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Abstract

The main aim of this thesis is to study generalizations of UN and VNL rings, as well as
group rings. As an introduction to this thesis, the introductory chapter collects literature
and definitions relevant to each concept that are used throughout this thesis.

Célugareanu in [7] introduced and investigated UN rings. A ring R is called UN ring
if every non unit of it can be written as product of a unit and a nilpotent element. We carry
his study of UN rings further. We have focused on UN group rings. In our study of UN
group rings, necessary and sufficient conditions for group ring RG to be UN have been
obtained.

We have studied a generalization of the class of UN rings, called UQ rings. A
ring R is called UQ ring if every non unit element of R can be represented as a product
of a unit and a quasiregular element. Various properties of these rings along with its
characterizations are obtained and examples are provided to show that the class of UQ
rings properly contains classes of UN rings, J-UN rings and 2-good rings. In study of UQ
group rings, necessary and sufficient conditions for commutative group ring RG to be UQ
have been established.

An element a of R is called SWR if a € aRa’R. A ring R is called an almost SWR
if for any a € R, either a or 1 — a is SWR. The class of almost SWR rings properly
contains the classes of SWR and abelian VNL rings. Various properties of almost SWR
are obtained. We provide characterizations of almost SWR rings. Further, we study SWR
group rings and almost SWR group rings.

If a ring, R, satisfies the condition that its every proper homomorphic image has a
certain property P, then the ring R is called restricted P ring. This has motivated us to
introduce and investigate a new class of rings called semiboolean neat rings. The ring R
is semiboolean neat provided that every proper homomorphic image of R is semiboolean.
The class of semiboolean neat rings lies strictly between the classes of nil neat and neat
rings. We obtain characterizations of semiboolean neat rings. Moreover, commutative

semiboolean neat group rings have also been studied.

X1



Xii Abstract

A ring R is said to be weakly g(x)-invo clean if each element of R is either a sum
or difference of an involution and a root of g(x). This class is a proper subclass of
weakly g(x)-clean rings and a generalization of g(x)-invo clean rings. Various proper-
ties of weakly g(x)-invo clean rings are given. We determine necessary and sufficient
conditions for skew Hurwitz series ring (HR, @) to be weakly g(x)-invo clean, where « is
an endomorphism of R.

Finally, the last chapter summarizes the thesis with a brief conclusion and discusses

some future prospects.
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Chapter 1
Introduction

Group rings are very interesting algebraic structures. It is a meeting point of various
algebraic theories. Group ring is denoted by RG. In the group ring RG, R can be regarded
as a subring of RG and G a subgroup of U(RG), the group of units of RG. Thus group rings
is a generalization of both, rings and groups. Besides the obvious relationship with group
theory and ring theory, the study of group rings involves the theory of fields, linear algebra
and algebraic number theory. Group rings exhibits applications in algebraic coding theory.
Thus, the theory of group rings provides a subject where many branches of algebra come
to a rich interplay. The study of group rings for group representation and the structure
of group algebras was started in 1930’s. The subject gained importance of its own after
the inclusion of questions on group rings in I. Kaplansky’s famous list of problems in the
theory of rings ([30; 131]]). Other important facts to stimulate the area were the paper by
I.G. Connell [17], the inclusion of chapters on group rings in the books on ring theory
by Lambek [40] and Ribenboim [56], and the two self contained books by Passman ([S3;
S4]). Since then, many survey articles have appeared and many books on the subject have

been published.

1.1 Chapter-wise overview of the thesis

In this section, we give a brief overview and organization of the thesis. In chapter 2, we
discuss basic definitions, some known results and other preliminaries which are necessary
for the development of the work done in the succeeding chapters.

In chapter 3, we study the structure of UN rings and group rings. We obtain certain
properties of UN rings. We discuss lifting properties of UN rings modulo an ideal /.
We discuss the question raised by Calugdreanu [7]] that "is M, (R) over a UN ring R, also
UN?". We obtain that if R is commutative, then M, (R) is UN if and only if R is UN.
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Further, we investigate the structure of UN group rings. We first take up the case of group
algebra KG of a group G over a field K. It is obtained that if charK = 0, then KG can be
a UN ring if and only if G is trivial. If charK = p, then KG is a UN ring implies that the
group G must be a p-group and the converse holds if G is locally finite. We investigate
the structure of the group ring RG of a group G over an arbitrary ring R (which may not
necessarily be a field) and obtain the result that if RG is a UN ring then R is a UN ring, G
is a p-group and p € J(R); and the converse holds if G is locally finite.

In chapter 4, we introduce a new class of rings called U Q rings. Various properties
of these rings are obtained and examples are given to show that the class of UQ rings
properly contains the classes of UN rings, J-UN rings and 2-good rings. We obtain a new
characterization of 2-good rings, and it turns out that UQ rings with 2-good identity are
equivalent to 2-good rings. We discuss extensions of matrix rings. It is proved that the
formal matrix ring M,(R; s) over R is a UQ ring with quasiregular identity if and only
if R is a UQ ring with quasiregular identity and s € J(R). We determine necessary and
sufficient conditions for a commutative group ring RG to be UQ. Let G be an abelian
p-group with p € J(R) and R be a commutative ring. Then RG is a UQ ring if and only if
R is UQ. We also characterize UQ group ring if ring R is artinian.

In chapter 5, we introduce a new class of rings called almost SWR rings. This class
of rings is a generalization of SWR and abelian VNL rings. Various basic properties of
these rings are obtained and examples are given to show that the class of almost SWR rings
properly contains the classes of SWR, abelian VNL and weakly tripotent. It is proved that
aring R is almost SWR if and only if, for any SWR ideal I of R, R/I is almost SWR. We
characterize abelian almost SWR rings. It is proved that if e is an idempotent in an abelian
almost SWR ring R, then either eRe or (1 — e)R(1 — e) is SWR, but the converse holds if
R is an exchange ring. We prove that if RH is almost SWR for every finitely generated
subgroup H of G, then RG is almost SWR, but the converse of this result partially holds.
It is proved that if G = H = K is a semidirect product of finite subgroup H by a subgroup
K, then almost s-weakly regularity of RG implies almost s-weakly regularity of RK.

In chapter 6, we have investigated that, what happens if every proper homomorphic
image of R is semiboolean. So in this chapter, we introduce the concept of semiboolean
neat rings. Various properties of semiboolean rings have been investigated. It is proved
that a semiboolean neat ring which is not semiboolean is reduced. We prove that matrix
ring M,(A) is semiboolean neat if and only if A is a radical ring. We determine the
necessary and sufficient conditions for a commutative group ring RG to be semiboolean

neat.
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In chapter 7, we introduce a new class of rings called weakly g(x)-invo clean rings.
This class of rings is a proper subclass of weakly g(x)-clean rings and a generalization of
g(x)-invo clean rings. We obtain various properties of weakly g(x)-invo clean rings. Let
R be a commutative ring with 2N = 0. Then it is proved that R © N is weakly g(x)-invo
clean if and only if R is weakly g(x)-invo clean. We characterize weakly invo-clean rings
as weakly g(x)-invo clean rings where g(x) = x(x —a),a € C(R) N Inv(R). It is proved that
the ring of skew Hurwitz series (HR, @) is weakly g(x)-invo clean ring if and only if R is
weakly g(x)-invo clean ring. If we take identity endomorphism in skew Hurwitz series
ring, then we obtain ring of Hurwitz series to be weakly g(x)-invo clean ring.

The last chapter, chapter 8, summarises the thesis and then offers some insight into

the author’s views regarding the future direction of our research.






Chapter 2
Preliminaries

Throughout the thesis, R will denote an associative ring with identity 1 # 0, J(R) the Ja-
cobson radical of R and G a non-trivial group. Also all modules are unitary left R-modules
unless otherwise indicated. In this chapter, we provide some prerequisite material which
is required to understand the rest of the text. We use the notation and terminology of
Lam’s book [39], which we refer for noncommutative rings. And for group rings, we

refer to Connell [17] and Passman [54].

2.1 Ring Theory

The Jacobson Radical, J(R), of a ring R is the intersection of all maximal left (or right)
ideals of R. It is in fact a two sided ideal of R. Some of the properties of the Jacobson

radical are as follows.

e For x € R, the following statements are equivalent:

(i) x € J(R),

(i1) 1 — xyz € U(R), the group of units of R, for any x,z € R.
e Anelement x € R is a unit of R if and only if x + J is a unit of R/J.

e Let f: R — S be a surjective ring homomorphism, then

JUR)) € J(S),
with equality if ker f C J(R).

e Let/beanideal of Rand I C J(R), then J(R/I) = J(R)/I. In particular, J(R/J(R)) =
0.
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e For any direct product of rings [[ R;,

J([ &) =] ]/

e For any ring R and any n € N,

J(M,(R)) = M,(J(R)).

For proof of the above properties, an interested reader should see Lam [39]. We now

mention different types of nilpotency of an ideal / of a ring R.
Definition 2.1.1. An ideal I, of a ring R is called

(1) nilpotent, if I" = 0 for some n € N.

(2) locally nilpotent, if every finitely generated subring of I is nilpotent.

(3) nil, if every element of I is nilpotent.

The chain of containments is as follows:
nilpotent C locally nilpotent C nil C J(R).

Definition 2.1.2. A ring R is said to be

(1) left (right) artinian, if every descending chain of left (right) ideals in R has a mini-

mal element.
(2) semiprimary, if R/J(R) is artinian and J(R) is nilpotent.
(3) semilocal, if R/J(R) is artinian.

The chain of inclusions is as follows:
left (right) artinian C semiprimary C semilocal.

Definition 2.1.3. An ideal I of a ring R is said to be

(1) prime ideal, if I # R and for any ideals 1, I, of R,
LI, C I implies that either I, C I or I, C L.
(2) semiprime ideal, if for any ideal I, of R,

1,2 C I implies that I, C I.
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A prime ideal is always semiprime.
Definition 2.1.4. A ring R is said to be

(1) prime, if 1,1, = 0 implies that either I, = 0 or I, = 0, for any ideals I, and I, of R.
The above definition is equivalent to the definition of prime ring given by Lam as:

A ring R is prime if the (0) ideal is prime (see Lam [39, § 10]).

(2) semiprime, if R has no non-zero nilpotent ideal, or equivalently, if (0) is a
semiprime ideal (see Lam [39, § 10]).

Every prime ring is semiprime. The prime radical, P(R), of a ring R is the inter-
section of all prime ideals of R. An element a € R is called strongly nilpotent, if every

sequence ay, dy, as, ... such that a; = a and a;;, € a;Ra; (for all i) is ultimately zero.

Proposition 2.1.5. The prime radical, P(R), of a ring R is precisely the set of all strongly

nilpotent elements of R.
Proof. See Lambek [40, Proposition 1, page 56]. m|

So P(R) is a nil ideal, and hence P(R) C J(R).

2.2 UN Rings

An element e € R is said to be an idempotent, if ¢ = e. A ring R always has two trivial
idempotents namely O and 1. A ring R is called boolean, if every element of it is an
idempotent. Let / be an ideal of R, then we say that idempotents lift modulo /, if for an

idempotent 7 € R/I there exists an idempotent e € R such that 7 = e.
Proposition 2.2.1. Let I be a nil ideal in R, then idempotents can be lifted modulo I.
Proof. See Lam [39, Theorem 21.28] O

One of the active areas of research have been the rings whose elements can be written
as a sum/product of units/ idempotents/ nilpotent elements. Nicholson [48] developed the
idea of clean rings while studing the lifting of idempotents. An element a € R is called
clean, if it can be represented as a sum of an idempotent and a unit. A ring R is said to
be clean ring, if every element of it is clean. The homomorphic image of a clean ring is
clean and direct product of clean rings is clean. If R is clean, then the matrix ring M, (R)

is also clean (see [29, Corollary 1]). Some subclasses of clean rings are as follows.

Definition 2.2.2. A ring R is said to be
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(1) uniquely clean, if every element of it can be written uniquely as the sum of an

idempotent and a unit.

(2) strongly clean, if every element of it can be written as a sum of an idempotent and

a unit that commute.
(3) semiboolean, if R/J(R) is boolean and idempotents lift modulo J(R).

(4) nil clean, if its every element can be represented as a sum of an idempotent and a

nilpotent element.

(5) strongly nil clean, if its every element can be represented as a sum of an idempotent

and a nilpotent element that commute.
uniquely clean C semiboolean C clean.
strongly nil clean C nil clean C semiboolean C clean.
strongly nil clean C strongly clean C clean.

In clean ring, if we take the multiplication in place of addition, i.e., if every element
of a ring R can be represented as product of a unit and an idempotent, then we obtain the
well known class of unit regular rings. One can think of a multiplicatively analogue for
nil-clean rings, that is, rings in which every element is a product of an idempotent and a
nilpotent element. If we restrict ourselves to rings with identity, this class has no interest:
indeed, it is readily seen that such a ring cannot have identity (unless zero). Taking into
consideration the unit and nilpotent elements, Calugareanu and Lam in [8]] defined a ring
as fine ring, if every non zero element of a ring R can be written as a sum of a unit and a
nilpotent element. They proved that the class of fine rings is a proper subclass of simple
rings. Now, if in place of addition, the multiplication of unit and nilpotent elements is
taken into consideration, then, Calugareanu in [7|] defined UN ring. The simple artinian

rings are UN rings.

Definition 2.2.3. A ring R is called UN if every non-unit element of R is product of a unit

and a nilpotent element.

Any homomorphic image of a clean ring is again clean leads to the definition of a

neat ring. McGovern in [44] defined neat ring.

Definition 2.2.4. A ring R is said to be neat, if every non-trivial homomorphic image of

it is clean.
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Proposition 2.2.5. The following are equivalent for a ring R.
(1) R is neat.
(2) R/aR is clean for every nonzero a € R.

(3) For any collection of nonzero prime ideals {P;}jc; of R with I = Nje;P; different

than O we have R/1 is clean.
(4) R/aR is neat for every a € R.
(5) R/l is clean for every nonzero semiprime ideal.
Moreover, a homomorphic image of a neat ring is neat.

Proof. See [44, Proposition 2.1]. O

2.3 VNR Rings

Around 1935, John von Neumann in connection with his work on continuous geometry
and operator algebras, discovered von Neumann regular rings. For general background
and detailed information of von Neumann regular rings, one can see [26] and [32]. The
class of von Neumann regular rings is closed under homomorphic images, direct products,

and direct limits.

Definition 2.3.1. A ring R is said to be
(1) von Neumann regular (VNR) if for any a € R, there exists x € R such that a = axa;
(2) unit-regular if for any a € R, there exists an invertible u € U(R) such that a = aua;

(3) semiregular if for any a € R, there exist a regular element b € R such that a — b €

J(R) or equivalently, if R/ J(R) is regular and idempotents lift modulo J(R);

(4) right (left) weakly regular if for any a € R, there exist x,y € R such that a =

axay(xaya);
(5) s-weakly regular (SWR) if for any a € R, there exist x,y € R such that a = axa’y.

A ring R is said to be semiprimitive if J(R) = 0; and R is semisimple if R is artinian

and semiprimitive. We list below the well known inclusions:
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semisimple
U

unit-regular = VNR = semiregular.

U

semiprimitive
strongly regular = VNR — weakly regular.

Theorem 2.3.2. For any ring R, the following are equivalent:

(1) For any a € R, there exists x € R such that x = xax.

(2) Every principal left ideal is generated by an idempotent.

(3) Every principal left ideal is a direct summand of gR.

(4) Every finitely generated left ideal is generated by an idempotent.

(5) Every finitely generated left ideal is a direct summand of gR.

Proof. See [39, Theorem 4.23]. |

Since the condition given in Defintion [2.3.1((1) is left-right symmetric, the last four

conditions are still valid if we replace the word ‘left’ by ‘right’.

Definition 2.3.3. A ring R is called local if for any a € R, either a or 1 — a is invertible.

or equivalently, it has a unique maximal left (right) ideal.

A commutative ring with identity in which every prime ideal is contained in a unique
maximal ideal is called pm-ring. While studying pm-rings, Contessa discovered that a
commutative ring R with the property that for every a € R, either a or 1 — a is VNR,
is a pm-ring. She called the commutative rings with this property as von Neumann local
rings. Later noncommutative rings with this property were also called von Neumann local
rings. After Contessa, von Neumann local rings were studied by many authors, one can
see [IL1; 155 127]] and [51]].

Definition 2.3.4. A ring R is said to be:
(1) Von Neumann local (VNL) if for any a € R, either a or 1 — a is VNR.
(2) almost unit regular if for any a € R, either a or 1 — a is unit regular.

(3) feckly semiregular, if for any a € R, either a or 1 — a is semiregular.
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abelian VNL = almost unit regular = VNL.

semiregular = feckly semiregular

m
VNL.

2.4 Hurwitz Series and Skew Hurwitz Series Rings

Following F. keigher [33]], Hurwitz series ring over R is denoted by HR and the elements
of HR are functions f : N — R, where N is the set of natural numbers and f is a sequence

of the form (a,), with componentwise addition and the multiplication for each f = (a,),

n

g = (b,) € HR is defined as (a,)(b,) = (c,) where ¢, = Z{ Jambn_m for all n € N.
m=0

=\ m
Clearly, HR is a ring with identity 1 = (1,0,0,...). The concept of Hurwitz series rings

were extended by K. Paykan (see [55]). The skew Hurwitz series ring A = (HR, @) over
R and @ € End(R) is defined as follows: the elements of A = (HR, @) are the ordinary
function f : N — R with componentwise addition and the operation of multiplication for
each f,h € A is defined as

(R = [ " ]f(m)a'”(h(n —m))

m=0 \ M

for all » € N, where ( " is the binomial coefficient.

m

Define the mappings , : N — Rand /. : N — R by

1 x=n-1 , r x=0
L(x) = , L) =
0 x#n-1 0 x#0

respectively. It can be easily shown that A = (HR, @) is a ring with identity /; : N — R
defined as [;(0) = 1 and [;(n) = O forall n > 1.

Let Gg : R — A is a ring homomorphism defined as Gg(r) = l; for any r € R. The ring R
is then canonically embedded as a subring of A viar € A — [ € A. Also, letE¢ : A — R

is a ring homomorphism defined as Eg(f) = f(0) for any f € A. Note that Eg o Gg = 0.

2.5 Group Theory
In this section, we will take a look at some preliminary aspects of group theory.

Definition 2.5.1. A group G is called
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(1) periodic or torsion, if every element of it is of finite order.
(2) locally finite, if every finitely generated subgroup of it is finite.

Obviously, every locally finite group is periodic; whether the converse holds is the
famous Burnside’s problem. A more stronger condition than local finiteness is locally
normal. A group G is called locally normal, if every finite subset of it is contained in
a finite normal subgroup of G. A group G in which all the elements, except the identity
element, have infinite order is called torsion free, e.g., infinite cyclic group, Co, is a

torsion free group.

Definition 2.5.2. A group G is called a p-group, if the order of every element of G is a
power of the fixed prime p.

Note that every p-group is a torsion group.
Theorem 2.5.3. [57] If G is an abelian torsion group, then G is finitely generated.

Definition 2.5.4. The FC-center or FC-subgroup of a group G is the set of all elements
of G that have finitely many conjugates in G.

We denote the FC-center of G by A(G). It is easy to see that A(G) = {x € G||G :
Cs(x)| < oo}. If G = A(G), then G is said to be an FC-group. We denote the torsion
FC-group by A*(G), so A*(G) = {x € G||G : Cg(x)| < o0 and o(x) < oo}. If G = A*(G),

then G 1is locally normal.

2.6 Group Rings

The group ring, RG, of a group G over aring R is the set of all formal linear combinations

a:Zagg

geG

of the form

where a, € R and a, = 0 for all but finitely many, that is , only a finite number of
coeflicients are different from O in each of these sums. Sum of two elements in RG is
defined componentwise
a+f= (a,+byg.
g<G
And product is given by
af = Z azbpgh.

g,heG
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We can write the product af also as:

af = Zcqq

qeG

Cq = Z ayby,.

gh=q

where

It is easy to verify that, with the operations defined above RG is a ring with identity;

1= Zugg,

g=G

namely the element

where the coeflicient corresponding to the identity element of the group is equal to 1 and
u, = 0 for every other element g € G.

