784662

0.233573¢, +0.364645¢1 4-0.217189¢5 +0.0533486¢3 — 0.0132114c4 — 0.0270354c5 — 0.0285076¢c6 = —0.537261

0.0747919¢,, +0.259669¢1 +0.281278¢c; 4 0.142363c3 — 0.0166779¢c4 — 0.0326511c5 — 0.0421281cg = —0.255619
—0.0104869c¢, +-0.129481c1 +0.253897¢5 4-0.2193371¢c3 4-0.0810971c4 — 0.0202789¢5 — 0.0530469¢c¢ = 0.0625884
—0.0558036¢, +0.0223214¢1 +0.162946¢, 4 0.241071c3 +0.162946¢4 +0.0223214c5 — 0.0558036¢6 = 0.41986
—0.0816183c, —0.0488503¢1 +0.052557 ¢, +0.190766¢3 + 0.225326¢4 +0.10091c5 — 0.0390583 ¢ = 0.818902

—0.099271¢c, — 0.089794¢; —0.040465¢5 +0.08522¢3 + 0.224135¢4 +0.202526¢5 +0.017649¢6 = 1.26266
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Solving for the constants, we get
co = —1, ¢ = —0.468304, ¢, = 0.163397, c3 = 0.911752, ¢4 = 1.79625, c¢5 =
2.84176 and cg = 4.08643. Thus, an approximate solution of the FIDE for a = 1

is given by

6
y6(x) = Y ckBg i(x)
=0

— —143.19018x + 1.50006x2 + 0.333021x° +0.0425638x* + 0.0152139x°
+0.00539236x°.

Since, for o = 1, the FIDE reduces to its corresponding integer-order integro-

differential equation, given by

1

d

Ey(x) =2¢" +sinx+ /y(t)dt; y(0) = —1, (4.19)
0

so the solution obtained above is, in fact, the approximate solution to equation (4.19).

Now, to check the credibility of this approach let us compare our approximate
solution with the exact solution of the integer-order integro-differential equation (4.19)),

which can be calculated using any mathematical software.

As demonstrated through Figure [4.10] and Table [4.2] the negligible difference
between the exact solution of the corresponding integer-order integro-differential e-
quation and the approximate solution of (4.17) strongly supports the accuracy and

effectiveness of our method for approximating FIDEs.

5 T T

—Exact
s * Approximate

y(x)

Figure 4.10: The exact and approximate solution of FIDE with a = 1.
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X Error

0.1 2.38668 x 10~
0.2 4.77339x 1077
0.3 7.16118 x 107
0.4 9.56206 x 10~
0.5 1.20494 x 1076
0.6 1.49274x 1076
0.7 1.91746 x 1076
0.8 2.98732x 107
0.9 6.55793 x 107

Table 4.2: The absolute error values between the exact and approximate solution.

Thus, we go ahead and approximate the solution of FIDE (4.17)),

for & = 0.6 as yg(x) = —0.489341 + 16.2561x — 32.6457x +79.5763x> — 117.246x*
495.9771x° — 32.9542x% and

for a@ = 0.3 as yg(x) = 4.28456 +47.7671x — 147.19x> 4 367.721x> — 558.06x"
+463.38x° — 160.604x°.

20 T T T T

y(x)

Figure 4.11: The approximate solutions of for ¢ =1,0.6 and 0.3.
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4.5 Conclusion

In this chapter, we derived a new class of positive linear operators, namely the frac-
tional positive linear operators. We introduced the fractional Bernstein Kantorovich
operators, obtained by differentiating the classical Bernstein operators using Caputo
fractional derivative. Further, the moments and central moments for these operators
are obtained using the Laplace transform and thus using Bohman-Korovkin theorem,
the convergence properties of the fractional positive linear Bernstein Kantorovich op-
erators are shown. We also established a Voronoskaya type asymptotic result which
proves that the order of convergence of our fraction operators; incorporating a param-
eter for ‘non-local’ or ‘hereditary’ properties of real-life complex phenomenons; is the
same as the order of convergence of the classical Bernstein operators which do not
include any such parameter. Therefore, the formulation of various complex real-life
phenomena can be more effectively captured using the fractional operators defined in
this chapter, as presented in (4.3)), along with their corresponding basis functions given
in (4.4). The approximation process of these operators is also shown with the hep of

graphs.

This chapter also gave a new approach to obtain an approximate solution to lin-
ear fractional differential equations (FDE) and fractional integro-differential equations
(FIDE) using the basis polynomial of the defined fractional operators. A comparison
between our approximate solution of FDE and the solution obtained using the FDE12
method shows that the error in the approximate solution reduces as we increase the
value of n. Numerical illustrations are also provided to understand the applications of
these fractional operators to solve FDE and FIDE. We also compared our approximate
solutions of FIDE for fractional order ¢ = 1, with the exact solution of the corre-
sponding first order integro-differential equation. Graphs of the solution of FIDE are

also shown for different values of c.

While the proposed method demonstrates promising results for approximating a
polynomial solution to FDEs, a limitation of this method is that it is only applicable
to linear FDEs. Although fractional derivatives can accommodate multiple orders, as
illustrated in Example the linearity of the FDE remains a necessary condition
for the applicability of this approach. Another limitation of using fractional Bernstein-
Kantorovich operators to approximate polynomial solutions of FDEs and FIDEs is that

they confine the solutions to the interval [0, 1]. This constraint arises from the fact that
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Bernstein polynomials are inherently defined on this interval. However, this constraint
can be addressed by exploring alternative positive linear operators defined over larger
domains. For instance, operators such as the Szdsz-Mirakyan operators and Baskakov
operators are defined over the entire positive real line, R™ [202} [19} 26]]. Future work
could focus on deriving new fractional positive linear operators based on these or sim-
ilar operators, which are defined over extended domains. Such advancements would
not only overcome the current spatial limitations but also enhance the versatility of the

method for solving FDEs and FIDEs in broader contexts.






Chapter 5

Approximation of Fuzzy-Valued
Functions using Fuzzy Positive linear

operators

This chapter extends the main results of classical approximation theory to fuzzy theory.
We begin by defining fuzzy valued functions and then apply the fuzzy Korovkin theo-
rem to approximate them. The study delves into the approximation of various linear
positive fuzzy operators, utilizing them to approximate fuzzy-valued functions. Their

Voronovskaya type asymptotic result is also proved using Taylor’s theorem.

5.1 Introduction

In mathematical language, a fuzzy set is a notion used in fuzzy logic to represent a set
where the membership of an element is described by a degree of belonging, ranging
from O (not a member) to 1 (fully a member), rather than the traditional binary distinc-
tion of being either in the set or not. Unlike the classical set theory which focuses on
black and white, fuzzy theory focuses on the grey portions. The inception of fuzzy sets
dates back to Zadeh’s groundbreaking study in 1965 [221]]. Sugeno [201], in 1977,
introduced a different concept of fuzziness where, for any object x in the universe X, a
value g¢(A) € [0, 1] is assigned to each nonfuzzy subset A of X representing the “grade
of fuzziness" as a certainty measure of the assertion “x belongs to A". The framework

formulated by Sugeno revolves around guessing whether x is a member of A, rather

135
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than addressing vagueness as characterized by Zadeh. Dubois and Prade in their study
[72] extensively focused on a comprehensive exploration of mathematical concepts
within the realm of fuzzy set theory. They thoroughly discussed the introduced math-
ematical notions, providing an in-depth analysis and presentation of the framework
underlying fuzzy set theory. They defined various types of fuzzy sets, set operations,
and properties and introduced the extension principle, applying it to mathematics and
higher-order fuzzy sets. The findings of Dubois and Prade are considered crucial as
they covered the definitions on fuzzy relations and fuzzy functions, emphasizing their

extremum, integration, differentiation, fuzzy topology and categories of fuzzy objects.

From here on many researchers have worked upon this idea. Subsequently, nu-
merous authors extended and explored the notions of fuzziness dealing in the area of
real analysis. In 2000, Burgin [38] explored and examined the fuzzy limits of functions
using two approaches: the first one relies on the concept of a fuzzy limit in the context
of a sequence, while the other extends and generalizes the traditional &-0 definition.
In 1975, Kramosil and Michalek first introduced the concept of fuzzy metric spaces
[133]], derived from the expansion of probabilistic metric spaces to encompass fuzzy
scenarios. They infused the traditional concepts of metrics and metric spaces with
the idea of fuzziness and compared their adapted notions against those derived using
other generalizations. Taking motivation from this work, Kaleva and Seikkala [126]
expanded the notion of a metric space by defining the distance between two points as a
non-negative fuzzy number. This introduced a more intuitive definition of fuzzy metric
spaces. They presented various properties of fuzzy numbers, leading to the definition
and exploration of fuzzy metric spaces. Their contribution extends to providing fixed
point theorems specifically tailored for fuzzy metric spaces. For a comprehensive and

intriguing exploration of these aspects, readers are encouraged to refer [215 715 214]].

Fuzzy numbers are essential in a variety of fields with uncertainty, such as math-
ematics, engineering, economics, and artificial intelligence. Unlike their precise coun-
terparts, these numbers have a particular modeling aspect that allows them to reflect the
approximate values found in linguistic terms like “big", “small", “early" or “around."”
This attribute is extremely useful for modeling and analyzing systems or scenarios
when it is difficult to obtain exact numerical numbers. Fuzzy numbers therefore aid in
representing uncertainty in decision-making processes in a more realistic manner. Due

to their flexibility, there has been a noticeable surge in the amount of research devoted
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to fuzzy number approximation over the past few years. In an important study towards
fuzzy numbers in 2014, Ban and Coroianu [25] defined a set of real parameters corre-
lated with a fuzzy number, demonstrating the existence of a unique trapezoidal fuzzy
number preserving a fixed parameter. Roldan et al. [181] characterized fuzzy numbers
based on their level sets extremes, establishing relationships between their images and

usual operations while preserving its continuity.

Researchers in recent years have explored various approximations of fuzzy num-
bers, categorizing them into Euclidean and non-Euclidean distance types. Euclidean
approximations can be formulaically calculated, while the non-Euclidean counterparts
pose greater complexity. The study introduced by Yen and Chu [220] focused on LR-
type fuzzy numbers for approximating fuzzy numbers, offering generalized approxi-
mations within the Euclidean class, specifically without constraints. Additionally, they

introduced an efficient formula for calculation.

In this chapter, we will be dealing with the approximation of fuzzy numbered-
valued functions. The fuzzy approximation theory was first dealt by George A. Anas-
tassiou [[17]] in 2010, where he gave numerous applications, all consistently situated
within the context of fuzzy mathematics. He extended his study to fuzzy differentia-
tion and integration, covering topics such as fuzzy Taylor formulae and fuzzy Ostrows-
ki inequalities. But what interests us more is his idea of fuzzy approximation using
algebraic and trigonometric polynomials, wherein he developed a theoretical frame-
work exploring how linear positive fuzzy operators approach the fuzzy unit operator
with respect to convergence rates, thus giving rise to the fuzzy Korovkin theorem. Re-
sults regarding the approximation of fuzzy numbered-valued functions can be seen in
[16; 1275 13151845 [86; 1405 218]].

The approximation of linear positive operators have been an important topic in
the world of approximation theory. Owing to their real-world applications, the Bern-
stein polynomials constitute a focal point of intensive research, offering a wide scope
of surprising findings; for more details, see [59; 615 166; [119; [139]. We extend the
work done on the classical Bernstein, Szdsz, and Baskakov operators to fuzzy-valued

functions.
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5.2 Preliminaries

In order to proceed with our paper, we must first lay the groundwork by introducing
some basic definitions and concepts in fuzzy theory. Let p be a fuzzy set with mem-

bership function p(u) : R — [0, 1] such that:

(i) Normality: There exists uy € R such that p(ug) = 1.
(ii) Convexity: Vs, € RandVye€ [0,1], p(ys+ (1 —7y)t) >min{p(s),p ()}

(iii) Upper semi-continuity: ¥V up € R and V € > 0, 3 a neighourhood V (ug) : p(u) <
plug)+€,VueV(u).

(iv) Boundedness of supp (p): Define supp (p) ={u € R: p(x) > 0} as the support
of p. Then the closure of the support of p, i.e. supp (p) is bounded in R.

Then p is called a fuzzy real number. It may be interesting to note that a fuzzy set is
not a collection of fuzzy numbers. Rather, a fuzzy number in itself is a fuzzy set with

the above properties. Let R & represent the set of all fuzzy numbers p.

Firstly, let us recall the ¢-level cut of p. For 0 </ <1 and p € Rz with mem-
bership function p(u), the ¢-level cut or simply ¢-cut of p, denoted by [ﬁ]g, is defined
as,

{u:plu) >0}, if0<t<1
w50, itt=0
where A denotes the closure of set A.

For each £ € [0,1], []’ = [p(_é), pg)] is a closed and bounded interval of R. It is
@ _ (0

apparent that, if p*” = p'” then p will reduce to a crisp real number.

Definition 5.2.1 [86|] For any p and G belonging to the set R g, and for any o in R,
we uniquely define the sum p @ g and the product with real scalars o0 ® p in Rz by
®:Reg xRz - R,
(F®q) (u) = sup min{j(v),G(w)}
vt+w=u

and by ©® :RxRgz —Rg,

where 6 : R — [0, 1] is 6 = X0y
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This can also be written as,

ped =p"+a" Ve e [0,1]
[a®p]" = alp)’, Ve e [0,1]

Here, [5]° + 4]’ represents the standard addition of intervals considered as real subsets,
while | ﬁ]é denotes the standard multiplication between a scalar and a real subset. The

positivity of a fuzzy number is defined in the sense of its ¢-cut for ¢ = 0.
(i) p is defined as positive, for 5% > 0.

ceN o~ . ~0
(i1) pis defined as negative, for p;; < 0.

Definition 5.2.2 (Fuzzy modulus of continuity) For a continuous fuzzy-valued func-
tion h mapping from the interval [a,D] to R &, the first fuzzy modulus of continuity is
defined as follows:
o (h;8) := sup D(h(u),h(v))

u,ve(a,b]

lu—v|<6
Definition 5.2.3 (Fuzzy exponential modulus of continuity) Consider a continuous
fuzzy-valued function h : [0,00) — R 7. We can define the exponential fuzzy modulus of
continuity for h in the following manner:

o/ (1;8):=  sup D (h(u),h(v))
u,v>0
le7#—e™"|<d

Definition 5.2.4 (Fuzzy weighted modulus of continuity) Consider a continuous

Juzzy-valued function h. We can define the weighted fuzzy modulus of continuity for

h as:
7 1 - -
Q7 (h;8) := sup D (h(u),h(v)).
\uuivv|2§()8 (1 + (u— v)z) (1+u?)

Definition 5.2.5 (Hausdorff metric in R &) [86] The formula for Hausdorff distance
between two fuzzy numbers is given by D : Rz x Rz — RTU{0} as

JP0-a0]),

D(p,4) = sup max{‘p(,é)—q(,é)
L€[0,1]

where [p)" = [p(_g),pgf)] and [g)" = [q(_f),qgf)]. Then, (R z,D) is a complete metric space

in Rz, known as the Hausdorff metric space.
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Some properties of (R z,D) are:
(i) D(poF,geF)=D(p,q), VpqdFeRs
(i) D(a®p,a®q) =alD(p,§), ¥p,geRy, ack
(iii) D(p@®q,F®s5) <D(p,F)+D(§,5), Vp,§FicRy
The symbol < represents a partial order on R & and is defined as follows:

(f) < q(f), p(f) < q(f),

for all fuzzy numbers p and g and ¢ € [0, 1]. Herein, < represents the partial order on

the real number set.

Lemma 5.2.6 [86] Let n,u € Rand p,q,7 € Rg. Let 0 be the characteristic function
of the set {0}, i.e. & = yoy. Then, the following conditions hold on R z:
(i) pEG=GCp pO(GOT) = (p0g) OF.
(ii) The element 6 € R g serves as the identity element for & and hence, p o =
0D p=p.
(iii) For any p € Rz \R, there is no opposite element with respect to é under the

operation ®.

(iv) When nu > 0, the expression (N + 1) © p=nO pDS UG p holds true. However,
this condition will not be satisfied for n, L € R.

(V) NOEOGH=10pON04¢ N0 (ROP) =N O
(vi) Let us define the usual norm on Rg as ||p|| = D(p,0). Then ||p|| z has the
following properties:
1Pl 7z =0if p=0
In©plz=Mnllplz
1podllz <pl#+ldllz

12z + 114l 7 <D (p,g)

(vii) DM p,u© p)=|n—u|D(d,p), for all nu > 0. This equation does not hold
when 1 and W are of opposite sign.

Having covered the fundamental arithmetic operations of fuzzy numbers, our fo-

cus now shifts to the examination of fuzzy valued functions.
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5.3 Fuzzy-Valued Function

When domain of a function is the set of real numbers, and the co-domain is the set of
fuzzy numbers, the function can have some unique properties and characteristics that
reflect the inherent uncertainty and imprecision in the co-domain. Fuzzy numbers in
the co-domain allow the function to associate each real number in the domain with a
degree of membership in different fuzzy sets. This means the output is not a single real
number but a fuzzy value that can represent a range of possible values. The function
may not yield a unique result for a given input; instead, it can produce a range of
values with varying degrees of certainty. This continuous variation allows the function
to capture nuances and gradual transitions in the output. This reflects the imprecision
and variability often encountered in real-world applications. Fuzzy function is useful
in scenarios where precise values are hard to define, such as linguistic terms like “very

hot" or “moderately cold" or data with inherent imprecision.

Chang and Zadeh [48]], in their paper defined the class of fuzzy bunches of func-
tions as a function with a fuzzy parameter. A fuzzy bunch of functions, generally
speaking, is the fuzzy subset of a classical space of functions. To put it mathemati-
cally, a fuzzy bunch W of functions mapping from X to Y can be described as a fuzzy
set on YX, that is, each function w : X — Y within the fuzzy bunch W is assigned a

membership value p(w).

However, we will not be dealing with fuzzy bunches of functions or their corre-
sponding fuzzy sets at x. In our study, we are simply concerned with a function 7, that
takes inputs from the real interval [a,b] and maps them to the fuzzy field R &, having

the representation:
= L
R) = [A (0,81 (1))

for every x € [a,b] and ¢ within the range [0, 1], where ) (x) and hg) (x) represent

the left and right endpoints of [71 (x)} e’ respectively. Furthermore, 1Y and hf) are real

valued functions defined over the interval [a, D).

Example 5.3.1 In order to increase our understanding towards a fuzzy valued func-

tion, let us take an example. Let h : [0,1] — R such that

- 1
h(x) = sin?3x — 5 cos 9x +x°,
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where, each ﬁ(x) is a triangular fuzzy number with the membership function:

ty (t37(x) — 1,h(x),h(x) + 1) = max (min (t — 2(x) + 1,h(x) + 1 —1) ,0)..

Figure 5.1: Graph of fuzzy number-valued function / (x) = sin?3x — %cos 9x +x° with

triangular membership function.

0.5F

ey
/0.2 04 06 08 10
~05

(b) Crisp function

(a) Aerial view of fuzzy val-

ued function

Figure 5.2: Association of a fuzzy valued function with its corresponding crisp func-

tion.
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The graph of a fuzzy valued function is a 3-dimensional graph, as the Z-axis
corresponds to the membership value corresponding to each A(x). The above figure
represents a function whose range is the triangular fuzzy number. Let us change this
membership function and see what changes we get in our graph. Suppose each point
in the range is a trapezoidal fuzzy number. Then the membership value corresponding

to each 71(x) will be,

i (t;iz(x) —1.5,h(x) —0.5,h(x) + l,il(x) + 1.5) = max (min (t — h(x) + 1.5,1,h(x) + 1.5—1) ,0).

[\

Figure 5.3: Graph of fuzzy number-valued function 7 (x) = sin®3x — %cos 9x +x° with

trapezoidal membership function.

The aerial view will remain the same; only the degree of uncertainty, given by

the membership function uy,, changes along the z axis.

Consider two fuzzy numbered-valued functions, h and g, defined on the interval

[a,b] € R. We define the distance between / and g as follows:

D* (h,g) := le[zpb]D (h(x),8(x)).

We define / as crisp when /(x) assumes crisp values for all x in its domain. 7 is

defined to be a fuzzy continuous function if,

lim D (h(x),h(xo)) =0,

X—X0
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holds for any xg € [a,b].

Represented by C[a,b] and C# [a,b] are the sets of continuous and fuzzy contin-
uous functions on the interval [a, b]. If 1 is a fuzzy continuous function over [a, b], then
the corresponding functions h(_r) and hg:) become real-valued continuous functions de-
fined on the same interval. Also, the space (C# [a,b], D*) forms a complete metric
space. The operations of addition and scalar multiplication in C# [a,b] are defined as

follows:

for every x € [a,b], a € R and &, § € C 7 [a,b]. Moreover, a fuzzy number-valued func-
tion 0 exists, defined on the interval [a, b], satisfying the condition 0(x) = & for every
x € [a,b] where 6 represents the neutral element with respect to the operation @ in R .

We can also define the norm of % as

|%]| = sup D(6,h(x)).

(g,‘
a<x<b

Based on the above definitions we obtain the following properties.

Lemma 5.3.2 For any h,g,f € Cz[a,b] and real constants 1,v € R, we have the

following properties:
(i) @ is commutative and associative, that is,
hog=goh,
he(gof)=((heg) af.
(ii) hoO=0®h.

(iii) Consider the function space C#[a,b] with neutral element 0(x). If for any func-
tion h in this space, the range of h over the interval [a,D] has a non-empty in-
tersection with the set of real numbers, then there is no opposite member with

respect to the operation @ in Cz|a,b].

(iv) Forallnv >0, (M+Vv)oh= (noh) & (voh).
For general n,v € R, this property does not hold.
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(v) Forany h,§ € Cz[a,b] and real constants 1,v € R,

no(heg)=noh)enog)

ne(veh) =mv)oh.

(vi) Forany h,g € Cz|a,b],
|Al| > =0ifrh =0
In @]l 5 = nl{|A]| >

lheg] 7 < |7l 7+ 12l

|7]| 7 =gl z < D" (.g).
(vii) Fornv >0,

D*(n®h,voh) =|n—v|D*(0,h).

(viii) Forany h,§,f,é € Cz[a,b] and ) €R,

D (e f.2 ) = D* (n3)

5.4 Fuzzy Positive Linear Operators

In the case of operators . from Cz[a, b] to itself, their representation takes the form,

2 () @) = [(2 7 D)"Y (2 7 )],

Suppose . is an operator mapping the space of all continuous fuzzy-valued functions

Czla,b] to itself, with the condition,

Z(a®h)=a6.Z(h)
ZL(hog)=2L(h)oL ),
foranya € Rand h,g € C# [a, D). In this case, 2 isidentified as a fuzzy linear operator.
Consider .Z mapping Cz[a,b] to itself such that for any ,§ € C#|a,b], 2 is linear
and
hsg=2(h)3Z(3).

Then . termed as a linear positive fuzzy operator.
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Theorem 5.4.1 (Fuzzy analog of Shisha-Mond inequality) /7] Consider a se-
quence {jm}m e Of positive fuzzy linear operators that map Cgz la,b] to itself. We
posit the existence of a corresponding sequence { %} men, consisting of linear posi-

tive operators from Cla,b) into itself, satisfying the property,
5 7\ (¢ = (¢
(Zn (1)) = 20 (1),

respectively, Y¢ € [0,1] and Yh € Cz[a,b]. With the assumption that the sequence
{Zn(1) }men is bounded, we can deduce that, for any m € N,

D" (L, R) < | os (1) = 1 D" (1,0) + [ Zon (1) + 1| 0 (i)

where [, = Hfm <(t—x)2> (x)Hl/z.

