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Preface

This thesis contributes several new results to the basic theory of the univalent function theory. Although
there are several elegant and beautiful articles available in the literature, but it was Ma and Minda’s pa-
per “A unified treatment of some special classes of univalent functions. Proceedings of the Conference
on Complex Analysis, Tianjin, Conf Proc Lecture Notes Anal., I Int Press, Cambridge, MA. 157-169
(1992)”, which paved the way for new research in univalent function theory. It is worth here to mention
that the Ma-Minda class covers the classical classes of the univalent starlike and convex functions.
After this, various problems were studied for a specific subclass of univalent functions, particular focus
has been on the subclasses of starlike functions. In this thesis, we study a variety of problems for the
Ma-Minda classes. Hence, either we generalize the known results or establish some new results for this
class. In brief, we generalize certain results, which trace their origin to the following defining articles:
“T.H. MacGregor, Majorization by univalent functions. Duke Math. J. 34, 95—102 (1967).” Interest in
special functions in view of radius problem can be seen from the papers “R.K. Brown, Univalence of
Bessel functions. Proc. Amer. Math. Soc. 11, 278-283 (1960)”, “R.K. Brown, Univalent solutions of
W" 4+ pW = 0. Canadian J. Math. 14, 69-78 (1962)”, “H.S. Wilf, The radius of univalence of certain
entire functions. Illinois J. Math. 6, 242-244 (1962)" and “E. Kreyszig and J. Todd, The radius of
univalence of Bessel functions. I, Illinois J. Math. 4, 143—-149 (1960).” About absolute power series
sum and its connection to the univalent function theory follows from the papers “H. Bohr, A Theorem
Concerning Power Series, Proc. London Math. Soc. (2) 13 (1914), 1-5" and “Y.A. Muhanna, Bohr’s
phenomenon in subordination and bounded harmonic classes, Complex Var. Elliptic Equ. 55 (2010),
no. 11, 1071-1078.” The work on convolution and relevant radius problem comes from the papers
“G. Szego, Zur Theorie der schlichten Abbildungen, Math. Ann. 100 (1928), no. 1, 188-211”" and “H.
Silverman, Radii problems for sections of convex functions, Proc. Amer. Math. Soc. 104 (1988), no. 4,
1191-1196.”

In the context of the above, we prove the classical results and establish topics of current interest for
the general Ma-Minda classes. In certain investigations, particularly chapter 3 and chapter 5 pave the
way for future research.
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Chapter 1

Introduction

This chapter gives a glimpse into the Geometric function theory. The purpose of this chapter
is to define various classes of analytic functions and also to introduce basic definitions and
concepts which will be needed in the subsequent chapters. It also covers some basic no-
tations and includes the synopsis of the thesis with some significant findings of the present
study.

The study of geometric function theory aims at obtaining the qualitative characteristics of complex
valued functions mathematically. One of the main branch of geometric function theory is theory of
univalent functions. The subject is classified under geometric function theory due to the fact that from
simple geometrical consideration a large number of remarkable properties of univalent functions have

been found.
Definition 1.0.1. A function f(z) is said to be univalent in a domain 2 C C if it is one-to-one, i.e, for

21,22 € 2, f(z1) = f(z2) implies that z; = z5.

An analytic function f in the domain & is said to be locally univalent at zo € 2, if f'(z0) # 0. analytic
univalent functions in the domain & are also called conformal mappings in & because they preserve
angles (both in magnitude and direction). In 1851, Riemann stated that a remarkable result which is

known as Riemann Mapping Theorem given below.

Theorem A (Riemann Mapping Theorem). Let & C D be a simply connected domain with a € .
Then there exists a unique analytic function g : 2 — C such that

(A.) g(a) =0and g'(a) > 0;
(B.) g is univalent;

(C.) g(2) = Q, where Q is also a simply connected domain.
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Thus, the properties of the univalent function defined on the open unit disk ID can be easily translated
into the properties of the original function defined in the simply connected domain &. Therefore, it is
sufficient to study analytic functions on the unit disk D. Since the quantity

fle)—f0)
filz) = o) f(0)#0

represents the shifting and contraction (or expansion) with rotation of the image domain f(ID) and
any property of the function fi(z) is immediately translated into a corresponding property of f(z),
so we consider the normalization, namely f(0) =0 and f’(0) = 1. Let &/ be the class of all such
normalized analytic functions. Now we can proceed to discuss some important subclasses of 7.
Moreover, the importance of normalization can be seen in the existence of solution to the coefficient
related problem, and its connection to the compactness of a given function space. For this, we refer to
see [58, Chapter 4, Section 5].

1.1 Classes of univalent and starlike functions

Let .7 be the subclass of &7 consisting of univalent functions. If f € ., then the Taylor Series

expansion of f is given by:

fR)=z+Y an". (1.1.1)
n=2

In the year 1907, Koebe [80] proved that for the class ., there exists an absolute constant k > 0
such that boundary of the image f(ID) can not be distorted so far as to come within a distance less
than k of the origin. In 1916, Bieberbach [32] established the beautiful result that |a,| < 2 for every
function f € . and using this, determined the value of k as 1/4. This shows the geometrical con-
nection of coefficient bounds on the geometry of functions. Shortly, we shall see the importance of
coefficients bounds in the concept of Bohr phenomenon. Bieberbach also conjectured that |a,| < n.
Meanwhile, the validity of this conjecture was found true for many subclasses of .. In 1925, J. E.
Littlewood [98] proved that |a,| < en for all n, showing that Bieberbach conjecture is true up to a fac-
tor of e = 2.718---. Finally in 1985, Louis De Branges [36] proved this conjecture, by using special
functions. Before the proof of Bieberbach conjecture, several subclasses and other fascinating results
appeared to solve it. A systematic study in this direction can be seen in some known standard books.
Books by Nehari [119], Pommerenke [131], Goodman [58], Duren [49], Graham and Kohr [63], Jenk-
ins [69], Thomas et al. [166] and survey articles of Hayman [66] and Duren [48] are excellent sources

of information on univalent function theory.

Coming back, we first describe a geometrical property, which further leads to an important subclass

of univalent functions.

Definition 1.1.1. A domain D is said to be starlike w.r.t a point wg € D if each ray with initial point wy
intersects the interior of D in a set which is either a line segment or a ray. If a function f(z) maps D
onto a domain which is starlike w.r.t wo = 0, we say that f(z) is a starlike function.

Analytically, a function f(z) € .7 is starlike with respect to origin if and only if R(zf"(z)/f(z)) > O.



The class of starlike functions is defined as

rinfpesa(i)

Definition 1.1.2. A set D in the plane is said to be convex if for every pair of points w; and w», the line
joining w; and wy is contained in D. If a function f(z) maps D onto a convex domain, we say that f(z)
is a convex function.

Analytically, a function f(z) € . is said to be convex if and only if R(1+zf"(z)/f'(z)) > 0. The
class of convex functions is defined as

= {fef:EK<l+ZJJ:,”((ZZ))> >o}.

It is easy to note that every convex function is starlike with respect to every point in the region f(D),
hence every convex function is a starlike function but the converse need not be true. One of the
example is f(z) = z+2%/2. Later in 1936, Robertson [140] generalized the classes .#* and € by

introducing:

Definition 1.1.3. A function f € .7 is said to be Convex function of order « if and only if

zf"(2)
9{<l+ ) ) >o, (0<a<l,zeD).

The class of such functions is denoted by %'(«). Note that €' (0) = €, the class of convex functions.

Definition 1.1.4. A function f € .7 is said to be Starlike of order ¢ if and only if

z2f'(z)
E){<f(z)>>oc 0<a<l,zeD).

The class of such functions is denoted by .*(a). Note that .#*(0) = .#*, the class of starlike func-
tions.

The well-known Alexander’s transformation given below establishes a two-way bridge between the
classes ¢’ (o) and .*( ) defined as

fe€(a) = zf'(z) € 7 ().

In view of the analytic characterization of the above-discussed classes, let us recall the following im-
portant class:

Definition 1.1.5. A function p(z) which is analytic in D is said to be in the Carathéodory class 2, if it
satisfy
p(0)=1and Rp(z) >0

and have the form: p(z) = 14 p1z+prz®+---.
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Thus, the classes &2 and .¥* can now be related to each other as follows:
feS =z (2)/f(z) € 2.

Hence, the relation between the coefficients p, of the function p in the class & becomes prominent
and serves as a tool to solve the many coefficient problems related to the subclasses of .. A recent
survey article entitled “A survey on coefficient estimates for Carathéodory functions” by N. E.
Cho et al. [40] deals with carathéodory coefficients p,,. To proceed further, we need to recall

Definition 1.1.6. (Subordination) An analytic function f is subordinate to another analytic function g,
denoted by f < g, if there is an analytic function w with |w(z)| < |z| such that f(z) = g(w(z)). Further,
If g is univalent, then f < g if and only if f(0) = g(0) and f(D) C g(D).

The principle of subordination owes its origin to Lindeldf (1908), but the basic theory was developed,
later on, by Littlewood [98] and Rogosinski [142]. This principle enables us to derive information about
an analytic function f, if certain geometric details of the conformal map associated with this function
are known. The class &7 is also known as Carathéodory class of functions and plays an important role
in the characterization of the many subclasses of .. In 1992, using subordination, Ma-Minda [102]

introduced the unified class of starlike and convex functions defined as follows:

zf'(2) zf"(z)
(@) f'(z)

L (y) = {fe.;zf: <l//(z)} and % (y):= {fed:l—k <l//(z)}, (1.1.2)
where
1. y(z) € & is an analytic univalent function in |z| < 1.

2. Ry(z) >0, y'(0) >0, y(0) =1 and y(D) is symmetric about real axis.

In literature, there are still several problems that are not solved in general. This fact motivated several

authors, see Table 1.1, to study specific subclasses in view of (3.1.3).

Class y(z) Reference

Z 1+4z/3+2%/3 Sharma, Jain and Ravichandran [150]

Zio  2/(14+e79) Goel and Kumar [60]

7 1+sinz Cho, Kumar and Kumar [82]

I V1+4z Sokét and Stankiewicz [161]

L 1+z-23/3 Wani and Swaminathan [170]

S NT+bz, be(0,1] Sokét [158]

A* 74+V1+22 Raina and Sokét [134]

57 et Mendiratta, Nagpal and Ravichandran [109]
S (’,j—f;) k=142 Kumar and Ravichandran [89]

PR V2 - (ﬂ -1) m Mendiratta, Nagpal and Ravichandran [108]

Table 1.1: Some subclasses of starlike functions obtained for different Choices of y(z)



1.2 Concept of differential subordination

In very simple terms, a differential subordination in the complex plane is the generalization of a
differential inequality on the real line. Obtaining information about the properties of a function from
properties of its derivatives plays an important role in the functions of a real variable. Let us directly

compare the following two results:
If /(x) > 0, then f is an increasing function.
A simple analog of this is the Noshiro-Warschawski theorem: if f is analytic in the unit disk D, then
Rf'(z) > 0 implies f is univalent in D.

For further interest in differential subordination implication, we strongly refer to read the book “Miller
S.S., Mocanu, P.T.: Differential subordinations, Monographs and Textbooks in Pure and Applied Math-
ematics. New York: Marcel Dekker, Inc, (2000).” Now we only require to state the following concept,

which shall use as tool in our results:
Definition 1.2.1. (Differential Subordination) [110] Let ¢ : C* x D — C and let / be univalent in . If

p is analytic in D and satisfy the (second order) differential subordination

¢ (p(2),2p'(2),2p" (2):2) < h(2), (1.2.1)

then p is called a solution of the differential subordination. An analytic function ¢ is called a dominant
of the solution of the differential subordination, or more simply a dominant, if p < ¢ for all p satisfying
(1.2.1). A univalent dominant § that satisfy § < ¢ for all dominant g of (1.2.1) is called the best
dominant. Note that the best dominant is unique up to the rotation of D. For more information on
differential subordination see [110].

Definition 1.2.2. [110] Let Q be the set of functions ¢ that are analytic and injective on D\E(g), where

E(q) ={{ € oD: lin% = oo} (1.2.2)

and are such that ¢’({) # 0 for { € dD\E(q).

Definition 1.2.3. [110] Let Q be a setin C, ¢ € Q and n be a positive integer. The class of admissible
functions ¥,,[Q, g], consists of those functions y : C* x D — C that satisfy the admissibility condition:

v(rs,1;2) ¢ Q

&q" (%)
q (%)

To study differential subordination implications using the technique of admissible function so that the

whenever r = ¢(§), s =m{q'({), EKE +1>mR [ + 1] ,z€D, { € ID\E(q) and m > n.

implication
{¥(p(2),2P'(2),2°P" (2);2)]z € D} < h(z) = p(z) < q(2) (1.2.3)



holds, one needs to follow Definition 1.2.2 and Definition 1.2.3. Here we see our interest in the class

2f'(z)
f()

where & maps the unit disk onto a cardioid domain, since the function £ does not follow Defini-

f;::{fe,sz%: <1+zez::[0(z)},

tion 1.2.2. This makes this class important for our study not only in view of differential subordination
but in other aspects also. In this thesis, we use the concept of differential subordination implications as

a technique for establishing our results, for instance in majorization problems.

1.3 Synopsis of the Thesis

Univalent function theory is the classical part of complex analysis, it falls under Geometric function
theory as it deals with the geometrical aspects of the image domain f(ID) of analytic functions f de-
fined on the unit disk D = {z € C: |z| < 1}. In fact, it begins with the sharp estimation of the second
coefficient bound of the univalent functions £, given by f(z) = z+4 axz> 4+ a3z’ +---. The brief history
of |az| estimation began with Bieberbach’s work and its application in Koebe’s famous 1/4-th Quarter
theorem [80]. In an attempt to get the bounds for other coefficients during the second decade of 20"
century, many coefficients functional like a3 — a3 were considered, which yields |a3| < 5, a crude esti-
mate of the coefficient for univalent functions. Now the sharp estimates of the coefficients like |a,| < n
are well-known for the univalent functions. In fact, the sharp bounds of coefficients are yet to be known
for several subclasses of starlike functions. However, the sharp bounds for the initial coefficients a;, as,
ay for functions in .* (), the Ma-Minda class of starlike functions, defined below, are now known and
derived in the recent years and the estimate for as, subject to certain conditions, is obtained recently
in [56]. Further, the importance of such coefficient bounds has been noticed recently in the concept of
Bohr’s radius problems, see [34,111,115]. Moreover, the need of estimations of such coefficients and
other coefficients functional like @3 — Bas can be found in higher-order Hankel determinants, see the
recent survey article titled “A survey on coefficient estimates for Carathéodory functions” by N. E.
Cho et al. [40]. Let & be the class of analytic Carathéodory functions defined by p(z) =1+ Y| pu2",
such that Rp(z) > 0 in D. Many subclasses of univalent starlike functions were studied in the past, as-
sociated with the interesting Carathéodory regions represented by the Carathéodory functions v/1 + z,
1 +sinz, z4+V1+22, ¢ and 2/(1 + ¢ %), introduced and studied by Sokét and Stankiewicz [161],
Kumar et al. [38], Raina et al. [134], Mendiratta et al. [109], and Goel and Kumar [60] respectively.
For -1 <E <D< 1,let ¥*D,E]:=.7*((1+Dz)/(1+Ez)) be the class of Janowski starlike func-
tions. Recently, coefficient problems are considered for the general class .#*(y), which includes the
estimation of well-known Zalcman functional, Fekete-Szeg6 and Hankel determinant bounds, involving
the successive coefficients of functions in the desired class. Further, the coefficient bound estima-
tion eventually helps us to find the radius estimation, for instance, one may observe it in the case of
Bohr radius problems. In 1992, Ma and Minda [102] unified various subclasses of starlike and convex



univalent functions, which are respectively given by:

zf"(2)
f'(2)

zf'(z)
(@)

y*(w)::{feg%: —<1//(z)} and%(w):={fe%:1+ <1//(z)},
where y € & is univalent and y(ID) symmetric about real axis and starlike with respect to 1. The
symbol < denotes the usual subordination. Note that, for different choices of y, we obtain differ-
ent subclasses of .*. For instance if w(z) :== (1+2z)/(1—2),(1+ (1 + (1 —2a))z)/(1 —z) and
((1+2)/(1—=2))", then the class .7*(y) reduces respectively to the class of starlike functions .7*,
Robertson’s [140] class .7 *( ) of starlike functions of order o and Stankiewicz’s [162] class .. (y)
of strongly starlike functions of order y, where 0 < @ < 1 and 0 < y < 1. Note that .#*(0) = .7.*(1) =
B

Now we brief what is Radius problem: “To find the maximal radius r < 1 so that a function f has the
property P in D, or f(D,) has the property P" is known as the radius problem. For instance, let f be
a starlike function, which is not convex in D. Then the maximal radius r for which f(ID,) is convex, is

known as the radius of convexity for such starlike functions.

Let f and g be the analytic functions in a domain D C C. The function f is said to be majorized
by g, provided |f(z)| < |g(z)| for each z in D. In 1967, Macgregor [104] discussed the concept of

majorization for the univalent functions and derived the following worthy result:
Theorem B. (Macgregor, [104]) Suppose f and g be analytic in |z| < 1. Let g(0) =0 and f be
majorized by g in |z| < 1. Then
(A) If0 < r<+/2—1, then max, . |f'(z)| < maxp_,|g'(z)]-
(B.) If g is univalent for |z| < 1, then f’ is majorized by g’ in |z| < 2 —+/3.
(C.) If g maps one-to-one onto a convex domain, then f” is majorized by g’ in |z| < 1/3.
Further, he [104] deduced coefficients bounds for analytic functions f(z) = Y. a,z" majorized by

the analytic function g(z) = z+ Y., bnz" in |z] < 1, where g is either univalent or spiral-like or convex

function. In the present work, we deal with the generalization of the above Theorem B.

Other interesting problem for the analytic functions is due to Bohr [34], who proved in 1914 that
analytic functions f(z) = Y»_,an2" with |f(z)| < 1, satisfies the inequality
Y lanllz]" <1, (1.3.1)
n=0

which holds for |z] < 1/3, where 1/3 is best possible constant. The inequality (1.3.1) is known as
Bohr's sum or sometimes classical Bohr’s inequality. This inequality has attracted a lot of attention in
recent times. For such functions, Rogosinski gave the partial sum’s inequality, that is

N—1
Y lanllz" <1,
n=0

which holds for |z| < 1/2. The constant 1/2 is the best possible. Let us now write an important Bohr-



Rogosinski inequality for analytic functions f(z) =Y.~ a,z", see Kayumov et al. [76] and Muhanna [111],

which is described as follows:
F@)+ Y lanllzl" < 1£(0)|+4(f(0),f(D)),
n=N

where d here refers to the distance. Let g(z) = Y, b,2" and S(f) = {g : g < f}, the families of
analytic subordinates of f, where f is univalent, it is proved that:

Theorem C. (Kayumov et al., [76]) Assume that f and g are analytic in D such that f is univalent in
D and g € S(f). Then for each m,N € N, the inequality

82"+ i,vlanZI” < |£(0)| +d(f(0), /(D)) (1.3.2)

holds for |z| < r,’; ~» Where rf; w 1s the positive root of the following equation

2
47" — (1 ="+ 4N (N(1 =) +7) <1_rm> =0.

1—r

The radius r,';’ v is sharp due to Koebe function z/(1 —z)>.

In the present thesis, we investigate several radius results such as Bohr, Rogosinski and Bohr-
Rogosinki radius involving the Ma-Minda classes .*(y) and €’ (y), as well as some other subclasses
of univalent functions. Radius problems for special functions are also an active area of research. For
the normalized form of certain special functions, the radius of starlikeness and convexity are known, for
special function’s related properties, see [21-23,25,27—29]. However, .¥*(y)-radius and & (y)-radius
for special functions are still open, we deal them in Chapter 6. Further, several types of radius problems
were also discussed in the past, see [58, Chapter 13] and [49, Chapter 6, Section 6.4 Majorization,
pg. 202]. However, their generalization for the Ma-Minda classes of univalent starlike and convex func-
tions, yet not established. Motivated by these observations, we further study extensively the concepts
related to the radius problems especially for the general classes .*(y) and & (), which finally made
this thesis end up with nice and significant collections of radius problems for .#*(y) and € (y). The
findings of this thesis are either new or provide new insight into the literature. We now brief in the
following, the chapter-wise description, skipping the first introductory chapter, which essentially deals
with basic definitions, notations, and notions needed for the study.

Chapter 2

In this chapter, titled “A Cardioid Domain and Starlike functions", we introduce and study a new

class of starlike functions given by

zf'(2)
f(2)

yg::{feﬂ: <1+zezzrﬁ(z)},



where & maps the unit disk onto a cardioid domain. We find the radius of convexity of &(z) and
establish the inclusion relations between the class 5{; and some well-known classes. Further, we
derive sharp radius constants and coefficient-related results for the class Yg. We enlist below a few
results pertaining to this chapter:

1. The .7, ,-radius of the class .%,[D, E] is given by

Ry, ifR <
(i) Ry« (ZF[D,E]) = b I r=n when —1<E <0<<1,
on Ry, ifR1>n
where
Ri:=Ry; (/[D,E])as defined in part (i),
Ry =min{1,(e/(D— (e+1)E))/"}
and

B (2 —1)/2¢ 2
"= (((e2+2e— 1)/2e)E2—DE> ‘

In particular, for the class .*, we have Ry;;(y*) =1/(2e—1).

2. Let f € .7, Then the following necessary condition for the 3-fold and 2-fold symmetric functions,
respectively hold:

(i) /.75 implies that |H3(1)] < 1/9.

(ii) J € .75 implies that [H3(1)| < 1/16.
The above bounds are sharp.

Several inclusion results are nicely depicted in a graph. All the results of this chapter are sharp and
some are kept as open problems.

Chapter 3

In this chapter, titled “Classes of Analytic functions associated with univalent functions”, motivated
by the class of analytic functions associated with the functions, namely Booth Lemniscate and Cissoid

of Diocles, we introduce and study a new class of analytic functions given by:

F)i={rea: (1) <. wo o},

where v is univalent. We establish the growth and covering theorems with some geometric conditions
on v, which are as follows:

1. (Growth Theorem) Suppose that max |, Ry(z) = y(r) and min,_, Ry(z) = y(—r). Then the
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function f € .7 (y) satisfies the sharp inequalities:

rexp </0 "’S‘%) < f(2)] < rexp </0rwt(t)dt> (=1,

2. (Covering Theorem) If f € % (), then either f is a rotation of f; or

{weC:lw[<—fo(-1)} C f(D),

where —fo(—1) =lim,,;1 (—fo(—r)) and fy is given by
_ “y(r)
fo(2) —zexp/o Tdt.

Note that the functions in .% (y) need not be univalent. As an application, we obtain the growth theorem
for the complete range of & and f3 for the functions in the classes .7 (o) :={f € & : (zf'(z)/ f(z)) —
1<z/(1—az?), a€[0,1)} and s(B) :={f € & : (zf'(2)/f(z)) — 1 < 2/((1 —2)(1+B2)), B €
[0,1)}, respectively which improves the earlier known bounds. The sharp Bohr-radii for the classes
givenby (8.7 () ={g:g < f,g(z) = X5 bxz" and f € .7 ()} and B.7 () are also obtained.

All the results obtained here are more general as well as sharp.

Chapter 4

In this chapter, titled “Some general results for the Ma-Minda classes", motivated by the well-known
work of MacGregor, Campbell and Szegd, we consider functions analytic in the unit disk that are
subordinate to functions of the same type that are defined by certain differential subordinations. We
prove several sharp majorization theorems, a product theorem, convolution conditions for necessary
and sufficient conditions, and some radius problems related to the Ma-Minda classes. Some of the

interesting results we obtained on majorization are given below:

1. Let Ro(z) > 0 and ¢ be convex in D with ¢(0) = 1. Suppose y be the function such that

my = In‘lin]u/(z)] and also satisfies the differential equation
zZ|l=r

Letg € .o and f € €(¢). If gis majorized by f in I, then |g'(z)| < |f'(z)| in |z| < ry, where ry
is the least positive root of the equation

(1—7r*)m, —2r=0.

The result is sharp for the case m, = y(—r).

2. Let ¢ be convex in D, with Ro(z) > 0, ¢(0) = 1 and suppose f € o7 satisfies the differential
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subordination

2f'(z) 2f'(2)\'
ﬂ@_m<f&))<¢&)

If ¢ is majorized by f, then |g’(z)| < |f'(z)| in |z| < ro, where ry is the least positive root of the
equation
(1—r)minRy(z) —2r =0,

|z|=r
where

v@)=~ [ ot

The result is sharp for the case min,_, Ry(z) = y(+r).

The contributions of this chapter are mostly the generalization of well-known results or new establish-

ments in the above-mentioned direction.

Chapter 5

This chapter titled “Bohr and Rogosinski phenomenon for certain classes of univalent functions ",
deals with a popular radius problem generally known as Bohr's phenomenon, which has been studied
in various settings, however little is known about Rogosinski radius. For a fixed f € .*(y) or € (y),
the class of analytic subordinants S¢(y) := {g: g < f} is studied for the Bohr-Rogosinski phenomenon.
It's applications to the classes .7 *(y) and € (y) are also shown. The phenomenon is also studied
for a class of harmonic functions to answer the problem for certain classes of univalent functions with
negative coefficients. We conclude the chapter with a natural generalization of the Bohr-Rogosinski

sum for general Ma-Minda classes. Some of the important results are as follows:

1. Let fo(z) be given by the relation zf'(z) / f(z) = w(z) and f(z) = z+ Y r an?" € L* (). Assume
fo(z) =2+ L s taz" and fo(r) = r+ Lo, 1| If g € Sp(y). Then

8"+ Y Iballz* < d(0,0Q)
k=N

holds for |z| = r, < min{4,ro}, where m,N € N, Q = f(ID) and ry is the unique positive root of

the equation:

N A

Jo(r"™) + fo(r) = pj (r) = —fo(=1),

where
0, N=1;
pfo(r): V, N:2
r+Xas) wlr, N>3

The result is sharp when r;, = rg and ¢, > 0.
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2. Let {¢n(r)}:>_, be a non-negative sequence of continuous functions in [0, 1] such that the series

£7(0)

n!

Pn(r)

converges locally uniformly with respect to each r € [0,1). If

oo

BIF @)+ (1 =B @) +é1(r)+ )

n=2

£7(0)

n!

On(r) < —fo(=1)

and f(z) = z+ Yo »anz" € *(y). Then
BIf' @M+ (1=B)If(E")|+ i |a|9a(r) < d(0,09Q) (13.3)
n=1

holds for |z| = r < r, =min{1/3,rp}, where m € N, Q = f(ID) and ry is the smallest positive root

of the equation:

Sh
S
N

—

0)

BAo(r™) + (1= B)fo(r™) + ),

n=2

On(r) = —fo(=1) = ¢1(r),

where

folz) = zexp/oZ Il’(ti_ldt.

Moreover, the inequality (1.3.3) also holds for the class S¢(y) in |z| = r < r,. When 1, = g, then
the radius is best possible.

The concept of the Bohr-phenomenon has been studied explicitly in this chapter for the Ma-Minda
classes. Also, certain fundamental inequalities are established involving subordination.

Chapter 6

This chapter titled “.*(y) and € (y)- radii of Special functions ”, deals with the radius problem
explaining the geometric properties of the normalized forms of some special functions, which has
been of special interest among the Geometric function theorist. Further, we show that the classes
*(1+o0z)and €(1+0z), 0 < a < 1 solve the problem of finding the sharp .*(y)-radii and € (y)-
radii for some normalized special functions, whenever y(—1) = 1 — a.. Radius of strongly starlikeness

is also considered. One of our radius results is as follows: Let

Zn

®(x,8,9) = ), 2k +6)’

n>0
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called as Wright function, where k¥ > —1 and z,6 € C. The function ® is entire for k > —1. Consider
the following normalized Wright functions:

fros(z) = [Z6F(6)®(K76,—Z2)] 1/6

8rs(z) =2L(8)P(k,8,—2°)
hy.5(z) = 2Z1'(8)®@(x, 8, —2).

For simplicity, we write Wi 5(z) := ®(k, 8, —z). We denote .7* (y)-radius by R[.7*(y)].
1. Let x,8 > 0and o € (0, 1] such that the largest disk {w : [w— 1| < o} C y(D). Then
R ()] = Rl (1 + az)],

where y(—1) = 1 — a and 7*(1 + az)-radii for the functions f s, g« s and i, 5 are the smallest
positive roots of the following equations respectively:

(i) Wy 5(r) +8aW,5(r) =0;
(ii) Wy 5(r)+aW, 5(r) =0;
(iii) /W, 5(\/F) +2aW, 5(y/7) =0.

2. Let k,8 >0and a € (0, 1] such that the largest disk {w : |[w— 1| < a} C y(D). Then
R[€(¥)] = R[% (1 + az)],

where y(—1) = 1 — a and R[%'(1 + az)] for the functions f 5, g« s and &, 5 are the smallest
positive roots of the following equations respectively:

"

(i) 0+ (5= 1) gt + =0,

LPK,S(r) Wy s(r)
(if) rg;;é(r) +ch;<75(r =0;
(iid) Pl 5(2) + &l 5(r) =0,

where Wy 5(z) = PP(k,8,-22).

The sharp .*(y) and % (y)-radii of the normalized form of Wright functions, Lommel functions,
Struve functions and Legendre polynomials of odd degree, etc. are established in the chapter. The
results not only generalize the known work, but also provide a simple proof, which in turn reduces a lot
of calculations.

Further, we have provided a concluding remark as well as the future scope of the study in the thesis.
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Chapter 2

A Cardioid Domain and Starlike

Functions

We introduce a new class of starlike functions defined by

zf'(2)
f(2)

yg::{fe,szf: <1—|—zezzzp(z)},
where & maps the unit disk onto a cardioid domain. We find the radius of convexity of &(z) and
establish the inclusion relations between the class 5”; and some well-known classes. Further, we

derive sharp radius constants and coefficient-related results for the class yg_

2.1 Introduction

The investigation of properties of starlike and convex functions emerged soon after the Bieberbach
conjecture on univalent functions. Goodman [59] and Ronning [143] started investigating the prop-
erties like uniform starlikeness and uniformly convexity. Then the paper by Sokét [158] and, Kanas
and Wisniowska [73] gave insights into subclasses of starlike and convex functions associated with
the Lemniscate of Bernoulli and Conic domains, respectively. But in 1992, a unified treatment of
subclasses of starlike and convex functions was given by Ma and Minda [102]. Since then several
fascinating articles in view of the Ma-Minda class appeared concerning several types of radius and

coefficient problems.

Let <7, be the class of analytic functions of the form f(z) = z+ Yj_, . bkz*. Let & := 7 and . be
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the subclass of o7 consisting of univalent functions f having the following power series expansion:
f(2)=z4+by2+b3+-- . (2.1.1)

In view of Ma and Minda classes defined in (1.3), we also consider the class of starlike functions
related to the contracted cardioid regions represented by the function @, (z) = 1 +aze®, 0 < a < 1.

More precisely,

2f'(2)
f()
Observe that for 0 < o < < 1, £0(D) C 5(D). Let @(z) := 1 (z). Note that the function @ does
not satisfy the Definition 1.2.2 and thus it is an independent interesting case study for the differential

I (p,o) = {fe%: <1—|—Oczez} (zeD).

subordination implication related to this function itself using admissible conditions in view of Defini-
tion 1.2.3. In contrast to the literature, the image domain (D) is not convex having a cusp at @(—1),
and & also has no explicit inverse representation. Motivated by these facts, we study in particular the

following class:

\ z2f'(z)
Sp=fed: 5 < #(2)p (zeD). (2.1.2)
A function f € . if and only if there exists a function p € & and p < # such that
Z —
7) = zexp ( / p(t)tldt> . 2.1.3)
0

If we take p(z) = ©(z), then we obtain from (2.1.3) the function

5, 55 13,
= — 2.1.4
z+z+z+6z+8z+30z+ ( )

fi(z) :=zexp(e* — 1)

where B,, are the Bell numbers satisfying the recurrence relation given by

Bui=Y <Z>Bk. 2.1.5)

k=0

We now state below the following common results meant for le using results in [102], by omitting

the proof.
Theorem 2.1.1. Let f € ./, and fi as defined in (2.1.4). Then

(i) Growth theorem: —f1(—|z|) < |f(z)] < fi(]z])-

)

(if)

(iii) Rotation theorem: |arg f(z)/z| < max_,arg(f1(z)/2).
)

f(@)/z= fi(z)/zand |f'(2)] < fi(Jz]).

Covering theorem: {w: |w| < —fi(—1) = 0.5314} C f(D).

(iv

As a consequence of growth theorem, for |z| = r, we obtain

r 1
M‘S/ etdtg/ ddt =e—1,
Z 0 Jo

log
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which implies |f(z)| < e*~! and the bound can not be further improved as zexp(e* — 1) acts as an

extremal function.

The geometric properties of the cardioid domain (D) and the inclusion relationship between o
and the classes .7.*(y), *(a) and many more are examined in the present chapter. Various
sharp radius results associated with ./, are also obtained. Further, we find the coefficient estimates
for f € .7, and the sharp bound for the first five coefficients. Conjecture related to the sharp bound
of n'" coefficient is also posed. Using the expression of the carathéodory coefficient p4 in terms of
p1, where the technigue has not been used much so far, we also obtain the estimate for the third
Hankel determinant for the class Yg. For the classes of two-fold and three-fold symmetric functions
associated with ./, sharp estimates are also obtained for the third Hankel determinant. In addition,
problems related to coefficients are also discussed.

2.2 Properties of cardioid domain

Since 1+ ze* maps D onto a starlike domain, our first result aims in finding the radius of convexity of
the same:

Theorem 2.2.1. The radius of convexity of the function (z) = 1+ ze® is the smallest positive root of
the equation r° —4r% +4r — 1 = 0, which is given by
re = (3—+/5)/2 ~ 0.381966.

Proof. Now it is to find the constant r. € (0, 1] so that

27'(2)
9?(1—1— ) >>0 (lz| < re). (2.2.1)

Since

9?<1+zp”(z)>: r3cos @ +r*(3+c0s26) +4rcos O + 1 . 5(r.0)

2(2) 1+2rcos6 +r?

and g is symmetric about the real axis as g(r,0) = g(r, —6). Thus we only need to consider 6 € [0, ].
Further, we have 1+2cos0r+r? > 0 for r € (0,1) and 6 € [0, 7]). So we may consider the numerator
of g(r,0) as

gn(r,0) :==r>cos O +r*(3+cos26) +4rcos 6 + 1.

Now to arrive at (2.2.1), we only need to show
en(r,0) >0 (re(0,r.)). (2.2.2)

It is evident that for any fixed r = ro, gn(ro,0) attains its minimum at 6 = 7, which is given by
gn(ro, ) = —rg +4r5 — 4rg+ 1. Since gn(0,7) > 0 and if r. is the least positive root of r° — 4% +
4r —1 = 0 then (2.2.2) follows. ]
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Using elementary calculus, one can easily find the following sharp bounds that are associated with

the function (z) = 1 + ze*, which are used extensively in obtaining our subsequent results.

Lemma 2.2.1. (Function Bounds) Let g (0) and ;(6) denote the real and imaginary parts of @(e'?),
respectively.

(i) Let gr(0) = 14 %% cos(6 +sin ), then @r(6y) < R@(z) < 1+ e where 6y ~ 1.43396 is the
solution of 30 /2 +sin® = 7 and gk (6p) ~ 0.136038.

(ii) Let 7(0) = e=**9sin(6 +sin 0), then | Im @(z)| < @1(6p), where 6y ~ 0.645913 is the solution of
36/2+sin = /2 and g1(6p) ~ 2.10743.

(ii) |arg (z)| = |arctan(g(6)/2r(0))| < (0.89782)7/2.

(iv) |@(z)| < 1+re", whenever |z| =r < 1.

The bounds are the best possible.

The following lemma aims at finding the largest (or smallest) disk centered at the sliding point (a,0)
inside (or containing) the cardioid domain (D).

Lemma 2.2.2. Let (z) = 1 +ze®. Then we have

1. {w:|w—a| <rs} C (D), where

) @a=1D)+1/e, 1-1/e<a<l+(e—e")/2;
fa= e—(a—1), l+(e—e)/2<a<1+e.

2. (D) C{w:|w—a| <R}, where
| 1+e—a, 1-1/e<a<(et+e!))2
“ d(6,), (e+eV2<a<l+e.
where 6, € (0,7), is the root of the following equation:

sin(0/2) + (1 —a)sin(36/2+sinf) = 0. (2.2.3)
Proof. We begin with the first part. The curve @(e’®) = @r(0) +i@r(0) = 1 +¢*%(cos(6 +sin0) +
isin(0 +sin 0)) represents the boundary of (D) and is symmetric about the real axis. So it is enough
to consider 6 in [0, 7]. Now, square of the distance of (a,0) from the points on the curve @(e'®) is

given by

d(8) :=(a—1—e"%cos(8 +5sin 0))% + % sin? (6 + sin )
=e?°%% _2(a—1)e*%cos(0 +5in0) + (a—1)2.

Case(i): If 1 —e~! <a < (e+e1)/2, then d(0) decreases in [0, 7t]. Therefore, we get

fa= ererf(i)flﬂ]\/d(e) =+d(r)=(a—1)+1/e.
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Now for the range (e +e~1)/2 <a < 1+ (e—e1)/2, itis easy to see that the equation
d'(0) = —4e°%% cos(0/2)(sin(6 /2) — (a—1)sin(30 /2 +sin0)) = 0

has three real roots 0,0, and 7w, where 0, is the root of the equation given in (2.2.3) and we have
604, < 64, whenever a; < ay. Further, we see that d(6) increases in [0, 6,] and decreases in [6,, 7|.
Also,

d(m)—d(0)=2(e+e Ha—(1+(e—e1)/2)) <0.

Therefore, min{d(0),d(6,),d(rw)} = d(m) and we have
ra=+/d(m)=(a—1)+1/e.

Case(ii): If 1+ (e —e™')/2 < a < 14 e, we see that d(8) is an increasing function for 8 € [0, 6,] and
decreasing for 0 € [6,, ], where 6, is the root of the equation defined in (2.2.3). Also,
d(m)—d(0)=2(e+e Ha—(1+(e—e1)/2))>0.
Therefore, min{d(0),d(6,),d(mw)} = d(0) and we have
ra=1+/d0)=e—(a—1).
This completes the proof of the first part. The proof of the second part is much akin to the first part so

is skipped here. O

Remark 2.2.1. We obtain the largest disk Dy, := |w — a| < r, contained in £(D) when a = 1+ (e —
e )/2 and r, = (e +e!)/2 and the smallest disk Ds := |w — a| < R,, which contains @(ID) when
a=(et+e')/2and R, =1+ (e—e!)/2. Thus D, C @(D) C Ds.