A product of elements in RG by an element A € R is defined as:
/l( Z agg) = Z(/lag)g.
geG geG

Again, with the operations defined above RG is an R-module. If R is commutative, then

RG is called the group algebra of G over R.

(I) Given an element @ = ) ; a,9 in RG, support of «, denoted by supp(a), is the
subset of elements in G that have nonzero coeflicient in the expression of «, i.e.,

supp(a) ={g € G : a, # 0}.

(2) The homomorphism w : RG — R given by
o 2, a9) = 24
geG geG

is called the augmentation map and its kernel, denoted by wG, is called the aug-
mentation ideal of RG. So we have RG/wG = R.

(3) Notice that if an element @ = 3} ;a,9 belongs to wG then w( 229¢G agg> =

2.ge6 49 = 0. So, we can write « in the form
a= Zagg— Zag = Zag(g— ).
geG geG geG
Thus the ideal wG is generated by the set{g—1:g € G,g # 1}.
If H is a subgroup of G, then we define wH as the left ideal of RG generated by

{1-h: h € H}. Inparticular, if H is a normal subgroup of G, then wH is a two sided ideal

of RG. For more results related to group rings, one can see [[1'7; 45] and [54]].
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Lemma 2.6.1. Let H be a normal subgroup of G, then RG/wH = R(G/H).

Proof. Let us define the mapping & : RG — R(G/H), as follows:
€D a,9) = ) a,(gH).
geG geG
Clearly it is an epimorphism. First we show that wH C ker(£). We have £[g(1 — h)] =
gH — ghH = 0. So g(1 — h) € ker(¢) for all g € G, h € H. Thus, wH C ker ().
Conversely, let @ = X ega,9 € ker(g). Let T be a transversal of H in G. We denote
by tH the image of € T in the quotient group G/H. So we have

0=¢&) = ZaggH = Z [Za,h]tH.

geG teT  heH

So, for all t € T we get Xjcpay, = 0, and hence X,cya,t = 0. Thus we have

a/:Zagg:ZZamth:ZZa,hth—Zamt:ZZa,ht(h— 1) € wH.

geG teT heH teT heH heH teT heH

From above we get ker(E) C wH. Therefore, ker(g) C wH, and hence RG/wH = R(G/H).

O

Lemma 2.6.2. Let [ be a two sided ideal of a ring R. Then IG = {}, e a,9 € RG : a, € I}
is a two sided ideal of RG and RG/IG = (R/I)G.

Proof. Any element in (IG)(RG) is of the form af, for some a = } sa,9 € IG and
B = Y 'nh € RG, where a, € I and r;, € R. Now

aff = Z Cqq-

qeG
where, ¢, = Zgh:q ayry € 1, because [ is an ideal of R. So o5 € IG, and hence (/G)(RG) C

IG. Similarly, we can show that (RG)(IG) C IG. Therefore, IG is a two sided ideal of
RG.
The mapping 6 : RG — (R/I)G, induced from the natural map ¢ : R — R/I gives us

that
G(Z asg) = Z(ag + g = Z a9 + 1G.
geG geG geG
So the ker(6) = IG, and hence RG/IG = (R/I)G. m|

Proposition 2.6.3. The group ring RG is VNR if and only if

(1) Ris VNR,
(2) G is locally finite, and

(3) the order of every element of G is invertible in R.

Proof. See Connell [[17, Theorem 3]. O



Chapter 3

UN Rings and Group Rings

A ring R is called UN ring if every non-unit of it can be written as product of a unit and
a nilpotent element. We obtain results about lifting of conjugate idempotents and unit
regular elements modulo an ideal I of a UN ring R. Matrix rings over UN rings are
discussed and it is obtained that for a commutative ring R, a matrix ring M,(R) is UN if
and only if R is UN. Lastly, UN group rings are investigated and we obtain the conditions
on a group G and a field K for the group algebra KG to be UN. Then we extend the
results obtained for KG to the group ring RG over a ring R (which may not necessarily
be a field).

3.1 Introduction

In last two decades one of the active areas of research have been the rings whose elements
can be written as a sum/product of units/ idempotents/ nilpotent elements. For example,
clean rings are those in which every element of the ring R can be written as sum of a
unit and an idempotent. If in place of addition, we take the multiplication, i.e., if every
element of a ring R can be written as product of a unit and an idempotent, then we obtain
the well known class of unit regular rings. Taking into consideration the unit and nilpotent
elements, Calugareanu and Lam in [8] defined a ring as fine ring, if every non zero element
of a ring R can be written as a sum of a unit and a nilpotent element. They proved that
the class of fine rings is a proper subclass of that of simple rings. Now, if in place of
addition, the multiplication of unit and nilpotent elements is taken into consideration,

then, Célugdreanu in [7] defined a ring R to be UN ring if every non-unit of R can be

15
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written as product of a unit and a nilpotent element. A non unit element x € R is called
Strongly UN if in its UN-decomposition, the unit and nilpotent commute.

In section 3.2, we discuss certain properties of UN rings. Lifting of various types
of elements modulo an ideal I have been studied by Khurana, Lam and Nielsen in [335]].
We discuss lifting properties of UN rings modulo an ideal /. It is pertinent to mention
here that the lifting properties like conjugate idempotent lifting and unit regular elements
lifting are considered modulo a two sided ideal in contrast to the exchange rings, where
idempotents lift modulo each left (right) ideal. Then we discuss the question raised by
Calugareanu [7] that "is M,(R) over a UN ring R, also UN?". We obtain that if R is
commutative, then M, (R) is UN if and only if R is UN.

In section 3.3, we focus on UN group rings. The group rings involving units and
idempotents to represent every element as sum (clean ring)/product (unit regular ring) of
these elements have been studied by many authors. So, our focus is on the group rings
involving units and nilpotent elements, i.e., fine rings and UN rings. A group ring RG can
never be a fine ring, because a fine ring is a simple ring and RG always has w(G) as its
proper ideal. So, we investigate the structure of UN group rings. We first take up the case
of group algebra KG of a group G over a field K. We obtain the result that if charK = 0,
then KG can be a UN ring if and only if G is trivial. If charK = p, then KG is a UN ring
implies that the group G must be a p-group and the converse holds if G is locally finite.
Next we investigate that what could be the characteristic of a UN ring R. We arrive at the
conclusion that the charR of a UN ring can be either O or p* and particularly in case of
group ring RG, the characteristic of R can not be 0. Then we investigate the structure of
the group ring RG of a group G over an arbitrary ring R (which may not necessarily be a
field) and obtain the result that if RG is a UN ring then R is a UN ring, G is a p-group and
p € J(R); and the converse holds if G is locally finite.

3.2 UN Rings

We list below some of the properties of UN rings in the form of the Lemma, which we

will require in the following sections.
Lemma 3.2.1. Let R be a ring, then the following statements hold:
(1) A UN ring is left-right symmetric ([7)], Proposition 1(3)).
(2) Homomorphic image of a UN ring is UN ([7], Proposition 3(1)).

(3) Let I be a nil ideal of R, then R is UN if and only if R/I is UN ([l67], Proposition
O(a)).
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(4) A UN ring has no nontrivial central idempotents ([67)], Proposition 0(c)).

(5) Every left or right regular element of a UN ring R is invertible, i.e., R is its own
classical ring of quotients ([67)], Proposition 0(f)).

The classes of local rings and UN rings are separate, some examples to this effect
can be found in [7]. We prove a theorem below and using it we get a result somewhat in

line with local rings.
Theorem 3.2.2. Let I < R, then the following are equivalent:
(1) R/Iis UN.
(2) R/I" is UN foralln € N.
(3) R/I" is UN for some n € N.
Proof. (1)=(2) Let I <R and R/I be UN. It can be seen that
R/I = (R/I")/I]T").

Since (I/1") is nilpotent in (R/I"), the result follows by Lemma [3.2.1{c).
(2)=(3) is evident.
(3)=(1) Let R/I" be UN for some n € N. As homomorphic image of a UN ring is UN
and
R/I = R/IN//T").

So we get that R/I is UN. O

By using the above Theorem we get a result for UN rings similar to the local rings
([39], Ex. 19.5).

Corollary 3.2.3. Let I < R such that I is maximal as a left ideal, then R/I" is a UN ring
foralln e N.

3.2.1 Lifting Properties

In this subsection we discuss about lifting properties of UN rings. We start with the

definition of isomorphic and conjugate idempotents in R.
Definition 3.2.4. Two idempotents e € R and f € R are called
e conjugate (written as e ~ f), if f = u”'eu for some u € U(R).

e isomorphic (written as e = f), if eR = fR as right R-modules.
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The well known results about isomorphic and conjugate idempotents are mentioned

below in the form of Lemmas.

Lemma 3.2.5. Let e and f be idempotents in a ring R, then following are equivalent
(1) e~ f.
(2) e= fand (1 —e) = (1 - f).

Lemma 3.2.6. Let e and f be idempotents in a ring R, then following are equivalent
(1) e=f.
(2) eR = fR as right R-modules.
(3) Re = Rf as left R-modules.
(4) e = ab and f = ba for some a,b € R.

We observe that if e be a non trivial idempotent in a UN ring R with e = ut for
some u € U(R) and t € N(R), then ¢ is unit regular with # = fut. And also f = fu is an
idempotent isomorphic as well as conjugate to e.

Let I < R, we say that idempotents lift modulo 7 if for any idempotent € € R/I there
exists an idempotent x € R such that ¥ = &. And conjugate idempotents &, f € R/I are

said to lift modulo 7 if there exit conjugate idempotents x and y in R such that X = € and
y=r.

Theorem 3.2.7. In a UN ring if idempotents lift modulo an ideal I, then conjugate idem-
potents lift modulo I.

Proof. Let R be a UN ring and I < R such that idempotents lift modulo /. Let e, f € R/I
be conjugate idempotents in R/l such that f = w'eii for some unit it € U (R/I). Since
idempotents lift modulo /, there exit idempotents x and y € R such that X = 2 and j = f.
Let pre image of it in R be v. As Ris UN, so if v ¢ U(R), then v = wt for some w € U(R)
and r € N(R). So,

i=0=wi=f=w've UR/
which is not possible. Thus, v € U(R) and hence pre-image of wleiis vl = z (say),

which is an idempotent conjugate to x and 7 = f. O

Theorem 3.2.8. Let R be a UN ring and I < R. Then unit regular elements lift modulo 1
if and only if idempotents lift modulo 1.
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Proof. Let R be UN and unit regular elements lift modulo /. Let € be an idempotent in
R/I. As idempotents are unit regular elements, so e lifts to a unit regular element, say
x € R, such that x = xvx for some v € U(R). By using the fact that x = xvx, it is a routine

calculation to check that
(x —v(x* = x))* = x — v(x* = x).
So y := x — v(x* — x) is an idempotent in R. Also as X = &, it can be easily seen that

X=xlx=xlx=ele=

S\I

Thus, we get (x> — x) € I, which implies that j = X = &. Hence ¢ lifts to an idempotent in
R.

Conversely, let idempotents lift modulo /. Let a € R/I be unit regular. It is well
known that a unit regular element is a multiple of a unit and an idempotent. So a = ue for
some it € U(R/I) and &* = &. By following the proof of above Theorem we get that
u lifts to some v € U(R) and by given hypothesis é lifts to some idempotent z € R. Thus,

a lifts to a unit regular element vz. O

3.2.2 UN Matrix Rings

In this subsection we discuss the question raised by Cdlugdreanu in [7] that "is M, (R)
over a UN ring R, also UN?". As introduced in [63]], a ring R is called a US-ring if every
non unit element of it can be written as product of a unit and a strongly nilpotent element.
An element x € R is called strongly nilpotent, if every sequence x = X, X1, Xp,- -+ such
that x;,; € x;Rx; converges to zero. It is evident that every strongly nilpotent element is
nilpotent but the converse may not hold good ([63, Example 1]). In case of a commutative

ring R, an element is strongly nilpotent element iff it is nilpotent.
Theorem 3.2.9. Let R be ring.

(1) If R is a US-ring, then M, (R) is UN.

(2) If M,(R) is UN, then C(R) is a US-ring.

Proof. (1) It is well known that M,,(R)/J(M,(R)) = M,(R/J(R)). Since R is a US-ring, by
[63, Theorem 1] we get that R/ P(R) is a division ring, and hence J(R) = P(R). Then by [7,
Corollary 7], M,(R/J(R)) = M,(R)/J(M,(R)) is UN. By using the fact that P(M,(R)) =
M,(P(R)), we obtain that

J(M,(R)) = M,(J(R)) = M,(P(R)) = P(M,(R))
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is nil. Thus, we have obtained that M, (R)/J(M,(R)) is UN and J(M,(R)) is nil. By Lemma
3.2.1)(c), we get that M, (R) is UN.

(2) Let M,(R) be UN. The center of M,(R) is C(M,(R)) = {al, : a € C(R)}, i.e., the
scalar matrices of the form al, for a € C(R). We have C(M,(R)) = C(R) by the mapping
f : C(R) » C(M,(R)) defined by f(a) = al,,a € C(R). Now the result follows from
[67, Proposition O(b)] and the fact that in a commutative ring, the nilpotent and strongly
nilpotent elements coincide.

O
Corollary 3.2.10. Let R be a commutative ring, then M,(R) is UN if and only if R is UN.

Corollary 3.2.11. [72l] Let R be a commutative ring, then M,(R) is UN if and only if R is
a local ring with J(R) nil.

A ring R is called 2-primal if R/I is a domain for every minimal prime ideal / of R.

It is well known in literature that for 2-primal rings P(R) = N(R).
Corollary 3.2.12. Let R be a 2-primal UN ring, then M,(R) is UN.

Since areduced UN ring is a division ring, we get the result obtained by Céalugareanu

in [7] as a corollary of the above Theorem.

Corollary 3.2.13. A simple Artinian ring is UN.

3.3 UN Group Rings

3.3.1 Group Algebra

First we take up the case of group algebra of a group G over a field K. If G is a finite
group, then let us denote by G, the following element of KG, G = 3 4¢G 9-

Theorem 3.3.1. Let K be a field and G be a group.
(1) If charK = 0, then KG is UN if and only if G = (1).

(2) If charK = p, then KG is UN implies that G is a p-group; the converse holds if G
is locally finite.

Proof. First of all we see that if KG is UN, then G is a torsion group irrespective of
whether characteristic of field KisOor p. Letg € G, then 1 —g ¢ U(KG). So 1 —g = ut
for some u € U(KG) and t € N(KG). If g # 1, then t # 0 and we can choose a positive
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integer k such that #* = 0 but 74~ # 0. Thus, we have (1 — g)t* Y = u* =0. So 1 — g is
a zero divisor in KG. Hence, the order of ¢ is finite ([17], Proposition 6).

(1) Let charK = 0. If G is a finite group, then |G|™! € K. So there would exist a
central idempotent |_<1}|G in KG, which is a contradiction to Lemma d). Hence, KG
can not be UN for a nontrivial finite group G. Now, let us consider the case of infinite
group. We observe that, again in light of Lemma[3.2.1(d), G can not be an abelian group.
So the only case left out is that G be a non abelian group. In view of Lemma [3.2.1((e) and
[[54], Theorem 3.13, page 54] G must be a locally finite group. As G is locally finite,
so KG is VNR ring and in particular J(KG) = 0. So, w(G) is not a quasi regular ideal.
Thus, there must exist an @ € w(G) such that 1 — a ¢ U(KG). Since KG is UN, we get
1 —a = ut for some u € U(KG) and t € N(KG). Applying augmentation map we get
w(l — @) = wut) = 1 = wW)w(t) = w(t) = w(u)™!, which is absurd. Thus in all the
above cases, for KG to be a UN ring, the group G must be trivial.

The converse part is straight forward, since every field is a UN ring.

(2) Let charK = p. If G is a finite group, then |G| # p’, because if it is so then
there would exist a central idempotent ﬁGA and hence contradicting Lemma d).
So, let |G| = p*m with (p,m) = 1. By Cauchy’s Theorem there exists an element g €
G of order p’ such that p'lm. As (1 + g+ ¢*> + ... + g?"")(1 — g) = 0, so we get
(1+g+g*+...4+g% D) = ut for some u € U(KG) and t € N(KG). Applying augmentation
map we get w(l + g+ ¢g> + ... + g7 V) = wut) = p’ = wWw(t) = w(t) = p'wl)™,
which is a contradiction, since p’ € U(K). Thus, G must be a p-group. Now let us
consider G to be an infinite group. If G is abelian, then G should be p-group, because
otherwise there would exist non trivial central idempotents in KG. If G is non abelian,
then following the method adopted for finite group, it can be shown that G is a p-group,
as desired.

Conversely, let G be a locally finite p-group and K be a field of characteristic p. By
[1'7, Proposition 16(i1)], w(G) is a nil ideal. As is well known that KG/w(G) = K, so
following Lemma [3.2.1c) we get that KG is a UN ring. O

3.3.2 Group Ring

Before taking up the group ring case, we discuss the characteristic of a UN ring and

obtain the following results below.

Lemma 3.3.2. Let R be a UN ring and n € 7Z, the set of integers. Then for an element
n € R, eithern € U(R) or n € N(R).
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Proof. If n ¢ U(R), then n = ut for some u € U(R) and t € N(R). This amounts to

u'lnu=tu= uw'(l+1+...+ Du = tu = n = tu. Thus, n is strongly UN and in
——————

n times
particular n € N(R). O
Lemma 3.3.3. Let R be a UN ring and charR = n, then either n = 0 or n = p®, for some
prime p and in this case p € J(R).

) _an

Proof. If n # 0, then we can write n = p{' p3°....p*, where p;’s are primes. Since n = 0 in
R, at least one of the p;’s is nilpotent in R. It can be easily seen that this is possible only
when k = 1. Thus, charR = p®. Now, if charR = p“, then p € N(R). Since, xp = px for
all x e R, we get xp € N(R) forall x € R. So, 1 —xp € U(R) for all x € R. Thus, p € J(R)
([39], Lemma 4.1). O

Now let us consider the group ring of a group G over an arbitrary ring R (which may

not necessarily be a field).

Theorem 3.3.4. Let R be a ring and G be a non trivial group. If RG is UN, then R is UN
of characteristic p®, G is a p-group and p € J(R); the converse holds if G is locally finite.

Proof. Let RG be UN, then by augmentation map w : RG — R, we obtain that R is a
homomorphic image of RG. So, by Lemma [3.2.1(b), R is UN. Going by the proof of
Theorem [3.3.1], it can be seen that G is a torsion group. Now let if possible charR = 0,
then by Lemma all n(# 0) € Z are invertible in R. Thus |g|"! € Rforall g € G.
Following the proof of Theorem [3.3.1, G can neither be a finite group nor an infinite
abelian group. Now, let G be an infinite non abelian group and let the order of an element
g(# 1) € G be m, for some positive integer m. So, we have that (1 + g + g*> + .... +
g" N1 -g)=0=1+g+g*+ ..+ g™V = ut for some u € URG) and t € N(RG)
=0l +g+g +...+9" V) = wut) = m = wWw() = w(t) = mw(u)™!, which
is not possible, since m € U(R). Thus, charR # 0. By Lemma [3.3.3] if charR # 0, then
charR = p®. In this case also following the proof of Theorem [3.3.1] we can arrive at the
result that G can not have p’ elements and hence, G is a p-group. By Lemma [3.3.3] we
get p € J(R).

Conversely, let R be a UN ring of characteristic p*, G a locally finite p-group and
p € J(R). By [17, Proposition 16(ii)], w(G) is a nil ideal. By augmentation map w :
RG — R, we observe that RG/w(G) = R. Because R is UN, we get RG is UN (by
Lemma 3.2.1{c)). O

Since an abelian torsion group is locally finite, for the commutative group rings we

get:
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Corollary 3.3.5. Let R be a commutative ring and G be a non trivial abelian group. Then,

RG is UN if and only if R is UN of characteristic p®, G is a p-group and p € J(R).

