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ABSTRACT

In functional analysis, a great deal of time is spent with normed linear space, banach
space, inner product space, many other spaces like Hilbert space, LP-space etc.LP-space
is a great field in functional analysis. L”-space play a central role in many questions in

analysis.

Here, we'll focus on the fundamental structural information about the LP-space.
This more abstract viewpoint also has the unanticipated benefit of guiding us to the
unexpected finding of a finitely additive measure on all subsets that is consistent with

Lebesgue measure.

Here we will be familiar with measurability,measure space, measurable functions
and Borel set etc. Lebesgue integral, integration of complex numbers, Lebesgue domi-
nated convergence theorem, dual of LP-space, two norm convergence in LP-space etc.

also define here.
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CHAPTER

Introduction

The LP-spaces are function spaces that are defined by naturally extending the p-norm to
vector spaces of finite dimensions. In honour of Henri Lebesgue, they are sometimes

referred to as Lebesgue spaces.

LP-spaces a crucial class of banach spaces in topological vector spaces and functional
analysis. because of their crucial function in the analysis of measure and probability
spaces via mathematics. Theoretical discussions of issues in physics, statistics, eco-

nomics, finance, engineering, and other fields also use Lebesgue spaces.

p-norm in finite dimension is when, p > 1 for real numbers, the p-norm or L”-norm

of X is defined by,

1
][, = (Jz1|? + |22P + ... + |zn|F) P

The norm that corresponds to the rectilinear distance is the 1-norm, while the euclidean

norm from above belongs to this class and is the 2-norm.

The maximum norm or [*°-norm or uniform norm is the limit of LP-norms for p — oc.

||z]|oo = maz{|z1], |22, ...... |z, |}



If the p-norm can be extended to vectors with infinitely many components, the resulting

space is called [? in infinite dimensions is known as the p-norm.
These serve as unique cases:-
a) The group of series with absolute convergence is called I'.
b) The area of summable square sequences, which are a type of Hilbert space, is [*.
¢) The space of bounded sequences is called I*°.

General [P-space is define as the space (?(I) over a general index set / and 1 < p < oo

as

(1) = {(xi)ier € K+ Sies|n:]? < +o0}

with the custom(norm),

1
lzllp = Bier|zl”)~
P € »

The region [P(I) turns into a banach space. This construction results in Rn with the

previously mentioned p-norm in the case where [ is finite with n elements.

This is the same sequence space [P described above if I is countably infinite. This
non-separable Banach space for uncountable sets / can be thought of as the locally
convex direct limit of the [P-sequence space. Giving the discrete o-algebra and counting
measure to the index set / transforms it into a measure space. Therefore, the space i?(1)

is just a particular instance of the more general LP-space.
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1.1 A normed linear space

A mapping is a norm on a vector space ||.|| : V' — R satisfying the following property

|z = 0

||z|]] = 0,if and only if z = 0

|z + yll < [l + 1lyl|

laz|| = |al.[|z]]

1.2 Banach Space

The term "Banach Space" refers to a normed linear space that is complete as a metric

space.

1.3 Inner Product Space

Let X be a field of complex numbers in a linear space. If for every pair (z,y) € X x Y
there corresponds a scalar denoted by < z,y > called inner product of x and y of X

such that the following properties hold:-

(IP1) < z,y >=<y,x > where (z,y) € X x X and < y, z > denotes the conjugate

of the complex numbers.
(IP2) < ax,y >=a<z,y>,VaeCand (z,y) € X x X.
(IP3)<x+y,z>=<uz,z2>+<y,z>, forall z,y,z € X.
(IP4) < z,z >>0and < z,z > =0iff x = 0.

Then (X, < . >) is referred to as a pre Hilbert space or an inner product space
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1.4 The Hilbert Space

A Hilbert space is a complete inner product space X with respect to a metricd : X x X —
R the inner product-induced <, > on X x X, ie. d(z,y) =< z — y,z —y >'/? for all

x,y € X.

1.5 Concept of Measurability

The class of measurable functions is too useful in integration theory. Ut follows some

basic definitions which has some basic properties that is defined as below:-

1.5.1 Topology, Topological Space and Open set

If a collection S, which is a subset of X, possesses the following three characteristics,

then S is said to be a topology in X :-
a)poe Sand X € §
b)IfS; € Sfori=1,23,....nthen S; NS, N ..... ns, es

o) If S, is a random grouping of elements from S(finite, countable, or uncountable),

then U,S, € S
Here,
S = topology in X
X = topological space and written as (X, 5)

S; (that is member of S) = open set in X
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CONTINUOUS FUNCTION:-

If a mapping is defined as f : X — Y and X and Y are two topological spaces, then

f is said to be a continuous function if f~(.S) is an open set in X for all open sets S € Y.

1.5.2 o-Algebra, Measurable Space and Measurable set

If a collection r of a set X possesses the qualities listed below, it is said to be a o-algebra
in X.:-

a) X er

b) If A € r then A° € r where A° is the complement of A

Qlf A=U2 A, andif A, ervVn=123,...,thenAcr

Where,

r = o-algebra in X

X = measurable space and written as (X, r)

A, (member of r) = measurable set in X

MEASURABLE FUNCTION:-

If a mapping is defined as f : X — Y and X is a measurable space, then f is said to

be a measurable function if f~!(A) is a measurable set in X forall AinY.

