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ABSTRACT 

 
 
 

S.N. Bernstein was the mathematician who proved the Weierstrass Theorem 

by defining Bernstein Polynomials and Operators. This paper illustrates the 

various forms of the Bernstein Operator and the different modifications done 

by other mathematicians in order to study and prove more theorems in 

Approximation Theory. 

In this paper, we will be dealing with the classical Bernstein Operator, 

Bernstein-Kantorovich Operator, q-Bernstein Operator and Bernstein-

Durrmeyer Operator. 
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CHAPTER 1 

BERNSTEIN POLYNOMIAL 

 

1.1 Introduction 

Polynomials are very helpful mathematical tools because of their simplified definitions. They 

can be calculated manually, and complicated ones can be simplified using programming 

languages. They represent a large variety of functions. Their derivatives and integrals can 

also be calculated easily, and as we know they can be used to approximate any function to 

any amount of accuracy as desired with the help of Taylor’s and McLaurin’s Expansion. 

Polynomials are written in the following form 

p(t) = ant
n + an−1t

n−1 + · · · + a1t + a0 

The above expression defines a polynomial as a linear combination of some defined 

elementary polynomials {1, t, t2, ... , tn }. 

 

The above basis is known as the power basis. Though this is not the only basis of the vector 

space defined above. There are infinite basis of the vector space of all polynomials with 

degree less than or equal to n. 

With this background of polynomials let us move forward and define the Bernstein 

Polynomial and then Bernstein Operator. 
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1.2 Bernstein Polynomial 

The Bernstein Polynomials of degree n are defined by  

𝐵(𝑘,𝑛)(𝑡) = 
nck t

k(1-t)n-k   for k = 1,2, … n 

𝐵(𝑘,𝑛)(𝑡) = 0   for k < 0 or k > n 

 

 

 

The first few polynomials are as follows. 

 The Bernstein polynomials of degree 1 are 

B1,1(t) = t 

B0,1(t) = 1-t 

For 0 ≤ 𝑡 ≤ 1, they will represent the following curves 

 

 

Figure 1.1 
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 The Bernstein polynomials of degree 2 are 

 

 

 

Figure 1.2 

 

 The Bernstein polynomials of degree 3 are 
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Figure 1.3 

 

 

 

Proof, 

(1-t)𝐵𝑘,𝑛−1(𝑡) + t𝐵𝑘−1,𝑛−1(𝑡) = (1-t)n-1Ck t
k(1-t)n-1-k +tn-1Ck-1t

k-1(1-t)n-1-(k-1) 

       = n-1Ck t
k(1-t)n-k + n-1Ck-1 t

k (1-t)n-k 

       = [ n-1Ck + n-1Ck-1 ] tk (1-t)n-k 

       = n-1Ck tk (1-t)n-k 

       = 𝐵𝑘,𝑛(𝑡) 
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1.4 Properties of Bernstein Polynomial 

 Symmetry: 

𝐵𝑘,𝑛(𝑡)  =  𝐵𝑛−𝑘,𝑛(1 − 𝑡) 

 Non-negativity: 

𝐵𝑘,𝑛(𝑡) ≥ 0   𝑓𝑜𝑟 0 ≤ 𝑡 ≤ 1 

 Normalization: 

∑ 𝐵𝑘,𝑛(𝑡)

𝑛

𝑘=0

 =  1 
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CHAPTER 2 

BERNSTEIN OPERATOR 

 

2.1 Bernstein Polynomial on f 

Let f be a bounded real-valued function defined on the interval [0,1] 

Let Bn(f) be the polynomial on [0,1] defined as follows  

 

This Bn(f) is the nth Bernstein Polynomial for f also known as the Bernstein Operator. 