Our next result deals with the inclusion relations of the class .7, involving various classes including
the following, see [12,73, 168]:

zf'(z)
f(z)

ap)={reanScp poil

k— ST = {fe.ng:‘ﬁzf/(z) >k

@) —1‘ k>0}

f(2) f(2)
and
_ @ ||
Yﬂp(a)._{fe%.%f(z) +a> Q) , >0}.

Theorem 2.2.2. Inclusion Relations:

(i) 5”; C S (a) c S for0 < a < my~0.136038.

(ii) Sy CAM(B) for f>1+e and S C .S (an) NM(1+e).
(iii) S5 C S (y) C S for 0.897828 =~ 1 <y < 1.
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(iv) S5 C ST p(a) fora> b= 1.58405.

V) k=S T C S fork>e—1,
where @y = min R @(z). These best possible inclusion relations are clearly depicted in Figure 6.4.3.

Proof. Proof of (i), (if) and (iii) directly follows from Lemma 2.2.1. We begin with the proof of part
(iv).
(iv) Note that boundary dQ, of the domain Q, = {w € C: Rw+a > |w —a|} is a parabola. Now
S4 C ST p(a), provided Rw +a > |w — al, where w = 14 ze*. Upon taking z = ¢'%, we have
¢*<s9in? (0 +sin )

T(0):= .
(8) 4(1 4 ¢59 cos(6 +sinH)) =

Further, 7/(6) = 0 if and only if 6 € {0,609, 7}, where 6y ~ 1.23442 is the unique root of the equation
cos(360/2+sin0)(2+ % cos(0 +sin0)) + ¢ cos(6/2) = 0(0 < 6 < 7).

Therefore, maxo<g<z 7'(0) =max{7(0),T(6),T(7)} =T (6p) ~ 1.58405. Since .*.7 ,(a1) C ./ T p(az)
for a; < ay, it follows that .7, C T p(a) for a > b~ 1.58405.
(v)Let fek— ST and T, = {w € C: Rw > k|w— 1|}. For k > 1, the boundary curve dT is an
ellipse ¥ : x> = k*(x — 1)? + k*y* which can be rewritten as
(x—x0)*  (y—y)’

u? + 2 L,

where xg = k*/(k*> — 1), y0 = 0,u = k/(k* — 1) and v = 1//k> — 1. Observe that u > v. Therefore,
for the ellipse 7 to lie inside @(ID), we must ensure that xo € (1 —1/e, 1+ ¢), which holds for k >

\/(1+e)/e and by Lemma 2.2.2, we have

I—1/e<xp—u and xp+u<l+e,

whenever
kZmaX{\/(l—ke)/e, e—1, (1+e)/e} =e—1.
Since I'y, C I, for ky > ko, it follows that k — .7 C 5’[; fork>e—1. ]

Remark 2.2.2. Inclusion relation of cardioid with vertical Ellipse:

Consider the equation (x;izh)z + % =1, where x=h+vcos0,y=usin6 and 0 € (0, 7). Case(i) Letu =
maxIm @(z) and v=h— (1 —1/e), where h = R@(z), which corresponds to max Im #(z) ~ 1.70529
for the largest vertical ellipse, V7, inside (D). Case(ii) Leth =v = (1+e)/2 and u = e — (1/2¢) for

the smallest vertical ellipse, Vs containing (D).

In view of the Remark 2.2.2 and the class of starlike functions linked to the conic domains considered
by Kanas and Wisniowska [73], we pose as an independent interest the following problem:

Open Problem 1. Find the explicit form of the functions ¥ € &2, which maps ID onto a vertical elliptical
domain.
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A =minRp(z) ~ 0.136038
B=1+e

C=1-¢"!

arg(D) = —arg(E) = (0.897828)1/2

Figure 2.1: Boundary curves of best dominants and subordinants of @(z) = 1+ ze®.

For our next result, we need the following class and some related results:

14+ Dz
1+Ez

Py|D,E] = {p(z):1+icnzn:p(z)< , ]E]SI,D;AE},
k=n

where n € N, Z,(a) := Z,[1 —20,,—1] and &, := Z,(0) (0<a < 1).

Lemma 2.2.3. [/49]If p € Z,(a), then for |z| =r,

2(1 —o)nr
“(1=-m1+1-2a)m)

zp'(2)
p(2)

Lemma 2.24. [137]1If p(z) € P,[D,E], then for |z| =,

1—-DEr"| |D—E|r
p(z) = 2o | = 2,
1—E*r 1—-FE°r
Particularly, if p € &2,(), then
1+(1—2a)"| _ 2(1—a)r"
‘p(Z) R T T e

Theorem 2.2.3. Let —1 < E < D < 1. If one of the following two conditions holds.

(i) 2(e—1)(1—E?*) <2e(1-DE) < (e*+2e—1)(1—E?)and E — 1 < ¢(1 - D);

(ii) (e +2e—1)(1—-E?)<2e(1-DE)<2e(l+e)(1—E*) and D—E <e(1+E).

Then /*[D,E]| C .7},

21
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Proof. If f € /*|D,E], then zf'(2)/f(z) € Z|D,E]. Therefore, by Lemma 2.2.4, we have

2f'(2)
f@)

(D—E)
1—E2”

(2.2.4)

_a‘ S

where a := (1 — DE) /(1 — E?). Suppose that the conditions in (i) hold. Now multiplying by (E 4 1) on
both sides of the inequality (E — 1) < e(1 — D) and then dividing by 1 — E?, gives (D —E) /(1 —E?) <
a—(1—1/e). Similarly, the inequality 2(e — 1)(1 — E?) < 2e(1 — DE) < (e? +2e—1)(1 — E?) is
equivalent to 1 —1/e < (1 —DE)/(1 —E?) < 1+ (e —e~')/2. Therefore from (2.2.4), we see that
2f'(2)/f(z) e{weC:|lw—a| <r,}, wherery=a—(1—1/e)and 1 —1/e<a<1+(e—e")/2.
Hence, f € ./, by Lemma 2.2.2. Similarly, we can show that f € ., if the conditions in (ii) hold. [J

2.3 Radius Problems

In this section, we consider several radius problems for .. In the following theorem, we find the
largest radius re < 1 for which the functions in 5{; are in the desired class when € is given. We denote
the A-radius of the class B by R4(B).

Theorem 2.3.1. Let f € 7, Then

V5-3
(i) fe S (a)in|z| <rg, o € (g, 1), where ap = 1+ ‘/32*36 2 and rq € (0,1) is the smallest

root of the equation

r

l—re"—a=0.

(i) fe€.#(B)in|z| <rg, where

e ro(B) for 1<B<l+e
P70 for B>1+e

and ro(f) € (0, 1) is the smallest root of 1+ re” = 3.

(iii) fe S (y)in |z] <ry, v € (0,1], where

ry=min{1,7o(y)}

and ro(7y) € (0, 1) is the smallest root of the following equation:

. (1 r 2 r oy
arcsin (rln <s1n(}/7r/2))> + \/r2+ln (snl(}/7r/2)) =7 (2.3.1)

Proof. Since zf'(z)/ f(z) < o, it suffices to consider the cardioid domain £(ID) so that certain geometry
can be performed.

(i) Since f € .7, there exists a function @(z) € Q such that

zf'(2)
(@)

=14 0(z)e®.



(i)

(iii)
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Since |@(z)| < |z, we can assume @(z) = Re®, where R < |z| = rand —7 < 6 < 7. A calculation
shows that 4
|Rei9eRel6| = ReRs% = 7(9).

Since T(0) = T(—0), it is sufficient to consider 6 € [0, x|. Further, 7/(0) < 0 implies

|0(2)e®@| =T(0) < T(0) <R < re’.

Therefore, we obtain

> 1o 2 1-r 2

whenever 1 —re” — o0 > 0.

Since f € .}, therefore using subordination principle and Lemma 2.2.1, we have
() ,
R ) S Rp(0(z) <|p(o@)| < 1+re" ([z]=r), (2.3.2)

where @ € Q. Thus f € .Z(B) in |z] < r, whenever 1 +re” < 3.

Let f € 7, then f € /" (y) in |z| < r provided
z2f'(z
e T < sl < /2 (il =0)
f(2)
Assuming z = rel(®+7/2),
6 +rcos® = ym/2 and re "M% =sin(ym/2), (2.3.3)

we have

142z¢° = 1 +re "M% (—sin(6 + rcos 0) +icos(0 +rcos §))
= 1+sin(yn/2)(—sin(yn/2) +icos(yrn/2))
= cos?(yn/2) +isin(ym/2)cos(yn/2),

which implies |arg((z))| < ym/2. Now we obtain equation (2.3.1) by eliminating 6 from the
equations given in (2.3.3), a geometrical observation ensures the existence of the unique root for
the equation (2.3.1). Thus the result now follows by considering the smallest root of (2.3.1). The
result is further sharp as we can find zg = roe(o7/2) for any fixed 7y at which the function f7,
given by (2.1.4) satisfies

/
‘ 010 o (1 4 26%) sy

e f1(z0)

= |arg(cos?(ym/2) +isin(ym/2) cos(ym/2))|
= |arctan(tan(yx/2))]

=yn/2.
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O]

Theorem 2.3.2. Let f € .. Then f € € () in |z| < rq, where rq € (0,1) is the smallest root of the
equation
(I=r)(1=re")(1—re" —a)—re" =0. (2.3.4)

Proof. If f € .77, then there exists a Schwarz function ® such that

Zf’(Z) _ o(z)
Q) 14+ w(z)e”.
Now a computation yields
zf"(@) _ ol , 20 (29 (1+0(2))
I+ 0 14+ w(z)e® + I+ 0()ed (2.3.5)
From (2.3.5), we obtain
2f"(2) o)y 20/ @)][(0(2) +1)e”)|
R <1 + 7 > > 1+ R(w(z)e®) [ 0] : (2.3.6)

Since |@(z)| < |z|, we can assume that ®(z) = Re'®, where R < |z| = r and —7 < 6 < 7. Now using
triangle inequality together with the Schwarz-Pick inequality:

/
W@ 1
—o@P = TP

we have |70 (2)e®@ (1 + 0(z))| < re” /(1 —r). Also |@(z)e®?| < ReR < re". Upon using these in-
equalities in (2.3.6), we get

Zf// (Z) ’,.er
R({1+ >l—redl —————>q, 2.3.7
(152 (—n(i—re) = 237
and with the least root of (2.3.4), the above inequality (2.3.7) hold and hence the result. ]

By taking o = 0 in Theorem 2.3.2, we obtain the following result:
Corollary 2.3.3. Let f € .7, Then f € ¢ whenever |z| < rg = 0.256707 .

Remark 2.3.1. Let ®(z) =z = re'® and a = 0 in Theorem 2.3.2. Then for the function given by (2.1.4),

we have e (14 2)¢
zfi (z Z(14+2z)e
R(1 1 =R(1+z84+—2—) =F(r,0
<+ﬁ®> (142558 = o)
where
1+rcos6+RcosO; +rRcos(6; —0)
F = — 2 R
(r,0) 17 2Rc0s 6, + K2 +24rcos6 +Rcos 0;
and

z=ré'® . R=re" % 6, = 0+ rsiné.
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Numerically, we note that for all 8 € [0,n], F(r,0) > 0 whenever r < ry ~ 0.599547, but when 6
approaches to 7w, then F(r,0) < 0 for r = ro+ €, € > 0. Thus we previse that the sharp radius of
convexity for the class . is ro.

For the next theorems 2.3.4-2.3.7, we need to recall some classes: Let f € «7,. If we set p(z) =
z2f'(z)/ f(2), then the class &,[D, E] reduces to .#,[D, E], the class of Janowski starlike functions and
IHa) =71 —2a,—1]. Further, let

Shai= NS5 and  LH(a) = NS (a).

Ali et al. [9] studied the classes, %, :={f € %, : f(2)/z € Z,}, -7 |D,E] and the subclass consisting
of close-to-starlike functions of type a given by

CS () = {fe 19 e, gey,,*(a)}.

8(2)
We find the ./, ,-radii for the classes defined above.

Theorem 2.3.4. The sharp .7, ,-radius of the class .%, is given by:

Ry (Fn) = (V1 +n2e? —ne)'/m.

fon

Proof. 1f f € %,, then the function h(z) := f(z)/z € &, and

o), _
f(2) h(z)
Using Lemmas 2.2.2 and 2.2.3, we get
2f'(z) 1‘ |2 (2) 2nr" < 1
f(z) () [T 1= T e

Upon simplifying the last inequality, we get 7" 4 2ner”” — 1 < 0. Thus, the S pradius of Z, is the
least positive root of 2" +2ner” — 1 =0 in (0,1). Since for the function fy(z) = z(1+2")/(1 — "),
Re(fo(z)/z) > 0in D. We have fy € %, and zf}(z)/ fo(z) = 1 +2nz" /(1 —z°"). Moreover, the result is
sharp as we have at z = Ry};n(ﬁn):

zf5(2) . 2n7" 1

G B =

This completes the proof. O

Let & := .7, whichis .7 := {f € &/ : f(z)/z € P}. MacGregor [103] showed that rp = v/2 — 1 for
the class .Z is the radius of univalence and starlikeness. The Yg-radius is shown below:

Corollary 2.3.5. The ./-radius of the class .7 is given by

Rys(F) =1+ —e~0.178105.
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Theorem 2.3.6. The sharp ., ,-radius of the class ¢’ () is given by

1/n
1/e
VA tn—a)r_(1/ec0 —a)—l/e)+1+n—a> '

Proof. Let f € €., () and g € .7 (). Then, we have h(z) := f(z)/g(z) € &,, which implies:

R, (€7 (@) = (

af'(z) _28(z)  2H(2)
flz) gz k()

Using Lemma 2.2.3 with @ = 0 and Lemma 2.2.4, we have

z2f'(2)
f(2)

2(1+n—a)r"
1 —p2n 7

(2.3.8)

_a‘<

where a := (14 (1 —2a)r?")/(1 —r*") > 1. Note that a < 1+ (e —e~")/2 if and only if r?" < (e* —
1)/(e* —1+4e(l —a)). Letr < Ry!;_n(‘gyn((x)). Then

e(2—a)+y/2—a)2—e(2—20—1)
< 1
26202 — (8¢ —2e)a+ (8¢ —2e+1)

7

2_1

Further, the expression on the right of the above inequality is less than or equal to m,

provided
T(a) :=2e*(e? — 1) — (8e* — 2¢° — 8e? —2e)ax + (8e* —2¢> — 8e® —2¢) > 0.

Since T'(a) < 0 and ming<g< T () = limg_; T (&) = 2¢*(e? — 1) > 0. Therefore, a < 1+ (e —
e~')/2. Using Lemma 2.2.2, it follows that the disk, given by (2.3.8) is contained in the cardioid
o), if

1-2(1+n—a)+ (1 —2a)r™" 1

1—r2n 21_2’

which is equivalent to (2 —2a — 1 /e)r*" —2(1+n—a)r* 4 1/e >0, and holds when r < Ry, (€S ().
For sharpness, we consider the following functions

Z(1+7")
(1 _ Zn)(n+272(x)/n

.
(1 _ Zn)2(1705)/n ’

fo(z) == and  go(z) := (2.3.9)
such that fy(z)/go(z) = (1+2")/(1 —2") and zg;,(z) /go(z) = (1 + (1 —2)z") /(1 —2"). Moreover, we

have R(fo(z)/g0(z)) > 0 and R(zg}(z)/go(z)) > a in D. Hence fy € €. (o) and

Zfé(z) 1 +2(1+n—o)"+ (1 —206)12”
fo(2) B 1—z2n :

For z = R1e™", we have zf}(z)/fo(z) = 1— 1/e. O
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Theorem 2.3.7. The .7 ,-radius of the class .,/[D, E] is given by

Ry, ifR; <
(i) Ryr (ZHDE) =1 " DFU=TT Ghen —1<E<0<D<I.
on Rz, ifR; >r
where
Ri:=Ry:, (- [D,E)) as defined in part (i),
Ry =min{1,(e/(D— (e+1)E))'/"}
and

B (€ —1)/2e 1/2n
= (((e2+2e— 1)/2e)E2—DE> '

In particular, for the class .*, we have Ry;(&’ ) =1/(2e—1).

Proof. Let f € .%,[D,E]. Using Lemma 2.2.4, we have

zf'(z) 1—DEr*™ _ (D=E)”"

) 2.3.10
flz)  1—E%2 |~ 1—E>% ( )
() If0<E <D<1,then
_ 1—-DEr"
ST g =
Further, by Lemma 2.2.2 and equation (2.3.10), we see that f € ., , if
DEr*""+(D—E)r*—1 _1
<-—1,
1 — E2p2n T e
which upon simplification, yields
l/e 1/n
r<| — .
“\D—(1—-1/e)E
The result is sharp due to the function fy(z), given by
D—E
(1+EZ") w5 E#0,
= 0 2.3.11
fol@) { zZexp (DTZ) ; E=0. ( )

(i) If -1 <E<0<D<1,then
_ 1—DEr™

GE TR <

Let us first assume that Ry < rj. Note that r < rj if and only if a < 14 (e — e ! )/2. In particular, for
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0 <r<R;,wehavea <1+ (e—e")/2. Further, from Lemma 2.2.2, we have f € S pnin lz| <r,if

(D—E)r" 1
1 — E2p2n < (a- 1)+2’

which holds whenever r < R;. Let us now assume that Ry > r;. Thus r > r; if and only if a >
1+ (e—e~1)/2. In particular, for r > Ry, we have a > 1+ (e —e~!) /2. Further, from Lemma 2.2.2,
we have f € .7, in |z| < r whenever

(D—E)r"
gz ¢ (@,

which holds when r < R;. Hence, the result follows with sharpness due to fy(z) given in (2.3.11). O

Theorem 2.3.8. The .}, ,-radius of the class .2, (B), (B > 1) is given by

R (A5 (B)) = (2e(B—1)+1)7"/".
Proof. If f € #,(B), then zf'(z)/f(z) < (1+ (2B —1)z)/(1+z). Now using Lemma 2.2.4, we have

2f'(z) 14 (1-2B)r*"

- <

(B—1)27"
f(2) 1—r2n ‘

1—r2n

Note that for B > 1, we have (1 + (1 —28)r*")/(1 —r*") < 1. Therefore by Lemma 2.2.2, we get
f€Fp,inz| <r, provided

(B-1)2r" 141 -2B)r™
1—r2 1—r2n

<--—1

)

1
e

n

which holds whenever r <R | (A, (B)). The result is sharp due to

z
fo(z) = e

as we see that /;(z)/ fo(z) = (1+(1-2B)z")/(1—-2") = 1—1/e when z=R 5 (4;(B)). O

In the following theorem, we attempt to find the sharp .-radii of the class .#*(y), for different
choices of ¥ such as 1 +sin(z), V2 —cy/(1—2)/(1+2cz), 1 +42/3+27%/3, z+V1+72% € and
V1+2z, where ¢ := v/2— 1. Authors in [38, 108, 109, 134, 150, 159] introduced and studied these
subclasses of starlike functions which we denote by .7, 75, , .., A*, ./ and ./}, respectively.

Theorem 2.3.9. The sharp ./ /-radii of ", S, , ., 7¢, 7 and A™ are:

(i) Rys(S7) = (2e—1) /e? =~ 0.600423.

i ) 1+2(v2-1)e -
(il) Ry (R = aranvaiianaise T ~ 0-648826.
(iii) Ry: () =1—1In(e— 1)~ 0.458675.

(iv) Ry () = 1= /T=3/2¢ ~0.330536.
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(v) Rylz(%*) = arcsin(1/e) ~ 0.376727.

(v)) Ry (A%) = (2e—1)/(2e(e— 1)) ~ 0.474928.

Proof. (i) If f € ./, then for |z| =

zf'(z)
f(2)

1
Sl_ 1—7"§*,
e

—1

provided r < (2¢ — 1)/e* =: R y[é(yik ). Now consider the function

_ dzexp(2(V1+2z-1))
N o

Since zf(z)/ fo(z) = V1 4z, it follows that f € .#;" and for z = —Ry[;(YL*), we get zf{)(z)/ fo(z) =
1 — 1/e. Hence the result is sharp.

fo(z):

(if) Let f € 3. Then for |z]| <,

z2f'(2) L+r 1
o) —1‘ Sl_ﬁ+(\6—1)\/(1—2(ﬁ—l)r) <<

provided

e 1+2(vV2—1)e
T2(V2-1)(WV2—-1+42(V2—1+e1)?)

For sharpness, consider
Zqo(t) —1
fo(z) :=zexp </0 qo(?dt) ,

— Ry (51)-

where

— _ _ 1-z

Now for z = —Ry‘é(y&), we have

2oz _ 5 B 11—z 1
fo(z) —v2-(v2 1)\/(1+2(ﬂ_1)z)_1 e

(iii) Let p =1 —1In(e—1), g(z) = ¢ and f € . To prove that f € . in |z| < p, it only suffices
to show that ¢(pz) < #(z) for z € D and thus for |z| = r, we must have e~ > @(—1), which
gives r < p. Now the difference of the square of the radial distances from the point (1,0) to the
corresponding points on the boundary curves d @(e'?) and dgq(pe'®) is given by

T(0) := >0 — 2050 _ 1 1 26Pc%co5(psin®) (0< 6 < 7).

Since T7'(6) < 0 and T(0) > 0, it follows that the condition r < p is also sufficient for g(pz) =
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eP?* < 1+ ze* = @(z). For sharpness, consider the function

Jo(z) :=zexp (/OZ o t_ 1dt> )

Since zf}(z)/ fo(z) = €%, which implies fy € ., and for z = —Ry;(jﬂe*), we have ¢ =1—1/e.

Let p =1—+/1—3/2e,g(z) = 1+4z/3+2z%/3 and f € #Z. To prove that f € .%};in |z| < p,
we make use of the fact that for |z| = r < 1, the minimum distance of w = ¢(z) from 1 must be
less than 1/e. Therefore, for f € . in [z| <, it is necessary that
2, 1

S22

3773 e
which gives r < p. Since ryp = 1/2(> p) is the radius of convexity of ¢(z) and it is symmet-
ric about the real axis, we have g(—r) < Rq(z) < q(r) for |z =r < 1/2. Thus 1 —1/e <
Rq(pz) < 1+4p/3+2p?/3 < 1+ e. Therefore, to prove that g(pz) < £/(z), it suffices to show
that max— |arg(q(pz)| < max|,—; |arg(&(z)|. Since

$psin®+3p*sin26
1+ %pcos@ + %p2cos26

max ar ¢')) = max arctan
omax arg(q(pe™)) = max

4. 2.2

20 sin By + £p~sin26,

< arctan 3P 1_04 3;)2 3 0
3P t3P

~ (0.401955)1/2 < max arg @(e'®) ~ (0.89782)m/2,
0<6<rm

where 6y € (0,7) is the only root of cos8 + pcos26 = 0. Hence, the condition r < p is also
sufficient for g(pz) < (z). Let us consider the function

2
fo(z) :=ze><p<4Z;rZ )

Since z£3(2)/ fo(z) = q(2), it follows that fo € ¢ and for 2= —R - (S¢), we get g(z) = 1 —1/e.
Hence the result is sharp.

Let p =sin"!(1/e), g(z) = 1 +sin(z) and f € .#;". Then using the similar argument as in part
(iv) together with a result ( [38], Theorem 3.3) and Lemma 2.2.2, we have f € 5/[2 in |z| <r,
provided sinr < 1/e which in turn gives r < p. For the sharpness, we consider the function

fo(z) :=zexp </OZ Sitmdt> ,

Since zf}(2)/ fo(z) = q(z), we have fy € 7. For z = —Ry;o(cys*), we arrive at g(z) = 1 — 1 /e.

) Let p = (2e —1)/(2e(e—1)), q(z) =z+ V1 +z% and f € A*. Clearly min|z+V1+72—1| =

147 —+/1+7r* whenever |z| = r < 1. Therefore using Lemma 2.2.2, for f € ./, we must have
V1+47r2—r<1-1/e, which gives r < p. Following the similar argument as in part (iv), we see
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that r < p is also a sufficient condition for ¢(pz) < £(z) to hold. Now for the function

fo(z) :=zexp (/OZ H—l—Hz_ldt) ,

t

we have zf{(z)/ fo(z) = ¢q(z), which implies fy € A*. For z = —Ry;J(A*), we getg(z) =1—1/e,
which shows that the result is sharp.

g

Now for our next radius problem, we need to consider some classes: Here below we presume the
value of & to be either 0 or 1/2.

Fi(a) = {fe%:%f(z)>0and93g(z)>a,g€%},
8(2) Z

ﬁzzz{fe%:‘f(z)—l‘<land9{‘g(z)>0,g€¢zfn}
8(2) z
and
F :—{fe%: f(z)—l‘<1andge<5,ge%}.
8(2)

Theorem 2.3.10. The sharp ., ,-radii of functions in the classes 71 (@), 72 and .73, respectively,

arc:

(i) Ry, (F1(0) = (VAnZeT+1—2ne) v

(i1) R, (F1(1/2)) = (2/(/(ne+2)2 = 8ne+ 3ne) "

1/n

(iii) Ry, (F2) = (2/(\/(3116 2 —8ne+ 3ne)>

1244 (n— D e—(14n 1/n
(iv) Ry (F3) = <\/< +1) gﬁti_lljll/e))/ (1+ >> .

Proof. Let us consider the functions p,h: D — C, defined by p(z) = g(z)/z and h(z) = f(z)/g(z). We
write po(z) = go(z)/z and ho(z) = fo(z)/80(2)-

(i) If f € .#1(0), then p,h € &, such that f(z) = zp(z)h(z). Thus it follows from Lemma 2.2.3 that

)

!
2f'(2) |
f(2) Tl e
1/n
provided r < (\/ dn?e? +1— 2ne> =:Rg: (F1(0)). Thus f € 7, whenever r <R 7 (F1(0)).
Now for the functions

fo(z) =z (1 +Zn>2 and  go(z) =Z(1 +Zn> ,

1-—z7" 1—z7"
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we have Rho(z) > 0 and Re py(z) > 0. Hence fo € #1(0). For z =Ry (F (0))e™/" we see

that ' A |
zfo(z):1+L2:1_f'
fo(z) -z e

Thus the result is sharp.

(i) Let f € #(1/2). Then h € &, and p € Z,(1/2). Since f(z) = zp(z)h(z), it follows from
Lemma 2.2.3 that

Zf’(z)_l < 2nr" N nr' _3nr"—|—nr2"<l
f(2) 1=y 1= =2 T

9

provided

1/n
r< (\/9;12@2 ;_(:irfii—)l) - 3ne> = Ry};n(f% (1/2)).

Thus f € 7, , whenever r <R S on (:#1(1/2)). For the functions

(142"

fo@) = (o and g0(e) = ¢

11—z

we have Rho(z) > 0 and Re po(z) > 1/2. Hence f € .Z1(1/2). The result is sharp, since for
z= Rylzn(t% (1/2)) we have

fpz) . 3n"+n? 1

fo(z) 1= e

(iii) Let f € %#,. Then p € &,. Since |h(z) — 1] < 1 if and only if R(1/h(z)) > 1/2. Therefore
1/h e #,(1/2). Since f(z)/h(z) = zp(z), using Lemma 2.2.3 we have

)

/ 2n
zf(z)_l <3nr”+nr <1
f(2) l—rm e

provided r* < 2/(+/(3ne +2)2 — 8ne + 3ne). For sharpness, consider

' 7(142")? zZ(1+2")
fO(Z) = 1_711 and gO(Z) = Tzn
Since
1+7"

> 0.

lho(z) — 1] = ["| < Tand Rpo(z) =R —

Therefore fy € .%, and for z =R 73 (fz)ei”/ " we have

3n7" — nZZn

1_Z2n

2fo(z) 1’ _
fo(z)
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(iv) Let f € Z3. Then 1/h(z) = g(2)/f(z) € P,(1/2) and

af'(z) _28(z) 2H(2)
f@) gla)  h(z)

(2.3.12)

Using a result due to Marx-Strohhicker that every convex function is starlike of order 1/2, it
follows from Lemma 2.2.4 that

rn
— 1=

8@ 1
g(z) 1—rm

(2.3.13)

Now using Lemma 2.2.3 and equation (2.3.13), we have

f'e) 1
fl@) 1=

' n nr' _(n+1)r”—|—nr2"
B R T 1—r2n

Thus using Lemma 2.2.2 we have f € ., ,, provided

(n+1)r" +nr*" 1 1
< _ _
1 —r2n —\1—r2 ! Jre’

which implies r <Ry (.#3). Now consider the functions

Z(1+7")

Z

and  go(z) = e

fo(z) =

Since go € ¢ and |ho(z) — 1] = [2"| < 1. Therefore, the function fo € #3 and forz =R (F3)etm/n,
we have zf{(z)/ fo(z) = 1 — 1 /e, which confirms the sharpness of the result.

2.4 Coefficient Problems

Using the coefficients of f(z) = Z+Zf:n+1bkzk, Pommerenke [130], Noonan and Thomas [120]
considered the Hankel determinant H,(n), defined by

bn bn+1 cee bn+q—l
byi1  byio ... b
Hym=| "0 0T 2.4.1)
bn+q71 bn+q s bn+2(q71)

where b; = 1. Finding the upper bound of |H3(1)|, |[H2(2)| and |H2(1)] for the functions belonging
to various subclasses of <7 in . is a usual phenomenon in GFT. Note that the Fekete-Szegd func-
tional b3 — b%, coincide with H> (1), which was analyzed by Bieberbach in 1916. In fact, Fekete-Szego
considered the generalized functional b3 —,ub%, where u is real and f € .. For the class ., it is
well-known that |H,(2)| < 1. Recently, bound for the second Hankel determinant, H»(2) = babs — b3
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is obtained by Alarif et al. [7] for the class .#*(y). The estimation of the third Hankel determinant is
more difficult in comparison with the second Hankel determinant, especially when sharp bounds are

needed, where the third Hankel determinant is given by
H3(1) = b3(bybg — b3) — by(bs — babs) + bs(b3 — b3). (24.2)

The upper bound for |H3(1)| can be obtained by estimating each term of (2.4.2), see [139]. For more
work in this direction see [18,81,82,92,172]. The following lemmas are needed to prove our coefficient
results.

Lemma 2.4.1. [102] Let p(z) = 1+ Y| p,2" be the Carathéodory function. Then for a complex
number 7, we have
\p2 —tpi?| < 2max(1, 27— 1]).

Lemma 2.4.2. [138] Let p(z) = 1+ Y, pnz" be the Carathéodory function. Then for n,m € N,

2, 0<y<1;

— <
|Pntm = YPuPm| < { 2|2y —1], elsewhere.

Here below, we partially disclose the lemma given in [11], which is required in the sequel. Here, we
need the following two relevant sets.

1 2 4
Di={(av) 55 <l <23l ) < v< lul 417 - (ul+ )}
and
2 < 2ul(p]+1)
= : >2,—= H<v< —/—7—2
Dyi={ (vl 22, -3l + 1 < v < 2D,

In view of these sets, the following lemma provides a sharp bound for the certain combination of the
coefficient of the power series of a Schwarz function.

Lemma 2.4.3. [11]1f o(z) =Y, _, c,2" be the Schwarz function, then
lc3+ e +vel| < W(u, v),

where

1
2 u|+1 2
= - )| —mMmM8M— f Dg U Dg.
Wv) = 2(ul+ )<3(1+v+|u|)> or (1,v) € DsUDs

The following lemma carries the expression for p, and p3 in terms of pp, derived in [96,97] and p4
in terms of p; obtained in [91].

Lemma 2.4.4. Let p(z) = 1+, pnz" be the Carathéodory function. Then for some complex num-
bers §, n and & with [{]| <1, |n| < 1and |£| < 1, we have

2pr=pi+8(4—p1), 4ps=pi+2p15(4—p1)—piC*(A—ph)+2(4—pD)(1—[¢P)n
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and
8pa=pi+(4—p)C(PI(C> =38 +3)+4L) —4(4—pD) (1= S (P (= Dn+En* = (1—[n)E).

We now define the function f,, such that f,(0) = f,(0) — 1 = 0 and

2fn(2)
fn (Z)

:p(zn) (n:172737"')’
which acts as an extremal function for many subsequent results and we have

fulz) = zexp((e” —1)/n) (2.4.3)

Theorem 2.4.1. Let f(z) =z+Y; , bk € Spand = (1+ e)?, then

Y (F—a)b]* <o—1. (2.4.4)
k=2

Proof. If f € .75, then zf(z)/ f(z) = #2(®(z)), where @ is a Schwarz function. Now for 0 < r < 1,
we have

o0 2 . . 2n . . . ;
21y I by |2 = / re' f'(re®)|?d6 = / | (re'®) —I—f(re’e)a)(rele)ew(re9)\2d9
k=1 0 0

2 . . . ; 2
<) <!f(re’9)| + If(re’e)w(re"’)e“’(’eo)o @

0

n 02 2 i0 0y w(re®)2 2 i0y2 0y _o(re'®)
:/0 £(re'®)| d6+/0 £ (red®)o(re®)e |d0+2/0 £(re®) Ploo(re’®) e |dg

21 . 2r . 0 2w . i0
< [T 10 Pa0 + [ p(re e Pag 2 [ p(re )R o

0 0 0

2

2 . 2n . .
< / £ (re®)[2d6 + & / £ (re®)?d0 +2¢" / £ ()26
0 0 0

<2m(l1+e")? Y bl

k=1
which finally yields
Y (= (14> <0, 0<r<l.
k=1
Letting r — 17, we get the desired result. O

Corollary 2.4.2. Let f(z) = z+ Y7, 2" € ) and a = (1+¢)?, then

[o—1
‘bk’ S m, for all k24

Example 2.4.3. (i) z/(1 —Az)* € S if and only if [A] < 1/(2e —1).

(i) f(z) =z+bZF e it and only if |b| < 1/(e(k—1)+1), where k € N—{1}.
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(i) f(z) = zexp(Az) € 7 if and only if |A] < 1/e.

Proof. () If A= 1, thenz/(1—z2)* & .7}, since | f(z)| < e ! for f € .7, Now let K (z) = z/(1 —Az)*.
If A # 1, then the disk
2|A|

2.4.
e (24.5)

1+A
1—|AJ?

is the image of D) under the bilinear transformation w = zK’(z) /K (z) = (1 +Az)/(1 — Az) with diame-
ter’s endpoints x; := (1 — |A])/(1+|A|) and xg := (1 +|A])/(1 — |A|). Now for the disk (2.4.5) to be
inside the cardioid (D), it is necessary that x;, > 1 — 1 /e which gives |A| < 1/(2e —1). Conversely,
let |[A| <1/(2e—1). Then we have
2 _ 1 _
_1+IAP _2e—e42 2A] _ 2e-1

= d = .
CTIDAR S 2e—1) M T ICAR S 2ele— 1)

Since r, > r, thus Lemma 2.2.2 ensures that disk {w : [w —a| <r} C £(D). Hence, K € .7,
(i) Since zf'(z) /f(z) = (1 + kb ") /(1 + bizF~!) maps D onto the disk {w € C: |w —a| < r}, where

1 —klbi? (k—1)|by|
= d r:= .
T BT

Further f(z) = z+ byz* € . if and only if |b| < 1/k, which ensures (1 — k|bi|?)/(1 — |bx]?) < 1.
Therefore in view of Lemma 2.2.2, {w € C: |w —a| < r} C @(D) if and only if
(k= D)lbi| _ 1—k|bel® 1

I
= = 1= |e? e

which is equivalent to (ke — e+ 1)|bi|> + (ke — e)|bx| — 1 < 0. Hence, |bx| < 1/(e(k—1)+1).
(iii) Since zf’(z)/f(z) = 14+ Az maps D onto the disk {w € C: |w — 1| < |A|}. Therefore in view of
Lemma 2.2.2, the inequality

lw—1] <|A| < 1/e,

yields the necessary and sufficient condition |A| < 1/e for 1 +Az < #(z). O
Remark 2.4.1. Note that when k = v/2 + 1, we have qo(z) = 1 + (z/k)((k+2)/(k—z)) < #(z). There-

fore, the class of starlike functions .”*(g¢) introduced in [89] is contained in 5’[; Further the sharp
*(y)-radius for the class .#* is also given by the relation

R g () (") = max [A], (2.4.6)

where A is defined in such a way that z/(1—Az)* € &*(y). Thus if z/(1 —Az)* € .7*(qo) C .}, then
by Example 2.4.3 we see that |A| < 1/(2e — 1) and, therefore in view of (2.4.6), we now state a result
([89], theorem 2.3, pg 203) in its correct form using the result ( [89], theorem 3.2, pg 206):

3-2V2 1
1 —Az)? €.9*(qo) if and only if |A| < < .

The authors [89] proved that |A| < 1/3.
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Theorem 2.4.4. Let f(z) =z+ Y, ik € <, then
ba| <1, [b3] <1, |by|<5/6 and [bs|<5/8. (2.4.7)

The bounds are sharp.

Proof. Let p(z) € Z. Since there exists one-one correspondence between the classes Q and & via the
following functions:

p(z)—1 1+ o(z)
w(z)= and = —"
) p(z)+1 P) 1—o(z)
Therefore, for f € 7/, we have
z2f'(2) (P(Z) - 1>
=pP02)) =P )
A=
where
p(z) -1 P P2s pi  p3\s, (PL 3pip2 | pa) 4
=14+ 422 S —_ _ — 2.4.8
p(p(z)+1> to it ST (et )it e T2 )E T (2.4.8)
and
/
Z]J: (S) = 1 +boz+ (2b3 — b3)2% + (3by — 3byb3 + b3) 2> + (—b3 +2b3(2b3 — b3) — 4baby + 4bs) 7 + - - .
(2.4.9)
On comparing the coefficients of z* (k=1,2,3,4) in (2.4.8) and (2.4.9), we get
2—2,3—4 P2 ) ’4_6 pP3 4171172
and 1/1 1 2 1
be=—| —ptyr2p24 2 —Zp? ) 2.4.10
5 8<48p1+4p2+3p1p3 8p1p2+p4> ( )

Now using the fact |py| < 2, Lemma 2.4.1 with T = —1/2 and Lemma 2.4.2 with y = —3/4, we obtain
|ba| <1, |b3| <1 and |bs| < 5/6 respectively.

