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Abstract

Diabetes Mellitus is a chronic disease that affects millions of people worldwide,

with its complications being a leading cause of morbidity and mortality. Despite

decades of research, a cure for diabetes remains elusive, and the management of

the disease relies heavily on controlling blood sugar levels through a combination of

diet, exercise, and medication. Mathematical modelling has proven to be an effective

tool in this regard, but the accuracy of the models depends on the effectiveness of

the controller used. The aim of the present thesis is to discuss the factors controlling

the glucose level through ordinary and delayed mathematical models of glucose in-

sulin system to manage the glucose level. The goal of regulated blood glucose level

has been achieved by application of mathematical models and applying controller on

these models for the management of both the types of diabetes, Type 1 and Type 2.

The thesis consists of seven chapters, in which first chapter is introductory in na-

ture. Second chapter devotes to the effect of physical activity on blood glucose is intro-

duced through a mathematical model that compares normal, non-insulin dependent

and insulin dependent diabetes. The third chapter examines the influence of vitamin

D on glucose-insulin dynamics in healthy and diabetic individuals. It investigates the

role of vitamin D in maintaining glucose concentration, which is critical but challenging

for diabetics. we introduced factors related to the impact of vitamin D into a mathemat-

ical model and used numerical simulations to explore how vitamin D affects glucose-

insulin regulation in diabetics. Fourth chapter aims to evaluate the effectiveness of

diabetes awareness campaigns in prevention. A fuzzy logic controller was designed

to lower the diabetic population, with positive and bounded solutions. Fifth chap-

ter focuses on developing a fuzzy logic closed-loop insulin therapy recommendation

system for people with type 1 diabetes with delays in insulin production, absorption,

and action are addressed with a non-linear delay mechanism in the glucose-insulin

model. The controller has been used to regulate glucose concentration in response to

changes in delay parameters. The model was tested in four different scenarios includ-

xiii



ing skipping a meal, multiple meals, unusual meals, and uncertainty in parameters.

Sixth chapter presents a new automatic insulin delivery system called a proportional

integral derivative-fuzzy logic controller (PID-FLC) for patients with Type 1 diabetes.

Seventh chapter is devoted to describe the conclusion and future work.

Keywords: Diabetes mellitus; Fuzzy logic; Artificial Pancreas; Insulin infusion

technique; Ordinary and delay differential equation models
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Chapter 1

Introduction

The primary objective of this chapter is to offer a comprehensive examination of ex-

isting and current understanding of the physiological aspects of diabetes and its man-

agement through the application of significant mathematical models. The chapter

delves into the various forms of diabetes, their global incidence, diagnosis methods,

risk factors, symptoms, and treatment options. The purpose of this analysis is to bol-

ster the argument that the biological challenge of regulating blood glucose levels has

serious consequences. The ultimate goal of the chapter is to provide an explanation

for the motivation behind the research presented in the thesis.
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1.1 Diabetes Mellitus

Diabetes mellitus, commonly referred to as diabetes, is a metabolic disorder char-

acterized by high blood sugar levels over an extended period. The increasing num-

ber of people with diabetes can be attributed to factors such as population growth,

aging, urbanization, rising obesity rates, and physical inactivity. In 2015, the Interna-

tional Diabetes Federation estimated that 41.5 million adults worldwide had diabetes,

with 153.2 million in the Western Pacific, 59.8 million in Europe, 44.3 million in North

America and the Caribbean, 35.3 million in the Middle East/North Africa, and 14.2

million in Sub-Saharan Africa. The top 10 nations with the most number of people

with diabetes are China (109.6 million), India (99.2 million), the United States (29.3

million), Brazil (14.3 million), Russia (12.1 million), Mexico (11.5 million), Indonesia

(10 million), Egypt (7.8 million), Japan (7.2 million), and Bangladesh (7.1 million).

Despite having the lowest estimation for diabetes prevalence, Sub-Saharan Africa is

projected to have the steepest increase (240%) in diabetes [104]. According to the

2020 National Diabetes Report [52], approximately 34.2 million people in the United

States have been diagnosed with diabetes, and an additional 7.3 million remain un-

diagnosed. Globally, it is estimated that 9.3% of the world’s population, equivalent

to 463 million people, suffered from diabetes in 2019. This number is projected to

increase to 10.2% (578 million) by 2030 and 10.9% (700 million) by 2045. Urban

areas exhibit a higher incidence of diabetes (10.8%) compared to rural areas (7.2%)

[91]. In 2019, impaired glucose tolerance affected an estimated 7.5% (374 million)

of the global population, with projections for this number to rise to 8.0% (454 million)

by 2030 and 8.6% (548 million) by 2045 [151]. The highest increase in diabetes will

occur in persons over 65 years old in both developed and developing nations, with the

most significant increase observed in people aged 45 to 64 years, who are in their

most productive period of life. As a result, diabetes represents a significant financial

burden, with it consuming anywhere between 5% to 25% of the income of the aver-

age impoverished family. The prevalence of diabetes varies based on World Bank
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Income Group, with high-income countries having a higher prevalence (10.4%) than

middle-income countries (9.5%) and low-income countries (4.0%) [128]. By 2045, the

estimated prevalence of diabetes in high, middle, and low-income countries is 11.9%,

11.8%, and 4.7% respectively[108].

The financial impact of diabetes is substantial, consuming anywhere from 5% to

25% of a typical low-income family’s budget [5]. On March 22, 2018, the American Di-

abetes Association (ADA) released updated data revealing a rise in the overall cost of

diagnosed diabetes from $245 billion in 2012 to $327 billion in 2017, a 26% increase

over a five-year span [65]. The largest expenses come from hospital inpatient treat-

ment (30%), followed by prescriptions for diabetes complications (30%), anti-diabetic

drugs and supplies (15%), and doctor visits (20%) [5]. On average, medical expenses

for those with diabetes are $16,752, with $9,601 attributed directly to the disease

[129]. This is typically 2.3 times higher than for those without diabetes. This estimate

shows the considerable cost that diabetes imposes on society. However, it does not

take into account intangible factors such as pain and suffering, the resources provided

by unpaid caregivers, and the burden of undiagnosed diabetes.

Since, Diabetes is a global health issue that affects millions of people worldwide,

research into the causes and management of diabetes is critical in improving the qual-

ity of life for those affected by this disease. By studying the biological, environmental,

and social factors that influence diabetes, researchers can develop better treatments

and preventive strategies for managing this condition. Additionally, research into dia-

betes can help to identify new risk factors and develop novel therapies to reduce its

prevalence in our society. Therefore, research in diabetes is an essential part of our

public health efforts to improve the lives of those affected by this disease [185].

1.1.1 Diabetes is epidemic

Diabetes has become such a widespread issue that the number of people affected

has risen dramatically over the past three decades. Designating it as an epidemic

highlights the urgency for public health strategies to address it. Currently, efforts to
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control the disease include monitoring, assessing risk, implementing risk reduction

treatments, identifying patients, and tracking outcomes. These methods have been

successful in controlling infectious diseases. However, the management of diabetes

differs from traditional communicable diseases, as it also requires the philosophy of

“finding and treating" patients. If preventive and treatment measures are not imple-

mented, the diabetes epidemic is expected to escalate rapidly [192].

1.1.2 History of diabetes

Antiquity saw efforts by Arabs, Chinese, Indians, and Egyptians to understand the

signs and symptoms of diabetes mellitus. However, only a few notable individuals

have made a significant impact on the diagnosis and treatment of the disease, as well

as paved the way for further research and the development of diabetology as a medi-

cal sub-specialty. The Ebers Papyrus from 1500 BC mentions people with excessive

thirst and urination who were treated with plant extracts, but this depiction of diabetes

is considered inadequate and potentially inaccurate according to Egyptian endocri-

nologist and medical historian Paul Ghaliongui [119]. Indian surgeon Sushruta used

the term “Madhumeha”, meaning honey-like urine, to describe diabetes in his work

Samhita, noting not only its sweet taste, but also its sticky texture and ability to at-

tract ants. He demonstrated a remarkable insight by drawing a connection between

diabetes and the opulent dietary habits of the affluent classes, characterized by a

proclivity for rice, cereal, and sugary treats. Meanwhile, the renowned Chinese physi-

cian Chang Chung-Ching, hailed as the "Chinese Hippocrates," astutely identified

the triad of polyuria, polydipsia, and weight loss as hallmarks of a distinct disease.

Notably, Chen Chuan, a 7th-century AD scholar, exhibited an impressive diagnostic

acumen by identifying the presence of saccharine urine in diabetes, which he chris-

tened as Hsiao Kho ping, and accurately delineating its classic symptoms of insatiable

thirst, copious drinking, and the production of voluminous amounts of sweet-tasting

urine. Since the 18th century, doctors have observed that people with diabetes are

more prone to eye problems, skin diseases like furuncles, and rat ulcers [56]. Arab
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physician Avicenna in the 11th century, author of the Canon of Medicine, character-

ized diabetes and its complications such as gangrene and sexual dysfunction. Moises

Maimonides, a medieval scholar, later detailed diabetes in great detail, including its

symptoms of acidosis.

1.1.3 What is diabetes

Diabetes, often known as diabetes mellitus, is defined as having sweet urine. Di-

abetes is a disorder that is developed when our blood sugar levels are continuously

too high. Hyperglycemia in diabetic individuals is brought on by the liver’s lackness

or inadequate synthesis of insulin. Chronic hyperglycemia caused by inadequate in-

sulin production and/or activity is a hallmark of the diabetes syndrome. It may also

be described as a disorder developed depending upon the way our bodies utilize di-

gested food for energy and growth-their metabolism-of carbohydrates, proteins, and

fats [185].

1.2 Glucose-Insulin Endocrine Metabolic Regulatory Sys-

tem

A person is said to have hyperglycemia if their blood glucose level exceeds the nor-

mal physiological range, which is generally believed to be between 70 and 110 mg/dl.

A key factor in controlling the glucose-insulin metabolic pathway is the pancreatic en-

docrine hormones glucagon and insulin [166].

The body’s elevated plasma glucose concentration causes the processes listed below

to happen:

• In response to increased plasma glucose levels, the pancreas releases insulin

from β -cells.

• The insulin receptors on cells are where insulin (both serum and freshly pro-

duced insulin) interacts.
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• Glucose transporters (GLUT4) carry plasma glucose into cells as a result of

insulin receptors retaining the insulin (muscles and adipose cells).

• The cells ingest it and use it to produce energy at appropriate time.

Low levels of plasma glucose will result in the following process:

• The α-cells of the pancreas began to release glucagon in response to low glu-

cose levels.

• The liver receives the secreted glucagon.

• Glucagon is converted to glucose by the liver.

The procedure raises the plasma glucose concentration level. Unused glucose is then

stored in the liver, where it may be converted back to glucose if the plasma glucose

concentration falls. Meal consumption, oral glucose intake, and continuous everlast-

ing nourishment are the produces which raise the levels of glucose. The pancreas and

liver is crucial in keeping blood glucose levels within the normal physiological range.

1.3 Disease Pathophysiology

Diabetes Mellitus is a metabolic disorder where the body struggles to produce or

use insulin effectively, resulting in imbalanced glucose levels (3.9-6.9 mmol/L). In the

process of carbohydrate metabolism, carbohydrates are broken down into soluble

sugars that are absorbed into the bloodstream through the intestinal wall. This leads

to an increase in blood sugar levels, causing the pancreas to release insulin and

glucagon hormones to maintain a balanced level. Insulin, produced by β -cells, helps

lower blood sugar levels by facilitating glucose absorption into cells. When blood

glucose levels remain persistently high, it is known as hyperglycemia (>6.9 mmol/L)

due to irregularities in either insulin secretion or action. Glucagon, a peptide hormone

produced by α-cells, helps raise blood glucose levels by triggering the liver to convert

stored Glycogen into glucose, which is then released into the bloodstream. If blood
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glucose levels remain persistently low, it is known as hypoglycemia (<3.9 mmol/L)

[166].

1.4 Several Fundamental Terminology and Definitions

There are several fundamental terms and definitions related to diabetes, including

• Glucose: In living things, glucose is the most prevalent aldohexose. The body

uses it as its primary source of energy. In both plants and animals, glucose is

stored in a polymer known as starch or glycogen.

• Glycogen: A multi-branched glucose polymer known as glycogen is a source of

energy. The liver and muscles’ cells store glycogen, which is kept hydrated with

three to four parts water. Granules of glycogen are located in the cytoplasm of

cells and are crucial components of the glucose cycle.

• Endocrine system: It is composed of glands that produce and release hormones

into the bloodstream or nearby tissues. It encompasses various organs, such as

the pituitary gland, thyroid, parathyroid, adrenal gland, pancreas, ovaries, and

testes.

• Liver : It is a large, complex organ that plays a vital role in the body, including the

regulation of metabolism, the production of bile, and the detoxification of harmful

substances.

• Pancreas: It is an endocrine gland that creates a variety of vital hormones

that circulate in the blood and serve a variety of purposes, including insulin,

glucagon, somatostatin, and others. Additionally, the pancreas secretes a va-

riety of pancreatic juices that are rich in digestive enzymes that aid in small

intestine nutrition absorption and digestion.

• Peptide hormones: It is composed of shorter chains of amino acids compared

to protein hormones, are substances released into circulation or surrounding

tissues by cells.
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• α - cell: The pancreatic islets’ alpha cells, which are endocrine cells, release the

peptide hormone glucagon.

• Glucagon: A peptide hormone called glucagon is generated by pancreatic α-

cells and increases the level of glucose in the blood. It functions in direct oppo-

sition to the insulin hormone, which reduces blood glucose levels. The pancreas

releases glucagon when the blood’s level of glucose drops.

• β - cell: It make about 65 to 80 percent of the cells of the pancreatic islets, which

are where they may be located. In order to store and release insulin, β -cells are

mostly used.

• Insulin: It is a peptide hormone produced by the pancreatic β -cells. By encour-

aging the absorption of glucose from the blood to skeletal muscles and adipose

tissue, it controls the metabolism of carbohydrates and lipids. Insulin also pre-

vents the liver from producing glucose.

• Insulin sensitivity (SI): It is a measure of how easily and efficiently body cells

respond to insulin’s signal to take up glucose. A body that exhibits high insulin

sensitivity requires a lower amount of insulin to lower blood sugar levels com-

pared to a body with low sensitivity.

• Insulin Resistance: It is a condition where the body’s cells do not respond nor-

mally to insulin, leading to higher insulin levels and increased risk of developing

type 2 diabetes.

• Disposition index (DI): It is a measure of insulin secretion and sensitivity that

predicts the likelihood of developing Type 2 Diabetes and assesses the health

of the beta cells in the pancreas.

• Hyperglycemia: This is a condition where the concentration of glucose in the

body rises due to the pancreas not secreting enough insulin or the insulin pro-

duced not allowing muscle and liver cells to take up glucose.
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• Hypoglycemia: A state in which the pancreas secretes more insulin than is nor-

mally necessary to keep glucose levels within the normal physiological range.

• Glucose transporter type 4 (GLUT4): It is a protein that is responsible for trans-

porting glucose in response to insulin signaling. This protein is encoded by the

GLUT4 gene in humans and is primarily found in adipose tissues and muscles.

• Effectiveness of glucose: The capacity of glucose to accelerate its own disap-

pearance without the assistance of insulin.

• Acute insulin response (AIR) glucose: It is a rapid increase in insulin secretion

in response to rising blood glucose levels, crucial for regulating glucose home-

ostasis.

• Ultradian oscillations: It is a periodic cycle that occurs continuously during a

24-hour day.

• Gluconeogenesis: It is a metabolic process that involves the creation of glucose

from non-carbohydrate sources, such as amino acids and fatty acids. This pro-

cess is the reverse of glycolysis and is used by the body to maintain a constant

supply of glucose in the blood, particularly during periods of low carbohydrate

intake or increased energy demand.

• Lipogenesis: It is process that involves turning acetyl-Coenzyme into a fatty

acids.

• Continuous glucose monitoring (CGM): Continuous glucose monitoring auto-

matically tracks blood sugar levels both day and night, allowing patients to view

the glucose level at a glance and monitor fluctuations over time. Real-time glu-

cose monitoring helps diabetics adjust their diet, exercise, and medication for

better management throughout the day.

• Continuous subcutaneous insulin infusion (CSII): Continuous Subcutaneous In-

sulin Infusion (CSII), also known as insulin pump therapy, is a method of de-

livering insulin to people with diabetes. In CSII, a small device, known as an
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insulin pump, is worn outside the body and is connected to a catheter that is

inserted under the skin. The insulin pump continuously delivers small amounts

of insulin into the body, mimicking the body’s natural secretion of insulin. This

method provides more flexibility and better glucose control compared to multiple

daily injections, as it allows for adjustments in insulin delivery to accommodate

for changing insulin needs, physical activity, and meals. The infusion set can be

placed in various positions on the body, depending on how it’s being used and

what kind of clothing is being worn.

• Insulin Pump: It is a compact, portable electronic device that continuously in-

fuses subcutaneous insulin at according to requirement dosages throughout the

day in order to manage the body’s elevated glucose content (CSII).

• Basal rate: The quantity of insulin constantly supplied to the body to maintain

normal function is known as the basal rate.

• Bolus dose: The extra insulin that can be given to the body to keep the level of

glucose stable.

• Artificial pancreas: By acting as a healthy pancreatic substitute, it helps dia-

betics manage their blood glucose levels. The failure of the pancreatic β -cells

to operate properly is what drives scientists to create insulin alternatives. The

artificial pancreas aims to enhance insulin replacement treatment and simplify

insulin therapy for persons with type 1 diabetes.

• Time delays: There are some documented delays in the whole glucose-insulin

regulation mechanism. These lags include:

i) A lag in the release of insulin, whether it is released from the pancreas or

an insulin pump.

ii) A lag in the suppression of hepatic glucose synthesis.

iii) A delay in the insulin’s ability to reduce blood glucose levels.
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1.5 Type of Diabetes

Diabetes can be broadly divided into two categories: Type 1 diabetes and Type 2

diabetes.

1.5.1 Type 1 diabetes mellitus (T1DM)

Type 1 diabetes, previously known as insulin-dependent diabetes mellitus (IDDM) or

juvenile-onset diabetes, is an autoimmune disorder where the immune system attacks

and destroys the pancreatic β -cells responsible for producing insulin. This leads to a

complete insulin deficiency and the presence of anti-insulin or anti-islet cell antibodies

in the blood. The onset of the illness can be rapid and occur over a matter of days to

weeks, but the destruction of the pancreatic islets and lymphocyte infiltration can take

longer. People with type 1 diabetes typically require insulin therapy and oral insulin-

stimulating medications are usually not effective. It represents 5 to 10 percent of all

diagnosed cases of diabetes.

Symptoms of Diabetes

• Extreme Hunger

• Frequent urination

• Bed-wetting in youngsters

• Weight Loss

• Irritability

• Exhaustion and weakness

• Blurred Vision

• A vaginal yeast infection in females

Risk factors of Type 1 Diabetes
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• History of the Family

• Inadequate Exercise

• Nutritionally Poor

• Overeating

• Pancreatic Illnesses

1.5.2 Type 2 diabetes mellitus (T2DM)

Type 2 diabetes is characterized by the body’s insensitivity to insulin, leading to de-

creased insulin production, resistance to insulin, and eventual decline in the function

of pancreatic β -cells. This results in decreased transport of glucose into the liver,

muscle, and fat cells. The peripheral insulin resistance, which is linked to β -cell de-

pletion, prevents low blood sugar levels even if blood insulin levels are high, due to

modifications to the insulin receptors responsible for insulin activity. Obesity is a major

cause of insulin resistance, while genetics and lifestyle factors, such as lack of physi-

cal activity, smoking, excessive alcohol consumption, and sedentary habits, also play

a role. Approximately 55% of type 2 diabetes cases are attributed to obesity. The

increase in juvenile obesity over the past few decades has contributed to the rise in

type 2 diabetes in children and adolescents. The recent increase in rates of type 2

diabetes may also be due to environmental toxins.

Symptoms of type 2 diabetes mellitus

• Increased urination rate and push

• Increased appetite

• Loss of weight

• Fatigue

• Distorted vision
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• Repeated infections

• Darkened skin spots

Risk factrors of type 2 diabetes mellitus

• Family diabetes history

• Overeating

• Unhealthy diet

• Active inactivity

• Increasing age

• Elevated blood pressure

• Gestational diabetes in the past

• An inadequate diet during pregnancy

• Insulin sensitivity

• Very little of Very Dense HDL cholesterol in the lipoprotein form and high triglyc-

eride levels (TG)

• Sedentary kind of life

• Ovarian poly cystic syndrome

Graphical explanation of both the types of diabetes is shown in Fig 1.1

1.6 Treatments for Diabetes: Diagnosis and Testing

Despite the fact that diabetes affects many people, each person must get individ-

ualized care and treatment. The medical treatments and methods for managing the

condition should be made available to people with diabetes and their families.
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Figure 1.1: The Biological framework of Type 1 and Type 2 diabetes

1.6.1 Diagnosis of illness with glucose tolerance tests

Over the years, several glucose tolerance tests have been developed and used in

clinical studies. A glucose tolerance test can be used to determine whether or not a14



person has diabetes.

HbA1c

It is a blood test that reveals details about a person’s average blood glucose, com-

monly known as blood sugar, levels during the previous three months. The A1C test

is also known as the hemoglobin A1c, HbA1c, or glyco-hemoglobin test.

Fasting Sampled Intravenous Glucose Tolerance Test (FSIGTT)

A test to check blood sugar levels in which nothing is provided for 8 to 12 hours prior

to the test (including food and drink). If the glucose level is more than 126 mg/dl over

a long period of time than diabetes is more likely to develop.

Oral Glucose Tolerance Test (OGTT)

Blood samples are taken over a 2-hour period after the participant is given a glass

of glucose liquid (75 mg). When the blood glucose level is above 200 mg/dl, then it

is considered as hyperglycemia which may cause diabetes if persists for long duration.

Intravenous Glucose Tolerance Test (IVGTT)

It involves injecting glucose intravenously and then taking blood samples. IVGTT

and FSIGTT measure how responsive or sensitive insulin is to elevated plasma glu-

cose levels. In these tests, many samples of plasma glucose and serum insulin are

taken, and the subject must fast for 8 to 10 hours prior to the test. It takes around 2.5

minutes to inject a bolus of 0.33 g/kg body weight into an antecubital vein.

1.6.2 Treatment therapies of diabetes

Diabetes is a chronic condition that can be managed with insulin therapy or by

leading a sedentary lifestyle, or with a combination of both.

Lifestyle

• Eat healthy
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• Exercise

• Get checkups

• Manage stress

• Stop smoking

Oral medication

Oral medication in diabetes management refers to drugs that are taken orally to

help control blood glucose levels in individuals with type 2 diabetes. These medica-

tions work by increasing insulin sensitivity, decreasing glucose production, or stimu-

lating insulin release, among other mechanisms. Examples of oral medications for

diabetes management include alpha-glucosidase inhibitors, biguanides, DPP-4 in-

hibitors, meglitinides, and others. The specific type of medication and dosage pre-

scribed will depend on the individual’s unique medical history and current health sta-

tus.

