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ABSTRACT

S.N. Bernstein was the mathematician who proved the Weierstrass Theorem
by defining Bernstein Polynomials and Operators. This paper illustrates the
various forms of the Bernstein Operator and the different modifications done
by other mathematicians in order to study and prove more theorems in

Approximation Theory.

In this paper, we will be dealing with the classical Bernstein Operator,
Bernstein-Kantorovich Operator, g-Bernstein Operator and Bernstein-

Durrmeyer Operator.
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CHAPTER 1

BERNSTEIN POLYNOMIAL

1.1 Introduction

Polynomials are very helpful mathematical tools because of their simplified definitions. They
can be calculated manually, and complicated ones can be simplified using programming
languages. They represent a large variety of functions. Their derivatives and integrals can
also be calculated easily, and as we know they can be used to approximate any function to

any amount of accuracy as desired with the help of Taylor’s and McLaurin’s Expansion.

Polynomials are written in the following form

p) =at" +a, A" L+ +at+a

The above expression defines a polynomial as a linear combination of some defined

elementary polynomials {1, t, t?, ..., t"}.

In general, we can write any polynomial function with degree less than or equal to n in the above

notation as

e The set of all polynomials with degree less than or equal to n generates a vector space:
sum of two polynomials will again be a polynomial, product of a scalar and a
polynomial will again be in the set of polynomials and all the other properties of a

vector space will also be true.

e Theset {1,t,t% ...,t"} forms a basis of the vector space of polynomials with degree less
than or equal to n — that 1s, such a polynomial can be uniquely expressed as a linear

combinations of the functions of this set.

The above basis is known as the power basis. Though this is not the only basis of the vector
space defined above. There are infinite basis of the vector space of all polynomials with

degree less than or equal to n.

With this background of polynomials let us move forward and define the Bernstein

Polynomial and then Bernstein Operator.



1.2 Bernstein Polynomial

The Bernstein Polynomials of degree n are defined by
Biny (£) = "Ck t(1-t)"* fork=12 ..n

Bkny(t) =0 fork<Oork=>n

There are (n+1) n* degree Bernstein polynomials.

The first few polynomials are as follows.
e The Bernstein polynomials of degree 1 are
Bii(t) =t
Bo,i(t) = 1-t

For 0 < t < 1, they will represent the following curves

Figure 1.1



e The Bernstein polynomials of degree 2 are
Bo.2(t) = (1-t)?
B1a(t) = 2t(1-t)
B2,2(t) = t2

For 0 < t < 1, they will represent the following curves

Bglgtﬂ -1 — Bgl;gl:ﬂ
Bl,?(ﬂ T
0 1
Figure 1.2

e The Bernstein polynomials of degree 3 are
Bo,s(t) = (1-t)?
Bys(t) = 3t(1-t)?
B,3(t) = 3t%(1-t)
Bss(t) = t*

For 0 <t < 1, they will represent the following curves



Boa(t) —t= »— Bagal(t)

L~ Bags(t)

Figure 1.3

1.3 Bernstein Polynomials in Recursive Form

The Bernstein polynomials of degree n can be defined by a combination of two Bernstein

polynomials of degree n — 1. That is, the kth, nth-degree Bernstein polynomial can be written as

By (t) = (1-)By 1 (t) + tBy_1 n-1(t)

Proof,
(1-)Bin—1(t) + tBr_1 01 (t) = (1) 1Ci (L) + Creat I (1-t)" (D
= MGk K1)+ MCier (1)
= [ ™Ci+ ™Cra ] tR (1)K
= "1C, t¢ (1-t)™K

= Bk,n (t)

10



1.4

Properties of Bernstein Polynomial
Symmetry:

Bin(t) = Bpgn(1—10)
Non-negativity:

By ,(t) =0 foro<t<1

Normalization:

n
D Bin(®) = 1
k=0

11



CHAPTER 2
BERNSTEIN OPERATOR

2.1 Bernstein Polynomial on f
Let f be a bounded real-valued function defined on the interval [0,1]
Let Bn(f) be the polynomial on [0,1] defined as follows

5 ()0

k=0

This Bn(f) is the nth Bernstein Polynomial for f also known as the Bernstein Operator.

e Whenf(x)=1

e When f(x) =x
Differentiating the binomial theorem,

n

%(Z (Z)Pkfl”_k) = %((’p +q)")

k=0

=n(p+q)""

Thus, we get

T

k k n—k __ -1
kzzo(k)npq =(p+q" 'p

12



Replacing g by 1-x and p by x we will arrive at the following

B =3 (7) 5t - ot

k=0

=Z

Similarly, we can derive the following identities:
n 2
2y _ n\ k" n—k
By(z”) = 1;:0: (k) 2% (1-2)

(n —1)x?