For bs, using proper rearrangement of terms and then applying triangle inequality, we see that

11 1 2 1
|bs| = 3 ‘ @Pi‘ + ZP% + 3PP~ gp%pz + ps

1

IR 2 1 1,
= 3|agP +(P4+§p1173)+1172(192—5191)

L\ ot 4 1pa+ 2 p1osl + S pallpa — < 53]
48171 y2 3P1p3 4P2 D2 2p1

1,y 1, ., 4
—Ipif == - 3 )= G(p).
<48!p1! 4\p1| +3!p1!+ ) (p1)
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Now to maximize the above expression, without loss of generality, we write

1, 1, 4
= —pt——pP+-p+3 0,2

then G'(p) > 0. Thus G(p) < 5, which implies that |bs| < 5/8. The bounds for by (k=1,2,3,4) are sharp
with the extremal function f; defined in (2.4.3). ]

Now in view of Theorem 2.4.4, we conjecture the following:

Conjecture 2.4.1. (Open) Let f(z) € .. Then the following sharp estimates hold:

B
|br| < 1)1 forall k>1,
where By, are Bell numbers satisfying the recurrence relation defined in (2.1.5) and the extremal func-
tion f] is given by (2.4.3).

Remark 2.4.2. The logarithmic coefficients dj for f € .7 are defined by the following series expansion:

log& =2Y 4, zeD. (2.4.11)
z k=1

Recently, Cho [1] obtained the sharp logarithmic coefficient bounds for the Ma-Minda class .7*(y).
Consequently, we have the following sharp result:
Let f € ./, Then the logarithmic coefficients of f given by (2.4.11) satisfies

dy| < 1/2.

Remark 2.4.3. Now if f(z) € .7, then from (2.4.10), using triangle inequality together with Lemma
2.4.1, we obtain the following estimates for the Fekete-Szegd functional:

1 1\ ,
P2 — H—E Pi

< Lnax (1,21 —1)). (2.4.12)

by — ub3| = -
b3 — ubs| 4 2

Equality cases holds for the function fi(z) = zexp(e*— 1), when u € [1/2,3/2] and the function f>(z) =
zexp((eZz —1)/2), when u < 1/2 or u > 3/2 given by (2.4.3). In particular for p = 1, we have
[Hx(1)] = [b3 = b3| < 1/2.

Now the Covering theorem stated in Theorem 2.1.1 ensures that for every f in .7, f(DD) contains

1/e—1

a disk of radius e centered at the origin. Hence, every function f € ., has an inverse £~ which

given by

ffw)y=w+ iAkwk
k=2

= w—byw? + (2b3 — b3)w> — (5b3 — Shybs + by)w* + - -,

then we have f~!(f(z)) =z and f(f~'(w)) = w for |w| < ro(f) and ry > e'/¢~'. Thus using Theo-



39

rem 2.4.4 and equation 2.4.12, we easily obtain
|A2| <1 and |A3| <1.

The bounds are sharp with extremal function ffl, where fi is defined in (2.4.3).

Theorem 2.4.5. Let f € .. Then for fHw)=o+Yr,A 0 we have

s 3-u, n<5/2
Adf <2 and |A3—pA3[< {172, 5/2<p <7/
u—3, u>17/2.

The bounds are sharp.

Proof. Consider the inverse function f~!(@) = 0+ ¥, A;©F, where we have A4 = —5b§ +5byb3 —
bs, which can be now rewritten in terms of Carathéodory coefficients using (2.4.10) as

1 15
Ar=——(ps— 253,
4 G <173 3pip2+ A P1)

Now using Lemma 2.4.1 with 7=15/8 and |pi| < 2,

5 1 5 5
pr=301 (2= g0t < gl + 3ol = 320 < 5

1
by =~
|b4 7z 2

The bound is sharp with extremal function f| ! where f; is defined in (2.4.3). Now for the Fekete-

Szegd type inequality for the inverse function f~! we have
A3 — pA3| = |by —1b3|, t=p—2.

Thus using (2.4.12) the desired sharp result follows. O

Theorem 2.4.6. Let f(z) =z+Y; , bk € 7%, then

2 /2

boby —by| < =4/ =.

|babs —bs| < 3\3
The bound is sharp.
Proof. Let f € ./, Then

2f'(2)

= p(0(2)), (2.4.13)
)

where @ € Q. Then proceeding as in Theorem 2.4.4, from (2.4.13) we have

1 1
by =c1, bzzi(cz—i-%%) and b4=6(2C3+7c1cz+5c%). (2.4.14)
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Therefore, with t =2,v = —1/2 and y(u,v) = |c3 + ferea + ves |, we have

1 1
’b2b3 —b4| = §|C3 +2cic —C?/z‘ = gl[/(,LL,V)

Now using Lemma 2.4.3, we obtain

2 /2
brby — byl < =4/ =.
|babs3 4|_3 5

The bound is sharp as there is an extremal function
zp(o(t)) —1
f(2) Zzexp/o ‘(O((t))dt,

where w(z) = 2(\/2/5—2)/(1—/2/5z). O

We now enlist below in the remark certain special cases of earlier known results pertaining to our

*.
class Yp.

Remark 2.4.4. We obtain the following result by using a result ( [7], theorem 2.2, pg 230): Let
f(2) =2+ X5, ik € 7, then

|H(2)| = |bobs — b3?| < 1/4,

where equality is attained for the function f, given by (2.4.3).

Remark 2.4.5. Now using Theorems 2.4.4, 2.4.6 and Remark 2.4.4 together with the estimate given in
(2.4.12) and triangle inequality, we obtain the following result:
Let the function f(z) =z+ Y1, byt € .7, then

|H3(1)] <0.913864 - .

Remark 2.4.6. Until now the bound on the third Hankel determinant is obtained using the triangle
inequality approach. But note that using the method applied in Theorem 2.4.8, we can substantially

improve the known bounds for many subclasses of starlike functions such as .", . and ..

In 2010, Babalola [17] showed that |H3(1)| < 16 for the class .*. In 2018, Lecko [94] obtained
the sharp inequality |[Hz(1)| < 1/9 for the class .*(1/2). For the class .*, it is proved in [92]
that |H3(1)| < 8/9 (not sharp), which improves the earlier known bound |H3(1)| < 1 established by
Zaprawa [172]. Since .7, C ./’*, it seems reasonable that the bound on |H3(1)] for 7, can be further
improved. A function f in 7 is called n-fold symmetric if f(e2™/"z) = ¢*™/" f(z) holds for all z € I,
where n is a natural number. We denote the set of n-fold symmetric functions by 7). Let f € o7,
then f has power series expansion f(z) =z + bp 12"t + by,y 122"t +---. Therefore, for f € o7
and f € o7 respectively, we have

Hi(1)=—bs> and Hs(1) = b3(bs —b3?). (2.4.15)
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(2)

Thus we can now find estimates on the third Hankel determinant |H3(1)| in the classes ,7; and

)
5.

Theorem 2.4.7. Let f € .. Then

(i) /€75 implies that |Hs(1)| < 1/9.
(ii) f e .75 implies that |[H3(1)| < 1/16.
The result is sharp.
Proof. (i) Since f(2) = z+ by +--- € 5 if and only if f(z) = (f(3))/? = 24 faz* +--- € 7.

We have B4 = b /3. Hence for f € 5”;(3), from (2.4.7) and (2.4.15), we obtain

1

1
Ha(D)| = |Bul? = = |b|? < =.
|H3(1)| = | B4l 9| 2| <3

The above estimate is sharp for f, where f is given by (2.4.3).
(ii) Since f(z) = z+ba2 +--- € L ifand only if (z) = (f(2)/? =2+ a2 + a5 +--- € 757
Upon comparing the coefficients in the following:

P4 byt b3t = (Z+OC3Z3+OC5Z5—|—---)2,

we obtain | | |
o3 = Ebz and s = 5b3 — —by?. (2.4.16)

8
If f € .7, then from (2.4.15) we have

H3(1) = o3(as — a37).

Now using (2.4.10), (2.4.16) and Lemma 2.4.4, we obtain

Hs(1)| =

3 1
b> (b3— 4b22> ‘ = a\ﬁl\l(Plz—P1)+5(4—P12)!a

where |€| < 1. Since H3(1) = o3(ats — 032) is rotationally invariant, so we may assume p; := p € [0,2].
Thus using triangle inequality, we easily get |H3(1)| < (3p> —4p? +4p)/256 =: g(p). Since g'(p) >0
for all p € [0,2]. Therefore, maxo<,<>g(p) = g(2). Hence

1
H;(1)| < —.
(1) < o

The above estimate is sharp for f}, where f; is given by (2.4.3). O

In the following result, the bound obtained in the Remark 2.4.5 is improved.

Theorem 2.4.8. Let f € .. Then |H5(1)| < 0.150627.
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Proof. From (2.4.2) and (2.4.10), we have

1
9216( 21p8+60p1* pr +96p1° p3 + 192p1 pap3

— 144p12py> — 144p1 2 py — 72p2> — 256p3% +288paps)

Hi(1) =

and using Lemma 2.4.4 and writing p; as pand t =4 — p%, we have

Hy(1) = gy (Ta(p, )+ T2(p, O+ Xs(p. O + Xalp. £ )E) 2.4.17)

where {,1,& €D and

Yi(p.§) = —4p° +1(:(=25p°C* +19p +2p°C* +3607) +5p* ¢ — 16p* 2 = 24p° (),
Ya(p, §) = 1(1 = [C*)(1(64p§> —80p() +32p%),
Y3(p, &) = —*(1 =[S ) (64 + 8| ),
Ya(p. o) =722 (1 [{*)°C.
Let x=|{| € ]0,1] and y = |n| € [0,1]. Now using || < 1 and triangle inequality, from (2.4.17) we
obtain
|H3(1)] < 9216 (fi(p.x) + f2(p.x)y + f3(p,2)y* + fa(p,x)) (24.18)
_ Flp.xy)
= b5, (2.4.19)
where

fi(p,x) = 4pS +1(t(25p%x° + 19p%x> + 2p°x* +36x%) + 5p*x + 16p*x® +24p%x°),
Fapx) =1(1—x%)(1(80px + 64px®) +32p°),
fa(psx) =12 (1—2%)(64 4 8x)

and f4(p,x) = 72t>x(1 —x*)?. Since f>(p,x) and f3(p,x) are non-negative functions over [0,2] x [0, 1].
Therefore, from (2.4.18) together with y = |n| € [0, 1] we obtain

F(p,x,y) <F(p,x,1).
Thus, F(pvxa l) = fl(p7x) +f2(p>x) +f3(]9,x) +f4(p>x) =: G(pvx)'
Now we shall maximize G(p,x) over [0,2] x [0, 1]. For this we consider the following possible cases:
1. when x = 0, we have
G(p,0) = 1024 —512p +128p> + 64p* —32p° +4p° =: g/ (p).

Since g} (p) < 0 on [0,2]. Therefore, g;(p) is an decreasing function over [0,2]. Thus, the
function g (p) attains its maximum value at p = 0 which is equal to 1024.
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2. when x = 1, we have

G(p,1) =576+ 544p> —272p* +29p° =: g»(p).

Since g5 (p) = 0 has a critical point at py = 2\/(68 —7v/34)/87 ~ 1.11795. Therefore, it is easy
to see that g (p) is an increasing function for p < po and decreasing for py < p. Thus the function
g2(p) attains its maximum at p := py, which is approximately equal to 887.674.

3. when p =0, we have
G(0,x) = 1024 — 896x* +576x" — 128x* =: g3(x).

Since g4(x) < 0 on [0, 1]. Therefore, the function g3(x) attains its maximum at x = 0, which is
equal to 1024 and for the case, when p = 2, we easily obtain G(p,x) < 256.

4. when (p,x) € (0,2) x (0, 1), a numerical computation shows that there exists a unique real solu-

tion for the system of equations
dG(p,x)/dx=0 and JG(p,x)/dp=0

inside the rectangular region: [0,2] x [0,1], at (p,x) ~ (0.531621,0.482768). Consequently, we
obtain G(p,x) < 1388.18.

Hence, from the above cases we conclude that
F(p,x,y) <1388.18 on [0,2]x]0,1]x[0,1],

which implies that

1
H;(1) L —F <0.150627.

Conjecture 2.4.2. If f € .7, then the sharp bound for the third Hankel determinant is given by

1
[Hy(D)] < g ~ 01111+,

with the extremal function f(z) = zexp (%(eZ3 — 1)) =z+3t+57 4.

Highlights of the chapter

In this chapter, we investigated the geometrical properties of the cardioid function and used them
to establish several inclusion and radius results for the class of cardioid starlike functions. We derived
the sharp fifth coefficient bound for functions in our class and also established initial sharp bounds
for the associated inverse functions. Further, we obtained the sharp third hankel determinant for the
two and three-fold symmetric functions for our class and also obtained a better estimate for the third
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hankel determinant. However, based on the observations made in this chapter, we proposed some

conjectures pertaining to the coefficient bounds and the third hankel determinant.




Chapter 3

A class of Analytic functions associated

with univalent function

In 2019, Kargar et al. [74] introduced a new class using the starlikeness expression, the first of its kind:

B (a) ::{fe,szf’:zf/(z)—1< <

Q) 1az2’“6[0’”}’

where z/(1 — az?) =: y(z) (Booth lemniscate function [126] and [127]) is an analytic univalent function

and symmetric with respect to the real and imaginary axes. Here, we note that the function

z
1 —az?

1+

is univalent but not Carathéodory for o € (0,1). In fact, functions in this class %.%(¢) may not be

univalent. To further examine the such types of classes in general, we introduce a new class as follows:

F(y) = {f e (Z}C(S) - 1> < y(2), y(0) = 0},

where v is univalent and establish the growth theorem with some geometric conditions on y and obtain
the Koebe domain with some related sharp inequalities. Its applications are studied for certain classes

defined on the basis of geometry.

45
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3.1 Introduction

Let f € &7 inthe open unitdisk D := {z: |z| < 1}. Let f(z) = w and I, be the image of I'; (the circle
C, : z = re'®) under the function f in 7. The curve I, is said to be starlike with respect to wo = 0 if
arg(w — wp) is a non-decreasing function of 0, that is,

d
—arg(w—wp) >0, 6¢€][0,2x],

de
which is equivalent to
d e (2f(2)
dearg(ww@-i)t( ) > >0. (3.1.1)

If the inequality (3.1.1) holds for each circle |z| = r < 1, then it characterizes a special class .7*,
the class of starlike functions in ID. It is obvious from (3.1) that for each 0 < r < 1, the curve T',, is
not allowed to have a loop which ensures the univalency of the function. But if for some 0 # z € D,
R(zf"(z)/f(z)) <0, then f is not starlike with respect to 0, or equivalently we can say that the image
curve Iy, : f(|z| = r) is definitely not starlike, but still it may or may not be univalent. From (3.1.1), we
also see the importance of the Carathe6dory functions by writing (3.1.1) in terms of subordination as:

2f'(z) 14z
f@) 1z

(ze D), (3.1.2)

where the symbol < stands for the usual subordination. In 1992, Ma and Minda [102] generalized
(3.1.2) by unifying all the subclasses of starlike functions as follows:

/

S (W) = {fe;zf:zf () <lp(z,)}, (3.1.3)
f(z)

where ¥ has positive real part, ¥(ID) symmetric about the real axis with ¥/(0) > 0 and ¥(0) = 1. For

some special classes, refer [60,73,151] and the references therein. In view of the above, we consider

the following definition:

Definition 3.1.1. Let v be the analytic univalent function in D such that y(0) = 0, y(ID) is starlike
with respect to 0. Then

zf'(2)
f(2)

F(y) = {fe%: —1=<y(2), l//(O):O}. (3.1.4)

Note that when 1+ y/(z) £ (1+2z)/(1—z2), then the functions in the class .% (y) may not be univalent
in D which also implies .# (y) Z .#*. Thus in case, when the function 1+ y =: ¥ has positive real
part, ¥(ID) symmetric about the real axis with ¥/(0) > 0, then .7 (y) reduces to the class .*(P).
The functions in the class defined in (3.1.3) are univalent which helps a lot in studying the geometrical
properties of the functions, for example, Growth and Distortion theorems, etc. But this may not be quite
easy to study the analogous results in the class . (y). In this direction, recently, Kargar et al. [74]
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considered the following class, the first of its kind:

2f'(2) ! z

f(2) = 1 —oz?’

BS(a): = {fegf: oc< [O,l)}, (3.1.5)
where z/(1 — az?) =: y(z) (Booth lemniscate function [126] and [127]) is an analytic univalent function
and symmetric with respect to the real and imaginary axes. Note that the function (1 +z/(1 — az?))
assumes negative values for o # 0, therefore functions in this class may not be univalent. For f
belonging to .7 (), using the vertical strip domain {w € C: u < Rw < v, where u < 1 < v}, Kargar
et al. [74] proved that | f(z)/z| is bounded and obtained the coefficient estimates when 0 < o <3 —2+/2
along with Fekete-Szeg6 inequality for the associated k — th root transformation. In 2018, Najmadi
et al. [118] obtained the bounds for the quantities Rf(z), |f(z)| and |f'(z)| when 0 < & < 3 —2+/2.
Recently, Kargar et al. [75] obtained the best dominant of the subordination f(z)/z < F(z) for the range
0 < a < 3—2v/2 using the convolution technique, where F(z) = (1+zy/a)/(1 —zy/a) @ . Cho et
al. [39] dealt with the first-order differential subordination implications and also solved the various sharp
radius problems pertaining to the class .7 ().

In 2019, Masih et al. [107] considered the following class with 8 € [0,1/2]:

2f'(z) Z
@) ‘1> MEBET 5k

They proved the growth theorem and also obtained the sharp estimates for the logarithmic coefficients
but only for the range B € [0,1/2]. Note that for B € [0,1/2], .7.+(B) is a Ma-Minda subclass, but for
the other range, functions in this class may not be univalent. We also introduce and study the following

Fes(B) = {fed:( ﬁe[O,l)}. (3.1.6)

class in section 3.3.3:

!
Zy(1n) = {fe o (ZJQS) - 1) ~ (1+yf1z)2 neo1),y> 0}.

In this chapter, we establish the sharp growth theorem for the class .7 () with certain geometric con-
ditions on y and obtain a covering theorem. Further, we provide some examples to illustrate our result,
and some newly defined classes are also discussed. As an application, we obtain the growth theorem
for the complete range of o and 3 for the functions in the classes %.7(a) and .7.(f), respectively
that improves the earlier known bounds. Finally, the sharp Bohr-radii for the classes S(#.(a)) and
A7 (o) are obtained. For some classes, we study the geometrical behavior of an analytic function of
the form f(z)/z which arises frequently while working with the class .”*(\¥) and play an important role,
for example, in obtaining the bounds for R(f(z)/z) and arg(f(z)/z). Further, geometrical properties
and coefficients estimation for the class .7 (y) are still open.

3.2 Distortions Theorems

Let .Z (y) be the class as defined in (3.1.4). Now we begin with the following:

Theorem 3.2.1 (Growth Theorem). Suppose that max . — Ry/(z) = y(r) and min| ;. Ry (z) = y(-7).



48
Then f € .Z(y) satisfies the sharp inequalities:
rexp </0 W(t_t)dt> < |f(2)| < rexp </0 "’f”dr) (2 =n). 3.2.1)

Proof. Let f € .Z(y). For z = re'®, we have

O (—r) <Ry (re®) < o(r). (3.2.2)

Let ®(z) = y(w(z)), where @ is a Schwarz function. Then from (3.1.4), we have

f@) _ [#2)
logT—/O Tdc.

Now by taking & = re'P so that d{ = ¢Pdt, where B is fixed but arbitrary and z = re | we have

r i
logf(z):/0 Mdt. (3.2.3)

Z t

From the Maximum-minimum modulus principle, we find that & also satisfies the inequality (3.2.2).
Therefore, without loss of generality, we may replace ® by y and 8 by 6 in (3.2.3). Then by equating
real parts on either side of (3.2.3), we have

f(2)

r i0
_ / Ro(re”) (3.2.4)
Z 0

1
og ;

and now using the inequalities (3.2.2) in (3.2.4), we obtain

r —t r t
/ V(=) 4y < 10g |19 | < / v,
0 t Z o I
and (3.2.1) follows. The result is sharp for the function
< t
folz) = zexp /0 "’t()dz. (3.2.5)
This completes the proof. O

Remark 3.2.1. In the above theorem, we choose max ;. Ry/(z) = y(r) and min,_, Ry(z) = y(-r)
for computational convenience. However, these conditions may change according to the choice of y
in that case, appropriately these may be replaced.

Remark 3.2.2. If 1 + y is a Carathéodory univalent function, then Theorem 3.2.1 reduces to the re-
sult [102, Corollary 1, p. 161] and moreover, letting r tends to 1 in Theorem 3.2.1, we obtain the

covering theorem (Koebe-radius) for the class .# (y).

Corollary 3.2.2 (Covering Theorem). If f € % (y) and fy as defined in (3.2.5), then either f is a
rotation of fy or

{weC:wl<—fo(-1)} C f(D),

where — fo(—1) = lim, 1 (— fo(—r)).
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Let L(f,r) denote the length of the boundary curve f(|z| = r). Note that for z = re’, we have
L(f,r) := [3™|2f"(z)|d6. Now we obtain the following result:

—

Corollary 3.2.3. Assume that max,—. |W(z)| = y(r) and further let M(r) = exp ( fo #dt). If fe
Z (), then for |z| = r, we have
/)

TS M), 1f'(2)| < (1+w(r))M(r)

and
L(f,r) <2mr(1+y(r))M(r).

Let
Bz/(1+az), B>0,0<a<1;
v(z) =
nz, n > 0.

Then the above two choices of y are clearly convex univalent and y(ID) are symmetric about real axis

as y(z) = y(2). ltis further evident that 1 + y/(z) A (1+4z)/(1 —z) except for the second choice of y
when 0 < 1) < 1. We now obtain the following sharp result from Theorem 3.2.1:

Example 3.2.4. Let f € % (Bz/(1+ az)), where f >0and 0 < o < 1 and |z| = r. Then

R
R

r(l—ar)je <|f(x)| <r(1+ar)e,

which implies:

{wimi<a-af}cro) rens (122 ) o ant
and
inf(;) < (1+ar)t.

Example 3.2.5. Let f € .#(nz), where n > 0 and |z| = r. Then we have

rexp(—nr) <|f(z)| < rexp(nr),
which implies:
{w: w| <exp(=n)} C f(D), |f ()] < (1+nr)exp(nr)

and

9{]((;) <exp(nr).

From the above examples, it is clear that f € .7 (y) if and only if

z2f'(z) . Q1, vw(z)=Pz/(1+az);
Q, v(z) =1z,

where Q) ={weC:|lw—1|<|p—a(w—1)|}and Q, ={we C: |w—1| < n}, respectively for z € D.
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3.3 Some Applications and Further results

3.3.1 On Booth-Lemniscate

Let B.7 () be the class as defined in (3.1.5).

Theorem 3.3.1. Let 0 < o < 1 and f € .7 (), then for |z| = r we have

—f(=n) <If) < f(r), (3.3.1)
where 1

N 1+zy/o\ 2ve

=z| ——— . 3.3.2

/(2) Z<1—z\/6> (3.3.2)
The result is sharp.
Proof. Let y(z) :=z/(1 —az?) and f € B.7 (&) := F (y). For z = re'®, we have

r . r
o < i0 <
1_ar2_EKl//(re )< 1—ar?
and . ) .
r Z r
— dt <log|—=| < ——dt
/ol—at2 =081 _/o 1—ot2’
where
L 1 1
/ dr = L jog LTV
o 1—ar2”  2Va C1—+ar

Hence, the result follows from Theorem 3.2.1. O
Remark 3.3.1. Theorem 4.5.1 improves the upper bound of Rf(z) and bounds of |f(z)|, obtained

in [118, Theorem 2, p. 116] and [118, Theorem 3, p. 116] respectively.

We now extend [75, Theorem 2.6, p. 1238] for the complete range of o using Theorem 4.5.1:
Corollary 3.3.2. Let f € .7 (), ¢ € (0,1) and |z| = r, then

1

< (1000 e (1) (122

The result is sharp for the function f given in (3.3.2).

Corollary 3.3.3. Let o € (0,1) be fixed. Then f € B.7 () satisfies the inequality

L(f,r)§277:r<1+ l—rar2> Gt:g)% (2] = r).

Corollary 3.3.4 (Koebe-radius). Let 0 < o < 1 and f as given in (3.3.2). If f € .7 (), then either
fis a rotation of f or

{weC:|w < —f(-1)} C f(D).
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Proof. The proof follows by letting r tends to 1 in the inequality — f(—r) < |f(z)|, givenin (3.3.1). [

Theorem 3.3.5. Let o € (0,3 —2+/2] be fixed. Then f € %.7(«) satisfies the sharp inequality

f)

Z

arg < max arg

l2l=r

Proof. From [75, Theorem 2.5, p. 1238], we have f(z)/z < f(z)/z for 0 < o < 3 —2/2, where f is
defined in (3.3.2). Since the function f(z)/z is convex and symmetric about the real axis in D, therefore
we easily see that

()

Thus f(z)/z is a Carathéodory function and the result follows. O

For our next result, we need the following definition and a related class:

Definition 3.3.6. Let f(z) = Y5, axz* and g(z) = Yo biZ* are analytic in D and £(D) = Q. Consider
a class of analytic functions S(f) := {g: g < f} or equivalently S(Q) := {g: g(z) € Q}. Then the class
S(f) is said to satisfy Bohr-phenomenon, if there exists a constant ro € (0, 1] such that the inequality
Yo, |be|r* < d(£(0),0Q) holds for all |z| = r < rg, where d(f(0), Q) denotes the Euclidean distance
between f(0) and the boundary of Q = f(ID). The largest such ry for which the inequality holds is
called the Bohr-radius.

See the articles [10,31] and the references therein for more. Let us now introduce the following
class:

S(BS () = {g g =f, 8(z) = ibkzk and f € %’Y(a)}.
k=1

Theorem 3.3.7 (Booth-Bohr-radius). The class S(Z.%(a)) satisfies the Bohr-phenomenon in |z| <

r(a), where r() is the unique positive root of the equation

r<1+r\/&>2ﬁ_<l—\/&>2\/&:0’ (3.3.3)

1—rvo 1++va
whenever 0 < o < 3 —2+/2. The result is sharp for the function f given in (3.3.2).

Proof. Since g € S(A.7(a)), we have g < f for a fixed f € 8.7 (a¢). From Corollary 3.3.4, we
obtain the Koebe-radius r, = —f(—1) such that r, < d(0,9Q) = |f(z)| for |z| = 1. Also using [75,
Theorem 2.5, p. 1238], we have

A

1@ 1@ (33.4)

Z Z
Recall the result [31, Lemma 1, p.1090], which reads as: let f and g be analytic in D with g < f, where
f2) =X panz" and g(z) = Yoo bizX. Then Y5 [bi|rk < Yo |an|r” for |z| = r < 1/3. Now using

the result for g < f and (4.7.4), we have

Z | r* < r+ Z lan|r" < f(r) for|z| =r<1/3.
k=1 n=2
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Finally, to establish the inequality ¥'5°_, |b|r* < d(£(0),d€), it is enough to show f(r) < r.. But this
holds whenever r < r(a), where r(a) is the least positive root of the equation f(r) = r,. Now let
T(r) := f(r) —r, then

1 1
() = Ltrya\ae, (14r/a 2! 1
- \l-r/a 1—rva (1—rya)?
Since (1+ry/a)/(1—ry/a) > 0, therefore T'(r) > 0 and so T is an increasing function of r. Also
T(0) <0 and 7(1) > 0. Thus the existence of the root r(c) is ensured by the Intermediate Value

theorem for the continuous functions. By a computation, it can easily be seen that (o) < 1/3 and
hence the result. (]

Corollary 3.3.8. Let 0 < o < 3 —2+/2. The Bohr-radius for the class 2. () is r(a), where r(«) is
the unique positive root of the Eq. (3.3.3).

3.3.2 On Cissoid of Diocles

Let us consider

B . ! L L\ _gl=(Cp,
SB(Z)_(l—Z)(1+BZ)_1+B (1—Z 1+BZ>_; 1+B z,

n

where 3 € [0,1). Clearly, it is analytic, symmetric about the real-axis and maps the unit disk D onto
the domain bounded by Cissoid of Diocles:

CS(B) := {zH—ivE(C: (u— (uz—i-vz)—i-zﬁvzzo}.

1)
2(B=1) (1+B)*(B—1)

Let us now consider the class .7.() as defined in (3.1.6). Masih et al. [107] considered this class with
B €10,1/2] since R(1+2z/((1—2)(14+Bz)) > (2B—1)/(2(B—1)) > 0. Clearly, s(B) = F (Sp(z))
for B € [0, 1) and we have the following result:

Theorem 3.3.9. Let f € .7.(f) and B € [0,1). Then for |z| = r we have the following sharp inequality:

—f(=r) < 1f@)| < F(r),

where

fN(Z)ZZ<1+BZ>Hﬂ. (3.3.5)

11—z

Proof. Let y(z) :=z/((1—z)(1+B2)) and f € L% (B) := .Z (y). Following the proof of [107, Theo-
rem 3.1, p. 5], it is easy to see that for z = re’®, where 6 € [0,27], we have

. _—r+([3—1)r2+[3r3_ B
E N (EL (e 7 A
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and

max Ry (z) = lim —r? 4+ Br? —BricosO +rcos
|zl=r Y(z) = 00 (1+72—2rcos 0) (14 B2r2+2Brcos6)
B—1
< -
~2(1+p)?
= max Ry(z).

lzl=1

Thus, we have y(—r) < Ry(z) < y(r) for r # 1, and for r = 1

1/2B—-1)=y(-1) <Ry(z) < (B—1)/2(B+1)*).

Also, note that

f<z>=zexP/;‘/ft<f>d,:Z<1+ﬁz>¢g

11—z

Now the result follows from Theorem 3.2.1. O

Remark 3.3.2. Let F(z) = f(z)/zand |z| = 1 , where f is as defined in Theorem 3.3.9. A calculation
show that

B —Bz 2z
S o B 2o s R g

*(+50) 20 (o)

— B 1+B N
X ((1+I32)(1Z)> ~ 2(1+B2—2BcosH) =:8(6),

and a simple calculation shows that g attains its minimum at 6 = 0. Therefore, we have

')\ - BO+B)
%(1+ 55 > 2i—p 20

which implies that

Since

Hence F is convex univalent in ID.

Remark 3.3.3. Observe that the function Sg(z) is not convex when f8 # 0 and the result, f(z)/z < F(z)
similar to theorem 3.3.14 is still open for f € .7.s(B).

By letting r tends to 1 in the above Theorem 3.3.9, we obtain:

Corollary 3.3.10 (Koebe-radius). Let f as given in (3.3.5). If f € .7.(B), then either fis a rotation of

Jer _ 1— g\ /0+h
{wE(C:|w|§—f(—1):(2> }Cf(]D)).

Remark 3.3.4. We improved the result [107, Corollary 4.3.1, p. 8] in Theorem 3.3.9 and Corol-
lary 3.3.10 by extending the range of 3.
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3.3.3 Modified Koebe function

The Koebe function k(z) = z/(1 —z)? has a pole at z = 1 and maps unit disk onto the domain

C\(—eo, 1 /4], which is a slit domain. We now introduced the modified Koebe function:

Z

H e

o<n<l, (3.3.6)

which is bounded in D and symmetric about the real-axis. It is interesting to observe the geometry of
the domain K(ID), which assumes different shapes for different choices of n such as a convex or a
Bean or a Cardioid-shaped domain. Especially when 1 tends to 1, we see that one of the rotations
of the image domain K(ID) will converge to k(D) and thereby justifying the name of K(z). Since
k(z) = (u*(z) — 1) /4, where u(z) = (1 +z)/(1 —z), in a similar fashion, we can write

K(2) = 41,7<1 —(2)),

where v(z) = (1 -nz)/(1+nz) and n # 0.
Lemma 3.3.1. The function K(z) as defined in (3.3.6) is convex for 0 < 1 <2 —+/3.

Proof. Let K(z) = z/(1+nz)%. When 11 =0, K(z) is the identity function and hence is convex. So let

us consider 0 < 11 < 1. By a computation, we obtain that

K"(z)  1—4nz+n?z?

1 - .
TR -+
Putting z = ¢'%, we have
zK"(z)) 1—4n(1—n?%)cos® —n*
*(1 - . 33.7
( K@ ) T (0D - (2nc0s6)?) 53D

Since ((1+n2)? —(2ncosH)?) > 0 for all O and for each fixed 1. Therefore, we now only need to
consider the numerator in (3.3.7). A computation reveals that

N(8):=1—4n(1—-n%)cos6 —n*

is increasing in 0 < 6 < 7 (note that N(8) = N(—0)) with N(8) > 0 when 0 < 11 <2 —+/3, while
N(0) takes negative values when ) > 2 — /3. Hence by the definition of convexity, result follows. [

Now let us consider the function

o r
V(z):= (o YK(z), where y>0.

Then following the class . (y) defined in (3.1.4), we introduce a related class defined as follows:

zf'(2) V2
o) 1) A

Zy(n) = {fe,gz%: ( 5, M €10,1), y>0}. (3.3.8)

(I+nz)
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Note that if y and 1) satisfies the condition (1—1)? > v, then the class (1) reduces to a Ma-Minda
subclass of univalent starlike functions. Also letting 7 = 1/4 and y = 25(v/2 — 1)/16, we see that the
class /*(V142) C #(n).

Theorem 3.3.11. Let f € (1) and N € [0,2 —+/3]. Then for |z| = r we have the following sharp
inequality:

—Kk(=r) < |f ()] < x(r),

K(z) :=zexp (u_:/imz> :

where

Proof. Since y(z) = YK (z), using Lemma 3.3.1, we see that for |z| = r,

v(—r) <Ry(z) < y(r).

Also, we have k(z) = zexp [;(y(r)/t)dt. Hence, the result follows from Theorem 3.2.1. O

We also note that Ry (z) > y(—r) forall n € [0, 1) which implies —x(—r) <|f(z)| holds forn € [0, 1)
in Theorem 3.3.11. So we have the following result:

Corollary 3.3.12 (Koebe-radius). Let f € /(1) and 1) € [0, 1). Then either f is a rotation of k or

{w eC:|w < —x(—1)=exp <<1 :}1/7)2>} C f(D).
Recall that a function f € « is starlike of order o € [0,1), if R(zf"(z)/f(z)) > . Thus using
R(zf'(2)/f(z)) > Ry(z) > y(—r) forall n € [0,1), we have the following result:

Theorem 3.3.13 (Radius of starlikeness). Let f € .#,(n), Y >0 and n € [0,1). Then f is starlike
(univalent) of order & € [0,1) inside the disk |z| < rg, where ry is the smallest positive root of the
equation

(1—a)n*? =21 —a)n+y)r+(1—a)=0.

Remark 3.3.5. Let F(z) == k(z)/z = exp(yz/(1+nz)?). We see that for =0 and y < 1, Fy is clearly

convex. So consider 0 < 1 < 1. After some calculations, we obtain that

Fl(z) 2+ (2enP+m)2 — (6n*+2ny)2 + (y—2n)z+ L

G(z):=1+ Fi) (1+nz2)3(1—-nz)

Now for z = e/?, the denominator of the real part of G is (1412 —2ncos0)(1+n>+2ncosH)> > 0,
since (1 —1)? > 0 and therefore, it suffices to consider the numerator. After a rigorous computation,
we find that numerator of the real part of G is non-negative if and only if 0 <y < 1 and 0 < 1 < 1),

where 19 (depends on y) is the smallest positive root of the equation
(1= +By—10n>+ 120> + (8 =3y)n* —16n° + 2+ y)n®+4n" —nd =0. (3.3.9)

Hence, Fy convex for 0 <y < 1land 0 <n < 1.
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For our next result, we need to recall the following result of Ruscheweyh and Stankiewicz [145]:

Lemma 3.3.2 ( [145]). Let the analytic functions F and G be convex univalent in . If f < F and
g < G, then
fxg<FxG (zeD).

Theorem 3.3.14. Let 17 € [0,2 —+/3]. If f belongs to the class .%(n), then

f(zz) < Fc(z), (zeD)

where Fi(z) = k(z)/z is the best dominant and k as defined in Theorem 3.3.11.

Proof. Let f € #y(n), then by definition we have

Y1 <y(). (3.3.10)

It is well-known that the function

mw(it)-E 2w

where % is the usual class of normalized convex(univalent) function and thus for f € <7, we get

z)z/o'q’gt)dz and  y(z /"’ dt. (3.3.11)

From Lemma 3.3.1, we see that y is convex for € [0,2 —+/3]. Thus applying Lemma 3.3.2 in
(3.3.10), we get

¢(2) *g(z) < y(z) xg(2). (3.3.12)

Now from (3.3.11) and (3.3.12), we obtain

/Ozd)it)dt</ozwt(t)dt,

f(ZZ)::exp/qu)Et)dt-<exp/ozwt(t)dt::K(Z).

Z

which implies that

This completes the proof. O

Corollary 3.3.15. Let 0 < y < 1 and 0 < 1 < min{2 — /3,10 }, where 1 is the least positive root of
the equation (3.3.9) and also let 0 < y < m/2 when n = 0. If f € .7,(n), then f satisfies the sharp

inequality
f(2) Yz
ar < max arge —_— .
P e AN PR

Proof. Let Fy(z) == k(z)/z = exp(yz/(1 4+ nz)?) which is symmetric about the real axis. From Theo-
rem 3.3.14, have f(z)/z < Fe(z) for 0 <n < 2—+/3. Since for n = 0, RF(z) > 0if and only y < 7/2.
The result is obvious. Now from Remark 3.3.5, we see that if 0 < y < 1 and 0 < 7 < min{2—+/3,m0},
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where 1) is the least positive root of the equation (3.3.9) then Fy is convex which implies

RF(z) > exp <(1:7;7)2> >0,

and Fy is also a Carathéodory function in this case. Hence the result follows. O

Now using Theorem 3.3.11, Remark 3.3.5 and Theorem 3.3.14, we obtain the following result:

Theorem 3.3.16. Let f € .(n), then

m(@)gexp<(lﬁ’:m2) for n€[0,1)

and minexp <(YZ) <R (ﬂz)> for 1€[0,2—V3].

jel=r 1+nz)? z

In particular, if 0 < y < 1 and 0 < 7 < min{2 — V3, Mo}, where 1y is the least positive root of the

equation (3.3.9), then
—yr f(z)
o () <% (7).