Insulin therapy

Insulin therapy is a treatment for people with diabetes that involves taking insulin

injections or using an insulin pump. The goal of insulin therapy is to maintain blood

glucose levels within a target range and to prevent the development of long-term com-

plications. Insulin therapy can be tailored to an individual’s needs and can be adjusted

based on various factors, such as food intake, physical activity, and blood glucose lev-

els. There are several different types of insulin, including rapid-acting, short-acting,

intermediate-acting, and long-acting.

• Short-acting : regular (Humulin, Novolin, and other brands)

• Rapid-acting: insulin aspart (NovoLog, FlexPen), insulin glulisine (Apidra), in-

sulin lispro (Humalog)

• Intermediate-acting: insulin isophane (Humulin, Novolin, Iletin)
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• Long-acting: insulin detemir (Levemir), insulin glargine (Lantus).

Each type has a different onset and duration of action and can be used in different

ways to achieve optimal blood glucose control. It is mainly used for people with type 1

diabetes, but some people with type 2 diabetes who require intensive insulin therapy

may also benefit from it.

Delivery of insulin

Traditional treatments for managing blood glucose levels in both Type 1 and Type

2 diabetes typically involve administering multiple daily insulin doses or continuous

subcutaneous insulin infusion, with or without a continuous glucose monitor. Despite

their widespread use, these approaches often fail to maintain glucose homeostasis,

as patients are required to manually calculate their insulin doses throughout the day

based on blood glucose test strip measurements. This manual process can be chal-

lenging. To determine the appropriate insulin levels to maintain glucose homeostasis,

past and current glucose values are taken into account. Insulin delivery methods can

be broadly classified into open-loop and closed-loop strategies, which is discussed

below.

• Open loop strategy: The subcutaneous insulin injection method is a typical ex-

ample of an open-loop control. Patients typically inject insulin before meals to

cover their basal insulin needs. The insulin passes from the subcutaneous layer

into the bloodstream, but some of the infused insulin degrades in the subcuta-

neous tissue and not all of it is utilized by the body. In the 1970s, researchers

began working on an electronic device based on an open-loop control strategy:

the insulin pump. An insulin pump is a small, battery-operated device attached

to a small plastic tube that’s placed under the skin and taped in place. Unlike

the pancreas, insulin pumps don’t automatically deliver the right amount of in-

sulin. Patients, with the help of their healthcare team, program the insulin doses

themselves in the insulin pump, allowing them to closely monitor their glycemia

and calculate the glucose intake to adjust insulin doses delivered. The benefit
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of an insulin pump is that it reduces the burden of self-managing insulin doses,

increases patient convenience, and eliminates the need for multiple injections

or external devices. However, it also has disadvantages such as the risk of

hypoglycemia from over-infusing insulin, a higher risk of developing diabetic ke-

toacidosis, and a higher cost compared to syringes.

• Closed loop strategy: An efficient alternative to traditional insulin delivery

methods for diabetic patients can be achieved through the use of a closed-loop

strategy. This reduces the burden on the patient and determines the insulin

amount in real-time, making it effective in any situation. A well-known exam-

ple of this approach is the artificial pancreas. Since the introduction of capillary

blood glucose meters in the 1950s [117], advancements in diabetes technology

have played a crucial role in improving diabetes management. The use of insulin

pump therapy, which became a widely used treatment modality, particularly in

pediatric populations, in the 1970s [117], paved the way for the development of

the artificial pancreas. The artificial pancreas is designed to maintain the phys-

iological range of blood glucose levels accurately, providing greater flexibility to

patients. The continuous glucose monitor measures the blood glucose levels in

real-time, and the insulin pump delivers insulin as needed. The artificial pan-

creas system automatically adjusts insulin delivery to keep blood glucose levels

within a target range, reducing the risk of high or low blood sugar. This tech-

nology aims to provide better glycemic control and improve the quality of life for

people with diabetes.

The concept of an “artificial pancreas” dates back to the early 20th century when

doctors and scientists first began to experiment with insulin as a treatment for

diabetes. The idea of creating an artificial device to mimic the functions of the

pancreas was first proposed in the 1920s [117], soon after the discovery of in-

sulin. The first artificial pancreas was created by Dr. John Langer at the Univer-

sity of Toronto in 1966 [117]. Over the following decades, advances in medical

technology and understanding of diabetes paved the way for the development
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of various insulin delivery systems, including insulin pumps and continuous glu-

cose monitoring (CGM) devices. In the 1980s and 1990s, research into closed-

loop insulin delivery systems began, with the goal of creating a fully automated

artificial pancreas. The first prototypes of closed-loop insulin delivery systems

were developed in the early 2000s and were tested in clinical trials. The first

commercially available artificial pancreas was approved for use in 2016 [179].

Despite ongoing efforts by researchers and companies to improve artificial pan-

creas systems, there is currently no fully functional artificial pancreas system

available in the market [179].

Working of artificial pancreas

The four components of the artificial pancreas are necessary for its operation.

• It continually monitors blood glucose levels using a glucose sensor and a trans-

mitter that checks the levels every minute..

• The system uses an algorithm to determine the appropriate insulin delivery

based on the blood glucose level and the user’s insulin requirements.

• Insulin is then delivered into the body through an insulin pump, which is worn on

the body.

• The glucose sensor, insulin pump, and algorithm work together to maintain nor-

mal blood glucose levels, reducing the risk of both high and low blood sugar

episodes.

Challenges in designing of artificial pancreas

Developing an artificial pancreas is challenging due to the complexity and dynamic

nature of the human body. Designing a control strategy that can accurately regu-

late blood glucose levels through a closed-loop system requires an adaptable and

responsive algorithm that can adjust to changes in the patient’s physiology. This in-

cludes changes in insulin sensitivity caused by physical activity, stress, or illness, as

well as individual patient characteristics such as age, weight, and medication use.
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Another challenge is accurately predicting glucose levels by accounting for factors

like meal consumption, insulin absorption rates, and glucose clearance rates, while

also considering individual variability. Some of the challenges in designing an artificial

pancreas include:

• Accuracy and reliability: The artificial pancreas system must be able to accu-

rately and reliably monitor blood glucose levels and deliver the correct amount

of insulin to keep blood glucose within a target range. Any errors or malfunctions

in the system can result in dangerous fluctuations in blood glucose levels.

• Response time: The system must respond quickly to changes in blood glucose

levels to prevent hyperglycemia or hypoglycemia. This requires real-time moni-

toring of glucose levels and rapid adjustment of insulin delivery.

• Integration with the human body: The artificial pancreas system must be de-

signed to work in harmony with the human body. This means ensuring that the

system is bio compatible, minimally invasive, and does not cause any adverse

reactions.

• Power source: The system must have a reliable and long-lasting power source.

Battery life is particularly important for wearable artificial pancreas systems that

must be worn continuously.

• Regulatory approval: The artificial pancreas system must meet regulatory stan-

dards for safety and effectiveness before it can be approved for clinical use.

1.7 Mathematical model for Glucose-Insulin Dynamics

Mathematical modeling of Glucose insulin system is an important tool in the man-

agement of diabetes. It helps to understand the dynamics of glucose metabolism

and insulin action, and to predict the response to changes in diet, lifestyle or activity.

The model can be used to design better treatments for diabetes, and to individualize

therapy for each patient. Blood glucose level and blood insulin level, denoted by G(t)
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and I(t) respectively at t ≥ 0, are the two primary variables that make up the human

body’s glucose-insulin regulatory system and that can be measured or manipulated

in a therapeutic procedure. The model comprises of:

dG(t)
dt

= glucose production - glucose utilization and

dI(t)
dt

= insulin production - insulin utilization

Glucose production: When blood glucose levels fall below the baseline level Gb, the

liver releases glucose or it is administered orally. We get glucose from our diet in the

form of starch or sucrose. Additionally, glucose is consumed orally, with meals, and

through glucose infusion. Hence,

dG(t)
dt

∝ (Gb−G(t)) (1.7.1)

Glucose utilization: Insulin promotes the metabolism of sugar, leading to a decrease

in blood sugar levels. A higher level of either insulin or blood sugar results in faster

utilization of glucose, so the product of these two levels serves as a good indicator of

glucose utilization.
dG(t)

dt
∝−G(t)I(t) (1.7.2)

Therefore, the rate of change in glucose concentration can be modeled as:

dG(t)
dt

= a(Gb−G(t))−bG(t)I(t) (1.7.3)

where the glucose gradient’s sensitivity to low blood sugar levels and the presence of

insulin are represented by the letters a and b, respectively.

Insulin production : The pancreas β -cells secrete insulin if the blood sugar level

rises beyond the fasting level, or in the case of diabetics, an external source (an
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insulin pump or artificial pancreas). Hence

dI(t)
dt

=


c(G(t)−Gb), if G(t)≥ Gb

0, otherwise
(1.7.4)

Insulin utilization : Insulin itself degrades by separate biochemical process, which

can be express mathematically as

dI(t)
dt

∝−eI(t), I(t)≥ 0 (1.7.5)

Therefore, the rate of variation in insulin concentration can be expressed as:

dI(t)
dt

= c(G(t)−Gb)
+− eI(t) (1.7.6)

where c and e represent the insulin gradient’s sensitivity to high glucose and insulin

levels, respectively. The basic mathematical model for glucose - insulin dynamics may

be modeled as :
dG(t)

dt
= a(G(t)−Gb)−bG(t)I(t)

dI(t)
dt

= c(G(t)−Gb)
+− eI(t)

 (1.7.7)

The next two subsection will explain the previous research towards the development

of various mathematical models of glucose homeostasis. Important aspects of these

models are to a realistic representation of the long-term physiological behaviour, pre-

diction of diabetes and its prevention, and evaluating disease maintaining therapies

1.7.1 Ordinary differential equation mathematical models

A simple model was developed by Bolie [25] to assess the coefficients of healthy

blood glucose regulation. The two compartmental differential equations for the insulin-
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glucose regulation system are expressed as:

dx(t)
dt

= p−αx+βy

dy(t)
dt

= q− γx−δy

 (1.7.8)

where, p is the rate of insulin injection divided by the extracellular compartment value,

and q is the changing the rate of glucose level divided by the extracellular compart-

ment value. The deviation of insulin concentration from its mean physiological value

is represented by x, and the deviation of glucose concentration from its mean physi-

ological value is represented by y.The combined response of liver glycogen storage

and tissue glucose utilization to an increase in insulin concentration is denoted by the

symbol γ, whereas the symbol δ represents the combined response of liver glycogen

storage and tissue glucose utilization to an increase in glucose concentration. The

sensitivity of insulinase activity to elevated insulin concentration is represented by α,

the sensitivity of pancreatic insulin to elevated glucose concentration is represented

by β .

Ackerman et al. [3] developed a model in 1965 that simulates the behaviour of the

human regulating system in order to forecast the blood glucose level. To control the

blood glucose and blood insulin concentration, they compared the predictions pro-

duced during the OGTT. Segre et al. [153] examined a 2-compartment model in 1973

and used it to analyse the mechanisms of glucose and insulin control in 26 healthy, 16

diabetic, and 8 obese people. By injecting glucose (0.5 gm/min for approximately 300

min), the blood glucose levels for all three groups were measured. In 1978, Ruby et

al. [138] discussed a model to show how both glucagon and insulin function as blood

glucose controllers. The simulation’s findings imply that insulin is the hormone that is

most crucial to controlling hyperglycemia, whereas glucagon serves as a key regula-

tor when blood sugar levels dip below 50 mg/dl. In the early 1980s, Bergman et al.

[21] introduced the minimal model of glucose-insulin dynamics to explain the levels

of glucose and insulin. The mathematical representation of the three-compartment
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minimal model is as follows:

dG(t)
dt

=−[p1 +X(t)]G(t)+ p1Gb

dX(t)
dt

=−p2X(t)+ p3[I(t)− Ib]

dI(t)
dt

= p4[G(t)− p5]
+− p6


(1.7.9)

with initial value G(0) = p0, X(0) = 0, and I(0) = b7 + Ib. The variables in the equa-

tion are defined as follows: G(t) and I(t) represents the concentration of glucose and

insulin at time t in minutes, respectively. X(t) represents an auxiliary variable pro-

portional to insulin concentration in minutes−1. Gb is the baseline value of glycemia

in mg/dl. Ib (µU/ml) is the baseline value of insulinemia. p0 is the initial glycemia

concentration after a glucose bolus intake in mg/dl. p1 is the constant rate of glu-

cose uptake by insulin-independent tissue in minutes−1. p2 represents the decrease

rate of tissue glucose uptake ability in minutes−1. p3 represents the increasing rate of

insulin-dependent tissue glucose uptake ability in min −2(µU/ml)−1. p4 represents the

pancreatic insulin rate after a glucose bolus intake per unit of glucose concentration

above the target glycemia in (µU/ml)(mg/dl)−1(min)−1. p5 is the pancreatic target

glycemia in mg/dl. p6 represents the decay rate of plasma insulin in µU/ml. p7 is the

initial plasma insulin concentration above the basal insulinemia in µU/ml.

In 1980, The simplest model for insulin kinetics was put forth by Toffolo et al. [173].

They considered six mathematical models to study the kinetics of insulin and dis-

covered that the proposed model was more effective at describing insulin dynamics

overall. IVGTT was used to conduct physiological research on the function of the ca-

nine insulin secreter using the proposed minimal model. In 1984, Defronzo et al. [48]

used the insulin clamp technique to assess the tissue sensitivity to insulin in 36 control

patients and 19 individuals with insulin-dependent diabetes. Following hyperinsuline-

mia, hepatic glucose synthesis was suppressed by approx 95% in both diabetics and

controls, indicating that peripheral tissues are mostly to blame for the observed de-

crease in insulin-mediated glucose uptake. In 1985, Bergman et al. [19] proposed

the methods of determination of insulin sensitivity. To determine the impact of closed
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loop feedback relation between insulin action and insulin secretion, they examined

pancreatic suppression test [20, 143, 155], glucose clamp [22, DeFronzo et al.], and

minimum model approach [22, 61]. Two key elements: insulin sensitivity and pancre-

atic responsiveness to control glucose tolerance were proposed as a mathematical

model by Pacini and Bergman [130] in 1986. Bergman presented a computer software

based MINMOD (Minimal Modelling Approach) for finding the model parameters SG,

and SI. Welch et al. [187] established the exogenous insulin infusion in the minimum

model to analysis of dynamic of glucose-insulin in 1990. It also included the informa-

tion on insulin sensitivity, insulin secretion, and both insulin-mediated and non-insulin-

mediated glucose absorption. A six-dimensional ODE model was established in 1991

by Sturis et al. [164]. The model was reduced by Tolic et al. [175] later in 2000, and

it has served as the foundation for other DDE models [67, 77, 102, 141, 182]. Fisher

[62] presented a mathematical model for the interplay of glucose and insulin in the

circulatory system in 1991. To develop an insulin infusion schedule, mathematical

optimization techniques are applied to a mathematical model. It is suggested that

diabetic patients receive continuous insulin therapy using a semi-closed algorithm.

The frequently sampled intravenous glucose tolerance test (FSIGT) was studied by

Coates et al. [38] in 1995. This test evaluates insulin response to a glucose load

and is dependent on a sufficient insulin response. Individuals with T2DM were not in-

cluded in MINMOD. As a result, the procedure has been altered to use an intravenous

insulin bolus approach. Additionally, they contrasted estimates of insulin sensitivity

in people with T2DM generated from minimum modeling of a 4-hour insulin modified

FSIVGTT with the glucose clamp. In 1997, Vicini et al. [60] demonstrated that the 2-

compartment minimal model provides indices of insulin sensitivity, plasma clearance

rate, and glucose effectiveness. The reasonable profile of endogenous glucose pro-

duction was also used to circumvent the drawback of the one compartment minimum

model [33]. To address the limitations of the one compartment minimum model, Topp

et al. [176] used a reasonable profile of endogenous glucose production. In 2000,

they developed a mathematical model, called the β -insulin glucose model, which fo-
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cuses on the kinetics of β -cell mass, insulin, and glucose in diabetes. Model was

extended in 2001 by Ryan et al. [78] in which the impacts of insulin receptor dynamics

were incorporated, which played a significant role in the diabetes therapy. They also

demonstrated how exercise can boost insulin sensitivity by 36% and lower the amount

of insulin needed to maintain blood glucose levels. The system makes it possible to

forecast β -cell mass values quantitatively and offers a theoretical explanation for this.

To get over the linked minimum model’s limits and shortcomings, Gaetano and Arino

[46] presented the “dynamical model” in 2000. Their assertion was that the model

does not possess an unstable equilibrium, however, Li et al. [100] found that these

models may have unstable positive equilibria leading to periodic solutions. In order to

come up with a different method of adding time delay, Li and Kuang [100] generalized

the Arino et al. [45] study in 2000. An innovative method to calculate insulin sensitivity

from an OGTT using a “integral equation” was used by Cobelli et al. [43] in 2002 .

The research proposed three distinct models: piecewise linear, spline, and dynamic

to calculate the rate of oral glucose appearance in plasma . The insulin sensitivity was

estimated by each of the three models. Derouich and Boutayeb [50] analyzed the be-

haviour of normal, NIDD, and IDD individuals in 2002 and added the effect of physical

activity and exercise via parameters in a mathematical model provided by Bergman et

al. [21]. The newly included metrics showed how physical activity affected a diabetic

person’s body. In 2002, Mari et al. [113] study used 17 healthy volunteers to examine

the link between insulin sensitivity and β -cell function. Using the euglycemic insulin

clamp technique, a mathematical model was applied to the meal test and oral glucose

tolerance test to quantify insulin secretion and sensitivity. The 2-compartment mini-

mum model (2CMM) [180] underwent some improvements in 2003 thanks to Toffolo

and Cobelli [174]. The updated 2-CMM version turned out to be a more accurate and

dependable measure of glucose metabolism during an IVGTT. In 2004, Della Man et

al. [42] examined the outcomes using a database of 88 people and the reference ap-

proach, the tracer two-step method. To assess the insulin sensitivity during an OGTT,

the author’approach [114] was contrasted with the homeostasis model assessment
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[122, 181], and quantitative insulin sensitivity . Using the Oral Minimal Model, the

outcomes precisely confirmed the amount of emergence of glucose absorption and

insulin sensitivity [20]. Oral Minimal Model (OMM) was described by Dalla Man et al.

[114] in 2005 by including a tracer in the oral dose and labeling insulin sensitivity (SI).

OMM accurately measures the insulin sensitivity (SI) in addition to estimating the rate

of oral glucose appearance in plasma . Bergman [18] showed in 2005 that insulin

sensitivity index can be determined from the minimal model’s parameters by con-

ducting a frequently sampled intravenous glucose tolerance test (IVGTT) to measure

glucose and insulin levels, fitting the data to the minimal model, and calculating insulin

sensitivity. Furthermore, he found that the product of insulin sensitivity and insulin se-

cretion remains relatively constant. This conclusion was made based on the minimal

model. Boutayeb et al. [29] provided a model predicting the prevalence of diabetes

mellitus in 2006. The nonlinear situation was described, and the population’s critical

values were examined for stability. As per Nittala et al.’s [126] analysis of MINMOD

in 2006, the non-dimensionalization process specifies the pathological characteristics

of DI in the model, which represents insulin sensitivity at a unit first-phase pancre-

atic response. They discovered a new technique that provides strongly correlated

parameter estimates to the original dimensional formulation using simulated data and

human FSIVGTT data. In 2006, Wang et al. [18] developed a mathematical model

to address the heterogeneity between type 1 diabetes with young and adult onset.

The study found that while β -cell turnover is rapid in a stable state, it is delayed once

autoimmunity is triggered. In 2007, Silber et al. [83] used IVGTT data from 30 healthy

and 42 diabetic individuals to develop an integrated model for type 2 diabetes patients

to control glucose and insulin levels. The data was analyzed using non-linear mixed

effect modeling (NONEM). By simulating and bootstrapping the model, author [83]

expanded the previously created integrated model to include the oral glucose toler-

ance test (OGTT) in healthy volunteers. This newly created model was based on the

incretin effect, where oral glucose provocations result in a stronger insulin response

compared to intravenous provocations. The minimum model [187] was expanded by
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Roy and Parker [157] in 2007 , who also took into account the significant impacts

of exercise on the body’s levels of insulin and plasma glucose. Gaetano et al. [46]

made an effort in 2008 to use a mathematical model to discuss the course of type

2 diabetes. With the aid of various physiological presumptions, a model of the pan-

creatic islet compensation was created and compared to the model created by Topp

et al. [176] Through evaluation of the pertinent factors, it was discovered that the

model was more reliable and suitable for clinical purposes. Stahl and Johansson

[162] made an attempt in 2009 to demonstrate how system identification and con-

trol may be utilised to estimate predictive quantitative models that can be employed

in the creation of ideal insulin regimens. To assess the combined impact of insulin

on lipolysis and glucose utilization during an insulin-modified frequently sampled in-

travenous glucose tolerance test, Periwal et al. [136] studied several mathematical

models in comparison to the minimal model of glucose disposal. The investigated

models have compartments for insulin, glucose, and plasma free fatty acids (FFA). By

applying the Bayesian model comparison method, which reduced model complexity,

the best matched model out of 23 models was chosen. In 2010, Pacini et al. [131]

examined the glucose effectiveness and the insulin sensitivity index. Regular-FSIGT

and insulin-modified FSIGT are part of the standard protocol, and an additional insulin

injection is given after 20 minutes. The same SI, a very reliable index, is provided by

both FSIGT’s with minimal model work. In 2011, Javier et al. [84] expanded upon

the model developed by Topp et al. [176]. They proposed two additional models to

examine the impact of adipose tissue on insulin sensitivity and the consequences of

fat accumulation on the regulatory system. The relationship between fat accumula-

tion, insulin, and glucose was analyzed based on three different formulations for fat

accumulation, including linear and two nonlinear cases. Kahar et al. [85] in their study

incorporated the glucose infusion rate in the minimal model and calculated an error

of 0.977 in glucose concentration, which indicates a high level of accuracy. Adams et

al. [4] introduced an extended model that considers the target glucose level based on

insulin-dependent and insulin-independent glucose usage rates. The comprehension
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of the complex glucose-insulin dynamics is crucial and mathematical models have a

significant role in this understanding. Different models, ranging from clinical studies

to health service research, concentrate on various aspects of diabetes [84]. Although

there are many mathematical models in the literature aimed at capturing the complex-

ity of the disease, there is still a discrepancy between experimental knowledge and its

mathematical representation.

Diabetes is becoming increasingly prevalent globally and over the past few decades,

more cases have been reported worldwide. In 2002, Boutayeb proposed a population

dynamic model of diabetes to track the number of diabetics and address the transition

from diabetes without complications to diabetes with complications..The mathematical

formulation of model is given as:

dD(t)
dt

= I− (λ +µ)D(t)+ γC(t)

dC(t)
dt

= λD(t)− (γ +ν +δ +µ)C(t)

 (1.7.10)

The total number of diabetics is represented by the D(t) with complications and C(t)

without complications at time t. The incidence rate of diabetes without complications

is represented by the I, the mortality rate from other causes by the µ, the mortality

rate from complications by the ν , the development of complications by the δ , and

the recovery from complications by the γ. By taking into account the nonlinear com-

ponent of the disease transmission, Boutayeb and Abdelaziz[29] suggested another

population model for diabetes mellitus. Later, Boutayeb and Chetouani [28] included

a second state variable to their nonlinear population model of diabetes mellitus, which

is the pre-diabetes stage. Admu et al. [5] proposed a three compartment mathemat-

ical model for the dynamics of diabetes by incorporating a control parameter, so as

to investigate how to control diabetes in a population. Appuhamy et al. [10] have

proposed generic mechanistic mathematical model including birth, death, migration,

aging, and diabetes incidence factors. The model was used to calculate the parame-

ters for death rates as well as the sensitivity of prevalence to each population dynamic.