Zz
+ —
n

Combining the above equations, we get the following equations

£ ()0t er s

1
n

13



Zn: (n) (E _ :E)4;Ek(1 _ :E)n_k —z(1— x)(?m —6)z(l—z)+1

k/\n n3
k=0

2.2 Theorem:

Let f be a real-valued function defined, and bounded by M on the interval [0, 1]. For each
point x of continuity of f, Bu(f)(x) = f{x) as n — oo.

If fis continuous on [0, 1], then the Bernstein polynomial B,(f) tends uniformly to f

asn — oo
With x a point of differentiability of f, B’ .(f)(x) = f'(x) as n — co.

If fis continuously differentiable on [0, 1], then B ,(f) tends to f” uniformly as n — oo.

Proof:

Consider  B,(f)(z) — f(z) =

Thus, for each x in [0,1]

B0 - 1@ < 3 (F)eta -2 =415(£) - s
k=0

To calculate the RHS we break the summation into two parts- first part where |S — x| <46

and the second part contains those terms for which |§ — x| > & denoted by X" and ). "

respectively.

Suppose that f is continuous at x

Then for any € > 0, there exists a § > 0 such that

fG) = fI <3 when [x* — x| < §

14



And hence, for the first summation )’

S (1) - Hs(E) - sl < X (7)o -

Now, for the second summation ), "’ we have
2
5 < |

< |§—x|=> §2< |§—x
#3 (1)eta-or () - s
) (E-a)sra-ar s (E) - )

V) (5 =) k- ayranr

gzMZn: (Z) (g . m)zmk(l _ )k

Thus,
¥ ()t -ar (%) - ol < o

For this &, by Archimedean Principle we can choose no so that, whenn > n,

2
%n

then <

N | M

15



For this no, we will have

Bu(f)@) — f@) < 3+

€
+ =

<
2

M oM™

And hence, By(f)(x) — f(x) as n — co for each point x where the function f'is continuous.

Moreover, if f is continuous at each point of [0,1] then fis uniformly continuous on [0,1].
For this given &, we choose § such that:
If(x") = f@)] < 2 v, xe[01] whenever  |x’—x|<§
Thus, for this chosen ng and for this § whenn = ny|B,(f)(x) — f(x)| < ¢ v x € [0,1]

Thus, [|B.(f) —fll<e

And By(f) tends uniformly to fas n — co,

Now, for x € [0,1]

By = %(kg (7)ara-ars(2))

n—1

— 2 (:) k‘wk—l(l - :L‘)n_kf (%) - kz:% (Z) (n — k)xk(l _ I)n—k—lf(g) " |:TL:L‘”_1f(1) B n(l B _/L-)”—lf(o):|
=3 () o~
k=0
=n Y Z) (g - m)ack_l(l _ m)"_k_lf(g)
k=0

Note: When k = 0 then (S — x)x"‘1 = -1

When k = n then (S — x) (1—x)vk1=1

16



Now, let us suppose that f is differentiable at x.
Let € > 0 be given

Then, we write

EY _ f(x
f(ng_i( ):f’($)+§k

Now, since f is differentiable at x

Hence, there exists § such that whenever 0 <|x’ — x| < § then |% -
E

Thus, when 0 < |— — x| < dthen [&|= ‘M —f’(:c)| <%
n T

It follows that

e —nz(;z) e (Y

fre)<:

17



Again, we calculate this last sum by breaking it into the two summations ), " and }; "'~ first

part where |§ - x| < ¢ and the second part contains those terms for which |§ - x| =)

For the first summation )., we have

nY =X (1) (B -o) et -l
o () o)
55 0) G-

For the second summation, |§ - x| > 6 so that

———

E) — f(x
T 5@ 4y < 24 )