The above results resemble to the result obtained for local group rings by Nicholson
in [47]. But we give below group ring specific examples which show that a UN group

ring may not be local and a local group ring may not be UN.

Example 3.3.6. Let us consider the group ring RG, where R = My(Z,) (Z, be the ring
of integers modulo 2) and G = C, be a cyclic group of order 2. By the mapping ¢ :
Mz(Zz)Cz g Mz(ZzCz) d€ﬁﬂ€d by

P, (Aig) = (cip),

where c;j = Zk_ lag@gm and ag.) is the i-th row and j-th column entry of A,; it can be seen
that M,(Z,)Cy = My (Z,C»).
1 1+g¢

0 O
My(Z,Cy) = M5(Z,)C, = RG is not local. By [I7, Corollary 7], M,(Z,) is UN and thus by

Theorem[3.3.4)it follows that RG = M»(Z,)C5 is a UN ring.

Now e = [ ) is a non zero idempotent in M(Z,C,). And hence,

Example 3.3.7. Let R = Z,), i.e., the localization of the ring of integers at a prime ideal
generated by p and G = C, be a cyclic group of order p, where p is a prime. We consider
the group ring RG. By [47, Theorem], RG is a local ring.

It is well known that R is a domain and hence a reduced ring; but R is not a field.

Since a reduced UN ring is a division ring, we get that R is not UN. Thus, by Theorem

RG is not UN.






Chapter 4

On UQ rings

In this chapter, we introduce UQ rings. A ring R is called UQ if every non-unit element
of R can be represented as a product of a unit and a quasiregular element. We provide
various properties of UQ rings along with its characterizations. We give a new char-
acterization of 2-good rings, and it turns out that 2-good rings are precisely the rings in
which every element is a product of a unit and a quasiregular element. We discuss various
extensions of UQ rings such as Morita contexts, generalized matrix rings, formal matrix

rings, group rings efc.

4.1 Introduction

The class of UN rings has investigated in depth in [7] and [67]. In [66], 2-good rings
were introduced by Vamos. A ring in which every element is a sum of two units is called
2-good. In []], it has been observed that UN rings with 2-good identity are 2-good, and
asked a question to refine the inclusion {UN rings with 2-good identity } C{2-good rings},
i.e., find the classes C of rings such that {UN rings with 2-good identity }Cc C c{2-good
identity}. Responding to this question, Zhou in [72] gave an example that refines the
above inclusion by taking C = {rings: R/J(R) is UN}. For convenience, we call such a
class of rings a J-UN ring.

Motivated by papers [7;72], here, we introduce a new class of rings called UQ rings.

An element a € R is called quasiregular if 1 + @ is a unit in R.

Definition 4.1.1. A ring R is called UQ if every non-unit element of R can be represented

as a product of a unit and a quasiregular element.

25
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In section 4.2, we obtain various properties of UQ rings and examples are provided
to show that the class of UQ rings properly contains classes of UN rings, J-UN rings and
2-good rings. The subring of a UQ ring may not be UQ. It is shown that if R is UQ,
then the corner ring eRe is UQ for every idempotent e € R. But if corner rings eRe and
(1 — e)R(1 — e) are UQ, then R need not be UQ. We provide various characterizations of
UQ rings. We obtain a new characterization of 2-good rings, and it turns out that UQ rings
with 2-good identity are equivalent to 2-good rings. In section 4.3, we discuss extensions
of matrix rings. For a ring R and s € C(R), we characterize the generalized matrix ring
K (R) over R to be UQ ring with quasiregular identity. Moreover, we discuss that the
formal matrix ring M,(R; s) over R is a UQ ring with quasiregular identity if and only if
R 1s a UQ ring with quasiregular identity and s € J(R). If s = 1, then the matrix ring
M,(R) is a special case of the formal matrix ring M, (R; s). Section 4.4 is devoted for
the discussion of group ring RG to be UQ ring. We determine necessary and sufficient
conditions for a commutative group ring RG to be UQ. It is proved that for a commutative
ring R and an abelian group G, if RG is UQ, then R is UQ and G is torsion. The converse
holds if G is locally finite p-group where p € J(R) is a prime number. We prove that for
aring R with Q(R) identity and a finite abelian group G of exponent 2, the group ring RG
is UQ if and only if RC; is UQ. Also, we determine when the group ring is UQ for an

artinian ring.

4.2 On UQ Rings

We first recall some definitions. A ring R whose units are sums 1+n# for a suitable nilpotent
element n, is called UU ring. A ring R is UU if and only if every quasiregular element is

nilpotent. Recall that J(R) is the unique maximal left quasiregular ideal of R.
Example 4.2.1. (/) Every element in J(R) is UQ.

(2) Every element in N(R) is UQ.

(3) Alocal ring is a UQ ring.

(4) If R is UU ring, then R is UQ if and only if R is UN.

(5) Simple artinian ring is a UQ ring.

(6) A semilocal ring R with Q(R) identity is UQ.
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If a € R is a quasiregular element, then a = (1 + a) — 1 is 2-good. Since units can be

quasiregular, a quasiregular element may not be UQ:
0 1 -1 1
= Iz + .
11 1 0
Conversely, UQ elements may not be quasiregular:
-1 -1] |21 -1 -1
o o) (1t 1)1 1

is UQ but not quasiregular since

is not a unit.
If R is a UQ ring, then for any non-unit element @ € R we have a = uqg where
u € U(R) and g € Q(R). Since qu = u(u~'qu) where u € U(R) and u'qu € Q(R), so the

left-right symmetric definition is equivalent in a UQ ring.
Proposition 4.2.2. Ifa € R is a UQ element, then uav is UQ for any u,v € U(R).

Proof. Since a is UQ, a = wqg where w € U(R) and g € Q(R). Then uav = (uwv)(v™'qv)
with uwv € U(R) and v"'qv € Q(R). O

Lemma 4.2.3. (1) Any homomorphic image of a UQ ring is UQ.

(2) Any homomorphic image of a UQ ring with quasiregular identity is a UQ ring with

quasiregular identity.

Proof. (1) The result follows from the fact that every homomorphic image of a unit and a
quasiregular element is again a unit and a quasiregular element, respectively.

(2) It is similar to the proof of (1). O
Lemma 4.2.4. Let {R)},ca be a family of rings and R = [] jep Ra-

(1) The direct product R is a UQ ring with quasiregular identity if and only if R, for
all A € A, is a UQ ring with quasiregular identity.

(2) The direct product R is UQ if each R, A € A, is a UQ ring with quasiregular
identity.
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Proof. (1) (=) It follows from Lemma[4.2.3|
(<) Suppose that for all 2 € A, R, is a UQ ring with quasiregular identity. Then

for a non-unit element a, € R,, we have a, = u,q, for some u, € U(R))
and ¢, € Q. Let (aj,as,...,a,,...) be an element in R. If each a, is
a non-unit, then (aj,a,,...,a,,...) is a non-unit element in R. Thus we have
(ar,az,...,a3,...) = (U1q1,Uaqo, ... U Gas ... ) = (U, Uy s Upy e ) G15G2s ey Gas e -)

where (uy,up,...,uy,...) € UR) and (g1,92,...,q4,...) € Q(R). If some a, is a unit,
then (ay,a,,...,a,,...) 1s a non-unit in R. Since each R, is a UQ ring with quasiregu-
lar identity, so unit element a, = a,1 where a, € U(R,) and 1 is quasiregular identity.
Thus we obtain that (a;,a,...,a,...) = (U, uy,...,a,,...)(q1,92,..-,1,...) where
(U, upy...,ay,...) € UR). As (1,1,...,1,...) + (q1,92,---,1,...) = (1 + g1, 1 +
Qrs---32,...) €EUR), (q1,92,-.-,1,...) € O(R). Hence, R is a UQ ring with quasiregular
identity.

(2) It follows from (1) and by the fact that a UQ ring with quasiregular identity is a UQ

ring. O

If ring R, in Lemma 4.2.4]is a UQ ring without quasiregular identity, then the fol-

lowing example shows that Lemma4.2.4 need not be true.

Example 4.2.5. Let R = Z4 X Z4. Here, Z4 is a UQ ring without quasiregular identity.
Then R is not UQ because non-unit element (2,3) cannot be written as the product of a

unit and a quasiregular element in R.

Remark 4.2.6. (1) From above Example we also conclude that if corner rings
eRe and (1 — e)R(1 — e) are UQ, then R may not be UQ.

(2) The triangular matrix ring is not UQ. For example, T,(Z,).

(3) The subring of a UQ ring need not be UQ. For example, M,(Z,) is a UQ ring by
Example 421l However, the subring T,(Z,) is not UQ.

A ring R is called strongly n-regular if for every element a € R there exists a positive

integer n (depending on a) and an element x € R such that a" = a"'x.

Proposition 4.2.7. Let R be a strongly nt-regular ring with trivial idempotents. Then R is
a UQ ring.

Proof. Suppose that R is a strongly m-regular ring. Then by [6, Proposition 2.6], R is a
strongly clean ring. So R being strongly clean with trivial idempotents implies that R is
local. Thus R is a UQ ring. O
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In general, the converse of above Proposition is false which is shown in the

following example.

Example 4.2.8. Let R = {7 € Q | nis odd }. Then R is local. It follows that R is UQ.

However, since J(R) is not nil, R is not strongly n-regular.

Remark 4.2.9. If R is strongly n-regular ring R with Q(R) identity, then by [25, Theo-
rem 3], every element of R can be written as a sum of two units. Thus R is a 2-good ring.

Hence, R is a UQ ring.
Theorem 4.2.10. Let R be a ring. Then R is a UQ ring if and only if R/J(R) is UQ.

Proof. (=) By Lemmal4.2.3] it is obvious.

(=) Let R = R/J(R) be a UQ ring and @ € R\U(R). Then @ = ug where u € U(R)
and 7 € Q(R). We can write a = uq + j for some j € J(R). Then a = u(g + u~' j) where
ueUR)andg+u'je QR)since 1 +g+u'je UR)+ JR) = UR). O

Let I be an ideal of a ring R. If R is UQ, then the factor ring R/I is also UQ. In
general, however, the converse is not true. For example, let R = Z. Then for any prime p,
R/l = Z/pZ = 7Z, is UQ but Z is not UQ. The following corollary shows that this result

is true if / is contained in J(R).

Corollary 4.2.11. Let I be an ideal of a ring R with I C J(R). Then R is a UQ ring if and
only if R/l is UQ.

Let P(R) represents prime radical of R. The ideal P(R) is a nil ideal in R and so

P(R) € J(R). As aresult, we may immediately come to the following corollary.

Corollary 4.2.12. Let P(R) be a prime radical of R. Then R is UQ if and only if R/ P(R)
is UQ.

Corollary 4.2.13. Let R be a ring. Then R[[x]] is a UQ ring if and only if R is UQ.

Proof. (=) Suppose that R[[x]] is a UQ ring. It is evident that R[[x]]/(x) = R. By
Lemmal4.2.3] it follows that R is UQ.

(<) It is easy to show that R[[x]]/J(R[[x]]) = R/J(R). Since R is a UQ ring, R/J(R) is
UQ by Theorem 4.2.10l Then we obtain that R[[x]]/J(R[[x]]) is UQ. Hence, by Theo-
rem[4.2.10 R[[x]] is UQ. O

Theorem 4.2.14. Let R be a ring. Then R is a UQ ring with quasiregular identity if and
only if so is R/J(R).

Proof. 1t is similar to the proof of Theorem 4.2.10 O



30 On UQ rings

Proposition 4.2.15. Let ¢*> = ¢ € R. If R is a UQ ring, then eRe is UQ.

Proof. Note that eRe/J(eRe) = eRe C R where R = R/J(R). Since R is UQ, R/J(R) is
UQ by Theorem 4.2.10f Then we get that eRe/J(eRe) is UQ. Thus by Theorem 4.2.10
again, eRe is UQ. O

Remark 4.2.16. The converse of Proposition is not true since by Remark 1),
if corner rings eRe and (1 — e)R(1 — e) is UQ, then R may not be UQ.

If R is a UQ ring with quasiregular identity, then it is easy to see that R is a UQ ring

with a 2-good identity but the converse is not true. For example, consider M;(Z,). Then
1 0 11 0 1

= +
01 0 1 11

is not a unit in M»(Z,). Thus M,(Z,) is a UQ ring with a 2-good identity

1 0
the identity ( 01 ] € M,(Z,) is the sum of two units, i.e.

(2 0
but

0 2
but not a UQ ring with quasiregular identity. The following theorem provides a new

characterization of 2-good rings.

Theorem 4.2.17. Let R be a ring. Then the following statements are equivalent:
(1) Ris a UQ ring with a 2-good identity.
(2) Ris a2-good ring.

(3) Every element in R can be represented as a product of a unit and a quasiregular

element.

Proof. (1) = (2) Let a € R be a non-unit element. Then a = ug where u € U(R) and
q€ QOR). Soa=u(l+q)—u=uv—uwherev:=1+q € U(R). By hypothesis, we have
that the identity 1 = u+v. So u = ul = u* + uv where u?, uv € U(R). Hence, R is a 2-good
ring.

(2) = (1) Suppose that R is a 2-good ring. Then for a non-unit element a € R, we
have a = u + v where u,v € U(R). Then we can write a = —v(—v"'u — 1) = —vx where
x:= —v"'u — 1. Now we only need to show that x is quasiregular in R. Since u,v € U(R),
1 +x=-v"'ue UR). Thus R is a UQ ring.

(2) = (3) It follows from the proof (2) = (1) by taking an arbitrary element a € R.

(3) = (2) If a € R is an arbitrary element in the proof (1) = (2), then the result follows.

]
Now we prove that UQ rings are the generalization of J-UN rings.

Theorem 4.2.18. Let R be a ring. If R is a J-UN ring, then R is UQ.
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Proof. For any a € R, write @ = a + J(R) € R. Suppose that @ is a non-unit in R, then
@ =utwhereu € UR)and 7 € N(R). So a = ut+ j for some j € J(R). Thus a = u(t+u~"j)
with u € U(R) and t € N(R). Note that 1 + ¢+ u~'j € U(R) + J(R) = U(R). It implies that
t+u~'j e Q(R). Hence, R is a UQ ring. O

Remark 4.2.19. The converse of Theorem |4.2.18| is not true which is shown below in
Example 4.2.20(2).

We now obtain the following relation between rings.

UN ring — J-UN ring = UQ ring (= % UQ)
UNring with = J-UNring with = UQ ring with 2-good
2-good identity 2-good identity identity (2-good ring)

The following examples illustrate that the reverse implications of the above need not

be true.

Example 4.2.20. (1) Let R = Z, is the localization of Z at the prime ideal generated
by p. Then R/J(R) = Z, is UN. Thus, R is J-UN. But R is not UN.

(2) Let R = Zs X Zs. Since Zs is a UQ ring with a quasiregular identity, so its direct
product is a UQ ring with quasiregular identity by Lemma4.2.4] Thus R is UQ. But
Zs X Zs]J(Zs X Zs) = Zs X Zs is not UN. Hence, R is not J-UN.

(3) Let R = Z4. Then R is UQ ( J-UN, UN). But since the identity 1 cannot be written
as the sum of two units in R, R is a UQ (J-UN, UN) ring without 2-good identity.

(4) [72, Example 1] Let R = Q[[x]]. Then R is a J-UN ring with 2-good identity but R
is not UN with 2-good identity.

(5) [72, Example 1] Let R = M,(Z)(n > 2) is a UQ ring with 2-good identity (2-good
ring) but not J-UN ring with 2-good identity.

Remark 4.2.21. We now determine whether or not a UQ ring is Morita invariant, i.e.
whether the property of being a UQ ring is preserved by the Morita equivalence of rings.
Consider R = Z4 and S := M,(Z,). Then R is a UQ ring. By the Pierce decomposition,

[1 0] {0 o]
S =eSedeS(1-e)@d(1-e)Sed(1—-e)S(1—-e). Ife= and1l —e = A
00 0 1

theneSe =7Z,=eS(1—e)=(1-e)Se =(1-e)S(1 —e). So by Lemma4.2.4} the matrix

ring S is not a UQ ring. Thus, UQ rings are not Morita invariant.
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4.3 Extensions of Matrix Rings

Recall that a Morita context is a 4-tuple

M
) where R and S are rings, gk Mg and g Ng
are bimodules, and there exist context products M X N — Rand N x M — § written
R M
multiplicatively as (m, n) = mn and (n, m) = nm such that ( N ) 1S an associative ring

with the obvious matrix operations. Morita contexts were introduced in 1958 by Morita

[46]]. The readers are referred to [415 [59; 160] as well as the references there for detailed
M
information on the study on Morita contexts. A Morita context S is called trivial
N

if the context products are trivial, i.e., MN = 0 and NM = 0 (see[43]). A trivial Morita
context is also called the ring of a Morita context with zero pairings. The class of rings
of Morita contexts includes all 2 X 2 matrix rings and all triangular matrix rings. The
following example shows that the UQ property for Morita context with MN C J(R) and
NM C J(S) is not true.

Ly 24

Example 4.3.1. Let R = [ ] Then R/J(R) = Z, X Z,. Here, Z, is a UQ ring but

274 Zy
its direct product Z, X Z, is not UQ. It follows that R/ J(R) is not UQ. Thus R is not UQ.
R

N
NM C J(S). Then T is a UQ ring with quasiregular identity if and only if both R and S

are UQ rings with quasiregular identity.

M
Theorem 4.3.2. Let T = [ ] be a Morita context such that MN C J(R) and

Proof. (=) Suppose that T is a UQ ring with quasiregular identity. Then by Theo-
rem{@.2.14, T/J(T) is a UQ ring with quasiregular identity. By [60, Lemma 3.1], we have
that 7/J(T) = R/J(R) X S/J(S). Thus R/J(R) x S/J(S) is a UQ ring with quasiregular
identity. Then by Lemma {4.2.4] both R/J(R) and S/J(S) are UQ rings with quasiregular
identity and so are R and S by Theorem 4.2.14]

(&) If R and S are UQ rings with quasiregular identity, then using the similar theo-

rems, T is a UQ ring with quasiregular identity. O

R M
Corollary 4.3.3. Let E = T(R,S,M) = ( 0 s ) be a formal triangular matrix ring.

Then E is a UQ ring with quasiregular identity if and only if both R and S are UQ rings

with quasiregular identity.

Corollary 4.3.4. Forn > 2, T,,(R) is a UQ ring with quasiregular identity if and only if R
is a UQ ring with quasiregular identity.
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Proof. (<) Suppose that R is a UQ ring with quasiregular identity. Then by Theo-
rem[d.2.14] R/J(R) is a UQ ring with quasiregular identity. It is easy to see that

T,(R)/J(Ty(R)) =R/J(R)®R/J(R)&---®R/J(R). (%)

n

By Lemma [4.2.4] the right hand side of (%) is UQ with quasiregular identity. Then
T,(R)/J(T,(R)) is UQ with quasiregular identity. Thus by Theorem 4.2.14] T,(R) is a
UQ ring with quasiregular identity.

(=) Suppose that 7,,(R) is UQ with quasiregular identity. Then by similar theorems, R is
UQ with quasiregular identity. O

Consider R to be a ring and M to be a bimodule over R. Write T(R,M) =

a m
{( 0 } |la€eR,me M}, then T (R, M) is a subring of T'(R, R, M). The trivial extension
a

of Rand MisR cc M = {(a,m) | a € R,m € M} with addition defined componentwise
and multiplication defined by (a,m)(b,n) = (ab,an + mb). Then T(R,M) = R o« M
and T(R,R) = R[x]/(x*) where (x?) is an ideal generated by x*> in R[x]. Note that
J(Roc M) ={(a,m)|ae€ JR),me M}and URR < M) = {(a,m) |a € UR),m € M}.