Mahikul et al. [109] developed a model to estimate and predict diabetes burden and
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deaths due to undiagnosed diabetes in Thailand, accounting for demographic shifts

and the effectiveness and completeness of screening programs.

1.7.2 Delay differential equation mathematical models

The complex characteristics of the dynamical event cannot be captured by the math-

ematical model of the biological system based on ordinary differential equations. One

of the best ways to handle these complications is to incorporate the delay factor into

mathematical models. The physiological glucose-insulin metabolic system frequently

experiences the following time delays: delayed insulin secretion stimulated by ele-

vated glucose concentration by pancreatic β -cells, delayed inhibition of hepatic glu-

cose production, delayed insulin absorption, and delayed insulin action. Sturis et al.

[164] have reported the ultradian oscillations of insulin and glucose in their model

which occures in the model because of delay term and this factor forms an unstable

system. In 1995, Drozdov et al. [54] proposed a model for mechanisms underlying

ultradian oscillations of insulin and glucose. The model showed that at the moment of

change in the rate of glucose delivery, ultradian oscillations of insulin and glucose oc-

curs because of lost stability but if the change rate is very small, the model becomes

stable. An ODE mathematical model with six dimensions was developed in 1991 by

Sturis et al. [164]. According to Sturis, who included a delay term in the model, oscil-

lations rely on whether an increase in insulin concentration has time to affect glucose

synthesis. If the delay term is removed, the model solutions does not oscillate. Oscil-

lations were dampened for delays as little as 25 minutes and as long as 50 minutes,

and persistent oscillations were achieved for delays between 25 and 50 minutes with

periods between 95 and 140 minutes. The glucose-insulin regulatory system can be

mathematically formulated using equations that account for the dynamics of glucose,

insulin, and their interactions, including time delays in the system:

dG(t)
dt

= Gin− f2(G(t))− f3(G(t)) f4(I(t))+ f5(I(t− τ2))

dI(t)
dt

= f1(G(t− τ1))−diI(t)

 (1.7.11)
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with the initial conditions I(0) = I0 > 0, G(0) = G0 > 0 and G(t)≡G0, for t ∈ [−τ1,0] and

I(t) ≡ I0 for t ∈ [−τ2,0]. τ1 and τ2 are positive time lags. di is the insulin degradation

rate. The biological meaning of function fi, i=1,2,3,4,5 and its mathematical formula-

tion are discussed.

Glucose concentration to control pancreatic insulin production can be given by func-

tion f1:

f1(G) =
Rm

1+ exp
(

C1−G
V

a1

) (1.7.12)

therefore τ1 in model (1.7.11) is the time delay in insulin secretion. Utilization of insulin-

independent glucose is given by the function f2:

f2(G) =Ub

(
1− exp

(
−G

C2Vg

))
(1.7.13)

The glucose-dependent term is described glucose utilization in function f3:

f3(G) =
G

C3Vg
(1.7.14)

The insulin-dependent glucose term is given as:

f4(Ii) =U0 +
Um−U0

1+ exp
(
−β ln

(
Ii

C4

(
1
Vi
+ 1

Eti

))) (1.7.15)

The influence of insulin on hepatic glucose production is well described by the func-

tion:

f5(x3) =
Rg

1+ exp(α(x3/VP−C5))
(1.7.16)

therefore τ2 in model (1.7.11) is the time delay in insulin action or absorption. In the

study conducted by Bennet et al. [17], they introduced a time delay in the nega-

tive loop model by dividing explicit insulin into two compartments to simulate delayed

insulin-dependent glucose uptake. This delay, which takes 5-15 minutes to occur due

to the complex biochemical reactions in the pancreatic β -cells, cannot be ignored. To

demonstrate the presence of oscillations in blood glucose concentration, Engleborghs
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et al. [57] developed a new model based on an existing one [164]. This new model

supports the idea that the feedback loop between insulin and glucose is sufficient to

cause ultradian oscillations. Another study by Athena [110] found that the oscillations

were due to the presence of a time delay τ1 in the model and that bifurcation analy-

sis confirms this. In 2006, Li et al. [102] proposed a model to better understand the

glucose-insulin regulation mechanism, which incorporated two explicit time delays.

They compared the results of their model with previous models and found that one

cause of ultradian insulin secretion oscillations could be the temporal delay of insulin

secretion due to high glucose levels. The study also found that a delay of greater

than 400 minutes is required for persistent oscillations, which is outside of the nor-

mal physiological range. In 2007, Panunzi et al. [133] introduced a unique discrete

single delay model for the glucose-insulin regulation system, whereas Wang et al.

[101] employed a delay differential equation model to investigate insulin treatments in

the same year. In 2009, Li and Kuang [183] discussed some computational results

and provided brief summaries of theoretical results for delay mathematical models for

ultradian oscillations of insulin and models for diagnostic test. Huang et al. [77] pro-

posed two mathematical models with impulsive insulin injections or its analogues in

2012. S. Rathee et al. [141] introduced a delay factor for the transformation of hexam-

eric to dimeric form, although the range of the delay term has not been determined.

The Palumbo et al. [132] used a time-delay model to represent the glucose-insulin

regulation system with the goal of describing endogenous pancreatic insulin release,

which is important in the treatment of Type 2 diabetes patients. Finally, Vosoughi et

al. [67] utilized an ordinary differential equation model to include two time delays to

regulate variations in blood glucose levels according to the food intake of an individual

throughout the day.

1.8 Fuzzy Logic Approach for Diabetes Management

Fuzzy logic is a mathematical approach to decision-making and control that allows

for dealing with uncertainty and imprecision in real-world situations. It provides a
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means of modeling complex systems and making decisions based on uncertain and

ambiguous information. Fuzzy logic-based insulin infusion systems have been shown

to provide improved glucose control compared to traditional insulin infusion methods,

while also reducing the risk of hypoglycemia and hyperglycemia. The use of fuzzy

logic in insulin infusion is a promising area of research and has the potential to revo-

lutionize the management of diabetes, particularly for individuals with type 1 diabetes

and those with uncontrolled type 2 diabetes.

1.8.1 Historical overview

Recently, numerous artificial intelligence applications have been employed to trans-

late human experience into a format that computers can comprehend. Intelligent con-

trol refers to sophisticated control methods based on artificial intelligence methods.

Machines can become smarter and more like humans in their fuzzy reasoning by us-

ing fuzzy logic. In 1965, Lotfy Zadeh [105] used fuzzy logic as a solution to situations

involving uncertain, imprecise, or qualitative decision-making. Its application in dia-

betes management was not realized until the late 20th century. The first fuzzy logic-

based controller for diabetes management was introduced in the late 1990s and early

2000s. This system was designed to regulate the insulin delivery for individuals with

Type 1 diabetes and was based on continuous glucose monitoring. Over the years,

there have been numerous advancements and improvements in the development of

fuzzy logic controllers for diabetes management. Some of the latest innovations in-

clude the development of hybrid systems that combine fuzzy logic with other control

strategies, such as model predictive control [12, 24, 86, 150], neural network system

[6, 27, 32, 145], optimal control [15, 30, 97, 112], H∞ control [35, 93, 125, 134] and

other controller [63, 89, 107, 145, 154, 169] to improve the accuracy and effective-

ness of insulin delivery. In addition to insulin delivery control, fuzzy logic has also

been applied to other aspects of diabetes management, such as glucose prediction,

diet planning, and physical activity management. These applications have the poten-

tial to significantly improve the quality of life for individuals with diabetes and to help
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prevent long-term complications associated with the disease.

1.8.2 Fuzzy sets

Fuzzy sets are a mathematical framework for representing and manipulating uncer-

tainty and vagueness in data. They extend the concept of classical (crisp) sets by

allowing an element to belong to a set to a degree between 0 and 1, rather than just

0 or 1. In a fuzzy set, the degree of membership of an object can range between

0 and 1, indicating varying levels of truth. However, in a crisp set, the degree of

membership of an object is either 0 or 1, representing either complete membership or

non-membership.

1.8.3 Membership functions

A membership function, represented by a curve, determines how each point in a

given input space is transformed into a membership value, which ranges from 0 to 1.

The input space is often referred to as the ”universe of discourse”. Fuzzy sets can be

depicted graphically and quantified using linguistic terms with the help of membership

functions. The equation µA : X→ [0,1] represents a membership function for fuzzy set

A in the universe of discourse X. A numerical value can be transformed into a fuzzy

value using various membership functions, including triangular, trapezoidal, R, and L

functions.

1.8.4 Fuzzy logic controller

Fuzzy logic control systems employ mathematical values that range from 0 to 1 to

evaluate analog input values and convert them into logical variables. The approach of

fuzzy logic resembles human reasoning and mirrors the way people make decisions.

Types of fuzzy logic controller

• Mamdani

• Tsukamoto
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Key elements of a fuzzy logic controller

A fuzzy logic controller is a nonlinear transformation that maps a set of input data to

a scalar output data, and it comprises three essential components: fuzzification rules,

an inference engine, and a defuzzification process, within a fuzzy logic system.

• Linguistic variables: the system’s input or output variables, rather than using

numbers, have values that are words or sentences from a natural language. The

usual breakdown of a linguistic variable into a series of linguistic words.

• Fuzzification: Fuzzification is the process of converting a crisp input into a

fuzzy set in a fuzzy system, where the membership value of a given element

in the fuzzy set ranges from 0 to 1, indicating the degree of membership of the

element in the set. It represents the mapping of a crisp value into the fuzzy

domain and is used to represent uncertainty and imprecision in the input data.

• Fuzzy rule: Fuzzy rules are deemed to encapsulate the knowledge and ex-

pertise of a specialist in any relevant connected field. In a closed-loop control

system, these rules are expressed in the form of IF-THEN sequences that define

algorithms prescribing the output or action to be taken based on the current in-

put and feedback information. The development of a set of fuzzy rules is based

on an individual’s knowledge or experience, which varies for each specific appli-

cation. An inference process is then established utilizing the set of rules.

• Defuzzification: Defuzzification is the process of converting a fuzzy output back

into a crisp value in a fuzzy system. It is the reverse process of fuzzification and

is used to obtain a single numerical value from the fuzzy output of a system,

representing a decision or control action. There are several methods of de-

fuzzification, including centroid method, mean of maximum method, and others,

each with its own advantages and disadvantages. The choice of a defuzzifi-

cation method depends on the specific requirements and characteristics of the

fuzzy system being used.
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1.8.5 Why use fuzzy controllers

Fuzzy controllers are often used in black box models because they can effectively

handle complex and uncertain systems. Black box models refer to systems where the

internal workings are unknown, and inputs and outputs are the only observable as-

pects. In such cases, traditional control methods may not be effective, as they require

a good understanding of the internal workings of the system. Fuzzy controllers, on

the other hand, are able to reason with uncertainty and vagueness. They are able to

generate appropriate outputs based on input conditions, without requiring a precise

understanding of the system dynamics. By using fuzzy controllers in black box mod-

els, it is possible to effectively control the system without a complete understanding

of its inner workings. This makes them particularly useful in fields such as process

control, robotics, and other areas where systems are complex and difficult to model

accurately

1.9 Motivation

Diabetes is a complex metabolic disorder that requires precise and continuous man-

agement of blood glucose levels to prevent complications and promote overall well-

being. Traditional approaches for diabetes management often rely on static guidelines

and empirical methods, which may not account for the dynamic nature of glucose reg-

ulation and the individual variability among patients. To address these limitations,

mathematical modeling combined with advanced control techniques can offer a sys-

tematic and personalized approach to diabetes management. The motivation behind

this thesis is to explore more advance techniques like FLC in development of artifi-

cial pancreas for better management of glucose level is diabetes. By integrating fuzzy

logic controllers into mathematical models of diabetes, it becomes possible to develop

intelligent systems that can adapt and respond to the complex and variable glucose

dynamics observed in individuals with diabetes.
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1.10 Thesis Objective

The objective of this thesis is to explore the application of fuzzy logic control (FLC) in

the management of type 1 and type 2 diabetes, and to identify the various factors that

play a role in diabetes management. The research aims to investigate the potential

of FLC as a tool for improved decision-making in the management of diabetes, and

to examine the impact of different factors, such as diet, physical activity, Vitamin D

and medication, on diabetes control. The study will contribute to the development of

more effective strategies for managing diabetes and increase our understanding of

the complex interplay of factors that influence diabetes management.

1.11 Contributions

While addressing the majority of the aforementioned issues, this thesis aims to

provide practical solutions to improve the management of diabetes patients. To this

end, a mathematical model of the complex interplay between blood glucose and in-

sulin dynamics will be used as the foundation for the design and development of an

autonomous insulin administration system. This system will be capable of function-

ing under various scenarios, including the management of hyperglycemia and hypo-

glycemia.

In order to cater specifically the needs of persons with type 2 diabetes, the math-

ematical model will be modified to include those factors that play a critical role in

decreasing insulin resistance and increasing insulin sensitivity. The model will take

into account the impact of physical activity, diet, and other lifestyle factors on blood

glucose levels and insulin sensitivity. By doing so, the proposed insulin administration

system will be better equipped to manage the unique needs of individuals with type 2

diabetes.

Moreover, the system will be designed to be user-friendly and intuitive, allowing

patients to easily monitor their blood glucose levels and insulin doses. The system
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will also be able to interact with other devices and healthcare providers, ensuring that

the patient’s progress is tracked and their treatment is adjusted as necessary. The

goal of this thesis is to improve the lives of diabetes patients by providing them with a

more effective and efficient way of managing their condition.

1.12 The Organization of Thesis

The thesis consists of seven chapters, and a brief explanation of each is provided

below:

Chapter 1: The chapter provides a brief review of previous and current knowledge

about the physiology of diabetes using significant models. The forms of diabetes,

their diagnoses, risk factors, symptoms, and treatments, all have been covered in this

chapter’s review of the literature. The chapter discusses the fundamental mathemat-

ical model that precisely and concisely explains the dynamics of glucose and insulin.

To develop a closed loop insulin delivery command, a brief introduction of fuzzy logic

controllers has alsobeen discussed. The objective of this chapter is to present the

rationale for the research conducted in the thesis.

The work reported in the chapter has been published in the paper entitled, “A

methodical survey of mathematical model-based control techniques based on

open and closed loop control approach for diabetes management” in Interna-

tional Journal of Biomathematics (SCI index), Impact Factor - 2.129, Worldscientific

(2022).

Chapter 2: Exercise is a common initial treatment option for those recently diag-

nosed with type 2 diabetes and is a crucial part of diabetes management, along

with nutrition and behavior changes. In this chapter, the effect of physical activity

on blood glucose is introduced through a mathematical model that compares normal,

non-insulin dependent and insulin dependent diabetes. The model exhibits stable

equilibrium and insulin sensitivity is measured through the glucose clamp method.

Results show that regular exercise reduces insulin needs based on activity intensity.
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Numerical simulations have been performed and explain the theoretical analysis of

the models.

The work has been accepted for publication in a Scopus-indexed journal.

Chapter 3: The study [11, 55, 116, 140] found that type 1 diabetics have a de-

ficiency of vitamin D and the deficiency is linked to reduced insulin sensitivity and

resistance. Vitamin D increases insulin sensitivity and production, leading to better

control of glucose and insulin levels. The chapter examines the influence of vita-

min D on glucose-insulin dynamics in healthy and diabetic individuals. It investigates

the role of vitamin D in maintaining glucose concentration, which is critical but chal-

lenging for diabetics. we introduced factors related to the impact of vitamin D into a

mathematical model and used numerical simulations to explore how vitamin D affects

glucose-insulin regulation in diabetics. The results showed that vitamin D benefits

normal, type 1, and type 2 diabetic individuals differently in controlling their glucose

and insulin levels.

The work presented in this chapter is communicated for publication.

Chapter 4: The chapter aims to evaluate the effectiveness of diabetes awareness

campaigns in prevention. A fuzzy logic controller was designed to lower the diabetic

population, with positive and bounded solutions. The stability of the model was con-

firmed through the Jacobian linearization method, with an equilibrium point. The pro-

posed FLC reduced the number of people with diabetes by 40% in 7 months, proving

to be more efficient than existing technology. The research suggests that awareness

efforts should be time-efficient to save cost for disease management, and fuzzy-based

intelligence is the most cost-effective method for lowering the overall cost of diabetes

prevention and management.

The work presented in this chapter is communicated for publication.

Chapter 5: The chapter focuses on developing a fuzzy logic closed-loop insulin

therapy recommendation system for people with type 1 diabetes. Delays in insulin

production, absorption, and action are addressed with a non-linear delay mechanism

in the glucose-insulin model. The controller has been used to regulate glucose con-
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centration in response to changes in delay parameters. The model was tested in

four different scenarios including skipping a meal, multiple meals, unusual meals, and

uncertainty in parameters. The proposed controller was shown to reduce the ampli-

tude of ultradian glucose oscillation compared to previous results and supports the

use of fuzzy-based intelligence in the development of an artificial pancreas for clinical

patients.

The work reported in the chapter has been published in the paper entitled, “Computer-

controlled diabetes disease diagnosis technique based on fuzzy inference struc-

ture for insulin-dependent patients” in Applied Intelligence (SCI index), Impact Fac-

tor - 5.019, Springer (2022).

Chapter 6: The chapter presents a new automatic insulin delivery system called a

proportional integral derivative-fuzzy logic controller (PID-FLC) for patients with Type

1 diabetes. The design is based on an upgraded version of Bergman’s model and

its stability has been proven by Jacobian linearization. A virtual patient was used to

validate the model and simulation results show it can maintain glucose levels near 93

mg/dL. The robustness of the controller was tested with a 20% uncertainty in insulin

clearance rate. The results show the PID-FLC system’s capabilities in comparison to

other PID-FLC systems.

The work presented in this chapter is communicated for publication.

Chapter 7: Seventh chapter is devoted to describe the conclusion and future work.

1.13 Software Used

We had the privilege of utilizing the remarkable MATLAB software version of 2012b

licensed by the Delhi Technological University, and we extend our heartfelt gratitude

to the creators of this magnificent software for enabling us to achieve our research

goals.
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Chapter 2

Positive Effects of Physical Activity on

Patients with Diabetes

Exercise is often one of the first treatment options suggested for individuals who have

been diagnosed with type 2 diabetes. It is a crucial part of diabetes, obesity preventive

and lifestyle intervention programmed, along with nutrition and behavior change. This

chapter presents the incorporation of physical activity parameters into a mathematical

model to enable a comparison of blood glucose behavior in individuals with varying

exercise levels in normal, non-insulin-dependent diabetes, and insulin-dependent di-

abetes conditions. The mathematical study of the model demonstrates that the model

exhibits an equilibrium, that is stable saddle node. Also, we measured the insulin

sensitivity by using the glucose clamp method. We demonstrate that patients who

engage in regular exercise need to take less amount of insulin doses, depending on

the intensity of the activity. Further, numerical simulations have been presented for

clarification of the analytical research.
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2.1 Introduction

Regular physical activity has been an essential component of diabetes care since

long before the introduction of insulin therapy. Current guidelines recommend that in-

dividuals with diabetes engage in regular physical exercise, along with insulin therapy

and adequate education, to effectively manage their condition. From low to high-

intensity workouts, physical activity can be incorporated into daily routines for people

with diabetes. In fact, prominent diabetes specialists recommended exercise as a

therapeutic method before insulin was widely available. In 1919, Allen’s [7] study was

the first to demonstrate that physical activity could lower blood glucose levels and

temporarily improve glucose tolerance in people with diabetes . Later on, Lawrence

[98] showed that exercise enhanced the hypoglycemic effects of insulin injections . By

planning exercise in advance, individuals with diabetes can adjust their insulin dose

and timing to minimize the risk of hypoglycemia during or after exercise. Later on,

it was reported that for individuals who take intermediate-acting insulin once daily,

reducing the dose by 30-35% before exercise or switching to a split-dose regimen

is recommended if more insulin is needed after exercise [39]. Those who take both

intermediate- and short-acting insulin may reduce the short-acting insulin by 50% or

skip it before exercise, while also reducing the intermediate-acting insulin dose and

potentially supplementing with additional short-acting insulin after exercise [39]. How-

ever, exercise can also pose risks for people with diabetes that require careful con-

sideration [16]. Hypoglycemia can occur during or after exercise in those with type 1

diabetes, and rapid rises in blood glucose and the onset of ketosis can occur when

exercise is added to an insulin-deficient state [16]. These challenges can make it

difficult for some individuals with type 1 diabetes to engage in sports or other leisure

activities involving physical activity of varying intensity and duration, leading to restric-

tions on young type 1 diabetics participating in organized sports. On the other hand,

for individuals with type 2 diabetes, exercise is frequently advised for weight loss and

insulin sensitivity improvement. Bordenave et al.[26] presented new data showing that
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SI as measured by the minimum model significantly improves in type 2 diabetic pa-

tients and can even reach healthy human levels of glycemia at rest in the short term

[26]. Overall, incorporating physical activity into the daily routine of individuals with

diabetes is essential for effective management of their condition

Several mathematical models have been proposed to predict the impact of exercise

on blood glucose levels in diabetes patients. Parker et al. [148] created a predic-

tive algorithm by incorporating the influence of meals and exercise on a mathematical

model by Sorensen [160], while Hernandez-Ordonez and Campos-Delgado [74] de-

veloped a model to simulate the blood glucose changes caused by exercise. Other

studies, such as those by Derouich and Boutayeb [50], Breton et al. [41], Roy and

Parker [148], have incorporated various factors, such as plasma-free fatty acid dy-

namics and insulin-glucose dynamics, into the mathematical model of glucose insulin

system. Kim et al. [94] and Li et al. [94] even developed a multiscale physiological

model for the effects of exercise. Since research demonstrates that physical activity

increases insulin sensitivity and action and decreases insulin resistance in the body,

we are inspired to create a mathematical model that considers the impact of physical

activity on glucose and insulin dynamics. It allows us to look at how blood glucose

behaves in people with standard, non-insulin-dependent diabetes and people with

insulin-dependent diabetes, both with and without physical activity [111, 171, 172].

2.2 Modeling of Glucose Insulin Regulatory System

The mathematical model that captures these bio-mechanics described in the glucose-

insulin regulation system is as follows [141]:

dG
dt

= Gin(t)+ c−q1 · f2(G(t))− (1+q2) · f3(G(t)) f4(I(t))

dI
dt

= f1(G(t))−q3 ·d · I(t)

 (2.2.1)

with initial conditions I(0) = I0 ≥ 0 and G(0) = G0 ≥ 0. G(t) and I(t) denote the glu-

cose concentration and insulin concentration at any time t, respectively. Gin shows
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exogenous glucose intake. c represents the rate of production of hepatic glucose. d

denotes insulin degradation rate which is higher than zero.