If %, (1) = 1, then, D* (Zuh,h) <207 (h; ).

The theorem discussed above enables us to demonstrate the fuzzy counterpart of

the Korovkin theorem in the closed and bounded interval [a, b].

Theorem 5.4.2 (Fuzzy Korovkin Theorem) Consider a sequence { £y}, . of lin-
ear positive fuzzy operators, mapping Cza,b] into itself. We posit the existence of a
corresponding sequence { %, } men, consisting of linear positive operators from Cla, D)

into itself, satisfying the property,
> 7\\ (£ (¢
(2 )" = 2 (30).
respectively, ¥ € [0,1] and Vh € C# ([a,b]). Furthermore, assume that, as m — o

Zn(1)—1
Ln(t) = x

L (tz) — X2,

uniformly. Then,
D* (jmfz,ﬁ) — 0, asm — oo,

for any h € Cza,b). That is, we can say that,

Zuh 25 R,
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This theorem proves an operator to approximate a function by using the test functions
1,¢, t2. However, Altomare [13] in his study generalized the set of test functions, known
as the Korovkin set. The following theorems are for using different test functions. In a

real sense, we have the following theorem:

Theorem 5.4.3 Given the metric space (X,d) and the linear space C(X) of all con-
tinuous real-valued functions on X, take a subset E containing the constant function
1 and the functions d2, where dy(y) = d(x,y) for x,y € X. Assume {Zn} > Bs a se-
quence of linear positive operators mapping from E into C(X). Then, for any uniformly
continuous function h in E,

2|,
52

|[Zin () (x) = h (x) Zn (1) (X)| < L (Jh = R (2)]) (x) < L (d) (x) +&25 (1) ().

Based on theorem Altomare also stated the following remark.

Remark 5.4.4 Assuming M is a subset of Co(X) and given that fy € Co(X) is strictly
positive, the set { fo} U{foM} U { foM?} serves as a Korovkin set within Co(X).

By setting M = {¢™*} and f; = 1, we form the Korovkin set {1,e™,e">}. It is
necessary to broaden the findings established by Altomare to encompass fuzzy-valued
functions. Consider a subset Ez of F (X) containing the fuzzy constant function 1

and all the fuzzy functions df, xeX.

Theorem 5.4.5 Consider a sequence {j’"}m €N of linear positive fuzzy operators,
mapping Cz(X) into itself, for the metric space (X,d). We posit the existence of a
corresponding sequence { Ly} men, consisting of linear positive operators from C(X)

into itself, satisfying the property,

respectively, Y € [0,1] and Yh € C#(X). Then, we have

D" (o (B) hZon (1)) < Lo () D° (1.0) + €23, (1),

where d, (y) =d (x,y) Vx,y € X.



148 Approximation of Fuzzy-Valued Functions using Fuzzy Positive linear operators

Proof. Let 1 € C#(X). Then,

D* (Z () i (1))
=supD (jm (71) (x),h(x) L (1))

xeX

- i?&i}é‘i]m”‘{ Lo () ) = () )20 (1)),

e (B100) 000t

— sup max{Hgm((il)(f) @) = (1) @2 ()

£€[0,1]

ALY ALY
@) !
< sup max{ 20———"%, (d7) + €L (1), 20— L (d2) + €20 (1)
£€[0,1] o 6
< 2 2,(@) sup max {‘ .|| @® }wg,,, (1)
6 £€[0,1]
2 . (T
< 55%n (d?) D* (h,0) + &£, (1),
where 6 = ¥/qy is the neutral element for ©. O

Corollary 5.4.6 Further, if we assume that,

(i) lim D* (jm(l),l) = 0 uniformly on X

m—soo

(ii) nllgc{oD* (jm (df(x)) ,0) = 0 uniformly on X.
Then for every fuzzy continuous h € Cz(X),

lim D* (%, (k) ,h) =0,

m—yoo

uniformly on X.

Theorem 5.4.7 (Fuzzy Korovkin Theorem for R*) Consider a sequence { %} .
of linear positive fuzzy operators, mapping C o (R") into itself. We posit the existence
of a corresponding sequence { %y} men, consisting of linear positive operators from

C (R") into itself, satisfying the property,
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for all V¢ € [0,1] and every h € Cz (RT), respectively. Additionally, assume that, as m

approaches oo,

Zn(1) =1

L (e_t ) — e F
L (e_Zt) — e X,
uniformly. Then,
D* (jmiz,fz) — 0, asm — oo,

forany f € Cz (R"). That is, we can say that,

b 25 R,
5.4.1 Fuzzy Bernstein Operators

Define the fuzzy Bernstein operators in the following way:
F)+ o, [m [k
(B,S;")h) (x) = k_zb <k)xk(1 )" *oh (E) , Vxe[o,1],
Vm € N and /i € C#[0, 1]. Then the ¢-cut of the function / and its operator Bg,,‘of)fz will

be the closed intervals,

(ORIERIONE

7)-1¢ 7)-\ () 7\ (0)
5] = (6 (7))

Clearly, for any i € C#[0,1] and £ € [0, 1],
A (0) -
CRONLACYE
+
where B,, represents the traditional Bernstein operators.

Lemma 5.4.8 The fuzzy Bernstein operators are characterized as linear positive fuzzy

operators.

Proof. Consider fuzzy continuous functions / and & defined on the interval [0, 1]. We

have,
(857 (h2g) " =B (109) V).
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for every x € [0,1] and ¢ € [0, 1], respectively. Given that B\ (he§) € C#[0,1], and

F .
taking into account the representation of B,(n’/) , We obtain

(B3 (ﬁ@gj)g, (B3 (ﬁ@§)>i e Clo,1].

Taking into account theorem m and the linearity of B,(ny) , WE can say,

By, ((ﬁ@g)gf) ;x) — B, (ﬁ(f) +g§f);x>
Thus we obtain,

(B3 (ﬁ@g;x»(@ — (B (fl;x))(@ + (B (g;x)>(€),

for each x € [0, 1], and ¢ € [0, 1].

Using the above equation and taking into account the summation over the interval,

we obtain,

- - + +
_ (B (;l,x)> (_g) , (B,(f) (fz,x))j } + [(Bf) (g;x)) (_g) ; (B;(f) (§,X)) ﬂ
= [B57) ()] + [B7 (g:0)]

for each x € [0, 1] and ¢ € [0, 1]. Thus,

B (hog) =B (R)oBS) (3), hgeCr[0,1].

Suppose that k > 0 be any real number. And, for each x € [0,1] and ¢ € [0, 1],

(Bffj) (k®f~l;x)>if) =By, ((k@ﬁ) v ;x> :
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for each x € [0,1] and ¢ € [0,1], respectively. Since, B (koh) € C£[0,1],
l

0
-\ (0
and taking into account the representation of B,(f), we obtain <B,(ng) (k@h))

b

T - L
(B3 (k@h))i) e [0, 1].

Taking into account Theorem and the linearity of Bﬁfj), we can say,

B ((k@fa)gf) ;x) =B, (kﬁﬂ?;x)

= kB, (ﬁf;x) ,

for every x € [0,1] and ¢ € [0, 1]. Thus we obtain,

(Bﬁ,,%(k@ﬁ;x))” k( B )(h x))”

for every x € [0,1], and £ € [0, 1].

Using the above equation we have,
a ~ L
B (ko k) |

B (k@fz;x))(f) (5 (ksz;x)>(Z)}

Therefore,
B (koR) = (k@Bﬁf)) (), k>0,hiecCz[0,1].

Similarly, we can prove for k < 0. Thus, the fuzzy Bernstein operators are fuzzy linear
operators. Consider fuzzy continuous functions & and g defined on the interval [0,1]
with /1 < g, where < is a partial order on C#[0, 1] previously defined. Then, P < g(f)
and fz(z) < g(f) , where < is a partial order on C|0, 1].

Since, 7" hSL),g( ) and gf) € C[0, 1] and by the positivity of B,,, we have,
B (A) <8 (), ¢efo1].

Considering the above equation and Theorem 5.3.2] we obtain,

(57 ®) " < (87 @), tep.

+
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Thus,
By (hx) < BY ) (g:x), xe0,1], £€[0,1].
This gives the positivity of B,(ng). O
Since,
Bu(l)—1
By (t) = x

thus, by fuzzy Korovkin theorem we can say that,

D* (B,Sf”iz (1).F (x)> 50, asm — .

Theorem 5.4.9 Let hi(x) is a continuous, bounded and twice differential fuzzy function
with membership value for each h(x) as ,(x), defined for all x € [0,1]. Then,

lim mD* (B,Sf“ 10 ,E(x)) < %x(l —x)D* (i (x),5),

m-—yoo

where 0 is the zero element of R .

Proof. Consider,

D* (B,(,;’OZ)E (5) ,il(x)) — sup D (B,(f)ﬁ (f) ,E(x))
m x€[0,1] m

k

m

- D(f*pm,koo a ),f*pm,uxm%(x))

x€(0,1]

©
< swp ¥ s 0 (i (1)

x€[0,1] k=0

k=0

Now,

o((2) )~ g 2) 0

From Representation theorem/ Characteristic theorem,

- (k © = () k =1 \(0) 1 [k 2~// (0) lk/m k 2~///
(i), =0 () Wy (G ) 0 0 (G ) e

+
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Thus,

AT Lk )\ LRY (kN
= [(E—x) h’(x)(_g)—kj(%—x) h”(X)_g)—FEZ (E_x) h///(x)(_f),

(-]

—[A,B].

Thus, we have,

mD* <B}(ny);l (E) ,ﬁ(x)) = sup mD <Z P (x) O h (£> , Y P (x) @ﬁ(x))
m XE[O,H k=0 n k=0
< swp m Y pus 00 (i (%) i)
x€[0,1] k=0 m
= sup mme.,k (x) sup max{A,B}
x€[0,1] k=0 £€[0,1]

m m
= sup sup max {m Z Apmi(x),n Z Bpm’k(x)} .
k=0

x€[0,1] £€[0,1] k=0
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Now,

mkiopm.,k(x> [(% —x) @0+ 5 (% —x)zi/’ () + %k/m (% —x) b (x)@]
= zg) (% —X> Pk (R (1)) + % 2 m (5 —x) me,k(x)fz” )" +mR, (x)

= x(1- i ()"

Similarly,

That is,

lim mD* (Bgfz)iz (£> ,ﬁ(x))
m—soo m

< sup sup max{lx(l—x)ﬁ" (x)(_g),lx(l—x)ﬁ" (x)f)}
xe[0.1] £€[0,1] 2

= sup lx(l—x) sup max{fl"(x)(_g),ﬁ”(x)g)}
x€[0,1] Le[0,1]

= sup lx(l —x)D (" (x),0)
x€[0,1]

1 -
< Ex(l —x)D* (h” (x) ,5) ,
where 6 is the zero element of R . |

5.4.2 Fuzzy Szasz-Mirakyan Operators
The fuzzy Szasz-Mirakyan operators are defined as,
oo k
(g;)~) __ ,—mx * (mx) =k
Sm 'h = ——Oh| —
( " (x)=e k;) O\ )
where, x € [0,00) and £ is a fuzzy valued function from R* to R}

From Theorems [5.2.6 and [5.3.2] we can say that, there exists a corresponding

sequence S, (h;x) of linear positive operators from C[0, o) into itself with property,

(s () Y _s, (i)

+
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respectively, V¢ € [0,1] and Vi € C#[0,), where, S,, (h;x) are the classical known

Szasz-Mirakyan operators.
By fuzzy Korovkin theorem, we can say that,

D* (S,(ng) (ﬁ) Jz) — 0, asm —» oo,
Lemma 5.4.10 The moment generating function of the Szdsz-Mirakyan operators is,

l—e— «/m

Sm (e %x) = e am (5.1)

Based on (5.1)), we can claim the following exponential moments of Szdsz operators:
(i) Sm(l;x) =1
(ii) Sm(e"5x) = emx(1=e ")y
(iii) S (e_Z’;x) — eme(1=e) o2

Since, {l,e_x , e_zx} is a Korovkin set, the above lemma also confirms the Korovkin

theorem. By simple calculation we can show that

«/m

’Sm (e_"“;x) - e_“x’ = ’ (e_x)m_(x—mei —1]. (5.2)

Define a,,, b,, and ¢, as the central moments corresponding to the Korovkin set
{1,e7",e7>*} obtained by putting oc = 0, 1,2, respectively in (5.2). Then, it is easy to

verify that a,,, by, ¢y — 0 as m — oo,

Theorem 5.4.11 If f € Cp|0,00), then form > 1,

D (857 (R) 5 () < 207 @%) 7

where a);? is the fuzzy exponential type modulus of continuity.

k )
Proof. Let, s,, 4 (x) = ™™ ("}j) = ¥ smx(x) = 1. We can write,

k=0

oo

DR = Y (me () O ().

k=0

i (x) = [ Y s (1)
k=0
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Thus,

D* (S,Sf“ (%) ,ﬁ(x)) —p* (f Sk (X) O (5> , i S () @mx))

k=0

~ 2b -

: +W“’fj (7:5).
Now, for every m > 1,

XY _ X < @

e e e’

H

ence, we get,

—e Xm

where, ¥, = and x;,, > 0, for every m > 1.

—at. ) _ *
|Sm (e ’x) ‘ < Dem’

It follows that,

1 1
by<—andc, <—, form>1,
2em em
which implies,
1 1 1
am+2by+cp < —+ — < —, form > 1.
2em em — m’

Taking 6 = 1/ \/m, we arrive at our result.

O

Theorem 5.4.12 Let E(x) is a continuous, bounded and twice differential fuzzy func-

tion with membership value for each h(x) as py(x), defined for all x € [0,0). Then, for

the fuzzy Szdsz-Mirakyan operators, we have the following Voronskya type asymptotic

result:
lim mD* <S,(;?) (h),h (x)) < %XD* (H" (x),0),

m—»o0

where 0 is the zero element of R .

Proof. Following the proof of theorem [5.4.9, we arrive at,

m Z Sk (x [(f —x) P09+, (k x)zfz” 0 4R, (x)]

o)

k=0 \M

¥ (— —x) smp @WH (L 43 Y m (5 —x) s ()7 (010 R ()
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Thus,
lim mD* (S,(f)fz (E) ,ﬁ(x)) = sup sup max{lez” (x)(f) , lez” (x)f)}
m—seo m x€[0,1] re[0.1] 2 2
= sup L (h" (x),0)
x€[0,1] 2
< %XD* (A" (x) ,0),
where 6 is the zero element of R . |

5.4.3 Fuzzy Baskakov Operators

The next fuzzy positive linear operators we will talk about are the fuzzy Baskakov

operators. These operators are defined as
oo k
(F) (% 8. *<m—i—k—l) X ~<k>

Again, using Theorems|[5.2.6|and [5.3.2| we can claim that, there exists a corresponding

sequence V,, (h;x) of linear positive operators from C[0, %) into itself with the property,

(v (@) = v (i),

respectively, ¥/ € [0,1] and VA € C#[0,%), where, V;, (h;x) are the classical known

Baskakov operators.

By fuzzy Korovkin theorem, we can say that,
D* (V,,(fz) (h) ,fz) — 0, asm — oo.
We know the moment generating function of the classical Baskakov operators is:

Vi (e7%5x) = (14x(1—e ™))™ (5.3)

Lemma 5.4.13 Using equation (5.3), we can claim the following exponential moments

of Baskakov operators:
(i) Vim(1;x) =1

(ii) Vin(e"5x) = (1 —|—x—xe_1/m)_m — e
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(iii) Vi (e7%:x) = (1 Fx—xe )T o7,

Since, {l,e*x e X } is a Korovkin set, the above lemma also confirms the Ko-

rovkin theorem. By simple calculation we can show that

efmln(1+x(lfe_“/”’)>+0cx —1l. (5.4)

’Vm (e_og;x) —e_o‘x| =

Define a,,, b, and ¢, as the expressions obtained by putting x = 0, 1,2, respectively in

equation (5.4)). Clearly, a;,,, by, iy — 0 as m — oo,
Theorem 5.4.14 Let h € C7[0,). Then, for m > 2,
o - = 5
D* (v(g) h ,h) <207 (h—2—),
(1) k) <207 (g Jm
where a);? is the fuzzy exponential type modulus of continuity.

Proof. First, we have

D (v,,@i, (g) ,ﬁ@)) <of (i) + N7 (5). ss)

Now, using the inequality: ¢’ — 1 < ¢, for
x
t=-mln(l+x(1—e ")) +ox>—mx(l—e ) +ox> —mx— +ox =0,
m
we get,

|Vm (e_”;x) —e_o‘x} =e e

fmln(1+x(lfe_“/’”))+o<x _ 1‘
< [—mln (1 +x (1 — e_‘x/m)) + (X.X} efmln(ler(lfe_"‘/m)).

Since, In(1+1¢) > ILH, for every t > 0, we obtain

—mx (1—e %) + oex + o2 (1—e%m)
(1+x(1—eo/m)ymt!
—mx (l — e_"‘/’") + ox + ox? (1 — e_o‘/’")

1+ (m1)x (1 — e dm) 4 MXZ(I —e—o‘/'")z.

) _ 2 ) )
Since, 1 —e %™ > - 2"‘7, thus, from the above inequality, we get

—at. ) _ o 200
igg‘v’" (e ’x) e ‘ < m(m+1)(1_e—oc/m)'
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Using the same inequality, we obtain

by = sup |V (e 75x) —e¥| < 2

2
< —, form>1,
e (5]

i e 2m>2 2 4, 4
and using 1 —e >t we have

3m*’

4 ¢ (m)

cm=sup|Vy (e 2x) —e 2| < = ,
(= i Ny RN R T

614 .. .
where ¢ (1) = (t+1)(3t3_t3t2+2t_1). This implies,

613
(1) = —2:243t—4) <0, t>1
0 (t+1)2(3t3—3t2+2t—1)( ) -

Thus, we obtain § (m) < %, for m > 2. Finally, we obtain

T 1 4+32< 5
Vva c — — < —.
memm = m 15~ 2/m

Taking 6 = ay, +2by, +cm < ﬁ% for m > 2, equation (5.5) becomes

D* (v,ﬁlf) (h) ,fz) <207 (E;ﬁ) .

O

Theorem 5.4.15 For the fuzzy Baskakov operators and continuous fuzzy valued func-

tion f, whose 0" level cut has continuous double derivative ¥t € [0, 1], we have

lim mD* (Vn({g) (iz) ,fz(x)) = %x(l +x)D* (71” (x) ,5) ;

m-—yoo

where 0 is the zero element of R z.

Proof. Following the proof of Theorem[5.4.9] we have

m;vm,k (x) [(% —x) A % (f —x) W00 R ()

m

[}

-y (n% —x) i (R (0 42 i’" (5 —x) i 0 (04 o (1)

k=0 m

= e (19 (),
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where v, (x) = (""" ) =% Thus, we get

1+4x)

lim mD* (Vn({g)fz (E) ,iz(x))
m—soo m

= sup sup max{lx(l +x) 1" (x)(_g) ,lx(l +x) 1’ (x)gfz)}
x€[0,1] r€[0,1] 2 2

m—+k—1 X
(")

= sup lx(l +x)D (h" (x),0)
x€[0,1]

1 ~
< Ex(l +x)D* (h" (x) 75) ,
where 6 is the zero element of R . |

5.4.4 Fuzzy Boas-Buck Operators

In 1956, Ralph P. Boas and R. Creighton Buck [32;/33]] considered the generalized

Appell polynomials by means of generating function of the type
V(1) 2 (x2(0) = ¥ a0, (5.6)
k=0

where %', &7 and 2 are analytic functions

V() = y witk, wo # 0,
kozoO
P(1) =k§Opkt"7 P #0, (5.7)

2(1) =k21qkt", q1 #0.

The generating function derived by Boas and Buck serves as a generalization of
numerous other generating functions. This offers a framework for defining different

types of polynomials as its special cases, listed in Table
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Table 5.1: Different generating functions obtained from Boas-Buck polynomials.

S.No. Analytic Functions Generating Function Explicit polynomial

Sheffer polynomials [[114]

1 P(t)=¢ V()20 = ¥ ap(x)k -
Brenke polynokm(i)als [53]] k
? 0= ey = §ak W= Eee
; P(t) = Appell pOlYiOIfliE(l)ls [L17]
' 2(t) =t W (t)e™ = kgoak(x)tk

V() =1 Exponential polynomials [202]
4 Pt)=¢ o i a0t ap(x) = x*/k!

2(t) =t k=0

Our study will be confined to the Boas-Buck type polynomials that satisfy:

@) #(1)#0, 2(1)=1, a;(x) >0,k=0,1,2,...,

(ii) & :R— (0,00), (5.8)
(iii) For |t| < p (where p > 1), the equations (5.6) and (5.7) are convergent.

With the constraints mentioned above in (5.8)), Sucu et al. [200] presented the linear

positive operators using Boas-Buck type polynomials in the subsequent manner:

1 — k
= e 5 (1) >

k=0

where x > 0 and n € N.

In this section, we broaden the scope of previous research on real operators to
fuzzy sense. Our study begins by defining the fuzzy Boas Buck operators, based on

the generating function (5.6) and assumptions (5.8)), presented as follows:

2 f.—= ! 3 *ap (nx f E
'%"f'_wm@(nxc@u)),;) g )®f<n)’ (5.10)

where ¥ * and ® represent fuzzy addition and multiplication, respectively and f is a

fuzzy-valued function.
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Distinct fuzzy operators emerge from different formulations of the defined fuzzy
Boas-Buck operators (5.10), as detailed in Table|5.2] Researchers can further investi-
gate the moments and convergence properties associated with these operators, employ-

ing analogous approaches within the fuzzy domain.

Table 5.2: Special cases of different fuzzy operators obtained from the fuzzy Boas-

Buck operators.

S.No. Analytic Functions Fuzzy Operators
Fuzzy Sheffer operators
1- :@ t) = et 7nxaj &
) ni = £ cam) o (5)

Fuzzy Brenke operators

? YOS L = b £ e of (4
X P(1) = Fuzzy Appell operators
' 2(1) =1t B =5m Z “a(nx) © f (§)
V(1) = 1[ Fuzzy Szasz operators
! Z%; §,7=e Lo f())

Clearly, the Boas-Buck fuzzy operators represent the most general form among
the operators mentioned above, thus we shall primarily focus on exploring the approx-
imation properties of these operators. While the previously mentioned fuzzy analogs
also warrant individual in-depth study, our discussion in this section centers only on
operators (5.10). First we relate the fuzzy Boas Buck operators to the classical ones as
defined by Sucu et al. [200] and then prove that the proposed operators are fuzzy pos-
itive linear operators. Further, the approximation properties of the fuzzy Boas-Buck
operators are proved using the fuzzy Korovkin theorem and fuzzy weighted modulus

of continuity.
Lemma 5.4.16 For the fuzzy operators B, we have
= o (0 = (¢
() =2, (R)),

where 9B, are the classical Boas-Buck operators in real sense as defined by (5.9).



5.4  Fuzzy Positive Linear Operators 163

Proof. For fuzzy operators (5.10) and fuzzy function &, we can write
NG 1 i ~(k
Bnh). = hl =
(Fnh) (W(l)y(nxo@(l)),; ax () © (n))

40 :@l(nxo@(l)) ki(,)ak (nx) (;l (S))i)

(r).

()

+

W
— B,
O

Lemma 5.4.17 The fuzzy Boas-Buck operators are characterized as fuzzy positive lin-

ear operators.

Proof. Consider fuzzy continuous functions / and & defined on the interval [0, o).

Using the linearity of the real Boas-Buck operators and Lemma[54.16) we have,
(%, (a0habog)! =3, ((a@iz@b@ ~)(@)
=%, (@oh)+pon!)
= %, (ah!) +bg!
—a, (i) +0, ()
—a(%.(7) +b(5.2)) ", (5.11)
for every x € [0,00) and £ € [0, 1].