Corollary 4.3.5. Let R be a ring and M a bimodule over R. Then the following statements

are equivalent:
(1) Risa UQ ring.
(2) Roc M is a UQ ring.
(3) T(R,M) is a UQ ring.
(4) Roec Risa UQ ring.
(5) T(R,R) is a UQ ring.
(6) R[x]/(x?) is a UQ ring.

Proof. (1) = (2) Suppose that R is a UQ ring. Then in view of Theorem R/J(R)
1s UQ. Since R «c M/J(Roc M) = R M/J(R) «x M = R/J(R), we get that R oc M/J(R o
M) is UQ. Thus by Theorem 4.2.10|again, R o« M is UQ.

(2) = (1) Note that R = R oc M/(0 oc M). Since R o« M is UQ, R is UQ by Lemma 4.2.3]
(1) © (4) It follows from (1) & (2).

(2) & (3) Note that T(R, M) = R o M.

(4) & (5) & (6) Note that R « R = T(R, R) = R[x]/(x?). O
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Consider R to be a ring and M to be a bimodule over R. Let R < M = {(a,m, b, n) |
a,b € R,m,n € M} with addition defined componentwise and multiplication defined by
(ay,my, by, ny)(az, my, by, no) = (araz, aymy +myaz, a1by +byay, ajny +mby +bymy +nyay).

Then R > M is a ring which is isomorphic to (R occ M) o< (R oc M). Let

a m b n
0 a 0 b
BT(R,M) = la,be R,m,ne M;.
0 a m
0 a

Then BT (R,M) = T(T(R, M), T(R, M)), and we have the following isomorphism as rings:
R[x,yl/(x*,y*) — BT(R,R) defined by

S o
o

a+bx+cy+dxyr—

S O O 9
S Q

a

Corollary 4.3.6. Let R be a ring and M a bimodule over R. Then the following statements

are equivalent:
(1) Risa UQ ring.
(2) R M isa UQ ring.
(3) BT(R,M) is a UQ ring.
(4) BT(R,R) is a UQ ring.

(5) R[x, y]/(x2,y2) is a UQ ring.

(6) R Risa UQ ring.

Given a ring R and an element s € C(R), the 4-tuple - becomes

a ring with addition defined componentwise and with multiplication defined by

a, x a x aa, + sx aix; + x1b
( b )[ 2 ] = ( 1 W2 a2 T . The ring is denoted by K (R).
yi b Yy by Yyia, +biyr  syix, + bib,

The element s is called the multiplier of K (R). The ring K (R) can be described as a spe-

R M
cial kind of Morita context. A Morita context NS withR=M =N =S iscalled a

generalized matrix ring over R. As observed by Krylov [38]], the generalized matrix rings

over R are determined by their multipliers, i.e., the central elements of the ring R. We
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prove that K(R) is a UQ ring with quasiregular identity if and only if R is a UQ ring with
quasiregular identity. If s = 1, then K;(R) is exactly the matrix ring M,(R) but K (R) can
be significantly different from M,(R).

Lemma 4.3.7. (1) [61 Lemma 2] Let R be a ring with s € C(R). Then J(Ky(R)) =

JR) M
[ M  J(R)
(2) [61, Lemma 14] Let R be a commutative ring with s € R and let A € K,(R). Then A is
a unit of Ky(R) iff det,(A) is a unit of R.

]where M ={xeR|sxeJR).

Theorem 4.3.8. Let R be a commutative ring with s € J(R). Then the following statements

are equivalent:
(1) Ris a UQ ring with quasiregular identity.

(2) Ky (R) is a UQ ring with quasiregular identity.

0
Proof. (2) = (1) Fora € R, let [ g 0 ] be a non-unit in K (R). Suppose that K (R) is

a UQ ring with quasiregular identity. Then there exist a unit

) and a quasiregular

. a 0 u 0 q 0
in K (R) such that 0 = . By Lemma 4.3.7,

0 0 1 00
uecUR)and 1 + g € U(R). Thus a = ug where u € U(R) and g € Q(R). Hence, R1s a

UQ ring with quasiregular identity.
(1) = (2) Consider a map ¢ : K(R) — R/J(R) X R/J(R) defined by

a x —
[ ]|—>(E,b).

element [ d

y b

Since s € J(R), we can easily verify that ¢ is a ring epimorphism. Thus K (R)/J(K(R)) =
R/J(R) X R/J(R). In view of Theorem 4.2.14 and Lemma 4.2.4] R/J(R) X R/J(R) is a
UQ ring with quasiregular identity, so is K(R)/J(K,(R)). Thus by Theorem 4.2.14] again,
K (R) is a UQ ring with quasiregular identity. O

According to Tang and Zhou [62]], for n > 2 and s € C(R), the n X n formal matrix
ring over R defined by s, denoted as M, (R; s), is the set of all n X n matrices over R with
usual addition of matrices and with multiplication defined as follows: for (a;;) and (b;;) in
M,(R; s),

(@i))(bij) = (ci)), where ¢;; = ) s™ayby;.
k=1
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Here 5ijk =1+ — 5,‘j - 5jk with i, 0
M,(R; s) is exactly the matrix ring, although generally it can be significantly different

ij»0jx the Kronecker delta symbols. If s = 1,

from M,(R). We obtain necessary and sufficient conditions for M,(R; s) to be UQ ring
with quasiregular identity.

Lemma 4.3.9. /62, Proposition 32] Let A € M, (R; s). Then A is a unit in M, (R; s) if and
only if det,A € U(R).

Theorem 4.3.10. Let R be a ring with s € C(R) N J(R). Then the following statements are

equivalent:
(1) Ris a UQ ring with quasiregular identity.

(2) M,(R;s) is a UQ ring with quasiregular identity.

0
Proof. (2) = (1) Fora € R, let [ g 0 ] be a non-unit in M, (R; s). Suppose that M,(R; s)

u 0
is a UQ ring with quasiregular identity. Then there exist a unit [ 01 ) and a quasireg-
0

u 0 qg 0 .
= . Following
0 0 1 00

Lemma 4.3.9| we obtain that u € U(R) and 1 + g € U(R). Then a = uq where u € U(R)
and g € Q(R). Hence, R is a UQ ring with quasiregular identity.

g 0]. a
ular element in M,(R; s) such that
00 0

(1) = (2) If n = 1, then M,,(R; s) = R. So in this case, there is nothing to prove. Suppose
that n > 1, and the result holds for M,_;(R;s). Let A = M,_1(R;s). Then M,(R;s) =

Mln
A M |. . . .
i1s a Morita context where M = : and N = ( My .. M,, ) with
N .
Mn—l,n
Xin
My =M, foralli=1,2,....,n—1.Forx=| : |eMandy=(yu...yp.1 )EN
xn—l,n
we have
Slenynl SX1nYn2 e S-xlnyn,n—l
SXn-1nYn1 SXpn-1nYn2 - Sz-xn—l,nyn,n—l
and

2 2 2 2
YX = S YmXin + S Yn2Xon + -+ S Ypn-1Xn-1n €S R e J(R)
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Thus we get that MN C J(A) and NM <C J(R). Then we obtain that
M,(R; s)/J(M,(R;s)) = A/J(A) X R/J(R). Since A and R are UQ rings with quasireg-
ular identity, by Theorem and Lemma 4.2.4] A/J(A) x R/J(R) is a UQ ring with
quasiregular identity. Thus M,(R; s)/J(M,(R; s)) is a UQ ring with quasiregular identity,

and so is M,(R; s) by Theorem O

Corollary 4.3.11. Let R be a ring. Then the following statements are equivalent:
(1) Ris a UQ ring with quasiregular identity.
(2) M,(R[[x]]/(x™); x) is a UQ ring with quasiregular identity.

Proof. (1) = (2) Note that (R[[x]]/(x™)/J(R[[x]]/(x™)) = R/J(R). Since R is a UQ ring
with quasiregular identity, R/J(R) is UQ with quasiregular identity by Theorem
It follows that (R[[x]]/(x™))/J(R[[x]]/(x™)) is UQ with quasiregular identity, and so is
R[[x]]/(x™) by Theorem Thus by Theorem (2) is proved.

(2) = (1) Consider a map ¥ : R[[x]]/(x™) — R defined by z//(f) = f(0). It can be easily
shown that ¢ is a ring epimorphism. So R is a homomorphic image of R[[x]]/(x™). Since
M, (R[[x]]/(x™); x) 1s UQ with quasiregular identity, R[[x]]/(x™) is UQ with quasiregular
identity by Theorem 4.3.10] Hence, R is a UQ ring with quasiregular identity. m|

4.4 Group Rings

In this section, we discuss group rings to be UQ rings. For a commutative ring and an

abelian group, we obtain the necessary conditions for group rings to be UQ.
Theorem 4.4.1. If RG is a UQ ring, then R is a UQ ring and G a torsion group.

Proof. First, we show that for a field K and a torsion-free group H, if KH is UQ, then H is
the trivial group. We prove this by contradiction, suppose that H is non-trivial and let / be
a non-identity element. So 1, 4, and h? are the distinct elements in H. It is known that KH
has only trivial units and are of the form kh' where k € K,k # 0,h € H, so quasiregular
elements of KH will be of form k' — 1. The element 1 + h+h?> € KH is a non-unit. Then
there exist k]h'1 € U(KG) where k| € K, h1 € H and kzh'2 — 1 € Q(KG) where k, € K,
h2 € Hsuchthat 1 + h + h? = klhll(kzh'2 -1 = k3h'3 - klh'l where k3 = kik, € K and
h3 = hlh2 € H but it is not possible since the K-linear sum of three distinct elements of H
can not be written as the K-linear sum of two elements of H. Thus, it follows that KH is
not UQ.

Now for proving the theorem, suppose that RG is UQ. Since R is a homomorphic
image of RG, R is UQ by Lemma 4.2.3] Let M be a maximal ideal of R and let 7(G)
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denotes the torsion subgroup of G. So R/M is a field and G/7(G) is a torsion-free group.
Since (R/M)(G/7(G)) is a homomorphic image of RG, so it is UQ by Lemma.2.3| Then
by the above claim, we have that G/7(G) is the trivial group. So G = 7(G) is a torsion

group. O
The converse of Theorem 4.4.1]is not true.

Example 4.4.2. Let RG = Z,C; = {0, 1, x, x4+ x+x51+x+ xz}. Here,
R =2, is a UQ ring and G = Cjs is a torsion group. However, RG is not a UQ ring since
the non-unit element 1 + x + x> € RG can not be written as a product of a unit and a

quasiregular element in RG.

If G 1s a locally finite p-group with p € J(R), then the converse of the above Theo-
rem holds.

Theorem 4.4.3. Let p € J(R) be a prime number. If R is a UQ ring and G a locally finite
p-group, then RG is UQ.

Proof. Suppose that G is a locally finite p-group with p € J(R). Then by [71, Lemma 2]
we have that wG C J(RG). Since R is UQ, and it is well known that RG/wG = R, RG/wG
is UQ. Then in view of Corollary 4.2.T1] RG is UQ. o

Combining the above Theorem 4.4.1] and Theorem [4.4.3] we obtain the following

characterization for a commutative group ring RG to be UQ.

Theorem 4.4.4. Let G be an abelian p-group with p € J(R) and R be a commutative ring.
Then RG is a UQ ring if and only if R is UQ.

Remark 4.4.5. For any non-trivial finite group G, the group ring ZG is not UQ.

If G is a finite abelian group with exponent 2, then the following theorem states that
RG is UQ if and only if RC, is UQ. To show this statement, however, we must first prove

a lemma.

Lemma 4.4.6. Let R be a ring with Q(R) identity. Then RC, is a UQ ring if and only if R
is UQ.

Proof. Since R is a ring with Q(R) identity, 2 € U(R). Then RC, = R X R. Following
Lemma [{.2.4] we get that RC; is a UQ ring with quasiregular identity. Hence, RC; is a
UQ ring. O

Theorem 4.4.7. Let G be a finite abelian group of exponent 2 and R be a ring with Q(R)
identity. Then RG is UQ if and only if RC, is UQ.



4.4  Group Rings 39

Proof. (=) Since RC, is a homomorphic image of RG, by Lemma4.2.3| RC, is UQ.
(<) Suppose that RC, is a UQ ring. If n > 1, then RCy = (RCy-1)C, and RCyu-1 =

(RC3:2)C,. Thus by induction and Lemma.4.6, RC, is UQ for all n > 0. Since RG is a

homomorphic image of RC»» for some n. Thus RG is UQ. O

We now obtain another characterization for a group ring to be UQ as follows:

Theorem 4.4.8. Let R be an artinian ring. Then RG is UQ if and only if (R/J(R))G is
Uo.

Proof. (=) Since (R/J(R))G is a homomorphic image of RG, by Lemmal4.2.3] (R/J(R))G
is a UQ ring.

(<) Let (R/J(R))G be a UQ ring. Then RG/J(R)G = (R/J(R))G is UQ. Since R is
an artinian ring, following [17, Proposition 3] we have J(R)G C J(RG). We consider a
ring epimorphism ¢ : RG/J(R)G — RG/J(RG) defined as:

Y(a + J(R)G) = a + J(RG), @ € RG.

Then by Lemma[.2.3] RG/J(RG) is UQ. Thus by Theorem4.2.10, RG is UQ. |

If G is a finite p-group and K is a field of char(K) = p > 0. Then in view of [39],
group algebra KG is local. Thus KG is UQ. The following proposition shows that group
algebra KG for a finite abelian group such that char(K) 1 |G| is a UQ ring.

Proposition 4.4.9. Let G be a finite abelian group. If K is an algebraic closed field with
quasiregular identity and char(K) 1 |G|, then KG is UQ.

Proof. Following [54] we have

KG=K®K®---0K.
Gl

Since K is a UQ ring with quasiregular identity, and by Lemma 4.2.4] the direct product

of UQ rings with quasiregular identity is UQ, we obtain that K@ K @ --- @ K is UQ. It

GI
follows that KG is UQ. O

If, in the above Proposition |4.4.9] K is without quasiregular identity, then group
algebra KG may not be UQ.

Example 4.4.10. By Example 4.4.2} consider RG = Z,Cs. Then Z, is UQ without
quasiregular identity and RG is not UQ.






Chapter 5

On Almost s-Weakly Regular Rings

We introduce almost s-weakly regular (SWR) rings. An element a of R is called SWR if
a € aRa’R. A ring R is called an almost SWR if for any a € R, either a or 1 — a is
SWR. We introduce almost SWR rings as the generalization of abelian VNL rings and
SWR rings. We provide various properties and characterizations of almost SWR rings.
We discuss various extension rings to be almost SWR. Further, we discuss SWR group

rings and almost SWR group rings.

5.1 Introduction

An element a € R is (strongly) VNR if there exists an element b € R such that a = aba
(ab = ba). A ring R is called (strongly) VNR if every element of R is (strongly) VNR.
Camillo and Xiao [9] investigated weakly regular rings. A ring R is weakly regular if
it is both right and left weakly regular. As a generalization of strongly VNR rings, in
[28]], Gupta introduced SWR rings. The class of SWR rings lies strictly between the class
of right (or left) weakly regular rings and strongly VNR rings. Contessa in [18], as a
common generalization of regular rings and local rings, introduced VNL rings for com-
mutative rings. VNL rings for noncommutative rings were studied by Chen and Tong [[15]].
Moreover, Grover and Khurana [27]] characterized VNL rings in the sense of relating them
to some other familiar classes of rings. For more information about VNL rings and their
related rings, one can see [13;[15;18; S1]and [69]].

The concept of SWR rings together with the notion of local rings gives motivation
for this chapter. In the present chapter, we discuss those elements where eithera or 1 —a

1s SWR. We introduce a new class of rings called almost SWR rings. The class of almost

41
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SWR rings is a proper generalization of the class of abelian VNL rings and SWR rings.

Our investigation is motivated by papers [15} 28]].

Definition 5.1.1. A ring R is said to be an almost SWR ring if, for any a € R, either a or
1 —ais SWR.

In section 5.2, we prove various properties of almost SWR rings, and some examples
are provided to show that the class of almost SWR rings properly contains the classes of
SWR, abelian VNL, and weakly tripotent rings. A two sided ideal / in a ring R is said to
be SWR ideal if each of its elements is SWR. We prove that a ring R is almost SWR if
and only if, for any SWR ideal I of R, R/I is almost SWR. We characterize abelian almost
SWR rings. It is proved that if e is an idempotent in an abelian almost SWR ring R, then
either eRe or (1 — e)R(1 — ) is SWR, but the converse holds if R is an exchange ring. In
section 5.3, we consider extensions of almost SWR rings such as triangular matrix rings,
trivial extensions, and so on. In section 5.4, we study semiperfect almost SWR rings. In
section 5.5, we prove that if RG is a commutative ring, then RG is SWR if and only if R
is SWR, G is locally finite and n € o(G) is a unit in R where o(G) is the set of orders of
all finite subgroups of G. Let KG be a group algebra over a field K satisfying a nontrivial
polynomial identity. If KG is SWR, then K is SWR and G is locally finite. It is proved
that if RH is almost SWR for every finitely generated subgroup H of G, then RG is almost
SWR, but the converse of this result partially holds. We prove thatif G = H < K is a
semidirect product of finite subgroup H by a subgroup K, then almost s-weakly regularity
of RG implies almost s-weakly regularity of RK. We show that for a finite group G, the
group ring RG need not be almost SWR. It is also proved that if R is a commutative local

ring and G an abelian p-group with p € J(R), then RG is almost SWR.

5.2 Basic Properties and Examples

We first recall some definitions. An element a of R is called tripotent if a®> = a and aring R

is tripotent if all elements in R are tripotent. In [23]], Danchev introduced weakly tripotent

rings. A ring R is weakly tripotent if any of its element a € R satisfies the equations a* = a

or a® = —a. Recall that a ring R is called abelian if each idempotent in R is central.
Remark 5.2.1. (1) Clearly, SWR and local rings are almost SWR rings.

(2) Every abelian VNL ring is an almost SWR ring.

(3) Every tripotent ring and weakly tripotent ring is an almost SWR ring.

(4) For a commutative ring, R[[x]] is almost SWR if and only if R is local.
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(5) Forn>2andn = [[1, p/ is a prime power decomposition, the ring Z, of integers
mod n is almost SWR if and only if (pq)* does not divide n, where p and q are

distinct primes.

(6) IfR =1{(q1,.92,....qn.a,a,...) | n>1,q; € Q,a € Zy)}, where Z) is the localiza-
tion of Z at prime ideal generated by 2, then R is an abelian VNL-ring with J(R) = 0

but not regular. Thus, R is almost SWR but not semiregular.

Thus, the class of almost SWR rings contains the classes of SWR, abelian VNL, and

weakly tripotent rings. Then, we have

Abelian VNL

U
SWR = Almost SWR

m
Weakly Tripotent

However, the following examples show that the reverse implication is not true.

Example 5.2.2. (1) Let R = Z4 be the ring of intergers modulo 4. Then, R is an almost
SWR ring but not SWR.

b
(2) LetR = {( g ] la,b e Zz}. Then,
a

o I I |

1
Ifr= ( 0 0 ) we can not find x, y in R such that r = rxr*y but we can easily verify

1 1
that1 —r = [ 01 ] is SWR. Thus, R is an almost SWR ring but not SWR.

(3) Let R = T>(Z,). Then, R is an almost SWR ring but not an abelian VNL because

idempotents are not central in R.

(4) Consider R = Z4. Then, R is an almost SWR ring but not weakly tripotent.

Example 5.2.3. Let xMg be a bimodule. If R is SWR and S is local, then T = ( 0 s

o)

is an almost SWR ring.
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a m
Proof. Letp = ( 0 b ] € T. Since S is local, b or 15 — b is invertible. Assume that b is

invertible. By hypothesis, a is SWR in R. So, we have a = axa’y for some x,y € R. Thus,

a m| [a m|[x —x(am+mb)b~? am2 y 0
ob) (oob]lo b2 ob)lo1)

It implies that g8 is SWR.