The effect of physical exercise on the rate at which glucose is metabolized by the

liver and muscles is shown by the parameter q1. The term q2 refers to the effect of

physical exercise on increasing the sensitivity of the muscle and liver to the action of

insulin. The effect of physical exercise on insulin utilization is shown by the parameter

q3.

The mathematical representation of functions fi, i = 1,2,3,4 are considered from the

article [141] which is given below

f1(G) =
Rm

1+ exp((C1−G/Vg)/a1)
(2.2.2)

f2(G) =Ub(1− exp(−G/(C2Vg))) (2.2.3)

f3(G) =
G

C3Vg
(2.2.4)

f4(I) =U0 +
(Um−U0)

1+ exp(−β log(I/C4(1/Vi +1/Eti)))
(2.2.5)

We suppose that all functions fi, i = 1,2,3,4 of model (2.2.1) satisfy the following con-

ditions:

• Insulin is released in response to raised glucose concentration in the body, im-

plying that f1(x)> 0 and f ′1(x)> 0 for x > 0. However, since high levels of glucose

concentration can saturate the insulin secretion, the amount of insulin produced

by the pancreas is finite, and thus limx→∞ f1(x) = Rm. We can set F1 = Rm, and

it follows that limx→∞ f ′1(x) < F ′1 for x > 0. Additionally, a certain amount of in-

sulin may be secreted by the pancreas without glucose stimulation, which can

be represented by assuming that f1(0) = f1 > 0.

• The function f2(x) represents the glucose utilization by cells and tissues that

occurs independently of insulin. It is clear that f2(0) = 0 and f2(x) > 0, as well

as f ′2(x) > 0 for x > 0. Additionally, we assume that the utilization is bounded,
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and therefore we consider the limit of f2(x) as x approaches infinity, denoted by

limx→∞ f2(x) =Ub. We let F2 =Ub, and we also require that f ′2(x)< F ′2 for x > 0.

• The insulin-dependent utilization of glucose in the body is represented by the

function f3(G(t)) f4(I(t)), so it can be written as f3(0) = 0, f ′3(x) > 0, f4(0) = f4 >

0, f4(x) > 0, and f ′4(x) > 0 for x > 0. From [164], we assume that there exists

constants m3 > 0,F4 > 0 and F ′4 > 0 such that 0 < f3(x)≤m3x, and limx→∞ f4(x) =

Um. Let F4 =Um and f ′4(x)< F ′4 for x > 0.

The biological meaning of parameters in functions f1 to f4 are discuss in Table 2.1

Parameter Biological Explanation
Rm Maximum insulin production rate by pancreas.
Um Maximal muscle/tissues insulin utilization rate
U0 Minimal muscle/tissues insulin utilization rate
Ub Brain and nerve cells’ maximum glucose consumption rate.
C1 Concentration of glucose at which the pancreas is most effective
C2 Brain and nerve cells’ maximum glucose consumption rate.
C3 Scale factor controls muscle glucose sensitivity.
C4 Scale factor controls muscle insulin sensitivity.
Vi Volume of insulin distribution in interstitial fluid compartment
Vg Volume of glucose space (plasma and the intracellular space)
ti Time for self insulin degradation in interstitial fluid compartment
E Insulin diffusion rate.
a1 Pancreas sensitivity scaling factor.
β Parameter is used for employing the function f4 shape.

Table 2.1: Bilogical Meaning of parameter of functions ( f1, f2, f3 and f4)

The graphical representations of fi, i=1,2,3,4 are shown in the diagram below:

Fig 2.1(a). f1(G) Pancreatic insulin production in responce of raised glucose level
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Fig 2.1(b). f2(G) Glucose utilization by insulin-independent cells

Fig 2.1(c). f3(G)Glucose utilization by insulin-dependent cells

Fig 2.1(d). f4(I) Insulin utilization by muscles/fat cells

Figure 2.1: Graphical representation of f1, f2, f3 and f4
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2.3 Mathematical Analysis of Model

The subsequent sections will cover the uniqueness, positivity, boundedness, and

stability of model.

Lemma 2.3.1. [141] Suppose f : R→ R is a differentiable function. If

l = lim
t→∞

inf f (t)< lim
t→∞

sup f (t) = L

then there exist sequences tk and sk such that for all k, f ′(tk) = f ′(sk) = 0, limk→∞ f (tk) = L

and limk→∞ f (sk) = l.

2.3.1 Existence of equilibrium point

The model’s singular equilibrium point is characterized by (G∗ and I∗), and can be

ascertained by solving the equations dG
dt = 0 and dI

dt = 0.

Gin(t)+ c−q1 f2(G∗(t))− (1+q2) f3(G∗(t)) f4(I∗(t)) = 0 (2.3.1)

f1(G∗(t))−q3 ·d · I∗(t) = 0 (2.3.2)

We obtained by Eq (2.3.2),

I∗(t) =
f1(G∗(t))

q3 ·d
(2.3.3)

2.3.2 Uniqueness of solution

We define the A(x) such that

A(x) = Gin(t)+ c−q1 f2(x)− (1+q2) f3(x) f4(d−1q−1
3 f1(x)) (2.3.4)
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On differentiating the Eq (2.3.4). we have

A′(x) = 0−q1 f ′2(x)− (1+q2)( f ′3(x) f4(d−1q−1
3 f1(x))+ f3(x) f ′4(d

−1q−1
3 f1(x))d−1q−1

3 f ′1(x))

(2.3.5)

Since q1, q2 ≥ 0 therefore A′(x) < 0 (2.3.5). We have f2(0) = 0 and f3(0) = 0), so by

Eq. (2.3.4)

A(0) = Gin + c−q1 f2(0)− (1+q2) f3(0) f4(d−1q−1
3 f1(0)) = Gin + c > 0

also, lim
x→∞

A(x) = lim
x→∞

(Gin−q1 f2(x)− (1+q2) f3(x) f4(d−1q−1
3 f1(x))+ c)

< Gin−q1K2− (1+q2)K4 lim
x→∞

f3(x)+ c < 0
(2.3.6)

Hence, A(0) > 0, and limx→∞ A(x) < 0. From Eq (2.3.5) and (2.3.6), it has been con-

cluded the A(x) is decreasing function and it cuts x-axis which indicates that model’s

(2.2.1) has a unique solution.

2.3.3 Positiveness of solutions

Suppose that, G(t) is not positive in (0,∞), then there exists a t0 such that G(t0)

equal to 0 and G(t)> 0 for all 0 < t < t0, then G′(t0)≤ 0. We observe that

G′(t0) = Gin−q1 f2(G(t0))− (1+q2) f3(G(t0)) f4(I(t0))+ c

= Gin−q1 f2(0)− (1+q2) f3(0) f4(I(t0))+ c

= Gin + c� 0 (∵ f2(0) = f3(0) = 0)

It implies that G(t) > 0 ∀ t > 0. Similarly, we assumed I(t) is not positive in (0,∞).

There exists a t0 such that I(t0) = 0 and I(t)> 0 for 0 < t < t0. Then, I(t0)< 0 and

I′(t0) = f1(G(t0))−q3 ·d · I(t0)≥ f1(G(t0))

It conclude that G(t) and I(t) are positive for all t in (0,∞).
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2.3.4 Boundedness of solution

Assume that G(t) is not bounded solution and supremum of G(t) is infinity. We

observe G′(tn)≥ 0 by lemma 2.3.1 and we get

G′(tn) = Gin−q1 f2(G(tn))− (1+q2) f3(G(tn)) f4(I(tn))+ c

≤ lim
n→∞

(Gin−q1 f2(G(tn))− (1+q2)k4 f3(G(tn))+ c)

⇒ lim
n→∞

G′(tn)≤ lim
n→∞

(Gin−q1 f2(G(tn))− (1+q2)K4 f3(G(tn))+ c)

≤ Gin−q1K2− (1+q2)K4 ·∞+ c =−∞

It implies that G(t) is bounded for every t > 0. Consider the case where I(t) is not

bounded for any t > 0. Since, f1(x) is bounded function in x∈ (0,∞) , and I(t) will

satisfy the limt→∞ sup I(t)=∞ then there exists a sequence < t ′n > such that limn→∞sup

I(t ′n)=∞ and I′(t ′n) ≥ 0. We get

lim
n→∞

I′(tn) = lim
n→∞

f1(G(t ′n))−d ·q3 lim
n→∞

I(t ′n)

= Rm−d ·q3 lim
n→∞

I(t ′n) =−∞

This implies I(t) is bounded above.

2.3.5 Stability analysis of the model

To assess the stability of the non-linear model at its equilibrium point, we use the

linearized approach method. The linearized model (2.2.1) about the steady point (G∗,

I∗) is written as: dG
dt

dI
dt

=

−L11 −L12

L21 −L22

 ·
G(t)

I(t)

 (2.3.7)

where,

L11 = q1 f ′2(G
∗)+ (1+ q2) f ′3(G

∗) f4(I∗) > 0, L12 = (1+ q2) f3(G∗) f ′4(I(t)) > 0, and L21 =

f ′1(G
∗)> 0 L22 = q3d > 0.
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The characteristics equation is given as

λ
2 +(L12 +L22)λ +L11L22 +L12L21 = 0 (2.3.8)

(L11 +L22)> 0,

L11L22 +L12L21 > 0

The roots of Eq (2.3.8) are say,

λ1 =
−(L11 +L22)−

√
(L11−L22)2−4L12L21

2
(2.3.9)

λ2 =
−(L11 +L22)+

√
(L11−L22)2−4L12L21

2
(2.3.10)

There are three cases arise:

Case 1: if (L11−L22)
2−4L12L21 < 0, then roots are imaginary and having the negative

real parts. It implies that system is stable at (G∗, I∗).

Case 2: if (L11−L22)
2− 4L12L21 = 0, then λ1 = λ1 = −(L11 +L22). Both are negative

real roots. It shows that the system is stable at steady point.

Case 3: if (L11− L22)
2− 4L12L21 > 0, we write (L11− L22)

2− 4L12L21 = (L11 + L22)
2−

4(L11L22 +L12L21).

Claim:
√
(L11 +L22)2−4(L11L22 +L12L21)<−(L11 +L22)

Proof: Let
√
(L11 +L22)2−4(L11L22 +L12L21)>−(L11 +L22)

(L11 +L22)
2−4(L11L22 +L12L21)> (L11 +L22)

2

⇒−4(L11L22 +L12L21)> 0

⇒ (L11L22 +L12L21)< 0

The condition (L11L22 +L12L21) > 0 is contradicted, indicating that both λ1 and λ2 are

negative real roots. As per Theorem 3.1 in Nath et al. [44], the model demonstrates

stability in every possible scenario.
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2.4 Insulin Sensitivity

Insulin sensitivity is measured using the glucose clamp technique [177]. Perfusing

or injecting glucose into humans to maintain a constant blood glucose level is known

as the glucose clamp technique. Model (2.2.1) can be written as follows using this

method:
dG
dt

= gin f (t)+ c−q1 f2(G(t))− (1+q2) f3(G(t)) f4(I(t))

dI
dt

= f1(G(t))−q3 ·d · I(t)

 (2.4.1)

where gin f is the glucose infusion per unit of volume. Eq (2.4.1) can be used to deter-

mine the equilibrium points.

gin f (t) = q1 f2(G∗)+(1+q2) f3(G∗) f4(I∗)− c (2.4.2)

The Insulin Sensitivity can be written as:

SI =
∂ 2gin f

∂ I∗∂G∗
(2.4.3)

We obtained (2.4.2)

SI = (1+q2) f ′3(G
∗) f ′4(

1
d ·q3

f1(G∗)) (2.4.4)

In the absence of any physical exercise, i.e. when all qi’s are equal to 1 in model

(2.2.1), insulin sensitivity can be written in the following mathematical form:

SI = f ′3(G
∗) f ′4(

1
d

f1(G∗)) (2.4.5)

f ′3(G
∗) f ′4(

1
d

f1(G∗))≤ (1+q2) f ′3(G
∗) f ′4(

1
d ·q3

f1(G∗)) (2.4.6)

It may be argued that physical exercise increases insulin sensitivity, which aids in

blood glucose management within physiological limits. It is quantitatively dependent

on the values that quantify the amount of physical activity.
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2.5 Numerical Simulation

The system (2.2.1) is numerically integrated into this section using the set of tested

parameters provided by the author [141]. The glucose space (Vg) is the most important

component of the regulatory system’s process as a single compartment. For a healthy

adult male with a weight of 75 kg (165 lb) and a blood volume of 5 L [184], a blood

glucose concentration of 90 mg/dL is approximately equivalent to 5 g, which is roughly

the amount of sugar in a teaspoon. The volume of distribution (Vg) in diabetic patients

was assumed to be 10 litres, whereas it was thought to be 5 litre in healthy people.

The values of model’s (2.2.1) parameters and its unit are shows in Table 2.2:

Parameter Unit values
Rm mUmin−1 210
Um mgmin−1 940
U0 mgmin−1 40
Ub mgmin−1 72
C1 mgl−1 2000
C2 mgl−1 140
C3 mgl−1 1000
C4 mgl−1 80
Vi l 11
Vg l 10
ti min 100
E lmin−1 0.2
a1 mgl−1 300
β ‘unit less’ 1.77

Table 2.2: Values of parameter of functions ( f1, f2, f3 and f4)

Because everyone’s lifestyle and eating habits are different, it’s nearly impossible to

measure the amount of exercise required for each person. To avoid hypoglycemia,

each person must choose the appropriate quantity of exercise. However, depending

on the patient, the length and intrinsic factors of exercise may vary. We separated

exercise into three categories in this study: mild, moderate, and strong. Table 2.3

shows the values of all parameters of physical exercise [148].

Exercise’s effect on glucose-insulin dynamics in a healthy person is depicted in Fig

2.2. When person is involved in a mild, moderate, or strong exercise, their blood glu-
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Parameter Unit Mild Exercise Moredrate Exercise Strong Exercise
q1 min−1 0.00001 0.00002 0.00003
q2 unit less 0.65 0.80 0.95
q3 min−1 0.000008 0.000009 0.00001

Table 2.3: Values of parameters q1,q2 and q3

cose levels were 75, 68, and 63 mg/dl, respectively. When there is no workout, the

glucose level rises to 92.13 mg/dl. In mixed type workouts (mild, moderated, strong),

the insulin levels were 79, 74, and 71 µU/ml. It has been observed that exercise

Fig 2.2(a). Glucose concentration
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Figure 2.2: Normal person’s glucose-insulin dynamics for mixed type and no workout

aids in the tight management of blood glucose levels. In comparison to no, mild, and

moderate exercise, strong exercise causes a rapid drop in glucose levels in less time,

which subsequently rises over time to reach its basal level. The phase pictures in

Fig 2.3 depict the stability of plasma glucose and insulin dynamics in healthy people,

where the model’s behavior is stable spiral. Figure 2.3(a) and Fig 2.3(b) show phase

portraits of a normal person in the situation of no workout and workout, respectively.

This illustration demonstrates that all of the paths starting from different initial condi-

53



Fig 2.3(a). Diagram of phase-portraits for no-workout

Fig 2.3(b).Diagram of phase-portraits for a mixed-type workout

Figure 2.3: Phase-portraits diagram of normal individual

tions converge to an equilibrium point. Figure 2.4 depicts the influence of exercise on

glucose-insulin dynamics in a diabetic patient. Blood glucose levels were 109, 105,

and 103 mg/dl, after a mild, moderate, or strong exercise, respectively. The glucose

level rises to 120 mg/dl when there is no exertion. Insulin levels were 171, 153.8,

and 139.1 µU/dl in mixed type workouts (mild, moderated, strong). In a case of no

workout, the insulin level has been 196 µU/dl.

Stronger activity helps diabetics maintain their blood glucose levels in less time than

no exercise or light, moderate exercise, as shown in the Fig 2.5. Strong activity

brought the blood glucose level closer to the basal level in diabetics, however in other

situations, the sugar level approached a number higher than the basal level, resulting
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Fig 2.4(a). Glucose concentration
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Figure 2.4: Diabetic person’s glucose-insulin dynamics for mixed type and no workout

in a higher blood sugar level being maintained in the body. Figure 2.5(a) and 2.5(b)

depict phase portraits of a Diabetic in no-exercise and workout situations, respectively.

The graph portrays that, despite their differing initial conditions, all of the trajectories

eventually converge to the equilibrium point.

Table 2.4 presents a comparative analysis of the average insulin levels in both normal

and diabetic individuals after undergoing a typical exercise regimen. Utilizing these

findings, we determined the necessary insulin dosage for diabetic patients following

mild, moderated, and strong physical activity.

Mild Exercise Moderate Exercise Strong Exercise
Normal Individual 84.4946 80.6969 77.7434
Diabetic Individual 142.5527 135.7392 129.4999

Required insulin amount (I0%) 29.0179 22.3163 15.0145

Table 2.4: Insulin percentage needs after various types of exercise

It is evident from the Table 2.4, it can be inferred that adherence to a mild, moder-

ate, or strong exercise regimen by patients necessitates 29.0179%, 22.3162%, and
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Fig 2.5(a). Diagram of phase-portraits for no-workout

Fig 2.5(b).Diagram of phase-portraits for a mixed-type workout

Figure 2.5: Phase-portraits diagram of diabetic patient

15.0145% of the basal insulin value, respectively, to effectively uphold healthy blood

glucose levels.

2.6 Results and Discussion

Physical exercise has been demonstrated to have a crucial role in regulating blood

glucose levels, as exemplified by the outcomes portrayed in Fig 2.2 depicting the

impact of different physical activities on glucose levels in normal individuals. When

compared to no activity or miled to moderate exercise, vigorous exercise triggers a

swift and temporary reduction in blood glucose levels, which gradually ascend and re-

turn to their baseline. For people with diabetes, intense exercise can help normalize

blood glucose levels more expeditiously compared to light or moderate physical activ-
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ity (shown in Fig 2.4). Fig 2.3 illustrates the stable spiral behavior of plasma glucose

and insulin dynamics in healthy individuals, while Fig 2.5 presents phase portraits of

a diabetic individual in both no-exercise and workout situations. The values of the

model’s parameters are shown in Table 2.2 and Table 2.3. Tab 2.4 compares aver-

age insulin levels in normal and diabetic individuals post a typical exercise regimen.

Based on these findings, we determined appropriate insulin dosage for diabetic pa-

tients following mild, moderate, and intense physical activity. Despite the possibility of

blood sugar levels reaching higher than the baseline in some cases, consistent phys-

ical exercise is recommended for both diabetic and non-diabetic individuals. This is

because physical activity increases insulin sensitivity, diminishes average blood glu-

cose levels, and potentially promotes weight loss, particularly beneficial for those at

risk of diabetes. Unfortunately, the declining levels of physical activity globally are

contributing to rising obesity rates and consequently, develop diabetes. In regulating

blood glucose levels and reducing oxidative stress, aerobic exercise has been found

to be particularly effective for individuals with diabetes mellitus.

2.7 Conclusion and Future Aspects

The purpose of this chapter is to provide a comprehensive understanding of how

physical activity influences insulin and glucose levels and to demonstrate that regu-

lar exercise can help to reduce the risk of insulin resistance and decreased insulin

sensitivity. The current model outlines the effects of light, moderate, and intense ex-

ercise on insulin, interstitial insulin, and blood glucose levels, taking into account the

frequency and duration of physical activity. The chapter emphasizes that all forms

of exercise should be encouraged, as long as the proper balance between insulin

dosage and physical intensity is maintained, to ensure the well-being of people with

diabetes. While it is crucial to maintain control of insulin levels, have a balanced diet,

and engaging in physical exercise for managing diabetes, most diabetes management

methods in the literature have focused on insulin treatment. These considerations

emphasize the importance of physical exercise as a natural and affordable means of
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controlling diabetes and its related issues. Future research should incorporate pa-

rameters such as insulin secretion time delay and hepatic glucose production into the

model to determine the ideal level of exercise for diabetes management and prevent

hypoglycemia.
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Chapter 3

Vitamin D: The Important Nutrient for

Preventing and Managing Diabetes

Maintaining the glucose level at the safe range is challenging task for diabetic person

While it can be hard to pinpoint a sole cause for diabetes due to the complex structure

of the human body, major studies have shown that type 1 diabetics often suffer from

a vitamin D deficiency. Vitamin D increases insulin sensitivity, reduces insulin resis-

tance, and boosts insulin production. The chapter examined the effect of vitamin D on

glucose-insulin dynamics in both healthy individuals and diabetics. A mathematical

model was utilized to investigate the impact of vitamin D on glucose-insulin concen-

tration, by incorporating relevant factors. The study explored the way in which vitamin

D affects the regulation system of glucose-insulin dynamics in diabetics. The results

of the numerical simulations revealed that vitamin D assists normal, type 1, and type

2 diabetics in managing their glucose and insulin levels.
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3.1 Introduction

Diabetes Mellitus is one of the most widespread diseases after cancer and a signif-

icant concern for healthcare systems globally. In recent years, the lack of vitamin D

levels has been identified as a major contributor to the development of several chronic

diseases, including diabetes. It is a powerful substance that our body produces when

exposed to sunlight. It can also be obtained from fortified foods and dietary supple-

ments. UV radiation from the sun transforms 7-dehydrocholesterol into pre-vitamin

D3, which is quickly converted to cholecalciferol (D3). Cholecalciferol (D3) and ergo-

califerol (D2) obtained from food are converted into 25-hydroxyvitamin D in the liver,

which is the major circulating metabolite and used to determine a person’s vitamin

D status. The kidneys convert 25-hydroxyvitamin D into active 1, 25-hydroxyvitamin

D, which is filtered by the kidneys and reabsorbed through the proximal convoluted

tubules. Active 1, 25-hydroxyvitamin D can bind with the vitamin D receptor-retinoic

acid X-receptor complex in the gut, bone, and parathyroid glands. Maintaining ad-

equate levels of vitamin D through exposure to sunlight, fortified foods, and dietary

supplements is essential to reducing the risk of chronic diseases. The intricate pro-

cess of vitamin D bio-synthesis is beautifully illustrated in the diagram depicted in Fig

3.1.

Recent studies [2, 40, 79, 90, 99, 188] have established a significant relationship

between vitamin D and insulin secretion, insulin resistance, and β -cell dysfunction

in individuals with diabetes. Vitamin D seems to influence the insulin response to

glucose stimulation exclusively, while having no apparent impact on basal insuline-

mia. Vitamin D penetrates β -cells and interacts with various receptors, which bind

together and effectively activate the insulin gene, increasing insulin production. It may

improve insulin action by boosting the production of insulin receptors, thereby increas-

ing insulin responsiveness for glucose transport. Cross-sectional studies [69, 76, 167]

have linked low vitamin D levels to impaired insulin sensitivity. Authors [103, 146] have

shown a strong relationship between insulin resistance and vitamin D deficiency. Vi-
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Figure 3.1: Mechanism of Vitamin D Synthesis
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tamin D may play an essential role in modulating the risk of T2DM and hypertension,

including pancreatic β -cell dysfunction and altered insulin action, according to evi-

dence [55, 99] from animal and human research. Interventional studies have shown

that vitamin D administration improves glycated hemoglobin (HbA1c) in T1DM pa-

tients, albeit with moderate results, whereas the use of analogs in select subgroups

(such as LADA patients) appears to be more promising. Based on the findings, T1DM

patients with abysmal glycemic control should be screened for vitamin D deficiency,

and supplementing studies should focus on specific patient sub-groups that are likely

to be benefited the most from comparable therapies. Vitamin D improves insulin

sensitivity [139], reduces insulin resistance [99, 167], and enhances insulin action

[71, 170], but the mathematical studies have not been performed to quantify the vi-

tamin D dosages in healthy individuals, those with non-insulin-dependent diabetes,

and those with insulin-dependent diabetes. Therefore, a mathematical model has

been developed by incorporating these factors of vitamin D for their quantification and

assessment of their effect on glucose and insulin level.

