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Preface

Univalent function theory is a fascinating topic of complex analysis and deals with the
geometrical aspects of analytic functions due to which it is classified under geometric
function theory. Furthermore, the theory of differential subordination plays a crucial
role in Univalent function theory as it is used as a tool for establishing various impli-
cation results. This thesis chiefly focuses on establishing results pertaining to radius
estimates and differential subordination implications for certain classes of analytic
functions, which are either well known or introduced and studied here. It comprises
of six chapters and concluded with the future scope. The chapter wise arrangement

of the content is as follows:

Chapter 1 provides a brief review of the general principles of Univalent function
theory. It provides an overview of the relevant literature and mentions some of the
remarkable works done by various authors. The concepts and the techniques which

serve as prerequisite for the main study are also discussed in this chapter.

Chapter 2 introduces a new subclass of S* associated with the modified sigmoid
function, given by S ={f € A:zf'(2)/f(z) < 2/(1+e7*)}. To describe the general
behavior of the functions in this class, we study its geometrical properties and use these
properties to prove certain results. Furthermore, we discuss admissibility conditions
for the modified sigmoid function. The first and second order admissibility conditions
are simply obtained by the general admissibility criteria given by Miller and Mocanu
[61] and for the third order conditions, we derive a new criteria by modifying the

previously existing theory.

Chapter 3 presents differential subordination implications, involving the modified
sigmoid function and other well known Ma-Minda functions, proved by using three
different techniques. Using Miller Mocanu lemma, we prove several first order dif-
ferential subordination results involving real parameters. Later by using the method

of contradiction, we extend these results for complex parameters. Finally, using the
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idea of admissible functions, we underwent tedious computations to prove differen-
tial subordination results upto third order, which has not been done before in the

literature.

In Chapter 4, we employ some remote properties of Schwarz function in order
to find radius estimates for three classes, namely, G%’% -the Silverman class, Q =
{f € A:lzf'(2) - f(2)| < 1/2, z € D} and S -the class of Sigmoid starlike functions. In
addition, we prove sufficient conditions in the form of differential inequalities for a
general form of the Silverman class. Finally, using the concept of subordination, we
develop a number of inclusion relations for the general form of Silverman class and

the class Q, involving various subclasses of starlike functions.

Chapter 5 deals with differential subordination results involving Pythagorean means.
In the first part we prove an extremely general result involving the convex weighted
harmonic mean of p(z) and p(z)O(z) + zp’(z)P(z), where ©, ® are analytic functions.
Furthermore, we discuss some special cases of this result. In the next part, a combina-
tion of arithmetic, geometric and harmonic mean of p(z) and quantities involving its
derivatives has been taken into consideration. We prove certain implications for this
combination and use them further for proving starlikeness and univalence criteria.

Establishments in this chapter generalize many earlier known results.

In Chapter 6, we introduce the following special type of differential subordination

implication:

zp'(2)
pp@z)+a
where p, Q are analytic with p(0) =1 and 0 # ,a € C. The differential subordination

p(2)Q(z) + <h(z) =pz) <h(z), (0.0.1)

given above is a general form of Briot-Bouquet differential subordination. As a conse-
quence, we discuss some of the special cases of the aforementioned result. Moreover,
we prove some results which are analogous to open door lemma and integral existence
theorem. As an application, the outcomes of this chapter have been used to obtain

criteria for univalence and starlikeness.

The bibliography and list of publications have been given at the end of the thesis.
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Chapter 1

Introduction

This chapter presents the basic theory of univalent functions, comprising of definitions and
results which serve as prerequisites. It covers the elementary parts of univalent function theory
along with the past as well as the recent developments done by various authors in the same
field, in order of their occurrence. It provides a review of some general principles, underlying
the two major concepts of univalent functions and differential subordination. Some of the

definitions and theorems are supported by examples and figures.




The study of univalent functions initially emerged in the early 20th century. In 1907,
a result of Koebe [43] set out the groundwork for the theory of univalent functions.
Further, it led to the development of a conjecture by Bieberbach [10], that stood as a
challenge for many years and was finally proved by De Branges [11], using special
functions, in the year 1985. In the meantime, several attempts were made to prove this
conjecture, which eventually led to the development of many important subclasses of
univalent functions and also resulted in the emergence of various new techniques in
geometric function theory such as convolution and differential subordination. Now, a
good amount of literature exists, which can be found in the text books by Duren [21],
Goluzin [26], Graham and Kohr [28], Hayman [31] and Pommerenke [74]. The book by
Goodman [27] illustrates a large number of contributions to the topic and comes close
to serving as a compendium on univalent functions. A few additional books are by
Jenkins [33], Milin [59], Montel [66] and Hallenbeck and MacGregor [30]. “Univalent

functions: The Primer” by Thomas et. al [94] is a recent book on the subject.

1.1 Basic Definitions

Let H = H(ID) be the class of functions, analyticin ID := D, where D, := {z € C: |z] <71}.
Forne N and a €C, let

Hla,n]:={feH: f(2) =a+ayz" +a,12" + 2,222 +..).

We denote by A, the class of functions f of the form

f(2) =2+ a2 + 2,022 4L,

which are analytic in ID and A := A;. A function f is said to be univalent in a domain
D c C if it is one-one in D and a function f is locally univalent at a point z if it is
univalent in some neighbourhood of zp. A necessary and sufficient condition for local
univalence is that the derivative of the function never vanishes at the point of local
univalence. If a function is univalent in a domain 9, its derivative never becomes 0
on D, but the converse may not be true. For instance, we have ¢* whose derivative is
non-zero on the entire complex plane but it is not univalent in any disk with radius
greater than 7, which is centered at 0.

Let S denotes the subclass of A consisting of univalent functions. In other words,



S is defined as the class of all functions, normalized with the conditions f(0) =0
and f’(0) = 1, which are analytic and univalent in ID. Throughout the study, we
restrict our domain to be ID and it is justified by the Riemann Mapping Theorem,
which ensures the existence of an analytic, univalent function that maps any simply
connected domain O onto ID. In addition, the properties of any analytic and univalent
function g corresponds with the function f(z) = (g(z) — g(0))/ ¢’ (0) and therefore we only
consider the functions, normalized by the above conditions. The following example

gives a geometrical interpretation of univalent functions.

Example 1. The function f;(z) = z+2z2/2 is a member of S whereas the function f»(z) =
z+2z?% is in A but not in S since it is non-univalent. It can be clearly depicted from

Figure 1.1 that fo(z) is non-univalent as some portion of f»(ID) is overlapping.

\|/
A

fiz) =z+2%/2 fz(Z)=Z+22

Figure 1.1: Image domain of a univalent and a non univalent function

One of the very important member of class S is the Koebe function given by % (z) =
z/(1-2z)?. In 1907, Koebe [43] proved that every member of S contains a disk of radius
k. In 1916, Bieberbach obtained the value of k as 1/4 and using this result the author
proved that for every member f of S, |a;| < 2. Based on this result, Bieberbach proposed

the following conjecture:

Conjecture 1.1.1 (Bieberbach). [10] Let f(z) =z+ 12z% +a3z> +--- be a univalent func-
tion, then |a,| <n, n=2,3,4,.... Equality occurs if and only if f is a rotation of the

Koebe function.

The extremity of the Koebe function is not only restricted to the coefficient inequality

mentioned above but it also acts as an extremal function in geometrical sense. It maps



D onto the complex plane C, leaving a slit from —oo to —1/4 on the negative side of

real axis and this is the largest image domain of all the members of S.

0.3 1]

Figure 1.2: Image domain of Koebe function

Subordination: Let f and F be members of H, we say that f is subordinate to F,
written as f < F, if there exists a Schwarz function w which is analytic in ID satisfying
@(0) = 0 and |w(z)| < 1 such that f(z) = F(w(z)). Further, if F is univalent, then f < F
if and only if f(0) = F(0) and f(ID) c F(ID). Here f is called the subordinate function
and F is called the superordinate function. Note that the univalence of superordinate
function is not necessary for subordination. We discuss below some properties of

subordination:

e Scalar addition or scalar multiplication does not alter the property of subordi-

nation. In other words, if f <F, thena+pf <a+pF for 0 # f,a € R.

o If f<Fand g: f(ID) — C is an analytic function, then go f < goF. It directly
follows from the definition of subordination which says that there exists a

Schwarz function w such that f(ID) = F(w(ID)), which is sufficient to conclude

that g(f(ID)) = g(F(w(DD))).

e Lindelof Principle: If f <F, then |f’(0)| < [F’(0)| and the image under F of each disk

|z| < r <1 contains the image under f of the same disk.
® maxzep|f(z)] < maxzep [F(2)I.

e min,cp ReF(z) < Re f(z) < maxzep Re F(z).



Moreover, we have Rogosinski’s Theorem which gives a coefficient inequality as a

consequence of subordination.

Theorem 1.1.2. [21] Let f(z) = Y." ;a,2" and F(z) = ), byz" be analytic in D and

f <F, then
n n
Yl <Y b, n=12,....
k=1 k:]_

We end up this section with the following example:

Example 2. Let f(z) =z/(2—-2z) and F(z) = z/(1 - z). By taking w(z) = z/2, we can write
f(z) = F(w(z)), which implies that f < F. Also, we may note that F is univalent and so
we can apply the other approach. It is clear that f(0) = F(0) = 0 and Figure 1.3 shows
that f(ID) C F(ID), which is sufficient to conclude that f < F.

2

F(D)

(D)

0 (=)
| L 4

-2 L
-2 -1 0 1 2

Figure 1.3: Geometrical Interpretation of subordination

1.2 Subclasses of Analytic functions

Carathéodory Class: An analytic function p defined on ID, which is of the form
p(z) = 1+c1z+ oz +--- (1.2.1)

such that Rep(z) > 0 (z € D), is known as the Carathéodory function and the class of
all such functions is known as the Carathéodory class, denoted by . The Mobius

function

P(z) = g 1422422422 4

plays a central role in the class #. This function maps ID onto the right half plane and

maximizes the bound of the coefficient inequalities given as follows:



Lemma 1.2.1 (Carathéodory Lemma). [74] If p(z) is in #’ and is given by (1.2.1), then

lcu| < 2 for each n. Equality occurs when p is a rotation of P(z).

However, both the functions P(z) and the Koebe function are extremal functions
of their respective classes but there is a difference in their characters. Upto rotation,
Koebe function is the unique solution in many extremal problems whereas infinite
number of functions exist in P for which |c,| = 2 and none of these can be obtained by
rotation of P(z). Note that the class ¥ is convex. It means that if f1(z), f2(2), ..., fu(z) are

all members of # and t; >0 (k=1,2,..n) such that t; + tp +--- +t,, = 1, then the function

f@) =) tfil)
k=1

is also a member of #. This can also be taken to an infinite sum. Another property of
P says that if f € P, then 1/f is also in . A general form of class # has been defined

in the following manner: For -1 <B <A <1, let

1+Az}

— _ n n+1 .
PulA,B] = {p(z) =1+ppz" +ppz2"™ +...1p(2) < 1182

Taking A =1-2a and B = -1, the above class reduces to #,(a) which can be further
reduced to the Carathéodory class by taking @ = 0 and n = 1. Although this class has
numerous other noteworthy properties yet we present below, a vital outcome which

has been oftentimes used to help our primary outcomes.

Lemma 1.2.2. [78] If p € P,[A,B], then for |z| =7,

1-ABr**| (A-B)"
PE - T g | S 21
—B4r 1—B=rs
In particular, if p € Py (a), then
1+(1=2a)*"| 2(1-a)"
‘p(z)— —n S 1o

Starlike Functions: A domain O C C is said to be starlike with respect to a point
ap in P if the line segment joining ap and any other point of D lies entirely in D.
Further, we call a function f starlike if it maps ID onto a domain which is starlike with
respect to the origin. Analytically, we say that a function f € A is starlike if and only if

Re(zf'(z)/ f(z)) > 0 on D. Here, it is assumed that f is univalent because if we consider



f to be starlike and non-univalent, then f(ID) must be starlike in multi-sheeted region
but presently we are considering only plane regions for starlikeness property. This

makes the class of starlike functions, a subclass of S and we represent it as follows:

2f'(2) }
S'={feA:Re >0¢.
{reares
Next we see a general form of the above class. A function f € A is said to be starlike
of order a, 0 < a < 1 if and only if Re(zf’(z)/ f(z)) > @ on ID and the class of all such
functions is denoted by S*(«). Note that $*(0) = S".

Convex Functions: A domain D c C is said to be convex if the line segment joining
any two points of D lies completely inside . Further, a function f is called convex
if it maps ID onto a convex domain. Note that a convex domain is starlike with
respect to each of its points and thus every convex function is starlike. The analytical
characterization of a convex function is given by Re(1+zf"(z)/ f'(z)) > 0 on ID. Clearly,

the class of convex functions is contained in § and is represented as follows:

C:= {feﬂ:Re(1+ZJ{:;S))>O}.

Moreover, a function f € A is said to be convex of order @,0 < a <1 if and only if
Re(1+zf"(z)/f'(z)) > a on D. The class of all such functions is denoted by C(a) and
C(0) =C. A comparison between a starlike function and a convex function is illustrated

by the following example.

1.5 T T T T 15

. dp Iy N
< oof |

0.0

I I 4

15 L L L L 15
-15 -1.0 -0.5 0.0 0.5 1.0 1.5 -15 -1.0 -0.5 0.0 0.5 1.0 15

2 2
Image of z+ % Image of z+ %

Figure 1.4: Starlike and Convex function

Example 3. The function f;(z) = z+2%/9 is starlike since f;(ID) is starlike with respect to



0 and the image of fo(z) =z + z2/5 is a convex domain, so f2 is convex (see Figure 1.4).

Also, both the functions are members of S and thus f; € S*and f; € C.

Using the analytical characterization of starlike and convex functions, we have the

following representations in terms of P.

Theorem 1.2.3. [21] Let f be analytic in ID with f(0) =0 and f’(0) =1, then

@ feS Z}‘éj’eso

(b) feC 1+ZJ;(/Z(;)EP.

Moreover, we have a two-way communication between the class S* and the class C,

given by
Theorem 1.2.4 (Alexander’s Theorem). [1] Let f be analytic in ID with f(0) =0 and

1'(0) =1, then
feC = zf'(z) eS".

Close-to-Convex functions: A function f € A is said to be close-to-convex in D if

there exists a convex function g and a real number « € (—7t/2,7t/2) such that

Re(el’“f’(z)

76 )>0 on D.

The class of all such functions is denoted by K. By Alexander’s theorem, if g is a
convex function, then h(z) = zg'(z) is starlike. As a result, we can say that a function

f € K if there exists a starlike function & and a real number « € (-7/2,7t/2) such that

Re (eiazf/(z)

@ )>0 on D.

Kaplan [39] proved that every close-to-convex function is univalent in ID. In geomet-
rical terms, it means that if f € K, then the complement of the image of ID under f is

the union of non-intersecting half lines.

Strongly Starlike functions: We say that a function f € A is strongly starlike of order
a(0<a<l)if

zf'(2)\| an

‘arg (ol 5

< > on D.




The class of all such functions is denoted by SS"(«). Geometrically, it means that the
image of ID mapped by zf’/f must lie inside the sector, which lies in the right half
plane, is symmetric with respect to the real axis and makes an angle amt/2 with positive
real axis. Hence for a = 1, the sector becomes the whole right half plane and therefore
S§'(1)=8"

Example 4. The function f(z) = ¢* is a strongly starlike function of order 2/m.

Bounded Turning functions: A function f € A is said to be a function of bounded
turning if Re f’(z) > 0 on D. In other words, f is a function of bounded turning if
f" € P. The class of all such functions is denoted by R. We observe that R C § since f
is a member of A and Re f’(z) > 0, which is a sufficient condition for a function to be

univalent due to the following result.

Theorem 1.2.5 (Noshiro and Warschawski Theorem). [68,102] Suppose that for some

real a, Ree'® f/(z) > 0 in a convex domain D, then f is univalent in D.

Example 5. The function f(z) =z + z2/2 is a function of bounded turning.

Typically Real functions: A function f € A is said to be typically real if for every
zeD,
sign(Im f(z)) = sign(Imz).

The class of all such functions is denoted by 7R and it can also be represented as

follows:
TR={f e A:(Imf(z))Imz) >0, ze DJ.

Geometrically, we can say that a function is typically real on D if it maps the upper
half of D into the upper half plane and the lower half of ID into the lower half plane.

Note that the coefficients of a typically real function are always real.

Example 6. The function fi(z) = z +2%/2 is a member of 7R and the function f>(z) =

z+iz%/2 is not in 7R since for z = 1/2 —i/10, Im f»(z) is positive.

In addition to the classes listed above, we now present some more classes that are
determined by analytical characterizations.
For > 1, the class M(f) introduced by Uralegaddi et al. [99] is given by

M(@P) = {feﬂ:ReZ}c;S) <ﬁ,zelD}.
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A closely related class studied by Ravichandran and Kumar [77] is the class of starlike

functions of reciprocal order a (0 < a < 1), given by

on o f()
RS (a) := {feﬂ.Rer,(Z) >0z}.

The class k—S7 of k-starlike functions (k > 0) was introduced by Kanas and Wisniowska
[38] and characterized by the condition Re(zf’(z)/ f(z)) > klzf"(z)/ f(z) — 1|. Further, this

class was generalised by Kanas and Raducanu [36] by adding a parameter a, given by

ral

Geometrically, the boundary of the domain () , = {w € C: Rew > k|lw—1|+a} represents

z2f'(2)
f(@

)

Ko

1

ST(k,a):{feﬂ:Re

an ellipse for k > 1, a parabola for k = 1 and a hyperbola for 0 < k < 1.

1.3 Ma Minda Subclasses

Let f(z) = Yo oanz" and g(z) = Y., buz" are in H, then the convolution of f and g is
given by (f*9)(z) = Yo anbuz". In 1989, Shanmugam [85] considered the classes

(f*9)(2)

z

z(f9)'(2)

F9)@) 0

Sy(h) = {f eA: < h(z)} such that

and
z(f*9)" ()
(f*9)(2)

where h is a convex univalent function with /(0) = 0 and Reh(z) > 0 (z € D). Using the

Cy(h) = {feﬂ:1+ <h(z)} such that (f*g)'(z) #0,

similar concept, in 1992, Ma and Minda [53] gave a general form of various subclasses
of starlike and convex functions for which the respective quantities zf'(z)/f(z) and
1+zf"(z)/f'(z) are subordinate to a function with special properties. These subclasses

are defined as:

z2f'(2)
fz

Zf”(Z)
/(@)

S*((p):{feS: <(p(z)} and C((p):{feS:1+ <q0(z)},

where ¢ satisfies the following properties: (i) ¢ is analytic and univalent; (ii) ¢ is
symmetric with respect to real axis; (iii) ¢ has positive real part in ID; (iv) ¢ is starlike
with respect to ¢(0) = 1; (v) ¢’(0) > 0. For convenience, let us denote the class of all

such functions by ITy;. Several well-known classes can be obtained by specializing ¢,
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such as
. S(lﬁ) — S*and c(lﬁ) -C.
1-z 1-z
3 S*(%) =8"(a) and C(M) =C(a), 0<a<l.

. S((lﬁ) ): SS'(a), O<a<l.
1-z

Over the past decade, many authors came up with different subclasses of S*, which
they defined by taking ¢ as a particular Ma-Minda function. Some of the classes are

listed below:

1. By taking ¢(z) = (1 + Az)(1+ Bz), where -1 < B < A <1, we obtain the class
of Janowski starlike functions denoted by S*[A,B], which was introduced by

Janowski [32]. The analytical representation of this class is given as follows: For

fes,
zf'(z) 1-AB _A-B
f(z) 1-B2|” 1-B%
Geometrically, it means that f € S*[A, B] if zf’(z)/ f(z) lies in the disk centered at
(1-AB)/(1 - B?) with radius (A — B)/(1 - B?).

feSMAB]

2 The class of parabolic starlike functions introduced by Renning [81] is defined

S, :3*(1 + %(log(i é))z)

The class is associated with a parabola and the analytical representation of this

as follows:

class is given by: For f € A,

2f'(2)
f@)

€ S if Re 1@ .
feSp

f@

3 By taking ¢(z) = V1+z, Sokét and Stankiewicz [91] defined the class of starlike

functions associated with the lemniscate of Bernoulli, denoted by ;.
4 In 2015, by taking ¢(z) = ¢*, Mendiratta et. al [58] introduced the class S;.

5 In 2016, Sharma et. al [86] considered ¢(z) =1+4z/3+ 222/3, which maps D onto
a cardioid shaped region. Using this function the authors introduced the class

Se.
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6 Cho et. al [16] introduced the class Sg by taking ¢(z) =1 +sinz.

7 In 2015, Raina and Soké? [76] considered a crescent shaped region by taking
¢(z) =z+ V1422 and the class of starlike functions associated with this region

is denoted by S*C( .

8 Recently, another class associated with a cardioid is defined by taking ¢(z) =
1+z¢* (see [45]), denoted by S5,.

9 In [57], the class Sy, is defined by taking ¢ as

1-z
RL(E) = V2= (V2-1) [—————.
v 1+2(V2-1)z
Geometrically, the function @g; represents the left half of the lemniscate of

Bernoull.

10 The class S}, associated with the Nephroid domain was introduced by Wani
and Swaminathan [101] by taking ¢(z) = 1+z—2%/3.

11 Kumar and Ravichandran [47] introduced the class S}, := S*(1 + z(k + 2) /k(k — 2))
with k= V2+1.

For all these classes, authors have dealt with several problems such as finding radius
estimates, bounds on coefficient functionals, proving differential subordination re-
sults, establishing inclusion relations etc. Our motivation has also led us to introduce
the subclass 8¢ := §*(2/(1 +¢7%)) of starlike functions by taking ¢(z) =2/(1+¢7%). In

the subsequent chapters, we will discuss this class in detail.

1.4 Differential Subordination

It is known that the study of differential inequalities refers to the idea of determin-
ing the behavior of a function from the properties of its derivatives. A differential
subordination in complex plane is the generalization of a differential inequality in real
line. The concept of differential subordination was introduced by Miller and Mocanu
with the remarkable article “Differential subordination and univalent functions" in
1981 [60]. Ever since, there have been hundreds of papers published on the subject
and the theory has been extended and applied in a wide range of fields including dif-

ferential equations, partial differential equations, meromorphic functions, harmonic
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functions, integral operators, Banach spaces and functions of numerous complex vari-
ables. The theory of differential subordination brought a progressive change and
pulled in many researchers to use differential subordination techniques for the study
of univalent functions (for example [2,4,6,7,14,15,17,19,55,62,67,69] and many more).
Miller and Mocanu presented extremely straightforward interpretations for a number
of results in univalent function theory that had previously required laborious and
lengthy methods. The definition of a differential subordination presented by Miller

and Mocanu is as follows:

Definition 1.4.1. [61] Let i : C" XID — C and h be univalent in ID. If p is analytic in ID

and satisfies the differential subordination

w(p(z),zp’(z),zzp”(z),..,z”_lp”_l(z);z) < h(z2), (1.4.1)

then p is called a solution of the differential subordination (1.4.1). The univalent
function g is called a dominant of the solutions of the differential subordination if
p < q for every p satisfying (1.4.1). A dominant §j that satisfies § < g for all dominants
g of (1.4.1) is called the best dominant of (1.4.1).

The gist of this whole theory is the following implication

V(p@),2p' (2),.., 2" p" @) <h(z) = p(z) < q(z),  z€D, (14.2)

which gives rise to the three types of problems stated as follows:

(i) Given univalent functions / and g, find conditions on 1 so that (1.4.2) holds.

(ii) Given 1 and h, find a dominant g so that (1.4.2) holds. Moreover, find the best

dominant.

(iii) Given 1 and dominant g, find the largest class of univalent functions h such
that (1.4.2) holds.

We discuss below some important techniques, commonly used for proving our main
results.

Miller-Mocanu Theorem: This technique allows us to set the dominant g and then
tind the appropriate / so that (1.4.2) holds. However, there are other forms of this
theorem as well where we can set i and find g. So the Miller-Mocanu theorem, which

is stated below, helps us to work out Type 2 and Type 3 problems mentioned above.
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Theorem 1.4.1. [61, Theorem 3.4h] Let q be univalent in ID and let 0 and ¢ be analytic
in a domain D containing ¢(ID) with 1(w) # 0, when w € q(ID). Set Q(z) := zq'(2)Y(q(2))
and h(z) := 0(q(z)) + Q(z). Suppose that either

(i) his convex, or (ii) Q(z) is starlike.

In addition, assume that

zh’ (z)
Q(z)

If p is analytic in ID with p(0) = g(0), p(ID) € O and

(iii) Re( )>0(ze]D).

O(p(2)) +zp" (2P (p(2)) < 6(q(2)) + 24" (2)Y(q(2)), (1.4.3)

then p < g and g is the best dominant.

Method of contradiction: This is the earliest method of tackling this type of problems
and is very popular among researchers even today. This method is primarily based

on the following two results:

Lemma 1.4.2 (Jack’s Lemma). [82] Let w(z) be analytic in ID with w(0) = 0. Suppose
that |w(z)| attains its maximum value at a point zg € ID, where |z9| = 7, then there exists

a real number k such that zgw’(zg) = kw(zp).

Definition 1.4.2. [61] Let Q be the set of functions g that are analytic and univalent in
D\E(q), where
E(g) ={CedD: lirréq(z) = oo} (1.4.4)
z—>

and are such that g’(C) # 0 for C € JD\E(g).

Lemma 1.4.3 (Lemma 2.2d). [61] Let g € Q, with g(0) =a, and let p(z) =a+a,z" +---
be analytic in ID with p(z) #a and n > 1. If p is not subordinate to g, then there exists

zo = r0e'® € ID and (j € ID\E(g) and an m > n > 1 for which p(ID,,) C g(DD),

zop” (z0)
P’ (z0)

)2 mRe(1+

(i) p(z0) = q(Co) (if) zop’ (z0) = mCoq’ (Co) and (i) Re(l + Coq (Co)).

7’ (Co)

Admissibility Conditions: Despite being introduced many years ago, this method of
determining admissibility conditions has only recently been put into practice. This
method enables us to set the dominant function g4 and the function i as well, to

determine 1.
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Definition 1.4.3. Let Q) be a set in C, g4 € Q and n be a positive integer. The class of
admissible functions W,[Q,q] consists of those functions ¢ : C3> x D — ID that satisfy

the following admissibility condition: For ze€ID, C€JD\E(g) and m >n,

Y(r,s,t;z) € Q, whenever r = g(C), s = mCq’(C) and Reé +1> mRe(Cq (©) 4 1).

q(0)

Theorem 1.4.4 (Theorem 2.3b). [61] Let ) € W,,[Q,q] with g(0) =a. If p € H]a,n] satisfies

P(p(z),2p'(2),2°p" (2);2) € Q,

then p <g.

1.5 Radius Problem

Given a set of functions .# and a property & which functions may or may not have
in ID, we aim at finding the largest radius R such that every function in the set .# has
the property & in each disk |z| < r for every r < R. We denote this radius by Rz (.#).
Moreover, we say that this radius is sharp if there exists a function F in .# such that
F satisfies property & if and only if |z| < Rz (.#) and such a function is known as the

extremal function. This can be explained with the following example:

Example 7. Let f be a typically real function, then f is univalent in the disk |z] < V2-1.
Note that for F(z) = z(1 +2z2)/(1 —z%)?, the radius is sharp. Thus, we can write Rg(7 R) =

V2-1.

Radius problems in particular, have been attempted by many authors for multiple

classes of analytic functions (see [3,13,54,78,90,100]).
Synopsis of the Thesis

The thesis mainly deals with the differential subordination problems and radius es-
timations for several subclasses of analytic functions. Moreover, the geometric prop-
erties of analytic functions having some special characteristics have been studied in
the form of inclusion relations, starlikeness criteria, convexity criteria, conditions of
univalence, conditions to be close-to-convex etc. A newly defined subclass of starlike
functions, associated with the modified sigmoid function has been extensively exam-

ined, resulting to the development of some new concepts. Sufficient conditions as well
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as radius problems have been addressed for the Silverman class. In addition, differ-
ential subordination results involving the classical Pythagorean means and a general
version of Briot Bouquet differential subordination have been considered. The thesis
is divided into five main chapters and an introduction chapter, which provides a brief

review of the general principles of univalent function theory.

In Chapter 2 titled “Starlike Functions Associated with Modified Sigmoid Function”,
motivated by the works of [16,57,58,90], we introduce the following subclass of

starlike functions

Sec = {fe?(: Z;(S) < 1+ze_z}.
The image domain of ID mapped by 2/(1 +¢e7?) is denoted by Agg. In the first place,
we present a structural formula which allows us to construct functions belonging
to this class. To describe the general behavior of the functions in this class, we
derive growth theorem, distortion theorem and rotation theorem. We derive the
bounds of the real part of the modified sigmoid function, which enables us to explore
its geometric properties. For the centre lying between these bounds, we attain the
maximum radius of the disk that can be inscribed in Agg as well as the minimum
radius of the disk that can contain Ag;. We develop criteria to ensure that the class
S¢ is contained in each of these classes S*(a), Z(f), SSB), k—ST, ST (1,a), by

establishing conditions on the parameters. Furthermore, we estimate sharp bounds

%

SG’
known properties of Carathéodory functions. Finally, we discuss the admissibility

for the first five coefficients of the functions belonging to St ., by using some well
requirements for the S class. The conditions for first and second order differential
subordination are obtained by applying general admissibility conditions given by
Miller and Mocanu [61]. To accomplish the third order admissibility conditions, results
by Antonino and Miller [7] have been modified to entertain Ma-Minda functions, as

they fail to satisfy these results. Some important results of this chapter are as follows

1. Let2/(1+e)<a<2e/(1+e). If

e—1
= —la—1|,
T la =1

then

{weC:|lw-a <ra}CASG-

2. Let QcC,geQand k>m >n > 2. The class of admissible functions W¥,[Q, 4]
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consists of ¢ : C*x D — C satisfying the admissibility condition

Y(r,s,t,u;z) ¢ Q whenzeD, r=g(C), s =mlq’(C),

Re (1+t) (1 +Re Cq:(,g))

and g © 4"
z 1444 _ q//
Res > m?Re ’(C) +3m(k—1)Re 70

for C € ID\E(g).
3. Suppose p € H|a,n] with m > n > 2. Let g € Q(a) satisfies

zp’(2)
q'(C)

<m, zelD, CedD\E(@y). (1.5.1)
If Q c Cand y € ¥V,[Q,g] with

Y(p@),zp' (2),2°p" (2),2°p"" (2);2) C
then p <g.

This chapter investigates the geometric features of the modified sigmoid function,
which is considered to be one of the special functions owing to its importance in
mathematical analysis, which eventually inspired researchers from various fields to

extend this study.

In Chapter 3 titled “Higher Order Differential Subordination involving Modified Sigmoid
function”, inspired by the works of [7,16,46], we prove a number of differential subor-
dination results by using various techniques. In the first part of this chapter, we prove
differential subordination results obtained by using the Miller Mocanu lemma and
some geometrical aspects of the associated functions. These results can be categorized

as follows:
zp'(z )

1+’B ) 1+e—Z

= p(2) < P(2) (k=0,1,2)

and
()
Pk (2) S Tre—

p(z)+ ﬁ = p2) <P(2) (k=0,1,2),

where ¢(z) is taken as (1+Az)/(1+ Bz) or V1+z. We consider f8 to be a real number

and find conditions on g so that the implications stated above hold. These results are
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derived with the help of the Miller Mocanu Lemma and the conditions so obtained
are best possible. Further, we prove same results by interchanging the position of ¢(z)
with the function 2/(1 +e7%). Next we take f to be complex number and prove similar
implications by using the well known method of contradiction. In addition, we find
conditions on B, y and 6 (B € C and 6, y € R") in order to prove the implications that

follow:

(i) 1+B(zp'(2))" <

@ 2
(i) 1—i_ﬁ( (z))” 1+e= . .
2p/(z ) 2 implies p(z) < =t

(lll) p(Z) +ﬁ( (Z))n 1 +eZ

zp’(z) L2
op(z)+y 1+4e*

(iv) p(z)+

These results have been proved by the admissibility conditions of first order, derived in
previous chapter. Further, we extend this work by obtaining differential subordination

results of second order, which are of the following form:

2

1+yzp'(2)+ 220" (2) <h(z) = p(2)< T o=

where we take h(z) as (1+Az)/(1+Bz), €%, z+ V1+22, 1+sinz, 1 +z¢?, V1+z,2/(1+e7?)
and B, y € R*. We conclude this chapter with differential subordination implications

involving derivatives up to third order, summarized as follows:

L+yzp' @)+ (@) + a2 (@) <hz) = p@) <=

where a, f, y are positive real numbers and h(z) is taken as (1+Az)/(1 + Bz), €%, z+
V1422, 1+sinz, 142z¢*, V1+z or 2/(1+e7?). In this chapter, many results have been
proved by applying the following two lemmas, which simplified the calculations

significantly.