Using equation (5.1T]), we obtain

(B (a0hebog)]

)
- a(z?,,())(_@+b(,@n(g))@>,a(@n<ﬁ))f>+b(,@,l(g>)f>]
= [a(Zu0)"a(B,0) ] + [0(5 @) b (20 (@) ]
= a[Z,()] +b] %, (3)]

a0 B(h)©b©%,(2)]s  Vxe[0,), L€0,1].
This implies that for /,§ € C# [0, ),

B (aOhebO§) =a® Bu(h) &b B, ().
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Thus, the fuzzy Boas-Buck operators are fuzzy linear operators. Consider fuzzy
continuous functions / and g defined on the interval [0,0) with /2 < g. Then, A% < g(f)
and fzgf) < g(f), where < is a partial order on C|[0, o).

Since 71(_6), fzg), g(_z) and gﬁf) are continuous real functions on [0,0) then by the

positivity of %, we have

B, (iz(f)) < B, (ggf)), relo,1]
= (Zum) < (20(2)". refo,
= () 3 5 (3). t€10,1], x € [0,0)
This gives the positivity of Z,. O

Theorem 5.4.18 [200] The moments of the classical sequence of operators are

given as follows:

(i) #p(1) =

(ii) B (1) = Sl 220

2" (nx2(1 27 ()+(1+2'1)) 7 (1 7" ()+7' (1
(iii) By (1) = Zymgliily? 4 ZLOHCZ IR 57 (ne2 (1)) x4 L2,

Assume that lim Z(( )) =1 and lim ]j/(( )) = 1. Then, using fuzzy Korovkin the-

y—roo y—roo

orem [17], D* (,%’nh, h( )) — 0, as n — oo. Thus, Z,h are a sequence of fuzzy positive

linear operators converging to s as n — oo.

Lemma 5.4.19 Let us denote b, i (x) = %. Then by Theorem |5.4.18, we

have

(i) X bui(x) =1,
k=0

(ii) f (= x) by i(x) = PP | P (nx2(1) 22 (e 2(1)+ P (nx2(1)) 2

2y (1) P (nx2(1))
+ (1) (1+2" (1)) 2 (nx 2(1)) 2" (1) (2 (nx 2(1))— P (nx2(1)))
nW (1) (nx2(1)) )

Theorem 5.4.20 If h € C#[0,00), then for n > 1

DW@ﬁﬁQDSMf(m @ﬂw),

where 07 is the fuzzy first order modulus of continuity and @y, , (x) = By ((t —x)™;x).
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Proof. Let by, x(x) = W’%, then we can write,

(o)

k=0 k=0
Thus,
o~ o~ > ~ [k > ~
D* (f%nh;h (X)) =D" <Z >kbn,k (x) © (‘) s Z *bn k (X) Oh (x)>
k=0 "/ k=0
< ¥ oo (i(5) i)
k=0 n
< Z bk (x) o (h:|k/n—x|)
k=0
< ¥ buat) |1+ 5 o7 i)
k=0
<of (i:8) + Y227 (Gics)
Substituting 6 = /¢ , (x), we achieve our result. i

Lemma 5.4.21 For fuzzy valued function h and weighted modulus of continuity Q7

(t—x)°

1—1—5

D(h(1),hi(x) <4 (14827 (1422 Q7 (1:5).

Proof. For a fuzzy-valued function h, taking values from the real line, we can say that

D (1), h(x) < (14 —x)?) (1+5) Q7 (B —x])
§2<1+@)(1+z— ?) (142) (14 6%) @7 (B )

<14 0 (145 (140) 97 (9).

O

Theorem 5.4.22 Let h(x) is a continuous, bounded and twice differential fuzzy func-

tion, defined for all x € [0,0). Then for the fuzzy Boas-Buck type operators, we have

71 1 N 2 F | gn Pe6,n
(| + 5 02n [H']| + 1602, (1+x7) @ <h : ‘4/<pz_,n)'

the following result:

D* (@nhﬁ(w) < Qi
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Proof. Consider,

Now,

o (i (3) #09) = s e

From Taylor’s theorem,

’ (E) (_a) — 7 ()

(u—x)*

5 B (x) +

h(u) =h(x)+ (u—x)H0 (x)+

where € (u,x) =h" (§) —h" (x) — 0 as u — x. Then, we can say that

2 2
b)Y =h Y + - B (0 + U (0 4 )

€ (u,x),

where € (u,x) =D (h" (€) ," (x)) — 0 as u — x, with x < & < u. Thus,

N T (e (w—x)* -, 0 (u—x)>°
(u—x) [h (x)} + o [h (x)} T € (u,x)
= [mw@—mw@ﬁwwt%@ﬁq
_ RN AN (u_x)z =11 ¢ 5 (0) (M_X)Z ()
(u—x)h (x)° +—2! h' (x)~ +—2! € (u,x)",
PR I Ul I A OO . R
+ 2! * 2! T

—[A,B.

Since € (u,x) is crisp, using Lemma|5.4.21}

€(u,x) =D (1" (&), 1" (x)) withx <& <u

<4 1+(ug+)4 (148 (14+22) QF (i; ).

Considering 6 < 1, we can say that

(u—x)*€ (u,x) < 16 (1 -|—x2)
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Thus, we have

D' (i A(9) < L bus (9 (#(%) )

= an,k(x) sup max {A,B}
k=0 e[0,1]

= sup max{ Abn,k(x),Zan,k(x)}
e[0,1] k=0 k=0

< sup max {(pl,l(x)fa’ (x)(,é) + l(pz.n(x)fz” (x)(f)
tefo,1] 27"

2 0o? [ 4| P6.n(x) OF ()

+ 16 (1 + )(Pz,n( )Q (h ’ (PZ’n(x)) 7(Pl,n( )h ( )Jr

L 0 116 (1 42) a0 i, ¢ 262 }
27" " " ’ ®2,1(x)

< sup {(phn(x)max{iz' (x)(_é),fz’ (x)g)
£€[0,1]

}
+ %@,H (x) max {h @) 7 () } ]

where 0 is the zero element of F. And thus, we arrive at our desired result. ]

5.4.5 Particular examples

The Boas-Buck polynomials are a very general form of a special class of opera-
tors formed using the generating function (5.6). For particular values of #/ (), Z(t)
and 2(t) one can get different fuzzy linear operators. Mentioned below are two par-

ticular examples of the Boas-Buck fuzzy operators.

5.4.5.a Fuzzy Laguerre Operators

The Laguerre polynomials were first introduced in 1960 by Rainville [[177] by means of
its generating function. Later, these polynomials were explored by Gurland et al. [109]

and Gupta [100] where the moments of these operators were found using the moment



168 Approximation of Fuzzy-Valued Functions using Fuzzy Positive linear operators

generating function and some direct convergence results were proved. Here, we con-
sider the fuzzy analog of the Laguerre operators. Taking #/(¢t) = (1 — t)_a_] ,P(t) =

¢ and 2(t) = L, for @ > —1 we get

1

ol _ ,nx/2—a—1 - xn—kyo [ TIX 7 E
(GIh) (x) = e ™72 k;}z Lk< 5 )@h( )
where

_(a+1)

1F1( —k; o0+ 1;—x)

- (a+k)! r
_sgf)(k_S)I(OC+S)!S! '

Remark 5.4.23 (G%h) (x) are fuzzy positive linear operators with (G“(il))(g) =
GY (fz(ig)), where G are the real classical Laguerre operators [177)].

Theorem 5.4.24 Ifh € C£[0,), then for n > 1
D" (G2h(0) < (1+ Va? +4a+3) o] ( )
n
where wigz is the fuzzy modulus of continuity.

Proof. Let g, 4 (x) = e™™/227#k=1L% (=2 Then, we have

D (GERA) < ¥ gnscon” (i (%) )

k=0

Z —X gmk(x)'

Simplifying the summation of the right hand side, we arrive at
=k o’ +do+3  3x
Z - =X gn,k<x) = 2 +—
= \n n n
2
< o+ 4205 +3 ‘
n
Thus,

VaZ+4a+3
)< o -|-4oc-|—3'

n

——X gnk

e

Choosing 6 = 1/n, we get the required result. m|
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5.4.5.b Fuzzy Charlier Operators

Charlier polynomials [134] represent a significant family of orthogonal polynomi-
als defined on the set of non-negative real numbers. They arise as a particular in-
stance of the Boas-Buck operators characterized by #/ (1) = ¢', 2 (t) = €' and 2(t) =
In (1 — é) Extensive research has been dedicated to explore the properties and appli-
cations of real classical Charlier operators. One can refer to [115;[166;184;210;212]
for the various mathematical contexts of these operators. We have extended these no-
tations of Charlier operators into fuzzy approximation theory by defining the fuzzy
analog of Charlier operators as follows:

_ (a—nx o C(Ul) (a—-1 _
Tn“h:e—1<1_1) Y+ ( (]3 )”x)@h(’_‘),

a k=0 n

k r
where C,Ea) (—u) = Z < g ) (u), é)

Remark 5.4.25 (Tn“fz) (x) are fuzzy positive linear operators with (Tn“(fz))(g) =

+
T¢h (fzgf)), where T, are the real classical Charlier operators [134)].

Theorem 5.4.26 If h € C#[0,), then forn > 1

D* (Th,hi(x)) < (1+ \/x(1+a11> +%> o (h%)

where w‘? is the fuzzy modulus of continuity.

Proof. The proof of this theorem follows from the moments of Charlier operators and

the properties of fuzzy modulus of continuity. O






Chapter 6

Semi-Exponential Operators with

Improved Order of Convergence

The idea of semi-exponential operators is an extension of the exponential operators

which derives a class of positive linear operators from the partial differential equa-
r(t—x)
p(x)
Bernstein type semi-exponential operators which are used in approximating a contin-

tion %Wﬁ (r,x,t) = Wg (r,x,t) — BWg (1,x,1). For p(x) = x(1 —x) we will get the
uous real-valued function f. However, the order of approximation of these operators
is at most O(1/n). This chapter focuses on deriving new sequences of positive linear
Bernstein type semi-exponential operators of higher order. First, we define the sec-
ond order semi-exponential Bernstein operators, give their moments and prove their
asymptotic results. Further, we define the third order semi-exponential Bernstein op-
erators, give their moments and central moments and derive their Voronskaya type

asymptotic result. We verify these results using numerical illustrations.

6.1 Introduction

The idea of approximation theory dates back to 1885 when K. Weierstrass [2135]]
showed the uniform approximation of any real-valued continuous function by poly-
nomials on a compact interval. Ever since the discovery of Weierstrass theorem, many
researchers have worked on the approximation of continuous functions, not only on
compact intervals, but on whole of the positive real line as well. In 1912, S.N. Bern-

stein [29] defined the famous Bernstein polynomials which approximate a continuous

171
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function on closed interval [0, 1]. Later on, Szasz and Mirakyan extended this concept
to the positive real line by defining a sequence of positive linear operators, known as
Széasz-Mirakyan operators (see, [148; 202]), which approximate a real-valued contin-

uous function on [0, ).

In 1976, C.P. May [145] introduced another such class of positive linear oper-
ators, known as the exponential operators S,,(®;x), by establishing a connection be-
tween partial differential equations and positive linear operators. In his work, May

proved that S,,(¢;x) preserve linear functions and are defined as follows:
S (9():t) = [ W(mt,u)g(w)du
Q

where, Q is the domain of definition and W is a positive function, known as the kernel

of S,,, satisfying the homogeneous PDE

d m
EW(m,t,u) = mW(m,t,u) (u—rt), (6.1)

such that p(z) is both analytic and positive over the domain Q, and the kernel,

W (m,t,u) satisfies the normalization condition

(o)

Sm(l,t):/W(m,t,u)duzl.

Different operators can be obtained by giving certain values to the function p()
in equation (6.1)). For example, the function p(r) =¢(1 —¢) can be used to obtain the
Bernstein polynomials. In a similar manner, one can obtain the Post-Widder operators
for p(t) = t?, the Gauss-Weierstrass operators for p(t) = 1, and the Sz4sz-Mirakjan
operators for the function p(¢) = ¢. Moreover, Ismail and May [116] proved and estab-
lished the uniqueness and existence properties of the class of these exponential opera-

tors.

Up until the year 2005, there had been no new developments on exponential
operators for a considerable amount of time, after Ismail and May. Around this period,
A. Tyliba and E. Wachnicki [208] developed the idea of semi-exponential operators
and extended the results of Ismail and May. They did this by taking a sequence of
operators, VrB , such that Vrﬁ (t,x) # x. They worked on a new homogeneous PDE
by adding a non-negative real parameter  in (6.1). This derived a new family of

operators, called the semi-exponential operators.
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B

In the case where 3 = 0, the operators V; simplify to the exponential type oper-
ators. Recently, Abel et al. [3] defined several new semi-exponential operators, each
of which corresponds to a distinct function p(x). For more work in exponential and
semi-exponential operators, one can refer [93;99;101;171]]. A particular case of these

semi-exponential operators have been studied extensively in Chapter 3] of this thesis.

However, it turns out that the rate of convergence of the classical Bernstein op-
erators is relatively slow, since their approximation order does not exceed O(1/n) (see
[116;208]]). This limitation naturally motivated a large number of investigations aimed
at improving their efficiency in the approximation of continuous functions. One of the
earliest contributions in this direction was made by P.L. Butzer in 1953 [41], who
introduced a refined construction by employing linear combinations of Bernstein poly-

nomials of degree n together with those of higher degree 2n. More precisely, if

Bisin) = L) ()40 -0t

denotes the classical Bernstein operator, then Butzer considered new operators of the

form
Cu(f5x) = aBy(f;x) + BBau(f;x),

with suitably chosen constants &, 8 € R, in order to accelerate the convergence to f.
This technique allowed a better approximation behaviour while preserving positivity

and linearity of the operators.

A significant breakthrough occurred with the introduction of g-calculus into ap-
proximation theory. In 1996, G.M. Phillips [169] defined the so-called g-Bernstein
polynomials, which generalized the classical Bernstein polynomials by replacing the
usual binomial coefficients and powers with their g-analogues. Specifically, the g-
Bernstein operator of degree n is defined as

Bug(fix) = kg,okaﬁ) (Z) qu(l —ank,

”]q

here [k], = '= and (7) = "' denote the g-int d g-binomial coeffi
where [k]; = T-2- an (k)q = [, denote the g-integer and g-binomial coeffi-
cient, respectively. This extension not only added new ideas to the theory but also
improved approximation properties. In particular, for ¢ > 1, the g-Bernstein polyno-
mials of degree n achieve an improved order of convergence, namely O(1/4"), which
is considerably faster compared to the classical order O(1/n) for polynomials of the

same degree n.
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Parallel to these developments, researchers have also sought to improve approxi-
mation order by drawing upon the recurrence relations satisfied by the Bernstein basis.
By suitably modifying and combining terms arising from the Bernstein recurrence for-

mula,
(1 1By 1) = (11— KBy (x) + (k1) (1 —x) By (1),

several authors have been able to design operators with higher rates of convergence.
For instance, operators with approximation orders of O(1/n?) and even O(1/n®) have
been proposed and studied in recent works (see [128;[129; [176l]). These higher-order
modifications not only accelerate the speed of convergence but also open pathways for

more refined quantitative estimates in approximation theory.

Apart from their theoretical importance, these advancements have had a profound
influence on applied fields. In computer-aided geometric design (CAGD), for exam-
ple, the Bernstein basis forms the backbone of Bézier curves and B-splines, which
are fundamental tools in computer graphics, animation, and CAD software. Improve-
ments in approximation order directly translate to smoother curve generation, more
accurate surface modeling, and better numerical stability. The concepts of positive lin-
ear operators and their improvements are also very useful in wavelet theory and signal
processing. In these areas, signals are often represented in a simplified or transformed
form, and it is important to both approximate the original signal accurately and then
reconstruct it back to a form that closely resembles the original. The refinements of
these operators help ensure that this process of approximation and reconstruction is
done efficiently and reliably. Thus, the generalizations of classical Bernstein operators
to positive linear operators with improved order not only highlight the journey of pure
mathematics but also show how these approximation methods are closely connected to

real-world applications.

Building upon the developments and generalizations of classical Bernstein oper-
ators discussed above, this chapter focuses on enhancing the order of approximation
for semi-exponential Bernstein operators. In particular, we aim to define new operators
that not only incorporate the function itself but also involve its higher-order derivatives.
By doing so, these modified operators are expected to provide more accurate approx-
imations, improving the convergence rate while preserving the essential properties of

positivity and linearity.



6.2  Improving Order of Approximation of Semi-Exponential Bernstein Operator}75

6.2 Improving Order of Approximation of

Semi-Exponential Bernstein Operators

The first-order semi-exponential Bernstein operators are defined as

n

B (i) = e Y Alms)e (190 (%)), 62
s=0

where B
— (n—1i\ B’
A(n,s) = —.
(n.5) Z (s — i) i!
i=0
The construction and derivation of these operators have been discussed in detail
in Chapter [3| In particular, from Theorem [3.4.2] it follows that the semi-exponential

Bernstein operators approximate any continuous real-valued function with an order of
O(1/n).

While this order of convergence is consistent with classical Bernstein operators,
there is significant interest in improving the approximation rate. In this chapter, we
aim to define new sequences of semi-exponential Bernstein-type operators that achieve
faster convergence, specifically with orders O(1/n?) and O(1/n?). To build upon this,
we consider the first-order operators as the starting point and extend the construction
to higher-order operators that incorporate derivatives of the required function. This
method allows us to make the approximation more accurate while preserving the pos-

itivity and linearity of the operators.

6.2.1 Second order semi-exponential Bernstein operators

Building on the first-order operators defined in equation (6.2)), we now introduce
the second-order semi-exponential Bernstein operators, which are designed to improve
the convergence rate by incorporating the first and second derivatives of the function.
Let ¢ be a continuous function such that ¢”(x) exists. Then,

B} (p3x) = P iA(n,s)xs(l —x)" {q) () - Bx(l=x) v (2)- x(1=2) (i)} 7

n n n 2n n

(6.3)

are defined as the second order semi-exponential Bernstein operators, where

A(n,s):i(n_i)ﬁ—i

s—i) il
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Having defined the second-order semi-exponential Bernstein operators in equa-
tion (6.3]), we now proceed to study their approximation properties. In this subsection,
we present several lemmas and theorems regarding their moments and convergence
behaviour along with graphical representations that illustrate these approximation re-

sults.

6.2.1.a Approximation Results

We first compute the moments of the operators, which play a crucial role in understand-
ing their approximation behaviour. Subsequently, we establish lemmas and theorems

that characterize their convergence and other essential properties.

Theorem 6.2.1 The moments of the second order semi-exponential Bernstein opera-
tors (6.3)) are as follows:

(i) By (1;0) =1
(i) PP (1;x) =x

(iii) PP (1%;x) = 2 + Ba(1-9)(1-20)- B (1-)*

n2

Proof. The moments of operators can be calculated with the help of moments of
operators (6.2), given in Lemma[3.3.1

(i) For the constant test function ¢(¢) = 1, all higher-order derivatives vanish. Thus,
we get
PP(L;x)=BP(1;x) = 1.

(ii) For the test function @(¢) =1, ¢’(t) = 1 and ¢”(¢) will vanish. Thus,

Bx(1—x)

Pf (£;x) :Bg(t;x) — .

BP(1:x)=x.

(iii) For @(t) = t?, we have ¢'(t) = 2t and ¢"(t) = 1. Thus, the third moment of

operators [6.3]is given by
PP(1) = B () — P gy XU g
n
1—x)(1—2x— 2
oy B0 =2t )

x(1—x)(1—2x) — B22(1 —x)?
e B=00-29-p20 07
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O

Let us define the central moments of second-order semi-exponential Bernstein

operators (6.3) by
ponrt (')

These central moments can be conveniently computed using the results of Theorem
6.2.1] In the following theorems, we present key results regarding these moments and

central moments of the proposed operators.

Theorem 6.2.2 Let y : [0,1] — R be a continuous function such that W is bounded.

Then for the supremum norm of y,

an

P (v~ v < P22
((s/n x)%; x)‘

Proof. By Taylor’s expansion,

where pn , = sup
0<x<1

v) =y + - Y0+ Uy 0+ e,

such that liins(v) = 0. Taking v = s/n and applying operators Pf on both sides, we
V—X
get

Pf (s/n—x)z;
BE (w(s/m)i) = y(@)+ P ((s/n— x) 1) /() + ( . )vf' PP ((s/n—xe(s/n):x).

From Lemma _ we can say that that Py ((s/n—x);x) = 0 and
PP ((s/n—x)ze(s/n);x) tends to 0, as n — oo. Thus for a sufficiently large

value of n we can say that,

p s/n—x)%x
P (i) — v < <(/2 ) >\w”<x>}

<2 .

m]

Now, in order to establish a connection between the operators Pf (@;x), the func-

tion ¢, and its higher-order derivatives, it is convenient to employ the concept of the
modulus of continuity. This will allow us to derive bounds that are essential for the

subsequent approximation results.
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Lemma 6.2.3 Let ¢ : (a,b) — R be a function defined on {(a,b) whose k' derivative
exists. Then, for |h| < &

1
® ((p(k);6> < T (9:8), 80,

Proof. For 6 > 0, using Definition|1.1.3| we can write

O <<P(');5>
= sup Az (x)
|h|<&
= sup <p<1>(x+kh)—( )<p(1>(x+(k—1)h)+ (2><p<1>(x+(k—2)h)+...
|h|<&

_ N ((’1‘) N (’;)) O+ (k— 1)) + ...+ (=) ()]

1 k+1 k+1
:Elegp(s'(p(H(kH)h)_( ! )(P(x+kh)+< ) )«p(x+(k_1)h)+_”

+(=1)" o)
1
= 7 Okt1 (9:0).
Thus,
fork=1, @ (9:8)>ho (9:3)
fork=2, 3(9;6) = haw, ((p(l);5> > o <¢(2);3> .

Proceeding in this manner, we can prove the stated lemma for all kK € N. O

Theorem 6.2.4 Let ¢ € C[0, 1] such that @) exists. Then for |h| < & and n € N,

n

PP (93x) = 9(x) + Bx(1 —x)o') (x) + >

<20 (3 /u7,) + wwz (03 \/1i2) + %@ (03 \/ui2)-

BE((I—x)Z;x)‘.

where “;72 = sup
0<x<1
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Proof. For simplicity, let b,[is (x) = A(n,s)e P*xs(1 —x)" 5. Thus,
- s
B2 (93x)— 0(0)| < Y o]0 () — o)
s=0

v B oS
< bn’s(x)w<(p,‘x——D.
Using Cauchy-Schwarz’s inequality

ibg,s(x) ‘x— %‘ < io‘x—% \/b,[is(x) \/bﬁs(x)

_ 127,
< [g s () (x—g)zl [;O bE,s<x)]

= ‘un,Z(x)

1/2

S .u:,27

where (;, = sup ‘ ,umz(x)}. From Proposition [1.1.4| we can write,
0<x<1

<20 (01 i)

Again, using Lemma|6.2.3|and Cauchy-Schwarz’s inequality, we get

B9 |5 (gl01:x) - g < =0y (00 )
2B i),
and
o et (0%:5) 0| < Moo (0% )

Thus, we get the inequality

P8 ()= o) + B =0 1 2 g0y

<20 o i) + o o ) + 1 (o )

which proves the theorem. m|
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Theorem 6.2.5 Let ¢ € C[0,1] such that ¢\1) exists. Define pi, = Bf ((t —x)%:x).
Then,

3 :
PP (95x) = 0(x)| < 5 1 /1,0 (¢ 1572)

where |1, , = sup |t 2.
0<x<1

Proof. For any function ¢ € C[0, 1], we can write
o) = (1) + (=) 9/(x) + [ (¢'(2) ~ /() dz.