3.2 Modeling of Glucose Insulin Regulatory System

The model (3.2.1) includes four new parameters (v j, j = 1, 2, 3, 4) to study the

changes in glucose-insulin dynamics due to Vitamin D’s effects and their quantifica-

tion. The biological meanings of these parameters are discussed as below.

• Parameter v1 [min−1] represents the influence of vitamin D on the glucose uti-

lization of muscles and fat cells.

• Parameter v2 relates to the impact of vitamin D on muscle and fat cell insulin

sensitivity.

• Because vitamin D stimulates secretion of insulin in the pancreas, v3 [ml(U)−1min2]

is paired with f1(G), which explains the same phenomenon.

• The effect of vitamin D on insulin utilization is represented by v4 [min−1].
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The proposed model is as follows after including the above new parameters into the

model:
dG
dt

= Gin(t)+ c− v1 f2(G(t))− v2 f3(G(t)) f4(I(t))

dI
dt

= v3 f1(G(t))− v4d · I(t)

 (3.2.1)

with initial condition I(0) = I0 ≥ 0 and G(0) = G0 ≥ 0. G(t) and I(t) denote the glucose

concentration and insulin concentration at any time t, respectively. Gin shows exoge-

nous glucose intake. c represents the rate of production of hepatic glucose. d denotes

insulin degradation rate which is higher than zero. The biological and mathematical

explanation of function f1, f2, f3 and f4 are discussed in Chapter 2 (Sec. 2.2). The

graphical sketch of proposed model is shown in Fig 3.2.

Figure 3.2: Framework of glucose-insulin regulatory mechanism
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3.3 Mathematical Analysis of the Model

The positiveness, boundedness, and stability of the model are discussed in this

section.

3.3.1 Equilibrium points of model

Assume that G∗ and I∗ represent the model’s equilibrium points. The equilibrium

points meet the prerequisite, which dG
dt = 0 and dI

dt = 0. So, we have

Gin(t)+ c− v1 f2(G∗(t))− v2 f3(G∗(t)) f4(I∗(t)) = 0 (3.3.1)

v3 f1(G∗(t))− v4d · I∗(t) = 0 (3.3.2)

we obtained from the Eq (3.3.2)

I∗(t) =
v3 f1(G∗(t))

v4 ·d
(3.3.3)

3.3.2 Uniqueness of solution

We define the B(x) by Eq (3.2.1)

B(x) = Gin(t)+ c− v1 f2(x)− v2 f3(x) f4(d−1v−1
4 v3 f1(x)) (3.3.4)

Since f ′1(x)> 0, f ′2(x)> 0 f ′3(x)> 0, and f ′4(x)> 0, then

B′(x) = 0− v1 f ′2(x)− v2( f ′3(x) f4(d−1 f1(x))+ f3(x) f4(d−1 f1(x))d−1 f ′1(x)) (3.3.5)

∵ vi ≥ 0 therefore B′(x)< 0. It is known that f2(0) = 0 and f3(0) = 0, so by Eq (3.3.4)

B(0) = Gin + c− v1 f2(0)− v2 f3(0) f4(d−1v−1
4 v3 f1(0))

= Gin + c > 0
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lim
x→∞

B(x) = Gin− lim
x→∞

v1 f2(x)− lim
x→∞

v2 f3(x) f4(d−1 f1(x))+ c

= Gin− v1K2− v2 f4(d−1K1) lim
x→∞

f3(x)+ c

< Gin− v1K2− v2K4 lim
x→∞

f3(x)+ c < 0 (3.3.6)

Hence, B(0) > 0, and limx→∞ B(x) < 0. From the Eq (3.3.5) and (3.3.6), it can be

concluded that B(x) is decreasing function and it cuts x-axis which indicates that model

3.2.1 has unique solution.

3.3.3 Positiveness of solution

Suppose that, G(t) is not positive in (0,∞). There exists a t0 such that G(t0) = 0 and

G(t)> 0 for 0 < t < t0, then G′(t0)≤ 0. Now put the t = t0 in model Eq (3.2.1)

G′(t0) = Gin− v1 f2(G(t0))− v2 f3(G(t0)) f4(I(t0))+ c

= Gin− v1 f2(0)− v2 f3(0) f4(I(t0))+ c

= Gin + c� 0

It implies that G(t) > 0 for t > 0. Similarly, we assumed I(t) is not positive in (0,∞).

There exists a t0 such that I(t0) = 0 and I(t)> 0 for 0 < t < t0. Then, I(t0)< 0. and

I′(t0) = v3 f1(G(t0))− v4dI(t0)≥ v3 f1(G(t0))� 0

The conclusion of the analysis indicates that the solution of the model is positive.
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3.3.4 Boundedness of solution

Assum that G(t) is not bounded solution, by lemma (2.3.1) limx→∞ sup G(t) = ∞.

Then ∃ a sequence < tn > such that limn→∞sup G(tn)=∞ and G′(tn) ≥ 0. Thus

G′(tn) = Gin− v1 f2(G(tn))− v2 f3(G(tn)) f4(I(tn))+ c

≤ Gin− v1 f2(G(tn))− v2k4 f3(G(tn))+ c

⇒ lim
n→∞

G′(tn)≤ Gin− v1 lim
n→∞

f2(G(tn))− v2k4 lim
n→∞

f3(G(tn))+ c

≤ Gin− v1K2− v2k4 lim
n→∞

f3(G(tn))+ c

≤ Gin− v1K2− v2k4 ·∞+ c =−∞� 0

This is contradiction for G(t)∀t > 0. Hence, G(t) is bounded ∀ t > 0.

Consider the case where I(t) is not bounded ∀ t > 0. Since, f1(x) is bounded function

in x ∈ (0,∞). I(t) will satisfy the limx→∞ sup I(t) = ∞. Then ∃ a sequence < t ′n >

such that limn→∞sup I(t ′n)=∞ and I′(t ′n) ≥ 0. Taking the limitn→∞ on both side of above

inequality, Therefore

lim
n→∞

I′(tn) = lim
n→∞

f1(G(t ′n))−d lim
n→∞

I(t ′n)

= Rm−d lim
n→∞

I(t ′n) =−∞� 0

Although it is a contradiction, it has been concluded that the I(t) is bounded for all t.

3.3.5 Stability analysis of model

We have linearized model (3.2.1) about the stable point (G∗,I∗) to demonstrate the

stability of the model. The linearized model is written as:

dG
dt

dI
dt

=

−P −Q

R −D

 ·
G(t)

I(t)

 (3.3.7)
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where,

P = v1 f ′2(G
∗)+ v2 f ′3(G

∗) f4(I∗) > 0; Q = v2 f3(G∗) f ′4(I(t)) > 0; R = v3 f ′1(G
∗) > 0 and D =

v4d. The characteristics equation is given as

λ
2 +(P+D)λ +PD+QR = 0 (3.3.8)

(P+D)> 0and

PD+QR > 0.

The roots of Eq (3.3.8) are

λ1 =
−(P+D)−

√
(P−D)2−4QR
2

, and λ2 =
−(P+D)+

√
(P−D)2−4QR
2

(3.3.9)

There are three cases arise:

Case 1: if (P−D)2−4QR < 0, then roots are imaginary and having the negative real

parts. It implies that system is stable at (G∗, I∗).

Case 2: if (P−D)2−4QR = 0, then λ1 = λ1 =−(P+D). Both are negative real roots.

It shows that the system is stable at steady point.

Case 3: if (P−D)2−4QR > 0, we write (P−D)2−4QR = (P+D)2−4(PD+QR).

Claim:
√

(P+D)2−4(PD+QR)<−(P+D)

Proof: Let
√
(P+D)2−4(PD+QR)>−(P+D) , On squaring both side

(P+D)2−4(PD+QR)> (P+D)2

⇒−4(PD+QR)> 0

⇒ (PD+QR)< 0

which contradict the condition (PD+QR)> 0. Hence, λ1 and λ2 are negative real roots.

Therefore, system is stable at (G∗, I∗). In accordance with the illustrious theorem 3.1

presented in reference [44], a thorough analysis has revealed that the model exhibits

exceptional stability in all scenarios.
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3.4 Insulin Sensitivity

The glucose clamp method is used to assess insulin sensitivity [177]. It involves

administering glucose to maintain constant blood glucose levels and can be used to

express model (3.2.1).

dG
dt

= gin f (t)+ c− v1 f2(G(t))− v2 f3(G(t)) f4(I(t))

dI
dt

= v3 f1(G(t))− v4d · I(t)

 (3.4.1)

where gin f is the infusion of glucose by a unit of volume.

gin f (t) = v1 f2(G∗)+ v2 f3(G∗) f4(I∗)− c (3.4.2)

The Insulin Sensitivity (SI) can be written as:

SI =
∂ 2gin f

∂ I∗∂G∗
(3.4.3)

by Eq (3.4.2)-(3.4.3))

SI = v2 f ′3(G
∗) f ′4(

v3

dv4
f1(G∗)) (3.4.4)

when all vi are equal to 1 then

SI = f ′3(G
∗) f ′4(d

f1(G∗)) (3.4.5)

we conclude that

f ′3(G
∗) f ′4(d

f1(G∗))≤ v2 f ′3(G
∗) f ′4(

v3

dv4
f1(G∗)) (3.4.6)

It can be argued from the Eq (3.4.6) that vitamin D enhances insulin sensitivity and

helps regulate blood glucose levels within normal physiological limits.
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3.5 Numerical Simulation

The values of the model parameters were taken from Table 2.2 during the simula-

tion process. The baseline value of glucose (Gb) was taken into account, which was

around 90 mg/dl. The values of the vitamin D parameters were estimated based on

their compatibility with other model factors and their impact on various mechanisms.

The patients were divided into three groups: Normal individual, T1DM patients, and

T2DM patients, with their respective values listed in Table 3.1, Table 3.2, and Table

3.3. The glucose-insulin dynamics were then compared for each group. The glucose

space (Vg) is the most significant component of the regulation process and is consid-

ered as a single compartment. In diabetic patients, the volume of distribution (Vg) was

assumed to be 10 liters, compared to 5 liters in healthy individuals. Graphs of glucose

profiles were plotted for each group to compare the impact of vitamin D on glucose

levels.

3.5.1 Role of vitamin D in normal case

For the glucose-insulin dynamics in this procedure, the average normal values for

humans were used for the parameters v1, v2, v3, and v4. The Table 3.1 shows the

estimated values of these parameters for a normal individual.

Parameters Value
v1 0.30 min−1

v2 0.75 (unit less)
v3 0.95 ml(µU)−1min−2

v4 0.20 min−1

vg 5 litre

Table 3.1: Value of experimental data of normal individuals [142]

Figure 3.3 depicts the influence of vitamin D on glucose-insulin dynamics in the

normal scenario. In the presence of vitamin D factors, glucose levels reached 91.91

mg/dl, as shown in Fig 3.3(a). The glucose level was 110 mg/dl without Vitamin D

factors, which was outside of the usual range. Figure 3.3(b) illustrates the simulated
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insulin disappearance profiles.
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Fig 3.3(a). Sugar level
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Figure 3.3: Glucose-Insulin Dynamics in Normal Subject

In Figure 3.4, the phase portraits demonstrate the stability of the plasma glucose

and insulin dynamics, where the behavior appears to be a stable spiral. The figure

Fig 3.4(a). Phase Portrait in presence of Vitamin D

indicates that all the trajectories, regardless of their initial conditions, converge to a

single point.
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Fig 3.4(b). Phase Portrait in absence of Vitamin D

Figure 3.4: Phase Portrait of Normal individuals

3.5.2 Role of vitamin D to enhance the insulin secretion rate for type 1

diabetes patients

The case of Type 1 diabetic patients is considered in this section. The insulin

level was 45 micro units per milliliter , while the glucose level was 350 milligrams

per deciliter. It was assumed that the volume of glucose concentration (Vg) was 10

liters. To examine the impact of the v3 parameter on insulin secretion within 200 min-

utes, we have chosen values of v3 in the range of [0.90 0.95]. In case of T1DM, the

value of SI is smaller than its value in normal case because of lake of Vitamin D. Table

3.2 shows the estimated values of the parameters in the insulin dependent diabetic

case.

Parameters Values
v1 0.12 min−1

v2 0.90 (unit less)
v3 0.90 to 0.95 ml(µU)−1min−2

v4 0.20 min−1

vg 10 litre

Table 3.2: Value of experimental data of T1DM patients [142]

Figure 3.5 depicts the comparison of insulin and glucose concentrations of T1DM pa-

tients for five different values of v3. The glucose and insulin levels of T1DM patients

were compared in five distinct cases depending on vitamin D levels in Fig 3.5(a) and

Fig 3.5(b). Figure 3.5(a) shows how the insulin level changes drastically over the first

50-60 minutes and remained stable after 70 minutes. Insulin levels were 192.1, 192.6,
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193.1, 193.6, and 194.1 (µ U/ml) at vi = 0.9000, 0.9125, 0.9250, 0.9375, and 0.9500,

respectively. These numbers are far too close together. This finding supports the the-

ory that Vitamin D stimulates pancreatic insulin rate.

Fig 3.5(a). Comparison of insulin concentration level with varying v3

Fig 3.5(b). Comparison of glucose concentration level with varying v3

Figure 3.5: Glucose-Insulin dynamic of T1DM patients at various cases of v3

Figure 3.6 depicts the glucose and insulin profile of T1DM patients at a mean value

of v3. The interval [0.90 0.95] is used to find the mean value of v3. The glucose level

was maintained at 107 mg/dl while it was 139.7 mg/dl in the absence of Vitamin D.
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Fig 3.6(a). Glucose profile of T1DM patients
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Figure 3.6: Glucose-Insulin dynamic of T1DM patients at v3 = 0.9250

In Fig 3.7, the phase portraits depict the stability of plasma glucose and insulin

dynamics in patients with type 1 diabetes mellitus, with the model having the stable

spiral. The figure illustrates that all the trajectories, starting from different initial

Fig 3.7(a). Phase Portrait in presence of Vitamin D

Fig 3.7(b). Phase Portrait in absence of Vitamin D

Figure 3.7: Phase Portrait of T1DM patients

conditions, converge to a single point.
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3.5.3 Role of vitamin D to enhance the insulin sensitivity for type 2 dia-

betes mellitus

This section devotes to study the effect over insulin sensitivity by the Vitamin D in

patients of T2DM . It refers to how sensitive the body’s cells are in response to insulin.

We have chosen the v2 parameter which deals with the vitamin D’s effect on muscles

and fat cells to affect the insulin sensitivity. For assessing the impact of v2 on insulin

sensitivity, we used values of v3 in the [0.85 0.90] range. The estimated values of vi, i

= 1,3 and 4 for T2DM patients are shown in Table 3.3 .

Parameters Values
v1 0.20 min−1

v2 0.85 to 0.90 (unit less)
v3 0.90 ml(µU)−1min−2

v4 0.20 min−1

vg 10 litre

Table 3.3: Value of experimental data of Vitamin D factors in T2DM patients [142]

The linear relationship between insulin sensitivity and v2 is depicted in Fig 3.8. Pa-

tients’ insulin sensitivity improves with a small modification in parameter v2. Figure 3.9
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Figure 3.8: Insulin Sensitivity

depicts a considerable change in glucose and insulin levels with variation in the insulin

sensitivity of patients SI varies. In Fig 3.9(a), at SI = 0.0054, 0.0055, 0.0056, 0.0056,

and 0.0057, respectively, insulin levels were 191.8, 190.1, 188.4, 186.7, and 185.1

(µU/ml). In all scenarios, the glucose level ranged from 106 to 107 mg/dl, represent

in Fig 3.9(b).
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Fig 3.9(a). Comparison of glucose concentration level with varying SI

Fig 3.9(b). Comparison of insulin concentration level with varying SI

Figure 3.9: Glucose-Insulin dynamic of T2DM patients at various cases of v2

Because vitamin D has a positive association with insulin sensitivity, a slight in-

crease in the value of the v2 parameter raises the SI. The elevated glucose level

approaches the baseline amount. At a mean value of v2, Fig 3.10 displays the glu-

cose and insulin profile of T2DM patients. The mean value of v2 is calculated using the

interval [0.85 0.90]. The glucose level in T2DM patients is 139.9 mg/dl in the absence

of Vitamin D, but in presence of Vitamin D, the glucose level is 108.9 mg/dl.
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Fig 3.10(a). Glucose profile of T2DM patients
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Figure 3.10: Glucose-Insulin dynamic of T2DM patients at v2 = 0.8750

In Fig 3.11, the phase portraits reflect the stability of plasma glucose and insulin

dynamics in individuals with type 2 diabetes mellitus and it is stable spiral. The

Fig 3.11(a). Phase Portrait in presence of Vitamin D

Fig 3.11(b). Phase Portrait in absence of Vitamin D

Figure 3.11: Phase Portrait of T2DM patients

figure demonstrates that all the trajectories, originating from various initial conditions

converges to unique point.
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3.6 Results and Discussion

Managing diabetes is a complex process that involves regulating insulin production,

glucose absorption, and vitamin D intake, as previously discussed. The inclusion

of the Vitamin D factor in the model adds a crucial layer of understanding to the

intricate biology underlying unbalanced glucose levels in people with diabetes. In

T2DM patients, vitamin D parameters (e.g., v2) help manage glucose levels and lower

baseline levels to 107 mg/dl. In T1DM patients, v3 helps enhance insulin secretion.

Low-income diabetes patients struggle to afford insulin therapy, highlighting the need

for affordable and simple management strategies.

3.7 Conclusion and Future Aspects

This study presents a novel and sophisticated mathematical model that captures

the intricate interplay between vitamin D and plasma glucose-insulin dynamics. By

incorporating linear and nonlinear terms, the model provides a comprehensive under-

standing of the impact of vitamin D on insulin sensitivity and pancreatic responsive-

ness. The proposed model has the potential to revolutionize diabetes management

by accurately determining the optimal vitamin D dosage for diabetic patients based on

the severity of their condition. This personalized approach could significantly improve

the quality of life for the ever-growing diabetic population with less economy burden in

the economy of the country.

77





Chapter 4

An Effective Fuzzy Logic Controller to

Determine the Optimal Awareness

Percentage for Diabetes Progression

The aim of this chapter is to develop a control strategy that calculates the optimal

percentage of the aware population with diabetes in the entire population. To achieve

this, a Mamdani-based fuzzy logic controller with two inputs and one output is de-

signed.The theoretical results proven that model has unique, positive, bounded, and

stable. The proposed fuzzy logic controller reduced the number of people with dia-

betes by 40% in the seventh month, outperforming existing optimal control technology.

This study emphasizes the importance of effective and cost-efficient diabetes preven-

tion methods, highlighting the significance of short and targeted awareness efforts,

rather than prolonged campaigns, to conserve resources for the management of the

disease. Furthermore, this research concludes that fuzzy-based intelligence tech-

niques are the most cost-effective way to lower the overall cost of diabetes prevention

and management for the general population.
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4.1 Introduction

Insulin injections and pumps, blood sugar checks, and carbohydrate counting are

involved in managing Type 1 diabetes, while Type 2 diabetes is managed with a combi-

nation of lifestyle changes, monitoring, medication, and insulin. Along with sufficiency

of the management of any country, it is also an economical burden. In 2017, it is

reported that cost of managing diabetes is high, with a total of $327 billion , includ-

ing $237 billion in direct medical costs and $90 billion in lost productivity. Most costs

come from hospital care (30%), prescription drugs (30%), supplies (15%), and physi-

cian visits (13%). The cost has increased 33.46% from $245 billion in 2012 to $327

billion in 2017. This is a burden for low/middle-income families. 34.5% of the popula-

tion had pre-diabetes from 2013 to 2016, with 15.3% aware of their diabetes.

Studies by various authors [8, 47, 73, 158, 178] have consistently demonstrated a

lack of awareness about diabetes among the general public. Approximately 50.1%

of people with diabetes are unaware that they have the condition [149], highlight-

ing the pressing need to improve knowledge and awareness about diabetes. This

is one of the key objectives of the current study. Raising awareness of the various

aspects of diabetes [14, 34, 124, 189] is an effective method for preventing, manag-

ing, and controlling Diabetes Mellitus. By educating people about diabetes, they can

better manage their condition and glycemic control, and it would be a cost-effective

investment for a significant public health benefit. Research supports that diabetes

awareness programs [13, 37, 88, 124] can be effective in combating diabetes, and in-

tensive education on diabetes and glycemic control can reduce risk factors, minimize

complications, and improve outcomes for people with diabetes. Self-management ed-

ucation [147, 156] is an important aspect of diabetes management, and patients must

have a good understanding of the disease, its risk factors, treatment options, and po-

tential complications to effectively manage their diabetes. Recently, various authors

have utilized the optimal control method in their studies [51, 95, 96, 137]. However,

these studies have utilized multiple control inputs in their models, making the models
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complex and challenging to solve for large-scale problems with interior constraints.

4.2 Modeling of Diabetes using Population Model

We assume that the overall human population density at time t in the region un-

der consideration is N(t). The entire population can be splited into three categories,

each of which has its physical meaning. Susceptible humans S(t) means people who

never had diabetes problems but can be diabetic in future. Diabetic humans D(t)

means those people who are suffering from diabetes. Diabetes-managed humans

M(t) means those diabetic population who have controlled their blood glucose level.

Although there is currently no treatment for diabetes, the condition can be managed

and put into remission. In remission, the body no longer displays signs of diabetes

despite persistent hyperglycemia in the individual. As a result, we assumed that the

persons in the M(t) compartment would most likely transfer to the D(t) compartment

rather than the S(t) compartment. We make the following assumptions in order to

build the model:

• We assumed that N(t) is the overall population size taken to be constant at

every point of time, implying that no births or migration factors are considered

for model formulation.

• The constant rate of immigration in sensitive persons is assumed to be I. Di-

abetes is a non-infectious condition, and it is well recognized that it cannot be

passed from one person to another. However, healthy people are influenced by

the habits of diabetic patients, who are more likely to have poor mental health,

lack physical activity, and following an unhealthy diet. It is more likely to be dia-

betic when healthy people contact with diabetic persons and get influenced by

them.

• It is believed that the probability of a person’s natural death is the same in each

compartment. So we have taken the constant natural mortality rate (µ) in each

compartment. It means that non-natural causes of death, such as car accidents,
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murder, suicide, and disease, are not taken into account.

• Better diabetes education and understanding can help diabetics control and

treat their disease at the proper time, lowering their morbidity and mortality. Dia-

betes incidence rates can be reduced by focusing population-based awareness

efforts on modifiable hazard components. As awareness spreads, we back up

earlier research findings that show that people who are aware have a lower risk

of developing diabetes than people who are oblivious.

We provide a compartment diagram for the diabetes population, as shown in Fig 4.1

Figure 4.1: Compartmental model for the progression of disease.