1. Let rg ~ 0.546302 be the positive root of the equation r? +2cot(1)r —1 = 0. Then
o ( 1+ z)
8\1-2

2. For any complex number z, we have

>1 on|z| = Rif and only if R > 1.

llog(1+2z)|>1 ifand onlyif |[z|>e—1.
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This chapter introduces some novel ideas that have enabled numerous researchers to

establish higher order differential subordination results.

Chapter 4 titled “Radius Estimates and Sufficient Conditions for Certain Analytic Func-
tions” is inspired by the works of [73,93] , wherein our focus is to compute radius
estimates such that the functions belonging to some well known subclasses of starlike

functions become functions of the following classes respectively,
Q:{feﬂzlzf’(z)—f(z)|<%,ZEJD}, (1.5.2)

defined by Peng and Zhong [73];

1-—a+azf”(z)/f'(2) }
Gra= eﬂ:l —(1-a)|<A,zeD O<a<l, A>0,
/\,0( {f Zfl(Z)/f(Z) ( )
a general form of Silverman class and S, the class of Sigmoid starlike functions.

These results are proved by utilising some less known properties of Schwarz function
as well as the growth theorem and extremal functions of the corresponding classes.
Further, we find sufficient conditions for a function to belong to G, ,,. These sufficient
conditions are identified as differential inequalities involving derivatives up to second
order. Our proofs of sufficient conditions allow us to construct double integral func-
tions, which belong to G, ,. The notions of differential subordination have been used
to prove these outcomes. Moreover in this chapter, we prove a general result stating
the inclusion relation of G, , with S*(¢). Some of the special cases are obtained by
assuming particular values of ¢(z). The following are some of the significant findings

in this chapter:

1. If feQ,then feG 11 in the disc |z| < rp, where ¢ ~ 0.430496 is the smallest posi-
tive root of 55712 — 2811 — 854710 + 148¢° + 296918 — 21277 — 42867° +281° +2875r* +
9613 —888r2 —32r+96 = 0.

2. LetfeA,, 0<a<land A >0.1If

zf”(z)—oz(f’(z)—@)‘ <9, (1.5.3)

z

where ¢ is the smallest positive root of ¢(r) := (1+n)(2an—A(n+1) —n)r? +n(1 -

a+n)A(n+1)+n+an®)r—An*(n+1-a)?, then f € G, ,.

3. Letf€Gr,(A>0,1/3<a<1). Thenzf'(z)/f(z) <1/(1+cz), wherec=A/(Ba—1)
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and the result is sharp.

This chapter discusses several aspects of the Schwarz function that have not been
extensively employed. As an application, results of Obradovi¢ and Tuneski [70] and

Bulboaca and Tuneski [12] have been acquired as a special case.

In Chapter 5 titled “Pythagorean means and Differential Subordination”, persuaded by
the works [14,19,24,37], we prove a differential subordination implication involving
the convex weighted harmonic mean of p(z) and p(z)®(z) + zp’ (z)P(z), where O, © are
analytic functions. Special cases have been discussed for the functions ¢?, V1 +z and
((1+2)/(1-2z))’. Moreover in this chapter, we prove results involving a combination
of arithmetic, geometric and harmonic mean of analytic functions. Many previously
known results are generalised by this result and a number of conditions are established,
which are sufficient for starlikeness, univalence, strongly starlikness etc. Some of the

important outcomes of this chapter are as follows:

1. Let t € [0,1] and O, € H with ©(0) = 1. By H(t;0,P), we mean the subclass of
H of all functions f such that

Po.e,0,/(2)P10,0,f(2)
7 4 7, 4 7 7 P . (Z) i 0,
P1-t0,0,£(2) )

Hio,(z) = P (1.5.4)
0,0, . 00,0,/ (O)P1,0,0,£(C)
hm]DBC—>z ! ! p 1-t0,9,f (z)=0,

P1-t0,0,¢(C)

is an analytic function in ID, where
Prow,f(z) = (1-t+tO(2))f(2) + td(z)zf'(z), ze€D

and define Hy.g ¢ 0 = 0.

2. Let 6 €[0,1], h € Q with 0 € i(ID) and ©,® € H be such that ®(0) = 1, ReD(z) >
0(zeD)and

h(©)
Ch'(C)

Re (@(z) + ©O(z) - 1)) >0, zeD, {€dD. (1.5.5)

Iftp e H(6;0,P), p(0) = h(0) and Hs,@ ¢, p < I, then p < h. This result has generalised

some existing results.

3. We obtain conditions on all the parameters so that the following implication
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holds.

ZV@Y”
p(z)
zp'(2)
P

@@W@®+

Re|y(p())° +(1-7) > B = Rep(z) > a.

1+

With the development of a general type of harmonic mean, this chapter demonstrates
a differential subordination implication with the assistance of mathematical properties
of harmonic mean. Special cases are obtained for the exponential function, lemniscate
of Bernoulli and strongly starlike functions. Our primary conclusions reduce to the

results of [19,37,50,51,63-65,84] for specific values of the concerned parameters.

Chapter 6 titled “On a Briot-Bouquet type Differential Subordination” entails a general
form of Briot-Bouquet differential subordination and derives an analogue to the Open
door lemma applying to it. This result take different forms, when applied to particular
functions. Special cases of this result have been discussed for the functions ¢?, V1+z
and ((1+2z)/(1-2z))”. It has likewise been shown for the Janowski starlike functions that
the same consequence holds, by laying out conditions on the parameters involved.
In addition, we demonstrate differential subordination implications for the solutions
of a given differential equation. There is one noteworthy aspect that these results are
proved using the following integral representation of p(z), which is the sole solution

of the associated differential equation:

o

Z -1
p(2) =2 f(2) (/3’f f“_l(f)f'(t)tﬁdt) 3
0
Some other integral representations of p(z) have also been obtained depending on
Q(z). As an application, two special cases have been discussed for (1 -z)/(1+z) and
1/(1 +z). Using these two results, we obtain a number of sufficient conditions for

univalence, starlikeness and F—starlikeness. This chapter’s key findings include the

following;:

1. Let a,f € C with f # 0 and & be a function, convex in ID. Suppose Q € H|[1,n] be
a function for which following conditions hold:
(1) R _ >0 (zeD)
“\prn@)+a ‘

h(©)
ch'(C)

(i) Re(mm(z)—l) )>o (zeD, Celr'(pD)),
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where D = {z € D : p(z) = h(C) for some C € JD}. Let p be analytic in ID and p(0) =
h(0) with

zp'(2)
Pp(2) +a

p(2)Q(z) + <h(z),

then p(z) < h(z).

. Let p(z) be analytic in ID with p(0) = 1 and Q(z) € . Suppose that « >0, > 0 and

p satisfies
2p'(2)

PEQE) + =

7

then Rep(z) > 0.

This chapter establishes sufficient conditions in the form of differential equations

that suffice to imply a differential subordination, which eventually helped us to infer

sufficient conditions for starlikeness and univalence.




Chapter 2

Starlike Functions Associated with

Modified Sigmoid Function

In this chapter, we introduce a new subclass of starlike functions, given by

Sic= {f es: O 2 G(z)},

flz) 14e72

where G(z) is the modified sigmoid function. We study some geometric properties of Sy and
use them to obtain several inclusion relations involving other subclasses of starlike functions.
Further, we obtain sharp bounds of first five coefficients and derive structural formula for 8¢ ..
In addition, we establish growth, rotation and distortion theorems for S .. Finally, we deduce
the admissibility conditions for second and third order differential subordination associated

with the modified sigmoid function.

23
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2.1 Introduction

The study of Ma Minda functions has been a topic of great interest and is consider-
ably improved upon by numerous authors over the years. Various researchers have
explored problems such as coefficient estimates, radius estimates, differential subor-
dinations, inclusion relations etc. for the subclasses of starlike functions associated
with particular Ma Minda functions, which has elevated the theory in a wide range
of ways. With the aim of extending this theory for a special function, we consider the
sigmoid function, given by g(z) =1/(1+e *). In order to obtain the normalized form
of g(z), we define the modified sigmoid function as G(z) =2/(1+e™*). The modified
sigmoid function maps ID onto a domain Agg := {w € C : |[log(w/(2 —w))| < 1}, which is
symmetric about the real axis. Moreover, G is convex and hence, starlike with respect
to G(0) = 1. Also G has positive real part in ID and G’(0) > 0. Hence, G falls under the
category of Ma-Minda functions, or we can say that G € Il);. So, the classes $*(G)
and C(G) naturally become the subclasses of S* and C, respectively. As mentioned
in Chapter 1, there are several forms of S*(¢), which have been investigated for their
geometric properties. For instance, Renning [81] investigated the class S}, of parabolic
starlike functions. Sokét [90] considered the class S} = S*( V1+2z) and obtained sev-
eral radius estimates. Mendiratta et al. [58] studied S, = S*(¢*) and proved number of

inclusion relations, coefficient estimates and differential subordination results for this

%

RL’
associated with the left-half of the lemniscate of Bernoulli. In the year 2018, Cho et

class. Afterward, Mendiratta et al. [57] accomplished similar work for the class S

al. [16] examined the class Sg = 8*(1 +sinz) and proved a variety of results. Motivated

by these works, we introduce
Ssc =5(G) and Csc = C(G).

Analytically, a function f € S¢. if and only if zf'(z)/ f(z) lies in the region Ass. From
this definition, we have the following representation formula: A function f is in Sg . if

and only if there exists an analytic function ¢, satisfying ¢(z) < G(z) =2/(1+¢e7%) such

that .
f(z):zexp( fo qb(t)t_ldt). 2.1.1)
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Here are some examples of the functions which belong to the class S¢.: Let

442z 7 + zé* zsinz
itz , Qf)g(z) = 7 and (]54(2) =1+ 3

91(2)=1+7, ¢a() =

Since G(z) is univalent in ID, ¢;(0) = G(0) (i =1,2,3,4) and ¢;(ID) c G(ID), it is easy to
deduce that ¢; < G. Thus, the functions in the class S corresponding to each of the
¢’s are obtained by using the representation formula given by (2.1.1), respectively as

follows:

-1

1—COSZ)

2
@) =2, f) =2+2, fi(2) = zexp( ) and fu(z) = zexp( -

In particular, if we take ¢(z) = G(z) = 2/(1 +¢7?), then we obtain the following function

z ot 22 23 A 5P
— dtl=z+ —+4+—4+ ——— 4+ .. 2.1.2
fsc(2) = zexp (f(; tHet+1) ) T T T 11m2 ' 212

which plays the role of an extremal function for many problems in the class Sg..
Utilising some subordination results proved by Ma and Minda [53], it follows that if

f €85, then f(2)/z < fsg(z)/z and therefore, we obtain the following result.

Theorem 2.1.1. Let f € S and f5g(z) be the extremal function given by (2.1.2). Then,

the following holds whenever |z| =7 < 1:

(i) Growth Theorem: —fsc(—7) <|f(2)| < fsg(r). In particular, f(ID) contains A := {w:
lw| < —fsg(—1) = 0.614535}.

(i) Rotation Theorem: |arg( f(z)/ Z)| < maxyprarg(fsg(z)/z).

(iii) Distortion Theorem: f!.(-7) <|f’(z)| < f-(r). Equality holds for some z # 0 if

and only if f is a rotation of fs¢.

In the subsequent sections, we establish many inclusion relations and find coefficient
estimates. Also, we establish a result which ascertains the largest disk that can be
inscribed inside Agg as well as the smallest disk that contains Agg. Some of the
fundamental results from the theory of admissible functions are also discussed with

regard to the modified sigmoid function.
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2.2 About S;G

Before proving our main results, we present the bounds of the real part of 2/(1+¢7%)

as follows.

Lemma 2.2.1. The function G(z) = 2/(1 + e™%) satisfies
r|r|1in ReG(z) = G(-r) and r|n|ax ReG(z) = G(r),
z|=r z|=r

whenever 0 <r < 1.

Proof. Let G(z) =2/(1+¢e7%). Then a boundary point of G(ID;,), where D, = {z€ C:
|z| < 7}, can be written in the form G(roe'®) =2/(1 + e‘roeig). The outward normal at the

point G(C) is given by CG’(C) where |C| = rg. Thus for C = roe'?, we have

Zroeiee—roeie
(1+e70e?)2’

CG'(0) =

Since we need to find the bounds of the real part, it is sufficient to find the points, at
which the imaginary part of the normal is constant. The imaginary part of CG’(C) is

given by
h(0) =6(2¢770°°% %4 sin (6 — rg sin 6) + 4e~ 0% 5in O + 26737059 5in (6 + 1y sin O)),

where
B 1

el
A simple computation yields that #(0) = 0 for 0 = 0 and 0 = n. It is easy to check that
the maximum value is obtained at 8 = 0 and the minimum value is obtained at 0 = 7.

Since ry is arbitrary, it follows that

: 2
r|§|1irrl ReG(z) = T o and 1’|1;|&=1;< ReG(z) = Tror

O

In the following lemma, we find the radius of the largest disk that can be inscribed
in the domain Agg with centre (a,0), where a lies between the bounds of the real part

of 2/(1+e77?).
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Lemma 2.2.2. Let2/(1+¢) <a<2e/(1+e). If

e—1
= —la—1|,
| la=1i

then
{weC:lw—al<r} CAgg. (2.2.1)

Proof. Let ¢(z) =2/(1+e7?). Then a boundary point of the domain ¢(ID) can be repre-

sented as

2(1 4759 cos (sin 0)) ) 2¢~ 59 sin (sin O)
1+e72¢080 4 Dp=c0sOcog(sin@) 1 +e2¢080 4 2¢=c050 cos(sin O)”

$(e) =
where —7t < 0 < . Now, consider

4—4a((1+e= %Y cos(sin 0)))

2
2, 2.2.2
1+ ¢=2c080 4 Dp—c0s0 g (Sil’l 9) ( )

h(0) =

which is the square of the distance of qb(eie) from (a,0). Since h(0) = h(—0), itis sufficient
to consider the interval 0 < 0 < . A computation indicates that /(0) is a decreasing

function, whenever 2/(1+e¢) <a <e/(e+1). Therefore,

2
Ta = mm h(0) = \/h(m) =a-7

If e/(e+1) <a<(e+2)/(e+1), then the graph of h(0) reveals that it is increasing for
0 €[0,0,] and decreasing for O € [0,, t] where 0, is a root of ' (0), whose value depends
on the value of a. Hence, the minimum of /(6) in this case is attained either at 0 or 7.

Also,

h(rt) — h(0) = %.
Hence,
hm), a<l
min h(0) =
0<0<n h0), a>1.

In the end, let us assume (e+2)/(e+1) <a < 2e/(e+1). For this range of 4, we find that

h(0) is an increasing function and therefore,

rg = mm h(0) = Vh(0) = ——a

Combining the above three cases based upon the decreasing and increasing nature of
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the function h(0), we have the following two cases:

(i) For2/(1+e) <a <1, the minimum of /(0) is attained at 7t. Therefore,
in h(0)=h
Join 7(0) = h(m)

and r, =a-2/(1+e).

(i) For 1 <a <2e/(1+e), the minimum of /(0) is attained at 0. Therefore,
in h(0)=h
GTip, 1O =HO)
and r; =2¢/(1+e)—a.

Upon fusing the above two cases, we haver, = (e—1)/(e+1)—|a—1|, whenever2/(1+e) <

a<2e/(e+1). O

Remark 1. On the similar lines of the proof of Lemma 2.2.2, we conclude that
AsgClweC:|lw—al <R},

where R, is given by

2e
e+1 7 e+1 T e+1
e e+2
R,=1+/h <
“ (Ga), e+1<a_e+1
2 e+2 2e
a— , <a< —,
1+e e+1 e+1

h(0) is given by (2.2.2) and 0, is a root of h’(0), whose value depends on a.

2.3 Inclusion Relations

The following result uses a variety of subclasses of analytic functions, which we

have already pointed out in Chapter 1.
Theorem 2.3.1. The class S satisfies the following inclusion relations:
(i) S5 € S'(a), whenever 0 <a <2/(1+e).

(i) S CRS'(1/B) € M(B), whenever 8 > 2¢/(1 +e).
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(i) Let so ~ 1.94549 be the smallest root of the equation cost + ¢! cos(sint —t) = 0
and h(z) =arg(2/(1+e7%)). ThenS;. C SS*(B), whenever > 2h(e"*0) /rt ~ 0.353914.

(iv) Ifk>1and 0 <a <1, then 87 (k,a) C S:.
particular, k—S7 C S¢

¢ whenever k> (2e—a(1+e))/(e—1). In

¢ Whenever k > 2e/(e —1).

(v) f0<a<1,then 8. c ST (1,a), whenever a < (3—¢)/(1+e).
The result is sharp.

Proof. (i) and (ii) follows as under:

Let f € 8i., then zf'(z)/ f(z) <2/(1+e7%). By Lemma 2.2.1, it is easy to deduce
that
minRe 2 <Re 2f (Z) axRe 2 ,
lZ=1  1+e f(z) |z| 1 1+e72
which implies
2 T
f@@)

Thus, f € S*(2/(1+e)) N M(2¢/(1 +e)). Now, we consider

f() . 1+e* 1+e

R :—1+ Ree ™) = . 2.3.1
zf’(z) |z|111 € 2 ( 1|r§|11n ec) 2e ( )
w
: (L ‘:1
v 'OgZ—w
71 Rew:Tellw—ll
e—1
7/2-|W—1|—e+—1
|ar wl—ﬁn
7/3 g _500 3
—e
Rew—-|lw—-1=—
V4 :Rew Iw2 | —
7/5'Rew=1—+e
fo-| -
Ve 1+el 1+e
T 1te
B 2e
T 3e—-1
B 2e
e+1

Figure 2.1: Boundary curves of best dominants and subordinants of 2/(1 +e7%)
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(iii)

(iv)

From equation (2.3.1), it follows that f € RS*(B), whenever < (1+¢)/2e. Equiv-
alently, f € RS*(1/B), whenever B > 2¢/(1+¢). We know that f € RS*(1/p) if and
only if
zf'(z) p

o 2 <3 (2.3.2)

which implies that Rezf’(z)/ f(z) < B. Using this fact, we have

S¢c CRS(1/B) € M(B), whenever g > 2¢/(1 +e).

Note that the class RS"(B) is equivalent to the class S}, considered by Sokét [90],
for the case when M = 1/2f. Thus f € RS’(1/p) is equivalent to saying that Agg

is contained in the disk given in (2.3.2), whenever g > 2¢/(1 +e).

If f € SZG, then

zf'()
f(@)

2
<maxar
lz|=1 & 1+e2

( sin(sin 0) )

050 4 cos(sin 0)

arg

= max arctan
0<6<2m

= max h(e").
0<0<2m

Putting 1 (') = 0 reduces to cos 6 +¢3% cos (sin@ — 0) = 0 and sy ~ 1.94549 is a
root of this equation. Now we observe thath”’ (e'%0) < 0 and hence maxg<g<o, h(e'?) =

h(e™) ~ 0.555926. Thus f € SS*(2h(e*0) /).

Consider the domain O, = {w € C : Rew > klw — 1| + a} whose boundary J() ,

represents an ellipse for k > 1 and is given by:

(x—A)2  (y—0)> _

2 0 p L
with )
Pl S [ ] e Kot OR )
k2-1 k2-1 V2 -1

For the ellipse () , tolieinside Agg, A +a should not exceed 2¢/(1+e) which yields

the inequality k > (2e—a(e+1))/(e—1). Taking a =0, it follows that k- ST c S,

whenever k > 2¢/(e—1).
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(v) Taking k =1 in part (iv), we observe that the boundary of the domain Q; , =

{w € C:Rew > |w—1|+ a} represents a parabola. Now Agg C () ,, provided

Rew —|w—1| > a, where w = 2/(1 +¢7%). Upon taking z = ¢'%, we have

2(1 4675 cos (sin O)) — \/ 1+ ¢4c0s0 _p=2c0s0 4 4p=2c0s0 gin? (sin O)

1+ ¢72¢c0s0 4 Dp=c0s0 cog (sin O)

> Q.

A calculation shows that the expression on the left hand side attains its minimum
at 6 =7 and is equal to 3-¢)/(1+e¢). Thus 8. € ST(1,a), whenever a <
(B—e)/(1+e).

The sharpness of all the above relations can we verified by Fig 2.1. m|

Theorem 2.3.2. Let -1 <B <A <1, then S'[A,B] € 8§ if either of the following

conditions hold:

(i) 2(01-B) < (1-A)(1+e)and 2(1-B?) < (1-AB)(1+e) < (1-B?)(1+e).

(i) (1+A)(1+e)<2e(1+B)and (1-B?)(1+e) <(1-AB)(1+e) < 2e(1-B?).
Proof. Let f € S'[A,B], then zf'(z)/ f(z) € P[A, B]. Using Lemma 1.2.2, we have

A-B
1-B2’

zf'(z) 1-AB
f(z) 1-B2

which represents a disk. To show that this disk is contained in Agg, it is sufficient to
show that this disk is contained in the disk given in (2.2.1). Leta = (1-AB)/(1-B?),

then using Lemma 2.2.2, we have

e—1 ‘1—AB
ra_

= — -11.
e+1 |[1-B2 ‘

Now, it suffices to show that (A —B)/(1 —B?) <r,. If part (i) holds, then by multiplying
the first inequality by (1+ B)/(1 +¢)(1 — B%), we obtain the required result for 2/(1 +e) <

a < 1. Similarly for part (ii), the result follows when 1 <a < 2¢/(1 +e). O

2.4 Coefficient Bounds

In this section, we find sharp bounds on the first five coefficients of the functions

belonging to the class Sg..
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Theorem 2.4.1. If f(z) =z +apz® +a3z>+... € S then (i) lao| <1/2, (i) |as| < 1/4, (iii)

lagl <1/6 and (iv) |as| < 1/8. These bounds are sharp.

Proof. Let f € St ., then there exists a Schwarz function w(z) = ¥}, wizF such that

SG’

@) 2
@) Tree@

(2.4.1)

Suppose w(z) is taken as w(z) = (p(z) —1)/(p(z) + 1), where p(z) = 1 +c1z+ c2z> +... € P.
Then by substituting w(z), p(z) and f(z) in (2.4.1) and comparing the coefficients, we

obtain alf s in terms of clf s as follows:

1 1 q 1(7 5 5
az—zcl, Elg—g Cz—Z, ag = 48(24C1_§C1C2+4C3)

and
~ 1(174 7 2

2
= +
45 =76\ 115251~ 2161 e C4)

3C+
273

8
(i) Using Lemma 1.2.1, we have |c1| < 2, which further implies that |a| < 1/2.

(ii) For as, we use the inequality |cp — [Jcﬂ <2max{l,|2u—1|} given by Ma and Minda
[53], which yields |a3| < 1/4.

(iii) For ay, first we rewrite (2.4.1) as follows:

2f'(2) = 2f(2) —2f'(2))e”®. (24.2)

By substituting f(z) =z+ Y12, 4z* and w(z) = Yreq wzk in (2.4.2) and comparing

the coefficient of z*, we get

6a w+3ww+1 3
4—3412 24

Using [75, Lemma 2], it follows that [6a4] < 1 and hence the result.

(iv) For as, the result follows by applying [79, Lemma 2.1] with y =17/1152,a = 3/8,
a=1/3and f=7/36.

The extremal functions for the initial coefficients a,,(n = 2,3,4,5) are of the form:

S|
Z) = zex —dt
fn( ) pﬁ t(etn—l + 1)
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obtained by taking w(z) = 2" Lin (2.4.1). O

Example8. (i) Let f(z) =z+ ayz%. Then fe S’;G if and only if |ay| < +/(e—1)/2e.

(ii) Let f(z) =z/(1-bz)?. Then f € S if and only if [b| < V(e=1)/(1+3e).

Proof. (i) Itis known that f € 8. if and only if zf'(z)/ f(z) lies in the domain Agc.
Since S8g- € §, it follows that |a] < 1/2. We observe that w(z) = zf'(z)/ f(z) =
(1+42az)/(1+azz) maps D onto the disk

|az|
1—lag?

_ 2
|w— 1= 2lay| (2.4.3)

1—lag)?

Thus f € S*SG if and only if this disk is contained in Ags. Now, it is sufficient
to prove that the disk given by (2.4.3) is contained in the disk (2.2.1). Since
(1-2la2%)/(1 —|az?) <1, then by using Lemma 2.2.2, we deduce that the disk
mapped by w(z) = zf'(z)/ f(z) is contained in Agg if and only if

—_ 2 _ 2
2 < 1—2ay| and || < 1-2Jap)~ 2 .
1+e ™ 1—|anf? 1—|ap? = 1-1|ap)2 1+e

The above two inequalities yield

e—1 e—1
< A[— <.
laz| < F and |ap| < %

Hence, f € S, if and only if
|a | < d
2= 2¢
(ii) We know that f(z) =z/(1-bz)?> =z+2bz2+3b?z3 +... € S As Sg €S, we have
Ib] <1. Now, we observe that w(z) = zf'(z)/ f(z) = (1 + bz)/(1 — bz) maps ID onto

the disk
2|b|

S T_pp

e 1+ |b)?
1—1b)?

Since (1+|b[%)/(1—|b]?) > 1, then by Lemma 2.2.2, it follows that Agg contains the
above disk if and only if

1+b*  2e 2|b| 2¢  1+|b?
< < _

1—pR " T+e % 1-pR " 1+e 1-ppp
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The above two inequalities yield

e—1
|b|$ TC%B and |b|§

Hence, f € S if and only if

2.5 Admissibility conditions

The monograph “Differential subordination and univalent functions" by Miller and
Mocanu in the year 1981 is considered to be a master piece. It started a revolution by
inciting researchers towards using it for the study of univalent functions. Problems
related to differential subordination were considered by many authors, for example,
see [2,9,15,46,85,92]. In Chapter 2 of this book, the authors have provided a set of
lemmas concluded by the admissibility conditions for second order differential sub-
ordination. A good deal of work has been done using these results. In 2018, Madaan
et al. [55] investigated the class of admissible functions associated with lemniscate of
Bernoulli and proved several first and second order differential subordination impli-
cations. Recently, Naz et al. [67] have established a number of generalised first order
differential subordination implications by defining the admissibility conditions for
exponential function. In [4], Ali et al. modified the concept of second order differen-
tial subordination by introducing f-admissible functions. In the year 2011, Antonino
and Miller [7] extended the concept of differential subordination and admissibility

conditions for third order by introducing the following definitions and results.

Definition 2.5.1. [7] Let ¢ : C*xID — C and h be univalent in ID. If p is analytic in ID

and satisfies the third order differential subordination

V(p(z),2p(2), 220" (2),2°p"" (2);2) < h(2), (2.5.1)

then p is called the solution of the differential subordination (2.5.1). The univalent
function g is called a dominant of the solutions of the differential subordination if
p < g for every p satisfying (2.5.1). A dominant § that satisfies § < g for all dominants
g of (2.5.1) is called the best dominant of (2.5.1).
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Definition 2.5.2. [7] Let Q be the set of functions g that are analytic and univalent on
E\E(q), where
E(g) ={CedD: lirréq(z) = 00}
z—>

and are such that min|g’(C)| = p > 0 for C € ID\E(g). The subclass of Q for which q(0) =a
is denoted by Q(a).

Lemma 2.5.1. [7] Letzp € ID and ry = |zg|. Let f(z) = a,z" + a,+12"*1 + -+ be continuous
on Ero and analytic on DU {zp} with f(z) # 0 and n > 2. If | f(z0)| = max{|f(z)| : z € ﬁro}

and |f’(zo)| = max{|f’(z)| : z € ﬁro}, then there exist real constants m,k,[ such that

z0f'(z0) _ zof”(z0) . _ zof""(z0) .,
@) =m, ) +1=kand Re —f”(Zo) +2=1,

wherel>k>m>n> 2.

Definition 2.5.3. [7] Let Qbe asetin C, g € Q and n > 2. The class of admissible oper-
ators W, [Q, q] consists of those 1 : C* XD — C that satisfy the admissibility condition

Y(r,s,t,1;2) ¢ Q, where r = 4(C), s = nlq'(C),

Cq//(c)
q'(C)

CZq/// (C)
q'(C)

t
Re(1+g)2n(1+Re )and ReanzRe

forz € D and C € dID\E(g).
Lemma 2.5.2. [7] Let p € H|[a,n] with n >2, and let g € Q(a) such that it satisfies

zp’(2)

G© ol

Re 70 -

<n,

when z € D and C € ID\E(g). If Qis a setin C, ¢ € ¥, [Q),a] and

Y(p(),2p' (2), 2" (@), 29" (2);2) € Q,
then p <g.

Now we consider the function q(z) = 2/(1 +¢7*) and define the admissible class W[(,g],
where Q is any subset of C. It is known that g is analytic and univalent on D, g(0) = 1

and g maps ID onto Agg = {w € C: |log(w/(2 —w))| < 1}. Since E(q) = ¢, C € JD\E(g) if
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and only if C = ¢'9(0 < 0 < 27m). Now let us consider

e~ cosB

9" (Ol =

=:d(O 2.5.2

1+ e2¢080 4 2¢=0s0 cos (sin O) ©) (252)
whose minimum value is 2¢/(1 +¢)?. Clearly min|q’(C)| > 0 and thus g € Q(1) and the
class W[(Q,q] is well defined. For |C| =1, q(C) € g(dD) = {w € C: |log(w/(2—w))| =1} =
dAsc. Thus we have|log (9(0)/(2 - 4(0)))| = 1and solog (9(C)/ (2 — q(C))) =€ (0 < 0 < 27),
which further implies that g(C) = 2/(1+¢~¢"). Therefore (g’ (C) = 2¢/%~¢" /(1 +¢7¢")? and

Lg"(©) oho—2 ) e 1)
=ev|1- —| = . . 253
q'(0) 1+e¢° e’ +1 (2:53)
On comparing real part on either side of (2.5.3), we have
Re ¢q”’(Q) e72050 c0s 0 — cos O + 27259 sin @ sin (sin O) . 4(0) (2.54)
7@ 1 4 e2¢c080 4 De=cos6 cos (sin O) =7 -

Note that the function g(0) given by (2.5.4) attains its minimum at 6 = 0 and thus the
minimum value is g(0) = (1 —e¢)/(1 +e¢). Further, the class W[(Q) 2_1 is defined to be

7 1+e~=

the class of all the functions ¢ : €2 xID — C which satisfy the following conditions:

Y(r,s,t;2) ¢ Q,
whenever
2 2meifee” t
= =— . s=mlqg :—;R(1+—)2m1+ 0)), 255
P20 = s = O = i Re( L )2 ma+g0), 259)

where z€ D, 0< 0 <2 and m > 1. If ¥ : C2XID — C, then the admissibility condi-
tions (2.5.5) reduce to

2 2 i0 ,—el?
: eie,(lme iie)z;z)eﬂ (zelD,0<0 <21, m>1).
+e +e

Y

We obtain the following result as a special case of Theorem 1.4.4, when g(z) =2/(1+e7?),

which is required to prove many of our subsequent results.

Theorem 2.5.3. Let ¢ € W[Q,2/(1+e7%)]. If p € H[1,n] satisfies

V(p(),2p'(2),2°p" (2);2) € Q
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then p(z) <2/(1+e7%).

Note that Ma-Minda functions do not satisfy the conditions of the third order differ-
ential subordination result of [7] and hence, we are unable to establish third order
differential subordination results meant for Ma-Minda functions. To overcome this
limitation, without loss of generality, the conditions are altered to accommodate Ma-

Minda functions in the following results:

Lemma 2.5.4. Let p(z) = a+ayz" +a,412"*! +--- be analytic in D with p(z) #aand n > 2,

and let g € Q(a). If there exist points zg = rge'? € D, (o € ID\E(g) and m > n such that

P(ZO) = Q(CO)/ P(ﬁro) - Q(]D),
zp'(2)
q'(C)

when z € Ero and C € JID\E(g), then there exists a real number k > m > n > 2 such that

<m

zop’(z0) = mCoq’ (Co),

zop” (20)
P’ (20)

Re

+1> m[Re Cog” (Co) +1]

q’(Co)
and 2011
zop"" (z0) 2 Re Coq”"’ (Co)

. Coq" (Co)
p'(z0) q’(Co)

q’(Co)

To validate this result, we show the existence of an example as follows: Let p(z) =

+3m(k—1)Re

1+2z? and q(z) = 2/(1 +¢7%), then all the conditions of Lemma 2.5.4 are satisfied for
zo = 4/(e—=1)/(e+1) and Cp = 1. Consequently, the admissibility conditions given in

Definition 2.5.3 and Lemma 2.5.2 are restated as follows:

Definition 2.5.4. Let Q be a setin C, g € Q and k > m > n > 2. The class of admissi-
ble operators W,[(Q,q] consists of those ¢ : C* XD — C that satisfy the admissibility

condition
Y(r,s,t,u;z) ¢ Q. whenzeD, r=q(C), s =mlq’(C),
t Cq"(0)
Re(l + E) > m(l +Re 70 )
and )
u C q///(c) Cq//(C)
Re— > m?R 3m(k—1)R
eSZm e 70 + 3m( ) eq,(c)

for C € ID\E(g).



