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ABSTRACT
Today, students are increasingly affected by smoking. For this reason, this study introduces
a mathematical model that describes how 15 years and above students get influenced by
tobacco based on a system of ordinary nonlinear differential equations. It is used to analyze
the equilibrium points, the basic reproductive number (𝑅0), their local stability, and their
global stability. The system has been solved numerically by the fourth-order Runge - Kutta
method using python. The results have been verified with the real data. The observation
indicates a concerning increase in smoking behavior, coupled with a decline in quitting
rates over a period of time.

Keywords: Mathematical Modeling, Equilibrium Points, Local Stability, Global Stability,
Lyapunov function.
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Chapter 1

Introduction

1.1 Study Overview

1.1.1 Definition of Smoking

Smoking involves burning tobacco and inhaling its smoke through various methods such as
pipes and cigars. The smoke is drawn into the lungs through the mouth and then exhaled.
Tobacco consists of a variety of harmful particles and when its smoke is in healed then
these particles would enter in to human body and do harm [23].

1.1.2 Prevalence and trends of smoking globally and locally

Tobacco smoking is practiced worldwide by more than one billion people. However, many
studies have shown that the prevalence of smoking has been notably reduced in numerous
developed countries, but remains high in developing countries. India is the third largest
tobacco producer worldwide, following China and Brazil. It is also the second largest
consumer of tobacco products worldwide, with a significant portion of the population
using smoking and smokeless forms of tobacco.

In India, the Global Youth Tobacco Survey (GYTS) [9] began at the state level in 2003.
During its second and third rounds in 2006 and 2009, it evolved into a nationwide survey,
engaging over 10,000 students. The results did not show a significant change in tobacco
use prevalence among students from 2003 to 2009. In 2009, around 15% of the students
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used tobacco in some form, a figure that increased to 18% in the fourth round of GYTS in
2019.

The GATS India 2009-10 survey revealed that two out of every five daily tobacco users
aged 20-34 began using tobacco daily before the age of 18. Furthermore, the GATS-2
survey conducted in 2016-17 found that 12.2% of daily tobacco users in the age group of
20-34 started smoking before the age of 15, while over one-third (35.8%) of all daily
smokers started before turning 18.

1.1.3 Health risks associated with Smoking

The World Health Organization (WHO) [25, 24] highlights that tobacco is the only legally
available substance that causes death to many users when consumed as intended by manu-
facturers. The World Health Organization (WHO) estimates that tobacco and its products
are responsible for over 3.5 million deaths globally each year. Projections suggest that by
the decade 2020-2030, this number could rise to 10 million annually. In response to this
growing issue, WHO introduced the Framework Convention on Tobacco Control (FCTC)
in 2005 to safeguard present and future generations from the adverse health, social, envi-
ronmental, and economic effects of tobacco use and exposure. Tobacco continues to be the
leading cause of preventable deaths worldwide.
According to the Global TB Report 2024, India carries the greatest burden of tuberculosis
(TB) and Multi-Drug Resistant (MDR) TB

1.1.4 Cultural and Social significance of Smoking

The widespread consumption is driven by cultural, social, and economic factors, despite
government efforts to regulate tobacco use and increase awareness of its health risks.
It is evident that many college students engage in smoking as a social activity, often referred
to as social smoking [21, 14, 18]. This behavior is characterized in several ways:

a) Non-daily smoking among young adults, typically occurring in bars, restaurants, and
nightclubs.
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b) Non-daily smoking among adolescents, which happens exclusively in the company
of other smokers.

c) Adolescent smoking that commonly takes place in social contexts, around others,
rather than in isolation.

Students who smoke but do not label themselves as casual smokers may identify as ”party
smokers” or ”weekend smokers,” potentially increasing their likelihood of becoming reg-
ular smokers in the future.

1.2 Statement of the Problem

The gymnasium age, between 16 and 20 years old, is a time where many of our attitudes
change; this includes the attitude towards smoking [12, 31].

1.2.1 The impact of smoking on Physical and Mental health

Smoking is highly addictive, with nicotine identified as the primary addictive component in
tobacco products. Nicotine is also a potential carcinogen, linked to various cancers, includ-
ing those that affect the lungs, oral cavity, nasal cavity, ureter, oropharynx, hypopharynx,
esophagus,larynx, cervix, stomach, liver, pancreas, bladder, kidneys, and myeloid leukemia
[23].

Smoking can also lead to osteoporosis, stroke, vision loss, hearing impairment, and back
pain. Tobacco smoking is also considered one of the factors for infertility in both men and
women [19]. Smoking is now seen as a marker of stress and deprivation, often linked to
other drug use.

1.2.2 Challenges individuals face when trying to quit smoking

People initially begin smoking tobacco for enjoyment or entertainment. If this habit
persists, it can lead to addiction, which affects both the personal and social aspects of life.
Tobacco contains nicotine, a substance known for its addictive properties. Once addicted
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to smoking, it is difficult to give up [16].The main reasons which prevent giving up
smoking include nicotine in the tobacco, psychological conditions and genetics history of
the patient, smoking rate, sex, age, education, social and economical states, cigarette price,
youth access laws, nicotine replacement therapy, parental smoking, and peer influences
[23].
Most smokers develop a strong dependence early on, likely driven more by avoiding
withdrawal discomfort than by enjoyment.
The survey was conducted in one of the universities in Delhi/NCR during the academic
year 2019 - 2020 and the good part of this study was that a major part of students i.e. 59.5%
had intentions / desire to quit smoking due to its ill-effect on their health and remaining
wanted to continue with smoking due to their own reasons [22].