€] < ‘ . 5

3=

2
And [ — x|" = &2 will imply that

k

Y| <oy () (G -a) a0 -t
< nZ" (:) (g - ""’)4$’“‘1(1 — )"
o (b0 )

< nkzo () E=2) w0 o= (3 4 @)

n(

3n — 6):c7§i —z)+1 (QQ/I 4 |f’($)|)
<5 (3417 @)

_ 6M + 36|f'(z)|
N nd




Thus

\"Z | < 6M+35|f( )|

For this &, by Archimedean Principle we choose no so that, when n > n, 6M + 30| f'(x)| <=

nd3 2
And hence,
B @) - F@) <Y [+[n Y|
< §+§
=¢

Hence, for each point x where f is differentiable, B’n(f)(x) = f’(x) asn — co.

We now show that

The sequence {B ’n(f)} tends uniformly to /” where f is continuously differentiable on [0,1].

For all points x where f is differentiable, we have:

B, (f)(z) )+ nz ( ) (_ _ -T)2:Ek_1(1 — )R lg,

Assuming that f is differentiable for all x in [0, 1] and the derivative of f is continuous on [0,1]

Let M’ be the supremum of |f’(x)| where x € [0,1]

Choose § > 0 such that [ (x”) - f(x)| <§ whenever |x’-x| <6

Now, V x € [0,1] we had defined

k
§r = w—f(m) when g #x, and

& =0 whenE:a;
n

19



Since f is differentiable on [0,1]

Hence, we can apply the Mean Value Theorem on Xk € (Sx)

7(%) = 5@ = ') ()

n mn
k
For the case when — =X choose x = Xk

With these choices &, = f "(xx) — f'(x)

Thus we get

n

B(e)-1) =Y (3) (o) o (-2 (o)1)
k=0

In this case again we estimate the summation in the RHS of this inequality by breaking it into
two parts ), " and Y, "' like done before for the approximation of the derivative at x.

Here however, &, = f '(x;) — f '(x)

And we chose this § by the definition of uniform continuity of f* on [0,1]

such that | (xx) - ()] < g whenever |xk — x| < &

Now for the first summation Y.’ over those k such that |§ — x| )

D> (Z) (E o) a0y o) - S < S0y (’;) (5 = o) ekt = gyt

k=0

€
2
. k
For the second summation Y.’ over those k such that § < |; — x|

2
k
We have § 2 < |; — x|

For this case |f’(xk) - ' (x)| < 2M’

20



And thus,

#u 3 (3) (E-a) st - o) - £

mn 4 k-1 n—k—1 ’
< 2 -
<n (k)( :c) "1 —x) 2M
n 4
SQM”nZ (Z) (g - :1:) F1(1 — g)n—h-t
k=0
oM'n 3n — 6)$(; —z)+1
n
6M’
n

Again, by Archimedean Principle, when n > ng

Y @ (% ) N1 =) ) — ()] < %ﬂﬁ <3

And finally, v x € [0,1],

k

|BL(f)(z) - f(2)| <n Y (:) (=- a:)Qa:k_l(l — )" * 7 f (@) - f'(@)]
+03 (1) (5 - a) o - ) - @)

k

Thus, |IB,(f) = fill<¢

And {B’n(f)} tends to f uniformly.

21



CHAPTER 3
BERNSTEIN - KANTOROVICH OPERATOR

Let f'be a bounded real-valued function defined on the interval [0,1]
Then the classical Bernstein Polynomial of £, By(f) on [0,1], is defined as follows
i k
k n kel
> (1))
k=0

or

n

Bu(fix) = an,k(x)f (S) where Pnk(x) = (’;)x"(l — x)(n=k)

k=0

Now, let /: [0,1] — R be an integrable function

The classical Bernstein - Kantorovich operators are defined by

n (k1) /(m+1)
Kn(f;x) = (n+ I)an,k(x)f f@)dt, x€[0,1], neN
k=0 kf(n+1)
It can also be written as
k+1
K, (f X) = an k(X)f ( ) where Pn.,k(x) — (Z)xk(l _ x)(n—k)

Over the years, there have been several modifications on Bernstein and Kantorovich
Operator. One such modification is when we replace t be t* for a > 0 in the classical

Bernstein- Kantorovich Operator.

