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Abstract

In the present thesis, an attempt has been made to construct, apply, analyse and optimise
some simple and efficient parameter-uniform finite difference methods for solving singu-
larly perturbed parabolic convection-diffusion problems with discontinuous coefficients,
source term and delay. These problems commonly arise in the different fields of applied
mathematics, for example, edge layers in solid mechanics, aerodynamics, oceanography,
rafted-gas dynamics, transition points in quantum mechanics, shock and boundary layers
in fluid dynamics, magnetohydrodynamics, drift-diffusion equations of semiconductor de-
vices, plasma dynamics, skin layers in electrical applications, Stoke’s line in mathematics
and rarefied-gas dynamics. These types of problems depend on a small perturbation pa-
rameter €, that multiplies some or all of the highest-order derivative terms. On limiting
the value of the perturbation parameter to zero, the solutions to such problems approach a
discontinuous limit and exhibit a multiscale character. Often these mathematical problems
are extremely difficult (or even impossible) to solve exactly, and in these circumstances,
approximate solutions are necessary. Asymptotic analysis and numerical analysis are two
principal approaches for solving singular perturbation problems. The classical numerical
methods have been known to be effective for solving most problems that arise in appli-
cations, but they failed when applied to singular perturbation problems. That is, for the
solutions to these problems, classical numerical methods fail to provide good approxima-
tions. This motivated us to develop robust numerical methods for solving such types of
problems with an emphasis on non-uniform grids.

In this thesis, we have provided numerical schemes for solving three different types
of convection-diffusion problems of varying complexity. The thesis consists of six chap-
ters. A brief outline of the chapters is as follows:

Chapter one provides an overview of the fundamentals of singular perturbation the-
ory. Besides, it presents concepts and a historical assessment of the related literature. This
chapter also provides a detailed literature survey of various state-of-the-art techniques de-
veloped in the recent past. In addition, the chapter illustrates the aim and objectives of the

research work.
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Chapter two presents an adaptive finite difference method to solve a class of sin-
gularly perturbed parabolic delay differential equations with discontinuous convection
coefficient and source. The simultaneous presence of discontinuity and the delay makes
the problem stiff. The solution to the problem considers the present state of the physi-
cal system and its history. The numerical scheme based on the upwind finite difference
method is presented on a specially generated mesh to solve the problem. The adaptive
mesh is chosen so that most of the mesh points remain in regions with rapid transitions.
The proposed numerical method is analysed for consistency, stability and convergence.
Extensive theoretical analysis is performed to obtain consistency and error estimates. The
proposed method is unconditionally stable, and the convergence obtained is parameter-
uniform with first-order convergence in space and first-order convergence in time. The
chapter ends with numerical illustrations for the method suggested.

Chapter three extends the idea further and aims to provide a better numerical ap-
proximation of the solution to the model problem considered in Chapter two. The chapter
presents a higher-order hybrid difference method over an adaptive mesh to solve the prob-
lem. The proposed method is a composition of a central difference scheme and a midpoint
upwind scheme on a specially generated mesh. Moreover, the time variable is discretised
using an implicit finite difference method. The error estimates of the proposed numerical
method satisfy parameter-uniform second-order convergence in space and first-order con-
vergence in time. The rigorous numerical analysis of the proposed method on a Shishkin
class mesh establishes the supremacy of the proposed scheme.

Chapter four presents a high-order finite difference scheme to solve singularly per-
turbed parabolic convection-diffusion problems with a large delay and an integral bound-
ary condition. The solution of the problem features a weak interior layer besides a
boundary layer. This chapter presents a higher-order accurate numerical method on a
specially designed non-uniform mesh. The technique employs the Crank-Nicolson dif-
ference scheme in the temporal variable, whereas an upwind difference scheme in space.
It is proved that the proposed method is unconditionally stable and converges uniformly,
independent of the perturbation parameter. The error analysis indicates that the numerical
solution is uniformly stable and shows parameter-uniform second-order convergence in
time and first-order convergence in space.

Chapter five presents a robust computational technique to solve a class of two-
parameter parabolic convection-diffusion problems with a large delay. The presence of
perturbation parameters leads to the twin boundary layers and interior layers in the so-
lution, whose appropriate numerical approximation is the main goal of this chapter. The

numerical method is composed of an upwind difference scheme in space, and a Crank-
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Nicolson scheme in time is used to find the approximate solution of the problem. It is
proved that the method is parameter-uniform with second-order accuracy in time and al-
most first-order accuracy in space. Numerical examples are provided in support of the
theory.

Chapter six concludes the work done and provides insight into the author’s thoughts

on the future direction of the research.
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Chapter 1

Introduction

1.1 Perturbation Theory

Differential equations generally model physical phenomena in natural sciences and engi-
neering. When considering a mathematical model associated with natural phenomena, we
often attempt to deal with the essential quantities while ignoring the negligible ones that
involve small parameters. The model obtained by keeping the small parameters is called
the perturbed model, whereas the simplified degenerate model is called the unperturbed
or reduced model. As a matter of course, we choose unperturbed models because they
are relatively simple to deal with. However, a natural question concerning the role of the
omitted terms arises. Does the presence or omission of such terms affect the solution or
the information obtained from the mathematical model?

Perturbation theory is the study of the effect of small disturbances in a mathematical
model of physical phenomena due to these small parameters, and these small parameters
are called perturbation parameters. The problems we obtain by retaining the small pa-
rameters are called perturbed problems, whereas the simplified degenerate problems are
known as unperturbed or reduced problems. The perturbation problems are categorized

broadly into two types, namely

1. regular perturbation problems (RPPs), and

2. singular perturbation problems (SPPs).

Let D be an open bounded set with smooth boundary I' and D denotes its closure. Con-

sider the boundary value problem
P, Lou:=Ly+el) = f(x,e); xeD and wu(l) is given. (1.1)

Here € is a small parameter such that 0 < € <« 1, L, is a differential operator, and f(x, €) is

a given real-valued smooth function. We assume that, for each &, . has a unique smooth

1



2 Introduction

solution u := u.(x). Denote by P, the corresponding degenerate equation obtained by

setting € = 0 in (1.1)) and by u, the smooth solution of Py.

Definition 1.1.1. Problem P, is called regularly perturbed with respect to some norm

|| - || if there exists a solution u, of problem %, such that
|| ug — ug ||—» 0as e — 0.

Otherwise, P, is said to be singularly perturbed with respect to the same norm.
Here || - || is the supremum norm (or maximum norm) defined for every continuous func-
tiong : Q — Ras

19 lla= sup{lg(x)l : x € Q).

Example 1.1.2. Consider the initial-boundary-value problem %,:
u, (x) + 2eu,(x) — us(x) =0, x€(0,1) withuy(0)=0, us(1)=1and 0<e< 1.

The solution of P, reads

mix __ ,mpx

u = u.(x) = el—z, where m; = —e+ V1 +&? and m, = —e — VI + &%
em —_ em
) ) sinh(x) ) )
Moreover, it follows that hr% u(x) = — h(D) := ug. Clearly, u is the solution of the
£ Sin

reduced problem %, obtained by setting £ = 0. Therefore, P, is a regular perturbation
problem (RPP).

Example 1.1.3. Consider the initial-boundary-value problem #.:
—eu, (x) +u(x) =1, x€(0,1)with u,(0) = us(1) = land 0 <& < 1.

The solution of $, reads

L) _e(—,)_

1- e(_é)

The solution u, regarded as function of two variables u, : [0, 1] X (0, 1) — u(x, ) satisfies

o =

u(x) = uy(x) =x—

limlimu(x, &) = ¢ = limlimu(x, £),Yc € [0, 1).

x—c -0 e—0 x—c¢

Howeyver,

limlimu(x,e) =1 # 0 = limlimu(x, ).

x—1e-0 —0 x—1
The solution u, as a function of two variables possesses a singularity at the point (1,0) in
the (x, €)-plane. Since, || u, — uy ||+ 0 uniformly over the entire domain as € — 0, P, is a

singular perturbation problem.



1.2 Singular Perturbation Problems 3

Example 1.1.4. Consider the initial-boundary-value problem %,:
su;(x) +uy(x) =0, x€(0,1) with u.(0) = u.

Here, u € R is a given constant, and the singular perturbation parameter € is assumed to
be non-negative. When 0 < £ < 1, the problem is singularly perturbed, and a boundary
layer may appear depending on the given value of uy. When & > 0, the exact solution
of the problem is u,(x) = upe 2. Putting & = 0 in the differential equation gives the
reduced equation uy(x) = 0 for all x € (0, 1). The solution u, of the continuous problem
has value u, at the point x = 0, whereas the solution of the degenerate problem vanishes
identically. Therefore, these two solutions differ in all cases except for the case when
up = 0. Excluding this case, there is a small neighbourhood of x = 0 in which the solution
changes exponentially and has a steep gradient when 0 < £ < 1. This behaviour of u, is
called a boundary layer phenomenon, and the problem %, is called a singular perturbation

problem of layer type.

1.2 Singular Perturbation Problems

Singular perturbation problems are widespread in nature and arise in the modelling of var-
ious complex phenomena, such as electromagnetic field problems in moving media [110],
the theory of plates and shells [124], turbulence model [165], convective heat transfer
problems with large Peclet numbers [126], water quality problems in river networks [29],
drift-diffusion equation of semiconductor device modelling [231]], atmospheric dispersion
[235], Black-Scholes model [38], Michaelis-Menton theory for enzyme reactions [[198],
groundwater transport [31], neuronal variability [275]], simulation of oil extraction from
underground reservoirs [78]], Reissner-Mindlin plate theory [[13]], Fokker-Planck equation
[23], impulses and physiological states of nerve membrane [84], chemical reactor theory
[188] to name a few among many others [255, 176} 29189, 200, 188, 33]].

1.2.1 Historical Overview

More than half a century ago, A.N. Tikhonov [288| 289, 290] began to systematically
study singular perturbations, although there had been some previous attempts in this di-
rection [22, 163]]. However, the aerodynamic boundary layer was first defined by Prandtl
[232]]. The term singular perturbation was first used in the work of Friedrichs and Wasow
[87]. In 1957, in a fundamental paper [295], M.I. Vishik and L.A. Lyusternik studied

linear partial differential equations with singular perturbations, introducing the famous
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method which is today called the Vishik-Lyusternik method. From that moment on, an
entire literature has been devoted to this subject [[162, 146, (134, 131}, [247]].

It is a common experience that when we stand in a breeze or wade in the water, we
feel the drag force. We know that the drag is due to fluid friction or viscosity. However,
scientists long believed viscosity should not play a role in the picture, as it had such a
small value for water and air. Assuming no viscosity, the finest mathematical physicists
of the 19th century constructed a large body of elegant results, predicting that the drag
on a body in steady flow would be zero. This discrepancy between ideal fluid theory or
hydrodynamics and the common experience was known as d’ Alembert’s paradox. The
paradox was only resolved in a revolutionary 1904 paper by L Prandtl, who showed that
viscous effects can never be neglected, no matter how small the viscosity [11}232]. More
precisely, the determining factor is the Reynolds number Re, a dimensionless measure of
the relative importance of inertial to viscous forces in the flow. Prandtl postulated that
for certain kinds of high Reynolds numbers or nearly frictionless flows, for example, the
flow past a streamlined body like an airfoil, the viscous effects would be confined to thin
regions called boundary layers. For certain other kinds of high Re flows, such as the flow
past a bluff body like a sphere, viscous effects need not be confined to such thin layers;
viscosity then has a more dramatic effect than what its low value might suggest. The
critical concept of boundary layers has now spread to many other fields; boundary layers
often arise in what is known as singular perturbation problems [11} 232].

We reproduced a long-standing paradox from [[11] in the paragraph above. For more
on historical overview, an introduction to Prandtl’s resolution of the Paradox: Flow past a
Thin Plate, and for other classical examples, the interested reader is referred to an exciting
general article, “Ludwig Prandtl and boundary layers in fluid flow-How a small viscosity
can cause large effects" by J. H. Arakeri and P. N. Shankar [11].

1.2.2 Classification of Singular Perturbation Problems
The singular perturbation problems are further classified broadly into two categories.

1. Singular perturbation problem of cumulative type: A small perturbation param-

eter € characterises these problems, and its effect is apparent after a considerable

amount of time, typically after an interval of order O (é) For instance, let’s con-
sider the motion of a satellite around the Earth, where the dominant force is the
spherically symmetric gravitational field. If the gravitational field were the only
force acting on the satellite, its motion would be periodic. However, small influenc-

ing forces from factors such as the thin atmosphere, moon, distant sun, and other



1.2 Singular Perturbation Problems 5

stars significantly alter the satellite’s motion after many orbital revolutions due to

their cumulative effect.

2. Singular perturbation problem of layer type: A small perturbation parameter &
characterises these problems, leading to narrow spatial regions called layer regions
in short intervals of time where the solution changes exponentially and exhibits a
steep gradient. In contrast, away from these regions, the solution varies smoothly.
These problems can be classified into two types based on the position of the layer

in the solution.

(i) Singular perturbation problems of boundary layer type: In these types of
problems, the layer region is adjacent to the boundary of the domain. Experts
commonly refer to this region as the boundary layer, a term Prandtl introduced
in the context of fluid mechanics. However, in the context of gas motion, one
can also refer to it as shock waves. In electric applications, people know this
layer as skin layers, and in mathematics, it sometimes goes by the name of

Stoke’s surfaces.

(i) Singular perturbation problems of interior layer or free layer type: In
these problems, the layers lie within the domain, away from boundaries.
Hence, we refer to them as interior layers or free layers. We can attribute
the presence of these interior layers to various factors, such as the existence of
turning points, non-smooth coefficients, non-smooth initial/boundary condi-
tions, non-linearities, or lack of compatibility at the domain boundaries. These
reasons give rise to interior layers, contributing to the complexity of the prob-

lem.

1.2.3 Model Problems

The objective is to determine the solution to these problems by identifying the location,
width, and strength of all the layers present in the solution. Consequently, we classify
these problems into convection-diffusion problems and reaction-diffusion problems. The
characteristics of the layers, such as their strength, width, and location, depending on
whether the problem is of convection-diffusion or reaction-diffusion type. The coeffi-
cients and initial/boundary conditions specified in the problem also influence these char-
acteristics. Several physical and mathematical models of the convection-diffusion and
reaction-diffusion equations have been mentioned in the literature, as referenced by some
authors [[189, 248|182, 266, [191]].
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1. Convection-diffusion problems: Convection-diffusion problems model physical
phenomena involving convection, reaction, and diffusion processes. In these prob-
lems, the order of the degenerate equation reduces by one. Let us consider a two-

point boundary value problem on a unit interval Q = (0, 1)

—au;(x) + ulg(x) =0, xeQ

us(o) = Uy, ue(l) = U,

where 1y, u; € R are some given constants and 0 < € <« 1. The exact solution of
-
we Ve —uy  up—u (1=
e Ve —1 el —1
erate equation is of order one, and we can impose only one boundary condition. It

the problem is u.(x) = . The corresponding degen-
needs to be clarified which of the two possible boundary conditions we can impose.
Since the characteristic direction aligns with the positive x-axis, we cannot impose

a boundary condition at x = 1. The corresponding degenerate problem reads

v;)(x) =0, xeQ

00(0) = up,

and its solution is vyg(x) = uy. Therefore, a boundary layer will form near x = 1
unless the boundary value of u, at x = 1 agrees with the value of the reduced
solution vy at x = 1. Thus we may say that the solution exhibit only one boundary

layer of width € in the neighbourhood of x = 1.

2. Reaction-diffusion problems: Reaction-diffusion problem models physical phe-
nomena involving both reaction and diffusion processes. In these types of problems,
the order of the degenerate equation reduces by two. Let us consider a two-point

boundary value problem defined on a unit interval Q = (0, 1)

—&u, (x) + us(x) =0, x € Q

us(0) = ug, u(l) =u,

where u, u; € R are the given constants and 0 < £ < 1. The exact solution of the

= e o wme Y

1 —e2/Ve 1 — e 2/Ve
responding degenerate equation has order zero. Consequently, we cannot impose

problem is u.(x) = ¢~ V¢ Note that the cor-
any boundary conditions on its solution. The exact solution of the degenerate equa-
tion is vp(x) = 0. Therefore, a boundary layer will appear at x = 0 unless uy = 0.
Similarly, a boundary layer will occur at x = 1 unless u; = 0. The layer correc-
tion function e~/ V% in the solution suggests that the solution has a steep gradient
in (0, V&) but not in (v, 1). The behaviour of e~/ V¢ is analogous. Therefore,



1.3 Delay Differential Equation 7

we may have two boundary layers of width +/e, each at outflow boundary regions.
However, one or no boundary layer may occur for special choices of boundary con-

ditions.

In this thesis, we focus on singular perturbation problems of convection-diffusion type.
To gain insights into the strength and location of layers in the solution of the convection-
diffusion problems in question, we consider the following simple mathematical represen-

tation of a convection-diffusion problem defined on a unit interval Q = (0, 1)
— eu (x) + a(uy(x) + b(Nu(x) = f(x), x€Q, (1.2)

where 0 < & << 1 is the perturbation parameter and appropriate boundary conditions
are specified. The rules tabulated in Table I.1] are helpful for inferring information about
the boundary and interior layers present in the analytical solution of the problem. When
the function a(x) in the general convection-diffusion problem specified in (I.2) is equal
to zero, the problem transforms to the reaction-diffusion problem. The information about

the strength and location of the interior/ boundary layers can be inferred from Table [I.2]

1.3 Delay Differential Equation

A differential-difference equation also called a delay differential equation, is a type of
functional differential equation where the system’s evolution at a certain time depends
not only on the present state of the system but also on the state of the system at an earlier
time. The simplest form of a first-order delay differential equation with constant time

delays can be expressed as
w'(x) = fxu(x), u(x — o), u(x — 02), ..., u(x = o).

An initial value problem for a first-order delay differential equation differs from its coun-
terpart in a notable way. While a differential requires an initial condition specified at a
point to determine a unique solution, a delay differential equation necessitates the speci-
fication of the solution profile over an interval of length equivalent to delay. For example,

consider the following initial value problem for a linear first-order differential equation

d
é‘ = ku, 1€(0.1], u(0) =1

kt

admits the exponential solution u(f) = €. In this problem, the value of u at a given

point (i.e. u(0)) is sufficient to obtain a solution at any time #. The past has no role in
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Table 1.1: Strength and location of boundary and interior layers in convection-

diffusion SPPs.
Smoothness of functions Value of the Strength and location of
function
b(x) a(x) f(x) a(x) Boundary Interior Layer
Layer
Smooth <0,¥xeQ Strong, at x =0 —
Smooth >0,Vx e Q Strong, at x = 1 —
Smooth Discontinuous <0,¥x e Q Strong, at x =0 | Weak, on right
atx=deQ side of x = d
Smooth Discontinuous >0,¥x e Q Strong, at x = 1 Weak, on left
atx=deQ side of x = d
Smooth | Discontinuous at x = d € Q <0,¥xeQ Strong, at x =0 | Weak, on right
side of x = d
Smooth | Discontinuous at x = d € Q >0,¥x e Q Strong, at x = 1 Weak, on left
sideof x =d
Smooth | Discontinuous at x =d € Q >0,x€(0,d) — Strong, on both
and sideof x =d
<0,xe(d,1)
Smooth | Discontinuous at x =d € Q <0,x€(0,d) Solution is unbounded
and
>0,xe(d,1)
=0 SPP is of reaction-diffusion type

Table 1.2: Strength and location of boundary and interior layers in reaction-diffusion

SPPs.

Smoothness of functions

Strength and location of

atx=deQ

b(x) f(x) Boundary Layer Interior Layer
Smooth Strong, at both endpoints —
x=0and x=1
Smooth Discontinuous Strong, at both endpoints Strong, on both sides

x=0andx=1

of x=d
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determining the solution. Now, we consider the following initial value problem for a

linear first-order delay differential equation

d
;£:MM—0Lt€®Jl >0, T>2, u@t)=1, —c<t<0.  (1.3)

Here, the derivative of the unknown function u is expressed in terms of u at some previous
time (t — o) and o represents the delay, shift or time lag. We must specify the unknown
function u on a finite interval to obtain a unique solution. This specified function is com-
monly referred to as the memory function, as it provides information about the solution in
the past. It is important to note that this requirement, i.e. the specification of the solution
profile over a finite interval, makes the delay differential equations infinite dimensional
problems, even if there is only a single linear delay differential equation, as an infinite
dimensional set of initial conditions between ¢ = o and ¢ = 0 have to be defined. An-
other significant characteristic of delay differential equations is that the solutions of delay
differential equations have discontinuities that propagate. In (1.3]), assuming k = —1 and

o = 1. Then, note that
WOH)=0%-1=u/0"), ¥ A)=0%1=u"(1%

so that the jump in «’(¢) at ¢ = O propagates to a jump in « (f) at ¢t = 1, and so on. More
generally, the jump in u'(f) at t = O propagates to a jump in u"*!(f) at t = n,n € N.

In this thesis, we will focus on parabolic PDEs with spatial delay, or we may also call
them shift. Parabolic problems with spatial delay refer to a class of PDEs that incorpo-
rate shifts or translations in their formulation. These equations arise in various scientific
and engineering fields where spatially distributed systems exhibit dynamic time delays or
shifts of mixed type. Understanding the characteristics of parabolic problems with spatial
delay is crucial for analyzing and predicting the behaviour of such systems.

One notable characteristic of these equations is the presence of both temporal and
spatial dependencies. The delay or shift introduces a memory effect, where the system’s
current behaviour depends not only on its current state but also on its past states at neigh-
bouring or distant locations. This memory effect can arise from physical phenomena such
as diffusion, advection, or transport processes with finite propagation speeds. This spatial
interaction can lead to complex dynamics, spatial patterns, and wave propagation phe-
nomena. Such problems frequently appear in epidemics and population dynamics, where
these small shifts play an essential role in modelling various real-life phenomena [[152].
For example, boundary value problems for delay differential equations arise naturally in
studying variational problems in control theory, where the problem is complicated by the

effect of delays in signal transmission [75]. In the mathematical model for determining
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the expected first-exit time in generating action potential in nerve cells by random synap-
tic inputs in dendrites, the shifts are due to the jumps in the membrane potential, which are
very small [275]. Analyzing parabolic problems with spatial delay requires specialized

mathematical techniques that extend traditional methods used for parabolic PDEs.

1.4 Methods for Solving Singular Perturbation
Problems

In the literature, researchers widely use two approaches to solve singularly perturbed

problems: asymptotic and numerical methods.

1.4.1 Asymptotic Methods

The asymptotic methods provide a straightforward way to determine an accurate approxi-
mation to the solution of a singular perturbation problem. In these methods, the behaviour
of the analytical solution of the problem can be studied through the asymptotic expansion
method. The solution is approximated as an asymptotic series in the small parameter &
such as

U=uy+eu +u+ ...+,

The values of ug, uy, us, ..., u, can be obtained by substituting u into the given equation
after doing term by term differentiation. After substitution, first few terms are solved to
get ug, Uy, Uy, ..., u, and form an approximate solution to the problem. The asymptotic
solution accurately approximates the solution to the problem over a large portion of the
domain, i.e., the outer region but is inaccurate over the small region, i.e., the layer region
because the effect of the perturbation term in the problem is not negligible in this region.
However, the straightforward asymptotic expansion leads to a differential equation of
lower order than the original differential equation, and the solution fails to satisfy all the
boundary or the initial conditions.

Thus, the method of asymptotic expansion does not properly approximate the exact
solution of singular perturbation problem. This limitation of the asymptotic expansion

method is removed by using the following methods:

1. Method of matched asymptotic expansions: This approach involves obtaining
two complementary solutions, the inner solution and the outer solution, in their
respective regions by treating a specific portion of the domain as a distinct pertur-
bation problem. Subsequently, the solutions from different regions of the domain

are patched or matched to derive an approximate solution for the entire domain.
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The inner and outer solutions were first matched by using stretching transformation
[86]. During the 1950s, this method was refined and applied to numerous physical
problems [167, 212, 137, 163} 138}, 294, 295]]. For more details on this technique,
one can refer to the books [291] 144, 216]].

Method of multiple scales: This method constructs uniformly valid approx-
imations for solving singular perturbation problems by incorporating multiple
scales for the independent variable. Additional terms are included by introduc-
ing new independent variables to eliminate secular terms and determine a uni-
formly approximate solution. This method was introduced in the late 1950s
and has since been extensively explored in various examples [36]. Later, this
method has been employed to solve numerous singular perturbation problems in
[143,164,1268,158, 123,134,159, [164]]. The multiple scales method offers a significant
advantage in tackling nonlinear problems [159]. However, introducing additional
slow scales can lead to potential ambiguities in the perturbation series solution,

which must be carefully addressed, as demonstrated in [36].

. WKB approximation: This method is used to obtain a global approximation for

solving linear singular perturbation problems. The method assumes an exponen-
tial dependence of the solution on the boundary layer, which is a reasonable as-
sumption for linear singular perturbation problems. This assumption significantly
reduces the effort of finding an asymptotic approximation for the solution. The
method involves initially identifying approximate linearly independent solutions,
which are then combined through superposition to form a general solution. Unlike
other asymptotic methods like matched asymptotic expansions or multiple scales,
the boundary conditions are typically solved exactly at the end of the process rather
than being approximated. This method, known as the Wentzel-Kramers-Brillouin
(WKB) method, was first utilized in the 1920s to approximate solutions to the
Schrodinger equation. The historical development of this method can be found
in [116]], while the mathematical details about the method can be found in [256]].
Applications of the WKB method in quantum mechanics and solid mechanics can
be found in [41] and [274]], respectively. Further, this method has been applied to
solve various SPPs [3, (96, [151]].

. Other Methods: In addition to the previously mentioned prominent asymptotic

methods, several other asymptotic methods are available for both linear and non-
linear problems. For linear problems, some of these methods include the Poincaré-
Lindstedt method [[145, 222, [35) 181}, 47, 202], the method of strained parame-
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ters [203, 267, 273]], the method of periodic averaging [57, 136, 6], and the lin-
earized perturbation method. For nonlinear problems, there are methods such as
the variational iteration method [[112},115]], the modified Poincaré-Lindstedt method
[113} 174, 236, 8], the homotopy perturbation method [211} 114, 2]], the parameter
expansion method [245, 298] and the perturbation-iteration methods [15} 186, 204].
For a comprehensive understanding of the progressive developments in the asymp-
totic theory of singular perturbations, additional information can be found in books
(2931272, 36l 214].

The asymptotic expansion treats a relatively small class of problems and requires the
user to know the boundary layer’s location and width. Additionally, the method is not
well-suited for tackling two-dimensional problems efficiently. Even for complex one-
dimensional nonlinear problems, the asymptotic approximation remains valid only for
small perturbation parameter values. Applying these methods requires a thorough under-
standing of the expected solution behaviour. This motivates one to use numerical methods

to solve such problems.

1.4.2 Numerical Methods

Numerical methods are used to obtain an approximate solution for problems where finding
a closed-form solution is typically not possible. These methods are intended for a broad
range of problems and provide quantitative information about the particular problem. Be-
ing quantitative in nature, the solution generated by these methods is quite different from
the qualitative solution provided by asymptotic methods.

Researchers have developed several numerical methods to solve SPPs in the past few
decades. These methods are generally classified as computational methods and parameter-
uniform numerical methods. When the perturbation parameter is set to a critical value, the
standard finite difference, finite element, or finite volume methods, collectively known as
classical computational methods, are found to be insufficient on uniform meshes and re-
quire an extremely large number of mesh points to generate accurate numerical solutions
[249]. The reason behind this limitation of the computational methods is the presence of
steep gradients in the boundary layer(s) of the analytical solution. These methods fail to
reduce the maximum point-wise error until the mesh size and the singular perturbation
parameter have the same order of magnitude. However, refining the mesh size to the or-
der of perturbation parameter (say when & = 107°) unexpectedly increases the number of
mesh points and the associated computational cost. Thus the major limitation of the com-
putational method is the dependence of domain discretization on the perturbation param-

eter. It is desirable to develop robust computational methods in which the discretization,
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error, and order of convergence are independent of the perturbation parameter. Such ro-
bust methods work uniformly for all values of the perturbation parameter and are known
as parameter-uniform numerical methods. These methods are generally classified into
two main categories: the fitted finite difference operator and the fitted mesh method. A
brief survey enumerating the chronological developments in both classical computational

methods and parameter-uniform numerical methods is as follows.

1. Finite difference methods: The finite difference method (FDM) is a well-
established and straightforward technique for approximating the solution of a sin-
gular perturbation problem. Its introduction in numerical applications dates back
to the late 1960s, coinciding with the emergence of minicomputers that provided
a convenient framework for handling complex problems. In this method, the do-
main of interest is discretized by dividing it into a mesh or grid. Then, all the
derivatives present in the differential equation are replaced with algebraic differen-

tial quotients. For instance, the derivative T can be approximated using either the

. ) u Uis] — U;
first-order forward difference quotient e r % or the second-order central
Xli

. . du|ue = . o
difference quotient —| =~ %, where u; is the value of u at the mesh point i

and # is the mesh spacilng. By replacing the derivatives at all interior mesh points,
a system of algebraic equations is generated in which u’s represent the unknowns.
After enforcing the boundary conditions, the number of unknowns in the system
will be equal to the number of interior nodes in the mesh. These unknowns can
be determined by solving the system of equations either exactly or approximately,
utilizing direct methods or iterative methods like the Gauss-Seidel method, Jacobi

method, Successive Overrelaxation method, or other advanced techniques.

The development of a three-point difference scheme on a uniform mesh for a one-
dimensional two-point singular perturbation boundary value problem was first in-
troduced in [228]]. The approach involved identifying mesh locations where the
difference between the computed solution and its neighbouring value exceeded a
predetermined threshold value. An iterative procedure was implemented to increase
the concentration of mesh points at these identified locations, and a smoothing tech-
nique was employed to mitigate accuracy loss caused by abrupt changes in mesh
spacing. The Gauss elimination method was applied to solve the linear algebraic
equations formed by the difference scheme. The obtained numerical results indi-
cate that the computed solution converged to the exact solution. Later, this method

is extended to solve a class of nonlinear problems [229].
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These methods require strict constraints on the mesh spacing to maintain stability
when the perturbation parameter is very small. For instance, consider the following

singular perturbation boundary value problem:
eu'’ (x) + a(0u'(x) + b(x)u(x) = f(x), x€Q=(0,1), u(0)=po, u(l)=pi,

where & represents the perturbation parameter, a(x), b(x) and f(x) are smooth func-
tions satisfying a(x), b(x) > 0 on Q. It was found that the central difference scheme,
implemented on a uniform mesh {x; = ih} with mesh spacing (A = 1/N), becomes
unstable and oscillates when a(x;)h/2e > 1[[67]. The authors in [[125]] introduced an
upwind scheme to overcome this stability issue. In this scheme, the first derivative
is replaced by a one-sided (forward or backward) difference instead of the central
difference. The choice of forward or backward difference depends upon the sign
of a(x) at a particular mesh point x;. This scheme is known as the II’in-Allen-
Southwell scheme [7]. The upwind scheme was observed to provide stability and
exhibits better convergence when compared to the central difference scheme. Al-
though it is considered as the first fitted operator scheme, it has limitations that it is

first-order uniformly convergent in the outer region only.

In [20], the authors solved a singularly perturbed reaction-diffusion problem using
the finite difference method on a non-uniform mesh. The non-uniform mesh was
constructed by using a continuous mesh generating function ¢ : Q — [0, 1], which

is defined as
Aﬁr=i§mu—ﬁ@, te[0,7],

V(O =16(t) == x(0) + ' (D)t - 1), 1€ [1,1/2],
1—y(l -1, te(1/2,1],

where the transition point 7 is the solution of the nonlinear problem
(1 -21)¢'(tr) =1 = 2x(7). The mesh generated by this method is known as the
Bakhvalov mesh. This mesh is considered to have a complicated structure, and
extending the mesh to solve the singularly perturbed partial differential equations
(PDESs) is difficult.

In [68]], a class of SPPs is solved by using an upwind finite difference method. The
author compared the asymptotic behaviour of the solution obtained from the dif-
ference scheme with the exact solution. Later, the authors extended this method to
solve second-order ODEs [69]. They obtained elementary estimates for the solu-

tion and its derivatives by using the maximum principle [234]. In [4], the upwind
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method is further refined and used to solve SPPs with systems of equations. In this
method, a parameter was introduced in the difference equation, and it was chosen
in such a way that an accurate approximation for the reduced problem is obtained
in the interior region as well. Later, this method is extended to solve SPPs with

internal turning points [28]].

In [[142], three-point difference schemes is applied to SPPs without turning points.
The authors examined three difference operators(L}, L,21 and L,31) on a uniform mesh
of size h to approximate the solution. The operator L, provides an approximation

of order h. The error bounds for the L} operator, used in [109]], and the Lfl operator,
2

used in [28, [125]], contain a term of the form )’ indicating a reduction in the

order of convergence by one as & approaches 0. Therefore, methods using the L7
and L} operators exhibit second-order convergence in the outer region and first-

order convergence inside the layer region.

In [73], the exponential box scheme is introduced to solve singularly perturbed
convection-diffusion problems. This scheme combined the exponential difference
operator [/] with Keller’s box scheme [141] to achieve a stable and second-order
accurate approximation of the solution. Later in [37]], the authors proved that the
exponential difference [73], when applied on a uniform mesh with a mesh size
of h, provides uniformly second-order accuracy for solving convection-diffusion
problems. This result demonstrated that the exponential box scheme is reliable and
accurate across the entire computational domain, ensuring consistent second-order

accuracy of the approximation.

In [16], the authors modified the upwind scheme to enhance its accuracy for
convection-diffusion SPPs. This modified scheme achieved second-order accuracy,
similar to the central difference scheme, while preserving the stability properties of
the upwind scheme. This modification improved the accuracy of the solution and

provided better convergence properties.