1.2.3 Societal and environmental factors influencing dependence on
smoking

The report Why children start smoking by Eileen Goddard [15] analyzed many risk factors
associated with initiating to smoke and some of the main factors are having family who
smoke and students used to think that they might be a smoker in the future. This report
also highlights children’s attitudes toward smoking and quitting, revealing that while most
express a desire not to become smokers in the future, a significant number acknowledge
the possibility that they might.

Adolescence and early adulthood are considered the most critical stages for smoking
initiation in India. As a result, smoking remains a prevalent issue among university
students. Smoking becomes ingrained in the daily lives of students, influenced by factors
such as stress, peer relationships, and cultural contexts [22].

1.3 Literature survey

In exploring the dynamics of Smoking model, following are the several key research papers
provide valuable insights.
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• Gul Zaman [31] presented a non-linear model that describes the overall dynamics of
the smoking population when the population is not constant, which ensures that the
birth rate is different from the death rate.

• In 2000, Carlos Castillo-Garsow, Guarionex Jordan-Salivia, Ariel Rodriguez-Herrera,
et al. [11] proposed a general mathematical model for drug abuse in a population
of adolescents, with a peer pressure as a key ingredient in the recruitment mecha-
nism of new drug users. They considered to work on the report of the Surgeon General.

• Lady Maribel Benavides [27] presented a mathematical model that represents the
population growth dynamics of tobacco consumers by hypothetically assuming the
initial population.

• Prince Harvim, Hong Zhang, et al. [18] proposed a compartmental model depicting
the spread and cessation of the smoking habit on college campuses which underline
the significance of identifying contact processes between habitual-smokers and the
other students, in order to impede the spread of cigarette smoking within the univer-
sity campus via imitation mechanisms and peer pressure.

• Peter R Killeen [20] described a three-state Markov model of smoking cessation and
analyzed that quitting smoking involves an initial withdrawal phase with a high relapse
risk, followed by a transition to sustained abstinence.

1.4 Objectives of the Study.

In order to understand the dynamics of these diseases caused by smoking, we utilize
mathematical modeling, which is essential for analyzing and understanding the changing
patterns of smoking behavior within a population over time. Differential equations are

5



widely used to model various natural and social phenomena, such as epidemic spread,
economic growth, and ecological interactions. In particular, differential equation-based
models have been extensively applied to study smoking initiation, progression, cessation by
incorporating factors like peer influence, public awareness campaigns, and governmental
policies and relapse process as well [10, 11, 17, 18, 23, 26, 27, 28, 29].

Several continuous variables, such as the rate of smoking initiation, cessation probability,
and relapse rate, can be studied together to develop a system of ordinary differential
equations and verify the accuracy of these models, it is essential to estimate key
parameters accurately, allowing for reliable predictions and the design of effective
tobacco control strategies.

Studentship period is a time when most behavioral traits are created and fixed; this is a
special time when students can start smoking [17]. This paper utilizes a mathematical
model to analyze the transmission of smoking behavior and its impact on the student
community, with the aim of assessing the prevalence of tobacco use among students. The
model consisting three non-linear ordinary differential equations is used to analyze the
equilibrium points, the basic reproductive number (𝑅0), their local stability, and their
global stability. The system is numerically solved using the fourth-order Runge-Kutta
method in Python. We considered to work on the real dataset [1, 4, 9] of 15 years and
above students for initial values and to predict the correct parameters which help to verify
the results.

1.5 Structure of the Thesis

The paper is structured as follows: In Section 1.6, data sources are mentioned that are used
to analyze student smoking patterns. Chapter 2 outlines the formulation of the proposed
model and determine its equilibrium points. In Chapter 3, the local and global stability of
both equilibrium points are investigated. In Chapter 4, the numerical simulations validate
our findings. Finally, in Chapter 5, the paper concludes with a summary of key insights.
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1.6 Source of Data

• Global Adult Tobacco Survey GATS 1 (2009-2010) [1]

• Statistics of School Education 2009-10 [2]

• Educational Statistics at a Glance 2012 [3]

• Global Adult Tobacco Survey GATS 2 (2016-2017) [4]

• All India Survey on Higher Education (2017-18) [5]

• Educational Statistics at a Glance 2018 [6]

• Youth in India 2022 [7]

• All India Survey on Higher Education (2016-17) [8]

• Global Youth Tobacco Survey (GYTS-4) India 2019 [9]
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Chapter 2

Approach of the Model

2.1 Assumptions of the Model

For this model, the following assumption has been taken into account:

• The model for 15 years and older is analyzed.

• It is assumed that the total population N(t) remains constant over time, which means
that every death in the population is offset by a corresponding birth among potential
smokers. The mortality rate 𝛼 is treated as a constant.

• The students who never smoked and are not looking for smoking are not considered
in the system.

2.2 Compartmentalization of the model

The students are categorized into three compartments based on their smoking status. This
categorization follows the SIR (Susceptible-Infected-Recovered) model, as illustrated in
Figure 1. The model is described by a system of three first-order nonlinear ordinary
differential equations. The total student population at any time t denoted by N(t), is
distributed in three compartments: 𝑦1(t), 𝑦2(t), and 𝑦3(t). This relationship is expressed
as:

𝑁 (𝑡) = 𝑦1(𝑡) + 𝑦2(𝑡) + 𝑦3(𝑡).
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The notation and corresponding interpretations for each compartmental variable are as
follows.