Remark 3.3.6. It is interesting to observe that even in the class .7 (y), functions may not be univa-

The result is sharp.

lent. But with the conditions on the bounds for the real part of y, a similar result holds as obtained
by Ma-Minda [102] which is quite important to obtain the Koebe domain. From Remark 3.3.2 and
Remark 3.3.5, we also note that the function fy(z)/z, where fy as defined in (3.2.5) behaves quite dif-
ferently in the particular classes. With this perspective, we conclude this chapter by introducing the
following three new subclasses of .7 (y):

zf'(z)
(@)

which means zf'(z)/f(z) e {w € C: |exp(w—1) — 1| < 1},

s freer 5 - (min)

ﬂ:z{fed: —1-<log(1—z)},

or equivalently zf'(z)/f(z) € {w € C: |l —w| < R((1 —w) + 7?)}, a parabola with opening in left
half-plane and

!
z2f'(2) |2

f(2) cos(Bz)’
The above new classes are still open to study. Also see figure 6.4.3. Note that for the classes .7 and
Z(B), the function fj defined in (3.2.5) takes the respective particular form

2p)={rea: pepon}

f7(z) == zexp(—Liz(2)),
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where

known as dilogarithm function and

1

Cos

f(2) ::zexp/oZ Btdr :z(secﬁz—i—tan[iz)l/ﬁ)7 B #0.

Re
15 M =2zlcosz

a2 =log(1-2)

Figure 3.1: Boundary curves of the functions z/cosz and log(1 —z)

Highlights of the chapter

In this chapter, we initiated a systematic way to study non-univalent functions by introducing the

class .Z (). For this, we established growth theorems and also derived radii of starlikeness. For the
particular subclass %.7 () and a related class of subordinants S(%.7(«)), we established Bohr’s

phenomenon. Likewise, there are several types of radius and coefficient problems, which can be

covered in future attempts.




Chapter 4

Some general results for the Ma-Minda

classes

In this chapter, we consider functions analytic in the unit disk that are subordinate to functions of the
same type that are defined by certain differential subordinations. We prove several sharp majorization
theorems and a product theorem. Further, necessary and sufficient conditions along with other aspects
of radius problems are studied by employing the technique of subordination and convolution.

4.1 Introduction

In 1967, MacGregor [104] started the radius problems, which says that if | f(z)| — |g(z)| > O for each
|lz| < 1,then |f'(z)| —|¢'(z)| > 0in |z| < 2—+/3, when f is univalent. But the problem when f belongs
to others classes is still open. To proceed next, first let us recall an equivalent definition of majorization.

Definition 4.1.1 ( [104]). Let f and g be analytic in D. A function g(z) is said to be majorized by
f(z), denoted by g << f, if there exists an analytic function ®(z) in D satisfying |®(z)| < 1 and
g(z2) =®(2)f(z) forall z € D.

Theorem D ( [104]). Let g be majorized by f in D and g(0) = 0. If f(z) is univalent in D, then
l¢'(z)| <|f'(z)] in |z| <2 —+/3. The constant 2 — /3 is sharp.

Recently Tang and Deng [164] obtained the majorization results for .#”*(y) for some specific choices
of y, motivated by this in section 6.2.1, we devise a general approach to handle the same for € (y),
which is precisely stated as: if g € o7, f € € (y) and g is majorized by f in ), then we find the largest
radius ry < 1 such that |g’(z)| < |f'(z)| in |z] < ry. Several other results in this direction are also

obtained. In section 4.3, we consider the radius problem posed by Obradovi¢ and Ponnusamy [121]

59
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namely: Let g € “*(y1) and h € .7*(y), then find the largest radius ro < 1 such that the function
F(z) = (g(z)h(z))/z belongs to certain well-known class of starlike functions in |z| < ro. As a special
case, we also obtain a result of Obradovi¢ and Ponnusamy [121]. Throughout this chapter, we shall
assume that the function ¢ in .*(¢) and % (¢) has real coefficients in its power series expansion.

4.2 Majorization for starlike and convex functions

Let us consider the analytic function w(z) := 1+ Biz+ Byz> +--- . Here By = y/(0), the coefficient
of z, plays a major role in deciding the orientation of the function y. Thus v is positively or negatively
oriented depends on whether B is positive or negative. Ma-Minda only considered the case y’(0) > 0,
as it may be possible that for the case when y’(0) < 0, many postulates for the class . *(y) need not

remain same. With this perspective, we begin with the following:

Theorem 4.2.1. Let R (z) > 0 and ¢ be convex in D with ¢(0) = 1. Suppose y be the function such

that m, := |Il"lin| y(z)| and also satisfies the differential equation
zl=r

v+ g, 4.2.1)
Let g € o7 and f € €(¢). If g is majorized by f in D, then
'@ < £ @) inle <ry, (4.2.2)
where ry is the least positive root of the equation
(1—r?)m, —2r=0. (4.2.3)

The result is sharp for the case m, = y(—r).

Proof. Let us define p(z) :=zf'(z)/f(z). Since f € € (@), therefore we have 1+zf"(z)/f'(z) < ¢(z),
which can be equivalently written as
' (2) z2f"(2)

PO T

< ¢(z). 4.2.4)

Since R (z) > 0 and ¢ is convex in D, therefore using [110, Theorem 3.2d, p. 86] the solution y of
the differential equation (4.2.1) is analytic in D with Ry/(z) > 0 and has the following integral form

v (z) :=h(z) </OZ h<tt)dt> B ,

h(z) = zexp/ozd)(t)t_ldt.

Since Ry(z) > 0 and p satisfies the subordination (4.2.4), therefore using [110, Lemma 3.2e, p. 89]
we conclude that y is univalent and p < y, where y is the best dominant. Thus we have obtained that

given by

where
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f€€(¢)implies zf'(z)/f(z) < w(z) and v is the best dominant (which is important for the sharpness
of result), which is a univalent Carathéodory function. Now as g € ./ and f € €(¢), therefore we
obtain the following well defined equality

flz) _ =z
@) w(o@)’

(zeD)

where @ is a Schwarz function. Hence, using min|,_, [y (@(z))| > min;_, |y(z)| and the hypothesis

‘rr|1in\ y(z)| = m,, we obtain that
z|=r
<", (0<r<). (4.2.5)

my

f(z)
f'(z)
Now if g is majorized by f, then by definition, we have g(z) = ¥(z)f(z), where P is analytic and
satisfies |¥(z)| < 1 in D such that g'(z) = ¥(z) f'(z) + ¥ (z) f(z). Thus using (4.2.5) together with the
following Schwarz-Pick inequality

_ 2
W< o
we obtain L
1§ <|f(2)] (\P@! + _1‘_9”;) = |/ (2)|h(B,r), (4.2.6)
where |¥(z)| := B and
1— [32 r
h(ﬁ7r):ﬁ+ 1—1"2 WTr

Thus to arrive at (4.2.2), it suffices to show that 4(f3,r) < 1, which is equivalent to show that
k(B,r) == (1—r*)m, —(B+1)r>0. (4.2.7)
Since %k( B,r) = —r <0, Therefore, (4.2.7) holds whenever

k(r):= rr}ﬁink(ﬁ,r) =k(1,r) > 0.

Note that k(r) is a continuous function of r and further k(0) = my = w(0) =1 > 0 and k(1) < 0. Thus
there exists a point ry € (0,1) such that k(r) > 0 for all r € [0, ry/], where ry, is the least positive root
of (4.2.3).

Proof of sharpness: Now let m, = w(—r). Choose f(z) € €(¢) such that zf'(z)/f(z) = w(—z) and
¥(z) = (z4+a)/(1+ az), where —1 < o < 1. Let rg be the second consecutive positive root (if exists)

of the equation (4.2.3), otherwise choose ro = 1. We show that for each ry < r <ro we can choose o
so that g'(r) > f’(r) > 0, which implies that g’ is not majorized by f’ outside |z| < ry,. First, note that

- . (4.2.8)

Since
r+a 1—o? f(r)
l+ar  (1+oar)? f/(r)

and h(r, 1) = 1, it suffices to show that dh(r,ct) /d e < 0 at @ = 1 in order to establish that h(r, 1 —€) > 1,

¢0=ro ) =0t
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and hence g'(r) > f'(r) > 0. But at o = 1, we have:

oh(r,a) 2 (1 -2 f(r) )

do 1+rn2\ 2  f(r
2 (1 —r? r )
2\ 2 ()
<0,
using the equations (4.2.3), (4.2.7), (4.2.8) and the fact that k(r) < 0 for all r € (ry,ro). O

Remark 4.2.1. The following result was proved by MacGregor [104]: Let g € & and f € €. If g is
majorized by f in D, then |g'(z)| <|f(z)] in |z| < 1/3. The result is sharp.

In our next result, we show the application to the Janowski class [72], which covers many well-known
classes. Here ¥'[D,E| := ¢ ((14+Dz)/(1+ Ez).

Corollary 4.2.2. Let f belongs to ¢'[D,E|, where —1 < E < D < 1 along with 1 +D/E > 0 and
—1 < E <0. If g is majorized by f, then

1§’ () <[ (2)] in |z <ro,

where r is the smallest positive root of the equation

-1
D —Er
(1 r)(ZFl(l E’1’2’1—Er>> 2r=0.

The result is sharp.

Proof. In Theorem 4.2.1, put ¢(z) = (1+ Dz)/(1+ Ez). Then we have y(z) := 1/¢(z), where

1 D-E .
o (ﬁ’;};) E dt, ifE#0;

q(z) =
o P zgy, if E =0,

which further can be represented in terms of confluent and Gaussian hypergeometric functions, respec-

tively as follows:

D . E . .
4(2) = 2P (1-2,1,2:45), ifE #0;
1F1(1,2;-Dz), ifE=0.

Since 1 +D/E >0 and —1 < E < 0, therefore we have

. 1 D —Er \\ !
mingh () = yi(—r) = s = (m (1 -2 1,2,1_Er)) |

Since Ry(z) > 0 and miny,_, Ry(z) = y(—r), therefore we conclude that miny,_, |y(z)| = w(-r)
and hence, the result follows from Theorem 4.2.1. O

Now we have the result for the class of convex functions of order o using Corollary 4.2.2:
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Corollary 4.2.3. Let f belongs to €[1 — 2o, —1], where 0 < a < 1. If g is majorized by f, then
Ig'(z)] < |f'(z)] in |z| < ro, where ry is the smallest positive root of the equation

(1-12) <2F1 <2(1 _a)’l’zﬁir))_l —2r=0.

The result is sharp.
Corollary 4.2.4. Let f belongs to €[D,0]. If g is majorized by f, then |¢'(z)| < |f'(z)| in |z] < r,
where ry is the smallest positive root of the equation
(1—r})(Dre P /(e P —1))+2r =0.
The result is sharp.

Proof. From the proof of Corollary 4.2.2, we obtain that y(z) = DzeP?/(eP*—1), when ¢(z) = 1+ Dz.
Now with a little computation, we find that the function /(z) = ze*/(e* — 1) is convex univalent in D.
Therefore, the function y(z) = I(Dz) is also convex in D) for each fixed 0 < D < 1. Since v is also
symmetric about the real axis, we conclude that minj,_, |y(z)| = w(-r). O

Theorem 4.2.5. Let ¢ be convex in D, with Ro(z) > 0, ¢(0) = 1 and suppose f € o7 satisfies the

differential subordination , , ,
z f((z)) L. <zf(( ))) < 6(2). (4.2.9)

If g is majorized by f, then |g'(z)| < |f'(z)] in |z] < ro, where ry is the least positive root of the equation

(1—r)minRy(z) —2r =0,

|z|=r
where

Z

The result is sharp for the case min ;. Ry/(z) = w(£r).

Proof. Let p(z) = zf'(z)/f(z). Then the subordination (4.2.9) can equivalently be written as:

p(z)+2p'(z) < ¢(2).

A simple calculation show that the analytic function y/(z) := (1/z) f; ¢ (¢)dt satisfies

v(z) +2¥'(z) = ¢ (2).

Now from the Hallenbeck and Ruscheweyh result [110, Theorem 3.1b, p. 71], we have p < y, where
v is the best dominant and also convex. Further, since R¢(z) > 0, using the integral operator [110,
Theorem 4.2a, p. 202] preserving functions with positive real part, we see that y is a Carathéodory
function. Thus we have

ZJ} 52) ~ tz) which implies

f(2)
f'(@)

r r
<

= ming,_, [y(z)]  min_, Ry(z)’
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Now proceeding same as in the Theorem 4.2.1 result follows. O

Corollary 4.2.6. Suppose f € < satisfies the differential subordination

2f'(2) ')\ 14z
@) +Z<f(2)> R

If g is majorized by f, then |g'(z)| < |f’(z)] in |z] < ro, where ry is the least positive root of the equation
(1—r*)(2log(1+7r)—r)—2r* =0.

The result is sharp.

Corollary 4.2.7. Suppose f € < satisfies the differential subordination

2f'(2) @)Y .
@) +Z<f(2)> we

If g is majorized by f, then |g'(z)| < |f’(z)] in |z| < ro, where ry is the least positive root of the equation
(1-r)(1—e")—2r* =0.

The result is sharp.

Theorem 4.2.8. Let ¢ be convex in D, with R (z) > 0, ¢(0) = 1 and suppose f € o7 satisfies the
differential subordination

Q) (SC . ()
) (f(Z) “z< @)

!/

) ) <¢(z), aec]l0,1). (4.2.10)
If g is majorized by f, then |g'(z)| < |f'(z)] in |z| < ro, where ry is the least positive root of the equation
(1) min| /¥ )| - 2r =0

zl=r

where

The result is sharp when miny,_, [\/w(z)| = /Y (£r).

Proof. Let p(z) = zf'(z)/f(z). Then the subordination (4.2.10) can be equivalently written as:
P*(2) +22p(2)p'(2) < 9(2),
which using the change of variable P(z) = p?(z) becomes
P(z) +2zP'(2) < ¢(2).

Now proceeding as in Theorem 4.2.5, we see that p(z) < 1/ ¥(z) and \/y(z) is the best dominant.
Further, since R (z) > 0, using [110, Theorem 4.2a, p. 202], we see that y is a Carathéodory function.



65

Therefore,

1 T
larg / y(2)| = Elargll/(Z)l <7

which implies R/ y(z) > 0. Thus we have

f(z) 1 oo [ f@) r
< which implies < — .
f'2) V() f1@)] 7 ming -, [y (2)]
Now proceeding same as in the Theorem 4.2.1 result follows. g

Corollary 4.2.9. Suppose f € o satisfies the differential subordination

Q) (@) (f RN 1+ Ca—1)
f(Z)<f(Z) ”Z(ﬂz)))* —

If g is majorized by f, then |g'(z)| < |f'(z)] in |z] < ro, where ry is the least positive root of the equation

(1—r)minR\/y(z) —2r =0,

|z|=r

where

L1+ Qa1
Y(z) = /0714—1‘ dt.

Corollary 4.2.10. Suppose f € o satisfies the differential subordination

f'(2) <Zf’(Z) oy <Zf’(Z)

f2) \ f(2) @) > > <1+oaz, (ae(0,1]).

If g is majorized by f, then |g'(z)| < |f'(z)] in |z] < ro, where ry is the least positive root of the equation
(1—r*)/1—Br—2r=0, where fB=a/2.

The result is sharp.

Now we state the following result without proof as it follows from Theorem 4.2.1:

Theorem 4.2.11. Let y € & be a univalent function such that

- _ 1//(—1*)7 if I[//(O) > 0;
m = E‘LJW(Z) { w(r), ify'(0)<O0.

Let g € o7 and f € .*(y). If g is majorized by f in D, then
' @I<If'@)] inlzf <ry,
where ry, is the least positive root of the equation
(1— r2)mr —2r=0.

The result is sharp.
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Example 4.2.12. Let us consider the analytic functions y;(z) = V1—zand v (z) = T F2z. Note that
v1(0) <0, y}(0) > 0 and for |z| = r,

mry = min [y (2)] = yi(r) = V1 =r = ya(=r) = min [y (2)| = mr,.

|z[=r z|=r

Now from Theorem 4.2.11, we obtain the following result:
If ge o, f e S (y;), where i = 1,2 and g is majorized by f, then |g'(z)| < |f’(z)| in |z] < ro, where
ro is the least positive root of the equation

(1—r)V1I—r—2r=0.

Interestingly, the desired radius in both cases remains the same as y; (D) = y» (D), though y; and y»
are oppositely oriented.

Remark 4.2.2. Taking oo =0 or n = 1 in Corollary 4.2.13, case (ii) and (iii), respectively, we obtain
the result proved by T. H. MacGregor [104], namely: Let g € & and f € *. If g << f in D, then
1g'(2)| < |f'(z)] in |z| <2 —+/3. The result is sharp.

Now we obtain the following majorization results for some known classes as well those introduced
and studied in [38,60, 109, 134].

Corollary 4.2.13. Let g € o7 and f € /*(y). If g << fin D, then |¢'(z)| < |f'(z)| in |z| < ry, where
ry is the least positive root of the equation P(r) = 0 and the result follow for each one of the following

cases:

(i) P(r) =1 —r*)((1=Dr)/(1 —Er)) —2r when y(z) = {igé, where —1 <E<D<1.

(ii) P(r)=(1=r)(1—(1—=2a)r) —2r when y(z) = THI22002 where 0 < a < 1.

1—z

(iii) P(r) = (1—r})((1—7r)/(1+7))" —2r when y(z) = (%“)n, where 0 <n < 1.

—Z

(iv) P(r)=(1-1r) (V2-(V2-1) %)—hwhenw(@:ﬂ—(ﬁ—l) TR

(v) P(r) = (1—=r2)(b(1 —r))"/* —2r when y(z) = (b(1+42))"/%, where a > 1 and b > 1/2.
(vi) P(r) = (1—r2) —2re" when y(z) = ¢

vii) P(r) = (1—=r2) (V1472 —r) —2r when y(z) = z+V1+22.

(viii) P(r) = (1—r?) —r(1+€") when y(z) = 2=.
(ix) P(r) = (1 —r?)(1 —sinr) —2r when y(z) = 1 +sinz.

The results are sharp.

Remark 4.2.3. In Corollary 4.2.13, case (ix), we obtained the radius ry ~ 0.312478 which improves
the majorization radius ry =~ 0.309757 obtained in [165].

Let w(z) = 142z/(1 —az?), 0 < a < 1, introduced and studied by Kargar et al. [74]. Clearly w € &
only when o = 0 and hence Theorem 4.2.11 holds when y(z) = 1 +z. Moreover, for some r > 0,
the quantity z/y/(z) does not exist for all |z| = r. In view of the same, the result proved by Tang and

Deng [164], needs correction and the corrected version is stated in the following corollaries:
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Corollary 4.2.14. Let g€ «7 and f € S*(1+Pz),0< B < 1. If g << fin D, then

1§ ()| <If ()] in [z] <rg,

where rg is the least positive root of the equation

(1—r*)(1—Br)—2r=0.

The result is sharp.

Now we obtain the result related to .7 (), the class of Booth Lemniscate starlike functions when
o #0.

Corollary 4.2.15. Let 0 < o < 1 and r, be the unique root of the equation
ar’+r—1=0. (4.2.11)
Let g € o and g << f in D, where f € . (). Then
§'@I<If' @] in [z < rp(q) = min{ra,ro},

where ry is the least positive root of the equation

r
(1—r%) (1— 1—ar2> —2r=0.

The result is sharp.

Proof. Observe that R (1 + 17322> > 0 for |z| < rq, Where rg is the unique root of (4.2.11). Thus the

inequality in (4.2.5) holds for |z| = r < rq and the result follows at once. O

4.3 Product of starlike functions
Assume that y; and y, belong to & and satisfy the following conditions for |z = rand i = 1,2

Tn\axiﬁl//,-(z) =y;(r) and ‘nlliniKl//i(z) = yi(—r). (4.3.1)
zZ|l=r zZ|l=r

Motivated by Obradovi¢ and Ponnusamy [121], in this section, we consider the radius problem to
generalize their result and also establish a similar result for the Uralegaddi class .# (B) := {f € & :

R(zf'(2)/ (=) <B, B >1}.

Theorem 4.3.1. Let g € .*(y) and h € .*(y), where y; satisfy the first condition in (4.4.2). Then
the function F defined by

F(z) = 4.3.2)

belongs to . () in the disk |z| < rg = min{1,r0(f8)}, where ro(f3) is the least positive root of the



68

equation
yi(r) +ya(r)—1-B =0. (4.3.3)

The radius rg is sharp.

Proof. Letg e .*(y1)and h € .7*(yn). Then in view of (4.4.2) and subordination principle, it follows
that

C“széz)) <wyi(r) and EKZZ;S) < yn(r)

in |z] <r < 1. Since
F'(z) _28'(x) (2

F(z)  gla)  h(z)

we have for |z| =r,

ZF'(2)

R D <wyi(r)+y(r)—1<B,

whenever r < min{1,r9(f)}, where ro(f) is the least positive root of the equation (4.3.3). The sharp-
ness follows by considering the functions

g(2) :zexp/Z v =1 _1dt and h(z) :zexp/Z walt) =1 ldt.
0 t 0 t
O

Corollary 4.3.2. Let g € .*(y) and h € .¥*(7). Then the function F defined in (4.3.2) belongs to
A (B) in the disk |z| < min{1,ry(B)}, where

_ B-1
S 3+B-2(y+1)

ro(B)

The proof of the following result is much akin to Theorem 4.3.1, so is omitted here.

Theorem 4.3.3. Let g € .*(y1) and h € ./ (y), where y; satisty the second condition in (4.4.2).
Then the function F defined in (4.3.2) is starlike of order ¥ in the disk |z| < ry, where ry is the least
positive root of the equation

vi(=r)+ya(-r)—1-y=0.

The radius ry is sharp.

Now using Theorem 4.3.3, we obtain the following result proved by Obradovi¢ and Ponnusamy [121]:

Remark 4.3.1. Let g € .*(y) and h € .*(t). Then the function F defined in (4.3.2) is starlike of
order }p in the disk
1-%
7| < .
& w+3—-2(y+71)

Remark 4.3.2. Note that the identity function z € .”*(y). Thus if we choose g(z) = z (or h(z) = z)
in (4.3.2), then the problem reduces to obtaining the .# (B )-radius (or .*(y)-radius) of the class
S*(yr) (or Z*(y1)). It is also evident that the conditions given in (4.4.2) establish the inclusion
relations .*(y) C . (y(1)) and .7 (y) C .#*(y(—1)), respectively.
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4.4 Convolution properties and sufficient conditions

The convolution of two power series f(z) = z+ Y, a,2" and g(z) = 2+ Y7, by2" is defined by

(f*8)(2) =24 Y anba".
n=2

Ruscheweyh and Sheil-Small [144] proved that if f € € and g € € (g € %), then fxg € C (fxg €
7*). Later on, Ma-Minda [102] proved that if f € € and g € .7*(y), then fxg € ./*(y), when
y(D) is convex. Szegd [163] in 1928 discussed the radii of convexity for the sections fi(z) = z+
Zﬁ:z a,Z" of the functions f € ¢, while in 1988 Silverman [155] considered the radii of starlikeness
of fi. Also see Silverman et al. [153, 154] work on convolution for the Janowski classes. We shall
consider these problems for the Ma-Minda classes %' (y) and .*(y) following the idea of Goodman
and Schoenberg [57]. In the following, we extend the results of the Bulboaca and Tuneski [35] for the
class .7*(y):

Theorem 4.4.1. Let /4 be analytic with ~(0) = 0, #’(0) # 0. Suppose that A satisfies

Zh//(z) 1
9t<1 + ") ) > - (4.4.1)
" l/zh(t)dt < m (4.4.2)
z Jo v(z) .
If f € o7, then
f(@)f"(2)

< h(z) implies fe.7"(y).
Proof. Using the result [35, Theorem 3.1, p. 3], we see that f(z)f"(z)/(f'(z))? < h(z) implies

- (1 - <JJ:'((?)> )d’ =1 Z}% < o

From the above subordination, we have

f(z) L=
e =<1 _E/o h(t)dt.

Now to prove that f € .*(y), it suffices to consider

1 rz 1
1—2/0 h(t)dt<m,

which is equivalent to (4.4.2). This completes the proof. O

Corollary 4.4.2. Let —1 <E <D <1and0 < 8 <1 such that

B 1+E:\? /14 (D+E—B(D—E))z+DEZ
h(z)_l_<1+Dz> ( (1+Dz)(1+Ez) )
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and satisfies (4.4.1). If f € & and
T <o

Then f € .#* ((HDZ)ﬁ) .

1+Ez
Remark 4.4.1. 1. Choosing E = —1 and D = 1 in Corollary 4.4.2 gives [35, Corollary 3.5].
2. Choosing E =0 and 8 = 1, then Corollary 4.4.2 reduces to [35, Example 4.5].

In the following, choosing D =1—2a, E = —1and 8 = 1 in Corollary 4.4.2 yields [35, Corollary 3.4]
(Note that o # 1). Also, in [35, Example 4.4] correct range of at is [0,1).

Corollary4.4.3. If f € o/, 0< a < 1 and

f@)f"(@) 201 - o)((1 —2a)2* +22)
(f(2)? (1+(1-2)2)>

Then f is starlike of order «.

Considering y(z) = v/1 + ¢z, where 0 < ¢ < 1 in Theorem 4.4.1, we get the following:

Corollary 4.4.4. Let 0 < ¢ < ¢g < 1, where ¢y = 0.845276 is the unique positive root of the equation

75, 201 ,
30—76' —37C =0.
If f € o/ and
f@f" @) 24z
(f'(2))? 2(1+cz)*?
Then f € (V1 +cz).

Let us consider the following function in Theorem 4.4.1:

(1 —22)

h(z)=1-— .

where 0 < A < 1. Then

1+

zh"(z)  2—4Az+ A% zh"(z)\  2—4A+A2
W(z) 2—Az and SK<1+ M (z) ) - 2—-1

Thus, we get

Corollary 4.4.5. Let0 <A < 1(9—+/33) < 1. If f € o/ and

Q@) e1-22)

(f'())? i Then fe. (M),

In 1985, Silverman and Silvia [154] obtained some necessary and sufficient conditions in terms of
convolution operators for the functions to be in the Janowski classes, and generalized the results of
Silverman et. al. [153]. We now extend their results for the class % (¢) defined in (3.1.4), which

consequently yield results for the classes .#*(y) and €’ (y) when R(1+¢(z)) > 0.
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Theorem 4.4.6. Let f € o/ such that f(z)/z # 0. Assume that y = 14 ¢ Then f € .7 (¢) if and only
if

1
z

71— Az
<f (z) =22 Z)2> #0, (4.4.3)

where A = y(e)/(1 —y(e)) and ¢ € [0,27).
Proof. Since f € % (¢) if and only if zf'(z)/f(z) < w(z), which is further equivalent to

zf'(2)

Q) #y(e"), (zeDre(0,2m)),

( means that the values zf”(z)/f(z) does not lie on the boundary Q of the domain y(ID)) which, using
the hypothesis that f(z)/z # 0, can be equivalently written as

1 / it
- (@@ —w(e)f() #0. (4.4.4)
Since
S @ =@ g ad Q)=
Therefore, (4.4.4) becomes _ )
= =a)
! (o E AT ) 20
and further, with a little computation, it reduces to (4.4.3). ]

Note that we can also write

a2
(10 5 ) =t @ - A @) - 1))

<

Thus using the power series expansion of f(z), (4.4.3) becomes

oo

Y (Alk—1)—kad " #1,

k=2
where A is as defined in Theorem 4.4.6, and yields the following sufficient condition in terms of coeffi-
cients for the functions from .27 to be in .7* (y):
Corollary 4.4.7. If f € o/ such that f(z)/z # 0 and satisfies }';” , |[A(k— 1) — k||ax| < 1. Then the
function f € .7 (¢).

In particular, we have the following sufficient condition for the class of Janowski starlike functions:
Corollary 4.4.8. The function f € .*((1+Dz)/(1+ Ez)), if

= ([ 1+]|D| 1+|D|—E+D
Z + k ]ak|<1.
= D—E D—FE

The following result with some rearrangement and specific values of D and E reduces to [154,
Theorem 6, Theorem 7].
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Corollary 4.4.9. Let y(z) = (1+Dz)/(1+Ez), where —1 <E <D < 1. Then f € .*(y) if and only

if
{+D 2

1 2+ pE?

- STDEE ) g, | =1.
Z (f(z)* (1—2)2 > 7& ‘C‘
Corollary 4.4.10. Let y(z) = 1 +z¢. Then f € /*(y) if and only if

1 2+ (1+ £eb)2? _
- (f(Z)*(l_Z)z> #0, [C]=1.

The class .#*(1 +sinz) was introduced in [38].

Corollary 4.4.11. Let y(z) = 1 +sinz. Then f € .*(y) if and only if

1 —arcsin & (1 +sin §)z?
(o EEeE RS ) 0 g

Note that f € .7 (¢) if and only if g(z) = [5(f(¢)/t)dt € €.F(¢), where

zf"(2)
1)

0= {res: LE <o}

Therefore, the condition given in (4.4.3) is equivalent to the following:

1/, — A7
- (Zg (2) * 6_52) . (4.4.5)

Now using the convolution fact that zg'(z) * f(z) = g(z) *zf'(z) in (4.4.5), we obtain the following result,
which is the convex analogue of Theorem 4.4.6:
Theorem 4.4.12. Let f € o such that f(z)/z # 0. Assume that y = 1+ ¢ Then f € €.7 (¢) if and
only if

1 24 (1-22)22

- $ U T AT L,

(o ) #

where A is as defined in Theorem 4.4.6.

Note that we can also write

B 2
(0 S ) =@+ - hara

Thus, using the power series expansion of f(z), we equivalently get

oo

Y (Ak—1)— bk £1,
k=2

which gives the following sufficient condition in terms of coefficients:

Corollary 4.4.13. If f € &/ such that f(z)/z # 0 and satisfies ;. ,k|A(k — 1) — k||ax| < 1. Then
feCF(9).
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In particular, we have the following sufficient condition for the class of Janowski convex functions:

Corollary 4.4.14. The function f € €((1 +Dz)/(1 +Ez)), if

> (1+|D| (14|D|—E+D
Z( | ’+< DI—E+ )k)k\ak\<1.
= \D-E D—E

Corollary 4.4.15. Let y(z) = (1+Dz)/(1+Ez), where —1 <E < D < 1. Then f € ¥ (y) if and only

if
(3D—E)+2¢ 2

(02 ) o -

Corollary 4.4.16. Let y(z) = 1 +ze®. Then f € € (y) if and only if

)2
1<f<z>*”(3+2§ )Z)s«éo, gl =1.

z (1-2)3

Corollary 4.4.17. Let y(z) = 1 +sinz. Then f € ¢ (y) if and only if

1 z—arcsin § (2 +sin {)z? _

It is well known that the class % () is closed under convolution. Also the class .#*(y) is closed
under convolution when convoluted with convex functions when y/(D) is convex. With this motivation,
the following result provides the largest radius ry such that in |z| < ro the class .*(y) is closed under

convolution.

Theorem 4.4.18. Let r, be the largest radius such that F(z) = z+ Y7, n’z" belongs to .7*(y) for
|z| < ry. If f,g € #*(y), where y is convex. Then f g belongs to .”*(y) for |z| < ry. The radius is
the best possible.

Proof. Let f(z) =z+ Y, ,anZ" and g(z) = z+ X7, by2". Then
G(z):=f(z)*g(z) = <Z+ i nZZ”> * (z+ i anz") * <Z+ Z ”Zn>
n=2 = N n
= F(2) <z+ i a”z”) * <z+ i b”z") :
n=2 n n=2 n

Recall that _—
fe s (y) ifandonly if / fg)dtecg(l//).
0

Similarly, for the function g. Therefore, z+ Y, , 2" and z+ Y7, bu 1 belong to €' (). Now let

n

=) N oo bn ,
H(z):= z—i—Zafz" «|z4 ) =2
n=—2 " n=—2 "

o nbnn
=+ Y P e e(w)Cw
n=2

n
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so that

Now from the hypothesis, we have

< *
€ (),
Iy

that is, F belongs to .7 (y) for |z| < ry. Since H € €. Therefore, using (4.4.6), we get
F(r
B(z) := <(r"’z)) *H(z) € 7" (y),
v

whenever y is convex. Thus, we conclude that

G(z) = ryB <Z> e (W), (2l <ry).

Iy

(4.4.6)

(4.4.7)

Note that the radius ry is independent of the choices of the functions f and g, and thus the sharpness

of the result follows from (4.4.6).

Remark 4.4.2. Note that

F(z) = fil—z =z+ Zn

Now the logarithmic differentiation of the above yields:

ZF’(Z)_1+4z+z2_1—i—z_ 1 1
F(z) 1—22 l—z 14z 1-z

It follows from (4.4.8) that

/ _ 2
ER(ZF (z)) > L—dr+r

F(z) 1—r2

Moreover, the following sharp inequality also holds:

ZF'(2) 4l < 2r(2+r)
F(z) - 1-r2
Furthermore, the following inequality also holds:
F'(z) 1477 4r
F(z) 1—r2~ 1—r%

Now applying Theorem 4.4.18, we get the following result:

g

(4.4.8)

(4.4.9)

(4.4.10)

(4.4.11)

Corollary 4.4.19. Let f,g € .7*(y), where y is convex. Then f* g belongs to .7*(y) for |z| < ry,

where

(i) ry=02—-V3+a?)/(1+a), when y(z) = (14 (1 —2a)z)/(1 —z).
(ii) ry=(-2++v/5)/(1+V2), when y(z) =+/1+z

(iit) ry=(=2++/4+b(2+b))/(2+Db), where b= (e—1)/(e+1), when y(z) =2/(1+¢7%).
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(iv) ry = (2—+V4—0?%)/b, where b =sinmy/2, when y(z) = ((1+2z)/(1 —2))".
The radii are sharp.

Proof. The part (i) follows using the inequality (4.4.9) such that (1 —4r+r%)(1—r?) > o, which holds
forr < (2—+v3+a?)/(1+ o). Further

20F'(20) V3it+az-2
=o for zp=——-—,
F(z0) l+a

implies the sharpness of the radius. Note that the disks {w: |w—1] <+2—1} and {w: |w—1| <
(e—1)/(e+1)} are contained in y(ID) where y(z) =+/1+zand 2/(1+e7?), respectively. Therefore,
the parts (if) and (iii) follow using the inequality (4.4.10) such that

2r(2+r)§\6_1 and 2r(2+r)§e—1’
1—r? 1—r2 e+1

which holds for r < (=2 4++/5)/(1++v/2) and r < (=24 /4 +b(2+b))/(2+b), where b = (e —
1)/(e+ 1) respectively. Since

z20F" (20) —2+4/5
=14+v2 for zp= ————
F(zo) T IIV2

and

20F (z0) 2 _
Fl)  Tte for zo=(\/4+b(2+b)—2)/(2+D),

therefore the radii obtained are sharp. Part (iv) follows by using the inequality (4.4.11) and the fact that
the disk {w : |[w —a| < r,} is contained in the sector |argw| < wy/2, whenever r, < asin(ny/2). O

The following lemma was introduced by Kumar and Gangania [83] to obtain certain radius constants
(see [83, p.12-14]) related to the operators like Livingston and Bernardi etc. to cover the case when v

is starlike but not convex.

Lemma 4.4.1. Let r, be the radius of convexity of y. If g € € and f € .#*(y). Then fxg € S*(y)
for |z| < ry = min{r.,1}.

Now using the above lemma, we may write (4.4.7) as follows:

5= (70 ) ) € 7 (w),

ro

where ro = min{ry,r.}. Note that r. = (3 —/5)/2 when y(z) = 1+ z¢‘. Thus, we have the following

result:

Corollary 4.4.20. Let f,g € .”*(1 +z¢%). Then the function f * g belongs to .*(1 + ze®) for |z] <
(2e —V4er —2e+1)/(2e — 1) ~ 0.0957. The radius is sharp.
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Corollary 4.4.21. Let f,g € .*(1 +sinz). Then the function f x g belongs to .#*(1 + sinz) for
|z| < (y/4+sin1(2+sin1) —2)/(2+sin1) ~ 0.1858. The radius is sharp.

In the next theorem, we continue to extend the ideas of Szeg6 [163] and Silverman [155] on the
starlikeness and convexity of sections fi(z) = z+Y~_, a,z" of f in *(y) and € (), respectively.

Theorem 4.4.22. Let g;(z) = (z—Z5*1) /(1 —2). If f € €(y), where ¥ be convex. Then
1. fir € €(y) in |z| < ro, where ry is the radius of convexity of g.
2. fi € L*(y)in|z] < ry, whenever g; belongs to . (y) in 2] < ry.

The radii are the best possible.

Proof. Let t = rg in the first part and ry in the second part, respectively. Then the proof follows by
t
observing that fi(z) = thi(z/t), where hi(z) = f(z) * gk(t Z). 0

Remark 4.4.3. If we choose y(z) = (1 +2z)/(1 —z). Then Theorem 4.4.22-(ii) reduces to the Silver-
man’s result [155, Theorem 1, p. 1192].

Jackson [71] introduced and studied the g-derivative defined as

flaz)—f(z) _1 S
def(z) := (—1)_z< Z qanz> Z#0

and d, f(0) = f'(0), where [n], = =2,
Theorem 4.4.23. Let ry be the largest radius in (0,1] and g € (0, 1) such that

< *
—(l—qz)(l—z)ey(w for |z] < ry,

where y is convex. If f € %, then we have
Wyf (D) =2+ Y g € 77 (y) for |2 <ry.
n=2

The radius is the best possible.
Proof. Observe that for each ¢ € C where |g| < 1, g # 1, we have

hy(z) = li log<11__qzz> = i (11__qn> % =) [’jjz” €%,

n=1

which implies that

We note that

2d,f(2) <z+ Y a2 ) (i n] z”) :f(z)*m = f(2) *2H,(2).
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Now for simplicity, let us write H(z) = z/,(z). Then from hypothesis, we see that

H(ryz)
Ty

e .7*(y). (4.4.12)

Since f € €, and € x.7*(y) = .*(y) whenever y is convex. Therefore, we have

H(VWZ)
Iy

f(2)*

€ (y),

which is equivalent to saying that
wdyf(z) € S*(y) for |z| <ry.

From the proof, we note that the sharpness of the radius ry follows from (4.4.12). U

Remark 4.4.4. From the function H(z) = z/((1 —gz)(1 —z)), we have:

ZH'(2) Z qz

=1+ + . 4413
H(z) -z 1-gz ( :
It follows from (4.4.13) that
H' 1—gr?
R (Z (Z)> > AN (4.4.14)
H(z) (1+7r)(14gqr)
Moreover, the following sharp inequality also holds:
H' 1 -2
4) —1‘ < rita=2gr) 4.4.15)
H(z) (1=r)(1—gr)

Now proceeding in a similar way as in Corollary 4.4.19 using (4.4.14) when the function y(z) =
(I+(1-2a)z)/(1—z), and (4.4.15) when y(z) =+/1+zand 2/(1+e7%), we have

Corollary 4.4.24. If f € ¥, then for all 0 < g < 1, we have
dyf(z) =z+ ) [nlgand" € 7 (y) for |z] <ry,
n=2

where
L ry = (Vo*(1-¢*)+4q9—a(g+1))/(2q(1 + a)), when y(z) = (1 + (1 —20)z)/(1 —z) for
o> (1-¢4)/2(1+q).
2. ry=((1+9)—V1+¢%)/(qV2(vV2+1)), when y(z) = VT +z.