Behold the mathematical representation that governs the population dynamics - a

system of ordinary differential equations that reads as follows:

dS(t)
dt

= I−µS(t)− γS(t)D(t)

dD(t)
dt

= γS(t)D(t)−µD(t)−κD(t)+σM(t)

dM(t)
dt

= κD(t)−µM(t)−σM(t)


(4.2.1)

where I is recruitment rate of diabetes, µ is the natural death rate of population, γ

denotes the incidence rate of the first diabetes complication, κ is the rate at which

complications are successfully managed and σ is the incidence rate of recurrence of

complications. Structure satisfy the condition of

N(t) = S(t)+D(t)+M(t) (4.2.2)
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S0, D0 and M0 are the positive initial values of S(t), D(t) and M(t), respectively. The

diabetes system is studied in a biologically plausible domain provided by

Ω =

{
(S(t),D(t),M(t)) ∈ R3

+|S(t)+D(t)+M(t)≤ I
µ

}

We use simplify notation S, D, and M which assessed at time t, according to our

model’s variables notation.

4.3 Mathematical Analysis of the model

The purpose of this section is to analyze existence, uniqueness, boundedness and

stability of solution.

4.3.1 Existence of equilibrium points

The equilibrium points of non-linear model appears when dS
dt = 0, dD

dt = 0 and dM
dt = 0

and the steady state is specified as (S∗,D∗,M∗). There are two equilibrium points of

model has found which are as follows:

E1: (S∗E1
,D∗E1

,M∗E1
) =
( I

µ
, 0, 0

)
E2: (S∗E2

,D∗E2
,M∗E2

) =
(

κµ+µσ+µ2

γµ+γσ
, −(κµ2+µ2σ+µ3−Iγµ−Iγσ

γµ2+γκµ+γµσ)
, −(κ

2µ2+κµ3+σκµ2−Iγκµ−Iγσκ)
γµ3+2γµ2σ+γκµ2+γµσ2+γκµσ

)
Since diabetes is the fastest growing disease and the population of diabetic peo-

ple will never vanish at any time (meant D∗ 6= 0), therefore, we consider only the E2

equilibrium point for the model’s stability analysis.

4.3.2 Uniqueness of solution

Theorem 4.3.1. The system (4.2.1) that satisfies a given positive initial conditions (S0, D0,

M0) has a unique solutions.
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Proof: Let

X =


S(t)

D(t)

M(t)

 Ẋ =


Ṡ(t)

Ḋ(t)

Ṁ(t)

 (4.3.1)

The matrix form of system (4.2.1) can be rewritten as follows:

φ(Ẋ) = Ẋ = AX +B(X) (4.3.2)

where

A =


−µ 0 0

0 −(µ +κ) σ

0 κ −(µ +σ)

 (4.3.3)

B(X) =


I− γS(t)D(t)

γS(t)D(t)

0

 (4.3.4)

The second term on the right-hand side of equation (4.3.3) satisfies

|B(X1)−B(X2)| ≤M(|S1(t)−S2(t)|+(|D1(t)−D2(t)|)

≤M ‖X1−X2‖

where

M =

2Iγ

µ

2Iγ

µ


then

‖φ(X1)−φ(X2)‖ ≤V ‖X1−X2‖ (4.3.5)

where V = max (M,‖A‖)<∞.
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As a result, the function φ is uniformly Lipschitz continuous and proved that system

(4.2.1) has a unique solution in the domain Ω.

4.3.3 Positiveness of solution

Theorem 4.3.2. Assuming that S(0) ≥ 0, D(0) ≥ 0, and M(0) ≥ 0, the positive solutions of

the system (4.2.1) for t ≥ 0 are given by S(t), D(t), and M(t).

Proof: Suppose that, S(t) is not positive in (0,∞). There exists a t0 such that S(t0) = 0

and S(t) ≥ 0 for 0 < t < t0, then S′(t0)≤ 0. Now we put the t = t0 in the model (4.2.1)

dS(t0)
dt

= I−µS(t0))− γS(t0)D(t0)

≤ I

Since I is greater than zero so it is contradiction which implies S(t)>0 for t >0. Simi-

larly, we can prove that D(t) and M(t) are also positive in domain Ω.

4.3.4 Boundedness of solution

Theorem 4.3.3. The solutions of model (4.2.1) over the set Ω = {(S(t),D(t),M(t)) ∈ R3
+/0}

is bounded with initial condition S0 ≥ 0, D0 ≥ 0 and M0 ≥ 0

Proof: By adding the equation of system (4.2.1), we obtain

dS(t)
dt

+
dD(t)

dt
+

dM(t)
dt

= I−µ(S(t)+D(t)+M(t)) (4.3.6)

dN(t)
dt

= I−µN(t) (4.3.7)

This implies

N(t) =
I
µ
+N(0)e−µt (4.3.8)

The initial value of the total population is represented by N(0). Thus, limx→∞ sup

N(t) = I
µ

which implies that all solution is bounded.

85



4.3.5 Stability analysis of model

The direct solution of the model’s time-dependent variables S(t), D(t), and M(t), as

described by model (4.2.1), is notably challenging. To assess the stability of the non-

linear model at its equilibrium point, we employ a linearized approach. Specifically, we

consider the linearized system of model (4.2.1) at the steady point E2, which is given

as follows:


dS
dt

dD
dt

dM
dt

=


J11 J12 J13

J21 J22 J23

J31 J32 J33




S(t)

D(t)

M(t)

 (4.3.9)

where,

J11 =
γ(κµ2+µ2σ+µ3−Iγµ−Iγσ)

(γµ2+γκµ+γµσ)
−µ, J12 =

−(γ(κµ+µσ+µ2))
(γµ+γσ) , J13 = 0

J21 =
−(γ(κµ2+µ2σ+µ3−Iγµ−Iγσ))

(γµ2+γκµ+γµσ)
, J22 =

(γ(κµ+µσ+µ2))
(γµ+γσ) −µ−κ, J23 = σ

J31 = 0, J32 = κ, J33 =−µ−σ

The characteristics equation of matrix J is given as:

a3χ
3 +a2χ

2 +a1χ +a0 = 0 (4.3.10)

where,

a3 =
µ3 +2µ2σ +κµ2 +µσ2 +κµσ

(µ +σ)(κµ +µσ +µ2)
(4.3.11)

a2 =

κ
2
µσ +κµ

3 +3κµ
2
σ+2κµσ

2 +µ
4 +3µ

3
σ +3µ

2
σ

2 + Iγ ∗µ
2 +µσ

3

+2Iγµσ + Iγσ
2

(µ +σ)(κµ +µσ +µ2)
(4.3.12)
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a1 =

−κ
2
µ

3−2κµ
4−2κµ

3
σ + Iγκµ

2 +2Iγκµσ + Iγκσ
2−µ

5−2µ
4
σ

−µ
3
σ

2 +2Iγµ
3 +5Iγµ

2
σ +4Iγµσ

2 + Iγσ
3

(µ +σ)(κµ +µσ +µ2)
(4.3.13)

a0 =

−κ
2
µ

4 +κ
2
µ

3
σ +2κµ

5 +4κµ
4
σ +2κµ

3
σ

2− Iγκµ
3−2Iγκµ

2
σ − Iγκµσ

2

+µ
6 +3µ

5
σ +3µ

4
σ

2 + Iγµ
4 +µ

3
σ

3 +3Iγµ
3
σ −3Iγµ

2
σ

2− Iγµσ
3

(µ +σ)(κµ +µσ +µ2)

(4.3.14)

The roots of Equation 4.3.10 are provided as follows:

χ1 =−µ (4.3.15)

χ2 =

−(µσ
3 +µ

3
σ +2µ

2
σ

2 +2κµσ
2 +2κµ

2
σ +κ

2
µσ + Iγµ

2 + Iγσ
2 +2Iγµσ)

−
√

∆

2(µ3 +2µ2σ +κµ2 +µσ2 +κµσ)

(4.3.16)

χ3 =

−(µσ
3 +µ

3
σ +2µ

2
σ

2 +2κµσ
2 +2κµ

2
σ +κ

2
µσ + Iγµ

2 + Iγσ
2 +2Iγµσ)

+
√

∆

2(µ3 +2µ2σ +κµ2 +µσ2 +κµσ)

(4.3.17)

∆ = I2
γ

2
µ

4 +4I2
γ

2
µ

3
σ +6I2

γ
2
µ

2
σ

2 +4I2
γ

2
µσ

3 + I2
γ

2
σ

4−4Iγκ
2
µ

4−10Iγκ
2
µ

3
σ

−8Iγκ
2
µ

2
σ

2−2Iγκ
2
µσ

3−8Iγκµ
5−28Iγκµ

4
σ −36Iγκµ

3
σ

2−20Iγκµ
2
σ

3

−4Iγκµσ
4−4Iγµ

6−18Iγµ
5
σ −32Iγµ

4
σ

2−28Iγµ
3
σ

3−12Iγµ
2
σ

4−2Iγµσ
5

+κ
4
µ

2
σ

2 +4κ
3
µ

5 +8κ
3
µ

4
σ +8κ

3
µ

3
σ

2 +4κ
3
µ

2
σ

3 +12κ
2
µ

6 +36κ
2
µ

5
σ

+42κ
2
µ

4
σ

2 +24κ
2
µ

3
σ

3 +6κ
2
µ

2
σ

4 +12κµ
7 +48κµ

6
σ +76κµ

5
σ

2 +60κµ
4
σ

3

+24κµ
3
σ

4 +4κµ
2
σ

5 +4µ
8 +20µ

7
σ +41µ

6
σ

2 +44µ
5
σ

3

+26µ
4
σ

4 +8µ
3
σ

5 +µ
2
σ

6

(4.3.18)

Hence three case occur and its conclusion are :
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Case 1: If ∆ < 0 then χ2 and χ2 are complex conjugates with negative real parts, so

that critical point E2 is a stable spiral.

Case 2: If ∆ = 0 then χ2 and χ3 both are equal negative real number so that critical

point E2 is a stable node.

Case 3: If ∆ > 0 then χ2 and χ3 is always be distinct negative real number. Hence

model forms stable node at equilibrium point E2.

As determined by Theorem 3.1 from the reference [44], the model was found to exhibit

stability in all instances.

4.4 Control Strategy

We developed a new fuzzy control that takes the inputs, which are the rate of dia-

betes and the number of people sensitive to it, and determines the minimal awareness

percentage. The control variable U(t) represents the optimal awareness percentage

over the total population and practically, it will be achieved through media and other

diabetic education program. The Mamdani fuzzy system-based fuzzy optimal con-

troller has two input linguistic variables and one output linguistic variable. The first

input linguistic variables dS
dt and second input variable dD

dt which represent the rate of

change in population of susceptible and diabetic people, receptively. In FLC, the out-

put linguistic variable is given as the percentage of people aware of diabetes. The

following system of differential equations provides a mathematical control system.

dS(t)
dt

= I−µS(t)− γ(1−U(t))S(t)D(t)

dD(t)
dt

= γ(1−U(t))S(t)D(t)−µD(t)−κD(t)+σM(t)

dM(t)
dt

= κD(t)−µM(t)−σM(t)


(4.4.1)

In order to design the fuzzy logic controller the features of input and output variables

are shown in Table 4.1 and 4.2, respectively.

Fig 4.2 and Fig 4.3 exhibit the graphical representations of input variables, respec-

tively. The membership functions of fuzzy sets are taken according to the classical
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Input Variables Interval Membership Functions
dS
dt [-1 1] Negative zero Positive
dD
dt [-1 1] Negative Zero Positive

Table 4.1: Characteristics of Input Variables

Output Variables Interval Membership Functions
Diabetic Awareness (%) [0 1] Decreasing Increasing

Table 4.2: Characteristics of Output Variables

fuzzy classified function. The input variables of FLC is defined using the triangle

membership function. We assumed that if awareness is between 0% and 5%, it is
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Figure 4.2: Membership Function of first input Variable

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
dM(t)\dt

0

0.2

0.4

0.6

0.8

1

D
eg

re
e 

of
 m

em
be

rs
hi

p

Neg Zero Pos

Figure 4.3: Membership function of second input variable

likely to be insignificant in a large population, so we considered as it no awareness

in the population. Similarly, if awareness is between 95% and 100%, it can be as-

sumed that the almost entire population is having awareness about the disease. The

trapezoidal membership function has been used for defined the output of FLC. The

graphical representation is pictured in Fig 4.4.

The structure of the input and output fuzzy sets was used to define nine IF-THEN
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Figure 4.4: Membership function of output variable

rules. These AND (minimum) type antecedent rules were used to reduce the num-

ber of diabetic patients. The input and output membership function were coupled to

the IF-THEN fuzzy rules. The centroid approach was used for defuzzification. The

controller’s fuzzy rules are shown in Table 4.3.

dD(t)
dt

dS
dt Neg Zero Pos

Neg Decreasing Decreasing Increasing
Zero Decreasing Increasing Increasing
Pos Decreasing Increasing Increasing

Table 4.3: Fuzzy Rules of FLC

The pictorial diagram of fuzzy logic controller is represented by Fig 4.5. Figure 4.6

shows the graphical structure of control surface.

4.5 Numerical Simulation & Results

This section presents the results of numerically solving the optimality system (4.2.1).

All computations were performed using MATLAB 2012(b) with the aid of the fuzzy

toolbox. The initial population of each compartments is S0 = 100, D0 = 10.5 and M0 =

2 millions, respectively. The model’s parameters [52, 95] are considered according to

the following Table 4.4

Figure 4.7 depicts the paths of all system (4.2.1) variables, which begin at various

initial conditions. The solution convergences to the equilibrium point, which demon-

strates that the model has a stable saddle node.
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System FuzzyLogicStructure: 2 inputs, 1 outputs, 9 rules

Rate change in Susceptible Population

Rate change in Diabetic Population

Awarness Percentage

Mamdani Type 
Fuzzy Logic Structure

Figure 4.5: Graphical structure of fuzzy logic controller

Figure 4.6: Control surface

Parameter Values Units Biological meaning
µ 0.0390 1

years Natural mortality
γ 0.05 years

millions Incidence rate of diabetes
I 1.25 millions

years Recruitment rate of healthy people
κ 0.15 1

years Rate of diabetes managed people
σ 0.25 1

years Incidence rate of diabetes recurrence

Table 4.4: Value of model’s parameters used in numerical simulation

We obtained the disease equilibrium points E2(1.1848, 256.3897, 133.0742) on tak-

ing the data set from Table 4.4. Figure 4.8 shows that in the presence of a control

variable in the system (4.2.1), the model’s trajectories goes toward a equilibrium point

which pictured a stable saddle node. It shows under the control variables, model
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Figure 4.7: Graph of Phase Portrait of model without controller

Figure 4.8: Graph of Phase Portrait of model with controller

became stable for all time. We obtained that the disease equilibrium points E2(1.17,

256.23, 133.165) in the presence of control variable in model.

Figure 4.9 depicts a comparison of the simulation of susceptible individuals with and

without the FL controller in model. We observe that after raising diabetes awareness

for five years, the number of people vulnerable to diabetes increased by 40.84%. This

increase is because diabetes awareness programs create curiosity in the common

public to get themselves tested for disease at regular interval.
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Figure 4.9: Time series of susceptible people population

Figure 4.10 shows an intriguing result that after disseminating diabetes awareness

to the entire population, the susceptible population increases significantly at 7 months,
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then slowly for the next 4 year and three month. After five year, there is a small growth

in the sensitive population, leading to the conclusion that conducting awareness ini-

tiatives further is no longer helpful. Since according to Saeedi et al. [149] one-half of

people with disease (50.1%) , therefore this results can be proved extremely helpful

in reducing the unaware population significantly and therefore in managing the devel-

opment and further severity of the disease.
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Figure 4.10: Percentage error in Susceptible population

Figure 4.11 illustrates the considerable change in the diabetic population in the pres-

ence and absence of the FLC strategy in system. We can see that if we undertake

a diabetes awareness campaign across the population for five years, the number of

diabetic patients drops by 38.66%. This reduction has happened because they are

aware of the symptoms of diabetes, so patients start managing diabetes on their own

by doing regular physical exercise, following a healthy lifestyle, avoiding junk food, and

following other preventing and treating measure. This Fig 4.12 demonstrates that the
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Figure 4.11: Time series of diabetes population

diabetes population decreased by 38.86 % in the first seven months after the com-

plete community was exposed to the awareness program. After that, it continues to
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decline for the next one year and three months, with just a 0.32% growth in the di-

abetic population for the next three year. This finding demonstrate a very important

results that awareness program should not run unnecessarily for long duration then

required which may have economic burden while this amount can be utilized in the

management of the disease. The findings of the controlled diabetes population ob-
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Figure 4.12: Percentage error in Diabetic population

tained with and without the implantation of FLC are shown in Fig 4.13. It is clear from

the figure that the impact of the awareness program reduces the population of man-

aged diabetes by 4.4%. This is due to the fact that diabetes awareness initiatives tend

to reduce the diabetic population, resulting in a slight drop in the diabetes-managed

population when compared to the managed population without a diabetes awareness

campaign. Figure 4.14 shows that one year and seven months following the aware-
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Figure 4.13: Time series of diabetes managed population

ness campaign, the managed population immediately decreases, and then gradually

decreases over the next three year and three month, from 4.4% to 1.5%. In order to

show that in next couple of years proposed controller will work effectively, we have
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Figure 4.14: Percentage error of diabetes managed population

considered the large variations in transmission and recruitment rate of diabetes pop-

ulation. We plot graphs of diabetes populations at various values of β , assuming that

the transmission rate will grow by 2.5 times in the following fifty years. Fig 4.15 high-

lights the trajectory of diabetes population on taking the β = 0.05, 0.08, 0.10, and

0.12.
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Figure 4.15: Diabetes population on varying transmission rate (β ) at I = 1.50

Since diabetes is a disease that worsens over time, we expect the recruitment rate

to rise to 50% of what it is now. We used I = 1.50, 2.0, 2.50, and 3.0 to examine

the impact of diabetes knowledge. We can see from the Fig 4.16 that the proposed

FL controller is capable of reducing the diabetes population on increment of diabetes

recruitment rate.

4.6 Conclusion and Future Works

The worldwide rise of diabetes is placing an increasingly heavy burden on the

healthcare system, but this study provides a promising solution. Through the imple-

mentation of a Mamdani type fuzzy logic controller in a three-compartment mathemat-
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ical model, the researchers were able to determine the optimal population awareness

of diabetes. The results demonstrated the highly effective reduction of the diabetic

population by 40% within just five years, alongside an increase in the susceptible

population. Although the authors’ optimal controller design had significant reduc-

tions in patients with treatable, serious, and complicated diabetes, it was complex

and costly. This study emphasizes the importance of cost-effective and time-efficient

diabetes awareness campaigns, with future research incorporating type-2 fuzzy logic

and fuzzy differential equation models to further improve fuzzy logic controllers.
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Chapter 5

Diabetes Management in

Insulin-dependent Patients using

Computer-controlled Fuzzy Inference

Structure Technique

TThis current chapter focuses on the development of a fuzzy logic control technique

to maintain glucose levels within a normal range despite time lags in insulin secretion,

absorption, and action, which can lead to ultradian oscillations in glucose dynamics

outside the normal range in diabetic patients. To address this, a nonlinear delay

mechanism is incorporated, which limits the oscillation and maintains glucose levels

in a healthy range. The delay of more than 15 minutes without insulin action, and

more than 38 and 43 minutes with insulin secretion delays of 10 and 15 minutes

respectively, can lead to unhealthy glucose levels. Four experiments were conducted

on the model, including meal disturbance, no meal disturbance, ingesting unusual

meals, and uncertainty in the model’s parameters. The proposed mechanism not

only maintains glucose levels in a healthy range but also limits the oscillation of the

glucose-insulin dynamic, similar to that of healthy individuals in each experimental
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setup, which has not been reflected in other existing control techniques [161, 183].

These findings suggest that fuzzy-based intelligence techniques can be used in the

development of an artificial pancreas for clinical patients.
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5.1 Introduction

Maintaining the ultradian oscillation of glucose dynamics like healthy patients is a

challenging but important goal in the diabetes care. In healthy individuals, the regular

fluctuations in blood glucose levels occur in a cyclical pattern and are tightly controlled

within a narrow, healthy range. However, in individuals with diabetes, these oscilla-

tions can become erratic, leading to unstable blood glucose levels and a higher risk

of complications. Unfortunately, traditional treatment methods are unable to limiting

the amplitude of ultadian oscillation and fully address the difficulties associated with

unpredictable meal times, multiple meals, and varying physiological responses, which

can lead to unstable blood sugar levels and complications. However, the emergence

of artificial pancreas technology is revolutionizing diabetes management by offering

patients a solution that can adapt to their unique needs. With the use of sophisticated

algorithms, the artificial pancreas can continuously monitor glucose levels in real-time

and administer insulin precisely as needed, regardless of a patient’s eating patterns or

individual physiological responses. This cutting-edge technology empowers patients

with an unprecedented level of control over their diabetes management, providing a

much-needed solution to the challenges that traditional treatment methods cannot ad-

dress. By automating insulin delivery and monitoring, the artificial pancreas offers a

transformative approach to diabetes management that promises to improve the qual-

ity of life for patients and reduce the risk of life-threatening complications. In recent

years, research has focused on developing computer-controlled systems to automate

insulin delivery and provide a more effective and efficient approach to diabetes man-

agement. One such system is the Fuzzy Inference Structure Technique, which utilizes

fuzzy logic to create a closed-loop insulin delivery system for individuals with type 1

diabetes. This technique has shown promising results in controlling blood glucose

levels and reducing the risk of complications associated with the disease

Recent studies have explored the potential of Fuzzy Logic Controllers (FLC) in in-

sulin therapy, resulting in a sensitive and secure approach to monitoring a patient’s vi-
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tal signs. Grant [70] reported on the successful application of FLC schemes for insulin

delivery to diabetic patients based on a closed-loop strategy. Several researchers

[1, 6, 9, 36, 66, 81, 82, 87, 92, 106, 144, 152] have proposed various types of fuzzy

controllers, including fuzzy-PID, interval type-2 fuzzy, and Mamdani-type structures,

for regulating glucose levels in insulin-dependent patients. These controllers have

been shown to improve system performance and quality, offer quick responses, and

dynamically respond to different glycaemic challenges. Moreover, some of these con-

trollers do not require the mathematical form of the diabetic system and provide per-

sonalized dosage, making them suitable for practical applications such as insulin in-

fusion micro-pumps. The results of these studies suggest that fuzzy logic controllers

offer a promising approach for diabetes management.

Studies suggest that mathematical models based on nonlinear delay differential

equations are more effective in predicting glucose-insulin dynamics compared to mod-

els based on nonlinear ordinary differential equations. The DDE model used in this

study considers the time delays that occur in insulin secretion, absorption, and en-

dogenous glucose production, which are the primary causes of diabetes. Recent

controller designs, such as those by Gaz et al.[64], and Soylu et al. [161], have

employed the DDE architecture that includes the glucose volume factor to maintain

glucose levels within a safe range. However, these designs have not been able to

reduce the amplitude of ultradian oscillations that are an important part of healthy in-

sulin dynamics and appear after two hours in the metabolic system. To address this

issue, Saloni et al. [141] proposed a delay interval for glucose management, but it can

be challenging to maintain the proper interval for delay parameters. In this study, we

investigate the effect of disruptions in the delay interval on glucose concentration and

aim to regulate glucose levels within a physiological range with the help of a controller

Our model utilizes a controller to regulate glucose levels even when the delay pa-

rameter value is increased, which is a common occurrence in diabetic patients. The

mathematical model applied in this study overcomes the challenges of maintaining

strict delay parameter intervals and preventing hypoglycemia, which are important
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considerations in closed-loop strategies such as those used in artificial pancreas sys-

tems.