2.2.1 Compartment of Potential Smokers

The variable 𝑦1(𝑡) represents the population of potential smokers at any given time, refer-
ring to students who do not currently smoke but have the likelihood of becoming smokers
in the future. Students join this group at a natural birth rate 𝛼. Some students in this group
𝑦1(t) may leave due to natural death at a rate of 𝛼, while others may start smoking and
transition to the smoker group 𝑦2(t) at a rate of 𝛽/N.

2.2.2 Compartment of Current Smokers

The variable 𝑦2(𝑡) denotes the number of smokers at a given time, representing students who
are actively smoking. Potential smokers from the 𝑦1(t) compartment may start smoking and
join this group at a rate of 𝛽/N. Some smokers in 𝑦2(t) leave the group due to natural death
at a rate of 𝛼, while others quit smoking permanently and move to the 𝑦3(t) compartment
at a rate of 𝜇.

2.2.3 Compartment of Smokers who quit permanently

The variable 𝑦2(𝑡) denotes the number of smokers who permanently quit smoking at any
given time, 𝑦3(𝑡), represents those who have transitioned from the 𝑦2(𝑡) compartment by
quitting smoking at a rate of 𝜇. Some students in 𝑦3(𝑡) experience natural death at a rate
of 𝛼.
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Figure 2.1: A flow chart illustrating the compartmental classification and directional
transitions of students based on their smoking status.

Thus, the mathematical model of the compartments, as depicted in the flowchart in
Figure 1, is formulated as a system of three first-order nonlinear ordinary differential
equations.

d𝑦1
d𝑡

= 𝛼𝑁 − 𝛽𝑦1
𝑦2
𝑁

− 𝛼𝑦1, (2.1a)

d𝑦2
d𝑡

= 𝛽𝑦1
𝑦2
𝑁

− (𝛼 + 𝜇)𝑦2, (2.1b)

d𝑦3
d𝑡

= 𝜇𝑦2 − 𝛼𝑦3. (2.1c)
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Table 1 provides a list and description of the variables and parameters employed in the
model (2.1).

Table 2.1: Notations and descriptions of the variables and parameter utilized in the model

Variables /Parameters Description
𝑦1(t) The number of potential smokers at a given time t.
𝑦2(t) The number of smokers at a given time t.
𝑦3(t) The number of individuals who successfully quit smoking permanently.

c The mean number of interactions within a given time period.
p The likelihood of an individual 𝑦1

starting to smoke after interacting with a smoker.
𝜷 = 𝒑𝒄 Per capita influence rate.

𝜶 Per capita death Rate.
𝝁 Per capita recovery Rate.

𝑁 (𝑡) Population size at time t.

2.3 Points of Equilibrium

To determine the equilibrium points of system(2.1),

d𝑦1
d𝑡

= 0,
d𝑦2
d𝑡

= 0, and
d𝑦3
d𝑡

= 0

Equation (2.1) can be written as:

𝛼𝑁 − 𝛽𝑦1
𝑦2
𝑁

− 𝛼𝑦1 = 0, (2.2)

𝛽𝑦1
𝑦2
𝑁

− (𝛼 + 𝜇)𝑦2 = 0, (2.3)

𝜇𝑦2 − 𝛼𝑦3 = 0. (2.4)

from (2.3)
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(
𝛽𝑦1
𝑁

− 𝛼 − 𝜇

)
𝑦2 = 0

If 𝑦2 = 0, then substituting 𝑦2 in equation (2.4)
gives 𝑦3 = 0,
and substituting 𝑦2 in equation (2.2)
𝛼 ∗ 𝑁 = 𝛼𝑦1

results in 𝑦1 = 𝑁 .
Therefore, the equilibrium point is 𝐸0 = (𝑁, 0, 0).
If there are no current smokers 𝑦2(𝑡) = 0, then there will be no students who have quit
smoking 𝑦3(𝑡) = 0. As a result, potential smokers 𝑦1(𝑡) represent the entire student
population 𝑁 and remain stable, so

E0 = (𝑁, 0, 0) is the smoking-free equilibrium point.

If 𝑦2 ≠ 0, then from equation (2.3), it follows that:(
𝛽𝑦1
𝑁

− 𝛼 − 𝜇

)
∗ 𝑦2 = 0

𝛽𝑦1
𝑁

− 𝛼 − 𝜇 = 0

Now solving for 𝑦1,

𝑦1 =
𝑁 (𝛼 + 𝜇)

𝛽

Now, substituting the value of 𝑦1 from equation (2.2) gives:

𝛼𝑁 − 𝛽𝑦1
𝑦2
𝑁

− 𝛼𝑦1 = 0

=⇒ 𝛼𝑁 − 𝛽

(
𝑁 (𝛼 + 𝜇)

𝛽

)
𝑦2
𝑁

− 𝛼

(
𝑁 (𝛼 + 𝜇)

𝛽

)
= 0

=⇒ (𝛼 + 𝜇)𝛽𝑦2 = 𝛼𝑁 (𝛽 − 𝛼 − 𝜇)
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Now solving for 𝑦2,

𝑦2 =
𝛼𝑁 (𝛽 − 𝛼 − 𝜇)

𝛽(𝛼 + 𝜇)
Now, substituting 𝑦2 into equation (2.4) gives:

𝜇

(
𝛼𝑁 (𝛽 − 𝛼 − 𝜇)

𝛽(𝛼 + 𝜇)

)
− 𝛼𝑦3 = 0.