Applying the second order semi-exponential operator Pf , to both side of the above

equation, we get

P (g:x) — @(x) = PP ( / (¢'(z) — ¢' (%)) dzx) - (6.4)

X

From modulus of continuity and Proposition|1.1.4, we arrive at

S/V|<P'(Z)—<P'(X)|dz
g/va)((p’,é) (@4—1) dz

2
— 0(¢/.5) (%+]v—x\) .

Pr? <(P;x) —QD()C)’ < CO(Q)/,6) "un;;x)‘ + ‘,un,l(x)|>
—o(¢',5) ’an +i‘%_x‘ \/b )\/bff,s(x)>
‘ 9 N 12 1/2
o (¢',8) “"2 + (Z (% ) ,s(x)> (Zobf,s(x)> )

v

/((P’(Z) —¢'(x))dz

X

Thus, equation becomes

Choosing 0 = 7, gives us the desired result. m|
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Theorem 6.2.6 Let ¢ be a continuous function defined on [0,1] and let (p(”) denote its
n'" order derivative. For (p(z), (p(3), (p(4) # 0 simultaneously, and for B > 0, we have

lim n* | (¢;) — ()|

n—oo

— gx(l —x) (1 —2x—Bx+Bx?) 9P (x) —i—éx(l —x) (1—2x—3Bx+3Bx?) 0¥ (x)

1
— 21— (x).
Proof. Applying Taylor’s expansion around x on ¢ (5) qo(l) (%) and (p(z)

o®? <f) — 0@ () + (% _x> o®

n o3
|

o (2) = oM+ (2 -x) o (2)+ % (-

n n n

o() = 0w+ (52 (0)+ 5 (=) 07 (3)+ 5 —) o )

o) () e

4! n
where lim €(s/n) =0, lim x(s/n) =0and lim & (s/n)=0.
s/n—x s/n—x s/n—x
Substituting the values of these expressions in (6.3 and taking summation from

s =0 to oo, we get

PB(@:x) = (x) + a1 (x) 0V (x) + un;(x) 0'(x)+ un;(x) 4

_ M(p(l)(x) _ (I»ln,1(x))2(P(2) (x) — Mq)@@

0¥ (x) +

n 2!
B “nJ(x;.’!Jvnﬁ(x) 0@ (x) - x(12; X) o®? (x) — x(12; x) un,1(x)<P(3)(X)
~x(1—x)

T tn2() 9 () + B (1 —x)'e (1) :x)
P g (e 02) - (-2 0):),

n 2n

where (1, (x) are the central moments of the semi-exponential Bernstein operators
(6.2). Let us define,

Tn:{s: ‘i—x’ <8,s:0,1,2...},
n

and Fn:{s: f—x‘ Ze,s:O,l,Z...}.
n

Taking into account the limits of €, x and &, we can say that for any 6 > 0 if ‘% — x‘ <o
then 3 &,x,& > 0 such that €(s/n) < &, x(s/n) < x and &(s/n) < &. Moreover,
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for ‘% —x‘ > 3, define M} = sup (% —x)zg (s/n), My = sup (5 _x)Qg (s/n) and

0<x<1 0<x<1 '
M= sup (& —x)zx (s/n). Then, we have
0<x<1

n

lim n*BP (( —x)e (t);x)

= anbﬁ <——x> €(s/n)
= lim ) sz s(x )(Z—x) €(s/n)+ lim Z nzbﬁ (Z_X)48(S/n)

n—yoe n—yeo
) M
=0.
Similarly,

lim nBP (( X)) ;x)

n—soo
S

= lim Z nb§7s(x) (r—l—x> & (s/n)+ lim Z nb (Z_x>2§ (s/n)

n—oo n—oo

keT, kel
) M,
< lim (é + y) Ny 2 (X)
) M,
= lim (6 + y) x(1—x)

and
lim nBP (( )2 (1) ;x) ~0.

n—oo

Thus, our equation becomes

lim n?
n—oo

2 2 2
= im |1 (09000 + 20901 0)+ Bt ()0 )+ 010

PP (932) — 9 ()|

oo 21 31 4
2

—nBx(1 = %)@ (x) = (11,1 (x))* 1) (x) — Srkn () 2 (1)@ ()

n? n n
- i“n,l(x),unﬁ(x)(l)(ét) (x) = 3x(1 —x)p? (x) - S — ) i1 ()9 (x)

B ZX(I - X)I.Ln72<x)§0(4) ()C)
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X\ 1 —X — ZX 2x2 —X 2
:’ggnz(ﬁ (1 2251 2x) B éjﬂ ) )w(z)(x)
x(1—x)(1—2x) +3Bx%(1 —x)? 2(1 — )2
n < ; >(p(3 (x) _w(p@)(x)

Br*(1-x)° 3 332(1—x)° P(1=x)* o

et e ) ()
= gx“ —) (1= 20— B+ Bo?) 92 (x) + éxu —x) (1-2x—3Bx+3B:2) 9 ()
1
- 21 -020 ).
This completes the proof. O

From Theorem it follows that the sequence of operators P,E (¢;x) provides
an improved approximation to any continuous real-valued function. In particular, the
rate of convergence is of order O(1/n?), which is significantly better than the classical
first-order case where the approximation order is only O(1/n). This result highlights
the effectiveness of introducing higher-order derivatives into the construction of the
semi-exponential Bernstein operators, thereby enhancing their approximation proper-

ties.

Having established that the second-order semi-exponential Bernstein operators
achieve a significantly better approximation rate compared to the first-order case, it is
natural to investigate whether this improvement can be extended further. To this end,
we now turn our attention to the construction of third-order operators, which incorpo-

rate higher derivatives in order to potentially yield an even sharper rate of convergence.

6.2.2 Third order semi-exponential Bernstein operators

In continuation of the previous developments, the third-order semi-exponential
Bernstein operators are introduced in this section. These operators are constructed
by incorporating the first, second, third and fourth derivatives of the function. Our
aim is to obtain an even higher order of approximation while preserving positivity and
linearity. The third order semi-exponential Bernstein operators are defined as,

RE (vix) = e P E)A(n,s)xs(l —x)" {Y (%) i) _X)Y(I) <£>

n n

x(1 —x)y(z) <£> _ Bx(1—=x)(1 —2x—Bx—|—ﬁx2)Y(2) <s>

n n 21’12 ;
2
(1)1 =2-3x+382) (5)+ (2" (2) } L (65)

6n? n 8n?
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where A(n,s) = ¥, (7)) %

1

It1s

We now turn to analyze the mathematical properties of the third-order operators.
In particular, we derive their moments and central moments, and then establish results

that highlight their role in achieving higher-order approximation.

6.2.2.a Approximation Results

First and foremost, we study the moments and central moments of these third order

semi-exponential Bernstein operators.

Lemma 6.2.7 For the sequence of operators (6.5)), we get the following moments:
(i) RS (1;x) =1
(i) RP (1;x) = x
(iii) R (1%;x) = 22

Proof. The moments of operators (6.5]) can be calculated with the help of moments of
operators (6.2), given in Lemma 3.3.1]

(i) For the constant test function ¢(7) = 1, all higher-order derivatives vanish. Thus,
we get
RP(1:x) =BP(1:x) =1.

(ii) For the test function ¢ (¢) =, () (¢) = 1 and rest of the higher order derivatives
will vanish. Thus,

Bx(1—x)

B(1:x) =
- B (1;x) = x.

RB(t;x) = BB (1;x) —

(iii) For @(r) =12, we have @) (1) = 2r and @ (r) = 1. @) (1) and @™ (r) will

vanish, and thus, the third moment of operators[6.5|is given by

Rp (P2 = B ()~ P gy M g

P20

:Xz.
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O

Lemma 6.2.8 Using Lemma we can derive the following central moments of
RP (v;x):

(i) R ((t—x):x) =0
(i) R ((t—x)z;x> =0
(iii) RP ((t —x)3;x> =Bx(1—x) (1 — 6x + 6x7 — 3Bx(1 —x)(1 —2x) + B2x%(1 —x)2> /n3.

By applying Korovkin’s theorem to the obtained moments and central moments,
we can conclude that the sequence of third order semi-exponential Bernstein operators
(6.5), converges uniformly to the required function. Thus, we are now in a position to

study the approximation behaviour of these operators in more detail.

Theorem 6.2.9 Ler v : [0,1] — R be a continuous function such that "' is bounded.

Then for the supremum norm of ,

RE (30— ()| < 222 ||y

RE ((s/n —x)3;x> ‘

where {5 = sup
To0<x<t

Proof. By Taylor’s expansion,

—x)? v—x)°
w() = ) + 00w @)+ w0+ Uy 4 e,

where lim €(v). Putting v = s/n and taking operator RP (y;x) on both sides, we get

V—X

RP ((s/n —x)3;x>
6

(x)
RE (w(s/n):x) = w(x) + V") +RE ((s/n—2)e(v)ix).

So for a sufficiently large n, we can say that,

B sn—x3;x
RE(W)—W(x)\SRn ((/6 | >!w”’<x)|

<=2 v

Thus, we get the desired result. O
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While error bounds give a general sense of the approximation quality, they do not
fully capture the precise asymptotic behaviour of the operators. To achieve a deeper
understanding, we make use of a Voronovskaya-type theorem. This result describes
the limiting behaviour of the operators as n — oo and allows us to determine the exact

order of convergence for the third-order case.

Theorem 6.2.10 Let vy be a continuous function defined on [0,1] and let y) denote
its ' order derivative. For y(3),v(4) ,V(S),y(6) # 0 simultaneously, and for B > 0, we
have

lim n® [RE (v;x) —y(x)]

Bx(1—x) (1 — 6x + 6x> — 3Bx(1 —x)(1 —2x) + B2x%(1 —x)z)

= - Y3 (x)
x(1—x) (1 —6x+6x2—10Bx(1 —x)(1 —2x) +6B22(1 —x)?
+ ( -1 >v(4>(X)
x2(1—x)%(1—2x 3(1—x)° (1 —x)3
_ ( (1 i;l 2 ) . ﬁ (18 ) )Y(S)(X) + (148 ) y(6)()6)

Proof. Applying Taylor’s theorem, we get

9 ()= (-0 () 3w () G-

()04 G () ;) () (oo

)=+ G ()3 G- () (7 )
G ()G xm

-<A
/~
S|
N——

Il

-</-\

Pang

=

SN—

+
/N
S |

|
=
~——

-</‘\

>
/~
| ©a
N——

_|_
N =
N

AS |
|

=
N——

(3]
.<
©
/N
SHEN
N——

+
2| —
/~
S| @

|
=
N——
W
-</\
=
/N
SHEN
——

+ 41! (% —x)4y<5> (%) + (5 —x) § (s/n)

£(3)=r0 (v () (-9 () 5G9 v ()
)Y )G ()
%(% )0 (2)+(2 ) e(s/n).
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such that lim & (s/n) =0,

s/n—x

lim yx (s/n) =0,

s/n—x

lim & (s/n) =0,

s/n—x

lim v(s/n) =0,

s/n—x

and lim n(s/n)=0.

s/n—x

Substituting these expansions in the definition of operators (6.5)), we get

RE (v;x)
1-2x—3Bx+3Bx)

= y(5) = g () + (G 0 - 22200 ) 2 - U2 YO

201 —x)? X
S ) a9y (a2 0+ (a0 250 ) s v

2
x(1—x)(1—2x—3Bx+ sz
(1 )(1 26n2 3 3 ) Ly 1 (;:)7(4)(76) +

_ 1 (x)z.un,Z(x),YG) (x) + ((I'Ln,l (x))Z _ ,uné(x)>

X{(l—X — X — X x2 X2 —X 2
_ (1 )(1 ?21123[3 +3ﬁ )I.tn,z(x)v(s)(x)+(116’12)1»111,2(36)1/(6)()6)4-

- BB 03+ (G ) — 22 ) B s Bty

_ “n,l(xgilnA(x),y(S)(x) + ((.un,l(x))z _ :uné(x)> :un,244(.x),y(6)(x) +

+

x2(1—x)*
8n?
n2(x

ZECINCTR

un.,l (X)Y(S) (X) + 2

48000 4 B (1~ )°% (1):) — oo (9B (¢~ 1))

(0220 ) 82 (=2 0:)

x(1—x)(1—2x—3PBx x? X (1-x)°
_ (1 )(1 26n2 3ﬁ +3B )BE <(l—x)2V(f)§x)+(:;nz)BE ((t—x)zn(l);X>7

where U, (x) are the central moments of the classical semi-exponential operators,
defined by Theorem [3.3.2] Again, let

Tn:{s: ‘i—x’ <8,s:0,1,2...},
n

and I',, = {s:

f—x‘ Zs,s:O,l,Z...}.
n

Taking into account the limits of €, ¥, &, v and 7, we can say that for any

8§ >0 if |[2—x|<e then 3 &,%,&,v,n > 0 such that &(s/n) < €, x(s/n) <
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%, E(s/n) <&, v(s/n) < Vv and n(s/n) < n. Moreover, for |$—x| > &, define
M= sup (fl—x)ze(s/n).
0<x<1

lim 3 BB (( — )% (1) ;x)

n—soo

- r}l_r>r°10n3 Z{)e‘ﬁxA(n,s)xs(l —x)"* (% —x>68 (s/n)
= lim <n3 Z e PXA(n,s) (1 —x)"* (% —x) 68 (s/n)

n—
oo seT,

+n’ Y e PXA(n, ) (1 —x)"* (% —x>68 (s/n))

sel’y,

Similarly, using Theorem [3.3.2] we can prove that

n—oo

im 1 (G102 = 22 ) B8 (102 1) ;x) —o,

n—oo

lim nx(1 —x)(1 — 2x — 3Bx+ 3Bx%) Bﬁ<

n—oo

nmnxzu_x)zBE((t )n()) 0.

n—oo

lim 1,1 (1)Bf ( (0 = 0)*€ (1)3x) =0,
(

0, and

Hence, we get the following expression

lim n® [RE (ysx) — y(x)}

=t [ (I 20 BEO ) b+ 25 )0
— X))l —4x n, 2 n, n,2\X :
(= 2)%N) PRSP ) Gt sl) (s
BBl ) U (U2,
ﬁx (1-x)° (M1 (x )) ﬂn3( ) M2 () a3(x) M1 (OHea(x) | Has(x)
gz He2®) 12 B e 120
+x (;n_z ) ,LL,,J(X))Y(S)(X)+n3<(“n’1( )2)41471,4( )7 “n,4(xé)t/;n,2(x) Jr”l;,;éx)

(1 —x)?
e o) )70
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 Bx(1—x)(1—6x+6x> = 3Bx(1 —x)(1 - 2x) + B2%(1 —x)°) 5

= < Y (x)
(1 — 2 _ (] — 2201 _ )2
+x(1 x)(1 —6x+ 6x 10[3x(214 x)(1—=2x)4+6B°x*(1—x) )Y(4) (x)
x2(1—x)*(2—4x—3Bx+3Bx?) (5) 2(1—x)° ()
- 7 Y (x) + —ag Y (x)-
This completes the proof. O

From Theorem it is evident that the presence of the factor n> on the
right-hand side of the result, characterizes the speed of convergence of the third order
semi-exponential Bernstein operators. More precisely, this shows that the operators
achieve an approximation order of O(1/n?), which marks a further improvement over
the second-order case. Thus, the introduction of higher-order derivatives into the con-
struction of these operators not only preserves their positivity and linearity but also
substantially enhances their approximation properties. With the third-order operators,
we now achieve a significantly better rate of convergence, reflecting the progressive

effectiveness of this approach.

To complement the theoretical results established in the previous sections, it is es-
sential to validate the performance of the semi-exponential Bernstein operators through
numerical experiments. The following section is devoted to a detailed numerical anal-
ysis, where we study the behaviour of the operators for different functions. In partic-
ular, we illustrate their convergence through graphical comparisons and quantify the

approximation quality using error tables.

6.3 Computational Study of the Operators

First, we provide graphical illustrations of the approximation process for the first, sec-
ond and third order semi-exponential Bernstein operators. By plotting the operators
alongside the targeted functions, we can visualize how fast and how well the operators
converge to the given function. The graphs not only support our theoretical results
but also give an easy-to-understand picture of how higher-order operators give better

approximations.

6.3.1 Graphical Study of the Approximation Process

Example 6.3.1 First we approximate the function f(x) = x*cos(37x) — xsin(47x)

using second and third order semi-exponential Bernstein operators P,E (f3x) and
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RE (fsx), respectively, keeping B constant and increasing the values of n. Figures

and 6.2\ show the approximation process for B =5 and n = 10,20, 30.

— f(x) Plof — Pof — P3f — f(x) Riof — R3of — Rif

Figure 6.1: Approximation process of Figure 6.2: Approximation process of
second order semi-exponential operators third order semi-exponential operators
PP (t?>cos(37t) — tsin(4xt);x) (equation RP (t>cos(3mt) — tsin(4mt);x) (equation
(6.3)), for B =5 and n = 10,20, 30. (6.9)), for B =5 and n = 10,20, 30.

From Figures [6.1] and [6.2] it is observed that as n increases in the sequence of
operators, while keeping the value of f fixed, both PP (f5x) and RP (f;x) converge u-
niformly to the function f(x). This graphical evidence is consistent with the theoretical
results established earlier. Moreover, the figure clearly shows that RE (f;x) provides a
faster convergence to f(x) compared to Pf (f;x), thereby confirming the advantage of

the higher-order refinement.

Example 6.3.2 In order to study the behaviour of parameter B on higher order semi-
exponential Bernstein operators, P,? (f;x) and RE (f;x), we fix the value of n and vary
B > 0. Figures and 6.4\ show the approximation process of second and third order
semi-exponential Bernstein operators for g(x) = 8x° — 14x*> +7x—1and B =5,10, 15,

keeping n = 20 fixed.
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Phog Rbog

— g(¥ P39 — P3}g — Pigg — 9 RS9 — Rg — Rig

Figure 6.3: Approximation process of Figure 6.4:  Approximation process
second order semi-exponential opera- of third order semi-exponential opera-
tors P} (83 — 14¢> +7t — 1;x) (equation tors RE (83 — 14¢> + 7t — 1;x) (equation
(6.3)), for B =5,10,15 and n =20 (6.9)), for B =5,10,15 and n =20

In Figures and we fix the value of n and examine the effect of varying 3
on the quality of approximation. It is observed that smaller values of f3 lead to a closer
approximation of the target function, while larger values of 8 result in a comparatively
weaker approximation. However, it is also important to note that even when 3 takes
relatively larger values, the third-order semi-exponential Bernstein operators still out-
perform the second-order operators obtained with smaller values of . This clearly
demonstrates the strength of higher-order operators, as they are capable of maintaining

a superior rate of convergence across different parameter choices.

Example 6.3.3 Figures|6.5 and [6.6] show the comparison between the approximation
of the classical first order semi-exponential operators BE , second order operators Pf

and third order operators RP for B =5, n=20 and h(x) = sin®(27x) + cos(37x).
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Operators

20F
15}
1.0t

05}

-0.5F

-1.0f

Figure 6.5: Comparison between the first, second and third order semi-exponential
Bernstein operators, BE , Pf and RE respectively for B =5, n =20 and
h(x) = sin®(27x) 4 cos(37x).

Operators
20f
i h(x)
"o B3oh
1.0 B,h
05 T N 2 W R P2oh
P§,h
o [ Rgoh
-05[ R3,h
1.0

Figure 6.6: The approximation process of first order, second order and third order

semi-exponential operators, BE, Pf and RE respectively.

Figure [6.5] compares the approximations produced by the first, second and
third order semi-exponential Bernstein operators- Bf (h;x), PP (h;x) and RP (h;x),
respectively- for the same choice of n and 3. The graph clearly confirms the theo-
retical expectation that the third order operators consistently provide the most accurate
approximation to the target function, followed by the second order operators, while the

first order operators offer the least precision.
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Figure [6.6| shows how the approximations evolve as n increases in the sequence
of operators, keeping B fixed. For each order, two curves are plotted for different n
(for n = 20 and n = 30), demonstrating convergence toward the function %(x). These
curves, or successive approximants, are represented with dotted and solid lines- dotted
for n = 20 and solid for n = 30. The spacing between successive approximants, from
n="20to n =30, is largest for the first order operators (represented with green), smaller
for the second order operators (represented with red) and smallest for the third order
operators (represented with blue). In other words, increment in n yields the greatest
improvement for the third order, less for the second, and least for the first, graphically

confirming the faster convergence of higher-order constructions.

All these graphical results clearly show that higher-order operators approximate
the target functions more closely, thereby confirming the theoretical convergence rates.
To further support these observations, we now turn to a quantitative study by comput-

ing and comparing the approximation errors.

6.3.2 Error Analysis

In this subsection, we calculate the approximation errors for different functions
under varying values of n and 3. These results enable us to compare the performance

of the first, second and third order operators in a concrete way.

Error
0.30 -
0.25
0.20F 1BRo(h;x)=h(x)|
— |Pg(h;x)=h(x)|
0.15+ 3
— |Rgo(h;x)-h(x)|
0.10 |
. /\ ) - X
r 0.2 0.4 0.6 0.8 1.0

Figure 6.7: The error of first order, second order and third order semi-exponential

operators, BE , P,? and RE respectively.
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BP (hsx) —h(x)| | |PP (hsx) —n(x)| | |RE (h3x) — h(x)
n=20 0.696439 0.369022 0.0830424
n=40 0.439718 0.102866 0.00726765
n=060 0.315164 0.0465234 0.00162776
n=280 0.244815 0.02628 0.000554314
n=100 0.199943 0.0168343 0.000239278
n=120  0.168904 0.0116889 0.000120313

Table 6.1: The absolute error values between the operator approximation and function.

Figure displays the absolute errors of the three operators BQ , Pf , and RE for
the function (x) = sin?(27x) + cos(37x), with parameter = 5 and n = 60. The error
curves clearly highlight the difference in performance between the first, second and
third order operators, with the third order operators producing the least error through-

out the interval.

In addition, Table[6.I|provides the corresponding numerical values of the absolute
error at a representative point, x = 0.5, for varying values of n. From the table, we can
observe that the absolute error decreases for all three operators. However, the third

order operators RE show the fastest decrease in error.

n =20 n=>50 n =100
x=0.11]0.0120176 | 0.00104047 | 0.000171453
x=0.2]0.0864522 | 0.0142362 | 0.00342182
x=031] 0.117832 | 0.0321024 | 0.00915818
x=0.410.0999135 | 0.000224725 | 0.00210025
x=0.51] 0.369022 | 0.0666179 0.0168343
x=0.6 | 0.309482 | 0.0749812 0.0212553
x=0.7 | 0.0252893 | 0.00964473 | 0.00390035
x=0.8| 0.224883 | 0.0378357 | 0.00967448
x=0.9| 0.141496 | 0.0244527 | 0.00630595

Table 6.2: The values of |PP (h;x) —h(x)
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n=20 n =150 n =100

x=0.1 | 0.00347376 | 0.00011565 | 8.46281 x 10~°
x=0.2] 0.0242278 | 0.00152493 | 0.000178099
x=0.31] 0.0526182 | 0.00482326 | 0.000651934
x=0.4 1] 0.0242578 | 0.00513657 | 0.000831434
x=0.5] 0.0830424 | 0.00320301 | 0.000239278
x=0.6 | 0.154404 | 0.0120135 0.0015759
x=0.7| 0.102684 | 0.00980138 0.0013885
x=0.8 | 0.00955083 | 0.00173705 | 0.000273066
x=0.9 | 0.0172267 | 0.00113401 | 0.000144761

Table 6.3: The values of |RF (h;x) — h(x)

Tables and [6.3] present the numerical values of the approximation error for
the second-order operators Pf (h;x), as defined in (6.3)), and the third-order operators
RP (h;x), as defined in (6.5). The errors are computed for different values of n and x

for the function A(x) = sin?(27x) + cos(37x).