5.2 Problem Statement and Control Strategy

The regulation of blood glucose levels is a significant challenge in the treatment

of Type-1 Diabetes Mellitus (T1DM), a condition in which patients either lack insulin

production or have difficulty in absorbing it. This results in high levels of glucose in

the blood, which can exceed the normal range of 90 mg/dL. To address this issue, a

better control system is required that can keep blood glucose levels within the range

of 90 to 100 mg/dL, despite the varying doses and factors that impact glucose-insulin

dynamics, such as delays in insulin secretion and absorption, as well as factors like

diet, exercise, and stress. To tackle this challenge, a two-delay mathematical model

of the glucose-insulin system has been proposed, which incorporates the time lags in

insulin secretion and absorption that are common in T1DM patients. The proposed

control system uses a closed-loop feedback architecture, where the controller’s goal

is to regulate the glucose concentration to the target range despite different distur-

bances. The model comprises two crucial factors: the glucose concentration rate and

insulin concentration rate. The glucose concentration rate is maintained by functions

f2, f3, and f4, while the insulin concentration rate is regulated by the f1 function. The

glucose space (Vg) is the most crucial element of the regulatory system and appears in

all functions except f4. The inputs for the controller are the glucose level and rate, and

based on this information, the controller calculates the output, which is the glucose

volume. The controller then signals the artificial pancreas to release the necessary

amount of insulin to regulate glucose levels using the calculated value of Vg. To regu-

late sugar levels, the Vg parameter of the f3 function is chosen to be controlled by the

controller, as described by the following equation:

f3(G) =
G

C3(Vg−U)
(5.2.1)
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The glucose level (mg/dl) is denoted by G, and the control input is denoted by U .

5.3 Modeling of Glucose Insulin Regulatory System

The delay term in the glucose-insulin model is chosen to represent the physiologi-

cal processes involved in glucose regulation in the body more accurately, which are

subject to time lags. Time delays play a crucial role in glucose regulation, such as

delays in insulin secretion, hepatic glucose production, glucose absorption by insulin-

dependent cells, and insulin therapies. For the purpose of development of closed-loop

control system, we adopted a model that reflects insulin functionality and glucose vol-

ume distribution parameters, which can be represented by mathematical equations:

[77, 141]:
dG
dt

= Gin(t)− f2(G(t− τ1))− f3(G(t)) f4(I(t− τ2))+150

dI
dt

= f1(G(t− τ1))−d · I(t)

 (5.3.1)

with the initial conditions G(t)=G0 for t ∈ [−τ1,0] and I(t)= I0 for t ∈ [−τ2,0]. Parameter

d denotes the self degradation rate of insulin. Gin is meal intake rate. The biological

meaning of parameter of functions of model is taken from the Table 2.1

5.4 Mathematical Analysis of Model

In this section, we discus the positive solution of the model, the boundedness of the

solution, and the stability of the system.

Assume Ω is a subset of R×C, f : Ω→ Rn is a given function, then

ẋ(t) = f (t,xt) (5.4.1)

a related delay differential equation on Ω.

Lemma 5.4.1. Considered the following delay differential equation:

ẍ(t)+ pẋ(t)+qx(t)+ rx(t− τ) = 0,τ ≥ 0
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and assume p, q, r>0, then the number of pairs of pure imaginary roots of the characteristics

equation

λ
2 + pλ +q+ re−λτ = 0,τ ≥ 0 (5.4.2)

can be zero, one, or two only.

1. If the condition q>r and 2q− p2 < 0 and 2q− p2 < 2
√

q2− r2 is satisfied, there are no

non-zero solutions for τ > 0 of Eq (5.4.2), and the trivial (zero) solution is stable for all

τ > 0.

2. For q < r and 2q− p2 > 0, there exists one root for τ > 0. The trivial (zero) solution of

Eq. (5.4.2) is uniformly asymptotically stable for τ < τ0 and unstable for τ > τ0, where

τ0 is a positive constant.

3. For q > r with 2q− p2 > 0 and 2q− p2 > 2
√

q2− r2, two roots exist for τ > 0 and the

stability of the trivial (zero) solution of Eq (5.4.2) can change as τ increases, ultimately

becoming unstable.

Theorem 5.4.2. In Eq (5.4.1), suppose Ω is an open subset in R×C and f is a continuous on

Ω. If (σ ,φ ) ∈ Ω then there is a solution of Eq (5.4.1) passing through (σ ,φ ). We say f(t,φ ) is

Lipschitz in φ in a compact set K of R×C if there is a constant k>0 such that for any (t,φi) ∈

K, i=1,2

| f (t,φ1)− f (t,φ2)| ≤ k|φ1−φ2|

Theorem 5.4.3. Suppose Ω is an open set in R×C, f : Ω→ Rn is continuous and f( t, phi) is

Lipschitz in φ in each compact set in Ω. If (σ , φ ) ∈ Ω then there is a unique solution of Eq

(5.4.1) passing through (σ , φ ).

Theorem 5.4.4. Suppose Ω is an open set in R×C, f : Ω→ Rn is completely continuous, and

x is a noncontinuable solution of Eq (5.4.1) on [σ − r,b]. Then for any closed bounded set U

in R×C, U⊂Ω there is a tU such that (t,xt) /∈ U for tU ≤ t < b.
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5.4.1 Positiveness and boundedness of the model’s solution

Assuming that Section 2 of Chapter 2 in the same document provides conditions that

the functions fi, i = 1,2,3,4 in model (2.2.1) must satisfy for the analysis to be valid,

we assume that these conditions hold for all the functions in the model.

Cond1: If limx→∞ f3(x)> (Gin−F2 + c)/ f4, the model in (5.3.1) will have a single, pos-

itive steady state (G, I) where I = d−1 f1(G). Additionally, all solutions will exist in the

interval (0,∞) and will be both positive and bounded.

Cond2: If limx→∞ f3(x)< (Gin−F2 + c)/ f4, then limx→∞sup G(t) = ∞.

Proof of Cond1: Let us assume the equation

A(x) = Gin− f2(x)− f3(x) f4(d−1 f1(x))+ c = 0,x≥ 0 (5.4.3)

Claim 1: Eq (5.3.1) has unique root in (0,∞)

Proof: Observe that f ′1(x)> 0, f ′2(x)> 0, f ′3(x)> 0, f ′4(x)> 0, we have

A′(x) =− f ′2(x)− f ′3(x) f4(d−1 f1(x))− f3(x) f ′4(d
−1 f1(x))d−1 f1(x)< 0

Also, A(0) = Gin− f2(0)− f3(0) f4(d−1 f1(0))+ c = Gin + c > 0, and

lim
x→∞

A(x) = Gin− lim
x→∞

f2(x)− lim
x→∞

f3(x) f4(d−1 f1(x))+ c

= Gin−F2− f4(d−1F1) lim
x→∞

f3(x)+ c

< Gin−F2− f4 lim
x→∞

f3(x)+ c > 0

which implies A(0) > 0, and limx→∞ A(x) < 0. Hence by Mean Value Theorem, Eq

(5.4.3) has unique root in (0,∞). It is clear that G∗ is a root of and I∗ = d−1 f1(G∗).

Note that | f ′i (x)|, i = 1,..,4 are bounded. fi(x), i=2,3 and f j(xt), j = 1,4 are Lipschitzian

and completely continuous in x ≥ 0 andxt ∈C([−max{τ1,τ2},0]) respectively. Then by

theorem5.4.2, theorem5.4.2, theorem5.4.2, the solution of the model with the given
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initial condition exists and is unique for all t ≥ 0.

It is noted that insulin appears to assist the cells in metabolizing adequate glucose,

according to condition Cond1. If Cond2 is true, the glucose concentration level won’t

be constrained, and the system won’t work. Therefore, throughout this work, we will

assume that Cond1 is true in order to preserve the system’s viability.

Claim 2: The solution (G(t), I(t)) of the model (5.3.1) is positive.

Proof. Suppose that, there exists a t0 such that G(t0) = 0 and G(t) > 0 for 0 < t < t0,

then G′(t0)≥ 0. So we have

0≥ G′(t0) = Gin− f2(G(t0))− f3(G(t0)) f4(I(t0− τ2))+ c

= Gin− f2(0)− f3(0) f4(I(t0− τ2))+ c

= Gin + c > 0

which is a contradiction. Hence G(t) > 0 for all t > 0. If there exists a t0 such that

I(t0) = 0 and I(t)> 0 for 0 < t < t0. Therefore,

I(t0) = f1(G(t0))−dI(t0− τ2)≥ f1(G(t0))> 0

Since it is a contradiction, it follows that I(t) must be greater than 0 for all t > 0. As a

result, the solution (G(t), I(t)) of the model is positive.

Claim 3: The solution (G(t), I(t)) of the model (5.3.1) is bounded for t > 0.

Proof: If limt→∞G(t)=∞, then there exist a sequence < tn > such that limn→∞ G(tn)=∞

and G′(tn)≥ 0. Thus

0 < G′(tn) = Gin− f2(G(tn))− f3(G(tn)) f4(I(tn− τ2))+ c

= Gin− f2(G(tn))− f4 f3(G(tn))+ c

105



Therefore,

0≤ lim
n→∞

G′(tn)≤ Gin− lim
n→∞

f2(G(tn))− f4 lim
n→∞

f3(G(tn))+ c

≤ Gin−F2− f4 lim
x→∞

f3(x)+ c < 0

It shows that there exist a FG > 0 such that G(t)<FG for all t > 0, which is contradiction.

Hence G(t) is bounded above. Since | f1(x)| ≤ F1, for all ε > 0,

0 < I′(t)≤ f1(FG + ε)−dI(t)for large t > 0

which implies

lim
t→∞

sup I(t)≤ d−1 f1(FG + ε)

The inequality limt→∞ sup I(t) ≤ d−1 f1(FG) = FI implies that the supremum of I(t) as t

approaches infinity is bounded above by FI for all ε > 0 . This implies I(t) is bounded

above.

Proof of Cond2: If the limit of f3(x) as x tends to infinity is greater than or equal to

(Gin−F2 + c)/ f4, there is a continuous decrease in glucose utilization, leading to an

increase in glucose concentration until f3(x) approaches (Gin−F2)/ f4 as x approaches

infinity, and the upper limit of glucose concentration tends towards infinity when f3(x)

is less than (Gin−F2)/ f4. This situation contradicts human physiology. As the steady-

state is unique for any system, the inequality (Gin−F2)/ f4 ≤ limx→∞ f3(x)< (Gin−F2+

c)/ f4 becomes infeasible.

5.4.2 Stability analysis of model

The linearized form of the non-linear model (5.3.1) around the steady state (G∗, I∗)

is given as follows:
dG
dt

=−PG(t)−QI(t− τ2)

dI
dt

= R(G(t− τ1))−d · I(t)

 (5.4.4)
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where P = f ′2(G
∗)+ f ′3(G

∗) f4(I∗)> 0, Q = f3(G∗) f ′4(I(t))> 0, R = f ′1(G
∗)> 0

The characteristics equation is given as

λ
2 +(P+d)λ +Pd +QRe−λ (τ1+τ2) = 0 (5.4.5)

Case 1. τ1=τ2=0. The Eq (5.4.5) can be written as:

λ
2 +(P+d)λ +Pd +QR = 0 (5.4.6)

and P+d > 0,Pd +QR > 0 implies (G∗, I∗) is stable.

Case 2. τ1 > 0, τ2 = 0. The characteristics equation is

λ
2 +(P+d)λ +Pd +QRe−λ (τ1) = 0 (5.4.7)

The inequality 2q− p2 = −P2− d2 < 0 implies that Pd > QR. As a result, according

to lemma 5.4.1, the trivial solution of the linearized model (5.4.4) is always stable

for τ1 > 0. Additionally, if Pd < QR, then there exists a value τ1,0 > 0 such that the

trivial solution of the linearized model (5.4.4) is stable for τ1 ∈ (0,τ1,0) and unstable for

τ1 ≥ τ1,0. This is based on lemma 5.4.1.

Case 3: The same outcomes will be produced for the scenario where τ1 = 0 and τ2 > 0

because the characteristic equation remains unchanged (only need to replace τ2 with

τ1 in Eq. (5.4.7)).

Case 4: τ1 > 0, τ2 > 0. Let λ = iξ , ξ > 0 be an eigenvalue of Eq (5.4.5) , then we have,

−ξ
2 +(P+d)iξ +Pd +QR(cos(τ1 + τ2)ξ − isin(τ1 + τ2)ξ ) = 0 (5.4.8)

We have,

−ξ
2 +Pd +QRcos(τ1 + τ2)ξ = 0 (5.4.9)

(P+d)ξ −QRsin(τ1 + τ2)ξ = 0 (5.4.10)
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This leads to

ξ
4 +(P2 +d2)ξ 2 +P2d2 = Q2R2

The above equation is not possible for Pd > QR i.e. q > r therefore, the steady state

(G∗, I∗) is stable.

5.5 Controller’s Methodology

The Fuzzy Optimal Controller based on the Mamdani Fuzzy System has two input

variables (glucose level G(t) and its rate of change dG
dt ) and one output variable (insulin

volume in the Fuzzy Logic Controller). The input linguistic variables are described in

Table 5.1 and the output linguistic variable is described in Table 5.2.

Input Variables Interval Membership Functions
Glucose Level G(t) (mg/dl) [40 300] Negative Big Negative Small zero Positive Small Positive Big
Glucose Deviation dG/dt [-0.5 0.5] Negative Zero Positive

Table 5.1: Characteristics of Input Variables

Output Variables Interval Membership Functions
Volume of glucose (vg) [-15 5] Negative Big Negative Small Zero Positive Small Positive Big

Table 5.2: Characteristics of Output Variables

The membership functions of the fuzzy sets are selected based on the fuzzy classifi-

cation of the input and output variables and are depicted using triangular membership

functions. Figure 5.1 and fig 5.2 provide graphical representation of the input and

output variables, respectively.
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Fig 5.1(a). Glucose Concentration
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Figure 5.1: Membership Function of Input Variables
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Figure 5.2: Membership function of output variable

To reduce the error between desired and actual glucose concentration, fifteen fuzzy

rules with AND type antecedent were developed. These rules were connected to

input and output membership functions, and the CENTROID defuzzification method

was employed to obtain a crisp value. Table 5.3 shows the fuzzy rules.

Change in Glucose Rate
Glucose level rate Negative Zero Positive

NB NB NB NB
NS NS NB Z
Z Z Z PS

PS PB PB PS
PB PS PS PB

Table 5.3: Fuzzy Rules

The Fig 5.3 shows the surface view of control action.

It is a three-dimensional surface that shows how the glucose volume changes in

response to changes in the glucose level and change in glucose level.
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Figure 5.3: Control Surface

5.6 Numerical Simulations

The numerical simulations of the two-delay model were performed using the DDE23

solver in MATLAB 2012b. According to authors in [141], insulin secretion in the

glucose-insulin dynamics exhibits ultradian oscillations in a normal person within the

range of (50 - 150) minutes, and the same oscillatory behavior is observed in type

1 diabetic individuals within the range of (50 - 200) minutes. Within this range, the

glucose concentration oscillates from 105 mg/dl to 145 mg/dl in type 1 diabetic peo-

ple. The authors established an interval for delay parameters that maintain normal

glucose levels. However, following this strict interval is challenging. In this study, we

aim to examine the effect of variations within this interval on glucose concentration

and apply a fuzzy logic controller to control glucose even when the delay parameters

increase, which may occur frequently in real life. The FLC controller is implemented

on the model with delay parameters beyond their typical values. The proposed advi-

sory control system is tested on two cases in diabetic patients.

Case 1: Delay in insulin secretion in diabetic patients ( τ1 ≥ 0 and τ2 = 0)

In this situation, insulin secretion in diabetic patients is delayed, while there is no de-

lay in insulin absorption by the cells and tissues. The delay parameter τ1 corresponds

to the time between food intake and insulin secretion. According to Saloni et al. [141],

the glucose level is maintained within the normal range when τ1 lies in the interval

(5, 15) min. However, when τ1 goes beyond this period, the glucose concentration

becomes abnormal. Thus, in this study, to simulate the situation, we have considered
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values of τ1 beyond 15 min, such as 20, 25, 30, and 35 min.

Case 2: Presence of delay in both insulin secretion and insulin action ( τ1 ≥ 0 and

τ2 ≥ 0 )

According to Saloni et al. [141], two cases were considered for simulation of the

two-delay glucose-insulin model. In the first case, the delay τ1 was set to 5 minutes

and τ2 was within the range of (31, 43) minutes. In the second case, τ1 was equal to

10 minutes, and τ2 was within the range of (26, 38) minutes. The authors concluded

that after ignoring the first oscillation in both cases, the ultradian oscillations range of

glucose concentration for a period of 182 minutes was safe for diabetic patients. The

results indicate that when τ1 = 5 min and τ2 is between 31 to 43 min, the normal range

of glucose level is achieved in diabetic patients, while when τ1 = 10 min, the normal

range is achieved when τ2 is from 26 to 38 min. The simulation employed the param-

eters presented by Sturis et al. [164], as indicated in Table 2.2 for a diabetic patient.

To evaluate the controller’s efficacy, we examined its performance for glucose profile

under four distinct scenarios: without meal disturbance, meal disturbance, abnormal

meal intake, and uncertainty in insulin clearance rate, which are explained below in

detail.

5.6.1 Glucose profile of patients without meal disturbance

In this setup, the normal glucose-insulin dynamics was simulated with no meal dis-

turbance. It has been considered that the patient had not taken any meal, and the

performance of the controller was evaluated by monitoring the patient’s blood glucose

level response. The simulation was conducted for a duration of 800 minutes, with

the initial glucose level of the patient set at 140 mg/dl. The Fuzzy Logic Controller

effectively maintained the glucose concentration at 90.4 mg/dl for two hours after the

simulation started, ensuring a safe level for the diabetic patient.

The response of the glucose concentration in patients with delayed insulin secretion

by the pancreas is displayed in Fig 5.4. The delays in insulin secretion, represented

by τ1, were considered in range of from 20 to 35 minutes with an increment of 5-min.
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Figure 5.4(a). τ1 = 20 and τ2 = 0
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Figure 5.4(b). τ1 = 25 and τ2 = 0
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Figure 5.4(c). τ1 = 30 and τ2 = 0
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Figure 5.4(d). τ1 = 35 and τ2 = 0

Figure 5.4: Glucose concentration for different values of τ1

The response of glucose concentration of diabetic patients with a delay in insulin

action and secretion is shown in Fig 5.5. The τ2 was fixed at 50 minutes while the τ1

value varied from 10 to 25 minutes with a 5-minute increment.
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Figure 5.5(a). τ1 = 10 and τ2 = 50

113



0 100 200 300 400 500 600 700 800
Time (min)

60

80

100

120

140

160

180

200

G
lu

co
se

 le
ve

l (
m

g/
dl

)

Glucose level with controller
Glucose level without controller

Figure 5.5(b). τ1 = 15 and τ2 = 50
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Figure 5.5(c). τ1 = 20 and τ2 = 50
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Figure 5.5(d). τ1 = 25 and τ2 = 50

Figure 5.5: Glucose concentration for τ2 = 50 and different values of τ1
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5.6.2 Glucose profile of patients with meal disturbance

In this setup, a meal disturbance was introduced in the normal glucose-insulin dy-

namics, which caused an abrupt change in glucose level. The purpose of this test was

to assess the ability of controllers to handle the disruption caused by multiple mixed

meals in diabetic patients. The breakdown of food into glucose and its entry into the

body was simulated as a time-dependent function, represented by Gin. The highest

glucose intake rate of 5.25 mg/min was reached at 15 minutes, and the total duration

of glucose intake was 35 minutes. The proposed controller was able to maintain the

glucose level close to 90 mg/dl.

Gin =



0.25+ 5
15t 0≤ t ≤ 15(min)

0.25+5 35−t
35−15 15≤ t ≤ 45

0.25 35≤ t ≤ 240

The Fig 5.6 displays the glucose level in a patient with a delay in insulin secretion

following a meal. In this scenario, the minimum and maximum values of τ1 from the

set of 20 to 35 were selected, with τ2 being equal to 0.

0 100 200 300 400 500 600 700 800
Time (min)

60

80

100

120

140

160

180

G
lu

co
se

 le
ve

l (
m

g/
dl

)

Glucose level with controller
Glucose level without controller

Figure 5.6(a). τ1 = 20 and τ2 = 0
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Figure 5.6(b). τ1 = 35 and τ2 = 0

Figure 5.6: Glucose concentration for values of τ1 = 20,35 and τ2 = 0

The Fig 5.7 shows the glucose levels of patients with a delay in insulin secretion

and insulin action after meal consumption. The range of τ1 was taken from 10 to 25

minutes, with τ2 fixed at 50 minutes.
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Figure 5.7(a). τ1 = 10 and τ2 = 50

5.6.3 Unusual glucose intake by patients

In this scenario, an unusual large meal was taken, which caused a significant in-

crease in glucose level. The patient had a highest glucose intake rate of 5 (mg/dL)

per minute. A sudden spike in glucose consumption was observed between 400 and

410 min, with a rate of 5 (mg/dL) per minute, resulting in a total glucose intake rate of
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Figure 5.7(b). τ1 = 25 and τ2 = 50

Figure 5.7: Glucose concentration for values of τ1 = 10,25 and τ2 = 50

15 (mg/dL) per minute. Fig 5.8 depicts the glucose level response of diabetic patients

when the delays in insulin secretion and insulin action were set to 20 and 35 minutes

respectively (τ1 = 20,35 and τ2 = 0). The highest recorded glucose levels without the

controller intervention were 148.8 mg/dl and 187.3 mg/dl. However, after the imple-

mentation of the controller, the peak glucose levels were reduced to 101.1 mg/dl and

101.4 mg/dl respectively.
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Figure 5.8(a). τ1 = 20 and τ2 = 0

In Fig 5.9, the performance of the controller is displayed when τ1 is set to 10 and 25,

while τ2 is fixed at 50. The maximum glucose level observed during the unusual meal

disturbance was 80 mg/dl and 212 mg/dl. After the implementation of the controller,
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Figure 5.8(b). τ1 = 35 and τ2 = 0

Figure 5.8: Glucose concentration for values of τ1 = 20, 35 and τ2 = 0

the peak glucose levels were recorded at 101.1 mg/dl and 103.9 mg/dl throughout the

800-minute simulation period.
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Figure 5.9(a). τ1 = 10 and τ2 = 50

5.6.4 Uncertainty in the clearance rate parameter

In this setup, uncertainty was introduced in the insulin clearance rate, which af-

fected the glucose-insulin dynamics. The insulin clearance rate d represents the rate

at which insulin is absorbed, which varies in patients. A higher value of this parameter

means a faster rate of insulin degradation leading to higher glucose levels in diabetic

patients. The simulation in this part takes into account the differences in insulin ab-
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Figure 5.9: Glucose concentration for values of τ1 = 10,25 and τ2 = 50

sorption ability among patients. The clearance rate was considered uncertain, with a

variation of up to 20%. The nominal value of the parameter d was 0.08 in the model.