In [264], the author developed a scheme based on the integro-interpolation method
[253] to solve a class of singularly perturbed differential equations of ordinary
type and parabolic type. The scheme was developed on a mesh similar to the
Bakhvalov mesh and exhibited third-order convergence for ODEs and first-order
convergence for PDEs. In [296], the author generalized the Bakhvalov mesh for
the finite-difference discretization of one-dimensional nonlinear reaction-diffusion
SPPs. This generalization extended the use of the Bakhvalov mesh to handle non-

linear problems and achieved a uniform second-order convergence.
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In [90], the author developed a family of uniformly accurate finite difference
schemes for convection-diffusion SPPs using the high-order differences with iden-
tity expansion (HODIE) framework [178}166]. The discretization error analysis was
carried out using the stability results from [209]. The theoretical analysis showed
that the uniform convergence of any order could be achieved, depending on the
smoothness of the data. Achieving higher-order convergence with this scheme re-

quired additional evaluations of the data.

In [80], it is shown that for convection-diffusion SPPs, the fitted finite difference op-
erator is only necessary for the layer region, while the solution in the outer region
can be accurately approximated using the standard fitted operator. This observation
allowed for more efficient computation by reducing the computational cost in the
outer region. In [81], the author investigated a variety of finite difference schemes
to derive sufficient conditions for uniform convergence. He showed that these con-
ditions are not only satisfied by uniformly convergent schemes but also by a more

general class of upwind schemes.

In [91]], an exponentially graded mesh was employed for two-point singularly per-
turbed boundary value problems. The graded mesh divided the domain into three
regions: the inner region with an extremely fine mesh, the transit region where the
mesh geometry changes from fine to coarse, and the outer region with a uniform
mesh. The number of mesh points in the inner region was significantly higher (ap-
proximately k times) than the number of mesh points in the outer region. Various fi-
nite difference schemes were applied on the graded mesh and uniform convergence
of order O(h*) was achieved. However, the complexity involved in creating the
graded mesh made it challenging to extend the mesh to higher dimensions. Consid-
ering this limitation, the author in [265] introduced a relatively simple mesh known
as the Shishkin mesh, which could be conveniently extended to higher dimensions.
For convection-diffusion problems, he proposed a piecewise uniform mesh with a
transition point 7 defined as 7 = min(1/2, ety In N), where 79 > p/a. The param-
eter p characterizes the order of convergence of the numerical method. The mesh
QY = {x;}V ) is constructed by dividing both subintervals [0, 7] and [z, 1] into N/2
equal subintervals if a boundary layer is present near the left endpoint of the do-
main. When e7yIn N > 1/2, (for sufficiently large N compared to 1/¢&), this mesh
transforms into a uniform mesh. Similarly, if there is a boundary layer near the right
endpoint, the domain Q is divided into [0, 1 — 7] and [1 — 7, 1], each with N/2 equal
subintervals, to obtain a piecewise uniform mesh. For reaction-diffusion problems,

the transition parameter 7 is defined as T = min(1/4, \/etoInN), where 7y > p/B.
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A piecewise uniform mesh is constructed by discretizing the domain Q = [0, 1] into
[0, 7], [T, 1 —7], [1 -7, 1], where the subintervals contain N/4, N/2, and N/4 equally
spaced mesh points, respectively. It is important to note that one limitation of the
Shishkin mesh is that it requires prior knowledge about the location and width of
the boundary layers. All these meshes, Bakhvalov [20], Vulanovi¢ [296]], Gartland
[91]], and Shishkin [263]], are constructed based on a priori information about the
width and location of the layers in the exact solution and are thus known as apriori

meshes.

In [77], the author analysed a defect-correction method for a one-dimensional
convection-diffusion problem without turning points. He showed that the kth ap-
proximation obtained using the defect-correction method converges uniformly with
arate of O((sy — &) + h?), where & is of the order O(h) in outer regions. However,

the error estimates degrade to O(1) in the inner regions.

In [284], the authors introduced a spline difference scheme that uses quadratic and
cubic splines for discretizing reaction-diffusion problems on a non-uniform mesh.
In [283]], the authors discretized reaction-diffusion problems using quadratic splines
on a piecewise uniform Shishkin mesh and achieved an almost second-order accu-
racy in the discrete maximum norm. In [[122], the authors used a cubic spline differ-
ence scheme on Bakhvalov mesh to solve reaction-diffusion problems. The result
obtained using the Bakhvalov mesh was found to be superior to that achieved with
the Shishkin mesh.

In [179], the author introduced a posteriori mesh, which does not require prior in-
formation about the width and location of the layers in the exact solution. The
method involves computing an approximate solution on an arbitrary mesh and then
using the error estimate, based on the difference derivatives of the computed so-
lution to determine a monitor function. This monitor function helps in achieving
mesh equidistribution. Authors in [32] further developed this idea by proposing a
monitor function that combines a constant term with an appropriate power of the
second derivative of the singular component of the solution. This choice of monitor
function improved the mesh equidistribution and enhanced the accuracy of the nu-
merical solution. In [[149, 169], the authors utilized the arc-length monitor function
for mesh equidistribution to solve convection-diffusion problems. In [230], the au-
thor introduced numerical methods based on exponential finite difference approxi-
mations with 4* accuracy for solving one and two-dimensional convection-diffusion

problems. A nonlinear two-point SPP is considered in [132]. The authors employed
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quasi-linearization to linearize the original nonlinear equation for each linear case.
Then, they used a cubic spline difference scheme on a variable mesh to approxi-
mate the linear equations. Continuing their work, the authors in [[133] developed an
exponentially fitted difference scheme using spline in compression for solving two-
point singularly perturbed boundary value problems. In [170], the author presented
a survey on layer-adapted meshes for convection-diffusion problems, emphasizing

the importance of using appropriate grids to achieve uniform convergence.

In [10], the authors considered a one-dimensional steady-state convection-diffusion
problem with Robin boundary conditions. To discretize the problem, they use stan-
dard upwind finite difference operators on Shishkin meshes. Furthermore, the au-
thors in [54] developed a finite difference scheme for solving a one-dimensional
time-dependent convection-diffusion problem with initial-boundary conditions.
They employed the classical Euler implicit method for time discretization and the

simple upwind scheme on a Shishkin mesh for spatial discretization.

In [54], the authors developed a finite difference scheme to solve one-dimensional
time-dependent convection-diffusion problem. They used the classical Euler im-
plicit scheme and upwind scheme for the time discretization and spatial discretiza-
tion, respectively. In [254], the authors presented an adaptive finite difference
method to solve singularly perturbed convection-diffusion problems. The authors
combined a first-order upwind and a second-order central scheme to achieve a
higher order of convergence. In [171], the author discretized a singularly perturbed
convection-diffusion problem using a simple first-order upwind difference scheme
on general meshes. He derived an expansion of the error of the scheme that enables
uniform error bounds with respect to the perturbation parameter in the discrete max-
imum norm for both a defect correction method and the Richardson extrapolation

technique.

In [30], the author presented a cubic spline in compression to solve two-point sin-
gularly perturbed boundary value problems. In [148], the author analysed that the
arc-length monitor function does not yield satisfactory numerical approximations
for reaction-diffusion problems. It has been observed that an optimal choice of the
monitor function not only depends on the discretization technique and the norm of

the error to be minimized but also on the nature of the problem.

In [226], the authors considered a self-adjoint two-point singularly perturbed
boundary value problem. They employ a fitted finite difference scheme on a

Shishkin mesh for solving the problem by reducing it to normal form. While the
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authors in [177] proposed a non-standard finite difference scheme for solving self-
adjoint two-point singularly perturbed boundary value problems using Micken’s

finite difference method.

In [258], the authors introduced a finite difference scheme for discretizing singularly
perturbed boundary value problems. The presented scheme is a combination of the
simple upwind scheme and the central difference scheme on a Shishkin mesh. It is
observed that the proposed scheme exhibited higher-order convergence compared

to the simple upwind scheme alone.

In [244]], the authors used spline in compression to generate second and fourth-order
uniformly convergent numerical techniques for singularly perturbed boundary value
problems. To deal with Robin-type boundary conditions, authors in [201]] applied
the central difference method on the regular region of standard Shishkin mesh and

cubic splines to discretize the layer region.

In [197]], the authors investigated the effect of Richardson extrapolation on two fitted
operator finite difference methods (FOFDM), (FOFDM-I) [226] and (FOFDM-II)
[1'77]. They found that FOFDM-I achieved fourth-order accuracy for moderate val-
ues of the perturbation parameter, while it attained second-order accuracy for small
values of the perturbation parameter. However, they observed that Richardson ex-
trapolation did not improve the order of convergence for FOFDM-1. For FOFDM-
II, which is uniformly second-order convergent, the order of convergence can be
improved up to fourth order by using Richarson extrapolation. In [172]], the au-
thor proposed a compact fourth-order finite difference scheme for solving two-point

reaction-diffusion SPPs on a Shishkin mesh.

Authors in [242]] applied exponential splines to generate an almost second-order
uniformly convergent difference scheme on standard Shishkin mesh for semi-linear
reaction-diffusion problems. The method exhibits uniform convergence of almost
second-order in discrete maximum norm. Later, they devised an exponential spline

difference scheme on piecewise uniform Shishkin mesh [243]].

In [130], the authors proposed a numerical approach to solve the singularly per-
turbed time-dependent convection-diffusion problem in one spatial dimension.
They employed a semi-discretization technique by applying the backward Euler
finite difference method in the temporal direction. To discretize the resulting set
of ordinary differential equations, they utilized the midpoint upwind finite differ-
ence scheme on a non-uniform mesh of Shishkin type in the spatial direction. In

[105], the authors proposed a method in which domain decomposition was com-
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bined with higher-order difference discretization for solving two-point singularly
perturbed boundary value problems of convection-diffusion type. In [61], the au-
thors used the same scheme combination as in [201] on an equidistributed grid.
Their approximation scheme uses cubic splines for the mixed-boundary conditions

and the classical central scheme elsewhere.

In [196], the authors considered a time-dependent singularly perturbed reaction-
diffusion problem. They employ the classical backward Euler method to discretize
the problem in time and a fitted operator finite difference method in space. In [98]],
the authors proposed a classical upwind finite difference scheme on layer-adapted
nonuniform meshes to solve singularly perturbed parabolic convection-diffusion
problem. In [195], the authors proposed a uniformly convergent FDM for a coupled
system of singularly perturbed ODEs of convection-diffusion type. It was proved
that the proposed discrete operator satisfies the stability property in the maximum

norm. In [227], the author presented a survey of non-standard FDMs.

In [92]], the authors proposed an adaptive finite difference technique using the cen-
tral difference scheme on a layer-adapted mesh for a linear second-order singularly
perturbed boundary value problem. It was shown that the proposed technique has
fourth-order convergence. In [180], the authors considered singularly perturbed de-
generate parabolic convection-diffusion problems in two-dimension. They used an
alternating direction implicit finite difference scheme to discretize the time deriva-

tive and an upwind finite difference scheme to discretize the spatial derivative.

In [210], the authors introduced a hybrid difference scheme for solving singu-
larly perturbed convection-diffusion problems. Their scheme combined the up-
wind scheme on the coarse part of the Shishkin mesh with the central difference
scheme on the fine part. In [93], the authors considered a singularly perturbed
fourth-order differential equation with a turning point. They used the classical fi-
nite difference scheme on an appropriate piecewise uniform Shishkin mesh to solve
the problem. In [60], the authors proposed a second-order uniformly convergent
numerical method for a singularly perturbed parabolic convection-diffusion initial-
boundary-value problem in two-dimension. They used a fractional-step method in
the time direction, while a finite difference scheme was used in the spatial direction.
In [269], a higher-order Richardson extrapolation scheme is presented for solving a
singularly perturbed system of parabolic convection-diffusion problems. Whereas
in [173]], a septic B-spline method is presented for solving a self-adjoint singularly

perturbed two-point boundary value problem.
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In [184]], the authors proposed a uniformly convergent FDM to solve singularly
perturbed time-dependent convection-diffusion problems in the framework of the
method of lines. The method uses the fitted operator finite difference method to
discretize the spatial derivatives, followed by the Crank—Nicolson method for the
time derivative. Moreover, Richardson extrapolation is performed in space to im-
prove the accuracy of the method. In [[104]], a linear singularly perturbed parabolic
reaction-diffusion problem with incompatible boundary-initial data is considered.
The method combines the computational solution of a classical finite difference
operator on a tensor product of two piecewise-uniform Shishkin meshes with an
analytical function that captures the local nature of the incompatibility. In [100],
the authors proposed a parameter-uniform numerical method for viscous Burgers’
equation. In order to find a numerical approximation, they linearized the equa-
tion to obtain a sequence of linear PDEs. The linear PDEs are then solved by
a finite difference scheme, which comprises the backward-difference scheme for
the time derivative and the upwind finite difference scheme for the spatial deriva-
tives. Whereas in [62], the authors considered a system of singularly perturbed
reaction-diffusion problems. In [56]], the authors deal with linear parabolic singu-
larly perturbed systems of convection-diffusion type in two-dimension. The numer-
ical method combines the upwind finite difference scheme to discretize in space,
and the fractional implicit Euler method, together with a splitting by directions and

components of the reaction—convection—diffusion operator, to discretize in time.

In [297], a hybrid higher-order finite-difference scheme is presented for a class
of linear singularly perturbed convection-diffusion problems in one dimension.
Whereas in [183]], the authors presented a hybrid scheme for solving singularly
perturbed parabolic problems with Robin-type boundary conditions. The scheme is
a combination of FOFDM in space and the backward Euler method in time. They
have also proposed a finite difference scheme to solve Volterra integro singularly
perturbed differential equation. The proposed scheme used a non-standard finite
difference scheme for solving the differential part and Simpson’s rule for solving
the integral part. The Richardson extrapolation is used to increase the order of con-
vergence to two. In [[185], the authors proposed a second-order finite difference

scheme to solve a singularly perturbed Volterra integro-differential equation.

In [106]], the author proposes a higher-order numerical scheme to solve singularly
perturbed reaction-diffusion problems. The proposed scheme is a combination of a
fourth-order numerical difference method and a classical central difference method.

In [[157], the authors presented a parameter-uniform numerical method on equidis-
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tributed meshes for solving a class of singularly perturbed parabolic problems with
Robin boundary conditions. The discretization consists of a modified Euler scheme
in time, a central difference scheme in space, and a special finite difference scheme

for the Robin boundary conditions.

In [[128]], the authors presented a second-order robust method for solving singularly
perturbed Burgers’ equation. In [88]], a specific class of parabolic singularly per-
turbed convection-diffusion problems is investigated. The problem is discretized
using the backward Euler scheme in the temporal direction and the upwind scheme
on a Harmonic mesh in the spatial direction. In [158]], the authors introduce a
high-order convergent numerical method for singularly perturbed time dependent
problems using mesh equidistribution. The discretization is based on the backward
Euler scheme in time and a high-order non-monotone scheme in space. In [199]], nu-
merical approximations are computed for the solution of a system of two reaction-
convection-diffusion equations by a fitted mesh finite difference method. In [270],
authors conducted a numerical investigation of an initial boundary value problem
for a singularly perturbed system of two equations of convection-diffusion type.
The authors proposed a numerical method that combined a spline-based scheme
with a Shishkin mesh and achieved second-order uniform convergence. While in
[271], the authors present a uniformly convergent numerical technique for a time-
dependent singularly perturbed system of two equations of reaction-diffusion type.
The proposed numerical technique consists of the Crank—Nicolson scheme in the
temporal direction over a uniform mesh and the quadratic B-splines collocation
technique over an exponentially graded mesh in the spatial direction. In [208],
the authors considered singularly perturbed elliptic convection-diffusion differen-
tial equations in two dimensions. They discretized the problem by using an upwind
difference scheme on a modified exponentially graded Bakhvalov mesh. Further,
in[303]], the authors analysed a higher order numerical method for a class of two-
dimensional parabolic singularly perturbed problem of convection-diffusion type
for the case when the convection coefficient is vanishing inside the domain. The
Peaceman—Rachford scheme is used on a uniform mesh for time discretization, and
a hybrid scheme is applied on the Bakhvalov—Shishkin mesh for spatial discretiza-
tion. In [S3], the authors deal with one-dimensional linear parabolic singularly per-
turbed systems of convection-diffusion type. The diffusion term in each equation is
affected by a small positive parameter of different magnitudes. The numerical algo-

rithm combines the classical upwind finite difference scheme to discretize in space
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and the fractional implicit Euler method together with an appropriate splitting by

components to discretize in time.

In [94]], a parameter-uniform numerical method is constructed for singularly per-
turbed Robin type parabolic convection-diffusion problems having boundary turn-
ing points. The problem is discretized by means of the implicit Euler method in
time and the non-standard finite difference method in space on a uniform mesh.
Moreover, the non-standard finite difference method is used to discretize the Robin
boundary conditions. While in [263]], the authors deal with a singularly perturbed
two-dimensional steady-state convection-diffusion problem with Robin boundary

conditions.

In [[156], the authors present a domain decomposition method to solve a class of
singularly perturbed parabolic problems of reaction-diffusion type having Robin
boundary conditions. The method considers three subdomains, of which two are
fine mesh and the other is coarse mesh. The partial differential equation associated
with the problem is discretized using the finite difference scheme on each subdo-
main, while the Robin boundary conditions associated with the problem are ap-
proximated using a special finite difference scheme to maintain accuracy. In [250],
the authors considered a class of time-fractional singularly perturbed convection-
diffusion problems. To discretize the problem, a classical L1 finite difference
scheme is employed on a graded mesh to discretize the time-fractional derivative.
Further, a standard upwinding procedure in the spatial direction is used on a piece-

wise uniform Shishkin mesh.

In [223], the authors considered a second-order singularly perturbed Volterra
integro-differential equation. On a layer adapted Shishkin mesh, the problem is
solved using finite difference schemes. Whereas in [224]] author presents a fitted
mesh finite difference method for solving a singularly perturbed Fredholm integro-

differential equation.

. Finite element methods: The finite element method (FEM) is a numerical tech-

nique commonly used to approximate solutions to ODEs or PDEs. In this method,
the dependent variable u in the differential equation is approximated by a function
u;, which is a linear combination of basis functions ¢ as u ~ u;, = ) ; u;t¥;. The basis
functions, i;, are chosen such that they form a set of functions that span the solu-
tion space. The coeflicients of the basis functions, u;, represent the unknowns that
need to be determined. These coeflicients correspond to the values of the solution

at specific mesh points, i. By substituting the approximation u, into the original dif-
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ferential equation, the problem is transformed into a system of algebraic equations.
This system is then solved to determine the values of the coefficients u;, which in
turn define the approximate solution u;,. The finite element method offers flexibility
in choosing the shape and size of the basis functions, allowing for adaptability to
complex geometries and varying solution behaviour. It is widely used in various
fields of engineering and applied sciences for solving a wide range of problems

governed by differential equations.

During the late 1970s, researchers began applying Petrov-Galerkin methods, a vari-
ant of the FEM, to solve SPPs. In [307]], the authors recognized the need for special
approaches to address SPPs using finite element analysis. They developed a FEM
approach analogous to the upwind scheme by incorporating upwinding into the test
function. This modification aimed to obtain an oscillation-free solution for SPPs.
In [187], the author proposed a FEM formulation that reduced to a simple upwind

scheme 1in the limiting case, specifically for solving singularly perturbed ODEs.

In [48]], the authors introduced a FEM that utilized piecewise linear and quadratic
basis functions to solve second-order differential equations. Further, in [118]],
the authors used an upwind finite element scheme for two-dimensional convec-
tive transport equations. Author in [292] proposed a FEM technique employing
piecewise polynomials of degree at most k to solve two-point singularly perturbed
boundary value problems. The proposed method provided parameter-uniform error
estimates of O(/**!) in the maximum norm, indicating convergence rates that de-
pended on the mesh size /. In [119], the authors conducted a survey summarizing
various FEMs and upwind schemes employed to solve convection-dominated flow

problems.

In [117]], the author proposed a FEM that utilized a combination of quadratic trial
and cubic test functions to solve the steady-state convection-diffusion equation. A
series of papers were published investigating the selection of test spaces to sym-
metrize the associated bilinear form; see, e.g., [24} 26, 25, 27]. The goal was to
obtain an optimal approximate solution similar to the ones achieved by applying

Galerkin methods to symmetric problems.

In [[70], a convection-dominated diffusion problem is solved by combining the FEM
or FDM with the method of characteristics. The authors derived optimal order error
estimates in L* and W' for the FEM and various error estimates for a variety of
FDMs. The concept of hinged elements was introduced in [217]]. These elements

were essentially piecewise linear finite elements that could vary according to prob-
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lem data and were used to solve one-dimensional linear non self-adjoint two-point

singularly perturbed boundary value problems.

In [2777], the authors applied the FEM with a Petrov-Galerkin approach using expo-
nential basis elements to solve conservative non self-adjoint singularly perturbed
boundary value problems. The method has first-order convergence in L, and
second-order convergence at the nodes. The Authors, in [/6], introduced an adap-
tive streamline diffusion finite element method for solving stationary convection-

diffusion problems by using shock capturing artificial viscosity technique.

In [282]], the authors applied Galerkin FEMs using a piecewise polynomial ba-
sis functions on a Shishkin mesh to obtain optimal convergence results for high-
order elliptic two-point singularly perturbed boundary value problem of reaction-
diffusion type. They also achieved uniform convergence results for a family of
Galerkin FEMs on a Shishkin mesh for high-order elliptic two-point singularly per-

turbed boundary value problems of convection-diffusion type [283]].

In [[168]], the author utilized Galerkin FEM on a Bakhvalov-Shishkin mesh to solve
a linear two-dimensional convection-diffusion problem. It was shown that better
error estimates were obtained on the Bakhvalov-Shishkin mesh compared to the
Shishkin mesh. Further, in [306], the author studied superconvergence approxima-
tions of singularly perturbed boundary value problems of reaction-diffusion type
and convection-diffusion type. He obtained superconvergence with an error bound
of O(N~'In(N + 1))**!) in a discrete energy norm by applying the standard finite

element method of any fixed order p on a modified Shishkin mesh.

In [2776]], the author presented a FEM approach for solving a non self-adjoint SPP. In
[246], the author achieved optimal convergence results for the two-point singularly
perturbed boundary value problem of convection-diffusion type in the energy norm.

The analysis was conducted on a Bakhvalov mesh.

In [286]], the authors considered a two-parameter elliptic SPP. They decomposed the
solution into smooth and layer components and derived error bounds for these com-
ponents and their derivatives. This analysis was then used to analyse the FEM in
[287]. In [300], the performance of high-order versions of FEM on various meshes
is investigated. The authors proposed the p/h, FEM, which aimed to approximate
the solution to a problem with an exponential rate of convergence independent of

the perturbation parameters.

In [85]], the authors applied Galerkin FEM to solve elliptic convection-diffusion

problems. They analysed the superconvergence property of the method on a
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Shishkin mesh and determined that it was almost first-order accurate in the energy
norm. In [49], the authors proposed a multiscale FEM to approximate the solution
to elliptic SPPs with high contrast coefficients using coarse quasiuniform meshes.
The method achieved first-order convergence in the energy norm and second-order
convergence in the L, norm. Authors in [127]] compared the performance of He’s
homotopy perturbation method with that of FEM for solving the two-dimensional
heat conduction equation. They concluded that there was excellent agreement be-
tween the analytical results obtained using the homotopy perturbation method and
the numerical results obtained using FEM, demonstrating the accuracy and reliabil-

ity of FEM in solving heat conduction problems.

In [304], the authors solved a singularly perturbed convection-diffusion equation
using linear FEM on a Shishkin mesh. They utilised symmetries in the convective
term of the bilinear form over adjacent intervals to achieve superconvergence of
almost second-order accuracy in general cases. This research highlighted the po-
tential for improving the accuracy and efficiency of FEM through the exploitation of
specific problem structures and symmetries. In [299], the authors construct a finite
volume element method on the Shishkin mesh for solving a singularly perturbed
reaction-diffusion problem. In [239], the authors introduce numerical methods for
singularly perturbed convection-diffusion problems with a turning point. As a re-
sult of the turning point, the problem typically exhibits exponential-type boundary
layers or a cusp-type interior layer. They develop non-symmetric discontinuous
Galerkin FEM with interior penalties for both cases. Usual Shishkin mesh is in-
voked for the problem with boundary layers, whereas generalized Shishkin type
mesh is used to tackle the interior layer of cusp-type. In [155]], the authors pre-
sented a convergence analysis of a weak Galerkin FEM using polygonal meshes for
the semilinear singularly perturbed time-dependent convection-diffusion-reaction

equations.

Comprehensive discussions on the theoretical foundations and practical implemen-
tations of FEM for various problems can be found in several books; see, e.g.
[43, 40, [18]]. These references extensively cover the theory and applications of
FEM.

. Finite volume methods: The finite volume method (FVM) is a numerical tech-

nique used to approximate the solution to PDEs. In this method, the domain is
discretized into mesh elements known as control volumes. The PDE is integrated

over each control volume to obtain a set of balance equations. These balance equa-
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tions are then discretized into a set of algebraic equations, resulting in a system of
equations with discrete unknowns. The system of equations can be solved either
exactly or approximately using direct or iterative methods such as the Gauss-Seidel
method and the Jacobi method. Iterative methods iteratively update the values of
the unknowns until a desired level of accuracy is achieved. Direct methods, on the
other hand, solve the system of equations in one step but may be computationally
expensive for large systems. The FVM is an integral scheme, similar to the FEM,
whereas FDM is a differential scheme. In FVM, the integral form of the PDEs is
used to construct the discrete equations, whereas FDM approximates the derivatives
directly using finite difference approximations. Differential schemes are generally
faster than integral schemes, but integral schemes, such as FVM, have the advan-
tage of being more accurate than their differential counterparts when dealing with
irregular meshes. For a detailed description of FVM, several books are available
as references. [191]] provides a detailed description of cell-vertex FVMs, [166]] fo-
cuses on FVMs for hyperbolic problems, and [[182]] covers FVMs for general PDEs,

providing a comprehensive overview of the method and its applications.

1.5 Plan of the Thesis

In this thesis, we study, analyse and develop adaptive numerical schemes for solving var-
ious models of singularly perturbed convection-diffusion boundary value problems. An
adaptive discretization technique can accommodate problems with different physical and
dynamic features by adjusting the resolution, order and type of discretization. It is gener-
ally used with an adaptive numerical method that balances the solution accuracy and the
associated computational cost. Therefore, an appropriate numerical method and the dis-
cretization technique accurately solve the problem and improve convergence. Taking this
into account, in this thesis, we propose different methods to solve singularly perturbed
parabolic convection-diffusion problems with discontinuous coefficient, source term and
delay. We apply the proposed methods to solve three different convection-diffusion prob-
lems of varying complexity.

The thesis is organized as follows: Chapter 2 presents an adaptive finite difference

method to solve a class of singularly perturbed parabolic delay differential equations with
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discontinuous convection coefficient and source that reads

ey (X, 1) + a(X)u(x, 1) = b(x)u(x — 1,1) — c(X)u(x, 1) — u(x, 1) = f(x,1),
(x,)eS"US*:=(0,1)x (0, TV (1,2) x (0, T],

u(x,t) = po(x,t) on I'y := {(x,0), x € [0,2]}, (1.4)
u(x,t) = py(x,t)in I, :={(x,1), x € [-1,0], t € [0, T]},
u(x,t) = pa(x,t) onI'; :={(2,1), t € [0, T]},

where € < 1 is a small positive parameter, b and c are sufficiently smooth functions such

that b(x) < 0, ¢(x) > 0 and b(x) + c(x) > 0 for all x € [0, 2]. Moreover, we assume that

ay(x) if 0<x<1, filx,0) if (x,p)eS ,
a(x) = f(x, N .
a(x) if 1<x<2, flx, 1) if (x,t)eS (1.5)

a(x) <=y1 <=2y <0, &) >y >2y>0, |[a]|<C, [[f]I<C,

where y = min {yy, y,}. The simultaneous presence of discontinuity and the delay makes
the problem stiff. The solution to the problem considers the present state of the physi-
cal system and its history. The numerical scheme based on the upwind finite difference
method is presented on a specially generated mesh to solve the problem. The adaptive
mesh is chosen so that most of the mesh points remain in regions with rapid transitions.
The proposed numerical method is analysed for consistency, stability and convergence.
Extensive theoretical analysis is performed to obtain consistency and error estimates. The
proposed method is unconditionally stable, and the convergence obtained is parameter-
uniform with first-order convergence in space and first-order convergence in time. Nu-
merical results are presented for model problems demonstrating the effectiveness of the
proposed technique. Convergence obtained in practical satisfies theoretical predictions.

Chapter 3 extends the idea further and aims to provide a better numerical approxi-
mation of the solution to the model problem (I.4). The chapter presents a higher-order
hybrid difference method over an adaptive mesh to solve the problem (1.4). The proposed
method is a composition of a central difference scheme and a midpoint upwind scheme
on a specially generated mesh. Moreover, the time variable is discretised using an im-
plicit finite difference method. The error estimates of the proposed numerical method
satisfy parameter-uniform second-order convergence in space and first-order convergence
in time. The rigorous numerical analysis of the proposed method on a Shishkin class
mesh establishes the supremacy of the proposed scheme.

Chapter 4 presents a high-order finite difference scheme to solve singularly per-

turbed parabolic convection-diffusion problems with a large delay and an integral bound-
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ary condition which is given as

—e1t, (%, 1) + pO)UL(x, 1) + g(Ou(x, 1) + r(u(x — 1,0) + u(x, 1) = g(x, 1),
(x,1) € (0,2) X (0, T,

u(x,f) = Yy (x, 1) in Ty := {(x,1), x € [-1,0], 1 € [0, T]},

u(x, 1) = Yo(x, 1) on Ty := {(x,0), x € [0,2]},

Ku(x, 1) = w(2,0) — ¢ [} fulx,0dx = ys(x,0) on T3 = {2,1), 1 € [0, T1),

where € < 1 is a small positive parameter, g(x,?), p(x), g(x) and r(x) are sufficiently
smooth functions. Also, assume that the initial-boundary data ¢, ¥, and 3 are smooth

and bounded functions such that
p(x) = po>py>0, g(x)=q0>0, r(x)<ry<0,
Po+qo+tro>0, gx)+r(x)=2n>0,
u(17,0) =u(1*,1), wu,(17,1) = u,(1%,1).

2
Here, f(x) is non-negative, monotonic function such that f(x)dx < 1. The solution of

the problem features a weak interior layer besides a bounda(%y layer. This chapter presents
a higher-order accurate numerical method on a specially designed non-uniform mesh.
The technique employs the Crank-Nicolson difference scheme in the temporal variable,
whereas an upwind difference scheme in space. It is proved that the proposed method
is unconditionally stable and converges uniformly, independent of the perturbation pa-
rameter. The error analysis indicates that the numerical solution is uniformly stable and
shows parameter-uniform second-order convergence in time and first-order convergence
in space. The numerical result for two model problems is presented, which agrees with
the theoretical estimates.

Chapter 5 presents a robust computational technique to solve a class of two-

parameter parabolic convection-diffusion problems with a large delay which is given as

(X, 1) + up(x, Du(x, 1) — q(x, Hu(x, 1) + r(x, Hu(x — 1,1) —u(x, 1) = g(x, 1),
(x,1) €(0,2) x(0,T],

u(x,t) =y(x,)in 'y :={(x, 1), x€[-1,0], t € [0, T]},

u(x, 1) = yn(x,t) on I'; := {(x,0), x € [0,2]},

u(x,t) = ys(x,t)onI's = {(2,1), t € [0,T]},

where 0 < € < 1,0 < u < 1 are small parameters, the functions f(x, ?), p(x, 1), g(x, t) and

r(x, t) are sufficiently smooth functions and assume that

p(x,t) > po >0, g(x,t) >qo>0, r(x,t) >ry>0, (g—r)(x,t)>«>0,
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and the initial-boundary data |, ¥, and 3 are smooth func-
(xneD px,1)
tions on their respective domain. The presence of perturbation parameters leads to the

_ min (q(x, 0 = r(x,1)

twin boundary layers and interior layers in the solution, whose appropriate numerical ap-
proximation is the main goal of this chapter. The numerical method is composed of an up-
wind difference scheme in space and a Crank-Nicolson scheme in time is used to find the
approximate solution of the problem. It is proved that the method is parameter-uniform
with second-order accuracy in time and almost first-order accuracy in space. Numerical
examples are provided in support of the theory.

Finally, Chapter 6 concludes the thesis with a summary of the work highlighting
its significant contributions. It opens the discussion about future research directions and

points out the challenging steps towards analyzing more complicated problems.



Chapter 2

Parabolic Problems with Discontinuous

Coefflicient and Delay

2.1 Introduction

Singularly perturbed parabolic PDEs with delay and discontinuous coefficients terms con-
stitute a challenging class of mathematical models that arise in various fields, including
physics, engineering, and biology. These equations include time-dependent variables and
exhibit sensitivity to small perturbations in the system parameters. The parabolic nature
of these PDEs indicates their ability to describe dynamic processes with diffusion-like
behaviour, where quantities such as temperature, concentration, or population density
evolve over time and space. However, what sets them apart is the presence of delays,
discontinuous coefficients and source terms, which introduce additional complexity to the
problem.

The incorporation of delays in these equations captures the influence of past states
or events on the current evolution of the system. Delays add memory-like behaviour
to the PDEs, making their analysis and numerical solution more intricate. Furthermore,
the discontinuous coefficients introduce abrupt changes or jumps in the system’s mate-
rial properties or physical characteristics. Moreover, the problem is singularly perturbed,
and the solution of these equations exhibits a multiscale character since the correspond-
ing degenerate system fails to satisfy the given boundary data. There are narrow regions
across which the solution changes rapidly and displays layer behaviour. Standard numer-
ical methods on uniform meshes fail to consistently approximate solutions in these layer
regions. Consequently, traditional solution techniques may not be directly applicable,

requiring specialized methods to handle the discontinuities appropriately.