38

Theorem 2.5.5. Let p € H[a,n] with m > n >2 and let g € Q(a) such that it satisfies

zp’(2)
q'(C)

— 7

when z e D and C € dD\E(g). If Qisasetin C, i € ¥,[Q,g] and
Y(p(2),2p' (), 2" (2), 29" (2);z€ D) C Q,

then p <g.

Let g(z) =2/(1+e7%), we have

2970 _ il 6e="
¢ 7© " ° ! (1+e-)2|

On comparing real parts on either sides, we obtain

Czq,:/((;)) 520 — % =: h(0),
where
N(O) = 6¢7°%(cos (20 — sin ) + 26739 c0s 260 + €729 cos (20 + sin 0))
and
D) = 1+ 40050 40720050 952¢050 145 (25in ) + 4“5 cos (sin O) (1 + e~2<°%Y).

The minimum value of h(0) is attained at 0y ~ 0.651068 and we denote it by
p :=h(0p) ~ —0.406669. (2.5.6)

Thus 1 : C* xID — C belongs to W[Q, —2=], provided ¢ satisfies:

7 1+e

2m616 —el0

Y(r,s,t;z) ¢ Q2 whenever r=g(C) = ” 2 5 5= mCq’'(C) =
+e”

Re(l + é) >m(1+g(0)) and Reg > (m*h(0) +3m(k - 1)g(0)),

where z €D, 0< 0 <27, k>m >2 and g(0) is given by (2.5.4). In view of the above
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conditions, we obtain the following special case of Theorem 2.5.5. The applications of

the following lemma are enlisted in the next chapter.
Lemma 2.5.6. Let p € H[1,n] with m > n > 2 such that for z € ID and C € dD it satisfies

’ —C\2
zp (z)(1_+e ) -
e—C

If Qisasetin C and ¢ € ¥[Q), 2_], then

1+e

217

W(p(2),2p"(2),2°p" (2),22p"' (2);zeD)cQ = p(2) <

14+e7

Henceforth 7, s and t are as defined in Definition 2.5.4. We now list below a few

illustrations derived from Theorem 2.5.3.
Example 9. Let h: D — C be given by

Mz+a
M+az’

h(z) =M M>0, a| <M.

Then Q) = h(ID) = {w € C : |[w| < M}. Now suppose y(a,b,c;z) =a+ob, where o = (M +2+
Me)(1+e)/2, then

[Y(r,s,t;2)l = |r+sol
B 2 2maeiee‘e'6
- —eif + —ei0\2
1+e (1+e¢")
B 2 ﬂmeiae‘el6
1+’ (1+e¢°)
7 eiee—eie
—— | mo —|—1].
1+e 1+e¢°

Since m > 1, we have

1

[Y(r,s8,t;2)| > ﬁ (G(m)‘ 1) > M.

Clearly, (r,s,t;z) ¢ QQ and thus by using Theorem 2.5.3, we have p(z) < 2/(1+¢77?)

whenever
(M+2+Me)(1+e) Mz+a
+ > zp (Z)<MM+dz'

p(z)
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Example 10. Let h : ID — C be given by

_ 1-(1-2a)z

, >1.
1+z @

h(z)

Then Q = h(D) = {w € C: Rew < a}. Let ¢¥(a,b,c;z) = 0(1+c¢/b), where 0 = a(1 +e¢)/2.

Since
Rey(r,s,t;z) = oRe (1 + é) >om(1+g(0)) > om(l+g(0)) =ma > a,

Y(r,s,t;z) ¢ Q. Now by using Theorem 2.5.3, we have p(z) <2/(1+¢7*) whenever

a(l+e) zp"(z)\ 1-(1-2a)z
2 (1+ p’(z))< 1+z

Example11. Leth:ID — Cbe givenby h(z) =1+z. Then Q = h(D) ={w € C: |[w—-1| < 1}.

For ¢(a,b,c;z) =1+0b/a, where 0 =1 +e¢, we have

S iQe—eie
[Y(r,s,t;2) -1 = ‘o;‘ =om

e

om
. >1
1+e¢”

> =
“(1+e) =t

which implies (1,s,t;z) ¢ Q). Then by an application of Theorem 2.5.3, we have p(z) <

2/(1+¢e7%) whenever

zp’(2)
p(2)

Example12. Leth:ID — Cbe given by h(z) =1+z/e. Then Q =h(D) ={w e C: |lw—-1| <

1/e}. Suppose ¥(a,b,c;z) = 1+2b/a?, then

1+(1+e) <1+z.

2s

7/2

i0 _—el?

m
=mje-e —

e

lY(r,s,t;z) -1 = —cos6 5

1
= me > —.
e

Clearly y(r,s,t;z) ¢ QO and thus by using Theorem 2.5.3, we have p(z) < 2/(1+¢77?)
whenever 225'(2)
zp'(z z
% <1+ o
Example 13. Let h(z) = 4ez/(1+e¢)>. Then Q = k(D) = {w : |w| < 4e/(1+¢)*} and let ¢ :

C3xID - C be given as Y(a,b,c;z) = b+c. For ¢ to be in W[Q,Agg], we must have

1+
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Y(r,s,t;z) & Q2. Now, let us consider

2me

(1+e7¢%)2
_elf

[Y(r,s,t;2)|

iee—eie ‘

t
1+-
S

Re(l + E)
s

2me

(1+e7¢%)2
_eiﬁ

2me

(1+e7¢9)2
_elf

\%

2me
(1+e7¢9)2

\%

(1+4(0))

D1me~ 08 0

= )(1 +9(0)).

1+ 72080 4 2p=c0s0 cog(sin O)

Since m > 1, we have

b cos0
1+ 72080 4 2p=c0s0 cog (sin O)
4e
>—.
(1+e)3

[Y(r,s,t;2)I 2( )(1+g(6))

Thus we have y(r,s,t;z) ¢ Q. Hence p(z) < 2/(1 +¢7?) follows from Theorem 2.5.3,

whenever
dez

(1+e)3

zp’(2) + 2% (z) <

Concluding Remarks

Geometric properties of the class Sg . have been investigated in this chapter, which
are later applied to establish inclusion relations of S, with other well known sub-
classes of starlike functions. A magnificent pictorial representation of these inclusion
relations has been provided, which validates the sharpness of these results. The sharp
coefficient bounds are obtained up to fifth coefficient. The most significant contri-
bution of this chapter is the general third order admissibility criterion for Ma Minda
functions which has been obtained by moditfying certain results of [7], as none of the
Ma Minda functions satify their hypothesis.This study has greatly inspired researchers
from various domains to extend it, a few them are mentioned here [23,41,45,56,93,101].

Further investigation of the class S, has been dealt in the next chapter.







Chapter 3

Higher Order Differential
Subordination involving Modified

Sigmoid function

In this chapter, we primarily concentrate on differential subordination problems, where we find
conditions on the admissible function. We determine sharp bounds on € R so that various first
order differential subordinations such as 1+ Bzp’(z) /p*(z) < 2/(1+e73), p(z) +Bzp’ 2)/p"(z) <
2/(L+e7?) imply p(z) < (1+Az)/(1+Bz) (-1<A<B<1)or V1+z and also when the
position of dominants is interchanged. These results are also considered for the case when
is a complex number. Additionally, using the idea of admissible functions presented in the
preceding chapter, we derive many higher order differential subordination results pertaining

to the modified sigmoid function and other well known Ma-Minda functions.
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3.1 Introduction

Differential subordination is an important tool by which various geometrical aspects
of univalent functions can be studied. By employing the technique of differential
subordination, a large number of research articles on this subject have been published

in the literature till now. A few of them are listed below:

1. Tuneski [96] and Tuneski et al. [97] derived conditions for functions in A to be

in S*[A, B].

2. In2007, Alietal. [6] established conditions on § so that for k =0, 1,2, the following

differential subordination implication holds:

zp'(z) 1+Dz 1+ Az

—1<B<A<land -1<E<DX<1
voF 1 PP 1B spsAstand mlsbsbs

+p

3. In2013, Kumar et al. [46] obtained sufficient conditions on s for 1+ f(zp’(z))/ (p(z))k <
(1+Dz)/(14+Ez), wherek =0,1,2 toimply thatp(z) < V1+2z,where-1<E<D<1.

4. Kumar and Ravichandran [48] obtained sharp bounds on f§ so that p(z) < €7,
whenever 1 +ﬁzp’(z)/(p(z))k <(1+Az)/(1+Bz)or V1+z(k=0,2) and many more

functions.

5. Lately, Cho et al. [15] obtained sharp bounds on  so as to prove that 1+
Bzp'(z)/ (p(z))k <1+2z/(1-az?) implies p(z) < ¢* or V1 +z and several other func-

tions.

Motivated by these works, we find sharp bounds on § € R so that the following
differential subordination implications hold:
zp’(z) 2

+'B(P(Z))k Tz T PA<PE  (k=012) (3.1.1)

where ¢ is either (1+Az)/(1+Bz) or V1 +2z. Also, conditions on f are obtained in order
to prove the implication formed by interchanging the functions 2/(1 +e™*) and ¢o(z)
in (3.1.1). Further, these results are also discussed for the case when f is a complex
number. In the articles mentioned above, the authors have mainly used the Miller
Mocanu Lemma to prove their results. In the past few years, some authors studied

similar problems with a new technique namely, admissibility conditions (see [55,67]).
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We use the same technique to prove our results in the third section. The results stated
below, are needed to support our primary outcomes in addition to those, mentioned

in the previous chapters.

Lemma 3.1.1. [61, Corollary 3.4a] Let h be analytic in ID. Let ¢ be analytic in a
domain 9D containing h(ID) and suppose Re[h(z)] > 0 and either h is convex, or
H(z) =zl (z)p[h(z)] is starlike. If p is analytic in ID with p(0) = h(0), p(ID) C O and

p(z) +zp"(2)Plp(2)] < h(z),

then
p(z) <h(z).

Lemma 3.1.2. [61, Theorem 3.1a] Let h be convex in ID and let P : D — C with
ReP(z) > 0. If p is analytic in ID, then

p(2) + P(2)p(2) < h(z) = p(2) < h(2).

Lemma 3.1.3. Let r ~ 0.546302 be the positive root of the equation 12 +2 cot(1)r—1 =0.

Then
1+z ) .
log(E) >1 on|z| =R if and only if R > ry.
Proof. Let z = re'” be a boundary point of the disk |z| < 7, where 0 < r < 1. Then
1+re?
1 — | >1
| og( 1—rel® )
if and only if
1-r2+2rsinf| | 2rsin O
+1arctan( ) >1,
1+72—2rcos6 1—72

which holds if and only if

1_22 2rsi . 2
log? \/( ro)° + r51n6+(arctan(2rsm6)) 1.

(1+72—2rcos 0)2 1—12

The expression on the left hand side attains its minimum at 0 = 7/2 and therefore, the

above inequality holds if and only if

2r \\2
(arctan( )) >1,
1—12
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which is true if and only if

r > (—cot(1)+ /1 +cot?(1)) ~ 0.546302.

Lemma 3.1.4. For any complex number z, we have
llog(1+2z)|>1 ifand onlyif |[z|>e-1.
Proof. Let z = re'” be a boundary point on the disk |z| < 7. Then
llog (1+7¢'%) > 1

if and only if
rsin® ‘
Jo»

log|1+rcosO+irsin@ +iarctan(—
8l | 1+rcosB

which holds, if and only if

- 2
log® V1+12+2rcos6 + (arctan(ﬂ)) > 1.
1+7rcos@

The expression on the left hand side attains its minimum at 6 = 0 and therefore the

above inequality holds if and only if
log(l1+7)>1,

which is true if and only if r > e—1. o

3.2 Applications of Miller Mocanu Lemma

In this section, we present first order differential subordination results proved by

applying the Miller Mocanu lemma.

Theorem 3.2.1. Suppose p is analyticin ID and p(0) = 1 such that it satisfies 1 + fzp’(z) <
2/(1+e7%)and

Z et—1
then the following holds:
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(1) p(z) < (1+Az)/(1+Bz), whenever > max{(1+B|)g(1)/(A-B), Img(i)(1+ B?)/(A-
B)}, where -1 <B<A<1.

(i) p(z) < V1+z, whenever > g(1)/( V2-1).
These bounds are sharp.

Proof. The differential equation

1+ Bzqy(z) = Tz h(z)
has a solution g : D — C defined as
1z 22 2 1727

9@ =1+ 515 =75 " 00 ~ 282240 |

Now we apply Lemma 1.4.1 with 6(w) = 1 and i(w) =  and thus the functionQ:ID — C

becomes
-1
eZ+1

Q(z) = zq5(2)(qp(2)) = Pzy(z) =

A calculation shows that, for z € D,

zQ'(2) _R 2z¢*

0
0@ "1

and hence Q is starlike in ID. Clearly h(z) = 1+ Q(z) and so Re(zh’(z)/Q(z)) > 0 on D.
Hence, by Lemma 1.4.1, 1+ zp’(z) <1+ ﬁzqé(z) implies p(z) < g5(z). Now, we only
need to show that g4(z) < ¢o(z) in each of the parts. Note that if () < ¢po(2),

Po(=1) < qp(=1) < qp(1) < Po(1) (3.2.2)

and

Also, gp(z) is analytic and maps ID onto a domain which is convex and symmetric
with respect to real axis. Due to the geometry of the respective functions, it is easy
to conclude that the conditions given in (3.2.2) and (3.2.3) are necessary as well as
sufficient in case of ¢o(z) = (1 + Az)/(1 + Bz). Whereas in case of ¢(z) = V1+z, the

condition (3.2.2) alone is necessary as well as sufficient.

(i) Let ¢o(z) = (1+Az)/(1+Bz). Then (3.2.2) and (3.2.3) give the following three
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inequalities:
1-A 1-B
— > _—
qp(=1) > 1-p’ whenever f Zg(l)A_B B1
1+A 1+B
- > =
qp(1) < L whenever f> g(l)A 3 B2
and X
, 1+ Ai ~1+B
- > =
Imgp(i) < Im T Bi’ whenever f>Img(i) . B3,

where g(1) ~ 0.486889 and Im g(i) ~ 0.514788. We observe that

, f B<O0
maxipupol = o<1’ 7

‘32, Zf B> 0.

Therefore, g(z) < (1+ Az)/(1+ Bz), whenever f > max{fo, f3}.

(ii) Let ¢po(z) = V1+z. From (3.2.2), we have the following two inequalities:
qp(-1) 20, whenever B2>g(1)=p;

and

9(1)
V2-1
where g(1) ~ 0.486889. Since max{f1,f2} = 2, then gg(z) < V1+z, whenever
B=g(1)/(V2-1).

qp(1) < V2, whenever B3> = B2,

By taking p(z) = zf'(z)/ f (z) in the above theorem, we obtain the following result.

Corollary 3.2.2. Suppose a function f € A satisties the subordination

@[ 2@ @) 2
o\ e T e )< T4es

and g(z) be defined by (3.2.1). Then

(i) f € S'[A,B], whenever > max{(1 +|B|)g(1)/(A - B), Img(i)(1 + B?)/(A - B)}.

(i) f€ S, whenever > g(1)/(V2-1).
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Theorem 3.2.3. Suppose p is analytic in ID and p(0) = 1 such that it satisfies 1+
Bzp’'(z)/p(z) <2/(1+e*) and g(z) be defined by (3.2.1), then the following holds:

(1) p(z) < (14+Az)/(1+ Bz), whenever > fx, where =1 <B <A <1and

_ —g(1) g(1) Im (i)
T ) ) )

(ii) p(z) < V1+z, whenever > g(1)/log( V2).
These bounds are sharp.

Proof. The differential equation

Z% (2) )

1+p qp(2) T 1tec =hz)

has a solution g : D — C defined as

(2) = ex 1(z 23 2z 1727
912 =PI g\2 7 72 T 1200 ~ 282240

With O(w) =1 and (w) = f/w in Lemma 1.4.1, the function Q : ID — C becomes

qu/g(z) -1

Qz) = ZQZ;(Z)QZ)(%(Z)) =p Qﬁ(z) T ez41

On the similar lines of the proof of Theorem 3.2.1, the following parts are proved.

(i) Let ¢o(z) = (1 +Az)/(1+ Bz). Then (3.2.2) and (3.2.3) give the following three

inequalities:
1-A —g(1)
qp(— 1)21 B whenever ﬁ_log((l = A)/(1=B) =pB1,
1+A g(1)

gp(1) < T35 whenever f> log((1+A)/(1+B)) =F

and

Im (i)

) (A—B)
arcsin
1+ B2

Imgg(i) < ITm—— LA whenever >

1+Bi’ =Pa-
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Let Bmax = max{f1, B2, p3}. Then qﬁ(z) < (1+Az)/(1+Bz), whenever 8 > fmax-

(ii) Let ¢o(z) = V1+z. Then (3.2.2) gives the following two inequalities:
qp(=1) >0 for every 8

and

gp(1) < V2, whenever B = g(1)/log( V2).

Thus gg(z) < V1+z, whenever 8 > g(1)/log( V2).

The following result is obtained by taking p(z) = zf'(z)/ f (z) in the above theorem.

Corollary 3.2.4. Suppose a function f € A satisfies the subordination

zf'(2) zf”(z)) - 2

P (1_ @ e ) 1

and g(z) be defined by (3.2.1). Then
(i) f € S’[A,B], whenever f > Bmax, Where fmay is given in (3.2.4).

(i) f€S;, whenever > g(1)/log(V2).

Theorem 3.2.5. Suppose p is analytic in ID and p(0) = 1 such that it satisfies 1+
Bzp’(z)/p*(z) < 2/(1+e7?) and g(z) be defined by (3.2.1). Then the following are true:

(1) p(z) < (1+Az)/(1+ Bz), whenever > (1+|A[)g9(1)/(A—B), where -1 <B< A< 1.
(ii) p(z) < V1+z, whenever > g(1) V2/(V2-1).
These bounds are sharp.

Proof. The differential equation

TG I

1+ =
ﬁ qé(z) 1+e2

=h(z)
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has a solution g : D — C defined as

1

1_1 E_£+ z° B 1727
Bl2 72 1200 282240

Taking O(w) = 1 and Y(w) = f/w? in Lemma 1.4.1, the function Q : ID — C becomes

’

Zqﬁ(z) B ec—1
qé(z) Cer+1

Q) = 24(2)9(s(2) = B

A calculation shows that Re(zQ’(z)/Q(z)) = Re(2z¢?/(¢** — 1)) > 0, z € D and hence Q is
starlike in ID. Since h(z) = 1+ Q(z), it is clear that Re(zh’(z)/Q(z)) > 0 on ID. Thus, as a
consequence of Lemma 1.4.1, we have p(z) < qg(z). Now, we only need to show that
qp(z) < ¢Po(z) in each of the parts. The geometry of the respective functions indicate

that the condition (3.2.2) is necessary as well as sufficient for gg(z) < ¢po(2).

(i) Let ¢o(z) = (1+Az)/(1+Bz). Then (3.2.2) gives the following two inequalities:

1-4 1-A
qp(—-1) = 1-3’ whenever f> g(l)m = B1
and
1+A 1+A
qﬁ(l) < m, whenever ﬁ > g(l)A—B = ‘32/

where g(1) ~ 0.486889. We observe that

ﬁl/ if A<O
max{fy, 2} =
ﬁz, if A>0

Therefore, g4(z) < (1+ Az)/(1+ Bz), whenever 8 > g(1)(1 +|A[)/(A - B).

(ii) Let ¢po(z) = V1+z. Then (3.2.2) gives the following two inequalities:

p<-g(1), if B<O0
any f, if >0

qp(-1) >0 for

and

g(1) V2
V2-1

qp(1) < V2, whenever B>
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Since both the conditions hold for the case when > g(1) V2/(V2-1), we have
qp(z) < V1+z for such B.

The following result is obtained by taking p(z) = zf’(z)/ f(z) in the above theorem.

Corollary 3.2.6. Suppose a function f € A satisties the subordination

2@\ (. z2f'@) zf'@) 2
“’3( f(z)) (1‘ f@ PG )<1+e-z

and g(z) be defined by (3.2.1). Then
(i) fe€S'[A, B], whenever > (1+]Al)g(1)/(A-B).

(ii) f €8], whenever > g(1) V2/(V2-1).

Further, we prove similar results by using a different technique, where we consider

pecC.

Theorem 3.2.7. Let p be a function analytic in ID such that p(0) =1 and

zp'(z) 2

1+ﬁpk(z) <1+€_Z fork=0,1and 2.

Let rg ~ 0.546302 be the positive root of the equation 7> +2cot(1)r — 1 = 0. Then each of
the following holds:

(i) p(z) < (1+Az)/(1+ Bz), whenever || > ro(1 + |B|)>**(1+|A|)*/(A - B).
(ii) p(z) < V1+z, whenever || > 26+3)/2y,
Proof. (i) Let g(z) = (1+Az)/(1+ Bz). Then the function Q(z) given by

zq'(z) Bz(A—-B)
g*(z)  (1+Bz)2%(1+ Az)k

Qz)=p

is starlike in ID (see [46]). Therefore, if the subordination

zp'(2) 14 zq'(z)
pk(z) 7*(2)

1+
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holds, then p(z) < g(z) using Lemma 1.4.1. To prove the desired result, it suffices
to show that

> @) pHA-B)
ez e W B A A

h(z).

Let w = ¢(z) = 2/(1 +¢e7?). Then ¢ '(w) = log(w/(2 —w)). The subordination
¢(z) < h(z) is equivalent to z < ¢p~!(h(z)). Thus, we only need to show that
|¢)‘1(h(eit))| > 1. Taking z = et (0 <t <2m), we have

pe'(A—B)
(1+ Beit)2=K(1 + Aett)k
Be''(A - B)
(14 Beit2K(1 + Aeityk

o~ ((e™))| = |log

By Lemma 3.1.3, it follows that the above inequality holds whenever

Be't(A - B) .
- - 2 1o,
(1+ Beit2k(1 + Aeit)k| = °

which is true if - .
ro(1+|B])=7"(1 +|A]|

Bl o( )7 ).

A-B

Let g(z) = V1+z. Then, the function Q(z) given by

G4 pe
gk(z)  2(1+z)k+D/2

Qz) =p

is starlike in ID [46]. Therefore, if the subordination

W@ 2
Fo P re

1+p

holds, then p(z) < g(z) by Lemma 1.4.1. To prove the desired result, it is enough
to show that

2 <1+5zq’(z)_1+ P

1+e72 gk(z) T 2(1+2)k+D/2 =h().

On the similar lines of proof of part (i), we need to show that

,Beif
I+ ——
2(1 + ezt)(k+1)/2

elt
T
2(1 + ezt)(k+1)/2

o~ (h(e™))| = [log
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Using Lemma 3.1.3, it follows that the above inequality holds, whenever

ﬁeit

‘2(1 + eit)(k+1)/2 = To,

which is true, if
1Bl > 2(+3/2y,

O

Corollary 3.2.8. Let o be the positive root of the equation 7> +2cot(1)r—1=0. If a

function f € A satisfies the subordination

zf'@) (,  2f"(2) zf'(z) 2
ST (“ @) f@ ) 1t

then

(i) f € S'[A,B], whenever || > ro(1 + IB])2/(A—B). In particular, f is starlike for
|ﬁ| > 21”0.

(i) f€S;, whenever || >2 V27p.

Corollary 3.2.9. Let g be the positive root of the equation 7> +2cot(1)r—1=0. If a

function f € A satisfies the subordination

zf"(z) zf'(z) 2
S o R

then

(i) f € S*[A,B], whenever |B| > ro(1+|B|)(1+|A|)/(A = B). In particular, f is starlike
for |B| = 2ry.

(ii) f €8], whenever || > 4r.

Corollary 3.2.10. Let rq be the positive root of the equation 7> +2cot(1)r—1=0. If a

function f € A satisfies the subordination

2@\, zf'() zf () 2
“ﬁ( @ ) (“ o f@ )<1+e-2’

then
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(i) f € S'[A,B], whenever |B| > ro(1 + |A)?/(A-B). In particular, f is starlike for
|ﬁ| > 21’().

(i) f €S, whenever |B| > 4 V2ry.

In the following results, we find sharp bounds on € R so that the following differential

subordination implications hold:

zp'(2)
e <¢o@) = pR<7 =

+P (k=0,1,2)

where ¢y is taken as (1+Az)/(1+Bz) and V1+z.

Theorem 3.2.11. Let p be a function analytic in ID with p(0) = 1. If any of the following

conditions is true:

(1) 1+ Bzp’(z) < (1+Az)/(1+ Bz), where > (A - B)log(1 —B|)(1+¢)/((1—e¢)|B|) and
-1<B<A<1(B#0)

(1) 1+ pzp’(z) < V1+z, where f >2(1-log2)(e+1)/(e—1),
then p(z) <2/(1+¢e7?).

Proof. (i) The differential equation

1+Az_
1+Bz

1+ ﬁzqé(z) = h(z)

has a solution g : D — C defined as

(A-B)log(1+Bz)
BB '

qp(z) =1+

In order to apply Lemma 1.4.1, we take O(w) =1 and y(w) = f and hence the

function Q : ID — C becomes

A-B
Q) =2 DOH(EN = o) = T
A calculation shows that, for z € ID
ReZZE) g1 o

€ Q(z) 1+ Bz
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(ii)

and therefore Q is starlike in ID. It is easy to note that i(z) = 1+ Q(z) and so
Re(zh'(z)/Q(z)) > 0 on ID. By Lemma 1.4.1, 1+ pzp’(z) < 1+ ,qu%(z) implies p(z) <
qp(z). Now, we only need to show that gg(z) <2/(1+e7%) = ¢(z). Geometrically, it
can be concluded that the condition (3.2.2) is necessary as well as sufficient and

yields the following two inequalities:

(1+e)(A-B)log(1-B)

2
qp(=1) > Toe whenever B> .

(1—-e)B
and
2e (e+1)(A-B)log(1+B)
qp(1) < Teo’ whenever > 1B =
We observe that
B, if B>0
max{py,fa} =
B, if B<O.

Therefore gp(z) < 2/(1+e7%), whenever g > (1+¢)(A —B)log(1—|B|)/(1—e)|B|.

The differential equation
1 +5zq;(z) = V1+z=h(z)
has a solution g : D — C defined as
qp(2) = 1+§(\/m—log(\/m+1)+log2—l).
Taking 6(w) =1 and ¢(w) =  in Lemma 1.4.1, the function Q : ID — C becomes
Q) = 2q(2)P(s(2)) = paqyz) = VI+z-1.

A calculation shows that Q(z) is starlike and Re(zh’(z)/Q(z)) > 0 for z € ID. Pro-

ceeding in the same manner as in part (i), we have the following two inequalities:

2 2(e+1)(1-log2)
qp(=1) = Tae’ whenever > =D =p1

and

gp(1) < %, whenever f > %(2 V2-2log(V2+1) +210g2—2) = Bo.
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We observe that
max{f1, 2} = p1.

Thus gg(z) <2/(1+e7%), whenever § > (e+1)(2—2log2)/(e—1).

Corollary 3.2.12. Let f € A and

B zf'(2) zf"(z) zf'(2)
%@‘“ﬁﬂm@+ﬁw'f@'

Then f € 8, if any of the following conditions hold:

(i) ©p(2) < (1+Az2)/(1+Bz), where § > (A - B)log(1 - |B|)(1+¢)/((1-¢)|Bl) and -1 <
B<A<1(B#0).

(ii) Dp(z) < V1+z, where > (e+1)(2—-2log2)/(e—1).

Theorem 3.2.13. Let p be a function analytic in ID with p(0) = 1. If any of the following

conditions hold:
(1) 14+Bzp’(2)/p(z) < (1+Az)/(1+Bz) (-1 < B <A <1)and > fmax, Where

(A-B)log(1-B)
log(2/(1+e¢))B

if B<(l—e)/(1+e)

ﬁmax =
(A-B)log(1+B)

oge/eryp o Bz-a/d+e),

(ii) 1+ Bzp’(2)/p(z) < V1+z, where > (2 V2 -2log(V2+1) +2log2 —2)/log(2e/(1+
e)),

then p(z) <2/(1+e7%).
Proof. (i) The differential equation

GO 1ear
gpz)  1+Bz

1+p h(z)

has a solution g : D — C defined as

A—B)log(1+B
WERRWICLL (L]
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(i)

Taking O(w) =1 and y(w) = f/w in Lemma 1.4.1, the function Q : ID — C becomes

, Pz15(2)  (A-B)z
Qz) = Zqﬁ(2)¢(%(2)) = ) - (1+Bz)’

Proceeding in the same manner as in Theorem 3.2.11 (i), we have the following

two conditions:

S (A-B)log(1-B) _
pz log(2/(1+e)B "

2
qp(=1) = oo’ whenever

and
(A-B)log(1+B) _

B> =
log(2e/(e+1))B

2
qp(1) < 1_—fe' whenever

We observe that

B1, if B<(l-e)/(1+e)
maX{ﬁl,ﬁz} = Brax =
B2, if B>(1-¢e)/(1+e).

Thus gg(z) <2/(1+e7%), whenever 8 > Bmax-

The differential equation

2q45(2) B
1+8 @ = V1i+z="h(z)

has a solution g : D — C defined as

qp(z) = exp(%(\fl +z—log( V1 +z+1)+log2—1)).

We apply Lemma 1.4.1 for O(w) = 1, (w) = f/w and the function Q : ID — C given
by

zq5(

5()
= Vl+z-1.
qp(2)

Proceeding in the same manner as in Theorem 3.2.11 (ii), we have the following

Q) = 2q2)p(gp(2) = B

two conditions:

2log2-2

2
gp(-1) =2 —, whenever f2> m =B

T 1+e
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and

2V2-2log(V2+1)+2log2-2 _
log(2e/(1+¢)) LG

2
Qﬁ(l)ﬁl—fe, whenever f>

Clearly,
max{f1, 2} = pa.

Thus gg(z) <2/(1+e7%), whenever § > (2 V2—2log( V2+1)+2log2—2)/log(2e/(1+
e)).

Corollary 3.2.14. Let f € A and

+

@) Zf”(Z))
f@ " F@ )

Dp(2) = 1+5(1

Then f € 8, if any of the following conditions hold:

(i) Pp(z) < (1+Az)/(1+Bz) and f > fmax, Wwhere -1 <B <A <1and

(A-B)log(1-B)
log(2/(1+e))B ’

if B<(l-e)/(1+e)

ﬁmax =
(A-B)log(1+B)
log(2e/(e+1))B’

if B>(1-e)/(1+e).

(i) @p(z) < V1+z, where f > (2V2-2log(V2+1)+2log2—2)/log(2e/(1+e¢)).

Theorem 3.2.15. Let p be a function analytic in ID such that p(0) = 1. If any of the

following conditions hold:

(i) 1+Bzp’(2)/p*(z) < (1+Az)/(1+Bz) and > fmax, Where -1 <B< A <1 and

3 2(A—B)log(1-B) 2¢e(A-B)log(1+B)
Pmax = max{ (1-eB ' (e—1)B }

(i) 1+pzp’(2)/p(z) < V1+2z, where f > 4e( V2 —log(V2+1)+log2-1)/(e-1),

then p(z) <2/(1+¢e7?).
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Proof. (i) The differential equation

O 104z

1+ = =h(z
ﬁ qé(z) 1+ Bz @)
has a solution g : D — C defined as
)= 1
632) = _(A-B)log(1+B)’
Bp

We take O(w) = 1 and ¥(w) = B/w? and use Lemma 1.4.1, so that the function Q: 1D — C

becomes )
2052 (A-B)z

Q) = 2q(2)p(qp(2)) = B P@ (B

Proceeding in the same manner as in Theorem 3.2.11 (i), we have the following two

conditions:

2(A-B)log(1-B)
(1-¢)B — Pl

‘7/3(_1)2%, whenever >

and
2¢(A—-B)log(1+B)

(e—1)B
Let By = 0.796615 be the root of the equation log(1 — B) +elog(1 + B) = 0. Then

2
qﬁ(l)sl—_fe, whenever >

B1, if B<B
max{ﬁlr,@Z} = ﬁmax = (3.2.5)
B2, if B> By.