The fuzzy logic controller was able to preserve the glucose concentration within the

acceptable range. The glucose level for diabetic patients with insulin secretion de-

lays of 20 minutes was maintained by the controller within the range of [90.37, 93.01]

mg/dL and [90.77, 93.54] mg/dL after 105 minutes, as depicted in Fig 5.10, even when

there was ± 20% uncertainty in d
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Figure 5.10(a). τ1 = 20 and τ2 = 0

The Fig 5.11 depicts the glucose level of diabetic patients with delayed insulin action.

The delay was 10 and 25 minutes for the first and second case, respectively, and

insulin absorption was 50 minutes. The results show that the glucose levels were

within the range of [90.72, 93.54] and [90.92, 93.86].
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Figure 5.10(b). τ1 = 35 and τ2 = 0

Figure 5.10: Glucose concentration for values of τ1 = 20,35 and τ2 = 0
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Figure 5.11(a). τ1 = 10 and τ2 = 50
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Figure 5.11: Glucose concentration for values of τ1 = 10,25 and τ2 = 50

5.7 Results and Discussion

An innovative closed-loop recommendation system utilizing fuzzy logic is currently

under development for insulin therapy in individuals with type 1 diabetes. Elevated
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blood glucose levels in these patients often result from the failure of the gluconeoge-

nesis homeostatic mechanism, leading to both delayed insulin action and secretion.

The system targets two cases: i) delayed insulin action (τ1), and ii) delayed insulin

secretion and action (τ2), with identified hazardous delay ranges of (τ1 > 15,τ2 = 0),

(τ1 = 15,τ2 > 43), and (τ1 = 10,τ2 > 38) minutes. Four experiments, including no meal

consumption, multiple meals, unusual meals, and model parameter uncertainty, were

conducted to evaluate the system. In all experiments, the controller maintained glu-

cose levels between 90 and 95, roughly half of the high glucose threshold. The find-

ings suggest that the proposed system can effectively regulate glucose levels in type

1 diabetes individuals, reducing ultradian glucose oscillation amplitudes and demon-

strating the potential of the fuzzy-based approach in a closed-loop manner. These

results offer a promising path for future research into artificial pancreas systems for

individuals with type 1 diabetes.

5.8 Conclusion and Future work

This chapter presents a non-linear delay differential model with two delays to de-

scribe the glucose-insulin regulatory system in type 1 diabetic patients. A closed-loop

controller based on the Mamdani-type fuzzy scheme is proposed to maintain glucose

levels within a safe range. The delays in insulin secretion and absorption are identified

as crucial factors in the malfunctioning of the blood regulatory system. The proposed

FLC is robust and can keep glucose levels within a safe range, even in the presence of

a 20-35 minute delay in insulin secretion and a 50-minute delay in insulin absorption.

The controller can be easily modified for various patient differences and can be fur-

ther improved by incorporating more sophisticated techniques, such as type-2 fuzzy

logic, to handle disturbances and uncertainties in model parameters. The proposed

controller’s effectiveness and feasibility in real-world applications can be validated by

evaluating it on a larger scale, involving more patients and different patient profiles.

Additionally, the integration of the proposed controller with the micro-pump of insulin

infusion can create a fully functional artificial pancreas.
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Chapter 6

An Optimal PID-Fuzzy Logic Insulin

Infusion Mechanism for Type 1 Diabetes

in the Advancement of Artificial Pancreas

Managing blood sugar levels in Type 1 diabetes patients can be complex and time-

consuming through manual computation of insulin doses. This chapter introduces

the PID-FLC (Proportional Integral Derivative-Fuzzy Logic Controller) control system

for automatic insulin therapy. Based on an updated version of Bergman’s model, the

system is proven stable using Jacobian linearization and has shown effective results

in virtual patient tests. The PID-FLC system was able to maintain glucose levels near

93 mg/dl, even with a 20% uncertainty in insulin clearance rate, providing a potential

solution for automating insulin therapy in Type 1 diabetes patients.
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6.1 Introduction

Type 1 Diabetes Mellitus (T1DM) requires tight control of blood glucose levels to

prevent serious health complications. Artificial Pancreas Systems (APS) have been

developed to automate insulin delivery, where the insulin infusion mechanism is a

crucial component responsible for controlling the amount of insulin delivered to the

body. A variety of control algorithms have been used for closed-loop management of

diabetes, including linear controllers like PID and feed-forward, as well as non-linear

controllers included linear controllers like PID [89, 186] and feed-forward [123, 163], as

well as non-linear controllers like back stepping [75, 165], sliding mode [53, 118, 135],

artificial neural networks [82, 115, 168], H∞ [72, 93] controller and optimal controllers

[15, 30, 51, 97]. Among these control strategies, the PID-Fuzzy Logic Control (FLC)

insulin infusion mechanism has gained significant attention due to its ability to reg-

ulate insulin levels in response to changes in glucose levels, maintaining glucose

levels within a safe range. This approach combines a proportional-integral-derivative

(PID) controller and a fuzzy logic controller, with the PID controller regulating glucose

concentration and the fuzzy logic controller making necessary adjustments based on

various factors. Compared to other control strategies, the PID-FLC controller offers

several advantages. It is simple, computationally efficient, and has been shown to per-

form well in controlling glucose levels in T1DM patients. Moreover, the PID controller

provides a baseline control action, while the fuzzy logic controller is responsible for

handling uncertainties and nonlinearities in the system, such as meal disturbances,

insulin clearance rate uncertainty, and insulin secretion delays.

A number of authors have proposed fuzzy logic control schemes for diabetes con-

trol based on the Bergman minimal model. Ibbini and Fereydouneyan [59, 81] intro-

duced a fuzzy logic control system that helps maintain normoglycemic levels in the

face of glucose meal disturbances or measurement errors. Campos-Delgado et al.

[31] developed an advisory/control algorithm for Type-1 diabetes patients undergoing

intensive insulin treatment based on a multiple daily injections regimen that incorpo-
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rates expert knowledge about the treatment of diabetes using fuzzy logic controllers.

The fuzzy-PI controller was designed by Ibbini et al. [80] using a simplified design

and was simulated with two common diabetes disturbances, such as sudden glucose

meal and system parameter variations. Yasini et al. [191], Kardar et al. [87], and Sasi

et al. [152] designed a closed-loop control system for continuous drug infusion that

outperforms traditional discrete methods, even with significant glucose disturbances

such as mealtime nutrition absorption. Nossair et al. [6] developed a recurrent neu-

ral network as a nonlinear predictor and a fuzzy logic controller to determine insulin

dosage to regulate blood glucose levels. Liu et al. [106] proposed a fuzzy-logic-based

supervisor for insulin bolus delivery that can be gradually updated meal-by-meal and

only requires two blood glucose measurements. A type-2 fuzzy logic controller was

developed by Goharimanesh et al. [68] for maintaining a safe glucose level with fast

and accurate responses, even under normal conditions and parameter uncertainties.

Yadav et al. [190] presented a Fuzzy-PID controller for blood glucose control in type-

1 diabetic patients, where the parameters of the PID controller were tuned by the

Cuckoo Search Algorithm. Gharghory et al. [66] developed a fuzzy logic controller

implemented on a Field Programmable Gate Array. Amuthameena [9] proposed a

Fuzzy-PID controller and found that it performed more robustly under changing insulin

clearance rate, unexpected glucose intake, and meal disturbance compared to other

controllers (PI-FLC and PD-FLC). Farahmand [58] proposed a Takagi-Sugeno based

fuzzy inference system to minimize the impact of meal glucose disturbance on blood

glucose concentration and confirmed that the proposed controller could effectively

keep the blood glucose concentration within the desirable range. Mohammadzadeh

and Bernal [23, 120] proposed a type-2 fuzzy controller system for healthy glucose

regulation in diabetic patients. Nizam et al. [127] proposed a modified fuzzy particle

swarm optimization algorithm for predicting blood glucose levels 30 minutes after the

last measurement, which is crucial for insulin dose. Mosavi et al. [121] proposed

a deep learned type-II fuzzy logic system to compensate for estimation errors and

ensure stability for glucose regulation in type-I diabetes patients.

125



6.2 Modeling of Glucose Insulin Regulatory System

The model given by Saloni [141] has been used for the design of PID-Fuzzy logic

controller which is given as follows:

dG
dt

= Gin(t)+ c− f2(G(t))− f3(G(t)) f4(I(t))

dI
dt

= f1(G(t))−d · I(t)+U(t)

 (6.2.1)

with the initial conditions I(0) = I0 ≥ 0, G(0) = G0, G(t)≡ G0. The U(t) is the controller

for insulin infusion rate which is calculated by proposed PID-FLC scheme. The detail

explanation and biological meaning of function are discussed in Chapter 2.

Measurement noise and robustness are crucial considerations when analyzing the

performance of a Fuzzy-PID controller. Measurement noise refers to the inherent

fluctuations or disturbances present in the measured process variable, which can sig-

nificantly affect the controller’s behavior. The presence of measurement noise can

introduce uncertainties and inaccuracies in the feedback signal, leading to undesired

control actions. Therefore, it becomes essential to evaluate the controller’s robust-

ness, which refers to its ability to maintain stable and accurate control despite uncer-

tainties and disturbances. Robustness analysis helps ensure that the PID controller

can handle measurement noise effectively and produce reliable control actions.

6.3 Mathematical Analysis of Model

The existence,uniqueness, boundedness and stability of model has been already

discussed in section 5.4 of chapter 5.

6.4 Controller’s Methodology and Proposed Expert System

To address the challenge of managing glucose levels in Type 1 diabetes, we have

employed the technique of combining PID control with fuzzy logic control. This ap-
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proach was chosen because of its ability to handle uncertainty in model parameters

and achieve the target glucose level quickly in case of hyperglycemia. The fuzzy logic

controller works to minimize the error between the target and output glucose levels

when the output glucose concentration deviates significantly from the basal value.

Once the output glucose value is close to the desired point, the PID controller takes

over to fine-tune the parameters and achieve the optimal value.

Proportional Integral Derivative (PID) control is a well prominent way of driving a

system towards the desired position or level. The controller profile can be given as in

the terms of function [89] :-

u(t) = kpe(t)+ ki

∫ t

0
e(t)dt + kd

de(t)
dt

(6.4.1)

where

• u(t) is the output function of controller,

• e(t) is the error given by e(t) = Gdesired(t)−G(t) with Gdesired(t) = 90; and G(t) is

the plasma-glucose concentration at time t,

• The parameters kp, ki and kd denotes the relative gain of proportional, integral

and derivative components respectively.

6.4.1 Development of PID-FLC structure

The optimal PID-Fuzzy controller based on Mamdani fuzzy system is structured with

two input linguistic variables and one output linguistic variable, namely the glucose

concentration G(t) and the rate of change in glucose concentration dG(t)
dt . The output

linguistic variable is represented as the insulin infusion rate in FLC. Table 6.1 show the

characteristics of input variable. We take the range of the variable G(t) to be [0 , 200]

because it is always positive and less than 200 mg/dl. During the first 180 minutes,

the dynamic behavior of glucose changes as it increases and subsequently drops. As

a result, the rate of change in glucose level is estimated to be between -25 and +25.
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Input Variables Interval Membership Functions
Glucose Level G(t) (mg/dl) [0 200] NB NM NS NOM PS PM POS PL
Glucose Deviation dG/dt [-25 25] Neg Zero Pos

Table 6.1: Characteristics of input variables

Insulin is usually administered at a rate of 15 mL/h (6 U/h) until the blood glucose

level falls below 180 mg/dL, at which point the rate of infusion is reduced to 5-7.5 mL/h

(2-3 U/h). So that we have considered the range of output variable 0 to 30 µ U per

ml per hr. The attributes of the output variable are shown in the Table 6.2. where the

Output Variables Interval Membership Functions
Insulin Infusion rate (µ U/ml hr) [0 30] NB NM NS NOM PS PM POS PL

Table 6.2: Characteristics of output variables

full form of variables NB: Negative Big, NM: Negative Medium, NS: Negative Small,

NOM: Normal, PS:Positive Small, PM: Positive Medium, POS: Positive, PL: Positive

Large, Neg: Negative, and POS: Positive. The graphs of the input variables is shown

in Fig 6.1
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Figure 6.1(a). Glucose concentration
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Figure 6.1: Membership Function of Input Variables
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The figure referenced as Fig 6.2 displays the graphs of the output variables.
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Figure 6.2: Membership function of output variable (insulin infuse rate)

The input and output fuzzy sets were used to define 24 IF-THEN rules, which em-

ployed an AND (minimum) type antecedent for the purpose of minimizing the error

between the desired and actual glucose concentration. These rules were associated

with the input and output membership functions, and the CENTROID defuzzification

method was utilized to obtain a crisp value. Table 6.3 displays the fuzzy rules of the

controller. The Fig 6.3 shows the surface view of control action. We have tuned the

Change in Glucose Rate
Glucose level rate Negative Zero Positive

NB NB NB NB
NM NB NM NM
NS NB NS Z

NOM Z Z Z
PS Z PS PB
PM PM PM PB
PB PB PB PB
PL PL PL PL

Table 6.3: Fuzzy Rules

parameters manually. The values of PID controller’s parameters in our PID-FLC are

given in Table 6.4. Figure 6.4 suggests the block diagram of the PID-Fuzzy logic

controller based on the glucose-insulin model.
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Figure 6.3: Control action surface

Parameter Values
kp 0.865
ki -0.000005
kd 0.0009

Table 6.4: Parameter values of PID controller

Figure 6.4: Type 1 diabetes simulink model to explore PID-Fuzzy control strategy for insulin
infusion

6.5 Numerical Simulations

This section contains the results of numerically solution of the optimality system

(6.2.1). The effect of the suggested PID-FLC on the two primary situations for diabetic

patients addressed in this part are: i) Maintaining the sugar level for the entire day, and

ii) Model’s parameter uncertainty. Furthermore, we also showed the glucose-insulin

dynamic for normal and diabetic people.

Fig 6.5 depicts glucose-insulin dynamic of normal and diabetic individual.
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Figure 6.5(a). Glucose concentration of normal individual
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Figure 6.5(b). Glucose concentration of diabetes individual

Figure 6.5: Glucose - Insulin dynamic behavior of people

The Fig 6.6 represent the phase portrait of normal and diabetic people which show

the model forms the stable node.

Figure 6.6(a). Glucose concentration of normal individual

6.5.1 Monitoring the patient’s routine for one full day

The patient’s sugar level was monitored for 24 hours using two simulation tests. We

assume that virtual patients had the meal at three separate time for slots in the First

Test’s named as day shift. In the second test, known as the night shift, we assumed

that patients had not eaten anything in the previous 8 hours. The next subsections go
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Figure 6.6(b). Glucose concentration of diabetes individual

Figure 6.6: Phase Portraits of individual

over the specifics of each experimental setup.

Case scenario : day shift of diabetic person

It was a day protocol test. The simulation was performed for 16 hours. Initially, we

assumed the blood glucose level of a patient in morning 08:00 is 130 mg/dl. The vir-

tual diabetic patient has consumed 32.5g of Carbohydrates (CHO) during breakfast

at 09:30 am, 57g CHO during lunch at 01:00 pm and 86.5g CHO at 11:00 pm during

dinner. The duration for the consumption of food was considered as 10 minutes. The

table given below shows the meal consumption of patient at different time slots[159].

Meal Time g CHO mol CHO
Breakfast 09:30 am 32.50 1.12
Lunch 01:00 pm 57.00 1.96
Dinner 11:00 pm 86.50 2.98

Table 6.5: Scheduled of meal consumption

On simulation of model with above data set several results have been drawn. Fig

6.7 shows the blood glucose level after applying the PID, fuzzy and PID-fuzzy control

techniques. The simulation was started at time t = 0, and this time the sugar level

was 130 mg/dl. The artificial pancreas began to release insulin after the consumption

of meal. At time t = 100, 300 and 900 minutes, without the presence of controller,

the sugar levels reached 250 mg/dl, 410 mg/dl and 650 mg/dl respectively during the

food consumption. Following 2 hours of meal consumption, glucose level in body was

109 mg/dl, 108 mg/dl, and 93 mg/dl after implementation of PID, FLC and PID-FLC
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controllers, respectively. The proposed PID-FLC has maintained the sugar concen-

tration of diabetic patients at safe range in day shift. Fig 6.8 depicts the model’s phase
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Figure 6.7: Patient’s glucose concentration during day shift with implementation of different
controller

portraits, which illustrate that the model is stable in the presence of a controller for a

day shift protocol.

Figure 6.8: Phase portrait of model with PID-FLC controller in day shift

Case scenario : night shift of diabetic person

It was an in-night protocol test. The simulation was performed for 8 hour. Fig 6.9

shows the glucose concentration of the diabetic patients during night shift. The ini-

tial value of glucose level was 130 mg/dl. After 2 minute, the glucose concentration

started to rise. Without applying the proposed controller, the level of glucose in di-

abetic patient was 178 mg/dl at time t = 2 minute. At the same time, the glucose

level was 174, 137, and 120 mg/dl after implement the PID, fuzzy and PID-FLC con-

trollers, respectively. Two hours later, PID, fuzzy, and PID-fuzzy controllers maintained

the glucose concentration at values 118, 108 and 93 mg/dl respectively for diabetic
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patients. The proposed PID-FLC supervisor has maintained the glucose level at 93

mg/dl during night shift.
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Figure 6.9: Patient’s glucose concentration during night shift with implementation of
different controller

The model’s phase portraits are shown in Fig 6.10, which show that it is stable in

the presence of a controller for a night shift protocol.

Figure 6.10: Phase portrait of model with PID-FLC controller in night shift

6.5.2 Controller robustness

We had considered ± 20% error in insulin clearance rate. The clearance rate of

insulin is defined as the measurement of insulin degradation relative to the amount

of delivered insulin. High clearance rate of insulin means that a large amount of

insulin is not used to help the absorption of glucose molecules into the body. Thus,

we assumed the insulin clearance rate is d = 0.0076. In the context of robustness
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test, we had taken 80% and 120%, amount of insulin clearance rate. The closed-loop

robust performance of the proposed PID-FLC system is shown in Fig 6.11(a) and Fig

6.11(b). It can be seen that excellent comparative results have been attained resulting

increased blood sugar level in the body between with and without meal consumption

by the patient.
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Figure 6.11(a). Glucose level during the night shift in the presence of PID-FLC
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Figure 6.11(b). Glucose level during the day shift in the presence of PID-FLC

Figure 6.11: Glucose level of diabetic patients with ±20% error in insulin clearance rate
parameter

6.5.3 Sensor noise

Here, measurement noise’s impact is taken into account. A band-limited white

Gaussian noise has noise power equal to 0.1. Following that, a group of simula-
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tion results for the PID-fuzzy controller that include scenarios (meal intake and sensor

noise) are shown in Fig 6.12.
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Figure 6.12: Blood glucose profile of PID-Fuzzy controller against noise effect

6.6 Results and Discussion

Two shifts were considered, the day shift of 16 hours and the night shift of 8 hours.

During the day shift, it was observed that patients consume meals at different times

(meal disturbance), and the proposed controller successfully kept their glucose levels

at 93 mg/dl after two hours of consumption of meal . In the night shift, patients did

not have meal disturbance, and the proposed controller was able to maintain the

glucose levels at 93 mg/dl. The uncertainty in the clearance rate parameter can cause

hyperglycemia or hypoglycemia due to inappropriate handling of insulin delivery. The

proposed controller was able to handle both states effectively and keep the blood

glucose concentration within the normal range. Finally, the effect of measurement

noise was tested by exposing the glucose-insulin model to white Gaussian noise,

and the proposed controller still maintained the blood glucose level within the normal

136



range.

6.7 Conclusion and Future Scope

In this study, an ordinary differential equation model was analyzed to develop a

closed-loop control system for type 1 diabetes patients using fuzzy logic control. The

proposed model, which is suitable for an automated insulin administration system,

was improved from Bergman’s model by appropriate inclusion of related parameters.

The stability of the unique equilibrium point was proven using the Jacobian lineariza-

tion method. A Mamdani-type fuzzy scheme was used to design a PID-Fuzzy con-

troller that incorporates patient treatment knowledge. The proposed controller has the

ability to handle dynamic uncertainties in the model, such as parameter fluctuations

and meal disturbances. Simulation results showed that the controller can maintain

stable blood glucose levels near 93 mg/dl during both day and night shifts, despite

meal disturbances. The high efficiency of the controller under various clinical experi-

mental setups suggests its suitability for feasible applications such as insulin infusion

micropumps and artificial pancreas.





Chapter 7

Conclusion and Future Scope

7.1 Conclusion

The application of controllers in mathematical modeling for the management of dia-

betes has demonstrated potential as an innovative and effective approach to glucose

control. By incorporating continuous glucose monitoring data and insulin delivery sys-

tems, mathematical models can predict glucose levels and determine optimal insulin

dosing in real-time. This has the potential to greatly improve glucose control and

reduce the risk of hypoglycemia and other diabetes-related complications. Studies

have shown that mathematical models incorporating controllers can lead to improved

glucose control, with a decrease in average glucose levels, hemoglobin A1c, and

hypoglycemic episodes. In addition, these models have been shown to provide pa-

tients with improved quality of life and satisfaction with their treatment. Despite these

promising results, there are still challenges that need to be addressed. One of the

main challenges is the accuracy of the mathematical models, as they are dependent

on the quality of the CGM data and the ability of the algorithm to predict glucose lev-

els. In addition, the cost of controllers and the need for technical expertise to operate

them remain barriers to widespread adoption.
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7.2 Future Scope

The future of the application of controllers in mathematical modeling for the man-

agement of diabetes holds much promise. There are a number of areas where further

research and development is needed to improve the performance of these models

and make them more widely available to patients. Some of these areas include:

• Improved accuracy: Further research is needed to improve the accuracy of the

mathematical models, including the development of new algorithms that take

into account individual patient characteristics and preferences.

• Integration with other medical devices: Integrating mathematical models with

wearable devices, such as fitness trackers and smartwatches, could provide ad-

ditional data to the algorithms and improve the accuracy of glucose predictions.

• Personalization: Machine learning techniques could be used to personalize

mathematical models to each patient’s individual needs, resulting in more ac-

curate glucose predictions and improved treatment plans.

• Increased accessibility: Efforts should be made to reduce the cost of controllers

and make them more widely available to patients. This could be achieved

through partnerships with healthcare providers, government programs, and pri-

vate insurance companies.

• Real-world implementation: Large-scale implementation studies are needed to

evaluate the real-world effectiveness of mathematical models incorporating con-

trollers in improving glucose control and patient outcomes.

In conclusion, the application of controllers in mathematical modeling for the man-

agement of diabetes has the potential to revolutionize the way in which diabetes is

managed. The future of diabetes management holds much promise with the con-

tinued development of these models and the integration of innovative technologies.

With the right resources and support, the application of controllers in mathematical
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modeling could become a standard of care for diabetes patients, providing them with

improved glucose control, reduced risk of complications, and a better quality of life
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