31
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Many researchers have tried to provide consistent numerical approximations to
singularly perturbed differential equations with a delay, discontinuous coefficients, and
source terms. In [279,1280], a standard numerical method with piecewise linear interpola-
tion on a Shishkin mesh is proposed to solve second and third-order ordinary differential
equations. In [79], the authors solve a reaction-diffusion equation with a discontinuous
diffusion coefficient. Whereas in [240] author presents an almost first-order uniformly
convergent method for a coupled system of two reaction-diffusion equations with discon-
tinuous source terms. Later, researchers extended the technique to n-number of equations
in [225]].

A discrete approximation of singularly perturbed parabolic partial differential equa-
tion with a discontinuous initial condition is proposed in [120]. The problem is bi-
singular, where a classical singularity is twisted together with the singular nature of the
problem. A numerical scheme is presented based on the fitted operator method defined
over a uniform mesh. Indeed, it is an exact finite difference scheme for the error function
associated with the discontinuity in the initial condition. However, there appears no fur-
ther attempt towards developing fitted operator methods for parabolic reaction-diffusion
problems until authors in [103] regularize the problem by reinstating the discontinuous
initial condition. A linear parabolic problem with a turning point is also brought to at-
tention [220]. The interior layer problem considered by the authors is of the following

form
—&Uy, + auy +bu+cu, = f, (x,1) €(0,1)x(0,T], b,c >0,

O<ex 1, u,1), u(l,t),u(x,0) is specified.

(2.1)

A particular case, when the convection coefficient is discontinuous across the
curve I'y :={(d(®),t)|t€[0,T], 0 <d(t) <1} and having a particular sign pattern
a(x) >0, x <d(t) or a(x) <0, x > d(r) is examined in [/1]. Whereas, in [221]] author
presents a parameter uniform method over a specially designed Shishkin mesh. The
mesh is obtained by mapping I'; to the vertical line x = d(0). The case when the
initial condition u(x,0) contains its interior layer is studied separately in [102]. How-
ever, the convection coefficient is assumed to be space independent, smooth, and of
one sign. It is to note that the reduced initial condition (set € = 0) is discontinu-
ous at some point. Moreover, the discontinuity travels with the characteristic curve
I :={d@®),t) |t €[0,T],d (t) = a(t), d(0) = d} associated with the reduced hyperbolic
equation av, + bv + cv, = f. In [193], a hybrid difference scheme is presented to solve
the parabolic problem with a discontinuous convection coefficient. On the other hand, in
[220], an interior layer appears in the solution of since the convective coefficient of

the problem contains an interior layer with a hyperbolic tangent profile. This problem
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appears to be a time-dependent version of the ordinary differential equation examined in
[219]. In [[72], the authors deal with a parabolic problem with a boundary turning point. In
[82]], an experimental technique is presented to analyse uniform convergence over piece-
wise uniform meshes. However, it was presented in context to a singularly perturbed
elliptic equation when the convective term degenerates on the boundary of the domain.

In [53)145], a two-parameter parabolic problem is studied. A hybrid monotone dif-
ference scheme is conferred using the averaging method at the discontinuous points [45]].
While [53] presents the case when the convective term degenerates inside the spatial do-
main, and the source term has a discontinuity of the first kind on the degeneration line.
A particular case, when u = 0 was studied in [83]. In [[140, 51} 152], researchers studied
a similar problem for y = 1. In [241], authors present a parameter uniformly convergent
method for a singularly perturbed parabolic system of equations with a discontinuous
source term. In this work, the diffusion term in each equation is affected by a small
positive parameter of different magnitudes. Besides, researchers have paid attention to
nonlinear problems with an interior layer in [237, [150, 205)]. In [150], the authors con-
sider a parabolic periodic boundary value problem and construct the interior layer type
formal asymptotics. They establish the existence and asymptotic stability of the solution
by using precise lower and upper solutions. The analysis presented is then used to con-
struct an efficient numerical method for a slightly general nonlinear problem in [237]. In
[2779], researchers used a finite difference method based on linear interpolation to solve an
ordinary delay differential equation with a discontinuous coefficient. They later consid-
ered a hybrid initial value method for the same problem and demonstrated that it yielded
improved results.

The analysis of the special methods for singularly perturbed parabolic partial func-
tional differential equations with discontinuous data and degenerating convective terms
has yet to see much development in the literature. This chapter presents a numerical
method to solve singularly perturbed parabolic partial differential equations with a delay,
discontinuous coefficient and source. Besides, the chapter presents rigorous consistency,
stability, and convergence analysis of the proposed scheme and illustrates numerical re-

sults.
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2.2 Continuous Problem

LetD=S-US* :=(0,1)x (0,T]U (1,2) x (0,T], ©Q = [0,2] and consider the non-

homogeneous initial-boundary-value problem

Sy (X, 1) + a(X)u(x, 1) — b(x)u(x — 1,1) — c()u(x, t) — u,(x,t) = f(x,¢) in D,
u(x,t) = po(x,t) onI'y :={(x,0), x €[0,2]},

u(x,t) = pi(x,t) in I, :={(x,1), x € [-1,0], t € [0, T]},

u(x,t) = pa(x,t) onI'; :={(2,1), t € [0, T]},

(2.2)

where £ < 1 is a small positive parameter, b(x) and c(x) are sufficiently smooth functions
such that b(x) < 0, ¢(x) > 0 and b(x) + c(x) > 0 for all x € [0, 2]. Moreover, we assume
that

ay(x) if 0<x<1, filx,0) if (x,0) €S ,

a(x) = flx, 1) = .
a(x) if 1<x<2, fH(x, ) if (x,0)es (2.3)

ai(x) <=y1 <=2y <0, a(x) >y >2y>0, [[a]l|<C, [|[flIsC,
where v = min{y;,y,}. The solution of (2.2) satisfies [#] = 0 and [u,] = O at
x = 1. Here, [u] denotes the jump of u defined at the point of discontinuity x = 1 as

[u]l(1,8) = u(1*, 1) — u(17,t), where u(1*,1) = lirln0 u(x, t). The functions py, p; and p,
x—1+

are sufficiently smooth functions and satisfy the compatibility conditions

P0(0,0) = p1(0,0), po(2,0) = p2(2,0),
0*po(0,0 0p(0,0 0p1(0,0
7LD 4 a0 0D 0y -1,0) = e0)po0,0) - P2 = 10,0,
X ox ot
0°pp(2,0 0pp(2,0 0p>(2,0
e TLUD 4 ) U2 p2)py(1,0) - epy(2,0) - LD < £2,0),
X ox ot
Let us rewrite (2.2)) as
L.u(x,t) = F(x,1),
where
e (x, 1) + a(X)u(x, 1) — c(ulx, 1) — u(x, t) if (x,H)eS",
Lou(x,t) =
e (x, 1) + ax(X)u(x,t) — b(x)u(x — 1,1) — c(x)u(x,t) — u,(x,t) if (x,1) e S™,
and

fi, )+ b(x)pi(x—1,1) if (x,1) eSS,
F(x, 1) =
f(x, 1) if (x,r)eS™.
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Under these assumptions, the solution of (2.2)) exists and is unique [9} [139]. The simulta-
neous presence of discontinuity and delay makes the problem stiff. The solution u(x, ¢) of
(2.2) exhibits a strong interior layer and a weak boundary layer in the neighbourhood of
the points x = 1 and x = 2, respectively. Moreover, it is easy to follow that the differential

operator L, satisfies the following minimum principle.

(x,) eT:=D\D, [P](1,1) < 0,t > 0and LP(x,t) < 0 for all (x,t) € S US™.
Then P(x,t) > 0 for all (x,t) € D.

Lemma 2.2.1. Suppose P € C°%D) N C*(S~ U §*) satisfies P(x,t) > 0 for all

Proof. Choose (x*, ") € D such that P(x*, #*) = min P(x, r). Consequently,
(x,H)eD

P 5 =0, P57 =0 and P (") >0for (X, 75 e (ST USH). (2.4)
Suppose P(x*, ) < 0 and it follows that (x*, ) ¢ T".
CaseI: If (x*, %) € S, then
L 1) = &P (X, ) + a, NP, 1) — P, 1) — c(DYPGE, ).
Since a;(x) < 0, c(x) > 0. Then, by using (2.4), we have

LP(*, % > 0.
Case II: If (x*, ) € S*, then

LP(N 1) = P (1) + ax (P, 1) = b(HP(E - 1,1
—c(POH, 1) — P 1
= &P (X 1) + a (P, 1) — (PO, 1
—b(x) (P = 1, = PGH, 1) = PO, ) - P, 1)
= &P (1) + (P 1) = (bR + () PGE, )
—b(x*) (P = 1,8 = POH, 1) = PUE, 9.

Since a,(x) > 0, b(x) <0, c(x) >0, b(x)+ c(x) > 0 and by using (2.4), we have
LP( 5 > 0.
Case II: If (x*, ) = (1, ), then

[P, ) = P.(F, 1) — P, ) > 0 since P(*, ) < 0.

A contradiction to the assumption and consequently the required result follows. O
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An important application of the minimum principle is establishing the boundedness

of the solution. As an immediate application, we obtain

Lemma 2.2.2. Let u be the solution of (2.2). Then

1 .
lletl]oo,p < Mletlloo,r + ;”f“oo,Da vy = min{y, y»}. (2.5)
Proof. Consider
x .
letllcor + =11 flleop * u ifx <1,
v = & -l
+ = - X oD .
|l2e]lcox + = U Teb +u ifx>1.
Y

For (x,t) € S, it follows that

le/’i(x, t) ”fll/oo,D

X
+ ux) —c(x) (;Ilflloo,b + |[ulleor + u) Fu,

AWl _

gwxx + Cl](X) (
1/ llco.5
Y

= *L.u+a;(x)

— c()|lulleor — c(x)

since aj(x) < 0 and c(x) > 0. Similarly, for (x,7r) € S7, it is easy to verify that
Lyi(x,t) <0. Also, [Y..](1,1) = £[u,](1,¢) = 0. The required result (2.5) now follows
from Lemma[2.2.1] O

In general, one can assume homogeneous boundary conditions py = p; = p» = 0 by
subtracting from u some suitable smooth function that satisfies the original boundary con-
ditions [249]]. Moreover, as proved in [[139], it is an easy exercise to obtain the following

estimate.

Lemma 2.2.3. Let u be the solution of (2.2). Then

<C forall (x,t)yeD and i=0,1,2.

o'u
—(x,
‘(w (x,1)

Proof. The proof follows from the mean value theorem and (2.5). m|

2.3 Time Discretization

Let TM = {t, = kT/M,k = 0,..., M)} be a uniform mesh in the time direction. Then, the

backward Euler method leads to

EALU (X, tiy1) + aAtU (X, fy1) — DAtU(x — 1, 1141) — CU(X, fry1) (2.6)
=-Ux, )+ Atf(x,t141), x€ (O, DHU,2)andk=0,1,...,.M -1
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such that
U(x,0) = po(x), 0 <x<2,

U(X,tk+1) :pl(x,tk+1), -1<x< O, 0<k<M- 1,

2.7
U2, tki1) = p2(tir1)s 0 <k<M -1,
U7, tke) = U7 t41), U1, 6640) = Un(17, 1541), 0< k<M -1,
where ¢(x) = (c(x)Ar + 1). Let us rewrite (2.06)) as
LYU(x, tier) = F(x, 1), (2.8)
where
EALU (X, fri1) + a(X)AtU (X, 11y1) — EX)U(x, 1ry1) if x € (0, 1),
MU (X, 111) = { AU (X, tr41) + A()ALU (X, 1) — BOOAU(x = 1, 8141) (2.9)
—c(x)U(x, t41) if x€(1,2),
and

Atf(x, ti1) + Atb(x)p1(x = 1, ti1) = Ux, 1) if x € (0, 1),
F (%, i) = ' ) (2.10)
ALF(x, 1) = Ux, 1) i x € (1,2).
The operator £ satisfies the following minimum principle.

Lemma 2.3.1. Let ¢(x, t;,1) be a smooth function such that ¢(x,t;,1) > 0 for x = 0,2,
[ ](1, tei1) < 0 and LY @(x, ti1) < O for all x € (0,1) U (1,2). Then ¢(x, t;.1) > 0 for all
x €1]0,2].

Proof. Choose (x?, t;4+1) such that ¢(x, ;) attains its minimum at x° € [0, 2]. Then
Gx(X%, tia1) = Gr(x’, fis1) = 0 and Pra(x%, 111) > 0 for x° € (0, 1) U (1, 2). (2.11)
Suppose ¢(x°, tx+1) < 0 and it follows that (x°, #;41) ¢ I since ¢(x, t;+1) > 0 for x = 0, 2.
Casel: If x° € (0,1)
P ta1) = EAIG (X, rar) + a1 (XDAIGLX, Tsy) = (X)X, Brs)

> 0, from (2.3) and (2.11).
CaseIl: If x° € (1,2)

YP(x, 1) EALP (X7, tis1) + A (X)) ALP (X7, Bis1) — D(X°)ALP(X” = 1, fy41)

—C(x")P(x’, ty41)

= A1) (X%, 1) + a2(x°)ALP(X7, 1rr1) — B(X")AIG(X?, fis1)
—b(x*)AHP(x” = 1, tis1) = P(x°, frs1)) — c(x°)AIG(X®, 1)

—d(X°, tes1)
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8At¢xx(x0, tk+1) - b(x”)At(qS(x" - 1, tk+1) - ¢(x0’ tk+1))
+ax(x")A1P (X%, 1) = AtP(X°, 111 )(B(X7) + €(x7)) = P(x°, frs1)
0, from (2.3) and (2.T1).

\%

CaseIIl: If x° =1

[0 1(X°, trs1) = Du(x77, tis1) — P(X7, trs1) > O since p(x°, t541) < 0.

It contradicts the assumption and hence, the required result follows. O

The operator £ is inverse monotone and [|(2)7!||, < C [21]. Consequently, the

stability of the scheme is immediate.

Lemma 2.3.2. Let &, := U(x, trs1) — u(x, trs1) be the local truncation error at (k + 1)th

time step. Then ||éx.1]l < C(A)? for some constant C.

Moreover, if E; := u(x,t;) — U(x, t;) denotes the global error in the time direction.

Then, it follows that

IEkilleo = < lleille + ezl + lléslle + - .. + llexlle < CAt. (2.12)

[e9)

k
2,
i=1

This in turn ensures the uniform convergence of the time semidiscretization process. Next,

we obtain a priori estimate on the solution of the semidiscretized problem (2.6).

Lemma 2.3.3. Let U(x, tyy) be the solution of (2.6). Then

I llo 0

NU(x, el < max{|U(O, sl U2, fk+1)|} forall x € [0,2].

17 1|0

Proof. Consider ¥/ (x, f;41) = max {lU O, tir ),
U0, t41) = 0 and Y*(2,1441) = 0. For x € (0, 1)

s |U(2’ tk+])|} + U(x’ tk+1)' Thena

I Nlo.0

LMY* (X, trar)

—&(x) max {|U(0, i)l
< 0

U2, fk+1)|} + YU (x, try1)

since ¢(x) = c(x)At + 1 > 0. Similarly, for x € (1,2) we compute

17 1o 0

Y= (x, 141) = —(b(X)AL + &(x)) max {IU(O, fee D)l U@, tk+1)|} + LU (x, 1141)

< 0

since b(x) + c(x) > 0. Moreover, for x = 1, [Y7](1,t41) = £[U,I(1, #x41) = 0. Conse-

quently, from Lemma [2.3.1| the required result follows. o
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The solution U(x, fx41) of the semidiscretized problem (2.6) is known to admit a

decomposition into smooth and a singular component [[173]. We write
U(X, tes1) 1= VX, Bea) + WX, Br).
The smooth component V(x, #;,) is the solution of
MV (x,t41) = F(x,t541), x€(0,DHU(,2), 0<k<M-1,
V(0, tie1) = Vo(0, fi11),
VA~ ti) = (@) (ALf(1, 111) = UL 1) + Atb(1)p1(0, 1111)) (2.13)
VA*, tr1) = =(@(D) " (ALf(L, ) = UL, 1) + Ath(1)Vo(0, 141))
V2, tie1) = Vo(2, tir1),

where Vj(x, ;1) satisfies the corresponding degenerate problem. Also, the singular com-

ponent W(x, #,,1) satisfies a homogeneous problem which reads

MW(x, 1) =0, x€(0,1)U(1,2), 0<k<M-1,

W(0, t41) =0,

W2, tkr1) = U, tr1) = V(2, 541, (2.14)
WA, i) = WA, i) = VAT, i) = VAT, f11),

W (%, i) = W17, fi0) = V(17 frg1) = V(17 fr41)-

The next Lemma provides bounds on the derivative of V(x, ;1) and W(x, t;,;) with re-

spect to x.

Lemma 2.3.4. Let V(x, 1) and W(x, ty,1) be the solutions of (2.13) and (2.14)), respec-
tively. Then, for s =0,1,2,3
‘dSV(X, fie1)

<C( + 82_‘Y)f0rx €e0,Hu(,2)and

dx
—s _7(1 - X)
AW, )| |8 P —) for x€(0,1),
e B - 1) 2=
dx g% exp y—) + & exp ()/—) for x €(1,2).
e e
Proof. The proof follows from [279]. O

2.4 Spatial Discretization

The solution of the problem exhibits strong interior layer across discontinuity x = 1 and
a weak boundary layer at x = 2. Therefore, we construct a piecewise uniform mesh DY

which condenses around x = 1 and x = 2. We write

[092] = [O’I_Tl] U [1 _T171]U[1’1+T2] U [1 +T2’2_T2]U[2_T2’2]’
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2eIn N 2eIn N

and 7, = min<0.25, are the mesh transition

where 7, = min<0.5,
Y Y
parameters. We place N/4 mesh points each in intervals [0, 1 -], [1—74, 1], [14+72,2—75]

and N/8 mesh points in intervals [1, 1 + 7,] and [2 — 7,, 2]. Consequently, we obtain

xi=0 for i =0,

I_D? = {xi}f)v =

X[:X,'_1+]’l[ for i=1,...,N,
where

s -1 fori=1,...,N/4,

gl for i=N/4+1,...,N/2,
hi =43, for i=N/2+1,...,5N/8,

(1 =21y for i=5N/8+1,...,7N/8,

%Tz for i=7N/8+1,...,N.

To discretize the differential operator in (2.8), we first define the finite difference operators

on the piecewise uniform mesh DY as

+ _ Ui+1,k+l - Ui,k+1 _ _ Ui,k+1 - Ui—l,k+l
DiUij = , DiUige = ,
hivi h;
DD U oor = 2(DyUiger = Dy Ui i1)
Lk+1 — .
e hi + his

The discrete problem on DV = DY x T, thus reads
MU i1 = Figans (2.15)

where
eAtDID U1 + aiAtD Uipyy — €Uy for i=1,...,N/2 -1,
MU (X, tra1) = 3 eAtDID; Uy oy + aiADT Uit — biMt Uiy jagat — E:U5 1
for i=N/2+1,...,N—1,
and
Atfixe1 — Ui + Athip\(Xi_nj2, tir),  for i=1,...,N/2 -1,
Fike1 =

Al‘fi’kH—U,',k, for i=N/2+1,...,N—-1.

Moreover, fori = N/2
DiUnjaxs1 = DiUnjopen

with
Uio = po(x;) for i=0,...,N,
Unis1 = p2(tes1) for k=0,...,M -1,
Uikr1 = p1(xi,tge)  for k=0,...,M -1 and i=-N/2,...0.
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Lemma 2.4.1. Let ¢; .1 be a mesh function so that ¢; 1 > 0 for i = {0, N}, QQV’Mgb,-,kH <0
foralli=1,....N/2—=1,N/2+1,...,N and D ¢n/24+1 — D dnj24+1 < 0. Then ¢y =0
foralli=0,1,...,N.

Proof. Choose i* € {0,1,..., N} such that ¢ 4,1 = _minM @ix+1- Assume that ¢y p; < 0

DT,

and it follows that i* ¢ {0, N}. Fori* € {1,2,...,N/2 — 1}

N.M _ - - A
LG js1 = EAIDID i i1 + QiAD P iy — CiPi sr1
_ 2eAt {¢i*+1,k+1 — Qirdr1  Pirkel — ¢i*1,k+1}

ili hi1 h;

i k1 — Pir— 1441 R
+ aiAf{ = Cidir k1

h;
> 0.

Also, 8¥Mp. ;.1 > 0fori* € (N/2+1,...,N — 1} and for i* = N/2
D¢ g1 — Dy a1 > 0 since ¢y gy < 0.
A contradiction to the assumption and the required result follows. O

As an immediate consequence of Lemma [2.4.1] we obtain the following estimate.

Lemma 2.4.2. Let ¢; 4.1 be the numerical solution of (2.15)). Then
¢ k+1lloo oy < max {|¢0,k+1|, lon k1, ||22]’M¢||OO,EN’M} , YO<i<N, 0<k<M-1.

Proof. Let ., = max {|osa1l [yl 1€ Blloo o} = piarr. Clearly, gy, > 0 for
i =0,Nand &5"yE | < O0forie{l,....,N - I)\{N/2}. Moreover, (D} - D)%, =0
for i = N/2. The required result thus follows from Lemma [2.4.1] O

2.5 Error Estimates

We decompose the solution U, into smooth and singular components to obtain param-

eter uniform error bounds. We write U, s11 := Vi1 + Wiks1, where V and W satisty

IMVije1 = Fignr for i€ f{l,...,N—1}\{N/2},

Vorsr = V(O, fi41),

V-1 = VA7, f41), (2.16)
Vniiiae = VAT, i),

Ve = V(2, tis1),
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and

MW, =0 for ie{l,...,N—1}\{N/2},
Woss1 = W(O, fr41),
Wikt = W2, ti41), (2.17)

Vinjetket + Whppsiker = Vvo-txe1 + Wayo-tie1s

D Vnjpke1 + DiWnjoiet = DiVjagsr + DEWyo ke
Moreover, the error e; ;. is defined as
irr1 = Ui, tiw1) = Ujgaa

= (V(xi, tix1) = Vige) + (W(xi, trs1) = Wiksr)-

Theorem 2.5.1. Let V(x;, ty41) and V.1 be the solution of (2.13) and (2.16)), respectively.
Then
€M (V(xi, k1) = Vige)l < N7 for i €0, NY\{N/2}.

Moreover, if W(x;, ty+1) and Wi,y be the solution of (2.14) and (2.17)), respectively. Then

1M (W (xi, tiar) = Wine)l < CNT'(InNY* for i €{0,...,N}\{N/2}.
Proof. The proof follows from [[189, [139]. |

Next, we obtain some priori estimates at (xy/2, #x+1). To that end, we consider

(D} = DY)enjp il |(Df = DY) (UG, tre) = Unjosen)|

(D% - D) (Ulry, 1)

d _d
I(D; - —) U(xg,l‘kﬂ) + (Dx - —) U(x%,tkﬁ)

- dx dx

1, LU )| 1 d*U(x;, tys1)
- Eh% x?el(ellé) dx? * Eh% x?el(eol,)%) dx?

2 ‘
< Cl’l* max d U(xz’ tk+1)
x€(0,D)U(1,2) dx?

Ch*

< 2 (2.18)

since (D} — D))Unjo+1 = 0and h* = hyy = hj,.
2 2
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If we consider

Fil (1 + th)
k=1 € _
N2 for 0 <i<N/2,
IT(1+2h)
Gine1 =254
(1 + %hkﬂ)
= for N2 <i<N,
k:N/z(l + ?}lhkﬂ)

then 0 < ;441 < 1 for 0 <i < N. Moreover, fori =0,1,...,N/2

Y
Diipe1 = ;¢i,k+1 ,

and

2
Fbunt = (DL = D)uan
1 1+

()/)2 2h; 1 p
e) i+ iy \1+ 20 ) 7!

2
2 (Z) ¢i,k+l-
&

IA

Also, fori = N/2,...,N

Y[ Pk _ -y Y\
Di¢ijs1 = — (—+), D i1 = ?¢i,k+la 8% ixi < 2(;) Oik+1

and ati = %
_ Y 1 1
(D} = D))¢ips1 = ——( + — )¢N/z,k+1

el1+ %hfwz 1+ %hN/Z

= — | T | N2k
e \1+ %hzv/z
C

S —_—
£

Then, for0 <i < N/2 -1

> _ R
EALO @i i1 + AAID P — Cithiga

20ty aiAt
+ = —Ci| Piks1- 2.19
P> e(1+1h) i) Pide1 @.19)

N.M
L ik




44 Parabolic Problems with Discontinuous Coefficient and Delay

Similarly, for N/2+1 <i< N
LMPigar = EAS Gigar + GAID i1 — biNIGi_y 2t — Eiigan
20ty yailt
€ e(l + Lhi)
Theorem 2.5.2. Let U(x;, ty41) and U, g1y be the solutions of (2.6) and (2.15), respectively.
Then at (k + 1)th time step

- 51') Gik+1 — DiAtGi_np2 jes1-

|U(xi, tre1) = Uig| < CN"'(InN)* for 0 <i < N.
Proof. Consider the barrier function
wiikﬂ = CIZ\/'_I(IHZV)2 + szh*(ﬁi,lﬁ_l £ €iksl for i=0,1,...,N,
’ e

where C; and C, are constants. Using (2.19), the assumption ¢; < —2y and Theorem[2.5.1]

to obtain
eMMys = —Ci&NT (InN)Y + c%h* (2A8’72 + a,.A% - c) LN
< —C/&N'(InNY + C (g)2 At (27 +a;— eﬁm) + CN"'(In Ny
<0 !

fori=1,...,N/2 - 1. Similarly, fori = N/2 + 1,..., N — 1 we obtain
eNMyE = Cy(=2; - bADN'(InN)? + C, (g) RNM L @M

At
= Cy(=¢; - bADN " (In NY + C, (Z)h*ZAt (Zy —a— af—)
gl e Y

oX (Z) I biAtiypiet = CN/(In N)?
E
0.

IA

Also, if i = N/2
(D;—lx»walhl:(D;—lg)&hN*anAoz+Ck(7)ﬁ¢N@H1iemzﬂj

£
e ()

£ & g2

<0

for some suitable constant C,. Moreover, ¥5,., = 0, ¢¥y,,; = 0and 0 < @iy < 1.

Consequently, the required result follows from Lemma [2.4.1] O
Next, we combine (2.12) and Theorem [2.5.2)to obtain the main result.
Theorem 2.5.3. Let u and U, be the solutions of and (2.15)), respectively. Then
|uCxi, tra1) = Uit | < C(AL+ (N7'(In NY?))

forO0<i<Nand(0<k<M.
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2.6 Numerical Illustration

In this section, we examine the performance of the proposed method and numerically ver-

ify the theoretical estimates. We consider two test problems for numerical computations.
Example 2.6.1. Consider the following singularly perturbed problem [139]:

ey (X, 1) + a(xX)u(x, 1) + u(x — 1,1) = 3u(x,t) — u,(x,t) = f(x,1), (x,1) € (0,2)x(0,2],
u(x,0)=0, xe€]0,2],

u(x,t) =0, (x,1)€[-1,0]x[0,2],

u2,t)=0, r<|[0,2],

-4 +x), xel0,1], -1, (x,1)€[0,1] x[O0,2],
where a(x) = and f(x,t) =

B+x%), xe(1,2], 1, (x,1) € (1,2] x [0,2].
Example 2.6.2. Consider the following singularly perturbed problem:
guxx(-x’ t) + a(x)ux(xa t) + ZM(X - 15 t) - SM(X, t) - ut(xa t) = f(x’ t)’ (x’ t) € (09 2) X (Oa 2]7
u(x,0)=0, xe]0,2],

u(x,t) =0, (x,1)€[-1,0] x[0,2],

u2,1) =0, te[0,2],

where
-4 + x?), 0,1],

a(x) = 4+x) el and f(x,t) =
(8 — x?), x € (1,2], 42 — x)tPe”!,  (x,0) e (1,2] x[0,2].

4xt*e™, (x,1) € [0,1] x [0, 2],

The exact solution of the problem is not available for comparison. Therefore, we
estimate the error using the double mesh principle [[173]]. The maximum absolute error
(EX*") and order of convergence (RY*) are calculated using

) EN,At
EN4" = max |UN’“(xi, tear) — OPV212 (x;, tk+1)| and R} := 10g2( ’

&

EgN,At/Z

where UM (x;, trs1) and U*N2"2(x;, t,,1) are the numerical solutions obtained on DY x T,
and D2V x T,*M, respectively.

In case, perturbation parameter tends to zero, the solution of the problem exhibit
turning point behaviour (Figures [2.11{2.4). Maximum absolute error and order of conver-
gence for Example [2.6.1]and Example 2.6.2] are tabulated for difterent values of €, M, and
N in Tables 2.1H2.4] Moreover, log-log plots of the maximum absolute error can be had
from Figure 2.5 and Figure [2.6] It is evident from it that the errors decreases monotoni-
cally as N increases. Numerical solution for Example[2.6.1]and Example 2.6.2]are plotted
in Figure [2.1)and Figure[2.3] respectively. Also, the numerical solutions at final time step

(t = 2) for different values of & are displayed in Figure [2.2] and Figure 2.4
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Table 2.1: Maximum absolute error and order of convergence for Example [2.6.1|for dif-

ferent values of &, M, and N when M = N.

N g=27" 27! 272 274 2°6 278 2710
32 0.007388 0.009292 0.013393 0.017789 0.019344 0.019860 0.019962
0.9895 0.8712 0.8571 0.8718 0.8797 0.8639 0.8490
64 0.003721 0.005080 0.007394 0.009721 0.010513 0.010912 0.011082
0.9834 0.9274 0.9196 0.9107 0.9253 0.8718 0.8571
128 0.001882 0.002671 0.003909 0.005171 0.005536 0.005963 0.006118
0.9878 0.9423 0.9418 0.9263 0.9106 0.8876 0.8650
256  0.000949 0.001390 0.002035 0.002721 0.002945 0.003223 0.003359
0.9924 0.9571 0.9588 0.9332 0.9260 0.9026 0.8809
512 0.000477 0.000716 0.001047 0.001425 0.001550 0.001724 0.001824
0.9970 0.9721 0.9713 0.9649 0.9488 0.9346 0.9036
1024 0.000239 0.000365 0.000534 0.000730 0.000803 0.000902 0.000975
0.9984 0.9938 0.9928 0.9931 0.9897 0.9743 0.9339

Table 2.2: Maximum absolute error and order of convergence for Example for dif-

ferent values of &, M, and N when M = 2N.

N g=27" 2! 272 274 276 278 2710
32 0.004733 0.007924 0.012284 0.016524 0.018423 0.019067 0.019182
0.9713 0.9124 0.9063 0.8804 0.8825 0.8848 0.8796
64 0.002414 0.004210 0.006554 0.008976 0.009993 0.010326 0.010426
0.9857 0.9481 0.9329 0.9622 0.8555 0.8931 0.8890
128 0.001219 0.002182 0.003433 0.004607 0.005523 0.005560 0.005630
0.9917 0.9660 0.9508 0.9246 0.9811 0.9129 09115
256 0.000613 0.001117 0.001776 0.002427 0.002798 0.002953 0.002993
0.9976 0.9731 0.9584 0.9515 0.9444 0.9364 0.9336
512 0.000307 0.000569 0.000914 0.001255 0.001454 0.001543 0.001567
0.9953 0.9874 0.9781 0.9783 0.9705 0.9567 0.9479
1024 0.000154 0.000287 0.000464 0.000637 0.000742 0.000795 0.0008123
0.9967 0.9905 0.9893 0.9884 0.9815 0.9781 0.9721
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Table 2.3: Maximum absolute error and order of convergence for Example for dif-
ferent values of ¢, M, and N when M = N.

N g=27" 271 272 274 276 278 2710

32 0.003389 0.003688 0.003854 0.003972 0.005890 0.005892 0.005894
0.8167 0.9260 0.9037 0.9017 0.8897 0.8825 0.8749

64 0.001924 0.001941 0.002060 0.002126 0.003179 0.003196 0.003214
0.9527 0.9184 0.9038 0.8953 0.8853 0.8805 0.8863

128 0.000994 0.001027 0.001101 0.001143 0.001721 0.001736 0.001746
0.9487 0.9274 0.9197 0.9130 0.8957 0.8881 0.8841

256  0.000515 0.000540 0.000582 0.000607 0.000925 0.000938 0.000946
0.9586 0.9475 0.9275 0.9236 0.9049 0.9048 0.9027

512 0.000265 0.000280 0.000306 0.000320 0.000494 0.000501 0.000506
0.9730 0.9694 0.9445 0.9469 0.9250 0.9297 0.9277

1024 0.000135 0.000143 0.000159 0.000166 0.000260 0.000263 0.000266
0.9843 0.9795 0.9674 0.9672 0.9512 0.9459 0.9417

Table 2.4: Maximum absolute error and order of convergence for Example for dif-
ferent values of &, M, and N when M = 2N.

N g=27" 271 272 274 276 278 2710

32 0.002107 0.002316 0.002723 0.003246 0.003356 0.003378 0.003410
0.9429 0.9271 0.9191 09112 0.9012 0.8859 0.8799

64 0.001096 0.001218 0.001440 0.001726 0.001797 0.001828 0.001853
0.9713 0.9488 0.9353 0.9330 0.9196 0.9038 0.9029

128 0.000559 0.000631 0.000753 0.000904 0.000950 0.000977 0.000991
0.9871 0.9661 0.9491 0.9375 0.9289 0.9182 0.9110

256 0.000282 0.000323 0.000390 0.000472 0.000499 0.000517 0.000527
1.0000 0.9778 0.9635 0.9460 0.9405 0.9319 0.9175

512 0.000141 0.000164 0.000200 0.000245 0.000260 0.000271 0.000279
1.0102 1.0000 0.9856 0.9708 0.9563 0.9529 0.9442

1024 0.000070 0.000082 0.000101 0.000125 0.000134 0.000140 0.000145
1.0104 1.0010 0.9921 0.9914 0.9784 0.9749 0.9668
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2.7 Concluding Remarks

A class of singularly perturbed parabolic partial differential equations with discontinuous
coefficients and source terms is solved numerically. The solution of the problem takes
into account not just the present state of the physical system but also its history. The
simultaneous presence of discontinuous data and delay makes the problem stiff. In the
limiting case, the solution of the problem exhibits a multiscale character [214,249]. There
are narrow regions where solution derivatives are exponential and exhibit turning point
behaviour across discontinuities besides weak boundary layers.