Thus qlg(z) <2/(1+e7*), whenever 5 > Bmax-

(ii) The differential equation

2q(2)
1+p zﬁ = Vli+z="h(z)
2)
72
has a solution g : D — C defined as
1

9p(z) = — :
1—E(\/1+Z—log(\/1+z+1)+log2—1)
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We apply Lemma 1.4.1 with 6(w) = 1, (w) = f/w? and

, 2q4(2)
Q(z) = zq5(2)Pp(qp(2) = p— — = Vl+z—-1.
q5(2)
Proceeding in the same manner as in Theorem 3.2.11 (ii), we have the following two
conditions:
N> 2 h S 4(log2-1)
%( )_1+e' whenever f2> - =
and
20 4e( V2-log(V2+1)+log2-1)
< — > = B,
qgp(1) < oo whenever f> p— B2

It can be easily concluded that max{f1, 2} = 2. Therefore, we have g5(z) <2/(1+¢7%),
wheneverﬁz4e(\/§—log(\/§+ 1)+log2—1)/(e—1). O

Corollary 3.2.16. Let f € A and

zf'(z))‘1 (1 L@ Zf’(Z)).

P =146 ( @ o f@

Then f € 8, if any of the following conditions hold:

(1) Dg(z) < (1+Az)/(1+Bz)and B > Bmax, Where Bmax is given by equation (3.2.5) and
p & yeq
-1<B<A<L

(if) Dp(z) < VI+z, where p > 4e(V2-log(V2+1)+log2-1)/(e-1).
Again, we extend the preceding three results for g € C.

Theorem 3.2.17. Let p be a function analytic in ID such that p(0) = 1. If any of the
following conditions holds for k =0,1,2:

() 1 +ﬁzp’(z)/pk(z) < (14+Az)/(1+ Bz), where |B| > (A - B)ek=1(1 + )27k /(1 — |B|)21*
and -1<B<A<1

(i) 1+Bzp’(2)/p"(z) < V1+z, where || > ( V2 +1)ek"1(1 + )2k,
then p(z) <2/(1+e7%).
Proof. Let q(z) =2/(1+¢e7%). Then the function Q : ID — C is given by

_z2q'(z)  2VKpze
RE=F @) (L+ezRk
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It is easy to see that Q(z) is starlike in ID. By Lemma 1.4.1, if the subordination

PE) 7O

1
R 7@

holds, then p(z) < g(z).

(i) To prove the required result, we need to prove that

’ 21—k -z
1+Az<1+ﬁzq (z) 1+ Bze - )
1+ Bz gk(z) (1+e72)2k

Let w = ¢(z) = (1+Az)/(1 + Bz). Then qb_l(w) = (w—-1)/(A - Bw). The subordination
$(z) < h(z)is equivalent to z < ¢~ (h(z)). Thus it suffices to show |~ (h(e"))| > 1. Taking

z=¢" (0 <t<2m), we have

21—k|‘3|
(A = B)ecost(] 4 g=2¢ost 4 Dp=cost cog(sint)) 2 +21-k|Bf]

=a(t).

o~ (h(e™))| >

A computation shows that ming<;<>r a(t) is attained at t = 0. Thus

~ 21_k|ﬁ| -
~ (A=B)e(1+e 12k 4 21-kBg| =

a(0)

whenever
(A-B)e(1+e 12k

(1-1B)21*

1Bl =

(ii) Here,we need to prove that V1+z <h(z). Let w = ¢(z) = V1+z. Then cp‘l(w) =
w? —1. To prove the required result, it suffices to show that |¢p~1(h(e))| > 1. Taking

z=¢" (0 <t<2m), we have

. " 21—kﬁeite—eit 2
—_— 1 — —_
o~ (h(e")) = ' 1+ —(1 v 11 >1,
whenever "

21-kg,it e—el

(1+e7¢")2k
The above inequality is true, whenever

21-k|g|e—cost
il > V2+1.

(1+e~2¢c0st 4 2p=cost cog (sin t))2K)/2 —
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The function on the left hand side attains its minimum at f = 0 and is equal to
217KBle1 /(1 +e71)>7K. Thus ¢(z) < h(z), whenever || = 261(V2 +1)e(1 +e71)2 7%, O

Corollary 3.2.18. Let f € A and

RS O
o =155 (15 -5 )

Then f € SEG’ if any of the following conditions hold:

(i) Pp(z) < (1+Az)/(1+ Bz), where |B| > (A - B)(1 +e)?/2e(1—-|Bl) and -1 <B<A<1.
(i) @p(z) < V1+z, where |B| > (V2+1)(1+¢)?/2e.

Corollary 3.2.19. Let f € A and

o= apfos £ 1)

f'@ @)

Then f € S, if any of the following conditions hold:

(i) ®g(z) < (1+Az)/(1+Bz), where || > (A-B)(1+e)/(1-|B))and -1 <B<A<1.
(i) ®p(z) < V1+z, where |B| > (V2+1)(1+e).

Corollary 3.2.20. Let f € A and

zf'(z))‘1 (1 L@ Zf’(Z))_

Do) =146 ( @) @ f@

Then f € 8, if any of the following conditions hold:

(i) Pp(z) < (1+Az)/(1+Bz), where || >2(A-B)e/(1-|B[)and -1<B<A <.

(i) ®p(z) < V1+z, where |B| > 2(V2+1)e.

Now using Lemma 3.1.2, we obtain the following subordination results pertaining to

the class S; .. In particular when hi(z) =2/(1 +¢7%) and P(z) = §, we have:

Theorem 3.2.21. Let p be a function analytic in ID with p(0) = 1 such that it satisfies

p(z) + Bzp’(z) < Rep > 0.

1+e2’

Then p(z) <2/(1+e77?).
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By taking p(z) = zf’(z)/ f(z) in Theorem 3.2.21, we obtain the following result.
Corollary 3.2.22. If a function f € A satisfies the subordination

2
1+e7’

zf'(z) zf"(z) ~ zf’(z))
(et IS Coie o B

then f € S§;., whenever Ref > 0.

By taking h(z) =2/(1+e7?) and P(z) = /p(z) in Lemma 3.1.2, we obtain the following

result:

Theorem 3.2.23. Let p be a function analytic in ID with p(0) = 1 satisfying

zp’(z) 2
PE)+p p(z) = 1+e72
and «(t) be defined as
—sin(sint)
K(t) =

st + cos(sint)”
Then p(z) <2/(1+¢e7%) whenever Re§ > x(—sp)| Im 8|, where sy ~ 1.94549 is the smallest

Ccost

root of the equation cost +¢“** cos(sint —t) = 0.

Proof. Let h(z) =2/(1+¢e7%). Then h(0) =1 and (D) = {w € C: |log(w/(2—w))| <1} is a
convex set. Therefore, & is a convex function. By taking ¢(w) = /w in Lemma 3.1.1,
the function H(z) becomes

Bz
(1+e%)

H(z) = zh' (2)p(h(z)) =
A calculation shows that, for z € D,

Re

zH'(z) ze*
H(z) =1-R (1+ez)>0

and hence H is starlike in ID. Also,
1 —Z
Rep[h(z)] = EReﬁ(1+e )>0,

whenever

ReB-Re(1+e7*)—ImpB-Im(1+e7%) > 0.
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The above inequality holds, for z = ¢’ (0 < t < 27), whenever

Rep —sin(sint)
ImpB et + cos(sint)

=x(t) for the case when Imp >0

and
Rep .- sin(sint)

ImpB  ewst + cos(sint)

=x(t) for the case when Impg <0.

The function x(t) attains its maximum at t = —sg ~ —1.94549, where k(—sg) ~ 0.621289
and minimum at ¢t = sg & 1.94549, where «(sg) ~ —0.621289. So it is sufficient to take

Re > «(—sp)|Imf|. The result follows, by applying Lemma 3.1.1. m|

Taking p(z) = zf'(z)/ f(z) in Theorem 3.2.23, we obtain the following result.

Corollary 3.2.24. If a function f € A satisfies the subordination

F(2) Zf”(z)_Zf’(z)) 2
@) +ﬁ(” o f@ ) Trer

%

then f is a member of S <G’

Theorem 3.2.23.

whenever Ref > x(—s¢)|Im 8|, where x(—sp) is as defined in

The next result is obtained by taking h(z) = 2/(1+¢7?) and P(z) = 8/(p(z))? in Lemma 3.1.2.

Theorem 3.2.25. Let p be a function analytic in ID with p(0) = 1 satisfying

zp'(z) 2
PE)+p p2(2) = 1+e2
and «(t) be defined as
- (e‘z costgin(2sint) +2e~ ! sin(sin t))
K(t) =

142008t cos(2sin t) + 2e~ <05t cos(sin )|

Thenp(z) <2/(1+e7%), whenever Re§ > k(—sp)|Im |, where s is given in Theorem 3.2.23.

Proof. Let h(z) = 2/(1+e7%), which is a convex function. Taking ¢(w) = B/w? in

Lemma 3.1.1, the function H(z) becomes

: pz
H) = 2l (1)) = 5.
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A calculation shows that for z € D,

zH’(z)

Re H(z)

=1-Rez>0

and hence H is starlike in ID. Also,
1 —Z\2
Re¢[h(z)] = ZRe(ﬁ(l +e7%)%) >0,

whenever

RefS-Re(l+e?)? —Imp-Im(1 +e %)% > 0.
The above inequality holds, for z = ¢'* (0 < t < 27), whenever

Ref ~— (e_z costsin(2sint) +2e~ St sin(sin t))

ImpB = 1+e-205tcos(2sint) + 205t cos(sint)

k()
for the case when Imp > 0 and

Ref ~— (e‘z costgin(2sint) +2e~ ! sin(sin t))

ImpB  1+e2costcos(2sint) +2e oSt cos(sin t)

=x(t)

for the case when Imp < 0. The function «(f) attains its maximum at t = —sp and
minimum at t = sp. The approximate value of g at —sp and s are 2.02374 and —2.02374
respectively. So it is sufficient to take Re > «(—sp)|Imf|. Thus the result follows, by

applying Lemma 3.1.1. |

Corollary 3.2.26. Suppose a function f € A satisfies the subordination

2f'(2) zf'(z))‘l( Zf”(z)_Zf’(z)) 2
f@ (f(z) YD T ) Teer

%

Then f is a member of SSG,

in Theorem 3.2.25.

whenever Ref > k(—sp)|Im |, where x(—sp) is as defined

In the subsequent sections, we establish various differential subordination implica-
tions for first, second and third order respectively. We use the admissibility conditions

for the modified sigmoid function, which are derived in the previous Chapter.
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3.3 Applications of Admissibility Conditions

First Order Differential Subordination

In this section, we find conditions on 5, ¥ and 6, where f is a complex number and

6, y € R", so that each of the following implications holds:

(i) 1+B(zp'(2)" < Tz

zp’(z ) 2
(z))” 1+e7%
2p/(z ) 2 implies p(z) <

p(z))” 1+e7%
zp'(2) L2

op(z)+y 1+e2

(i1) 1+ﬁ(

14+e2

(iti) p(z)+p (

(iv) p(z) +

Theorem 3.3.1. Let n be a positive integer and f € C be such that || > ro(1 +€)*"/(2e)",
where g is as given in Lemma 3.1.3. If p(z) is analytic in ID such that p(0) =1 and

satisfies the subordination

L+ @) < 155

then p(z) <2/(1+¢e7?).

Proof. Let h(z) = 2/(1+¢7%). Then Q = h(D) = Asg. Let ¥ : C>xID — C be given as
Y(a,b;z) =1+ pb". In order to show that ¢ € W[Q), Agg], we refer to the admissibility
conditions given in the previous chapter and deduce that it is sufficient to prove
Y(r,s;z) ¢ Q. Now

(1+e7¢%)2

—cos6 n
|:3|( 2me | )

1+ e2¢080 4 2¢=¢050 cos (sin O)

2me \"
- 'ﬁ'(<1+e>2) |

(2e)"|Bl
—(1 o > 10- (3.3.1)

o Y(r,s;z) o 1+Bs"
8 2=y s2))| " [ 8\1-ps" )|

2mei%e" )"
IBs"| = ‘ﬁ(— )

Since m > 1, we have
Bs"| >

Also
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Now using Lemma 3.1.3 and equation (3.3.1), we have

1+Bs"
log =g >1

Thus € W[Q), Asg] and the result follows at once from Theorem 2.5.3. O

By taking p(z) = zf'(z)/ f(z) we have the following result:

Corollary 3.3.2. Let n be a positive integer and € C be such that || > ro(1 +¢)?"/(2¢)".
Suppose f be a function in A such that

2@ (F'@V @) 2
1”3[ @) _( f(z)) " f(z)] S Tre

then f € S

Theorem 3.3.3. Let n be a positive integer and 8 € C be such that || > ro(2¢)"~1(1+¢)*> 7",
where g is as given in Lemma 3.1.3. If p(z) is analytic in ID such that p(0) =1 and

satisfies the subordination
zp’ z) 2

(P(Z))” 1+e7?

1+p
then p(z) <2/(1+e7%).

Proof. Leth(z) =2/(1+e7%). Then Q = h(ID) = Asg and suppose 1 : C2x D — C be given
as Y(a,b;z) =1+ pb/a". Note that i € W[Q, Asg], provided (r,s;z) ¢ Q). Consider

zl—nmﬁeme—em
(1+¢-¢%)2n

Zl—nmlﬁle—cose

ps

rn

2-n

(1+e72050 4 2¢=c050 co5(sin 0)) 2
21-140-1

Bl

(L+e 12"

Since m > 1, we have ) )
ps 217 Mg~
— — >7). 3.2
1" (1+e7 1)z — 0 (3.32)

Y(r,s;z) 1+Bs/r"
‘1 g(Z gb(rsz)) ‘1 g(l—ﬁs/r“)'

> |Bl

Now we consider
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Using Lemma 3.1.3 and equation (3.3.2), we have

1+ps/r"
os{ 7 )

Thus we have ¢ € W[Q), Asc] and the result follows by Theorem 2.5.3. O

Taking p(z) = zf’(z)/ f(z) in Theorem 3.3.3, we obtain the following result.

Corollary 3.3.4. Let 8 € Cbe such that || > r9(2¢)" "1 (1 +¢)> " and n be a positive integer.
Suppose f be a function in A such that

zf' )\ " zzf”(z)_(zf’(z))2 zf'(z) 2
1+ﬁ(ﬂ@) (.ﬂw @) @ ) Tre

then f € S¢..

2-n
Theorem 3.3.5. Let 5 € C be such that |§| > 2”(#%)& and n be a positive

el-n

integer. If p(z) is analytic in ID such that p(0) = 1 and satisfies the subordination

zp'(2) 2
PO Py T

then p(z) <2/(1+e7%).

Proof. Let h(z) =2/(1+e7%) and so Q = h(D) = Asg. If ¥ : C2xID — C is given by
Y(a,b;z) =a+pb/a", theny € V[Q, Agc] provided i(1,s;z) ¢ Q). Referring to Lemma 2.2.2,
it is sufficient to show that 1(7,s;z) lies outside the smallest disk containing Agg. We

observe that

S
lY(r,s;2z) =1 r+‘f—n—1'
1 _e_ei9 ﬁmzl—neiee—eie

_ 4 ,
T+e¢ (1+e¢%)2n

N Bm2l-n 0= | |1 e
| Q42 1+e°
N |ﬁ|m21—ne—c089 \/62(:056 +1 =250 og (sin O)
- (1 +¢-2¢050 4 260050 cos (sin 0)) 2 e2¢050 +1 4260059 cos (sin O)
S B2t~ _ [1-cosl
T (1+e )2 1+cosl

1—-cosl

1+cosl’
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Thus we have ¢ € W[Q), Agc] and the result follows by Theorem 2.5.3. O

Taking p(z) = zf'(z)/ f(z) in Theorem 3.3.5, we obtain the following result.

Corollary 3.3.6. Let 5 € C be such that |5| > 2”(1/%) (L+ey™ and n be a positive

el-n

integer. Suppose f be a function in A such that

2f'@ (zf’(z))‘” zzf"(z)_(zf’(z))2+zf’(z) L2
f@ f@) fo \f@ ) " f@ | 1+e

then f € Sg..

Theorem 3.3.7. Let 6, y > 0 be such that 26 +y +7ve)(1+e) V1 —cos1 < V1+cosl. If
p(z) is analytic in ID such that p(0) = 1 and satisfies the subordination

2p'(2) 2
" op(z) +y S Tre

p(2)
then p(z) <2/(1+e7%).

Proof. Let h(z) =2/(1+¢e7*). Then Q = h(D) = Asg = {w : |log(w/(2-w))| < 1} and let
Y C?xDD — Cbe given as (a,b;z) =a+b/(6a+y). For { to be in W[Q, Agg], we must

have (r,s;z) ¢ Q. Now, let us consider

lY(r,s;2z) -1 = r+6r+7/_1‘
1= e’ N 2meifee”
1+e  (1+e")Q20+y(1+e*?)
. 2meife—e’ 1= e’
A +e )20 +y(1+e )| |1+
B 2me~<0s? B \/ 2059 41— 2659 cos (sin O)
V(1 +¢=2¢0s0 4 2p=c0s6 cog (sin O)) A(O) ¢2080 11 + 2¢°086 cos (sin 0)’

where A(0) = (462 + 92 + 45y + 27259 4+ 2(25 +y)ye™ Y cos (sin 0)). Since m > 1, we

_1 _
lW(r,s:z)—-1] > 2¢ B \/m
(1 +€_1)(25+y+ye) 1+cosl
\/m
14+cosl’

have
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Thus we have ¢ € W[}, Ag;] and the result follows as an application of Theorem 2.5.3.
O

Taking p(z) = zf'(z)/ f(z) in Theorem 3.3.7, we have the following result.

Corollary 3.3.8. Let 6, ¥ > 0 be such that (26 +y +ye)(1+e) V1 —cos1 < V1+cos1.
Suppose f be a function in A such that

2@ (2@ )" ZZf”(Z)—(Zf'(z))2 2f'(2)) 2
f(2) +(5 f@) ) ( f(2) @) T ) 1re

then f € S

Second Order Differential Subordination

We consider the following differential subordination implication

2
14e%

1+yzp' )+ pz°p"(z) <h(z) = p()< (3.3.3)

Taking h(z) as any of (1+Az)/(1+ Bz), Vi+z,6%,z+ V1+22,1+sinz,1+ze* and 2/(1+
e~?), sufficient conditions on positive real numbers  and y are obtained so that the
implication (3.3.3) holds. The proofs involve functions d(0) and g(0) which are given
by (2.5.2) and (2.5.4) respectively.

Theorem 3.3.9. Let 5, y > 0 and 2e(y(1+e)+p(1—e))(1— B?) > (1+¢)3(1 +|B|)(A - B),
where -1 < B < A <1. Let p be a function analytic in ID with p(0) =1 and

, 2 4 1+ Az
1+yzp'(z) + pzp" (z) < 1782
then p(z) <2/(1+e7?).
Proof. Let h(z) = (14 Az)/(1+ Bz) so that
1-AB| A-B
h(]D):Q:{w:'w— -y < 1—B2}'

Let ¥ : C3*xID — C be defined as ¢(a,b,c;z) = 1+ yb + fc. We know that 1 belongs to
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WI[Q,Asgl, if Y(r,5,t;z) € 2 for z € ID. We consider

b= T | = [
> |7/s + ﬁt' - %
> |7/S|Re(1 + gé)_ %
> Zm)/d(Q)Re(l + g(mg(e) rm— 1)) _ %
Since m > 1, we have
Ylrs biz) - 11__125 > 2yd(6) Re(l + 59(6)) - %
i)
, A-B

1-B2
Therefore, 1 € W[Q, Asg] and by Theorem 2.5.3, it follows that p(z) < 2/(1+¢7%). O

Theorem 3.3.10. Let y > > 0 and 4e(y(1 +e) + (1 —e))(e(y(1 +e) + f(1 —e)) — (1 +¢)%) >
(1+e)®. Let p be a function analytic in D with p(0) = 1 and

1+yzp'(2) + ﬁz2p”(z) < V1+z,
then p(z) <2/(1+e7%).

Proof. Let h(z) = V1+z and thus Q = {w: w?-1| < 1}. Let ¢ : C* x D — C be defined
as Y(a,b,c;z) =1+ b+ Bc. Then ¢ € W[Q, Agc], provided Y(r,s,t;z) ¢ Q) for z € D. We

observe that

|(W(r,s,£:2)* -1

|(1+ys+pH* -1
lys+Bti(lys + Bt —2)

|)/s|Re(1 + EE)(lyise(l + gé) —2).

Vs

\%

\%
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On similar lines of proof of Theorem 3.3.9 and using the inequality m > 1, we have

2 2e 1-e 2e 1-e))
[wens b2y -] = (1+e)2(7/+'8(1+e))((1+e)2(y+’8(1+e)) 2)
de(y(1+e)+p(l—e))(e(y(1+e)+p(1—e))—(1 +e)3)
(1+e)®

1.

\%

Clearly 1 € W[Q,Asg] and therefore, p(z) < 2/(1+e7*) as an application of Theo-

rem 2.5.3. O
Theorem 3.3.11. Let 8,y >0 and 2e(y(1 +e) +B(1—e)) > (e—1)(e+1)°. Let p be a function
analytic in ID with p(0) =1 and

1+yzp'(2) + B2’ (2) < &,

then p(z) <2/(1+e7%).

Proof. Let h(z) = ¢, so that Q =h(ID) = {w : |10gw| < 1} . Now suppose 1 : C3xID — Cbe
detfined as ¢(a,b,c;z) =1+ yb+ fc. For i to be in W[}, Agg], we must have ¢ (r,s,t;z) € QO

for z € ID. First we consider

1+Ef'
ys

lys + Bt Vsl

\%

Bt
ylsIRe(1+ Vs

\%

2myd(0) (1 + g(mg(é)) +m— 1)) .

Since m > 1, we have

v

24(0) (y + B(9(6)))

T (0 +0)+ (1 -0)
e—1. (33.4)

|ys+ﬁt|

\Y

\Y

Note that
'log (Y(r,s,t; z))| = |log(1 +ys+ ﬁt)| .
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Using Lemma 3.1.4 and equation (3.3.4), we have
|10g(1 +ys+ ﬁt)| >1,

which implies ¢ € W[Q, Asc]. Hence p(z) < 2/(1 +e7?) using Theorem 2.5.3. O

Theorem 3.3.12. Let 8, ¥ > 0 and 2e(y(1+e) + (1 —e)) > V2(e+1)°. Let p be a function
analytic in ID with p(0) =1 and

1+yzp' (2)+pz°p" (z) < z+ V1+22,

then p(z) <2/(1+e7?).

Proof. Let h(z) = z+ V1+z2 and therefore Q = {w : |w2 — 1| < 2|w|}. Let ¢ : C3xD—C
be defined as y(a,b,c;z) =1+ yb+ fc. In order to show that ¢ € W[}, Asg], we must
have U(r,s,t;z) ¢ Q for z € D. Referring to the graph of z+ V1+2z2 in [87], it is easy to

observe that Q is formed by the circles
Cr:lz—1]=V2 and Cp:lz+1|= V2.

Clearly, Q includes the disk enclosed by C; and excludes the part of the disk enclosed
by Cp, which intersects with that of C;. We see that

(s, 52))~ 1] = |ys + Bt

On the similar lines of proof of Theorem 3.3.11, we have

v

24(6) (v +p(9(6)))

q iee)3 (7/(] +e)+ ﬁ(l - 6))

V2.

|ys+ﬁt|

v

Thus we can say that ¢(r,s,t;z) lies outside the circle C; which is sufficient to con-
clude that i(r,s, t;z) ¢ Q. Therefore, 1p € W[Q), Asg] and thus p(z) <2/(1+e ?) by using
Theorem 2.5.3. i

Theorem 3.3.13. Let 8, > 0 and 2e(y(1+e) +B(1—e)) > sinh 1(e+1)°. Let p be a function
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analytic in ID with p(0) =1 and
1+yzp'(2) +pz°p”(z) < 1 +sinz,

then p(z) <2/(1+e7%).

Proof. Leth(z)=1+sinz,soQ={w:|arcsin(w—1)| <1}.Lety: C3xID — Cbe defined as
Y(a,b,c;z) =1+yb+pc. We know that i) belongs to W[, Agc], provided ¢ (r, s, t;z) ¢ Q) for
z € D. Referring to [16, Lemma 3.3], we may observe that the disk {w € C: [w—1| < sinh 1}

is the smallest disk containing €). So, we consider

|, t:2) = 1] = |ys + .

On the similar lines of proof of Theorem 3.3.11, we have

\Y

24(6) (7 +B(9(6)))

2
ARG AT )
sinh1.

|ys+ﬁt|

v

v

Clearly, y(r,s,t;z) lies outside the disk {w € C : [w — 1| < sinh 1} which is sufficient to
conclude that Y (r,s,t;z) ¢ Q. Thus ¢ € W[Q,Agc] and the result follows from Theo-

rem 2.5.3. O

Theorem 3.3.14. Let , ¥ > 0 and 2(y(1 +e)+ (1 —e)) > (e+1)>. Let p be a function
analytic in ID with p(0) =1 and

1+yzp'(2) + 220" (z) < 1 +2¢7,

then p(z) <2/(1+e7%).

Proof. Leth(z) =1+ze? and Qbe the image of D mapped by 1+z¢*. Let ¢ : C3xID — Cbe
defined as 1(a, b, c;z) = 1+ yb+ fc. For i to be in W[Q), Asg], we must have (r,s,t;z) ¢ ()
forz € D. It canbe verified that the disk {w € C: [w—1]| < e} is the smallest disk containing

Q. Now, we consider

|(W(rs,:2)— 1| = [ys+pt].
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On the similar lines of proof of Theorem 3.3.11, we have

lys+pt| > 24(0)(y +p(9(9)))
2
> s 1O+ A1-0)
> e

Thus we can say that ¢(r,s,t;z) lies outside the disk {w € C: |w—1| < e} which is
sufficient to conclude that 1(r,s,t;z) ¢ Q. So i € W[}, Asg] and thus, p(z) <2/(1+¢e7%)

using Theorem 2.5.3. a

Theorem 3.3.15. Let 8, > 0 and 2e(y(1+e)+p(1—e)) > ro(1 + e)3, where rq is as given
in Lemma 3.1.3. Let p be a function analytic in ID with p(0) =1 and

’ 217
L+yzp @ +pzp (@) < 7=

then p(z) <2/(1+¢e7?).
Proof. Leth(z) =2/(1+e7%)sothat Q= Agg = {w: |log(w/(2-w))| < 1}.Lety: C>xID —

C be defined as y(a,b,c;z) = 1+ yb+ Bc. For 1 to be in W[Asg,Asg], we must have

Y(r,s,t;z) & Asg for z € D. On the similar lines of Theorem 3.3.11, we have

v

24(6)(y +p(9(0)))

s (/146 +1-0)

ro. (3.3.5)

|ys+ﬁt|

v

\%

Now, we consider

) Y(r,s,t2)
Og(z —(r,s, t;z))

| 1+ys+pt
-° (1—(ys+ﬁt))

Using Lemma 3.1.3 and equation (3.3.5), we have

- s

1+ys+pt
1—(ys+ﬁt))

log(
which implies that ¢ € W[Agsg, Asgl. Hence p(z) < 2/(1+e7%) using Theorem 2.5.3. O

By taking p(z) = zf’(z)/ f(z) in Theorems 3.3.9-3.3.15, we obtain the following result.
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Corollary 3.3.16. Let , ¥ > 0 and f be a function in A. Suppose

_ 2f"(2) Zf’(z))z 2f 2\ Zf0) 227 (2)
@@ = 14 @ (f(Z) T J+( @ e
2f' @)\ (Zf’(Z))2_3z3f’(Z)f”(Z)

+2( f(Z)) o )

Then f € S, if any of the following conditions hold:

(i) Dp(z) < (1+Az2)/(1+Bz) and 2e(y(1 +e) +B(1 —))(1 ~ B2) > (1+¢)*(1 +|B)(A - B),

where -1<B<A<1.
(if) @4(2) < V1+zand de(y(1+e)+B(1—e)(e(y(1+e)+B(1—e) — (1 +¢)) = (1 +e)°.
(iti) @f(z) <€ and 2e(y(1+e)+p(1—e)) > (e—1)(e+1)°.
(iv) @f(z) <z+ V1+z2and 2e(y(1+e)+p(1—e) > V2(e+1)°.
(v) @(z) <1+sinz and 2e(y(1+e)+p(1-e)) = sinh1(e+1)°.
(vi) Df(z) <1+2z¢* and 2(y(1+e)+p(1—e)) = (e+1)°.
(vii) D¢(z) <2/(1+e7?) and 2e(y(1+e)+B(1—e)) > ro(1+e)®, where rg ~ 0.546302 is the
positive root of the equation 12 +2cot(1)r—1=0.

Third Order Differential Subordination

In this section, we find sufficient conditions on positive real numbers «, f and y so that

the following third order differential subordination implication holds:

1+yzp' )+ Bz°p" (2) +az’p”"(2) < h(z) = p(z)< =
Here h(z) is chosen to be any amongst (1+Az)/(1+Bz), V1+z,¢%,z+ V1 +22,1+sinz, 1+
ze* and 2/(1 +e7%). The conditions so obtained involve the constants 7, s, t, u, m and
k, which are given by Definition 2.5.4 for f(z) = log(p(z)/(2—p(z))) and p is as defined
in (2.5.6).

Theorem 3.3.17. Let a, 5, ¥ > 0 and 2e(y(1 +e)+p(1 —e) + am*(1 + e)p+3am(k—1)(1 -
e))(1—B?) > (1+¢)3(1+|B|)(A - B), where —1 < B < A < 1. Let p be a function analytic in
D with p(0) =1 and

1+Az

’ 2.1 3. 111
L+yzp' @) +pzp" (@) +az’p”(2) < 5
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then p(z) <2/(1+e7%).

Proof. Let h(z) = (1+ Az)/(1+ Bz) for z € D so that

1-AB
1-B2

e

< :
1-B2

Lety: C*x 1D — C be defined as Y(a,b,c,d;z) =1+yb+pc+ad. For ¢ tobe in W[Q, Ags],

we must have (r,s,t,u;z) ¢ Q for z € ID. Now, let us consider

1-AB 1-AB
Y(r,s,t,u;z) — 1 2 = |1+ys+pt+au— 1B
|B|(A—B)
> + Bt + au| - ———
> Iys B au| 132
t B|(A-B
> |ys|Re 1+ﬁ au)_BA-B)
ys ys 1-B2

v

Zmyd(e)(l ; g(mg(e) Fm—T1)+ %(mzh(e)

|BI(A - B)
k—1 -
+3m(k=1)g(6)) - =
Since m > 1 and Re(1 +g(0)) > 0, we have

- AB
1-B2

P

—g(0) + g(m2h(6) +3m(k — 1)9(9))) _|Bi(A-B)

1-B2
1—6))_ |B|(A — B)
1+e 1-B?

Y(r,s,t,u;z) —

> Zyd(Q)(l +

> (13_36)2(7/ ﬁ( )+am p+3ma(k— 1)(

A-B
1-B2

\%

It follows that ¢ € W[Q2, Asc] and hence p(z) < 2/(1 +e7%) using Lemma 2.5.6. O

Theorem 3.3.18. Let a, p and y be positive real numbers and 4e(y(1 +e)+ (1 —e) +
am?p(1+e)+3ma(k—1)(1—e))(e(y(1+e) +p(1—e) +am?p(1 +e) + 3ma(k—1)(1—e)) — (1 +
e)%) > (1+e)°. Let p be a function analytic in ID with p(0) =1 and

1+yzp' (z) + Bz°p" (2) + az’p”"(z) < V1+z,
then p(z) <2/(1+e7%).

Proof. Leth(z) = V1+zso that Q= (D) = {w Haw? 1| < 1} .Now suppose 1 : C*xID —
Cbedefined as (a,b,c,d;z) =1+yb+pc+ad. Note that p € W[Q, Agg], if Y(r,5,t,u;z) € QQ
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for z € ID. We consider

|(¢'(rstuz) | = |(1+ys+ﬁt+au)2—1|

Y

lys + Bt + aul(lys + pt + au| —2)
Bt au Bt  au
lys|Re(1+—+—]{lys|Re[1+—+—]-2].
ys ys ys ys

On similar lines of proof of Theorem 3.3.17 and using the inequality m > 1, we have

v

(esur-1] 2 s p(7g) +eno s (1 Mg+

(1+e)? 1+e/\(1+e)?
B ) reno+aemt-n (7)) -2)
- T g0+ 0)+ BL=) ¥amp(1 +6) + Sam(k~1)(1 -1
+e)+ (1 =€)+ amPp(1 +¢) + am(k—1)(1 - ) - (1 +¢)°)
> 1,
which implies ¢ € W[Q, Asg]. Hence p(z) < 2/(1 +¢7%) by Lemma 2.5.6. O

Theorem 3.3.19. Leta, f,y >0and 2e(y(1+e)+B(1—e) +am?p(1+e) +3ma(k—1)(1-e)) =
(e—1)(e+1). Let p be a function analytic in ID with p(0) = 1 and

1+yzp' (2) + p2%p" (2) + az’p"" (2) < &,

then p(z) <2/(1+e7%).