This modification does not affect the linearity or positivity of Ky, rather it generates a new

sequence as follows:

T 1 k +1*
K;l,a(f=x)—]§pn,k(x)ﬁ) f(n—l—l

) dt where Pn is the same as defined above

22



A similar modification is the g-type generalization of Bernstein - Kantorovich polynomial

operators as follows

g (fr2) —ank(q,x)f ( +qt) 4  where feC[01], 0<gq<1

[+ 1]

3.1 g-Bernstein - Kantorovich operator

Definitions: Letq >0
For any n € N U {0}, the g-integer [n] = [n]q is defined by

[n]=1+q+..+q>!

[0]=
The g-factorial [n]! = [n]g! is defined by
[n]! = [1][2]...[n]

[0]' =1

For integers 0 < k < n, the g-binomial coefficient is defined by

[n]!

n
7l = (k]! [n — k]!

The g-analogue of integration in the interval [0,A] is defined by

fAf(t)dqt:ZA(l—q)if(Aqn)qn for0<q<1
0 n=0

Now, based on the above definitions, we define the g-type Kantorovich modification as

follows

B*n,q(f,x)=ipn,k(q,x) ff([k]+q t) 0<x<1, neN
k=0

n+1

23



where,

n—1

Py (q;x) = [ V;C ]xk (1- x)y;“k and (1-x) := H(l —q'x)

s=0
Remark:

We notice that, as q — 1~ the q-Bernstein-Kantorovich operator becomes the classical

Bernstein-Kantorovich operator.

Lemma: We have the following recurrence formula for B’ g

ForneN, x € [0,1]and 0 < g < 1, we have

m—j

+ qm . [n]/ m-= ] 1 +
men L Jmrtidd o - yna)

Proof:
n m [k]] (m- j)tm—j
Bse m " . —md
NGRS ;P,k(q );,f( ) ot

0
L qk(m—f) [k)/
P (7; %) ( ) T .
; + @) I+ 1] [m—j+1]

=
z:o T o1

=;";‘ n]z [n+1]’"E£ ]+1koii( _]) )ijﬂk(‘?')
=§ ¥ [n+1]m[g—j+1]§(m;j )<‘?”-1>"§fﬁm<w)
=;‘ ¥ [n+1]’"g31] i+ 1] ;(m ])(q = 1)'By ()

Hence Proved.

24



Using the above lemma, we obtain B"g(1,X), B".q(t,X) and B"y q(t?,X) explicitly as follows:

Foralln € N,x € [0,1] and 0 < g < 1, we have

By, (1,%) =1

2 .11
Bug &0 = i+ R

_ 2.3
B*nf](tzr )=q(q+2)Q[n][n 1]x2+4q+7q 4 [71] X+ 1 —1

[3] [+ 1] 21B] [m+1F  Blm+1P

Verification:
* — ]' no__ [Yl]
B (6%) = iygag (Bon (19 @' = DBy (0) + 7B, ()

_( g'-1 1] )x+;
ARl +1]  [m+1] [2] [ + 1]

_2q [ .1

R+ 2+

B*

n

A (tz’ x) = M(Bn,q (11 x) +2 (qn - 1) Bn,q (t, x) + (qn - 1)2 Bn,q (tzr x))

2
T % (B (1) + (4" = 1) Bug (£, x)) + [n[z]I]ZBM (%)

1 [ 2@ -1) (@' -1)? L) >
Bl + 1P +[[n+1]2 ¥ [2]1[n + 1P +[3] [n+ 1] (1 ~ )"

n_ n__13)2 n _
. [1]? L2 [n](q" —1) N (" —1) 2l 2 (9" - 1)
m][n+17 [Rlnln+1> Blala+117  [R1kr+17 3]+ 1P

=2q+3q2+q3q[n][n—l]x2+4q+7q2+q3 [n] ‘et 1
[2][3] [n+ 1] 2138]  [n+1]* [@B][n+1P

J»

25



Hence Proved.

Note: Again, for g = I we see that we get the moments as that of the Bernstein-Kantorovich

operator.