From the numerical results and error analysis, we conclude that for approximat-
ing continuous real-valued functions, higher-order operators are more effective. They
consistently yield better accuracy and significantly smaller errors compared to lower-

order counterparts, making them a preferable choice in practical applications.

6.4 Conclusion

In this chapter, we focused on the construction and analysis of higher-order semi-
exponential Bernstein operators and explored their role in improving approximation
results. Specifically, we introduced operators of order O(1/n?) and O(1/n?), thereby
extending the scope of the classical semi-exponential Bernstein operators which are
of order O(1/n). For each class of operators, we carefully derived their moments and
central moments, which form the foundation for understanding their approximation
behaviour. Using these, we employed the modulus of continuity to establish error
estimates, and subsequently proved Voronovskaya-type asymptotic theorems. These
results not only characterize the asymptotic nature of the approximation but also reveal

the exact order of convergence associated with the newly defined operators.
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A key insight emerging from this study is the increasing preservation of test
functions, 1, ¢ and ¢, as we move to higher-order operators. The first-order semi-

exponential Bernstein operators (6.2)) preserve only constant functions, that is,
o B (Lix)=1,

while for the test functions ¢ and 7> the operators yield expressions that converge to x
and x2, respectively and n — oo. The second-order semi-exponential Bernstein opera-
tors represent a clear improvement, since they preserve both 1 and ¢ exactly and

approximate > by an expression converging to x>. That is,
o PP (Lx)=1
o PP (t;x) = x.

The third-order semi-exponential Bernstein operators (6.5)) advance this progression

further by preserving all three test functions 1,7,7% exactly, that is,
o RP(1;x) =1
o R (t;x) =x
. RE (t%x) = x2.

This hierarchical structure highlights a systematic strengthening in the approximation
power as the order increases, and explains why the convergence order improves from
O(1/n) in the first order, to O(1/n?) in the second order, and further to O(1/n?) in the
third order.



Chapter 7

Higher Order Operators based on

Contagion Distribution

This chapter talks about the order of approximation of sequence of positive linear
operators based on contagion distribution, also known as the Polya-Eggenberger dis-
tribution, involving a positive real parameter o, € [0, 1]. The first order operators have
already been defined by Stancu in 1968. We extend this notation of the contagion distri-
bution, with the parameter o., to approximate continuous real-valued function on [0, 1],
with a better order of convergence. We derive the higher order linear positive opera-
tors and prove that their order of approximation is O(1/n*). We give their moments
and central moments and using Korovkin theorem prove their uniform convergence on
the compact interval [0, 1]. Using first and second order modulus of continuity, the ap-
proximation properties of the defined second order operators are also proved. Further,
graphical and numerical illustrations are presented to support the theoretical findings

of these operators.

7.1 Introduction

The binomial distribution is one of the most fundamental concepts in probability and
statistics, as it models situations where an experiment consists of a fixed number of
independent trials, each having only two possible outcomes, often referred to as suc-
cess and failure. A simple way to understand this is through the classic urn problem:

suppose we have an urn containing identical balls of two different colours, say red and

197



198 Higher Order Operators based on Contagion Distribution

blue. A single trial consists of drawing a ball from the urn, noting its colour, and then
placing it back into the urn so that the conditions of each trial remain unchanged. If
the probability of drawing a red ball in one trial is x (hence the probability of drawing
a blue ball is 1 —x), and this process is repeated n times independently, then we are

interested in the probability of observing exactly k red balls in those 7 trials.

This probability is given by the binomial probability mass distribution function

b i(x) = <Z) (1 —x) K

where the binomial coefficient (Z) counts the number of distinct ways in which k suc-
cesses (red balls) can occur among n trials. The factor x* represents the probability of

obtaining k successes, while (1 —x)"*

accounts for the remaining n — k failures. The
binomial distribution not only plays a central role in probability theory and statistical
inference but also forms the foundation for various approximation techniques. In par-
ticular, the weights b, ¢ (x) appear naturally in the definition of Bernstein polynomials,
which are widely used in approximation theory to approximate continuous functions

on the interval [0, 1].

In 1912, the Russian mathematician S. N. Bernstein gave a new proof of the
famous Weierstrass Approximation Theorem [215]], which states that any continuous
real-valued function on a closed interval can be uniformly approximated by polyno-
mials. Instead of relying on abstract arguments, Bernstein introduced what are now
famously known as the Bernstein polynomials, thereby giving a concrete sequence of
positive linear operators that converge to any continuous function on [0, 1]. His ap-
proach was remarkable not only because it gave a simple and elegant proof of Weier-
strass’ result, but also because it laid the foundation for an entirely new direction in

approximation theory.

To construct these operators, Bernstein employed the binomial distribution as the
weight functions. In particular, he observed that the binomial probabilities b, x(x)
could serve as the coefficients in forming convex combinations of function values

f(k/n), thereby defining the Bernstein operators
i k
Bu(f:x) = Y bug(1)f <-) .1
k=0 n
Following the work of S. N. Bernstein, many researchers expanded the field

of approximation theory by giving various modifications of these operators, like
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the Bernstein-Kantorovich operators, a-Bernstein operators, A-Bernstein operators,

Bernstein-Durrmeyer operators and more [7; [8; 425 515 1205 [153]].

Although the classical Bernstein operators and their generalizations converge to
the target function with order at most O(1/n), but they are built on the binomial distri-
bution, which are not very much applicable in modeling the various real-life scenarios.
For instance, in many natural and social phenomena, the probability of an outcome
actually changes as the process evolves. In biology, the spread of a gene may be-
come more likely once it has appeared a few times; in epidemiology, the likelihood
of infection may increase as more individuals are already infected; in economics, con-
sumer choice may become reinforced once a product is repeatedly chosen. In such
cases, the simple binomial distribution cannot adequately capture the reinforcement or

dependency between successive trials.

To address such situations, in 1923 Pélya and Eggenberger introduced a discrete
probability distribution that has since become widely known as the Pdlya-Eggenberger
distribution, or the contagion distribution. Their construction is based on the Pdlya-
Eggenberger urn scheme [/4]. Consider an urn initially containing X red and Y blue
balls, identical in in shape and size. One ball is drawn at random from the urn and
colour of the ball is noted. It is then substituted along with 8 identical balls of the same
colour. This reinforcement mechanism means that the chance of drawing a particular
colour increases each time it is observed, modeling a form of ‘contagion’ or ‘self-
reinforcement.’

The probability of obtaining exactly k red balls after n such draws is given by

k=1 n—k—1
[T X+i6) I (Y+,6)

n\ i=0 j=0
Unk = k 1

[1(X+Y+16)
=0

This distribution reduces to the binomial distribution when 6 = 0, but for 8 > 0 it
provides a much richer model where past outcomes influence future probabilities. Be-
cause of this flexibility, the contagion distribution has found applications in diverse

fields such as genetics, epidemiology, social dynamics, and reliability theory.

From the perspective of approximation theory, replacing the binomial distribu-
tion in the definition of Bernstein operators with the contagion distribution gives rise

to new classes of positive linear operators that can better capture the dynamics of
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reinforcement-based processes. These operators extend the reach of the classical Bern-
stein framework and allow us to approximate continuous functions while modeling
more realistic probabilistic structures. Based on this idea, D. D. Stancu introduced a
sequence of positive linear operators, now known as the Stancu-Bernstein operators
[194; [195]], which form one of the earliest and most influential generalizations of the

Bernstein operators. These operators are defined as

1 k
P i) = Y s (5), 72)
k=0
where - S
n\ x7 (1 —x)" O
Pai () = (k) ol

and « is a non-negative parameter. The factorial power is determined by al®Vl =1 and

alnV

=a(a—v)(a—2v)...(a— (n—1)v). This representation gives rise to a polyno-
mial of degree n. Since the introduction of the Pélya distribution and its incorporation
into approximation theory, a large number of studies have been devoted to analyzing
its properties and exploring its generalizations. Researchers have investigated conver-
gence behavior, error estimates, Voronovskaya-type results and various modifications
that extend its applicability to more complex settings. For a broader perspective and
recent developments on this topic, one may refer to [64; [123; [139; [154; [161]] and the

references cited therein.

Even though Stancu introduced an additional parameter to generalize the classi-
cal Bernstein operators (7.1)), the fundamental rate of convergence of these operators
remains unchanged. That is, for the operators (7.2)), the approximation process for con-
tinuous real-valued functions f still proceeds with an order of convergence O(1/n), the
same as in the case of the classical Bernstein operators. Although, the introduction of
this new parameter o does provide extra flexibility in shaping the operators and adapt-
ing them to different situations, but does not accelerate the approximation in terms of
order. Because these operators retain the same order of approximation as the classical
case, we shall refer to them as the first order Stancu-Bernstein operators throughout

this chapter.

Although the sequence of first order Stancu-Bernstein operators converges uni-
formly to the desired function f, their order of convergence is considered to be signifi-
cantly low. In practice, this means that to get a good approximation one often needs to

take very large values of n, which increases computational effort and makes these oper-
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ators less efficient in real applications. This drawback becomes particularly noticeable

in problems where accuracy and efficiency are both crucial.

To address this issue, the main aim of this chapter is to improve this order of
approximation by defining a new sequence of operators, in continuation of the first

order Stancu operators, with the parameter o¢ — 0 as n — oo.

Thus, for a continuous real-valued function f defined on [0, 1], assuming that f”

exists, we define the higher order Stancu-Bernstein operators as

0 (fix) = kfop,if? (v) {f (k) _all=9) (5)} , (7.3)

n) n(l+a)’ \n
where ¢ = lim 1.
n—soo
Having defined the higher order Stancu-Bernstein operators, we now focus on

their approximation properties in the next section

7.2 Approximation Results

To establish the approximation properties of the higher order Stancu-Bernstein opera-
tors ((7.3)), we begin by examining the moments and central moments of the first order

Stancu-Bernstein operators ([/.2), which serve as the foundation for subsequent results.

Lemma 7.2.1 Let P,§“> (f;x) be the first order Stancu-Bernstein operators (1.2)). Tak-
ing oo = O (1), we get the following equalities:

(i) P (1;x) = 1
(i) P\ (:x) = x

(i) P (121x) = x | Copibaect]|

i P (i) = - 2 () + S (152 (38)

o) B (1) = { s+ 2 () + S (1) (35)
n ) n—1)(n—2)(n—3 X X x
+EDE-AE3), (xra) (s28) (13a),

The proof of this lemma is presented in Chapter 2] Lemma[2.1.2] Using this result, we
can also compute the limits of the central moments for the first order Stancu-Bernstein

operators, which play a key role in the subsequent analysis.



202 Higher Order Operators based on Contagion Distribution

Lemma 7.2.2 Let us define the central moments of the first order Stancu operators
(7.2) as ,u,<,7oﬁ> (x) = P ((% —x)r;x>. Then for o = O (1)), we have the following

limits:

(i) Jim 5 (x) = 2555

s (@), \ 122 (1—6a)x(1—x)?
(ii) r}gl‘}onzun,ét (x) = (1+o£)(1+02621)((l+3()x)’

where ¢ = lim HT”O‘.
n—oo

Proof. From Lemma([7.2.1] it follows that
i (x) = P (1:0) —xPAY (15x) = 0,

and the second central moment is

(@) N pla) (2. Hopla) (. (@) 4.y _ (I+no)x(l—x)
oo (x) =Py (t%5x) — 2xP," (1;x) + B, (1;x) = it

(a)

Thus, we get the limit, lim n ¢
g n—oo Hn2

(x) = lim (1 + noc)x(lt;) , which implies the desired
n—soo

result. Now, calculating the fourth central moment

M ()

7:P,§O£> ((t—x)4;x>
x(1=x)(1+na)

= a0 3e (1 3 || (O Do+ 6re =32+ n(6a 1) +ra(6a— 1)

+322 (24 (60— 1) + na (60 — 1))]

B x(I—=x)(1+na)
31+ a)(1+20)(1+3a)
+32 2+ n(60— 1)(1+na))}
x(1=x)(1+na)

" (1t a)(1+2a)(1+3a)

R+ iza)u +30) [4(1 =) (1 +n@)(1 = @) +6n(1 +na)ex(1 )

=3(14na)(1-2)° (2+n(1 +na)(6a— 1)) |
B n3<1+a><1+lza><1+3a> X1 =01+ n@) (1 = @)+ 6n(1 -+ not (1 —)

—6(1 +na)x?(1—x)* —3n(1 +na)* (60— 1)x3(1 —xﬂ.

:1 — o+ 6na(l +na) —3x(2+n(60— 1)(1+na))

[1 —a+6na(l+na)—3x(1—x) (2 +n(1 +na)(60— 1))
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Since a = O (1/,), we can say that @ — 0 as n — oo. Thus,

X2 —x2
tim g% (x )_}E‘;<1+”“)2<1_6“)(1+a>3(1$2a))(1+3a)
1263 (1 - 60)x3 (1 —x)?
S (4 a)(1+20)(1+3a)

]

The moments and central moments of the first order Stancu-Bernstein operators
provide a foundation for extending the analysis to higher order operators. Using these
results, we can systematically define and compute the moments of the higher order
operators, which are crucial for studying their convergence, approximation order and

error behaviour.

Lemma 7.2.3 For oo = O (1)), the moments of higher order Stancu-Bernstein opera-

tors are given as:
(i) O (153) = 1
(i) O (1:x) = x

(i) O3 (Pix) = iliden? 4 e 2Bex

(n—1)(n=2) 3 6c __ 3(m—=1) | 3am-1)(n-2)7 2
(iv) O (5x) = e+ et X |l — ey + i) ¢
n > 3a(n—1) |, 202(n—1)(n—2)
+ | i

1+a) I+a)(1+20)

[lZC(n—l) i (n—1)(n—2)(n—3) }x4+ |:12c'(noc—n—|—2) 6(n—1)(n—2)
n2(1+a)’ | P+e)(1+2a)(1+3a) Al+a)” - w(1+a)(1+20)
(o) (4. \ _ 6a(n—1)(n-2)(n=3) | 3 (n—1) | Bapn-1)(n=2) , 1la’(n—1)(n-2)(n-3)
(v) On” (thix) =4 + *(1+a)(1+2a)(1+3a)] + [n3(1+a)+ Ao (i12a) T Bi+a)(+2a)(1430)
_lZc(l—l—n(X)] 2 [_+7a(n 1)Jr 1202(n—1)(n—=2) , 603 (n—1)(n—2)(n—3) ]
n2(1+a)? D nd(l+a) ' (l+a)(1+2a) T B3(14a)(1+2a)(1+3a)

Proof. Using Lemma [7.2.1, the moments of the higher order StancudASBernstein
operators (7.3) can be obtained directly by substituting the test functions f(¢) =¢" for
r=20,1,2,3,4.

(i) For f(t) =1, f"(t) = 0. Thus,
=Y pi () =
k=0

(a)

where p, "/ (x) is the basis function of the first order Stancu-Bernstein operators,
defined in (7.2]).
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(ii) Again for f(¢) =t¢, f”(t) = 0. Thus, the second moment is given by
n
k
0 (1:x) = Y. pil (0)- =
k=0 n

(iii) For f(t) =2, f"(t) = 2. Thus, the third moment of the operator takes the form

@ /2.y v {a) kK 2cx(1—x)

On ' (173x) —k;)l?n,k (x) {;—m}
_ (n—=1) 5, na+l 2¢ex(1 —x)
“a(lta) Ta(lta)’ a(lta)
_ (n—1420)x*+ (not+1—2c)x
B n(l1+a)

Moreover, for n — oo, it follows that Qf,a> (tz;x) — X2

In a similar manner, we can calculate Q,<ZO‘> (*;x) and Q,<IO‘> (t%;x). O

Lemmaleads us to the conclusion that, for any real-valued continuous func-
tion f, the higher order Stancu-Bernstein operators Qﬁ,@ (f;x) converge uniformly to
f(x) on [0,1]. That is,

lim Q4 (f3x) = f(x).

n—soo
We now proceed to calculate certain limits of the central moments of these operators,

which will be essential for analyzing their approximation properties.

Lemma 7.2.4 For the second order Stancu operators (/.3), we have the following

expressions for central moments:

(i) O ((t—x);x) =0

) i 0 (o) — B8

While the moments and central moments of the higher order Stancu-Bernstein
operators give the desired convergence result to guarantee their validity as approxima-
tion operators, but they do not provide information about the order of convergence.
To better understand the efficiency and practical usefulness of these operators, we now
proceed to analyze the order of convergence and derive quantitative estimates that high-

light the effectiveness of these higher order Stancu operators.
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Theorem 7.2.5 Let f be a continuous function defined on [0, 1] and let f () denote its
n'" order derivative. Let ¢ = h_r}n HZ”“ where o0 — 0 as n — oo Iff(3) and f(4) do not

vanish simultaneously on x € [0, 1], then

c(4e—1)x(1—x)(1—2x)

tim o [0 (0 = 10| = =50 ey W)
x(1—x)  x2(1—x)?
AT By |

a(24c2—a+1) and B — a(l+o)+2c2(18a+150+1)

where A =

(I+o)(1+2a)(1+3) (I+o0)(1+2a)(143)
Proof. Let c = lgn 1+2”°‘ then by Taylor’s expansion, we can write
70 (5) = o+ (E-a) i+ L(E-a) s (Ea) wimaa
n n 21\ n n '
and
£(5) = (Ex) s+ L () o+ L (E-a) o
n n 2!\ n 31\ n
1k \* k!
—(Z_ (4) z_
+4! (n x) f (x)+(n x) e(k/n). (7.5)

Equations and imply that
’ f<x>(—;§SL;§f<2><x>+<s—x> ()
_ax(l=x) (k 3 1 (k 2)
(K)o gy ) I
n n(l1+a) n) 2n(l+a( x)f (%) + ( —x)" [ (x) (7.
H (=900 + (5= ek
| e (= e m),

where both k}lm €(k/n) and }1m & (k/n) are equal to 0. By multiplying both sides of
n—x
(o)

equation (7.6) with p "/ (x), summing over k from O to n, and applying Lemma7.2.2,

we obtain

Lol ()i ()

ex(1—x) x(1—=x)(1+na)

— ) — @)y @)
=) n(1+a)f2()+ 2n(1+a) o
x(1—x)(1—2x)(1 +ne) (1 4 2na) (3)(x)_cxz(l—x)2(1+n(x)f(4)<x)
6n2(1+a)(1+2a) 2n2(1+ a)?

x(I=x)(1+na)

T (0 ) (1 2a) (1§ 3y (L~ @) F6na(l4n0) —6x(1—x)
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4
—3n(1+na) (60— 1)x(1 —x)] f (x) + B, ((S —X) € (k/n) ;x>

cx(1=x) ) [ (K 2 _
—mPn ((;—x) é(k/n),x) .
We claim that both terms, n2P,*/ ((% - x)4£ (k/n) ;x) and nP,% ((% - x)zé (k/n) ;x>

tend to 0, as n — o=. Let us define,

Tn:{k: E—x <6,k:0,1,2...,n},
n

and l"n:{k: - —X Zs,k:O,l,Z...,n}.
n

Taking into account the limits of € (k/n) and & (k/n), we observe that for any & > 0,
if |§ —x| < 8, then there exist positive constants & and & such that & (k/n) < € and
& (k/n) < &. On the other hand, for the case ‘% —x| > 8, we define

My = sup (’i—x>zg(k/n), and M= sup (’-‘—x>2§ (k/n).

0<x<1 \ 1 0<x<1 \"

Thus, from Lemma|(7.2.1 we can write

lim n2P% ((z e () ;x)

- kzo pi () (’—‘ —x) et/

— lim kgnnzpffl? ) (’;‘ —x)48 (k/m)+ ¥ n2p (x) (’;‘ —x)4e (k/n)

e kel

) M

< lim (8 + 5—21) 2% (x)
, M, 12¢2x%(1 — x)?

=lim | e+ =

n—oo 62 ) (1+o)(1+2a)(143a)

=0,

and,

lim np% ((r —X)2E() ;x)

n—soo

~jim ¥ npi (x) (g —x>2€ (k/m)+ ¥ npl (x) (5 —x)zé (k/n)

kel

n
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This proves our claim. Hence, we can say that

lim n? | Q1 (fix) ~ ()|
[x(l —x)(1 =2x)(1 +na)(1+2na)
6(1+oa)(1+2a)
x(1—x)
24(1+o)(14+2a)(14+3a)

—3(14na) (60— 1)x(1 —x)) fY (x)}

ex2(1—x)*(14na)
2(1+ a)?

) - )

= lim
n—oo

+

(o1 — o) +60(1 +nar)* — 60x(1 — x)

_ c(4c—1)x(1—x)(1 —2x)

31+ a)(1+20) SO+

where

a(24c? — o+ 1) _a(l+a)+2c*(18a? + 150+ 1)
(1+o)(1+2a)(14+3a)’  (1+o)(1+2a)(1+3a)

and
. 1+na
¢ = lim .
n—yoeo

This completes the proof. O

Since n? [Q;SOC> (f;x) — f(x)| approaches a finite limit as n — oo, we deduce that

the operators Qﬁ,oo provide an approximation to any continuous real-valued function f
on [0, 1] with an order of approximation &'(1/n?). This is a remarkable improvement
when compared with the classical Bernstein operators and their first-order Stancu-
Bernstein modification, both of which are restricted to an approximation order of at
most 0'(1/n).

The enhancement from &'(1/n) to &(1/n?) is not merely a quantitative improve-
ment but also a qualitative one. It places the second-order Stancu-Bernstein operators
in the broader family of higher-order approximation processes that aim to reduce the
error significantly while retaining the positive linear structure of the original operators.
Such an improvement is especially valuable in applications where faster convergence

is critical, for example, in numerical solutions of differential equations, data fitting and
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computer-aided geometric design, where the efficiency of the approximating process

directly impacts computational cost and accuracy.

An important feature of these operators is the presence of the parameter o, which
is absent in the classical Bernstein operators. This additional parameter enriches the
structure of the operators and makes them more flexible for modeling and capturing
various real-life processes, while still preserving the improved order of convergence
0(1/n?). In this sense, the parameter o broadens the applicability of the operators
without compromising their approximation order. Thus, the second-order Stancu-
Bernstein operators strike a balance between generality (through parameter depen-

dence) and efficiency (through improved order).

In light of these properties, we shall henceforth refer to the operators defined in
as the second-order Stancu-Bernstein operators. These operators not only extend
the classical theory but also lay the foundation for studying even higher-order general-
izations and their applications in approximation theory.

Theorem 7.2.6 Let f € C|0, 1] such that f" exists. Then for o« — 0 and ¢ = lim H'T”O‘,

o 2cx(1 — " o
o 1) 20 )
(

where ,u,,f)ﬁ> (x) denotes the P! central moment of the first order Stancu-Bernstein oper-

ators ((1.2).

ex(1—x)

IR

O\ (f3x) — fx) +

Proof. Using the Cauchy-Schwarz’s inequality and Proposition|1.1.4, we can write,

£(%) -

n o k
<Y %o (f; p

k=0

P () — £ = ¥ %)
k=0
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Similarly,
P,EOO (f”;x) —f”(x)‘ <20 (fHQ ‘uﬁg) (x)> .
Thus,
01 (fx) — () + L= gy

"o n(l+ o)

_|pl@d fopy— =) pla gy ex(1—x)

= A (i)~ SRR () — 1)+ S )|

o 1 - /! o

<20 (f; e (x)) + Hw (f RVATh (x)) -

Hence, the proof is established. O

Theorem 7.2.7 Let h: [0,1] — R be a continuous function such that h" is bounded.
Then for the supremum norm of h

l)n’z (X)

1
2

b

01 (i) — h()| <

where Uy o(x) = lim Q,i‘” ((k/n —x)z;x>.
n—soo
Proof. By Taylor’s expansion,

2
h(t) = h(x) + (t —x) I (x) + @h”(x) +(t—x)%e(1),

such that }gne(t) = 0. By substituting ¢t = k/n into the expression and then applying
X
the operators Q,<106> to both sides, we obtain

h// (x)

O (h(k /i) = h(x) + 0L ((k/n—x)3x) 5= + 0L ((k/n—)e(k/n);x).