Proof. Let h(z) = € so that Q) = {w : |logw| < 1}. Let ¢ : C*xID — C be defined as
Y(a,b,c,d;z) =1+ yb+pc+ad. For ¢ to be in W[Q, Agc], we must have Y (r,s,t,u;z) ¢ QQ

for z € D. First, let us consider

lys + pt + aul

\Y% Il
= =
2N n
=
(¢°]
—_——
—_
+
|
|
+
|
2=

\%

Zmyd(G)(l ; g(mg(e) m—1)+ %(mzh(é?) + 3m(k— 1)g(9))).
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Since m > 1 and Re(1 +g(0)) > 0, we have

v

ys+pt+au| > 2d(0)(y+Bg(0) +a(m>h(6) + 3m(k—1)9(0)))

> (1i—i)3(7’(1 +e)+(1—0)-+anp(1+)+ am(k—1)(1e))
. (3.3.6)

Now we consider
|log(1 +1(1,5,t, u;z))| = |log (I+ys+pt+ au)| .
Using Lemma 3.1.4 and equation (3.3.6), we have
|log(1 +ys+pt+ au)| > 1.

Therefore, 1 € W[Q, Asc]. Hence p(z) <2/(1+¢e77). O
Theorem 3.3.20. Leta, B,y > 0and 2e(y(1+e)+B(1—e)+am?p(1+e) +3am(k—1)(1-e)) >
V2(e+1)3. Let p be a function analytic in ID with p(0) =1 and

1+yzp' (2)+B2°p" (2) + a2’y (z) < z+ V1+22,
yzp(z) +pz°p p

then p(z) <2/(1+¢e7?).

Proof. Leth(z)=z+ V1+z2sothatQ= {w : |w2 - 1| < 2|w|}. Lety : C*xID — Cbe given
as Y(a,b,c,d;z) =1+ yb+pc+ad. We know that i belongs to W[}, Asg], provided
Y(r,s,t,u;z) ¢ Q for z € ID. We observe that

|(yb(r,s, t,u;z)) — 1| = b/s +pt + au| .
On the similar lines of proof of Theorem 3.3.19, we have

ys+pt+au| > 2d(0)(y+Bg(0) +a(m*h(6) + 3m(k—1)9(0)))
> ai—i)g(ya +e)+p(1—e) +am?p(1 +e) +3am(k—1)(1 - e))

V2.

v

As done in the Theorem 3.3.12, the above condition is sufficient to conclude that

Y(r,s,t,u;z) lies outside the circle C; and hence (r,s,t,u;z) ¢ Q. So Y € W[Q,Ags],
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which further implies p(z) <2/(1+¢7*) using Lemma 2.5.6. O

Theorem 3.3.21. Leta, 8,y > 0and 2e(y(1+e) +B(1—e) +am?p(1+e) +3am(k—1)(1-e) >
sinh1(e+1)3. Let p be a function analytic in ID with p(0) =1 and

1+yzp' (2) + pz*p” (z) +2°p"" (z) < 1 +sinz,

then p(z) <2/(1+e7%).

Proof. Let h(z) =1+ sinz and thus Q = {w: [arcsin(w —1)| < 1}. Let ¢ : C*xDD — C be
defined as y(a,b,c,d;z) = 14+ yb+ fc+ad. For ¢ to be in W[Q, Agg], we must have
Y(r,s,t,u;z) ¢ Q for z € ID. Referring to [16, Lemma 3.3], it is easy to observe that the

disk {w € C: [w—1| < sinh 1} is the smallest disk that contains Q. Let us consider
|(yl}(r,s,t,u;z)) — 1| = b/s +pt + au| .

On the similar lines of proof of Theorem 3.3.19, we have

[ys+Bt+au| = 2d(0)(y+Bg(0) +a(m®h(0) +3m(k—1)g(6)))
> a iee)3 ()/(1 +e)+p(l—e)+ amzp(l +e)+3am(k—1)(1- e))
> sinhl.

Thus we can say that (r,s,t,u;z) lies outside the disk {w € C : [w—1| < sinh1} and
so Y(r,s,t,u;z) ¢ Q. Clearly, ¢ € W[Q),Asg] and it follows from Lemma 2.5.6, p(z) <
2/(1+e77?). O

Theorem 3.3.22. Leta, §, > 0and 2(y(1 +e) + (1 —e) + am?p(1 +e) + 3am(k—1)(1-e)) >
(e+1)3. Let p be a function analytic in ID with p(0) =1 and

1+yzp'(2) + B22p" (2) + az®p"” (z) < 1+ z¢%,
yzp’(2) +pz7p P

then p(z) <2/(1+e7%).

Proof. Let h(z) =1+ze* for z € D and Q be the image of ID mapped by 1+ ze*. Let
P C*x D — C be defined as Y(a,b,c,d;z) =1+ yb+pc+ad. For ¢ to be in W[Q, Agg],
we must have Y (r,s,t,u;z) ¢ Q for z € D. It can be easily verified that the disk {w € C:
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|w — 1| < e} is the smallest disk that contains (). We observe that
|(¢(r,s, t,u;z)) — 1| = b/s +pt + au| .

On the similar lines of proof of Theorem 3.3.19, we have

\%

[ys+pt+au| > 2d(0)(y+Bg(6) + a(m*h(6) + 3m(k—1)9(0)))

(1-2+—ia)3(7(1 +e)+B(1=0)-+anp(l+)+ am(k—1)(1e))

e.

\%

\%

Thus, (1,s,t,u;z)lies outside the disk {w € C : [w—1| < e} which implies that (s, t,u;z) ¢
Q. Hence ¢ € W[Q), Asc] and by Lemma 2.5.6, we have p(z) <2/(1+e77?). O

Theorem 3.3.23. Leta, 3,7 > 0and 2e(y(1+e)+p(1—e) + amzp(l +e)+3am(k—1)(1—-e)) >
(1+e)%ro, where ry is as given in Lemma 3.1.3. Let p be a function analytic in D with
p(0)=1and

’ 217 3. 717
L+yzp'@+pzp" @ +az'p” (@) < 1=

then p(z) <2/(1+e7%).

Proof. Leth(z)=2/(1+e ?)sothatQ=Agg.Lety: C*xID — Cbe defined as y/(a, b, c,d;z) =
1+yb+ Bc+ad. For i to be in W[Agg, Asg], we must have (r,s,t,u;z) € Agg for z € D.

On the similar lines of Theorem 3.3.19, we have

[ys+Br+au| = 2d(6)(y +Bg(6) + a(mn(©) + 3m(k—1)g(0)))
> (13—2)3(7(1+e)+ﬁ(1—e)+am2p(1+e)+3am(k—1)(1_€))
- (33.7)

Now, we consider

1 Y(r,s,t,u;z)
og(2 - (1,5, u;z))

3 1+ys+pt+au
- (1—(7/s+ﬁt+au))

By Lemma 3.1.3 and equation (3.3.7), the above quantity is greater than or equal to 1
and hence ¢ € W[Agsg, Asg], which further implies that p(z) <2/(1+e77). O

Taking p(z) = zf'(z)/ f(z) in Theorem 3.3.17-3.3.23, we obtain the following result.
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Corollary 3.3.24. Let a, f,y > 0 and f be a function in A. Suppose

2 crr ’ 2
oo = ey 2 (o <z>)]

zf'(2)
@ “y”ﬁ)( @\ 7@
zf'(2)\’ 32 @)f"(2) 32fO@)\ (ZfD()
+E +3“)(2( @) ) T Rl e
3@ (6Zf’(z) )4 0@ 1224f’(z)2f”(z))
f(2)2 f(2) f(2)2 f(2)3 '

Then f € 8, if any of the following conditions hold:

(i) xf(z) <(1+Az)/(1+Bz)and 2e(y(1+e)+p(1—e) +am?(1 +e)p+3am(k—1)(1—e))(1-
B2) > (1+¢)*(1+|B|)(A-B), where -1 <B<A<1.

(i) xf(z) < V1+zand4e(y(1+e)+p(1-e)+ amzp(l +e)+3ma(k—1)(1—-e))(e(y(1+e)+
B(1—e)+am?p(1+e) +3mak—1)(1—e))— (1+¢)%) > (1 +e)°.

(i) xf(z) <e*and 2e(y(1+e)+p(1—e)+ am?p(1+e)+3ma(k—1)(1-e)) > (e—1)(e+1)°.

(iv) xf(z)<z+ V1 +z2and 2e(y(1+e)+B(1—e) +am?p(1 +e)+3am(k—1)(1—e)) > V2(e+
1)3.

(v) xf(z) <1+sinzand 2e(y(1+e)+p(1-e)+ amzp(l +e)+3am(k—1)(1—e)) >sinh1(e+
1)3.

(i) x¢(z) <1+z¢* and 2(y(1+e) +B(1—e) + am?p(1 +e) +3am(k—1)(1—e)) > (e+1)°.

(vii) xf(z) <2/(1+e7*) and 2e(y(1+e)+p(1-e)+ amzp(l +e)+3amk—-1)(1-e)) > (1+

e)>ro, where rq ~ 0.546302 is the positive root of the equation r? +2cot(1)r—1 = 0.

Concluding Remarks

An attempt has been made to establish certain third order differential subordination
implications pertaining to the modified sigmoid function by applying the general third
order admissibility criteria meant for Ma-Minda functions, which is first of its kind, in
the literature. The class of Sigmoid starlike functions has been explored extensively
for differential subordination problems. Since radius problems related to S; . have
not been explored so far, therefore in the next chapter, we will proceed to explore the

radius problems related to the class S¢ . and other classes as well.







Chapter 4

Radius Estimates and Sufficient
Conditions for Certain Class of

Analytic Functions

In this chapter, we mainly focus on finding radius estimates for the Silverman class, the class

of sigmoid starlike functions Sg . and the class Q, given by

1
Q= {feﬂ:lzf’(z)—f(z)l <5 ze]D}. (4.0.1)
Further, we consider a general form of the Silverman class, introduced by Tuneski and Ir-

mak [98] as

B _1—oz+azf”(z)/f’(z)_ ~
GM‘{f S e e e

and derive some sufficient conditions for the above class in the form of differential inequalities.

<)\,z€]D} O<a<1,A>0 (4.0.2)

Moreover, we deduce certain inclusion relations involving the above classes and some other

well known subclasses of starlike functions.
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4.1 Introduction

Radius problems have been one of the topics of major interest in geometric function
theory. So far, a variety of techniques have come into existence, which help us to solve
radius problems. Our analysis revealed that one or two properties of the Schwarz
functions are applied for the majority of radius problems. These properties are given

as follows:

Lemma 4.1.1 (Schwarz-Pick Lemma). [44] Let w be a function analytic on ID such that
lw(z)| <1 and w(0) =0, then for all z€ D

1- @)

! <
@<

Lemma 4.1.2. [20] Let w : D — D be analytic, then for all z € ID

1/ |Z| < ‘/E_ll

lw’(z)| < (1+72)2
m, |Z| > \/5—1

Note that both of the above inequalities provide the upper bound on the Schwarz
function’s derivative. For the lower bound, we refer to [20] in which Dieudonné has
proved a number of inequalities relating to derivatives of Schwarz function. In 1999,

Silverman [88] introduced the following class

1+zf"(z)/f'(2) _

FOife

Gb:{feﬂ: <b,ze1D}, b>0.

and established conditions on b for which the class G is contained in S* and further
in the class S*(«). In addition, the author estimated the largest radius for which every
starlike function of order 1/2 belongs to G,. In 2006, the class G, was generalised by
Tuneski and Irmak [98] in the form given by (4.0.2). By takinga =1 =1/2, G, , reduces
to the class G, with b =2A. In 2017, Peng and Zhong [73] introduced a new subclass Q2
of A given by (4.0.1). For this class, the authors proved that f € Q if and only if

f(z) = Z+%z fo v(C)dC, (4.1.1)

where visanalyticin D and |v(z)| £ 1, z € ID. Moreover, the authors proved its inclusion

in &, estimated radius of convexity and discussed many other properties of (). In
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2019, Peng and Obradovi¢ [72] estimated logarithmic and inverse coefficient bounds
for Q, proved Robertson’s 1/2 conjecture and 1/2 theorem and other results related to
Hadamard product and coefficient multipliers. Later in this year, Swaminathan and
Wani [93] defined a new class Q, = {f € A, : [zf'(z) — f(2)| < 1/2, z € D}. They obtained
sufficient conditions for (), proved inclusion properties of () and derived sharp radii
estimates for different subclasses of S*. Motivated by their work, we consider similar
problems for the class G, ,. We establish sufficient conditions for functions to be in
G, o, involving double integrals and utilize these conditions to construct functions in
G),o- We also obtain radius estimates for the Silverman class, the class (O and Sgc
involving other well known subclasses of Ma-Minda functions. Further by using the
concept of subordination, we prove several inclusion relations amongst G, ,, {2 and

other well known subclasses of S*.

4.2 Radius Estimates

In the three subsections that follow, we find radius estimates for the original form
of Silverman class given by G; 1, the class Q given by (4.0.1) and the class SEG

. 22
respectively.

4.2.1 The Silverman class, G

11
272
We begin with the following result, which is interesting to look at in terms of

computations and moreover it makes use of rare aspects of Schwarz functions.

Theorem 4.2.1. If f € ), then f € G 11 in the disc |z| < g, where ry = 0.430496 is the
smallest positive root of 55712 — 28711 — 854710 4 14877 + 296918 — 212¢7 — 42867° + 287 +
287514 + 961> — 88812 — 32r + 96 = 0.

Proof. Let f €Q), then f canbe written in the from (4.1.1). Now if welet w(z) = foz v(C)dC,

then clearly w(z) and w’(z) are analytic in ID and we can write f as

flz)=z+ %zw(z). (4.2.1)

Now by using the properties of v, we have

|cu<z)|=‘ fo w0 < fo LML <
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and

' @) = @) < 1.

Using Schwarz-Pick Lemma, we have for z € D,

’” 1- |C‘)/(Z)|2
< —F. 422
@<~ 422)
By using certain results of Dieudonné [20], we have the following inequalities
2
-r9)(1
r(1—-12)
and ) )
2 (2) — ()] < @ (4.2.4)

1-72

on |z| =1, where |w(z)| < 7. In view of (4.2.1), we obtain

148 2(2(@(@) +2)0" (2) - 20’ (2% + (0(2) + 2 (2)
Z}QS) B (za' () + w(z) +2)?

"2+ ]z (z) - w(2)w’ (2)]) + 10" (2)|(2 + |w(2)])
21 -lw@)) - 20’ (2) - 0(2)])?

Using the inequalities (4.2.2), (4.2.3) and (4.2.4), we get

2f"(@)
(N r (z%#_W&W»C_W@W)
T ( (ﬂ—mcm»z AN
: 21~ @) ~ | — 5
1-12

1_(@@»ﬂ%a+mamf
r(1-7r2) l
+r 2+lw@))|-

1-12

Writing |w(z)| = w, the above inequality becomes

1+ z_f"(z) 1
—/f @ _ < 5 (PPw +2r° —1Paw? +1° — o’
_ij(g) (1-12)(2r2w -3 + w? — 2w +2)

—4r*? — 7w — 6r* — Pt + 43 w? = 31 + 272 w* + 872w + 107 w?

+57%w + 217 + rw* = 3rw? + 2r — 0° — 4w — 5w - 20?).
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For f to be in G, i, it suffices to show that

11,
272
1

(1-72)(2r2w —3r2 + w? — 2w +2)
Pt +4r3w? = 317 + 2r%w* + 872w + 10r2w? + 57%w + 2% + ra* = 3ra® + 2r—w

5 (FPw+2r° -1 w? +1° -0 — 4t - 7rtw — 61
5

—40* -50° -2w%) < 1,
which is equivalent to

O(w,r) = & +(r=3r—r+5)w+(1-3r")w’ + (-4r° +° + 22 — 4r> - 32/
+3r +10)0? + (117° = 25r* + 2377 - 8) o — 11r° = 1° + 27 + 3r° — 18/
=2r+4>0.

We may note that w = |w(z)| < |z| =7, so we have 0 < w <. Let us write

A = =4+ +22¢4 — 43 - 3242 + 31 + 10,

1179 =254 +232-8 and

C = —11/°-r +27r*+3r7 =187 —2r +4,

then B2 —4AC < 0, whenever r < r{ ~ 0.430496. Also A > 0, whenever r < r, ~ 0.565244.
Thus

(=47 + 77 +22¢* — 45> =327 + 3r + 10)? + (117° = 25r* + 2312 — 8) w — 117° - 1°

1271+ 33 — 182 —2r+4 > 0,

whenever r < min{ry,,} = r1. Next we observe that coefficients of w® and w* are always
positive and coefficient of w? is positive for the range 0 < r < r3 = (1/3)"/4 ~ 0.759836.

It can be easily concluded that
®(w,r)>0 whenever r<rg=min{ry,r,r3}=r.

Hence the result. O

Theorem 4.2.2. Let f € S*(¢;) (1=1,2,3), then f €G

the following cases:

in the disk |z| < r; (i=1,2,3) for

11
272

(i) @1(z) =¢*and r; ~0.537561 is the smallest positive root of e’ (1 +72)2 —4(1—?) = 0.
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(ii) @2(z) = V1+z and ro = 0.429874 is the smallest positive root of (1 + r?)? —4(1 -
21— =0.

(iii) @3(z) =2/(1+e7?) and r3 = 0.683447 is the smallest positive root of e"(1 + %)% —
8(1-7r2)=0.

Proof. Let f € S*(¢;), then we have zf'(z)/ f(z) < @i(z). Thus there exists a Schwarz
function w with w(0) = 0 and |w(z)| < |z| such that

S = o)

which further implies

1+zf”(z)/f’(z)_ o, Pl (w(2))
e Y ee)

For f tobein G 11 it is sufficient to show that [z’ (z)p(w(2))/ qol.z(a)(z))l <1.

(i) Let @1(z) =€, then by using Lemma 4.1.2, we have

zw'(z)
ew(2)

e'(1+71%)?
T 4(1-12)

RACE
Fwwﬁw@)

which is less than 1 provided r < ry.

(ii) Let @2(z) = V1+z. By Lemma 4.1.2 we have for r <o,

Py (w(z))
P3(w(2))

zw'(z)
(1+w(z))32

(1+7%)?
S da-rpa—r) <!

‘za)’(z)

(iii) Let @3(z) =2/(1+¢e7?), then by using Lemma 4.1.2, we obtain

P3(w(2))
P3(@(2))

zw’ (2)
2ew(2)

e'(1+12)?
T 8(1-r2)"

‘zw’(z)

which is less than 1 whenever r < r3.
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4.2.2 The class Q

This section includes a number of sharp radius estimates that have been determined

for the class Q.

Theorem 4.2.3. If f € S, then f € Q in the disc |z| < p,, where p, ~ 0.476813 is the
smallest positive root of 2(¢" —1) f.(r) =1 =0 and

“el-1 323 17z 192°
fe(z):zexp(foet dt):z+zz+%+3—z+7—§+---. (4.2.5)

Moreover, this estimate is sharp.
Proof. Let f € S;. Then zf'(z)/ f(z) < €%, which further implies that

zf'(2)
f(@

i0
<max|e® —1|=¢ —1.
|z|=r

-1

We apply [58, Theorem 2.7] on f and observe that |f(z)| < f.(r) (|z| = r), where f, is given
by (4.2.5). So

z2f'(2)

@

< fe(r(e"=1) onlzl=r

2f'@) - f@)| =] f<z>|}

Taking |z| < p., we have |zf'(z) — f(z)| < 1/2 and the result is sharp for the function

fe. |

Theorem 4.2.4. Let f € S’ , then f € Q in the disc |z| < pg , where p¢ ~ 0.485894 is the
smallest positive root of 2(r+ V1+r2—-1)f¢ (r)—1 =0and

2o A1+£2— 3 4 5
f@(z):zexp(fo #dt]:z+zz+%+%+%+---. (4.2.6)

This result is sharp.

Proof. Let f € S*C( . Then zf'(z)/ f(z) < z+ V1422, which is sufficient to say that

zf'(z ; . N
J{é))—l‘s ||axle"9+ V1+72e20 -1 =r+ V1+r2-1.
Z|=r

By using [76, Theorem 1], we obtain |f(z)| < f¢ (r) (Iz| = r), where f¢ is given by (4.2.6).
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So on |z| =7, we have

2F @) - )| = If@) |% 1

The above quantity is less that 1/2, provided r < p¢ . For the function f¢ , the inequality

< fe M+ V1+12-1).

holds only in the disk |z| < p¢ , therefore the result is sharp. |

Theorem 4.2.5. If f € S, -, then f € Q in the disc |z| < psg, where psg = 0.799269 is the

SG’
smallest positive root of 2tan (r/2) fsg(r) — 1 = 0 with

2 ef—1 22 2 ¢ 5P
fSG(Z)—ZeXp(f t(et—}-l) t)—Z+§+§ m—@ e (427)
Proof. Let f € S5, so we have zf'(z)/ f(z) < 2/(1+e7%). Therefore
2f'(2) ‘ e _q
-1 =tan(r/2).
f(2) Taie | e _ 1‘ (r/2)

Applying Theorem 2.1.1, we have |f(z)| < fsc(r) (Iz| = 1), where fs; is given by (4.2.7).

Therefore on |z| =7,

zf'(2)
f@

whenever r < psc. Hence the result. O

2f @)~ f)| = | f(Z)I' . 1' < feo(tan(r/2) < 1/2,

Theorem 4.2.6. If f € S, then f € Q in the disc |z| < ps, where pg = 0.531721 is the

smallest positive root of 2fs(r)sinh1 -1 =0 and

sint z? z3 ¢ 57
= —dt|=z+ -+t -
fs(z) zexp(f(; ; ) 2ttt T (4.2.8)

Proof. Let f € S5. Then zf'(z)/ f(z) < 1+ sinz, which further implies that

z2f(2)
f(@

1| < max|sinre’®| = sinhr.
|z|=r

Now by applying the growth theorem on f (see [16]), we have |f(z)| < fs(r) (Iz| = 1),
where fs is given by (4.2.8). Therefore

2f' @) - f@)| = If(z >||

< fs(r)sinhr on|z|=r.

f()

It follows that |zf"(z) — f(z)| < fs(r)sinh1 < 1/2, provided r < ps. Hence the result. O
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Theorem 4.2.7. If f € §;,, then f € Q in the disc [|z]| < py, where p, ~ 0.43384 is the

e’ +r—1

smallest positive root of 2r%e —1=0. This result is sharp.

Proof. Let f € S, then we have zf’(z)/ f(z) < 1 +ze*. This further implies

z2f'(2)
f@@)

i0
1‘ max|ze®| = max Ire%e” | = re’.
|z|=r 0<6

Now by using the growth theorem given for S, in [45], we get |f(2)| < re® Lon 7] = .

Finally we have

zf'(2)

1‘ <re” “Yre") onlzl=r.

2f @) - f(2)] = >|\

For r < py, we have |zf'(z) — f(z)| < 1/2 and thus f € Q. The result is sharp as for the

function f,,(z) = ze 7!, the inequality holds only in the disk |z| < py,. m]

Theorem 4.2.8. If f € S7,,, then f € Q in the disc |z| < prr, where pgrr = 0.768 is the

RL’
smallest positive root of 2(prr(-7) —1) frr.(r) =1 = 0, where

Pru(z) = V2-(V2-1) \/ 1+2(1\;§7‘_1)Z (4.2.9)
and )
fu@=e VD ey a2
with

1+2(V2-1)z— Vi-z
n(z) = \/mmn_1 \/m + (‘/_ )z -
\/m.z+2(\/§_1)\/m

Proof. Let f € Sy, then zf'(z)/ f(z) < ¢rL(2), given by (4.2.9). So on |z| =,

') 0 e
@) 1‘ Jmax pre(re?) =11 = V2-(V2- 1)\/1-2(«/5—1)r .

By using [57, Theorem 2.2(ii)], we get |f(z)| < |frr()| on |z| = r, where fgry is given
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by (4.2.10). Therefore

zf'(2)
f(@)

provided r < prr. Hence the result. m|

-1

< (prl-n-Dfie() < 5,

l2f' @) - )| = | f(Z)I‘

Theorem 4.2.9. If f € Sz, then f € Q in the disc |z| < pr, where pr = 0.734453 is the
positive root of 87(1 - V1—-r)exp(2 V1+r—-2)—(1+ V1+ r)? =

Proof. Let f € S, then it implies that zf’(z)/ f(z) < V1+z. Thus on [z| =7, we have

zf(z) ' max|V1+z-1|= maxl\/1+rele 1l=1- V1-r.
f(Z) |z|=r 0<6<2mn

Applying the growth theorem on f, we obtain

drexp(2V1+r-2)
A1+ Vi+r?2

onlz|=r.

If @) <

We observe that

f'(2) ’ 4r(1- V1-r)exp(2V1+r— 2)

SCECRIDIECS Vi

which is less that 1/2, provided r < p;. Therefore f € Q. |

Theorem 4.2.10. If f € S} ” then f € Q in the disc |z| < pne, Where pn,e = 0.524752 is the

3 /3
2r(r+ g)exp(r— 3) =0.

Proof. 1f f € S}, then zf'(z)/ f(z) < 1 +z—2°/3. We know that on |z| = r

positive root of

3
Z - —

2030
3

z2f'(2)
f@

-1 re'’ —

< max
|z|=r

:7’+§.

= max
0<6<2m

The growth theorem for the class S}, (see [101]) implies that for any f € S}, |f(z)| <

| fNe()| on |z| = ¥, where
3
fNe(z) = zexp (z - %)

Using the above inequalities, we get

4 3 3
27 () f)] = If 2 >|{jf(()) 1E r(r+%)exp(r—%).
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For r < pn., we have |zf'(z) — f(z)| < 1/2 and thus f € Q. O

Theorem 4.2.11. If f € S7,, then f € Q in the disc |z| < pc, where pc = 0.411914 is the

positive root of

2 4r 21’2 4r
2re3 3 [— 4+ =|-1=0.
re ( ! 3)

The result is sharp.
Proof. Let f € Si.. Then we have zf'(z)/ f(z) < 1+4z/3 + 222 /3, which gives

4z 272
_+_

ﬁ_l‘: 373

f@

Taking z = re'? (0 < 6 < 27), we obtain

2 4r 21
= 5\/4r2+r2+4r3c056s §+%

4rel®  y2020
+
3 3

2f(2)
@ '1‘ <

Now by using the growth theorem for St (refer to [86]), we obtain |f(z)| < |fc(r)| on

|z| = r, where

fe(z) = zexP(% + %) (4.2.11)
We observe that
’ 2 4 2
2 @) - f2)| = If @) '% ~1|<re3t3 (2% + %) < %,

provided r < pc. We may note that for fc(z), the inequality |zf'(z) — f(z)| < 1/2 holds
only in the disk |z| < pc and thus the result is sharp. m|

4.2.3 The class S*SG

In this section, we obtain sharp radii of Sigmoid starlikeness for functions in S*(¢),

for different choices of ¢.

Theorem 4.2.12. The 8¢, -radius of the class S;[A, B] is given by

1
(i) Rs;, (SplA,B])= min{l, (A(H;E}_ZB)} when0<B<A<1.

=

(ii) Rs;_ (SylA,BI) = min{l, (7a5h) } when -1 < B < A <1 with B<0.

In particular for the class S*, we have R S (S)=(-1)/(Be+1).
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Proof. Let f € S;,[A,B]. Using Lemma 1.2.2, we have

’/ _ 2n A —B)"
zf (z) 1-ABr < ( ) - (4212)
f(z) 1-B2r2" |~ 1-B%r2»
(@) If0<B<AK<1,then
_1-ABr™
0= T S
Further by Lemma 2.2.2 and equation (4.2.12), we see that f € S if
(A-B)r" _1 ~ABr" 2
1-B22n = 1-B%2n  1+¢’
which upon simplification, yields
e—1 "
r<l——————| .
- (A(l +e)—2B)
The result is sharp due to the function f4 g(z), given by
z(1+Bz")5%; B#0,
fan(@) = P
zexp (T)' B=0.
(i) f -1<B<0<A<1,then
_1-ABr*™"
0= T 2
Therefore, by Lemma 2.2.2 and equation (4.2.12), we see that f € S if
(A-B)r" _ 2e 1 — ABr?"
1-B22n ~ 14+e 1-B2r2n’
which upon simplification, yields
( e—1 )1/ n
r<\|\-———————= .
“\A(1+e)—2Be
Hence, the result follows with sharpness due to f4 p(z). m|

Corollary 4.2.13. The sharp S radius for S*(a) is (¢—1)/(1+3e—2a(1+e)), 0<a < 1.
The bound is sharp for #,(z) =z/(1 - z)2(1-a),
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Corollary 4.2.14. The sharp Sg ¢ radius for S*is (e—1)/(1+3e). The bound is sharp for
H(2) =z/(1-2)°.

Before we proceed to our next result, we need to recall the following classes: For 0 <
a <1, Kargar et al. [40] defined the class BS*(a) := {f € A:zf'(2)/ f(z) < 1 +z/(1 - az?)}
associated with the Booth lemniscate. In [42], Khatter et al. generalised S; and S; to
Si(@):=8(a+(1-a) V1+z)and Sp e = S (a+ (1 -a)e®) respectively, for a € [0,1).

Theorem 4.2.15. The radius estimates of Sigmoid starlikeness, for the classes 8S(a),

S (@) and S, , are given by

(i) Rs: (BS (@) = pgs(@) :=2(e—1)/((1 +¢) + (1 +¢) +4afe—1)?), where a € [0,1).

(i) RSEG (Sj(a)) =pL(a):=((e-1)B+e—2a(l+e)))/((1- a)?(1+e)?), where a € [0,(3+
e)/2(1 +e)). In particular, RSEG (S))=(e-1)B+e)/(1+ e)?.

(111) RSZG (Spe) = pe(@) :=log (2e —a(1 +e))/(1+e)(1—a), wherea € [0, (e(1+e)—2¢)/((1+
e)(e—1))). In particular, RSEG (S7) =log(2e/(1+e)).

All estimates are sharp.

Proof. (i) Let f € BS*(a). Then zf"(z)/f(z) < 1+z/(1 —az?) and thus

ZJ]:;S) - 1‘ - ‘1 —Za22

ST onlz|=r.

Using Lemma 2.2.2, it can be said that the above disk lies in Agg if r/(1— ar?) <

(e—1)/(e+1), which holds if r < pgg(a). Sharpness holds for the function

1/2a)
1++az
fasty= ) acOD
ze%, a=0.

It can be verified with the following graph that z fé s(2)/ fas(z) touches the bound-
ary of Agg at the points +2(e—1)/((1+e) + /(1 +¢)? +4a(e —1)2). Note that the

domain Qps denotes the image of D mapped by the function 1 +z/(1 — az?).
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— 0Agc

T 0Qss

oA
— 0Qss

-1.0

a=05 a=09

Figure 4.1: Sharpness of R St (BS*(a))

(i) Let f € S}(@), then zf'(z)/f(z) < @ + (1 —a) V1 +z and therefore on |z[ =7

ZJ{(S) _1‘ =(1-a)(1- V1+2)|<(1-a)(1- V1-7).

By Lemma 2.2.2, it is clear that for the above disk to lie in Agg, we need (1 —-a)(1 -
V1-r)<(e—1)/(e+1), which upon simplification yields » < ((e—1)(3+e—2a(1 +
e)))/((1 —a)*(1+e)?). Note that for the function

fie) =2+ (1~ @)+ (1= a)(1 - 20)+ -,

the result is sharp. The sharpness of this result can be verified by the following

graph, where Q; denotes the image of ID mapped by a+(1-a) V1+z.

— 0lss

0lsc
il —_— 00

a=0.1 a=05

Figure 4.2: Sharpness of R Sy (S (a))
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(iii) Let f €S}, ., thenzf'(z)/f(z) <a+(1—a)e*.Soon |z| =

aer

zf'(z)
f(@)

By Lemma 2.2.2, f € S¢. if (1-a)(¢"—1) < (e—1)/(e+1), which is equivalent to

—1‘ =(1-a)e-1<(1-a)e -1).