1.6 Continuity at a point

If every neighbourhood V' of a mapping f : X — Y corresponds to a neighbourhood w
of a mapping f(z) such that f(w) € V, then the mapping is said to be continuous at

xo € X .



1.7 Proposition:- 13

1.6.1 PROPOSITION:-

Assume that X and Y are topological spaces. A mapping is continuous iff it has the

form f : X — Y. Every point along X has a continuous f.

1.6.2 PROPOSITION:-

Assume that Y and Z are topological spaces. A continuous mappingisg:Y — Z:-

a) If the topological space X. If both f : X — Y and h = gof are continuous, then

h: X — Z is also continuous.

b) if the space X is measurable. Additionally, if » = gof and f : X — Y are both

measurable, then h : X — 7 is also measurable.

1.7 Proposition:-

Let X be a measurable space. Then:-

a) Suppose that f is a complex measurable function on X and that f = u + v, where

u and v are real measurable functions on X.

b) Real measurable functions on X are u, v, and |f|, if f = u + v is a complex

measurable function on X.

¢) f and g must be complex measurable functions on X in order for f + g and fg to

be complex measurable functions.

d) In the event that E is a measurable set on X and xg(z) = 1 (if zis € E) or 0 (if

xisnot € F), then xg is a measurable function.

e) If f is a measurable function on X, then f = a|f| exists and there exists a complex

measurable function o on X such that |a| = 1.
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1.8 Lebesgue Integral

Definition:- Let s is a measurable simple function on X as

S = D QX Ay erereeeennneeans (1)

where s has different values for o, as,..., o,. And let’s clarify,

/ sdp =X 0 (AN E) (2)
E

If g : X — [0, 0] is a measurable function and F € r then we define

/gdu: Sup/ SAphee i, (3)
E B

The lebesgue integral of g over E, with respect to 1, is denoted by (3) above.

1.9 Integration of Complex Numbers:-

Letting all complex measurable functions g on X in L'(u) be the collection

/ |gldp < o0
X

Then, members of L'(p) are referred to be Lebesgue integrals.
Definition:-

In the event that ¢ = u + iv, where u and v are real measurable functions on X, and

g € L'(u), we define -

/gdu:/qud,u—/u_dqui/erd,u—i/v_d,u
E E E E E

v and v~ = are positive and negative parts of u

Here

vt and v~ = positive and negative parts of v

These four functions are measurable.
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1.10 Some Basic Results

Result 1.10.1

Let gand h € L'(1) and u and v are complex numbers. Then ug + vh € L' (u) and

/(ug+vh)du:u/ gd,u—i—v/hdu
X X X

Result 1.10.2
If g € L' (i) then,

\/gdul S/ lg|dp
x X

Result 1.10.3

Lebesgue Dominated convergent Theorem:-

Let {g,} is define as a sequence of complex measurable functions on X such that
g(@) = limyoogn(7)

for all z € X. If there exist a function h € L' (1) such that

|gn(z)] < h(z) wheren=1,2,3,.....,and x € X then g € L*(p)
such that

X

iMoo / Gndp = / gdp
X X

So,
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Inequalities and Results

2.1 Holder’s and Minkowski’s Inequality

2.1.1 Minkowski’s Inequality

If 2,y be two elements fo [] space , i.e., v = (71,3, ....... o)y Y = (Y1, Y2, onno. y,) and the

norm of x is defined as

lallp = [i = 17|, "]/

then Minkowski’s inequality states that

[z +yllp < [lllp + [yl

Proof:-
If p = 1, then ||z||p = ||z||1 = Xi = 17|z
Therefore ||z + y|[1 = i = 1"[z; + 4| < iy || + XL [wil = [l=[ls + |yl

Thus the above inequality holds good for p = 1.
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Letp # 1 then

(llz + y||p)? = i = 1"|x; + y;|” by definition of norm
= @i + il e+ yilP ™ < Sicn (o)) + ()l + yP ™
=Xail(Jes + ilP ™) + Blyil(Jos + P ™)

Now by Holder’s Inequality

Slzays| < (Z)iP)YP 4+ (X]y:] 7)Y where }% + % =1

p—1

ori=1- -l
q p

S =

(p—1g=p
Applying the above inequality on R.H.S of (1) we get

o+ gl < (Sl (Sl + 507 + (Slyifr) Ve(Slas + |-y Vo

Put (p — 1)qg = pand é = ’%1 in RH.S we get

(Sl (S + PP+ (Sl oSl + iy
=llzllp(llz + yllp)" =" + llyllo(llz + yll,)P
=(lzll, + [1yllp) (Il + yll,)P~

Therefore [||z + y|[,}* < ([|2]l, + [|ylls) ||z + yl[,)"~

If ||z +y||p = 0, both sides vanish, proving that the statement above is true. However,

if both sides are divisible by ||z + y||’p — 1 and ||z + y||, # 0, we obtain
[z + yllp < [y + [yl

Hence Proved
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2.1.2 Holder’s Inequality

If z,y be two elements fo [} space , i.e., z = (71,73, ....... Tn), Y = (Y1, Yoy oee y,) and the

norm of z is defined as

lallp = (i = 17|, [P]/?

then Holder’s inequality states that

S|yl < (S |l VP (S il )V

Sl < felyllylly, where 1+ 2 =1,1 < p < 00,1 < g < ox.

Proof:-

If z = 0 and y = 0 then above inequality is obviously true.Thus we suppose that

both = and y are not zero.

