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Abstract

This thesis is mainly a study of convergence estimates of various approximation opera-
tors. Approximation theory is indeed an old topic in mathematical analysis that remains
an appealing field of study with several applications. The findings presented here are
related to the approximation of specific classes of linear positive operators. The introduc-
tory chapter is a collection of relevant definitions and literature of concepts that are used
throughout this thesis.

The second chapter is based on approximation of certain exponential type opera-
tors. The first section of this chapter presents the study of convergence estimates of Kan-
torovich variant of Ismail-May operators. Further, a two variable generalisation of the
proposed operators is also discussed. The second section is dedicated to a modification of
Ismail-May exponential type operators which preserve functions of exponential growth.
The modified operators in general are not of exponential type.

In chapter three, we present a Durrmeyer type construction involving a class of or-
thogonal polynomials called Apostol-Genocchi polynomials and Péltdnea operators with
real parameters a, A and p. We establish approximation estimates such as a global approx-
imation theorem and rate of approximation in terms of usual, r—th and weighted modulus
of continuity. We further study asymptotic formulae such as Voronovskaya theorem and
quantitative Voronovskaya theorem. The rate of convergence of the proposed operators
for the functions whose derivatives are of bounded variation is also presented.

Inspired by the King’s approach, chapter four deals with the preservation of func-
tions of the form #°, s € N U {0}. Followed by some useful lemmas, we determine the
rate of convergence of the proposed operators in terms of usual modulus of continuity and
Peetre’s K- functional. Further, the degree of approximation is also established for the
function of bounded variation. We also illustrate via figures and tables that the proposed
modification provides better approximation for preservation of test function es.

In chapter five, we consider a Kantorovich variant of the operators proposed by
Gupta and Holhos (68) using arbitrary sequences which preserves the exponential func-

tions of the form a™. It is shown that the order of approximation can be made better

X1



Xii Abstract

with appropriate choice of sequences with certain conditions. We therefore provide nec-
essary moments and central moments and some useful lemmas. Further, we present a
quantitative asymptotic formula and estimate the error in approximation. Graphical rep-
resentations are provided in the end with different choices of sequences satisfying the
given conditions.

The last chapter summarizes the thesis with a brief conclusion and also discusses the

future prospects of this thesis.
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Chapter 1

Introduction

"Although this may seem a paradox, all exact science is dominated by the idea of
approximation. When a man tells you that he knows the exact truth about anything, you
are safe in inferring that he is an inexact man. Every careful measurement in science is
always given with the probable error ... every observer admits that he is likely wrong, and

knows about how much wrong he is likely to be."

-Bertrand Russell

These words, penned down by renowned philosopher Bertrand Russell are a great
thought on how none of our views is entirely accurate; they all have some element of
ambiguity and inaccuracy. We can only make an effort to measure or approximate this
error and reduce it as much as we can. The concept of approximation dominates every
area of research. Humankind has always sought to complete tasks as accurately as
possible while minimising errors brought on by procedural, environmental, instrumental,

or human factors.

In mathematics, the main focus of theory of approximation is on identifying the
best ways to approximate functions with simpler ones and quantifying the errors that are
introduced thereby. The foundation of approximation theory was laid on a result first
given by Karl Weierstrass (139) in 1885, which states that for every continuous function
f on a closed interval [a, b] and any € > 0, there exists a polynomial p of degree n on
[a, b] such that

lf(x) = p(0)| < €, Yx € [a, D]



2 Introduction

In other words, any continuous function on a closed and bounded interval can be uniform-

ly approximated on that interval by polynomials to any degree of accuracy.

1.1 Preliminaries

In this section, we recall some definitions and properties regarding approximation opera-

tors discussed here that will be of interest to the whole thesis.

1.1.1 Linear positive operators

Definition 1.1.1 Let X, Y be two linear spaces of real functions. Then the mapping L :

X — Y is a linear operator if:

L(af + Bg; x) = aL(f; x) + BL(g; x),

forall f,g € X and a,B € R. Ifforall f € X and f > 0, it follows that L(f; x) > 0, then

L is called a positive operator.

Next, we define the modulus of continuity, mainly used to measure quantitatively the

uniform continuity of functions.
1.1.2 Usual and higher order modulus of continuity
Definition 1.1.2 Let f € Cla,b] and 6 > 0, then

w(f,8) =sup{lf (x+h) — F(x)|: x,x+h € [a,b],0<h<5).

Here w is known as the usual modulus of continuity or simply first order modulus of

continuity which was introduced by H. Lebesgue in 1910.

Some of the error estimates in this thesis are given in terms of the modulus of conti-
nuity of higher order. Therefore we now give the definition of w,, r € N, as given in 1981
by L.L. Schumaker (127).

Definition 1.1.3 Let f € Cla,b], then for r € N and 6 > 0, the modulus of continuity of

order r is defined as:

w, (f.0) = sup {|Apf (0] : x.x + rh € [a,b1,0 < h < 6},

where
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AL f (x) = Z(—l)’—"[ l’ )f(x+ ih)
i=0

denotes the forward difference with step size h. In particular, for r = 1, w(f,9) is the

usual modulus of continuity.

Proposition 1.1.4 The modulus of continuity of order r verifies the following properties:
1. w,(f,.) is a positive, non decreasing and continuous function on (0, o).
2. w.(f,00=0
3. w,(f,.) has sub-additive property.
4. w (f,.) < 2w, (f,.) forall x > 0.
5. w,(f,nx) <nw,(f,x)foralln € N and x > 0.

6. w,(f, kx) < (1 +[k]) w,(f,x)forallk > 0and x > 0, where [a] denotes the integer

part of .

For r = 1, these properties are valid for the usual modulus of continuity w (f, .).

1.1.3 Ditzian-Totik modulus of smoothness

We recall the definitions of the Ditzian-Totik first order modulus of smoothness and
the K-functional (49). Let ¢(x) = vx(1 — x) and f € C[O0, 1], then the first order modulus

of smoothness is defined as:

Xt h"pz(x) e [0, 1]}. (1.1)

f(x N hso(x))

2 2

0<h<é

J-s

wy(f,6) = sup {
Further, the corresponding Peetre’s K-functional is given by

K, (f.0) = gienv§ {If =gl +6lleg’ll}, 6>0 (1.2)

where
W, =1g: llgd’ll < o, g € AC[O, 11},

ACI0, 1] denotes the space of all absolutely continuous functions on every interval [a, b] C
(0, 1) and ||.|| is the uniform norm in C[0, 1]. Moreover, from [(49), p. 11], there exists a

constant C > 0 such that:
K (f,0) < Cwy(f,0). (1.3)
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1.1.4 Weighted spaces and corresponding modulus of continuity

Let B,(I) be the space of all functions f defined on the interval / € R for which
there exist a constant M > 0 such that |f(x)| < Mp(x), for every x € I, where p is a
positive continuous function called weight. In 1974, A.D. Gadjiev (57;59) introduced the
weighted space C, (1), which is the set of all continuous functions f on the interval / € R

and f € B,(I). This space is a Banach space, endowed with the norm

R
Wl = sup=

For I = [0, o), the subspace C;[O, 00) is defined as follows:

C'[0,00) := {f € C,[0,00) : lim DACO/ R

e p(x)
Many authors (8} [75) use the following weighted modulus of continuity Q (f, d) for f €

C5(0, 00):

lf (x+h)— f ()
Q(f,0) = .
(/.9) xe[O?::)lihkrS (1+h%)(1+x?)

Let us denote by C*[0, o), the Banach space of all real valued continuous functions
on [0, co) with the property that lim f (x) exists and is finite endowed with the uniform

norm. In (31), the following theorem is proved:

Theorem 1.1.5 If the sequence A, : C*[0,00) — C*[0, o) of positive linear operators
satisfies the conditions

lim A, (e-’“; x) e k=0,1,2

uniformly in [0, 00), then
lim A, (f;x) = f(x),

uniformly in [0, o), for every f € C*[0, o).

1.1.5 Modulus of continuity for exponential functions

To find rate of convergence of operators satisfying the conditions from the above

theorem , we use the following modulus of continuity:

W' (£,6) = sup{If (¥) = f (D) : x>0,

et — e_’| < 6}

defined for every 6 > 0 and every function f € C*[0, c0).

Proposition 1.1.6 The modulus of continuity defined for exponential functions has the

following properties:
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1. w* (f,0) can be expressed in terms of usual modulus of continuity, by the relation

w* (f,0) = w(f",0)
where f* is the continuous function on [0, o) given by:

) = f(=In(x), x € (0, 00]
) dimr o), x=0

—00

2. Foreveryt,x € [0,1] and M > 0, we have
W (£.0) < (1+ ") w(f.9)

3. The defined modulus of continuity w* possess the following property:

(=)

5 )w(f*,(i).

lf (@)= fl < (1 +

1.1.6 Lipschitz Spaces

Definition 1.1.7 For non-negative real numbers a and b, the Lipschitz space (120) is
defined as:

—xF
(ax2 + bx + )f"? ’

Lipy(B) = {f eClO,1]:1f() - fI <M x,t € (0, 1)},

where B € (0, 1] and M is a positive constant.

To discuss some direct estimates of operators in this thesis, we used Lipschitz-type maxi-

mal function of order § defined by Lenze (94) as follows:

we(f;x) = sup M, x€[0,1], (1.4)
It — xf

t#x,t€[0,1]

where 8 € (0, 1].

The definitions we provided above are for functions with a single variable. These
definitions are slightly different for a function with two independent variables. In this
thesis, we have also studied the bivariate generalization of some operators. Therefore we

provide some definitions which will be used accordingly.
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1.1.7 Total and partial modulus of continuity

To establish the degree of approximation of bivariate operators in the space of con-
tinuous functions on compact set I> = [a, b] X [a, b], the total modulus of continuity for
function f € C(I?) is defined by:

Wroral(f361,62) = sup{|f (11, 12) = f e, )| = (11, 12), (x, ) € Ity = x| < 61, |2 — yl < 62

Further, the partial moduli of continuity with respect to the independent variables x

and y is given as:

W V(f;0) = sup{lf(x1,y) = fOxa, )l 1 y € 1,]x1 — x2| < 5},
and

WP (f;0) = supllf(x,y1) — FCx, o)l = x € Llys — ya| < 6}

Both total and partial modulus of continuity for bivariate functions satisfy the properties
of usual modulus of continuity and can be studied more in (20).
Next, to establish the rate of convergence of bivariate operators, we define the fol-

lowing Peetre’s K- functional.

1.1.8 Peetre’s K-functional for bivariate operators

Let C?(1?) denote the set of all continuous functions on 1> = [0, 1] x [0, 1], whose

first and second derivatives exist and are continuous on the interval I>. We define the

2
||f||c2(12) = ||f||C(12) + Z [ )
k=1 ca)

From Butzer and Berens(32), the Peetre’s K-functional for f € C*(1?) is defined as:

norm:
of
Oxk

of
oy*

C(1?)

K(f;0)= inf —t + oltlhaa. o > 0
(f:0) tecz(ﬂ){nf ey + ez, }

For a positive constant M, Peetre’s K-functional satisfies the following inequality:

K (f;0) < M {@y (f, Vo) + min (1,0} || fllcee)

where @, ( s \/5) is the second order modulus of continuity for bivariate functions, de-

fined as:

2

DD Gt o,y + i)

i=0

wz(f, ‘/E) :SUP{

L (5, y), (x + ixo, y + iyo) € I, |xol < o lyol < o}
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1.2 Historical Background and Literature Review

A simple yet powerful tool for deciding whether a given sequence of linear positive oper-
ators on C[0, 1] or C[0, 27r] is an approximation process or not are the Korovkin theorems.
These theorems are an abstract results in approximation which gives conditions for uni-
form approximation of continuous functions on a compact metric space. The Korovkin
theorem [(19) pp.218] elegantly says that if (L,),s is an arbitrary sequence of linear pos-

itive operators on the space C|a, b], and if

lim L, (e;; x) — e; uniformly on [a, b],

n—oo

for the test functions e;(x) = x', i = 0, 1, 2 then
lim L, (f;x) = f uniformly on [a, b],

for each f € Cla, b].

The above theorem, known as Korovkin’s first theorem, was proposed by P.P. Ko-
rovkin (93) in 1953. Korovkin’s second theorem has a similar statement, but the space
C[0, 1] is replaced by the space C[0,2x], i.e. the space of all 2z periodic real-valued
functions on R. The test functions e; in this case belong to the set {1, cos(x), sin(x)} for
i =0,1,2respectively. H.Bohmann (30) in 1952 had proved a result similar to Korovkin’s

first theorem but concerning sequences of linear positive operators on C[0, 1] of the form

L(f;0)= ) fa)g, feClo,1]

iel
where (a;)ca 1s a finite set of numbers in [0,1] and ¢; € C[0,1],i € A. Therefore,
Korovkin’s first theorem is also known as Bohman-Korovkin Theorem. An immediate
analogue of Korovkin’s theorem does not hold if the domain of definition of the function
f becomes unbounded and hence requires the function to have some finite limit at infinity.
For continuous and unbounded functions on [0, o), A.D Gadziev (57)) in 1974 introduced
a weighted space C,[0, co) defined as the set of all continuous functions f on the interval
[0, o) for which there exists a positive constant M such that |f(x)| < Mp(x), for every
x € [0, 00). Here p is a positive continuous function called the weight function. The space

C,[0, o0) is a Banach space equipped with the norm

_ If (ol
1l = x;?‘[‘éfo) )

The Korovkin theorem by GadZiev is given as: Let ¢ : [0, 0c0) — [0, c0) be a continuous,

strictly increasing and unbounded function. Set p(x) = 1 + ¢?(x). If the sequence of
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linear positive operators L, : C, [0, 00) — C, [0, o) verifies

lim [[L,("0) — ¢/ ()|, =0, i =0,1.2
Then,
lim [IL,(f; %) = F(9l, = 0
for every f € C, [0, o) for which 31_{2 % exists and is finite.

With the application of Korovkin theorems to study the uniform convergence of lin-
ear positive operators, advancement in approximation theory began with the development
of new linear positive operators, the first and most important of which are the Bernstein
polynomials. In 1912, S.N. Bernstein (26) gave an elegant proof of the famous Weierstrass
approximation theorem by defining a sequence of polynomials called Bernstein operators
on the closed interval [0, 1] (extended on [a, b] by simple manipulations). These operators
are defined as:

Let f be a bounded function on [0, 1]. The Bernstein operator of degree n with

respect to f is defined as:

= k
B, (f;x) = an,k(x)f(—), x €0, 1] (1.5)
k=0 n
where
by (x) = ( Z )xk(l - k=0,1,2,--- ,n
n
and ( . ) = % represents the binomial coefficient. It should be noted that

byy(x) e P,, k=0,1,2,--- ,n where P, denotes the space of all polynomials of degree

at most n, are the so-called Bernstein polynomials.

Proposition 1.2.1 Some important properties of the Bernstein polynomials are listed as

follows:

1. The Bernstein polynomials of degree n form a basis for P,.

2. The Bernstein polynomials satisfy symmetry property b, (x) = by, (1 —x), k =
0,1,2,---,n

3. The Bernstein polynomials are all positive over [0, 1], that is b,; (x) > 0,Vx €
[0, 1].

4. Another important property is that the Bernstein polynomials form a partition of

unity:
D b = 1.
k=0
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5. Recursive formula for the Bernstein polynomials is as follows:
by (x) = (1 = X) b1 4 (X) + xby—1 -1 (X) .

Since the Bernstein operators were only suitable for approximating functions on a com-
pact interval, O. Szdsz in 1950 (132)), and G. Mirakiyan in 1941 presented a generalization
of these operators for a continuous function f on the interval [0, co) which later came to

be known as Szdsz-Mirakiyan operators. These operators are defined as:

- k
Sulfi0) =) su (X)f(;), x € [0, ). (1.6)
=0
where
k
Spx (x) = e_"x—(nkx!)

In 1957, V. A. Baskakov (25)) introduced another sequence of linear positive opera-

tors on the interval [0, o) called Baskakov operators which are defined as:

= k
Va(fsx) = Z Unk (X)f(;), x € [0, 00), (L.7)
k=0
where
) = (n +k— 1) xk
R U T TS

To approximate integrable functions on the compact interval [a, b], Kantorovich (88)
was the first to define the integral variant of Bernstein operators by replacing the weight

function with the average mean of the weight function in the vicinity of the point S as:

(k+1)/(n+1)

By(fix)= (4 1)) by (1) f f@dr.

k=0 k/(1+1)

where b, (x) is defined in (1.5)).
Similarly Szdsz Kantorovich operators on the unbounded interval [0, o) for given

basis function s, (x) in are defined as:

(k+1)/n

(o)

S0 =1 sui(®) f £ty dr. (1.8)

k=0 k/n

For Baskakov operators, the integral variant on the semi real axis is:

o (k+1)/(n—1)
Vo (f500= (=1 ) v (x) f f@ar. (1.9)

k=0 k/ (1)
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where v, (x) is defined in similar manner as in . To estimate functions on
an unbounded interval, Kantorovich forms of various approximation operators have
been defined from time to time. For further reference, one can visit the articles
(65 145 [18; 1395 1625 [110).

In 1967, J. L. Durrmeyer (52) gave a more generalised integral modification of Bern-
stein operators by replacing the values of f(k/n) by an integral over the weight function
on the interval [0, 1]. These so called Bernstein-Durrmeyer operators were first studied

by Derrienic (43)) and are defined as:

1
B(f;x)=(n+ I)an,k (x)fbn,k (0 f(dr. (1.10)
k=0 0

In 1985, Mazhar and Totik (108) introduced the Szdsz-Durrmeyer operators as fol-

lows:
S50 =0 ) 5[5 @1f 0 (1.1
k=0 0

In the same year Sahai and Prasad (125) also established the Baskakov-Durrmeyer

operators defined as follows:
Vi (fsx) = (n - I)Zvn,k (x)fvn,k (0 f () dr. (1.12)
k=0 0

where b, (x), s,x (x) and v, (x) are same as in (1.5]), and respectively.
Durrmeyer type variants of a number of linear positive operators were constructed in
subsequent years. One can refer to the articles (35 [155; 1385 1615 [84]).

With the advancement in approximation theory, researchers were drawn to develop-
ing novel approximation operators that had faster convergence rates and were applicable
within a variety of functions and spaces. May (106) in 1976 first defined operators of the

form:

(o)

Wa(fix) = fS (A, x,0) f (D) dr,

and termed it as exponential operators provided they satisfy two conditions, first is the

homogenous partial differential equation

95 xn=2"Y
0x q(x

S A, x,1), (1.13)

where, S (4, x, ) > 0 is the kernel of these operators and ¢ is a polynomial of at most

degree n which is analytic and positive for x € (a, b) for some a, b such that —co < a <
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b < 400, while second is the normalization condition
Wa(l;x) = fS (A4, x,0dt = 1. (1.14)
Operators satisfying the above conditions are, for example, the Bernstein opera-
tors, Szasz Mirakiyan operators, Post-Widder operators, Gauss-Weierstrass operators and
Baskakov operators. These well-known operators are thus referred to as exponential op-
erators. Some approximation properties were also studied for polynomials of degree at
most 2. A year later, Ismail and May (79) proved that for a polynomial ¢ of any degree,
the approximation operator W, can be uniquely determined and satisfies the differential
equation along with the normalisation condition (1.14)). As a consequence of this,
they recovered some known operators for constant, linear and quadratic polynomials. Fur-
ther, they gave some new operators for cubic polynomials g such as: for the polynomial
g(x) = x(1 + x), new exponential operators derived by Ismail and May using the method

of bilateral Laplace transform are defined as:

[

R(f;x)=e™ )

k=0

n(n + k)<

ew o K
I (xe )f(m), neN xe(0,1). (1.15)

The convergence properties and the corresponding Bézier variant of these operators
were extensively studied in (96). A complete asymptotic expansion for this sequence of
operators is also derived in (2). Another exponential operators corresponding to g(x) =
2x%? is also studied in (I} [97). Sato (126) studied the global behaviour of exponential
operators like Bernstein, Szasz Mirakiyan, Gauss-Weierstrass etc., in weighted spaces.
Totik (136) described their theoretical approximation properties from the point of view of
global uniform approximation. For more information on exponential operators, one can
refer to the book (70) and the articles cited therein. In this thesis, we have investigated
some modifications of exponential operators given by Ismail and May (79) and discussed
their convergence properties.