7 < pe(a). The result is sharp for the function
2, 1 3
fe(z)=z+(1—-a)z"+ A_L(l —a)3-2a)z° +---

and is validated by the following graph. The image of ID mapped by a + (1 —a)e?

is denoted by Q.

1.0

— 09 0hsc

— 0Qe —0Q,
0.0 3M 2.0 0.0 r@ %
0. 05+
1.0

a=0.1 a=09

Figure 4.3: Sharpness of Rs:. (She)

Theorem 4.2.16. The S radius for the classes Sy, S¢. and S}, is given by:

() Rs: (Sp;) = Pre= (4V2-7e-5)(e—1)/(32 V2—7¢? +6e(4 V2~ 5) -47) ~ 0.738309

(if) Rs; (Sp) =i pc = =1+ /(=1+5¢)/(2+2¢) ~ 0301221

(i) Rs, (Sy) =: pr = (\/(2 V2+3)(2e2-1)-(VZ+ 1)e) J(1+e) ~ 0.645131.

Proof. (i) Let f € Sy, . Thenzf"(z)/ f(z) < prL, where @gy is given by (4.2.9). Thus on

|z| = r, we have

zf'(z) 1+7
f@ _1'S1_[\6—(\/§_1)\/1—2(\/5—1)r]'
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(ii)

(iii)

By Lemma 2.2.2, f is in 8¢ if

1+r e—1
1_[‘5_(\5_1)\/1—2(«/5—1)r]se+1’

which is equivalent to r < pry. This result is sharp for the function fry, given

by (4.2.10).

Let f € S7, thenwehave zf'(z)/ f(z) <1+4z/3+ 222 /3. Therefore on |z| = r, we get

zf'(2) 1‘ < 2(r? +2r)’
/@) 3

which if not exceeds (¢ —1)/(e +1), implies that f lies in S, by Lemma 2.2.2.
Solving this, we get r < pc. The sharpness of this result can be verified by the

function fc(z), given by (4.2.11). Clearly fc € S;. and moreover zf/(z)/ fc(z)

touches the boundary of Agg at the point zg = -1+ \/ (—=1+5e/(2+2e), as shown
in the Fig 4.4.

Let f € S, then
zf'(z) z(k +2)
@ ke

where k= V2 +1.

Thuson |z| =7,

zf'(z) _1' < r(k+r).
f(@) k(k—r1)
In view of Lemma 2.2.2, f € S¢. if r(k+7)/k(k—7) < (e—1)/(e +1). Solving this

inequality, we obtain r < pr. The equality of the radius estimate holds for the

the function )
k*z —z/k

(k—22°

fr(z) = k= V2+1.
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Figure 4.4: Sharpness of R Sic (Sx ) R Sic (S¢) and RSEG(S};)
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Theorem 4.2.17. Let f € S¢ ., then each of the following holds:

(1) If 2/(1+e) < a <1, then f is starlike of order a in the disk |z| < r(a), where
r(a) =log(2/a—1).

(i) If 1 < p <2e/(1+e), then f is starlike of reciprocal order 1/p in the disk |z| < (f),
where r(8) = log(B/(2—pB)). Further, f € M(B) in this disk.

Proof. (i) Let f € S, then

zf'(z) 2
f(2) RETY

Therefore by Lemma 2.2.1, we have

’ r
2 < zf(z)< 2¢

e <Ry S1re H=r<D
which yields the following inequality:
Re 2/ @) >, whenever 2 >
f(2) 1+e"
This inequality holds, provided r <log(2/a —1).
(ii) Similarly,
s
Re /@) > 1, whenever 1+e > 1
zf'(z) B 2" p

This inequality holds for r < log(8/(2—p)). From Theorem 2.3.1, we have
RS*(1/B) € M(B). Thus, f € M(B) in |z| < r(B).

Hence the result. 0

4.3 Sufficient Conditions for G, ,

Now we present sufficient conditions that have been deduced for the class G, ,, in
the form of differential inequalities. The idea of differential subordination has been

used for proving results in this section.

Theorem 4.3.1. Let f€e Ay, 0<a<land A >0. If

zf”(z)—a(f’(z)—f (Z))l <5, 4.3.1)

z



102

where 0 is the smallest positive root of

o(r) :=1+n)an—-A(n+1)- P +nl—a+n)QAm+1) +n+an®)r—An(n+1-a)?,

then f € G, ,.

Proof. From (4.3.1), we have

f )) 6z, zeD.

zf"(z) - Oé(f (z) -
Let P(z) = f'(z) — f(2)/z, then P(0) =0 and

(1=a)P@)+2P"(2) = 2f"(2) - a(f (z)—&)

Now applying [61, Theorem 3.1b] for h(z) = 6z/(1 —a) and y = 1 —a, we obtain

0z
Plz) < n+l-a’
which is equivalent to
f (@) 0z
f@ n +1-a’

Now let us suppose p(z) = f(z)/z, then from (4.3.3)

P =12 <2

Now by using [61, Lemma 8.2a], we get
po= L2 <as
which further yields the following inequality
- 0 <1+ L
nn+1- a) nn+1-a)
From (4.3.4), it is clear that
o

n+1—a’

(4.3.2)

(4.3.3)

(4.3.4)

(4.3.5)

(4.3.6)
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which further implies

L P LA R @37)

From (4.3.5) and (4.3.7), we may conclude that

, o(n+1)
From (4.3.1), we have
(2 (2) sy ()

f (z)( 15 )—a(f (z _T) <O. (4.3.9)

Now from (4.3.8) and (4.3.9), we observe that

6m+1) \1zf"@)| . |2 (@) N iC))

(1— n(n+1—a)) 15 ‘ <|f (z)|' I8 <o+alf (Z)_T . (4.3.10)

Here we may note that 6 is the smaller of the two roots of ¢(r), which is given by (4.3.2).

So, we get

_nm+l-a)n+an?+2A(n+1) - V2 + a2n* + 2an3 + 8aAn + 12aAn? + 4aAnd)

0 2(n+1)(A(n+1)+n—-2an)

Since

(n+an?+2A(n+1)— Vn2 + a?n* + 2an3 + 8aAn + 12aAn? + 4aAnd)(n + an? + 2A(n +1)

+ V2 + a2n* + 2an3 + 8aAn + 12aAn2 + 4aAn3) = 4A(n+ 1)(A(n + 1) + n — 2an),

we have
5 = 2An(n+1-a)
n+an?+2Am+1)+ Vi2 +a2n* + 2an3 + 8aAn + 12aAn? + 4aAn3
2An(n+1-a)
2A(n+1)
Therefore
1
o(n+1) 20

_n(n+1—oz)
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and thus (4.3.10) implies

6+a—6
ntl-a _ n(n+1)o
o(n+1) nn+l-a)—6(n+1)
_n(n+1—a)

Zf”(Z)
Ze1h

(4.3.11)

Now let us consider the following inequality
o(m+1) )| f@)f"@) f@)
(- e e w4z
ol @ (2)
<If' @)l 7o) -1-a)+(1-a)
S SR LCR &)

<af® W)

f(@
zf'(2)

Zfll(z
f'@)

Using (4.3.5), (4.3.6) and (4.3.11) in the above inequality, we get

+(1-a)

6(m+1) \| f@f"(
(1_n(n+1—a)) ¢ (f'(2))? _(1_a)+(1_a)zf’(z)
<a(1+ 0 )(( n(n+1)5 )+(1 a)(%)z:@

nmn+l-a)/\nn+1-a)—o6(n+1)

which implies

SO @
(f@)

nn+l-a
IS AN a) l (n(n+1 a)— 6(n+1))

Thus we have

}1 —a+azf’(2)/f ()
zf"(2)/f(2)

and the result follows. m|

—(1—04)‘ <A

Corollary 4.3.2. Let 0<a <1, A >0 and g € H. If |g(z)| < 6, where 6 is the smallest
positive root of ¢(r) := (1 +n)2an—A(n+1) - mrr+n(l—a+n)QRAn+1)+n+an?)r—

An?(n+1-a)?, then

1l
f(z) =z+2""! f f g(rsz)r" 4" drds
0 Jo

isin Gy 4.



Proof. Suppose that f(z) satisfies the following differential equation

2F"(5)-a (f’(z) - @) = 2'g(2)
Let
HE) = () -1,

then from (4.3.12), we have

(1-a)H(z) +zH'(z) = 2" g(2).
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(4.3.12)

Now applying [61, Theorem 3.1b], we obtain the solution of the above differential

equation, given by
H(z) = Zli_a‘f;g(t)t”_“dt.
Now if we substitute ¢t = rz in the above equation, then
1
H(z) =Z" f(; g(rz)r"~%dr,
Taking h(z) = f(z)/z, we have

zh' (z) = f'(z) - @ = H(z).

Now by using [61, Lemma 8.2a], we obtain

_ “H()
h(z)_1+f0 .

Substituting t = sz yields

h(z)

1
1+ f H(Sz)ds
0 S
1 n ol
1+ f ((sz) f g(rsz)r”_“dr)ds
o\ 5 Jo
1
1+2" f f g(rsz)r"*s"Ldrds.
0o Jo

1l
fz)=z+2""! f f g(rsz)r" %" drds.
0 Jo

Thus
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Now using Theorem 4.3.1 along with the fact that |g(z)| < 6, we have f € G, ,. m|

Corollary 4.3.3. Let f € A satisfies

<_
8

zf"(z) - %( f'(2)- @)l 3(5 —V21), (4.3.13)

then z(zf"(z)/ f(z)) is univalent in ID.

Proof. If we take n =1, @ = 1/2 and 6 = 3(5— V21)/8 in Theorem 4.3.1, then (4.3.13)

implies that f € G 11 We know that G; 1 = G; and thus by using [70, Theorem 2], the

1
7
result follows. O

11
472

Theorem 4.3.4. Let f€e Ay, 0<a<land A >0. If

1 ’ 6(” + 1)(” - 0()
lzf"(z) —a(f'(z) - 1)| < at(1r )i—a) zelD, (4.3.14)

where 6 is the smallest positive root of ¢(r) := (1+n)2an—A(n+1)—n)r> +n(1-a+

n)(RA(n+1)+n+an®)r—An*(n+1-a)?, then f € G, ,.

Proof. From (4.3.14), we have for z € D

o(n+1)(n—a)z
a+(n+1)(n-a)

zf"(2) - a(f'(2) - 1) <

Let P(z) = f'(z) - (1 + @) f(z)/z, then

/ _ 17 _ ’ 6(n+1)(n—a)z _
P(z)+zP'(z) =zf"(z) —af (Z)<a+(n+1)(n—a) a.

Using Lemma [61, Theorem 3.1b], we have

o(n—a)z
a+(n+)(n-a)

P(z) <

4

which further implies

/ f(Z) 6(7’1-&)2
fe-+a z <a+(n+1)(n—a)_ )

Now let us take

0
p(z):@—l and 4(z) = a+(n+1z)(n—a)'
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It is easy to observe that g(0) =0, 4'(0) # 0 and Re (1 + ZZ,’;S)) =1> 2. Next, we observe

f(2) S(n—a)z

zp'(2) —ap(z) = f'(z) - (1 +a)7+a< a+n+1)n-a)

= n2q/(2) ~ aq (2).

Then by using Lemma [61, Lemma 8.2a], we obtain

) . ~ 0z
T_1 =p(z) <q(z) = a+(n+1)(n-a)

which implies

f(z) o
7_1'<a+(n+1)(n—a)' (4.3.15)
Finally from (4.3.14) and (4.3.15), we have
'@ -alr@-L2) < kr@-ag@-vlrall2 -]
oS(n+1)(n-a) ad
a+(n+l)(n—-a) a+n+1)(n—-a)
= 0.
Applying Theorem 4.3.1, the result follows. O

Corollary 4.3.5. Let0<a<1,A>0and ge H.If

o(n+1)(n—a)
a+(n+)(n-a)

lg(z)| < zeDD,

where 6 is the smallest positive root of ¢(r) := (1 +n)(2an—A(n+1)— mr2+n(l—a+

nRAm +1)+n+an?)r—An*(n+1 - a)?, then

fz) =z+2""! [} 1 j; 1 g(rsz)r" 17" drds
isin Gy 4.
Proof. Suppose f € A, satisfies
zf"(z) —a(f'(z) - 1) = 2"g(2).
Taking H(z) = f'(z) — 1, the above equation reduces to

zH'(z) —aH(z) = 2" g(2).
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By using [61, Theorem 3.1b], we obtain the solution of the above differential equation

as follows

H(z)=2z" fo ) g(Ht"o gy,

Taking t = rz, it reduces to

1
H(z):z”f g(rz)r" " Ldr
0

and thus .
f(z) =z+2"! f f g(rsz)r" 1" drds.
0 Jo

By Theorem 4.3.4, the result follows. m|

4.4 Inclusion Relations

A collection of inclusion relations comprising all the classes, previously discussed

in this chapter, are provided in this section.

Theorem 4.4.1. Let f € Gy, (A >0, 1/3<a <1). Then zf'(z)/ f(z) < 1/(1 £cz), where
¢ =A/@Ba—1) and the result is sharp.

Proof. Let p(z) =zf'(z)/f(z) =1/(1 + cw(z)). Then

1-a+azf"(z)/f'(z)

P OIfe) taa-d

—(1—a)' ‘1—2a+azp’(z)

p)  pA2)

|(1 —2a)cw(z) — acza)'(z)| .

Now we show that |w(z)| <1 for z € ID. Suppose on contrary there exists a point zg € ID

such that |w(zg)| = 1 and zgw’(zp) = kw(zo)(k > 1). Then

|lw(zo)c(1 - a(k +2))]

‘ 1-2a azp’(zo)

p(zo)  p?(z0) +2a_1‘

‘—(1 a(k+2))

which is a contradiction to the assumption that f € G, ,. For the function f(z) =
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z/(1+cz), we obtain that zf'(z)/f(z) = 1/(1 £ cz) and

1-2a azp'(z)

) ) +2a—-1|=A.

O

Remark 2. For a =1/2, G, , reduces to the class G, defined by Silverman and the

above result reduces to [70, Theorem 1] with b = 2A.

Remark 3. For a =1, G, , reduces to the class G, ; defined by Tuneski and the above
result reduces to [12, Theorem 3.1] with h(z) = Az.

Theorem 4.4.2. Let A >0 and 1/3 < a <1 be such that A < (2— V3)(3a —1). Then
G/\,a c Q.

Proof. Let f € G o, then Theorem 4.4.1 implies that

2f'@ 1

A
f(Z) 1+cz = (PO(Z), wherec = ———.

3a—1

By the structural formula, we know that f € S*(¢p) if and only if there exists a function

f(z) =zexp foz (P(ti_ 1dt.

Taking ¢(z) = @o(z), we obtain the extremal function for the class S*(¢py), given by

@(z) < @o(z) such that

fB(z) = z/(1+cz). Then by the growth theorem, we have |f(z)| < fB(r) on |z| = r. Hence

, B zf'(z) ~ —cz c
=@ -l = @l S -1| s o5 < 75
Wehavec=A/Ba—-1)<2- V3, which further implies that
, c 1
1zf'(z) — f(2) < =07 <3
and the proof is complete. O

Lemma 4.4.3. Let A >0, 1/3 <a <1 and ¢ € IIy1 with ¢(ID) = A. Then G, , C S*(p),
whenever (1+71)A < (Ba —1)r1, where r; is the radius of the largest disk contained in

A and centered at 1.
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Proof. Let f € G, ,. Then from the proof of Theorem 4.4.2, we have

zf'(z) ‘ c L
@ 1 <1—c' with c = 1
Since (1+71)A < (Ba—1)r;, we have
z2f'(2) ‘ c _ A
o N1 Tzaoa <
Therefore zf'(z)/ f(z) lies in A and hence f € S*(p). O
@ S (p) r Reference

N
x

|
—

T o S 71 Lemma 2.2.2
Z * 1
e S, 1- - [58]
1+sinz Sg sinl [16]
T+z St V2-1 [90]
z3 2
1+z- ? S;\fe 5 [101]
4 2, ) 2
1+ 52 + 52 SC 5 [86]
z+ V1+22 Sy 2—-12 [76]
1
1+ ze* S, - [45]
e

Table 4.1: Radii of the largest disk contained in the image domain of Ma-Minda
functions
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Theorem 4.4.4. The class G, , (A > 0,1/3 < a < 1) satisties the following inclusion

relations:

(i) Gpa C S5, whenever 2Ae < (e—1)(3a—1)
(ii) Gpq CS;, whenever (2e—1)A < (e—1)(3a—1)
(iii) Gyqo C SE, whenever (1 +sin(1))Ae < (1+sin(1))(Ba—1)
(iv) Gpra CS;, whenever V21 < (V2-1)(Ba-1)
(V) Gpa C Sy, whenever 54 <2(3a—1)
(Vi) Gpa € Si, whenever 51 <2(3a—1)
(vii) Gyn C S’E( , whenever 3— V2)A < (2—- V2)(3a—1)
(viii) Gy C S5, whenever (e+1)A < (Ba—1).

Proof. For different choices of ¢ with respective values of ri(refer to Table 4.1), we

apply Lemma 4.4.3 and the result follows directly.

Concluding Remarks

In this chapter, we have exploited some rare features of Schwarz function to prove
our results, involving some complex computations. This new approach would be of
great help to explore other classes in the similar direction. In addition, some differential
inequalities are proposed as sufficient conditions for the generalised Silverman class,
and many more remain to be explored. As we have studied different techniques of
differential subordination and applied them effectively to obtain our desired results,
we now move forward to study some more general forms of differential subordination,

in the subsequent chapter.







Chapter 5

Pythagorean means and Differential

Subordination

For 0 <a <1, let Hy(x,y) be the convex weighted harmonic mean of x and y. We establish

differential subordination implications of the form

Ha(p(2),p(2)0(2) +2p" (2)P(2)) < h(z) = p(z) < h(2),

where ®, © are analytic functions and h is a univalent function satisfying some special
properties. Further, we prove differential subordination implications involving a combination
of arithmetic, geometric and harmonic mean of the quantities p(z) and p(z) + zp'(z)/p(2).
As an application, we generalize many existing results and obtain sufficient conditions for

starlikeness and univalence.

113
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5.1 Introduction

The three classical Pythagorean means are the arithmetic mean, geometric mean
and harmonic mean. Pythagorean means, however, have applications in different
domains and are strongly related to the study of univalent function theory. This idea
is used in this chapter to prove differential subordination results. Let a € [0,1] and x, y
be any two numbers, then the convex weighted arithmetic mean of x and y is given
by

Ap(x,y) =1 -a)x+ay.

Similarly, the convex weighted geometric mean is defined as
Ga(x, y) — xayl—a

and the convex weighted harmonic mean of x and vy is given by

Xy

T G

Next we present the classes M. (B) and L,(f), which are defined by using the convex
arithmetic mean and convex geometric mean of the quantities zf’(z)/f(z) and 1+

zf""(z)/ f'(z) respectively. The class of a-convex functions of order f is defined as

- : IS zf"(2)
Mu(B) = {feﬂ.Re((l @) @ +a(1+ e )) >ﬁ}

and the class of a-starlike functions of order f3 is defined as

’ 1-a 77 a
La(p) = {feﬂ:Re(zj{(S)) (1+ij:(g)) >ﬁ},

wherez € D, ais any realnumber and 0 < <1.In 1996, Kanas et. al [35] introduced and

studied differential subordinations involving geometric mean of p(z) and p(z) +zp’(z).
Later in 2011, the authors in [49] proved several differential subordination results
associated with arithmetic as well as geometric mean of certain analytic functions.

In [19], Crisan and Kanas considered a combination of arithmetic and geometric mean



115

for which they established the following implication:

zp’(2)
p(z)

I-p
Y(p2)° + (1 =) (p@E)" (P(Z) + ) < h(z) = p(2) < h(2). (5.1.1)

This result, for different choices of h(z), is applied to prove some univalence and
starlikeness criteria. A particular form of this expression, for different choices of h(z)
has been worked upon by Kanas and Tudor [37]. Recently, Gavris [24] melded all
the three pythagorean means in one expression and proved an implication similar
to (5.1.1) for a specific choice of h(z). In the present investigation, we extend the
results of [24] by proving a similar implication for another choice of h(z). This result
generalised a number of earlier known results and applied to obtain several criteria for
starlikeness and strongly starlikeness. In 2014, Cho et al. [14] established conditions
on an analytic function ®(z) so that the geometric mean of p(z) and p(z) + zp’(z)D(z) is
subordinate to h(z) leads p(z) to be subordinate to (z), where h is a univalent function.
Later in the same year, Chojnacka and Lecko [17] proved a similar result for harmonic
mean. The arithmetic mean is already covered by Miller and Mocanu in [61]. In
our study, we prove some general differential subordination results involving the
harmonic mean of the quantities p(z) and p(z)©(z) +zp’ (z)P(z), where ©(z) and P(z) are
analytic functions. As an application, we establish differential subordination results
for different subclasses of S* as well as the sufficient conditions for starlikeness and
univalence, which generalize many well known results. We now define the following

class which is mainly required for our upcoming results.

Definition 5.1.1. Let f € [0,1] and ©,® € H with ©(0) = 1. By H(t;0,P), we mean the
subclass of H of all functions f such that

PO;@,@,f(Z)Pl;@,q)/f(z) P (z)#0
Hyo,f(2z) == P1-ve,0,/(2) e , (5.12)
t/G)/ /f : llm PO,Q,Q),f(C)Pl,@,q),f(C) P (Z) _ 0 .
]DBC—>Z Pl_t’-®’®’f(C) 1 _t;®rq)/f 4

is an analytic function in ID, where
Prow,f(z) = (1-t+tO(2))f(2) + td(z)zf'(z), zeD

and define Hy.g ¢ 0 = 0.

The class Q is defined to be the class of convex functions h with the following
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properties:

1. h(ID) is bounded by finitely many smooth arcs which form corners at their end

points (including corners at infinity),
2. E(h) is the set of all points C € JID which corresponds to corners h(C) of Jh(DD),

3. I'(C) # 0 exists at every C € JD\E(h).

5.2 A general form of Harmonic Mean

We start this section with the following result, in which we prove a differential
subordination implication associated with Hyg o,£(2), given by (5.1.2) and later in this

section, we discuss several applications of this result.

Lemma 5.2.1. Let 6 € [0,1], h € Q with 0 € h(ID) and ®,® € H be such that ®(0) =1,
Re®(z) >0 (z € D) and

h©)
Ch'(C)

Re (CD(Z) + ©O(z) - 1)) >0, zeD, {edD. (5.2.1)

If p € H(5;0, ), p(0) = h(0) and Hye 0, < h, then p < h.

Proof. From (5.1.2) it is easy to see that Hy,e,0 = p, therefore the implication given in
the hypothesis holds when 6 = 0. Now let us take 0 € (0,1]. If p = p(0) € H(6; O, D), then
using the fact that ©(0) = 1 and from (5.1.2), we have p(0) € h(ID) and thus in this case,
the implication holds obviously. Now let p € H(5;0, ®) be a nonconstant function and
define

x:=p(zo) and v :=p(z0)O(z0) + zop’ (z0)P(20)- (5.2.2)

Since h € Q, I'(Cp) # 0 exists. On the contrary, we assume that p is not subordinate
to h. Then by using [14, Lemma 2.2] and [17, Lemma 2.3], there exists zg € ID\{0} and
Co € JID\E(h) such that

p(Dizy) (D), p(zo) = h(Co) (5.2.3)

and

zop' (z0) = mCoh’(Cp)  for some m > 1. (5.2.4)

Using (5.2.3) and (5.2.4) in (5.2.2), we have

x=h(Co) and y="h(Co)O(zo)+mloh’(Co)P(z0).
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Let IP be an open half plane, which supports the convex domain #(ID) at h(Cp). So

x=h((y)eP and hD)NP = . (5.2.5)
We observe that
y = h(Co)O(zo) + mCoh’ (Co)P(zo) = h(Co) + Colt’ (Co)W(z0), (5.2.6)
where
W(z) = mP(zo) + 7 :h(C(OC)O) (O(z0) - 1). (5.2.7)

Clearly (5.2.1) together with the fact that m > 1 implies ReW(z) > 0. Using this along
with (5.2.6), we can say that y € IP. For x,y € P and 6 € (0,1], it implies from [17,
Lemma 2.1] that the harmonic mean of x and y, Hs,e,0,5(20) € P provided y+6(x—y) #0.
Taking into account (5.2.5), it follows that Hs,e ¢ (20) ¢ h(ID), which contradicts the
hypothesis and thus the result holds in this case.

For the case when y+ 6(x—y) = 0, we have P1_s0 0,(z0) = 0. By Definition 5.1.1, we
know that the limit

Po,0,0,(C)P1,0,0,5(C)
H;. = 1 b, ©
5,®,CD/P(ZO) Dalgr—l)ZO P1—6,®/(DIP(C)

is finite and so Py,e 0(z0)P1,0,0,(20) = xy = 0. First let us suppose that x = 0, which
implies (1 -0)y = 0. Since x = 0, y reduces to y = mCoh’(Co)P(zp). Clearly y can not be
zero as h'(Cp) # 0 and Re®(z) > 0. Hence x = 0 if and only if 6 = 1. Now we observe

from Definition 5.1.1,

Hl;@,q),p(ZO) = Pl;@,q),p(ZO) =ye P,

which further implies Hy,¢,0,(20) ¢ #(ID). This is a contradiction to the hypothesis and
the result follows. Next let us suppose that y = 0, then we have 6x = 0. Since 6 € (0,1],
it follows that x = 0 and thus y becomes y = mCoh’(Co)P(zp), which can never be equal

to 0. Therefore such a case is never possible. This completes the proof. m]
Remark 4. If we take t =1/2, ©(z) = 1 and ®(z) = 1 in Hye,0,(2), from Definition 5.1.1

we can say that it reduces to

WP+ @)
@@ L

Hyp110(2) =

Further if we take h(z) = (1+z)/(1—-z) in Lemma 5.2.1, it reduces to a result of Kanas
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and Tudor [37, Theorem 2.1].

Remark 5. If h(z) = ((1+z)/(1—-2z))”, where y € (0,1], then for t =1/2, ©(z) =1 and
®(z) =1, Lemma 5.2.1 reduces to [37, Theorem 2.6].

Theorem 5.2.2. Let 6 €[0,1],h€e Qwith 0 € m and ©,® € H are such that ©(0) =1

and

Re®(z) > 5|0(z) -1| -Re(®(z) - 1), zeD. (5.2.8)
If p € H(6;0,D), p(0) = h(0) and Hs,9,0, < h, then p <h.

Proof. In view of Lemma 5.2.1, it is sufficient to show that ®, @ and h satisfies (5.2.1).
Since h is convex and h(0) = 1, we can say that /iy :=h—1 € C. Using Marx Strohhécker
theorem [61], we have Re(Ch;(C)/h1(C)) > 1/2, which is equivalent to

h1(C)
-1 1
T Q) |S /
which means
Mo '
el S 529)

Since h; € C, we have Ihi(z)l >1/(1+7)? on |z| = r [27, Theorem.9, pp 118]. We know
that C € JD, so we have |1’ ()| = [h{(C)| > 1/4. Thus (5.2.9) reduces to

o
a0

1‘ <5. (5.2.10)
Note thatif X, Y e C and | X-1| <K, then
Re(X.Y)=ReY+ReY(X-1)) >ReY —|Y|K.

Applying this inequality to (5.2.1) and using (5.2.10), we get

h(©)

Re|D(z) + 0

O(z) - 1)) > Re®(z) + Re(@(z) — 1) — 5/0(z) — 1.

From (5.2.7) and (5.2.8), we conclude that Re W(z) > 0 and (5.2.1) holds. Therefore the

result follows by Lemma 5.2.1. m|

Corollary 5.2.3. Let 6 € [0,1], h € Q with 0 € h(ID) and ® € H be a bounded function
such that ©(0) = 1 and |O(z)| < M (z € D) for some M > 0. Suppose ® € H be such that

Re®(z) > 6(M +1). (5.2.11)
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If p € H(6;0,D), p(0) = h(0) and Hs,9,0,p < h, then p <h.
Proof. We know that —Re(0(z) — 1) < |©(z) — 1|, which gives
5|0(z) - 1| —Re(@O(z) - 1) < 6|0(z) — 1| < 6(|O(2)| + 1) < 6(M +1).
Clearly (5.2.11) is sufficient for (5.2.8) to hold true. Thus the result follows as an

application of Theorem 5.2.2. O

Theorem 5.2.4. Let 6 €[0,1] and ©,® € H be such that ®(0) =1 and
Re®d(z) > 2(|O(z) - 1| -Re(®(2) - 1)), zeD. (5.2.12)

If pe H(5;0,9), p(0) =1and Hs9,0p < V1+2z, thenp < V1+z.

Proof. We apply Lemma 5.2.1 with h(z) = V1+z, then (5.2.1) reduces to

Re (2(@(2) - 1)(1 ; %)Jrcp(z)) > 2Re(0(2) = 1) - 210(z) — 1] + Re d(2),

which is greater than 0 in view of (5.2.12). Thus the result follows due to an application

of Lemma 5.2.1. O

Theorem 5.2.5. Let 6 € [0,1], y € (0,1] and ©,® € H, where © has real coefficients
with ©(0) =1,0’(0) > 0 and Re®(z) > 0. Suppose p € H(6; 0, D) be such that p has real
coefficients with p(0) =1 and p’(0) > 0, then

+Z

1+zy 1+z\
Hé;@,(D,p < (1__2) = P(Z) < (E) . (5.2.13)

Proof. Let h(z) = ((1+2)/(1-2))”. We need to show that

h(C) 1-¢

v = Re@@-1) 7 > 0.

Re(@(z) - 1)

Let ©(z) = 1 +a1z+ayz% +--- and define R(z) = ©(z) — 1, then R(0) = 0. Since © has real
coefficients and ©’(0) > 0, it is typically real and it is easy to conclude that R(z) is
typically real. We know that C € h~!(p(D)), where D := {z € D : p(z) = h(C) for some C €
D}. Clearly h(z) = ((1+z)/(1-2z))” is typically real and conditions on p also ensures that
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it is typically real, so we have sign(Imz) = sign(Im C). Now we consider

Re(©@)-15E) = iy(Re(@)(z)—l)Re(%)
~Im(©(z) - 1)Im (=€) )

1
= _E Im(®(z) - 1)Im(

Taking C = ¢'% (0 < 6 < 2m), we have

_r2 >0, 0 €(0,m),
—Im(1 ¢ ):ZSinQ 0.m)
C <0, 6e(n,2n).

Since O(z) -1 is typically real, sign(Im(©(z) — 1)) = sign(Imz). Thus we have

LG o sin O Tm@()-1) 20
T =2sinfIm(O(z) —1) > 0.

Re ((@(z) -1)

Lemma 5.2.1 along with the fact that Red®(z) > 0 implies that (5.2.13) follows and hence

the result. O

Theorem 5.2.6. Let f € A and g € S* with g(z) # zf'(z) and

Re(zzf @ 2(f@)° ) >0, (5.2.14)

9G) 39 f' (@) +2f"(2)9(z) 29’ @) f (2)
then f € K.
Proof. Let p(z) =zf'(z)/9(z), then

2zf"(z) 22(f'(2))* _ 2p@)(p(2) +2p'(2))
9(2)  39(2)f'(2) +zf"(2)9(z) — 29" (2) f"(2) 2p@) +2p'(z)

From (5.2.14), we have

2p(z)(p(2) +2p'(2))
Re( 2p(z) +zp’ () ) >0

or equivalently,
@PpE)+2p'(2) 1+z
2p(z) +zp’(2) 1-z

By applying Lemma 5.2.1 with ©(z) = P(z) =1, t =1/2 and h(z) = (1+2)/(1 —z), we get
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p(z) < (1+2z)/(1-2z), which is equivalent to

zf'(z)

e > 0.

Rep(z) =Re

Hence the result. m|

So far in this direction, authors have proved differential subordination implications

of the form
P(p(2),2p' (2)) < h(z) = p(z) < h(z)

and the above theorem generalizes many such results in case of harmonic mean.

Henceforth, we consider differential subordination implications of the form

Y(p(2),2p" (2)) < h(z) = p(z) < q(2)

for different choices of &, g and ¢. We enlist below a few examples.

Example 14. Let p(z) = 1 + a1z +apz? +--- be analytic in ID with p(z) # 1. Then p(z) < ¢,

whenever
2p(z)(p(z) +2p’(2))
2p(z) +zp'(2)

<pi(z)(1=12,.,5),

where ¢1(z) = V1+z, p2(z) =2/(1+€e7%), p3(z) =z+ V1+2z2, p4(z) = 1+sinzand ¢s(z) =
1+4z/3+22%/3.