Assume that 15 —b is invertible. Since 1x—a is SWR, we have 1 —a = (1-a)z(1—-a)*w
l—-a -m

iIsSWRin T. O
0 1-b

for some z, w in R. Similarly, 17 — 8 = [

Now we elaborate some properties of almost SWR rings.
Proposition 5.2.4. The following statements are true for an almost SWR ring R.
(1) Every homomorphic image of R is almost SWR.
(2) The center of R is a VNL-ring.
(3) The corner ring eRe is almost SWR for every e* = e € R.

Proof. (1) It is straightforward.

(2) Let C(R) be the center of R and x € C(R). Since R is an almost SWR ring, either
xor 1 —xis an SWR element. If x is SWR, we have x € xRx’R = x°R implies immediately
that x = x(x*y)x with y € R and k > 1. Moreover, for every a € R, a(x*y) = x** ! (xa)y =
1M yx)ay = ¥ ya(xXFyx) = X 'y(ax) = (x**y)a. Hence, x*y € C(R). Similarly, if
1 —x € C(R) is an SWR element in R, then 1 — x is regular in C(R).

(3) Let a € eRe. Since R is an almost SWR ring, either a or 1 — a is SWR. If a is
SWR, we have a = axa’y for some x,y € R. Thus, a = eae = eaxa’ye = aexea’eye. It
follows that a is SWR in eRe. Similarly, if 1 —a is SWR in R, then e — a is SWR in eRe.

Hence, eRe is an almost SWR ring. m]
The following result follows immediately from Proposition [7.3.2(2).

Corollary 5.2.5. Let R be an almost SWR ring. Then, R is indecomposable as a ring if

and only if its center is local.

Remark 5.2.6. In [4], r-clean rings were studied by Ashrafi. A ring R is called r-clean
if for any element a € R, we have a = e + r where e is an idempotent and r is a regular
element in R. If R is an r-clean ring with no zero divisor, then by [4, Corollary 2.10], R is
local. Thus, R is an almost SWR ring.
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It can be easily verified that direct product of SWR rings is SWR if and only if all
factors are SWR. But we observe that the direct product of almost SWR rings may not be

an almost SWR ring.

Example 5.2.7. The ring Z, of integers modulo 4 is an almost SWR ring. But Z4 X Zy is
not an almost SWR ring. By choosing a = (2,3), we can easily show that neither a nor

1 —ais SWR, and we are done.
For the direct product of rings to be almost SWR, we prove the following theorem.

Theorem 5.2.8. Let R = [[cpo Ri. Then, R is an almost SWR ring if and only if there
exists Ay € A such that R,, is an almost SWR ring and for each A € A\Ay, R, is an SWR

ring.

Proof. Let x = (x,;) € R, A € A. By hypothesis, x,, or 1R40 — X3, 18 SWR in R,;. Assume
that x,, is SWR in R, then x is SWR.If 1z, —xy,is SWRin R, then I —xis SWRin R.

Conversely, suppose that R is an almost SWR ring. Then, R, is also an almost SWR
ring for every 1 € A by Proposition [7.3.2(1). Write R = R;, x S, where S = []R,,
A € I\Ay. If neither R, nor S is SWR, then there exist non SWR elements a € R;, and
b € §. Now choose r = (lm0 —a,b). Then, neither rnor 1 —r = (a, I — b) is SWR in R,
a contradiction. Thus, either R, or S is SWR. If § is an SWR ring, we are done. If S is

an almost SWR ring, the iteration of the previous technique completes the proof. O

Lemma 5.2.9. Let R be an abelian almost SWR ring. Then for every idempotent e € R,
either eRe or (1 — e)R(1 — e) is SWR.

Proof. Consider the Pierce decomposition

R eRe eR(1 —e)
L d=-eRe (1-eR1-¢) |

0
Suppose that a € eRe and b € (1 —e)R(1 —e) are not SWR. Then neither r := ( g L ]

] is an SWR element in R, which is a contradiction. O

nor (1 —r) = [
The example given below reveals that the converse of the Lemma[5.2.9]is false.

Example 5.2.10. Let R = {(¢1,92,--->Gn:2:2--.) | gi € Q,z € Z,n > 1}. Clearly, either
eRe or (1 — e)R(1 — e) is SWR for every e* = e € R. But R is not an almost SWR ring

because the homomorphic image Z of R is not almost SWR.
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An element a of R is said to be an exchange [48] if there exists an idempotent e € R
such that e € Ra and 1 — e € R(1 — a). A ring R is an exchange ring if and only if each
element of R is exchange. It is easy to show that a commutative almost SWR ring is an
exchange ring. The next result shows that the converse of Lemma [5.2.9] is true for an

exchange ring.

Theorem 5.2.11. Let R be an abelian exchange ring. Then R is almost SWR if and only if
either eRe or (1 — e)R(1 — e) is SWR for every e* = e € R.

Proof. The ‘only if” part follows by Lemma|5.2.9]

Conversely, suppose that R is an exchange ring. Then, for any a € R, we have an
idempotent e € R such thate € Raand 1 — e € R(1 —a). Then Ra + R(1 — e) = R and
Re + R(1 —a) = R. Thus, Rae = Re and R(1 — a)(1 —e) = R(1 — ¢). So, both ae and
(1 —a)(1 — e) are SWR. Since R is an abelian, eRe = Re. By hypothesis, if eRe is SWR,
then (1 — a)e is SWR. Therefore, 1 —a = (1 —a)e + (1 — a)(1 — e) is SWR. Similarly, if
(1 = e)R(1 — e) is SWR, then we can prove that a is SWR. |

Proposition 5.2.12. Let R be a commutative ring. Then R[x] is not an almost SWR ring.

Proof. Assume that R[x] is an almost SWR ring. Then R[x] being a commutative almost

SWR ring implies that R[x] is a VNL-ring, which contradicts [S1, Corollary 4.8]. m]
Lemma 5.2.13. Let R be a ring. If a — aza*w is SWR for some z,w € R, then a is SWR.

Proof. If a — aza*w is SWR, then there exist s, t € R such that
(a — aza*w)s(a — aza*w)*t = a — aza’w.

If we set x = saz—s+zand y = t—wsa’t+waza*wt—wsaza’waza*wt—za*wt+wsa’za*wt+w,

then it can be verified that axazy = a. Thus, a is SWR. O

Let R be an almost SWR ring and 7 an ideal of R. Then, clearly, R/I is almost SWR.
But in general, the converse of this result is not true (for example, let R = Z, where pis a
prime number, then R is almost SWR but Z is not almost SWR). The following theorem

gives another characterization of almost SWR rings.

Theorem 5.2.14. Let I be an SWR ideal of a ring R. Then, R is an almost SWR ring if
and only if R/I is almost SWR.

Proof. Suppose that R is an almost SWR ring. Then, by Proposition [7.3.2(1), R/I is
almost SWR.
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Conversely, suppose that R/I is almost SWR. Then, eithera+ [ or 1 —a +1is SWR.
Thus, there exist x, y, z, w € R such that either a—axa’y € I or (1—-a)—(1-a)z(1-a)*w € I.
Since I is an SWR ideal, either a — axa®y or (1 —a) — (1 —a)z(1 — a)*w is an SWR element
of R. If a — axa’y is SWR, then we have (a — axa’y) = (a — axa’y)t(a — axa*y)*s for
some t, s € R. By Lemma it follows that @ = aga®h for some g, h € R. Similarly,
if (1 —a)— (1 —a)z(1 —a)’*wis SWR, then we can show that 1 — a is SWR. O

In [28], Gupta introduced S(R) = {a € R | (a) is a SWR ideal in R}, which is the
unique maximal two sided SWR ideal of R, where (a) is the principal ideal of R generated
by a € R and proved that S(R/S(R)) = 0. Following [5], M(R) = {a € R | (a) is a
regular ideal in R} is the unique maximal two sided regular ideal of R. In [15], Chen and
Tong gave a characterization of abelian VNL rings through local rings. Analogously, we

characterize commutative almost SWR rings through local rings.

Proposition 5.2.15. Let R be a commutative ring. Then, R is an almost SWR ring if and
only if R/S (R) is a local ring.

Proof. Suppose that R/S (R) is a local ring. Then R/S (R) is an almost SWR ring. Thus,
by Theorem [5.2.14] R is an almost SWR ring.

Conversely, it is easy to see that a commutative almost SWR ring R is a VNL-ring.
Let I be a SWR ideal in R. Then, we have

S(Ry={a€R|arel,r € R}
={a € R|ar = (ar)x(ar)’y, x,y € I}
={a € R | ar = (ar)z(ar),z = x(ar)y € I}

= M(R).
Then, in view of [[15, Lemma 2.7], R/S (R) is local. O

The necessary conditions of Theorem [5.2.15]is not true for arbitrary rings, as shown

in the following example.

Example 5.2.16. Let R = T)(Z,). Then R is an almost SWR ring but R/S (R) is not local.
Since in view of [28, Theorem 10(4)], S (T»(Z,)) = 0. Then, R/S (R) = T»(Z,) is not local.

Proposition 5.2.17. Let L be some nonempty subset of R and (L), be a right ideal gener-

ated by L. Then, for a commutative ring R, the following are equivalent:
(1) Ris aalmost SWR ring;

(2) At least one of the element in L is SWR, whenever (L), = R.
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Proof. Foranya € R,letL ={a,1—a}. Since l =a+1—-a € (L),, (L), = R. Thus, either
aorl—ais SWR.

Conversely, if R is SWR, the result follows. Otherwise, suppose that R is an almost
SWR ring which is not SWR. Now there exist [, ,,...,[, in any nonempty subset L of
R with (L), = R such that yR + LR + --- + LR = R. Then, there exist r;,7,,...,r; € R
satisfying ;7 +lry+- - -+, = 1, and thus [, 7, + L7, +- - -+1,7, = 1 in R = R/S(R). And by
Proposition R is a local ring. It follows that there exists an I; such that [, € U(R);
thus, I, is SWR in R. So, I, = [.X(I,)*Jx for some %y, jx € R. Then I — Lxi(l)*yx € S(R),
it implies that [, — Lxe(L)*yx = (I — L)y a (e — Lexi(L)*yi)* by for some ay, by € R.
Thus, /; is an SWR element by Lemma O

The following proposition shows that an almost SWR ring R is the direct summand

of either r(a) or r(1 — a) for all a € R.

Proposition 5.2.18. If r(a) = r(b) and r(1 — a) = r(1 — b), for each a € R and b € Ra’R.
Then R is almost SWR if and only if either r(a) or r(1 — a) is direct summand.

Proof. Let a € R and r(a) be the direct summand. Then, we have an ideal / C R such that
R =r(a)®I. So, there existd € r(a) and b € I such thatd+ b = 1 and hence, a = ad + ab.
Thus, a = ab. Since Ra’R is a two sided ideal of R, b € Ra’*R. Thus, a is SWR. If (1 — a)
is direct summand. There exists an ideal J C R such that R = r(1 — a) @ J, then we can
prove that 1 —a is SWR.

Conversely, let for any a € R, either a or 1 — a is SWR. If a is SWR, then there
exists b = ta’s € Ra’R such that a = ata’s for some ¢, s € R. Then, a(l — ta’s) = 0, so
(1 — ta*s) € r(a). Thus, 1 = (1 — ta*s) + ta’s. Hence, R = r(a) + Ra*’R. Now suppose that
x € r(a) N Ra*R, then ax = 0 and x = ta’s for some t, s € R. Thus, ta’s € r(a) = r(b),
so bta’>s = 0. Then, bx = 0 and so, x = 0. Therefore, 7(a) N Ra>R = 0. Hence,
R = r(a)®Ra’R. Similarly, if 1—ais SWR, then we can deduce that R = r(1—a)+R(1-a)*R
and (1 —a) N R(1 —a)’R = 0. Hence, R = r(1 —a) ® R(1 — a)’R. o

5.3 [Extension Rings

We start this section with the necessary conditions for an upper triangular matrix ring to
be almost SWR.

The proof of the following lemma is easy.

Lemma 5.3.1. Let diag(a,, ay, . . ., a,) be the nXn diagonal matrix with a; in each entry on
the main diagonal. Then, diag(a,,ay, ... ,a,) is SWR in T,(R) if and only if a\, as, ..., a,
are all SWR in R.
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Theorem 5.3.2. If T,(R) is an almost SWR ring for some n > 2, then R is an SWR ring.

Proof. Let A =diag(a,1-a,1,...,1) € T,(R). Then I, — A =diag(1 —a,a,0,...,0). Since
T,(R) is an almost SWR ring, either A or I, — A is SWR. For any case, by Lemma [5.3.1}
a is SWR. Thus, R is SWR. O

The example given below shows that the converse of above Theorem [5.3.2] may not

be true.

31
Example 5.3.3. The ring T,(Ze) is not almost SWR because neither [ 0 3 J nor

10 31
- is SWR although Z¢ is an SWR ring.
01 0 3

Proposition 5.3.4. For any ring R and n > 4, T,,(R) is not an almost SWR ring.

Proof. By applying Proposition [7.3.2(3), we may assume that n = 4. Let C =

0 a ) ) 0 a 1 —a )
ol then neither diag(C,I, — C) = , nor diag(l, — C,C)

0 0 0 0 1

I - 0
[[ 0 1‘1 ]’( 0 :)l ]] is SWR. Hence, T,(R) is not an almost SWR ring for any n >

4. ]

Let A be aring and B a subring of ring A with 1, € B. We set
R[A,B] = {(c1,¢3...,¢cp,d,d...)|ci€e A,d € B,n > 1}
with addition and multiplication defined componentwise.
Theorem 5.3.5. The following statements are equivalent:
(1) R[A, B] is an almost SWR ring.
(2) Ais an SWR ring and B is an almost SWR ring.

Proof. Construct a homomorphism f : R[A, B] — B defined by
f(ci,¢2y... Cnd,d...) =d. Then, R[A, B]/kerf = B. Thus, B is an almost SWR ring by
using Proposition [7.3.2(1). If A is not an SWR ring, we have a non SWR element « € A.
Letx=(a,1-a,1,1,...) € R[A, B]. So,eitherxor1 —x=(1 —a,,0,0,...) € R[A, B]
is SWR. If x is SWR, so is @ € A, a contradiction. Hence, we conclude that A is an SWR
ring.

Conversely, for any (cy,c2,...,¢4d,d,...) € R[A,B] with each ¢; € A and

d € B. Since A is an SWR ring, we have ¢; = cit;ci’s; for some t;,s; in A
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and B is an almost SWR ring, then either d or 1 — d is SWR. If d is SWR, we
can find some g,h in B such that d = dgd*h. Thus, (ci,cs,...,Cpd,d...) =

(€1,Ca,vinCpdyd, .. Ytistoy . st GGy )(ClaCoy s Cpadody . )81, 82,y Sy BB, ).

This implies that (ci,¢3,...,¢n,d,d,...) € R[A,B] is SWR. If 1 — d is SWR,

we have 1 —d = (1 — dy(l — d)*z for some y,z in B. Thus, we get
(,1,....1,1,1,...)=(c1,¢cay ..., Cpd,yd, ... )=(1 —cy, 1 =co, ..., 1=, 1 =d, 1—d,...) €
R[A, B] is SWR. Therefore, R[A, B] is an almost SWR ring. O

Corollary 5.3.6. R[A, A] is an almost SWR ring if and only if A is an SWR ring.

Let R be a ring, then the trivial extension of R over R is
ROR ={(s,n)| s € R,n € R}

with componentwise addition and multiplication defined by (s, n1)(s2,12) = (s152, 115, +

a b
s11n3). Then, ROR is isomorphic to subring {[ 0 } |a,b e R} of T,(R).
a

Theorem 5.3.7. Let R be a ring. If ROR is an almost SWR ring, then R is almost SWR.

Proof. Let 6 : ROR — R be a canonical epimorphism. Then, we have ROR/0OR = R.
Hence, R is an almost SWR ring by Proposition D). O

Proposition 5.3.8. Foraring S andn > 2, R = T,(S). Then, ROR is not an almost SWR

ring.

00
Suppose that A is SWR, then there exist (X,Y), (V,W) € ROR such that

(C,L) = (C,L)X, Y)C,L)*V,W). Thus (X + CY)C?V + 2CXCV + CXC?W =

X X 1) U
L. Write X = P2y 2 (R oy o2 Y2 ad W
0 x3 0 ys 0 uvs
2

1 1 1 1
w2 . Then we obtain S + nob o0 +
0 w3 0 X3 0 0 0 Y3 0 0 0 U3
2

5 1 1 X1 X 1 1 v 0y 1 1 X1 X 1 1 w; wp
+ =
00 0 x3 00 0 uvs 00 0 x3 00 0 ws

1 0
( . ], we get a contradiction by comparing the (2, 2) entry of matrices on both side.

1 1
Proof. Assume that n = 2. Let A = (C,I) € ROR, where C = [ ]

0
Similarly, we can also show that (/,,0) — A is not SWR. Hence, T>(S)®T,(S) is not an

almost SWR ring.
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C1 a Dl ﬁ
Suppose that n > 3. Let C = D = € R, where

0 C2 0 D2
Ci,D; € T5(S). If (C, D) is SWR ring in ROR, then (Cy, Dy) is SWR in T5(S)OT,(S). As
T>(S)OT,(S) is not almost SWR, neither is ROR. O

The converse of Theorem does not hold, which is shown in the following

corollary.
Corollary 5.3.9. Let R = T,(Z,) be an almost SWR ring. Then, ROR is not almost SWR.

Proof. From Proposition ROR = T,(Z,)®T,(Z,) is not almost SWR. O

5.4 Semiperfect Almost SWR Rings

In this section, we consider the structure of semiperfect (see [10]) almost SWR rings.

Recall that a ring R is called reduced if R has no nonzero nilpotent elements.

Lemma 5.4.1. [27, Lemma 4.2]. Let e, and e, be two local idempotents of a ring R. Then,
either e|R = eR, or eiRe, C J(R) and e;Re; C J(R).

Proposition 5.4.2. Let R be a semiperfect ring with 1 = e + e, where ey, e, are or-
thogonal primitive idempotents. If R is almost SWR, then R is isomorphic to either of the
following:

(1) M»(C) for some reduced ring C.

A X
(2) [ v B ) where A is a reduced ring, B is a local ring and XY C J(A), YX C J(B).

A O
In particular, if J(R) = 0. Then, R is isomorphic to either M,(C) or ( : ] where A,

A
C are reduced and A, is a local ring.

Proof. Consider the Pierce decomposition

R = eiRe; eRe;
e2R61 €2R€2

If 4R = e5R, then R = M;(e1Rey), where e Re; is a local ring. By using Lemma
e1Re; is an SWR ring. Then in view of [28, Theorem 5], e;Re; is reduced. If e;R # e;R,
then e;Re, and e,Re; are contained in J(R) by Lemma Again by Lemma
either e;Re; or e;Re, is SWR. It follows that either e;Re; or e;Re; is a reduced ring. We

assume that e;Re; is a reduced ring. Note that e;Re;Re; C J(R) N ejRe; = J(ejRe;) and
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€2R€1R€2 c J(R) N €2R€2 = J(€2R€2). So take A = €1R€1, B = €2R€2, X = €1R€2 and

) A X
Y = e,Re;, we obtain that R = . |
Y B

Proposition 5.4.3. Let R be a semiperfect ring with 1 = ey + e, + e3, where {e, e;,e3} is a
orthogonal set of primitive idempotents. If R is almost SWR, then R is isomorphic to one

of the followings:

(1) M5(C) for some reduced ring C.

R X
(2) Yl R where R, is a reduced ring, R, is a local ring and XY C J(R;), YX C
2
J(Ry).
R X ) .. . .
(3) v R where R, is semiprime, R, is a local ring and XY C J(R,), YX C J(R,).
2
A X ) R, X, .
(4) with A = and R, R,,C are reduced rings, XY, C J(R)),
Y C YI R,

Y1 X, CJRy).

Proof. Case 1. If ¢;R = ¢,R for all i, j, then R = Mj3(e;Re;) where e|Re; is a local ring.
By Lemma e1Re; is a reduced ring.