 

 When f(x) = 1 

 

                     

 

 

 When f(x) = x 

Differentiating the binomial theorem, 

 

                             

 Thus, we get  
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Replacing q by 1-x and p by x we will arrive at the following  

  

 

Similarly, we can derive the following identities: 

  

 

 

  

 

 

  

   

 

 

Combining the above equations, we get the following equations 
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2.2 Theorem:  

 

 

Proof: 

Consider  

           

 

Thus, for each x in [0,1] 

    

 

To calculate the RHS we break the summation into two parts- first part where |
𝑘

𝑛
 −  𝑥| <  𝛿 

and the second part contains those terms for which |
𝑘

𝑛
 −  𝑥| ≥  𝛿 denoted by ∑ ′ and ∑ ′′ 

respectively. 

 

Suppose that f is continuous at x 

Then for any 𝜀 > 0, there exists a 𝛿 ≥ 0 such that 

|𝑓(𝑥′) −  𝑓(𝑥)|  <  
𝜀

2
   when |x’ – x| < 𝛿 
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And hence, for the first summation ∑ ′ 

 

 

 

Now, for the second summation ∑ ′′ we have 

       𝛿 ≤  |
𝑘

𝑛
 −  𝑥| ⇒  𝛿 2 ≤  |

𝑘

𝑛
 −  𝑥|

2

 

 

 

 

 

 

 

 

Thus, 

 

then ≤  
𝜀

2
 For this 𝛿, by Archimedean Principle we can choose n0 so that, when 𝑛 ≥  𝑛0 
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For this n0, we will have 

 

               

             

 

 

 

 

Now, for x ∈ [0,1] 

 

 

 

 

 

Note: When k = 0 then (
𝑘

𝑛
− 𝑥) 𝑥𝑘−1 =  −1 

 When k = n then (
𝑘

𝑛
− 𝑥) (1 − 𝑥)𝑛−𝑘−1 = 1 
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Also, 

 

Thus, ∀ 𝑥 ∈ [0,1] 

 

 

Now, let us suppose that f is differentiable at x. 

Let ε > 0 be given 

Then, we write 

 

 

Now, since f is differentiable at x 

Hence, there exists 𝛿 such that whenever 0 < |x’ – x| < 𝛿 then |
𝑓(𝑥′)−𝑓(𝑥)

𝑥′−𝑥
 −  𝑓 ′(𝑥)| <

𝜀

2
 

Thus, when 0 < |
𝑘

𝑛
 −  𝑥| < 𝛿 then    

It follows that 
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Again, we calculate this last sum by breaking it into the two summations ∑ ′ and ∑ ′′- first 

part where |
𝑘

𝑛
 −  𝑥| <  𝛿 and the second part contains those terms for which |

𝑘

𝑛
 −  𝑥| ≥  𝛿 

For the first summation ∑ ′, we have 

 

For the second summation, |
𝑘

𝑛
 −  𝑥| ≥ 𝛿 so that 

 

And |
𝑘

𝑛
 −  𝑥|

2

≥ 𝛿 2 will imply that 
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Thus 

 

For this 𝛿, by Archimedean Principle we choose n0 so that, when 𝑛 ≥ 𝑛0 

And hence, 

 

                

                  

Hence, for each point x where f is differentiable, B’n(f)(x) → f’(x) as n  → ∞. 

 

We now show that 

The sequence {B’n(f)} tends uniformly to f’ where f is continuously differentiable on [0,1]. 

 

For all points x where f is differentiable, we have: 

 

Assuming that f is differentiable for all x in [0, 1] and the derivative of f is continuous on [0,1] 

Let M’ be the supremum of |f’(x)| where x ∈ [0,1] 

 

 

Now, ∀ x ∈ [0,1] we had defined  
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Since f is differentiable on [0,1]  

Hence, we can apply the Mean Value Theorem on xk ∈  (
𝑘

𝑛
, 𝑥) 

 

For the case when  
𝑘

𝑛
 =  𝑥,  choose x = xk 

 

Thus we get  

 

 

 

Now for the first summation ∑ ′ over those k such that  |
𝑘

𝑛
 −  𝑥| <  𝛿 
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And thus, 

   

        

        

        

        

Again, by Archimedean Principle, when n > n0 

 

 

And finally, ∀ x ∈ [0,1], 
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CHAPTER 3 

BERNSTEIN - KANTOROVICH OPERATOR 

 

 

  

or 

where  

 

 

 

It can also be written as 

  where

   

Over the years, there have been several modifications on Bernstein and Kantorovich 

Operator. One such modification is when we replace t be 𝑡𝛼 for 𝛼 > 0 in the classical 

Bernstein- Kantorovich Operator. 