Since, Lemma guarantees the vanishing of such weighted central moments, we
deduce that
O (5278 (4):x) 0, asn— e

n

Thus for a sufficiently large value of n we can say that,

Qﬁ,a> ((k/n —x)z;x>
2

< Uné(x) HhNH'

0L (i)~ h(x)| < ')
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Theorem 7.2.8 For f,g € C([0,1]), such that f" and g" are bounded on R, we have:

Y (fi2)~ 0 (g20)| < Creo (f; V) +Co0 (g V3)

Y (fi0) - 00 ()| < 23— g+ N7 gl

where Cy and C, are constants, and 8 = Vp2(x).

Proof. For the first order Stancu-Bernstein operators (7.2)), we can write,

(3

“(f)] < Y P )
k=0
<ifl.

)‘ = ]gopﬁfi)(x) f (S) ~ %t;))f (§>’

(ol sz ()

Similarly,

<M+ g V11

Now consider,

01 (f5x) - 01 (g:)] < fo‘><f;x>—f<x>\ W (g0 —g(0)| + () — (x)
Dn2 n2

||f"u+” D1l + 1~ gl

1
=5 [”n,z ) [|£" ||+ vn2(x) [[g” |+ 11F =gl + 115 = gll] -

Taking infimum on the right hand side of the inequality and using Remark we
get

> (1:8) + K2 (:9)
(f; \/3> +Can (g; \/5)

o L
' (£55)~ 01 (g:)] < 5K
<Cimn

where 0 = v, 2(x). Alternatively, we can write

P (f - gi) — (f — &) ()] + 1 (x) — g()

"—g"||+If sl

(150 -0 (g0 < |0
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This completes the proof. O

To summarize, the previous section established that the proposed higher-order
Stancu operators preserve the desirable features of classical Bernstein-type operators
while achieving a stronger rate of convergence of order O(1/n?). This represents a
significant theoretical improvement and highlights their potential for practical appli-
cations where accuracy and efficiency are crucial. Having developed the analytical
framework, we now proceed to examine numerical evidence that supports and illus-

trates these findings.

7.3 Computational Study of the Operators

In this section, we provide a numerical investigation of the proposed operators, a-
longside with the first order Stancu-Bernstein operators. The study includes graphical
illustrations and error tables that demonstrate the convergence behaviour. These visual
and quantitative illustrations serve as a practical validation of the theory, offering a

clearer picture of how effectively the operators approximate functions as n increases.

Proos Qs

1of 10f
osf — f(x) osf — )
Psgosf Qs3o>f
02 03 0. o ‘o x| = PR CP) 04 J ‘u x| — apof
J— P73005>f — Q;gnoﬁ>f
_osl -05F
-10f -1.01

Figure 7.1: Approximation process for Figure 7.2: Approximation process for
the First order operators P,SOO (fsx) the Second order operators Q;OO (f3x)
for & = 0.05, n =50,70,100 and f(x) = for o« = 0.05, n = 50,70,100 and
sin (er”x/ 2). f(x) =sin <2xe”x/ 2).
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Table 7.1: Error values corresponding to P,§“> <sin <2xe”x/ 2) ;x) for ¢ = 0.05 and

n=20 n =150 n =100
x=0.10.0145421 | 0.0126529 | 0.011515
x=0.2 ] 0.0314551 | 0.0145826 | 0.0101498
x=031] 0.172764 | 0.116513 | 0.097632
x=041] 0.363173 | 0.27585 | 0.241918
x=0.5| 0.393535 | 0.333742 | 0.30561
x=0.6 | 0.0265156 | 0.016621 | 0.0301905
x=0.7 | 0.734555 | 0.601632 | 0.542777
x=0.8] 0.56636 0.51103 | 0.480129
x=0.9 | 0.662236 | 0.526114 | 0.473075

different values of n.

n=20 n =50 n =100
x=0.1 ] 0.00146599 | 0.000742853 | 0.000594385
x=0.2 ] 0.00173452 | 0.0000401649 | 0.0000702987
x=0.31] 0.0277156 | 0.00805916 0.00452139
x=041] 0.135266 0.0651192 0.0457725
x=0.5] 0.275654 0.179682 0.142212
x=0.6 | 0.138471 0.166017 0.156329
x=0.71] 0.501782 0.246977 0.168013
x=0.8 0.8202 0.607639 0.510759
x=0.9 | 0.094062 0.047708 0.0713646

Table 7.2: Error values corresponding to Q;OO (sin <2xe”x/ 2) ;x> for ¢ = 0.05 and

different values of n.

Figures and illustrate the approximation of the function f(x) =
sin <2xe”x/ 2) , for a fixed value of & and for different values of n (n = 50,70, 100).
Figure corresponds to the first-order Stancu-Bernstein operators (7.2)), while Fig-
ure [7.2] depicts the behaviour of their second-order counterparts (7.3).

As expected, both operators converge uniformly to the desired function f as n

increases, confirming their approximation properties. However, a clear distinction can
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be observed between the two. For the same parameter & and identical values of n,
the second-order Stancu-Bernstein operators achieve a noticeably faster convergence
and produce graphs that are mostly indistinguishable from the original function even
for moderate values of n. By contrast, the first-order operators still exhibit visible

deviations from f at these values.

This observation is consistent with the theoretical analysis which proved that
while the first order operators attain an approximation rate of at most O(1/n), the

second order construction improves this rate to O(1/n?).

To complement these graphical results, Tables and provide the numeri-
cal errors between the exact function values and those obtained from P,§“> (f;x) and
Q,§“> (f;x), respectively, for selected points x € [0, 1] with & = 0.05. These tabulated
values reinforce the graphical evidence, highlighting the superior accuracy and effi-

ciency of the second-order Stancu-Bernstein operators over their first-order analogues.

By far, we have kept the parameter o fixed while varying n. To further investigate

the influence of &, we now consider different values of this parameter.

n =720 n =50 n=100
x=0.1 0.0124136 0.00628134 0.00387778
x=0.2| 0.0054333 0.000751393 0.00108517
x=0.3 0.0879942 0.0349556 0.0196959
x=04 0.229295 0.108654 0.0653643
x=0.5 0.292611 0.163329 0.104453
x=0.6 | 0.0206416 0.0418855 0.0350697
x=0.7 0.531589 0.287539 0.181659
x=0.8 0.423093 0.265802 0.180337
x=0.9 0.52753 0.294337 0.19156

Table 7.3: Error values corresponding to P,§°‘> (sin <2xe”x/ 2) ;x> for oo = 0.005 and

different values of n.
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n=20 n =50 n =100
x=0.1 | 0.000424243 | 0.0000796755 | 0.0000229677
x=0.2 ] 0.00341629 | 0.000750881 0.000239992
x=0.31] 0.00241455 | 0.00167568 0.000665737
x=0.4 1] 0.0350036 0.0040388 0.000968976
x=05] 0.122688 0.0283786 0.0100398
x=0.6 | 0.119582 0.0480118 0.0207142
x=0.71] 0.181522 0.0253843 0.00491898
x=0.8| 0.386119 0.12476 0.0524003
x=0.9 | 0.0920456 0.00799706 0.000278563

Table 7.4: Error values corresponding to Qf,m (sin <2xe”x/ 2) ;x> for o = 0.005 and

different values of n.

It is observed that smaller values of o lead to a more refined approximation, there-
by reducing the overall error significantly. In particular, Tables and|/.4|present the
same set of numerical comparisons as Tables[7.1]and[7.2] but this time with & = 0.005.
The reduction in error values is quite substantial, demonstrating that decreasing & en-

hances the efficiency of the approximation without altering the order of convergence.

A closer comparison of the results reveals that for identical choices of n and &, the

error ‘Q,@ (f;x) — f(x)| approaches zero much more rapidly than ‘P,ﬁw (fsx)— f(x)

b

which confirms the superior performance of the second-order operators over their first-
order counterparts. This dual dependency on both n and & provides additional flex-
ibility, showing that not only does increasing n improve accuracy, but also tuning o

appropriately can further accelerate convergence and reduce computational error.
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P

-0sf — h)
ng'Z)h
J— ng.’W)h

— PO

Figure 7.3: Approximation process for
the First order operators P,§°‘> (f5x) (7.2)
for ¢ =0.2,0.12,0.01, n =50 and h(x) =

xcos (2me*) — sin.x.

)
asih
J— Q§g12>h

— Q%°"h

Figure 7.4: Approximation process for
the Second order operators QS,OO (f3x)
(7.3) for for ¢ = 0.2,0.12,0.01, n = 50

and h(x) = xcos (2me*) — sinx.

From Figures and together with the numerical evidence provided in Ta-
bles and it becomes clear that the choice of the parameter a plays a

crucial role in determining the accuracy of approximation. In particular, smaller val-

ues of a consistently yield superior results, as reflected in the significant reduction of

error values. Among the two families of operators, the second-order operators Qﬁlm

demonstrate markedly better performance by converging more rapidly to the desired

function. This reinforces the fact that higher-order constructions, when coupled with

an appropriate parameterization, provide a more powerful and flexible framework for

approximation than their first-order counterparts.

Operators

Figure 7.5: Comparison between the first and second order Stancu operators, Pn<O‘> (g;x)

and Qﬁzoc> (g:x) respectively for o = 0.03, n = 80 and g(x) = x?sin (47x) — xcos (47x).
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Operators

08l
0.6 ;
0.4 ;

0.2f

—02F

04l

Figure 7.6: The approximation process for first order and second order Stancu opera-

tors, P,§OC> (v;x) and Q;OO (v;x), respectively for v(x) = xsin(37x).

Figures and provide a comparative illustration of the approximation be-
haviour of the first-order operators P,§“> and the second-order operators Q,<la>. To com-
plement the graphical evidence, Table reports the corresponding numerical error
values computed at a specific point x = 0.5. This combined graphical-numerical analy-
sis highlights the distinct advantage of the second-order operators in terms of accuracy

and rate of convergence.

In addition, Figure[7.6|illustrates the simultaneous approximation process of both
operators as n increases from 10 to 20. The plot clearly shows that the convergence
achieved by the first-order operators P,§a> (depicted in green), over this range of n is

slower compared to that of the second-order operators Q,ﬁm (depicted in blue).

‘Pn<a> (vix) —v(x)| {Q;OO (v;x) —v(x)|

n=10 0.351321 0.178846

n=20 0.229725 0.0654934
n =30 0.173487 0.0352061
n =40 0.141525 0.022711

n=>50 0.120967 0.0162774
n =60 0.106647 0.0124888
n="170 0.0961051 0.0100473
n =80 0.0880213 0.00836885

Table 7.5: The error values corresponding to the first and second order operators,
P\ (xsin(3mx);x) and Q5 (xsin(37x);x), for a = 0.005, at x = 0.5.
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0.10F

0.05F

E — u(x)
1 1 X
0.2 o P58'0001>U

_0_05} - 028.05>u
-0.10F
-0.15F
-0.20F

Figure 7.7: Comparison between the values of o in B (u;x) and Qf,‘m (u;x) for
u(x) = 12x* — 25x° + 16x% — 3x.

It is worth observing from Figure that the approximations obtained from

Pég 1 (u;x) and Qflg2> (u;x) produce almost identical error values. However, in order

P<051>

for the first-order operators P, '/ (u;x) to achieve convergence comparable to that of

L/
500°

demonstrates that the second-order Stancu-Bernstein operators maintain a superior rate

the second-order operator Qﬁ,‘m (u;x), one must take o = This striking disparity
of convergence even when the parameter « is relatively large. In other words, while
both operators benefit from the presence of the parameter «, the second-order opera-
tors achieves a far more efficient approximation without requiring « to be excessively
small, thereby highlighting its robustness and practical advantage over the first-order

counterpart.

7.4 Conclusion

In this chapter, we investigated the construction and approximation properties of higher
order Stancu-Bernstein operators. The theoretical analysis demonstrated that these op-
erators achieve an approximation rate of order O(1/n?), which is a significant improve-
ment over the classical first order Stancu operators that only attain an order of O(1/n).
This enhancement underscores the advantage of introducing additional parameters in
the operator design, as it allows for more refined control over convergence without
compromising the fundamental stability and positivity inherent in the Bernstein-type

framework.

The role of the parameter o« was carefully examined. The theoretical results also

established that the improved convergence order remains unaffected by the choice of
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a, while the numerical investigations highlighted how smaller values of « lead to a

visibly faster reduction in the approximation error.

The numerical experiments, presented through a series of figures and error tables,
confirmed the theoretical predictions. Graphical illustrations showed the uniform con-
vergence of both the first and second order operators, while quantitative error analysis
clearly indicated the superiority of the second order operators. Notably, the comparison
between the two classes of operators revealed that the second order version consistent-
ly outperformed the first, even when larger values of o were considered. This confirms

the robustness of the proposed generalization.



Chapter 8

Modifications of Operators to
construct Higher Order Operators

with sequences of real numbers

It is known that the contagion distribution models self-reinforcing processes where
the probability of selecting an item increases as that item is selected more frequently.
Based on this distribution D. D. Stancu derived positive linear operators with a re-
al parameter a € [0, 1], which approximate a continuous real-valued function on the
interval [0,1]. However, these operators converge with an order of convergence 1/m
which is not very desirable in situations where we necessarily prefer faster and better
convergence. This chapter aims to improve this order of approximation by defining a
modification of the first order Stancu-Bernstein operators. However, in contrast to the
previous chapter, here we do not rely on the derivatives of the function being approxi-
mated, instead, we construct the operators using sequences of real numbers. First, we
introduce a first order modification of the Stancu-Bernstein operators using sequences
of real numbers, and derive their moments. Using Korovkin theorem we then prove
uniform convergence and with the help of Peetre’s K-functional and modulus of conti-
nuity, we show various convergence properties of these operators as well. Extending
this concept of sequences, we have also defined a sequence of second order positive
linear operators based on contagion distribution. The uniform convergence of these
operators using Korovkin theorem is analyzed and a necessary condition for their con-

vergence is established. Based on this condition we have developed particular second

219
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order operators and derived their moments and central moments. Moreover, the results

established have been verified graphically as well.

8.1 Introduction

In the preceding chapters of this thesis, we have explored both the binomial distri-
bution and the contagion distribution, highlighting their properties, differences and
applicability to various real-life scenarios. In particular, we discussed how these dis-
tributions serve as a foundation for constructing positive linear operators for function
approximation. Moreover, the Bernstein polynomials are proved to be non-negative
and symmetric in the compact interval [0, 1], making them well-suited for approxi-
mation tasks. Building on these properties, S.N. Bernstein [29] established that any
continuous and bounded function defined on [0, 1] can be uniformly approximated by
a sequence of Bernstein operators, as defined in equation (I.1]), thereby providing a

constructive proof of the Weierstrass approximation theorem.

Since the introduction of Bernstein operators, numerous researchers have devel-
oped a variety of related operators and modifications aimed at approximating continu-
ous real-valued functions on closed and bounded intervals [4}; 142} (515 [120; 1225 219].
Despite their success, a significant limitation of these operators is that they are re-
stricted to approximating only continuous functions. To overcome this limitation, L.
Kantorovich introduced the Kantorovich modification of Bernstein operators, defined
by equation (1.4)), which extends the approximation framework to integrable functions.
Unlike the classical discrete operators, these modified operators work effectively on a
broader class of functions, thereby increasing their practical applicability. For further
developments and studies on positive linear operators and their various modifications,
see [915; [107; 1125 1124511255 [1515; [168]] and the references therein.

Since the Bernstein operators are based on binomial distribution, they cannot be
used to model most of the real-life scenarios, mainly situations where the probability
of occurrence of an outcome increases as more of that outcome occurs. For instance
in opinion dynamics where a population holds different opinions, say opinion A and
B, individuals might interact with each other and these interactions might influence
their opinions. Such type of distributions are modeled very well by the contagion

distribution, based on the Pdlya-Eggenberger urn scheme [/4]]. The Polya-Eggenberger
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urn scheme is a generalization of the classical urn model used in probability theory,

where the composition of the urn changes with each draw.

Looking at the positive side of these operators and their ability to capture real-
life situations, a lot of research has been done on this distribution, starting with D.D.

Stancu with the introduction of Stancu operators [[194; 193] as defined by,
@)=Y pi 2), wxelol 8.1
Pm (f,x)—zpm,s(x)f m ) .XE[, ]7 ()
s=0
where

[s,—a](1 _ \[m—s,—a]
pmog (x) = X (1—x)

(8.2)

1[m7—0t] ’

such that a is a non-negative parameter and the modified Pochhammer symbol is de-

termined by k"] = x(x — v)(x —2V)...(k — (m—1)v) and kOV) = 1.

In recent times, many researchers have worked on the developments and mod-
ifications of the contagion distribution. In [139]], Lipi and Deo proposed a Podlya
distribution-based generalization of the A-Bernstein operators and studied the con-
vergence as well as order of approximation of these operators. Moreover, Kajla et al.
[121] extended the Pdlya and inverse Pdlya distribution to Baskakov and Szdsz basis
functions and studied the rate of convergence for functions with derivatives of bounded

variation. For more work, refer [[11} 164 [87; 154]] and reference within.

However, another major drawback of these operators is their slow order of conver-
gence. The Bernstein operators and the operators involving contagion distribution
(8.1), both approximate a real-valued continuous function, but with an order of approx-
imation 1/m. Situations where a faster or more effective approximation is desired may
find it difficult to work with these classical operators. Some techniques have already
been developed in order to improve this slow order of approximation. For instance,
with the introduction of g-Bernstein polynomials by G.M. Phillips in 1996 [169], it
was proved that g-positive linear operators have an improved order of convergence of
1/4™ for g > 1, which is still better than the best order of convergence of 1/m of the
classical Bernstein polynomials of degree m. In 1953, P.L. Butzer [41] claimed that
the existence of higher order derivatives can not improve the order of approximation.
He introduced certain linear combinations of Bernstein polynomials involving not on-
ly the Bernstein polynomials of degree m but also degree of 2m, which under definite

conditions, approximate f(x) more closely than the Bernstein polynomials. But this
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approach included polynomials of higher degree as well. To avoid this, Z Guan [960]
proposed the iterated Bernstein polynomials of degree m for continuous function using
values of the function at s/m, s =0, 1,...,m. He improved the rate of convergence of
the classical Bernstein polynomials significantly without increasing the degree of the
polynomials. He proposed a simple procedure to generalize and improve the classi-
cal Bernstein polynomial approximation by repeatedly approximating the errors using
the Bernstein polynomial approximations. For more studies concerning the order of

approximation of positive linear operators, readers can refer [[128;|129;176].

This chapter aims to enhancing the order of approximation of the first order oper-
ators based on the contagion distribution, as defined in (8.1). To achieve this improve-
ment, we first introduce a modified form of these operators that incorporates sequences

of real numbers, allowing us to systematically construct higher-order operators.

8.2 First Order Modification

We now present a modified version of the operators defined in (8.1)), which incorpo-
rates sequences of real numbers to enhance the order of approximation. This mod-
ification serves as a foundation for constructing higher-order operators and provides
greater flexibility in capturing the behaviour of continuous functions while preserving

the positive linear structure of the original operators. We define,

1 )
R (Fsx) = Y pid V0 r (2), (8:3)
s=0
where
poa (6) = u(m,x)pl | (%) +ulm, 1 —x)pi | (), (8.4)

such that the distribution p,iffﬁ (x) is defined by equation (8.2), and
u(m,x) = uy(m)x+ug(m),

where u) (m) and ug(m) are sequences of real numbers.

Using the moments of the classical Stanu-Bernstein operators (8.1)), from Chapter
Lemma and the definition of u(m,x), we can say that
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P (1;x) =

m,1

P (x)

1)
1p:

= u(mx) Y P ) +ulm 1 -x) Y Pl ()
s=0 5=0

=u(m,x)+u(m,1 —x)
= uy (m) +2up(m). (8.5)

)

For P,ffl (1;x) to form a sequence of positive linear operators that converges uniformly

to a given function f, it is necessary that
up(m)+2ug(m) — 1, asm — oo.

This condition, together with the convergence of the second and third moments of
Prff?(l;x), provides the necessary and sufficient criteria for establishing the conver-
gence of these operators. However, our goal is to specifically study the convergence of
sequences for which

lim n | P\ (f3x) = f(x)] = C(f1),

m-—yoo

where C(f;x) depends solely on the derivatives of f. For this purpose, it is not enough
for the first moment to merely converge, instead, the operators must preserve it exactly.

Consequently, we impose the stronger requirement, that
up(m) +2up(m) = 1. (8.6)

8.2.1 Approximation Results

Consider now the modification of the classical Stancu-Bernstein operators de-
fined in equation (8.3, along with the condition (8.6). We derive their moments and
central moments, which serve as the foundation for studying their approximation be-

haviour and convergence properties.

8.2.1.a Case Analysis for u;(m) and uy(m)
From the condition u; (m) + 2up(m) = 1, we obtain uy(m) = I_MTI('") Under this con-

straint, we have the following seven possibilities for the sequences u; (m) and ug(m).

Case 1: If u;(m) < —1, then ug(m) > 0 and u; (m) + up(m) < 0.
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Case 2: If u;(m) = —1, then up(m) = 1 and u(m,x) = 1 —x,u(m,1 —x) = x.
Case 3: If —1 < u;(m) <0, then up(m) > 0 and u; (m) + ug(m) > 0.

Case 4: If u; (m) = 0, then ug(m) = 3 and u(m,x) = u(m,1 —x) =

B[—

Case 5: If 0 < u;(m) < 1, then up(m) > 0.
Case 6: If u;(m) =1, then up(m) = 0 and u(m,x) = x,u(m,1 —x) =1 —x.

Case 7: If u;(m) > 1, then up(m) < 0 and u; (m) + up(m) > 0.

(a)

Since py s (x) > 0, the modified basis function

1
piis (x) = ulm,x) pi? () +ulm. 1 =0 ()
is non-negative whenever u(m,x) > 0 and u(m, 1 —x) > 0 for all x € [0, 1]. This condi-
tion is satisfied if and only if
—1 S Ui (m) S 17

which corresponds precisely to Cases 2 — 6. Hence, for the sequence of positive linear
(o)
P

operators £, 4

(f;x) to be well defined and to converge uniformly to f, the admissible

values of the sequences u (m) and ug(m) are exactly those described in Cases 2 — 6.

Lemma 8.2.1 The moments of the sequence of operators (8.3) are given by,

(i) P (Lix) =1

(i) P (1x) = x— 2 (Ml b0lo)) 4 (o))

m m

X2 1 342uy (m)+2au;(m) | 242u; (m)+20uw, (m)
14+o ( - m +2 m2 )
(iii) PYSS? (Z‘Z;X) _ _l_H_La(a(l_l_a)_l_ 220020 +2au0('r:lz)+2au1(m)+u1(m)
2— o — o2 +2aug (m)+30u (m)+2u1 (m) uy (m)—+ug(m)
- m2 ) + m2 )

where uy(m) +2ug(m) =1 and oo = O(1/n) € [0, 1].