𝑦3 =
𝜇(𝛽 − 𝛼 − 𝜇)𝑁

𝛽(𝛼 + 𝜇) (2.5)

Therefore,

E1 =

(
N (α + µ)

β
,

αN (β −α − µ)
β(α + µ) ,

µ(β −α − µ)N
β(α + µ)

)
is endemic equilibrium point. It is biologically meaningful only when 𝑅0 > 1.
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Chapter 3

Stability Analysis

Stability analysis is a mathematical approach used to determine the behavior of a system’s
solutions over time, particularly in response to small perturbations or disturbances. It
assesses whether a system will return to equilibrium, remain in a bounded state, or diverge.

3.1 Basic Reproductive Number and Local Stability Anal-
ysis

Let,
𝑓1 = 𝛼𝑁 − 𝛽𝑦1

𝑦2
𝑁

− 𝛼𝑦1, (3.1a)

𝑓2 = 𝛽𝑦1
𝑦2
𝑁

− (𝛼 + 𝜇)𝑦2, (3.1b)

𝑓3 = 𝜇𝑦2 − 𝛼𝑦3. (3.1c)

𝐽 =


𝜕 𝑓1
𝜕𝑦1

𝜕 𝑓1
𝜕𝑦2

𝜕 𝑓1
𝜕𝑦3

𝜕 𝑓2
𝜕𝑦1

𝜕 𝑓2
𝜕𝑦2

𝜕 𝑓2
𝜕𝑦3

𝜕 𝑓3
𝜕𝑦1

𝜕 𝑓3
𝜕𝑦2

𝜕 𝑓3
𝜕𝑦3


The Jacobian matrix (J) associated with the system (3.1) is
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J =


−𝛽 𝑦2

𝑁
− 𝛼 −𝛽 𝑦1

𝑁
0

𝛽
𝑦2
𝑁

𝛽
𝑦1
𝑁
− (𝛼 + 𝜇) 0

0 𝜇 −𝛼


3.1.1 Local stability analysis of the Smoking Free Equilibrium 𝐸0:

Theorem 1. When 𝑅0 < 1, the equilibrium point 𝐸0, representing a smoking-free state in
2.1, is locally asymptotically stable. However, if 𝑅0 > 1, it becomes unstable.

Proof. The Jacobian matrix evaluated at the smoking-free equilibrium 𝐸0 is expressed as:

J(N, 0, 0) =


−𝛽 (0)

𝑁
− 𝛼 −𝛽 (𝑁)

𝑁
0

𝛽
(0)
𝑁

𝛽
(𝑁)
𝑁

− (𝛼 + 𝜇) 0

0 𝜇 −𝛼


𝐽 (𝑁, 0, 0) =


−𝛼 −𝛽 0
0 𝛽 − (𝛼 + 𝜇) 0
0 𝜇 −𝛼


For the eigen values,


−𝛼 − 𝜆 −𝛽 0

0 𝛽 − (𝛼 + 𝜇) − 𝜆 0

0 𝜇 −𝛼 − 𝜆


= 0

=⇒ (−𝛼 − 𝜆)2(𝛽 − (𝛼 + 𝜇) − 𝜆) = 0

leading to
(−𝛼 − 𝜆)2 = 0

𝜆 = −𝛼,−𝛼
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and
(𝛽 − (𝛼 + 𝜇) − 𝜆) = 0

𝜆 = (𝛽 − (𝛼 + 𝜇)

For all eigenvalues to be negative, the following condition must be satisfied:

𝛽 − 𝜇 − 𝛼 < 0 =⇒ 𝛽

𝛼 + 𝜇
< 1

therefore the Basic Reproductive Number is :

R0 =
𝛽

𝛼 + 𝜇

The basic reproductive number, denoted as 𝑅0, is a key epidemiological metric that rep-
resents the average number of secondary infections caused by one infected individual in a
fully susceptible population.

Mathematically, 𝑅0 helps assess the potential transmission of an infectious disease as
follows:

• If 𝑅0 > 1, the infection can propagate through the population, potentially causing an
outbreak.

• If 𝑅0 = 1, the disease persists at a stable level within the population.

• If 𝑅0 < 1, the infection will gradually decline and eventually disappear.

□

3.1.2 Local stability analysis of the Endemic Equilibrium 𝐸1:

The endemic equilibrium point 𝐸1 s represented in relation to the basic reproductive number
𝑅0 is:

(
𝑁
𝑅0
,
𝛼𝑁 (𝑅0−1)

𝛽
,
𝜇𝑁 (𝑅0−1)

𝛽

)
Theorem 2. When 𝑅0 > 1, the endemic equilibrium point 𝐸1 of System 1 is locally
asymptotically stable. However, if 𝑅0 < 1, it becomes unstable.
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Proof. The Jacobian matrix, computed at the endemic equilibrium 𝐸1, is expressed as:

J
(
𝑁
𝑅0
,
𝛼𝑁 (𝑅0−1)

𝛽
,
𝜇𝑁 (𝑅0−1)

𝛽

)
=


− 𝛽

𝑁

(
𝛼𝑁 (𝑅0−1)

𝛽

)
− 𝛼 − 𝛽

𝑁

(
𝑁
𝑅0

)
0

𝛽

𝑁

(
𝛼𝑁 (𝑅0−1)

𝛽

)
𝛽

𝑁

(
𝑁
𝑅0

)
− (𝛼 + 𝜇) 0

0 𝜇 −𝛼



J
(
𝑁
𝑅0
,
𝛼𝑁 (𝑅0−1)

𝛽
,
𝜇𝑁 (𝑅0−1)