An implicit numerical scheme based on the upwind finite difference method is pre-
sented on a specially generated mesh. The mesh has been chosen such that most of the
mesh points remain in the regions with rapid transitions. The proposed numerical method
has been analysed for consistency, stability and convergence. Theoretical analysis is per-
formed to obtain consistency and error estimates. It is found that the method proposed
is unconditionally stable, and the convergence obtained is parameter uniform. Numerical
examples have been presented to demonstrate the effectiveness of the technique. Conver-
gence obtained in practical satisfies theoretical predictions. The method presented is easy
to implement and, with a little modification, can easily be extended to even more general

situations like problems in higher dimensions and nonlinear evolution equations.






Chapter 3

Parabolic Problems with Discontinuous
Coeflicient and Delay-A Hybrid Method

3.1 Introduction

In Chapter 2, we proposed a numerical method for solving singularly perturbed parabolic
PDEs with a delay, discontinuous coefficient and source subject to the Dirichlet boundary
conditions. This Chapter extends our scope of work to study a higher-order hybrid method
for such problems.

Hybrid methods leverage the strengths of different numerical techniques to achieve
high accuracy and efficiency in approximating the solutions. In recent years, the develop-
ment of higher-order methods has shown promising results in efficiently and accurately
solving singularly perturbed parabolic PDEs with discontinuous coefficients and delay.
Combining higher-order methods with other specialized techniques, such as domain de-
composition or adaptive mesh refinement, can accurately capture the multiscale charac-
ter and discontinuities in the solution, allowing for a more faithful representation of the
underlying physical phenomena. Additionally, the improved accuracy often leads to sig-
nificant computational savings compared to first-order methods, as fewer grid points are
required to achieve the desired level of accuracy. The significance of hybrid numerical
methods lies in their ability to overcome the limitations of individual methods and provide
tailored approaches that adapt to the specific characteristics of the problem at hand.

Researchers have developed various hybrid methods for solving singular perturba-
tion problems. In [S9], the authors report a hybrid scheme for a time-delayed convection-
diffusion problem. The presented method combines an upwind scheme and a central
difference scheme, achieving nearly second-order accuracy in space, which is consid-

ered optimal compared to the approach in [99]]. Furthermore, researchers have investi-

53
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gated a hybrid difference scheme for parabolic partial differential equations with delay
and advance terms in [238, [108]. Moreover, authors in [252]] use a hybrid scheme for a
two-parameter singularly perturbed parabolic problem with a delay. In [233]], the authors
presented an efficient and higher-order numerical method to solve a singularly perturbed
time-delayed parabolic convection-diffusion problem. The hybrid scheme combines the
central difference scheme in the layer region and the mid-point upwind scheme in the
outer region defined on a Shishkin mesh for discretization in the spatial direction. The
Peaceman-Rachford splitting algorithm splits each time step into two partial time steps.
This splitting is performed based on the concept of the Crank-Nicholson scheme.

In [251], the researchers consider a singularly perturbed parabolic problem with a
simple interior turning point. They employ a fitted mesh finite difference scheme to ap-
proximate the numerical solution, which consists of a hybrid finite difference operator on
anon-uniform Shishkin mesh in the space direction and a backward implicit Euler scheme
on a uniform mesh in the time variable. To improve the accuracy of the resulting scheme
in the temporal direction, they utilize the Richardson extrapolation scheme. The study re-
veals that the extrapolated scheme exhibits almost second-order uniform convergence in
space and time variables. In [301], the authors consider a problem involving a singularly
perturbed parabolic equation with multiple interior turning points and twin boundary lay-
ers. To discretize the problem, they utilize the implicit Euler method on a uniform mesh
for the time variable and a hybrid scheme on a generalized Shishkin mesh for the spatial
variable. Additionally, in [302], the authors employ a finite difference scheme to solve a
one-dimensional singularly perturbed parabolic convection-diffusion problem with an in-
terior turning point. This scheme combines the implicit Euler method on a uniform mesh
in the time direction and a hybrid finite difference operator on a generalized Shishkin
mesh in the spatial direction.

In [154], a high-order parameter-robust hybrid numerical method is used to solve
a Dirichlet problem for a one-dimensional time-dependent singularly perturbed reaction-
diffusion equation. To approximate the solution to the problem, the author constructs a nu-
merical method by combining the Crank—Nicolson method on a uniform mesh in the time
direction, together with a hybrid scheme which is a suitable combination of a fourth-order
compact difference scheme and the standard central difference scheme on a generalized
Shishkin mesh in the spatial direction. In contrast, [194] focuses on a two-dimensional
singularly perturbed parabolic convection-diffusion initial-boundary value problem. They
employ the Peaceman-Rachford alternating direction implicit method to approximate the
time derivative on a uniform mesh. For spatial discretization, they propose a hybrid finite

difference scheme on a piecewise uniform Shishkin mesh. This scheme incorporates a
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midpoint upwind scheme on the coarse part of the mesh and the standard central differ-
ence scheme on the fine part of the mesh. Furthermore, in [192] and [[193], researchers
examined the robustness of the similar hybrid scheme for a parabolic convection-diffusion
problem with both smooth and non-smooth data.

The literature on the analysis of hybrid methods for singularly perturbed parabolic
partial functional differential equations with discontinuous data and a large delay remains
relatively limited. This chapter addresses this gap by introducing a hybrid numerical
method for solving singular perturbation problems. The method is designed to handle
equations with a delay, discontinuous coefficient and source term. Additionally, the chap-
ter provides a thorough analysis of the scheme’s consistency, stability, and convergence.
The presented numerical results illustrate and validate the effectiveness of the proposed

approach.

3.2 Continuous Problem

Let D := (0,2) x (0,T]and S"US* := (0,1) x (0,T] U (1,2) x (0, T]. Consider the

non-homogenous initial-boundary-value problem

Leu = guy(x, 1) + a(x)u,(x, 1) — b(x)u(x, t) — u,(x, t)
= f(x, ) +c(xu(x—-1,1)in S~ UST,

u(x,t) = po(x) on [0, 2] X {t = 0}, (3.1)

u(x,t) = pi(x,t) in [-1,0] x [0, T],

u(x,t) = po(t) on {x = 2} x [0, T7],

where € < 1 is a small positive parameter, b(x) and c(x) are sufficiently smooth functions

such that ¢(x) > 0, b(x) > 0 for all x € [0, 2]. Moreover, we assume that

aj(x) if 0<x<1, fitx, ) if (x,r)eS ,
a(x) = S0 = —
a(x) if 1<x<2, L, if (x,0)esS , (3.2)

=Y <ai() <=y <0, 73> a(x) >y >0, [dl<C |fll<C,
where y = min {y;, y,} and y* = max {yi*,’y;}. The solution of (3.1)) satisfies [#] = 0 and

[u,] = 0 at x = 1. Here, [u] denotes the jump of u defined at the point of discontinuity

x=Tlas[u](1,t) = u(1*,¢t) — u(1,t), where u(1*,¢t) = lirlnO u(x, t). The functions py, p;
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and p, are Holder continuous and satisfy the compatibility conditions

pO(Oa O) = p1(09 0)’ p0(2’ O) = p2(2, 0),
& po(0,0 dpo(0,0 dp1(0,0
e+ @D p0)pef0,0) ~ ey -1,0) - O < £00,0),
X Ox ot
8’ po(2,0 0po(2,0 dp2(2,0
T PUCD 4 022D p2)py2,0) - cpy(1,0) - P22 < 52,0,
X Ox ot

On the domain S 7, the delay term u(x — 1,¢) = p;(x — 1,¢). Under these assumptions, the
solution of exists uniquely and satisfies u € C'*4(D) N C**4(S~ U §™) [160, 248] .
The solution u(x, ) of displays a strong interior layer in the neighbourhood of the
point x = 1 [193]]. Moreover, it is easy to follow that the differential operator L, satisfies

the following maximum principle.
Lemma 3.2.1. Suppose P € C°%D) N C*S~ U S*) satisfies P(x,t) < 0 for all

(x,) eT:=D\D, [P](1,t) > 0,¢t > 0 and LP(x,t) > 0 for all (x,t) € S US™.
Then P(x,t) < 0 for all (x,t) € D.

Proof. Choose (x*, ) € D such that P(x*, #*) = max P(x, 1). Consequently,
(x,t)eD

P, 5 =0, P57 =0 and P (X, ) <0.
Suppose P(x*, ) > 0 and it follows that (x*,#) ¢ T. If (x*,#) € S~ U S™, note that

L.P(x*, ) < 0. Moreover, if x* = 1, then [P,](x*,1) < 0. A contradiction to the assump-

tion and the required result follows. |

As an immediate application of the maximum principle, we obtain the following

result.

Lemma 3.2.2. Let u be the solution of (3.1). Then

1 .
llutlloo.p < Nletlloo,r + ;”f”oo,l_)’ y = min{yy, y2}. (3.3)
Proof. Consider
x .
—lletlloo,r — ;Ilflloo,f) +u if x <1,
Ve = 2 = O flleo.p
allor - EZ M sy,

For (x, 1) € S, it follows that

Ml

Loy.(x,t) = xL.u—a;(x) >0

+ b(0)l[Ulloor + b(x)

1/l
Y

since a;(x) < 0 and b(x) > 0. Similarly, for (x,7) € S7, it is easy to verify that
Loyi(x, 1) > 0. Also, [,£](1,1) = £[u,](1,7) = 0. The required result (3.3) now follows
from Lemma[3.2.1] O
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To find sharper bounds on the solution and its derivatives, we decompose the solution
u into smooth and singular components. We write u := v + w. The smooth component v

satisfies

Loo(x,t) = f(x,t) + c(x)v(x—1,)in S~ U ST,
v(x,t) = u(x,t)in [-1,0] x [0, T,

o(17,0) = ji(0), v(1%,0) = jo(®), 1€(0,T], (3.4)
v(x,t) = u(x,t)on {x =2} x(0,T],
v(x,t) = u(x,t) on [0,2] X {t = 0},

where the functions ji(f) and j,(#) will be computed later using Theorem [3.2.4] The

singular component w satisfies

Lw(x,t)=c(x)w(x—-1,H))inS~US™,
w(x,f) = 0 in [~1,0] x [0, T,

w(x,t) =0on {x=2}x(0,T], 3.5
w(x, 1) = 0 on [0,2] X {t = 0},

[wl (1,0 ==[pIL0, [2]d.0=-[2]1n, te©T.

The following theorem is the direct result from [121] that we will use in Theorem 3.2.4]

Theorem 3.2.3. Let a,b,c € C?[0,2], f € C>***(D) and a(x) > y > 0 for all x € [0, 2].
Also, suppose pg, p1 and p, are identically zero so that the compatibility conditions hold
inl,:=(-1,0)U(0,0) U (2,0)U (1,0) and

mE

axkorm
where F(x,t) = f(x,t) + c(x)u(x — 1,1). Then u € C**(D) and
Ay
dxkarm

=0, 0<k+2m<2,

<Ce*, 0<k+2m<4. (3.6)

00,D

Theorem 3.2.4. There exist smooth functions ji(t), j,(t) such that the smooth and singular
component defined in (3.4) and (3.3)) satisfies the following bounds for 0 < k <3, m > 0
and0 <k+2m<4

ak+mv 641)
<C, — < Ce!,
ox‘orn 00,§-US*+ ox* 00,8 -US*
and
0k+’”w( C(e*exp(—=(1 = x)y1/e)) for (x,H) €S,
— (X, )| <
ot Cle* exp(—(x — 1)y,/e)) for (x.1) € S+,
o*w C(e*exp(—=(1 — x)y/¢)) for (x,)€ S,
—x4(x, t) <
g Cle* exp(—(x — 1)y»/e)) for (x,1) € S*.
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Proof. We present our analysis separately in the subregions S~ and S *. Let us begin with
the subregion S* and define D* such that S* c D*. Let D* = Q* x (0,T], Q* = [-2,2]

and define function v* on D* as
% * % 2ok 3%
UV =0y +&0; +&UV +€0U3,

where the function N is the solution of

dug* duo”
(;’i B ;‘; = f +cui(x— 1,0 in D",

vo"(x, 1) = p1*(x, 1) in [-3,0] X [0, T], (3.7)
vo"(x,1) = po"(x) on [-2,2] x {t = 0},

*

a

the function v} and v} are the solutions of

ov;* ov;* viy”
— — by - = - +c'(x—-1,nin D", i=1,2,
“ox 7Y T o g Teuwb=LonD (3.8)

v;"(x,1) =01n [-3,0] X (0, T], v*(x,1)=0o0n[-2,2] x{r=0}, i=1,2,

*

and vs* is the solution of

8203* *803* P 61)3* « % (921)2* . "
02 ta Ix —b'vs" - o =cuny(x—-1,0)- Fp in D,
v3*(x, 1) = 01in [-3,0] X [0, T, (3.9)

v3"(x, 1) =0on [-2,2] X {t =0}, v3"(x,1) =0o0n {x =2} x(0,T].

Here, the coeflicients a*, b* and c¢* as well as the function py* are smooth extensions of
a, b, c and p, from the domain [1,2] to the domain [-2, 2], respectively. The functions
f* and p,* are the smooth extensions of f and p; from the domain §* to the domain D*.
In a neighbourhood of the point (-2, 0), the functions py*, p;* and f* are built such that
po* = pi* = f* = 0. Assuming that a*, b*, ¢* and f* are sufficiently smooth on D*.
We set all the initial-boundary data associated with and (3.8) equal to zero. Define
F* = f* + c*v"(x — 1,¢) and impose the following compatibility condition on the set I',:
%:0 for 0<k+m<7. (3.10)

Using the results of [39] for the first order differential equations defined in (3.7) and (3.§),
= o 0*v,* _
we have v;* € C°~2*Y(D*) n C¥2(D*), i = 0,1,2. This implies avi e C* (D*) and
x
therefore vy* € C*4 (D*) Then, it follows that

6k+mv *
l
oxkorm

k+m,,
0 U3

—k
TTam <Ce™ for 0<k+2m<4.

0o, D*

<C, i=0,1,2,

oo, D*
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The smooth component v is now defined as a restriction of v* on the domain S*. Define

v*(1,1) = jo(t) = v(1,1). Thus v satisfies

Lo=f+cxu(x—1,1)inS*,
v(x,t) =v"(x,t)on {x =1} x(0,T],
v(x,t) = u(x,f)on [1,2] x {t = 0}.

Since v* = v}, + ev} + &%} + 70}, we deduce

ak+mv* ak+mvo* (9"*’”01 * 5 3k+m1)2*
—_— —_— + Ee||l——— + &£
axkorm || s+ oxkorm || ¢+ oxkorm || ¢+ oxkorm || s+
3 ak+mv3*
k Arm
oxkor o5

IA

c(1+g3-’<) for 0 <k+2m < 4.

As v is a restriction of v* on the domain S *, we have

ak+mv

3-k
aap|  SC(1+&™) for 0<k+2ms<a.

00,5+

Thus, for 0 < k <3 and 0 < k + 2m < 4, the smooth component v satisfies

oM

ox*

8"*’"0

<Ce™.
oxkor €

00,8+

<C and

00,5+

Similarly, the bounds for smooth component v in the subregion S~ can be obtained.

Next define the barrier functionson S~ U S™* as

(£0(x,1) = C)exp ("2 ) £ w(x, 1) for (v, €S,

¢t (x, 1) = (3.11)

(£0(x, 1) — O)exp (22 ) 2 w(x, 1) for (x,1) € S*,
where C is a constant. For (x,7) € § 7, using assumption a; + y; < 0 to obtain
L (et) = L. ((iv — C)exp (@)) + Low(x, 1) > 0.
Similarly, for (x,f) € S§*, we obtain
L™ (x, 1) = % exp (@) ((J_rv - C)(—ay +y,) — 2¢ev, + %)

Y2
iﬁexp(_(x_ 1)y2)(f+ co(x — l,t)) 5 0.
E E Y2

Moreover, ¢* € C°(D) and ¢*(x,1) < 0 for (x,1) € I'. Consequently, the required bounds
on w follows from Lemma [3.2.1] The required estimates for the derivatives of w follow
from [[190]. O
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3.3 Difference Scheme

The solution of the problem exhibits a strong interior layer at x = 1. Therefore, we
discretize the domain by constructing a rectangular mesh DY = DY x T,™ in such a way

that it will condense around the point x = 1. We write
[0,2] =[0,1—0c]U[l =0, 1JU[L,1 +o]U[l +0,2],

1
where o = min {5, ooeln N } and o is a constant that will be chosen later on. We place

7 mesh points in each of the subintervals. Consequently, we obtain

and

hi:xi—xi_l, i=1,2,...,N, ﬁi:hi+hi+1, i=1,2,...,N -1,

A(1 —
H= % for i=1.....N/4.3N/4+1.....N.

h; =

i 4
hzﬁg for i=N/4+1,....N/2.N/2+1,....3N/4.

We define the uniform mesh for the domain [0, T'], as follows
TM ={ty =kAt : k=0,...,M, At = T/M).

To discretize the differential operator in (3.1]), we first define the finite difference operators

on the mesh DMM as

Kok k_ ok koo ok k k-1

D = Uiy — U Do = Ui = Uiy DO = Uiv1 — Uiy Do = Ui b
Ui = s Dy = , Dy =——"77— DU = )

his h; hiv1 + h Ar
2Dk — Dk (v’? + v~k)
2k xVi = il k iwl Y (Viz1 +v)
and 0,v; = . Also, define v},, = —— = and vims = —.
hi.1 +h; 2 2 2 2

We employ the classical central difference scheme within the intervals (1 — o, 1)
and (1,1 + o) while utilizing the midpoint upwind scheme in the remaining intervals.
We utilize second-order one-sided difference approximations to ensure continuity of the
spatial derivative at the point of discontinuity. For the time derivative, we employ the

backward-Euler method for discretization. Thus, the discrete problem can be expressed
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as follows
Uio = po(x;) for i=0,...,N,
Lyt Uiker = fia g1 + capy for i=1,...,%,
L Uigsr = firsr + Cip1 for i=%+1,....5-1,
Live’lin,k+1 = fixe1 + ciUi—nj2 e for i = % +1,..., % -1, (3.12)
L™ Uiger = fist g + e Ui npnr for i= 2, N -1,
DU, je1 = DBUjjsr = 0 for i =14,
for k=0,...,M -1,
where
L PU jer = 862Ujpa1 + aci D Uiy =bia Ui j ) = DUt iy,
Leen™™ Ui gar = &6%U ket + a;D0U 1 = biUjper — Dy Uigr, (3.13)
Ly ®U 1 = 862U e + ass DiUiper = bt Ui o = Dy Uss gy,
and
D,}:U%,k = (_Ug+2,k +4UN,  — 3U§,k) /2h, (3.14)
DUy, = (Uy_yy —4Us_,, +3Uy,) 2h. '
After simplifying the terms in (3.12), we obtain
U? = po(x;) for i=0,...,N,
NM _ 7 P
Ly Uiper = fign for i=1,...,.N—1, 3.15)

Uire1 = pir(xi, i) for i=-=N/2,...,0,

Unis1 = p2(tes1) for k=0,...,M -1,

where
[ri_Ui—l,kH + VU1 + 7”1-+Ui+1,k+1] + [pi_Ui—l,k +plUx + P;Ui+1,k]
fori=1,...,N/2—-1,N/2+1,...,N -1,
Lg’MU’.’kH - -2 -1 0 +1 +2
4 Uisin1 + 4, Uit + GG Uikt + 47 Ui i + g7 Ui
for i = N/2,
(3.16)
and
M fiot et + M fiper + M fioigar + 871 (Xiong2, i) + 87 Uisnpp e
furt ={for i=1,...,Nj2—=1, NJ2+1,...,N—1, (3.17)

0 for i = N/2.
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Here, fori=1,...,N/4

- 2e  dip bi_ip RS 0 —2e N di-1j2 bi_i RS
: hjh hi 2 28t T i 2 2At)
+ € - 1 0 1 +
e L ) (3.18)
T BT oA BT oA P
m;y =5, m)=3, m=0, st=cip, s;=0,
fori=N/4+1,...,N/2-1,N/2+1,...,3N/4 -1
-5 a")°( -5 =l )
ri =l --=1, I"l- + =,
hlhl hl h hl+1 h h’H—l hl (3.19)
p; =0, p?:ﬁ, =0, m; =0, mO I, mi=0,
fori=N/4+1,...,N/2 -1
s; =ci, s; =0,
fori=N/2+1,...,3N/4 -1
st =0, 57 =c
fori =3N/4,...,N—1
- 2e 0 _ —2¢  ainp bip 1
Yokt i hi 2 2At)°
o 2¢e N div1/2 bivip B L)
Yo\ b 20 2M)° (3.20)
- 1 _ 1
pi =0, p}= we PL= o
m; =0, m? = %, m; = %,S+ =0, s =cip,
and lastly,
-1 2 3 2 -1
2 _ 1 0 1 _ 2 _
N = Tk Ay = W Ay = T qlt;/z W’ q;,/z = o (3.21)

3.4 Error Estimates

The difference operator LY

in (3.16) fails to fulfil the conditions of discrete maximum
principle because, for this, we need g; > 0 to prove A to be an M-matrix. Consequently,

we must modify (3.15). For i = N/2

-2 -1 1 2
aNRUNp2-2041 + @y UNpa-1iet + qON/zUN/Z,kH + q;/zUN/2+1,k+1 + q;//zUN/2+2,k+1 =0.(3.22)

From (3.15), fori = N/2 — 1, we have

2¢e — hClN/z_l 0
By Unp-2iet = fujp-tiet + Enp1P1(x-1s Bet) = Tyno  Unja-1441

1
+ry01 Unjoie + A Unja-1x (3.23)
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and, fori = N/2 + 1

2e + ]’lClN/2+1
0
(T UN/2+2,k+l = fN/2+1,k+1 +CN/2+1U(X1J1<+1)—’”N/2+1UN/2+1,k+1
+ 1
+rypa Unien + A_IUN/QH,k- (3.24)
Now put the values of Uy p-2 441 and Uy, 2424+1 from (3.23)) and (3.24)) into (3.22) to write
2h?
-2 O
| kel F v p1(X_1s tes1) = Ty Unjo—
qN/2(28_haN/2—l (fN/z Lkl F ENpa-1 1 (X-1s Beet) = Py Unja-1 ke
i, U Ly +qnU +q%,U +q U
Fnja—1YN/2k+1 A NI2-Lk dnpUNp-tiet T dnpUnpist + 4y Unj2+i ke
2h? (
+,2 0
Yavp\ s 21k+1 + N1 UQXy, tigr) — 1 Unjosix+1
qN/2(28+l’laN/2+1 fN/ +1,k+ N/2+ ( 1> b+ ) N/2+1Y N/2+1k+
1
~N241 Unj2krl — EUN/ZH,k) =0. (3.25)

After rearranging the terms in (3.25)), the discrete problem reads

Uip = po(x;) for i=0,...,N,
N.M = :
L Uigsr = frigsn for i=1,...,N -1, (3.26)
Uike1 = p1(xistyy)  for i=-=N/2,...,0,
Unjs1 = P2(tes1) for k=0,...,M -1,
where
(r,'_Ui—l,k+1 + r?Ui,k+1 + r,-+Ui+1,k+1)
LM Uit = {4 (pr UE + pOUS + pfUsan) if i=NJ/2, (3.27)
LM Uigs if i#N/2,
and

[m,‘_fi—l,kﬂ + m?fi,k+1 + m;rfi+1,k+l]
]?;,i,k+1 = +hpi(xor, i) + LUx, ter) if i=N/2,
faen if i#N/2.
Now, fori = N/2
S [ B 2(28+ by + }Al—zt)) 0 1 (—6 N 2¢ + ha;_;, 2&- haiﬂ)

-_ |4
T o

2e — ha;_, " 2h 26 —ha;,_y  2e+ ha;.,
h?
. 1 . 2(28+h2bi+1 + E)
! 2h 2e + ha;,q ’
p; p;=0, pf=

T Q2e- }fllai_l)At’ " (2 : har )AL
s 0 _ 0 o

T Qe—hay) T " T Qe+t ham)

] —nci— —hcis

1

= 2 =
2¢ —ha;_;’ 2e + ha;y,’
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and for i # N/2, these coefficients are defined in (3.18)), (3.19) and (3.20). Let
DM = DMM (D and TNM = DM\ pVM,

Lemma 3.4.1. Let N > 0 be such that

N 3k
N > 200y (3.28)
and
N
(111 +ar") < T2 (3.29)

Let Y be the mesh function such that Y < 0 on TNM and LYy > 0 in DNM. Then Y < 0

in DN,
Proof. Write LM as

NM _
LY = A1 Yicieer + AiiYiger + Avie Yier g |

—[Biic1Yicip + BiiYip + Bij1 Yicrx] (3.30)
where A := (A;;) and B := (B; ;) are written as

_ 0 _ +
Ai,i = -r;, Ai,i+l =-r;,

Ajiog =~—r; ; ;

1°

o _ .0 o+
Bi,i—l =PD;, Bi,i =PDi» Bi,i+1 =pD;.

Clearly, B > 0 since p;, p?, p; > 0, and it is easy to follow from (3.28) and (3:29) that
A is an M-matrix [82]. The remaining part we prove by induction. For that, we assume
Yix <0,k=0,...,N—1. Then, we can rewrite (3.30) as AY; ;.1 = BY;; —L"MY,;,,. Note
that B> 0, Yix <0,A™! > 0and LJTV’MYI-,kH > 0 by hypothesis. Consequently, it follows
that ¥;4,; < 0in DM | ]

Next, we obtain the following estimate as an immediate consequence of

Lemmal[3.4.1]

Lemma 3.4.2. Let U be the solution of (3.26) and the conditions (3.28)) and (3.29) hold

true. Then

1 ~
1Ulloo, o8 < U lloo e + ;Ilfrlloo,DMM-

Proof. Let

L for i=0,...,N/2,

+k+1
¢;" " = —Ullomn —

@yl e 2 N2 LN,
y
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Then ¢! < 0, ¢=**! < Ofori=-N/2,...,0and ¢*° < Ofori=0,...,N. Fori # N/2,
LYMy=**1 > 0. Further, for i = N/2

R
NM ekl _ pNM o F By gkl
LYy = L =N U o pwm — ;”f‘r”oo,DNvM F Unpant) = (D = D)y

and

1
F B\ gt.k+1 _ +,k+1 +,k+1 +,k+1 +,k+1 +,k+1
(D = Dy )¢N/2 - ﬁ (_ N/2+2 + 4¢N/2+1 - 6¢N/2 - ¢N/2—2 + 4¢N/2—1) > 0.

Consequently, the required result follows from Lemma O

Next, we decompose the solution into smooth and singular component. We write
Uix+1 = Vigs1 + Wirs1. We define the mesh functions V;, and Vi as the approximation
of v to the left and the right of the point of discontinuity x = 1. Similarly, we define the
mesh functions W, and Wk as the approximation of w to the left and the right of the point

of discontinuity x = 1. Here, the functions V; and Vj satisfy

LY¥MViignr = feignr for i=1,...,N/2-1,
Viike1 = 0(x;, txpy) for i=-NJ/2,...,0,

(3.31)
Vinoier = (17, t1), k>0,

Viio =0(x;,0) for i =0,...,N/2,

and

LYMVgiwar = frigss for i=N/2+1,...,N—1,
Venoger =015 1), Venger = 02, tk41), k>0, (3.32)
VR,,"() = U(.Xi,O) for i = N/2, . ,N.

Moreover, the functions W, and Wy satisfy

LYMW, i1 =0 for i=1,...,N/2—-1,

WL,i,k+l =0 for i= —N/2,...,0,

Wiio=0 for i=0,...,N/2,

LYMWgixe1 =0 for i=N/2+1,...,N—-1,
(3.33)

WR,N,k+] = 07 k = 07

WR,i,O =0 for i= N/2,...,N,

Wrn2ie1 + Venzist = Wenoist + Vinoees

F F B B
D Wgrnppgs1 + Dy Vet = DiWinpis1 + DEVinags, k> 0.
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Now, the numerical solution U can be written as

Viiker + Weiks fori = LN/2 -1,
Uiket =\ Vst + Weiker = Veiknt + Wrigsr fori = N/2, (3.34)
VRiket + Wriksi fori=N/2+1,...,N.

Lemma 3.4.3. Let V; and Vi be the solutions of (3.31)) and (3.32)), and v be the solution
of (3.4). Then under the assumptions (3.28) and (3.29))

\Veiset = 00, frs)] < C(NT> + Anx; fori=1,...,Nj2—1,

WVrirst — 000 to)l < CN2+ ADR —x)  fori=N/2+1,...,N—1.

Proof. Consider W;*! = —C(N + Af)x; for i = .,N/2. Then
LYY (Vg = 0(x, 1)) = (Le — LY Yo(xi, tis).

Fori=1,...,N/2 -1, we obtain

LM (Vg — v(xi, fk+1))|

Clle+h)h; + hiyy)

<
C[h2 (SHW

Using Theorem [3.2.4} conditions #; < CN~' and & < N~! to find

@
)C

ol

ov

y

]forz—N/4+1 N2 1.

2| | fori =1, v

c')xz

)
el

)+At‘

MMV — v(xi, fk+1))| < C(N? + Ay < LYyt
Furthermore, from Lemma [3.4.1] we have
[Viiker = 0(xi, tie)| < CONT2 + Af)xg, 1<i<N/2-1.

Now, consider gb"“ =-C (N‘2 + At) (2-x;)fori=N/2,...,N. Similarly, it follows that
fori=N/2+1,...,N—-1

|LQV’M (Vriks1 — v(x;, lk+1))|

c|r (o] + ) 2| | fori= N2+ 1, 3N - 1,
< C[(s+hi+1)(hi+h~ +h,-+12(g—;§ + || 2 )+At'6—2 ]

fori=3N/4,...,N — 1.

Fori=N/2+1,...,N — 1, a similar argument for (Vx — v) yields

[Viiker = 00, tia)| < CONT2 + AD(2 = x;).
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Next, we define two mesh functions on DY = {x,}0 given by

N-i

" ah, ah,
S,-:I_I(1+—)forz—l .,N/2 and Qi:n(1+—)f0rl—N/2...
E E

j=1 j=1

so that Sy = 1 and Qy = 1, where « is a positive constant.

Lemma 3.4.4. Let a <y/2. Then the functions S; and Q; satisfy

S, ifi=1,...,N/4,
—LN’MS,'Z e+aH if i /

S, if i=N/A+1,...,N/2—1,

c+ah
and
C

N.M
_L‘r 0; > e+

-0 if i=N/2+1,....3N/4~ 1,

i if i=3N/4,...,N-1.
= 0; if i=3N]

£+
Proof. Fori=1,...,N/4
2e |{Si1 =S Si—Si.1 Si—Si1
Mg = ) () — g [ 4 b S
! h; [( his h; = h; 7
h;
Since §; = (1 + a—)Si_l, we obtain
£
h;
Si—Si :“—S, L and a; < —y, < —2a.
It follows that
2a C
—LN’MSI' = —— S,‘ , —ai-1); bioiS it >
T hl.( D) =S +badn £+ ah,

Moreover, fori = N/4+1,...,N/2 -1

C
—L.IIY’MSI' = —8(5%51- - a,-DgSi + biSi + D;S, >
&
Incasei=N/2+1,...,3N/4 -1

—LYMQ; = —£670; — a;D3Q; + b;Qi + D; Q;

e[ Qis1 — Oi 0i— Qi Qi1 — Qi
_Z[( his )_( h; )] l( h; )biQi'

—ahy_;
Since Q;y1 — Q; = &Qm and a; > y, > 2a, we have
E
a;
-LYMQ; > (Q,+1 0)+ = —(Qir1 — Q1) 2 O:.

“h 2¢ (e + ah)
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Fori=3N/4,...,N -1

Ny o 26 |(Qiv1 —Qi\ [Qi— Q)| Qin1 — O
e hi [( hisa ) ( hi )] a;( hisy )

—ahy_ .
Since Qi1 — O; = Ay Q:,1 and a; > y, > 2, we can write
2a a C
—LYMQ; > ——(0; ist — () —
A i (Qir1 — Q)+“78Q+1 &t ahn l)Q
O
Lemma 3.4.5. Let oy > 2/a. Then
A\ a(52y
—|<CN*%) {=N/4,...,N/2 -1, (3.35)
N/2
and
( o )<CN A1), i=N/2+1,...,3N/4. (3.36)
N/2

Proof. Fori=N/4,...,N/2 -1, h; = h and therefore
S ah "
—]=|1- .

(SN/z) ( 8+a’]’l)

ah )) < CN-40-2iN)
ah

Taking log on both sides

( Si )< exp((N/Z—l)(
Snp2

8(ao)*(1 = 2i/N)(N~'InN)
because N (1 +4aooN~"'InN) is bounded. Further , fori = N/2 +1,...,3N/4

( 0 )_ HN_i(l + a_h) (1 ah)_(i_N/z)

Onp) MY+ 2 &
Similarly, it is easy to follow that( o )s CN4IN=D, O
N/2

Now, we will calculate the errors for the layers components W; and Wy in
(0,1 =c]U[l+0,2)x(0,T].