Proof. The first moment of Priaf (1;x) can be obtained from equations (8.5]) and (8.6)

as,

P\ (1:x) = ) (m) + 2ug(m) = 1.

m,1
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For the second moment, consider

d s m—17g] s
Y pl ==Y i ()
s=0

and

“ (@) S\ () )
S;)pm—l,s—l(x)g_;pm—l,s—l<x)E

m—1m=] s+ 1
- Y i ()

m = m—1

m—1< 1 )
e x+—
m m—1

(m—l) 1
=X PR +__
m m

Similarly, from the moments of the classical Stanu-Bernstein operators, we can write

m §2 m—1 2 m—1 §2
DA N Lty i P

2 2
s=0 m m s=0 (m —1 )

-  (oia) (st za)
e <(m— 1)(m—2)) L ((m— 1)?a+ (m— 1))
m2(1+ o) m?2(1+ o) ’
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and

mela 1 melvl m2
:721)1% ls() )2

m*(1+ o)

(") L
- ("t sa >+x< e n;%i):az)(m 1)(1%))*,712
= (")

< Yo+ (m— 1)(3+20¢)>+ 1

- (m—1)(m—2) (m—1)’a+(m—1)
= u(m,x) [x2 <n12(1—|—a)> +x ( m2(1+ o) )
() (e o020 ]

m2(1+ o) m?

_r
m2(1+ o)

<(m— 1)%ou(m, x)
u(m, 1 —x)

m2

m ((m— 1)%0t (us (m) + 2uo(m))

— 2 <(’"_1)(’"—2)> (u(m,x) +u(m,1 —x)) +
( (

+ (m—1) (=2u;(m)x — 20wy (m)x + uo(m) + 3uy (m) + 3up(m) + 20w (m) + Zauo(m))>

uy (m)(1—x) +up(m)

m2

_2 (W) () - 20(m) + s ((m— 1)%a (11 (m) -+ 2u(m)

+ (m—1) (uy(m)x+ up(m) + 3u; (m)(1 — x) + 3up(m) + 2au; (m)(1 —x) +2auo(m)))
uy(m) 4+ ug(m) — xup (m)

+

m2

—2uy (m)x — 20wy (m)x + 3uy (m) + 4uog(m) + 200u; (m) + 20m0(m)>

uy(m) 4+ uo(m) — xu; (m)

m2
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O

For sequences ug(m) and u; (m) satisfying the condition u; (m) +2ug(m) = 1, the
modified operators defined in (8.3) form a positive linear operator sequence. By ap-
plying the Bohman-Korovkin theorem[132]], it follows that these operators converge
uniformly to a continuous real-valued function f on the interval [0,1]. This conver-
gence result ensures that, despite the modification introduced via the sequences ug(m)
and u;(m), the operators retain the essential approximation properties of the classical
Stancu-Bernstein operators. Furthermore, the condition on the sequences guarantees

that the first moment of these operators is preserved exactly

Lemma 8.2.2 For the proposed modification Pn<1061> (fsx), we have the following expres-

sions for central moments:

m

(i) P;i:? ((t—x);x) = (1=2x) (uy (m)+up(m))

(i) Jim o7} (1 =) = HEmEgEmee,

where o0 — 0 and ¢ = lim ma.
m—soo

With the moments and central moments of the modified operators established,
we are now prepared to study their asymptotic behaviour. These results form the ba-
sis for deriving the Voronovskaya-type theorem, which characterizes the rate at which
the operators converge to the desired function. The following theorem formalizes this
asymptotic approximation and provides a precise description of the order of conver-

gence of the operators.

Theorem 8.2.3 Let f be a continuous function defined on [0,1]. Then for the positive
linear operators (8.3)) such that uj(m) +2ug(m) =1 and o — 0 as m — o,

(i) If uy(m)~+uo(m) # 0 and f’ exists at x € [0, 1], then

lim | P (/32) = f(x)] = Tim (1= 20)(u1 (m) + uo(m)) f' ().

m—yoo m—oo

(ii) If ui(m)+uo(m) =0 and f" exists at x € [0,1], then

1im n [P (f2) 1 (0)] = ("(1 ) (21(]_23; i€ ”"”) f" (%),

where ¢ = lim ma.
m—soo
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Proof. For the case when uj(m)+ug(m) # 0 and f” exists, by Taylor’s expansion we
can write
F(2) = £+ (S =x) £+ (5 —x) e s/m)
m/ m m .

where lim & (s/m) = 0. Multiplying both sides by p,<noi2(1) (x), taking summation over

s/m—x

s from O to m, and applying Lemma[8.2.2] we arrive at

(1 —2x)(uy (m) +uo(m))

P (fix) = F(x) + £+ B (= x) (1)),

Define,

Tm:{s: ‘i—x‘ <8,s:0,172...,m},
m

and Fm:{s: ’i—x‘ 28,s:0,1,2...,m}.
m

Taking into account the limiting behaviour of € (s/m), we observe that for any given
6 > 0, whenever |% —x| < 6, there exists a positive number &, such that £(s/m) < €.

On the other hand, for values satisfying ]n% —x} > 8, we define

M = sup [(—s —x) € (_s )] :
0<x<1 :\m m
Thus from Lemma[8.2.2] we can write

tim mPW (¢ —x)e (1) ;%)

m—soo
b V(@) S
= nyglosz:ompm’s (x)( x)s (s/m)
¥ (a)(1) S (o) (1) S _
_nlgrioseszmpmJ (x)( x>8(s/m)+sgrmmpm7s (x)< x)e(s/m)

m—yoo

< lim <£ + %) My 2(x)
. M
= lim <s + —) (1 —2x)(uy (m) 4 up(m)) = 0.
M—00 o
This implies that,

fim [P () = £(3)] = (1 =220 (m) + 2u0(om)) £ ().

Now, applying Taylor’s theorem again for the case when u;(m) + ug(m) = 0 and f”

exists, we can write
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2 2
) @) ey . mx_3x mxoc_2x_
;ilirio”[va‘ (f3%) f(x)}_nyglo" <1+a Ta Tta Tra almx
/!
+ o (ul(m)+2)—mx2>fz(x)
2 3 2 a /!
—limn | 0 g — 2uy (m)x* + e +u1(m)x S
m—yoo 1+a 1+« 1+« 1+« 2
/!
= (—Cx2_3x2_2u1(m)x2(1 +a)+cx+u1(m)x) 2{1_(:6)0‘),
where ¢ = lim mo. This proves the required result. O
m—roo

Theorem |8.2.3| establishes that the modified Stancu-Bernstein operators
Prif? (f;x), as defined in equation (8.3)), provide uniform approximation to any continu-
ous real-valued function on the interval [0, 1] with an order of convergence of O(1/m).
In this sense, these operators retain the same rate of approximation as the classical

Stancu-Bernstein operators based on the Polya-Eggenberger distribution, defined in
equation (8.1)).
Next, we focus on deriving some quantitative bounds in terms of the norm of f,

for the modified operators P,f1a1> (f5x).

Lemma 8.2.4 For the supremum norm of h, , we have the following

h|| = sup |A(x)
0<x<1

two inequalities
(i) [P ()| < [

™ ()
2

>

(i) [P (i) — ()| < o
Proof. The first inequality follows trivially from the definition of Pn<1061> (h;x) and Lem-
ma Using Taylor’s expansion for the second inequality,

(t—x)?

h(t) = h(x) + (1 = x) B () + = H"(x) + (1 —x)%e(t),

such that }gne(t) = 0. Taking ¢ = s/m and applying operators Pn<1061> on both sides,
X )
2
Pm?? ((s/m —X) ;x)

By (h(s/m):x) = h(x) + 5

n (x) +Pn<31> ((s/m —x)ze(s/m);x) :
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From Lemma(8.2.2] we can see that

P\ ((s/m—x)zs(s/m);x> — 0 as m — oo.

m,1

Thus, for a sufficiently large value of m, we can say that

(o) 2.
P,i((s/m—x)"x

B ) = h()| < ( . >\h"<x>\
(a)(1)

Mo (x) /)
<tz O

O

Theorem 8.2.5 Define /.L,%‘fr) m(x) = p\% ((t —x)";x). Then for the first and second

m,1

order modulus of continuity, @ (f;6) and @, (f;98), of f, we have

(i) [P (f:2) f@ﬂsm»Qt wﬁmwﬁ

@),
(m\éﬁumrﬁhﬂ30m<ﬁ ““2”)-

Proof. For modulus of continuity, using Proposition and the Cauchy-Schwarz’s

inequality, we can say that

P (F0 - 10 = L V| () - 1
s=0
o (a)(1) s
Ss;‘(’)pm,s (X)C()(f, m XD
< ¥ PO (1 ik ) o (f, uf%”(x))
=0 ‘um(jtz (x)
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Now, from Lemma [8.2.4] we consider

B (i)~ 1)
< [P (F = i) | 17 = ) )]+ [ B3 (hix) = i)

(o)(1)
My (%)
< If = Al 1L = Al == |

u,izm)( )

<|f—hl+ 1"

Taking infimum for all 4 € C2[0, 1] and using Peetre’s K-functional, we get

Pﬁ(f;X)—f( )‘<K2 <f “mz /2)
Applying Remark will give us the desired result. |

This provides an estimate of the approximation error of the modified operators
Prff? (f;x) in terms of the smoothness of the function f, as captured by its modulus of

continuity.

Theorem 8.2.6 Let f belong to the class of Lipschitz functions Liplﬁ(, that is, there

exists a positive real constant K such that for all x;,x; € R, |f(x1)— f(x2)] <
K|xi —xz|ﬁ, where 0 < B < 1. Then for u,%‘f‘)“)(x) _ pl®) (= x)":x),

m,1

P () - 1) < K (8 V)

Proof. Using Lemma and the definition of Lipschitz class, we get

— " m,l
e (@), |5 B
_K‘;)p,m (x)m x‘
215 2 B\ 78 k3
B/2 B\ B n ==\
cofg (o i) ][5 ()
s=0 s=0
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Applying Holder’s inequality, we arrive at

A% () - £

O

The above theorems and lemmas show that the modified Stnacu-Bernstein op-
erators Prﬁf? (f;x) approximate a continuous function f just as well as the classical
operators P,,<1O‘> (f5x). This means that introducing sequences of real numbers does not
reduce the accuracy or convergence of the operators. In fact, this modification provides
more flexibility in designing operators. Using this idea, we can construct higher-order
operators that converge faster and give better approximation results than many classi-
cal operators found in the literature. These higher-order operators are therefore useful

for applications where more accurate and efficient approximations are needed.

8.3 Higher Order Approximation

Building upon the idea of using sequences of real numbers to modify the classical op-
erators, we now extend this concept to define a new family of positive linear operators.
These operators are constructed in such a way that the choice of sequences allows for
greater flexibility in improving the approximation process. These higher-order opera-

tors are defined as

P (r0 = Y P wr (2), 87)
s=0

v(m,x) = v (m)x> + vy (m)x + vo(m)

2(m,x) = zo(m)x(1 —x),
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such that vy(m), vi(m), vo(m), and zo(m) are sequences of real numbers. These se-
quences allow us to generalize the classical operators and introduce additional flexibil-
ity in approximating continuous functions. In particular, if we set the parameter ot = 0
and choose the sequences as vo(m) = 1 =vg(m), vi(m) = —2 and zo(m) = 2, then the
generalized operators defined in equation (8.7) reduce exactly to the classical Bernstein
operators, defined in equation (I.1)). This shows that the classical Bernstein operators
appear as a special case of our more general construction, which demonstrates that our

approach is both consistent with known results and flexible enough to cover new cases.

8.3.1 Approximation Results

In order to study the approximation properties of the newly defined operators
(8.7), it is essential to first calculate their moments and central moments. These will
serve as key tools in analyzing how well the operators approximate a continuous func-
tion. Thus, building on these results, we will then establish convergence theorems that

describe the behaviour and accuracy of the operators on the interval [0, 1].

8.3.1.a Case Analysis for the sequences

In order that P<O‘> satisfy the Korovkin condition Pngaz> (ti ;X)) — ¥, for i =0,1,2, the

m,2

sequences v (m), vi(m), vo(m) and zo(m) must satisfy
z0(m) = 2vy(m), and vo(m) 4+vy(m)+2vo(m) — 1.
The admissible cases for the sequences v,(m), vi(m), vo(m) and zo(m) are given below:
Case 1: If vo(m) < 0, then zo(m) = 2va(m) < 0 and z(m,x) = 2vo(m)x(1 —x) < 0.

Case 2: If vy(m) = 0, then zo(m) = 0 and vy (m) + 2vo(m) = 1. In this case v(m,x) =
vi(m)x+vo(m) and pis® (x) = vim,x)pyy (5) + vim. 1 = X)pi?y ().

Thus, Pn%> reduces to a first-order modification of the type P,ilaf with
up(m) =vy(m), up(m) = vo(m).
The cases of the sequences are then exactly the same as those in Subsection

Case 3: If vo(m) > 0and 0 <vy(m) < 1, then v(m,0) = vo(m) > 0,v(m,1) =1 —vo(m) >

0 and z(m,x) = 2vo(m)x(1 —x) > 0. Moreover, if (vo(m),vo(m)) satisfies

(va(m) —=1)*+ (2vo(m) —1)* < 1,
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then v(m,x) and v(m, 1 —x) are non-negative on [0, 1].

Case 4: All remaining choices of v,(m),vo(m) (i.e. vo(m) > 0 but either vo(m) ¢ [0, 1]
or (va(m) —1)? 4 (2vg(m) — 1)2 > 1) lead to v(m,x) < 0 or v(m, 1 —x) < O for
some x € (0,1).

From the above analysis, we can see that Cases 1 and 4 yield non-positive basis
and therefore do not produce positive linear operators. Hence, the positivity of the

second-order modification P<O‘>

2 1S ensured precisely when

va(m) >0, 0<vo(m)<1 and (va(m)—1)>+ (2vo(m)—1)*><1.

Considering the normalization conditions zo(m) = 2vo(m) and va(m) + vi(m) +

2vo(m) = 1, along with Cases 2 and 3, the sequence P\

2 forms a sequence of positive

linear operators which preserves constants and approximates continuous functions on
[0,1].

Theorem 8.3.1 For a = a(m) — 0 let the sequences vo(m), vi(m), vo(m) and zo(m)

be such that 2vo(m) = zo(m). Then, for the sequence of operators P,iag (fsx), the

following equalities hold:
(i) Pn<10‘2> (L;x) = 2vo(m) + vy (m) + vo(m)

(ii) Prﬁfg (t5x) = x (2vo(m) 4+ v1 (m) +v2(m)) + 2 (1 + 2x) (vo(m) +v1 (m) +v2(m))

x2(2v0(m)+v1(m)+v2(m))_|_xa(2v0(m)+v1(m)+v2(m))_|_x(l—5x—4a)(2v0(m)+v1(m)+v2(m))
I+a I+a m(1+c)

(iii) Pr%) (tz;x) _ +4x(vo(m)+m(rn)+vz57nl1)—xm(m)Jer(m))) _ 2X(1—3x—2a)552v&("+1§gw(m)+V2(m))
+4(v0(m)+v1 (m)+v2(m))—2x(4v0(m)+6;1 (m)4Tv (m))+2x2(4vy (m)+5v2 (m)) ‘

Proof. For the first moment,

P (1:x) = Y phd® (v)
s=0

=v(mx) Y i, () +2(mx) Yl )+ v(m 10 Y i, ()
s=0 s=0 s=0

= x*va(m) +xvy (m) 4+ vo(m) +x(1 —x)z0 + (1 —x)2v2(m) + (1 —x)vy (m) +vo (m)
= x*(2va(m) — zo(m)) — x(2v2(m) — zo(m)) + 2vo(m) 4 vy (m) 4 va (m) (8.9)
= 2vo(m) 4+ vi(m) +va(m).
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Now, for the second moment, consider

(@) S 2
Sg)pm—z’s(x)m X m )
m—2
s+1
)3 P;azz,sfl(x)_ =) pfnazzs(@
s=0 s=0 m
2x 1
= X— — -,
m m
and
;)Pm_z,s_z (x)m = m—2,s( ) m
2x 2
= X— — .
m m

Thus, the second moment of the proposed operators is given by

P

M\Q/

( 2x
x——+

m
2x

(2vo(m) +vi(m) +vo(m)) +

v
(-
-

SI;‘:’S

x)) +

! ) 2(m, %) + (x—i—x%—%) v(m, 1 —x)
z(m,x) +2v(m,1 —x)

)
) v(m,x) +z(m,x) +v(m,1 —
)
)

x(2vo(m) +-v1(m) +va(m)) +

Similarly, for the third moment, consider

_ 2(m=2)(m=3)

L s
Z pfnazz,s (X) )
s=0

2 m—2

m2(1+a)

m2

Y pfnaf>2,s71(x)ﬁ =) pr<noi>2,s(x)u
s=0

s=0

_ am=2)(m=3)
m?(1+ o)
and
me 2,5— 2 me 2s S-;lz)
_ z(m—2)(m—3)

m2(1+a)

2(vo(m) 4 vi(m) +va(m)) — 2x(vi(m) +va(m))
2(v0(m)+v1(m)+vz(m))(1+2x).

(m—2) a+m—2
m(l+a)

(m—2)2%0+m—2 2x 4x 1
mita)  m omm

(m—2)20+m—2 4x 8x 4
i)  m m o m
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This brings us to,

P (:x)

m,

[ Lm=2)m—-3)  (m-2Ya+m-2
_<x2 m*(1+a) L m*(1+a) >v(m,x)

m—2)(m-—3 m—2)> m—2 2x 4x 1

+<x2( mzu)(w) s mz)(la:a) +m‘mz+mz>z("”x>
m—2)(m—3 m—2)* m—2 4x 8x 4

+<2( m2(1)(+06) ! X( mz)(la:a) +m_mz+mz>v(m’1_x)

_(2(’"—2)(’"—3) (m—2)%0+m—2

m2(1+ o) Tt m2(1+ ) > (v(m,x) +z(m,x) +v(m,1 —x))

z(m,x) +4v(m,1 —x)
m2
_ m — nm — 2 m—

n dx(m—2) (vo(m) 4+ vi(m)+va(m) —x(vi(m)+vo(m)))
2

+ <2x — 4x> (z(m,x) +2v(m,1 —x)) +

m  m?

m

n 4 (vo(m) +v1(m) +va(m)) — 2x (2v1 (m) +3va(m)) +x*v2 (m)
2

m

_ x? (2vo(m) +vi(m) +va(m)) N xa (2vo(m) +vi(m) 4 v2(m))
I+o 1+
N x(1=5x—4a) (vo(m) +vi(m) 4+ vo(m)) N 4x (2vo(m) +vi(m) +va(m) —x (vi(m) +va(m)))
m(l+ o) m
n 4(vo(m) +v1(m) +va(m)) — 2x(4vo(m) + 6vy (m) + Tva(m)) +2x% (4vy (m) + 5v(m))
2
~ 2x(1 =3x—2a) (vo(m) +vi(m) +v2(m)) .

m2(1+ o)
O

However, from equation (8.9), we observe that the first moment of the operators
ple

m,

bers, is given by

(f;x), without imposing any specific restrictions on the sequences of real num-

PA% (15) = x(2v2(m) — 20(m)) — x(2v (m) = 20(m)) + 20 (m) + v (m) + v (m).

While this expression does define a sequence of positive linear operators, these oper-
ators do not satisfy the conditions of the Bohman-Korovkin theorem. Consequently,
without further restrictions, they may fail to converge uniformly to the required func-

tion f.
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To ensure uniform convergence to f on the interval [0, 1], it is necessary that the
operators converge to the test functions x” for »r =0, 1,2, that is,

lim P'% (") =x" forr=0,1,2.

Moo M2

Accordingly, the sequences vy (m),vi(m),va(m),zo(m) must satisfy certain nec-
essary constraints to ensure that Piflag (f;x) not only remains positive but also converges
uniformly to the given continuous function f while exactly preserving the first momen-

t. These necessary conditions are
(1) 2vo(m) = zo(m), and
(i) 2vo(m)+vi(m)~+va(m) — 1 asm — oo,

These operators are defined using four sequences of real numbers, namely vy (m),
vi(m), vo(m), and zo(m). Working with all of them in their generalized form can make
calculations complicated. To make things simpler, we choose specific values for the

sequences:

This choice helps simplify the operators and makes it easier to study their properties.
Thus, our operators become

m

P (fix) =Y {(1 — %) (1 - ?) i, (@) +mx(1—x)pi®, ()

B tx (1 _ W) p;“>27s2(x)} 7 (i) , (8.10)

m

where p,sffz (x) is defined in equation (8.2).

Using Theorem [8.3.1] we can now compute the moments of the proposed opera-
tors (8.10), and based on these, determine their central moments as well. This provides

the foundation for studying their convergence and approximation properties.

Lemma 8.3.2 The moments of Pn<32> (f;x) defined by are given by:
(i) P% (Lix) =1
(ii) P\ (1:x) = x

(a) o) 2x(1—x)+8xa(1—x Sxo(1—x x(x+
(iii) Pm(,xz (5x) = ( m2)(1+g)( I m?l(Jra)) + (1+o?)
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6x(1—x)(1—2x)(1+6a)  x(1—x)(2+21a—180—2x(5+39a+60?))

- (o) 3. _ m3(1 1+2 m2(1 1+2
(iv) By (%) = +3xa((1+iggl+4g)x(7+2a)) _’_x(x+oc)((x:2aoz)( w2
m(14+o)(1+20) (I+o0)(14+20x)

Lemma 8.3.3 Let us define the central moments of Prfftz> (fsx), given by (8.10), as

/.Léf? @ (x) = Rﬁlog ((t = x)";x). Then the following equalities hold:

(i) s (x) =0

(i) “’%}(2) (x) = x(1—x) (a— sa 2(1+4oc))

14+ m m2

) 300 = i) (200 + e - Bttt 4 ).

With the results established in Lemmas [8.3.2] and [8.3.3] we can now establish a

Voronskaya-type theorem to understand the convergence behaviour of the sequence of

operators P,ff‘z> (f;x) towards the function f.
Theorem 8.3.4 For a continuous real-valued function f defined on [0, 1] with a con-
tinuous third derivative ", let the real parameter o be chosen such that oo — 0 and

1imy,,_seo m2 ot exists and is finite. Then,

;((11—;2)][”(’“) (ex+2x(1+4a))

x(1—x)(1—2x)
6(l+a)(l+2a)

lim m? Pn<32> (f3x) —f(x)] =

m—oo

" (x) (180 + (2c —21)a —2),

where ¢ = lim m?a.
m—soo

Proof. By Taylor’s theorem,
F(9) = £+ (0 —0) /() + 50— 02 (0) + (027" () + (0 —0)e (9),

where lim €(s/m) = 0. Let & = s/m. Multiplying both sides by pfnof‘z(z) (x), then

s/m—sx
taking summation from s = 0 to m and using Lemma 8.3.3] we get

P,ffg (fsx) = f(x) +M (a— 5—a+ 2+8a) " (x)

2(1+a) m m?
x(1—x)(1—2x) ool 3a(1—4a)_2+21a—18a2+6+36a 00
6(l+o)(l+2a) m m2 m3

+Pn<32> ((s/m —x)’e(s/m) ;x) .
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First, we claim that

lim msz?g ((s/m—x)38(s/m);x> =0.

m—yoo

To proceed, we define

T, = {s: ’i—x‘ <8,s:0,1,2...,m},
m
and T, = {s: ‘i—x) > e,s:0,1,2...,m}.
m
Taking into account the limiting behaviour of €(s/m), we observe that for any given

8> 0,if |2 — x| < 8, then there exists £ > 0 such that &(s/m) < &. On the other hand,
for ‘% —x| > 0, we define

M = sup <n%—x>28(s/m).

0<x<1

Thus from Lemma [8.2.1] we can write
Tim m?P% (9 - x)% (9):x)
= Y plih) () elorm)
= 1im ¥ 200 (2 x) e s/m+ X mpl ) (S ) e s/m)

m—yoo
s€T;, selyy,

M
< (e ) i (0
=0.