𝛽

)
=


−𝛼𝑅0 −𝛽/𝑅0 0

𝛼(𝑅0 − 1) 0 0

0 𝜇 −𝛼



For the eigen values,


−𝛼𝑅0 − 𝜆 −𝛽/𝑅0 0

𝛼(𝑅0 − 1) −𝜆 0

0 𝜇 −𝛼 − 𝜆


= 0

=⇒ (𝛼 + 𝜆) ((𝑅0)𝜆2 + (𝑅2
0𝛼)𝜆 + 𝛽𝛼(𝑅0 − 1)) = 0

This leads to 𝜆1 = −𝛼, and

((𝑅0)𝜆2 + (𝑅2
0𝛼)𝜆 + 𝛽𝛼(𝑅0 − 1)) = 0
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Using quadratic equation,

𝜆2 =

(
−𝑅0𝛼

2 +
√︃
𝑅0𝛼(𝑅3

0𝛼−4𝛽𝑅0+4𝛽)
2𝑅0

)
,

and 𝜆3 =

(
−𝑅0𝛼

2 −
√︃
𝑅0𝛼(𝑅3

0𝛼−4𝛽𝑅0+4𝛽)
2𝑅0

)
and all above three eigen values are negative for 𝑅0 > 1 as follows.

1. Since 𝛼 > 0, therefore 𝜆1 is negative.

2. Let 𝜆2 < 0

=⇒
(
−𝑅0𝛼

2 +
√︃
𝑅0𝛼(𝑅3

0𝛼−4𝛽𝑅0+4𝛽)
2𝑅0

)
< 0

=⇒
√︃
𝑅0𝛼(𝑅3

0𝛼−4𝛽𝑅0+4𝛽)
2𝑅0

<
𝑅0𝛼

2

Squaring Both sides,

=⇒ 𝑅0𝛼(𝑅3
0𝛼−4𝛽𝑅0+4𝛽)

𝑅2
0

< 𝑅2
0𝛼

2

=⇒ (𝑅3
0𝛼 − 4𝛽𝑅0 + 4𝛽) < 𝑅3

0𝛼

=⇒ 4𝛽 < 4𝛽𝑅0

=⇒ 𝑅0 > 1

3. Similarly, 𝜆3 is negative for 𝑅0 > 1.

=⇒
(
−𝑅0𝛼

2 −
√︃
𝑅0𝛼(𝑅3

0𝛼−4𝛽𝑅0+4𝛽)
2𝑅0

)
< 0

=⇒
(
𝑅0𝛼

2 +
√︃
𝑅0𝛼(𝑅3

0𝛼−4𝛽𝑅0+4𝛽)
2𝑅0

)
> 0

=⇒
−
√︃
𝑅0𝛼(𝑅3

0𝛼−4𝛽𝑅0+4𝛽)
2𝑅0

<
𝑅0𝛼

2

Squaring Both sides,
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=⇒ 𝑅0𝛼(𝑅3
0𝛼−4𝛽𝑅0+4𝛽)

𝑅2
0

< 𝑅2
0𝛼

2

=⇒ (𝑅3
0𝛼 − 4𝛽𝑅0 + 4𝛽) < 𝑅3

0𝛼

=⇒ 4𝛽 < 4𝛽𝑅0

=⇒ 𝑅0 > 1

□

3.2 Global Stability Analysis

All model parameter values are assumed to be non-negative. To facilitate the analysis of
the mathematical model (2.1), the variables in the model are redefined.

𝑥1(𝑡) =
𝑦1(𝑡)
𝑁 (𝑡) , 𝑥2(𝑡) =

𝑦2(𝑡)
𝑁 (𝑡) , 𝑎𝑛𝑑 𝑥3(𝑡) =

𝑦3(𝑡)
𝑁 (𝑡) (3.4)

Substituting the time derivatives of system (3.4) using system (2.1) results in a newly
simplified system as follows:

d𝑥1
d𝑡

= 𝛼 − 𝛽𝑥1𝑥2 − 𝛼𝑥1, (3.5a)

d𝑥2
d𝑡

= 𝛽𝑥1𝑥2 − (𝛼 + 𝜇)𝑥2, (3.5b)

d𝑥3
d𝑡

= 𝜇𝑥2 − 𝛼𝑥3. (3.5c)

The total number of students remains fixed and does not change.

𝑦1(𝑡) + 𝑦2(𝑡) + 𝑦3(𝑡) = 𝑁 (𝑡)

Using the scaled model of system (2.1), the total student population is calculated.

𝑥1(𝑡) + 𝑥2(𝑡) + 𝑥3(𝑡) = 1
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Hence, the mathematically and biologically valid domain of system (3.5) is defined as

Ω = {(𝑥1, 𝑥2, 𝑥3)𝜖𝑅3
+ : 𝑥1 + 𝑥2 + 𝑥3 = 1}

The model retains both mathematical and biological validity provided that the following
key lemma is satisfied.

Lemma 1. The closed set Ω remains positively invariant under the dynamics of the system
(3.5).