Another approximation operator examined in this thesis are the gamma-type oper-
ators. A vital tool among the researchers to study linear positive operators is Euler’s

gamma function, which for r > 0 is defined as follows:

F(r):f et dr.
0

For (a,b) € R, Mihesan (109)) defined a more general linear transform of f, also called

the (a, b)—gamma transform, as follows:
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T(H“ (f: x) = % fo "ty f(xe‘bl(;)a)dt. (1.16)

The transform (4.1)) reproduces distinct integral operators for different values of a, b
and r. The derived operators have been introduced and studied extensively by researchers
over the past few decades; for instance, see (215 [72; 95} [103; [116). For b = 0, a =
—1 and r = n + 1, one can obtain a particular operator first introduced and studied by
Lupas and Miiller (104) and also referred to as gamma operators. In this thesis work, we
have proposed certain gamma-type operators which possess the property of reproducing

polynomial functions of the form #*, s € N.

1.3 Improvement in the Order of Approximation

The central idea in approximation theory is to estimate the rate of convergence of the se-
quence of operators using various convergence methods. These methods aim to improve
the rate of convergence of operators, thereby reducing the error induced during the ap-
proximation process. Let E,(f) be the error function for the best uniform approximation

of function f by trigonometric or algebraic polynomials 7, of degree n, then

E,(f) =infsup|f (x) - T, ().

We expect that smoother the function f is, the faster E, (f) converges to zero.

If f is r times continuously differentiable on some compact interval, then

E,(H<CfNn", n=1,2,---

For instance, we say that E, (f) tends to zero at least as fast as 1/n whenever f is differen-
tiable i.e. degree of approximation of fis 1/n and 1 /n2 when it is twice differentiable, and
so on. Estimates of this type of estimating error has a rich history. The first results of this
type were given by S.N. Bernstein (27) and later Favard (53) found the best constant C, .
Jackson (82)) then refined the above given estimate of E,, (f) by using subtler measures of
the smoothness of a function f such as modulus of continuity w (f, 9) for f € C(I) as: If

f is r times continuous differentiable, then

E,(f) < C,n"w(f’,n‘l), n=1,2---

The continuity of f ensures that w(f,9) — 0 as & — 0. Although the linear positive
operators are conceptually simpler, easy to construct and study, they lack the rapidity

of convergence for sufficiently smooth functions. In the same context, a well-known
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theorem of Korovkin states that the optimal rate of convergence for any sequence of linear
operators is at most O(n~2). Thus if we want to have a better order of approximation
for smoother functions, we must slacken the positivity condition. Several investigations
indicate that even when a sequence or class of linear positive operators is saturated with a
certain order of approximation, some carefully chosen linear combinations of its members
give better order of approximation of smoother functions.

Our interest in this thesis is to improve the order of approximation of classical and
existing operators. For instance, many of the standard operators in approximation theory

preserve the test functions ej and e, for all n € N, i.e.,

L,(ep;x) =ey L,(er;x) =ey.

An important approach to improve the order of approximation was given by J.P. King in
his pioneer work (91). He presented a non-trivial sequence of positive linear operators
defined on C[0, 1] that preserved the test functions e, and e,. Let {r, (x)} be a sequence
of continuous functions defined on [0, 1] such that r, (x) € [0,1]. Then the operators
Vour, + C[0, 1] — CIO, 1] are defined as:

- k
Vir, (F520 = 3 (ra DML = 1, '™ f (;) xe[0,1]
k=0

where
HEE n=1
ry (X) = -1 +\/(#)X2+ 1 n=273,+--

2(n—1) 4(n—1)>’

The operators V,,, interpolate f at the endpoints O and 1 and are not polynomial
operators. King also proved that the order of approximation of operators V,,,, is at least
as good as the order of approximation of Bernstein operators for x € [0, %]. Inspired by
his work, other modifications of well-known operators were constructed as well to fix
certain functions and to study their approximation and shape-preserving properties. In
(35) Cardenas-Morales et al. presented a family of sequences of linear Bernstein-type
operators B, ,, n > 1, depending on a real parameter @ > 0, and fixing the polynomial
function e, +@e;. Among other things, the authors prove that if f is convex and increasing
on [0, 1], then f(x) < B,.(f;x) < B,(f;x) for every x € [0,1]. Duman and Ozarsalan
(50) gave a modification of the classical Szdsz Mirakiyan operators to provide a better
error estimation. Ozsarac and Acar (118) presented a new modification of the Baskakov
operators, which preserve the functions e*’ and e*, u > 0.

An improvement in the order of approximation can also be made with the help of

arbitrary positive sequences under suitable conditions. In 1937, Chlodovsky (36) used
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arbitrary sequences (b,) to introduce certain polynomials and generalized the renowned
Bernstein operators. For a function f defined on [0, c0) and bounded on every finite

interval [0, b,] C [0, o), the classical Bernstein-Chlodovsky operators are defined by

oS- 2] ) e
nk f’x_ k bn bn f n , X sUn

k=0

where (b,) is an increasing sequence of positive reals with the property that

b
lim b, =0 , lim — =0.

n—oo n—oo N
When b, = 1 n € N, the Bernstein-Chlodovsky operators transform into the classical
Bernstein operators. The advantage of Chlodovsky operators is that they contain a fac-
tor b,, tending to infinity and having a certain degree of freedom. Therefore, they are
generally more efficient in approximating functions than their corresponding classical
counterpart. This motivated researchers to work in this direction; we mention here some
essential papers, see (45 115 [128 [131), and references therein. In this thesis, we have
used King’s approach as well as the sequential approach to present a better modification
of various operators, thereby reducing the error and improving the rate of approximation

of the considered operators.

1.4 Chapter-wise overview of the thesis

The thesis consists of six chapters, whose contents are described below:

The literature and historical context of some key approximation operators are cov-
ered in Chapter 1. Along with a brief summary of the chapters this thesis is divided
into, we also discuss some preliminary instruments that will be employed subsequently to
derive our main results.

Chapter 2 is dedicated to some exponential operators, a concept first studied by
C.P. May and later investigated in-depth alongside Mourad E.H. Ismail. It is majorly
divided into two sections. First section considers an exponential operator associated with

the polynomial x(1 + x)* which are defined as:

(o)

Ri(fs)=em

k=0

A + k<!
k!

k 1
( ! )e—@f(g), 1> 0,1 € (0, 0).

t

With change of variable x = -,

for all x € [0, 1] and A4 > 0, we proposed an integral

modification of these operators in Kantorovich sense in the following way:
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(o)

Li(fix)=e™

k=0

A+ k)F

- (xe ) f f(pdt. (1.17)

We established the rate of convergence of the proposed operators with direct ap-
proximation theorem using Ditzian-Totik modulus of smoothness. Local approximation
results for Lipschitz class functions and a quantitative Voronovoskaya type theorem in
terms of first and second-order modulus of continuity to study the order of approxima-
tion. Through the use of illustrated graphs and an error estimation table, the convergence
of the operators has also been demonstrated. Additionally, we also proposed a bivari-
ate generalization of the operators (I.17). These operators can be used to approximate
integrable two-dimensional functions. Some general approximation properties of these
operators are also studied here.

The second section is dedicated to a modification of another exponential operators

proposed by Ismail and May (79) associated with the polynomial x* and are defined as:

B(fix) = fw L(x, 0 f(Ddt,  x € (0,00)
0

where
n nt n
L(x,0) = [ —e"" @32 exp (——2 — —).
2n 2o(x))” 2t
Here o, (x) = 2n2$‘x2 , A € R, is calculated under the assumption that these operators

preserve exponential functions of the form e**. It is to be noted that the modified operators
are not exponential operators. The proposed operators preserve the exponential functions
of the form e** and provide a better approximation for functions when A > 0. The
moments and central moments of the proposed operators are evaluated with the help of
moment-generating functions. We have also considered a particular case of preservation
of exponential function for A = —1, i.e., for e™*. Some approximation results associated
with the rate of convergence and order of approximation are also provided, along with
some numerical examples and graphical representations.

Chapter 3 is based on a Durrmeyer type construction of certain operators based on a
class of orthogonal polynomials called Apostol-Genocchi polynomials. For f € C[0, 00),

and p > 0, these operators are defined as follows:

(o)

MEA(f3 0 = s (0 f L (0f (0di, x€[0,00)
0

k=0
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where .
_npt (PO
P (f) = npe """ ———,
wk =P T )

and

1+ 2e\"g{ (nx; A)
2 k! '

Here g7 (x; ) is the generalized Apostol-Genocchi polynomials of order «, and

A -
s;’,k x)=e ’”‘(

r (1) is the Piltinea basis.

We first establish a global approximation result for the proposed operators followed
by its convergence estimate in terms of usual, r-th and weighted modulus of continu-
ity. We further study the asymptotic type results, such as the Voronovskaya theorem
and quantitative Voronovskaya theorem. Additionally, for functions with bounded varia-
tion defined on the interval (0, co), we estimate the rate of pointwise convergence of the
suggested operators. An absolute error table and graphical representations serve as the
result’s last forms of validation.

Researchers have spent the last few decades studying an extensive array of approxi-
mation operators due to the development of the theory of the gamma function. Chapter 4
therefore focuses mainly on investigating a modification of certain gamma-type operators.
We used King’s approach (91) to present a modification of certain gamma type operators
such that they preserve the test functions e,(x) = x*, s € N. The modified operators are
defined as:

N ntl A n—1
_ (2")'(80n,s (.X)) f 4 f (t) dt.

Fus (30 = — VD) (Pns () +1)

2n+1
0

where

(n—s+1), s

(n);

Here (n), denotes the rising factorial with (n), =1, (n),=nm+1)---(n+s—1).

2

Pn,s ()C) = [

We used recursion formulas to establish the moments and central moments of the
proposed operators, which are further used to determine the convergence rate of the pro-
posed operators in the sense of the usual modulus of continuity and Peetre’s K-functional.
Additionally, the degree of approximation is also established for the function of bounded
variation. We also illustrate via figures and tables that the proposed modification provides
a better approximation for preserving the test function es.

The concept of modifying operators via a sequential approach is dealt with in Chap-

ter 5. We considered a Kantorovich form of the Baskakov type operators with the help of
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two arbitrary sequences (r,) and (s,), satisfying the conditions lim r, = co and lim > = 0
n—o00 n—-o0o

that preserve exponential functions of the form a™*,a > 1 with arbitrary order and are

defined in the following way:

kxl

(]A(’Esn] (f, 9 (n,x) =r, Z pL‘TZ] (¥ (n, x)) ff (1) dt,
k=0 k

™

with
(rn(l_al/rn)ax )Sll/n B 1

In(a)

¥ (n,x) = sy (1 — a1/

One can also significantly achieve better approximation by appropriate sequences (r,,) and
(s,). We prove an essential lemma which is further helpful to establish certain direct re-
sults, including quantitative type asymptotic formula and Voronovskaya theorem. We also
provide an estimation of error using the usual modulus of continuity. Further, the results
are validated via convergence and error estimation graphs showing a better approximation
of the proposed operators.

The final chapter, Chapter 6, concludes the thesis with a summary before providing
insight into the author’s thoughts on the future direction of the research.

We now move on to our first chapter, which explores some important exponential

operators based on recent studies by M.E.H. Ismail and C.P. May.






Chapter 2

Operators due to Ismail and May

This chapter discusses exponential operators, a concept first used by C.P. May and later
investigated in-depth alongside Mourad E.H. Ismail. By active researchers these opera-
tors are referred to as Ismail-May operators. The first section of this chapter is dedicated
to the Kantorovich form of exponential operators associated with the polynomial x(1+x)>.
Moreover, a two variable generalization of the proposed operators and its approximation
properties are also investigated. The second section is focused on another exponential
operators associated with the polynomials x°. These operators are modified in a way that
preserves the functions with exponential growth and provides better convergence with

change in certain parameters.

2.1 Kantorovich Variant of Ismail-May Operators

2.1.1 Introduction

Ismail and May (79), in continuation of the remarkable work done by May (106)),
considered some exponential type operators W, (f, x) = f S (n, x,t) f (¢)dt which hold
the normalization condition W, (1, x) = f S (n,x,t)dt = 1 and satisfy the homogenous

—00

partial differential equation:

0 _n(t—x)
aS (n,x,t) = 700

S (n,x, 1), 2.1)

where, S (1, x, f) > 0 is the kernel of these operators, g(x) is analytic and positive for

x € (a, b) for some a, b such that —co < a < b < +o0.

19
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Ismail and May (79) proved that for a polynomial g of any degree, the approxima-
tion operators W, is uniquely determined and satisfy the differential equation (2.1) along
with the normalisation condition. As a result, they recovered some known operators for
constant, linear and quadratic polynomials and further gave some new operators for cubic

polynomials. From (123)), using the identity

X k)1 .
e = Z T(xe ), (2.2)
k=0
one such operator corresponding to g(x) = x(1 + x)? is defined as:

[

R(Fit) = e Z n(n + k)< ( t )ke_

!
P k!

nt k
(Ht)f(—) , n€N, te€(0,c0).
n

L

With change of variable x = -,

the corresponding approximation operators is given by:

[oe]

Ri(f5x)=e™ )

k=0

n(n + k)

k
A (xe‘x)kf(m), x€0,1). (2.3)

Various approximation properties of operators (2.3)) has already been studied in (96)

along with its Bézier variant and bivariate generalisation.

In the year 1930, Kantorovich (87) introduced integral modification of Bernstein
operators in the class of Lebesgue integrable functions on the interval [0,1], to obtain
better approximation results as ordinary Bernstein operators were not considered
suitable in approximating discontinuous functions of general type; see (99). In the
past few decades, several researchers have presented their Kantorovich modifica-
tion for various linear positive operators and studied their approximation properties.

One can refer to articles (7;18];39; 475 162; 805 [83}; 1865 [113)) for more literature in this area.

Inspired by the above stated works, here we define the integral form of operators

(2.3) in Kantorovich sense, for n € N and x € [0, 1] as follows:

k+1
)

k n+k
Li(fix)=e™ ) M(xe"‘)" f f(t. (2.4)

k!

n+k
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2.1.2 Auxiliary Results

Before proceeding to our main results, we provide some useful lemmas which will

be helpful throughout in proof of our main theorems.

Lemma 2.1.1 For x € [0, 1] and n € N, the moments of the operators (2.4) are as follows:

L,(1;x)= 1;
. _  @n-1 1,
Ly (t;x) = 2(Z+1)x * o
_ (3n —3n+l) 2 (6n —2n-1)
( )‘ 3+ D) (n+2) e T 375
( ) _ ( 4n3—6n*+4n—1 )x3 (18n4+8n3—21n2+6n+2)x2 (14n3—3n2—3n—1)x +
= 4t D(n+2)(n+3) 4n(n+1)2(n+2)? 4n2(n+1)3 4n* 3
(t4 x) ( 1 ) 4_2 (M) PN (6n4+24n3+33n2+18n+4)x2
> 5(n+1)(n+2)(n+3)(n+4) 5 \n(n+1)%(n+2)*(n+3)* 5n2(n+1)3(n+2)>

n3+6n*+4n+1
( 5n3(n+1)* )x + 5n4

Proof 2.1.2 Using the identity in operators (2.4), the moments can be easily ob-

tained by direct computation.

Lemma 2.1.3 For operators (2.4)), the central moments are as follows:

) — =3 1.

Ln ((t - x)’ x) - 2(n+xl) + ﬂ’
2. _ (3n+13) 2, (3n*-8n-4) 1.
L, ((t X) ,x) = 3w T G * T 3

4. .\ _ 15n%=340n+501 4 2(15n° -210n*—749n3 +238n2 +1485n+402) | _3
L, ((t-x)"x)= - e X
5(n+1)(n+2)(n+3)(n+4) Sn(n+1)*(n+2)*(n+3)
15n0—150n° —414n* +234n3 +1023n%+558n+124 \ .2 25n* —24n3 -36n%-24n—6
+ Tt 1P (22 X+ PRI
S5n*(n+1)°(n+2)° 5n°(n+1)

1
)x+5—4,

Lemma 2.1.4 Since forn € N and x € (0, 1), the maximum values of x(1 — x) and (1 —3x)

are i and 1 respectively, therefore we have:

on1-39+1 1
Lt = x);3) = 2n(n + 1) < 2n’

and

Ln((l‘_x)z;x)s M < —

n

|-

Lemma 2.1.5 For f € C[0,1] and n € N, we have:

L. (f: 01 < (I
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2.1.3 Main Results

For the estimation of the rate of convergence of the proposed operators (2.4)), we use
the definition of Ditzian-Totik modulus of smoothness and Peetre’s K-functional given in
subsection[l.1.3]

Theorem 2.1.6 For f € C[0, 1], n € N and ¢(x) = Vx(1 — x), we have:
1
IL,(f5x) — f(x)] < 2K (f; —)
U7 Vang(x
Proof 2.1.7 We can write,

t

g(t) = g(x) + f g'(wdu. (2.5)

On applying L,(.; x) on both sides of (2.5), we have:

L.(g;x) = g(x) + L, [ f g’ (u)du; x]. (2.6)

X

t
We first, we determine f g'(u)du for x,t € (0, 1) as follows:

t
1
< ’||f—du
N e ‘

X

t

f g’ (u)du

X

=lleg'll

1 1
—d
f\/u(l—u) !

Slltpg’llf(%+ \/1lTu)du

X

1 1
S2|l<pg’|||t—xl( + )
Vi+ vVt Vl—x+ V-t
1 1
S2|lcpg’lllt—XI(— + )
\/} V1 —x
’ |t—X|
<2V2igg'l : 2.7)
@(x)

In view of (2.6)), and Cauchy-Schwarz inequality and later using Remark we

get:
2vV2 !
ILo(g; %) — g(x)| 2 V2lgg'l VLt = 0% %)

@(x)
- V2llggl

< . 2.8
Vng(x) 9
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Using well-known triangle inequality and (2.8), we have:

\Ln(f3 %) = fFOI < ILu(f = g3 0 + 1f () = g(0)| + |L(g5 x) — g(x)]
V2llgd |

<2|f =
If —gll + NPT
lleg’ll )
221f -9l + ————]. (2.9)
( =g V2np(x)

Taking infimum on the right hand side of (2.9), the result is obtained.

The following theorems establish the rate of convergence of the operators (2.4)) for

functions in Lipschitz space. For non-negative real numbers a and b, the Lipschitz-type
space (120) is defined as:

Lipu(B) = {f eCl0,1]:1fO) - f0l <M Lind. S x,1 € (0, 1)},

(t + ax? + bx*’

where 8 € (0, 1].

Theorem 2.1.8 For f € Lipy(B) and x € (0, 1], we have:

pi(x) )ﬁ 2

ax? + bx

La(f:0) = )] < M(
where p2(x) = L,((t — x)%; x).