Proof. Let q(z) = ¢ and Q; = ¢;(D) (i = 1,2..,5). Suppose that ¥ : C>xID — C be a
tunction defined by y(a,b;z) = 2a(a +b)/(2a + b). Using the admissibility conditions for
¢” given by Naz et al. [67], it is sufficient to prove that i € W[();,¢?], or equivalently,

U(r,5;2) ¢ Q, where r = ¢’ and s = me'%e”” = mre'® (-7t < 6 < 77). We observe that

2r(r+s)  2r(r+mre') i0 1
"S; = = - = 2 ¢ (1 — - )
Yrsiz) 2r+s 2r +mrei® ¢ 2 +me'?
Therefore
2¢c0s0 ((mz +3mcos O + 2) cos (sin ) —msin Osin (sin 8))
Re(r,s;z) =

m? +4mcos(0) +4
=: a(0),

which at @ = 0 becomes a(0) = 2e(m? +3m +2) /(5 +4m). Since m > 1, we have a(0) > 4e/3.

Thus it is easy to conclude that ¢(r,s,z) ¢ QJ; (1 = 1,2,..,5) and the result follows at
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once. 0

Example 15. Let p(z) = 1+ a1z +a,z> + --- be analytic in D with p(z) # 1. Then p(z) <

V1+z, whenever
2p(z)(p(z) +zp’(2)) 2
2p(z) +zp'(z) 1+e72

Proof. For ¢(z) =2/(1+e7*), we have Q = (D) = Agg and ¢(z) = V1+z. Now let
Y : C*>xID — C be defined as y(a,b;z) = 2a(a +b)/(2a + b). Then by using the admis-
sibility conditions for V1+z given by Madaan et al. [55], it suffices to show that
Y € V[Q, \/E], which is equivalent to, y(r,s;z) ¢ Q2, where r = V205206 and
s =me?? /(2 V2cos20) = me?? [ (2r) (-1/4 < 6 < 7t/4). We observe that

11120
21(r +5) 27(7Jr 2r ) 4c0s26
r(r+s o (M +4cos
57) = = /= 22c0s20 19(—).
Y(rs;z) 2r+s me?io cosbe m+8cos20
2r+
2r
Therefore
+4cos260
Rey(r,s;z) =2 VZCOSZQCOSQ(%),
which is an increasing function of m. So for m > 1, we have
1+4cos26
R ;2) >2V2cos2 — | =
ey(r,s;z) > cos (9cos(9(1 +8c0526) a(0),

which at 6 = 0 becomes a(0) = 10 V2/9 ~ 1.57. Since maxRe(2/(1 +¢7%)) < 2¢/(1+e) ~
1.46, it is easy to conclude that 1(7,s,z) ¢ QO and the result follows. O

Example 16. Let p(z) = 1+ a1z +a,z> + -+ be analytic in ID with p(z) # 1. Then p(z) <

2/(1+e7 %), whenever
POGE @)
2p(z) +2p'(2) '

Proof. Let us suppose g(z) =2/(1+e7%) and Q = ¢(ID), with ¢(z) = V1+z. Also, let
Y : C?>xID — C is a function given by 1(a,b;z) = 2a(a + b)/(2a + b). By applying the
admissibility conditions for 2/(1 +¢7%) (refer to Chapter 2), it is sufficient to prove
that ¢ € W[Q,2/(1 +¢7%)], which means ¢(r,s;z) ¢ QQ, with r =2/(1 + e‘eig) and s =
Qmei%¢")/(1+e7)? = (mrei®e=¢") /(1 +e7¢") (=1 < 6 < 7). We observe that

2r(r+s) 4 1+ +meife’

P(r,5;2) = =

2r+s  1+e79 | 2+20¢7 4 11100~




123
Then Rey(r,s;z) = N(0)/D(0) =: a(0), where

N©) = m?e% +m?cos(sin 0) + 5mef cos 6 + 3me? <Y cos(6 — sin 6)
+m1c0s(6 — sin 6) + 2m cos(0 + sin 0) + me % cos(6 — 2 sin 6) + 4¢°°¢

+263°050 1 602€050 ¢o5(sin B) + 2 cos(sin ) + 2% cos(2 sin O)
and

D) = (1+¢2°9 42659 cos(sin 0))(4 + m? + 4¢3 + 4m cos O

+8¢°°%9 cos (sin 6) + 4me 3 cos (6 — sin ).

We observe that a(0) = 4e(1+e+m)/(1+e)(2+2e+m) and m > 1, so we have a(0) >
4e(2+e)/(1+e)(3+2¢e) ~ 1.635. Thus it is easy to conclude that (r,s;z) ¢ Q and the

result follows. 0
Theorem 5.2.7. Let -1<B<A<1,-1<E<D<1,L:=k+2, M:=2(A+B)+k(2A-B),
N:=2AB, G :=2(E-D), H:=2AE(k+2)—2BE(k—1)— AD(k+2) + BD(k—4), I := 2A2E(k +
2) —2ABE(k—2)—ABD(k +4) + B?D(k —2) and ] := 2A%?BE —2AB?D with
2E(1+A)-D(1+B)) > 0. (5.2.15)

In addition, assume

GH+HI-3GJ+1]+12G] 2 4|GI+H]| (k=1) (5.2.16)
and

3+2AB+D(B+1)(AQB+3)+B+2) > 2E(A+1)(AB+2)+1)+H4A+B|.  (5.2.17)

Further, let p(z) = 1+a1z +ayz% +- -+ be analytic in D with p(z) 1. Then

2p(z)(p(z) +zp'(z)) 1+Dz 1+ Az
2p(z) +zp'(z) “1+Ez p(z) < 1+Bz’

Proof. Define P(z) by
p) .= PAPDTZ@) 4y PO

2p(z) +zp’ (2) A-Bp(z)’
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or equivalently p(z) = (1+ Aw(z))/(1 + Bw(z)). Then w(z) is clearly meromorphic in ID
and w(0) = 0. We need to show that |w(z)| < 1 in ID. We have

2(1 +Aa)(z))(1 +Aw() | (A= B)za)’(z))

1+Bw(z) J\1+Bw(z) (14 Bw(z))?
(1 - Aa)(z)) N (A - B)zw'(z)
1+Bw(z)] (14 Bw(z))?

P(z) =

Therefore

Pz)-1  (A-B)QRw(z)(1+Aw(z))(1+Bw(z))+ (1 +2Aw(z) — Bw(z))zw’'(z))
D-EP(z) 2(1+ Aw(2))(1 + Bw(z))P1(z) + (A — B)Dy(2)zw’ (2) ’

where
®1(z) = E(1 + Aw(z)) — D(1 + Bw(z)) and ®,(z) = 2E(1 + Aw(z)) — D(1 + Bw(z)).

On the contrary if there exists a point zp € ID such that max, <, |lw(z)| = |w(zo)| = 1,
then by [82, Lemma 1.3], there exists k > 1 such that zpw’(z0) = kaw(zp). Let w(zp) = etf,
then we have

L+ Me'® + N
G + Hel? + [¢210 + Je3i0 |

= (A-B)

' P(Zo) -1
D - EP(zg)

We observe that
IL+Me'? + Ne?O)> = L2 + M? + N> —=2LN + 2(L + N)Mcos 6 + 4LN cos? 0.

Choose t := cos0 € [-1,1]. Since

dac—b?
min{at? +bt+c: 1<t <1} = 4g '
a—|bl+c, otherwise,

ifa>0and |b| < 2a

we have |L + Me'® + Ne292 > (L — M| + N)2. Next we consider

IG+He' +1649 + [30P? = G?>+H?+1?+]?>-2GI-2H] + (2GH +2HI — 6GJ
+2I]) cos 0 + (4GI +4H]) cos®> 0 +8GJ cos® 6,

which is an increasing function of t = cos 0 € [-1,1] in view of (5.2.16). Thus we have
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|G + He'? + 1629 4 Je%012 < (G + H + I + ])%. Therefore

2

' P(z0) - 1

2> L-|M|+N
D-EP(zo)| =

G+H+I+]) = (),

which in view of (5.2.15) is an increasing function of k. So we have (k) > (1) and

therefore

3+2AB—|4A + B|
T 2E(A+1)(A(B+2)+1)-D(B+1)(A2B+3)+B+2)’

‘ P(Z()) -1
D — EP(zg)

which in view of (5.2.17) is greater than or equal to 1. This contradicts that P(z) <
(14 Dz)(1 + Ez) and that completes the proof. O

Note: The fact that the equations (5.2.15), (5.2.16) and (5.2.17) hold simultaneously is
validated by the following set of values: A=3/8, B=0, D=1, E=123/128.
In the results that follow, we consider a combination of harmonic mean, geometric

mean and arithmetic mean of p(z) and p(z) +zp’(z)/p(2).

5.3 Combination of all Pythagorean means

In this section, we prove certain implications involving a combination of the three

classical means, in order to generalize many previously known results.

Theorem 5.3.1. Let y € [0,1], a € [0,1), 6 € [1,2], p €[0,1) and p € [0,1] be such that
p > a(1+2a), whenever a € [0,1/2]. Also, let p be an analytic function with p(0) = 1 and

zp'(z)
p(z) + )

zp’(z)
1
TP

Re|y(p(2))° +(1-y) > B,

for > ya+(1-1y)Bo, where B is given as follows:

(1+a)(1-2a)

, if I; hold
“ o= a)—2a2 S
a if (~ I;) AL, holds
_ 1 — M1 — )21 — ) 4 (5.3.1)

16a(2a? - p(1-a))
- p(1-p) (2a%—p(1-a)
lea(l-a)\ 2(1-a)+p

if (~ 1) A (~ ) A (~ I3) holds,
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with

2_h(1— -
h:0<a<1/2, Ih:a?=x*+pmy>0 and I5: % > G0, (5.32)

(1—a)?+x2

provided x >0 and my < === Then Rep(z) > a.

Proof. If we let q(z) = (1+ (1 —2a)z)/(1 —z), then it suffices to show that p < 4. On the
contrary, let us suppose p £ 4. Then by Lemma 1.4.3 and [61, Lemma 2.2f], there exist
zp €D, {p € dID\{1} and m > 1 such that

_(1—0{)2+x2

p(z0) =q(Co) =a+ix and  zop'(z0) =mCoq'(Co) =My < —— =) (5.3.3)
Consequently, we have
a2
5 _ — 0 _
)/(P(Zo)) + (1 7/) . ZOP/(ZO) Y(Q(CO)) + (1 y) . mcoq/(co) . (534)
") @

Now let E(6) = (q(CO))‘5 and L = {E(0) : 6 € [1,2]}. Geometrically, L represents an arc of
the logarithmic spiral joining the points E(1) = (o) and E(2) = (9(Co))*. We know that
L cuts each radial halfline at an angle, which is constant. Clearly, arg(q((o))° is an
increasing function of 6 and thus, L is in the closed halfplane containing the origin

and bounded by the line Rez = ReE(1). As a result, we have

Re(q(Co))° <a, 6€[1,2]. (5.3.5)
We observe that
mCoq’(Co)
q(Co) + ——— ,
9C0)  _ 3 mCoq’ (Co)
oG O P oy Gl @) (5.3.6)

7*(Co)
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Using (5.3.3) and (5.3.6), we have

mCoq’(C
q(Co) + L(O)
Re q(,CO) = Rela+ix+(1- p)Lm
mCoq’(Co) a+ix+ 22
7%(Co)
mya(a? + x> + pmy)
= 1- .
at(d-p) (a2 —x% + pmy)? + 4a?x>
(5.3.7)
Since my < 0, we may observe that
mCoq’(Co)
+ _—
R 9(Co) q(Co) mya(a® — x> + pmy)
e v <a+(l-p) . (5.3.8)
14 mCoq’(Co) (a2 —x2 + pmy)? + 4a?x2
7%(Co)
Case(i)0<a<1/2.
From hypothesis, we have p > a(1 +2a) > 2a?/(1 —a) and from (5.3.3), we have my <
_ (12‘(‘1‘)_2;)’5 ® Therefore
2 _ (1 —
x4+ pmy < 20°-p(1-a) —x22(1 a)+p -

2 21-a) —

2.2
Now using the fact that a?x? > 0 and that my < —% <-152 we obtain from (5.3.8),

mCoq’(Co)
q(Co) + ——— 2 2
Re| 0@ | = s oy
1+ mCoq'(Co) (a® —x*+ pmy)
7%(Co)
= a+(1-p) 0;
Sy te
< a+(1-p)——
T=a
(1+a)(1-2a)
p(1-a)—2a2"

Case (ii) 1/2 < @ < 1 and a? — x> + pmy > 0.

Since a > 1/2, we have 22 /(1 —a) > 1 and therefore, p < 2a?/(1 —a). Also, since my <0
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and a? —x? + pmy > 0, we have

mCoq’ (Co)
+ _—
(o) q(Co) mya(a? — x> + pmy)
Re ; < a+(l1-p) <a.
14 mCoq’ (Co) (a2 —x2 + pmy)? + 4a?x2
PTG
Case (iii) 1/2 <a <1, a®> = x>+ pmy < 0 and x> > @al-pl-a)-0) . (5.3.7), we have
/ pmy = = 2(1-a)+p : L)
mCoq'(Co)
4+ —
1(Co) q(Co) a(a? +x2 + pmy)
Re y < a+(1-pmy
14 mCoq’(Co) (a2 = x2 + pmy)? + 4a2x2
q*(Co)
2.2
apm-y
< 1-
s a+(l-p) (a2 —x2 + pmy)? + 4a’x?
2,2
apm-y
< a+(1-p) 122
2.2
pm-y
= a+(1-p) Tl (5.3.9)
Usi . . (1-a)2+x2 1-a o 2 .
sing the inequality my < —5F=y= < =" and the condition on x* in (5.3.9), we
obtain
mCoq’(Co)
+ _—
. q(Co) 9(Co) < at(l- )ﬁ(l—a)Z( 2(l—a)+p )
RO Paa\ 727 ) (22— pi=a)-a)
b q%(Co)

p(1-p)1-a)2(1-a)+p)
16a2a?2—p(1-a))

Qa*-p(1-a))(1-a)
2(1-a)+p

Case (iv) 1/2<a<1,a?>-x*>+pmy <0and x? <

Considering my < —(12_(01‘)_2;;6 < —z(fi o and using it in (5.3.9) along with the condition

2

on x°, we get
q(CO) + mCOq (CO) ) 2
Re q(Co) - a+(1—p)L( —x )
1 mCoq’(Co) | ~— 4ax2\2(1-a)
+ _—
7%(Co)
p(1-p)x?
+
16a(1 - a)?

p(1-p) (2a*—p(1-a)
l6a(l-a)\ 20-a)+p |
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Combining all the cases we obtain

mCoq’(Co)
q(Co) + 0

mCoq’(Co)
PR

Re

< Po, (5.3.10)

where f is given by (5.3.1). From (5.3.4), (5.3.5) and (5.3.10), we have

zop’ (20)
p(zo)

zop'(zo)

p?(zo)

p(zo) +
Re|y(p(20))° + (1)

<ya+ (1 —)/)ﬁ(),

1+

which contradicts the hypothesis. Hence the result follows. m|

Remark 6. If we take y =0 and a € [0,1/2], the above result reduces to a result of

Kanas [34, Theorem 2.4]. Infact, we extended this result for a € [0, 1).

Remark 7. By taking y =0, p =1/2and a =0, we obtain a result of Kanas and Tudor [37,
Theorem 2.3]

Theorem 5.3.2. Lety €[0,1],a €[0,1), u€[0,1], 6 €[1,2], € [0,1) and p € [0,1] be such
that p > a(1+2a), whenever a € [0,1/2]. Also, let p be an analytic function with p(0) =1

and

zp'(z)\ "
(P(Z))“(P(ZH ) )

pZP’(z)
p*(2)
for > ya +(1-7y)p1, where B, is defined as follows:

Re|y(p(2))° +(1-y) > B,

1+

o I4 holds
2ap%(1-2a) hold

e 2—app-m-zay RO
N ap(l—a)da®—p(l-a))

b= T - a)y

ap(—a)2(1—-a)+p)

2(4a?*(1-a)+pRRa—1))

. ap2a®~p(i-a)
2(402(1-a)+pRa—1))

(~ ) NI A(~ I) holds

(~ ) A(~ D) A3 A(~ I4) holds

(~ 1) A(~ I2) A(~ I3) A(~ 1) holds,

with I;, I and I3 given by (5.3.2) and Iy : a® + x*> + pmy < 0, provided x > 0 and

(1—0()2 +x2

my < ——g—— Then Rep(z) > a.

Proof. We proceed as done in Theorem 5.3.1 to show that p < g, where g(z) = (1+(1 -
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2a)z)/(1-z). For if p £ g, then there exists zg € D, g € D and m > 1 such that

zop’ (20) )H l
p(zo)
zop'(zo)

p?(z0)
mCoq’ (Co)\' ™"
(q(Co))“(q(Co)+ 7o) )

mCoq’ (Co)
PR

(p(z0))" (P(Zo) +

Y(p(z0))° +(1-7)
1+p

= (L) +(1-y)
1+

From the proof of Theorem 5.3.1, we have
Re(q(Co))° < a. (5.3.11)

Now we set

’ 1—,U ’ 1—.11
" mCoq (Co)) (1 mCoq (Co))
o (q(Co)) (q(Co)z | ?g}) ) q(Co) +—gz(§&) )
mCoq"(Co magoqg (Go
1 1
PR PTG
and let L = {E(u) : u € [0,1]}, which gives
mCoq’(Co)
q(Co) +
E(0) = 10 nd E)=— T
- meoq (Co) " meoq (Co)
7(Co) 7%(Co)

It was shown in the proof of Theorem 5.3.1 that Re E(0) < fo, where g is given by (5.3.1).
Now we consider Re E(1)), which by using the conditions (5.3.3) becomes

a+ix
1+ pm'y
(a+ix)?
a(at +x* +2a%x% + a?pmy — 3x*pmy)
(a2 —x2 + pmy)? + 4a?x?

ReE(1) Re

apmy(a? + x>+ pmy)

(@2 =22+ pmy)? +4a2x2
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It is easy to note that ReE(1) < a, whenever a? + x> + pmy < 0. So now let us assume
that a? +x? + pmy > 0 for the rest of the cases. Before we start our first case, we observe

that

a? +x% + pmy a? +x?
Py (a2 —x2 + pmy)? + 4a?x> Py (a2 —x2 + pmy)? + 4a?x?
- —apmy(a® +x?)
T (@2 +x2+ pmy)?
o2 + 72
_ Zeplttx) (5.3.12)

my (5 +p)

since my < 0 and a? +x? + pmy > 0.
Case(i)0<a<1/2.
(1-a)2+x2

From (5.3.3), we have my < — =) which further implies

) 2_P(1_a) 2« P
a“+x“+pmy<a 5 +x (1 2(1—a))' (5.3.13)

The inequality a < 1/2 implies 1-p/2(1 —a) > 0. Also from hypothesis, we have

p=>a(l+2a)> 2a?/(1 — ), which is sufficient to conclude that

a2+x2+pmy§x2(1—2(1p_a)).
Thus s
as+x
- +p=2p-2(1-a). (5.3.14)

We know that a? +x2 + pmy > 0, so from (5.3.13) we obtain

2> (p(1-a)—2a%)(1 —)
2(1-a)-p

(5.3.15)

Using (5.3.14) and (5.3.15) in (5.3.12), we get

a?+x% + pmy 2ap(1- a)(a? +x?)
Py (a2 —x2 + pmy)? + 4a®x? x2(p—2(1-a))?
2ap(1—a) (i‘—; + 1)
 (p-20-a)p
2a(1-2a)p?

(p—21-a)*(p(1-a)-2a%)
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Case (ii) 1/2 <a < 1and a® —x% + pmy >0

Using the above condition, we obtain

1—
a>+xP+pmy < 2(a*+pmy) < 2(0(2 K 5 a)).
Thus we have
2, .2 -2(2a% - p(1-a)
“n:yx +p> ( — ) (5.3.16)
Next we observe that
1-—
a>+x* < 20 +pmy <2a* - w. (5.3.17)
Using (5.3.16) and (5.3.17) in (5.3.12), we get
2a0l2a% - M
( a? +x%+ pmy P 2
—apmyl\ T 2 2 2,2 2
(@ —x*+ pmy)~ +4ax i) 2a2—p(1—a)
1-a
_ ap(l- a)(4a? - p(1-a))
4202 - p(1-a))?
Case (iii) 1/2<a <1, a®> —x*>+ pmy < 0 and x* > (zaz_zfl(:;%l_a)
Since my < 0, a® +x2 + pmy < a? + x2, which further implies
2., .2 (2 12
& n:’yx +p> z(f‘f;x) (5.3.18)

Now by using (5.3.18) and the condition my < —(1—-a)/2 in (5.3.12), we obtain

a® +x% + pmy < ap(l-a)
T 2(a2+x2)’

—apmy((az —x2 + pmy)? + 4a’x?

which after applying the condition on x> becomes

a? +x% + pmy ap(l-a)2(1-a)+p)
—apmy < .
(a2 =x%+ pmy)? +4a2x? |~ 2(40*(1-a)+ pRa—1))

2_ — _
Case (iv) 1/2<a<1,a?>—x*>+pmy <0 and x* < (2a zfl(ia?l);l @)

Proceeding similarly as done in case (iii) and replacing the condition my < —(1-a)/2
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by my < —x?/2(1 - a), we get

a? +x% + pmy ap

<

2_ 52 2422)— 2 ’

(0% =x%+ pmy)” +4a’x ZG%+4)”‘“)
X

oo

which by using the condition on x> becomes

a? +x2+ pmy ap
2
2(—2 + 1)(1 — )
x

ap(2a® —p(1-a))
2(4a2(1-a)+pRa—1))

—apnty ( (a2 —x% + pmy)? + 4a2x?

Combining all the cases, we obtain that E(1) < ;. We observe that L represents an
arc of logarithmic spiral with end points E(0) and E(1), such that it cuts every radial

halfline at a constant angle. Also

mCoq’ (Co) ) - arg(l + p_mCOLI’(Co))

arg E(u) = arg(q(Co)) + (1 - ) (1 TR q*(Co)

is a decreasing function of y and thus, arg E(1) < arg E(u) < arg E(0), u € [0,1]. So we
may conclude that L lies in the closed halfplane containing the origin and determined

by the line Rez = Re E(1), which means
ReE(u) < p1. (5.3.19)

From (5.3.11) and (5.3.19), we obtain

2p'(2)\' "
po o+ 2]

zp'(2)
PR

Re[y(p(2))°+(1-y)

<ya+(1-y)B1<pB,

which contradicts the hypothesis and hence the result follows. m]
Remark 8. Taking p = 0, we obtain the result [19, Theorem 2.3]

Remark 9. By taking 1 =0, y =0, p =1/2 and a =0, we obtain the result [37, Theo-
rem 2.3].

Remark 10. For y =0, p =0 and a = 0, we get a result of Lewandowski et al. [51].
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Remark 11. For6=1, p=0, u =0 and a = 0, we obtain a result of Sakaguchi [84].

By taking p(z) = zf’(z)/ f(z) in Theorem 5.3.2, we obtain the following result.

Corollary 5.3.3. Lety €[0,1], «€[0,1), u€[0,1],6 €[1,2], €[0,1) and p € [0,1] be such
that p > a(1 +2a), whenever a € [0,1/2]. Also, let f € A satisfies

6 (Zf/(Z) )1+y (1 N Zf//(Z) )1—;1
@\ .\ e @
I{®) ")

> B,

p

where f is as defined in Theorem 5.3.2. Then f is starlike of order a.

Remark 12. If we take 6 =1, u =0 and p = 0 in the above result, then it implies that
the class of y-convex functions of order f5 is included in the class of starlike functions
of order a. Further by taking a = 0, it reduces to the well known result which states

that every y-convex function is starlike(see [63-65]).

Remark 13. By taking 6 =1,p = 0 and a = 0 in the above result, we obtain the well
known result which states that a p-starlike function is starlike [50,51].

By taking p(z) = f’(z) in Theorem 5.3.2, we obtain the following result.

Corollary 5.3.4. Lety €[0,1], a €[0,1), n€[0,1],6 €[1,2], €[0,1) and p € [0,1] be such
that p > a(1 +2a), whenever a € [0,1/2]. Also, let f € A satisfies

T D7 s
(f' (@) “(f (2)+ f,(z))

7@ | P
IZ®

Re|y(f'(2))° +(1-7y)
fr@+p

where f3 is as defined in Theorem 5.3.2. Then Re(f’(z)) > a and therefore f is univalent
in D.
By taking p(z) = f(z)/z in Theorem 5.3.2, we obtain the following result.

Corollary 5.3.5. Lety €[0,1], €[0,1), u €[0,1],6 €[1,2], €[0,1) and p € [0,1] be such
that p > a(1 +2a), whenever a € [0,1/2]. Also, let f € A satisfies

) (o)

: "

& @ e
R

o
Re V(@) +(1-y)
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where f is as defined in Theorem 5.3.2. Then Re(f(z)/z) > a.

Concluding Remarks

With the construction of a general form of harmonic mean, a differential subor-
dination implication is proved in this chapter. The main result is proved with the
help of geometric properties of harmonic mean. Another main result of this chapter
extends several works of differential subordination related to arithmetic, geometric
or harmonic mean. The proofs involve complex computations and some geometrical
concepts from different areas. As a matter of scope, the problems attempted in this
chapter can be generalised in different ways. In this chapter, we demonstrate several
differential subordination results using a variety of mathematical concepts. As we
move forward, we use integral operators to derive a special type of differential sub-
ordination, known as Briot-Bouquet type differential subordination, and study it in

detail.







Chapter 6

On a Briot-Bouquet type Differential

Subordination

We prove some results that are analogous to open door lemma and integral existence theorem.
Using the integral representations of the solution of a differential equation, we prove sufficient
conditions for univalence and starlikeness. Further, we introduce and study the following

special type of differential subordination implication:

zp'(2)

PEQE) +

<h(z) =p(z)<h(z), (6.0.1)

which involves generalization of the Briot-Bouquet differential subordination, where Q(z) is
analytic and 0 # B, € C. In addition, we discuss some special cases by taking several functions

in place of h(z).

137
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6.1 Introduction

Integral operators play a major role in the field of differential subordination. Authors
like Goluzin [25], Robinson [80] and Hallenbeck and Rusheweyh [29] enlightened us
by interlinking of integral operators and differential subordinations. The relationship
between a differential subordination and its integral analogue allows us to obtain sub-
ordination results for an integral operator in a simplified manner. For instance in [52],
it was proved that the Libera integral operator preserves some special classes of uni-
valent functions. Later, Miller and Mocanu [61] provided a much simpler proof of this
result, by means of differential subordination. In a similar way, Parvathvam [71] and
Ali et al. [5] considered Bernardi integral operator and proved interesting results by
transforming it into Briot-Bouquet type differential equation. The corresponding first
order differential subordination, known as Briot-Bouquet differential subordination,

defined as

Zp'(2)
Bp(z)+a

was extensively studied by Miller and Mocanu [61]. Many implication results were

p(z) + < h(z) (6.1.1)

proved later associating (6.1.1). Previously, Ruscheweyh and Singh [83] considered

Briot-Bouquet differential subordination in a more particular form given by

zp’(z) - 1+z

pz)+ pp(z)+a 1-z

with a > 0and > 0. Later it was generalised to the form given by (6.1.1), in which h(z)
is taken to be a univalent function and «, § # 0 are extended to complex numbers. This
particular differential subordination has vast number of applications in the univalent
function theory, see [18,22, 62,69, 89] and the references therein. It is known that
the Briot-Bouquet differential subordination is obtained from the Bernardi integral

operator. Similarly, the general form of the Bernardi integral operator given by

1/8
f AGTARGYE G (6.1.2)

F(z)=1[f,9]1 = ( )

with appropriate choice of p and  yields a different type of differential subordination,

which we introduce here:

zp'(2)

PEQE) + 2

<h(z) (zeD), (6.1.3)
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where a, f € C with § # 0 and Q is an analytic function such that

g(z) = zexp ‘foz Q(ti — 1dt. (6.1.4)

The expression (6.1.3) is clearly a generalization of the Briot-Bouquet differential sub-
ordination as it is evident when we choose Q(z) = 1. In the present investigation, we
find conditions on a, f and Q(z) so that the implication (6.0.1) holds. Further, we
examine some special cases concerning this result. For the special cases, we need to
recall some of the subclasses of S*, which are listed in Chapter 1. Currently, we need

to learn about a couple of more classes, defined as follows.

e In [18], Coman defined that a function f € A is said to be almost strongly starlike

of order a, a € (0,1], with respect to the function g € $*(1 —a) if

Tt

2

IR Q)] _
87 f@)

9()f'(2) . (1 +z
7@ f(z) \1-z

2
) or equivalently,

and concluded that such functions are starlike and hence univalent.

e Recently, Antonino and Miller [8] defined the class of F-starlike functions, de-

noted by 7S as
._ o (F@f ()
FS = {feﬂ'Re(F—'(z)f(z)) >O},

where F is fixed univalent function on the closed unit disk ID, with at most a

single pole on JD and F(0) = 0.

Moreover, we explore differential equations and find conditions that suffice to imply a
differential subordination. These results are analogous to open door lemma and inte-
gral existence theorem. We derive other similar results and find sufficient conditions
for starlikeness and univalence as applications of our results. This work has been
carried out for a particular type of differential subordination, given by (6.0.1). The
basic definitions and results associated with the theory of differential subordination

have been already covered in Chapter 1.

6.2 Analogues of Open Door Lemma

In this section, we obtain conditions on the variable coefficients of certain differential

equations so that their solution is subordinate to a specific function.
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Theorem 6.2.1. Let p(z) be analytic in ID with p(0) =1 and Q(z) € £. Suppose that

a>0,>0 and p satisfies
zp'(2)

PAQE) + 5 =1, (62.)
then Rep(z) > 0.
Proof. Let us define the analytic function g by

g(z) = zexpf Q-1 dt.
0 t

Then one can verify that the function p(z), given by

Qb (7 N a

pa)="7 F ( fo 7" '(tg (t)tﬁ) 3 (6:2.2)

is analytic in ID and p € H[1,n]. The logarithmic differentiation of (6.2.2) reveals that
p is a solution of the differential equation (6.2.1). We now use [61, Theorem 2.3i] to
prove that Rep(z) > 0. Let Q = {1} and ¢ (r,5;z) = rQ(z) +5/(pr + a), then (6.2.1) can be
written as

{Y(p(z),2p’(2);2)lz € D} C Q.

In view of [61, Theorem 2.3i], it is sufficient to show that ¢ € W,,[€), 1], which means
admissibility conditions defined for the class W,[(),1] are satisfied by ¢ or equiva-

lently:
o

Bpi+a

Y(pi,0;2) = +Q@)pi #1, (6.2.3)

where p € R, 0 < —g(l +p?), z€D and n > 1. Suppose on the contrary if we as-

sume (6.2.3) is false, then there exist some values pg, op and zp such that

0o
Bpoi+a

+ ipoQ(Zo) =1. (624)

If we let Q(z) = S(z) +1T(z), then (6.2.4) yields

—poT(zo)=1 and - % + poS(z0) = 0. (6.2.5)
ac+p fon

oo
2 2 12
ac+p fon

Since 0g < 0 and a > 0, we have pg # 0. Therefore from (6.2.5), we deduce that

Boo _ pn(1+ P%)

ReQE) =560 = G P2 = "2+ p2pd)
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which contradicts the hypothesis and hence it follows that Rep(z) > 0. |

Corollary 6.2.2. Let f € Abe such that f(z)/z# 0in D and f € R. Then Re f(z)/z > 0.

Proof. Let Q(z) = f'(z) then Q € P as f € R. Choose p(z) =z/f(z), f=1and a =0, then
clearly p(0) = 1 and p(z) satisfies (6.2.1). Now by an application of Theorem 6.2.1, it
follows that Rep(z) > 0 and hence the result. O

Here below we consider an analogue of integral existence theorem:

Theorem 6.2.3. Let ¢, ¢ € H[1,n], with p(z)¢(z) #0in D. Let A, n, y and 0 be complex
numbers with n# 0, A +6 =n+7y =1 and &, be non negative real numbers with g # 0.