Now we consider Pierce decomposition

R

IR

(I —eDR( —ey) (1-e)Re,
€1R(1 - 61) €1R€1

Case 2. Assume that e;Re; is local but not a reduced ring, then (1 — e;)R(1 —
e1) is a reduced ring by [28, Theorem 5]. Thus, e,Re, and e3;Re; are reduced rings.
So by Lemma e1Re,, esReq, e1Res and e3Re; are all contained in J(R). Thus (1 —
e)ReR(1 —e;) CJR)N(1 —e)R(1 —ey) = J((1 —e1)R(1 — e1)) and e;R(1 — e1)Re; C
J(R) N e Re; = J(eiRey). Hence, R is as in (2) above.

Case 3. Suppose that all e;Re; are reduced rings. If e;R = e3R but ;R % e;R, then
(1 —eR( —e;) = M,(C) for some reduced ring C, and so C is a semiprime ring. Then
M, (C) is semiprime by [39, Proposition 10.20]. Hence, (1 —e;)R(1 —¢;) is semiprime. By
Lemma[5.4.1] (1 — e;)Re R(1 — ;) € J((1 —e1)R(1 — 1)) and e;R(1 — e1)Re; C J(eiRey).
Thus, R is as in (3).

Case 4. Suppose that ¢;Re; is a reduced ring for all i=1,2,3 and e;R # e,R % e3R.
Then

R R
(1—e1)R<1—e1>e[ e afa ]

€3R€2 €3R€3



5.5 Almost SWR Group Rings 53

where e;ResRe, C J(esRey) and esRe,Re; C J(e3Res). Now note that (1—ey)RejR(1—ep) C
J(R)ﬂ(l—el)R(l—el) = J((l—el)R(l—el)). So by taking €2R€2 = Rl, €3R€3 = R2,€3R€2 =
Yi,eoRes = Xi,e1Re; = C,(1 —e))Re; = Y, e;R(1 — e;) = X. Thus (3) follows. O

5.5 Almost SWR Group Rings

We start this section with the necessary conditions for RG to be SWR.
Theorem 5.5.1. If RG is an SWR ring. Then, R is an SWR ring and G is a torsion group.

Proof. By the augmentation map, R is an image of RG. Since homomorphic image of
an SWR ring is SWR, R is SWR. Let g(# 1) € G. Since RG is SWR, 1 —g = (1 — g)x
where x € ((1 — g)?). Then, (1 — g)(1 — x) = 0. This implies that 1 = x € wG, which
is a contradiction. Thus, 1 — g is a zero divisor, and hence ¢ is of finite order by [17,

Proposition 6]. Thus, G is a torsion group. O
Recall that an abelian torsion group is locally finite.

Corollary 5.5.2. Let G be an abelian group. If RG is SWR, then R is SWR, and G is
locally finite.

Theorem 5.5.3. If RG is an SWR ring. Then for each n € o(G), n is a unit in R, where
o(G) denotes the set of orders of all finite subgroups of G.

Proof. Let n be the order of g € G. We will show that » is a unit in R. Since RG is SWR,
there exist x,y € RG such that (1 — g)(1 — x(1 — g)*y) = 0. By using [17} Proposition 6],
(1-x(1-9)*y) = (1 +g+g*+---+g"")rfor some r € RG and by applying augmentation

map w : RG — R on above equation, we get 1 = nw(r), where w(r) € R. O
The following example shows that the converse of Theorem 5.5.1|is not true.
Example 5.5.4. Let R = Z,C,. Then, Z, is SWR and C, is torsion but R is not SWR.

If RG is commutative, then we have necessary and sufficient conditions for RG to be
SWR.

Theorem 5.5.5. Let RG be a commutative ring. Then RG is SWR if and only if
(1) Ris SWR.
(2) G is locally finite.

(3) for each n € o(G), n is a unit in R.



54 On Almost s-Weakly Regular Rings

Proof. The necessity follows from Theorem|[5.5.T]and Theorem [5.5.3] and the sufficiency
follows from the fact that commutative SWR rings are VNR and by [[17, Theorem 3]. O

The next result gives necessary conditions for group algebra KG over a field K

satisfying a nontrivial polynomial identity to be SWR.

Theorem 5.5.6. Let KG be a group algebra over a field K satisfying a nontrivial polyno-
mial identity. If KG is SWR, then K is SWR, and G is locally finite.

Proof. Suppose that KG is SWR. Then, since homomorphic image of an SWR ring is
SWR, K is SWR. In view of Theorem G is a torsion group, and by [S3, Theo-
rem 5.5], we have |G : A(G)| < oo. Let H be a finitely generated subgroup of G. Then
|H : HN A(G)| < oo, and in view of [33, Lemma 6.1], H N A(G) is a finitely generated
subgroup of A(G). Since by [53, Lemma 2.2], the center C(H N A(G)) of H N A(G) is
a subgroup of finite index, |H : C(H N A(G))| < oo. Thus, again, by [53, Lemma 6.1],
C(H N A(G)) is a finitely generated torsion group. So, C(H N A(G)) is finite. Hence, H is

finite. =

Remark 5.5.7. The condition in Theorem is not necessary for RG to be almost SWR

since R = Z4C; is almost SWR, but 2 is not a unit in Za.

Theorem 5.5.8. Let R be a commutative local ring and G an abelian p-group with p €
J(R). Then, RG is an almost SWR ring.

Proof. Suppose that R is a commutative ring and G an abelian p-group with p € J(R).
Following [68, Lemma 2.1] we get that oG C J(RG). Then, R being local implies that
RG 1s local by [47]. Hence, RG is an almost SWR ring. O

b

Example 5.5.9. LetR =7, = {— | b,a € Z,gcd(a, p) = 1} and G = C,,. The group ring
a

RG is almost SWR.

Lemma 5.5.10. Let G be a group. If RH is almost SWR for every finitely generated
subgroup H of G, then RG is almost SWR.

Proof. Let @ € RG and H be a subgroup generated by the support of @. Then H is a
finitely generated subgroup of G. Thus, either @ or 1 — @ is SWR in RH. Assume that
a is SWR, then we have @ € aRHao*RH C aRGa*RG. 1t follows that @ is SWR in RG.
Similarly, if 1 —a is SWR in RH, then 1 —a € (1-a)RH(1-a)*RH C (1-a)RG(1-a)*RG.
Thus, 1 — @ is an SWR element in RG. Hence, RG is an almost SWR ring. O

If H and K are subgroups of G such that: H <G,H N K = {1} and HK = G, then G
is called a semidirect product of H by K, denoted by G = H =~ K. The following result
shows that the converse of Lemma [5.5.10| partially holds.
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Theorem 5.5.11. Let G = H < K, |H| < oo. If RG is an almost SWR ring, then RK is an
almost SWR ring.
Proof. For any a € RK, either @ or 1 — a is SWR in RG. Assume that « is SWR, then we
have a = aaa’b for some a,b € RG. Leta = Y ak; and b = Y bik;, where a;,b; € RH,
ki € K and let @« = ) ajk;, where a; € R. Denote x = Y w(a)ki,y = ) w(bk;, so
x,y € RK. We will show that & = axa®y for some x,y € RK.

Let ¢ : G — G/H stand for the natural group homomorphism and then extend & to
aring homomorphismg : RG — R(G/H), defined by E(Z ag;) = 2, a,E(g,). Obviously,
Ker(£) NRK = 0 and £(z) = w(z) for all z € RH.

Since 0 = @ — aaa’b, we have
0 = &) — E@)E@E)ED)
= E(@) — E@E | akDE@DED | biki)
= &@) - @) )| w(@)Ek)E@) ) wbEk)
= &) — E@E) | w@)k)E@)E ) w(bik)
= &(a) — E@EXE@)E(y)
= E(a - axazy).

Then, @ — axa’y € Ker(é) N RK = 0, so we have @ = axa?y. Similarly, if 1 — &
is SWR, then we can find ¢t = ) w(t)k; and s = ), w(s;)k; in RK such that 1 — a =
(1 —a)t(1 — a)’s. O
Remark 5.5.12. An artinian ring RG may not be an almost SWR ring.

Example 5.5.13. The group ring (Z4 X Z4)C> is artinian but not almost SWR.

For any nontrivial finite group G, group ring RG may or may not be an almost SWR

ring.
Example 5.5.14. ZG is not almost SWR for any nontrivial finite group G.

Example 5.5.15. Let Z, = {0, 1} and G = (glg*> = 1). An element 1 + g € Z,G is not SWR
but 1 — (1 + g) is SWR. So, Z,G is an almost SWR ring.

Proposition 5.5.16. Let K be a field of char(K) = p > 0 and G a finite p-group. Then
group algebra KG is almost SWR.

Proof. Suppose that K be a field of char(K) = p > 0 and G a finite p-group. Then by [39,
Corollary 8.8], jacobson radical of group algebra J(KG) is equal to augmentation ideal
wG with J(KG)'°! = 0. Tt follows that KG/J(KG) = K. Since K is a division ring, KG is
local. Thus, KG is an almost SWR ring. O






Chapter 6

On Semiboolean Neat Rings

In this chapter, we introduce a new class of ring called semiboolean neat ring. A ring R
is said to be semiboolean neat if every proper homomorphic image of R is semiboolean.
Semiboolean neat rings are the proper subclass of neat rings and proper generalization of
semiboolean and nil neat rings. A commutative semiboolean neat ring which is not semi-
boolean is reduced. Further, we discuss commutative group ring RG to be semiboolean

neat.

6.1 Introduction

Nicholson and Zhou [50] introduced and investigated semiboolean rings. The class of
semiboolean rings is strictly between the classes nil clean and clean rings. On the other
hand, the class of commutative neat rings was defined and investigated by McGovern [44].
The ring of integers, Z, and any nonlocal PID are example of a neat ring that is not clean.
The class of commutative nil neat rings was investigated by Samiei [38]. A ring R is called
nil neat if every proper homomorphic image of R is nil clean. The class of nil clean rings is
nil neat, but the converse containment is not valid, as shown in [58, Example 2.10]. In this
chapter, we introduced semiboolean neat rings. The ring R is semiboolean neat provided
that every proper homomorphic image of R is semiboolean. The class of semiboolean
neat rings is a proper subclass of the class of neat rings because every semiboolean ring is
clean. And since every nil clean ring is semiboolean, the class of semiboolean neat rings
is a proper generalization of class of nil neat rings. Thus, the class of semiboolean neat

rings is strictly between the classes nil neat and neat rings.
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On Semiboolean Neat Rings

So, here, our motivation is to refine the class of neat rings. We provide various

properties of semiboolean neat rings. It is proved that a semiboolean neat ring which is

not semiboolean is reduced. If ring R is semiboolean neat, then the matrix ring M, (R)

may not be semiboolean neat see remark [6.2.13] Recall that a ring A is called radical

if J(A) = A. We prove that matrix ring M,(A) is semiboolean neat if and only if A is

a radical ring. It is proved that if J(R) # O is a nil ideal, then R is semiboolean neat if

and only if R is semiboolean. We determine the necessary and sufficient conditions for a

commutative group ring RG to be semiboolean neat.

6.2

Semiboolean Neat Rings

We start this section with some observations about semiboolean neat rings.

Remark 6.2.1. (1) Every semiboolean ring is semiboolean neat ring.

(2)

Every nil neat ring is semiboolean neat ring.

Nil cleanring = Semiboolean ring =—  Cleanring

l l l

Nil neatring = Semiboolean neatring =  Neatring

The following examples demonstrate that the reverse implication of aforementioned

18 not true.

Example 6.2.2. (/) If R = Z, and G is a universal locally finite group, then G is a

(2)

(3)

simple group, A(G) = {1} and RG is prime ([54, Theorem 9.4.9] ). According to
Passman [54, Corollary 9.4.10], wG is the unique proper ideal of RG. Because
RG/wG = R, R is the only proper homomorphic image of RG. As a result, RG is
a semiboolean neat ring but not semiboolean. Assume that Z,G is semiboolean.
Then, according to [165, Theorem 3.1], G is a 2-group but a universal locally finite
group does not have to be a 2-group ([54, Theorem 9.4.8]).

Let R = Z) X Zy4 or R = Z[[x]] X Z4. Since every proper homomorphic image of
R is semiboolean, R is a semiboolean neat ring. But homomorphic image Zg, or

Z,[[x]] respectively of R is not nil clean, so R is not a nil neat ring.

LetR =7Zor R =7ZyXZsor R =7Z3XZ3. Then, R is a neat ring but not semiboolean

neat since homomorphic image Z3 of R is not semiboolean.

Proposition 6.2.3. (/) A homomorphic image of a semiboolean neat ring is a semi-

boolean neat ring.
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(2) The direct product of semiboolean neat rings does not have to be semiboolean neat.
(3) Polynomial ring is not semiboolean neat.

Proof. (1) It follows from the fact that homomorphic image of a semiboolean ring is
semiboolean.

(2) Let R = Z,G X Z4, where G is a universal locally finite group. Then, both Z,G
and Z, are semiboolean neat since every proper homomorphic image of Z,G and Z, is
semiboolean. But proper homomorphic image Z,G of Z,G X Z, is not semiboolean, so R
1s not semiboolean neat.

(3) Consider F is a field and R = F[x,y]. Then, R is not semiboolean neat since
R/yR = F[x] is not clean. It follows that F[x] is not semiboolean. Thus R is not semi-

boolean neat. O

Proposition 6.2.4. Let R be a decomposable ring. Then, R is a semiboolean neat ring if

and only if R is semiboolean.

Proof. Suppose that R is a decomposable ring. Then, there are ideals / and J such that
R = 1® J. Now, if R is semiboolean neat, then J = R/I (respectively I = R/J) is also
semiboolean. Thus, R being a direct product of semiboolean rings is semiboolean by [50,
Example 25(3)]. O

Lemma 6.2.5. [50, Theorem 29] Let A be a general ring and let I < A. Then, A is

semiboolean if and only if the following conditions hold:
(1) I and A/l are semiboolean.
(2) Every idempotent of A/I can be lifted to an idempotent of A.
(3) J(A/D) =1 + J(A))/I.
Theorem 6.2.6. The following statements are equivalent for any commutative ring R:
(1) R is semiboolean neat.
(2) R/aR is semiboolean for every nonzero a € R.

(3) For any collection of nonzero prime ideals {P;}jc; of R with I = Nje;P; different

than 0 we have R/I is semiboolean.
(4) R/aR is semiboolean neat for every a € R.

(5) R/I is semiboolean for every nonzero semiprime ideal.
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Proof. (1) = (2) It follows from the fact that homomorphic image of a semiboolean ring
is semiboolean.

(2) = (1) Let J be an ideal of R and a € J. Now, consider I = aR, clearly I C J.
Then, J/I is an ideal of R/I. In view of third ring isomorphism theorem (R/I)/(J/I) =
R/J. Since R/I is semiboolean, R/J is semiboolean by [50, Example 25(2)]. Thus, R is a
semiboolean neat ring.

(3) © (5) It is straightforward.

(1) = (4) Since R is semiboolean neat, R/aR is a semiboolean ring, where a is a
nonzero element of R. Thus, R/aR is semiboolean neat for every a € R.

(4) = (1) It is true by using a = 0.

(1) = (5) It is obvious.

(5) = (1) It is well known that P(R) is a semiprime ideal.

Case 1: Suppose that P(R) # 0. As P(R) C J(R), by [39, Example 10.17(d)] there
exist a surjective homomorphism ¢ : R/P(R) — R/J(R). By hypothesis, we have R/P(R)
is semiboolean, then R/P(R) is clean. Thus, R is clean by the fact that R is clean if and
only if R/P(R) is clean. Since homomorphic image of a semiboolean ring is semiboolean,
R/J(R) is semiboolean. It follows that R/J(R) is boolean. In view of [65, Lemma 3.2], R
is semiboolean. Hence R is semiboolean neat.

Case 2: Suppose that P(R) = 0. Let S be a proper homomorphic image of R, i.e.,
¢ : R — §. Then, ¢ induces a surjection of semiprime rings ¢ : R/P(R) — S/P(S).
Since P(R) = 0,9 : R — S/P(S). By hypothesis, S/P(S) is semiboolean, then S/P(S)
is clean. Thus, § is clean by the fact that S is clean if and only if S/P(S) is clean. Since
P(S) € J(S), by [39, Example 10.17(d)] we have f : S/P(S) — S/J(S). It follows
that S/J(S) is semiboolean. So S/J(S) is boolean. In view of [65, Lemma 3.2], S is

semiboolean. Thus, R is semiboolean neat. m]
We use N(R) to represent the set of all nilpotent elements in R.

Theorem 6.2.7. Let R be a commutative ring. If R is a semiboolean neat ring but not

semiboolean, then R is reduced.

Proof. Suppose that N(R) # 0. Then, R/N(R) is semiboolean. Note that N(R) is semi-
boolean. Since N(R) is a nil ideal, the idempotents of R/N(R) can be lifted to R by [39,
Theorem 21.28]. Note that since N(R) C J(R),

J(R/N(R)) _J( R/N(R) )_J( R )—J(i)—o
(J(R)+ N(R)/NR) " \(JR) +NR)/NR)) “\JR +N®R)] "\JR)) "

This means that J(R/N(R)) = (J(R) + N(R))/N(R). Thus, by Lemma [6.2.5 R is semi-

boolean, which gives a contradiction. O
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Proposition 6.2.8. Let R be a ring with 0 # J(R) nil. Then, R is semiboolean neat if and

only if R is semiboolean.

Proof. (=) Suppose that R is a semiboolean neat ring. Then, R/J(R) is semiboolean. It
follows that R/J(R) is boolean. Since 0 # J(R) is nil, idempotents in R/J(R) can be lifted
to modulo J(R). Thus, R is semiboolean.

(&) It is trivial. O

Remark 6.2.9. If J(R) = 0, then above Proposition [6.2.8] may not be true. In Exam-
ple[6.2.2} Jacobson radical is 0 and RG is semiboolean neat but not semiboolean since G

need not to be a 2-group.

Corollary 6.2.10. Let 0 # J(R) be a nil ideal of a ring R. Then, R is clean UJ ring if and

only if R is semiboolean neat ring.

Proof. (=) It follows from [36, Theorem 4.2] and by the fact that semiboolean rings are
semiboolean neat.
(<) Suppose that R is a semiboolean neat ring. Then, by Proposition [6.2.8] R is

semiboolean. Thus, in view of [36, Theorem 4.2], R is a clean UJ ring. O

Proposition 6.2.11. Let R be a commutative semiboolean neat ring. Then, R/M = Z, for

every nonzero maximal ideal.

Proof. Suppose that R is a semiboolean neat ring. Then, R/M is semiboolean. Since M

is a maximal ideal, R/M is field. A semiboolean field is isomorphic to Z,. O

Corollary 6.2.12. Let R be a commutative ring. If R is semiboolean neat, then R is a field

or R/J(R) is isomorphic to a subring of a product of copies of Z,.

Proof. Suppose that R is a semiboolean neat ring which is not a field. Then, R/J(R) is
embeddable inside of [],,cpaxr) (R/M); which is isomorphic to a product of copies of Z,
by Proposition[6.2.11] It follows that R/J(R) is also isomorphic to a subring of product of

copies of Z,. O

Remark 6.2.13. If R is semiboolean neat ring, then the matrix ring M, (R) need not be
semiboolean neat. For example: My(Z4). Since Z, + J(Z4) and Z, + J(Z,), [50, Ex-
ample 25(5)] implies that M,(Z4) and M»(Z4)] J(M>(Z4)) = M>(Z,) are not semiboolean.
Thus, M>(Z4) is not semiboolean neat.

Alternatively, it is obvious that if J(R) # 0 and R is semiboolean neat, then R/J(R)
is boolean. At the same time My(Z4)]|J(M>(Z4)) = M>(Z,) is not boolean. It follows
that My(Zs4) is not semiboolean neat. Hence, semiboolean neat property is not Morita

invariant.
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Theorem 6.2.14. Let O # I C J(A) be an ideal of A. Then, M,(A),n > 2, is semiboolean

neat if and only if A is a radical ring.