This proves our claim. Thus, we can say

Jim e (B (F10) = £(2)
x(1—x) m(xx 5m06x+2x(1+406)) "
( 2(1+a) fi®
x(1—x)(1-2x) (2ma® + 1802 —21a =2+ 3ma(l —4a)) _,
6(1+a)(1+20) / <x))'

= lim
m—soco

Thus, lim m?o exists and is equal to ¢ concludes the theorem. O
m—yoo

From Theorem [8.3.4, it follows that the operators P g ( f3x), defined in (8.10),

approximate any continuous real-valued function f with an order of approximation

O(1/m?). This represents a significant improvement over the first-order operators (8.1)
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and (8.3), which only achieve an approximation order of O(1/m). The enhancement
in the rate of convergence demonstrates the effectiveness of incorporating higher-order
sequences in the construction of positive linear operators. Consequently, the opera-
tors will henceforth be referred to as the second-order Stancu-type operators,

highlighting their superior approximation capabilities.

Next, we calculate error bounds for these proposed operators with the help of

modulus of continuity and supremum norm of the function.

Theorem 8.3.5 Let @ (f;06) be the modulus of continuity of f. Then
el >\<2w(f i (x >>

Proof. Using modulus of continuity and Lemma|8.3.2, we can write

‘P,f;,x; (f3x) ‘

Py \f( ) - 103

A0 1] )

Applying Cauchy-Schwarz’s inequality and Proposition |1.1.4, we arrive at

i

S/m—Xx
s=0 M2 (x)

L pis (0 s/m

O

Theorem 8.3.6 For the sequence of operators (8.10) and using the supremum norm,

we can express the error bound as

e (x)

P (hix) —h(x)| < [

Proof. By Taylor’s expansion
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such that }gns(t) = 0. Taking r = s/m and applying operators P,ila; on both sides, we
X )

get

PlifC> <(s/m —x)z;x>

P\% (h(s/m);x) = h(x) + 5

m,2

" (x) —i—Pn%> ((s/m —x)zs(s/m);x) :

From Lemma|8.3.3| we can say that Pn<1052> ((s/m —x)ze(s/m);x> — 0, as m — o, Thus

for a sufficiently large value of m, we have

P,fz) <(s/m —x)z;x>
2

P (hx) — h(x)‘ < | ()]

O

Having established the convergence properties, moments, and order of approxi-
mation of the proposed higher-order Stancu-Bernstein operators, it is now natural to
investigate their behaviour through numerical experiments. While the preceding results
confirm uniform convergence and improved order theoretically, visualizing the oper-
ators and computing the actual errors for specific functions provides practical insight

into their efficiency and performance.

In the following section, we present numerical examples illustrating the conver-
gence of the first and second-order operators for different values of m and o, accompa-
nied by error tables that quantify the approximation accuracy. These examples allow
us to compare the speed of convergence of the operators and observe the impact of the

parameter o on the approximation process.

8.4 Computational Study of the Operators

This section demonstrates the behaviour of the proposed Stancu-Bernstein operators in

order to verify the theoretical results proved and claimed in the preceding sections.
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Figure 8.1: Convergence of first order Figure 8.2: Convergence of first order

mal> (f;x) for different values of m and P,fff (f;x) for different values of o and

a =001 (B (£:x) m=25 (P (f:))

Since our modified operators Prilo? (f;x) are constructed using the sequences
uj(m) and ug(m) such that u; (m) 4 2ug(m) = 1, we first illustrate a specific case where
ui(m) = —1 and up(m) = 1. Figures[8.1|and [8.2|display the convergence behaviour of

this first-order modification, defined by (8.3)), for various values of m and «.

It is evident from the graphs that as m increases while keeping « fixed, the opera-
tors progressively approach the required function f. Likewise, for a fixed m, reducing
the value of o enhances the approximation, leading the operators closer to f. There-
fore, we can conclude that in the limit as m — o and a¢ — 0, the sequence of operators
P;:? (f;x) converges uniformly to f, confirming both the effectiveness and stability of

this first-order modification.

Prt Pt

051 05

— f(x) — fx)

<0.05>; <0.5>/
P53t Pig3f

PRIt PR

<0.05> <0.02>;
P3o2>f L Pig2”f

Figure 8.3: Convergence of second order Figure 8.4: Convergence of second order

operators P<OC> (f5x) for different values operators P<O‘> (f;x) for different values

of m and o = 005( s (f32)) ofaandm_15( P (f5))

Similarly, Figures 3|and[8.4]illustrate the convergence behaviour of the second-
order modification, P ( f:x), defined by (8.10)), for various values of m and «. In this
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case, we have chosen the sequences as vo(m) = 1, vi(m) = —1 —m/2, vo(m) =m/2,

and zo(m) = m.

From the graphical results, it is clear that the operators approximate the target
function f increasingly well as m becomes larger. Moreover, for a fixed m, smaller
values of o enhance the convergence, allowing the operators to more closely match
the function f. This confirms that, in the limit as m — o« and o — 0, the sequence
Prﬁfg (f;x) converges uniformly to f. Compared to the first-order operators, the second-
order modification demonstrates faster convergence and reduced approximation error,
validating the effectiveness of introducing higher-order sequences in the operator con-

struction.

Operators

— f(x)
P§8.01>f
PRI

<0.01>
'D30,2 f

Figure 8.5: Comparison between the classical, first and second order operators P,ﬁla>,
(o)
P

m,1

and Rﬁlag , respectively, for m = 30 and o = 0.01 where f(x) = xsin (47x).
Figure [8.5| presents a comparison between the three types of operators: the clas-
sical Stancu-Bernstein operator P,§1a>, the first-order modified operator P'% and the

m,1
(o)

second-order operator Pmaz, for a fixed value of m and «. It is evident from the figure

that both P,,<1OC> and P,ial) approximate the desired function f at a comparable rate. In
o)

contrast, the second-order operator P,i?z achieves a significantly better approximation,

converging more closely to the function.

Following this comparison, we now proceed to analyze the behaviour of these
operators under a different choice of sequences. Specifically, we redefine the first-

order modification as
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ot () = Y pd Vs (). 8.11)
s=0

: m
(o)(1)

where pp, § (x) is defined as in equation (8.4), with the sequences of real numbers

selected as follows, ensuring the necessary conditions for convergence of the operator:
uyim)=1—1/m and wup(m)=1/(2m).

Next, we turn our attention to the second-order operators, defined as

s

ana% (fix) = Zp&ofs)(z) (x).f (—) (8.12)
s=0

m

where pﬁnog(z) (x) is defined by equation (8.8), with the sequences chosen as

va(m) =m, vi(m)=—m, vo(m)=1/2 and zo(m) = 2m.

This particular choice allows us to explore the behaviour of the second-order operators

under a different set of sequences, highlighting their approximation properties.

Q55

0.4;
' — f(x)
Q9
' T
o x| — Qe
L
02l

Figure 8.6: Approximation by Q;ai for f(x) = 32x* — 64x> 4+ 38x> — 6.
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Figure 8.7: Approximation by Q%) for f(x) = —16x3 +24x% — 9x+ 1.

Figures [8.6 and depict the approximation process for the first and second
order operators Qf:? (f;x) and ana% (f;x), defined by equations (8.11)) and (8.12)), re-

spectively, with a fixed value of & and varying m. As the graphs show, increasing m

improves the accuracy of the approximation, and both operators converge uniformly to

the required function f, confirming their effectiveness as positive linear operators.

However, unlike the earlier operators, Prﬁf? (f;x) and Prﬁfg (f;x), defined by e-
quations (8.3) and (8.10), respectively, these operators do not interpolate the endpoints
0 and 1. In other words, the operators approximate the function well throughout the
interval (0, 1) but do not interpolate the function values at the boundaries. This is a
direct consequence of the specific sequences chosen for these operators:ug(m) = 1/2m
and u;(m) = 1—1/m for the first order operators; and v(m) = m, vi(m) = —m,
vo(m) = 1/2 and zo(m) = 2m for the second order operators, which alter the weight
distribution in the operators. The same can be observed in Tables and which

present the error values for different points x € [0, 1].
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First Order

02l
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<0.04>
Q30,1 f

—02[

-06

—08l

Figure 8.8: Comparison of the first order modification for different set of sequences
and f(x) = xsin(27x).

Second Order

1.0

— f(x)
— PP

<0.05>
Q30,2 f

Figure 8.9: Comparison of the second order modification for different set of sequences
and f(x) = xcos(2mx).

Figures 8.8 and [8.9] compare the approximation of the first and second order pro-
posed operators, for the two different choices of sequences considered earlier. The
overall convergence of the operators to the function f is very similar across the do-
main, however, a noticeable difference occurs at the endpoints. Both P,ff and P,flag
exactly interpolate the end points x = 0 and x = 1, while the corresponding oper-
fnai and ana% do not. This illustrates that the choice of sequences primari-

ly affects endpoint behaviour rather than the overall convergence rate, highlighting

ators O

that the convergence is somewhat better when u; (m) + ug(m) = 0 (for first order) and

va(m) +vi(m) +vo(m) = 0 (for second order).
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(B (75— £ | RS () = £ @] | 1B (£30) = £(x)|
m =20 0.228672 0.227228 0.155885
m =40 0.174144 0.172665 0.0979084
m = 60 0.145934 0.144693 0.0815196
m =80 0.129297 0.128255 0.0749659
m =100 0.118399 0.117506 0.0717722
m =120 0.110724 0.109945 0.07001
Table 8.1: Error values at x = 0.45 as m increases.
B (750 = £ [ 10 (£ = r@)] | 1085 (75) = 70|
m =20 0.228672 0.235491 0.086946
m =40 0.174144 0.178714 0.0270038
m = 60 0.145934 0.14925 0.0221019
m = 80 0.129297 0.131885 0.0250671
m =100 0.118399 0.120516 0.0290642
m=120 0.110724 0.112514 0.0327852
Table 8.2: Error values at x = 0.45 as m increases.
B (F1x) = @] | 1B (Fix) = ] | RS () = £()
x=0 0 0 0
x=0.2 0.0867318 0.0860204 0.0478877
x=04 0.231388 0.229236 0.122233
x=0.6 0.297587 0.294554 0.14178
x=0.8 0.124689 0.123656 0.0591589
x=1 0 0 0

Table 8.3: Error values for m = 30 and for different x € [0, 1].
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P (50— )] 105 (i) — £ @) [ 105 (£50) — £ ()
x=0 0 0.0133319 0.0247715
x=0.2 0.0867318 0.110113 0.0354948
x=04 0.231388 0.23558 0.0169478
x=0.6 0.297587 0.299916 0.0122273
x=0.8 0.124689 0.222753 0.0979446
x=1 0 0.386626 0.346801

Table 8.4: Error values for m = 30 and for different x € [0, 1].

Tables 8.1}, [8.2] [8.3] and [8.4] present a comparative analysis of the error values
for the first and second order operators defined by (8.1), (8.3), and when applied
to the function f(x) = xsin(47x). From these numerical results, it is evident that the
second order operators provide a more accurate approximation of the function com-
pared to the first order operators. Specifically, Tables and [8.2] illustrate that for a
fixed point, x = 0.45, the approximation error decreases consistently as m increases.
This trend demonstrates that the operators converge to the function uniformly, and for
sufficiently large m, the error becomes negligible. These results confirm the theoret-
ical findings regarding the improved order of approximation achieved by the second
order operators and highlight their practical effectiveness in approximating continuous

real-valued functions.

8.5 Conclusion

In this chapter, we introduced improved approximation methods using first and second
order positive linear operators based on the contagion distribution. These operators
use sequences of real numbers, and they converge to a continuous function only when
certain conditions on the sequences are satisfied: for the first order operators Prif? (f5x),
we require uj(m) + 2up(m) — 1, and for the second order operators Pn%) (f;x), the
conditions are 2v,(m) = zo(m) and 2vo(m) + vy (m) +vy(m) — 1 as m — oo. To simplify
computations, we considered specific choices of these sequences for the second order

operators.

Both the theoretical results and numerical examples show that the second order
operators provide a better approximation than the first order operators. While the op-

erators generally converge, only certain sequences, specifically, u; (m) +ug(m) = 0 for
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first order and v, (m) + vy (m) 4+ vo(m) = 0 for second order, ensure that the operators
match the function interpolates the endpoints, as seen in Figures [8.8 and [8.9] and Ta-
bles8.3and

This study demonstrates that using sequences of real numbers to modify operators
can improve their approximation properties. It also provides a foundation for future
work, such as designing higher order operators, optimizing the choice of sequences

and applying these methods in numerical computations or data fitting.






Chapter 9

Conclusion, Future scope and Social

Impact

9.1 Conclusion

The central theme of this thesis has been the study and development of improved ap-
proximation techniques using positive linear operators. The work brings together sev-
eral perspectives, like probabilistic distributions, higher-order constructions, fractional
calculus and fuzzy mathematics, into a unified framework of approximation theory.
Both theoretical analysis and numerical verification have been carried out, showing
how carefully designed modifications can significantly enhance the approximation pro-

CESS.

The first chapter of this thesis provided a comprehensive introduction to approx-
imation theory and the role of positive linear operators within it. It began by outlin-
ing the fundamental concepts and motivation behind approximation processes, high-
lighting their importance in both pure and applied mathematics. To establish a solid
foundation, the chapter included essential definitions, basic results and lemmas that
are frequently used in later chapters of the thesis. In addition, it presented a review
of relevant literature, tracing the historical development of approximation theory and
summarizing key contributions by various researchers in the field. This literature re-
view not only situated the present work within the broader context of existing research
but also identified the gaps and open problems that motivate the contributions made in

this thesis.

251
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Chapter 2 focused on the construction and study of positive linear operators based
on the contagion distribution. These operators were constructed with the introduction
of parameters, o and 7, which provided an additional degree of flexibility and enabled
them to capture a wider range of approximation behaviours. The moments and and
central moments of these operators were calculated, followed by an analysis of their ap-
proximation results. To enhance their approximations and applicability, modifications
of these operators were also introduced, namely the King-type, Kantorovich-type, and
genuine-type modifications. Each of these played a distinct role: the King-type modi-
fication was useful in preserving the constant and well as the quadratic test functions,
the Kantorovich-type modification extended their applicability to integrable functions,
and the genuine-type modification ensured better structural properties by preserving
the constant and linear test function of the Kantorovich operators. Overall, these mod-
ifications not only made the operators converge more effectively but also addressed the

limitations of classical operators, particularly by preserving test functions.

Building upon this, Chapter 3 focused on introducing a new class of semi-
exponential operators, which were inspired by kernels arising from homogeneous par-
tial differential equations, incorporating a real parameter 3. These operators represent
a natural extension of the classical framework, combining exponential-type features
with polynomial structures. A detailed study was done on their moments, central mo-
ments, recurrence relations and moment generating function, which helped us under-
stand their approximation properties. Furthermore, a Voronovskaya-type theorem was
established, providing insights into the asymptotic behaviour of these operators and
showing how well they approximate functions as m — 0. To complement the theo-
retical analysis, numerical experiments were performed, which confirmed the effec-
tiveness of the operators. The results showed that semi-exponential operators form a
promising alternative to classical operators, offering flexible approximation properties
and demonstrating their usefulness in the broader framework of approximation theory

and its applications.

The study then extended into the domain of fractional calculus in Chapter 4,
where we constructed fractional versions of the Bernstein-Kantorovich operators.
These operators were developed using the Caputo fractional derivative, which is par-
ticularly well-suited for modeling processes with memory and hereditary effects. Their
fundamental properties, such as moments using Laplace transforms, and convergence

behaviour, were carefully examined. Beyond their mathematical analysis, we demon-
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strated how these fractional positive linear operators can be employed to solve fraction-
al differential and fractional integro-differential equations, thereby connecting approx-
imation theory with practical problem-solving techniques. Thus, the chapter highlights
how approximation operators can enrich the study of fractional models and contribute

meaningfully to applied sciences.

A different direction was explored through the concept of fuzzy theory in Chapter
5, where approximation of fuzzy-valued functions was considered. Here, the classi-
cal Korovkin theorem was adapted to the fuzzy context, and convergence of positive
linear operators was established. A Voronovskaya-type theorem in the fuzzy environ-
ment was also derived. This part of the work expands approximation theory beyond
crisp functions, aligning it with decision-making processes and uncertainty modelling.
Moreover, in this chapter we have defined several positive linear fuzzy operators and
investigated their approximation properties, thereby extending the theory of operators

into the fuzzy setting.

In Chapter 6, the thesis then shifted its focus to higher-order constructions, where
second and third-order semi-exponential operators were introduced and studied in
depth. These operators were analyzed through their moments, central moments and
asymptotic results, which helped to understand how they behave for as n — oo. The
results showed that these higher-order operators give better approximations than the
first-order case, since they reduce the error more effectively and capture the function
with greater accuracy. The numerical experiments also supported this observation,
showing that as the order of the operator increases, the convergence becomes faster
and the approximation becomes smoother. This means that moving to higher orders
is not just a theoretical idea but a practical way to improve the performance of posi-
tive linear operators. These results make it clear that higher-order versions are a very

promising direction for future research, both in theory and in applications.

A similar idea was pursued with Stancu-Bernstein operators based on the con-
tagion distribution in Chapter 7 by extending them to higher-order forms. The main
goal was to improve their accuracy. Normally, the classical Stancu-Bernstein operators
give an error of order O(1/n), but the higher-order versions we introduced reduced the
error to O(1/n?), which means they give much better approximations. To prove this,
we used Korovkin’s theorem and estimates based on the modulus of continuity. We al-

so added numerical examples, which confirmed the theory and made the improvement
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clearly visible. In short, the higher-order Stancu-Bernstein operators turned out to be
more powerful than the classical ones, both in theory and in practice, and they open up

new possibilities for sharper results in approximation theory.

Finally, in Chapter 8, the thesis proposed sequence-based modifications of first
and second-order operators. Instead of relying on derivatives, these operators were
defined directly through sequences of natural numbers. This approach makes them
applicable even to non-differentiable functions, while still improving convergence. We
studied the conditions under which these operators converge uniformly to a continuous
function. The analysis showed that all of these positive linear operators converge, but
their behaviour at the endpoints depends on the choice of sequences. Some operators
interpolate the required function at the end points x = 0 and x = 1, while others do
not. Both graphical and numerical results supported these observations. Moreover, it
was observed that the second-order sequence-based operators provide more accurate

approximations than the first-order operators.

Overall, the findings of this thesis demonstrate that the introduction of parame-
ters, higher-order constructions and sequence-based modifications significantly enrich
the theory of approximation by positive linear operators. The parametric modifications
built upon the contagion distribution provide a flexible mechanism to control conver-
gence and allow preservation of functions that classical operators cannot handle. The
semi-exponential operators proposed in this work open a connection between approx-
imation theory and kernel-based methods arising from partial differential equations.
Fractional extensions of Bernstein-Kantorovich type operators reveal that approxima-
tion operators are not only tools of classical integral calculus, but can also be effectively
be applied to fractional calculus, incorporating memory effects, where they contribute
to the numerical solutions of fractional differential and fractional integro-differential
equations. Similarly, the fuzzy adaptation of classical operators demonstrates how
approximation theory can be extended to functions that involve uncertainty and im-
precision, which has direct relevance to decision-making and modeling in real-world
problems. Moreover, higher-order operators constructed in this work consistently out-
perform first-order operators, both in theory and in numerical practice, highlighting the
advantages of extending classical definitions to higher levels. Finally, the sequence-
based operators introduced in the last chapter of this thesis show that convergence can

be achieved under simple structural conditions, while the behaviour at the end points
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depends on the choice of sequences, thereby offering a balance between simplicity and

approximation efficiency.

9.2 Academic future plans

In the future, I plan to continue this line of research by exploring several natural ex-
tensions of the operators introduced in this work. One of my immediate goals is to
generalize the first and second order operators to higher-order versions and to study
their approximation properties in greater depth. I am particularly interested in in-
vestigating how fractional and fuzzy adaptations of these operators can be extended
to higher-order and multivariate cases, as this could significantly broaden their scope
and practical relevance. Another direction I wish to pursue is the detailed study of
simultaneous approximation and shape-preserving properties of the newly construct-
ed operators, since such features are essential in applications such as curve fitting,

computer-aided geometric design, and numerical analysis.

I also intend to further analyze the sequence-based approach, as the behaviour
of the operators at the end points strongly depends on the choice of sequences. By
carefully optimizing these sequences, I hope to design new families of operators that
maintain global convergence while offering better control over boundary interpolation.
Additionally, I am keen to apply these theoretical findings to real-world problems,
especially in the numerical solution of partial differential equations, signal processing,

and image reconstruction, where approximation plays a central role.

In the long term, I aim to combine different generalizations into hybrid construc-
tions; for example, developing operators that are simultaneously fractional, fuzzy, and
higher-order. Such hybrid operators could become powerful tools for modeling and
analyzing complex systems that arise in applied sciences and engineering. With these
directions, I see this research not as a closed chapter, but as the beginning of a broader

program of study that I plan to carry forward in my future academic work.

9.3 Social Impact

The results of this thesis are not limited to pure mathematics, rather they carry potential
to influence several aspects of science, technology and even everyday life. Approxi-
mation theory, though abstract in nature, serves as a foundation for many practical

tools we rely on today. By improving positive linear operators through parameters,
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higher-order constructions, fractional extensions and fuzzy adaptations, this research

contributes toward making these tools more precise and more versatile.

One important area of impact is computer graphics and geometric modeling.
Bernstein-type operators are the mathematical backbone of Bézier curves and sur-
faces, which are widely used in computer-aided design, animation and industrial prod-
uct development. The refinements presented in this thesis, such as higher-order and
sequence-based operators, can potentially lead to smoother curves, more accurate
shapes and better control in design processes. This translates into improved technolo-
gies in fields ranging from automobile and aerospace engineering to architecture and

digital media.

The fractional operators studied in this work are useful for modeling processes
that involve memory and long-term effects, such as population growth, disease spread
or material behaviour under stress. More accurate approximation tools in these areas
can support better predictions, which in turn can guide public policy, healthcare and

resource management.

Similarly, the fuzzy operators connect directly to decision-making under uncer-
tainty. This is relevant in fields like economics, social sciences and artificial intel-
ligence, where real data is often vague or imprecise. By extending approximation
theory into the fuzzy domain, the research contributes to building mathematical tools

that can handle such uncertainty more effectively.

Higher-order and sequence-based operators also strengthen computational tech-
niques in fields that rely on intensive calculations, such as image processing, signal
reconstruction and computer-aided design. Improvements in approximation accuracy
here can lead to smoother images, clearer signals and better geometric models, with di-

rect impact on industries ranging from communication technology to medical imaging.

In the broader sense, this thesis shows how abstract mathematical developments
have far-reaching consequences in society. Whether it is in designing a smoother curve
on a car body using Bézier techniques, reconstructing a medical image with higher
accuracy, or improving predictions in scientific models, the advances in approximation
theory developed here highlight how mathematics quietly powers the technologies that

shape our modern world.
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This thesis aligns with SDG 4 (Quality Education) by advancing the theoreti-
cal foundations of approximation theory and enriching the mathematical tools used in
higher learning and research. It supports SDG 8 (Decent Work and Economic Growth)
by improving the computational techniques that drive modern industries, enabling
more efficient workflows, higher accuracy and greater technological productivity in
sectors such as digital media, communication technology and industrial design. Fur-
thermore, it contributes to SDG 9 (Industry, Innovation and Infrastructure) through
refined Bernstein-type and higher-order operators that enhance geometric modeling,
computer-aided design and engineering computation, thereby strengthening digital in-

frastructure and fostering innovation across industrial applications.
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