Proof. Define 𝑧(𝑡) = (𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡))𝑇 , allowing the system (3.5) to be reformulated
as:

d𝑧(𝑡)
d𝑡

= 𝑓 (𝑧(𝑡)),

where 𝑓 (𝑧(𝑡)) = [𝛼 − 𝛽𝑥1𝑥2 − 𝛼𝑥1, 𝛽𝑥1𝑥2 − (𝛼 + 𝜇)𝑥2, 𝜇𝑥2 − 𝛼𝑥3]𝑇 .
Clearly, the feasible region Ω is a closed set, and the goal is to prove that if the initial
condition 𝑓 (0) ∈ Ω, the solution 𝑓 (𝑡) ∈ Ω for all 𝑡 ≥ 0.
Take 𝜕Ω consists four hyperspaces 𝑆1, 𝑆2, 𝑆3 and 𝑆4 such that

𝑆1 = {(𝑥1, 𝑥2, 0) : 𝑥1, 𝑥2 ∈ [0, 1], 𝑥1 + 𝑥2 ≤ 1},

𝑆2 = {(𝑥1, 0, 𝑥3) : 𝑥1, 𝑥3 ∈ [0, 1], 𝑥1 + 𝑥3 ≤ 1},

𝑆3 = {(0, 𝑥2, 𝑥3) : 𝑥2, 𝑥3 ∈ [0, 1], 𝑥2 + 𝑥3 ≤ 1},

𝑆4 = {(𝑥1, 𝑥2, 𝑥3) : 𝑥1, 𝑥2, 𝑥3 ∈ [0, 1], 𝑥1 + 𝑥2 + 𝑥3 ≤ 1}.

with outer normal vectors 𝑤1 = (0, 0,−1); 𝑤2 = (0,−1, 0); 𝑤3 = (−1, 0, 0); 𝑤4 = (1, 1, 1)
respectively.
If the dot product of f(z) and the normal vectors (𝑤1;𝑤2;𝑤3;𝑤4) of the boundary lines are
less than zero then z(t) ∈ Ω for all 𝑡 ≥ 0. i.e.;

𝑓 (𝑧(𝑡)) |𝑧(𝑡)∈𝑆1 · 𝑤1 = −𝜇𝑥2 + 𝛼𝑥3 ≤ 0

𝑓 (𝑧(𝑡)) |𝑧(𝑡)∈𝑆2 · 𝑤2 = 𝛽𝑥1𝑥2 − (𝛼 + 𝜇)𝑥2 ≤ 0

𝑓 (𝑧(𝑡)) |𝑧(𝑡)∈𝑆3 · 𝑤3 = 𝛼 − 𝛽𝑥1𝑥2 − 𝛼𝑥1 ≤ 0

20



𝑓 (𝑧(𝑡)) |𝑧(𝑡)∈𝑆4 · 𝑤4 = 0

This implies that all solutions of system (3.5) enter Ω. Therefore, the feasible region Ω

is positively invariant, indicating that system (3.5) is both mathematically and biologically
well-defined within Ω.

□

The Lyapunov function is defined as follows:

𝐿 (𝑥1, 𝑥2, 𝑥3) = 𝑣1(𝑥1 − 𝑥∗1)
2 + 𝑣2(𝑥2 − 𝑥∗2)

2 + 𝑣3(𝑥3 − 𝑥∗3)
2 (3.6)

where 𝑣1, 𝑣2 and 𝑣3 are positive constants.

The time derivative of 𝐿 (𝑥1, 𝑥2, 𝑥3) corresponding to the solution of the system (3.5) is
given by:

d𝐿
d𝑡

=2𝑣1(𝑥1 − 𝑥∗1)
(
d𝑥1
d𝑡

−
d𝑥∗1
d𝑡

)
𝑡 + 2𝑣2(𝑥2 − 𝑥∗2)

(
d𝑥2
d𝑡

−
d𝑥∗2
d𝑡

)
+ 2𝑣3(𝑥3 − 𝑥∗3)

(
d𝑥3
d𝑡

−
d𝑥∗3
d𝑡

)
d𝑥1
d𝑡

−
d𝑥∗1
d𝑡

= −𝛽𝑥1𝑥2 − 𝛼𝑥1 + 𝛽𝑥∗1𝑥
∗
2 + 𝛼𝑥∗1

d𝑥2
d𝑡

−
d𝑥∗2
d𝑡

= 𝛽𝑥1𝑥2 − 𝛽𝑥∗1𝑥
∗
2 − (𝛼 + 𝜇) (𝑥2 − 𝑥∗2)

d𝑥3
d𝑡

−
d𝑥∗3
d𝑡

= 𝜇(𝑥2 − 𝑥∗2) − 𝛼(𝑥3 − 𝑥∗3)

d𝐿
d𝑡

=2𝑣1(𝑥1 − 𝑥∗1) [−𝛼(𝑥1 − 𝑥∗1) − 𝛽𝑥1𝑥2 + 𝛽𝑥∗1𝑥
∗
2]+

2𝑣2(𝑥2 − 𝑥∗2) [𝛽𝑥1𝑥2 − 𝛽𝑥∗1𝑥
∗
2 − (𝛼 + 𝜇) (𝑥2 − 𝑥∗2)]+

2𝑣3(𝑥3 − 𝑥∗3) [𝜇(𝑥2 − 𝑥∗2) − 𝛼(𝑥3 − 𝑥∗3)]
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Adding and subtracting the term 𝛽𝑥∗1𝑥2 in the first and second square brackets gives:

d𝐿
d𝑡

=2𝑣1(𝑥1 − 𝑥∗1) [−𝛼(𝑥1 − 𝑥∗1) − 𝛽𝑥1𝑥2 + 𝛽𝑥∗1𝑥
∗
2 + 𝛽𝑥∗1𝑥2 − 𝛽𝑥∗1𝑥2]+

2𝑣2(𝑥2 − 𝑥∗2) [𝛽𝑥1𝑥2 − 𝛽𝑥∗1𝑥
∗
2 − (𝛼 + 𝜇) (𝑥2 − 𝑥∗2) + 𝛽𝑥∗1𝑥2 − 𝛽𝑥∗1𝑥2]+

2𝑣3(𝑥3 − 𝑥∗3) [𝜇(𝑥2 − 𝑥∗2) − 𝛼(𝑥3 − 𝑥∗3)]