Proof. (=) It follows from [50, Example 25(5)] and Remark [6.2.1]

(<) Suppose that M,(A) is a semiboolean neat ring. It is well known that the map
I — M,(I) is a bijection between the sets of ideals of A and M, (A). Then, M,(A/I) =
M,(A)/M,(I) is semiboolean. Then, by using [50, Example 25(5)], we have that A/I is a
radical ring. So A/I = J(A/I). Since I Cc J(A), J(A/I) = J(A)/I. Hence, A = J(A). m|

Theorem 6.2.15. Let R be a commutative ring and G an abelian group. If group ring RG

is semiboolean neat, then the following one condition holds
(1) G is trivial and R is semiboolean neat.
(2) G is non-trivial 2-group and R is semiboolean.

(3) G is a non-trivial torsion free locally cyclic group and R = 7Z,.

Moreover, if either condition (1) or (2) holds, then the converse implication is true.

Proof. If G is trivial, then R is semiboolean neat since RG = R. So we shall assume
hereafter that G is non-trivial.
Claim: If RG is clean, then RG is semiboolean neat if and only if RG is semiboolean

if and only if R is semiboolean and G is a 2-group.

Proof. If R is semiboolean and G is a 2-group, then RG is semiboolean by [65, Corol-
lary 3.11]. Thus, RG is semiboolean neat. So we will be concentrated on the inverse
implication. Assume on the contrary that RG is not semiboolean. Since RG is clean,
indecomposable clean ring is local. So J(RG) # 0. Since RG/J(RG) is semiboolean,
RG/J(RG) is boolean. Then, by [65, Lemma 3.2], RG is semiboolean, which is a contra-
diction. Thus RG must be semiboolean and so by [65, Corollary 3.2], R is semibooloean

and G is a 2-group. O

If RG is not clean, then RG is not semiboolean. By hypothesis, RG is semiboolean
neat. The augmentation map w : RG — R is an onto homomorphism and RG/wG = R.
Hence, R is a semiboolean ring. Let I # O be a proper ideal of R, then /G be a proper
ideal of RG. The map 6 : RG — (R/I)G defined by

00> ag9) = ) (a,+ g
geG geG

maps naturally onto (R/I)G. Then, (R/I)G is semiboolean. In view of [65, Theorem 3.1],

G is a 2-group. Thus G is a torsion group. Since G is abelian, G is a locally finite 2-group.
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Then, by [65, Theorem 2.3], RG is semiboolean, a contradiction. It follows that 7 is not
a proper ideal of R. Thus, R being a commutative ring with only improper ideals implies
that R is a field. Hence, R is isomorphic to Z,. As RG is semiboolean neat, it follows that

RG is neat. Then, by [64, Theorem 2.7], G is a torsion free locally cyclic group. O






Chapter 7

On Weakly g(x)-Invo Clean Rings

In this chapter, we introduce weakly g(x)-invo clean rings. Let C(R) be the center of a
ring R and g(x) be a fixed polynomial in C(R)[x]. A ring R is said to be weakly g(x)-invo
clean if each element of R is either a sum or difference of an involution and a root of g(x).
This sort of class is a proper subclass of weakly g(x)-clean rings and a generalization of
g(x)-invo clean rings. We provide various properties of weakly g(x)-invo clean rings. We
characterize weakly invo-clean rings as weakly g(x)-invo clean rings where g(x) € x(x —
a)C(R)[x],a € C(R) N Inv(R). We determine necessary and sufficient conditions for skew
Hurwitz series ring (HR, @) to be weakly g(x)-invo clean, where a is an endomorphism of
R. Also, we prove that the ring of skew Hurwitz series A = (HR, @) is weakly invo-clean

ring if and only if R is weakly invo-clean ring.

7.1 Introduction

The class of clean rings was introduced by Niholson in [48]. A ring R is called clean if
for any r € R, we have r = u+ e where u € U(R) and e € Id(R). A ring R is strongly clean
if ue = eu. Following this, some stronger and special concepts of clean rings have been
considered (see [12;149;70]) and for weaker ones, see [2;|16]]. The concept of invo-clean
rings were firstly introduced by Danchev [22]. A ring R called an invo-clean if for each
r € R, there exist v € Inv(R) and e € Id(R) such that r = v + e. If the existing idempotent
e 1s unique, R is classified as a uniquely invo-clean ring. An invo-clean ring R is strongly

invo-clean if ve = ev. In [21], Danchev defined weakly invo-clean rings.

65
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Definition 7.1.1. A ring R is called weakly invo-clean if for any r € R, either r = v + e or
r =v— e wherev € Inv(R) and e € Id(R). If ve = ev, R is a weakly invo-clean ring with

strong property.

Let C(R) signifies the center of a ring R and g(x) be a fixed polynomial such that
g(x) € C(R)[x]. In [24], g(x)-clean rings were introduced by Fan and Yang. g(x)-invo
clean rings are those in which every element is the sum of a unit and a root of a polynomial
g(x).

Further, weakly g(x)-clean rings were studied by Ashrafi and Ahmadi [3].

Definition 7.1.2. A ring R is weakly g(x)-clean if for any a € R, either a = u + s or
a=u— swhereu e U(R) and g(s) = 0.

Recently, Maalmi and Mouanis [42] introduced and studied g(x)-invo clean rings as
a generalization of invo-clean rings. A ring R is g(x)-invo clean if for each r € R, we have
r = v+ s where v € Inv(R) and g(s) = 0. They investigated various basic properties and
examples of g(x)-invo clean. In their paper, they characterized invo-clean rings as g(x)-
invo clean rings where g(x) = (x — a)(x — b),a,b € C(R) and b — a € Inv(R). Motivated

by papers [[16] and [24], we introduce weakly g(x)-invo clean rings.

Definition 7.1.3. A ring R is called weakly g(x)-invo clean if for any r € R, either r = v+s
orr =v— s wherev € Inv(R) and g(s) = 0. If vs = sv, R is called weakly g(x)-invo clean

with strong property.

In section 7.2, we investigate weakly g(x)-invo clean rings as a proper subclass of
weakly g(x)-clean rings and a generalization of g(x)-invo clean rings. We obtain various
properties of weakly g(x)-invo clean rings. We show that a g(x)-invo clean ring is a weakly
g(x)-invo clean ring but its reverse implication is not true (see Example [7.3.1)). Consider
M to be a R-module. We discuss when trivial extension R(M) is weakly g(x)-invo clean.
In section 7.3, we characterize weakly invo-clean rings as weakly g(x)-invo clean rings
where g(x) = x(x—a),a € C(R)NInv(R). Itis proved that skew Hurwitz series ring (HR, @)
is weakly invo-clean if and only if R is weakly invo-clean. We determine necessary and
sufficient conditions for the ring of skew Hurwitz series (HR, @) to be weakly invo-clean
with strong property, where « is an endomorphism of R. We prove that the ring of skew
Hurwitz series (HR, @) is weakly g(x)-invo clean ring if and only if R is weakly g(x)-invo
clean ring. If we take identity endomorphism in skew Hurwitz series ring, then we obtain

ring of Hurwitz series to be weakly g(x)-invo clean ring.
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7.2 Necessary and Sufficient Conditions for Weakly
Invo-Clean Rings

In this Section, we further explore the concept of weakly invo-clean rings [21].

Let A be aring and B a subring of ring A with 1, € B. We set
R[A,B] ={(cy,¢cr...,cph,d,d .. )cieA,d € B,n > 1}
with addition and multiplication defined componentwise.

Theorem 7.2.1. Let B be a subring of A, then R[A, B] is weakly invo-clean if and only if

A is invo-clean and B is weakly invo-clean.

Proof. Let (p1,p2,...,pn,d,d,...) € R[A,B] with each ¢; € A and d € B.

Since B is weakly invo-clean and A is invo-clean, so d = v + e for some
v € Inv(R) and idempotent ¢ € Id(R). If d = v+ e, write ¢; = v; + ¢
then (ci,c2,...,ch,d,d,...) = (1,02, ...,0,,0,0,...) + (e1,e2,...,€,e,e,...)
where  (v;,03,...,0,,0,0,...) € Inu(R[A,B]) and (ej,ea, ..., ey e, 6,...)> =

(e1,e2,...,en,e,e,...) € Id(R[A, B]). Hence, R[A, B] is weakly invo-clean.
Conversely, since homomorphic image of weakly invo-clean is weakly invo-clean
by [21, Lemma 4.1], B is weakly invo-clean. As R[A,B] = A @ A so in view of [21}

Proposition 4.15], A is invo-clean. O

Theorem 7.2.2. Let @ € End(R). Then skew Hurwitz series ring A = (HR, @) is a weakly

invo-clean ring if and only if so is R.

Proof. Let f € A and since R is weakly invo-clean ring, f(0) = v + e where v € Inv(R)

and ¢ = e € R. Define an element /1 € A by

v n=0
h(n) = -
v Y hm)a” (h(n —m)) n > 0.
m=1
Since h(0) is an involution in R, & is an involution in A by Lemma so we have

h € Inv(A). Thus f = h + [, where (,)* = [, € A.

Conversely, let I = {f € A|f(0) = 0} is an ideal in A. Then, we have a map
o :R — A/Iby o(r) = [+ 1. It is easy to compute that o is a ring isomorphism. So
R = A/I. By hypothesis, A is weakly invo-clean ring. Then R is weakly invo-clean ring
by [21, Lemma 4.1]. O

If we take @ = idg, then we have following corollary.
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Corollary 7.2.3. Let R be a ring. Then Hurwitz series ring HR is weakly invo-clean if

and only if R is a weakly invo-clean.

Theorem 7.2.4. Let « € End(R) and e € A is a central idempotent with a(e) = e. Then
A = (HR, ) is weakly invo-clean ring with strong property if and only if R is weakly

invo-clean ring with strong property.

Proof. Suppose that R is weakly invo-clean ring. Then A is weakly invo-clean ring by
Theorem Thus, each f € A can be writtenas f = (f = L)+ L or f = (f+1) L.
So, all that remains is to demonstrate that fl; = l; f. As e is central in R, ( fl;)(n) =
fa"(0) = f(ma'(e) = f(me = ef(n) = 1(0)f(n) = (L)) for all n € supp(fL,).
Hence, fI, = I,f.

Conversely, assume that A is weakly invo-clean ring, then R is weakly invo-clean
by Theorem Thus, each r € R can be written as r = f(0) + h(0) where f is an
involution of A and 4 is an idempotent element of A. Now, its only remains to demonstrate
that f(0)2(0) = h(0)£(0). As f,h commute in A, f(0)h(0) = £(0)a’(h(0)) = (fh)(0) =
(1£)(0) = h(0)a"(f(0)) = h(0)f(0). O

Corollary 7.2.5. Let R be a reduced ring, @ € End(R) and a(e) = e. Then A = (HR, @)

is a weakly invo-clean if and only if A = (HR, @) is a weakly invo-clean ring with strong

pi’operty.
Proof. 1t follows by Theorem and the fact that a reduced ring R is abeliar'| O

Proposition 7.2.6. Let e € R be a central idempotent and R be a weakly invo-clean ring.

Then corner ring eRe is weakly invo-clean.

Proof. Consider ¢ : R — eRe defined by ¢(r) = er. Since e be a central idempotent,
©(r) = er = re = ere. So, eRe is homomorphic image of R. Hence, by [21, Lemma 4.1],

the result follows. O

In [29]], Han and Nicholson proved that if e is an idempotent element in R such that
eRe and (1 — e)R(1 — e) are both clean rings, then R is clean. So n X n matrix ring M, (R)
is clean. The analogous result for weakly invo-clean rings hold if e is central idempotent
in R.

Theorem 7.2.7. The following statements hold for a ring R.

(1) If corner ring eRe and (1 — e)R(1 — e) are both weakly invo-clean where e is central

idempotent in R, then R is weakly invo-clean.

'A ring R is called abelian if all idempotents of R are central.
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(2) Let{ey,ey,...,e,} beafamily of orthogonal idempotents such that e; +e,+- - -+e, =

1. Then e;Re; is weakly invo-clean if and only if so is R.
(3) If R is weakly invo-clean, then so is the matrix ring M,(R) for every n > 1.

(4) IfN =N, ®@N, ®---® N, are modules and End(N) is weakly invo-clean for each i,
then End(N) is weakly invo-clean.

Proof. (1) Write e = (1 — e). By Pierce decomposition
R = eRe ® eRe ® eRe & eRe.
Since e and ¢ are central idempotent, we have

eRe O
R = eRe ® eRe =

0 eRe

0y
weakly invo-clean. Then there exist vy,v, € Inv(R) and idempotent e; and e; in R such

X
Supoose A = [ ) € R, where x € eRe and y € eéRe. By hypothesis, x and y are

that x = v; £ e;, y = v, = e;. Thus,

x 0 v £ e 0 vy O er O
— = =+ .
0 y 0 vy + ey 0 v 0 e
2 2

U1 0 1 0 (4] 0 €1 0 . .
Note that = and = . Thus R is weakly invo-
0 Uy O 1 O [5) 0 (%)

clean. Hence, R is weakly invo-clean.

(2) The ‘if part’ follows from (1) by induction and ‘only if part’ by using the fact that
factor ring of weakly invo clean ring is weakly invo clean.

(3) Let E;; denotes that the entry in i row and j™th column is 1 and other are 0 and {Eall,
is a finite set of mutually orthogonal idempotents in the matrix ring M,(R). The sum of
E\  + Epn+---+ E,, is equal to n X n identity matrix. Thus, result follows from (2).

(4) It follows from the fact that End(R") = M,(R) and by (3). O

A ring R is called weakly exchange if, for each x € R, there exists e € Id(R) such
that e € xR and either 1 —e € (1 —x)Ror 1 —e € (1 + x)R. The following theorem shows

the relation between weakly invo-clean ring and weakly exchange ring.

Theorem 7.2.8. Let R be a ring. If R is weakly invo-clean ring, then R is weakly exchange.
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Proof. By hypothesis, for any r € R, we have r = v + e where v € Inv(R) and e € Id(R). If
r = v + e, then by the inclusion Inv(R) € U(R), so v € U(R). Thus, r is clean element and
by [48]], it satisfies the exchange property.

Suppose r = v — e where v € Inv(R) and e € Id(R). Consider f = v(1 — e)v, then
f2 = f Notethatv(x + f) = vv—e+v(l —ew) = W—e?+@—-e) = x> +x. So

x + f € R(x* + x). Thus by [20, Lemma 2.1], x satisfies weakly exchange property. O

The converse of above Theorem is not true, for which we have following ex-

ample.

Example 7.2.9. The ring Z; is clean ring. This implies that Z; is exchange ring by [48]

Proposition 1.8]. So, Z; is weakly exchange but not weakly invo-clean ring.

7.3 General Properties of Weakly g(x)-Invo Clean Rings

In this section, the general properties of weakly g(x)-invo clean rings are discussed. We

start with the following observations:

(1) Every weakly g(x)-invo clean ring with strong property is weakly g(x)-invo clean.
Also, in the commutative case, the two definitions coincide. Although, the reverse
implication is not true for non commutative rings. For example, the upper triangular
matrix ring 7»(Z,) is weakly (x* + x?)-invo clean but not weakly (x* + x?)-invo clean

with strong property.

(2) Every weakly g(x)-invo clean ring is weakly g(x)-clean but its converse is not true.
For example, consider g(x) = (x*> + x + 2), then Z; is weakly g(x)-clean but not

weakly g(x)-invo clean.

(3) A g(x)-invo clean ring is a weakly g(x)-invo clean ring. But the following example

shows that its converse is not true.

Example 7.3.1. Consider R = Zs and g(x) = x* — x € C(R)[x]. Then R is a weakly
g(x)-invo clean ring but not g(x)-invo clean ring. And non trivial example, it can be easily
compute that for a fixed polynomial g(x) = x* + x, the ring Zs is weakly g(x)-invo clean

but not g(x)-invo clean.

Let R, and R, be two rings, with a ring homomorphism ¢ : C(R;) — C(R,) such that

d(1g,) = 1g,. If g(x) = YLy aix’ € C(R)[x], we consider g,(x) = Y1, d(a;)x' € C(Ry)[x].
We note that if g(x) € Z[x], then g4(x) = g(x).
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Theorem 7.3.2. Let ¢ : Ry — R, be a ring epimorphism and g(x) € C(R))[x]. If Ry is

weakly g(x)-invo clean, then R, is weakly g,(x)-invo clean.

Proof. Consider g(x) = X" a;x' and consider g,(x) = Y1, ¢(a;)x' € C(R,)[x] For any
ry € R, we have an element r; € R; such that ¢(ry) = r,. As R; is weakly g(x)-invo clean,
there exist s € R, and v € Inv(R;) such that r; = v+ s and g(s) = 0. So r, = ¢(ry) =
o(v £ 5) = d(v) = ¢(s) with ¢p(v) € Inv(R,) and

go(P(s)) = P(ao) + planP(s) + - - - + d(a,)(@(s))"
=¢(ap+ays+---+a,s")
=ag+a;s+---+a,s"

=0.
Hence, R, is weakly g,4(x)-invo clean. O

The converse of above Theorem is false, which is shown by the following

example.

Example 7.3.3. Consider g(x) = x*> —x, the ring Zs = 7./(5) is weakly g(x)-invo clean but

Z is not weakly g(x)-invo clean.

Corollary 7.3.4. If I is any ideal of a weakly g(x)-invo clean ring R, then the factor ring
R/I is weakly g(x)-invo clean where g(x) € C(R/I)[x].

Proof. Consider 6 : R — R/I be a canonical epimorphism. So, the result follows by
Theorem [7.3.2 O

Considering I be an ideal of a ring R, we say that a root a of g(x) € C(R/I)[x] can
be lifted to g(x) € C(R)[x], if there exists b € R such that g(b) = 0 and b —a € I. For
g(x) = x> — x, this is the generalization of lifting idempotents modulo /. The next theorem
shows that the reverse of Corollary is true if roots of g(x) can be lifted to g(x).

Theorem 7.3.5. Let I C J(R) be an ideal of R and g(x) = Y a;x' € C(R)[x] with
g(x) = Yro,ax' € C(R/D[x]. If R/I is weakly g(x)-invo clean and roots of g(x) can be
lifted to g(x), then R is weakly g(x)-invo clean.

Proof. Forr € R,letr =r+1 € R/I. Since R/I is weakly g(x)-invo clean, then there exist
v € Inv(R/I) and 5 with g(5) = 0 such that 7 = v + 5. Since roots of g(x) can be lifted to
g(x), so we have t € R such that g(f) = 0 and 5 = z. Thus 7 = 0 + 7. Then for some i € I,
r—(=xt)=1i Soa=(+i)xtwithv+ie Inv(R). Hence, R is a weakly g(x)-invo clean

ring. |
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The direct product of weakly g(x)-invo clean rings does not have a weakly g(x)-invo
clean. For g(x) = x* — x, Zs is weakly g(x)-invo clean but their direct product Zs X Zs is
not. Since, in Zs X Zs, element (2, 3) and (3, 2) cannot be expressed as sum or difference

of involution and a root of g(x) .

Theorem 7.3.6. Let {R;}! | be a family of rings and g(x) € Z[x]. Then the direct product

R = 1—[ R; is weakly g(x)-invo clean if and only if there exist k € {1,2,...,n} such that R,
is wel;lldy g(x)-invo clean ring and R is g(x)-invo clean for all j # k.

Proof. Under the projection homomorphism, for each i € {1,2,...,n}, R; is a homo-
morphic image of R. Thus R; is weakly g(x)-invo clean by Theorem [7.3.2l Assume that
neither R nor R; is g(x)-invo clean. So, there are r; € R; and r, € R, such that r; # vy + 5,
where v, € Inv(R;) and g(s;) = 0 and r, # v, — s, where v, € Inv(R;) and g(s;) = 0. Thus,
(r1, ry) 1s not weakly g(x)-invo clean in R; X R, which contradicts.