Lemma 3.4.6. Let @ < y/2 and oy > 2/a. Then under the assumptions (3.28)) and (3.29)),

the errors associated to the layer components satisfy

WL ike1 — w(Xi, tri1)| < CN? for i=1,...,N/4,
|Wrike1 — Wi tie1)] < CN™2 for i=3N/4,...,N — 1.
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Proof. From (3.34), we have

[Unp2 i1l = IVeN2ie1 + Wenzitl = 1IVinaper + Wenaestl S AVinoisl + W el

Using Theorem and Lemma to obtain Wy x+1] < C. Let us next consider
e+ 1 S .
o = —C(—) for i=0,...,N/2,
’ S

where C is chosen sufficiently large. For i = 0,...,N/2 an application of Lemma [3.4.4]
yields

N
NM [ 1k+1 — T NM k+1 N,.M !
L-r (¢L,i + ”’L,i,k+1) = L‘r Li + L‘r wL,i,k+1 > C_S >0,
NJ2

and WL,O,k+1 =0= WL,,"(). Thus

-CSy <

k+1 _ gk+1 _
dro £ Wioke1 = ¢L,O = 0.

SN

k+1

Similarly, we can show that ¢9 . + Wy ;o < 0 and ¢* N2

Lemma and observe that

+ Wrnpuer < 0. Next we use

S, .
Wikl < c(—) i=1,...,N2-1. (3.37)
SN

S, S
Furthermore, |Wy ;41| < C (S_) <C (M

) fori=1,...,N/4 and from Lemma [3.4.5|
N/2

Sy

we have
Wikl SCN?, i=1,...,N/4. (3.38)
Since @ < y/2 <y, = opelnN, oy = 2/, we see using Theorem [3.2.4] that
lw(x;, tre1)| < Cexp(@) <CN? i=1,...,N/4 (3.39)

Combine (3.38)) and (3.39) to obtain

IWLike1 — Wi, trr1)| < CN?, i=1,...,N/4

Let us next consider </)',§;1 =-C ( QQi ) fori = N/2,...,N. Then using Lemma 3.4.4, for
N/2
i=N/2+1,...,N—1 we calculate

NM ( k+1 _ TNM k+1 N.M Qi
L‘r (¢R,i + WR,i,k+1) - LT ¢R,i + Lr WR,i,k+1 >C—20
N/2
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and Wg njs1 = 0 = W 0. Thus ¢k+1 + Wkl = ¢R v < 0.
Similarly, we can show that ¢R + Wgio <0, ¢>R o E + Wrnj2i+1 < 0 and Lemma
leads to ¢! + Wgixs < Ofori=N/2,...,N. Thus

|Wle+1|<|¢k+1|<C( i ) for i=N/2+1,...,N—-1
Ony2

< C(QSN/“) for i=3N/4,....N—1

N/2

because Q is decreasing and from Lemma|3.4.5, we have (Q3N/4) < CN72. Thus
N/2
|Wrixs1l <CN?, i=3N/4,...,N - 1. (3.40)

Now, using Theorem [3.2.4] and doing the same calculation as we did for W,, we get
—(x; -1
lw(x;, trs1)] < Cexp (u) <CN72, i=3N/4,...,N—1. (3.41)
g

Using (3.40) and (3.41)), we find
\Weiks1 — w(xi, tie)l < CN72, i =3N/4,...,N - 1.

O

Next, we will state and prove some results required to obtain parameter uniform

error bounds.

Lemma 3.4.7. The following inequalities hold true:

S
exp (—a(l — x;)/e) < ( ) LN/2 -1 (3.42)
SN
and
exp (— a(x,—l)/8)<( & ), i=N/2+1,...,N-1. (3.43)
Onp
Proof. For each j, from Lemma 2.5 of [278], it follows that
—ahj ah; ah;\™'
eXp\—— eXp|— <11+ —] . (3.44)
e e e

Consequently, for j=i+1,...,N/2

ﬁ(1+%hj)ﬁ(l+%hj)

i+1
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andfor j=N-(G{+1),...,N/2

-
exp (?(hN—(Hl) +hy o)+ F hN/Z)) -

N-(i+1)

exp (_—:(xi - 1)) < QQTl/z

Lemma 3.4.8. The difference operators D? and DY satisfy

DBS ;2

C C
hS v and — DEQyp > Ony2-

ce+a e+ ah

h;
Proof. Since (S;— S;1) = 24§, |, we have
E

1
DESyp = o (Snjp—2 —4SNnjp-1 +3SNp2)
1a
=——(3Snn_1 = SN
28( N1 — S Nja-2)

a
= 2% (2S nj2-1 + Snpp-1 = Snja-2)

a ah
= —|2S N1 + —S N/
28( Nj2-1 TN 2)

zg( 28 np2 +a/_h S N1 ]
Ze((1+2) & (1+2)

04 SN/Q) (2+30zh)

:£(1+";’12 €

_ 04 SN/2 ah ah

s (e )
(1+?)

> g—SN/Z 2(1+a/—h)

8(1_’_%}1) &

C

> SN

“e+an M?

—ahy_;

Also, since Q;,1 — O, = 0i.1, we have

1
~DE Oy = o (Onj2+2 —40Np241 + 30n)2)

ﬁ (1+%hj)ﬁ(l+
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1
= E (QN/2+2 — Onj2+1 +3(Onp2 — QN/2+1))
1
= % ((QN/2+2 - QN/2+1) - 3(QN/2+1 - QN/2))

1la
=52 (3On/2+1 — Onj242)
1 ah

= h e (20n/2+1 + Onj2+1 — Onyj2+2)

(01

ah
-2 L
% Onj2+1 - QN/2+2)

a | 20w, N ah Onpi

2el{iem) "o (10 2)

_a 20n)2 +CY_h Ony2
2e (1 + %) € (1 . %)2

- ;sz(l Lo (2(1 * %) * a?h)
1+ ah
> %ﬁ@v/z
C &
8+a/hQN/2

O

Theorem 3.4.9. Let u and U, ;.\ be the solutions of (3.1) and (3.26)), respectively. Then
under the assumptions (3.28)), (3.29) and a < y/2 with oy > 2/«

C(N72+ A1) for i=1,...,N/4,3N/4,...,N -1,
Ui a1 — u(xi, )| <
C(N2I>N+At) for i=N/4+1,....3N/4-1.

(3.45)

Proof. We compute the error separately in the layer region and outside the layer region.

Casel: Fori =1,...,N/4,3N/4,...,N — 1. The triangle inequality, Lemma |3.4.3| and
Lemma yields

|Ui k1 — u(xis tree)| < \Vieiger = 0 e )|+ IWEiger — Wi, tea)
<C(N?+At)x; + CN7?
< C(N72 + Ap). (3.46)
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CaselIl: Fori=N/4+1,...,3N/4 — 1. Consider

N.M _ INM N.M
L7 (Ui — u(xis tr1)) = L U — L7 u(xg, trgy)
d N.M
= fr = Ly u(xi, trsr)
NM
= Lou(xi, tr1) — L7 u(xg, tigr)

= (Lo — LYYu(x;, tis1)

52 o 0 _
- ( (ﬁ o ) (a— - Dg) i (a‘r b )) Ol

Using Theorem [3.2.4] we have
it 0*u o’ 0*u
ILYM(U 1 — u(xi, i)l < f ( E . Fye m)dx+CAt T .
- fxm 640 s 04_111 d
= axt|| " C ot | )
"’*‘ 0v Fw
( Frel I Fr m)‘“
0%v 0w
A= udiihg
+C t( o o oo)
h
< (C; [exp(—=(1 — xi41)y1/€) —exp(—(1 — x;i_1)y: /8)])
+Ch> + CAt
h
= (O [exp(=(1 = 5= Wy /) — exp(=(1 - 3+ by /2] )
+Ch* + CAt
h
= (C; exp(—=(1 = x)yi/¢e) [exp(hyl /&) — exp(=hy; /8)])
+Ch* + CAt
—(1=x:
< C|P+ %exp(ﬂ)sinh(@)] FAL (347
& E E

From (3.16)), we have

N 2N 4oy, 2N hy,
2 <—4 < d — <2
70y < InN Tyt = InN" glnN ~ InN an e

h hy,
Since sinh x < cx, x € [0, 2]. This implies smh( 71) <C ( ) Therefore,
€ €

becomes
h? —(1-x;
ILYM (Ut — u(xi, i) < C (h2 + 5 exp ((—X)%)) + Ar|. (3.43)
£ £
Similarly, fori = N/2+1,...,3N/4 — 1, we have
h? —(x;—1
|LITV’M(Ui,k+1 —u(xp, tiw))| £ C (h2 + 5 exp ((x—)yz)) + At (3.49)
£ £
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Furthermore, at xy/,» = 1

N.M _ N.M N.M
ILYMUnpppr — uCeyos i) = [LYMUnpoer = LM u(xy g, ti)|

7 N.M
Jenpa — Ly MN/2,k+1|

IA

- + N,M
|mN/2fN/2—1,k+1 + mN/sz/2+1,k+1 - LT UN/2 k+1

IA

my |fN/2—1,k+1 - LITV’MMN/z—l,k+1|

iy, | fpetiet = LY My e i |
+ |(D§ — DUk
C LM (Unpp-1penr — M(XN/z—le+1))|

+C

IA

NM
L (Unppri ket — M(XN/2+1J1<+1))|

(DF = D)Upjaies — [

2
C(h—3+At).
E

du

ox

+

] (XN/25 trs1)

IA

Let us next define the function

2 .
~CINZ?+ A1+ (x; — (1 — o)) — CZ_Z (i) for i=N/4,...,N/2,

of = " S
—CIN?+ A (1 +((1+0) - x)) - C—Z( 0 ) for i=N/2+1,...,3N/4.
£ \Onp
Then
h? L.]rv’MS,‘
—~C(N? + ADLYM(x;) - C—z( ) for i=N/4,...,N/2,
VMg e\ Swp
T ” (LM,
CIN” + ALY (x) - C— ( ) for i=N/2+1,...,3N/4,
& QN/z
h* (LS,
—~C(N? + An)(a; - bix;)) - C— ( ) for i=N/4,...,N/2,
_ e\ Snp
- 1w (LM,
C(N™? + An(a; — bix;) — C— ( ) for i=N/2+1,...,3N/4.
e\ Onp

Using assumption « < y/2, Lemma 3.4.6/and Lemma to obtain

et o JONVE+ 80+ CE exp(—(1 - x)yi/e) for i=N/4,...,N/2,

Cyr(N2 + Aty + C2 exp (~(x; = D)ya/e) for i=N/2+1,...,3N/4.
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*

N 4
From assumption (3.28) and o = oy&In N implies that — > . Since h = %, we

) InN — elnN
have — < —. Now, using Lemma|3.4.8| we calculate that
c v
LN,M®k+1 > (DF _ DB)@/_(+1
h? [(DBS D5
= —C(N + AD(DE(x) = DP() + [( : N”) - ( : QN”)]
€ A Onp
R 1 [Syp  Owvp
= 2C(N?*+AD)— +
( )82 c+ah |:SN/2 QN/2
h2
> 2C(N7+ A +2C. (3.50)
&

Therefore, it follows from (3.46)) — (3.50) that
LPMO! > |LYM(Uiper — u(xi, i)l for i=N/4+1,...,3N/4 -1,
O > U1 — u(xs, fra)| for i = N/4,3N/4 and
—0@Y > |U; — u(x;, 1o)| for i=N/4,...,3N/4.
Then applying the discrete maximum principle to (Df“ + (Ujg+1 — u(x;, ty41)) over the
domain DV N ([1 = o, 1 + o] X [0, T]), we obtain
Uit — uxi, trgr)| < c(i’—z - At) <C(NIn*N +Apfori=N/4+1,....3N/4- L.

O

3.5 Numerical Illustrations

The performance of the proposed method is examined in this section and the theoretical
estimates are numerically verified. We consider two test problems for numerical compu-

tations.

Example 3.5.1. Consider the following singularly perturbed problem:

U (X, 1) + a()uy(x, 1) — x(2 — Xu(x, 1) —u,(x,t) = f(x, 1) + u(x - 1,1),
(x,1) €(0,2) % (0,2],

u(x,0)=0, xe]0,2],

u(x,t) =12, (x,1) € [-1,0] x[0,2],

u2,t) =0, te(0,2],

where

-2+ x2-x), xe]0,1],
a(x) =
2+x2-x), xe(1,2],
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and

2(1 + x5, (x,1) € [0,1] x[0,2],
fxn =
31+ x5, (x,1) € (1,2] x [0, 2].

Example 3.5.2. Consider the following singularly perturbed problem:
(X, 1) + a(Xue(x, 1) = Su(x, 1) — u(x, 1) = f(x, 1) + 2u(x = 1,1), (x,1) €(0,2) x(0,2],

u(x,0)=0, xe]0,2],
u(x,t) =0, (x,t)€[-1,0]x][0,2],

u2,1) =0, re€(0,2],

where
—(4+x*), xe]l0,1],
a(x) =
(6 — x?), x€(1,2],
and
4xt? exp(-1), (x,1) € [0,1] x [0, 2],

flx, 1) =
42 — x)rf exp(-1), (x,1) € (1,2] x[0,2].
The exact solutions for the problems are unknown for comparison. Therefore, we
use the double mesh principle to estimate the error. The maximum absolute error (EN2h
and order of convergence (RY*") are calculated using

N,at
Nt ._ N, FON, A2 Nt ._
ES = maX|U A, tr) — UM (x, fk+1)| and R;™"" := log, (W)’
E

where UM% (x;, ti,1) and U*V*/2(x;, 1,) are the approximate solutions obtained on the
mesh DVY and D*V*M | respectively. When, the perturbation parameter approaches zero,
the problem’s solution exhibits turning point behaviour (Figures [3.1{3.4). Maximum
absolute error and order of convergence for Examples [3.5.1] and [3.5.2] are tabulated in
Tables Moreover, the maximum absolute errors for Examples[3.5.1]and [3.5.2] are
plotted in Figures [3.5] and [3.6] respectively. The surface plot of the numerical solution
for Examples [3.5.1] and [3.5.2] are plotted in Figures [3.1] and [3.3] respectively. Also, the
numerical solutions at final time step (r = 2) for different values of ¢ are displayed in

Figures[3.2]and [3.4]

The numerical results tabulated in Tables[3.1}H3.2|do not clearly depict the theoretical

order of convergence for spatial discretization. It is to be noted that the error in numerical

solution is due to spatial and temporal discretization. Consequently, the errors given in
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Tables[3.1]and[3.2) are a combination of temporal and spatial errors, with the layer regions
playing a significant role.

The hybrid difference scheme improves accuracy in space only. To verify this, we
performed numerical experiments for M = N? and numerical results are tabulated in
Table In Table we have fixed € = 27° and N = 512 and reduce Az by half and the
associated errors are presented at different values of x. It can be observed that the errors
reduce by almost half which confirms the first-order convergence in time. Figures|3.7|and
have also been illustrated to show the errors in layer region and outside layer region.
This demonstrates that the numerical method is second-order spatially accurate outside

of the interior layer and the errors are reduced in the layer region as claimed in Theorem

Table 3.1: Maximum absolute error and order of convergence for Example m for dif-
ferent values of &, M and N when M = N.

N £=0"2 74 -6 7-8 9-10 912
32 1.099e-01 8.697e-01 8.723e-01 8.712e-01 8.709e-01  8.708e-01
1.6274 1.5675 1.2466 1.2572 1.2601 1.2609
64 3.558e-02 2.934e-01 3.676e-01 3.644e-01 3.635e-01 3.633e-01
1.3320 2.0478 1.5866 1.6018 1.6060 1.6071
128  1.413e-02  7.096e-02 1.223e-01  1.200e-01 1.194e-01 1.192e-01
1.1428 1.9332 1.7309 1.7302 1.7308 1.7311
256  6.400e-03 1.858e-02 3.687e-02 3.619e-02 3.598e-02 3.592e-02
1.0336 1.7107 1.6093 1.6294 1.6359 1.6376
512 3.126e-03 5.676e-03 1.208e-02 1.169e-02 1.157e-02 1.154e-02
1.0066 1.5189 1.5926 1.6132 1.6207 1.6241
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Table 3.2: Maximum absolute error and order of convergence for Example for dif-
ferent values of &, M and N when M = N.

N e=2"2 94 9-6 9-8 9-10 9-12
32 1.886e-03 4.150e-03 2.485e-03 2.146e-03 2.288e-03  2.323e-03
1.4071 1.6239 1.1244 1.0741 1.0986 1.1044
64 7.113e-04 1.346e-03 1.139e-03 1.019e-03 1.068e-03  1.080e-03
1.5199 1.6981 1.5245 1.3442 1.3740 1.3811
128  2.480e-04 4.149e-04 3.961e-04 4.015e-04 4.122e-04 4.149e-04
1.5620 1.4068 1.5615 1.6111 1.6576 1.6714
256 8.400e-05 1.565e-04 1.342e-04 1.313e-04 1.304e-04 1.302e-04
1.5102 1.5403 1.5137 1.6794 1.7007 1.7062
512 2.949e-05 5.380e-05 4.700e-05 4.101e-05 4.014e-05 3.991e-05
1.4117 1.5972 1.4798 1.4726 1.4368 1.4272

Table 3.3: Maximum absolute error and order of convergence for Example andm
for different values of M and N when M = N* and & = 2717

For Example |3.5. 1| For Example|3.5 .2|
N left region interior layer region right region | left region interior layer region right region

[0,1 - 0] (1-0,14+0) [1+0,2] [0,1 - 0] (1-0,1+0) [1+0,2]

32 7.602e-03 9.073e-01 2.237e-02 1.863e-04 2.215e-03 6.044e-05
1.9665 1.3111 1.9344 1.9878 1.1088 1.8829

64  1.973e-03 3.656e-01 5.687e-03 | 4.652e-05 1.026e-03 1.632e-05
1.9760 1.6430 1.9033 1.9624 1.3972 1.7645

128  5.083e-04 1.170e-01 1.478e-03 1.182e-04 3.895e-04 4.790e-06
1.9592 1.7816 1.8513 1.9592 1.7332 1.5841

256  1.323e-04 3.404e-02 3.992e-04 | 3.064e-06 1.186e-04 1.594e-06
1.9438 1.9236 1.8205 1.9382 1.8560 1.5632

Table 3.4: Maximum absolute error and order of convergence for Example for dif-

ferent values of M and x when N = 512 and & = 27,

X M =32 64 128 256 512
xnj+1 3.837e-04  2.058e-04 1.071e-04 5.486e-05 2.773e-05
0.8988 0.9423 0.9651 0.9843 0.9981
Xnj2+a 3.999e-04  2.122e-4  1.093e-04  6.530e-05 3.225e-05
0.9144 0.9569 0.7432 1.0177 1.0184
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Numerical Solution

Figure 3.1: Numerical solution of Example3.5.1|for e = 27 when M = N = 128.

Numerical Solution

_12 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 3.2: Numerical solutions of Example at t = 2 for different values of & when
N =128.
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Figure 3.3: Numerical solution of Example 3.5.2|{for £ = 27* when M = N = 128.
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-0.05
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Numerical Solution

-0.15

_02 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 3.4: Numerical solutions of Example m at t = 2 for different values of € when
N = 64.
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Maximum Absolute Error

Maximum Absolute Error
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Figure 3.5: Error plot for Example 3.5.1}
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Figure 3.6: Error plot for Example

3.5.2
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Figure 3.7: Error plot of the spatial order of convergence for Example 3.5.1
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Figure 3.8: Error plot of the spatial order of convergence for Example|3.5.2
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3.6 Concluding Remarks

Singularly perturbed parabolic functional differential equation with discontinuous coeffi-
cient and source term is numerically solved. The problem’s solution takes into account
not just the present state of the physical system but also its history. The simultaneous
presence of discontinuous data and delay makes the problem stiff. In the limiting case,
the solution of the problem exhibits multiscale character. There are narrow regions where
solution derivatives grow exponentially and exhibit turning point behaviour, leading to
sharp interior layers across discontinuities.

A hybrid numerical scheme composed of a central difference scheme in the layer
region and a midpoint upwind scheme outside the layer region is used to discretize space
variable over a specially generated mesh. Whereas an implicit finite difference scheme
is used to discretize the time variable. The mesh has been chosen so that most of the
mesh points remain in the regions with rapid transitions. The proposed numerical method
has been analysed for consistency, stability and convergence. Theoretical analysis is per-
formed to obtain consistency and error estimates. It is found that the method proposed
is unconditionally stable, and the convergence obtained is parameter uniform. Numerical
illustrations are presented for two test examples that demonstrate the effectiveness of the

technique. Convergence obtained in practical satisfies theoretical predictions.






Chapter 4

Parabolic Problems with Delay and

Integral Boundary Conditions

4.1 Introduction

In Chapters 2 and 3, we proposed numerical schemes for solving singularly perturbed
parabolic PDEs with delay and discontinuous coefficients with Dirichlet boundary con-
ditions. In this chapter, we extend the scope of our work to solve singularly perturbed
parabolic PDEs with a large delay and an integral boundary condition.

Singularly perturbed parabolic PDEs with delay and integral boundary conditions
are mathematical problems that arise in various applications, including fluid dynamics,
heat transfer, and chemical engineering. These problems are characterized by the presence
of a small parameter in the highest-order derivative term, leading to multiple timescales
within the system. The interplay between fast and slow dynamics, non-local effects in-
duced by delays, and the influence of integral boundary conditions give rise to complex
phenomena such as boundary and interior layers. These layers are regions of rapid varia-
tion in the solution, and they can pose significant challenges for numerical solutions.

Many authors have developed numerical methods to solve singularly perturbed
parabolic partial differential equations with delay and integral boundary conditions. Often
these methods involve the use of non-uniform meshes and special time-stepping schemes.
In some cases, it may also be necessary to use adaptive mesh refinement techniques to re-
solve the boundary and interior layers. For the existence, uniqueness and well-posedness
of such problems, the readers can see [12,42,[19] and references therein. In [257], the au-
thors studied singularly perturbed delay differential equations with integral boundary con-
ditions using an upwind finite difference method on piecewise uniform Shishkin mesh. In

[259]], the authors utilized a hybrid difference scheme to obtain the approximate solution

85
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for singularly perturbed differential equations with a large delay and integral boundary
condition. They demonstrated that the method exhibits nearly second-order convergence,
which is optimal compared to the results reported in [153]. In [111]], the author inves-
tigates the study of singularly perturbed parabolic convection-diffusion equations with
integral boundary conditions and a large negative shift. They employ the implicit Eu-
ler method for the temporal direction and apply the exponentially fitted finite difference
scheme for the spatial direction to formulate a parameter-uniform numerical method. In
[95], the author addresses the numerical solution of singularly perturbed parabolic par-
tial differential equations with a large negative shift in the spatial variable and integral
boundary condition on the right side of the domain. The author formulates a numerical
method that combines the Crank-Nicolson difference scheme for the temporal direction
on a uniform mesh and utilizes the exponentially fitted operator finite difference method
for spatial discretization. Numerical integration techniques are employed to handle the
integral boundary condition. The convergence rate is optimized using the Richardson ex-
trapolation technique. The paper [74] focuses on singularly perturbed delay differential
equations with integral boundary conditions. To address this problem, the author sug-
gests a finite difference scheme utilizing an appropriate piecewise Shishkin-type mesh. It
is proven that the proposed approach exhibits almost first-order convergence. Addition-
ally, an error estimate is calculated using the discrete norm. In [5]], the author develops and
improves a higher-order Haar wavelet approach for solving nonlinear singularly perturbed
differential equations with various pairs of boundary conditions, such as initial, bound-
ary, two points, integral, and multi-point integral boundary conditions. The theoretical
convergence and computational stability of the method are also presented. A comparison
between the proposed higher-order Haar wavelet method and recently published works,
including the well-known Haar wavelet method, is performed in terms of convergence
and accuracy. In the case of nonlinear equations, the author adopts the quasilinearization
technique.

The theory and the area of numerical approximation for time-dependent singular
perturbation problems with a large delay and integral boundary conditions still need to
be developed. This chapter presents a parameter uniform numerical method to solve
such a class of singularly perturbed parabolic partial differential equations. Moreover,
the chapter presents rigorous consistency, stability and convergence analysis of the pro-

posed method and illustrates numerical results to support theoretical estimates.
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4.2 Continuous Problem

Let D = Qx A :=(0,2) X (0,7T] and consider the parabolic delay differential equation

with integral boundary condition

Lu(x,t) = —euy(x, 1) + p(Ouy(x, 1) + g)u(x, t) + r(ou(x — 1,1) + u(x, 1) = g(x, 1) in D,
u(x,t) =1 (x,t)in 'y :={(x,1), xe[-1,0], t € [0,T]},
u(x,t) = Yo(x,t) on Iy :={(x,0), x € [0,2]},

Ku(x,t) = u2,t) - sfz Sulx, dx = y3(x,t) on '3 :={(2,1), t € [0, T]},

° 4.1)

where € < 1 is a small positive parameter, g(x, 1), p(x), g(x) and r(x) are sufficiently
smooth functions. Also, assume that the initial-boundary data ¥, ¥, and 3 are smooth

and bounded functions such that

p(x) = po>py>0, g(x) 2qo>0, r(x) <ry< 0,} “2)

Po+qo+r0>0, g(x)+r(x)>2n>0,

2
Here, f(x) is a non-negative, monotonic function such that f f(x)dx < 1. Moreover,
0

the given data satisfies the compatibility conditions

¥2(0,0) = ¥1(0,0), ¥2(2,0) = y3(2,0),

(0,0 0>(0,0 A01(0.0
P20 4 020D 4 g0wat0,0) + W (1,00 + PO < 40,0),

42,0 s(2,0 P
TR0 1 EED s 22,00 + r 1,0+ PE2D = 602,0)

Rewriting (4.1)) as

Lu(x,1) = G(x, 1),

where
Liu(x, 1) = —gu(x, 1) + p(Ou(x, 1) + g(x)ulx, 1) + u,(x, 1)

Luen) = if (x,n)e D, :=(0,1)x][0,T],
Lou(x,t) = —eu(x, 1) + p(Ouy(x,t) + g(x)u(x, t) + r(xu(x — 1,1) + u,(x, t)
if (x,1) e D, :=(1,2)x[0,T],

and

gx,t) —r(xw(x— 1,1 if (x,1) € Dy,
G(x, 0 =
g(x, 1) if (x,1) € D,
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with
u(x,t) =yi(x,t)in Iy :={(x,1), x€[-1,0], t € [0,T]},
u(x,t) = yYn(x,t)on Iy :={(x,0), x € [0, 2]},

2
Ku(x,t) = u2,t) — sf fu(x, H)dx = y3(x,t) on '3 :={(2,1), t € [0, T]},
0

u(1=,0) = u(1*,1), u,(17,1) = u,(17,1),

These assumptions confirm the existence and uniqueness of the solution [9, [160]. The
solution u(x, t) of (4.1)) exhibits a weak interior layer at x = 1 and a strong boundary layer

at x = 2.

Lemma 4.2.1. Suppose P(x,t) € C>'(D) satisfies P(0,1) > 0, P(x,0) > 0, KP(2,1) > 0
with LP(x,t) > 0 for all (x,t) € D; U Dy and [P, )(1,1) = P.(17,1) —P.(17,1) < 0. Then
P(x,t) > 0 for all (x,t) € D.

Proof. Let (x*, 1) € D and P(x*, ) = min P(x, r). Consequently,
(x,H)eD

P *) =0, P ") =0 and P, ) > 0. (4.3)
Suppose P(xk, #*) < 0, it follows that (x*,#*) ¢ T := T} UT, U T,

Case I: If x* € (0, 1), then

LP(E —&P (X5, 1) + p(HPL(F, ) + gHPEF, ) + P(xF, 1)

0, from (4.2) and (4.3).

A

Case II: If x* € (1,2), then

LPO ) = =P (05, 1) + pOPL(XE, ) + g(M)POE, )
+rOHPOE = 1,15 + P(x5, 15)

&P (X, 1) + g YPOH, ) + r(M)POE, 1)
< 0, from and (4.3).

IA

Case III: If x* = 1, then
[P, ) = P.OM, 5 — P.(F, ) > 0 since P(xF, ) < 0.

A contradiction to the assumption and consequently the required result follows. O

As a consequence of Lemma {4.2.1] obtaining the following stability estimate is

straightforward.
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Lemma 4.2.2. Let u be the solution of (.1). Then

1
lulleo,p < ltlloor + EIIQIIM,D- (4.4)

1 _

Proof. Define 0.(x,1) = |lullor + =lIGlle.p + u(x, 1), (x,2) € D. For (x,1) € T, 6.(x,1) > 0,
n

and if (x, 1) € D; U D,, it follows that

Gl Gl

LO:(x,1) = (g + r)(x) (||M||oo,r + ) + Lu(x,1) = 21 (||M||oo,r + ) +G2>0.

Moreover, if x = 1, then [6,.](1,1) = +[u,](1,1) = 0. The required result (4.4) now follows

as a consequence of Lemma4.2.1 O

Generally, we may take homogeneous boundary data ¢ = ¥, = 3 = 0 by sub-
tracting some appropriate smooth function from u that satisfies the original boundary data
[249].

Lemma 4.2.3. Let u be the solution of (4.1). Then

Ou(x,t)
ot

<C forall (x,tyeD and i=0,1,2.

Proof. For i = 0, the result follows from Lemma [@ The assumption
Yi(x,t) = ¥3(x,t) = 0 gives u = 0 along the left and right hand sides of D, which im-
plies u, = 0 along these sides. Also, y¥,(x,7) = 0 gives u = 0 along the line t = 0. Thus
u, = 0 = u,, along the line r = 0. Now, put# = 0 in to obtain

—&Uy(X,0) + p(X)u,(x,0) + g(x)u(x,0) + r(x)u(x — 1,0) + u,(x,0) = g(x,0)

implying u,(x,0) = g(x,0) since u,(x,0) = u,(x,0) = u(x,0) = u(x — 1,0) = 0. Thus
lu;] < C onT as g(x, 1) is continuous on D. On applying differential operator £ on u,(x, 1),

we get
Lu,(x,t) = gi(x,t) = | Lu] = |gi| <C.

An application of the Lemma yields |u,| < C on D.
Now u, =0onIy Ul asu, = 0onT; and I'5. Differentiating (4. 1)) with respect to ¢
and put # = 0 to obtain

—&lUyu(x, 0) + p()uy(x, 0) + g(0u,(x, 0) + r(x)u(x — 1,0) + u,(x,0) = g,(x,0). (4.5)
Since u,(x, 0) = g(x, 0), thus

Uy(x,0) = g(x,0), u(x,0) = gy(x,0)
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and by definition, we have

u(x—1,A0) —u(x—-1,0)

0.
At

u(x—1,0) = Al}g})
From (4.5)), it follows that
utt(x’ 0) = 8gxx(x’ 0) - P(x)gx(x, O) - Q(x)gx(x’ 0) + gt(x9 O)

Thus on Iy, |u,| < C for significantly large value of C as g is continuous on D. Therefore,

lu,| < C on I'. Now, applying the differential operator £ on u, gives
| Luy(x, )| = |gu(x, )] < C on D.

Therefore, from Lemma we have |u,(x, 1) < C on D. o

4.3 Time Discretization

Let TM = {t, =kT/M,k =0, ..., M)} be an equidistant mesh that partitions the domain
[0, 7] into M number of subintervals. We semidiscretize (4.1)) using the Crank-Nicholson

scheme in the time variable. The resulting semidiscrete problem on T," thus reads

S Ul te) + %Ux(x, i) + (DU (x, fi) + %X)U(x — 1, 101)
= LUt - %Ux(x, ) + m(x)U(x, 1) — %U(x “L (46
LI tk“); 90 0.1 U2y andk=0.1..... M ~1
such that

Ux,0) = o(x,0), 0<x<2,
Ux,tie) = (X, ti1), —1<x<0, 0<k<M-1,

4.7
U2, tii1) =32, tk1), 0<k<M-—1,
Ull", k) = U t501), U7 t501) = U(1 t541), 0<k<M -1,
_ Arg(x) +2 _ 2= Atq(x) )
where, I(x) = Az and m(x) = A Let us rewrite (4.06) as
LenU(x, tiar) = G(x, 1), (4.8)
where
—-& X) )
LemU = EUxx(x’ tis1) + &Ux(X, i) + IOU(X, 1) 1f x € (0, 1),
—& X
LenUX, trs1) = 1 L8epr U = > (X, Ter) + pT)Ux(X, k1) +H(OU(X, trsr)

+%U(x—l,tk+l) if xe(1,2),
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and
61 = 20Ut - Z20. Gt + mGoU 10 - "0 - 1,1
A +9(X, fke1) + g(x, 1) r(x)lp (x—=1.t) if x€(0,1),
Gout) =y 2w ) (4.9)
G = 3 U(x, 1) — > «{(x, 1) + m(x)U(x, 1) — TU(X Ln)
(x’ tk+l)2+ g(x, tk) if xe (1’ 2)

The operator £y satisfies the following maximum principle.

Lemma 4.3.1. Let y(x, tiy1) be a smooth function such that y(x, t;+1) = 0 for x = 0,2,
Leny (X, tip1) = 0forall x € (0,1) U (1,2) and [x,](1,tx41) < 0. Then x(x, t;+1) = 0 for all
xeQ.

Proof. Let y(&, ti+1) = min y(x, t;41) for some & € Q. Then
xeQ)
Xe(& 1) =0 and  yuu(€, fe) > 0. (4.10)

Suppose y(&, t;+1) < 0 and it follows that (¢, #,1) ¢ I since y(&, t;4+1) = 0 for x = 0, 2.

Casel: If£€(0,1)

p&)

Levyix €, tiy) = 5 Xxx(§ frs1) + TXx(é: fie1) + HEX(E, tev1)

< 0, from (4.2) and (4.10).