Theorem:

Let {qn}be a sequence of real numbers suchthat 0< g, <1, g, » 1 and g - aasn - oo,

Then we have

E
2 2

Ll—r}}o {n]q" B”’Qn (t - x) -

. . 1 2
Aim [n], BY, ((iL - x)° ;x) - _§x2 - éaxz +x

Proof:
Using the formulae of B, , (t; x) and B;; , (t?; x) obtained above we get the following

_ . L 29, 1], 1 [,
nlL% [n]f]n B 0, (t - X x) - nllg.} {[n]‘?n ([Z]qn [n + 1]q” 1 X+ I:'-Z]—q: [n + 1][]“

. [n],, 1+q1* 1 I,
‘hm{_ L+, 12, 2, [n+11q,,}

lim [n], B, ((t =7, x) = lim [n], (Bi, (%) - 2* = 2B, (¢ - x, %))

11— H—00
(@) L, 0y, 1.
H—soo - 1 l [3]% [+ 1]%” J
Aq, + 795 +q; [l
21, 8l [n+1F

x - nli)ryo [n],, 2xB", , (t—x,X)

i [,

= lim, 4u (1 - g3) (2% + 2) X - ,}g?o (4% +3g7 + 2‘7?1) X

26



+ i 20t 795+ g
neo [21, [3],,

x — lim [n],, 2%B",

= 55(1—a)x2—3x2+2x+(1+a)x2—x

1

— _=x2- zax2 + x.
3 3

Hence Proved.

Now we will see another modification of the Bernstein Operator, known as the

Bernstein - Durrmeyer Operator

(t —x,x)

27



CHAPTER 4

BERNSTEIN-DURRMEYER OPERATOR

The operator introduced by Durrmeyer are defined as

Du(f,z) = (n+1)>_ pui(z) /0 pai(t)f(t)dt, x€[0,1] where, p,i(z) = (7)z"(1l —z)"F
k=0

V. Gupta introduced a different type of Durrmeyer modification of the Bernstein Polynomials

stated as follows

Bu(f. ) —annk f O f()dt, = e0,1]

where,  po@) = (<154 (2),
boslt) = ((DHE D) and

bnle) = (1= 2)"

The value of pn k(X) used in both the above definitions is the same, only the representation has

changed.

n

Also, we can easily see that an,k () =1,
k=0

1
/bn,k(t)dtzl and
0

bon(t)=0

We can further study on another integral modification of the Bernstein Polynomial defined as

follows

Boo(f. ) ZQ [ JOfBdt, ze0,1]

28



where,
QN (@) = T () — J2p 4 (2)
and, Jni(x) = Z Pnj(2) when k < n

Jox(z)= 0 otherwise.

Properties of .J, x(x)

(D) Jnp(®) = Jnp+1(z) = prp(z), £ =0,1,2,3,...;
(1) J g (x) = npn_1p-a(z), b =1,2,3,..
(iif) Joi(z) = fU Potp1(w)du k =1,2,3,
(V) Jpo(x) > Jpa(x) > Jpa2(z) > - > Jn,n(:z) >0,0<z<1

That is, for every natural number k,

Jnx(z) is strictly increasing from 0 to 1.

Alternatively, we may rewrite the operator as

Bnolf, ) /met (t)dt, 0<z<1

where K, .(x,1)

-yl

k=0

(ﬂ)
n,k

Note: For a = 1, this modified version of the operator reduces to the classical version of the

Bernstein-Durrmeyer Operator as defined by V. Gupta.

29
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CONCLUSION

In this paper, we studied the various forms of the Bernstein Operator and their convergence
properties. The idea of approximating functions using Bernstein Polynomials was proposed
by Sergei Natanovich Bernstein in 1912, after whom the operator is named. Since then, many
mathematicians have worked their theories on and used them as a guide to prove multiple
theorems in Approximation Theory. Later in the years, mathematician L.V. Kantorovich
devised a modification of these operators, known as the Bernstein-Kantorovich polynomials.
The advantage of this modification was that they were defined over a larger class of functions
and not just polynomials (unlike the classical Bernstein Operator). Another interesting
modification of the Bernstein polynomials was introduced by J.L. Durrmeyer for
approximating functions. The recurrence formula of these operators help us understand more

in the field of convergence of these operators.

There are various other operators, such as Szasz, Lupas, and Baskakov operators. The
Kantorovich and Durremeyer modifications are applied to these operators as well. However,
in the paper, we focused mainly on the Bernstein Operator and its modifications. In this
paper, we also defined g-integers and used them to studied various properties of the modified

operators.
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