Conversely, let r = (r;) € R. For a fixed k € {1,2,...,n}, suppose Ry is weakly g(x)-
invo clean ring. So we have either r; = vy + s, or ry = v, — s; for some v, € Inv(Ry) and
root s of g(x). If r, = vy + sy, then write r; = v; + s; for each i # k where v; € Inv(R;) and
g(s;) = 0. Thus r = (v;) + (s;) is the sum of an involution and a root of g(x). If r;, = vy — s¢,
then write r; = v; — s; for i # k where v; € Inv(R;) and g(s;) = 0. So r = (v;) — (s;) is the
difference of an involution and a root of g(x). Hence, R is weakly g(x)-invo clean ring.

Hence, as we required. O

Consider R to be aring and N be a bimodule. The ideal extension /(R, N) of Rby N is
defined as the additive abelian group I(R, N) = R® N with multiplication (ry, ny)(r;, n,) =
(riry, ring + nyry + nmyny). If g(x) = 30 (i, n;)x' € CU(R, N))[x], then gr(x) = Y, rix' €
C(R)[x].

Theorem 7.3.7. Let R be a ring and N be a bimodule. If (R, N) is a weakly g(x)-invo

clean ring, then R is a weakly g(x)-invo clean ring.

Proof. Consider 95 : I(R, N) — R defined by ¥x(r,n) = r. It can be easily verified that ¥4
is a ring epimorphism. Thus, by Theorem R is a weakly g(x)-invo cleanring. O

The ring of skew power series in x with cofficients from R is denoted by R[[x, a]],
where « is a ring epimorphism, with multiplication xr = a(r)x for all » € R. In particular,
if we take identity endomorphism, then R[[x]] = R[[x, 1z]] denotes the ring of formal
power series over R. In an analogous way, we can define skew polynomial ring R[x, a]. If

(x) is the ideal generated by x, then it can be proved that R[[x, a]] =~ I(R, (x).
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Corollary 7.3.8. Let @« € End(R). If R[[x,a]](R[[x]]) is a weakly g(x)-invo clean ring,

then R is weakly g(x)-invo clean.

Proposition 7.3.9. Let R be a commutative ring. Then the polynomial ring R[x] is not

weakly g(x)-invo clean.

Proof. Suppose R[x] is weakly g(x)-invo clean. Then for any x € R[x], we have x = v+ s
where v € Inv(R) and g(s) = 0. So x + s is an involution. Thus by [42, Lemma 3.6], 1 is

nilpotent element, which is a contradiction. O

R M . . co Ny 1 n
Wecall T = a Morita context ring. If g(x) = + X+
N S my  do my  d,

: +( . Zn )X” € C(T)[x], then we get gr(x) = Yi,cix’ € C(R)[x] and gs(x) =
mn n

Shodixt € C(S)[x].

R M
Theorem 7.3.10. Let R,S be two rings and M, N be bimodule and let T = ( )

S
be a Morita Context with zero pairings. If T is weakly g(x)-invo clean, then R is weakly

gr(x)-invo clean and S is weakly gs(x)-invo clean.

0 M

Proof. Suppose T is weakly g(x)-invo clean with zero pairings. Consider [ = ( g

R M
and J = [ N 0 } are ideals of R, then T/l = Rand T/J = S . In view of Theorem|7.3.2}

R is weakly gg(x)-invo clean and S is weakly gs (x)-invo clean. O

Corollary 7.3.11. Let R,S be two rings and M be a bimodule. If the formal triangular
R

0
and S is weakly gs(x)-invo clean.

matrix ring T = [ ] is weakly g(x)-invo clean, then R is weakly gs(x)-invo clean

The next theorem is the particular case of formal triangular matrix rings. The trivial

extension of a commutative ring R and an R-module M is the (commutative) ring

rom
R(M) = :r€ERmeM

m

] is an involution of R(M),
r

with the usual matrix addition and multiplication. If (

0

r

’
then r is an involution of R. Naturally, ring R embeds into R(M) viar — { ] So any
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a;

. 0 .
polynomial g(x) = X\, a;x' € R[x] can be written as g(x) = Z?:o[ }x’ € R(M)[x]

a;
and conversely.

Theorem 7.3.12. Let R be a commutative ring and M an R-module such that 2M = .
Then the trivial extension R(M) of R and M is weakly g(x)-invo clean if and only if R is

weakly g(x)-invo clean.

~ 0 m
Proof. For M =
0 0

R is a weakly g(x)-invo clean ring.

]lm € M}, we have R(M)/]\7I ~ R. Hence, by Theorem [7.3.2}

Conversely, let g(x) = >, a;x' € R[x] and r € R. Suppose R is weakly g(x)-invo

clean, then we have r = v + s for some v € Inv(R) and root s of g(x). Then for m € M,

PRI
{3 0)=l

|
|

0
0

s 0
0 s

10

0 1

0
0

|

for some
0

s 0
0 s

o

0

v m

v

]+612

Ao+ ais+a,s® + -+ +a,s"

€ Inv(R(M)). Also, note that

0
Ao+ ars+ ars> + -+ a,s"

Hence, R(M) is a weakly g(x)-invo clean ring.

7.4 Weakly g(x)-Invo Clean Rings

The weakly (x* — x)-invo clean rings are precisely weakly invo clean rings. However,

weakly invo-clean rings are not weakly g(x)-invo clean rings.

Example 7.4.1. Let R be a boolean ring with |R| > 2 elements and ¢ € R with ¢ ¢ {0, 1}.
Consider g(x) = (x + 1)(x + ¢). Since e = 2e — 1) + (1 — e) with 2e — 1)> = 1 and
(1 —e)*> = (1 — e), then R is weakly invo clean but not weakly g(x)-invo clean. Because,
ifc = v+ swithv € Inu(R) and g(s) = 0, then it must bev = 1 and s = +(c — 1). But,
clearly, g(c — 1) # 0.

However, for some kind of polynomials, weakly invo-clean and weakly g(x)-invo

clean rings are equivalent.

Theorem 7.4.2. Let R be a ring and g(x) € x(x — a)C(R)[x] where a € C(R) N Inv(R).

Then, we have following statement.
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(1) R is weakly invo-clean if and only if R is weakly x(x — a)-invo clean.
(2) If R is weakly invo-clean, then R is weakly g(x)-invo clean.

Proof. (1) Consider r € R. Suppose that R is weakly x(x — a)-invo clean, then ra = v + s
or ra = v — s for some v € Inv(R) and root s of g(x). Since a € Inv(R), r = va + sa then
va € Inv(R) and as g(s) = s(s —a) = 0, (sa)’> = s(s —a—a)a* = s(s —a) + sa = sa.
Therefore, R is a weakly invo-clean ring.

Conversely, suppose R is weakly invo-clean. Then for any r € R, either ra = v + e
orra = v—e where v € Inv(R) and ¢*> = e € R. Thus r = va + ea. Since a € C(R),

ea(ea — a) = e(e — 1)a> = 0. Thus ea is a root of g(x) and as a € Inv(R), then

g(ea)
va € Inv(R). Hence, R is a weakly g(x)-invo clean ring.

(2) It is similar to the proof of (1). O

Corollary 7.4.3. Let R be a ring and g(x) = x(x — a) € C(R)[x] where a € C(R) N Inv(R).
If R is weakly g(x)-invo clean, then 30 € Nil(R).

Proof. Since R is weakly g(x)-invo clean. Then by Theorem[7.4.2] R is weakly invo-clean.
Thus by [21, Lemma 4.2], the result follows. O

Remark 7.4.4. Although, every weakly invo clean ring is weakly (x* + x)-invo clean but
this situation need not be true for elements. For example, let 2 € Z, then 2 = 1 + 1 is

weakly invo clean but not weakly (x* + x)-invo clean because 1 is not a root of x* + x.

Theorem 7.4.5. Let n,k € N and m be a fixed integer > 0. Then, for a ring R, the

following statements are equivalent:
(1) R is weakly (x* — m"x)-invo clean.
(2) R is weakly (x* + m*x)-invo clean.
(3) R is weakly (x*> — mx)-invo clean.
(4) R is weakly (x* + mx)-invo clean.
(5) R is weakly invo-clean and m € Inv(R).

Proof. (1) = (5). We will prove that m € Inv(A). Suppose m ¢ Inv(R). Then R =
R/(m"R) # 0. Let m" = v + s where v € Inv(R) and s — m"s = 0. As 0 = m" = b + 5, then
5 = +0 € Inv(R). But =52 =mis = 0, which is a contradiction. Thus m € Inv(R).

(5) = (1). By Theorem R is weakly (x* — m"x)-invo clean.

Similarly, it can be proved that (2) & (5), (3) © (5) and (4) & (5). O
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Proposition 7.4.6. Let R be a ring. Then we have the following equivalent statements:
(1) R is weakly (x* — 1)-invo clean.
(2) Every element of R is the sum or difference of an involution and a square root of 1.

Proof. (1) = (2). Suppose R is weakly (x> — 1)-invo clean, then we have v, s € Inv(R)
such that 7 = v + s with s* = 1.
(2) = (1). Let r € R. Then r = v + s where v € Inv(R) and s> = 1. Then s is the root

of (x* — 1). Therefore, R is weakly (x> — 1)-invo clean. o

Khashan and Handam in [34]], defined weakly g(x)-nil clean rings. A ring R is called
weakly g(x)-nil clean if for each r € R, we have r = n + s where n € Nil(R) and g(s) = 0.

Then, we have following proposition.

Proposition 7.4.7. Let R be a ring, 2 € Nil(R) and g(x) € C(R)[x]. If R is weakly g(x)-invo

clean, then R is weakly g(1 — x)-nil clean with bounded index of nilpotence.

Proof. Suppose R is weakly g(x)-invo clean. Then r = v = s, where v € Inv(R) and
g(s) = 0. Write r = v+ 1) — (1 —s), we have (v + 1)> = 20+ 2 = 2(v + 1) and
(v+1)> = 2(v + 1)> = 22(v + 1). Then by induction, we get that (v + 1)"*! = 2"(v + 1)
for all n € N. Since 2 € Nil(R), then (v + 1)" = 0 for some ¢ € N. Thus (v + 1) € Nil(R).
Similarly, write 7 = (v—1)+(1—s), we can derive that (v—1)"*! = (=1)"2"(v—1) and since
2 € Inv(R),(v—1)" = 0 for some m € N. So (v—1) € Nil(R) and g(1 — (1 —s)) = g(s) = 0.

Hence, as we required. O

Proposition 7.4.8. Let R be a ring with char(R) = 2. If R is weakly (x* — 1)-invo clean,

then R is weakly (x* — 1)-nil clean.

Proof. For any r € R, since R is weakly (x* = 1)-invo clean, write r — 1 = v + s, where
v € Inv(R) and g(s) = 0. Sor = (v+ 1) + 5. Since char(R) =2, (v + 1)> = 2(1 +v) = 0.
This implies that (v + 1) € Nil(R). Hence, R is weakly (x* — 1)-nil clean. O

Proposition 7.4.9. Let R be a ring and a,b € R, n € N. Then R is a weakly (ax*"—bx)-invo

clean ring if and only if R is a weakly (ax*" + bx)-invo clean ring.

Proof. Letr € R. Assume that R is a weakly (ax*" — bx)-invo clean ring. Then, —r = v+ s
where v € Inv(R) and (as** — bs) = 0. Thus r = (-v) + (—s) where (-v) € Inv(R) and
a(—s)*" + b(-s) = 0. So, r is weakly (ax*" + bx)-invo clean. Hence, R is a weakly

(ax* + bx)-invo clean ring. Similarly, we can prove for converse. O

The following example shows that Proposition is not true for odd powers.
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Example 7.4.10. The ring Z, is weakly (x> — x)-invo clean but not a weakly (x> + x)-invo

clean ring.

Let R be a commutative ring and N be an R-module, then trivial extension of R by N

is defined by RON = {(r,n) : r € R,n € N} with usual addition and multiplication given

by (r1,n1)(r2, ) = (1172, 1Ny + niry).

Theorem 7.4.11. Let R be a commutative ring and N an R-module such that 2N = O.
Then RON is weakly g(x)-invo clean if and only if R is weakly g(x)-invo clean.

Proof. Letn € N and g(x) = Y/, a;x". Suppose R is weakly g(x)-invo clean, then for any
r € R, we have r = v+s for some v € Inv(R) and a root s of g(x). Thus (r,n) = (v, n)+(s,0),
where (v,n) € Inv(RON) (since 2N = 0) and g((s,0)) = Y1 ai(s,0) = Xl ai(s’,0) =
>ro(ais’,0) = (0,0). Hence, RON is weakly g(x)-invo clean.

Conversely, since RON is weakly g(x)-invo clean, then R = (A®N)/(0ON) is weakly

g(x)-invo clean. O

Let R be a commutative ring, let J be an ideal of R and ¢ : R — R be a ring
homomorphism. The amalgamated duplication of the ring R along an ideal J is defined
as R J = {(r,r + j)Ir € R, j € J}. This construction is a subring, with identity (1, 1),
of R X R (with the usual componentwise operations). For more information of R > J,
one can see [19]. The following theorem gives characterization of R > J to be weakly

g(x)-invo clean.

Theorem 7.4.12. Let R be a commutative ring with 2 = 0 and g(x) = Y, a;x' € R[x]. If
J be a nilpotent ideal of R with nilpotency index 2, then R v’ J is weakly g(x)-invo clean
if and only if R is weakly g(x)-invo clean.

Proof. Let (r,r + j) € R " J. Suppose R is weakly g(x)-invo clean, then r = v + s where
v € Inv(R) and g(s) = 0. Thus (r,r+j) = (v s,vx s+ j) = (v,v+ j)=(s, 5). By hypothesis,
foreach j € J, we have j2 = 0. So, (v, v+ j)> = *,v*+2vj+ j2) = (1, 1). Hence, (v, v+ j) €
Inu(R »<* J) and ¢((s, 5)) = Tipai(s. s = Tioails',s) = (S ais's Sig ais) = (0,0).
Therefore, R »" J is weakly g(x)-invo clean.

Conversely, let 0 = J = {(0, j)|j € J} is an ideal of R =" J. Note that R > J/0 s
J = R. Thus, R is weakly g(x)-invo clean by Theorem|[7.3.2] O

Lemma 7.4.13. Let f be an element in A = (HR, @) defined by f(0) = a and f(n) =

m

—-a Z { " )f(m)a/’"(f(n —m)) forall n > 1. Then f is an involution in A if and only if
m=1
f(0) is an involution in R.
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Proof. Suppose f is an involution in A, then one can easily show that f(0) is an involution
in R. Conversely, assume f € A such that f(0) is an involution in R. It can be computed
that forn =0, f2 =1 and forall n > 1,

n

IZOEDY [ ’ ]f(m)a’”(f(n —m)

m=0

[ n
= fO)fm) + [ . Jf(m)o/"(f(n —m))
m=1
=0.
So f? = [;. Hence, f is an involution in A. |

Theorem 7.4.14. Let @ € End(R) and g(x) = ay + a\x + --- + a;x* € C(R)[x]. Then
A = (HR, @) is weakly g;(x)-invo clean where g;(x) = l;o + l;lx + -+ l;kxk e CA)x]if

and only if the ring R is weakly g(x)-invo clean.

Proof. Let f € A and since R is a weakly g(x)-invo clean ring, f(0) = v + s where
v € Ino(R) and g(s) = 0. Hence, f = v + [ where v’ € A defined as v'(0) = v and

v'(n) = —v Z [ " ]v, (m)a™ (v (n — m)) for all n > 1. Since v'(0) is an involution of R, v
m=1\ M

is an involution of A by Lemma [7.4.13] Now, g.(l;) = I, + I, [, + -+ + [, ([, = 0. It
follows that [, is a root of polynomial g, (x). Thus, f is weakly g, (x)-invo clean in A.
Conversely, assume that A = (HR, @) is a weakly g;(x)-invo clean ring and r € R,
then Gg(r) € A. Thus Gg(r) = f = p where f € Inv(A) and g, (p) = 0. So Eg(f) € Inv(R)
by Lemma [7.4.13| and g(Er(p)) = 0. Thus, r = Eg(f) = Er(p). Hence, R is a weakly

g(x)-invo clean ring. |

The proof of the next lemma is similar to that of Lemma

Lemma 7.4.15. Let sequence (a,) in HR is defined by ap = v and a, =
[ on
—v Z ( ]aman_m. Then (a,) is an involution in HR if and only if ay is an involution in
m=1\ M
R.

Corollary 7.4.16. Let R be a ring and g(x) € C(R)[x]. Then Hurwitz series ring HR is

weakly g (x)-invo clean if and only if R is a weakly g(x)-invo clean.

Proof. We take identity endomorphism, i.e., @ = idg in Theorem and by using
Lemma the result follows. O



Chapter 8
Conclusion and Future Research

This chapter concludes our thesis and shows some of the prospects that define our current
and future research endeavors in scientific research. This thesis is mainly a study of
generalizations of UN and VNL rings and group rings. The introductory chapter consists
of definitions and literature survey of concepts used throughout this thesis. In the third
chapter, we study UN rings and group rings. We have studied the question raised by
Célugdreanu [7]] that "is M,(R) over a UN ring R, also UN?". We have obtained that if R
is commutative, then M,(R) is UN if and only if R is UN. We have focused on structure of
UN group rings. We have found necessary and sufficient conditions for RG to be UN. We
have obtained that if RG is a UN ring then R is a UN ring, G is a p-group and p € J(R);

and the converse holds if G is locally finite. As a future scope, we have

Problem 8.0.1. Find necessary and sufficient conditions for a skew group ring R ¢ G to
be UN.

In the fourth chapter, We have introduced and investigated a new class of rings which
is called UQ rings and establish their relation with already known rings. Various proper-
ties of U Q rings have been obtained. We have provided a new characterizations of 2-good
rings and discussed extensions of UQ rings such as Morita contexts, generalized matrix
rings, formal matrix rings, group rings etc. Further, necessary and sufficient conditions
for commutative RG to be UQ have been attained. Let G be an abelian p-group with
p € J(R) and R be a commutative ring. Then RG is a UQ ring if and only if Ris UQ. As

a future scope, we have
Problem 8.0.2. Find necessary and sufficient conditions
(1) for noncommutative group ring RG to be UQ.

(2) for a skew group ring R x4 G to be UQ.
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In the fifth chapter, we have introduced and investigated a new class of rings which
is called almost SWR rings and establish their relation with already known rings. Various
properties of almost SWR rings have been obtained. We have characterized almost SWR
rings. Also, we have discussed almost SWR group rings. It has been proved that if RH is
almost SWR for every finitely generated subgroup H of G, then RG is almost SWR, but

the converse of this result partially holds. Thus we have
Problem 8.0.3. Find the necessary conditions for RG to be almost SWR.

In the sixth chapter, we have introduced and investigated a new class of rings which
is called semiboolean neat rings and established their relation with already known rings.
Various properties of semiboolean neat rings have been obtained. It has been proved that
commutative semiboolean neat rings, which are not semiboolean, is reduced. We have
determined a characterization of group ring RG satisfying semiboolean neat property if R

is commutative and G is abelian. As a future scope, we have
Problem 8.0.4. (1) What is the structure of noncommutative semiboolean neat rings?

(2) Obtain a complete characterization of noncommutative group ring RG to be semi-

boolean neat.

Kosan et al. [37], studied rings whose elements are sum of a tripotent and an element
from the jacobson radical. An element a of a ring R is called a tripotent if @* = a. Chen
and Sheibani [14], introduced a ring in which every element is the sum of two tripotents
and a nilpotent that commute. In future, we intend to study a class of rings for which
every element is a sum of an element from J(R) and two tripotents. We shall attempt to
determine necessary and sufficient conditions for group ring RG to be sum of a tripotent
and an element from the jacobson radical.

Abdolyousefi et al. [1], describe the structure of unit nil-clean rings. A ring R is
unit nil-clean if, for any a € R, there exists a unit u € R, such that ua is the sum of an
idempotent and a nilpotent. In future, we plan to investigate the ring in which square
of each unit is a sum of an idempotent and a nilpotent element. We intend to obtain
necessary and sufficient conditions for group ring RG to be square of each unit is a sum

of an idempotent and a nilpotent element.
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