Casell: If£€(1,2)

Lon(E i) = }}m(f, i) + 2 (f)mf feer) + IEN(E i) + @x@ 1, fier)
< %SXxx(fa fre1) + (2§)Xx(§: tis1) +LEX(E, trsr) + (—ér))((é: Tre1)
- 2
= ;Xxx(f’ tk+1)+(%))((§ fre1) + (f))(('f trr1)
- 1
- {xm@,rmln(“@z (f))x<f,rk+1>+gx<§,rk+o

—-& 1
< ijx(f, k1) + x (€, frr) + A—t)((f, Tis1)

< 0, from (4.2) and (4.10).
CaseIll: If¢é=1

D& teir) = X2(E, tiir) = (€7, trir) > 0 since y(&, tih1) < 0.

The required result thus follows from contradiction. O



92 Parabolic Problems with Delay and Integral Boundary Conditions

Lemma 4.3.2. Let U(x, ;1) be the solution of (4.6). Then

At A
NU (X, fii)lloo,g < max {IU(O, DL U2, tr1)ls —IIQIIOO,Q} .
nAt + 1

Proof. Consider £.(x, ;1) = max {IU(O, tee ),
Then, £.(0, #;+1) > 0. Moreover

At R
AT+ 1 IIQIIM,Q}J: U(x, tr1) for x € [0, 1).

Lenda(x, tirr)

At N
I(x) max {|U(0, )l m”gln} + LenU(X, trsr)

Atg(x)+2 At A N
> AT nAHlII@IIin
(g(x) +r(x)) At +2

2(mAt + 1)
0, from 4.2)).

Gl + G

\%

At N
Similarly, consider (.(x,#;;) = max {lU(Z, )|, mngnw,g} + U(x, tyyq) for
n
x € (1,2]. Then, £.(2, t;4+1) = 0. Also

Lenrlo(X, tirr)

At A
= [I(x)+ %X)) max {|U(2, s 1)l m”gzﬂ} + LenmaU(X, tii)

Lenle(X, tiir)

Atg(x)+2  r(x) At A A
>
= T2 A 1ieel £ 6
gx)+r(x) 1 At A A
> (= +
> 3 +At nAt+1”g2”+g2
> 0, from 4.2).

Moreover, [{..]1(1,#41) = £[U,](1,%41) = 0. Consequently, the required result follows
from Lemma O

Next, we compute global error using local error bound. From (4.8))
LenU(x, tr41) = GO, i), (4.11)

where Ly is as defined in (4.8]), and

Cuet) P20 (1) + mouCe, 1) - %“(x — 14
) +g(x,tk+1)2+ g(%C,tk) _ r(zx)wl(x_ 1, fr41) if x € (0,1],
G(x, trs1) = fuxx(x, £) — p(_xux(x’ ) + m()u(x, ;) — %u(x - 1,5)

L9 tk+1)2+ g(zx, ) if xe(1,2)
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with
U(x,0) = yr(x), x€[0,2],
Ux, ti) = Un(x,tir1), =1 <x<0, -1<k<M-1,
UQ2,t41) = ¥3(ter), -1 <k<M-1.

Lemma 4.3.3. Let &4, := U(x, tys1) — u(x, ty41) be the local truncation error at (k + 1)th

time step. Then ||ej41|l. < C(A?)? for some constant C.

Proof. For proof, see [S0]]. O

Moreover, local truncation error at each time step contributes to the estimate for

global error Ej, := u(x, t;+1) — U(x, ty41). Then, it follows that
k

2.

i=1

< leilleo + lealleo + - - - + lleelloo < CAZ. (4.12)

[ee)

IEkilleo =

As a result, the time semidiscretization procedure achieves uniform convergence.
The solution U(x, fx41) of the semidiscretized problem (4.6) is known to admit a

decomposition into smooth and singular components [173]. We write
U(x, tir1) := X(X, Bir1) + Z(X, Bsr).
Here, the smooth component X(x, ;1) satisfies

LenX(x, i) = Gi(x, i),
X(O9 tk+1) = XO(O’ tk+l)’ (413)
X(L, tie1) = (G G1 (1, tra)
in (0, 1), and in (1, 2) satisfies
Lena X (X, tie) = gz(X, Tis1)s

n 1
XL ) = () (G201, 1) - 2

TX(O, 1) | (4.14)
X2, trs1) = Xo(2, trs1)s

where Xy(x, #;+1) satisfies the associated reduced problem. Also, the singular component

Z(x, ty41) satisfies

LenZ(x, 1) =0, xe(0,1)U(1,2),

Z(0,ti1) = 0,

222, tr1) = U2, tr41) — X2, t541), (4.15)
Z(" i) = Z(A7, ti) = X1, 1) — X(AT, tr11),

Z(17, 1) = Z(17 tys1) = X (17, tps1) — X (17, ts1).
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Further, decompose Z(x, ty+1) as Z(x, ti+1) = Z;(x,ti11) + Zp(X, t1), Where Zp(x, tiy1)

satisfies

LCNZB(-xa tk+l) = O’ X € (09 1) ) (la 2)a
ZB(Oa tk+l) = O’ (416)
Z(2,tr11) = U2, tr41) — X (2, t341)s

and Z;(x, t;,) satisfies

LenZi(x,11:1) =0, x€(0,1)U(1,2),
Z10,1k41) = 0, Z;(2,1141) = 0, (4.17)
dz; dz; dX dX
— (1" ) — — (17, 111) = — (17, i) = — (15, 1r410).
I (17, tx41) I (17, t1) dx( k+1) dx( k+1)
The following lemma provides bounds on the derivatives of the smooth component

X(x, t+1) and singular component Z(x, 4 1).

Lemma 4.3.4. Let X(x, ty) be the solution of (4.13)-(4.14) and Z(x, ) be the solution
of 4.15)-(4.17). Then, fork =0,1,2,3

d*X(x,t
X be)| C(1 + &) for x € (0, ) U (1,2),

dx*
d*Zy(x,t -pr(2—x
M <Cg* exp L for x € (0,1) U (1,2), and

dx* &

-po(1 —x
A Z,(x. ter) Ce'~*exp (L) for x € (0, 1),
e <
2 <
dx Cel™* for x € (1,2).
Proof. For proof, see [257]. O

4.4 Spatial Discretization

The solution of the problem exhibits a strong boundary layer at x = 2 and a weak interior
layer at x = 1. Therefore, to generate a piecewise-uniform mesh D, we partition the

given interval [0, 2] into four subintervals as

[0,2] =[0,1-p]U[1 =4, 1]U[1,2-BlU[2-5,2],
2¢InN

where = min { 0.5, } is the mesh transition parameter. Each subinterval contains

Py
N/4 mesh points. Consequently, we obtain

x;i=0 for i =0,

X,':Xi_1+l’l,' for i=1,...,N,
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where

(1 =p) for i=1,...,N/4,N/2+1,...,3N/4,
B for i=N/4+1,...,N/2,3N/4+1,...,N.

The discrete problem on D¥* = DY x T, thus reads

ovUikr1 = Giger, i=1,...,N—1, (4.18)
where
_8 . _
LY Uik = 75;2cUi,k+l + %Dx Uike1 + liUj g1
fori=1,...,N/2-1,
ngNUi,kH = N -£ 4 Di ri
Loy Uik = 75in,k+1 + ED;Ui,kH + LiUigs1 + EUi—N/Z,kH
fori=N/2+1,...,N—1,
and
A e Di T 1
Gi(Xi, tyy1) = §5§Ui,k - Ele Uiy + miU;y — ElUi—N/Z,k + 2 (Gik+1 + Gix)
i .
é _Elwl(xi—N/Z,tkH)forl: L,...,N/2-1,
ik+1 =

5 — 2 Pi - i 1
Go(xiy ti1) = 50Uk = 5D Uij + miUi = 3Uinjok + 5 (Gisks1 + Gik)

fori=N/2+1,...,N-1.

Moreover, fori = N/2
D} Unpi+1 = DL Unjpgs

with

U,"() = lﬂz’i,o fori = 0,...,N,
Ui,k+l = wl,i’k_'_l fori=-N/2,-N/2+1,...0, k=0,1,...,M —1,

N

iU + fiU;

KUyt = Uy —szf = U s for k= 0,1, M~ 1.
i=1

The operator L, satisfies the following discrete maximum principle.

Lemma 4.4.1. Let Z;;., be the mesh function such that Z;;,; > 0 for i = {0,N},
LY Ziwe 20foralli=1,...,N/2-1,N/2+1,...,N and D} Zy>4+1 — Dy Znjpp1 < 0.
Then Ziy+y 20 foralli=0,1...,N.

Proof. Choose j* € {0,1,...,N}\{N/2} such that Z; ;,; = _INninMZ,-,kH. Assume that

Dy XT;
Zj r+1 < 0 and it follows that j* ¢ {0, N}.
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CaseI: For j* €{1,2,...,N/2 -1}

N 2 J —
LenZign = > 0 Zj k1 + > D Zj jsr + [pZj i

—& {Zj*+1,k+1 ~Zjjs1 L a1 — Zj*—l,k+1}

~

Pi Zj gt — Zj—1 g4t
+7]{ JE K+ h'*j + }+lj*Zj*,k+1
i

< 0.

CaseIl: For j*e{N/2+1,...,N -1}

N —€ Pj - Ty
Lo Zigr1 = 75xzj*,k+l + TDij*,kH +1pZj 1 + Ezj*—N/Z,kH
—€ Pj - Ty
=0 Zpj1 + D Zjpi1 + i Zjgr + - Zj
2 2 2
€ Pj
= 75xzj*,k+l + TDij*,k+l + Uy +rj)Zj s
—€ P - g trp 1
= 75xzj*,k+l + TDij*,kH +( 7 + A Zj js1
p 1

. .
2 J -
82 g1 + D Zj g + (n + —)Zﬁ,m

IA

IA

2 2 At
—& {Zj*+1,k+1 ~Zpger  Ljpgr1 — Zj*—l,k+1}

~

2 A S A 1
+— +|\n+—|Zx
3 { I } (77 Ap | £k

< 0.

Case III: For fk = N/2, D;ZN/Z,IHI - D;¢N/2,k+1 > 0.
The required result follows from contradiction. m|

Consequently, we obtain the following stability estimate of the discrete operator

LY.
Lemma 4.4.2. Let Z; ., be the solution of (4.18)). Then

At .
1Z; 11l pvv < max {|Zo,k+1|, |ZN sl MH-ﬂgNZi,anoo,DW} , YO<i<N, 0<k<M-1.
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P}"OOf: Let Xik+l = max {lZO,k+1| nA ||‘£CN1 zk+1||} + Zi,k+l fori = 0,. ..,N/2 —1.
Then, )(g’k .1 =2 0and

LiyXiw = limax {lZO,k+l| UA ||LCN1 lk+1||} N1 i+
= [;max {lZO,k+1| A ||LCN1 1k+1||} + G1 (X, r41)
lAt
> ||§1|| + G
(q, + r,)At +2 At
> +
2 AT AL+ ||Q1|| G
WA+ At s
2 +
> AT nAt+1”g]” Gi
> 0.
. At .
Next, deﬁne)‘f/;’,ﬁrl = max {IZN,;(HI AT IILCN2 Lk+1||} +Zig fori=N/2+1,...,N.

Then, xy,,, = 0 and

‘ECN2X1 el = (lz + EI max {lZNk+1| ||£c1v2 zk+1||} + -LIC\*/szi,kH
r A
= (lz + E { Nk+1| ||~£c1v2 ikl } + Go(Xi, tiee1)
gi + 1
> =+
> ( > )( AH_l)ngll G>
1

1
n+ At)(}7A ——|I6211 = 6

v
e

Moreover, if i = N/2, (D} - D;))(;—:k .1 = 0. Thus, the required result follows from
Lemma 4.4l |

4.5 Error Estimates

Let us decompose U, into smooth and singular components to obtain a parameter uni-
form error estimate. We write U;x.1 := Xjx+1 + Zix+1, where the smooth component X and

the singular component Z satisfy

LY Xik1 = Gi(x 1y for i € {1,2,...,N/2 = 1},
Xojr1 = X0, te11), Xnjo-1441 = X(17, tis1),
LY Xikn = Ga(xistiy) for i € (N2 +1,...,N = 1},

Xnjriprr = X(I tii1), Xnger = X(2, tis1),

(4.19)
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and

LY Zix =0, forie{l,...,N—1}\{N/2},

Zox1 = Z(0, ty1)s Znger = Z(2, tys1), (4.20)

Xnjat g1 + Znppsi g1 = Xnjp—t g1 + Znja—1 j+1s

D XN + DiZypp g1 = DEXNppger + DEZnjoger -

The error e, is defined as
ik+1 = Uiy tir1) — Uiger = (X(Xi, ti1) — Xigs1) + (Z(Xi5 ti1) — Zigar)-

Theorem 4.5.1. Let U(x;, ty41) and U, g1 be the solutions of (4.6) and (4.18)), respectively.
Then
|U(xi, tre1) = Uigi| < CN"'In* N, for 0 < i < N.

Proof. The proof follows on the lines similar to the one presented in [257] for ordinary

differential equations. O

Finally, we combine (4.12)) and Theorem to obtain the principle convergence

result below.

Theorem 4.5.2. Let u and U; . be the solutions of the continuous problem (4.1)) and the
discrete problem (4.18), respectively. Then

Ju(xis ti1) = Uigert| < CAP + (N7 In* N))

for0<i<Nand0<k<M.

4.6 Numerical Illustrations

In this section, we consider two model problems, present numerical results using the

proposed method, and verify the theoretical estimates numerically.

Example 4.6.1. Consider the following singularly perturbed problem with integral

boundary condition:

[—euy + 2+ x(2 — X)uy + 3u+ u,])(x, 1) —u(x — 1,1) = 4xe”'t?, (x,1) € (0,2) x (0, 2],
u(x,t) =0, (x,1) ely,
u(x,t) =0, (x,1) €ly,

2
u(2,t):§ f u(x, ndx, (x.1) €T,
0
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Example 4.6.2. Consider the following singularly perturbed problem with integral

boundary condition:

[—eupe + 3u, + (x + 10)u + u,](x, 1) —u(x — 1,1) = 2(1 + x>, (x,1) € (0,2) x (0,2],
ux,t) =1, (x,0)ely,

u(x,1) =0, (x,1) €Iy,

2
u(2,1) = g f xsin(u(x, dx, (x,1) €T,
0

The exact solutions of the above examples are not known for comparison. Therefore,
the double mesh principle [173]] is used to estimate the proposed method’s error and rate
of convergence. The maximum absolute error (EX**") and order of convergence (RY*') are
defined as

B EN,AZ
NAt . Nt .
E>* = max |UN,At(xi’ tis1) — Uan pipa (i, l‘k+1)| and R := logz( - )

2N,At[2
ESN,A /

where, Uy x/(xi, tes1) and Uay ar2(xi, i41) denote the numerical solutions on DY x T,* and
D2V x T,*M, respectively.

The maximum point-wise error (EX*") and the corresponding order of convergence
(RY*") for Example |4.6.1| and 4.6.2| are tabulated for different values of &, M, and N in
Tables [4.1]and respectively. In addition to this, Tables 4.2] and [4.4] depict the order of

convergence in time variable for Examples 4.6.1|and |4.6.2) when N = 512 and & = 276.

The presence of interior and boundary layers is apparent from the surface plots of
the numerical solution for Examples [4.6.1] and [4.6.2] displayed in Figures 4.1 and 4.3]
respectively. Figures 4.2) and [4.4] further illustrate the presence of the layers when 7 = 2
for Examples 4.6.1) and #.6.2] In contrast, Figures |4.514.8| present the solution for dif-

ferent time ¢ and for different values of ¢ for given examples. It is to observed that as &

approaches the limiting value, it attributes the stiffness to the system and leads to expo-
nential changes across the interior and boundary layers. The log-log plots of errors are
given in Figures 4.9H4.10] for Examples [4.6.1] and 4.6.2] respectively. It agrees with the

expected convergence rate for the proposed method on the specially generated mesh.
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Table 4.1: Maximum absolute error and order of convergence for Example m for dif-
ferent values of &, M and N when M = N.

g M=N=32 64 128 256 512 1024

2! 1.081e-02  5.961e-03 3.117e-03 1.595e-03 8.078e-04 2.857e-04
0.8587 0.9354 0.9666 0.9814 1.4995 1.5612

273 3.050e-02  1.726e-02 7.182e-03 2.791e-03 9.452e-04 3.352e-04
0.8213 1.2650 1.3636 1.5621 1.4956 1.5516

273 1.720e-02  9.412e-03  4.872e-03 2.232e-03 8.921e-04 3.172e-04
0.8698 0.9499 1.1262 1.3232 1.4918 1.5245

277 1.753e-02  9.578e-03 4.235e-03  2.094e-03  8.232e-04 3.099¢-04
0.8720 1.1774 1.0161 1.3473 1.4094 1.4126

270 1.785e-02  9.914e-03  4.246e-03 1.875e-03  7.582e-04 2.859e-04
0.8483 1.2234 1.1792 1.3062 1.4071 1.4221

2~ 1.794e-02  1.043e-02 5.021e-03 2.098e-03  9.620e-04 3.900e-04
0.7824 1.0547 1.2590 1.1249 1.3026 1.3861

Table 4.2: Maximum absolute error and order of convergence for Example for dif-

ferent values of M and x when N = 512 and & = 27,

X M =32 64 128 256 512 1024

Xnj+1 8.416e-03  2.258e-03  5.966e-04 1.547e-04 3.926e-05 9.972e-06
1.9881 1.9202 1.9473 1.9783 1.9771 1.9916

Xnj2+a 8.699e-03  2.366e-03  6.274e-04  1.652e-04 4.172e-05 1.053e-05
1.8784 1.9150 1.9252 1.9854 1.9862 1.9885

Xnjve 8.920e-03  2.428e-03  6.447e-04  1.633e-04  3.926e-05  9.720e-06
1.8773 1.9131 1.9811 2.0557 2.0148 2.0557




4.6  Numerical Illustrations 101

i
i /////,,,, \

7
II/

”/l//
7,
i\

””////// "”,/,'///,’,’,"
i \
///////,,,”/////,,,/\\

////////, 7%
11 7 ///
/////,’”//////,”/////,”
4
7 2
,,’,///z/,,//
/////,,/,/l//

Numerical Solution

Figure 4.1: Numerical solution of Example 4.6.1{for £ = 27* when M = N = 128 .

0.9 ‘

Numerical Solution

Figure 4.2: Numerical solutions of Example at t = 2 for different values of & when
N =128.
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Figure 4.4: Numerical solutions of Example at t = 2 for different values of € when
N =128.
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Figure 4.6: Numerical solutions of Example |4.6.1|for different values of # when & = 274,
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Figure 4.8: Numerical solutions of Example m for different different values of ¢+ when
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Table 4.3: Maximum absolute error and order of convergence for Example m for dif-
ferent values of &, M and N when M = N.

g M=N=32 64 128 256 512 1024

2! 2.822e-02  9.562e-03 4.223e-03 1.832e-03  6.140e-04 1.902e-04
1.5613 1.1790 1.2048 1.5771 1.6907 1.6973

273 1.831e-02  7.134e-03 2.917e-03 1.025e-03 3.872e-04 1.325e-04
1.3598 1.2902 1.5089 1.4045 1.5471 1.6603

273 2.090e-02  8.523e-03 4.245e-03 1.834e-03 7.179e-04 2.625e-04
1.2941 1.0056 1.2108 1.3531 1.4515 1.5658

277 2.387e-02 1.145e-02  4.675e-03  1.893e-03  8.633e-04 3.236e-04
1.0595 1.2923 1.3043 1.1327 1.4157 1.5139

27° 2.461e-02 1.156e-02  4.692e-03 1.852e-03 7.278e-04 2.728e-04
1.0901 1.3009 1.3411 1.3475 1.4157 1.4652

21 2.480e-02 1.256e-02 5.281e-03  2.356e-03  9.320e-04 3.615e-04
0.9815 1.2502 1.1645 1.3379 1.3663 1.4913

Table 4.4: Maximum absolute error and order of convergence for Example for dif-

ferent values of M and x when N = 512 and & = 27°.

X M =32 64 128 256 512 1024
xnj+1 71.810e-03  2.034e-03  5.184e-04 1.313e-04 3.295¢-05 8.048e-06
1.9410 1.9722 1.9812 1.9945 2.0336 2.0341
Xnj+a  1.825e-03  2.014e-03  5.220e-04 1.341e-04 3.425e-05 8.712e-06
1.9580 1.9479 1.9607 1.9691 1.9750 1.9917
xnj+6  8.164e-03  2.098e-03 5.495e-04 1.412e-04 3.602e-05 9.102e-06
1.9603 1.9328 1.9604 1.9709 1.9845 1.9906
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4.7 Concluding Remarks

A class of singularly perturbed parabolic partial differential equations with a large delay
and an integral boundary condition is solved numerically. The proposed method consists
of an upwind finite difference scheme on a non-uniform mesh in space and a Crank-
Nicolson scheme on a uniform mesh in the time variable. The non-uniform mesh in the
spatial direction is chosen so that most of the mesh points remain in the regions with
rapid transitions. The method is investigated for consistency, stability, and convergence.
The error analysis of the proposed method reveals the parameter uniform convergence
of first-order in space and second-order in time. Numerical experiments corroborate the

theoretical findings.






Chapter 5

Parabolic Two-Parameter Problems
with Delay

5.1 Introduction

In the previous chapters, we proposed numerical methods for different classes of singu-
larly perturbed parabolic initial boundary value problems that involve only one small per-
turbation parameter. This chapter extends our study to a class of two-parameter parabolic
initial boundary value problems.

The problem we consider involves a parabolic equation with two small parameters
which control the system’s behaviour and a large delay. This type of problem forms an
essential basis for several physical, biological and chemical processes, including chem-
ical flow [46], lubrication theory [635], and reactor theory [214], to name a few among
numerous others. The presence of two small parameters leads to interesting phenomena
and challenges in the analysis and numerical solution of these problems. The solution
exhibits twin boundary layers due to the presence of two parameters and an interior layer
due to the large delay. O’Malley has started the study of these problems [214, 215} 213]].
He has shown that the nature of the problem and the occurrence of boundary layers in the
solution is affected by the magnitude of the two parameters involved. The nature of these
layers depends on the ratio of x* and &, as noted in reference [218].

Many researchers have worked to develop uniformly convergent numerical methods
for the solution of two-parameter singularly perturbed parabolic problems. In [206], the
researchers consider a two-parameter singularly perturbed time-delay parabolic equation.
They employ a fitted operator finite difference scheme to approximate the numerical so-
lution. The first step involves discretising the time variables using the Crank-Nicolson

method. The semidiscrete problem is further discretised in space using the exponentially

109
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fitted tension-spline finite difference method. The study reveals that the numerical scheme
exhibits almost second-order uniform convergence in space and time variables. In [207],
they consider a two-parameter singularly perturbed parabolic problem with time delay.
They discretised the problem using an exponentially fitted scheme in the spatial direction
and the Crank—Nicolson method in the time direction on a uniform mesh. In [17]], the au-
thors employ a fitted cubic spline scheme to solve a two-parameter singularly perturbed
time-delayed problem. This scheme combines the #-method on a uniform mesh in the
time direction and a cubic spline scheme on a uniform mesh in the spatial direction. In
[[1], the authors focus on a two-parameter singularly perturbed system of partial differ-
ential equations with discontinuous coefficients. This discontinuity and small values of
the perturbation parameters cause interior and boundary layers to appear in the solution.
They employ a central finite-difference approach on a piecewise uniform Shishkin mesh
in the spatial direction and an implicit Euler scheme on a uniform mesh in the time di-
rection. In [261]], the authors used a Hermite wavelet-based numerical method to solve
two parameters singularly perturbed non-linear Benjamina-Bona-Mohany equation. The
method involves time discretisation of Hermite wavelet series approximations with collo-
cation technique. In [3035]], the authors used a finite element method on a Bakhvalov-type
mesh to solve a two-parameter singularly perturbed two-point boundary value problem.
Utilising individual interpolation, they obtain the errors for Lagrange interpolation and
then prove the optimal order of convergence. In [14], the authors consider a singularly
perturbed initial-boundary value problem with two parameters. They propose a fully-
discrete numerical method combining the Crank-Nicolson scheme for time variables and
the streamline-diffusion finite element method for the spatial variable. In [262], the au-
thors consider a two-dimensional singularly perturbed convection-reaction-diffusion el-
liptic type problem with two parameters. Furthermore, the authors assume that jump dis-
continuities exist in the source term along the x-axis and y-axis. They employ an upwind
finite-difference technique with an appropriate layer-adapted piecewise uniform Shishkin
mesh to approximate the numerical solution.

In [218], the author proposed a numerical method based on an upwind finite dif-
ference operator to solve a two-parameter problem. They proved that the method is
first-order convergent in space and time. The paper [129] presents a higher-order uni-
formly convergent method based on finite elements for a two-parameter parabolic sin-
gular perturbation problem. In [107], researchers have developed a hybrid scheme for
one-dimensional singularly perturbed parabolic problems with two small parameters. The
method presented is a composition of an upwind, midpoint upwind and central difference

operator on a piecewise uniform Shishkin mesh. In contrast, the implicit Euler method is
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used for time stepping on a uniform mesh. A numerical approximation of a two-parameter
parabolic problem with discontinuous data is proposed in [44]. In [97], the authors present
an almost first-order convergent scheme for a two-parameter singularly perturbed problem
with a time delay. The method combines an upwind scheme for spatial discretisation and
the implicit Euler scheme for time discretisation. A hybrid difference approach for a sim-
ilar problem is studied in [281]]. The author established almost second-order convergence
in space direction and first-order convergence in time.

Due to their large applications, it is essential to develop robust numerical methods
for solving two-parameter singular perturbation problems. This field of research is still
developing, and this chapter is a step forward in developing a parameter-uniform numer-
ical method to solve a two-parameter singular perturbation problem with a large spatial
delay. Moreover, the chapter presents rigorous consistency, stability and convergence
analysis of the proposed method and illustrates numerical results to support theoretical

estimates.

5.2 Continuous Problem

Let D = Qx A := (0,2) x (0,T] and consider the following two-parameter, non-

homogeneous intial boundary value problem
Lu(x,t) = suy(x, 1) + up(x, Hu(x, 1) — g(x, Hu(x, t) + r(x, Hu(x — 1,1) — u,(x, 1)
=g(x,t)in D,
u(x,t) =y(x,t)inI'y :={(x,1), x € [-1,0], t € [0, T]},
u(x, 1) = yYn(x,t) on I'; := {(x,0), x €[0,2]},
u(x,t) = ys(x,t)onI's :={(2,1), t € [0, T]},

(5.1)
where 0 < € < 1 and 0 < u < 1 are small parameters, g(x,t), p(x, 1), g(x,t) and r(x,t) are

sufficiently smooth functions such that
p(x,t) > po >0, g(x,t)>qo>0, r(x,t) 2ro>0, (g—r)(x,t)>k>0. (5.2)

Moreover, we assume that the initial-boundary data i, ¥, and 3 are smooth functions

on their respective domain and satisfy the compatibility conditions given below

¥2(0,0) = ¢1(0,0), ¥2(2,0) = y3(2,0),

79:0.0 g 801(0,0
8% p(0,0) /==~ ‘/’2( 0) — q(0,0)»(0,0) + (0, 0), (—1,0) — llflét ) 4(0.0).

(2,0 9 ; A
e% p(2,00 2222 Wz( 0 _ q(2,0002(2,0) + r(2, 0 (1,0) — lﬁsét ) _ 4(2.0)

(5.3)
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Let D; = Q; XA :=(0,1)x (0,T] and D, = Q, X A :=[1,2) x (0, T]. Rewriting (5.1) as

Lu(x,1) = G(x, 1),

where
L1t = €ty (x, 1) + up(x, Duy(x, 1) — g(x, Du(x, 1) — u(x, 1) if (x,1) € Dy,
Lu(x, 1) = { Lou = s (x, 1) + up(x, Hu,(x, t) — q(x, Hux, 1) + r(x, Hu(x — 1, 1) (5.4)
—u(x, 1) if (x,1) € Dy,
and
G g(x, 1) — r(x, D (x = 1,1)  if (x,1) € Dy, 55
g(x, 1) if (x,1)€D,
with

uw(,1) = y1(0,1), u(1=,t) =u(1*,1), u,(17,¢) =u(1%,1),
u(2, t) = w3(2’ t)’ u(x, O) = ¢2(~xa 0)

(5.6)

Under these assumptions, the solution of (5.1)) exists and is unique [160]. The solution

exhibits twin boundary layers due to the presence of perturbation parameters and an inte-

J 1) = r(x,t 2
rior layer due to the presence of delay [218]. Let y = min (M) (g < l,
(x.neb p(x, 1) £ Do
the boundary layers of width O( +/€) appear near the boundaries x = 0 and x = 2, as well

2

as on the left and right neighbourhoods of x = 1 due to the large delay. If £ > l, the
€ Po

boundary layers of width O(u) appear in a left neighbourhood of x = 1 and x = 2, while

a boundary layer of width O (f) appears in a right neighbourhood of x = 0 and x = 1.
u

Lemma 5.2.1. Suppose P(x,t) € C°%(D) N C*(D) satisfies P0,t) > 0, P2,1) > 0,
P(x,0) = 0 with LiP(x,t) < 0 for all (x,t) € (0,1) X [0,T] and L,P(x,t) < 0 for all
(x,1) € [1,2) X [0, T]. Then P(x,t) > 0 for all (x,t) € D.

Proof. Choose (x*, ) € D such that P(x*, #*) = min P(x, 1). Consequently,
o))

P75 =0, P.*5F% =0 and P (x5 ) >0. (5.7)

Suppose P(xf,#*) < 0 and it follows that (x*,7*) ¢ I := I UT, U I3, where
I'7 :={0,n, t€[0,T]}.

Case I: If (x*, ) € (0,1) x [0, T], then

-£1P(-xk’ tk)

8Pxx(-xk9 tk) + ,Up(xk’ tk)Px(-xk’ tk) - Q(xk’ tk)P(-xk’ tk) - Pt(-x]: tk)
0, from (5.2)) and (5.7).

\%
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Case II: If (2%, ) € [1,2) x [0, T], then

LPOH ) = &P (X515 + up(h, P, ) — g(oF, PG, )
+r(h, YPE - 1,15 - P, )
> P (X, 1) - (g - (X, FYPE, 1)
> 0, from and (5.7).

A contradiction to the assumption that £;% < 0 for all (x,7) € (0,1)x[0,T] and L, <0
for all (x,7) € [1,2) x [0, T]. Consequently, the required result follows from a contradic-

tion. m|

As a consequence of Lemma obtaining the following stability estimate is

straightforward.

1
Lemma 5.2.2. Let u be the solution of (5.1). Then |lullp < |lullr- + —1Gll5-
K

1 _

Proof. Define 0.(x,t) = |lullr- + =|Gllp £ u(x,1), (x,t) € D. Then 6.(x,¢) > 0 for all
K

(x,r) e I'" and if (x,7) € (0,1) x [0, T'], it follows that

L10.(x,0) = —q(x,0) (||u||1—* + ”gk”[’) + Liu(x, 1)
= —q(x,1) (||u||p + ”gK“D) +G(x,1) <0
Similarly, for (x, ) € [1,2) X [0, T]
L6060 = (g - (x D (||M||r* + ”QK”D) & Lou(x,1) < 0.

The required result thus follows from Lemma [5.2.1] O

Lemma 5.2.3. Let u be the solution of (5.1). Then, for 1 <k +2m <3

c o
oy (\/_—S)k if Do~ < Ve,
k A¢m - k 2\"
& &

where C is a constant independent of € and p.

Proof. We obtain the bounds of the solution and its derivatives by splitting the argument

into two cases po,u2 < yeand po/12 > YE.
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Case I: Let pou? < ye. Consider the stretching variables ¥ = f = t to obtain the

X
_ a
transformed problem on the domain D = (0,2/ /&) x (0, T] :
(s + L2pit — it — @) (%, ) + F(% Di(x = 1,7) = §(&, 1) in D,
ﬁ(-i-7 i) = lrl;l(jéa f) on 1:1’

i’t(jé, i) = lr/;Z(jZa l:) on 1:27

i(%,7) = y3(%,7) on I3,

Using the condition pou? < ye and result from [[160], we have

ak+m il
oxkorm

<C( +lallg), 1<k+2m<3,
N/Lf

where N, is the rectangle (1 — &, 4+ &) X (0,T] N D for any 1 € (0,2/+/¢) and

¢ > 0. Now, we return back to the original variable to get

o Ce? (1 + |ullp), 1<k+2m<3
= & ullp), < m <
Axkdrm || 5 b
c
———, from Lemmal[5.2.2]
(Ve)

px . pt

Case II: Let pou® > ye. Consider the stretching variables ¥ = ~—, 7 = to obtain the

~ > £
following transformed problem on the domain D = (0, 2u/g) x (0, u>T /&):

(s + pits — i1 — i) (%, 7) + (%, Dia(x — 1,7) = 5§(%,7) in D,
ﬁ(x’ f) = 1/71()’2, f) on 1:19
(% 1) = (%, 7)) on I,

(%, ) = y3(%, D) on I'5.

Repeating the argument given in Case I, we get

k 2\m
_C(’—‘) (’i) Cl<k+2m<3.