We know from Lemma proved above that

al/pbl/qgg—i—é where,1+1:1
p

Let
’ yllq

CI,Z‘:[

Using the result (1),for a; and b; we have

Ed|™

|2 +1 il

ol _ 1 |
p Tl " allyll

[zl [lyllq

<
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Above result is true for each i and hence summing w.r.t i, we get

2olwllyil 1 >0 |l

L I~ =

zllpllylle = 2 (1]l

>yl

1
lyllals P [ll[lp}

1
+_
q

1. 1
—1+-1=1
p q

Therefore 37 [z;y:] < [[],|lyll4

or T x| < (3 |a:f")1/p) (X |yil)! /g where 1 +1 = 1.

2.2 Holder’s and Minkowski’s inequalities for Sequences

Let z =< z,, >,y =< y, > be the sequence of scalars , such that

Y00 |xnlP < 0o and 322 |y, [P < cop > 1.

Define ||z||p = (Xi = 1%°|z,|P)' /p then

L S38 [wnynl < (Z0% |2alP)/p(50201ynl?) ! /a = [lzllpllyll; where  + ¢ =1

2.z +yllp = llll, + 1yllg

For any positive integer m we have from Holder’s inequality proved before

Sntltaynl < (S5 |2alP) P (S0 fyal DM < (B02]al?) P (2021 |yal )V < oo by

given definition

Above shows that partial sum ¢X7", |z,y,| of X,—;00|z,y, are bounded and hence

we conclude that X|z,y,| < co



20

Inequalities and Results

Now we know that if z,, < y,, therefore, lim,,_,oo;,, < limy,_ o0y, i-€., 2o < Yo.

Hence, if in the result (1) we make m — oo then by the above result we obtain

Saziltaynl < (SpZilzal”) VP (E0Llyal )Y = Izl 1yllg

Proof of Minkowski inequality

In the proof of Minkowski inequality, we had shown that

S = 1wt ylP < (S0 |2 P) P (Sicin|zi+yilP)P P (S0 = 17|y [P) VP (S0 i+ ) (p—

1/p)

< (B0 |@iP) p(Sican|a; + yilP )PP (S0 = 17|y [P)VP (S0 | + vil?)p — 1/p)

= llllplle +yllp"~" + [lyllpllz + yllp"

Now if we allow n to tend to infinity then

LHS X, |x; 4 y:|? becomes X7 |z; + ysl? = ||z + y|[}

Hence from above we get

= |lz +ylly < [ll=llpllyllp][lz + gl

In case || + y||p = 0 then both sides vanish and if ||z + y|| # 0 then we can divide
, both sides by ||z + y||p*~! and we obtain

|z +yllp < llly + [yl
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2.3 Conjugate Exponents

If the real values a and b are positive, such that a + b = ab or equivalently,

l/a+1/b=1

where a and b € [1, 00) then a and b are called conjugate exponents.

2.4 Inequalities in the form of measurable functions

a and b should be conjugate exponents. Suppose that S is a measure space with the

dimension y, with a range of [0, co|. Let g and h be measurable functions on S, then-

Holder’s Inequality:-

/ ghdp < { / g dp}’ / hPdp}t/’
S S S

Minkowski’s Inequality:-

Schwart’z Inequality:-

[ohau < ([ auyieq [ weagy
S S S
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2.5 Show that Under the norm, the L”(R) space is a Banach
space.

15l = [Zo2y[sa "7, v s =< s, >€ L"(R)

Proof:

First we will show that this space(L”(R)) is a normed linear space

* ||s|lp = [En = 1]s,[P]'/* > 0
||s||p = [En = 1%s,[P]'/? = 0
= EpiilsnlP =0
= [s,|P =0
=5, =0

= s =0Vn

o ||| = [Z02, [ AsulPTH7
[12s]] = A5 |5 P]H/7

[1Asl] = [Alllsl

* ||s +t|| = [E%O:1|Sn +tn’p]1/p
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15 +t]] < [S52 [snlP]VPH[E0L 6?17 = ]| + ] ]

[Is 2] < ]s]] + []¢]]

It is therefore a normed linear space.

Next, we’ll demonstrate that it is a banach space: -

Let < s,, > is a cauchy sequence in L”(R) such that:-

s =< s,(:)

> s =< 57 , s =< g
Therefore for all e > 0 a positive number n exists that is suitable for all m,n > ny
Is™ — s"|| <e

= (S |sp — splP)VP < e

= [sT" — sT| < ¢, |sh — sh] < e€......

So, we can say that sequence < s} > for all i is a cauchy sequence on the real line

each of which will converge to some real numbers as the real line is complete.

Thus,

st — x1,85 — T2, .... S0, we get a sequence x =< x,, >.

we wnat to show that < s,, > converges to z.
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For a fixed integer i, we know that -

(322, s — s7|P)Y/P < e for all m,n > ng

keeping n fixed and let m — oo, we have,

(220 |zp — sPP)YP < e,n >y

fori —, we get,

(X0 ok — SZ/p|p)1/p <e€n > ng

= ||z — stn)||, < eforn >ng = s — 2

It remains to prove that = € L”(R)

|2kl = [an = 85" + ;[P < 27[lwn — Sp°P + [ | P]

So, N7 |wxl? < 2°(532 on — sp° 7 4+ D72y [sp°7)

Y20 |zk|P < 2P.€P 4 2P [sp0|P)

Also,

s =< s5p° >€ LP’(R)

= 52, [P < oo

Hence we can say that LP(R) is a Banach Space.
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2.6 Show that Under the following norm L>*(R) is a

Banach Space

||z[| = Suplzn|

Proof:- :-

In the beginning, we shall show that L*°(R) is a normed linear space -
* |lz]l 20

Suplz,| >0

|z, =0iffz, =0

So, ||z|| >0

o [Jax]| = Suplow,|
|lee]| = [l Supla|
llaz|| = |alf|z]

* [lz +yll = Suplen + ynl

|z +yll < Suplen| + Suplyn| = [lz]] +[ly]]

= [l +yll < ||l + ||yl
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Becausse all three properties of normed linear space are satisfied. So, We can say

that L>°(R) is a normed linear space.