Proof 2.1.9 First, we estimate the result for f = 1. We can write

kel
00

k k n+k
L 030 - f) e 3 M ey (i) - seola .10)
k=0 ’ e

k+1
00

n+k
+ k) r—
SMe_’”Z —n(n ) (xe_’”)k 7= A t

dr.
= K J A+ ax? + bx)
n+k

. . 1 1 . . X
Using the relation T < @ey and Cauchy-Schwarz inequality, we get:

k+1

M _ - n(n+k)k _ kf
Ln ) - < —e _ nx tr— dt
IL,(f: %) — f(x)| Ny ; (e )k| X
M

< —————L,(t—x|;x)
(ax? + bx)

n+k

PA(x)
(ax? + bx)’
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Next, we prove this theorem for 0 < g < 1. Using Holder’s inequality with p = é and

q= # in , we have:

=

k1
n+k

(xe ™) [ (n+ k) f [f(@) = f(x)ldt

n+k

kel B

()

INGRENCIRIESY

k=0

n(n + k)*!
k!

o

n+k
+ k) -
<M{e™ Z —n(n ) (xe_"x)k 7~ A

dt
= K J A+ ax? + bx)
Tk

2
A Y
ax* +bx|)

S—— W, (It — x5 =M
<(ax2+bx)ﬁ/2( (It = xl; ) (

and hence the theorem.

In our next theorem, we discuss the direct estimate of the operators (2.4)) using Lipschitz-

type maximal function of order 8 defined by Lenze (94)) as follows:

ws(f,x) = sup M, x€[0,1], 2.11)

agel0] |t — xP

where 8 € (0, 1].

Theorem 2.1.10 For f € C[0,1], x € [0,1] and 0 < B < 1, we have:

L0 = FO] < wpf. 0(e2)

Proof 2.1.11 Using , we have:

ILa(f5 %) = fO <L, (@) = f(0)] 5 %)
<wg(f, x)L, (lt — xp; x) .

Applying Holder’s inequality:

ILa(f: %) = FOO <p(f, DLal(t = 0% 02
<wp(f0(p2) "

Now, we present an improved quantitative Voronovoskaya theorem for operators (2.4))
involving second-order modulus of smoothness which gives a higher order of approx-
imation than the one which is only in terms of first-order modulus of continuity (see
(14)). For more on Voronovoskaya theorems, we refer to the readers the following ar-
ticles (54, 155} 164} 133, [137).
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Theorem 2.1.12 Forn > 0 and f € C*0, 1], we obtain:

1-3x
2

n[Ln(f;X)—f(X)]—(

1
)f'(X) - 5x - x)f"(x)

9 68
{ wi(f"3h) + wz(f";h)} + {1 Moo + 117 lloo} -

< —
32 9vVn+1
Proof 2.1.13 From [(64), Theorem 3], we have:

2n+ 1)

1
L,(f;%) = f(x) = L,((t = x); 0) f'(x) - S L= 0% 0 (%)

L(t-x%x)| 5 3 L -0 1

L "o h 2 -
L —wrn n +(4+ L — 25 16h2]‘“2(f , >}

< L((t — %)% x) {

Using Lemma2.1.3| we obtain:

La((t = %)% 0)| PEUETI L((t = x)%; x)| .
L(t-x%x) ~ (n+1)> L(t—x%x) ~ 2n+1)

Therefore the following inequalities hold:

Lu(f3 %) - f(2) - (2(;3:‘1) " ;—n)f%x)
e ot

= (3(5: ri)-znl-?—)2) o (3;21(; in1;24)x " #)

* {2<nlz 1)65_h“’(f R (3 " ?r(zn:l?z) #)”2(’0 ”;h)}'
Multiply both sides by n and taking h = - —

P L5 0 — O] - (% - o 1))f’(x)
alsien

< x(1 - x) { = %w(f”; h) + %wz(f”; h)}

9 68 R /7.
< 3—2{9\/’mw(f h) + wa(f ,h)},
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We can write

1-3 1
n[L,(f;x)— f(x)] - ( 5 x)f’(X) - Ex(l - x0)f"(x)
1 3
< |n[L.(f;x) = f(x)] - (5 - z(nnfl))f’(x)

1 (=313, Gr-8n-4) 1),
2(3(n+1)(n+2)x REYSTS x+3n)f (x)‘
3 (ln+3)  , T@i+D_ 1),
+‘2(n+1)f(x)+(3(n+1)(n+2)x 612 6n)f (x)'
< 2B + Y P )
" 32 ovhel I 2+ e ol

Example 2.1.14 Let f(x) = x> —4x+1, x € [0, 1]. Forn = 10,20, 40, 100 the approxima-
tion of the function f by the proposed operators (2.4) is illustrated in Figure[2.1| In Table
the absolute error &, = |L,(f; x) — f(x)| of the function f(x) = 4x*> — 4x + 1 is com-
puted for certain values of x in the interval [0, 1] and shown graphically in Figure 2.2] We
can see that the error tends to zero with increase in parameter n. Clearly operators (2.4)

converges to the function f(x) for different choices of n.

1.0

0.8

0.6

0.4

0.2

0.0

.0 0.2 0.4 0.6 0.8

— f(x) — n=10 n=20 n=40 — n=100

N
Ol 1 v 1y

or T T T T T T T

Figure 2.1: The convergence of operators L,(f; x) to the function f(x) = 4x> — 4x + 1 for
n = 10,20, 40, 100.
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Figure 2.2: Graphical representation of absolute error of operators L,(f; x) for f(x) =
4x* —4x + 1 for n = 10,20, 40, 100.

Table 2.1: Absolute error between the operators (2.4) and function f(x) = 4x*> — 4x + 1
for n = 10, 20, 40, 100.

X

10

&

Ex0

‘flOO

0.04
0.12
0.20
0.28
0.36
0.44
0.52
0.60
0.68
0.76
0.84
0.92

0.084701
0.062832
0.000477
0.045715
0.075747
0.089616
0.087324
0.068871
0.034255
0.016521
0.083460
0.166560

0.047133
0.029769
0.003516
0.027751
0.042935
0.049069
0.046152
0.034185
0.013167
0.016901
0.056020
0.104190

0.024787
0.014363
0.002832
0.015219
0.022800
0.025573
0.023540
0.016700
0.005054
0.011400
0.032660
0.058727

0.010207
0.005604
0.001408
0.006425
0.009445
0.010470
0.009497
0.006529
0.001564
0.005396
0.014354
0.025307
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2.1.4 Bivariate generalisation of Ismail-May-Kantorovich operators

In this section, we study the bivariate generalisation of the operators (2.4). In the
past few years, researchers have constructed bivariate of several operators and investigat-
ed their approximation properties. Readers can refer to the following books and articles
(U2} 1165123124, 128; 37,1565 167, (71 189) to study work related to this topic . The bivariate
extension of the operators (2.4)) is defined as:

ki+1 kp+l

- o ny+ky np+ky
L (fixy) = D) okt (ny) f f f(tr. w)dndn, (2.12)
k1=0 k=0 k k
1 2
ny+ky np+ky

for (x,y) € I* = [0,1] x [0, 1] and ny, n, > 0, where the basis functions is considered as:

k K
ey T2(1 + kp) (2 + k) 2(
k! k!

kiky

Pl (x,y) = e xe ) (yer)©.

The bivariate generalisation of Ismail-May-Kantorovich operators can be rewritten as:

L% (fix,y) = Ly (3 X)X Ly, (f3 ).

Lemma 2.1.15 Let e,,(t),1,) = £}, 0 < r + s < 2. For (x,y) € I* = [0,1] x [0, 1] and

ny,ny €N, we have:

LM% (e x,y) = 1;

niny
Qn -1 1
L2 (€103 X%, y) = 5 ——=x+ 5—;
my (€10:5,9) = 50—t 5
@m-1) 1

ki k; .
Ln11n22 (601 s Xy y) =

—y + —

2(np, + 1) 2n,

Gn?-3m+1) , . 6n,> =2n, - 1) 1
X

Ly (€203 x,y) = X+ ;

v (2060 = 30 Dy + 2) mm + 1) 32
3ny2 —3n, + 1 6ny> — 2n, — 1 1

Ly2 (eon; X, ) = Oy —omt D) o, On =2 . ) -
3(”2 + 1)(”2 + 2) 3”2(”2 + 1) 31’12

Remark 2.1.16 Using Lemma we have:

—3x 1
L% ((e10 = %) 5 0,) = 57— + 5—;
niny ((e10 — %) 5%, 1) 2 + 1) 2my
-3y 1

Lhk —YixY =+
nina ((eo1 —y) 3%, y) Xm+1) | 2,

(Bm+13) (317~ 8n1 - 4) L]
= X X 5
3(ny + D(ny +2) 3n,(n; + 1)° 3n,?

C (“Bmy+13) 2+(3"22—8n2—4) L]
3+ Dm+27 T 3t 1y 0 3m2

L% ((ero = %)% x,y)

Lh% ((eor = )1 x.)
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Here we give the uniform convergence of Ismail-May-Kantorovich operators for bi-

variate functions.

Theorem 2.1.17 For any f € C(I%),the space of all continuous bivariate functions on the

interval I? = [0, 1] X [0, 1], we have:

lim ||LE% (fx,y) - fx,p)|| = 0.

ny,ny—e

Proof 2.1.18 Using Lemma 2.1.15| and Volkov’s Theorem ([38), the theorem can be

proved easily.

Next, we establish the degree of approximation of operators for f € C(I?) in
terms of total and partial modulus of continuity. The total modulus of continuity in case

of bivariate functions is given by:
Wiorat(f361,62) = sup{|f(t1, 12) — f(x, )| = (1, 12), (X, y) € I, |1y — x| < 61, |62 — y| < 62
Further, the partial moduli of continuity with respect to x and y is given as:
w(f36) = sup{lf(x1.y) = fx2. )l < 11 = x| <6, y € I},

and
w?(f30) = sup{lf(x,y1) — f(x, )l s x €L, lys — yol < 5).

Both total and partial modulus of continuity for bivariate functions satisfy the properties

of usual modulus of continuity and can be studied more in (20).
Theorem 2.1.19 Let f € C(I?), then for all (x,y) € I?, the inequality:

(i)

L2 (f; x,9) = fO6 )| < 4w (F3 61, 62);

(i) L (Fs %) = F(xy)| < 2 (0036 + 0@ (f362)

D=

1
holds true, where 6,(x) = Lnl((tl - X% x)z, 0(y) = an((tz - y)z; y) .

Proof 2.1.20 (i) Taking into account monotonicity of W and linearity of L,,, L,,, we

can write

Lim (f35.9) = f6 9] < L2 (@1, 02) = f(6 9155, )

1
< Wipral (f301,02) (Lnl(l;x) + (S—Ln1 (It — x| ;X))
1

1
X (an(l; y) + 5. Ln (I =yl ;y)).
2
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Applying Cauchy-Schwarz inequality, we have:

1 3
Lfllllr?z (f, X, !/) - f(xa y)| < Wrotal (f;él’ 52) (Lnl(l’x) + 6_1Ln1((t1 - X)2;X) )

. 1 2. \?
X (an(l,.l/) + 6_2Ln2((t2 - !/) ,y) )
Taking 6,(x), 8,(y) as in Remark we get the desired result.

(ii) Considering the partial modulus of continuity of f(x,y) and applying Cauchy-
Schwarz inequality, we get:
Ly (frxy) = fOay)| < L2 (f (0, 1) = fOup)ls 2, y)
<Lk (f (0, 0) = f )]s %)
+ L% (If(x, 1) = f(x, 95 x,y)
< L5 (o' (Fi 1t — x5 x.p)
+ L% (0 (f3 102 - ) s 2. y)

< U)l (f» 6n1)(1 + %Lnl (ltl - Xl ;X))

ni

1
+ wz (f’ 6112) (1 + 5_an (|t2 - yl ;-x))

n

! :
<o (f;énl)(l + 5—L,,]((t1 - x)z;x) )

ni

+ w2 (f’ 6n2) (1 + %an((lé - .I/)2; x)é)

<2(w'(f16) + W (f362)).
which completes the theorem.

Next we give a Voronovoskaya type estimate for bivariate operators (2.12).

Theorem 2.1.21 Let f(x) be a twice differentiable function on the interval I>. Then we

have:

1-3 1-3
2 pn+ S5 fwy

+ x(1 = x) for(x, y) + y(1 — y) f,, (X, ),

lim 1 (L52(f 3, 4) - f(x,9) =

uniformly on I°,
Proof 2.1.22 Let (x,y) € I? be arbitrary. Then by Taylor’s theorem we have:
@, 1) =f(xy) + fillx, )t —x) + f(xy)(2 - y)

1
+ Sl p)(n - X%+ 2fo (5, )t = )1 = )

4 fCe )6 — ) + Ut 133, 9) A1 — 0 + (1 — ) 2.13)
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for (tl’ t2) € 12! Where lﬁ(l‘la t2’ X, U) € C(12) and W(ll, t29 X, !/) - 0 as (tl’ t2) - (-xa !/)
Applying Lﬁf;lkz( 3 x,y) on both sides of , we get:

L (f: x,y) f(x ) + £, Y Lap((t = x); %) + £,(X, ) Los((t2 — y); X)
+ E{fxx(x’ y)Ln,k((tl - x)Z; X) + fyy(xa y)Ln,k((t2 - y)z; y)
+ 2o (x5, LSt = XN — y); X, y)}

+ L (ll/(tl, 1 X, Y) \/ (1 = x)" + (1 -y x, y) : (2.14)

Now, using Hélder’s inequality, we have:

L.5e (wm 133 X, ) \/m -0+ (L -yhx, y)‘

1/2 1/2
< L@,y x ) LS - 0 + (0 - )t xy)

< (LRt yiay) | (Lt =050 + Lz~ ')

In view of Theorem Lkl’kz(tpz(tl, b x,y); x,y) — 0as n — oo uniformly on I* and
since L ((t; — x)*; x) = (nz) 2kt — )t x) = ( L ) therefore we have:

31_{{}0 nLye (W(ﬁ, 1 X, Y) \/(tl -0t +(-yhx, Zl) =0,

uniformly for (x,y) € I>. Also using Remark

1-3 1-3
 and lim n(Lu(t - y)iy) = T"’

lim n(Ly (11 - %)% x) = x(1 - x) and lim n(Ly (22 - »:y) =yl —y).

lim nL, ;((t; — x); x) =

and
Tim nL i ((ty = X); ) Lni((22 = y);4) = O

Combining the above estimates with (2.14), we get the desired result.

The next result establishes the rate of convergence of bivariate operators (2.12) with the
help of Peetre’s K- functional. Let C*(I*) denote the set of all continuous functions on

= [0,1] x [0, 1], whose first and second derivatives exist and are continuous on the
interval I*. We define the norm:

Wllcagey = Whlleey + Z ( )
c?)

From Butzer and Berens (32)), the Peetre’s K-functional for h € C*(I?) is defined as:

Y
oy*

o*h

C(12)

K(h;o) = inf {||h — tleay + ity o > 0},
teC2(I?



32 Operators due to Ismail and May

and the second order modulus of continuity is given as:

w© (h, \/5) = sup{

2
DD+ o, y + iyo)
i=0
. (-x9 ,1/) ’ (-x + ixO’ Yy + ly()) € 12, |X()| <o, |.’/0| < 0-} .

Theorem 2.1.23 For f € C(I%), the following inequality holds true:

Li(g: % y) = 906 )| < 4K (S5 Py (6 ) + 0 (3 Va5, 1)

where

Pnl,nz(x’ !/) =0 (X) + 52(y) + bnl,nz(-xa y)’

and 2 2

Proof 2.1.24 Before proceeding to the proof, we consider the following auxiliary opera-

tors:

1 (1-2n)x 1 (1-2ny)y

Thke (g x. ) = Lk (g _ T = 4 g(x,y). (2.15
w95 % y) = L (g, x5, y) — g T 2m A D) 2m 2mt D) g(x,y). (2.15)

Then, using Remark we have:

L (= 0: x,y) = 0, L% (1 — y); x,y) = 0. (2.16)

ni,n2 ni,n2

Let h € C*(I?) and t, t, € I, using Taylor’s theorem, we can write

h(tl’ tl) - h(x7 y) = h(tl’ y) - h(x’ y) + h(tl’ t2) - h(tb y)

1 2
_ 6h(x,y)(t1 _x)+f ¢ _u)ﬁ h(u,y)du
ox

2
ah(x y)(tz— )+f <tz—v)8 h(x 2 (2.17)

Applying operators Ln1 " on both sides of (2.17) and using , we get:

0*h
A% (h; x, y) — h(x, y) Lﬁz’,z(f (t) — u)———>> ( y) du; x, y)

2
+Th( f (1, - a Y
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Hence,

h (u Thw.y)|
3%, Y)

4% (s x, ) — e, y)| <LA% f it —

)x
. f(zn, %) 1 d=-2n)x ’ h(u, y) y
~— - ——\|du
2]’[1 2(ny + 1) ou?
82h(x v)
+L§‘1’,‘,22(f t, — vl U3 X, Y)
1 (1-2mp)y
.\ f(zz_ )| 1 (1-2m)y ‘ 8”h(x, v) J
— - " Z7 v
y 21’12 2(112 + 1) ov?

1 (1-2n))x 2
Lkl ko _ - - 7 _ 2072
{ w2 (= )% X y) + (2n1 o D) X) }”h”c @)

{Lk] ko ((t2 _ ) X, y) + L — ﬂ -y 2}||h||c2(12).
ny,ny 2712 2(1’12 + 1)

) PP IR 2 W B S 72 o P
<101(%) 2(y) oy 2m + 1) 2y 2m + 1) I ||C2(12)-

Also

L% (g5 x,y)| < 3llglleqe).- (2.18)

Now in view of (2.18)), we can write

<|[L¥ % (g = h; x, y)|

ni,nn
+ 8% (; x, y) = h(x, y)| + h(x, y) = g(x, )|

N (1 (1-2np)x 1 (A-2m)y\ _ . 5)
N, ™ 2+ "2 2m + 1) Y

< (4llg = Allc) + Puyns (5 Rl

+ W@ (f; Vb, (X, y)) .

Taking the infimum on the right hand side over all h € C*(I?), it follows:

L% (g x,y) — g(x, )| <

L% (g x,y) = g(x.y)| < 4K(f: Poyy (5, )) + 0 (F3 ba (1. 1))

which completes the proof.
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2.2 On the preservation of functions with exponential
growth by modified Ismail-May operators

In connection to exponential operators, Ismail-May (79) proved that for a polynomial
p of degree n € N, kernel S (n, x, ) can be uniquely determined. As a consequence of
this, besides classifying some classical operators such as Szasz-Mirakjan operators, clas-
sical Bernstein operators, Post-Widder operators etc. as exponential operators they also
constructed some new exponential operators of degree greater than 2. For instance, if

p(x) = 2x*2, the newly constructed operators are defined as:

L,(fix)=emV" { £(0) +n f " R (20 V) F () dt} ,

0

where 7 ,(y) is a first kind modified Bessel function identified as:

()

(_1)k (y)n+2k-
"2

These operators were further studied in detail in (41). Again for p(x) = x(1 + x)?, the
corresponding operators obtained are:

[Se]

k
Ry (f53) = D (x)f(m), x € (0, 1),

k=0

where
n(n + k!
Ko

and n > 0. These operators were further studied in detail in (96;110).