Let g € A, and suppose that

B zg'(z)  z¢'(2) 1+z

Q(Z) =A g(z) + (P(z) +0< 1_—Z (626)
If F is defined by
1
z B
H@:Lw@wmgiinﬁmmgﬂgmamamﬁmqgmmy’ (627

then F € A, F(z)/z# 0 and for ze D,

zF'(z) z¢'(z)

"Fe) T o)
¢ zg'(z) z¢'(2)

Yo T

> 0. (6.2.8)

Proof. Let p(z) be given by

_1
p

a

Z -1
f%wmﬁﬂff%wwmﬁmw)— (6.2.9)
0 B

p(z)

Then

pE) = 14 puz" + P2+

is analytic in ID and p € H[1,n]. The logarithmic differentiation of (6.2.9) shows that
p(z) satistfies (6.2.1) with Q(z) as given in (6.2.6). From hypothesis, we have Q(z) <
(1+2)/(1-2z). Thus the hypothesis of the Theorem. 6.2.1 is fulfilled by p as well as Q
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and hence it follows that Rep(z) > 0. Using (6.2.7) and (6.2.9), we get

F(z)=( (a+p)zF17) )ﬂl_ﬁ_ ( atp )#,

= (6.2.10)
PP (2)(Bp(2) + @) PP (@) (Bp(z) + @)

Clearly the expression in the bracket is analytic and non-zero, so we deduce that
F € A, and F(z)/z # 0. By differentiating (6.2.10) logarithmically, we obtain

zF'(z) zp'(z)  zp'(2)

T = 7T o pr@+y

which by using (6.2.1) simplifies to

zF'(z) N 2z’ (z)

+7v =p(2)Q(2).
e T eR TV TPERE
Therefore
1 [ zF'(z) z¢'(2) )
Re + +v|>0,
e \"Fa) " 9@ 7
which is equivalent to (6.2.8) and hence completes the proof. m|

We now obtain the following special case of the above theorem when6=y=0,A=n=1
and ¢(z) =1 = ¢(z).

Corollary 6.2.4. Let € S*, >0, f > 0 and F is defined as

a+p
9%(2)

F(z) = fo Z g (Hg*~ (Dt

then F is almost strongly starlike with respect to g and hence univalent.

Theorem 6.2.5. Let f, g € A, and ¢ € H[1,n] with ¢(0) =1 and ¢(z) # 0 in D. Let ,a
and o be complex numbers such that g # 0 and Re(Bh(z) + a) > 0, where & is a convex

function with h(0) =1 in ID. Suppose

zf'(z)  z9'(2)

b g <@+ (6.2.11)
If F is defined by 1
Fz) = (Zﬁ +é) fo ) fﬁ(t)g"(t)t“_“_ldt)g, (6.2.12)
then F € A, and
) 1207 (6.2.13)

F@) B @)
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Proof. Let p(z) be given by

4 -1
p@%:%ﬁ@w%@ﬂﬂfl;ﬁamﬁﬂﬂ“4dﬁ —%. (6.2.14)

Then p(z) is analytic in ID and p(0) = 1. Upon logarithmic differentiation of (6.2.14), we
deduce that p(z) satisfies

(6.2.15)

RO +g(zg'<z) _1).

Br@)+a  flz) B\ 9(2)

From (6.2.11) and (6.2.15), it can be concluded that

zp'(2)
Bp(z) +a

p(z) + < h(z).

By applying [61, Theorem 3.2a], we obtain p(z) < h(z). Substituting (6.2.12) in (6.2.14),

we obtain @+ 8 @)
_1f(a+ 2)9°(z ~
M= ﬁ( PP “)'
Differentiating logarithmically the following equation
_(@+p)ff2)9°(2)
Br(z)+a = B p@)

and using (6.2.15), we obtain

PR 120)
PO =0 B ow

and thus (6.2.13) follows. O

We now derive another result analogous to open door lemma as follows:
Lemma 6.2.6. Let n be a positive integer and «, f be non-negative real numbers with

B #0. Let Q € H[1,n] satisfy

Q) <1+z+ h(z). (6.2.16)

"z
B+a(l+z)
If p € H[1,n] satisfies the differential equation

2p'(2)  _
Bp@)+a

p(2)Q(z) + (6.2.17)
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then p(z) <1/(1+2).

Proof. Let us set g(z) =1/(1 +z), then

1 nzq'(z)

e e Y]

If g9(z) = z/(B + a(1 +2)), then we have

zg9'(z) B az a B+a
e Ry T T hra a2 Y
Since g is starlike and
zh'(z) n(p+a)
e Re((ﬁ raltr?) (1 " {Braa +z))2))
= B+a(l+Rez)+n(B +a)Re(m)
n(p+a)
" Bt2a
> 0,

we deduce that & is close to convex and hence univalent in ID. Now we consider the

boundary curve of /i defined as
w = h(e?) = u(0) +iv(0), 06 e (-n,mn).
Suppose

r0) = len()

i n
041+

1+cosBO+

4(0) 4(0)

where d(0) = (8 + a(1 + cos 0))? + (asin 6)?. After simplifying (6.2.18), we have

n? +2n(2a + B)(1 + cos 0)
0)

r(@) = \/2(1+c059)+

n(ﬁ+a(1+cos@))_i(, p nasin 0

|

7

(6.2.18)



145

By using (6.2.16) and (6.2.17), we deduce that

0= —~-— 20

D O @ (6.2.19)

On the contrary, if p £ g then by Lemma 1.4.3, there exist points zg € D, {p € dD and
m > n, such that p(z) = q(Co) and zop’(z0) = mCoq’(Co). From (6.2.19), we have

_ 1 mCq'(Co) mCo
Q)= @) @@ +® Ot prad+ &)
For (p = ¢’ we have
| ~ m? +2m(2a + B)(1 + cos 0)
Q(z0)l = 1/2(1 + cosO) + 0) >r(0) 60e(-m,mn),

where 7(0) is given in (6.2.18). This implies that Q(zo) ¢ h(ID), which is a contradiction
and thus p(z) < 1/(1 +z). O

Theorem 6.2.7. Let n be a positive integer and «, § be non negative real numbers with

B #0. Let f € Ay and F = I, g[f] be defined as

Z 1/p
Ia,ﬁ[f]=(;é;f) fo f“‘l(t)f’(t)tﬁdt) : (6.2.20)

If
zf'(z) nz

<1+z+

f(2) B+a(l+z)
then [zf'(z)/ f(z)| < 2IzF'(z)/F(z)I.

Proof. Let f € A satisfy (6.2.20) and define

o

z -1
p(z)=zﬂf“(z)(ﬁ fo f“‘l(t)f’(t)tﬁdt) 5

By the series expansion, it is easy to verify that p is well defined and p € H[1,n]. If
we let Q(z) = zf'(z)/ f(2), then it is easy to show that p satisfies (6.2.17). Hence by
Lemma 6.2.6, we deduce that p(z) < 1/(1 +z). Since p(z) # 0, we can define the analytic
function F € A, by

a+p 1/p
ﬁp(2)+a) '

A simple calculation shows that this function coincides with the function given

F(z) =z(
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in (6.2.20). So we obtain

F&O@ _ 1
zZF'(z)  p(2) '
which further implies 2;:8%8 - 1' <1 and hence the result follows at once. |

Theorem 6.2.8. Let n be a positive integer and a, f be non-negative real numbers with
B #0. Let f € A satisties

nz
B+a(l+z)

19 (10, ST,
O \Fo o NTFE

then zf'(z)/f(z) < 1/(1 +z).

-1
a) <1l+z+

Proof. Let p(z) =zf'(z)/ f(z). Then

Q(2)

@ (@) (e T
e (f’(Z) 17 )( @ ”‘)

satisfies the following differential equation

zp'(2)

PEQE+ 2 =1

Now applying Lemma 6.2.6, we obtain p(z) < 1/(1 +z) and that completes the proof. O

If wetake =1, a =0and n = 1in the above theorem, we obtain the following corollary,

which is a particular case of a result of Tuneski [95, Theorem 2.5].

Corollary 6.2.9. Let f € A satisfies

f@)f" ()
(f'(2))?

<2,

then zf'(z)/f(z) < 1/(1 +z).

Theorem 6.2.10. Let n be a positive integer and «,f be non-negative real numbers

with B # 0. Let f € A satisfies

nz
B+a(l+z)

2

-1
a) <1l+z+

then f(z)/z<1+z.
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Proof. Taking p(z) =z/f(z) and

@ (2@ pz  \7
0 =12+ T 75 ) -

the proof goes similarly as that of Theorem 6.2.8 and the result follows at once. m|
By taking =1, @ =0 and n = 1 in Theorem 6.2.10, we obtain the following result.

Corollary 6.2.11. Let f € Abe such that f’(z) <142z, then f(z)/z <1+z, or equivalently

If'2)-1<2=|f(z)/z-1] < 1.
We now prove the following lemma in order to derive some sufficient conditions for
starlikeness:

Lemma 6.2.12. Let n be a positive integer and «, f be non negative integers with  # 0.

Suppose that either a < f < 3a or f < @ < 3B and Q € H[1,n] satisfies

Q2) < 1: e EZ)Z+ e (6.2.21)
If p € H[1, 1] satisfies the differential equation
p(2)Q(z) + wle) 1, (6.2.22)
Pp(2) +a
then p(z) < (1-2)/(1+2).
Proof. Let us set 4(z) = (1 —2)/(1+z), then
1 nzq'(2)

e e O]

We know that the Koebe function k(z) = z/(1 — z)? is starlike and

zh' (z) of 2 2n((a+p)+(a—p)z?)
Re @ Re(” ~2) ((1 2 A2 (@ P+ @—pp ))
) Re(2+2n<(a+ﬁ>+<a—ﬁ>z2>)
(@ P+ @—p2p
(@+)+(@-p2 )
(@+p)+@—pR)

2+2nRe(
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Now taking a+f =a,a—f=band z = ¢ for 0 € (-, ), we have

o2 be??
5 (a + be'%)?

larg (a + be?0) -2 arg(a+ be'?)|

( bsin26 ) ( bsin 6 )‘
arctan| ——— | —2arctan| ————

a+bcos26 a+bcosO

bsin20
a+bcos20

IA

+2

bsin@ )‘

arctan| —————
(a +bcosO

arctan (

Since arctanx is an increasing function in (-7, ), we now find the maximum of
g(x) := bsinx/(a+bcosx) for x € (—m, n). Clearly, a > 0 and after some elementary calcu-
lations, we deduce that g(x) attains its maximum at x = —arccos (b/a) when b > 0 and
at x = —arccos(—b/a) when b <0, b/ Va2 - b2 and -b/ Va2 - b2 are the corresponding

maximum values. Thus we have

ar a+ be2i0
&\ @+ bei0)?

For the case when < a < 3, we observe that

|b| )
< 3arctan( .
Va2 — 12

o\ a—p 1 [a I
3arctan( QZ_bZ)—3arctan(2\/OTﬁ)<3arctan(3 \/;)<3arctan(\/§)— >

The other case can also be verified in the similar way and it can be concluded that

z
2/

(a+p)+(a—p)2
e (((a+ ﬁ)+(a—ﬁ)2)2)

which further implies that Re(zh’(z)/k(z)) > 0. So h is close to convex and hence univa-

lent in ID. Now we consider the boundary curve of / defined as

h(e'®) = u(0) +iv(0), 6 € (-n,n).

Since e'?

¢%)/(1-¢%) = iy and thus

is a boundary point, without loss of generality we may assume that (1 +

2nel?
(1-e29)(B/iy +a)

. n
- ‘zy— sin@(B/y +ia)|

r0) = ) =iy+
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So

(O)= <2+ n? +2naysin 0 _ ey n? +4nay? /(1 + 7/2). 62.23)
sin® 0((B/)? + a?) sin® 0((B/y)? + a?)

From (6.2.21) and (6.2.22), we deduce that

_ 1 zp'(z)
)= T R T

h(z). (6.2.24)

On the contrary if p is not subordinate to g, then by Lemma 1.4.3, there exist points

zp € D, (g € D and m > n, such that p(zg) = q(Cop) and zop’(z0) = mCopq’ (Co). From (6.2.24),

we have
Olz) = 1 mGoq(C) _1+Co 2mCo
Y790 1)l +a) 1-C  A-Co)((B+a)+(a—p)lo)’
For (o = ¢'?, we have

2 2 2
_ ,  m-+4may /(1+y7) ~
1Q(zo)l \/7/ + il s >r(0) 0e(-m,mn),

where r(0) is given in (6.2.23). This implies that Q(zp) ¢ h(ID), which is a contradiction
and thus we have p(z) < (1-z)/(1 +2z). O

Theorem 6.2.13. Let nn be a positive integer and a, f be non negative real numbers with
B #0,eithera < <3aorf <a<3p.Let f € Ayand F = A, g[f] is as defined in (6.2.20).

If
zf'(z) 1+z 2nz

@ 11—z 0-2(@+p+@-pg)

zF'(2)/F(z)
then Re(zf,(z)/f(z)) > 0.

The proof of Theorem 6.2.13 follows by an application of Lemma 6.2.12, similar to that

of Theorem 6.2.7 and therefore it is omitted here.

Theorem 6.2.14. Let n be a positive integer and «,f be non-negative real numbers

with B # 0. Suppose that either « < f <3a or f < a <3 and f € A satisfies

1+z 2nz

Nt T @ pra—p
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where

o(f) =

f@) ('@ . @\ @\
N1E) (f’(Z) 17 )(ﬁ e ”‘) /

then zf'(z)/ f(z) < (1—-2)/(1+2).

The proof is omitted here as it is much akin to Theorem 6.2.8 and can be easily done

by using Lemma 6.2.12.

Theorem 6.2.15. Let n be a positive integer and «,f be non-negative real numbers

with B # 0. Suppose that either « < f < 3a or f < a <3 and f € A satisfies

@ (zf’(z)_ )(,B_Z )_1 14z 2nz
- "\ 7o et Tt Ao g @-pr)

then f(z)/z < (1+2)/(1-2).

Proof. Taking p(z) = z/ f(z) and

f@ (zf') gz \!
@=L+ )G +)

the result follows by an application of Lemma 6.2.12. |

By taking f =1, a =0 and n = 1, we obtain the following result
Corollary 6.2.16. Let f € A be such that

, 1+z 2z
< + ,
L B N e

then

@< 1+z.
z 1-z

6.3 Generalised Briot-Bouquet type Differential Subor-

dination

We present here all implication results pertaining to the proposed generalised Briot-

Bouquet differential subordination. We begin with the following result:

Theorem 6.3.1. Let /1 be convex in D and a,f € C with g # 0. If Q € H[1,n] be such
that the following conditions hold:
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(i) Re(ﬁh(zl)+a) >0 (zeD).

) ! hQ)
) Re(ﬁh(C) n a0

where D = {z € D : p(z) = h(C) for some C € JD}. If p is analytic in ID with p(0) = h(0) and

+(QR)-1) ) >0 (zeD, Cel ' (p(D)),

zp'(2)

PEQE) +

< h(z), (6.3.1)

then p(z) < h(z).

Proof. Let us suppose p is not subordinate to h. Then by Lemma 1.4.3, there exists
zp €D, {p € dD and m > 1 such that p(zo) = h(Co) and zop’(zg) = mCoh’(Cp) and therefore

we have

2= lptea, zpao) = U0Go) 0 (o) = Co) QL)+ Fo D,
which yields
lPo— h(Co) _ h(Co) m
T G) ((Q( O DEw @) " Bico) +a)'

Using the fact that m > 1 together with (i) and (ii), we have

¢0 h(Co) h(Co) 1
CTH@) ((Q( )V @) ﬁh<co)+a)>0
which implies
‘ar Yo —h(Co) T
& Col’(Co)

Since h(ID) is convex, h((y) € h(dID) and (oh’((p) is the outward normal to h(dID) at
h(Cop), we conclude that ¢ ¢ h(ID), which contradicts (6.3.1) and hence p(z) <h(z). O

Remark 14. If we take Q(z) = 1 in Theorem 6.3.1, it reduces to [61, Theorem 3.2a].

Corollary 6.3.2. Let /1 be convex in D and a,f € C with B # 0. If Q € H[1,n] and p is
analytic in ID with p(0) = h(0) = (k—1)/4, where k > 1, be such that

1
Re(ﬁh(C) + a) >kQ(z)-1]-Re(Q(z)—1) (zeD, (e D), (6.3.2)

then
zp’(2)
pp(z) +a

p(2)Q(z) + <h(z) = p2)<h@).
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Proof. Since k > 1, from (6.3.2) it is clear that for C € JD,

1

Since h is convex, the above inequality holds on ID as well. Also, we can say that
h(z) := h(z) - h(0) € C. Using Marx Strohhédcker theorem [61], we have Re(CH' (Q)/h(Q)) >
1/2, or equivalently

| hQ) _1‘<1
are) |

which further implies

h(Q) H(O)
‘Ch’(C) '1' I wor

Since /1 € C, we have |’(z)] > 1/(1+71)? on |z| =  [27, Theorem 9, p 118]. We know that
C € dD, so we have |I’(0)| = [ (€)| = 1/4. Thus (6.3.4) reduces to

(6.3.4)

h(©)
Ch'(C)

sk
Note thatif X, Y € C and | X —1| < K, then
Re(X-Y)=ReY+ReY(X—-1))>ReY—|Y|K

Using this inequality, we can say that

o 1 L
Re((Q(Z) 1)Ch’ © B0 +a ) 2 Re(Q(Z)—l)—kIQ(Z)—ll+Re(ﬁh(c)+a),
which by using (6.3.2) implies
(C) 1
((Q(z) 1) O ﬁh(C)+ )>0. (6.3.5)

From (6.3.3) and (6.3.5), we may conclude that the conditions (i) and (ii) of Theo-

rem 6.3.1 are satisfied and as its application, the result follows. m|

Corollary 6.3.3. Let Q € H[1,1] be a function such that |Q(z)| < M (z € D) for some M >0
and a, p € C with g # 0. Suppose p is analytic and /4 is convex in ID with p(0) = h(0) =
such that

1
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then

zp'(z)
Pp(z) +a
Proof. We know that —Re(Q(z) —1) < |Q(z) — 1| and since p(0) = 1, in view of Corol-
lary 6.3.2, we have k = 5. Thus

p(2)Q(z) + <h(z) = p2)<h@).

klQ(z) — 1| —Re(Q(z) —1) < 6|Q(z) = 1] £ 6(|Q(2)[+1) < 6(M +1). (6.3.7)

Since (6.3.2) holds due to (6.3.6) and (6.3.7) and therefore the result follows from
Corollary 6.3.2. |

Corollary 6.3.4. Let h be convex in ID with h(0) =1 and «, € C with f #0. Let g € A
be defined as

9(z) = zexp fz Q(tz _ 1dt, (6.3.8)
0
such that & and Q satisfy the conditions (i) and (ii) of Theorem 6.3.1. If f € A and F is
given by
a+p [~ Lp
_ _ / a—1 B
F(z) =1f,9] = ( m f g ") fF (Dt (6.3.9)
94(2) Jo
then o
zf'(z zF'(z)/F(z2)
@ < h(z) —zg’ @793) < h(z).

Proof. From (6.3.8), wehave Q(z) =zg’(z)/g(z) and let us suppose p(z) = zF' (z) / (Q(z)F(2)).
Then by differentiating (6.3.9) and appropriately replacing the expressions, we have

zp'(z) _zf'(2)

R A T

Since zf’(z)/ f(z) < h(z), the result now follows from Theorem 6.3.1. O

If we take h(z) = ((1+z)/(1-2z))” withy € (0,1] in Corollary 6.3.4, we obtain the following

result.

Corollary 6.3.5. Let f € Aand g, Q and F are as defined in (6.3.8) and (6.3.9) respectively
such that Re(Q(z) —1) > 1—y. Then

f eS8 (y) = Fis almost strongly starlike of order y w.r.t the function g.

If we take h(z) = (1+z)/(1 —z) in Corollary 6.3.4, we obtain the following result.
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Corollary 6.3.6. Let f € Aand g, Q and F are as defined in (6.3.8) and (6.3.9) respectively

such that f € 8* and g is univalent on D, then F is a g-starlike function.

Now we enlist some of the special cases of Theorem 6.3.1 here below:

Corollary 6.3.7. Let Q € H[1,1] and a,  be non-negative real numbers with  # 0 such
that |Q(z) —1| < 1/(Be+a) on ID. Suppose p is analytic in ID with p(0) = 1, then

zp'(z) e

PEQE) +

= pz)<é.

Proof. If we take h(z) = €%, then for @ > 0 and > 0, we have

Re ! > L > 0. (6.3.10)
per+a)  Pet+a

Further, we observe for z € ID and C € D,

Re(Q(Z) mL Y > 0. (63.11)

C pe* +a

1
)Z—IQ(Z)—1I+ﬁe+a

From (6.3.10) and (6.3.11), we may conclude that both the conditions of Theorem 6.3.1

are satisfied and thus the result now follows from Theorem 6.3.1. m|

Corollary 6.3.8. Let Q € ‘H[1,1] and a > 0, § > 0 be such that

1
-1/ <R -+ —. 6.3.12
Q=) —1] <Re(Q(z) -1) + 2V ra) ( )
Suppose p is analytic in ID with p(0) = 1, then
p(z)Q(z) + /s;le% <Vi+z = p@) < Vi+z

Proof. Let h(z) = V1+z, then condition (i) of Theorem 6.3.1 is satisfied clearly as for
a>0and >0,

Re ! > ! >0, zeD.
T+z+a) BV2+a

Now for z € ID and C € JD, we have from (6.3.12)

1

Re(z(Q(z) - 1)(1 ; —)+ : !

1+z+a

1
\/§ﬁ+a

C ) > 2Re(Q(z)—-1)-2|Q(z) - 1| +

> 0,
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which implies that condition (ii) of Theorem 6.3.1 is satisfied. Thus the result follows

at once from Theorem 6.3.1. m|

Corollary 6.3.9. Let Q € H[1,1] be such that Q has real coefficients with Q’(0) > 0 and
a,p be non-negative real numbers with § # 0. Suppose p has real coefficients and is

analytic with p(0) =1 and p’(0) > 0, then for 0 <y <1,

p(2)Q(z) +

zp’(2) - (1 +z)7”

1+zy
Br(z)+a \1-z ) '

1-2z

mm<(

Proof. Leth(z) = ((1+z)/(1-2z))”. Then condition (i) of Theorem 6.3.1 clearly holds. For

condition (ii) to hold, we need to show that

1-C? 1
Re{(Q(z)—l) 270 +ﬁ(ﬂ)y+a]>0 (zeDD, CedD).

1—

Let Q(z) = 1 +a1z +apz% +--- and define R(z) = Q(z) — 1, then R(0) = 0. Since Q has real
coefficients and Q’(0) > 0, it is typically real and it is easy to conclude that R(z) is
typically real. We know that C € h™!(p(D)), where D := {z € D : p(z) = h(C) for some C €
D}. Clearly h(z) = ((1+2z)/(1-2))” is typically real and conditions on p also ensures that

it is typically real, so we have sign(Imz) = sign(Im C). Now we consider

Re((Q@)-1%E) = %ﬁwgnqmq%ﬂqm@@-mm@gn
1—52)
=]

1
—E Im(Q(z)-1) Im(

Taking C = ¢’ (0 < 6 < 2m), we have

_72 >0, 0 € (0,m),
—Im(1 ¢ ):ZSinG 0.m)
C <0, 6e(n,2n).

Since Q(z) —1 is typically real, sign(Im(Q(z) — 1)) = sign(Imz). Thus we have

1-C
2yC

Re((Q(z) -1) ) =2sin0Im(Q(z)-1) > 0.

Also for a > 0 and > 0, we have Re (ﬁ (%)y + oz) > 0 and therefore
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Therefore the result follows at once from Theorem 6.3.1. O

Now we use a different technique to prove the next two results, which demonstrates

the similar implication for Janowski functions.
Theorem 6.3.10. Let p(z) be analytic in ID with p(0) =1 and Q € H[1,n] be a function
such that |Q(z)| < M for some M > 0. Let -1 <B<A <1and -1 < E <D <1 satisfy

(A-B)1-A)A+E)>(1+|ADB+a+|pA+aB)((1+D)(1-B)+M(1+E)(1-A)) (6.3.13)

for some a and 8, where a + > 0. If

zp’(z) 1+Dz

p)Q) + Bp(z)+a = 1+Ez’

then p(z) < (1+Az)/(1+ Bz).

Proof. Let us define P(z) and w(z) as

V@) _ pz)-1
PE)=pEQE) F E o @)= g
Then w(z) is meromorphic in ID and w(0) = 0. By the definition of P(z) and w(z), we
have
_1+Aw(z) (A—B)za'(2)
P@) = 1800 YO T T+ Bo@)B + Aw@) + all + Ba@)]

Now we need to show that [w(z)| <1 in ID. On the contrary, let us assume that there

exists a point zp € ID such that

|n|n;|;1x lw(z)| = |lw(zo)| =

Then by [82, Lemma 1.3], there exists k > 1 such that zpw’(z9) = kw(zp). Now by taking

w(zp) = €' (0 < 6 <2m), we have

1+ Aw(zo) (A - B)ka(zo)
IP(z0)l 1+4%42)Q(” (1+ Baw(z0))(B(1 + Aw(zo)) + a(1 + Bw(zp)))
1+ Ael® (A-B)k

|

We know that for p > 0, [p+ge'®?> = p? + g% + 2pgcos 0 attains its maximum at 0 = 0 if

- IQ(ZO)I)-

1+ Beif |\|(1+ Ae9)(B(1 + Ael?) + (1 + Bel?))
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g>0and at 0 = 7t if < 0. So, maxg<g<2r |p +q¢°> = (p +1g1)%. Thus

|P(z0)

|>1—A (A-B)k B
~1-B\(1+|A)B+a+|pA+aB|)

Clearly the expression on the right hand side is an increasing function of k and attains

its minimum at k= 1. So

1-A (A-B)
PGl = 13 ((1 +IAD(B+a+IBA +aB|) _M)'

Now from (6.3.13), we have
1+D

1+E’

|P(z0)| >

which contradicts the fact that P(z) < (1+ Dz)/(1 + Ez) and hence completes the proof.

O

Using Theorem 6.3.10, we obtain the following corollary.

Corollary 6.3.11. Let p(z) be analytic in ID with p(0) = 1 and Q be a function such that

zexpfo‘ Q(ti_ldteS*((p).

Let-1<B<A<1,-1<E<D<1and a,p besuch that a + > 0. Then

zp’(z) <1+Dz:> (z)<1+AZ
Bp(z)+a 1+Ez P 1+ Bz’

p(2)Q(z) +

whenever any of the following cases hold:

(i) ¢(z) =¢*and (A-B)(1-A)(1+E) > (1+|A)B+a+|BA+aBl)(1+D)(1-B)+e(1+
E)1-A))

(i) p(z)= V1i+zand (A—B)(1—-A)(1+E) > (1+|A])(B+a+|BA+aB])((1+D)(1-B)+
V2(1+E)(1-A))

(iii) @(z) = 2/(1+¢7%) and (A—B)(1—A)1+E)(1+e) > (1+|A])(B+a+|pA+aBl)((1+
D)(1-B)(1 +e) +2e(1+E)(1—A))

(iv) @(z) =1+z¢" and (A—B)(1—-A)1+E) > (1+|A])(B+a+|BA+aB|)((1+D)(1-B)+
(1+e)(1+E)(1-A))

(v) p(z)=z+ V1+z2and (A-B)(1-A)1+E)> (1+|A)B+a+|pA+aB|)((1+D)(1-
B)+(1+ V2)(1+E)(1-A)).
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Since the proof of Theorem 6.3.10 loses its validity when A =1 or E = -1, the theorem
does not reduce to the case when P(z) and p(z), both are subordinate to (1 +az)/(1-z)

for 0 <a < 1. This case, we handle in the following result with a different approach.

Theorem 6.3.12. Let « >0, >0, 0 <a < 1. Assume p(z) has real coefficients and is
analytic in ID with p(0) =1 and p’(0) > 0. Also, let Q(z) € H[1,1] has real coefficients
such that Q’(0) > 0 and Re Q(z) < 1. If p satisfies

zp'(z) <1+az:
Bp(z)+a 1-z’

p(2)Q(z) + (6.3.14)

then p(z) < (1+4az)/(1-2).

Proof. We need to show that p(z) < q(z) = (1+az)/(1-2z). For if p £ g, then using
Lemma 1.4.3, there exists a point zp = r0e'% € D, (g € ID\{1} and m > 1 such that
p(z0) = q(Co), zop’ (z0) = mCoq’(Co) and p(IDy,) C q(ID). Since (y is a boundary point, we

may assume that (o = ¢'% for 6 € [0,27). Then

o) oq (o)
p(ZO)Q(ZO) + ﬁp(ZO) +a - Q(CO)Q(ZO) i ,BCI(CO) +a
_(1-a 1+a ma+1)e'”
_ (—2 +i——cot 9/2) Q(zo) — (1-€i0)((B+a) + (fa— a)ei©)’

Taking Q(zp) = u +iv, we have

zop'(z0) _ (I-a)u (1+a)cot(0/2)v
Br(zo) +a) B 2 2
m(1+a)((1—a)+2a)(1—cos0)
(B(1—a) +2a)2(1 - cos 0)2 + (B(a+1)sin 0)2

Re(p(z0)Q(z0) +

Since Q has real coefficients and Q’(0) > 0, it is clear that Q(z) is typically real and thus

sign(v) = sign(Im(Q(z0))) = sign(Im(zo)). (6.3.15)

We also have p’(0) > 0 with p having real coefficients and g(z) = (1 +az)/(1-z) is
typically real, which implies

sign(im(zo)) = sign((Im(p(z0)))) = sign((Im(q(C0)))) = sign(Im(Cy)) = sign(sinf).  (63.16)

From (6.3.15) and (6.3.16), we obtain sign(v) = sign(sin 0), which is sufficient to con-
clude thatvcotd/2 > 0for 0 € [0,2m). Also we know thata >0, >0, m>1and 0<a<1.
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Therefore
zop’(z0) 1-au 1-a
Re (P(ZO)Q(ZO) + Bo(zo) + a <<
which contradicts (6.3.14) and hence the result. O

Concluding Remarks

The work carried out in this chapter is not an extension of any earlier work but
deals with new ideas and therefore there will be no parallel comparisons. As a
matter of future scope, these ideas of transforming differential subordinations into
integral operators and vice versa can be extended for other similar subordination
cases too. Note that the lemmas obtained in this chapter are not confined to finding
some starlikeness or univalence criteria alone, but also paves way in establishing some

exceptional implication results.
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e The class S

Future Scope

5o @ subclass of starlike functions has been introduced and studied
extensively in context of coefficient, radius and subordination problems. Inspite
of that, there still remains a great deal of content to be explored such as coefficient
estimation of higher order, estimation of Fekete-Szego functional, Hankel deter-
minants of order 2, 3 and 4 and many other determinants. One could perhaps
attempt to solve other problems like majorization, convolution and inclusion re-
lations involving the classes that weren’t taken into account. Moreover, similar

subclasses of Ma-Minda functions can be handled in the same manner as we

have done for the class S’; o

We have a number of well known subclasses of starlike functions associated with
various Ma- Minda functions for which differential subordination results have
been attempted up to second order in the past and can be extended up to third
order, by using the admissibility criteria, established by us in Chapter 2. Further,
variations in the expressions on the left of the differential subordination can be
incorporated to establish certain differential subordination implication results.
Another way to extend this work is to take complex coefficients instead of real

coefficients.

It has been observed that Schwarz function has played a substantial role in a
variety of problems such as radius problems, coefficient problems, majorization
problem etc. and despite having a large number of properties, only a few of
the properties are really put to use in deriving the results so far. In Chapter 4,
some results are proved by using some of the rarely used properties of Schwarz
functions which gives a model to use the same techniques for other classes.
Depending on the differential subordinations, sufficient conditions are obtained
for Silverman class. By taking other forms of differential subordination, more

sufficient conditions can be established.

The convex weighted harmonic mean of the quantities p(z) and p(z) +zp’(z)/p(z)
has been generalised by taking variable coefficients, which can also be done for
the other forms of mean such as arithmetic or geometric mean. Further, the
results are applied to some specified functions. The work can be extended by

incorporating parameters and determining conditions for different functions to
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prevail. A combination of the three means has alsobeen considered and an equiv-
alent differential subordination result has been proved for the Carathéodory
function, which can be replaced by other well known functions. Moreover, it is
also possible to carry out parallel analysis for different forms of mean by substi-
tuting the quantities p(z) and p(z) +zp’ (z) /p(z) by some other quantities involving

p(z) and its derivatives.

Briot Bouquet differential subordination is one of the most studied forms of
differential subordinations because of its importance in terms of applications.
It is generalised in one way and can be more generalised in many different
ways. The analytical approach of this work has led to the creation of an analogy
of the Open Door Lemma and Integral Existence Theorem, which can serve
as an example for exploring other integral operators that may be employed to
do the similar work. Additionally, it is possible to extend these ideas to other
subordination cases that involve transforming differential subordinations into

integral operators.
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