We shall now demonstrate that it is a complete space :-

A cauchy sequence in L>(R), let < z,, > be. And assuming that ¢ > 0, there exists

an integer NV that is positive and

[ = 2al| < ¥ nom > N

= T, — T, | < €Vn,m > Nand Vk ....(1)

So, V k the seq < z,,, > is a cauchy sequence in L*>°(R). Hence there is a sequence

r =< x >such thatz,, = 2, Vkasn — o

Now we have to show that :-

x € L=(R) [ As every cauchy sequence is bounded So, ther exist £ > 0 such that
|zl < k¥ K]

Now,

|, || < KV R

= liMy oo |Tn, | = |2k < EV R

=z € L>(R)

Now let m — oo in (1), we get,
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|z — xp, | <eVn>NandVEk
So,
||z, — z|| = Sup|laxy — Ty, | <eVn >N

So, the arbitrary cauchy sequence < z,, > L*(R) convergent to an elemrnt

r e L>®R).
= L>(R) is a whole(complete) space that is a banach space.
Hence Proved.

2.7 Show that L*(R) is a Banach Space under the norm

[1sII? = [332,57]/2 V s € L*(R)

Proof :-

The given set is closed for addition and saclar multiplication and is a linear space.

So, Now we show that it is a normed linear space -
o [lsll = [EF2,s7]2 = 0

Isl] = 0 iff [52, 52]1/2 = 0

=YX si=0=s5=0Vk

So, ||s|| >0
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o [las|| = [EBFZ, i)
[levs]] = fer|[ER2 53]/

las|| = |all]s]|

o |ls+tl] =[5 (s + ta)?]"/?

15 +#]| < [SR2y 8712 + [ZR2 3] = [lsll + |11l

s +¢[] < {lsl] + [[¢]]

Becausse all three properties of normed linear space are satisfied. So, We can say

that L?(R) is a normed linear space.

Now, We will show that it is a complete space :-

Let < s" > be a cauchy sequence in L?(R). And let ¢ > 0 there exist a positive

integer such that ||s" — s"|| < eV m,n > ng

= (SR — )72 < e

= Each of the following is less than € that is,

s — st <e,|sh —sH <€,

= Each real number in the sequence < s} > Vi will eventually converge to the

same real number.
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im0 8T = @1, limy 00 S5 = Tg, ....... iMoo S} = T e (1)

So, we get a sequence r =< x,, >

Now, to show that < s > converges to + =< xz,, > for a fixed integer p, we have :-

[P (s —sM)2)V2 < eV m,n > ng

kepping n fixed and let m — oo, we have -

S (zp—sP)?<eVn>ng

The Relation holds for each p thus making p — oo , we get:-

(B2 (2 — s)HV2 < eVn>mng

= d(x,s") <eVn>ng

lz — "] < e

s" =

Now we show that x € L*(R)

23 =z — 530 4 50 = (wp — s30)% + (s30)% + 2(ap, — $3°)(s1°)

72 < Ay — 510 + 2(s})?

So,
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220:1513 <2552 (w — SZO)Z + 2220:1@20)2 < 2€® + 2220:1(520)2
= 50 = (s}7) € L2(R)

= 532 (s3°)? < 00

= r € L*(R)

Hence every cauchy sequence in L?(R) convergent to a point in L*(R).
= L*(R) is a complete space.

= L*(R) will be a Banach Space.

Hence Proved.

2.8 Show that space [, is a Hilbert Space.

Proof:-

Let a = x; and b = y; be elements of [5.

By, we specify what the inner product of @ and b is,

(a,b) = X2 2

The right-hand series” convergence results from the fact that,

il EAR

xelgand|yi{|§|y2 + 5 -
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Then

llal] = V(a,a) = (3Z,4:)

It is simple to demonstrate that [, satisfies all of the inner product axioms.As stated

by, the measure d of [, is

d(a,b) = [la = bl| = (a = b,a = )"/ = (XL [y; — ")/
We can immediately observe that [, is complete with regard to this metric, making
ly a Hilbert space.

Hence Proved.

2.9 Show that L?(R) is not a Hilbert space for p # 2.

Proof:-

Leta = (1,1,0,0,...) €l,
and b = (1,-1,0,0,.....) €l,.
Then

lal] = |lb]| = 277
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and

lla + 0[] = [la — 0[] = 2

Now we see that if p # 2,the parallelogram law does not hold.

Hence 1 < p < ool,(p # 2) is not a Hilbert space because it is not an inner product

space.

2.10 Show that L,[p, ¢|, is a Hilbert Space.

Proof:-

Define the inner product on Ls|p, ¢| by

b= / pala()b(t)]dt, Ya, b € Lalp, q]

and the norm on Ls[p, ¢ is given by

lall = W!W)Pdt

Additionally, it can be demonstrated that Ls[p, ¢] is complete with regard to this

norm and a metric defined by

d(ab) = / la(t) — b(t)[2dt) V2.