Fog (X) = ¥ (xe ™),

Another such operator for p(x) = x° is defined as:

Pu(f,x) = f‘” k.(x,1)f(t)dt, x € (0, o) (2.19)
0

whose kernel is defined as

n \!/2 B nt n
k,(x,1) = (Zr) Mt 3/Zexp (_ﬁ - 2_t)

These operators were studied further in detail by Gupta (66). All the three approxi-
mation processes cited above are examples of exponential operators as they satisfy the
homogenous partial differential equation (1.13) and the normalization condition (I.14).
In the past years, there have been several modifications of operators to enhance their
convergence and error estimation process, see (40;47;116). In 2003, King (91) presented
a sequence of linear positive operators which approximated each continuous function on

2

[0, 1] while preserving the test function x°. This remarkable approach has been since
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applied by many researchers to propose their modifications and fulfil the need to achieve
better approximation. For instance, Duman and Ozarslan (50) gave a modification of
classical Szdsz operators to provide a better error estimation, Ozsarac and Acar (118)
presented a new modification of Baskakov operators which preserve the functions e
and e*', ;1 > 0, Bodur et al. (29) introduced a general class of Baskakov—Sz4sz—Stancu
operators preserving exponential functions, and many more. Readers can refer to these
recent articles and books (95 [10; 1635 1695 [134) for more such interesting papers related to

this approach.

Inspired by the above-mentioned researches, we propose to construct a modification
of the operators (2.19) which reproduce exponential functions. It is noteworthy that the
resultant modified operators are not exponential operators. We begin with the following

form of the operators (2.19), for functions f € C(0, c0) we consider

B.(f;x) = foo L(x, ) f(t)dt, x € (0, 00) (2.20)
0

n nt n
L(x, 1) = {[—e" D32 ex (—— - —).
0= 2z ooy 2

Using calculation analogous to that given in (66), we can evaluate B, (¢*; x) as:

2
1_\/n—Za(O'n(x)) ’ 2.21)

where

B, ("; x) = exp !
T (X)

n

which is the moment generating function of our proposed operators (2.20), and is used to

find the moments and central moments used throughout this section of our chapter.

2.2.1 Preservation for ¢ *

We begin with our proposed operators (2.20). Assuming that they preserve the ex-
ponential function e~*, we can write 8,(e¢”’; x) = e™* and therefore making use of (2.21]),
we get

2
L= |14 2o ()
o, (x) n

e =exp

Comparing exponents on either sides of the above equation and with easy manipulations,

we obtain
2nx

2n — x%’

o (X) =
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Thus our proposed operators can be rewritten in the following form:

B.(f;x) = foo L(x, ) f(t)dt, x € (0,00) (2.22)
0

where

2
N 2n-x*t o,
L(x,0) = (E) 320 xp [——( 8nx2) - Z]

Lemma 2.2.1 For all x € (0,0) and n € N, we have

2n — x* 8nx2y
B,(e”; x) = ex - 1-——=|},
Pl 2x (2n — x2)

which is also the moment generating function of the operators (12.22)).

Lemma 2.2.2 For the operators Jife, (1) =1, v=0,1,2,.. then the moments are
as follows:

8;1(60; X) = 1’

B.(e1;x) = 0, (%),

3
B,(er; x) = 02 (x) + O-”T(x),

30 307
B(e3;x) = o) (x) + 7, () + O;’l‘z(x),

60, 150 1507
Bn(€4; )C) = 0'3 (X) + Oy (X) + O-}; (-x) i 0-,; (X) .

Proof 2.2.3 In view of moment generating function given in Lemma the r'"— mo-
ment of operators (2.22)) is given by-

lid 2n — x? 8nx*y
B (x) = -1 -——— : 2.23
v () [87’ {exp[ 2x ( \/ (2n - x2)* D}LO 229

The expansion of (2.23)) in terms of y calculated using mathematica software is as follows:

2nxy 2n? (211)(2 —x*+ 2x3) y?
2n — x? (2n - x2)°
4 (4n5x3 —4n* X0 + 12n*x* + X7 — 613 X0 + 12n3x5)73
3(2n - x2)
) 8n'x* — 12n°x% + 48n°x° + 6n°x® — 48n°x’ .
[+120115x6 —n*x'% + 12n*x° — 60n*x® + l20n4x7]

* 3(2n - x2)’ " 0(7/5) .

1+

+

Thus the r'""-moment of the operators (2.22)) can be obtained by evaluating r"-partial

differentiation with respect to vy of the above expansion aty = Q.
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Lemma 2.2.4 Let 1,,, (x) = B,((t —x)";x),m = 1,2, denote the central moments of
operators (2.22)), then
M (X) = 07, (X) — X,

o, (X)
M (X) = (07 () — 0> + ———
Proof 2.2.5 Using the property of change of origin of moment generating functions
2n — x? 8nx?
e exp A I—Lyz ’
2x (2n — x?)

Expanding this in terms of y, we get

Xy .\ (8n2x3 +2nx5 — x8) y?
—2n 2(2n - x2)’
(48713)66 +96n°x + 4n*x® — 24n%x% — 4nx'! + x13) Y
6(2n - x2)°
384n°x° + 192n*x° + 576n*x® + 1920n*x" + 8n’x'? )
[ 192n°x'" — 384n°x'% — 12n°x ”+4&ﬂ1*+@m“—x“]

5
* 24(2n — x2)’ +0(r).

+

The coefficient of y"/m! in the above expansion is the m™—order central moment of oper-

ators (2.22)) .

Remark 2.2.6 In view of Lemma for adequately large n we have:

o

1. lim nn,; (x) = 5,

2. lim nn,; (x) = X,
3. lim nznn,4 (x) = 3x5.

In (75), Holhos defined modulus of continuity for exponential operators as:

w (f,6)= sup |[f(x)-f@I, x:=0.
le=*—e~1|<6
and provided a quantitative result for sequence of linear positive operators on a class
of real-valued continuous functions on (0, o). These functions f(x) have finite limit at

infinity and are endowed with Chebyshev norm.

The defined modulus of continuity @ possess the following property:

£ () - f<x>|<(1+%] W' (£.6). (2.24)

The result by Holhos (75) is given as:
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Theorem 2.2.7 (75) If Q, : C(0, c0) — C(0, o) satisfy the following inequality for f,(t) =
e v=0,1,2
1Q:(fo; X) = fu(Dleo = P (),

then for every f € C(0, 00), we have

1Qu(f5) = F)l < po W) 1l + 2+ po (W) @ (£ o () + 201 (1) + p2 ().

Theorem 2.2.8 The sequence of modified exponential operators B, : C(0, c0) — C(0, c0)
satisfy the following inequality for f € C(0, 00):

I1B.(f:2) = F®ll < 20" (£, Vp2 ().

where p, (n) tends to zero for adequately large n.

Proof 2.2.9 Since the operators preserve the constant as well as exponential function e™,

so by Theorem [2.2.7) po(n) = 0 and p, (n) = 0. We only need to evaluate p, (n). Next,
from Lemma2.2.1| we have

2n — x? 16nx2
B, e_zt;x =ex 1- 1+ —1].
() p[ 2 ( \ <2n—x2>2]J

Consider a sequence of functions

2n— x2 16nx2
" (x) = ex 1— 1+ —— |-
g p[ R [ e D

As f, (x) vanishes at end points of (0, o), therefore there exists a point ¥, € (0, 00) such

that
Ifalleo = fn (D)

Also the derivative of the sequence of functions vanishes at 9, i.e. f’,(3,) = 0. Making

use of mathematica software, this gives

2n + 92 -1 1 2n — 92 | {4 16n92 020
ex - —— || =2
29; L P 29, (2n - ﬁﬁ)z
(2n-92)

Therefore, we have

Ll 2n — 92 { {4 16n9?
nlleo =€X - -
Pl 29, (2n— )

2n + 92 -1
20;% 1 16n9?2
(2n-92)*

X2 —

+ 1| =p2n) — 0,

as n — oo. Thus in view of Theorem[2.2.7] we get the required result.
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Let Cp(0, o) denote the space of all real valued continuous and bounded functions

equipped with the Chebyshev norm and let us consider the following K-functional:

K, (f,6)= inf ){Ilf—g||+5||g”||,5>0},

geC%((0,00)

where Cf; (0,00) ={g € Cp(0,00) : g’,g" € Cp(0,00)}.
Theorem 2.2.10 Let f € Cp(0, 00). We define auxiliary operators:
T (f3 %) = Bu(f3 %) = f (00 (%) + f(x), (2.25)
then, there exists a constant R > 0 such that
[B.(f32) = f(0 < Rwa(f. V6) + w(f, o (x) = ),

where

0= M2 (x) + (O_n ()C) - x)z-

Proof 2.2.11 Let g € C2(0,0) and x,t € (0, ), then by application of Taylor’s expan-

sion, we have

g(t) = g(x) + (t — x)g'(x) + f (t — w)g” (u)du.

Using (2.25)) and the fact that 7, ((t = x);x) =0, we have

A

Folgi x) - 9| = |7, f (t - u)g” (w)du; x

t op(x)
< |8, f(t —u)g" (w)du, x || + f (o (x) — u) g"” (u)du
< (M2 ) + (0 (1) = 22 llg "l (2.26)
Also, we have
1B, (f; Ol < IIfIl. (2.27)

Combining ) and (2.27), we get

1B, (f; x) = FO < |T0(f = 9): %) — (f — 9| +[Tlgs ¥) — g@)| + 1f ) = f (070 ()]
<20If = gll + (M2 () + (0 () = ) lg”"l| + @ (. 70 () = %)

Taking infimum over all g € C%(0, o) and using the relation given in (44), K, (f,6) <
Cw, (f, \/5) , 0> 0, we get the desired result.
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One of the most important pointwise convergence results in the theory of approx-
imation by linear positive operators are Voronovoskaya type theorems and its quantita-
tive form. These theorems are extensively studied for various operators as well as for
functions belonging to different spaces. In our next theorem, we present a quantitative

Voronovskaya type theorem for the proposed operators (2.22)).

Theorem 2.2.12 Let f € Cg(0, o) with continuous first and second derivative exist. Then

for x € (0, 00), the following inequality holds:

3
n[8, (£ = (] = 5 (F (0 + 1 ()

/ 1/ X3 17 1 —2x
<y QO (O] + v, OIS ()] + Ew(f %)(1 +3x%e7> )

where u, (x) = nrj,.; (x) = 5 and v, (x) = 4 (n,2 () = *) 2 (x) = .

Proof 2.2.13 By the Taylor’s expansion, we have

2 (i)
Fo=> -0 v 0w n0-v2 2.28)
1.

i=0
where O (t, x) is a continuous function given by:

fl/ (S) _ fl/ (x)

O x) = > , Jex).

Applying the operators B, to the inequality (2.28), we can write

O ()

i!

2
By (f3) = i () =8, (01, (- 0% x).
i=0

Therefore using Remark[2.2.6] we get

3
n[8, (Fi0) = f (] = 5 (F () + 1 ()

1
< £ 01+ 5 [z (0 = (17 (0] + 0B, (€ (1.3 (¢ = 0%: )

3
X
nnn,l (X) - 3

<l QO O+ oy GO (1 + |15 (© (1, 0) (1 = )% ) (2.29)

where u, (x) = nn,; (x) — x—; — 0 and v, (x) = %(m],,,z (x) - x3)m]n,2 x)-x> = 0in
accordance with Remark|2.2.6| for adequately large n.
Using the Property of modulus of continuity defined by Holhog (75), we get

(e -e)

1
O (1, x)| < 5[1+ 5

)w*(f”,é).



2.2 On the preservation of functions with exponential growth 41

Hence, after applying Cauchy-Schwarz inequality to the last part of (2.29), we get
n
1B, (10 (.01t = )% x) < S0 (7. 6) 12 (3)

b o (f7,0) By (e = )% x) i (0.

Choosing 6 = n12,

nB, (10 (1, )| (t - x)’; x)
1 % 77 1 —x _n4.
< 5w (f , %) 2 )+ 28, (e = e 2) Jra ().
In view of and Remark 2.2.6] we obtain the desired result.

Corollary 2.2.14 Let f € Cé((), ), then for x € (0, 00) we have

3
lim n[8, (£:0 = £ (0] = S [f (0 + £ ]

Remark 2.2.15 The convergence of the modified operators B,, in the above theorem takes
place for sufficiently large n. Using Lemma[2.2.1|for y = —1, =2, =3, =4 and mathematica

software, we get
lim n*B, ((e_x e x)
n—oo

= lim 7’ [B, (¢ *; x) — e B, (¢ s x) + 6¢ 7B, (¢ x)

n—o0

—4e7B, (e, x) + 6_4“‘]
2n - X 32nx2 2n - 3 24nx2
= lim n* |exp i 1+$2 —4e " exp i 1+L2
n—eo 2x (2n — x?) 2x (2n — x?)
2n — X2 16nx2 2n - X2 gnx? ]
+6e" > exp LAl R Lz — 47> exp Al R Lz
2x (2n — x?) 2x (2n-x2)"))]
— 36_4xx6

2.2.2 The case of ¢**, A € R

In this section, we present a more general form of the operators (2.20) that
reproduces both constants and exponential functions of the form e**, A € R. We observe
that the modified operators possess faster and better rate of convergence as compared to
the original operators (2.20) for A > 0. To validate our results, we exhibit some graphical
representations with the aid of numerical examples and compare the rate of convergence

of both original and the modified operators.

N
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Taking into consideration operators (2.20)) again and assuming they reproduce func-

tions of the form e, i.e B,(e?’; x) = ¢** , we obtain

2nx

Tn (¥) = 2n+ Ax2’

Operators (2.20) therefore now take the following form:

BA(fix) = f Ooln(x,t)f(t)dt, x € (0, 00) (2.30)
0

where

2
n\12 B 2n + Ax* n
1(x.0) = (E) AT 32 o {_( — ) -2

Lemma 2.2.16 For all x € (0, ) and n € N, we have

2n + Ax? 8nAx?
gﬁ(em;x):expu 1 - 1_L2 ,
2x (2n+ Ax?)

2 2n + Ax? 8nAx?
B (teAt;x) = e exp nrax 1- 41— Lz ,
\/ (2n + Ax?)* — 8nAx? 2x (2n + Ax?)

4n? 2x3

’ ) ) ((Zn + AR - 8nAx2) \/(2n + Ax?)? — 8nAx>

2n + Ax? | | 8nAx?
2x (2n+ A2 )

Proof 2.2.17 The quantities B (teAt : x) and B4 (tzeA’ : x) are obtained simply by succes-

X exp

sively partially differentiating B2 (eAt; x) with respect to A on both sides.

Lemma 2.2.18 For e, (x) = x",r € N U {0}, the operators hold the following

moments:

A . —
Bn (609 x) - 17
A . _ _2nx
Bn (61,X) = AR’
4n2(Ax4+2nx2+2x3)
BA éHr, X)) = —————
n ( 25 ) (Ax2+2n)3 s
813 (A2x7 +4Anxd +6AxO+4n2 3 +12nx* +12%°
8] (es; ) = z )
(2n+Ax )
) A3x'0 + 6A%nx® + 12A%x° + 12An°x5 + 48Anx’
16n
| +60Ax® + 8n3x* + 48n°x° + 120nx° + 120x7
B, (e4;x) =

(2n+Ax?)
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Lemma 2.2.19 Let 1}, (x) = B, (t — x)"; x),m = 1,2,4, denote the central moments of
operators (2.30). Then, it can be verified:

_ AxX®
772,1 ()C) T T 2n+Ax2?
(8n2x3+2A2nx°+A3x8)
X) =
772’2( ) (2n+Ax2)’ ’

7 (x) = (-A3x3-4A4%nx1 ~443 02 X0~ 24A%n? B -48 An® X0 +961° ° )
n4 - (2n+Ax2)5 '

Moreover, in view of Lemma [2.2.19] we note that

AS 13 4A4 11 4A2 SA 6 485
773,4(70 (_ X3 X X("+)—n—§‘(Ax—2))

nd n4 n3
- 2
Ty () (24 42) (5 4+ 2026 4 220)
Therefore, one can observe that for a fixed x € [0, o) and sufficiently large n, the ratio
My (%)
’ -0
1, (%)

with order of convergence O (n‘z).

In order to prove our next theorem, let us define a space S of all functions having
exponential growth of order A endowed with norm:

Iflla = sup |f()e™| < .
x€(0,00)
Let for some 0 < a < 1, Lip(a, A) be the space containing all those functions f which
satisty @ (f,0,A) < M§*, where @ is the first order modulus of continuity defined in (48)
as:
@ (f,6,A)< sup |f(x) = flx+h)]e™,

h<6,x€(0,00)

and for every positive number 4 > 0 and k € N has the following property:

@ (f,kh,A) < k.e*™ " 0w, (f,h,A). (2.31)

Theorem 2.2.20 Let B2 : S — (0,00). If f € C% (0,00) NS and " € Lip(a, A), then for

fixed x € (0, 00) and n > 2Ax, we have

B0 ()~ () (0 =y (0 T
1 1 nfl‘"‘ (X) 2Ax A
< -a|f", A[264+ M (A x) + VM QA D)7k, (),
2 M, (X) :

)C2 2
where M (A, x) = %emx is a constant independent of n but dependent on A and x.
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Proof 2.2.21 By Taylor’s expansion, we have

2
@ 2!’“) 17 () + Ot ), (2.32)

JFO=fO+0-xf(x)+

where
J"@ =" x)
2

such that T lies between x and t and ©,(t, x) is a continuous function which vanishes as t

0O,(t, x) = (t — x)°.

approaches x.
Applying the operator B2 on and in view of Lemma |2.2.19, we have:

By (f;0) = f () =1y, (0) f (0) =y, () 7 ()] < By (1028, )] 5 ). (2.33)

Using the Property [2.31] of exponential modulus of continuity and with calculations

we have the relation

7/ _ 3
B2 (10,1, x)] ;%) < M [Bf ((eZA" + eAt) . (It —x* + %) ; x)] . (2.34)

Taking x fixed and n > 2Ax, we have

2x° 5 4n?

B2 ((t — x)%eM; x) = + X >
\/(Zn + A) — 8nAx? (2n + Ax?)” — 8nAx?

2
B 4x°n 42| et

\/(2n +Ax2)’ — 8nAx2
1 8n’x’ 2l 8nAx2
x _————————
(1 _ _nAx? )3/2 (2n + Ax2)’ (2n + Ax2)?
(2n+Ax2)

2
—4n(1 - L’CJ + 1]] A
(2n + Ax?)

1 [8n2x3 +2nA%x0 + A3

<

< 3 +Xx
( _ __8nAx? (21’1 + sz)
(2n+Ax2)2

2
x(l—4n(1—sz)+l)
(2n + Ax?)

eAx

1 8n2x> + 2nA%x0 + A3x8 o A
< 72 3 +2x|e
(1 ___8nAx2 ) (21’1 + AXZ)
(2n+sz)2
(2 + sz)2 » i
< ———S M, (0 < M (A, ) 17,, (%), (2.35)

T (2-Ax2)’
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where )
(2 + sz) 2Ax

——€
(2 - Ax2)’

Moreover using Cauchy-Schwarz inequality, we get

M(A, x) =

BA (It — xPe™; x) < \/Bﬁ} ((t — x)%e2Ar, x). \/17274 (x)
< M QAT (). ik, (. (2.36)

Combining (12.33), (12.35) and (2.36) and substituting h = ,/?48 in (2.34), we get
n2

oy ()

Bﬁ (19,(t, )| ; x) < lw[f”, n4 (x)
2 n

,A] |26 + M (A, x) + M QA 0|1, (),

and hence the theorem.

Remark 2.2.22 One can easily observe in the above theorem,

- Second central moment 77‘2 4 (X) of the proposed operators is smaller for A > 0
and x > i as compared to that of original operators (W)

ﬂﬁA(X)
ARG
for our modified operators.