£ £

ak+m u
oxkorm

D
O

Corollary 5.2.4. Let u(x,t) be the solution of (5.1) and Lemmas [5.2.1| and [5.2.2] hold.
Then

if po® < ye,
llusllp < s

Cute™® if pop® > ye.
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5.3 Time Discretization

Let TM = {t, =kT/M,k =0, ..., M} be an equidistant mesh in the time direction. We
use the Crank-Nicolson method to discretize the problem in the time variable. The
semidiscrete problem on T, thus reads
Uy + ppU, = IU) (X, tier1) + 1(X, e DU (X = 1, 841)
= (=eUsxx = ppUsx + mU) (x, 1) = r(x, 1) U(x = 1, 1) + g(x, txat) + g(x, 1), p - (5.8)
xeQ, k=0,1,.... M -1

such that
U, tiy) =i(x,ty1), —1<x<0, —-1<k<M-1,

U(x,0) = r(x,0), 0<x<2, 5.9
U(Z’ tk+l) = wS(Z, tk+1)’ _1 S k S M - 19
2 2
where I(x, tiy1) = q(x, tryr) + A m(x, t,) = q(x, t;) — o and U(x, t;,1) is the numerical

approximation of the continuous solution u(x, t) at (k + 1)th time step.
Let us rewrite (5.8) as

LU t11) = Gu(x, i), n= 1,2, (5.10)
where

‘Z:I U(x9 tk+1) = (SUXX + :upUx - lU) (x’ tk+1) lf X (S (0’ 1)9
LoU(x, tin1) = (U + upU, = 1U) (x, ti)) + (x5, i DU (x = 1, 114 if x € [1,2),

and
G, tis1) = (=eUy — pupU, +mU) (x, 1) — r(x, i Wi (x = 1, fryr)
—I"(X, tk))l/’l(x - 1, tk) + g(x’ tk+l) + g(x, tk) if xe (0’ 1)’
Go(x,ti41) = (—&Uy — upU, +mU) (x, 1) — r(x, )W (x — 1, 1)

+9(x, trs1) + g(x, 1) if xe[l,2).
The operator £, satisfies the following minimum principle.

Lemma 5.3.1. Let x(x, tiy1) be a smooth function such that y(x, ty+1) = 0 for x = 0,2 with
Lix(x,tr1) < 0forall x € (0,1) and Loy(x, tis1) < 0 forall x € [1,2). Then x(x,t;41) > 0
for all x € Q.

Proof. Let y(a, ts1) = min y(x, t,,) for some @ € Q. Then
xeQ)
Xx(aa tk+l) =0 and X)Cx(aa Z‘k+l) > 0. (511)

Suppose y(a, ti+1) < 0, therefore a ¢ {0, 2} because y(x, t;+1) > 0 for x = 0, 2.
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Casel: Ifa € (0,1)

Lix(@, i) = (8xxx + 1PXx — ) (@, Tar)
> 0, from (5.2) and (5.11).

Casell: Ifa e [1,2)

Lox(a,tiz1) = (8ax + 1PXx — 1Y) (@, tr1) + 1@, s ¥ (@ = 1, 1141)
2 SXxx(a/9 tk+l) - l(a’ tk+l)X(a,’ tk+l) + r(a/9 tk+l)X(a/9 tk+l)
2
> ex o, ter) — g, tipr) + A r(a, fk+1)))((0/, Tis1)

2
= exul@, tiy1) — (g — )@, i) (@, fyy) — EX(Q’ tis1)

> 0, from (5.2) and (5.T1).

It contradicts the assumption, and hence the result follows from a contradiction. O

Lemma 5.3.2. Let U(x, i) be the solution of (5.10). Then

| .
NUCx, i)l < max{lU(O, e DL U2, tiei)s ;llgllg‘z} forall x € [0,2].

1 -

Proof. Consider M. (x, t;,;) = max {IU(O, tea)ls —IIQIIIQI} + U(x, tyy) for all x € (0, 1).
K

Then, M. (0, 1;,,) > 0. Moreover, for x € (0, 1)

-ZlMi(xa Tis1)

| -
—Il(x, ty+1) max {|U(0, k1)l ;Hgl”g‘z]} + LiU(x, ty41)

1 - ~
—I(x, tx+1) max {|U(O, 1)l ;||§1||(zl} + G1(X, try1)
0, from (5.2).

IA

|

Similarly, consider M. (x, tyy1) = max < |U(2, tiy1)|, —||g2||g-22} +U(x, tyyq) forall x € [1,2).
K

Then, M.(2,t1) = 0 and for x € [1,2) we compute

LoM.(x, try1)

1 = -
—(l = r)(x, tr41) max {|U(2, )l ;ng”g‘zz} + LoU(X, 1)

2 1 -
= - (Q(X, fke1) + v r(x, l‘k+1)) max {|U(2, ke 1)l ;HQZH@}

+Ga (X, trs1)

< 0, from (5.2).

Consequently, from Lemma [5.3.1] the required result follows. m]
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The local truncation error of the semidiscretized problem (5.10) is given by
e = U (x, tre1) — u(x, t41), where U is the solution of
LU, t41) = G, t), x€Q, 0<k< M~ 1,
Ux, ) =i(x,t1), —1<x<0, -1<k<M-1,

N _ (5.12)
U(x,0) = ¥r(x,0), xeQ,

U2, t1) =032, tis1), —1 <k<M—1,

where ZZ,, is defined in (5.10), and

(—&ttyy — upuy, + mu) (x, 1) — r(x, )1 (x — 1, t11)

—r(x, o (x = 1, 1) + g(x, tir) + g(x, 1) if xe(0,1),

(DN
Il

(=&, — ppu, + mu) (x, 1) — r(x, )W (x — 1, 1)

+g(x, fre1) + g(x, 1) if xe[l,2).

Lemma 5.3.3. For some constant C, the local truncation error at (k + 1)th time step

satisfies the following bound
leclle < C(AD, —1<k<M-1.
Proof. For proof, see [S0]]. O

The global error E := u(x, t;) — U(x, t;) of the semidiscretized problem is the con-

tribution of the local truncation error at each time step. Then, it follows that

k
2.
i=1

This in turn ensures the uniform convergence of the time semidiscretization process.

< leilleo + lealleo + - - - + lleelloo < CAP. (5.13)

(o)

IEk+1lleo =

Lemma 5.3.4. Let U(x, ;1) be the solution of (5.10). Then

d'U C ¢ .

— s(\/E)k(u(\“—rg))max{nUu,ngn}, k=12,
&BU C w\ - 1|46
| (“(@))ma"{”U”"'g“}+;HE :

where C is the constant independent of u and ¢.
Proof. For proof, see [133]]. O

The solution U(x, t;+1) of the semidiscretized problem (5.10) admit a decomposition

into smooth and singular components [173]]. We write

U(x, tir1) = X(X, trs1) + Z(X, Bri1),
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where

b(x,t41), x€[0,1),
X(x, i) = ! (5.14)
C(X, tk+1)’ X € [1’2]a

and

200 t1), x € [0,1),
Zoote =1 (5.15)

ZZ(x’ tk+l)9 BAS [192]

Here, the smooth component b(x, ;1) is the solution of

Lib(x, tr41) = Gi(x, tre1), x€ (0, 1),
(5.16)
b(0, txy1), b(1, t41) are to be chosen lately,
and c(x, t;41) is the solution of
Loc(x, tra1) = Go(x, i), X € (1,2),
C(X, tk+l) = b(xa tk+l) on [09 1)9 (517)
c(1, t11), c(2,141) are to be chosen lately.
Moreover, the singular components z;(x, fx+1) and z,(x, #;+) satisfy the following
-ZlZ](.X, tk+l) = 0’ X € (O’ l)a -ZZZZ(-X’ tk+l) = 09 X € (1’2)’ (518)
210, fr1) = U(O, fry1) — b(0, 1541),
21, i) — 21(L, tegr) = b(L, triy) — (1, tr41), (5.19)
dz, dz, db dc
— (1, ) — —(1,¢ = —(1,t1)— —, tz41), 5.20
dx( k1) dx( kt1) dx( 1) dx( kt1) (5.20)

22, tkr1) = U2, tys1) — (2, trs)-

The next lemmas provide bounds on the derivatives of X(x, #,1) and Z(x, t,;) with respect

to x. We derive bounds for these components separately for pou? < ye and pou® > ye.

5.3.1 Estimates for the Smooth Components When pyu? < ye

Lemma 5.3.5. Let b(x, ty,) and c(x, tyy) be the solutions of (5.16) and (5.17), respec-
tively. Then for pou* < ye and k = 0,1,2,3

) K| -
16"Nle, < C, llc™llg, < C.
Proof. Decompose the smooth components b(x, ;1) and c(x, t;11) as

b(x, tre1) = bo(x, tis1) + VEbI(X, tis1) + (VEV ba(x, tis1) + (VE) b3(x, 1111), x € Q,

c(x, tr41) = Co(X, tis1) + Ve (x, tis1) + (V) ea(x, tinr) + (Ve e3(x, tiy1), x € Qy,
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where the functions by and ¢, are the solutions of
—(Ibo)(x, trs1) = (mbo)(x, tr) — r(X, e W1 (x = 1, trr) — (X, i)Y (x = 1, 1)
+g(x, 1) + g(x, tr41), x € Qy,

—(leo)(x, tir) + (X, tese1)bo(x = 1, trs1) = (meo)(x, 1) — r(x, t)bo(x — 1, 1)

+9(x, 1) + (X, 1), x € s,
the functions b; and c; are the solutions of
(Iby)(x, 1) = (VED, + %Pbé)(xa fr1) + (Veby + %Pbb —mb))(x, 1), x € Qy,
(le)(x, tisr) = r(x, e)bi(x = 1, 1) = (Vec, + %PC;))(X, fir1) + 1(x, 1)b1(x — 1, 1)
+( ‘/ECS + %PC;) —mey)(x, 1), x €,
the functions b, and ¢, are the solutions of
(Ib2)(x, tis1) = (VED| + %Pb;)(ﬁﬁ fir1) + (Veb] + %Pb; —mby)(x, 1), x € Qy,
(le2)(x, fi1) = r(X, e )bo(x — 1, fryy) = (\/EC: + %Pcl)(ﬁ fis1) + r(x, f)ba(x — 1, 1)
+(Vee, + Lzpe; —mer)(x, 1), x €,
and lastly, the functions b3 and c3 are the solutions of
Liby(x, ty41) = (- eb, — %Pb;)(% frn1) + (— Vb, — %Pb/z)()f, f)
—(8b; + ,upb'3 —mbs3)(x, 1), x € Q, (5.21)
b3(0,fir1) = 0, b3(1,541) =0,
and
Locs(x,t141) = (- \/ECQ - %PC;)(X, lie1) — (\/EC; + %PC;)(X, 1)
—(&Cy + upcy — me3)(x, 1) — r(x, t)bs(x — 1,1), x € Qy,p  (5.22)
a3(Lfiy1) =0, 32, 0401) =0, c3(x, fry1) = b3(x, frey) on [0, 1).

Since, the functions p(x, tx1), H(X, tre1), M(X, tii1), 1(X, 1), Y1(X, Ber) and g(x, 1) are

sufficiently smooth and pou? < ye, we have

6Pl < C, 1ePll, < C, for0 <k <7,
16®lg, < C, N1cPllg, < C, for0 <k <5,

”b(zk)”(m <C, ||C(2k)||(22 <C, for0<k<3.

Now, using Lemma 2 from [101]] to obtain ||b3]lg, < C and ||c3]lg, < C. Since po,u2 < vye,

, C , C
Lemma |5.3.4] asserts that [|bs]lg, < —= and |lc5llg, < 7 Moreover, from (5.21)) and
P

< <
(5.22), we obtain

k) k
1551l < 1P, < for k = 2, 3.

C C
(Ve (Vo)
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Next, we choose b(0, 1), b(1, t;11), c¢(1, 1) and ¢(2, t;41) to be

b(0,1141) = (bo + Veby + &by)(0, tr41), b(1,1111) = (bo + Veby + eby)(1, trs1),

c(1,t01) = (co + Veer + ec2)(1, tis1), €2, t141) = (co + Vecy + 62)(2, ty41)-
Since b = by + &b, + &b, + £%bs, for k = 0, 1,2, 3, we have
16%llg, < 11by g, + Vellbllg, + &b llg, + €116y ll, < C.
Similarly, we get [lc?¥|lg, < C, fork = 0,1,2,3. O

5.3.2 Estimates for the Smooth Components When pyu? > ye

Similar to the previous case, here also, the decomposition of b(x, ;1) and c(x, tx41) 1s
considered, but at two levels. We define operators .ZZ’[ fl; f3, f; f:4, and .ZZZ for this

purpose. These operators are defined as:

£~T =eD? + up(x, t)D — m(x, tp)l, fz =eD? + up(x, t)D — m(x, )l + r(x, t;)E,
Ly = up(x,t)D = U(x, 1)1, L5 = up(x,t)D — m(x, )1,
Ly = up(x,t)D = I(x, t)I + r(x, t,)E and L, = up(x, t;,)D — m(x, t)I + r(x, t;)E.

2

dU d-u
Here, DU(x,t,) = d—(x, t) and D*U(x,t,) = F(x, t,) are the differential operators.
X X

Additionally, IU(x, t;) = U(x, t;) 1s the identity operator and EU(x,t;) = EU(x — 1, 1) 1s
the shift operator. Finally, we consider the decomposition of b(x, 1) and c(x, fx,1) as
B(X, tis1; 8 1) = bo(x, te1) + Eb1(X, a1 ) + 8702 (X, a3 1) + € b3(x, tiais 1), X € Qy,

. . 2 . 3 . °
(X, i1 € 1) = Co(X, Try1) + EC1(X, Ty 15 ) + E7CoX, Ty 15 1) + € C3(X, iy 1), X € Qy,
where the functions by and ¢ are the solutions of

Lsbo(x, tier) = = Libo(x, 1) = r(x, i Wi (x = 1, tig) — 1 g (x = 1, 1)
+g(x’ tk) + g(x’ tk+l), X € [0, 1)» (523)

bo(1, t;41) 1s to be chosen lately,
and

Lico(x, trar) = =Lieo(x, 1) + g(x, 1) + g(x, frar), x € [1,2),
co(2, tr41) 1s to be chosen lately, (5.24)

co(X, trs1) = bo(x, tiq) on [0, 1),
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the functions b; and c; are the solutions of

Labi(x, 1) = =y (x5, 1) = by (6, 1) = £3b1 (6,8, x €[0, 1),} 525)
bi(1,t;41) 1s to be chosen lately,
and
Lici(x,tie1) = —cy(x, trr) — ¢ (6. 1) — Lier(x, 1), x €[1,2),
c1(2, tx41) is to be chosen lately, ’ (5.26)
c1(X, fes1) = bi(x, f41) on [0, 1),
the functions b, and ¢, are the solutions of
Laba(x, 1) = =B, (x, fea1) = by (5, 1) = Liba(x, 1), x € [0, 1)}
(5.27)
by(1, fx41) = 0,
and
Lier(x,11) = =c{ (4 11) = € (5, 1) = Ly, 1), x€[1,2),
(2, k1) = 0, ’ (5.28)
€2(X, tes1) = ba(x, t41) on [0, 1),
and lastly, the functions b3 and c3 are the solutions of
L1b3(x, t141) = =by (x, t51) — by (x, 1) — Libs(x, 1), x € (0, 1)’} (5.29)
b3(0,11+1) =0, b3(1,541) = 0,
and
Loc3(x, 1141) = =65 (0, i) = & (1) = Lies(x, 1), x € (1,2),
(L tie1) =0, 32, 1141) =0, (5.30)

c3(x, fre1) = b3(x, 1) on [0, 1).
Lemma 5.3.6. Let y(x, ty,1) satisfies y(1,t41) > 0 and .Zyﬁ(x, tir1) < 0 forall x € [0, 1).
Then Y(x, ti+1) = 0 for all x € [0, 1].
Proof. Define y(a, ti,) = miny(x, t,,) for some a € Q;. Let Y(a, t;,1) < 0, then a # 1
ae)g

and '70, (0/7 tk+l) = O FOI‘ a € [05 1)’ we haVC j?ﬁ‘ﬁ(a’ tk+1) = (,UPW’(Q’, tk+l) - l’vb(a/a tk+l)) > Oa
which contradicts the assumption. Therefore, we can conclude that ¥(«, t;,1) > 0 which

implies ¥(x, t;,1) = 0 for all x € [0, 1]. O

Lemma 5.3.7. Let b(x,ty1) and c(x, ;1) be the solutions of (5.23)-(5.30). Then for
pop® > yeandk =0,1,2,3

£ 3—k £ 3—k
16Plg, < C(l +(—) ) lcPllq, < C(l +(—) ]
T i
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Proof. To establish the bounds for the derivatives of the smooth components b and ¢, we
use the bounds for the derivatives of by, by, b,, bs, cg, ¢1, c2 and c3. Let’s first establish the

bounds for b, and ¢(. To do this, we consider the decomposition of by and ¢ as
bo(x, fi1: 1) = boo(X, tiat) + b1 (X, Tier) + (D02 (X, iar) + (b0 3(X, trars ) for x € Q,
Co(X, fiers 1) = Co0(X, ier) + fC01 (X, D) + (€02 (X, fr1) + 12 Co3(, fprs 1) for x € Oy,
where the functions by and ¢y are the solutions of
=(lDo0)(X, trs1) = (mboo)(X, 1) — r(X, tra1)1(x = 1, frs1) = r(x, i) (x = 1, 1)

+g(x, 1) + g(x, trs1), X € Qy,

—(lcop)(x, tis1) + 1(X, tre1)Doo(x — 1, 1) = (mcoo)(X, ) — r(x, ti)boo(x — 1, 1)

+g(x, 1) + g(x, ti1), X € Qy,
the functions by ; and ¢y are the solutions of
(Ibo,1)(x, tir1) = (Pbé),o)(xa fiv1) + (Pb;),o — mbo1)(x, 1), x € QY
(leo,)(x, ti) = 76 By )bo,1 (X = 1, 1i1) = (peg ) (X, trr) + (pCg g — meo,)(x, 1)
+r(x, 1)bo 1 (x = 1,1), x € Oy,
the functions by, and ¢y, are the solutions of
(Ibo2)(x, tir1) = (Pbé),l)(xa fiv1) + (Pb;),l — mbo)(x, 1), x € QY
(leo2) (X, tr1) = F(X, By )bo2(x = 1, 1r1) = (peg (X, frr) + (peg = meo2)(x, 1)
+r(x, 1)boar(x = 1,1), x € Oy,

and lastly, the functions b3 and ¢ 3 are the solutions of

L3b03(x, tir1) = =(phy,)(X, ti1) = (Phy )X, 1) = Libos(x, 1), x € [0, 1),

(5.31)
bos(1,1) = 0,
and
Laco3(x, trsr) = =(pCo ) (X tii1) = (Peo ) (%6 1) = Licos(x, 1), x € [1,2),
co3(2, ) = 0, (5.32)

Co3(X, fkr1) = bos(x, frr1), x € [0, 1).
Since’ the funCtions l(x9 tk+l)9 m(x9 tk+l)9 r(x’ tk+l)9 lﬁl(x’ tk+l)5 wZ(-x’ tk+l)9 lﬁ?’(x’ tk+l)5 and
g(x, ty1) are sufficiently smooth on their respective domain. Thus, we have
k k
Ib5olla, < C. llcsylla, < C, for 0 <k < 10,
k k
b3, < €, llegila, < C, for 0 <k <9, 5:33)

k k
Ibglla, < C. llc§lla, < C, for0 <k < 8.
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Define ¥ (x, t;11) = C + bo3(x, tr41), x € &;. Now, apply Lemma to Yt (X, tiy1) tO
obtain ||by3|la; < C. Then, we use (5.31) to get

C
b lle, < = for0 <k < 8. (5.34)
M

Similarly, consider the function y*(x, t,1) = C + co3(x, ti41), X € Q,. Applying Lemma

[5.3.6]to y*(x, t41) yields |lcoslla, < C. Using (5.32)), we have
lleglla, < ;% for0 <k <8. (5.35)
As defined in (5.23) and (5.24), choose by(1, tx+1) and co(2, fx41) to be
bo(1, tr1) = (boo + pbo, + (2bo2)(1, 1i1), €o(2, tier) = (o + pcor + 1 Co2)(2, firr).

Therefore, using (5.33)-(5.35)) to obtain

k-3 k-3

1 1
||b]5||gl < C(l + —), ||c’5||§22 < C(l + —), 0<k<8. (5.36)
M M
Now, decompose the functions b, and c; as
b1 (X, tiers 1) = bro(X, tier) + by i (X, trer) + (2b1 2(X, a1 1), X € Qy,
C1(X, trars 1) = 100X, trr) + O (X Brat) + pEC12 (X trars ), X € O,
where the functions b,y and ¢ o are the solution of

(Ib10)(X, tie1) = by(x, fie1) + by (x, 1) = (mb1g)(x, 1), x € Qy,

(le10)(x, i) = F(X, 1o 1)C10(X = 1, fr1) = €5 (X, Bt + € (X, 1) = (mey 0)(x, B

+r(x, t)co(x = 1,1), x € Qy,

the functions b;; and c;; are the solutions of

(Ib11)(X, tir1) = (Pby )X, ti1) + (Pby o — mby )(x, 1), x € Q,
(ley )X, fer) = 76 By )b (x = 1, 111) = (pE) )X, fre) + (pey g — mey1)(X, 1)
+r(x, t)by 1 (x — 1,1), x € Qy,
and the functions b, and c| ; are the solution of
Lsbio(x, t541) = —(Pb’l,l)(xa fkv1) — (Pb,l,l)(X, t) — Libia(x, 1), x€[0,1),
bio(1,5) = 0,

Licio(x,ti41) = —(PC,M)(X, fiv1) — (PC,L])(X, 1) — Licia(x 1), x€[l,2),
c12(2,4) =0,

c12(x, tir1) = bio(x, tii1), x €10, 1).
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To establish the bounds for the derivatives of b; and ¢y, we use a similar argument as
we did for by and c¢y. We apply Lemma [5.3.6]to suitable barrier functions and obtain the

bounds for the derivatives of the components of b; and ¢; as follows
k-1 k=1

1 1
165, < C(l + ﬂ—), lefolla, < € (1 + ﬂ—)’ 0<k<6,

1 1
1651, < C(l + E) et lle, < C(l + ,}) 0<k<5,

C C
k) k) _
||bl,2”91 < (Iuk_,_])’ “C]’Q”Qz < (/lk+l), 0<k<5s.
Therefore, we get the following bounds for the derivatives of b; and c;

1 1
16l < C(l * F)’ I llg, < c(1 " F) 0<k<S.

Similarly, we can establish the bounds for the derivatives of b, and ¢, as given below

C C
165, < (W), 15, < (F) 0<k<3. (5.37)

From (5.29) and (5.30) and Lemma 2 of [101]], we get the following bounds for b3 and c3

C C
1b3ll, < ('L?) llellg, < (/F)

From Lemma [5.2.3] it follows that

, C , C
Ib5lle, < (J)’ llesllg, < (J)’ (5.38)
and from (5.29) and (5.30), we have
” C ” C
1b51la, < (@), lleslla, < (@) (5.39)
Differentiating equations (5.29) and (5.30) and using pou® > y&, we compute
C C
16, < (5 ) 1 la, < (). (5.40)

Therefore, we can write
161, < (%) 1Pl < (WL_IC) k=0,1,2,3.
As defined in (5.16)), choose b(0, t;+1) and b(1, ;4) to be
b(0, fi41) = bo(0, fi41) + £b1(0, 1111) + £°52(0, tri1), b1, f11) = bo(1, fr1) + &by (1, 1111),
and from (5.17)), choose ¢(1, ;1) and ¢(2, #;,1) to be
(1, tie1) = o1, frar) + &1 (1, tie) + E22(1, fri)s €2, tii1) = €02, fra1) + £C1(2, Tig)-

We now obtain the bounds for the functions b and ¢ by using the estimates for their

components by, by, by, b3, ¢y, c1, ¢; and c3 and get

P 3—k S 3—k
16Plg, sc(1+(—) ) ™1, sC(l +(—) )
U u
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5.3.3 Estimates for the Singular Components
Let us decompose the singular component Z(x, #,1) defined in (5.15)) as

Z(x, ty1) = Zp(X, tig1) + Zp(X, trr1)

1= (2 + )% ) + (@ + D)X, 1),

where the functions z- and z5 satisfy

Lizh(x, i) = 0, x€(0, 1), } (5.41)

2800, te1) = U(0, t541) — X(0, t51) — ji(e, p), 25(1,t600) = 0,
and
‘Z2Z§(-xa 1) =0, x€(1,2),
(1, ) = ke, ) = jole, ), 252, t11) = 0, (5.42)
(X, ter) = 276, ), x € [0, 1),

and the functions z¥ and z5 satisfy

LR (1) =0, x€(0,1), }
(5.43)

20, 1) = Jile, ), X1, tes1) = ka(e, p),
and
LB, i) =0, x€(1,2),
B, i) = jole ), 252, tk1) = U, tir) — X (2, tr4), (5.44)
B(x, i) = 28(x, tra1), x €0, 1).

Here, ki(e,u) and ky(g, 1) are constants to be chosen to satisfy the jump conditions at

x = 1 given in (5.19) and (5.20). Moreover, constants ji(g,u) and j,(g, 1) are to be

chosen separately for the cases pou® < ye and pou® > ye to satisfy the requirements for

the bounds of the singular component.

Lemma 5.3.8. Let Z;(x, tyy1) and Zg(x, ty1) be the solutions of (5.41)-(5.44). Then for

pop> > yeand k =0,1,2,3

k k
Lk M Lk M
12+ PN, < (=) . 15 le, < C (=),
E E

R, (k) C R,(k) C
Il < 77 12 Vo, < 7

Proof. Since U(0, t;+) and U(1, t;41) are bounded by constants independent of & and p,
|j1l, 1721, |k1] and |k;| are also bounded by constants independent of & and u. Next, we use

Lemma [5.3.4]to compute

L.(k) ) p\* L,(k) _ H\
lz, 7 (x, tie)llg, < C 2 2y (x, tie)llg, < C o)
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To find bounds for zf and z%, consider the following decomposition of z¥ and z5 as

R . . . 2 .
24 (-x’ Ikt 15 &, ﬂ) = lee’o(xa tk+17/'l) + Szlle,l(xa tk+1,/’t) +& Zlf,Z(xa tk+17l’t)

3 .
t+e Z]R’3(x’ tk+1 » &€, /1)5

(X 13 8 1) = 250X, Tiers 1) + €25 (6, Tars 1) + €225 5 (X, B3 1) 04
+ & 25 3(X, fra13 £, ),
where the functions z{', and 25 are the solutions of
L3y 1) = 0, x€[0,1), 2fo(1,fra1) = ko, (5.40)
and
L8 (i) =0, x€[1,2), 252.01) = UQR, tie) = X(2, 111), (5.47)
25 0%, i) = 25 o (X, fri1), x €0, 1),
the functions zf’l and Z§,1 are the solutions of
L3zl (i) = =200 (G tren)s X €[0,1), 2 (1, 1y) = 0, (5.48)
and
L4285 t01) = =255 (6 tret), X € [1,2), 28,2, 141) = 0, (5.49)
2 (% 1) = 25, (% i), x €0, 1),
the functions z’f’z and z§’2 are the solutions of
L3z i) = =27 P tren)s x €101, 2f5(1 1) = 0, (5.50)
and
Lo, (% ti1) = =25 0% tin), X €11,2), 25,2, 1001) = 0, 551)

Z§,2(x’ tk+l) = Zlf,z(-x’ tk+l)a X € [05 1)7
and lastly, the functions z’fﬁ and z§’3 are the solutions of
= R(2
Lz 1) = —Zlé (X, tr41), x € (0,1), 250, 101) = 0, Z§5(1,541) = 0,

e R,(2
Lo28 (0 1) = =255 (6 te1), x € (1,2), 285(1 1) = 0, 28,2, 11) = 0,

Z12?’3(-xa tk+l) = Z11?’3(-xa tk+l)? X € [07 1)

Define y*(x,t;41) = C £ z’f’o(x, tir1), X € [0,1] and apply Lemma [5.3.6| to the function
U= (x, ty1) to obtain ||zlf’0(x, ter1)llg, < C. Now we use to find

c
125 N, < i 0<kss. (5.52)
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Similarly, it is easy to follow that

(&) c

155 e, < e 0<k<5. (5.53)

Now, define y*(x, 1) = Cllz{”llo, + 2§, (6. fi1), x € [0, 1] and apply Lemma 5.3.6|to
C
the function y* we find |1z}, llo, < — . From (5.48), we have
’ L

c
[l = e 0sk<d4, (5.54)

Similarly, we can obtain the following bounds for zf,, z§, and z%,

C
125 Mg, < pet 0<k<3, (5.55)
C
1P, < ==, 0<k<4, [IEP)q, < e 0<k<3 (5.56)
Now, we apply Lemma 1 from [101] to the function ¥*(x, t;41) = C ||z1 (2)||Ql + zfj(x, terl),

C
x € [0, 1], we get [|zf5]lo, < —. Using Lemma|5.3.4 to write
’ H

C U g
R, (k)
Z 6, < I+|—] |, k=12, 5.57
7137l wakuﬁ( (w)) =7
C u\) C
R.3)
z < I+|—] |+ —. 5.58
215 Moy < (\/5)3;1"’( (\/5)) e’ :38)
Similarly, we can estimate the following bounds for z’;ﬁ
C u g
R, (k)
< I+|—] |, £=0,1,2, 5.59
o5l < wz)km( (w)) =2
C v\ C
R,(3)
< I+|—=] |+ —, k=1,2. 5.60
7257w = (\/5)3u6( (\/E)) epl’ (60

Since pou® > ye and using (5.52)-(5.60) in (5.43), we get

c C
I1F®lg, < = and 15 ®llg, < —,0 <k < 3.
K u
a

Lemma 5.3.9. Let Z;(x, tyy1) and Zg(x, ty1) be the solutions of (5.41)-(5.44). Then for
pop® <yeandk =0,1,2,3

12O, )l < Ce® 5 1250 (x, s, < Ce?,

IO, teanlla, < Ce™, 115 ta)lla, < Ce? .
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Proof. Using Lemma we note that z= and 25 satisfy
L,(k % L,k =k
Il 0 tie)lla, < Ce?, 1 ta)lla, < Ce?, 0 <k <3,

For the bounds of zf and z5, choose j; (¢, 1) and j» (g, 1) to be zero and using Lemma

we get

—k —k
125®lg, < Ce™ and ||IFP|lg, < Cs™, 0<k<3.

O

The following Lemma establishes sharper estimates for the bounds of the singular

components.

Lemma 5.3.10. Let the layer components z%, 25, z§X and z§ be the solutions of (5.41)-
(5.44). Then

2 (x, 1)l < Ce™, x € 0,11, |25(x, tren)| < Ce™™ D) x e [1,2],

|Z[1e(-x’ tk+1)| < Ce_HZ(]_X)’ X € [0’ 1]’ |Z§(-x7 tk+1)| < Ce—HZ(z_X)’ X € [1’ 2],

where
\YPo i< 2% \VYPo £ <2,
0, = \/5 Po and 6, = 2 \/;; Po
Pkt i 2 5 Y2 Yo 2
Po 2u Po
Proof. For proof, see [135]. O

5.4 Spatial Discretization

The solution of the problem exhibits boundary layers at x = 0, x = 2 and an interior layer
at x = 1 [218]]. To resolve the layers, we design the mesh to condense in the inner layer
regions and to remain coarse in the outer regions, away from the layers. Consequently, to
generate a piecewise-uniform meh DY, we partition the interval [0, 2] into six subintervals

as

[0,2] = [0,81] U [B1, 1 =Bo] U1 =B, LHHU[1, 1 + B1]U[1 +B1,2 = 5] U [2 = 5, 2],

where 3, and 3, are the mesh transition parameters defined as

min{l, 2—\'/ElnN} if,u2 < E, min{l, 2—\/ElnN} if/12 < E,
B = 4 \rpo PO and B, = 4 \rpo Po
. [1 2e e o2 YE 2 [ 1 2u e 2 YE
min{ —, — In N ifu > —, ming —, — InN ifu” > —.

4" pou Po 4 ¢ Po
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We place N/8 mesh points each in intervals [0, 5], [1 — B, 11, [1, 1 + B1], [2 — 52, 2] and
N/4 mesh points in intervals [B;, 1 —5,] and [1 + 1,2 — ,]. Consequently, we obtain

ih for i=0,...,N/8,
Br+(i-%)h for i=N/8+1,...,3N/8,

BY = ) = (1=B)+(i-)hy for i=3N/8+1,....N/2,
L+ (i= %) for i=N/2+1,...,5N/8,
(L+B)+(i=¥)hy for i=5N/8+1,....7N/8,
2-B)+(i— %)k for i=7TN/8+1,...,N,

where
=P for i=1,...,N/8N/2+1,...,5N/8,
hi=qhy=<(U=Bi=Fo) for i=N/8+1,....3N/8.5N/8+1.....N/8,
hgz% for i =3N/8+1,...,N/2,7TN/8 + 1,...,N.

The fully discrete problem on DY x T, thus reads

L,0(x;, tie1) = Gulxis i), n=1,2, (5.61)
where
L1Uip1 = 8630141 + ppisest DY Usgeer = lign Ui fori = 1, N/2 - 1,
LoUiss1 = €820 441 + pupiss1 DI Uit = Lijin Uigsr + Tiges1 Uioyjoper fori=NJ2,... N -1

and

G (xi, ter) = —£62Uix — upiaDt Usg + mig Ui — righn (6 = 1, 1) = Figeanth (x; = 1, i)
+ giks1 +gixfori=1,...,N/2 -1,

Go(xiy tier) = —€82Uix — upiaDt Usg + mip Ui — 1ix Ui = 1,8) + Gt + Gi
fori=N/2,...,N—1

with
Uxi, tie1) = 1 (x; — 1, 1) fori=0,1,...N/2, k=0,...,M—1,

U(xi, 1) = ¢a(x;,0)

U(xy, tisr) = Y3y, tier)

fori=0,1,...,N,
fork=0,...,M—1.

The operator £, satisfies the following discrete minimum principle.
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Lemma 5.4.1. Let Z; ;.. be a mesh function such that Z; ., > 0 fori = {0, N}, f:lZ,;kH <0

fori=1,...,N/2=1and £,Z;;.; < 0 fori = N/2,...,N — 1. Then Zx,; > 0 for

i=0,1,...,N.