So Ls[p, q] is a Hilbert Space.
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LP-Space and Dual of LP-Space

3.1 LP-Space

Definition:- Let p € (0, c0) and g is a complex measurable function on the variable

X. Define-
gl = { /X 9P} )

Additionally, let g consist of all L? (1) for which ||g||, < oo where ||g||, = L? norm
of g

OR

The set of sequence s =< s,, > such that X9° |s,,|” < oo is called [, space.
NOTE:-
1) If 1 is the Lebesgue measure on R*, then L?(r") is used in place of LP(p).

2) When a measure is countable on a set X (countable), it is written as [?(X) or [?

rather than L7 (X).

3) A component of I? could be thought of as a complex sequence X = {z,} and

X1 = {02 Jal "}
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3.2 COMPLETE L”-SPACE

If every cauchy sequence in the norm ||.||.» is convergent. Then the every elements
where the sequence converges exists in the norm ||.||.» then we say that L space

is complete LP-Space.

Most of the spaces are complete spaces but some spaces may exist that is not

complete that is very little useful.

L', [* and L? spaces are complete spaces.

3.3 Theorem

Show that Under the norm ||.||.» , the space LP(X, 7, 11) is complete.
Proof:-

Suppose that {a, }72, is a cauchy sequence in L” and let £ > 1 there exist a subseq

{an, }72, of {a,} then

Hank+1 - ankH < 27k
Now assume the series whose convergence is given as below:-
a(z) = ap, () + 3721 (g, () — @, (7))
and
b(x) = lan, (2)] + X521 |(any 1 (7) = an, (2))]
the corresponding partial sum is,

Sma(x) = an, (2) + X2 (any ., (¥) — an, (7))

and

Smb() = |an, (2)] + X524 (any ., (2) — an, (2))]
The triangle inequality for L7 is,

[1Sm (O)|ze < flam [|2e + X llan,,, — ang [0
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So,
1S (0)] Lo < |l [12r + X5 27"

Now, with k — oo, prove using the monotonic convergent theorem that p < oo
and the series defining b converge everywhere, and a € L”.

Now we show that {a, } converges to a. So a is limit of {a,,}.

Because of the telescopic series, the series’ (m — 1)'h sum is accurate a,,,, So

ap,, — a(x).

Now show that a,,, — ain L. Let,
la(z) — Spa(z)[” < [2maz(|a(z)], |Sma(z)])]”

|a(z) = Sma(z)[” < 2%|a(x)]” + 2°[Sma(z)[”

So,
|a(x) = Spa(z)[P < 277 b()[?

The dominated convergence theorem will now be used to obtain ||a,,, — a||z» — 0
as m — oo. Now because {a,} is cauchy. Let ¢ > 0 and for all n, m > N there exist

N such that

llan — aml|zr < €/2

Now let choose n,,, > N and ||ay,, — a||» < €/2 then by the triangle equality,

llan = allee < llan = an,[lee + llan, — allr <€

So, the L* space is complete.

Hence Proved.
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3.4 DUAL OF L” SPACE

Assume that 1/p + 1/¢ = 1 and that ¢ is the conjugate exponent of p. Every
function h € L7 provides a bounded linear functional on L? according to the

Holder’s inequality. Suppose that,

l(g):/Xg(x)h(x)du(x) .............. (1)

And let,
I < [IA]]ze
So if h associates to [ then L7 C (LP)*for 1 <p < o0
Therefore, for some h € L9, every linear functional on L has the form (1).
So, (LP)* = L9 for 1 < p < oo, where (LP)* is dual of L”.

Note:-
When p = oo, the dual of L> contains L! but it is larger, so the following result is

generally false.

3.5 The Riesz Representation Theorem(For the dual

of L? space)

A measurable set S shall be used such that 1 << oo and ¢ be the conjugate of p.
Let B define the bounded linear functional on L?(S) for all h € L%(S).

B(g) = /Sh.th € L”(S)

Then there exists a single function h €L4(S) for which B = F and ||F|| = ||h|], for

all bounded linear functions F on L?(.5) .
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Proof:-

Because for all h € LY(E) ,On LP(E), B is a bounded linear functional such that
||B||« = ||h||4- So by linearity of integration for all hy, hy € LI(S) = By, — Bp, =
Bh1—h2 SO, if Bh1 = Bh2 then Bh1—h2 =0= th — hQH =0.

hl - h2
There is only one function h € L9(S) for which B = F for any F on L?(S5).

Therefore, we must demonstrate that there is a function » € L?(F) for which
F = B for all bounded linear functionals F' on L?(S) .

Then, for general measurable sets, we confirm this

In the case of any natural number n € N, let F' be a bounded linear functional on
LP(R). Explain linear functions

F, on L’[—n,n| by,

F.(f)=F(g) forall g € LP[—n,n|

where ¢’ = extension of fVR

Since [|g|l, = Il¢'ll»

=1F,(9)| < ||F||«||g||, for all g € LP[—n,n]

= Thus,||Fy ||« < ||F||«

Now let h,, € Li[—n,n] for which, F,(g) = [" h,.g forall g € L?[—n,n] and ||h,||, =
1] < JIE]]

As a result, for every g € LP(R) that vanish outside a bounded set, we conclude from

the definitions of F, and h,, coupled with the left hand equally in A.
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F(g) = / h.g
R
Now by Right hand equality in A [ |h|? < (||F.]|)? for all n

Since Bounded linear functional B and F’ agree on dense subspace of L?(R) so by fatous

Lemma h € LI(R).