Thus, it follows that:

d𝐿
d𝑡

=2𝑣1(𝑥1 − 𝑥∗1) [(−𝛼 − 𝛽𝑥2) (𝑥1 − 𝑥∗1) − 𝛽𝑥∗1(𝑥2 − 𝑥∗2)]+

2𝑣2(𝑥2 − 𝑥∗2) [𝛽𝑥2(𝑥1 − 𝑥∗1) + (𝛽𝑥∗1 − (𝛼 + 𝜇)) (𝑥2 − 𝑥∗2)]+
2𝑣3(𝑥3 − 𝑥∗3) [𝜇(𝑥2 − 𝑥∗2) − 𝛼(𝑥3 − 𝑥∗3)]

from where,

d𝐿
d𝑡

= − 2𝑣1(𝛼 + 𝛽𝑥2) (𝑥1 − 𝑥∗1)
2 − 2𝑣1𝛽𝑥

∗
1(𝑥1 − 𝑥∗1) (𝑥2 − 𝑥∗2)

2𝑣2𝛽𝑥2(𝑥1 − 𝑥∗1) (𝑥2 − 𝑥∗2) + 2𝑣2(𝛽𝑥∗1 − (𝛼 + 𝜇)) (𝑥2 − 𝑥∗2)
2

+ 2𝑣3𝜇(𝑥2 − 𝑥∗2) (𝑥3 − 𝑥∗3) − 2𝑣3𝛼(𝑥3 − 𝑥∗3)
2

Assuming that,

d𝐿
d𝑡

= 𝑁 (𝑉𝐴 + 𝐴𝑇𝑉𝑇 )𝑁𝑇 (3.7)

where 𝑁 = (𝑥1 − 𝑥∗1, 𝑥2 − 𝑥∗2, 𝑥3 − 𝑥∗3), 𝑉 = 𝑑𝑖𝑎𝑔(𝑣1, 𝑣2, 𝑣3) and

𝐴 =


−(𝛼 + 𝛽𝑥2) −𝛽𝑥∗1 0

𝛽𝑥2 𝛽𝑥∗1 − (𝛼 + 𝜇) 0

0 𝜇 −𝛼


(3.8)

22



Lemma 2. [13]The matrix 𝐴 is negative definite if

1. 𝐴11 < 0,

2. 𝐴11𝐴22 − 𝐴21𝐴12 > 0 and

3. 𝐷𝑒𝑡 (𝐴) < 0.

Proof. Clearly above all three conditions followed by both equilibrium points having values:

𝐴11 = −(𝛼 + 𝛽𝑥2)

𝐴11𝐴22 − 𝐴21𝐴12 = (−𝛼 − 𝛽𝑥2) (𝛽𝑥∗1 − (𝛼 + 𝜇)) − (−𝛽𝑥∗1) (𝛽𝑥2)

= −𝛼𝛽𝑥∗1 + 𝛼2 + 𝛼𝜇 − 𝛽62𝑥2𝑥
∗
1 + 𝛽𝑥2𝛼 + 𝛽𝑥2𝜇 + 𝛽2𝑥∗1𝑥2

= −𝛼𝛽𝑥∗1 + 𝛼2 + 𝛼𝜇 + 𝛽𝑥2𝛼 + 𝛽𝑥2𝜇

𝐷𝑒𝑡𝐴 = (−𝛼 − 𝛽𝑥2) ((𝛽𝑥∗1 − (𝛼 + 𝜇)) (−𝛼) − 0) − (−𝛽𝑥∗1) (−𝛽𝑥2𝛼 − 0) + 0

= 𝛼2𝛽𝑥∗1 − 𝛼3 − 𝛼2𝜇 + 𝛼𝛽2𝑥2𝑥
∗
1 − 𝛽𝑥2𝛼

2 − 𝛼𝛽𝑥2𝜇 − 𝛽2𝑥∗1𝑥2𝛼

det(𝐴) = −𝛼3 − 𝛼2𝜇 − 𝛼2𝛽𝑥2 + 𝛼2𝛽𝑥∗1 − 𝛼𝛽𝑥2𝜇

1. For the smoke-free equilibrium, given values: 𝛼 = 0.058, 𝛽 = 0.05, 𝜇 = 0.005,
𝑥2 = 0.66, and 𝑥∗1 = 1

(a) 𝐴11 = −(𝛼 + 𝛽𝑥2) = −(0.058 + 0.05 × 0.66) = −0.091 < 0

(b) 𝐴11𝐴22 − 𝐴21𝐴12 = −𝛼𝛽𝑥∗1 + 𝛼2 + 𝛼𝜇 + 𝛽𝑥2𝛼 + 𝛽𝑥2𝜇

= −0.058×0.05+(0.058)2+0.058×0.005+0.05×0.66×0.058+0.05×0.66×0.005

= 0.002833 > 0

(c) det(𝐴) = −𝛼3 − 𝛼2𝜇 − 𝛼2𝛽𝑥2 + 𝛼2𝛽𝑥∗1 − 𝛼𝛽𝑥2𝜇

= −0.0582×0.005−(0.058)3−0.0582×0.05×0.66+0.05×0.0582−0.05×0.66×0.005×0.058

= −0.000164314 < 0
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2. For the endemic equilibrium, given values: 𝛼 = 0.058, 𝛽 = 2.3, 𝜇 = 0.005, 𝑥2 = 0.66,
and 𝑥∗1 = 0.027