3. ry=((1+q)(1+b) — /(1 +q)(1 +b))2 —4bq(2 + b)) /(2q(2+b)), where b= (e — 1)/ (e + 1),
when y(z) =2/(14+¢7%).

The radii are sharp.

Remark 4.4.5. Note that part (i) of the above corollary includes the result [ [128], Theorem 2.1]. Also
ry =1for o € 0,(1—¢q)/2(1+q)].
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4.5 Modified Distortion theorem for Ma-Minda starlike functions

The class .*(y) unifies various subclasses of starlike functions, which are obtained for an appro-
priate choice of y. See the special cases in [38, 60, 84,109, 134, 159]. Ma-Minda discussed many
properties of the class .*(y), in particular, they proved the distortion theorem [102, Theorem 2,
p.162] with some restriction on y, namely

min|y(2)] = w(—r) and max|y()| = y(r). (5.1)

|z|=r |z|=r

The importance of the above conditions can be seen in achieving the sharpness for majorization results
in [51]. Here, we modify the distortion theorem by relaxing this restriction on y to obtain a more general
result, which leads to a special case study. In particular, Ma-Minda [102] used the assumption that

lw(z)
what if y does not satisfy the condition (4.5.1) and why the condition (4.5.1) is so important? To answer

attains its maximum and minimum value respectively at z = r and z = —r, see eq. (4.5.1). Now,

this, we first need to recall the following result:

Lemma 4.5.1. ( [102]) Let f € .*(y) and |zo| = r < 1. Then — fo(—r) < |f(z0)| < fo(r). Equality
holds for some zo # 0 if and only if f is a rotation of fy, where zfy(z)/fo(z) = y(z) such that

folz) = zexp /0 Z"’(ti_ldr. (4.5.2)

We see that a Ma-Minda starlike function, in general, need not satisfy the condition (4.5.1). To
examine the same, let us consider two different Ma-Minda starlike functions, namely v (z) 1=z +
V1+z72 and Y1 (z) := 1+ ze*. The unit disk images of y; and y» are displayed in figure 4.1 and
figure 4.2.

We know that the radius of a circle, centered at the origin and touching only the boundary points of
an image domain of a complex function, yields the optimal values of the modulus of the function. For
example, see figure 4.1 to locate the lower bound of the modulus for a crescent function. Therefore it is
evident from figure 4.1 that both the bounds y; (—r) and y;(r) of |y | are attained on the real line and
we have yi(—r) < |yi(z)| < yi(r) for each |z| = r. Whereas, from figure 4.2, we see that only the
upper bound v, (r) of |y»| is attained on the real line and |y, (z)| < y»(r) for each |z| = r. Although
both y; and y, are Ma-Minda functions but the distortion theorem of Ma-Minda [102, Theorem 2,
p. 162] does not accommodate the function y», as the lower bound for |y»(z)| is not attained on
the real line for all |z| = r > (3 —/5)/2, see figure 4.3. To overcome this limitation, we modify the
distortion theorem, wherein we theoretically assume the modulus bounds of the function and obtain
a more general result. Thus the Ma-Minda functions, for which modulus bounds are not attained on
the real line but could be computed can now be entertained for distortion theorem using the following

result:

Theorem 4.5.1 (Modified Distortion Theorem). Let y be a Ma-Minda function. Assume that min|y/(z)| =

|z|=r
, where z; = re'® and z, = re'% for some 6y, 6, € [0, 7]. Let the func-

|¥(z)] and max |y (2)] = [y (z2)

z|=r
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Let min|y; (z)| =: 7i(r), where z = r;e’®, 0 < @ < 7, then from table 4.1, we have ¥, (1) = 0.372412,

|z|=r

$(4/5) = 0.527912, 13(2/3) = 0.611553, 7(1/2) = 0.693287, ¥5(r) = 1 — re~", where r < (3 —/3)/2.

e \
1 [ \ 71

‘c //“

Figure 4.2: Image of unit disk under y»(z) := 14 z¢* Figure 4.3: A zoom of figure 4.2

tion f € .*(y) and |z9| = r < 1. Then

lw(z1)| <_f()£_r>> <|f'(20)] < (foir)> lw(z2)]- (4.5.3)
Proof. Let p(z) = zf'(z)/f(z). Then f € #*(y) if and only if p(z) < w(z). Using a result [102,

Theorem 1, p.161], we have
/@) _ fol2)

Z Z

(4.5.4)

where fj is given by (4.5.2). Now using Maximum-Minimum principle of modulus, (4.5.4) and by
Lemma 4.5.1, —fo(—r)/r < |f(z0)/z| < fo(r)/r, we easily obtain for |z9| = r

fo(2)

Z

el (25 ~ min ) min

lzl=r lel=r

)

< p(ZO)f<ZO

=1f'(z0)|
fo(z)‘

Z

< max |y(z)| max
lel=r lz|=

_ <f0(r)

r

vt
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that is,

el (252 < ipal < (22 e,

r

where z7 and z; are as defined in the hypothesis. O

To illustrate Theorem 4.5.1, we consider the function y(z) = 1+ ze*. Then we have the following

expression for its modulus:

()| = \/1 + re” 080 (rercos 1+ 2 cos(0 + rsin)). 4.5.5)

Using equation (4.5.5) and Theorem 4.5.1, we obtain the following table, providing the minimum for

various choices of r:

r 0< 61 <7 | [w(re™)[ | m(r,00) = [w(re™)[(—fo(—r)/r)
1 1.88438 0.372412 0.197923
4/5 2.01859 0.527912 0.304374
2/3 2.17677 0.611553 0.375966
1/2 2.58169 0.693287 0.467769
r<G-V32| = va(=r) e

Table 4.1: The lower bounds for |1 4 ze?| for different choices of r = |z].

Now using Theorem 4.5.1, we obtain the following distortion theorem for the class .#*(1 + ze*):

Example 4.5.2. Let y(z) = 1 +ze® and |Ir‘1in|l// (2)| = |w(z1)|, where z; = re®' for some 6; € [0, 7. Let
z|=r
feS*(y)and |z0| =r < 1. Then

m(r,01) <|f'(z0)| < f5(r), (” > #>

and

BN I @I <), (r=355),

where fy(z) = zexp(e* — 1) and m(r, 0;) is provided in table 4.1 for some specific values of r.

N‘

Remark 4.5.1. In Theorem 4.5.1, if we assume that 8; = & and 6, = 0, then extremes in equation
(4.5.3) simplifies to fj(—r) and f;(r), respectively since zf}(z)/fo(z) = y(z). Thus, the extremes in
the equation (4.5.3) are in terms of r alone and also lead to the sharp bounds. Consequently, we obtain
the following distortion theorem of Ma-Minda [102] as a special case of Theorem 4.5.1 :

Let ming,_, |y(z)| = y(~r) and maxi, _, |w()| = w(r). If f € #*(y) and |zo| = r < 1. Then

75 = w0 < < 2y ) = g,

r

Equality holds for some zo # 0 if and only if f is a rotation of fo.
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4.6 An extremal problem for the class .&*(y)

In 1961, Goluzin [61] obtained the set of extremal functions f(z) =z/(1 —xz)?, |x| = 1 for the problem
of maximization of the quantity R® (log(f(z)/z)) or |® (log(f(z)/z))| over the class .#*, where ® is
a non-constant entire function. In 1973, MacGregor [105] proved the result for the class . (o) :=
{fed :Rzf'(z)/f(z)) > a,a €[0,1)}. Later on Barnard [30] discussed this for Bounded starlike
functions. Now, we present the result for the Ma-Minda class:

Theorem 4.6.1. Suppose P is a non-constant entire function and 0 < |zo| < 1 and assume that the class

*(y) is closed. Then maximum of either

R (mgm‘))) or ‘qn <logf(zo)>‘ 4.6.1)

20 20

for functions in the class .*(y) is attained only when the function is of the form

{z _
£(z) = zexp /0 WZ Lar, where |¢]=1. (4.6.2)

Proof. Since the class .#*(y) is compact, therefore the problem under consideration has a solution.
Moreover, in view of a result of Goluzin [61], in (4.6.1) it suffices to consider the continuous functional

R <10g / (Z°)> .

20

Let f € #*(y). Then using a result from [102], f(z)/z < fo(z)/z=: F(z), where fy(z) =zexp [ Wdt
or equivalently log(f(z)/z) < logF(z). Thus,

f(2)

glz)= <log z) < ®(logF(z)) = G(z).

Note that G is also non-constant as is ®. Thus for each r € (0,1) by subordination principle, we

obtain g(D,) C G(D,) = Q. Since G(xz) < G(z) for |x| < 1 is obvious, therefore for |zo| = r, we have
{g(z0) : g < Gin D} = Q. Now by considering a support line to the compact set Q, we conclude that

max RP <10g f(Zo)) =Rwy, w; €9IQ.
fes(v) 20

Since G is also an open map, therefore there exists a point z; where |z;| = r and G(z1) = w; such that

among finitely many wy, for one suitable wy, we have

(o) <log f(;o)) =wi,
0

where f is the solution for the extremal problem. Now by the well known Lindeldf principle, we have

Z

® (log ! (Z)> = ®(logF(xz)), (4.6.3)
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that is, if f is the desired solution, then (4.6.3) holds for some x, |x| = 1. Since @ is a non-constant

analytic function, so we may write
D(w) =co+cpn” teppW"H e, £0.

If we setlog(f(z)/z) = 012+ 0pz> +--- and log(F (z)) = Bi1z+ Baz* + - - , then from (4.6.3), comparing
the coefficients, we get c,af = ¢,B;'. Or equivalently, ' = B}, which in particular implies that |ct; | =
|B1]. Since log(f(z)/z) < logF(xz), |ou| = |Bi| is possible only if log(f(z)/z) = log F(xyz) for some
ly] = 1. Therefore, we conclude that

f(z) = zeXp/ouZW(tz_ldt,

where |u| = 1 if f is a solution to the extremal problem. O
Remark 4.6.1. Note that the analogous result for the class € () also holds.
Now as an application of the Theorem 4.6.1, we obtain the result due to MacGregor [105]:

Corollary 4.6.2. [105] Suppose @ is a non-constant entire function and 0 < |z9| < 1. Then the max-
imum of the expression (4.6.1) for functions in the class .*(¢) is attained only when the function is

of the form
<
-t i]=1
76) = =g 16
Proof. If f € .7*(a), then f(z)/z < 1/(1 —z)>~2% and the result follows. O

Corollary 4.6.3. Suppose & is a non-constant entire function and 0 < |z9| < 1. Then the maximum of
the expression (4.6.1) for functions in the class Yl; is attained only when the function is of the form

f(z) = zexp(e* = 1), [¢| = 1.

Proof. If f € .75, then f(z)/z < exp (e° — 1) and the result follows. O

4.7 The class of subordinants of a starlike function

In 1914, Harald Bohr [34] proved the following remarkable result related to the power series:

Theorem E. (Bohr’s Theorem) [34] Let g(z) = Y5 axz* be an analytic function in D and |g(z)| < 1
for all z € D, then Y52 |ax|r* < 1 for all z € D with |z] = r < 1/3.

Bohr actually proved the above result for » < 1/6. Further Wiener, Riesz and Shur independently
sharpened the result for r < 1/3. Presently the Bohr inequality for functions mapping unit disk onto
different domains, other than unit disk is an active area of research. For the recent development on
Bohr-phenomenon, see the articles [10,31,383, 113, 125] and references therein. The concept of Bohr-
phenomenon in terms of subordination can be described as: Let f(z) = Y5_oaxz and g(z) = Yo bid*
are analyticin D and f(ID) = Q. For afixed f, consider a class of analytic functions S(f) :={g:g < f}
or equivalently S(Q) := {g: g(z) € Q}. Then the class S(f) is said to satisfy Bohr-phenomenon,
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if there exists a constant ry € (0, 1] satisfying the inequality Y, |bi|r* < d(f(0),0Q) for all |z| =
r <rpand g(z) € S(f), where d(f(0),0Q) denotes the Euclidean distance between f(0) and the
boundary of Q = f(ID). The largest such ry for which the inequality holds, is called the Bohr-radius. In
2014, Muhanna et al. [113] proved the Bohr-phenomenon for S(Wy,), where Wy, := {w € C: |argw| <
or/2,1 < a <2}, which is a Concave-wedge domain (or exterior of a compact convex set) and the
class R(a,3,h) defined by R(et,B,h) := {g € o7 : g(z) + azg'(z) + Bz%¢"(z) < h(z)}, where h is a
convex function (or starlike) and R(a, 8,h) C S(h). In 2018, Bhowmik and Das [31] proved the Bohr-
phenomenon for the classes given by S(f) ={g€ & : g < fand f € u(A)}, where u(A) ={f €
A |(z)f(2)2f () =1 <A,0<A<1}and S(f) ={ge # :g<fand f € ¥ (a),0 < a < 1/2},
where .* () is the well-known class of starlike functions of order «.

Here, for any fixed f € .#*(y), we introduce and study the Bohr-phenomenon inside the disk |z| <

1/3 for the following class of analytic subordinants:

Definition 4.7.6. Let f € .7*(y). Then the class of analytic subordinants functions is defined as
Sr(y) = {g(Z) =Y b :g<f}- (4.7.1)
k=1

Note that #*(y¥) C Use.s+(y)Sr(¥). As an application, we obtain the Bohr-radius for the class
S(f),where f € .*((14+Dz)/(1+Ez)), the class of Janowski starlike functions, with some additional
restriction on D and E apart from —1 < E <D < 1.

Note that “the Bohr radius of the class 2" is at least r,”, this holds for every result in this section.
In general, Bohr radius is estimated for a specific class provided the sharp coefficients bounds of the
functions in that class are known. For instance, consider the class of starlike univalent functions, where
we have the sharp coefficient bounds: |a,| < n. However, for most of the Ma-Minda subclasses, the
better coefficients bounds are yet not known. Hence, we encounter the following problem, especially
in context of Ma-minda classes, which we deal with here to a certain extent:

Problem 4.7.1. If coefficients bounds are not known, how one can find a good lower estimate for the

Bohr radius of a given class?

To readily understand the above problem, consider the class .7*(1 + ze), where the sharp coef-
ficients bounds for functions in this class are unknown. In this situation, how one can find the Bohr
radius for this class or is there any way out with the lower bounds all alone? Here below we state The-
orem 4.7.7, where we find a solution for this problem. Note that the Bohr radius 3 —2v/2 ~ 0.1713 for

the class .7’ serves as a lower bound for the class Sy(y) and is also a special case of Theorem 4.7.7.

Let B(0,r) :={z € C: |z| < r} and g(z) = Y, biz*. For any g € S¢(y), we find the radius r, so
that S¢(y) obey the following Bohr-phenomenon:

[eS)

Y bl <d(£(0),09Q) for |ff=r<n, (472)
k=1

where d(f(0),dQ) denotes the Euclidean distance between f(0) and the boundary of Q = (D). Now

we prove our main result:
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Theorem 4.7.7. Let r, be the Koebe-radius for the class .*(y), fo(z) be given by the equation (4.5.2)
and g(z) = Y5, bk € Sy(y). Assume fy(z) = z+ Yoo o 1,2" and fo(r) = r+ Yo, |ta|r”". Then S¢(y)
satisfies the Bohr-phenomenon

Y 1belr* <d(£(0),0Q), for|z| =r<r, (4.7.3)
i=1

where r, = min{ry,1/3}, Q = f(D) and ry is the least positive root of the equation

N

fo(r) =rs.
The result is sharp when r, = rg and 1, > 0.

Proof. Since g € Sy(y), we have g < f forafixed f € /*(y) . By letting r tends to 1 in Lemma 4.5.1,
we obtain the Koebe-radius . = — fo(—1). Therefore B(0,r,) C f(D), which implies that

r, <d(0,0Q) = |f(z)] for |z/=1.

Also using the result [102, Theorem 1, p.161], we have

Q) _ )

Z Z

(4.7.4)

Recall the result [31, Lemma 1, p.1090], which reads as: let f and g be analytic in D with g < f, where
f2) =X panz" and g(z) = Yo bkzX. Then Y5 [bi|r* < Yo |an|r” for |z| = r < 1/3. Now using
the result for g < f and (4.7.4), we have

Z |bk|rk <r-+ Z |an|rn < fO(") for ‘Z| =r< 1/3
k=1 n=2

Finally, to establish the inequality (4.7.3), it is enough to show fo(r) < r.. But this holds whenever
r < rp, where rg is the least positive root of the equation fo(r) = r,. The existence of the root ry is

ensured by the relations
fo()>[fo(1)|>r. and fo(0) < r..

Thus, if r, = min{rg, 1/3} then ¥'3°, |bi|r* < d(0,0Q) holds. The case of sharpness follows for the
function fj. O

Remark 4.7.1. Let us further assume that the coefficients B, of y are positive. Then the function
fo(z) =z+ Y, 1,2" defined by integral representation (4.5.2) can be written as

fo(z) = zexp —" |,
which implies fo(r) = fo(r) for |z| = .
From the proof of Theorem 4.7.7, we have the following:

Theorem 4.7.8. Let r, be the Koebe-radius for the class . (y), fo(z) be given by the equation (4.5.2)
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and f(z) = 2+ Y0 s a,2" € L4 (). Assume fo(z) = 2+ Yo 1,27 and fo(r) = r+ Y0, |t,|7". Then
*(y) satisfies the Bohr-phenomenon

r+

n

lan|r" < d(£(0),0Q), for|z|=r<rp,
)

where r, = min{ry,1/3}, Q = f(D) and ry is the least positive root of the equation

N

Jo(r) =rs.
The result is sharp when r, = ry and ¢,, > 0.

If we choose y(z) = (1+Dz)/(1+Ez), —1 <E <D < 1, then .*(y) denotes the class of Janowski
starlike functions and we have

D-E
r, = (4.7.5)
{ e P, E=0.
and
(1+E2)"%", E+0;
fo(z) = ’ (4.7.6)
zexp(Dz), E=0.
Recall that the n/" (n > 2) coefficients of fy(z) satisfy
"2|E—-D+Ek
) =T1] [E-DHEX _ M(n), (4.7.7)

o k+1

Thus from Theorem 4.7.7, we have the following result:

Corollary 4.7.9. Let y(z) = (14+Dz)/(1+Ez), =1 <E <D < 1. Then S¢(y) (and .7*(y)) satisfies
the Bohr-phenomenon (4.7.2) for |z| = r < rp,, where r, = min{ry,1/3} and ry is the least positive root

of the equation
s D-E
r+ Y |t —(1—E) E =0,
n=2

where ¢, is as defined in (4.7.7).

Now as an application of Corollary 4.7.9, we obtain the following result.

Corollary 4.7.10. (Bohr-radius with Janowski class) Let w(z) = (1+Dz)/(1+Ez), -1 <E<D<1.

(i) E=0and D> %log 3. Then Sy(y) (and 7*(y)) satisfies the Bohr-phenomenon (4.7.2) for
|z| = r < ro, where ry is the only real root of the equation

1 —reP41) — 0, (4.7.8)

(ii) If E # 0 and further satisfies

D-E D-E
E .

3(1—E)F <(1+E/3) (4.7.9)

Then S;(y) (and .7*(y)) satisfies the Bohr-phenomenon (4.7.2) for |z| = r < rp, where rg is the



86

only real root of the equation
(1-E)F —r(1+Er)E =0. (4.7.10)

The result is sharp for the function fj defined in (4.7.6).

Proof. (i): Since E = 0, we have r, = e 2. Moreover fy(r) = fo(r) = rexp(Dr). Now we need to
show
rexp(Dr) <e P (4.7.11)

or equivalently T(r) := 1 — reP1*+7) > 0 holds for r < ry. Which obviously holds for %log3 <D<1.
Since d(fp(0),d fo(D)) = r., therefore we see from inequality (4.7.11) that Bohr-radius is sharp for the
function fy given by (4.7.6).

(i1): Proceeding as in case (i), it is sufficient to show the inequality

D—-E D—-E

r(l1+Er) E <(1-E) E (4.7.12)
or equivalently g(r) := (1 —E) P r(14+Er) PE® > 0 holds for r < ry. This obviously follows when-
ever D and FE satisfy (4.7.9). In view of the inequality (4.7.12), the sharp Bohr-radius is achieved for
the function fy given by (4.7.6). O

Remark 4.7.2. (Bohr-radius with starlike functions of order &) Let y(z) := (1+ (1 —2a)z)/(1 —2),
where 0 < a0 < 1. We see . (y) := .*(a) and for this class, we have

Z

1
22(1—a) and  fo(z) = (1— o0

Observe that here fo(r) = fo(r). Now as an application of Corollary 4.7.10, we obtain the result due to
Bhowmik et al. [31], namely:

If0 < a < 1/2. Then S;(y) satisfies the Bohr-phenomenon Y, |bi|r* <d(£(0),0Q), for |z| =r <
ry, where r, = min{ro,1/3} = ro and ry is the only real root of the equation (1 — r)>(1=®) /p = 22(1-®)
The result is sharp.

Now from the above remark, in particular, we have:

Corollary 4.7.11. If 0 < a < 1/2. Then the class .*((1 + (1 —2a)z)/(1 — z)) satisfies the Bohr-
phenomenon (4.7.2) for |z| = r < rg, where ry is the only real root of the equation

(1 _ r)Z(lf(x)/r — 22(1705).
The result is sharp. In particular, the Bohr radius for the class .#* is 3 —2v/2 ~ 0.1713.

If we choose y(z) = /1+z, then /*(y) := ¥ £", the class of lemniscate starlike functions and



87

for this class we have:

_ dzexp(2v1+z-2)
 (1+V1+2?2

fo(z) and r, = —fy(—1) ~ 0.541341. (4.7.13)

Also in this case fy(r) = fo(r) and therefore, we obtain the following corollary:

Corollary 4.7.12. The class S¢(y) (and .7.£"), where y/(z) = v/1 + z satisfies the Bohr-phenomenon
(4.7.2) for |z| = r < 1/3,

If we consider y(z) = 1 +ze, then 7" (y) := 7}, the class of cardioid starlike functions introduced

in [84] and for this class, we have:
fo(z) =zexp(ef—1) and r,=—fo(—1)=~0.531464. 4.7.14)

Here we can also see that fo(r) = fo(r) and we obtain the following corollary:

Corollary 4.7.13. The class S¢(y) (and .7;), where y(z) = 1 + ze® satisfies the Bohr-phenomenon
(4.7.2) for |z| = r < 1/3,

Ali et al. [10] also showed that the coefficient bound of a function in a class has a role in the
estimation of the Bohr radius. Observed that for each f € /*(y), the class S;(y) satisfies the
Bohr-phenomenon for r < min(1/3,ry), where ry is the least positive root of fo(r) —r, = 0. Since
(W) C Uresny) Sr(w), therefore the Bohr-radius for the class .*(y) is r > min(1/3,r9). In
Corollary 4.7.13, we find rg =~ 0.349681 (an upper bound for Bohr radius), which is almost close to
1/3 =~ 0.33333 and is the unique root of fy(r) — r. = 0. Moreover, the bound for the coefficients of
the functions belonging to ., and %" have been conjectured [84, 159] with the extremals given
in (4.7.14) and (4.7.13) respectively. Thus by using Theorem 4.7.7 and the approach dealt in [10]
(assuming that conjectures are true), we propose the following conjectures:

Conjecture 4.7.1. The Bohr-radius for the class .}, is ry ~ 0.349681 which is the unique root in (0, 1)
of the equation re¢ = e!/¢.

Conjecture 4.7.2. The Bohr-radius for the class .. 2" is rp ~ 0.439229, which the unique root in (0, 1)
of the equation e?rexp(2y/1+r—2) = (1++/1+7r)%

Highlights of the chapter

In this chapter, we have attempted some generalizations for the Ma-Minda classes, which are new.
We established the majorization results for the Ma-Minda classes. We extended and generalized some
classical results pertaining to convolution for the class .7 (¢) and studied their applications to classes
of Ma-Minda starlike and convex functions along with an extremal problem studied by Goluzin. We also
established the concept of Bohr-phenomenon to the Ma-Minda classses.







Chapter 5

Bohr and Rogosinski phenomenon for

certain classes of univalent functions

In Geometric function theory, occasionally attempts have been made to solve a particu-
lar problem for the Ma-Minda classes, ./*(y) and ¢ (y) of univalent starlike and convex
functions, respectively. Recently, a popular radius problem generally known as Bohr’s phe-
nomenon has been studied in various settings. However, little is known about the Rogosinski
radius. In this chapter, for a fixed f € .*(y) or €(y), the class of analytic subordinants
Sr(v) :={g:g < f} is studied for the Bohr-Rogosinski phenomenon. It's applications to the
classes *(y) and € (y) are also shown. The phenomenon will be further explored in several
relevant directions considering certain natural generalzations connecting the known results
and leading to new ones.

5.1 Introduction

The idea of the Bohr phenomenon is being considered and developed in several directions in recent
times from classes of analytic functions in one variable to the Banach spaces. Now following the
discussion of Section 4.7, for systematic study over the ma-Minda classes, we need to recall the

concept of the Bohr phenomenon in terms of subordination:

Definition 5.1.1 (Muhanna, [111]). Let f(z) = Y ar7* and g(z) = Yo bz* are analytic in D and
f(D) = Q. For a fixed f, consider a class of analytic functions S(f) := {g: g < f} or equivalently
S(Q) :={g: g(z) € Q}. Then the class S(f) is said to satisfy the Bohr phenomenon, if there exists a
constant ry € (0, 1] satisfying the inequality Y5 |bi|r* < d(f(0),9Q) for all |z| = r < rp and g € S(f),
where d(f(0),0Q) denotes the Euclidean distance between f(0) and the boundary of Q = f(ID). The

89
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largest such ry is called the Bohr-radius.

In the work of Muhanna et al. [113] and Bhowmik and Das [31], the role of the sharp coefficient’s
bound of f was prominent in achieving the respective Bohr radius for the class S(f), see [10, 85, 86].
But in general, the sharp coefficient’s bounds for functions in a given class are not available, one can
see [38, 84,85, 89, 150], thus certain power series inequalities are needed. In this direction, Bhowmik
and Das obtained the following vital inequality to achieve the Bohr radius for the class S(f), where
feud)and S (a),0 < a < 1/2} respectively:

Lemma 5.1.1. [31]let f(z) = ¥ a,2" and g(z) = Y5 biz* be analytic in D and g < f. Then
Y bt < Y lanlr”, for f2 < 2.
k=0 n=0

Motivated by the class S(f), Kumar and Gangania in [86, Sec. 5] (also see [64]) further used the
above Lemma 5.1.1 in the absence of the sharp coefficient’s bounds of f to study the Bohr phe-

nomenon for the class S;(y), which eventually holds for the class . (y):

Definition 5.1.2. Let f € .7*(y) or € (y) be fixed. Then the class of subordinants functions g is

defined as: N
Sr(y) = {g(Z) =Y b ig= f}-
k=1

Definition 5.1.3 (Koebe-radius). Let f € .*(y). Then either f is a rotation of fj or

{(weC:|w[<ro=—fo(~1) C f(D)},

where r, = lim,_,1(—fo(—r)). Equality holds for the function

Z) = ZCXP/Z Mdl‘
0 t

Theorem 5.1.4. [86, Theorem 5.1](also see [64]) Let r, be the Koebe-radius for the class .*(y),
fo(z) be given by the equation (4.5.2) and g(z) = Y5 b2k € Sp(y). Assume fo(z) =z+ Yoo, 1,2" and
fo(r) =r+ Yo, |ta|7”". Then S;(y) satisfies the Bohr-phenomenon

Z|bk|r <d(f(0),0Q), for|z]=r<r,

where r, = min{ry,1/3}, Q = f(D) and ry is the least positive root of the equation

N

fo(r) =rs..
The result is sharp when r, = rg and 1, > 0.

Again if we look at the classical Bohr inequality and try to replace the initial coefficients ay, (k =0, 1)
by | f(z)| and |f'(z)|, and further z by some suitable choice of functions @(z) such that |w(z)| < 1. Or
replace the Taylor coefficients a; completely by the higher order derivatives of f. Then the combina-
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tions obtained lead us to the new inequalities, which are usually called Bohr-type inequalities. We now

mention a few such combinations:

Suppose that f(z) = Y7o az* be analytic in D and a = |ao| and ||fo||? = ¥, lax|r?*, where the

function fy is given by fo(z) = f(z) — ao.
1 |f@I"+ X laxlrt, n=00r1

2. [f@I+If @)zl + Xy laxr*

7k

- (k)
3. 1£@)+Eiy [ Lo
4 | f(0()]|+ Ty larlr + st |1 foll7

For some important work in this direction, we refer to see [65, 101].

Note that Muhanna et al. [114] recently discussed the Bohr type inequalities for the k-th section of

the analytic functions f(z) = Y. ax2" using the Bohr Operator
M, (f) = Z |an||"| = Z |an|r".
n=0 n=0

Paulsen and Singh [124] using this operator provided a simple elementary proof of Bohr's Theorem E
and extended it to the Banach algebras (for the basic important discussion, see [114, 124]). Now for

the simplicity and further discussion, we define the following basic operator for f, where SV (f(z)) =
Yoy an":

MY () =Y lall" =Y lan|”, (5.1.1)
n=N n=N
and thus the following observations hold for |z| = r for each z € D
1. MY(f) >0,and MN(f) =0if and only if f =0
2. MY (f +g) <M (f)+M}(g)
3. M¥(af) = |a|MYN (f) fora € C

4. MY(f.g) <MN(f).MN(g)

Using this operator, we now can get similar results as obtained by Muhanna et al. [114] for the interim
k-th sections S¥ (f(z)) = YA_y a,z" and the function S¥ (f(z)).

In analogy with Bohr’s Theorem, there is also the notion of Rogosinski radius, however, a little is
known about Rogosinski radius as compared to Bohr radius, which is defined as follows, also see
[93,141,148]:
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Theorem F (Rogosinski Theorem). If g(z) = Y5 bxz* with |g(z)| < 1, then for every N > 1 we have

1
<1, fi <.
<1 for i <s

N—1
Z bkzk
k=0

The radius 1/2 is called the Rogosinski radius.

Kayumov et al. [76] considered a new quantity, called Bohr-Rogosinski sum, which is described as

follows: -
k
1g@) |+ Y Ibillzl*, |zl =r.
k=N

For the case, N = 1, note that this sum is similar to Bohr’s sum, where g(0) is replaced by |g(z)|. We
also refer the readers to see [3, 13]. Now we say the family S(f) has Bohr-Rogosinski phenomenon, if
there exists r]’f, € (0, 1] such that the inequality:

15 +kiN\bkuzk < 1F(0)] +d(£(0),02)

holds for |z| = r < r{i, The largest such r]’:, is called the Bohr-Rogosinski radius. Authors [76] also
proved the following interesting results:

Theorem G. [76, Theorems 5-6] Let g € S(f), where f is univalent in D. Then for each m,N € N, the
inequality

5@ +§Nrbk||z|’< <1F(O)] +d(£(0).92)

holds for |z| =r < r,’:l_ ~» Where r,i_  is the smallest positive root of:

47" — (1 =2+ 4N (N(1—7r) +7) <1_,,m)2:0.

1—r

The radius is sharp for the Koebe function z/(1 — z)?. Moreover, if f is convex (univalent) in I, then
rf;  1s the smallest positive root of:

3rm—1+2rN<11_r >_o.

—r

The radius is sharp for the convex function z/(1 —z).

Motivated by the above work, let us now introduce the Bohr-Rogosinski phenomenon for the class of
analytic subordinants S (y):

Definition 5.1.8. The class S;(y) has a Bohr-Rogosinski phenomenon, if there exists an 0 < rg <1
such that for each g € S;(y),

Q@1+ Y bl < d(£(0),09)

k=N
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for |z| =r <rp, where N € N, Q = f(D) and d(f(0),dQ) denotes the Euclidean distance between f(0)
and the boundary of Q.

Note that 7" (y) C Uses+(y)Sr(w). Further, the connection between the Bohr-Rogosinski and
Bohr phenomenon can be seen through Definition 5.1.8, if we replace |g(z)| by |g(z")|, where m € N,
and then consider the special case by taking m — oo with N = 1.

5.2 Bohr-Rogosinski phenomenon for .*(y) and % (y)

In this section, for a fixed f € 7*(y) or € (y), the class of subordinants S;(y) :={g:g < f} is
studied for the Bohr-Rogosinski phenomenon in general settings along with its applications to the
standard classes of univalent starlike and convex functions. First, we need the following fundamental

result, which is an extension of the Lemma 5.1.1:

Lemma 5.2.1. Let f(z) = Y7y a,2" and g(z) = Yo bk 2" be analytic in D and g < f, then

Y b < Y Jan| (5.2.1)
k=N n=N

for [z =r<landNeN.

Proof. Since g < f, we have g(z) = f(®(z)), where ® is a Schwarz function. For the case ©(z) = cz,
|c| = 1, the function g is a rotation of f or g = f, and the inequality (5.2.1) easily holds. So consider
the case: m(z) # cz, |¢| = 1. Now the coefficient by of the function g is given by: for any k > N € N

k

be= Y anB",

n=N

where the z-th power of the analytic function @ is represented as ®'(z) = Y, B (z)zl, t € N. Now we

see that
m m n
Y=Y | Y anB |
k=N k=N |n=N
m n
<Y Y a1
k=N n=N

= Z |an\Mm(")(r),
n=N

where M, (r) = Y7, |B")|* and m € N. Since |@"(z)/7"| < 1 for any n > 1, using Bohr’s Theo-

rem E we have
m

Z |Bk(n)|rk7n < Z |Bk(n)|rk7n <1, r<
k=n

1
k=n 3 ’
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that is, Mm(”)(r) < r" holds for r < 1/3. Hence, foranym >N > 1 and r < 1/3
m m
Z ]bk]rk < Z lan|r".
k=N n=N

The result now follows by taking m — oo, O

Proof. (Alternate proof of the Lemma 5.2.1) Since g(z) = f(®(z)), where ® is the Schawrz function,

we have

gk

MY (g) = MY (kiNakw(z))") < ¥ larl (Mo (0(2) < kiNmkHz\k

k

Il
=

for |z =r<1/3. O
Remark 5.2.1. In Lemma 5.2.1, taking N — 1 and the fact the g(0) = f(0) we obtain Lemma 5.1.1.
Moreover, the following results are obtained using the properties of the operator Mﬁv (f) and Lemma5.2.1:

Corollary 5.2.1. Let the analytic functions f, g and & satisfies g(z) = h(z) f(®(z)) in D, where @ is the
Schwarz function. Assume |A(z)| < 7 for |z] < T < 1. Then

T
MY () <M (f), 0<fl=r<z.
Corollary 5.2.2. Let 7 =1 in Corollary 5.2.1. Then
1
MY(g) <MY (f). 0<ld|=r<3.

We need the following lemma for our next result.

Lemma 5.2.2. ( [102]) Let f € .*(y) and |z9| = r < 1. Then f(z)/z < fo(z)/z and

—fo(=r) <|f(z0)] < fo(r).
Equality holds for some z # 0 if and only if f is a rotation of fy, where zfy(z)/fo(z) = w(z) such that
cy(t) — 1
folz) = zexp /0 "’(3dt. (5.2.2)
Our next results discuss Bohr-Rogosinski phenomenon for the classes S¢(y) and .7*(y), respec-
tively.
Theorem 5.2.3. Let f;(z) be given by the equation (5.2.2) and f(z) = z+ Y1, ax2" € *(y). Assume

that fo(z) = z+ Yoo o taz" and fo(r) = r+ Yoo, |ta|r". If g € S¢(y). Then

8@+ Y 1bellz/* < d(0,09) (5.2.3)
k=N

holds for |z| =1, < min{%, ro}, where m,N € N, Q = f(D) and ry is the unique positive root of the



95

equation:
Jo(r™)+ fo(r) = pj, (r) = =fo(=1), (5.2.4)
where
pi(r)=9 n N=2

r+X05 |l N>3

The result is sharp when r, = rg and 1, > 0.

Proof. Let g(z) = Y5, b2k < f(z), where f € .*(y). Now by Lemma 5.2.1, for r < 1/3, we have

oo

Z |bye|r* < Z |a,|r".
n=N

k=N

Again applying Lemma 5.2.1 on f(z)/z < fo(z)/z (Lemma 5.2.2), we get that for r < %

gk

i < Y Janl <Y Jtalr” (5.2.5)
k n=N n=N

Il
=

Now g < f implies that g(z) = f(®(z)), which using the Lemma 5.2.2 yields

lg(ll < )l = 1f(@(l] < r))] < max|f(|z] < )] < folr),

|2

that is,

8(2)] = [f(@(2)] < fo(r)

for |z| = r, where @ is a Schwarz function. Moreover, replacing z by z” in the above inequality along
with the definition of 7, gives

1g(2")| < fo(r™). (5.2.6)

Also, by letting r tends to 1 in Lemma 5.2.2, we obtain the Koebe-radius . = —fy(—1). Therefore,
the open ball B(0,r,) C f(ID), which implies that for |z| = 1

r <d(0,0Q). 5.2.7)
Now using the equations (5.2.5), (5.2.6) and (5.2.7), we have

@)+ Y 1bellz* < Fo(r™) + Y Jralr”
k=N n=N

= fo(") + fo(r) = p, ()

<7y

<d(0,0Q)
holds whenever |z| = r < min{%, ro}, where ry is the smallest positive root of the equation:

G(r) == fo(r") + fo(r) = pj,(r) = r« =0.



96

Note that G(0) < 0, and since fo(1) > |fo(1)| > . (see Lemma 5.2.2), we see that

N—1 N—1
2/0(1) = Y |tal = e = (fo(1) = Y [ta]) + (fo(1) = 7.) > 0
n=1 n=1
where 71 = 1, which implies G(1) > 0. Clearly, for 0 < r < 1

G(r) = Fo(™) + (For) =1, () > 0,

which implies G is a continuous increasing function in [0, 1]. Thus G(r) = 0 has a root in the interval
(0,1). Let us take g = f = fo, then the sharpness follows for the function f with the equality in (5.2.3)

as

So(rs™) + Z tarp" =r*=4d(0,0Q)
n=N

when r, =rgand ¢, > 0. ]

Remark 5.2.2. Let y(z) = (1+2z)/(1 —z), then Theorem 5.2.3 reduces to [76, Theorem 5].