- For A > 0, the ratio is higher for the original operators as compared to that

- In addition, the constant M(A, x) which is independent of n is also significantly

reduced for our modified exponential operators if we take A > 0.

Thus judging on the basis of above mentioned rationales, we can say that Theorem|[2.2.20)|

is an improved version of (66, Theorem 4) for A > 0.

Corollary 2.2.23 Let f, f” € S and A > 0, then for any x € (0, ), we have

3

lim 0 [ (£ = £ (0] = 5 [Af @) + 1" ).

Remark 2.2.24 The advantage of Corollary |2.2.25| over Corollary |2.2.14|is in the fact
that latter is defined for a larger function space S while the former is only for (0, o).

2.2.3 Conclusion

We now conclude that our proposed operators (2.30) is an improved approximation

operator which not only preserves constant and exponential functions e** and but in fact
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also provides faster convergence and better approximation for some functions in compari-
son to the original exponential operators for A > 0. Here we have shown properties which
are superior to that of original operators and work for a much wider function spaces. To
validate our statements, we exhibit some figures based on numerical examples to show
a faster rate of convergence of our modified operators and also its comparison with the

original operators (2.19) for arbitrarily chosen values of n and A > 0.

2.2.4 Graphical Comparisons

Example 2.2.25 Let f(x) = 5x(sinh(x)). Then we have the following graphical represen-

tations where our function f(x) is represented in purple color throughout.

a) Figure exhibits the comparison between the modified operator 82 (Cyan), and
the original operator P, (Red) for n = 10,A = 1.

b) Figure exhibits the comparison between the modified operator B* (Magenta)
and the original operator P, (Blue) for n = 50,A = 1.

c) Figure shows the rate of convergence of the modified operators B2 for A = 1
andn = 10 (Cyan), n = 25 (Orange) and n = 50 (Magenta), towards the function

f(x). The graph clearly shows faster rate of convergence.

After analyzing Figure and Figure it can be easily concluded that operators B2
provide faster rate of convergence and therefore better approximation as compared to the

operators P, for A > 0.
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0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Blo(fx) — Pro(fix) — f(x)

Figure 2.3: Comparison between convergence of operators B}, (Cyan), P, (Red) towards
function f(x) (Purple) forn =10and A = 1.

40
30
20

10

. 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

— Bly(F;x) — Pso(fix) — f(x)

Figure 2.4: Comparison between convergence of operators 85, (Magenta), Ps, (Blue)

towards function f(x) (Purple) forn =50and A = 1.
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L 0.6 0.8 1.0 1.2 1.4 1.6 1.8 20

— Bly(fix) — Bls(Fix) Blo(fix) — f(x)

Figure 2.5: Convergence of B4(f; x) for the function f(x) = 5x(Sinh(x)) (Purple) for
n = 10 (Cyan), n = 25 (Orange), n = 50 (Magenta) for A = 1.



Chapter 3

Approximation by Apostol-Genocchi

and Paltanea operators

P. L. Chebyshev pioneered the study of orthogonal polynomials in the late 19th century,
followed by the works of A. A. Markov and T. J. Steiltjes. This chapter deals with the
Durrmeyer type construction of operators based on a class of orthogonal polynomials
called Apostol-Genocchi polynomials. We used Pdltdnea type operators for the proposed
Durrmeyer construction. Some approximation results to estimate the convergence rate
and order of the approximation is provided. Lastly, we have presented some graphs and
an absolute error table to illustrate the convergence and the effect of change in parameter

over the proposed operators.

3.1 Introduction

Recently, Prakash et al. (124) proposed the following sequence of linear positive opera-

tors:

(o)

G™\(f;x) = Z s:,? (x)f(%), x € [0, 00), 3.1

k=0

where SZ,’;? (x) = e—”’f(ﬂ)aw and g{ (x; 2) is the generalized Apostol-Genocchi poly-

2

nomials of order @, which belong to the class of orthogonal polynomials. These polyno-
mials were defined for a complex variable z, |z7] < m in (101). However, in this study
we limit ourselves to a real variable ¢ € [0, co0). The generalized Apostol Genocchi poly-

nomial of order a i.e. g7 (x;4) can be estimated with the help of following generating

49
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function:

@ 00 k
( 2 ) =) g (r (3.2)

The more explicit form of g{ (x; A) was proposed by Luo and Srivastava in (102).
They presented some elementary properties of these polynomials and derived explicit
series representation of g’ (x; A) in terms of hypergeometric function defined by Gauss.

The series is given as follows:

e N NS k—a\fa+n-1 At
%“”—“4szn)(,z)arﬁﬁ

n=0

> (—1)/’(”,) SO+ R, (a +n—knn+1;——)|,
j=0 J X+

where {k,a} € NU {0}, A1 € R/{-1}, x € R and »F; (a, b;c;t) denotes the Gaussian

hypergeometric function defined by

o (@) (b) T
2Fi(a,b;cit) =,F  (b,a;c;t) = —_—
! ! kzz(; () k!

In particular, for @ = 1 and A = 1, these operators reduce to classical Genocchi polyno-

mials which are obtained by the following generating function:

2te™
e+ 1

=Y g, l<2m xeR,
e k!

where g; (x) = gi (x; 1). It can be clearly seen that g,(x) are the k"-degree polynomials,

few terms of which are given as follows:
gr(0)=1, ¢g=2x-1, g3(x) =3x(x-1),

gs (x) = 45 —6x% + 1, gs (x) = 5x* = 10x° + 5x, - - -

For the case x = 0, one can obtain the so-called Genocchi numbers g, using the relation:

Kk _
g (x)= (l.)gix"".

i=0
Genocchi numbers can be defined in many ways depending on the field where they are
intended to be applied. They find a wide range of application in numerical analysis, com-
binatorics, number theory, graph theory etc. Luo (100; 101) defined Apostol-Genocchi
polynomials of higher order and also introduced g—Apostol-Genocchi polynomials.
The relationship of these polynomials with Zeta function was also studied. In the past

few decades, a surprising number of papers appeared studying Genocchi numbers, their
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combinatorial relations, Genocchi polynomials and their generalisations along with their
various expansions and integral representations. To the readers, we suggest following
articles (34 142511551215 1129) and references therein.

In the recent past, much work has been dedicated towards the Durrmeyer type
modification of linear positive operators. For instance, Dhamija and Deo (46) introduced
the Durrmeyer form of Jain operators based on inverse Podlya-Eggenberger distribu-
tion. They studied its moments with the aid of Vandermonde convolution formula
and analysed other approximation properties. Heilmann and Rasa (73) studied a link
between Baskakov—Durrmeyer type operators and their corresponding classical Kan-
torovich variants. Acu and Radu (15) introduced and studied a class of operators which
link a-Bernstein operators and genuine @-Bernstein Durrmeyer operators. To see more

work relevant to this area, one may refer to the following articles (13514551615 165; 855 [111).

Inspired by above stated researches, we considered a Durrmeyer type modification
of Apostol-Genocchi operators based on Pdltdnea basis on positive real line. For f €
C[0, ), and p > 0, the proposed operators are as follows:

o0

MEA(fix = sl () f L (Of ()dt, x € [0,00), (3.3)
0

k=0

where (1) = npe ™ “0°~ and 5%/ (x) is defined in (3.1).

The outline of this chapter is as follows: We consider a Durrmeyer type construction
of Apostol-Genocchi operators based on the basis function due to Paltdnea (122) with real
parameters @, A and p. We establish approximation estimates such as a global approxi-
mation theorem and rate of approximation in terms of usual, r—th and weighted modulus
of continuity. We further study asymptotic formulae such as Voronovskaya theorem and
quantitative Voronovskaya theorem. The last theorem is an application of the proposed
operators for the functions whose derivatives are of bounded variation. Moreover, the
approximation and the absolute error therein has been shown graphically by varying the

values of various parameters using Mathematica software.

3.2 Preliminaries

Before proceeding to our main results, we state some general lemmas which are useful
throughout this chapter. In addition, we have used Mathematica software to calculate

moments and central moments of the proposed operators (3.3)).
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Lemma 3.2.1 Fore;(t) =1t°,5s e NU {0} and p > 0, we have

(o8]

(kp+s—1)  (kp),
r S = = .
f kO = G o =11~ (1)’

0
where the symbol (B), = BB+ 1)(B+2)...(8+n—1), (B), = 1 denotes the rising fac-

torial.
Lemma 3.2.2 For operators (3.3)), the moments are obtained as follows:
My (eoix) = 1,

WA .
M (er; ) :X+m,

a,1 . — 2 4 x| 1+2a+de | 1 1 [ a?-2ade—ae? 22 a ]
My (e2;x) = X" + n [ (1+2e) + p] + e [ (1+12e)? + p(l+2e) |°

2
M ez x) = X° + & [—3(“””” + 3]

n (1+1e) P
x [302-3a22e’~3ade+3a+A2+20e+1 | 3QRatde+l) | 2
+ 7 + ek
n (1+2e) p(1+2e) p
4 L |@=30222 602 de—alie~dal’e Sade | _ 2a 3(e?—ale-2ade)
n (1+2e)? p2(1+2e) p(1+2e)?
@A) = 4 4 X [20432e43 | 6
My (eq; %) = x* + = [ ) +p]
+ 2 [25+12a/+6(xz+SOe/l+2562/12—6ae2/12 4 18U+aved | 11 ]
nZ (1+2e)? (I+de)p o?
+ X [7+20(Z+63(12+20’3—60’262/12—9(12/16—50’63/13+4(Y€2/12+24(l/1€+7€3/l3+21/16
n’ (1+2e)?
+6(3a2—3ae2/12—3(x/1e+3a+e2/12+2/1e+1) + L(+2a+ie) 6
(1+2e)’p (1+2e)p? P
1 [(14—662(13/1—12&13/1—16e4a/l4+8€3a/l3—82e3a/12—118e2a/12—660z+/1e
nt (1+2e)*
" 6((13—3eza2/12—6e(t2/l—e3a/l3—4620/12—56(1/1)
(1+2e)’p
11 ((12—092/12—2(1/16) 6a
(1+2e)*p? (I+2e)0’ | *

Proof 3.2.3 In the proposed operators (3.3), we have
1. For s =0, in view of Lemma|[3.2.1)and generating function (3.2), we have,

M (eg; x) = 1

2. For s = 1, again using Lemma[3.2.1|we have

ot, €1+ e ‘= g (nx; )
M(ey; x) = n( > )kz_; Tk (3.4)

On differentiating both sides of (3.2) with respect to t and taking limits t — 1 and

X — nx, we have

[Se]

o3 1+a
gy nx; ) 1
;Tk—2e o) (ernx(i+ae).

Making use of this value in (3.4)), we obtain the first moment.



3.2  Preliminaries 53

3. Similarly for s = 2, we have

-nx @ a ;/1
My x) = & (1 ”e) S D, (3.5)

2
n 2 e k!

On differentiating both sides of (3.2)) with respect to t and taking limits t — 1 and

x — nx, we have

2 g% (nx; A 1\t
> G e =2“e’”‘(—) (2nsa (1 + 1e)
2" p T+ e

+722 (1 + 2e)> = Qe (3 + de) —a + 1)} .
Combining this with the first order moment and (3.5), we obtain the third moment.

The higher order moments can be calculated in a similar way.

Lemma 3.2.4 Let us define (5,(f)(x) = MY (®D,; x), where y(t) = (t — x)* and s = 1,2.
Then, from Lemma [3.2.2lwe have

Dy — @

O ) = T e

6P =1+ iz[az—Za/le—gye2/12+ G
pl n (1+ 2e) p(1+ de)

Furthermore,

04
lim n M (@3 x) = :
Jim n M, (D1 ) (1 + Ae)

1
lim nM®Y(Dy; x) = (1 + —) X,
n—00 P

b

SR 3(1+(6+8a)p—(3+8a)p* + de (1 + 6p - 3p?)) 2
i *A(@,; x) =

nLII.}onM" (@4;2) (1 + Ae)p?

and

1+p)2+p+3ap+ 2+ >
lim 1’ M (Dg; x) = d+p)@+p ap3 c@Hp)x .
n—>oo (1 + de)’p*

Remark 3.2.5 Since fourth and sixth central moments are too lengthy and unnecessarily
space consuming, we are omitting their exact values here. Instead, we choose to write

their limiting values, which is useful in the proofs of our main theorems.
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3.3 Main theorems

Theorem 3.3.1 For any f € Cp[0, 00), where Cg[0, ) is the class of all continuous and

bounded functions, we have

M (fx) = f(x),

uniformly on any compact subset of [0, o).

Proof 3.3.2 Taking into account Lemma we can easily see that M (eg; x) — x°
for each s = 0, 1,2 and hence using the well known Korovkin’s theorem (93), operators

ME* converge uniformly on each compact subset of [0, o0).

3.3.1 Global Approximation

Let us denote B, [0, o) the space of all functions f on positive real axis that satisfy

the condition |f (x)| < M ( 1+ xz) where M is a positive constant.

Let C, [0, ) be the subspace of B, [0, c0) containing all continuous f on [0, o)

endowed with the norm:

Il = sup ol

ref0.00) 1+ X2

Also, let CL[0,00) := {f € C,[0, 00) : lim,_,ee L2 =1, is finite}.

1+x2

Theorem 3.3.3 Foreach f € C f) [0, ), we have
lim | M3 f50) - ], = 0.

Proof 3.3.4 The proof of this theorem is based on the application of Korovkin theorem
(38) defined on the interval [0, o). Therefore it would suffice if we prove that:

lim [[M](esix) — e,

, =0, s=0,1,2. (3.6)

For s = 0, condition (3.6)) holds as operators M preserve constant functions. Next, we

can write

a,Ad . _ a
Mitero—al, < sup —q s 0.

for adequately large n. Therefore the condition (3.6) is satisfied for s = 1.

Finally, we write,

2

1 {x(l 1) 1 (a/2+2a//le—a/ez/12

[ ) _
||M,, (e2;x) — x ||2 < sup + ; L+ 207

xef0.00) (1 + X?)

it

n n
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which suggests,

lim || M3 (e2; x) — eo|, = 0.
n—o0o

Hence the theorem.

Next, we denote the r-th order modulus of continuity by w, (f, d) and define it as

w, (f,6) = sup sup |Af (x)].

x€[0,00) 0<h<d

where A denotes the forward difference. In particular, the usual modulus of continuity

is defined for » = 1 and is denoted by w (f, ). Moreover, we define the norm as ||f]| =

sup |f (x)].

x€[0,00)
Also, the Peetre’s K-functional for the function g € Cé[O, 00) is defined as:

Ky(f;6)= inf {llf —gll+5llg”ll : g € C310, )},

geC 7 [0,00)
where

C3l0,00) = {g € C5[0,0) : ¢, 9" € Cp[0, )}

The next theorem establishes the degree of approximation of the operators M2 in

terms of the usual and second order modulus of continuity for f € Cp[0, 00).

Theorem 3.3.5 For i € C% [0, ), define the auxiliary operators 5‘;’1 as

Q" (h; x) = M2A(h; x) — (x + ) + (), (.7)

o
n(l + de)

then, there exist a constant C > 0 such that
IMEA(T, x) = h(x)| < Cwa(h, VB) + w(h, 80 (x),

where )
5 =062 — .
(0% (n(l T o)

Proof 3.3.6 Using Lemma one can easily observe that éﬁf’ﬂ((t - x);x) =0.
Let f € C3[0, ), then by Taylor’s expansion we have

t

J@ =)+ -x0f(x)+ f(t —w)f" (u)du,

X
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Moreover, we can write,

Q0 - f0)] = (@

f(t —u) f”(u)du, x]
M4 [ f (t —w) " (u)du, x]

(x+ 7070

IA

+

X+ m) - I/t) f”(u)du

X

2
a,d 2. a 1
(Mn () ,x)+(—n(1+/1€)) )llf I (3.8)

IA

Since we know that,

IMEA (735 0| < Il

therefore,

+ [h(0)l < 3|7l - (3.9)

Q)| < Mg (s )] +

T
n(l+ Ade)
Finally combining equations (3.7), (3.8) and (3.9)), we get

h(x+

M2 (5 ) = B)| < | @A = f350) = (= )| + | @50 - £

+ o) - [ x L)

" n(l + Ade)

2
a,d _ 2. a 77
< 4fih = fil+ | M2 (o x),x)+(—n(1+ﬂ€)))llf ||

+

a
A(x)—h x+—n(1+/le))

2
_ ) o ”
SC{uh f||+[6n (x)+(n(1”e)) )nf ||}

a
+w(h’n(1+/le))'

Taking infimum over all f € C3[0, ) and using the result K> (f,6) < w, (f, \/5) due to

(44), we get the desired outcome.

Theorem 3.3.7 Let h € Cg(0, ), then for any r > 0, x € [0, r] and adequately large n,

we have

n n

|MZ’A (h;x)—h (x)| <4H; (1 + x2) 2 + 2w, (h, 2)’

where D is a positive constant.
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Proof 3.3.8 If x € [O,r]and t > r + 1, then t — x > 1. Therefore, we have the following
inequality:
1) = 7 ()] < 4Hy (1+ %) (£ - x)%. (3.10)

Again for x € [0,r] and t € [0,r + 1] and using the well known inequality w (f,[0) <
B+ 1Dw(f,0), B e (0,0), one can obtain

|t — x|

() —h(x)| < (1 + )wm (n,9) . (3.11)

From (3.10) and (3.11)), we can write

|t — x|

() — i (x)] < 4Hh(1 +x2) (t — x)? +(1 + )wm h,6).

Applying operators M in the above relation and making use of Cauchy-Schwarz in-

equality, we get

|MZ’A (h;x)—h (x)| <4H; (1 + xz) MZ’A ((t - X% x) + (1 + lM;” (It — x| ;x)) w1 (1, 0)

< 4H; (1 +)62)/\/(Z’/l (( X% x +2a)r+1( \/M (t—x)z;x)).

Since M2 ((t - x)% x) < %, where D is a positive constant, it follows that for adequately

large n, we have

D D
MO (s x) = 1. (0)| < 4Hy (1 + 27) = + 20,0 [h w/—] .
n n
which is the required result.

3.3.2 Voronovoskaya Theorems

The weighted modulus of continuity Q (f,d) due to (8)), for each f € Cfo [0, ) is
defined as:

Q(f.6) =  sup lf (x+h) — f ()l

xe[0,00),h|<5 (1 +h?+ X2+ hzxz) '
In the next theorem, we discuss the quantitative Voronovskaya theorem for the proposed
operators (3.3)) and derive a Voronovoskaya asymptotic formula as a resulting corollary,

making use of the following properties of weighted modulus of continuity. For every
f €0, c0),

1. Q(f,6) >0 as 6 — 0;

2 1O - fF@I<(1+ = x7)(1+22)Q(f. It - xi).
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Theorem 3.3.9 Let i’ € Cé [0, 00) and x € [0, 00). Then we have

'MZ"(hm)—h(x) (1 207 @
1 (ic (1 N l) . i(a/ +2ale — ae*A? N a ))h" (x)‘
2\n p) n? (1 + de)? p(1+ de)
8(1+x%)

1
< —2=0n, —|.
el
Proof 3.3.10 By Taylor’s expansion, we may write

MR x) — R(x) = ME () — R(x)) ; x)
ZM;””((I—X)W(XH( _2 X’ 1 (x) +2(t, x) (t — x)%; x)

wherel(t,x) = (0"’ (¢) — h” (x))/2 is a continuous function which tends to zero at 0 and ¢
lies between x and t. Using Lemma|3.2.4} we get

@, A . _ _ a 4
'Mn (h; x) — fi(x) e /le)h (x)
1 ()_C (1 + l)+ i(az t 200 —ae’l’ + ¢ ))h” (x)
2\n p] n? (1 + Ae)? p(1+ de)

< M (G 01 (6 = 003 x).