This modification does not affect the linearity or positivity of Kn, rather it generates a new 

sequence as follows: 

 where pn,k is the same as defined above 
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  where 𝑓 ϵ 𝐶[0,1], 0 < 𝑞 < 1 

 

3.1 q – Bernstein - Kantorovich operator 

 

Definitions: Let q > 0 

 

 

 

 

for 0 < q < 1 

 

 

Now, based on the above definitions, we define the q-type Kantorovich modification as 

follows 

  0 ≤ 𝑥 ≤ 1,   𝑛 ∈ ℕ 
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where, 

 and  

Remark: 

 

 

Lemma: We have the following recurrence formula for B*
n,q 

For 𝑛 ∈ ℕ, 𝑥 ∈ [0,1] 𝑎𝑛𝑑 0 < 𝑞 ≤ 1, we have 

 

Proof: 

 

 

Hence Proved. 
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Using the above lemma, we obtain B*
n,q(1,x), B*

n,q(t,x) and B*
n,q(t2,x) explicitly as follows: 

 

 

 

 

 

Verification:  
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Hence Proved. 

 

 

 

Theorem:  

Let {qn}be a sequence of real numbers such that 0 < 𝑞𝑛 < 1, 𝑞𝑛 → 1 and 𝑞𝑛
𝑛 → a as n → ∞. 

Then we have 

 

 

Proof: 

Using the formulae of 𝐵𝑛,𝑞𝑛
∗ (𝑡; 𝑥) and 𝐵𝑛,𝑞𝑛

∗ (𝑡2; 𝑥) obtained above we get the following 
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Hence Proved. 

 

Now we will see another modification of the Bernstein Operator, known as the  

Bernstein - Durrmeyer Operator 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



28  

 

CHAPTER 4 

BERNSTEIN-DURRMEYER OPERATOR 

 

The operator introduced by Durrmeyer are defined as  

 where,

   

V. Gupta introduced a different type of Durrmeyer modification of the Bernstein Polynomials 

stated as follows 

 

   where,   

   and  

   

 

The value of pn,k(x) used in both the above definitions is the same, only the representation has 

changed. 

Also, we can easily see that  

 

 

 

We can further study on another integral modification of the Bernstein Polynomial defined as 

follows 
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where,  

   

 when 𝑘 ≤ 𝑛 and,  

  0   otherwise. 

 

Properties of 

 

That is, for every natural number k, 

is strictly increasing from 0 to 1. 

 

Alternatively, we may rewrite the operator as  

 where 

  

 

Note: For 𝛼 = 1, this modified version of the operator reduces to the classical version of the 

Bernstein-Durrmeyer Operator as defined by V. Gupta. 
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CONCLUSION 

 

In this paper, we studied the various forms of the Bernstein Operator and their convergence 

properties. The idea of approximating functions using Bernstein Polynomials was proposed 

by Sergei Natanovich Bernstein in 1912, after whom the operator is named. Since then, many 

mathematicians have worked their theories on and used them as a guide to prove multiple 

theorems in Approximation Theory. Later in the years, mathematician L.V. Kantorovich 

devised a modification of these operators, known as the Bernstein-Kantorovich polynomials. 

The advantage of this modification was that they were defined over a larger class of functions 

and not just polynomials (unlike the classical Bernstein Operator). Another interesting 

modification of the Bernstein polynomials was introduced by J.L. Durrmeyer for 

approximating functions. The recurrence formula of these operators help us understand more 

in the field of convergence of these operators. 

There are various other operators, such as Szász, Lupas, and Baskakov operators. The 

Kantorovich and Durremeyer modifications are applied to these operators as well. However, 

in the paper, we focused mainly on the Bernstein Operator and its modifications. In this 

paper, we also defined q-integers and used them to studied various properties of the modified 

operators. 
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