Remark 5.2.3. Observe that if we take m — o and N = 1, then Theorem 5.2.3 reduces to [86, Theo-
rem 5.1].

Corollary 5.2.4. Let fy(z) be given by the equation (5.2.2). Assume fy(z) =2+ Y., 1,2" and fo(r) =
r+Yo ot I f(2) =24+ Y, s an2" € *(y). Then

[F(@)]+ Y lanllz" < d(0,0Q) (5.2.8)
n=N

holds for |z| =1, < min{%, ro}, where m,N € N, Q = f(D) and ry is the unique positive root of the
equation:

Jo(r™) + fo(r) = ps (r) = —fo(=1),

where p 7 is as defined in Theorem 5.2.3. The radius is sharp for the function fy when r;, = ry and
t, > 0.

2

4 2 4
Corollary 5.2.5. Let y(z) =1 + gz—i— gzz, fo(r) =rexp <3r+r3 and m = 1. If g € S¢(y). Then

the inequality (5.2.3) holds for |z| = r < ry, where N € N and ry(< 1/3) is the unique positive root of

the equation:
4 r?
2rexp §r+ 3 —ps(r)—exp(—1) =0,

where pj, = p;. is as defined in Theorem 5.2.3 with |t,| =1, = fy"(0)/n! . Moreover, if f € . (y).
Then the inequality (5.2.8) also holds for » < ry. The radius ry is sharp.

Remark 5.2.4. In Corollary 5.2.5, we observe that the radius ry approaches rop = 0.25588 - - - for large

value of N, where ry is the unique positive root of

4 2
rexp <3r+ r3> —exp(—1) =0.

Moreover, if m > 2 then the inequalities (5.2.3) and (5.2.8) hold for r < 1/3.
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Corollary 5.2.6. Let y(z) = 1+ze* and m = 1. If g € S¢(y). Then the inequality (5.2.3) holds for
|z| = r < ry =min{ro,1/3}, where N € N and ry is the unique positive root of the equation:

2rexp(e” —1)—T(r)—exp(e ' —1) =0,

where
0, N=1;
T(r)=< r N=2;

1 By
I (nfll)!rn’ NZ=>3

and B, are the bell numbers such that B, 1 = Y}_ (}) Bx. Moreover, if f € .#*(y). Then the inequality
(5.2.8) also holds for r < ry. The radius ry < 1/3 is sharp for N < 3.

Corollary 5.2.7. Let y(z) = 1+ ¢ (%) with k = v/2+ 1. If g € S;(y). Then the inequality (5.2.3)

Z
holds for |z = r <r, =min{1/3,rp}, where N € N and ry is the unique positive root of the equation:

n k % r O\ % r O\ %
. o _ _ - =0
e <k—r’"> +e’ <k—r) Ps(r) e(k—i—l) ’
where ps = p 7 is as defined in Theorem 5.2.3 and f,, = |t,,| are the Taylor coefficients of the function

fo(r) =% (k—fr)Zk. Moreover, if f € .*(y). Then the inequality (5.2.8) also holds for » < r,. The
radius rp is sharp when m =1 and N < 4.

Since all the Taylor coefficients of the function 1+ sinz are not positive, fo = fo. So we consider the
radius ry up to three decimal places only, which also reveals the connection of positive coefficients of
v to the sharp Bohr-Rogosinski radius.

Corollary 5.2.8. Let y(z) = 1+sinzand m = 1. If g € S¢(y). Then the inequality (5.2.3) holds for
|z| = r < ry, where N € N and ry(< 1/3) is the unique positive root of the equation:

2rexp(Si(r)) —exp(Si(—1)) = psy (r) =0,

where fo(r) = rexp(Si(r)), where Si(x) is the Sin Integral defined as:

RPN R S G
Si(x) ._/O - dx—r;)(zn+1)(2n+l)!

Moreover, if f € .*(y). Then the inequality (5.2.8) also holds for r < ry.

Remark 5.2.5. In Corollary 5.2.8, the numerical computations reveal that the Bohr-Rogosinski radius
ry = 0.290%--- < 1/3 forany N > 4, where x = 6 or 7. Also ry < 1/3 for N < 4. Moreover, as N — oo,
the required radius rg ~ 0.290 - - - is the unique positive root of

rexp(Si(r)) —exp(Si(—1)) =0.

Next, we discuss the Bohr-Rogosinski phenomenon for the celebrated Janowski class, .7*((1 +
Dz)/(14+Ez)) =.7[D,E], where —1 < E < D < 1 of univalent starlike functions. We need to recall:
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Lemma 5.2.3. [16, Theorem 3] If f(z) =z+ Y, _,anz" € /[D,E]. Then for n > 2, the following
sharp bounds occur:
"2 |E —D+Ek|
lag <[] ———.
I
Theorem 5.2.9. Let y(z) = (1+Dz)/(1+Ez), -1 <E<D<1.If f(z) =z+ Y, r,a,7" € ().
Then

@]+ L lanllzl" < d(0,0Q) (5.2.9)
n=N
holds for |z| = r < rp, where m,N € N, Q = f(D) and ry is the unique positive root of the equations:

> "2E-D+E -
P(1+Er) e +A(r +ZH| FEK (g% 0, ifE 20,
P S

where A(r) = r for N = 1 and 0 otherwise, and

rmeDrm+reDr—J(r)—€_D =0, IfE=0,

where
0, N=1;
J(r)= 7, N=2; (5.2.10)
YN 5 &, N>3

The radius r is sharp.

Proof. Let us consider the function fy such that zf}(z)/fo(z) = (1+Dz)/(1 + Ez), which is given by

(14+E2)"F, E#0;
= 2.11
folz) { zeP?, E=0. © )

Now using the Lemma 5.2.2 and Lemma 5.2.3, we have |f(z")| < fo(r™), the Koebe radius r, =

—fo(— 1) and
= "2 |E— D+ Ek|
"< ——7", N2>2.
DD W eI
Now proceeding as in Theorem 5.2.3, for ry as defined in the statement, the result follows. To prove

the sharpness of the radius ro, we see that at |z| = r = rg and f = fp given in (5.2.11):

oo

ACHIE WA

n=N
(ro)" (1 +E(r0)" )PE + A(ro) + Ty T2 B2 (), E 0
(ro)"eP0)" 4 (rg)ePro — J (ry), E=0.
(1-E)2", E#0;
e P, E=0.

= —fo(=1) = d(0,0Q),

where J(r) is as defined in (5.2.10), and A(r) = r for N = 1 and 0 otherwise for the case E # 0. O
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Remark 5.2.6. Taking m — o« and N = 1 in Corollary 5.2.9, we obtain the Bohr radius for the class
Z|D, E], which covers many classical cases.

In Theorem 5.2.9, putting D =1—-2a and E = —1, where 0 < a < 1, we get the result for the class
of univalent starlike functions of order a, that is, .*():

Corollary 5.2.10. If f(z) =z+ Y, a,7" € (). Then the inequality (5.2.9) holds for |z| = r < ry,
where m,N € N, Q = f(D) and ry is the smallest positive root of the equations:

" > 2k 42(l—a ) 1
_— —_ :0
(l_rm)z( +nz;wn k+1 4l-a ’

where A(r) = r for N = 1 and 0 otherwise. The radius ry is sharp.

Putting o = 0 in Corollary 5.2.10, we get the following:

Corollary 5.2.11. If f(z) = z+ Y, ,a,7" € *. Then the inequality (5.2.9) holds for |z| = r < ry,
where m,N € N, Q = (D) and ry is the smallest positive root of the equations:

2
4 — (1= + 4 (N (1= 7) +7) (1_"m> —o.

1—r
The radius ry is sharp.

To proceed further, we need to recall the following fundamental result:

Lemma 5.2.4. [102] Let f € €(y). Then zf"(z)/f"(z) < zlj(z)/1y(z) and f'(z) < I}(z). Also, for
|z| = r we have

~lo(—r) < |f(2)| < lo(r),
where

1+21(2) /1) (z) = w(2). (5.2.12)

Further, r, = —ly(—1) = lim,_,; (—Ip(—r)) is the Koebe-radius for the class € (y).

Now we discuss the results for the convex analogue €’ (y) of .7*(y).

Theorem 5.2.12. Let r, be the Koebe-radius for the class € (), [p(z) be given by the equation (5.2.12)
and f(z) = 2+ X, an?" € € (). Assume lo(z) = 2+ Yo, 1,2 and Io(r) = r+ X0, || If g €
S¢(y). Then

18"+ Y bl |z* < d(0,0Q) (5.2.13)
k=N

holds for |z| = r, < min{],ro}, where m,N € N, Q = f(DD) and ry is the unique positive root of the

equation:
(") +Io(r) = py (r) = —lo(~1),
where
0, N=1;
pi(n =9 n N=12;

r+ YN L, N> 3.
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The result is sharp when r, = rg and [, > 0.

Proof. Let g(z) = Yo  biz < f(z), where f € €(y). From the Alexander’s relation, it is known that
f € €(y) if and only if

z2f'(z) = &(z), orequivalently f(z) = /OZ =—dt

for some g € .*(y). Now by Lemma 5.2.1, for r < 1/3, we have

where b, are the Taylor coefficients of . Again applying Lemma 5.2.1 on f'(z) < Ij(z) (Lemma 5.2.4),

we get that
1
Mg(r) = pg(r) < My(r) —pu(r), <3, (5.2.15)

where M, (x) := Y5, |bi|x*, and & is given by the relation z/}(z) = i(z). Now using the equations
(5.2.14) and (5.2.15), we have for r < 1/3

= lo(r) — p; (r). (5.2.16)
Now g < f implies that g(z) = f(®(z)), which using the Lemma 5.2.4 yields

lg(lz] < )| = |f(o(lz] < r))| < r‘naxlf(lzl <) <lo(r),

z|=r

that is,
18(2)] = |f(0(2))] < lo(r)

for |z| = r, where @ is a Schwarz function. Moreover, replacing z by 7" gives
Y y

A

lg(2™")] < lo(r™). (5.2.17)

Also, by letting r tends to 1 in Lemma 5.2.4, we obtain the Koebe-radius r, = —Ip(—1). Therefore, the
open ball B(0,r.) C f(ID), which implies that for |z| =1

r, <d(0,09). (5.2.18)
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Hence, using the inequalities (5.2.16), (5.2.17) and (5.2.18), we have

8™ +ki el 2 < lo(r) + o (r) — py (1)
=N

IN

Iy

< d(0,0Q)

holds whenever |z| = r < min{%, ro }, where rg is the smallest positive root of the equation:

S

H(r):=lo(r) +Io(r) = pj,(r)—r.=0.

as r tends to 1 (see Lemma 5.2.4), we see that

N—1 N—1
2in(1) ~ Z,l [ln] =i = (lo(1) — ; ln]) + (o (1) = 1) > 0,

which implies H(1) > 0. Thus H(r) = 0 has a root in the interval (0, 1). The sharpness follows for the
function [y by taking g = f = lp with the equality in (5.2.13) as

lo(rf)+ Y. Ly =r. = d(0,0Q)

when r, = rg and [, > 0. ]

Remark 5.2.7. Let y(z) = (1 +2z)/(1 —z), then Theorem 5.2.12 reduces to [76, Theorem 6].

Remark 5.2.8. Let g € S¢(y), where f € €(y). In (5.2.14) if we use the Rogosinski’s well known
result: “If g < f and f is a normalized convex function then |b,| < 1 for n > 1", then we can remove
the role of Lemma 5.2.1 in the proof of Theorem 5.2.12 and get

- - N
Y bt <Y = re(01). (5.2.19)
k=N n=N

Further combining (5.2.19) and the inequality (5.2.17)

A

g <l ().

we get

—r

< i i
lg(@+ ) |bk"’k§lo(i’m)+1 . re(0,1).
k=N

Thus the inequality (5.2.13) follows for |z| = r < ro, where ry is the smallest positive root of

lo(r™) + rNr +lp(~1)=0. (5.2.20)
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Also, the radius ry can not be improved follows if we choose

Note that if the coefficients of y are positive then le = [y, and in this case (5.2.20) reduces to
"y
Io(r") + ——+1p(—1)=0.
1—r
Moreover, taking N = 1 and m — oo, we get the result obtained by Hamada [64, Theorem 4.1].

The following result is explicitly for the class € (y).

Corollary 5.2.13. Let r, be the Koebe-radius for the class €’(y), [y(z) be given by the equation (5.2.12).
Assume lo(z) =2+ Y5, L2 and lo(r) = r4+ X5, |7 If £(2) = 2+ X5, a,z2* € €(y). Then

FE@]+ Y lanllz" < d(0,0Q) (5.2.21)
n=N

holds for |z| =1, < min{%7 ro}, where m,N € N, Q = f(D) and ry is the unique positive root of the
equation:

A

(™) +lor) — py, () = s,

where i, is as defined in Theorem 5.2.12. The radius is sharp for the function /y when r, = r¢ and
I, > 0.

Remark 5.2.9. The special case of taking m — o0 and N =1 in Theorem 5.2.12 and Corollary 5.2.13
establish the Bohr phenonmenon for the classes S¢(y) and € (y), respectively.

After some little computations when y/(z) = (1+z)/(1 —z), the Corollary 5.2.13 yields:

Corollary 5.2.14. If f(z) =z+ Y, ,anz" € €. Then the inequality (5.2.21) holds for |z| = r < ry,
where m,N € N, Q = f(D) and ry is the unique positive root of the equations:

37’”1+21‘N<11_r ) —0.

—r
The radius ry is sharp.

Corollary 5.2.15. Let y(z) = 1+ze* and m = 1. If g € S¢(y). Then the inequality (5.2.13) holds for
|z| = r < ry, where N € N and ry(< 1/3) is the unique positive root of the equation:

2r(1+re")exp(e’ — 1) —H(r)— (1—e et ' =0,

where
0, N=1;
H(r)=<{ r N=2;
ZNfol ((n+l)Bn)rn+1 N >3
n= ’ -

n!

and B, are the bell numbers such that B,.1 = Y_ (}) Bx. Moreover, if f € C(y). Then the inequality
(5.2.21) also holds for r < ry. The radius ry is sharp.
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5.3 Bohr radius for some classes of Harmonic mappings

There are certain classes of univalent functions whose natural extensions to the harmonic functions
have been studied, see [53, 116]. In this section, we aim to study Bohr radius problems for such
classes. As an application, we derive the Bohr radius for their analytic analog.

Let 57 denotes the class of complex-valued harmonic functions f (which satisfy the Laplacian equa-
tion Af = 4f.: = 0) defined on the unit disk D := {z € C: |z| < 1}, then we can write f = h+ g, where
h and g are analytic and satisfy f(0) = g(0). If the Jacobian J; := |W'|> — |g'|* > 0, we say f is
sense-preserving in D. Let .74 be the class of functions f with f(0) =0 and f = h+ g, where

h(z)=z+ ) and" and g(z)= Y bu"
m=2 m=2

are analytic functions in D. For g =0, .43 reduces to the class .o/ of analytic functions f with normal-

ization £(0) =0 = f;(0) — 1. Let .9, denotes the class of harmonic and univalent functions, which

clearly includes the well-known class of normalized univalent functions .7

Motivated by the Sakaguchi class of starlike functions with respect to the symmetric points using
subordination [146], Cho and Dziok [37] considered a subclass of yf) , Which is given by

29w f(2) _<1+CZ
f@)=f(=z) 14D

f;‘;(C,D)::{fE%: —D§C<D§1},

where 2,0 f(z) := zh'(z) — z¢'(z). Further, in light of Silverman’s work [152], they defined the class
S7(C,D) :=1"N.73;(C,D), where t(a € {0,1}) is the class of functions in /) with the coefficients
an, and by, are replaced respectively by —a,, and (—1)“b,, for all m. By involving Janowski functions,
Dziok [43] studied the following classes:

294 f(z) 14Cz
f(2) 1+ Dz’

f;}(C,D)::{fE%: D§C<D§1},

and .5, (C,D) := {f € .Y : Dy f(z) € %(C,D)} in addition to the classes .#;(C,D) := 1N
S4,(C,D) and .Z¢(C,D) := 1! N.5,(C,D). Singh [157] studied the subclass given by .7 (1) :=
{fed |f'(z)— 1| <A,A €(0,1]} of close-to-convex functions. Later, Nagpal and Ravichandran [116]
examined its harmonic extension defined as:

ToyA)={f=h+§: () = 1| <A —-|f(2)|,2 € (0, 1]}.

Gao and Zohu [53] investigated a subclass of close-to-convex functions given by W(u,p) :={f € « :
R(W (z) +uzh"(z)) > p, 4 > 0,0 < p < 1}. Rajbala and Prajapat [133] also explored the subclass of
close-to-convex harmonic mappings defined as:

Wi (k,p) = {f = h+g € 7 R(W (2) + pah" (2) — p) > |8/ (2) + pzg" (2)[},
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where 1 >0 and 0 < p < 1, which is the harmonic extension of W (i, p). This generalizes the classes
studied in [55,117]. In a similar way, Dixit and Porwal [42] considered the class R »(B) = {f=h+g:
R{W(z) +&'(2)} <B,2>PB > 1}, where h(z) =z+ Yo lamlz", g(z) = Loy |bm|Z" with |by] < 1.
Now if we take b1 = 0, then we get the class

Ry (B):={f=h+ge A R{H () +¢ ()} <B.B > 1},

comprising of functions with positive coefficients and reduces to the class R(f3) explored by Uralegaddi
for the case g = 0. Altinkaya et al. [14] studied the class k—ﬁ;(a) of functions in ./ with negative
coefficients associated with the conic domains defined by R(p(z)) > k|p(z) — 1|+ @, where 0 < k < oo,
0<a<1,0<q<1,p(z)=2(D,f)(z)/f(z) and

flgz) — f(g'2) (40

By =] TS and i), =L 1"

q—q
f'(0), z2=0

In the literature, sufficient conditions for many classes of harmonic and analytic mappings are ob-
tained in terms of coefficients. See [14,37,42,43,116,133]. In a similar way, we introduce a new
subclass of .77 as follows:

Definition 5.3.1. Let us consider the class

oo

By (M) = {f=h+g €AY (Ymlam|+8ulbul) <M, M >0},

m=2

where
Yy O > 0 :=min{p, 8} >0, (5.3.1)

for all m > 2.

Note that the classes S;*(C,D), S;(C,D), S5(C,D) and k—ﬁ";(a) are all become subclasses of
,%gg)(M) for some suitable choices of ¥;,, 8, and M, which is evident from equations (5.3.5), (5.3.6),
(5.3.7) and Lemma 5.3.1 respectively.

Now let us recall the Bohr phenomenon for the harmonic mappings:

Definition 5.3.2. Let f(z) =h(z) +g(2) =2+ Yoy amz" +Yor_» bunz™ € #. Then the Bohr-phenomenon
is to find the constant r* € (0, 1] such that the inequality r+ Y, (|an| + |bm|)r™ < d(f(0),9Q) holds
for all |z] = r < r*, where d(f(0),0Q) denotes the Euclidean distance between f(0) and the boundary
of Q := f(ID). The largest such r* is called the Bohr radius.

Here, we find the sharp growth theorem, covering theorem and finally derive the Bohr radius for the
class %9, (M). As an application of our results, we obtain the Bohr radius for the classes .%;*(C,D),
S:(C,D), S5(C,D), k—ﬁ";(a) and many more. Further, Bohr radii for the classes WY, (1, p) and
F9,(7) are also derived.
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5.3.1 The class %%, (M) and its applications
Theorem 5.3.3 (Growth Theorem). Let f(z) =z+ Yoy am2" + Lo bmz" € %%, (M). Then

M, M,
— < < — =r).
T _If(Z)I_r+a2r (Jz2] =7)

The inequalities are sharp for the functions f(z) =z+ O%z2 and f(z) =z=+ O%Zz with the suitable choice
of o).

Proof. From the condition (5.3.1), we see that

oo

Z (Yiml@m| + 8m|bm|) <M (5.3.2)
m=2
implies
e M
Z(|am|+’bm’) < o (5.3.3)
m=2 2

where ¥, 0, and o, are as defined in (5.3.1) and the equality in (5.3.3) holds for the function f(z) =
7+ (M/ap)z?. Now using the inequality |a| — |b| < |a £ b| < |a| + |b| and then (5.3.3), we have for

el =r

=Y an?"+ Y bz < |F@I < Izl + | Y and"+ Y buz"|,
m=2 m=2 m=2 m=2
which immediately yields the required inequality. O

Here, we observe that functions in the class @gf (M) are bounded. Taking r tending to 1~ yields:

Corollary 5.3.4 (Covering Theorem). Let f(z) =z+ Y _ramz" + Y o bmz™ € 93%& (M). Then
M
{WG(CZ lw| < 1—} C f(D).
(0%}

Now we are ready to obtain the Bohr-radius for the class %%, (M).

Theorem 5.3.5. Let f(z) = z+Yn_pamz™ + Ly bmz" € #%,(M). Then

2l + Y, (fam| + [bu])|z" < d(£(0),0£(D)) for |z <r,
m=2

where
_1+\/1+4<gg)( — )
rt =
2(i)
Bohr radius r* is achieved by the function f(z) =z — O%zz.

Proof. From the Growth Theorem 5.3.3 and Corollary 5.3.4(Covering Theorem), we see that the dis-
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tance between origin and the boundary of f(ID) satisfies

d(f(0),d£(D)) > 1— fZ (5.3.4)

Let us consider the continuous function defined in (0, 1) as

such that H'(r) > 0 for r € (0,1) with H(0) < 0 and H(1) > 0. Therefore, by the Intermediate Value
Theorem for continuous functions, we let r* be the unique positive root in (0,1) as mentioned in the

Theorem statement. Thus for » = r* we have

M M
=) =1-—.
(0% (07

Now from (5.3.3), (5.3.4) and the above equality, it follows that

A 3 anl + a7 < r+ 22 <+ 202 < a710), 05 D)
10%)

m=2 o

for |z| = r < r*. Let us consider the analytic function f: D — C

@) =2-2

2

which by suitably choosing a, and using (5.3.2) belongs to %Y, (M). Further, for |z| = r* we have

i+ X (anl +bubl” = d(70).25(D).

Hence the result is sharp. O

Remark 5.3.1. Note that we can extend our results by considering the analytic functions of the follow-
ing form:

h(z) =z+ Z an?" and g(z) = Z bnd™, (k>2)
m=k

and the class N
By (kM) :={f =h+3: Z (Yinlam| + mlbm|) <M, M > 0},
m=k

where
Yy Om > O := min{%¥, 6} > 0,

for all m > k. Thus we see that 2%, (2,M) = %°%,(M). Precisely, for the class .7}, ;(k,M), we have

M M
r= Gt SIF@I S+ LA (=)
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and the Bohr radius r* is the unique positive root in (0, 1) of the equation

r My - <1 - M) 0.

O O

Now we can also obtain the Bohr radius for the classes (see [44, Theorem 8, 9]) studied by Dziok [44].

5.3.2 Applications to certain classes of univalent functions

We begin with the following corollary.
Corollary 5.3.6. Let f(z) =z+ Yo s am?™ + Yom_rbmz™ € ZF*(C,D). Then

D-C
V—m”zﬁ‘f@‘ﬁ”‘*‘

D-C ,

svp)” =0

and

i+ X (anl +baDl” < d(70).25(D)

for |z| < r*, where

where o is as defined in (5.3.5). Bohr radius r* is achieved by the function f(z) =z — % 2.
Proof. Cho and Dziok [37] showed that f € .;*(C,D) if and only if
Y. (|otllan| +[Ballbul) < D—C. (5.3.5)
m=2
where
1 I—(—=1)"
=1 +) - X1
and

(1+C) (1= (=1)")
2

Note that for all m > 2, we have o, < B,, which shows that 0 < &, < o, < ;. Therefore from (5.3.5)
we obtain that

ﬁm :m(1+D)+

> D-C
Y. (lam| =+ |buml) < T
m=2 2

and also the condition in (5.3.1) holds by choosing ¥, = &y, 6, = B and M = D — C. Thus using
Theorem 5.3.3 and Theorem 5.3.5, we get the result. U

Corollary 5.3.7. Let f(z) =z+ Y, o am?" + Ym0 bnz™ € S3(C,D). Then

D-C

D-C ,
Fr——r
142D —-C

2 < T
<@ <+ Top

(el =r)
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and

2|+ i (lam| =+ [bm])|z" < d(f(0),df(D))

m=2

for |z| < r*, where

LTS (- o)

2(v <)

Bohr radius 7* is achieved by the function f(z) = z — 252"

Proof. Dziok [43] proved that f € S3(C,D) if and only if

oo

Y. (ctulam|+ Bulbm|) <D—C (5.3.6)
m=2
and f € S$(C,D) if and only if
Y (mawu|am| +mPu|bnl) <D—C, (5.3.7)
m=2

where o, = m(1+D)— (1+C) and f,, = m(1+ D)+ (1+C). We note that f3,, > &, > 0 > 0 for all
m > 2. Therefore from (5.3.6), we obtain that

> D-C

Z (lam| + |bm]) < ——.

m=2 02

Now choosing ¥, = 04, 0, = B and M = D — C, the condition (5.3.1) holds and thus using Theo-
rem 5.3.3 and Theorem 5.3.5, we get the desired radius. O

Again using B, > a,;, > o for all m > 2 in (5.3.7), we obtain that if f € S$(C, D) then the following
inequality holds:

- D-C
byl) < ——.
3. (lanl +1on) < 5

Now choosing ¥, = ma,,, 6, = mB, and M = D — C, the condition (5.3.1) holds and thus using

Theorem 5.3.3 and Theorem 5.3.5, we obtain the following result:

Corollary 5.3.8. Let f(z) =z+ Y, s am?" + Yo bmz™ € S3(C,D). Then

p-c
ph < <r+
" 2(1—1—2D—C)r slF@l<r

D-C

2(1—|—2—D—C)r , (lzl=7)

and

ol + iz(laml +[bm])[z|" < d(f(0),9(D))

for |z| < r*, where o is defined in (5.3.7) and

D-C D—C
* _1+¢1+2<@) (1-2:9)

r =
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Bohr radius r* is achieved by the function f(z) =z — mfziﬁc)zz.

Now we obtain the result for the class .#9,(1). Using the condition

oo

Y m(lam| +[bn]) < A, (5.3.8)
m=2
convolution properties, the radius of starlikeness, and certain inclusion relationships were studied
in [116] for the class 3?220(/1). Now with the same condition, we arrive at the following result using
Theorem 5.3.3 and Theorem 5.3.5:

Corollary 5.3.9. If f(z) =z+ Yo »amz™ + Yy bnz" € F9,(A) and also satisfy the condition that
Yo _om(|am|+ |bm|) < A. Then

AP <@l <5 (=7

and

A+ Y (Jan| + [bu)ld™ < d(£(0), 0(D))

m=2
for |z| < r*, where
“ly /1422 (1-4)
rf = 1
and the Bohr radius r* for #9,(1) is obtained when f(z) = z — 4272,

If g =0 then ng(k) reduces to the Singh [157] class .# (A ), which is contained in the MacGregor
subclass .# := {f € & : |f'(z) — 1| < 1} of close-to-convex functions.

Corollary 5.3.10. Bohr radius for the classes .#(A) and .#9, (1) is same, whenever the condition
(5.3.8) holds.

The following two corollaries are for the classes k — ﬁ; (ar) and R%, (B) respectively:

Lemma 5.3.1. [14]Let0<k<oo,0<g<land0<a < 1. Then f € k—ﬁ";(a) if and only if

oo

Z (mlg(k+1) = (k+a))am < 1—a.

m=2

From Lemma 5.3.1, we see that choosing ¥, = [m],(k+1) — (k+ &), , =0and M =1 —«,
condition in (5.3.1) holds. Therefore, applying Theorem 5.3.3 and Theorem 5.3.5, we get the following

result:

Corollary 5.3.11. Let f(z) =z— Y, _ran?" € k— 3‘7;((1). Then

. G

q(1-a) 2
(@P+1)(k+1)—qlk+ )

(P+D(k+1)—glk+a)
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where |z| = r and

i+ X anll” <d7(0).95(D)

for |z| < r*, where

g(1-a) g(1—a)
! +\/ 4 (i (k+a>) (1~ i e

r =

< (g*+1) k+l k+a))

q(1-a) 2
(P+D) (kD) —glk+a)< *

and the Bohr radius r* is obtained when f(z) =z —

Lemma 5.3.2. [42] Let f € R%,(B). Then the following inequality

oo

Y (m(lan|+[bml)) <B -1
m=2
is necessary and sufficient for the functions to be in R%, ().
From Lemma 5.3.2, we see that choosing ¥, = §,, = m and M = 3 — 1, condition in (5.3.1) holds.

Therefore applying Theorem 5.3.3 and Theorem 5.3.5, we get the following result:

Corollary 5.3.12. Let f(z) =z+ Yo amz" + L bz € R%,(B). Then

B-1,
2 2

o (el =7)

<lf@l<r+

and

2|+ iz(laml + [bm|)|z" < d(f(0),9f(D))

for |z| < r*, where

—1+\/1+2([3—1)<1—B21>
B—1

and the Bohr radius * for the class R%, () is obtained when f(z) =z + ﬁ 12

rt =

Corollary 5.3.13. Bohr radius for the classes R(S) and R’ (B) is same.

Silverman considered the class with negative coefficients as follows:

m=2

—{ny:f(Z)—Z_ iamzmyamzo}'

Using this recently, Ali et al. [10] considered the following general class defined as:

m=2

T (a):= {fe;?: igmamgla},

where g,, > g> > 0 and a < 1. Note that if we choose in (5.3.1), %y = gm, 6 =0and M = 1 — o, then
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the class %%, (M) contains .7 (a), which satisfies the required conditions. Thus using Theorem 5.3.3
and Theorem 5.3.5, we have the following result obtained in [10]:

Theorem 5.3.14. Let f(z) =z— Y, _,auz" € 7 (). Then

1— 1—
re LR <R <t 2R () =7)
)2 v

and

4 Y Jal 2" < d(£(0),£(D))

m=2

for |z| < r*, where
* 2(}/2 +o— l)

Pt \/}’22+4?’2(1 —a)—4(l-a)?

r

and the Bohr radius r* is obtained by the function f(z) =z — I_Tazz.

Choosing ¥, = m— a and %, = m(m — a) in (5.3.1), the class %Y, (M) contains the Silverman
classes 7.7 (a):= I NS T (a)and TE€V (o) := T NEV () of starlike and convex functions
with negative coefficients respectively and Theorem 5.3.5 provides the Bohr radius as obtained in [10,
Theorem 2.3] and [10, Theorem 2.4].

Ali et al. [10] considered the class .7 .%o := T N %y, 0 < a < 1, where %, is the class of close
to convex functions and showed that if f € .7 %, then Y. _,m(2n+ a)a,, <2+ o. Thus choosing
Ym =m(2n+ o) and 6, =0 and M =2+ « in (5.3.1), the class 7.7, satisfies all conditions of
%gf(M), and Theorem 5.3.5 (or Theorem 5.3.14) reduces to [10, Corollary 2.6].

For o > 1, Owa and Nishiwaki [122] considered the classes of analytic functions .# (a) := {f €
o R(zf'(2)/f(z)) <a}and A (o) :={f € o : 1+R(zf"(2)/f'(z)) < a}. They showed that the

conditions:

oo

g((m—u) +|m+p —2al)|an| <2(a—1)
and

oo

Y m(m— g+ 1+ |+ — 20 lan| < 2(c—1),
n=2

where 0 < u <1 are sufficient for the function f(z) =z+ Y, _,a,z" to be in #Z () and A (x),
respectively. It is easy to see that the above two conditions also become necessary for the classes
TM(a):=TNAM(a) and TN (o) := T NN () respectively. Thus choosing ¥, = (m— ) +
Im+u—2¢|, Y =m(m—p+1+|m+pu —2¢|) with §,, =0and M = 2(a — 1), from Theorem 5.3.3
and Theorem 5.3.5 we obtain the following result respectively:

Corollary 5.3.15. Let f(z) =z— Y, _,am?" € T M () (or 7.4 ()). Then

o P i) RN
Y2 1)
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where 5 := 2—u)+|u—2(1—a)| (or 2(3—u+ g —2(1 — &)])) and

4 Y lanllzl" < d(£(0),0(D))

m=2

* —1+\/1+4(2(0;2“>) (1—%)

)
2

The radius r*, achieved for the function f(z) =z — %zz is the Bohr radius for the class .7 .7 ()

(or 74 (@)).

for |z| < r*, where

5.3.3 Bohr-radius for the class W9, (1, p)

Rajbala and Prajapat [133] introduced and studied the following subclass of close-to-convex har-

monic mappings:

Wi (,p) = {f =h+g € R(H (2) + uzh"(z) = p) > |¢'(2) + uzg" (2)},

where 4 > 0 and 0 < p < 1. They obtained the sharp estimates for the coefficients and for the growth

theorems as follows.

Lemma 5.3.3. [133]let f=h+g€ WY (u,p). Then for m > 2 the following sharp inequality holds:

2(1—p)
(I+p(m—1))

|am| + |bm| <
m

Lemma 5.3.4. [133]let f =h+g € W9, (u,p). Then for |z| = r, we have the sharp inequality

o0 _1\m—1/1 _
1@ 2 k-2 § S R,

m=2

Now for this class, we establish the Bohr phenomenon.

Theorem 5.3.16. Let f(z) =z+ Y5 o am?" + Lo bz € W9, (it,p). Then

2|+ iz(laml + [bm])|z" < d(f(0),9f(D))

for |z| < r*, where r* is the unique positive root in (0, 1) of

= o(l-p) & ()" i(i-p)
r+zm(l—H.L(m—l)),m_l_zZm(1+,u(m—1))‘

m=2 m=2

The radius 7* is the Bohr radius for the class W9, (1, p).

Proof. From Lemma 5.3.4, it follows that the distance between the origin and the boundary of f(DD)



113

satisfies

m=2

o ( 1\m—1(1 _
4(5(0).5/(D)) 2 (1—22 T 1))))- 539

Let us consider the continuous function

oo

—p) o (=" '(1-p)
o (e 18 (22 (1+a(m >>>'

= m*Z

Now N
1+ 2m1— ) >0

for all r € (0,1), which implies that H is a strictly increasing continuous function. Note that H(0) < 0

and

& 2(1-p) & 2(=1)m ! (1—-p)
0= 2wl 1) & i un 1) 7

Thus by the Intermediate Value Theorem for continuous function, we let r* be the unique root of
H(r) =01in (0,1). Now using Lemma 5.3.3 and the inequality (5.3.9), we have

2(1— - 2(1—
R Y (E o AL o ey Ll

(1 a5 Cora-p)
_ (1 2m§m<1+u<m—1>>) < d(1(0),01(D),

which hold for » < r*. Now consider the analytic function

_1 " 1(1_p> m

7+
m2m1+u ))

Then clearly f € W), (u,p) and at [z] = r*, we get |z| + X5 (lam| + [bu|)[z]" = d(£(0),0£(D)).
Hence the radius r* is the Bohr radius for the class W9, (i, p). O

Now Theorem 5.3.16 yields the Bohr radius for the classes W9, (1,0) = W9, (1), W9,.(0,p) =
P (p), W9,(1,0) =W, and WY,(0,0) = P),. Here we mention the following:

Corollary 5.3.17. Let f(z) =2+ Yon_» anz" + Lo bmz™ € PY,. Then
2]+ Y (Jam| + |bu)) |z < d(£(0),0 (D))
m=2

for |z| < r*, where the Bohr radius 7 is the unique positive root in (0, 1) of

© 9 >~ (—1 m—1
r+ Y =rM=1-2Y) (=1) (5.3.10)
m 2m m=2 m

For the case g = 0, the class W, (1, p) reduces to W (1, p), introduced by Gao and Zohu [53].

Corollary 5.3.18. The Bohr radius of the classes W (i, p) and W9, (1, p) is same.
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Remark 5.3.2. We studied the Bohr phenomenon for the class %gf (M) and pointed out its several ap-
plications in the context of various known classes. Further, the Bohr radius for the classes of g-starlike
and g-convex functions studied in [15] can be obtained by merely an application of our result. Simi-
larly, many other classes can also be dealt with for the Bohr radius. Since .;*(C,D) C .};(C,D),
S;(C,D) C 73,(C,D) and S(C,D) C .75, (C,D). If we let r, be the Bohr radius for a well defined
class .%, then we conclude that r, < * whenever .# = . (C,D) or *;,(C,D) or /5, (C,D). How-
ever, finding r, is still open.

5.4 A generalized Bohr-Rogosinski phenomenon

In this section, we generalize the Bohr-Rogosinski sum for the Ma-Minda classes of starlike and
convex functions. Also the phenomenon is studied for the classes of starlike functions with respect
to symmetric points and conjugate points along with their convex cases. Further, the connections
between the derived results and the known ones are established with suitable examples. For reader’s

convenience, we again recall the following prominent results :

Theorem H (Bohr’s Theorem, [34]). Let g(z) = Yy axz" be an analytic function in D and |g(z)| < 1
for all z € D, then
- 1
Y lagllzf <1, for o] < 2
k=0
Theorem I (Rogosinski Theorem). If g(z) = Y5 bxz* be an analytic function in D with [g(z)| < 1,
then for every N > 1, we have
1

<1, f <=
<1 for 1<

N—1
Z kak
k=0

The radius 1/2 is called the Rogosinski radius.

Recently, Kumar and Sahoo [90] obtained the generalized classical Bohr's Theorem for functions
satisfying R(f)(z) < 1. Also see, Kayumov et al. [77].

Theorem J. [90, Theorem 2.2] Let {v(r)};-_, be a sequence of non-negative continuous functions in
[0, 1) such that the series

vo(r) + ¥ velr)
k=1

converges locally uniformly with respect to r € [0,1). Let f(z) = Yo_oanz" with Rf(z) < 1 and
pe(0,1]. If

ol > Y vil(r).

Then the following sharp inequality holds:

L@ Vo) + Y lavi(r) < vo(r) forall [z = r <Ry,
k=1
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where R; is the minimal positive root of the equation:

B 2(14r") & .
Yolr) = p(l—rM)k;vk( )

In case when 214 &
vo(r) p(l—rm)k;vk(r)

in some interval (R, R + €), then the number R; can not be improved.

If we choose vy (r) = * in Theorem J, we get Bohr's Theorem H. At this juncture, it is natural to pose
the following problem:
Problem 5.4.1. Can we establish the analogue of Theorem J for the Ma-Minda classes .*(y) and
c(v)?

In the context of the above problem and Muhanna [111], we now describe the notion of generalized
Bohr-Rogosinski phenomenon here below, in terms of subordination, following the recent development
as seenin [77,90,100].