(a) 𝐴11 = −(𝛼 + 𝛽𝑥2) = −(0.058 + 2.3 × 0.66) = −1. < 0

(b) 𝐴11𝐴22 − 𝐴21𝐴12 = −𝛼𝛽𝑥∗1 + 𝛼2 + 𝛼𝜇 + 𝛽𝑥2𝛼 + 𝛽𝑥2𝜇

= −0.058×2.3×0.027+(0.058)2+0.058×0.005+2.3×0.66×0.058+2.3×0.66×0.005

= 0.0956862 > 0

(c) det(𝐴) = −𝛼2𝜇 − 𝛼3 − 𝛼2𝛽𝑥2 + 𝛼2𝛽𝑥∗1 − 𝛼𝛽𝑥2𝜇

= −0.0582×0.005−(0.058)3−0.0582×2.3×0.66+2.3×0.027×0.0582−2.3×0.66×0.005×0.058

= −0.0055497996 < 0

Thus, the following conclusions are derived concerning the global stability of the
smoking-free equilibrium and the endemic equilibrium.

□

Theorem 3. If 𝑅0 < 1, the smoking-free equilibrium 𝐸0 of system (3.5) is globally stable
in Ω.

Proof. Lemma 2 ensures the global stability of the smoking-free equilibrium in system
(3.5). □

Theorem 4. If 𝑅0 > 1, the endemic equilibrium 𝐸1 of system (3.5) is globally stable in Ω.

Proof. Lemma 2 guaranteed that the endemic equilibrium of the system (3.5) is globally
stable. □

24



Chapter 4

Numerical Simulation

The study of dynamical systems often involves visualizing their evolution using phase por-
traits. A phase portrait is a visual depiction of the paths followed by a dynamical system
within the phase plane. It illustrates how the system evolves over time from different initial
conditions, showing the stability and behavior of the equilibrium points.[30]

The following information are considered from the report of the Global Adult Tobacco
Survey India 2009-10[1] and the Global Adult Tobacco Survey 2 India 2016-17[4] and it
is found that,

Year 𝑦1 (𝑡) (%) 𝑦2 (𝑡) (%) 𝑦3 (𝑡) (%)
2009-10 0.95 66.63 32.42
2016-17 3.31 73.05 23.63

Table 4.1: Values of 𝑦1(𝑡), 𝑦2(𝑡), and 𝑦3(𝑡) for different years

The data of 2009-10 are taken as an initial value and parameters 𝛼 = 0.058, 𝛽 = 2.3 and
𝜇 = 0.005 validate the proposed mathematical model that is for 𝑅0 > 1. Python software
is used to program the following plots for the numerical simulation of system (1):
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Figure 4.1: Phase portrait of Potential smokers 𝑦1 vs Current smokers 𝑦2

Figure 4.2: Phase portrait of Smokers who quit permanently 𝑦3 vs Potential smokers
𝑦1
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Figure 4.3: Phase portrait of Current smokers 𝑦2 vs Smokers who quit permanently
𝑦3

Figure 4.4: Phase portrait of non linear ODE system (1)
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Figure 4.5: Numerical simulation of system (1) for seven years from 2009-10 to 2016-17.

In Figure 4.5, t=0 shows the data of year 2009-10 and after seven years that is t=7 shows
the data of year 2016-17.
Moreover, this indicates that the population of current smokers rises while the number of
individuals who quit smoking permanently declines over time.
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Figure 4.6: Dynamics of system (1) for the endemic equilibrium point.

Based on Figure 4.6, as time progresses, the potential smoker population converges to
2.74 ≈ 3, the current smoker population to 89.54 ≈ 89, and the population of smokers
who quit permanently to 7.72 ≈ 8. This implies that the endemic equilibrium 𝐸1(3, 89, 8)
is asymptotically stable when 𝑅0 = 36.5 > 1.
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Figure 4.7: Dynamics of system (1) for the smoking-free equilibrium point.

Based on Figure 4.7, as time progresses, the potential smoker population converges to
𝑁 = 100, while both the current smoker population and the population of smokers who quit
permanently approach zero. This suggests that the smoking-free equilibrium 𝐸0(100, 0, 0)
is asymptotically stable when 𝑅0 = 0.79 < 1.
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Chapter 5

Discussion

5.1 Conclusion

• The proposed model of Giving up Smoking has two equilibria, namely the Smoking-
free equilibrium and the Endemic equilibrium that is Smoking - present equilibrium.

• When the Basic reproductive number is below one, that is a single current smoker
produces less than one new tobacco smoker then the population of smokers decreases
over time.

• When the Basic reproductive number is more than one that is a single current smoker
produces more than one new tobacco smoker then the smoking population persists.

• The condition of students of India is very dreadful as these lies under endemic
equilibrium.

• Since any nation wants their youth smoking free and for this 𝑅0 should be less than
one which is practically very difficult to achieve.

Hence, this study introduces a nonlinear mathematical model to analyze the spread of
smoking among students and concludes that reducing the contact rate below the natural
death rate (𝛼) can lead to a decline in the number of smokers.
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5.2 Future Scope

This study further suggests to classify students into more compartments such as active
smokers, occasional smokers and recovered smokers who may relapse to obtain more
significant results.Control programs can be implemented to analyze their impact on the
progression of smoking spread.
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