With simple manipulations in Property (2) of weighted modulus of continuity and using

|l — x| < |t — x|, we can write

(l—X)

Rl <8(1+ xz)( )Q(h” 5),

which implies that

n(r,x)|(t—x)258(1+x2)((t—x)2+( = 0 )Q(h” 5).

Therefore in view of Lemma we can write

M (01 (= 0% x) < 8(1+ 27) Q1. 6) {5@) (0 + 5<6> (x)}

asn — oo,

Choosing 6 = we get the desired outcome.

_\f)
Corollary 3.3.11 Let f be a bounded and integrable function on the interval [0, co) such
that the second derivative of f exists at a fixed point x € [0, o). Then

lim n(MA(f5x) = f(x) = f'()+ X(l + p)f"(x)

o
(1+ Ae)
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3.3.3 Functions of derivatives of Bounded Variation

Next we estimate the rate of convergence of the operators (3.3)) for functions with
derivatives of bounded variation defined on [0, c0).

Let f € DBV,[0, o) be the class of functions whose derivatives are of bounded vari-
ation on any finite subinterval of [0, co) and satisfy the growth condition |f ()| < Kt", 7 >

0,Vt > 0 and constant K > 0. For such functions, let us represent our proposed operators
(3.3) in the following form:

o0

Myt (f3x) = f arr (e D f(0dr, (3.12)

0

where i (x; 1) = Y, sZ’,f(x)l‘n) () as defined in (3.3)).
k=0 " ’
Lemma 3.3.12 For x € [0, o) and adequately large n, we have

(i) if0 <y < x, then

K6 (x)

Y
Dy (x,y) = f a,” (x; ) dt < >
0 n(x —y)

(ii) and if x < 7 < oo, then

K6 (x)

1—ﬂn(x,z)=f a2 (x; ) dt < =
z n(z —x)

Proof 3.3.13 (i) Taking into account Lemma and proposed operators (3.3), we have

Y
B (x,2) = f a0, (1) dt
0

Y x—1\ 1 Y
< f a,” (x5 1) (—) dt = > f (t- x)zqg’f’ (x; 1) dt
0 X—y (x—y)" Jo

G (= ’x)snu—y)z

Proof of (ii) is similar to (i).

<

Theorem 3.3.14 Consider a function f whose derivative is of bounded variation on every
sub-interval of [0, o) that satisfies the growth condition |f (t)] < Kt* for some absolute
constant K and T > 0. If there exists an integer vy, (2y > 7) such that f (t) < O (1) for

everyt > 0, then fory > 0, x € [0, 00) and sufficiently large n, we have
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1
M (0 = f] < 5 (F ) + f (62)) 6 (0

(2)
P e - )I+%X_V7(f)

[vn ]x+—
(f o+ If 2x) = f () = xf" (x)]
k=1

(2) K6£,2)
+o0n 0+ K4 (KD .

where \C; (f) denotes the total variation of f on any finite subinterval |a, b] of [0, 00) and

K5<2> (x) K5<2> (x)

nx

Y

P, T, x) = ZY(f(t x)*ans (x; t)dt) .

Proof 3.3.15 For x € [0, o), we can write for our proposed operators (3.12) that:

[0e)

Mo (f12) — fx) = f @ (s ) (f (1) — f () d

0

:fqz”;(x;t){ff’(x)du]dt. (3.13)

0 X

Also for any f € DBV, [0, 00), we have,

1 1
f = 5 (OB +f =)+ f )+ 3 (f (x+) = f" (x=)) sgn (u — x)

1
+ 0, (u) (f’ (u) - > (f o)+ f (x—))) , (3.14)
where
{ 1, u=ux,
0,(u) =
0, u+x.

It can be easily verified that:

f[f(f (u)—%(f’ (x+) + f (x—))) (u)du]q;”(x ndt=0.

0 X

Now, in view of our proposed operators (3.12)), we may write,

f[f(% (f (x+)+ f (x—)))du]qn”(x ndt
0

X

1
=3 (f" (xb) + 1 (x=) My (2 = x); %)
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Moreover,

0%8

[ f 5 (f" () = f (x2)) Sgn(u—X))du]qnﬂ(x 1) dt
<L
2

1 (a4 = £ ol f £ = xl Q% (xs 1) e

< SIF Ge0) = ol (M (- :0)
Making use of equations (3.14)-(3.15) and Lemma[3.2.2]in (3.13)), we get
1
Myt (f;0) = f(x) < 5 (f" () + " (x=)) My (2 = x) 5 x)
1
S o) = f ol (M (= 0%0))

f[ff (x)du]q“(x 1) dt

1
< S (f b)) + f ) M (= 205 %)

K52 (x)

\S)

lf" () = f (x-)

f f. (x)du] art (x; 1) dr.

X

(o]
; f
0

Taking absolute values on both sides and rewriting (3.16) as

1
M (Fi0) = F ] <5 (F ) + f ) M (6= 0 )
K62 (x)

— I () = [ (x2) + Py (X) + Py (%),

where

P, (x) = f f [ () du oy (xs 1) di,

Py, (x) = f f [ ) du|qt (x;0) di.

and

(3.15)

(3.16)

(3.17)

Integrating by parts after applying Lemma|3.3.12| and taking y = x — ‘/iﬁ’ we obtain

X
= X

P, (x) < f G D | f, ()| dt + f .

0

_ X
Y
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Since ' (x) = 0 and 9,(x; 1) < 1, it implies

X X

J

X _ X
= Y
X

< [ vurars

Vi V%(f)

§‘><

Again using Lemma 3.3.12| and substituting y = x — =, we have:

S
T

fﬂ () |f, (1) dt <

0
Ko® .
< Ko f v (f,) du
nx xX—u

K(s@ (x) f i (t)l

Ko® [‘f ]
<2 NS (1)
k=1 " K
Thus, we can write P, (x) as:
ko 0\
PLS T Y () T S () G.18)
k=1 = K

Next, to estimate P,, (x), we have

P, (x) < f[ff (u)du]q“ﬂ(x 1 dt| + f(ff (u)du)q“(x 1 dt
SAxn(x;+ B, (x), o
where
A, (x) = f[ff (u)du]q”(x ndt|,
and
B, (x) = f[ff (u)du]q“(x ndt|.
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Since 1 —9,(x,1) < 1, by putting t = x + = successively, we have

A (x) = f £ ) (1= ,(x, 2)) du - f £ O = 0,(x. 1) dr
K(5<2> (x) e
I 2x) = f(x) = xf ()] + f 9, (x, Dldt
2x i
D, (x, )|dt
x+%
K5(2) 5(2) Vt ’
< Ko 000 - p ) - xp o+ KO f )
-0
x+%
+ f V(f')dt
K(S(z) K5<2) [Vr] v
< B0 - - o+ KON

x
_l__
VA (f"x)

Further we estimate the value of B, (x) as follows:

f[ff (u)du] q‘”(x tdt

2x X

( Y A ( a,Ad (2) (X)
< f £ae (0 de + £ () f aut (s di+ \|[=——=f"(x+)  (3.19)
2x

2x

B, (x) =

It is obvious that t < 2(t—x) and x < t—x, when t > 2x. Now applying Holder’s inequality
in the first term of (3.19), we get

pa

ol 27 (2)
Bn (X) :Zy(f (t - X)ZTC[Z; (x t) df] + 6 (X)

0

(2)
N ’Ké (x)f(
(2) (2)
= 070+ 2 ) AR e (3.20)

Finally combining equations (3.18)-(3.20) and putting values of P,, (x) and P,, (x) in
(3.1°7) we get the required result and the theorem is proved.

lf (ol
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Example 3.3.16 Let f(x) = x* — 3x° + 2x* + 1. We choose parameters « = A = 2 and
p = 3. For n = 10, 50, 100, 200, we have the following representations:

(a) Figureshows the rate of approximation of the operators M>" towards the func-
tion f(x). Clearly the proposed operators (3.3) converge to the function f(x) for
sufficiently large n.

(b) In Figure the associated absolute error ©, = |IM*( f;x) — f(x)| is represented
graphically for x € [0, 00) . It can be observed that error is monotonically decreas-

ing for increasing n.

(c) An error estimation table for arbitrary values of x in interval [0, 00) is provided in

Table[3.1|which depicts that for higher value of n, the error approaches to zero.

Therefore it can be concluded that proposed operators (3.3) provide good approximation
for n adequately large.

1.2

1.0

0.8

0.6

0.4

0.2

0.0

0.5 1.0 1.5

N
Ol | v v vy e by ]

o[ rrr 1 T 1 T T T T ]
o

— f(x) n=10 =—— n=50 =—— n=100 =-—— n=200

Figure 3.1: Convergence of M%(f; x) for the polynomial function f(x) = x*=3x>+2x>+1

with parametersa =1 =2 p = 3.
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1.2 F1 B
1.0 §
08 ]
06 Q
04 ]
02 .
: __-—'— ------- --_.~'~. ,,' :
L B bbb bbb P e
0_0,._._._._.-|='-===== '''''''''''' = Gt —" |
| | | | | | | | | | | | | | | (=
0.0 0.5 1.0 1.5 2.0 2.5
O == - O -=-—- = O ~=--—- = G200

Figure 3.2: Absolute error ®, = MEY f;x) — f(x)| of the proposed operators for f(x) =

x* —3x% + 2x* + 1 with parametersa = 1 =2 p = 3.

Example 3.3.17 Figure[3.3]illustrates the effect of increase in values of parameter p on
the rate of convergence of proposed operators M for the function f(x) = 4x(x—1.1)(x—
1.9) while keeping the value of a, A and n fixed. Here we chose n = 10 and « = 1 =2 to
show the impact of the parameter p clearly. One can easily deduce from the figure that as

we increase the value of p the rate of convergence gets relatively faster.
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Table 3.1: Table for Absolute error ®, = |MI*(f;x) — f(x)| of the proposed operators
M1,

X B0 Os0 B100 200
0.4 | 0.01008 | 0.00857 | 0.00459 | 0.00236
0.8 | 0.16621 | 0.06526 | 0.03455 | 0.01775
1.2 | 0.23245 | 0.12043 | 0.06478 | 0.03353
1.6 | 0.04548 | 0.12322 | 0.06985 | 0.03698
2.0 | 0.92183 | 0.02279 | 0.02434 | 0.01540
24| 2.65087 | 0.23173 | 0.09718 | 0.04392
2.8 | 5.48687 | 0.69118 | 0.32014 | 0.15371
3.2 9.68409 | 1.40641 | 0.66997 | 0.32667
3.6 | 15.49680 | 2.42828 | 1.17209 | 0.57553
4.0 | 23.17920 | 3.80765 | 1.85192 | 0.91298

<

o
o
o
(&)
N
o
N
(&)
N
o
N
(S I I

— f(x) =—— p=2 p=5 p=25

Figure 3.3: Effect of increase in parametric value p for given n = 10, = 4 = 2 on the

convergence rate of proposed operators.



Chapter 4

Convergence estimates of certain

gamma type operators

Researchers have spent the last few decades studying a large array of approximation op-
erators due to the development of theory of gamma function. This chapter focuses mainly
on the investigation of a modification of certain gamma-type operators. These operators
preserve the test functions e; = t°,s € N and it can be observed that the best approx-
imation is attained while preservation of the test function es. We have investigated the
approximation properties of these operators in the sense of the usual modulus of continu-
ity and Peetre’s K-functional. Further, the degree of approximation is also established for
the function of bounded variation. The results are validated with some figures and error

table.

4.1 Introduction

A vital tool among the researchers to study linear positive operators is Euler’s gamma

function, which for r > 0 is defined as follows:

C(r) = f et dr.
0

For (a,b) € R, Mihesan (109)) defined a more general linear transform of f, also called

the (a, b)—gamma transform, as follows:

t

LD (f;x) = ﬁ fo e f(xe"”(—)a)dt. @.1)

r
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68 Convergence estimates of certain gamma type operators

The transform (4.1)) reproduces distinct integral operators for different values of a, b
andr. Forb =0, a = —1 and r = n+1, one can obtain a particular operator first introduced
and studied by Lupas and Miiller (104) and also referred to as gamma operators. Let E
be the space of all measurable real-valued function f defined on the interval (0, co) and
locally bounded in any subinterval [¢,d],0 < ¢ < d < co. Then for any f € E, the gamma

operators are described in the following manner:

L 1 © [+ Dx
G"(f’x)_—F(n+l)£ e tf( . )dt

The function f € E must satisfy the following conditions:

o|f ()| < pe" as t — 0 for some constants p and c.

olf(N<¢q (1 + td) as t — oo for some constants g and d.

It was also verified that for a fixed x > 0, G,, (f; x) exists for n > max {[c/x] + 1, [d]},
where [c] represents the greatest integer function. With change of variables t = ux, one

can yield an alternate representation of the above operators

Gu (29 = +1)f vy g )du. 4.2)

Mazhar (107) introduced another sequence of operators based upon operators (4.2)) which

are represented by following formula

Fu(fix) = f g (5, f Goor (0,1) £ (0t
2n)!x"*!
i f Lo 43

for n > 1, x > 0 and the condition that the integral is convergent for any f.

Using similar techniques due to Mazhar (107)), authors in (81} [105) have also pro-
posed their respective gamma type operators. In the past few decades, integral operators
has become an extensive area of research and studies have been dedicated towards analyz-
ing their approximation behaviours. We suggest articles by (38} 905 98 [110; 1115 [130).

King (91)) proposed a modification of Bernstein operators which preserve the test
functions ey(¢) = 1 and e,(f) = #*. Inspired by this approach, many other mathematicians
devoted their research to produce modifications of well-known approximation processes
fixing certain (polynomial, exponential, or more general) functions and to study their
approximation and shape preserving properties. One can refer to the articles (3151635 (775

119). In this article, we use a similar approach to present a modification of operators (4.3)
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such that the modified operator preserves the test function e,(x) = x°, s € N. We begin
by setting ¢, ; (x) € (0, o) and rewriting operators (4.3) as

(o)

_ 2m)!(pns ()" f !
B n!(n— 1)' (Son,s (x)+t)

Frs (1) —— (). (4.4)

0

Assuming the operators (4.4) preserve the test function e;, s € N, we can write

o | P n+l_p_1
Frs (£5%) = x* = (2n)! (905 (X)) t2 o
n!'(n-1)! X (s (1) + 1)

_(nt+ts—-Dln-s
B n!'(n—1)!
= (n—)s(son,s (x))s,

(n—s+1),

|
X ons (D)

implying
n-s+1),]"

(n),

where (n), denotes the rising factorial with (n), = 1, (n); = n(n+1)---(n+s—1).

o

On,s (X) = [

Therefore our proposed modified operators take the form:

_ +1 _ n+l/s A a1
Fos (50 = 20X ((” ”DS) | ’ fod, @5
n!(n-1)! (n), (st 1), \ /5 2n+1
(( ;s ) x”)

It is noteworthy that as special cases, for s = 1 the modified operators resolve into opera-
tors (4.3)) and for s = 2 into operators due to Izgi and Biiyiikyazici (81)).

Followed by some useful lemmas, in this chapter, we determine the rate of conver-
gence of the proposed operators in terms of usual modulus of continuity and Peetre’s K-
functional. Further, the degree of approximation is also established for the function of
bounded variation. We also illustrate via figures and tables that the proposed modification

provides better approximation for preservation of test function e;.

Remark 4.1.1 For convenience sake, we shall take

m—s+nﬂm
(n), ’

wherever deemed necessary such that our modified operators (4.5) transform into

s (I’l) = (

= e (2”)!(80s(n)x)"“f -1
Fns (f3 %) = n!(n—1)! 0 (ps(n)xﬂ)z,mf(t)dt. (4.6)
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4.2 Auxiliary Results
We shall require the following lemmas to achieve our main results:

Lemma 4.2.1 Let e, (t) = 1", then the m — th order moment with m € NU {0} and s € N

can be determined by the following relation:

/
e (n)m m

n—m+ 1),

(n—s+1),

()

ﬁ,s (em; )C) = [

Therefore, first few moments are
7:n,s (60; X) = 1;

= (. =+ \ S
Fus (e132) = (L22) Ty

—~ ) 1) [ (n—s+1), As 5.
T (€230 = FEp (U)o

= LN ) [ (n=s+D VS 3.
Fns (€35%) = <n—2)<n—1>( ) ) v

= LN ) n)nrD) [ (=s+ D\ 4
Fns (€45 %) = <n—3)<n—2><n—1>( ), ) X

Lemma 4.2.2 Let us denote the central moments of the proposed operators as

f"“ (x) = ﬁ,S ((t=x)";x), v =1,2,3,---, then the central moments satisfy the follow-

ing recursion formula:

lm = n] gzinf x)=x[n(1-psn)—m(p,(n)+2)] §U~"v5 (x)
—mx? [, (n) + 11€7 (x)

(n-s+1), )1/5

where s (I’L) = ( (n)

Proof 4.2.3 The proposed operators can be rewritten as:

Fs (f3 %) = f fins (x, 1) f (1) dt,
0
where

@2n)!  (p, () 0"

s () = n!(n— D! (g, (n) x + >

4.7)

Differentiating (4.7) on both sides with respect to t, we obtain,

ﬁh (x.f) = 2n)! (o, )" (—+ D1+, ()(n— 1D x
o™ n(n = D! (o, () x + 0! t(ps () x+1)
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which can be rewritten as:

Hpsmx+1) 5 hns(-x D=y (5,0 (=m+2)t+9;(m)(n—1)x)

=Ny (0,0 (=(n+2)(t=x) —x(n+2 -9, () (n-1)).

Multiplying (t — x)’ on both sides and integrating with respect to t fromt = 0 to t = oo, we

get,
fowt(sos (n) x + t)( s (X, t))(t— x)'dt
= fo (—(n+2)(t—x)—x(n+2 -9, () (n— D) Ty (x, 0 — x)’dr~ (4.8)
=—(n+2) j; ) fi.s (X, Dt — x)"dt
—x(n+2-p,(n)(n—1)) f ) iy (X, 1)(t — x)'dt
=—(n+2)§v’”(X) x(n+2- gos(n)(n—l))fv”( ). 4.9)
Moreover, we can write,
tps M x+1) = (1= %)%+ x(ps (1) +2) (1 = x) + X* (95 (1) + 1). (4.10)
Applying (@10) in left hand side of (#.8) and further integrating by parts, we have:
fowt(@s (n) x + t)( T (x, t)) (t — x)'dt
= j; ) fins (3, 1)(2 = X)"*2d1 + x (9 (n) +2) fo ) fins (3, 1)(2 — x)"\drt
+x% (s (n) + 1) f ) fins (X, D)t = x)°dt
=—(+ 2)5,)’” () =+ 1D x(ps(n)+ 2)&’” (x) = vx® (5 (n) + 1)5,,’” (x). (41D
Using expressions (#.9) and (@11)) in relation (#3), we have:

s (1) (= (+2) (t = %) = x (0 + 2 — 9, () (1 — 1))
=W+ (@) =+ Dx(p, () +2) € (1) — 0 (9, (1) + D E™ ().