Definition 5.4.11. Let f(z) = Y5 oaz* and g(z) = Y5 biz* are analytic in D. Let d(f(0),0Q)
denotes the Euclidean distance between f(0) and the boundary of Q = f(ID). For a fixed f, consider a
class of analytic functions

S(f)={g:g=<f}

or equivalently,
5(Q) :={g:2(z) € Q}.

Then we say S(f) satisfies the Generalized Bohr-Rogosinski phenomenon, if there exists a constant
ro € (0,1] such that

P(r,8.f)+ Y 1ol (r) < d(f(0),0Q),
k=1
holds for all |z| = r < ry, where

(i) P(r,g,f) represent some function of r or certain proper combination of moduli of g, f and their

derivatives.

(if) {¢x(r)} be a sequence of non-negative continuous functions in [0, 1) such that the series of the

form

podo(r) + i Prdi(r)
=1

converges locally uniformly with respect to r € [0, 1), where p; depends on the function f and

provide bounds for by.

For 2(r,g,f) = |g(z)|, ¢«(r) = ¥* (k> N) and 0 otherwise in the Definition 5.4.11 gives the quantity
considered by Kayumov et al. [76], which is known as the Bohr-Rogosinski sum, given by

@I+ Y bellal’, [zl =r
k=N
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The link between the Bohr-Rogosinski and Bohr phenomenon can be noticed, if we replace |g(z)|
by g(0) with N = 1. We also refer the readers to see [3,13]. Now we see that the family S(f) has

Bohr-Rogosinski phenomenon provided there exists r{, € (0,1] such that the inequality:
8@+ Y [bellzl* < [£(0)[+d(£(0),0Q)
k=N

holds for |z| = r < ”1{1 The largest such r}; is called the Bohr-Rogosinski radius.

In case when the function f is normalized, then Kumar and Gangania [52] studied Bohr-Rogosinski
phenomenon for the class S¢(y), which is given below.

Theorem 5.4.12. [52, Theorem 2.3, Page no. 7] Let fj(z) be given by the equation (4.5.2) and f(z) =
2+ Y a7t € (). Assume fo(z) =2+ Yo o ta,2" and fo(r) = r+ Yo, |ta|r”". If g € S¢(y). Then

8"+ Y Iballz* < d(0,0Q)
k=N

holds for |z| = r, < min{4,ro}, where m,N € N, Q = f(DD) and ry is the unique positive root of the

equation:
Jo(") + fo(r) = ps,(r) = —fo(=1),
where
0, N=1;
pfo(r) =4 7 N=2;

r+ YN e, N> 3.

The result is sharp when r, = rg and ¢, > 0.

For the class @' (y), see [52, Theorem 2.13, page no. 12]. In the context of the above, also see
[3,13,31,76]. Recall the Bohr Operator

oo oo

M,(f) = Z lan||Z"| = Z |an|r"
n=0 n=0
for the analytic functions f(z) = Y,»_anz". We considered its extension defined in (5.1.1), which is

given by

oo [eS)

MY (f) = Y lanll"] = ) lanlr".

n=N n=N

For the properties of MY (f) in terms of the sequence {v,(r)}>_,, see [129, Lemma 1]. Using this
operator, a simple proof of [31, Lemma 1] was achieved by Gangania and Kumar [52] to settle the
Bohr-Rogosinski Phenomenon for the classes .*(y) and € (), which in terms of interim k-th section

fi(z) == YF_yanz"is as follows:
Lemma 5.4.1. [52] let f(z) = ¥ anz" and g(z) = Y bx2" be analytic in D and g < f, then

MY (gr) <MY (fi) (5.4.1)
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forall |zl =r<1/3and k,N € N.

When N =1 and k — oo, the lemma was obtained by Bhowmik and Das [31]. Various interesting
applications of this lemma can be seen in [31,51,52,64, 85].

While we establish the Bohr-type inequalities for the general class .*(y) or € (y), the main diffi-
culty that we come across is the unavailability of the sharp coefficients bounds. Here, we require the
use of the Lemma 5.2.1 or its proper modifications. Interestingly, the Lemma 5.2.1 (or Lemma 5.4.1)
also implies that if f < g, then within the disk |z| < 1/3, we have |a,| < |b,| for all n € NU {0}, where
b, are the coefficients of the function g in Lemma 5.2.1. Further, this readily gives the following:
Lemma 5.4.2. Let f(z) = ¥, oa,<" and g(z) = Y, b,2" be analytic in . Let {vi(r)};, be a
sequence of non-negative functions, continuous in [0, 1) such that the series

Y [balve()

n=0

converges locally uniformly with respect to r € [0,1). If g < f, then

W | =

Z |an|Va(r) < Z |bn|Va(r) forall |z]=r<
n=0 n=0

For a different version of the Lemma 5.4.2 with the conditions Vy,,1,(r) < Vi (r)v,(r) and vo(r) =1,
see [129, Theorem 3].

To discuss further the Bohr phenomenon, let us recall some well-known classes. A function f € &
is in the class # of close-to-convex if R(zf’(z)/g(z)) > 0, where g € *. In 2004, Ravichandran
studied the amalgamated treatment for the classes of starlike and convex functions with respect to the
symmetric points for the growth and distortion theorems:

Definition 5.4.13. [136] A function f € <7 is in the class . (y) and () if it satisfy zf'(z) /h(z) <
v(z) and (zf'(z))' /M (z) < W(z) respectively, where 2h(z) = f(z) — f(—2).

Now if we take 2h(z) = f(z) + f(Z) in Definition 5.4.13, we obtain the classes .7 (y) and %.(y)
of starlike and convex functions with respect to conjugate points, respectively. For the choice 2k(z) =
f(z) — f(=2), we have the classes .7,.(y) and % () of starlike and convex functions with respect to

the symmetric conjugate points, respectively. See [136].

Motivated, by the class .%*((1+z)/(1 —z)) [147], Gao and Zhou [54] studied the class .%; of close-
to-convex functions f, which is characterized as:

2 ¢t
9{<Z:f(z)> >(L
8(2)g(—2)
where g is some starlike function of order 1/2. In view of the Definition 5.4.13, the generalized class

5(y) was studied by Cho et al. [41] and Wang et al. [169].

In this section, we positively answer the Problem 5.4.1 for the classes .*(y) and %' (y). Further,
we study the Bohr-Rogosinski phenomenon for the classes % (), .7 (v), €.(y) and ;(y). For
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convenience, we denote f(z) = Yo |an|2", whenever f(z) = ¥y anz".
5.4.1 Generalized Bohr’s sum for Ma-Minda starlike functions

We here solve the Problem 5.4.1. But as we do not have sharp coefficient’s bound for each a,, for

the given class in general. Thus for certain valid assumptions to solve it, we need the following:
Lemma 5.4.3. The families .”*(y) and % (y) are normal and compact.
Proof. From Montel’s Theorem [58], we see that the class . *(y) is a normal family. Now let us prove

that .7*(y) is compact. Let {f, },cn be a sequence of functions from .*(y). Suppose that {f,,} be

convergent. Then it is well-known that
,}5‘5}0 hi=fes.

We show that f € .7*(y).
g(z0) € y(D), where g(z) = zf'(z)/f(z). Note that the corresponding sequence {g,} converges to g,
where g,(z) = zf;(z)/ fu(z). Now let

If possible, suppose that there exists a nonzero point zg € D such that

€ =dist(g(z0),0w(D)).

Then the open ball B(g(z0),€) ¢ y(D). Since g, — g, in particular, g,(z0) — g(z0). There exists
n(€) € N such that
gn(20) € B(g(20),€), Vn=n(e),

which implies g,(z0) € w(D), Vn >n(e).Butas f, € *(y),

on(z0) = ij(iz;) c (D). vn

Hence, we must have f € .*(y), that means the family ."*(y) is compact. With similar arguments,
it is easy to see that the family €(y) is also compact. O

Remark 5.4.1. (Existence of sharp coefficients Bounds) Let us consider the real-valued functional ¢
defined on .*(y) as

S (f) = max{la,|} forevery fe. S (y),

where n is fixed and f(z) =z+Y,_, a,z". From Lemma 5.4.3, .7*(y) is normal and compact. Further,
since ./*(y) C 7%, we have |a,| < n, that means _# is a bounded functional. Hence, following the
discussion in the Goodman’s Book [58, page no. 44-45], we conclude that

J(f) =max{|an|} exists in the family .7*(y).

Thus, let us say that

max {l|a,|}:=M(n
max{lan[} = M(n)



119

for each n € N. For instance, M(n) = n for the class of univalent starlike functions. For the Janowski
starlike functions, it is given by [16, Theorem 3].

We can now state our result in a general setting whose complement is Theorem 5.4.15:

Theorem 5.4.14. Let {¢,(r)};_, be a sequence of non-negative continuous functions in (0,1) such

that the series

oo

91(r) + ) M(n)¢u(r)

n=2
converges locally uniformly with respect to each r € [0,1). If for B € [0, 1]

Bfo(r™) 4+ (1=B)fo("")+ Y. M(n)¢u(r) < —fo(—1). (5.4.2)

n=1

and the function f(z) =z+ Y, a,7" € Z*(y). Then the following inequality
BIF' @)+ (1=B)If )]+ X lanlgn(r) < d(0,0Q)
n=1

holds for |z| = r < rp, where m € N, Q = f(ID) and ry is the smallest positive root of the equation:

Bfo(r™) + (1 =B)fo(r")+ Y. M(n)¢u(r) = —fo(—1), (5.4.3)

n=1

where M (1) = 1 with M(n) as described in remark 5.4.1 and

fo(z) = zexp /OZ lI’(ti_la’t.

In case when fj or it’s rotation serves as an extremal for the coefficient’s bounds M (n), then the radius
rp is sharp.

Proof. From Lemma 5.4.3 and Remark 5.4.1, we see that: (a) ¢ is a bounded real valued continuous
functional, (b) .*(y) is a normal family, and (¢) .*(y) is a compact family in D. Thus, the sharp
bounds for each a,, exists. In view of Remark 5.4.1, we have

lan| < M(n),
which yields that
Y lan|9n(r) < Y M(n)@a(r). (5.4.4)
n=1 n=1

The Koebe-radius for the functions in .7*(y) satisfies
d(0,9f(D)) = —fo(=1). (5.4.5)

Now combining it with the growth and distortion theorems [102], and using the condition 5.4.2, the
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inequalities (5.4.4) and (5.4.5) gives

BIF )+ (1— B)LFE")| + i anl ()

< BA(™) + (1= B)fo(r™) + ) M(n)u(r)

n=1

< d(0,09),

which holds in |z| = r < ry, where r is the minimal positive root of the equation (5.4.3). The existence
of the root ry follows from the Intermediate value theorem for continuous function in (0, 1). To see the

sharpness case, let us consider the function

Ty(t)—1
fo(z) :zexp/ Mdt.
0 t
such that it’s Taylor series coefficients a,(fo) satisfies |a,(fo)| = M(n). For this function we have

d(0,9f(D)) = —fo(=1),

and the following equality holds for |z| = ry:
Bfo()+(1=B)fo(r") + Y M(n)9u(r) = d(0,0f(D)),

n=1

and therefore, if fj is extremal for each coefficient’s bound, then the radius ry can not be improved. [

Question 5.4.1. What if we do not have M(n)?

For such cases, the following result complements Theorem 5.4.14:

Theorem 5.4.15. Let {¢,(r)};>_, be a non-negative sequence of continuous functions in [0, 1] such that
the series )
fo(0)

n!

P (7)

converges locally uniformly with respect to each r € [0,1). If

o " = [0 (0)
Bl @)+ —-B)If(z )|+<P1(r)+z,2 T | () < —fo(=1), B e01]
and f(z) =z+ Y ra,d" € *(y). Then
BL @)+ (1= B)If ")+ il%l%(r) <d(0,0Q) (5.4.6)

holds for |z] = r < r, =min{1/3,rp}, where m € N, Q = f(D) and ry is the smallest positive root of



121

the equation:

where

folz) = zexp/oZ ll/(tz_ldt.

Moreover, the inequality (5.4.6) also holds for the class S;(y) in |z| = r < r,. When r, = ry, then the

radius is best possible.

Proof. Since f € .#*(y), itis known that f(z)/z < fo(z)/z. Applying Lemma 5.4.2, we see that

m m k

0 1
Y lanllz < Y. fo(')‘\z!k for d=r<l
n=N k=N k! 3

Now choosing N = m, we conclude that

’an| <

/5(0) '

n!

holds for each n within the disk |z| = r < 1/3. Hence, it suffices to see

BIF @I+ (1= B)If ")+ i |@n|@n(r)

, - = | 73" (0)
< BlREM+(1 ﬁ)lfo("")l+¢’1(r)+Z,2 | 9n(0)
< —fo(—1)
< d(0,0Q),

holds in |z| = r <min{rg,1/3}. If ro < 1/3, then the equality case can be seen for the function f = fj,

whenever Taylor coefficients of y are positive. U

The result for the class € (y) also follows on similar lines, so we omit the details of the proof.

Theorem 5.4.16. Let {¢,(r)};>_, be a non-negative sequence of continuous functions in [0, 1] such that
the series

(n)
SO 4,0

n!

converges locally uniformly with respect to each r € [0,1). If

oo

BIF (@) + (1 =B)If @] +é1(r)+ )

n=2

£7(0)

n!

¢n(r) < —fo(—l),, B € [071]
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and f(z) =z+ Y, ,a,2" € €(y). Then
BIA @]+ (1 =B)FE")] + Y lanl¢u(r) < d(0,0Q) (5.4.7)
n=1

holds for |z] = r < r, =min{1/3,ry}, where m € N, Q = f(D) and ry is the smallest positive root of

the equation:

Bfo(™) +(1=B)fo(r™) + ). ¢n(r) = —fo(=1) = ¢1(r),

where fj satisfy

fid
Moreover, the inequality (5.4.7) also holds for the class S;(y) in |z| = r < r,. When r, = rg, then the
radius is best possible.

Remark 5.4.2. 1. By taking @,(r) = r" in Theorem 5.4.15 give [86, Theorem 5.1], and [64, Theo-
rem 3.1] for the choice g = f with Taylor coefficients of y being positive.

2. Taking ¢, = r"* for n > N and O elsewhere in Theorem 5.4.15 yields [52, Theorem 5, Corollary 3].

Let us discuss the generalized Bohr-Rogosinski phenomenon for the celebrated Janowski class of
univalent starlike functions. For simplicity, write .*((1+Dz)/(1+Ez)) = .”[D,E], where —1 < E <
D<1.

Corollary 5.4.17. Let {¢,(r)};_, be a sequence of non-negative continuous functions in (0, 1) such

that the series 5
> |E— D+ Ek|
N+ Y H k+1 On(r)

n=2k=

converges locally uniformly with respect to each r € [0, 1). If for 8 € [0, 1]
B+ (1= o)+ X o ()l0n(r) <~ ).
and the function f(z) = z+ Y, a,7" € Z[D,E]. Then the following sharp inequality
BLf @)+ (1= B)If ")+ il |an|9n(r) < d(0,0Q) (5.4.8)

holds for |z| = r < rg, where m € N, Q = f(D) and ry is the minimal positive root of the equations:
IfE#0

B(1+Dr)(1+EM"E +(1—B)yr(1+Erm) s
> "2 |E — D+ Ek|

LT e = (=B =60

n=2k=
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andif E =0
0 n—2 D
P (B+(1=B=D)M + ¥ [T oy 0ulr) = e = a0,
n=2k=0
where o
) Z2(14+E2)F, E#0;
fo(z) = { o=, E—o. (5.4.9)

The radius rg can not be improved.

Proof. Let f(z) =z+ Yo ,and" € Z|D,E]. Then for n > 2, [16, Theorem 3] states that:

2\E— D+ Ek|
’an| H k+1 M(”)?

where the function fy given by (5.4.9) gives equality. The result now follows by Theorem 5.4.14. [

Remark 5.4.3. Taking m — o0 and 8 = 0 in Corollary 5.4.17 yields: If

i\an (fo)ldu(r) < —fo(—1).

Then the sharp inequality Y| |an|¢.(r) < d(0,9Q) holds for |z| = r < ry, where m € N, Q = f(D)
and rg is the minimal positive root of the equations:

IfE+#0
> "2\F_D+Ek -
nszH| k+J; BP0 = (1-8)F ~ 10,
andif E =0
o n—2 D
——u(r) =e " —1(r),
Z'Zk:okJrl "

where fj is given in (5.4.9).

In Corollary 5.4.17, putting D =1—2a and E = —1, where 0 < o < 1, we get the result for the class

of univalent starlike functions of order a, that is, .*():

Corollary 5.4.18. Let {¢,(r)};_, be a sequence of non-negative continuous functions in (0,1) such
that the series

> 2k4+2(1—a)
r)+ Ou(r)
ZMH k41 9

converges locally uniformly with respect to each r € [0,1). If for B € [0, 1]

B(14(1—2a)r™ 1 °°"2k+2 1
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and f(z) = z+ Y ,an?" € (). Then the sharp inequality (5.4.8) holds for |z| = r < ry, where
m €N, Q = f(D) and ry is the minimal positive root of the equations:

B(14(1—2a)r™ 1 > =2 k+2(1 1
((l_r(rn)2(1—0<2+1) (1( nszI_I K1 —0) Pn(r) = =4 — 91 (7).

The radius ry is sharp.
Putting o = 0 in Corollary 5.4.18, we get the following:
Corollary 5.4.19. Let the sequence {¢,(r)}_, satisfy the hypothesis of Corollary 5.4.18 with a = 0.

If f(z) =z+ Y ,a,2" € .. Then the inequality (5.4.8) holds for |z| = r < ry, where m,N € N,
Q = f(D) and ry is the smallest positive root of the equations:

147" 1-B)r & 1
[(51( _tm)g + ((1 _%2 + L) = 5

The radius ry is sharp.

The following series of examples explore the choices of sequence ¢,(r):

Example 5.4.20. Let us consider ¢,(r) =0for 1 <n <N, and ¢,(r) =" for n > N in Corollary 5.4.17.
Then the following sharp inequality

BIf @M+ (1= PB)If(" %%ZkMr<d®99)

=N

holds for |z| = r <R, gy, where m,N € N, Q = f(D) and R, g v is the unique positive root of the

equations:
IfE+#0

[3(1+Dr’”)(1+Er )E (1 =By (1+Erm)

2 |E — D+ EK| D_E

+2%J1 T U-EE,

andif E=0
o n—2
DB+ (1= B(1—D))r") + —_p(r)=e7P.
(B+(1—=p(1-D))r") ;;J%k+1¢()

Example 5.4.21. Taking ¢,_1(r) = 0 and ¢,,(r) = r*" in Corollary 5.4.18 yields

Blf (2™ + (1 =B)|f(" |+2]@wﬂ<dmam

n=1

which holds for [z =r <R, g o, wherem € N, € [0,1], Q = f(D) and R,,, g ¢ is the unique positive
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root of the equations:

2n

B(1+4(1—2a)rm) (1 =20 D 2(l—a) ,, 1
(1_,,-m)2(1—0t)+1 +(1 Z U k41 r T gl-a’

The radius is sharp.

Example 5.4.22. Letting ¢,,(r) =0 and ¢»,_1(r) = r*"~! in Corollary 5.4.19 gives the following sharp
inequality

Blf (™)) + (1 =B)|f(" |—|—Z|a2n P21 < d(0,0Q)

n=1

in [zl =r <R, p where m € N, B € [0,1], Q = f(D) and R,, g is the unique positive root of the

equations:

B(l+rm)  (1=P)rm  r(1+r%) 1
(l_rm)2+1 + (1_rm)2 + (1—1’2)2 4

The radius is sharp.

5.4.2 Bohr-Rogosinski sum for starlike and convex functions with respect to conjugate

and symmetric points

To discuss the Bohr-Rogosinski phenomenon, we first need to recall some related basic definitions,

where

1. y(z) € & is an analytic univalent function in |z| < 1.
2. Ry(z) >0, v/'(0) >0, y(0) =1 and y(DD) is symmetric about real axis.

Definition 5.4.23. [41] Let us consider the subclass of close-to-convex functions given by

2f'(2)
h(z)h(—z)

Definition 5.4.24. [136] The class of starlike functions with respect to conjugate points is given by

%ﬂWz{feﬂﬁfkﬂdj<w@}-

%(l//):{fe,szi:— <l//(z)} forsome he.”*(1/2).

(2) +f(z

Definition 5.4.25. [136] The class of convex functions with respect to conjugate points given by

_2(f'2)

C.(y) = o
W) {fe 70 +70)

<1I/(Z)}~

Definition 5.4.26. [136] The class of convex function with respect to symmetric points is given by

2T yq).

Cﬁv(‘l’):{feﬂiw
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We also need to recall the following fundamental results for the classes of Ma-Minda starlike and

convex functions:

Lemma 5.4.4. ( [102]) Let f € “*(y) and |zo| = r < 1. Then f(z)/z < fo(z)/z and —fo(—r) <
|f(z0)] < fo(r). Equality holds for some zy # 0 if and only if f is a rotation of f, where

fo(z) = zexp /0 ) l”(ti_ldt. (5.4.10)

Lemma 5.4.5. ( [102]) Let f € € (y). Then zf"(2)/f'(z) < 2y (z)/Iy(z) and f'(z) < Iy(z). Also, for
|z| = r we have —lo(—r) <|f(z)| < lo(r), where

1+205(2) /15 (z) = w(z). (5.4.11)

Remark 5.4.4. Throughout this section, we shall assume that min,|_, |w(z)| = y(—r) and max—, |y(z)| =
y(r), as under these conditions growth theorems for the above-defined classes in Definitions 5.4.23,
5.4.24,5.4.25 and 5.4.26 are known.

The following result yields the Bohr-Rogosonski radius for the analytic functions subordinated by

close-to-convex functions.

Theorem 5.4.27. Let f € #;(y) and Q = f(D). If g € S¢(y). Then |g(z"™)|+ Xy [bil|z]* < d(0,0Q)
holds for |z] = r, < min{%, ro}, where m,N € N and ry is the minimal positive root of the equation:

rn 1
v(t) N V(1)
R = 4.12
/Ol_tzdt+ = [ ¥ =ar (5.4.12)

where

MY (y)r*Y 10
RV(r) = / — P —dt and = / dr.
(I’) 0 tz(l—l‘z) an fO(Z) 0 112
Proof. Let g(z) = Y5, ik < f(z). Then by Lemma 5.2.1, for r < 1/3

oo oo oo Bn
Y b < Y Janl" =Y |n " (5.4.13)
k=N n=N n=N

where b, are the power series coefficient of G(z) defined below. From Definition 5.4.23, we have

2f'(z) = Gy (0(z) =: G(z),

where

2n—1
hop127",
2

G(z)=———F=1z+

n

—h(z)h(—2) >

which is an odd starlike function. Now a simple integration gives that

o = [ w00,

t
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For f € o7, let us consider the operator
MY() =Y lall = Y laul™.
n=N n=N
Then

MY (G) < MY (G)MY (yo w). (5.4.14)

Since yow < v, we get
MY (yow) <MN(y), for r<1/3. (5.4.15)

It is known that odd starlike functions satisfies |h2,—1| < 1. Thus

MY (G) < i et 1 < - ) (5.4.16)

12
= r\l—r

Now combining the inequalities (5.4.13), (5.4.14), (5.4.15) and (5.4.16), the following sequence of
inequalities holds for r < 1/3:

K= 0 t —Jo t

- / MY (y)e*Y

. pN

Since, also see growth theorem in [41, Theorem 2, page no. 4],

VO i = (o),

8(2)] = |/ (0(2)] < max| (2] < )| < /0 g

it follows that

lg(z™M)| < fF(P™) < fo(F™), where fy(z) Z/OZ ;I/_(tt)zdt. (5.4.18)

Finally, note that

4(0,0) > /1 V(=) 4

o 1+172
Hence, from (5.4.17) and (5.4.18), we get

8@+ Y 1bel|z/* < d(0,09)
k=N

for |z| = r <rp, =min{1/3,ry}, where ry € (0,1) is the minimal root of the equation (5.4.12). The
existence of the root follows by the Intermediate value theorem in the interval [0, 1]. O

Remark 5.4.5. Taking m — oo and N = 1, then Theorem 5.4.27 reduces to [5, Theorem 2.2].

Corollary 5.4.28. If f € #;(y) and Q = f(ID). Then

oo

FE@]+ ) lanllel" < d(0,09)

n=N
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holds for |z] = r, < min{%, ro}, where m,N € N and ry is the minimal positive root of the equation:

/rm lll(t) dt+RN(r): lll/(_t)dt
0

1—12 o 142277
where . N
"M t
RN(F)I/ t (II/) dr
o 12(1—1?)
and

fo(e) = /Oz lllf_(lt)z dt.

Our next result provides the Bohr-Rogosonski radius for the analytic functions subordinated by star-
like function with respect to conjugate points.

Theorem 5.4.29. Let iy, be given by (4.5.2) and f(z) =z+ Y7, an" € L2 (y). If g € Sy(w). Then

18"+ Y 1bellz* < d(0,09) (5.4.19)
k=N

holds for |z| = r, < min{4,ro}, where m,N € N, Q = f(DD) and ry is the unique positive root of the

equation:
hy (") + RV (r) + hy (=1) =0, (5.4.20)

where

RN(I") _/OthN(h‘I/)MIN(W)dt

N t

The result is sharp when r, = rg and ¢, > 0.

Proof. Since the function G(z) = (f(z) + f(Z))/2 belongs to .#* (). Therefore, by Lemma [102] we
have

Q
—
™
S—

>
<
~—~

N
N—

_ _< R

which using Lemma 5.2.1 yields

MYN(G) <MY (hy) for r< % (5.4.21)
From Definition 5.4.24, we get zf'(z) = G(z) w(®(z)) which after integration gives
o= [ Gy, (5.4.22)
Since yow < vy,
MN(yow) <MN(y) for r< % (5.4.23)
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Thus, combining (5.4.21), (5.4.22) and (5.4.23), we see that

oo

Y |billzlt = MY (g) < MY (f)
k=N

_ / M (GM (yoo)
0 1t

" MY (hy )M ()
</O —"’t

dr =: RV (r),

holds for r < 1/3. Also, using Maximum-principle of modulus and growth theorem [136], g < f
implies that

lg(lz] < )l = If(o(lz] <))l < rlfTﬂl:Prilf(IZI < )| = hy(r),

|z

which yields |g(z")| < hy (7). Finally, note that
d(0,Q) > —hy(—1).

Hence, the Bohr-Rogosinski inequality (5.2.13) holds for |z| < min{1/3,ry}, where r is the root of the
equation (5.4.20). The existence of the root follows by the Intermediate value theorem for continuous
function in [0, 1]. For the sharpness, note that for the function hy, d(0,Q) = —hy(—1) such that if
rp, = ro, then for the choice g = f = hy:

[y (2")| + Y |tall2]" = d(0,0€)
n=N

holds for |z| = r,, with 7, > 0, where hy(z) = z+ Y, ,2" as given in (4.5.2). O
Remark 5.4.6. Let y(z) = (142)/(1 —z), then Theorem 5.4.29 reduces to [76, Theorem 6].

The following result is explicitly for the class .7 (y).

Corollary 5.4.30. Let f(z) =z+ Y, ,anz" € ) (y). Then

FE@)+ X lanllz" <d(0,09)

n=N

holds for |z| =1, < min{%,r()}, where m,N € N, Q = f(D) and rj is the unique positive root of the
equation:
hy (F") + RY(r) + y (= 1) =0,

where

RN(}") :/Oergv(hV/)MtN(W)dt

t
and hy be given by (4.5.2). The result is sharp when r, = ry and 7, > 0.
Remark 5.4.7. Taking m — o0 and N = 1 in Theorem 5.4.29 and Corollary 5.4.30 establish the Bohr

phenonmenon for the classes S¢(y) and .7 (y), respectively given in [5, Lemma 2.12] and [5, Theo-
rem 2.9].
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In the following, we obtain Bohr-Rogosonski radius for the analytic functions subordinated by the
convex function with respect to conjugate points.

Theorem 5.4.31. Let f(z) =z+ Y,/ a," € 6.(y). If g € Sp(y). Then

8"+ Y Iballz* < d(0,0Q)
k=N

holds for |z| = r, < min{%, ro}, where m,N € N, Q = f(D) and ry is the minimal positive root of the
equation:
ky (") + RY(r) + ky (=1) =0, (5.4.24)

where -
RY() = [ [ MYk )M (wydeds,
0 SJO

and ky (z) = 2+ X, [,7" is given by (5.4.11). The result is sharp when r, = ro and [, > 0.

Proof. Consider the function

Then G € €' (y). Now from Definition 5.4.25, we see that

(zf'(2)) =G Q)w(0(z). (5.4.25)

This gives
z1 [y
f(2) = /0 : /0 G (1) y(@(1))didy. (5.4.26)

As G' < ky,, see Lemma 5.4.5, it follows using Lemma 5.2.1 that

MY (G') <M} (k) for r<—. (5.4.27)

Q| =

Hence, using (5.4.25), (5.4.26) and (5.4.27)

)M < k(™) + [ [ (@ (o @)y

r1 oy
<ky()+ [ [ Y )Y () dray

< —ky(—1) <d(0,09),

holds for |z| = r < r, = min{1/3, rp}, where ry is minimal root of the equation (5.4.24). The existence
of 0 < rp < 1 can be seen by the Intermediate value theorem for continuous function in [0, 1]. The case
of equality

18"+ Y |bellz/* = d(0,09)
k=N

follows with the choice g = f = ky,, whenever r;, = ry and [, > 0. ]
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Corollary 5.4.32. If f(z) = z+ ¥, _»a,d" € €.(y). Then

FE@)|+ ) lanlle]" < d(0,09)
k=N

holds for |z| = r, < min{%, ro}, where m,N € N, Q = f(D) and ry is the minimal positive root of the
equation:
ky (") + R (1) + ey (1) =0,

where -
RY(r) = / - / MY (k)M (y)deds.
0 sJo
The result is sharp when r, = ry and [, > 0.
Remark 5.4.8. Taking m — oo and N = 1 in Corollary 5.4.32 gives [5, Theorem 2.23].
Now, we omit the details of the proof of our next result as it works on similar lines discussed in the
above theorems.

Theorem 5.4.33. Let ky(z) =z+ Y, ,[,2" be given by (5.4.11) and f(z) = z+ Y, an" € C(y). If
g€ Ss(y). Then

8"+ Y Iballz* < d(0,0Q)
k=N

holds for |z| = r, < min{J,ro}, where m,N € N, Q = f(ID) and ry is the unique positive root of the
equation:

/ /q/ ) (K, (%)) *dtds+ RN (r) / /1,/ 1) (K, (—1%)) " drds,
0 (V)

where K'(z) = (k{,,(zz))l/2 and

/ / MN (K" \MY (y)dtds.
0

The result is sharp when r, = ry and [,, > 0.
Corollary 5.4.34. If f(z) =z+ Y, ,a,7" € €s(y). Then

F@)|+ ) lanlle]" < d(0,0Q)
k=N

holds for |z| = r;, < min{§,ro}, where m,N € N, Q = (D) and ry is as given in Theorem 5.4.33. The
result is sharp when r, = rg and [, > 0.

Remark 5.4.9. Taking m — o and N = 1 in Corollary 5.4.34 gives [5, Theorem 2.25].

Highlights of the chapter

In this chapter, we studied extensively the radius problem in view of Bohr and Rogosinski phe-

nomenon and their natural generalizations for the various classes of analytic functions, especially for
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the Ma-Minda classes of starlike and convex functions, which is a new attempt and would give a way
to further investigations in this direction. We also established the Bohr phenomenon for the classes of

certain harmonic functions and studied their application to certain classes of analytic univalent func-

tions.




Chapter 6

Z*(¢) and %' (¢ )-radii of Some Special

functions

In this chapter, we consider the Ma-Minda classes of analytic functions 7*(¢) :={f € & : (zf'(2) /f(2)) <
0(z)}and €(9) :={feo:(1+zf"(2)/f (z)) < ¢(z)} defined on the unit disk D and show that the
classes .#*(1+az) and € (1+ az), 0 < a < 1 solve the problem of finding the sharp .#"*(¢)-radii and
€ (¢)-radii for some normalized special functions, whenever ¢(—1) = 1 — ot. The radius of strongly

starlikeness is also considered.

6.1 Introduction

The involvement of the special functions and their geometrical properties has been observed vastly
in the theory of univalent functions. We also used certain properties of hypergeometric functions in our
majorization problems. This motivates us to study another radius problem, which concerns the radii of

starlikeness and convexity of the special functions for the classes .#*(¢) and € (¢).

A real entire function L maps real line into itself is said to be in the Laguerre-Pélya class .Z &7, if it

can be expressed as follows:

X

L(x) = cxem X B H <1 + x) eixika

k>l Xk

where ¢, B,x; €R,a>0,mc NU{0} and ¥ x; 2 < o0, see [21], [47, p. 703] and the references therein.
The class .£ £ consists of entire functions which can be approximated by polynomials with only real

zeros, uniformly on the compact sets of the complex plane and it is closed under differentiation.

133
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Recall that .#*(¢)-radius for a given normalized function f in <7 is defined as the largest radius ry
such that f € .*(¢) in |z| < ro. Similarly €'(¢)-radius can be defined. For more radius problems we
refer to [29, 38,50, 109].

In view of Ma-Minda classes .#*(¢) and €'(¢), the specific choices of D and E in the Janowski
classes yields: .7*[a,0] and €’|a,0], which are the extensions of the Ram Singh [156] classes
Z*[1,0] and €[1,0] respectively, where 0 < a < 1, and .*(y) := #*[1 —2y,—1] and € (y) :=

€1 —2v,—1], where 0 < v < 1 are the classes of starlike and convex functions of order ¥, that is,

FH(y) = {f € i)tZJJ:;S) > y}

and

zf"(2)
€(y) = {fe%:ik(ﬂr 70 ) >y}.

Recently, .#*(y)-radius and % (y)-radius for the normalized special functions, which can be repre-
sented as Hadamard factorization [95] under certain conditions were studied in [6, 21, 22,25-29, 45].
Some of the special functions, which are studied recently in terms of radius problems are Bessel
functions [6, 22, 26] (see Watson’s treatise [171] for more on Bessel function), Struve functions [6,21],
Wright functions [27], Lommel functions [6,21], Legendre polynomials of odd degree [29] and Ramanu-
jan type entire functions [45]. Evidently, the zeros of these special functions and the .Z & class played
an important role in the derivation of the above radius results. Now to proceed further, we consider
the following assumption as it covers many classical classes and the recently introduced classes, see
Corollary 6.7.1:

Assumption 6.1.1. Let ¢ be analytic and univalent with R¢(z) > 0, ¢’(0) > 0 and ¢ (D) is starlike with
respect to ¢(0) = 1. Assume that the maximal disk {w: |lw—1| < a} C ¢(D) and ¢(—1) =1—a.
Here, « is the largest such number depending upon ¢ (D).

In view of the above literature, we now concisely state our problem:

Problem 6.1.1. Let g be the normalized form of a given special function. Then find the .* (¢ )-radius
and € (¢)-radius of g, i.e find the largest radius r such that g € .*(¢) and €(¢) respectively in
|z| < ro.

That is, .*(¢)-radius and (¢ )-radius of g is defined as follows:

_ . 28'(2)
ro(g) = SUP{r eR*: e €9(D),z¢ Dr}
and
Zgl/(z)

g (2)

ro(g):sup{reR+:1+ e¢(ID>),zeID>,}.

Note that here the fixed domain ¢ (D) will be given.

In this chapter, we obtain the .*(¢)-radius and % (¢)-radius of certain normalized special func-
tions using the extension of the Ram Singh class: .*[a,0] and €’[c,0], where 0 < a < 1 with the
Assumption 6.1.1. The radius of strongly starlikeness is also obtained.
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6.2 Starlikeness and Convexity of Wright and Mittag-Leffler functions

We deal here with two special functions.

6.2.1 Wright functions

Let us consider the generalized Bessel function

n

Z
D(x,6,2) = r;)m,

where k¥ > —1 and z,6 € C, named after E. M. Wright. The function & is entire for k > —1. From [27,
Lemma 1, p. 100], we have the following Hadamard factorization

r(8)®(x,8,~2) =[] (1 - §2> : (6.2.1)

n>1 K,0,n

where &, 8 >0 and . 5 , is the n-th positive root of ®(x, §, —z*) and satisfies the following relationship:
Ceon < Cesn < Cesmet <Cesmrrs (n>1) (6.2.2)
where 5,(757" is the n-th positive root of the derivative of the function ¥, 5(z) = d®(k,8,—7%). Since
O(k,5,-2) & o,

so we consider the following normalized Wright functions:

frs(@) = [PT(8)D(x,8,-2)]"°,
gxs(2) = (8)@(x,8,-77), (6.2.3)
hy 5(z) = 2T'(8)®(x, 8, —=z).

For simplicity, we write W 5(z) := ®(k, 8, —z%). We denote .*(¢)-radius by R[.7*(¢)].