Proof. Choose g* € {0, 1, ..., N} such that Z, ;. = _{VninM Z;k+1. Suppose Zy 1 < 0 and
Dy XT;

it follows that g* & {0, N}, Zys1 j41 — Zgje1 2 0and Zye 1 — Zg—1 g1 < 0.

Casel: Forg* €{1,2,...,N/2 -1}

r 2 +
LiZpj1 = 8624 kit + 1Pg st D3 Zy kst — Ly g1 Zg 1
3 2¢e {Zq*+1,k+1 —Zypg1 Lggsr — Zq*—l,k+1}
hq* + hq*+1 hq*+1 l’lq*
Z * —_ Z *
q*+1,k+1 q* k+1
+,UPq*,k+1 { - lq*,k+qu*,k+l
hq*+1
> 0.
Case Il: Forg* € {N/2,...,N -1}
r 2 +
LoZpjr = 6Ly pit + Py k1 DiZg kit — g ki1 g peit + Tg pei1 Zg N2kt 1
2 (rq*,k+l - lq*,k+l)Zq*,k+l
> 0.
The required result follows from a contradiction. m|

Consequently, we can prove the following stability estimate for discrete operator Z,

Lemma 5.4.2. Let Z; ;. be the solution of (5.61)). Then
1Zigr| < max {|Zo gt | 12y | 1 L1 Zigor I 1 L2 Ziger 1}

Proof. For proof, see [260]. O

5.5 Error Estimates

Let us decompose U ik+1 1Into smooth and singular components to obtain parameter uni-

form error estimates. We write U, 41 := Xjx+1 + Zix+1, Where

3 Xi(xistipr) for0 <i < N/2 -1,
X(Xis tes) =4
Xo(x;, tis1) for N/2 <i <N,
and
3 Z\(xi, trsy) for 0 < i < NJ2 -1,
Z(Xistesr) = §
Zo(Xi, trs1) for N/2 <i <N.
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The smooth component X satisfies

L% (i, i) = G1 (s 1) for i € (1,2, N2 = 1,
X1 (x0, tr1) = b0, 1), X1 (w2, tiet) = b(1, 1),

LyXo(xi, tr41) = Go(Xis ty) fori € (N/2+1,...,N = 1}, (5.62)
Xo(xng2 tiat) = (1, tiar), Koo, tiat) = (2, i),

XZ(xi - 17tk+1) = Xl(xi—N/Z, tk+])’ for i€ {N/z,' .. ,N_ 1}7

and the singular component Z satisfies

L7, (xi,ty41) =0 fori € {1,2,...,N/2 - 1},
Z1(x0, tis1) = 210, trs1)s Z4 (xn/25 tie) = Zi(1, ts1),

. (5.63)
LoZr(xi k) =0fori e {N/2+1,...,N -1},

Zo(xny2s tie1) = 22(1, teet)s Zo(xw, t1) = 202, trs).
Moreover, the error e;;,; is given by
€ikr1 = Uiks1 = Uiks1 = Kiprt = Xigr1) + Eigr1 = Zigs1)-

Lemma 5.5.1. Let X(x;,txy) and Xiz,1 be the solutions of (5.14), (5.16), (5.17) and
(5.62), respectively. Then

(Xige1 — X(xi i)l SCN7Y, 0 <i < N.

Proof. Consider

(X1 + X)X ti1) — (D + (i, B
(X1 = b)(xis trs1) + (Ko = (i, ts1)|
(X1 = b)(xi, tie )] + 1K = O (xi, trs1)- (5.64)

IX (x5, tes1) — X (i, tis1)|

IA

Fori=1,...,N/2-1

1£1(Xy = b)(xi, i) |21 X, (i, tr1) — L1b(xi, 1)

d2 d
< & 5i——2 b(x;, tre1)| + plp(xis s DI | Dy = == | (i tre1)
dx dx
< ClmE}VX 1 hi(elDll3 + ullDl]2).
Slﬁj—

Case I: For pou’ < ye. Lemma leads to

12X, = b)(x;, tr01)| < CN7L.
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Case II: For pou® > ye. Lemma leads to

|-Z:1(Xl - b)(xi,lk+1)| < CN_I.

Define y*(x;, tre1) = CN7! X1 — b)(xj,t41), 0 < i < N/2 — 1 for sufficiently large C.
Then ¥ (xo, ti+1) = 0, Y™ (xn/2, ti+1) = 0 and ﬁll//i(xi, tr+1) < 0. Now, using Lemma ,

we obtain
(X, = b)(xi, ) S CN7', 0 < i <NJj2.

A similar argument for (f(z — ¢) leads us to the following estimates
|(X2 — &) (xi i) SCN', N/2<i<N.

Therefore, from (5.64)), it follows that [X(x;, t441) — X(xi, trs)| S CN7L, 0 <i < N. O

Let us decompose Z; (x, fx+1) and Zy(x, ty.41) further as Z; (x;, ty41) := (ZE+ZR)(xi, tr41)

and Zo(x;, ty1) := (ZE + ZB)(x;, ty41), where ZE and ZL satisfy
.lelL(xi, i) =0, 0<i<N/2,

ZE(x0, tra1) = 240, tra1), ZE(xnpp, tr) = 0,

£222L(xiatk+l) :O’ N/2<Z<Na (565)
Z(xenpps tien) = 25 i), Zh(xy, tiar) = 0,

ZE (v = Litin) = ZE(Xionjos i), NJ2 <0< N,

and ZR and Z¥ satisfy

L ZR(xi,141) =0, 0<i<N/2,

ZR(x0, tra1) = 2K O, 1), ZR(xwpa, tier) = 2R 1),
L7R(xi,t41) =0, N/2<i<N, (5.66)
Z§(xN/z, fke1) = ZI;(L fk+1)s Z§(xN, fke1) = Z§(2’ fke1)s

ZR(x; = 1, tya1) = ZR(xionjos tisr)s 0 < i< NJ2.

Define the mesh functions

i N2
H(1+91hj)_1, 1 <i<N/2, I (1+92hj)_1, 0<i<N/2,
I; = 77! and I; = {Jj=i+1

1, i=0, 1, i=NJ2,
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where 0 and 6, are defined in Lemma[5.3.10, Fori = N/S8,...,N/2

IA

I I nyss

N/8

= | [a+6iwe
j=1

= (1+ 91}11\7/8)_1\’/8
-N/8
= (1 + 91%)
N
(1+8N 'InN)™8 <CN', (5.67)

IA

and fori=0,...,3N/8

L, < Dbjiys

-N/8
(1 + 02—8‘ 2)
N

(1+8N'InN)™8
< CN7. (5.68)

IA

Lemma 5.5.2. Let ZF, ZL, ZF and ZX be the solutions of (5.63)) and (5.66). Then

|Z1L(Xi, o)l < Clyy, |Zf(xi, te)l < Ch;, 0<i<N/2 and

125 Cxis tie)| < Iy, |Z8 (i i) < Clyyy, N/2 i< N,

2
Proof. For i = 0,...N/2, define Q*(x;,ts1) = 1ZE(xo, tis)1; £ ZH(xi, t5s1).  Then,
Qi(X(), tee1) = |Z]L(X0, 1) = ZIL()C(),lk_'.l) > 0 and Qi(XN/z,lkH) > 0. Also, note that
L1, = (82 + upD* — DI, ; < 0 which implies £;Q*(x;, #41) < 0. Using Lemma [5.4.1|
we have

1Z{ (i, i)l < CLy, 0 <i < NJ2.

A similar argument for ZF, ZL and Z& leads to the following estimates

1Z8(xi, tis)l < Chyy, 0<i<NJ2,
| Z2(xis i)l < Clinjp, NJ2 <P <N,
|Z5(xis i)l < Clyi_njps NJ2 <0< N.

O

To estimate the error bound for (Z — Z) = (Z; — Z;) + (Zg — Zg), wWe compute the
error bound for (Z;, — Z;) and (Zg — Zg), separately. For this, define Z; and Zp as

Zk, 0<i<N/2-1, 5 ZF, 0<i<N/2-1,
and  Zp(x;, fry1) =

ZL, N/2<i<N, Z8, N/2<i<N.

ZL(xi, trs1) =
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Therefore

(Z — Z)(Xi, tir1) (ZIL Z%)(xi,lkn), 0<i<N/2-1,
L LI\ Xis Liv1) = N
(25 Zé)(xi,tk+1), N/2<i<N,

and

(Zg — Zr)(xi, trs1) (Zf—z’f)(x,.,;kﬁ), 0<i<N/2-1,
R — LR)N X5 k1) =

(Z8 — 2% (xin ti1), N/2<i<N.

Lemma 5.5.3. Let Z;, Zg be the solutions of (5.41)-(5.44) and Z,, Z be the solutions of
(5.63)-(5.66)), respectively. Then

. CN'InN if pou?® < e,
(Z — Z)(xi, s )| <
CN7'(nN)> if pou® > e,

. CN'InN if po?® < ve,
|(Zr — Zp)(xi, tr1)| <

CN'InN if pou® > ve.

Proof. Using (5.67), (5.68) and Lemma|5.5.2] we have

\Z{(x:, tre)l < CN7', for N/8 < i < NJ2, (5.69)
1Z8(xi, tie1)l < CN7Y, for 0 < i < 3N/8, (5.70)
|Z5(x;, i) < CN7', for 5N/8 <i < N, (5.71)
|ZX(xi, 1)l < CN7!, for N/2 < i <TN/8. (5.72)

Case I: For pou?> <yeand1<i<N/8-1

A SL AL
|LiZ7 (X, terr) — L2y (i, b))
= |LiZ{ (i ten) — L1253, tn)|

|L1(ZF - 29 (i, tr0)

d’ d
< 8((5}2( - ﬁ) |25 (i )| + 1 (D; - a) |2} (i, ts1)|
< Chy(slzfls + plzilo)
1 H
< Chi|—+ —
[
Ch;
< —.
&
1 1 2 1
In case 8 = —, we have — < Ve In N, which implies — < CIn N. Thus
4 4 YPo Ve

1L1(ZE = 2 (xi, tie)l < CN”' In N,
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2
In case g, = ve In N, we compute
YPo
P Ch; C 8,81 _
|L1(Z] = 20)(6s )| < 7 VN <CN'InN.

Let us next consider ¢*(x;, fx+1) = CN"' InN = (ZF — z25)(x;, tg41) for 0 < i < N/8
Then ¢*(x;, frs1) > O for i = {0, N/8} and £1¢*(x;, frs1) < 0. Using Lemma [5.4.1
we get

(ZF - 25, ) S CNT'InN, 0<i<N/S. (5.73)

For N/8 <i < N/2 — 1, using (5.69) and Lemma5.3.10] we calculate that
(Z} = 2D frat) < 1ZE (X tra)] + L2y (Xis )l < CN7Y (5.74)

Thus from (5.73)) and (5.74)), we get

I(ZE - 25(xi, 1) <CN'InN, 0 <i < N/2 - 1.
Similarly, we can compute that

(ZE — 29 (xi tee) < CN7'InN, N/2 <i < N.

Case II: For pou® > yeand 1 <i < N/8 -1

\L1(ZF - Yt = L1 ZE (s 1) — LizE (e, tra)|
< Chi(slzfls + plzflo)
3 3
< Ch (“— + “—2)
£
2
£

1 1 2
In case 81 = —, we have — < il In N, which implies # < CInN. Thus
4 4 pou £

|£1(21L - Z%)(X,‘, lk+1)| < CN_I(III IV)2

2
Ifp = 2 In N, then we compute
Do

~ - l'l 2 Iu2
121(ZE — 29 )| < Chipe (—) <N,
E E
Consider,

6*(Xisfi01) = CN™' + CN" InN@By - x)E £ (ZF = )i ean), 0 < i < NJS.
&
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Then, .lA:qui(x,-, trr1) < 0for 1 <i < N/8 -1 and ¢*(x;,t,41) = 0 for i = {0, N/8}.
Using Lemma [5.4.1]to get

A

(Zf — 2D tie)] < CN7'+CN™! lnN,Blg

IA

CN~'(InN)*>, 0<i<N/3. (5.75)

For N/8 <i < N/2 — 1, it follows from (5.69) and Lemma [5.3.10] that

(Z} - zD)(xi, tr1) < CN7' (5.76)
Thus, from (5.75]) and (5.76)
(Zf = 2)(xi, tre)) < CN7'(InNY?, 0<i<N/2-1. (5.77)

Similarly, for N/2 < i < N, we obtain
I(Zy — 25)(xi tr1)] < CN7'(InN).
Thus,
. CN'InN if pou?® < ve,
I(Zy — Zp)(xi, trs)] <
CN~'(InN)*> if pou® > ye.

Following the similar steps and argument for (Zz — Zg), it is straightforward to

establish that for pou® < ye and pou?® > ve,

|(Zg — Zp)(xi, tie )] < CN'InN, 0 <i < N.

O

Theorem 5.5.4. Let U(x;, trr1) and U(x;, tiy1) be the solutions of (5.61) and (5.10), re-
spectively. Then for 0 <i < N

N N 'lnN if pop® < ye
(U - U)xi tran)| < €
N'(UnN)?> if pou® > ve.

Proof. The proof follows from Lemma|[5.5.1Jand Lemma[5.5.3] ]

Finally, we combine (5.13) and Theorem [5.5.4] to obtain the principle convergence

estimate that reads.

Theorem 5.5.5. Let u and U be the solutions of the continuous problem (5.1)) and the
discrete problem (5.61)), respectively. Then

N (A + N"'InN) if pou® < ye
|0 (xi, 1) = i, tian)| < €
(A + N '(nN)?)  if pou?® > ye

forO<i<Nand(O<k<M.
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5.6 Numerical Illustrations

In this section, we consider two model problems, present numerical results using the

proposed method, and verify the theoretical estimates numerically.

Example 5.6.1. Consider the following two-parameter singularly perturbed problem:

[euy, + (1 + X)u, — (4 + sinx)u — u,J(x, 1) + u(x — 1,1) = —e*, (x,1) € (0,2) x (0,2],
ulx,t)=5+17, (x,0)ely,

u(x,t) =5, (x,t)ely,

u(x,t) =95, (x,1) els.

Example 5.6.2. Consider the following two-parameter singularly perturbed problem:

[Ety + 12 + X + Dty — (2 + xOu — u,](x, 1) + u(x — 1,1) = (¢ — 1)(1 + xt),
(x,1) €(0,2) x(0,2],

u(x,t) =0, (x,0€ly,

u(x,t) =0, (x,1)ely,

u(x,n) =0, (x,1el;s.

The exact solutions of the above examples are not known for comparison. Therefore,
the double mesh principle [[173] is used to estimate the maximum absolute error and rate
of convergence. The maximum absolute error (EY*") and order of convergence (RY*") are
defined as

EN,AZ )

Nt ._ 7 Noar._
EN*" = max |Uya(X, tiet) = Uansep (3, tisr)| and RV 2= log, (W
&

Here, Uy.(Xi, ti11) and Usy a2(xi, ti41) denotes the numerical solutions on DY x T, and
D2V x T, respectively.

The maximum absolute error (EX**") and corresponding order of convergence (R4
for Example and Example[5.6.2] are tabulated for different values of &, u, M, and N
in Tables Moreover, the log-log plot of the maximum absolute error can be had
from Figures [5.51{5.8] It is evident that the errors decrease monotonically as N increases.

The presence of both interior and boundary layers is apparent from the surface plots
of the numerical solution of Examples [5.6.1] and [5.6.2] are displayed in Figures

for different values of € and p.
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Numerical Solution

Figure 5.1: Numerical solution of Example |5.6.1) with M = N = 128, u = 27% and

=271,

Numerical Solution

o1
Bl e
m ‘l““l 1

Figure 5.2: Numerical solution of Example with M = N = 128, u = 27 and

e=2"1
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0.5

0.4

Numerical Solution

Figure 5.3: Numerical solution of Example with M = N = 128, u = 27'8 and

=22,

0.5
0.4

0.3

Numerical Solution

Figure 5.4: Numerical solution of Example with M = N = 128, u = 27% and

e=2718,
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Maximum Absolute Error

Maximum Absolute Error

102
— M=2—11
+M=2—17 :
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10’ 102 108 10*
N
Figure 5.5: Error plot for Example |5.6.1|for Case 1 when & = 2717
10727
+6=2-14
+6=2-20
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10°F 1
10-4 1 | .
10" 102 10° 10*
N
Figure 5.6: Error plot for Example |5.6.1|for Case 2 when u = 275.
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Figure 5.7: Error plot for Example [5.6.2|for Case 1 when & = 27%.
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Figure 5.8: Error plot for Example |5.6.2| for Case 2 when u = 275,
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Table 5.1: Maximum absolute error and order of convergence for Example [5.6.1| for dif-

ferent values of u, M and N when & = 2717,

u M=N=32 64 128 256 512 1024

2711 2.8356e-03  1.3289e-03 5.8495e-04 2.2566e-04 7.5573e-05  2.4680e-05
1.0934 1.1838 1.3742 1.5782 1.6145 1.6390

2713 2.8186e-03  1.3309e-03 5.8587e-04 2.2603e-04 7.5589e-05 2.4635e-05
1.0826 1.1837 1.3741 1.5803 1.6175 1.6422

2715 2.8143e-03  1.3314e-03 5.8611e-04 2.2612e-04 7.5593e-05 2.4624e-05
1.0798 1.1837 1.3741 1.5808 1.6182 1.6487

2717 2.8133e-03  1.3315e-03 5.8617e-04 2.2615e-04 7.5594e-05 2.4621e-05
1.0792 1.1837 1.3740 1.5809 1.6184 1.6525

2719 2.8130e-03  1.3315e-03 5.8618e-04 2.2615e-04 7.5595e-05 2.4620e-05
1.0791 1.1836 1.3741 1.5809 1.6185 1.6588

2721 2.8129e-03  1.3315e-03 5.8618e-04 2.2616e-04 7.5595e-05 2.4620e-05
1.0789 1.1836 1.3740 1.5810 1.6185 1.6588

272 2.8129e-03  1.3315e-03 5.8619e-04 2.2616e-04 7.5595¢-05 2.4620e-05
1.0789 1.1836 1.3740 1.5810 1.6185 1.6588

272 2.8129e-03  1.3315e-03 5.8619e-04 2.2616e-04 7.5595e-05 2.4620e-05
1.0789 1.1836 1.3740 1.5810 1.6185 1.6588
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Table 5.2: Maximum absolute error and order of convergence for Example |5.6.1| for dif-

ferent values of &, M and N when u = 26,

g M=N=32 64 128 256 512 1024
2714 58061e-03  4.6143e-03 3.2823e-03 2.0873e-03  1.2587e-03  7.3043e-04
0.3315 0.4914 0.6530 0.7297 0.7851 0.8412
2716 6.9481e-03  5.2511e-03 3.5537e-03 2.3566e-03 1.4543e-03  8.5388e-04
0.4040 0.5632 0.5926 0.6963 0.7682 0.8403
2718 7.1592e-03  5.7505e-03  4.0863e-03 2.6675e-03 1.6513e-03  9.5415¢-04
0.3161 0.4928 0.6153 0.7094 0.7913 0.8577
2720 7.4927e-03  5.9608e-03 4.2997e-03  2.7905e-03  1.7028e-03  9.0641e-04
0.3299 0.4712 0.6236 0.7126 0.7730 0.8524
2722 7.5787e-03  6.0219e-03 4.3625e-03 2.8267e-03  1.7237e-03  1.0087¢-03
0.3317 0.4650 0.6260 0.7136 0.7730 0.8571
2724 7.5956e-03  6.0352e-03 4.3788e-03  2.8362e-03  1.7291e-03  1.0120e-03
0.3317 0.4628 0.6265 0.7139 0.7728 0.8592
2726 7.6080e-03  6.0390e-03 4.3822e-03  2.8385e-03  1.7305e-03  1.0129¢-03
0.3332 0.4626 0.6265 0.7139 0.7726 0.8611

2728 7.6156e-03  6.0421e-03  4.3830e-03  2.8389e-03  1.7308e-03  1.0131e-03
0.3339 0.4631 0.6266 0.7138 0.7726 0.8583
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Table 5.3: Maximum absolute error and order of convergence for Example for dif-

ferent values of u, M and N when & = 2720,

u M=N=32 64 128 256 512 1024
2718 1.024e-02  5.3320e-03 1.9856e-03  6.7329e-04  2.1566e-04 6.4616e-05
1.0478 1.4250 1.5602 1.6424 1.7388 1.8226
2720 1.0914e-02  5.2812e-03 1.9729e-03  6.6492e-04 2.1370e-04  6.4556¢-05
1.0471 1.4205 1.5690 1.6375 1.7270 1.8192
2722 1.0887e-02  5.2688¢-03 1.9697e-03  6.6289e-04 2.1332e-04  6.4510e-05
1.0470 1.4195 1.5711 1.6357 1.7254 1.8093
2724 1.0880e-02  5.2657e-03 1.9689e-03  6.6238e-04 2.1323e-04  6.4506¢-05
1.0470 1.4192 1.5716 1.6352 1.7249 1.8046
2726 1.0878e-02  5.2649e-03 1.9687e-03  6.6225e-04 2.1320e-04  6.4489¢-05
1.0469 1.4191 1.5717 1.6351 1.7251 1.7963
2728 1.0878e-02  5.2647e-03 1.9686e-03  6.6222e-04 2.1320e-04  6.4489¢-05
1.0469 1.4191 1.5718 1.6351 1.7251 1.7963
2730 1.0878e-02  5.2647e-03  1.9686e-03  6.6221e-04 2.1320e-04  6.4489¢-05
1.0469 1.4191 1.5718 1.6350 1.7251 1.7963

2732 1.0878e-02  5.2646e-03 1.9686e-03 6.6221e-04 2.1320e-04  6.4489¢-05
1.0469 1.4191 1.5718 1.6350 1.7251 1.7963
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Table 5.4: Maximum absolute error and order of convergence for Example for dif-

ferent values of &, M and N when u = 28,

& M=N=32 64 128 256 512 1024
2716 1.2594e-02  7.7325e-03 3.7780e-03  1.5195e-03  6.0382e-04  2.2666e-04
0.7037 1.0333 1.3140 1.3314 1.4135 1.5628
2718 1.3692e-02  8.3363e-03 3.8621e-03 1.5195e-03  6.0025e-04 2.2632e-04
0.7158 1.1096 1.3462 1.3321 1.4072 1.5646
2720 1.4047e-02  8.5373e-03 3.8621e-03 1.5182e-03 5.0182e-04 2.2602e-04
0.7184 1.1444 1.3470 1.3350 1.4129 1.5673
2722 1.4143e-02  8.5913e-03 3.8622e-03 1.5467e-03  6.0154e-04 2.2583e-04
0.7191 1.1535 1.3467 1.3351 1.4134 1.5771
272% 1.4167e-02  8.6051e-03 3.8633e-03 1.5172e-03  6.0131e-04  2.2566e-04
0.7127 1.1554 1.3484 1.3352 1.4140 1.5842
2726 1.4174e-02  8.6086e-03 3.8531e-03 1.5119e-03 5.9672e-04 2.2322¢-04
0.7193 1.1598 1.3497 1.3412 1.4186 1.5886
2728 1.4175e-02  8.6096e-03 3.8526e-03 1.5112e-03  5.9626e-04  2.2209e-04
0.7193 1.1601 1.3501 1.3417 1.4248 1.5904
2730 1.4175e-02  8.6096e-03 3.8526e-03 1.5112e-03 5.9626e-04 2.2209¢-04
0.7193 1.1601 1.3501 1.3417 1.4248 1.5904
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5.7 Concluding Remark

A convergent numerical method is presented for a two-parameter singularly perturbed
parabolic problem with a large spatial delay. In general, the solution of this kind of prob-
lem has both boundary and interior layers, which makes the numerical analysis different.
Here, we provide a convergent solution by discretizing the continuous problem with the
Crank-Nicolson method for the time variable on a uniform mesh and an upwind scheme
on a piecewise uniform mesh for the spatial variable. The theoretical analysis shows that
the numerical method is almost first-order accurate in space and second-order in time,
which is also validated by several numerical experiments. Note that boundary layers ap-
pear because of the presence of perturbation parameters. However, it is observed that the

interior layers can appear because of the presence of a large delay in reaction term.



Chapter 6

Conclusion and Future Work

6.1 Summary and Conclusion

Many problems in applied mathematics lead to questions of the type: Given is a differen-
tial equation with a small parameter £. This parameter occurs so that the corresponding
degenerate differential equation is of lower order than the original one. What happens
then to the solution of a boundary value problem of the original differential equation if
€ tends to zero in that solution? It is by no means obvious as it sounds and not even
always true, as we have seen that the solution of such a boundary value problem tends
to a solution of the limiting problem. But even when this is the case, the question arises
what are the boundary conditions satisfied by the limiting function. As a solution of a
differential equation of lower order than the original one, it cannot, in general, satisfies
all the boundary conditions prescribed. In those cases, the solution of the problem shows
a peculiar behaviour for very small values of €. Some of the solution derivatives assume
very large values in a narrow region near the boundary. In the most important applica-
tions of phenomena of this type the first derivative of the solution and, of course, all the
higher derivatives diverge at parts of the boundary, as € tends to zero. In the physical
interpretations, this means the occurrence of “Boundary layers" in which the quantity to
be investigated increases or decreases very rapidly.

The systems/problems in which the suppression of a small parameter is responsible
for the degeneration (or reduction) of dimension (or order) of the problem are labelled
as singularly perturbed systems/problems, which are a special representation of the gen-
eral class of time scale systems. In many situations, these systems take into account not
just the present state of the physical system but also its past history. These models are
described by a certain class of functional differential equations. In most applications, a

delay is introduced when there are some hidden variables and processes which are not
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well understood but are known to cause a time-lag. Time delays are natural components
of dynamic processes in physics, mechanics, biology, ecology, economics, physiology,
population dynamics, and aeronautics, to name a few. Even if the process does not in-
clude delay phenomena, the actuators or sensors that are involved in its automatic control
usually introduce time-lags. In fact, the majority of the applications lead to complicated
equations for which a complete mathematical treatment has not yet been attempted. How-
ever, a variety of asymptotic and numerical methods have been developed. But, there are
known difficulties linked with these methods. For example, finding the correct asymp-
totic expansion is not a routine exercise. Moreover, a high degree of compatibility and
sufficiently smooth boundary data are required. This is too restraining because engineers
often encounter problems that, in general, do not satisfy these smoothness assumptions.
Also, numerical discretization of such systems for small € is burdened with difficulties;
for example, FDM and FEM necessitate a mesh to sustain approximations, which is not a
routine exercise in higher dimensions or in regions with crooked boundaries. In fact, the
discrete solutions obtained using standard Galerkin or centered finite differences methods
demonstrate oscillatory behaviour for small discretization parameters. Moreover, when
streamline diffusion finite element methods are applied to singular perturbation problems
using nonconforming trial spaces, it is observed that stability and convergence problems
may occur. However, nonconforming finite element approximations are appropriate, for
they have the outstanding practical benefit that each degree of freedom belongs to at most
two elements. This results in reasonable local communication, and the method can be
parallelized in a highly efficient manner on MIMD-machines. But, singular perturbation
problems have local features which make them ripe for adaptive refinement algorithms
based on local error indicators, although there remain some dazzling issues: first, the role
of stabilization, e.g., using streamline upwind discretizations, and second, the fact that
local error estimation may be very inaccurate if critical features like boundary layers are
not adequately resolved by the underlying mesh. The layer adapted meshes seem promis-
ing in the discretization of such systems. But, they do have associated limitations; the
chief among them is the extension of these methods to multi-dimensions or over complex
domains. One way is to use a fairly simple discretization in concurrence with a rightfully
chosen non-uniform grid. It is correct that the appearance and dimensions of boundary
layers are often a-priori unknown. However, in the first step, a mesh can be chosen ac-
cording to experiences with similar problems which should be adjusted in a recursive
manner.

This thesis presents numerical methods for solving singularly perturbed parabolic

partial differential equations with discontinuous coefficients and delays. Chapter 1 recalls
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the definitions of regular and singular perturbation problems and provides a brief literature
survey.

Chapter 2 presents and analyses an adaptive finite difference method to solve a class
of singularly perturbed parabolic delay differential equations with discontinuous convec-
tion coefficient and source. The numerical method involves an upwind finite difference
scheme on a layer-adapted Shishkin mesh in space and a backward Euler method in time
on a uniform mesh. The proposed numerical method is analysed for consistency, stability,
and convergence. Extensive theoretical analysis is performed to obtain consistency and
error estimates. The proposed method is unconditionally stable, and the obtained conver-
gence is parameter-uniform with first-order convergence in space and time. Numerical
results are presented for model problems, demonstrating the effectiveness of the proposed
technique. Chapter 3 extends the idea and presents a higher-order hybrid finite differ-
ence method to solve the model problem. The proposed hybrid difference method is a
composition of a central difference scheme and a midpoint upwind scheme on a specially
generated mesh. Moreover, the time variable is discretised using an implicit finite differ-
ence method. The error estimates of the proposed numerical method satisfy parameter-
uniform second-order convergence in space and first-order convergence in time. The rig-
orous numerical analysis of the proposed method on a Shishkin class mesh establishes the
supremacy of the proposed scheme.

Chapter 4 proposes a robust higher-order accurate numerical method on a specially
designed non-uniform mesh for solving singularly perturbed convection-diffusion prob-
lems with delay and integral boundary conditions. An upwind finite difference scheme
is used on a non-uniform mesh in space, while a Crank-Nicolson scheme is used on a
uniform mesh in the time variable. The proposed method is unconditionally stable and
converges uniformly, independent of the perturbation parameter. The error analysis indi-
cates that the numerical solution is parameter-uniform second-order convergence in time
and first-order convergence in space.

Chapter 5 presents a robust computational technique to solve a class of two-
parameter parabolic convection-diffusion problems with delay. The method involves a
Crank-Nicolson scheme for the time variable on a uniform mesh and an upwind scheme
on a piecewise uniform mesh for the spatial variable. The proposed scheme gives pa-
rameter uniform second-order convergence in time and almost first-order convergence in

space.
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6.2 Future Work

In this section, we outline some of the interesting problems to which the approach/idea
presented in the thesis can be extended. It would be interesting to consider the following

problems for future work.

1. Consider a parabolic partial functional differential equation of type

ou(x, t) B 0%u(x, 1)
ot & 0x?

+ b(x, Hu(x, t) + a(x, Hu(x,t — 1) = f(x,1), (x,t) €D

u(x,s) = ¢(x,s); xeQ=]0,1[, se[-10[,
u(x,0) = p(x,0) = p(x); xeQ=]0,11,
u@,0))=o, u(l,n=%¥; t€]0,T],

where 0 <e <« 1,D=(0,1)%x(0,T], ® = ®(r) and ¥ = ¥(¢) are smooth functions
defined on the left and right side of the domain corresponding to x = 0 and x = 1.
For simplicity one may consider 7 = nt for some integer n > 1. The coefficients

b(x, t) and a(x, t) of reaction terms are sufficiently smooth functions satisfying

b(x,t) > >0 and a(x,t)>a>0.

For sufficiently small &, it is clear that the problem exhibits boundary layers on the
left and right end of the outflow boundary region. Moreover, the characteristics
of the reduced problems being vertical lines x = n and the boundary layers are of
parabolic type. The existence of a unique solution for the said problem is shown
in [161] with the assumption that given data is sufficiently smooth and satisfies
appropriate compatibility conditions at the corners. However, for hybrid weighted

schemes, we may need more regularity.

2. Consider the following class of two parameter singularly perturbed parabolic prob-
lems posed on the domain G = Q x (0,T], Q= (0,1),T = G\G

0u(x, 1) ou(x, 1) ou(x, 1)
€ + ua

PP Frani bu(x,t — 1) + cu(x, 1) — e f(x, 1),

ulx,s)=S(k,s); x€Q=0,1)=1I,, se[-10),
u=q(t)y; on Iy|_JT,,

where I, = (x,0):0<x<1,I;, =0,n:0<t<T,andI; = (1,1): 0<t<T.
Note that 0 < & < 1 and 0 < u < 1 are perturbation parameters. We assume

sufficient regularity and compatibility at the corners so that the solution and its
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regular component are sufficiently smooth for our analysis. Our interest lies in
constructing parameter uniform numerical methods [[144] for this class of singularly
perturbed problems. By this we mean numerical methods whose solutions converge
uniformly with respect to the singular perturbation parameters. When the parameter
u = 1, the problem is the well-studied parabolic convection diffusion problem [147]]
and in this case a boundary layer of width O(g) appears in the neighbourhood of the
edge x = 0. When u = 0 we have a parabolic reaction-diffusion problem [190] and
boundary layers of width O( /) appear in the neighbourhood of both x = 0 and

x=1.
Among others problems of interest is a characteristic example from numerical control
given by the equation

2
(914;);, 1) B 86 ;t;);, 1) = gt - 1) 6u((9))cc, 1)

+c[f(u(x,t — 1)) — u(x,1)]

which models a furnace used to process metal sheets. Here, u(x,?) is the temperature
distribution in a metal sheet, moving at a velocity v and heated by a source specified
by the function f. Here, both v and f are dynamically adapted by a controlling device
monitoring the current temperature distribution. The finite speed of the controller, how-
ever, introduces a fixed delay of length 7. Another problem of particular interest is from
population dynamics, the so-called Britton-model,

i

=eAu+u(l —g=u) with g*u:ffg(x—y,t—s)u(y,s)dyds.
Q

-7

ou(x, 1)
ot

Here, u(x, t) denotes a population density, which evolves through random migration (mod-
elled by the diffusion term) and reproduction (modelled by the nonlinear reaction term).
The latter involves a convolution operator with a kernel g(x, ), which models the dis-
tributed age-structure dependence of the evolution and its dependence on the population

levels in the neighbourhood.
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