Now let S'and F' be the general measurable sets.Define the linear functional Fon LP(R)

by f(9) = F(g|s).Then F is bounded linear functional on L”(R).

Thus we have just shown that there is a function fe Li(R) for which fis represented

by integration over R against f

Hence Proved.

3.6 Theorem

Let L?[0, 1] is the set of all measurable functions ¢ : [0,1] — R and let dual of L?[0, 1] is
LP[0,1]* = {0} for 0 < p < 1. Such that the only continuous linear map L?[0, 1] — R is

Zero.
Proof:-

Let a € L?[0, 1]* with a # 0. Then @ has image in R. As we know that a non zero linear

map to a one dimensional space is onto. So, there is some g € L?[0, 1] such that,
la(g)l = 1

using let g map [0, 1] to R So, [ |g(x)[dx is continuous. There exist some s € [0, 1] such

that

[atorar =12 gt >0

Let hy = gx(o,s) and hy = gX(s1) SO, g = h1 + hg and [g|P = [hy [P + |ho|?

/0 1 |y () |Pde = /0 9(@)Pdz = 1/2 /01 o(a)Pda
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Hence,

[ etoras =2 [ loopas

Because, |a(g)| > 1 and |a(h;)| > 1/2 for some i.
Let g1 = 2h;, So |a(g1)| > 1

And,

1 1 1
[ ataras =2 [ n@prae =2 [Cg@pds
0 0 0

Now we get a sequence {g, } in L”[0, 1] such that |a(g,)| > 1
And,

(g, 0) = / gu(2) Pz = (201" / g(@)Pdz — 0

Which contradicts the continuity of a.

Hence Proved.

* TWO NORM CONVERGENCE IN LP-SPACES

For 1 < p < oo, LP[0,1] is called a space of all measurable functions g such that
fol lg(c)|Pdx < oo and L>[0,1] is called a space of all functions ¢ such that essential

Sup|g| < oo where,
essential Sup = inf{N : |g(x)| < NV|[0, 1]}

If there are two real numbers, p and ¢, then

the L?[0, 1] is Banach dual of L?]0, 1] and Banach dual of L'[0, 1] is L*°[0, 1] but Banach
dual of L>[0, 1] is not L*[0, 1].
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3.7 TWO NORM CONVERGENCE IN [~

Let [0, 1] be the set of all necessary bounded functions in the space Loo. If a function g is

bounded almost everywhere then g is called essential bounded functions.

Let {g, } be the sequence of functions is said to be two norm convergence in L>, if there

exist N > 0 such that ||g,|| < N for all n and

1
limy oo / gn(z)h(x)dx
0

exists for all absolutely or Lebesgue integrable function % on [0, 1].

3.8 SOME IMPORTANT RESULTS

Result:- 3.8.1

Let {g, } is two norm convergence in L>, then there exist a function g € L> such that

1 1
/ gnh — / gh
0 0

as n — oo for all Lebesgue integrable function % in [0, 1].
Result:- 3.8.2

If h is absolute integrable on [0, 1] and

for all ¢ € L then M defines a two norm continuous linear function on L.
Result:- 3.8.3

There is an absolute integrable function & such that
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for every g € L™ if M is a two norm continuous linear functional on L.

NOTE:-

Norm Convergence in L”-Space

A seq {g,} of functions in L? for all 1 < p < oo is said to be norm convergence to g € L?

if || f, — f|l, = O(convergent to zero), as n — oo.

3.9 TWO NORM CONVERGENCE IN L"-SPACE

A seq {gn} of functions in L? for all 1 < p < oo is said to be two norm convergence to

g € L? if there exist N > 0 such that,
lgnlly < N

for all n and
1
i so0 / gn(@)h(2)da
0

exists for all h € L9.
LEMMA:-

A function g in L? for all 1 < g < oo if and only if

| M{(d) — M{(c)|”

d—ar—1 ) =%

Sup(D)(Z

where Sup is taken over all of divisions D = {[c, d]} of [0, 1] in [¢, d] stands for a typical

interval in the division.
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3.10 SOME IMPORTANT RESULTS

Result:- 3.10.1

If {g,} is two norm convergent in L? for all 1 < p < oo then there exist a function g € L?

1 1
/ gnh — / gh
0 0

such that

as n — oQ.

Result:- 3.10.2

Let 1 <p < ooiif {g,} is norm convergence for all g € L then {g, } is two norm conver-

gence to g in L*.

Result:- 3.10.3

Ifhe Liforalll < ¢ < ooand

for all g € L? then F' defines a two norm continuous linear functional on L?.

Result:- 3.10.4

If I is two norm continuous functional on L?, then F' is norm continuous functional on

LPforl1 <p<oo

Result:- 3.10.5

There exists a function h € L9 such that



3.10 SOME IMPORTANT RESULTS 43

forevery g € L?if 1 < p < oo and F' are two norm continuous linear functional on L”.

Corollary:-

A linear functional on L? is two norm continuous if and only if it is norm continuous.

Let 1 < p < oo. For p = oo, this corollary does not apply.
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Characterisation of L”-Space

4.1 In L? Space, Weak Sequential Convergence

Definition:-: If x is a normed linear space, then,Weakly convergent to g €x is defined as

a sequence g, €X,

lim F(g,) = F(g)VF € X*

n—oo

and written as g, — ¢ in X.