Simplifying terms on either side, we obtain the required recurrence relation.
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In view of the above recursion formula, the first few central moments are

%1,& _ [ (Vl_s‘*'])x I/S _ .
& () = ( ) ) 1]’“

(}_n,x _ E(n+1) (YL—S+1)X 2/“ _ (n—y-}-l)j 1/s 2.
§ (X)__(n—n( ) —2A)

£ (x) = >(n+3)(n+2)(n+1)((n—s+l)J )4/5 _ 4(n+2)(n+1)((n—s+l)s )3/S + 6(n+1)((n—s+1)s )2/S
4 - _(n—3)(n—2)(n—1) (n)g (n=2)(n-1) (n)s (n—1) (n)s

(n=s+D, \/ 4
4l 1] x.
Definition 4.2.4 (33)A Lebesgue point of the function f is a point x € R that holds the
following condition:

i
limlf lf (x+1)— f(x)ldt = 0.
i Jo

h—0*

4.3 Main Results

For all f € Cg(0, 00) and 6 > 0, the following inequality holds:

f @)= f 0l < w(f,é)(l . lt;xl)

where by w (f,d) we mean the first order modulus of continuity or usual modulus of

continuity as defined in subsection ((1.1.2).

Theorem 4.3.1 For f € Cp[0, ), we have,

Fus (1) = £ (0| < Mo (ferr (5)),

where M is a positive constant and err(s) is the error function of s = 1,2,3,-- -, defined

by err(s) = \lfﬂ“‘(x).

Proof 4.3.2 We begin with,

. 2 ’ s n+1 o n—1
T (1) = £ (0] < 229 f 5 (n)’x Al 0= s
0 S

n!'(n-1)!
eolp, Xy [ £ = x]

< w(f0) TR Of(ps(n)xﬂ)w (1+—5 )dt

ff;x X)
<w(f,o)|1+122 7

5
< Mo [ FAEy (x)],
where 6 = err(s) = ffz X).



4.3  Main Results 73

In particular, for s = 1,2, 3, we have

For (f1) = £ () SMw(f,x\/n%),

J2(Vn+1—Vn—U
I Vil ’

Fuo (f:0) = £ (0] < Mo

(n—m%n+nyﬁ 2(n-2)(n—1) ]
- +1]1.

Fus (f3 %) —f(x)‘ = Mw[f’x\/((n+ 2 (n—1) (n+2)(n+1)

Table 4.1: Table for error function err(s)

n err(1) err(2) err(3) err(4) err(5) err(6)
0.7071x | 0.6058x | 0.5774x | 0.6057x | 0.6756x X

7 0.5773x | 0.5176x | 0.5000x | 0.5169x | 0.5562x | 0.6128x

10 | 0.4714x | 0.4369x | 0.4264x | 0.4359x | 0.4606x | 0.4957x
50 | 0.2020x | 0.1990x | 0.1980x | 0.1989x | 0.2017x | 0.2061x
100 | 0.1421x | 0.1411x | 0.1407x | 0.1411x | 0.1421x | 0.1437x
1000 | 0.0447x | 0.0447x | 0.0447x | 0.0447x | 0.0447x | 0.0448x

Remark 4.3.3 From Table it can be noted that the error is monotonically decreasing
from s =1 to s = 3 and then begins to rise again. Therefore we can say that the proposed
operators F, s (f; x) provide better approximation until they preserve the test function e;.

This can also be seen from the fact that for x € (0,00) and n > 1,

5 :>Jz(vn+1—vn—n>>Jcn_m%n+nyﬂ_zm—2xn—n+l
n—17 i+l " Y\@m+2’n-1) (n+2)(n+1)

Also, given Table we conclude that for higher—order preservation of test functions

such as ey or es, we cannot achieve better approximation. However, the convergence of

the proposed operators occurs in all the cases for an adequately large value of n.

Example 4.3.4 Consider the polynomial function f(x) = 8x> + 10x + 6. Below are the
figures (figs. to depicting the convergence of the operators ?A:,,,S (f; x) towards
the function f(x) for s = 1,2,3,4,5,6, i.e., for the preservation of the test functions
e, e, e3, ey, es, e It can be observed from the graphs, that the proposed modified
operators approximate the function f(x) better when they preserve the test function

€s.
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(EARE K

Figure 4.1: Convergence of %“ (f; x) (Cyan) towards f(x) (Blue) while preserving test

function e;.

Bl Fratix) £

Figure 4.2: Convergence of ﬁ,s (f; x) (Yellow) towards f(x) (Blue) while preserving test

function e,.



4.3  Main Results 75

[ EZREsN K

Figure 4.3: Convergence of ﬁ,s (f;x) (Red) towards f(x) (Blue) while preserving test

function es.

W76 et

Figure 4.4: Convergence of 7?,1,5 (f; x) (Green) towards f(x) (Blue) while preserving test

function e4.
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(SRR K

Figure 4.5: Convergence of 7::,,,5 (f; x) (Orange) towards f(x) (Blue) while preserving test

function es.

150
100

50

e K

Figure 4.6: Convergence of 7?,“ (f; x) (Grey) towards f(x) (Blue) while preserving test

function eg.
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Theorem 4.3.5 Let f € Cp[0, 00), then there exists a constant C > 0 such that

(n—s+1), 1/s_1
(), *)

Fos (10 = f(0) < @3 (f, VBu,) + [f,

where

2/s 1/s
5“:[ 2n ((n—s+l)s) _4((n—s+1),) +2]x2_
’ n-1 (n) (n);

Proof 4.3.6 We begin by defining an auxiliary sequence of operators,

. _ 1 1/s
T s (f3%) = Fus (f30) — f((m(;—;)s) X) + f(), (4.12)

In view of Lemma one can observe that the above defined operators preserve both

constant and linear functions. Let }) € Cé(O, 00), where
C3(0,00) = {h € C5[0,0) : ', " € C5[0, 00)}
and x,t € (0, 00), then by Taylor’s expansion we have,

h(®) = B(x) + (1 = Y’ (x) + f (t = wb” (w)du.

From and the fact that T, 5 ((t — x); x) = 0, we have

T s ( f (t— v)b”(v)dv;X)

Trs (D5 %) = H(x)| =

< |7 ( | (= o s, x)
. f (55" (((n —(Z; m)“} _ U] b ()do
< [ff (x) + (((”_(Z—;m)mx - x]z) . @13
Also, in view of Lemma @21} we have
Fus (30| <111 (4.14)

Combining equations ({.12), (4.13) and (4.14)), we get
Fos (30 = FOO] < Tl = 00 = (f = D))

_ 1/s
f(x)—f[(—(n ”DS) x]

+

T s(0; X) = H()|

" (n),
F n—s+1.\" ?
<4|f =Dl +[&™ () + [(T) X - XJ 115”1l
1/s
+ w f, (M) x—xl1.
(n),
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Taking infimum over all h € C%(0, %) and using Peetre’s K-functional defined in subsec-
tion (1.1.3)), we have
((n -5+ 1)s)1/s
—=] x—-x

(), )
|

((n — 5+ 1)s)l/s
— x—x
Finally, using Theorem 2.4 (p 177) by Devore and Lorentz (44), we obtain the required

Fus (F:0) = f)] < {IIf = D +5n,sllb"ll}+w[f,

SKz(f,5n,s)+w(f’ (n)

result.

4.3.1 Functions of bounded variation

In the next section, we investigate the behaviour of operators for functions
having bounded variation in the interval (0, c0). We attempt to derive an estimate of
their rate of pointwise convergence with the help of Lebesgue point of functions f(x) and
Lebesgue-Stieltjes Integral.

For the proof of this theorem, we begin by considering the equivalent form of the
operators (4.6) as follows:

ﬁwwpfﬁwmmw, @.15)

0

where
0, t=0

@n)! ! (pym0™!
RI=D! (py (212

hn,x (X, t) =

0<t< oo,

Lemma 4.3.7 Forall x € [0, ), if 0 < y < x, we have

Y
ﬂn,s (.X, y) = f hn,s(x, t)dt
0

W b
(x-y? nkx-y)y

and if x < 7 < oo,

Y
Pﬁmm@=th&Mt
0

Trs (x) D2
<

T @-x* niz-x*

for sufficiently large n and an arbitrary positive constant D > 2.
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Theorem 4.3.8 Consider a function f of bounded variation on every finite sub-interval

of (0, o0) which satisfies the growth condition:

If (O < R,

for some absolute constant R and some 3 > 0. Then for any € > 0 and | € N such that

(21 > B), and adequately large n, we have

. nooxtX X+0 21
ﬁ,,s(f;x)—f(x)'ggz vf(f)mf Pys (X, t)dt+R221A(l) —, x€(0,00)
i=1 Vi

x—0

where § := \f, V (f) represents the total variation of f on any arbitrary finite sub—interval

la, b] and D is an arbitrary positive constant.

Proof 4.3.9 We can write,

[[f f f fx]hns(x DLf (@O - f(x)]at

\L_hmuaqw Fydi| +

Fus (30 = f (0] =

<

f hs (x,0) (f (1) = f (X)) dt
S

+

\fv%mmnum—ﬂmm+

[ hngo-sand

W
= [J1s (. 0| + [Jos (1, )| + [ T35 (0, 0| + [T (m, 1) (4.16)

We begin by computing the integrals J, ; (n, x) and Js 5 (n, x) respectively. Assigning

mmifvw—ﬂmm

then by recalling the definition (4.2.4)) of Lebesgue point, for any & > 0 there exists § > 0
such that, for all 0 < x —t < 9,

F)y<e(x-1). “4.17)

Let us assume that 6 := . Now integrating J, (n, x) by parts and employing , we

obtain:

|2y (n, )| = '—F (x = 8) Ty (x, x — 6) + f F@) h,“ (x,1) dt‘
x—0

skFu—@m”mx—®+f W@|n”unm

x—é

< &Ry (X, x —0) + Gf (x— t)—hn,s (x, 1) dt.
x=0 ot
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Again integrating by parts,
|72, (n, x)| < &6T, 5 (x,x = 8) + & {—5}1,1,3 (x,x—6) + f Tins (X, 1) dt}
x=0

zef N5 (x,1)dt. (4.18)

-0

Using analogous approach for J; 5 (n, x), we obtain the inequality:

X+0
|J3,s (n, x)| <e f s (x, 1) dt. (4.19)

Next we shall use Lebesgue—Stieltjes integral to estimate the integrals J,  (n,x) and
Jus (n, x) respectively. We begin by estimating Ji s (n, x) using the following Lebesgue—

Stieltjes representation:
Jis () = f O L@ d B (1)
0
= (f (X - 7) f(X)) n,s (X, X = %) - (f (0) - f(X)) ﬁn,s (x’ O)
- f By (6,10 (F (1) = ().
0

Since (f (x— <) = f () < \? (f) it follows that,

S
+
0

ﬁ\

|Jls(n-x)|< V (f) ,“(xx—%)

=

s (5] (- V ().

From Lemma we see that,

Accordingly,

Dx* 1 Dx* (w1 x
U< 2510 (n+ 25 f a(-9).
n n 0 X t

()

Using integration by parts in the last integral, we have

x—% 1 X 1 X x—% x—% 2
d, (- _ d
fo o ( y(f)) i) +f0 = V(e

n

x 1« V2«
=L Vel [T =Vpa
R~ — t

Substituting t = x — % in the last integral, we have

52 1 1 & x
dt = — dl =— E
fo‘ (x— V D=2 [ V ) x2 "‘\% v

\F i=1
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As a result, we have

n

1 x x2 x
v, (f)+—[—x— (f)+—v<f)+—Z v_(f)

2
|J1,S(I’Z,X)| < DTX B 2 X=X
(5) s
- %(X GEDINA (f)]. (4.20)
i=1 Vi

Finally to estimate J 5 (n, x), we introduce the following function:

o[ fO  0sis
Ul fen) 2x<t<oo

We rewrite J, 5 (n, x) as:

V4.5 (n, )| = f Px (0 B (5 0)+ | (1) = f 200y (B (1)
x+i‘f X
=: JES) (n,x) + J(z) (n, x)

Next we evaluate the integral J (1) . (n,x) as follows:

D (n, x) = i 2 - X
J4,s (n, x) —(}1_)1'?0 {f(x+ \/ﬁ) (1 ﬂn’s (x,x+ \/ﬁ))
+px (a) (ﬂnc (.X, a) - 1) + fﬂ f (f) dt (ﬂn‘ (X, [))} .
2x

According to Lemma we obtain

Dx? n px (@) |
J(l)(n x) = —hm{x2 \){ (f)+( 2+j(: (t—x)2 ,(V(px )}

a—x)

D x+ 2x 1 /
TX{; V() + f zdt(g(ﬂ)}. .21

+3 (t—x)

Integrating by parts the last integral, we have

2x
f ﬁ (v (f))

2x 2
+£X( —t)3V(f)dt

‘f

2x 2
-SV0-EV o [ “lea

+\Xﬁ(

Sgk @\x

Lk
Substituting t = x + <= in , we get

2x 2 1 nx+— 1 Vi
f e )3V(f)dt——fl Vipa=5Y Ve @)
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Finally combining (4.21), (4.22) and (4.23)), we get

(1) 2D 2x il x+%
I < =2V N+ YV ()

i=1

D A
= — vV s
"Z: v ()

where D is an arbitrary positive constant.

This is the required estimate of |J§12 (n, x)|. Next we proceed to estimate Jf; (n,x). Itis
noteworthy that for every t > 0, there exists an integer [(21 > ) such that f (t) = O (tzz).
Also for some B > 0,R > 0, and sufficiently large t, function f(t) fulfills the growth
condition |f (t)] < R®. Therefore whenevert > 2x = 2(t — x) > t, we get

5 ¥
T2 (n,x) < R2YA () =
” n

Combining Jﬂs) (n, x) and Jf; (n, x), we get

D n x+% le
fas e < =37 V() + RPAD - (4.24)

i=1

Lastly, using equations (4.18), (4.19), (4.20) and in (4.16)), we have

Fus (30 = £ (0| = 10 00, 0] + [T (00, 0] + [ 00, 0] + s (1, 0)

" X+0
Sg[\z(f)+;x_\x/‘xﬁ(f))+gfx fips (x, 1) dt

-0

noox+2 x2l
n!

D Vi
+ ;; V() +RPAD

D n x+i[ X+0 21
<= VH+ ef i, O, 1) dt + R2ZA (D)
n x—= -5 n

i=1 Vi -

which is the required result and the proof is done.



Chapter 5

Approximation by generalized
Baskakov Kantorovich operators of

arbitrary order

This chapter addresses an improved Kantorovich form of the Baskakov type operators
using arbitrary sequences. These operators preserve exponential functions of the form

—X

a™*, a > 1 and approximate functions with arbitrary order, i.e. one can achieve signifi-
cantly better approximation with appropriate choices of sequences. With proof of impor-
tant lemmas and theorems, we have examined the various approximation properties of
the proposed operators. Finally, we have demonstrated the convergence of the proposed

operators using arbitrary set of sequences.

5.1 Introduction

The cornerstone of the theory of approximation of functions is the Bohman-Korovkin
criterion (30; 92). It established that for any continuous function f on [a, b], if a sequence
of linear positive operators L,(e;; x) converges uniformly to e, k € {0,1,2} on [a, b],
then the sequence of operators L,(f; x) converges uniformly to f on [a,b]. In (31), an
extension of the above Korovkin theorem was given by Boyanov and Veselinov for the
exponential functions. Holhos (76) later extended their work to determine the rate of
convergence of functions of exponential type on (0, 00).

In 1937, 1. Chlodovsky (36) used arbitrary sequences (b,) to introduce certain poly-

nomials and generalize the renowned Bernstein polynomials. For a function f defined

83
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on [0, co) and bounded on every finite interval [0, b,] C [0, o), the classical Bernstein-

Chlodovsky operators are defined as:

C[b"](')—n n xk1 x )" b,k
sa= 20 5] ()

k=0

where (b,) is an increasing sequence of positive reals with the property that

lim b, = , limﬁ:Q

n—o0 n—oo n

When b, = 1, n € N, the Bernstein-Chlodovsky operators transform into the clas-
sical Bernstein operators. The advantage of Chlodovsky polynomials is that they contain
a factor b, tending to infinity, having a certain degree of freedom. Therefore they turn
out to be generally more efficient in approximating functions than their corresponding
classical counterpart.

Recently Agratini (17)) highlighted certain classes of discrete and integral type lin-
ear positive operators on unbounded intervals for which the order of approximation can
be made arbitrarily small. Also, Gal-Opris (60) considered several kinds of modified
Baskakov operators using arbitrary sequences (4,,), n € N for which lim 4, = 0 and sug-
gested that the order of approximation can be made as small as possiango by appropriately
choosing 4,. Very recently, Gupta-Holhos (68) considered certain Baskakov operators
consisting of two arbitrary positive real sequences (r,,) and (s,) such that the operators

X

preserved exponential functions of the form a™ and also provided pliability to achieve

good approximation for appropriately chosen sequences. These operators are defined as:

- k
L (fix)= )" pl) (x)f(—), x20, neN -1
= Tn

where

—I’l/Sn) (Sn-x)k
k ]+ s,x)mtc

PR (x) = <—1>k(

satisfying the conditions

n . S .
0<s,<—, lim—==0, limr, = oo.
2

n—oo N n—oo

To study articles related to the above researches, one can see the following articles
(22} 1405 975 1125 11145 [117). In this research work, we aim to consider a Kantorovich
variant of the operators which preserve the exponential functions ¢ and also fulfil
the need to achieve better rate of approximation for certain functions. For arbitrary se-
quences (r,) and (s,), satisfying the conditions lim r,, = oo and lim 2 = 0, we begin by

n—oo n—oo

considering the Kantorovich form of the above operators as follows:
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k+1
n

KL (20 = 7, Zp““ @ [ raa

s
n

where p[g”] (x) is same as defined in 1)

Now consider the following operators:

k+1

K (f3 9 (1, 0) = K (f30 = 1, Zp“"] (@ (n, x)) f f@dr, (5.2)

"n

Alternately, we can write,
K (f3 ) = K (fix) 0 O (n,x)

where ¥ (n, x) shall be determined later by taking into consideration the property of p-
reservation of exponential functions a™*.

For fixed a > 1, assuming that the operators (5.2) preserve the exponential function
a*, then

ktl

-
0 n

K (a9 () = a ™ =1, Y i (@ (n, %)) f a”'dt
k=0 k

—l/r,, o0
— I"n(l Z [sn] W (n, x)a” k/rn

"~ In(@ o
— g Y
= r(lln—(z))(l +(1=a V™) 5,9 (n, ») ",

which after simple manipulations gives

r(1=a=Vm)a* Suln
ez

In(@)
Sp (1 —alr)

Substituting this in (5.2)), our modified operators can be rewritten in the form:

F(n,x) =

rn
(1 — gy

\ 1)k —n/s, r”(l _a_l/rn)ax . 1 k
X;(_)( k ) In (@) B

n k+1

K (f;x) =

T (1 - a‘l/r")ax " —1n S d
X @ —a f f(t)dt.

*
n

Next, we move on to some auxiliary results, which will be used further to prove our main

theorems.
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5.2 Auxiliary Results

Lemma 5.2.1 Let us represent the p™ moment of the operators by Q,,(x) =
gLl (ep;x), where e,(t) =17, p=0,1,2,3,4. Then

Qo (x) = 1;
_ 1 nd(n,x) ,
Q.1 (x) = m t
1 n(n,x)2+s,9n.x) |, n*9n.x),
Qn,z (x) = 32 + 72 + 2 0
Q. (x) = 4% 4 nﬂ(n,x>(7+9snﬁ(};,x>+4sn2ﬁ?,(x>) + 3(m9(n,x))2(3;—23,,19(n,x)) + n3193§n,x);
’ r)l 2rn 2r}1 rrl

1 @0 (15+245,0(n0)+11s,2 9% (n.%))
Qua(x)= 57+ o
n9(n,x)(6+155,0(n,x)+165,29%(n,x)+65,° 93 (n,x))
4
rn
3 494
+ 2(nd(n,x)) (t+3s,,19(n,x)) + n* in,x).

n n

Proof 5.2.2 First notice that

kel

1 (kTS (p+ 11
Pdt = £ ). 53
[ra=2520 207 =

n

Next, from calculation analogous to (68), form = 0,1,2,---, consider the sum

k(k—1)(k=2)---(k—m)

m+2
T

P (9 (1, X)) =1, >~ Pl (8 (n, x)
k=0

_nm+s,)(n+2s,)-(n+ms,)
- rnm+1

& (n, x))". (5.4)

Finally, using the fact that pLS,Z] (¥ (n,x)) = 1, the integral and the sum , we

obtain

1
Qn,l (x) = po (P (n, x)) + 2—,
rl’l

2 1
Q.r (x) = p1 (F(n,x) + —Po @ (n,x) + —

2 b
3r;

and so on. The rest of the moments can be obtained in a similar way. Hence the proof.