Theorem 6.2.1. Let k,6 > 0 and « € (0, 1] such that the largest disk {w: |w —1| < ot} C ¢(ID). Then
R.77(¢)] = R[7" (1 + az)],

where ¢(—1) = 1 — a and .* (1 + az)-radii for the functions f 5, g, s and & 5 defined in (6.2.3) are
the smallest positive roots of the following equations respectively:

(i) Wy 5(r) + 8aWe s(r) = 0;
(i) Wy 5(r) + AWy 5(r) = 0;

(i) W 5(\/7) +2aW, 5(v/7) =0
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Proof. Using (6.2.1), we obtain the following by the logarithmic differentiation of (6.2.3):

Z ,2,5(1) _ 1 ZW,/(75(Z)
fes@D e Wes) B Lo o

n>15¢6n —z

28 5(2) W, 5(2) 2z2
J — — =1
8x5(2) Wy 5(2) nz>:1 Cosn—
2h 5(2) 1VWe 5(V2) z
h,(75 (Z) 2 WK75(\/2) ngl CK Sn ( )

Now using the fact that ||x| — [y|| < [x —y| and |z| = r < {; 5,1, We see that fi 5, g, 5 and /1 5 belong
to .*(1 + az) whenever

2fl s(z 2
fK78( ) 1| < l . 2r . <o
fK,B(Z) anzl CK,(S,n_r
78 s(z 2
gK,S( ) < . 2r . <a
8x,5(2) n>1 CK,én_r
zh 5(2)
0 —1 < % <a. (625)
hKS(Z) n>1 Crcén_r

The first part of each of the inequalities in (6.2.5) becomes equality when z = r. Now consider the
following continuous functions:

272

g’ o, Ty(r)= Z ;> —a

K5n —r n>1CK5n

00 \

and
L) =Y H5—— —a.
i Cesn—

Note that Ty, T, are increasing in (0, 5) and 7}, is increasing in (0, Ci 5.1)- Since lim,0 T¢(r) =
lim, 0 T (r) = lim, o Th(r) = —at < Oand lim, ¢ Tp(r) =lim, ¢ T(r) = oo, lim, 2, Tlr)=
oo, Therefore, the required .* (1 + az)-radii for the functions f, s and g, s are the unique positive roots
of the equations T¢(r) = 0, T,(r) = 0 and for &, 5 given by Thl(r) =0, ’respectively in (0,8, 5.1) and
(0, C,% 5’1), which can be written as in the statement using (6.2.4). Let rq ¢, rq,o and ¢ be the roots of
Ts(r) =0, Ty(r) = 0 and Tj(r) = O respectively. Then from (6.2.4), we see that

roffes(rar)  Tasges(rag)  ranfs(ran)
fk,é(rmf) gK,S(roc,g) hK,S(rmh)

Then fy s, &5 and iy 5 belong to .#*(1 + az) in |z| < ra.f, rag and rgp, respectively. Now let
o € (0,1] such that wg := {w: |w— 1| < a} is the maximal disk inside ¢ (D). Since a function
fi(z) € #*(¢) if and only if e~ fi (e'z) € .7*(¢) for all € R. Therefore, using (6.2.4) with z = rq ,
rag and rgj along with ¢(—1) = 1 — o, the maximality of the disk wq implies that Fy 5(|z| < r),
Gy s(|z] £ 7) and Hy 5(|z| < r) do not lie inside ¢ (D) for r > rq s, 7oy and rq  respectively, where
Fi5(2) =2f; 5(2)/ fc.5(2), G 5(2) =28 5(2) /8x,5(2) and Hy 5(z) = 2 5(2) /Iy 5(z) (with some suit-
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able rotation). Hence, f s, g« 5 and i 5 belong to *(¢) in |z| < rq 1, ra,g and rq j, respectively and
the radii are sharp. O

Remark 6.2.1. From [27, Theorem 1], we see that the equations of Theorem 6.2.1 yields the radius of
starlikeness of order y:=1— a for fy 5, gx 5 and hy 5.

We denote ¢'(¢)-radius by R[€'(¢)]. For our next result, we need the following:

Lemma 6.2.1. Let k,§ > 0. Then %' (1+ az)-radii for the functions fy 5, g, 5 and & 5 given by (6.2.3)
are the smallest positive roots of the following equations respectively:

s 1 N

(i) rgl, 5(r) + gl 5(r) = 0;

(iii) rhy s(z) +ah s(r) =0,
where « is the radius of the disk {w: |w—1| < a}.

Proof. From (6.2.1), (6.2.3) and using the Hadamard representation (see [27, Eq. 7]),

/ 22
[(8)¥, 5(2) = 87571 I <1 -1 ) ,

n=1 K,0,n

we have

2fe5(2) V5@ /1 2V, 5(2)
A AR P +<—1>K’5

@ P\ ) ¥es(d)
272 1 272
e
n>1 CKS” 6 n>1 CK‘5n
and for 6 > 1, using the following inequality of [46]:
A< K _;H , (x>y>r=>|zf) (6.2.6)
y—z x—z| Tyl x—l
withA =1-1/6, we get
Zf,ga(z) B Z 272 < >Z
52 n>1CK5,, =i Cesn—
n>1 K5n_ 2 ( 6> n>1 K',5,n

- = 7

s ‘Pk,a(

rm(r) r‘P ()<1l>r\P()

Since g 5 and &, 5 belong to the Laguerre-Pélya class %2, which is closed under differentiation,
their derivatives g 5 and //_ s also belong to .#%” and the zeros are real. Thus assuming 7, 5, and
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Ny, 5,n are the positive zeros of g’K, s and h:Q 5» respectively, we have the following representations:

2
glx,a(Z)ZH<1—Tf ) and h’K’a(z):H<1_ 2 >’

n>1 K,8.n n>1 Ni,5.n
which yield
" !
852 277 . 5(2)
1+ ,K75(>:1_Z%2 and 1_’_/’975:1_ _*
g’f,(s(z) n>1 TK‘,S,n -z hK,5 (Z) n>1 Mi,6n —2

Now using the inequality ||x| — ||| < [x —y| and the relation (6.2.2), we see that f, 5, g, 5 and k5
belong to € (1 + otz) whenever

2fie5(2)

<5(2)

n>1 Sk

272 (1 ) 272
<) —o———+ | <1 - < Q,
n§1 Cesn—1" \9 % & 2

where 8 > 0, |z] =r < 51(,8,1’

7
28, 5(2) 2r?
,K’S < Zﬁga (lz =r <7tcs1)
gK,B(Z) n=1 Ve s T
and ,
2 5(2) r
<Y < (= r <),
1(75(2) n>1 Nk,sn— T
respectively. Now further proceeding as in Theorem 6.2.1, the result follows at once. O

The proof of Theorem 6.2.2 is similar to Theorem 6.2.1, and hence it is skipped here.
Theorem 6.2.2. Let x,0 > 0 and o € (0, 1] such that the largest disk {w: [w—1| < a} C ¢(D). Then
R[%(9)] = R[€(1+ az)]

for the functions fy 5, g 5 and A 5 given by (6.2.3), where ¢(—1) = 1 — a and R[%(1 + az)] is given
by Lemma 6.2.1.

Remark 6.2.2. From [27, Theorem 5], we see that equations of Lemma 6.2.1 yields the radius of
starlikeness of order y:=1— a for fy 5, g 5 and hy 5.

6.2.2 Mittag-Leffler functions
In 1971, Prabhakar [132] introduced the following function

(@)n2"
Mu,v,a,z)i=y —————,
(W, vsa,2) n;)n!r(uwrv)
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where (a), =T(a+n)/I'(a) denotes the Pochhammer symbol and i, v,a > 0. The functions M (u, v, 1,z)
and M(u,1,1,z) were introduced and studied by Wiman and Mittag-Leffler, respectively. Now let us
consider the set W, = A(W,) UB(W,.), where

Wc:—{<l1l,v>:1<u<2,ve[u—1,1]u[u,2]}

and denote by W, the smallest set containing W;, and invariant under the transformations A, B and C
mapping the set {(ﬁ,v) s> 1,v > 0} into itself and are defined as:

. et 1
u . H,V)%(E,‘U‘FV),

1 1
A.(u,V)ﬁ(ﬁ,V), B (
1 .
—v—1), ifv>1;
c:(Lv)— G ) _
# (V) ifo<v<I.
Kumar and Pathan [88] proved that if (ﬁ,v) € W; and a > 0, then all zeros of M(u,v,a,z) are real

and negative. From [25, Lemma 1, p. 121], we see that if (ﬁ,v) € W; and a > 0, then the function
M(u,v,a, _Zz) has infinitely many zeros, which are all real and have the following representation:

2
C(V)M(u,v,a,—7%) = I (1 - 2) ;

nZl u,v,an
where 4y, v 4. is the n-th positive zero of M(u, v,a, —z*) and satisfy the interlacing relation
Suvian < Auvan <8Euvant1 <Apvant1 (n>1),

where &, v 4 is the n-th positive zero of the derivative of zYM(u,v,a, —7%). Since M(u,v,a,—7*) &

</ , therefore we consider the following normalized forms (belong to the Laguerre-Poélya class):

fuva(z)= [ r'(vM(u,v,a, —12)]1/",
Suva(z) =2L(V)M(u,v,a,—7%), (6.2.7)
hu,v a(Z) Z (V)M(H V,a, )

For simplicity, write L(u, v,a,z) := M(u, v,a, —z*). Now proceeding similarly as in Section 6.2.1, we
obtain the following results:

Theorem 6.2.3. Let (ﬁ, V) € Wi, a >0 and o € (0,1] such that the largest disk {w: |w—1| < a} C
¢ (D). Then .7*(¢)-radii for the functions fy v 4, &u,v.« and hy v, given by (6.2.7) are the smallest
positive roots of the following equations respectively:

(i) rL’Wﬂ(r) +valLyyq(r)=0;
(ii) rL,u’V’a(r) +0Lyya(r)=0;
(iii) /Ly y o(\/7) +20Ly v o(\/7) =0,

where ¢(—1)=1—q.
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Theorem 6.2.4. Let (ﬁ, v) €W, a>0and a € (0,1] such that the largest disk {w: |w—1| < a} C
¢(D). Then €'(¢)-radii for the functions fy v.a, §uv.a and hy v, given by (6.2.7) are the smallest

positive roots of the following equations respectively:
() rfiva(r)+ofyya(r) =0
(if) 18y .a(r)+ 0y a(r) =0;

(iii) rhﬁ_/vﬂ(r) + O‘h;i,v,a(”) =0,

where §(—1)=1—«

6.3 Starlikeness and Convexity of Legendre polynomials
The Legendre polynomials P, are the solutions of the Legendre differential equation
(1 =22)P)(2)) +n(n+1)Py(z) =0,

where n € Z" and using Rodrigues formula, P, can be represented in the form:

1 a2y
©2mal d7t

P(2)

and it also satisfies the geometric condition P,(—z) = (—1)"P,(z). Moreover, the odd degree Legendre

polynomials P»,—1(z) have only real roots which satisfy
O=zp<z1 <+ <Zp1 OF —Z1>-+>—Zp_1. (6.3.1)

Thus the normalized form is as follows:

P2n—l<Z) 2n—1 ' n—1 5 5
Pon1(2) = 5r—= =2+ Y, @ =ay 1z[[ (& —20)- (6.3.2)
P2n71 (O) k=2 k=1

Theorem 6.3.1. R[4 (¢)] = R[¢ (1 + az)] for the normalized Legendre polynomial of odd degree as
defined in (6.3.2) is given by the smallest positive root r(Z%,_1) of the equation

rPy, 4 (r)+a Py, (r) =0,

where « is the radius of the largest disk {w: [w — 1| < a} inside ¢ (D) such that ¢(—1) =1—a.

Proof. From (6.3.2), we obtain after the logarithmic differentiation

e e
1+ P51 _ 2P (0) T (G -2)P 1 —ni 22 (g -2)?
gzénfl(z) 33271—1(2) %7_1(2) = Z]% — 72 222 ’

Pown-1(2) %=z
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which implies, after using the inequality ||x| — |y|| < |x—y| and (6.3.1) for |z] = r < z;

anl 4Z%r2
Zgz,/, z n—1 2)’2 k=1 Z2—7’22 r@”i r
’<1+ /2n 1( )>_1‘ S Z - 2+ (k 2) - _ /Zn 1( ) (633)
P1(2) =1% T 1 n—1 2 P (1)
_Zk:I )
g—r

Now let o be the largest such that {w: |w— 1] < o'} C ¢ (D). Then from (6.3.3), we see that
Pn-1 €E(1+0z) CEC(9),

whenever
rPy, (r)+a P, (r) >0,

which holds in |z| = r < r(Z?,_1). Sharpness of the radius r(Z?5,— ) follows from the suitable rotation
of e@zn_l . O

Now we have the starlike case:

Theorem 6.3.2 (Legendre polynomials B,). The .*(¢)-radius ry(F2,—1) € (0,z1) of the normalized
odd degree Legendre polynomial is the smallest positive root of the following equation:

r‘@énfl(r)_(l_a)yénfl(r) =0,

where « is the radius of the largest disk {w: |[w— 1| < a} inside ¢ (D) such that ¢(—1) =1—a..

Proof. From (6.3.2), after logarithmic differentiation, we obtain

223,-1(2) 27
_ v -y = 634
Pon-1(2) k;l 22—z 634

Now applying Assumption 6.1.1 on (6.3.4), we have Z5,_ € .7*(¢) whenever

Zr'@énfl (Z>
glnfl (Z)

) (6.3.5)

_l‘g

where |z| = r < z; and z; satisfies the condition given in (6.3.1). Now let us consider the strictly

increasing continuous function

—a, re(0,z).

We have to show that 7'(r) <0in |z| < r < zj so that (6.3.5) holds. Since lim,_,o T'(r) <0, lim,_,, T(r) >
0 and T'(r) > 0, there exists a unique positive root ry(F2,—1) € (0,z1) of T(r) such that P, €
(@) in [z < re(Pan—1). O
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6.4 Starlikeness and Convexity of Lommel functions

The Lommel function .%,, , of the first kind is a particular solution of the second-order inhomogeneous
Bessel differential equation

2w (2) + 2w (2) + (22 —vH)w(z) = 2T,

where u+v ¢ Z~ and is given by

Dg/ﬂuv: 2 ) ) Ty

ol u—v+3 ut+v+3 7
1k (L ; ;
T (u—v+1)(u+v+1)
where 5(—uﬂ:v —3) ¢ Nand |F, is a hypergeometric function. Since it is not normalized, therefore

we consider the following three normalized functions involving .Z, , :

1

Juy(@) = ((u=v+1)(u+v+1)2,,(2)) 1,
guv(@) = w—v+1)(ut+v+1)z7"Z,(z
hmv(z) = (M_V+ 1)(M+V+ I)Z%gu,v

(6.4.1)

~—

Y

V2):

—~

Authors in [6,21] and [28] proved the radius of starlikeness and convexity for the following normalized
functions expressed in terms of ,Zu_

=
o=

f 11@), g (z) and h (2), (6.4.2)

11 1 11
=32 U=7; U=3.2

D —

where 0 # u € (—1,1). Now we find R[€(¢)] of the functions defined in (6.4.2). For simplicity, we write

these as f,, g, and h,, respectively and .,?u 11 =%,
202
For the convenience of notations, functions defined in (6.4.2) are written as f,,g, and h,, respec-

tively.

Theorem 6.4.1. The €'(¢)-radii for the functions f,,, g, and h, given by (6.4.2) are the smallest positive
roots of the following equations respectively:

(i) rfi(r)+ofy(r) =0
(if) rgy(r)+ g, (r) =0;
(iii) rh)(r)+ ok, (r) =0,
where o is the radius of the largest disk {w : |w — 1| < a} inside ¢ (D) such that ¢(—1) =1 — 0.

Proof. We begin with the first part. From (6.4.1), we have

22/ (2) 1 2Z,(2)
fi(z) Z(2) '

1+ + —1

(6.4.3)
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Also using the result [28, Lemma 1], we have

1
Zu+§ Zu+j < Z2 )
Z)= Dy(z) = 1— ,
u(2) u(u+1) 0(z) u(u+1) 55 72,
—k4+2 u—k+3 7
where @ (z) := 1F (1; “ 2+ , “ 2+ ;—Z4> with conditions as mentioned in [28, Lemma 1],

1
and from the proof of [28, Theorem 3], we see that the entire function M(Li_l)z_”%iﬁf (z) is of order
u
2

1/2 and thus has the following Hadamard factorization:

1 2
1N uts 1 _Z
20 - e T (15 ).

n>1 u,n

where 7,, and %, , are the n-th positive zeros of %, and £, respectively and interlace for 0 # u €

(—1,1) (see [28, Theorem 1]). Now we can rewrite (6.4.3) as follows:

11 1 22 22
S = :
fu(Z) U+~ n>1 Tion — 2 n>1

Let us now consider the case u € (0,1/2]. Then using the inequality ||x| — [y|| < |x—y| for |z| =r <
Tu1 < Tyl We get

1! 1 2 2 2 2 1!
Zf'f(Z) < 1_1 2 ; 2+Z~2 g 2:_r7(r) (6.4.4)
fu(z) U+ — n>1 Tu,n_r nzlfu,n_r fu(r)
and for the case u € (1/2,1), using the inequality (6.2.6) with A = 1—1/(u+1/2), we also get
< L,l/(z) _ rfl:/(r) (6 4 5)
i) |7 fuln)”

which is same as (6.4.4). When u € (—1,0), then we proceed similarly substituting u by u— 1, ®g by
®,, where ®; belongs to the Laguerre-Pélya class .2 % and the n-th positive zeros &, , and E,”, of
®; and its derivative @/, respectively interlace. Finally, replacing u by u+ 1, we obtain the required
inequality.

For 0 # u € (—1,1), the Hadamard factorization for the entire functions g/, and %, of order 1/2 [28,
Theorem 3] is given by

@@:HO—§> mi%@:HO—éj, (6.4.6)

n>1 u,n n>1

where 7, , and 8, , are n-th positive zeros of g, and 1, respectively and Yi1,0u1 < Tu,1. Now from
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(6.4.1) and (6.4.6), we have

3 / 1
1+Zg,u,(Z) 1_u+z(2—u>$()+zg () 1_2 22Z2 :
e (é ‘“)%(z)ﬂf'() gt fan 2
5 /
L@ 1 3_u+ﬁ<_“> VA VR
nG) 2|2 (2_u>gu<ﬁ>+\f$fm
Z
=1 —; 57, —= (6.4.7)

Using the inequality ||x| — [y|| < |x—y| in (6.4.7) for |z] =r < ¥,,1 and |z| =7 < §,,1, we get

284(2) <y 27 rg(r)
g,(2) n>1}’3n—r2 gu(r)
Zh!(2) B rhll(r)
IR Y i e (048)

Now let o be the largest such that {w: |w—1| < a} C ¢(D). Then from (6.4.4), (6.4.5), (6.4.7) and
(6.4.8), we see that f,,g, and &, belong to € (1+ az) C € (¢), whenever the following inequalities

rh)(r)
< d ——X
g =" T

hold. Further proceeding with the similar method as in Theorem 6.2.1, we obtain the desired equations.

() r8u(r)

<a, -

fulr) =

<a

The sharpness of the radii follows with the suitable rotations of the functions f;, g, and #,,. ]

Similarly, we also get the following result:

Theorem 6.4.2 (Lommel function .%;,,). Let 0 # u € (—1,1) and write .Zu 1 1(z) =: Z,(2). Then the
202
*(¢)-radii ry (i), r¢(gu) and ry(h,) of the functions f,, g, and h, given by (6.4.2) are the smallest

positive root of the following equations, respectively:

~—

(i) ZI‘XMI(I”)—(zu—i-l)(l—a)gu(r):O, for ME(—%,I
2rZN(r)— Qu+1)(1+a)Z,(r) =0, for ue(—1,—

D=
SN—

(ii) 2rZL(r) — Qu+1-2a)Z,(r) =0;

(ii1) 2ELYF) — (2u+ 1 —40).Z(\/F) =0,

where « is the radius of the largest disk {w: [w —1| < a} inside ¢ (D) such that ¢(—1) =1—a.
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6.5 Starlikeness and Convexity of Struve functions

The Struve function Hy of first kind is a particular solution of the second-order inhomogeneous

Bessel differential equation

i
2w (2) + 2w (2) + (22 = BP)w(z) = 2—1
Var (ﬁ + 2)

and have the following form:

()" 5,032
\/@2([3+1>1F2 (1;2,l3+2;—4> ;
4 2

3
where —f3 — 3 ¢ N and | F> is a hypergeometric function. Since it is not normalized, so we consider

Hg(z) :=

the following three normalized functions involving Hg :

1 )
pte) = (va2r (B3 ) mp(e)) P
Vs(2) = Va2 PT ([5 N 3) Hj (2), 65.1)
1-B
Wg(z)=vm2Pz 2 T (B + ;) Hp (/7).

Moreover, for || < 1/2, Hp (see [24, Lemma 1]) and Hk have the Hadamard factorizations [28,
Theorem 4] given by

ZB+1 ZZ
Hp(z) = ———=[1 (1_2>
V2P (B + 5) nzl B

H) (o) = (ﬁ“)ZB?) T (1 _ j > 6.5.2)
VAPT(B+2) =1\ B

and

where zg , and Zg , are the n-th positive zeros of Hg and H/,, respectively and interlace [28, Theo-
rem 2]. Thus from (6.5.2) with logarithmic differentiation, we obtain respectively

H(z 272
el RN M
Hg(z) ,E‘] Zf?,n -z
and () ,
g (2 2
B z
14 =p+1)— . 6.5.3
H (2) (B+1) S, (653)
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Also for |B| < 1/2, the Hadamard factorization for the entire functions Vé and Wé of order 1/2 [28,
Theorem 4] is given by

Vi) =11 (1 — Zj) and W;(z) =[] (1 - i) , (6.5.4)

>l Mg n>1 O

where ng , and op , are n-th positive zeros of VB/ and Wé, respectively. Vé and Wé belong to the
Laguerre-Pdlya class and zeros satisfy 1 1,051 < zg,;. Now proceeding as in Theorem 6.4.1 using
(6.5.1), (6.5.2), (6.5.3) and (6.5.4), we obtain the following result:

Theorem 6.5.1 (Starlikeness of Struve function Hg). Let || < 1/2. Then the .#*(¢)-radii ry (Up),
r¢(Vp) and ry (W) of the functions Ug, Vg and Wp as given by (6.5.1) are the smallest positive root of
the following equations, respectively:

(i) rHg(r) = (1—a)(B + 1)Hg(r) = 0;
(i) rHp(r) = ((1+B) — a)Hy(r) = 0;
(iii) /rHg(v/r) — (14 B —20)Hg(/r) =0,
where o is the radius of the largest disk {w : [w— 1| < a} inside ¢ (D) such that ¢(—1) =1 — .

Theorem 6.5.2 (Convexity of Struve function). Let |3| < 1/2. Then % (¢)-radii for the functions
Ug,Vp and Wy given by (6.5.1) are the smallest positive roots of the following equations respectively:

(i) rUl’g’(r) + OtUl’3 (r)=0;
(if) rVé'(r) + OcVé (r)=0;
(iif) rWB”( r)+ OcWé (r)=0,

where ¢ is the radius of the largest disk {w : |w — 1| < a} inside ¢ (D) such that ¢(—1) =1 —«.

6.6 On Ramanujan type entire functions

Ismail and Zhang [68] defined the following entire function of growth order zero for B > 0, called
Ramanujan type entire function

2
_ v @papP”
=0 (PP

>
3
=
o
ap

|
ag!

)

where B >0,0<p <1, ceC, (c;p)o=1and (c;p)x = [T5Z9(1 —cp’) for k > 1, which is the
generalization of both the Ramanujan entire function A,(z) and Stieltjes-Wigert polynomial S,(z; p)
defined as (see [67, 135]):

Ap(—2) =AY 0.2)= Y 2 ) 4

and

oo /
(1 ,P mP" (1/2)-n.
—_— Sy D)
= D) = (p:P)nSn(zp p)
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Since Ag,ﬁ)(c,z) ¢ <, therefore consider the following three normalized functions in .<7:

fﬁ,p,c(Z) = (ZBA;B)<_C, _Z2)> 1/B

8p.pc(2) 1= AP (—¢,~2) (6.6.1)
g pe(2) =AY (—e,—2),

where B >0,c>0and 0 < p < 1. From [45, Lemma 2.1, p. 4-5], we see that the function
2= Wppe(2) == AP (e, =)

has infinitely many zeros (all are positive) for § >0, c >0and 0 < p < 1. Let yg , ,(c) be the n-th
positive zero of Wg ,, .(z). Then it has the following Weierstrass decomposition:

2
Wp 0@ =1 (1 - 2Z> . (6.6.2)

n>1 ‘l/ﬁ%n(c)

Moreover, the n-th positive zero Zg , ,(c) of the derivative of the following function
Dp . 0(2) =P p () (6.6.3)
interlace with yg , ,(c) and satisfy the relation

Eﬁ,pm(c) < WB,p,n(c) < Eﬁ,p,n+1(c) < ‘I/ﬁ,p,n—t-l(c)

forn > 1. Now using (6.6.1) and (6.6.2), we have

2fg . (2) 1295 ,.(2) 27

o~ B W§f;<z> - Ewﬁpm—z 7 (¢>0)
Zgbvp,c(z) -1 leﬁ pc(z _ Z 22 .

8p.p.c(2) ¥g,pc(2) e WB,,”(C) 2
zhﬁpc()_l 1\/2}'5,,,@(\[): -y z

hg p.e(2) 2 ¥ pe(V7) n>1 ‘lfédw,(‘?)_z7

where B > 0,c >0 and 0 < p < 1. Also, using (6.6.3) and the infinite product representation of
@' [45, p. 14-15, Also see Eq. 4.6], we have

2fg () 5 ,.(2) (1 >z<1>;3~,,c(z>
1 SN RN L AN (i ) L
e *cb;;,,m* B ) 5,0
272 (1 > 272
=1-yY ——= (-1 yY —F——.
Lz o2 5 hv o2

As (2¥p p(z))" and hk?pﬁc(z) belong to £ %. So suppose 13, ,(c) be the positive zeros of g’B%C(z)

(growth order is same as Wg , .(z)) and &g ,, ,(c) be the positive zeros of h;s.p.c@- Thus using their
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infinite product representations, we have

P I
B el 2 (c) =22
gﬁ,p7c n>1 yﬁ,p,n
2 (z
hﬁ,p,c(z) n>1 637177;1 (C) -z

Now proceeding similarly as done in the above sections, we obtain the following results:

Theorem 6.6.1. Let § >0, c>0and 0 < p < 1. Then .”*(¢)-radii for the functions f3 , .(2), &g p.c(2)

and hg p, . (z) given by (6.6.1) are the smallest positive roots of the following equations respectively:
(i) r‘Pbrw(r) +Ba¥g (1) =0;

(if) r‘P}LP’C(r) +a¥p . (r) =0;

(i) PV | (/7)+20% (V) =0,

where « is the radius of the largest disk {w: [w — 1| < a} inside ¢ (D) such that ¢(—1) =1—a.

Theorem 6.6.2. Let B >0, ¢ >0and 0 < p < 1. Then €'(¢)-radii for the functions fg , .(2). g8 p.c(2)
and hg , .(z) given by (6.6.1) are the smallest positive roots of the following equations respectively:

o e 1 N )
0 50 +( ; 1) e

(i) 1, (r)+ gl (r) = 0;

(r)+ah, (r)=0,

(iii) ri} b o

B 7p7C

where o is the radius of the largest disk {w : |w — 1| < a} inside ¢ (D) such that ¢(—1) =1 —o.

6.7 Applications and Further Results

6.7.1 Applications to special cases

In the following result, we consider the Caratheddory functions ¢ associated with some well-known

classes as well as some recently introduced in [72,73,108,109, 123]:
Corollary 6.7.1. If a be the radius of the largest disk {w : |w — 1| < a} inside ¢ (D), where

1+D
1+FE

2 0= \/2—2ﬁ+\/T2ﬁwhen¢(Z)—ﬁ—(ﬂ—l)m;

3. o =+2—1when ¢(z) =1+z

4. o =1—1/e when ¢(z) = ¢

1

I

1. a:min{‘l

1-D D—F 1+D
_1—E’}: when¢(z):ﬁ,where—1§E<D§1;




9

=~

. o0=2—+/2when ¢(z) = z+ V1422

2

. a=1/ewhen ¢(z) =1+ ze;
—1
o= Z+1 when ¢(z)

- l+e*2;

. oo =sinl when ¢(z) = 1 +sing;

. for the domains bounded by the conic sections

we have
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Qci={w=u+iv:u* > *(u—1)>+x*v* Kk €[0,)},

o 1
k41

where the boundary curve of Q, for fixed k is represented by the imaginary axis (x = 0), the
right branch of a hyperbola (0 < k¥ < 1), a parabola (k = 1) and an ellipse (k > 1). The univalent

Carathéodory functions mapping D onto Q is given by

1

1—z2 5

1+ — sinh? (A (x)arctanhy/z)  for
2 1

1+ — log? e for
T 1—4/z

2 T VZ
1 in’ F(XZt)] f
Tt <2K<r> <\/i’ )) o

where A(k) = (2/m)arccos(k) and

w dx
F(W”):/o JO—D)(1 =172

is the Legender elliptic integral of the first kind, K () = F(1,¢) and 7 € (0, 1) is choosen such that

k = cosh(nK'(¢)/2K(1)).

Then Theorems 6.2.1, 6.2.2, 6.2.3, 6.2.4, 6.3.1, 6.4.1, 6.5.2, 6.6.1 and 6.6.2 hold true for the above

choices of ¢ respectively.

Here, in the above corollary for the Janowski functions at (i), we use its inverse representation

|(w—1)/(D—Ew)| < 1 for the sharpness (also see [106]). Whereas for the Lemniscate of Bernoulli
at (iii), we use the fact that if [w — 1] < /2 —1, then |w+ 1| < v/2+ 1, which implies [w? — 1| < 1.

6.7.2 Radius of Strongly Starlikeness

To prove our next result, we need the following lemma:

Lemma 6.7.1. [50]If |z| <r < 1 and |z| =R > r, then we have

z r?

+R2_r2

Rr
S R2_r2'

T— 3k
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Here 0 < € < 1 in what follows. The class of strongly starlike functions is given by:

(=) ) freo il <o}

14+z\° .. .
1-, -radii for the functions fy s,
—z )

8k.s and hy s are the unique positive roots of the following equations:

Theorem 6.7.2 (Wright functions). Let x,6 > 0. Then ./* (

C%anrz . (TE rt 7e
(i) Zn>] w4 4 s (7)474 — sin <7) =0;
K,8,n r CK,&n_r
Cesal” ne r ne
(it) 2L ,>1 (4”"+sin (—) 1 | —sin (—) =0;
k8n rt 2 CK,S,n —rt 2
Cesa” me r ne
(lll) ZnZl % + sin (7) 3| T sin (7) =0
K787n r 2 K‘.,5,n r 2

0 (0,G5.1). (0,5.1) and (0,625 ) respectively.

Proof. We prove the first part and the rest all follow in a similar manner. From (6.2.4) and using
Lemma 6.7.1, we see that

Uies@) 1 W@ 272
fre5(2) & Wis(2) 85805,
which implies
2fe5(@) B Z < 1 222 n 2rt !
fK,5(Z) 5n>l ién B 61121 22— Cé,é,n Cé S,n
2 2
2 ko
<= 8, 6.7.1)
6 n>1 Cli&n —rt

for |z| < r < {51 Define
5n
= Z and R, Z K .
( 5n>1 isn_ﬁ> 8n>1 ian r

Now from Lemma [50, Lemma 3.1, p. 307], we see that the disk |w —a| < R, in (6.7.1) is contained in
the sector |argw| < me/2, whenever

s ((sE e

n>1 2k 8,n n>1 2x.8,n

r4>> sin (%) 6.7.2)

holds. Let us now define

T(r):= §n>1 (M + sin (%) 4r4_r4> —sin (%8) :

K,0,n
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Then a simple calculation shows that 7’(r) > 0. Also lim,,o 7 (r) < 0 and lim,_,¢_., T(r) > 0. Thus
(6.7.2) holds in |z| < rg, where rg is the unique positive root of 7'(r) = 0in (0, {y 51). This completes
the proof. O

Reasoning along the same lines as of Theorem 6.7.2, the following results hold. So, the proofs are
omitted here.

1+z

€
Theorem 6.7.3 (Lommel functions). The .* < ( I > > -radii for the functions f,,, g, and &, are the

-z
unique positive roots of the following equations:

N 2 T2 . (TE rt _meN
() =7 Zz1 <T4_r4+sm(z> | () =0

_ u,n u,n
u-+ 3
2 2 4
.. Tun? . (TE r . (TE )

() 2Lz <r;4,n—r4+s‘“(z> T4_r4> —sin () =0:
2 2

Tun” TE r . /TE

(iii) Yn>1 (W—i-sm( 5 )W> —sin (7> =0

n (0,7,1), (0,7,1) and (0,72 ), respectively.

» Yu,l

1
Theorem 6.7.4 (Struve functions). Let |3| < 1/2. Then .* <<1+Z

—Z

€
) )—radii for the functions
Ug,Vp and Wg are the unique positive roots of the following equations:

0 g (2 () ) () =
[3—1-1 n=1 ZB,n_rA 2 z‘;} —rt 2/

2 2

5 7 4

BT an (PR ) gin (PR — o
()2Zn>1<ﬁ r4+s1n<2)z;§nr4> sm(2>_ ;
Zé,nr . (TE r? _(TEN
(iii) Y= z‘[‘;n—r2+sm(2) z%.n—rz —s1n(7>_0

n (0,zg,1), (0,2p,1) and (O’Z%i,l)’ respectively.

1 €
Theorem 6.7.5 (Mittag-Leffler functions). Let (i, v) € W; and a > 0. Then ./* <1+Z> >—radii
-z
for the functions fy; v 4, gu,v.« and hy v 4 are the unique positive roots of the following equations:

2 A[VZLVanr2 TE r4 TE

) — _mrah " ) sin(E)=o:
() y Ln>1 <Aﬁ\»an r4+s1n( )lﬁVan 5 Sm<2)

Iy 12 .anr2 . e r . TE

(ll) ZZnZI <W+Sln <7) m — SIn <7) :0,

12 r e r2 e

Huwvan’ R _
(iii) Yp>1 (A’ﬁvan 5 —l—sm( ))l’ftVan - sm< 2) 0

in (0,A4va1), (0,Auv.q,1)and (O,?L# v.a.1)s TEspectively.
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1-z
radii for the functions fg , .(z), gp,p.(z) and hg , .(z) are the unique positive roots of the following

] i
Theorem 6.7.6 (Ramanujan type entire functions). Let f >0,c¢>0and 0 < p < 1. Then .* ( < + z> ) -

equations:
. wz. ﬂ(c)rz . rt )
() ;anl (WZ;‘ZZ(C)—’A +sin (%) WW) — sin (%) =0;
, ‘l’z, 7,,(0)”2 . (TE r _(TEN
(it) 2Y,>1 <V’[£I;(C)—r4 +sin <7) V’W) —sin (7> =0;
Vi aor 2 _
(iii) Yn>1 (WEZ:(C)_rZ—Fsm (%) V’/W) —sin (%) =

in (07 VB p,1 (C))’ (Oa VB p1 (C)) and (Oa W[%’pJ (C>)’ respectively.

Highlights of the chapter

We answered the Problem 6.1.1. Further, we observe that using our technique, .#*(¢) and € (¢)-
radii for the normalized forms of g-Bessel [20] and g-Mittag-Leffler [167] functions can be achieved.
For the g-forms of the other special functions, these radii problems are still open. Also note that if we
consider the series representation of the normalized special functions, then combining the technique
used in this chapter with the methodology used in [19, 23], we can get the explicit conditions on the

relevant parameters for the .#*(¢) and €’(¢)-radii, which we shall study separately.




Conclusion and Future Scope

The investigation of properties of starlike and convex functions emerged soon after the Bieberbach
conjecture on univalent functions. Goodman [59] and Ronning [143] started investigating the prop-
erties like uniform starlikeness and uniformly convexity. Then the paper by Sokét [158] and, Kanas
and Wisniowska [73] gave insights into subclasses of starlike and convex functions associated with
the Lemniscate of Bernoulli and Conic domains, respectively. But in 1992, a unified treatment of
subclasses of starlike and convex functions was given by Ma and Minda [102]. Since then several
fascinating articles in view of the Ma-Minda class, appeared concerning several type of radius and
coefficient problems. The main obective of the present study is to solve classical as well as problems

of current interest for the general Ma-Minda classes.

In chapter 2, we study a Ma-Minda class of starlike functions associated with the cardioid domain
given by ./, := {f e ch/(—g) <14zt =: p(z)}, where & maps the unit disk onto a cardioid do-
main. Since the properties of such functions depend on the geometry of the domain and it's explicit
mathematical formula. Therefore, we considered cardioid domain &(ID), which is starlike in shape
having a cusp, and the function g is transcendental and doesn’t have inverse representation. We find
the radius of convexity of £(z) and establish the inclusion relations between the class <, and some
well-known classes. Further, we derive sharp radius constants and coefficient related results for the
class 5{2. As a future scope, open problem concerning the sharp coefficient bounds and a conjecture

on third hankel determinant are posed.

In chapter 3, we introduced a new class of analytic functions, and initiated a systematic study of

non-univalent functions given by

2f'(2)
f(z)

F)i={rea: (1) <. vo o},

where vy is univalent. Thus, we started developing a parallel theory reminiscent of Ma-Minda classes.
We here mainly derived growth and distortion theorems, and obtained the Koebe domain for such
functions. Further, we also analyzed the geometry of the image of the functions f(z)/z. The problems
related to the coefficient and subordinations are left for future attempt.

In chapter 4, motivated by the work of MacGregor, Campbell and Szegd, we consider several clas-
sical problems which have been of great interest in GFT. We prove several sharp majorization theo-

rems, a product theorem, convolution conditions for necessary and sufficient conditions (also for the
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class .Z(y)) and some radius problems related to the Ma-Minda classes. The application of ma-
jorzation can be studied in exploring the radius problems in the theory of harmonic univalent func-
tions. In fact, exploring the concept of majorization in higher dimensions is interesting for future re-
search. In 1961, Goluzin [61] obtained the set of extremal functions f(z) = z/(1 —xz)?, |x| = 1 for
the problem of maximization of the quantity R® (log(f(z)/z)) or |® (log(f(z)/z))| over the class .*,
where @ is a non-constant entire function. In 1973, MacGregor [105] proved the result for the class
SHo):={fed :R(zf'(z)/f(z)) > a,a €[0,1)}. Later on Barnard [30] discussed this for Bounded
starlike functions. We establish the same for the Ma-Minda classes. Finally, we establish the sharp
Bohr phenomenon for the Ma-Minda class of starlike functions and associated subordinating families.

In chapter 5, we continue to explore the idea of Bohr phenomenon along with the Bohr-Rogosinski
phenomenon. We establish several fundamental results related to power series to dervie the Bohr-
Rogosinski radius for the Ma-Minda classes and associated subordinating families. We further investi-
gate the phenomenon for some classes of harmonic functions, which are quite natural generalization of
certain subclasses of univalent functions. We introduce a class of harmonic functions with some con-
ditions on their coefficients to study its application to both the classes of harmonic as well as classes
of univalent functions. We also study a generalization of the Bohr phenomenon with the approach of
sequence of non-negative functions for the Ma-Minda classes. In future, the ideas developed in this
chapter can be used to study the Bohr phenomenon for the classes of harmonic univalent functions
whose sharp coefficient bounds are yet to be known.

The interaction of special functions and their geometrical properties is evident in geometric func-
tion theory. But special attention has been given to them, particularly, under what conditions special
functions are starlike and convex or what is the largest radius for which they will be starlike or con-
vex or uniform convex. In chapter 6, we mainly study certain known normalized special functions,
namely Wright and Mittag-Leffler functions, Legendre polynomials, Lommel and Struve functions, and
Ramanujan type entire functions for their Ma-Minda starlikeness and convexity. We aim to generalize
the known theory and provide simple proof with some simple geometric conditions, which are easy to
apply. The ideas developed in this chapter can be used to derived Ma-Minda radii of starlikeness and

convexity for some other form of special functions as a future scope.
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