Thus, g and g,, are members of z, and g,, weakly converges to g.

We continue to write g, — ¢ in x to signify that lim,,_,.||g, — ¢|| = 0 and we frequently
refer to this style of convergence as strong convergence in z in order to differentiate it

from weak convergence. Since

|F(gn) — F(9)| = |F(gn — 9)| <|IF|<llgn — gl|VF € X~

A sequence converges weakly if it converges strongly, but the opposite is not true.
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4.2 Theorem

Let S be a measurable set and 1 < p < co.Let g, — ¢ in L”(S).Then g, is bounded in
Lr(S) and || f][, < liminf|[gn]l,.

Proof:-

Assume that the conjugate function of g and the conjugate spaces p and g.Ascertaining

the right hand inequality first

By Holder’s inequality,

/ 790 < 119/ lo-llgally = llgallp¥n

Since g, converges weakly for all g and ¢’ in L?(5)

lglly = [ g9 = lim [ ¢'.g, <liminfl|gnll,
s n—oo s

Now, we use contradiction to demonstrate that g, is constrained in L?(S).Let || f,|| =

n.3"Vn and ||g,||, be unbounded.

We choose a set of real numbers «; inductively such that a;, = i%i for all k.

=a; = % if 7 is natural no for which ay, as, ........ a,, be defined

n

I
Ant1 = %lf/s[z ;(gn)]-Gn+1 > 0

=1

and a1 = — g7 [for negative].Therefore by A and the definition of conjugate function

n 1
|13 aito = llonlly =n
S i=1

and ||a,.g(n)'||; = 5=Vn.

Since ||a;(g:)'||q = 5 Vi

A cauchy sequence in L9 (.5) is the partial sum of series sequence > .~ a;(g;)*. According

to the Riesz-Lischer theorem, L (E) is complete.
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For every n we deduce from the triangle inequality and Holder’s inequality, define the

function h € LY(E)by h = >".° a;(¢;)

[ral=1 [ [i a6 g0

> | [ ato ol = | [ aa))al

=1

>n— \/E[‘Z ;(9:)"]-9n|

i=n-+1

o0

1
>0 [Y ol
1=n-+1
=YL
_n
92

That is a contradiction since h belongs to L?(F) and g,, converges weakly in L?(S).Real
number sequence | fs h.g,| converges and is limited as a result.Thus, f,, is constrained

by LP(S).

Corollary:-

Let ¢ be the conjugate of p and S be a measurable set for 1 < poo.Let’s say that in L?(.5),

¢, converges weakly to g while in L%(S), h,, converges strongly to h.Then

lim [ h,.9, = /h.g

n—oo s
Proof:-

For all n,

Let K > 0 any constant such that ||g,||, > & for all n.
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By Holder’s inequality

|/hn.gn—/h.g| gK.||hn—h|!q+|/h.gn—/h.g|

Due to these disparities and the reality that both

lim ||, — h||; =0 lim /h.gn = /h.g
n—oo n—oo S s
So.

lim hn.gn—/h.g
n—00 s

S

Hence Proved.

4.3 Weak Sequential compactness in L” space

Definition:-If every sequence g, in a subset A has a subsequence that weakly converges
to g € A, then the subset A is said to be weakly sequentially compact in the normed

linear space X.

Theorem:-
Assume that S is a quantifiable set on 1 < p < oo.Then g € L?(S) for all ||g||, < 1is

weakly sequentially compact in LP(S).

4.4 Riesz weak compactness theorem

Let1 < p < oo and S be measurable sets.If g,, is a bounded sequence in L”(S), then there
is a subsequence g, of g, and a function g in L?(S) for which g is a weakly convergent

subsequence for every bounded sequence in L?(S).

lim [ gurh.du = /g.hdth e LY(S)

k—oo [

1,1
where5+5—1



48 Characterisation of LP-Space

4.5 Approximation in L’-Space

Here, the approximation of L” spaces with respect to the LP(S) norm is taken into

account. In essence, approximation is derived from the notion of L? space’s density.

Definition:-

A normed linear space with the norm ||.|| is what we’ll call X. Two subsets of X, A and
B, with A C B, are given. If there is a function g in A such that ||g — h|| < € exists for
each function h in B, then A is said to be dense in B.

It is not difficult to show that the set A is dense in B ¢ f f there is a sequence < g,, > such

that lim, g, = hVh € X

morever it is also useful to observe that for A C B C C' C X. Given that B is dense in C

and A is dense in B, A must also be dense in C.

4.6 Propositions

4.6.1 Proposition:-
Let S be a measurable set, then the subspace of simple functions in L?(S5)is 1 < p < oc.
Proof:-

Let h € LP(S) and p = oo and Sy C S with measure zero for which /4 is bounded on S.
By lemma There is a set of basic functions on S that converge uniformly on S to i and
with respect to the L>°(.S) norm.

So, Simple function dense in L>(.5)

Now let 1 < p < oo and let h is measurable.
= By simple approximation theorem there exist a sequence < a,, > of simple functions

on FE such that < a,, >— h pointwise on S and |a,,| < |h| on S for all n.

By integral comparison test a,, € L?(S) we claim that < a,, >— h € L?(E). Indeed for
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all n,

|an — P < 2°{Jan]” + [} < 2771 AP

We conclude from the Lebesgue dominated convergence theorem that < a,, >— h in

LP(S) since |h|? is integrable over S.