Lemma 5.2.3 The central moments an;] (x) = VA(,ES"] ((t = x)?; x) of the operators are

given as:

[s] _ 1 nd(n,x) .
Mo (x) = T ¢

2
[sn] _ 1L x X (2 , s, n9nx) nd(nx) .
nn,Z (X) 32 Tn + n (r,, + n n )+( n X) ’
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[Sn] ( x) = _2e + % _ % 1 dndmx) + 12m9(nz,x)x2 " 6192(n,x2)n2x2
n Tn 5r In Tn Tn
6s,,m92(n,x)x 14nd(n,x)x 18n 292 (n,x)x 4393 (n,x)x
+ ) - 73 - 73 - 73
n n n n
185,n?(n,x)x 125,203 (n,0)x 8s5m93(n,x>x 6n(n,x)
- T, 3 - T, 3 - T, T, 4
n n )1 n
15n 192(;1 X , 8P mx) |, n*mx) |, 15 s,,m? (n, x) 245,029 (n,x)
+ T, T, 4 n 4 + T, 4
n n n
65,394 (n,x) | 1652193 (n,x) ]1s2nzl94(n x) " 65 nﬂ4(n x)
+ 4 + 4 4 4
n n n n

Lemma 5.2.4 Using the notation x, ~ y, for the limit lim 2 =

n—0o0 -

haviour of the central moments of the operators (5.2) can be

way:
[Yn] (x) xln(a) ( nx + é),
[Sn] (x) (s,lx rl”),
0 ~ 32(3 + L.
asn — oo,

Proof 5.2.5 Observe that

1 1 N 1
r,(1—a'm)y 2r, In(a)’
and,
1 —1/}",1 X Sn/ﬂ
(=) e s 0@
In (a) n 2r,
Therefore, we have
nd (n, x) N xIn (a) 1
T, 21, 2r, 2n
which implies that,
s n (n, x) 1 xIn(a)
UEI,'I](X): —_— =Xt =~ —

2

r, 2r,

(1
—+
T'n

1, the asymptotic be-

n

expressed in the following

(5.5)

> ( In (a))®

2 2 n(a),

SpX
b

This is our first relation. Moreover, in view of the first central moment, we can say that

nd (n, x)

Tn

— X,as n — oo,

Using this fact and neglecting higher order terms, we can easily obtain asymptotic be-

haviours of other higher order central moments.

Lemma 5.2.6 For every x € [0, ) and n > 1, we have

Sn

A _ _ 2
7("55”](|a t_a X

n r,

)<w max(— l),

where W, is a constant depending on a > 1, but independent of x and n.
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Proof 5.2.7 We begin with the fact that Flsnl preserves both constants and exponential

functions a™*, therefore we can write,

A _ 12 ~ _ _
7(’55)1] (|a g ;x) = Jlsal (a Zt;x) —a

Now,

kxl

Lol ( a2 x) — i (—n/ Sn) (=sn? (1, x))* fa—%dt
k(1 + s (n, )"t

n

~ Vn(l —a‘z/’" 2 (n/s,) (=28 (n, x)a‘z/’")k

= 2ln(a) kZ:( k )(1 + 5,0 (n, x))/sntk

ra(1—a 2

(1)
21n(a)

Fpll —a= ™

(1)

21In(a)

_ g Um) g* Snln —n/sn
% {1 1+ a“/’n)[(r"(lln#] ) 1” |

For convenience, let us take the notation

[1 + 5,9 (n, x) (1 _ a—z/rn)]‘"/sn

T (1 _ a—l/rn) ax

[rn] .
A" () = In (a)

Then, we can write

m l—q~2/rn u il . én/n
7/\(3”] (a_%; x) _ a_zx :eln((zTa))]_Eln(H(Ha 1/ )((/ll I )) ))

_ e—2x In(a) )

Next we define a function h : [0, c0) — R such that

— g 2
h(x) :IH{MJ _ Eln(l + (1 +a_1/r") ((/l[r"]( ))Yn/n ))

21In(a) S

+2xIn(a).
Then, in view of inequality ——— ln(ﬁ) ln(y) <pB, 0<y<p, weobtain

R (a5 x) - a > < h )
1 %]—&ln(1+(1+a*1/rn)((/l[rn]( ))Vn/n ))

xe n( (5.6)
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Now to estimate h (x), we apply In(1 + ) > <=, B > 0 to the logarithm part of h (x). We

1+,8’
obtain:
) U [ Alra] ()"
, (1 —a 2/rn) (1 +a )((/l (x )) )
fi(x) < ln[Zl—J__ Sl
n(a) Sn ((/lgrnl )" - 1)(1 +ain)+ 1
+2x1n(a).

. ra(1=a=2m .
Since, In (Q) < 0, we can write,

21n(a)
1+ gV /l[rn] (x) sn/n
h(x)Slen(a)_ﬁ ( “ )(( ) )

Sn ((ﬂg’"] )" - 1) (1+aVm)+1

For every 3 € R, making use of the inequality a® — 1 > B1n(a), and with further simplifi-

cations, we get:
xIn (a) (1 —q Vg2 (1 i a‘l/’") ((/l[rn] (x ))Sn/n ))

((/lgn] )" - 1) (1 +am)+1
(1 + a‘l/rn) In (M)

h(x) <

In(a)

((/L[lrn] (x))Sn/n _ 1)(1 + a—l/rn) +1 .

By application of the inequalities 1 —a™® < B1n(a) and a® — 1 < BaP In(a), B € R, ( which
are alternate forms of the same inequality), in the first term and in the last term of ({5.5)),

we get:

I'n

((/15’"] )" - 1) (1 +am)+1

(1+a V) In(a)

xln(a)(ln(“) 42 (1 +a—1/r,)(/l[rn]( )) Sl (/l[arnJ (x)))
h(x) <

I'n

+ .
((ag’"] )" - 1) (1 +alm)+1

Substituting this bound of fi (x) in (5.6), we obtain:

rn(l—a’z/"’)
A _ _ 21
r](r[lsn] (a 2t;x) —a 2x < n(a)

(1 +(1 +a“/’")((/l[’”]( ))Sn/n ))
x | x1In ()(ln(“) 2;” (14 a /) (AL ()™

i’l

n/s,+1

. (/l[rn] (x))) +(1 + a“/’")ln (a)] '

I'n
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rn(l—a’z/’")

Since —; < 1, therefore we can now write,
n(a)
pelsnl (=2t —2x sp 1
XK, (a ;x)—a <max|—, — 5.7
n

(1 +2x (14 @) () ()™ ) x1n2 (@ + (1 + /) In ()

(1 + (1 + a-Vm) ((/lgrnj (x))sn/n j 1))

(5.8)

n/s,+1

We observe that
(/13"] (x))s"/n
(1 + (1 + a—l/r,,) ((/lgrn] (x))Sn/n _ 1))

Therefore, the inequality (5.7) becomes,

<1

A sp 1
Rl (a‘z’; x) — a4~ < max (—", —)
n’ry

A’ @ (1 i 2x(1 + a_l/rn)) + (1 + a—]/r/) In (a)
(1 + (1 + a—l/rn) ((/lgr”] (x))s,,/n B 1)),;/5”

Now, all we need to do is to find an estimate of the upper bound of

' @1+ 2x(1 ) + (1 v ) n@
(1 + (1 +atm) ((/lgrnj (x))sn/n B 1))n/sn :

w(x) =

Using Bernoulli’s inequality,

2
a+pfz(1+ L), pzorz2

and by choosing { = =+ > 2, we have:

n

(14 (14 ) = ) 2 (15 (1)

2

% (( Alrl (x))sn/n _ 1)) .

Again, using the inequality @® — 1 > B1n(a) and further simplifications, we have:

1 +a‘1/’") ’

2
(1 + ZL (1 + a‘l/’") ((/lg”] (x))s"/n - 1)) > [1 + (T

Sn

xIn (a)]

(1+a’ Vrn )x In(a)
4

Changing the variable by taking 7 = , and notice that 1 < (1 + a‘l/’") <2

forn > 1, then

4z1n(a) + 32722 + 21n(a)
w (x) < max =

2 W,
720 (1+2)
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where, W, is a constant depending only on a and independent of n and x. Using mathe-

matica software, the value of ‘W, can be calculated as:

(32 In@<16;
21n(a), In(a) > 16.

5.3 Main Results

Let C*[0, o) represent the Banach space of all real valued continuous functions on the
unbounded interval [0, co) with the property that lim f(x) exists and is finite, endowed

with the uniform norm || fljo.) = sup |f (x)].
x€[0,00)

For the given space, we estimate the error of approximation R ( f3x) — f(x)| for
uniformly continuous functions in this space using the following modulus of continuity

w with argument ¢ and defined as

@ (f,0) = sup lf () = f (0l
|a*',—)22*x|sé

This modulus of continuity is a particular case of (76) and (78) and holds the fol-

lowing property:

-l
L o6, 6>0. (5.9)

If(t)—f(X)IS[1+ 5

Theorem 5.3.1 For arbitrary sequences (s,), (r,) and f € C*[0, ), we have

50 =0l <201 (2.

n ry

where ‘W, is calculated in Lemma

Proof 5.3.2 From the fact that operators Il preserve the constant functions, we can

write
KL (f5 200 = (0] < KEV(F @) = f (0] %)

Applying operators K on both sides of property , we get

4

7A<"£sn] (|a—t _ a—x
On

K (f @O - fFl0 < |1+

@ (f,0n) -

With the use of Cauchy-Schwarz inequality, we obtain
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R (et
0

K@ - fOl0) < |1+ @ (f,6,).

Choosing 6, = sup e (Ia" - a‘xlz;x), and applying the estimates from Lemma
x€[0,00)
5.2.6, we obtain the desired result.

Remark 5.3.3 Since the rate of approximation depends on the choice of sequences (r,)
and (s,), therefore one can achieve better approximation with appropriate choices of these

sequences.

Theorem 5.3.4 Let f, f,f € C*[0, ), then for any x € [0, o), we have

R (20 - 1 @ = @l - L2l )

s () JW,, - e (x) [ s 1]
| f’, max(" )

+ —_— —
- 2 4 nr,

Proof 5.3.5 The Taylor’s formula is given as:

f(l)=f(X)+f'(X)(t—X)+f ()(t— 0%+ R (1, %) (1 = x),

" M-1"® [5n]
2

where h(t, x) = such that v € (t, x). Applying the operator K on either sides

of the Taylor’s formula, we have

f () [sn]()_

K (f00 - £ = 1 Gy () - Rl (1 1,0 (¢ = x5 x)

Taking absolute value on both sides, we now estimate the upper bound of h(t,x). By

application of the property (5.9) of modulus of continuity, and using the inequality

r— a‘x| as v € (t, x), we obtain:

lf” () = f7 ()l
2

la —a™| < |a‘

[ (t, x)| =

IA

(1 Ll —ar ; a_xl)w(f”,a)

( |a—t_a—x
[

IA
D= N =

- )W(f”,é)

Using Cauchy-Schwarz inequality, we obtain:

[sn]
K (17 (2, 201 (¢ = 0% x) < [""’22 “, % JRE (10 = a2 - ([l (x)]

x @ (f”,6,)

Choosing 6, = /max (s—n”, rl) and using Lemma |5.2.6|we obtain the required result.
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Remark 5.3.6 Tuking account of Lemma for sufficiently large n, we have the fol-

lowing two cases:
Case 1: If lim = = [ for some finite | € [0, ), we have

rnnig’{] (x) = —XI’;(“) (1+Ix)

raey (1) > x (1 + Ix)

nnllfzj (x) = 3x%(1 + Ix)?

Case 2: If lim ™= = oo, then we have

n—oo

n [s,,] ()C) X2 ln(a)

n [Yn](x)_>x2

znff(x>—»3x4

In view of Theorem[5.3.4] and Remark [5.3.6, we now present a Voronovoskaya type

theorem in the form of corollary. The proofs are easy, so we choose to neglect it.
Corollary 5.3.7 Let f, f” € C*[0,00). If lim ** = [, then for any x € [0, ), we have

x(1+ l;c)ln(a) ey x(l; lx)'

lim r,, [R5 (f;0) — £ 0] = () -

Corollary 5.3.8 Let f, " € C*[0,00). If lim ™ = oo, then for any x € [0, ), we have

x? n(a)

ml|wmqm fQ|=f - + £ (x) - X

n—oo

5.4 Comparison for arbitrary chosen sequences (r,) and

()

In this section, our aim is to graphically compare the rate of approximation of our pro-
posed operators for different pairs of arbitrarily chosen sequences (r,,) and (s,,) satisfying
the conditions r, — co and > — 0 as n — oco. We shall also compare the error in ap-
proximation for our operators for these arbitrary sequences. We want to establish through
these graphs that the goodness of approximation of the proposed operators rely on the

appropriate choices of sequences (r,,) and (s,,).
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Example 5.4.1 Consider the arbitrary pair of sequences r, = n, s, = }l r, =n, S, =
%, n#l;andr,=2" s, = \/%7 For a = 3 and the function f(x) = 14x> — 18x> + 4x +
1, x >0, Figure|5.1|shows the convergence of our proposed operators for n = 20. Let the
error of approximation of the proposed operators be defined and denoted as G (f; x) =
|‘]A(,ES”] (f;ix)—f (x)|. Then, Figure represents the error in approximation for each pair
of given sequences. It can be observed from both the figures that the rate of convergence is
different for different pair of sequences and the best approximation is achieved for the pair

— n _ 1 . . .
of sequences r, = 2", s, = o Therefore, we can conclude that error in approximation

can be made as small as one wants by choosing appropriate sequences.

rp=n, sp=1/In(n)

— r,=2", s,=1/n

Figure 5.1: Convergence of ‘lA(,ES”] (f; x) towards f(x) for arbitrary sequences (r,) and (s,)

with n = 20 and a = 3.
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L /7 7
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Figure 5.2: Error (EEZS”] (f;x) in convergence for arbitrary sequences (r,) and (s,) with
n=20and a = 3.
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Example 5.4.2 Let f(x) = (x— xz) a*, x € [0,00). Choose r, = n and s, = L and
a = 3 as the arbitrary sequences. Figure illustrate the convergence of the proposed
operators for different values of n. Also @%’] (f; x) (Purple), @g%”] (f;x) (Orange) and

@?6’1 (f;x) (Cyan) in Figure denote the error in approximation of the function f(x) by

the proposed operators for n = 20,30, 50.

1.0F
08l
i — f(x)
061 — n=20
04l n=30
i n=50
02}t
02 04 06 OTS\I 1.0

Figure 5.3: Convergence of ‘}A(,ES”] (f; x) towards f(x) for r, = n, s,

n = 20,30, 50.
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Figure 5.4: Error € (f; x) in convergence of the proposed operators for r, = n, s,

and a = 3 for n = 20, 30, 50.
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Chapter 6
Conclusion and Future Scope

The aim of this chapter is to present a concluding remarks to our thesis and illustrate some

of the prospects that define our current and future endeavours in scientific research.

6.1 Conclusion

This thesis is mainly a study of convergence estimates of various approximation opera-
tors. The introductory chapter consists of definitions and literature survey of concepts
used throughout this thesis. In the second chapter, we discuss approximation operators
of exponential type. The first section of this chapter presents the study of convergence
estimates of Kantorovich variant of Ismail-May operators. Further we also propose a two
variable generalisation of these operators. In the second section, we present a modifica-
tion of Ismail-May exponential operators which preserve functions of exponential growth.
It must be noted that the modified operators are not of exponential type.

The third chapter presents a Durrmeyer type construction involving a class of or-
thogonal polynomials called Apostol-Genocchi polynomials and Péltdnea operators with
real parameters «, A and p. We establish approximation estimates such as a global approx-
imation theorem and rate of approximation in terms of usual, r—th and weighted modulus
of continuity. We further study asymptotic formulae such as Voronovskaya theorem and
quantitative Voronovskaya theorem. The rate of convergence of the proposed operators
for the functions whose derivatives are of bounded variation is also presented.

Inspired by the King’s approach, the next chapter deals with the preservation of
functions of the form #°, s € NU {0}. Followed by some useful lemmas, we determine the
rate of convergence of the proposed operators in terms of usual modulus of continuity and

Peetre’s K- functional. Further, the degree of approximation is also established for the

97
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function of bounded variation. We also illustrate via figures and tables that the proposed
modification provides better approximation for preservation of test function es.

In the final chapter, we consider a Kantorovich variant of the operators proposed by
Gupta and Holhos (68) using arbitrary sequences which preserves the exponential func-
tions of the form a™*. It is shown that the order of approximation can be made better
with appropriate choice of sequences with certain conditions. We therefore provide nec-
essary moments and central moments and some useful lemmas. Further, we present a
quantitative asymptotic formula and estimate the error in approximation. Graphical rep-
resentations are provided in the end with different choices of sequences satisfying the

given conditions.

6.2 Academic future plans

I intend to continue my research in the area of approximation by linear positive operators
and hope to share my findings to the mathematical community. Further, my aim shall be to
present parametric generalizations of existing operators which enables us to approximate
a wider space of functions. In addition to providing modifications to existing operators in
this area, I shall strive to study and contribute towards developing new operators.

Another interesting problem in the theory of approximation is to determine which
operators present the best approximation. There exists various operators with good con-
vergence rate, some of which are studied in this thesis. As part of my further research, I
would like to compare the existing operators through the method of difference of operators
to determine the ones which provide better approximation.

In this thesis, we have also studied the modifications of certain exponential opera-
tors. The exponential-type operators were introduced four decades ago and since then no
new exponential-type operators were introduced although several generalizations of ex-
isting exponential-type operators were proposed and studied. In (79), it was established
that corresponding to each polynomial g(x), a unique approximation operator can be ob-
tained which satisfies the differential equation (1.13]) and normalization condition (1.14]).
Operators corresponding to constant, linear, quadratic and cubic polynomials were ob-
tained using the method of bilateral Laplace transform. In future, I shall attempt to seek
the methods that can determine the exponential operators associated with higher order
polynomials.

Very recently, Tyliba and Wachnicki (135) extended the work of Ismail-May (79)
with a more general family of operators by introducing a new parameter 3. These oper-

ators were termed as semi-exponential operators and studied by Herzog (74). Although
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they admit the normalization condition (1.14)) but satisfy a modified homogenous partial

differential equation defined as:

At — x)
q(x)

The corresponding semi-exponential operators for Bernstein, Baskakov and Ismail-

iSﬂu,x,t):( —ﬁ)Sﬁ(/l,x,t),ﬁ>0.
ox

May operators were obtained by Abel et al. (3). Since the area of semi exponential
operators is not much explored, I intend to study the approximation properties of these op-
erators such as the complete asymptotic expansion, behaviour of their derivatives through

simultaneous approximation and other convergence estimates.
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