4.6.2 Proposition:-

Let 1 < p < oo and [m, n] be closed bounded intervals. Therefore, the step function

subspace on [m, n] is dense in LP[m, n].

4.7 Separability in L” - Space

Definition:-

If a countable subset is dense in a normed linear space X, then X is said to be separable.

Since the rational numbers are a countable dense subset of the real numbers, they can
be separated. Because the polynomial with rational coefficents is a countable set that is
dense in Cfu, v], we may conclude from the Weierstrass approximation theorem that
it is separable for [u, v] and closed bounded interval C[u, v] normed by the maximum

norm.

4.8 Theorem

Let 1 < p < oo and S be a set of measurable elements. When this happens, the normed

linear space L”(S) is separable.

Proof:-

Let [u, v] be a closed and bounded interval and the collection of all step functions on
[u,v] is T'[u, v].

Let T'[u, v] be the subcollection of ¢[u, v]. comprising step function ¢ on [u, v] that take

rational values and for which thre is a partition P = {ao, a4, .....a,} on [u,v] with ¢
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constant on (ay_1, a) for 1 < k < nand zj rational for 1 < k£ <n — 1.

Now, we can conclude that 7"[u, v] is dense in T'[u, v] with regard to the L?(,S) norm. This
is based on the density of rational numbers in the real numbers. These two inclusions,

each of which is dense in relation to the L?[u, v] norm, are thus present,
t'Im,n] € Tm,n] C L6plu, v]
So, = T'|m,n] is dense in L?[u,v] for all n define A — n to be the function on R that

vanish outside [—n,n] and those restrictions to [—n.n] belongs to T'[—n, n].

Define A = U,enA,. Then A is countable collection of functions in L?(R). By monotonic

limn%o/ !g!p=/|9|p
[—n,n| R

convergent theorem,

forall g € LP(R)

= Therefore, A is countable called of functions that are dense in L?(R) by the selection
of each A,,. Let S be a universal measurable set to finish. then the group of limitations

on the function’s S. Because A is a countably dense subset of L?(S). L?(.S) is separable.

Hence Proved.

4.9 Characteristic properties of L” Space

The fundamental component of the theory at L” spaces, where p > 1 is Holder’s in-

equality

/0 o(0).h(t).dt < ( /0 Lg(8)[Pdt) /7 /0 () dt) o (A)

where, g(t) € L, h(t) € L? and ¢ = -5
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The following particular young’s inequality is typically used to demonstrate this in-

equality

/Olg(t).h(t).dt < %/01 |g(t)]pdt+é/01 B (B)

For the function , It is well known that,

h(t) = |g(t)[P " sgng(t) = T.g(t)...co...... (@)

If the equality for the pairs of functions holds in B then the equality for that same pair

also hold in A this property is characteristic for L” spaces (p > 1).

Conjugate Similar:-:

The term conjugate similar refers to a transformation 7" from a universal continuous

semi ordered linear space R into its conjugate space R? with the following conditions:
a)a>b>0=Ta>Th>0
b) (T'a)(b) = T'(b)(a) for any b

) T(—a)=—-Ta

410 Theorem

Let R be a strictly convex normed universal continuous semi-ordered linear space with
at least two linear independent elements.If the following condition is met by a one to

one conjugately similar correspondence 7T,

(Ta,a) = ||Tal|.]|al](0 < a € R)uwrevvveeen.... (1)

then we can find a number p > 1 such that

Tha = N"'Ta

forany A > Oa € R.
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Proof:-

We take advantage of the fact that there is a such 7" to define on R a modular m(a) that

needs the following requirements:

- 0<m(a) <+ooforall0#x € R
- m(Aa) is a convex function of A > 0

- m(a +b) = m(a) + m(b) if ab are naturally orthogonal.

a>b>0=m(a) >m(b)0 < a;, = m(a) = Supmica(a;)

The modular is defined by m(a) = fol (T'Aa,a)d\ when a is non-negative and m(a) =
m(a™) —m(a”) for any a € R.Conversely , If m is once defined, T is characterized by the

following equation

(Ta,a) = m(a) +m~(a)

which is generalization of (C).This is the justification for our claim that our theorem

characterizes L? relating young’s and Holders inequality-

Now by (D) (T'Aa, a) = ||T'Aa|.||a|| for any A > 0.Therefore existence of such function

fa(A) is implied by strict convexity of the conjugate norm

forall A > 0and a € R put

we get
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A
/0 fa(n)dn.(T[px, x)

Hence it follows that -

for any A > 0[p] with [pjx # 0

Now we will prove that if (F) holds for any element a,we can find a no p > 1 such that
m(Aa) = X’m(a). To show this , we take a positive element a.Since R is at least two

dimensional there exists y > 0 such that z ~ y = 0.Then, putting C\ = Aa + b by (F),

m(nCy) _ m(nlalZy) _ m(ina) .\
m(Zy)  m([a]Zy)  m(a) V(A n>0)

and
m(nC,) _ m(n[b]Z)) _ m(np)
m(Zy) m([b]Cy) m(p)

m(Ana)  m(na) m(Aa)

m(a) — m(a) " m(a)

Since m(Aa) is continuous with respect to A > 0, we can find p > 1 such that,m(\a) =

APm(a)

Here p must be strictly greater then one,because 7" is one to one .From the definition of

m it follows that (T'\a,a) = \»=1(Ta, a)

= Tha = \N"'Ta
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