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ABSTRACT

This study base on AIR INDIA Airline Management and Scheduling examined certain
well-known problems and their solutions, as well as current research in the field and de-
veloping areas of future significance. The Vogel’s approximation method and the mod-
ified distribution method used to add new routes. The Hungarian Assignment Model
and Critical Path Method used to solve airlines problem The Dijkstra Algorithm used
to identify the shortest path. The paper has divided into four sections. In the first, the
Vogel’s approximation and the Modi approach is used to create additional routes. In the
second, crew is assigned to different flights in order to optimise profit. In the third case,
aircraft routing problem is solved, and in the fourth, an aircraft maintenance problem

in which 24 activities opted and determine which are critical or not.It addresses airline
scheduling flaws, aims to boost crew member productivity through a crew assignment
model, and reduces time spent on non-critical operations, resulting in a rise in airline
profit.
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1 Chapter1

1.1 Introduction

Operations research has aided the airline industry and its infrastructure in maintaining
strong growth rates and moving from a novelty that catered to an elite clientele to a
mass-market service business. It aids the industry in evolving in order to compete effec-
tively in the marketplace and suit the diverse needs of the consumers. The Indian airline
industry specifically AIR INDIA is going through a difficult period. Airlines’ operating
margins have been slashed. Many operating expenses, including as fuel, operating lease
payments, repair/maintenance, and a huge number of aircraft and crew members, remain
unutilized, meaning that they are prone to loss of epic proportions for AIR INDIA and
are frequently beyond their control.

This paper is based on the spectacular divestiture of Air India, which ultimately failed.
The lack of a management system is AIR INDIA’s main concern. They fly more on
routes where customer’s demand is low and less on routes where demand is high. They
have a significant number of aircrafts and crew on reserve, all of which are either unused
or used without prior planning. The paper attempts to solve the problems that the Air In-
dia Airline faces in a number of situations by developing four separate cases. To tackle
their problem, Vogel’s Approximation approach and Modi method, Hungarian Method,
Dijkstra’s Algorithm, and Critical Path Analysis is primarily used.

1.2 About AIR INDIA

Air India is India’s national airline, With headquarters in Delhi. Air India Ltd, a government-
owned company, owns and operates a fleet of airline carriers that serve 90 domestic and
international destinations across four continents. Air India is India’s third-largest air-

line, after Indigo and Jet Airways, with an 18.6 percent domestic market share. JRD

Tata Airlines was founded in 1932. After WWII, it was renamed Air India and turned

into a public limited company. After a failed attempt to privatize the company, it merged
with Indian Airlines and suffered losses. Due to fierce competition from private Indian
airlines, Air India’s domestic market share dropped from 19.2 percent to 14 percent be-
tween September 2007 and May 2011.




1.3 Airline and airport Management

The administration of airlines and airport is known as airline and airport management.
It involves as determining airport strategy and gathering and transmitting information
on airline commercial and operational plans. It provides a comprehensive review of air-
line management. It is also considered as field of studied that teaches airline and air-
port management. This gives a vast understanding of the airline sector and makes you
aware of the marketing, financial, operational, and other elements that influence airline
surveillance. This research based on the essential aspects of aircraft and aircraft selec-
tion and the influence of airport decision-making, as well as providing information on
airline commercial and operational priorities. The procedure for airline management is

as follows:

Schedule

m




2 Chapter 2

2.1

Model and solution

This research is focused on the airline company AIR INDIA.AIR INDIA is India’s na-
tional airline, with its headquarters in New Delhi. The Indian government is selling its
entire stake in AIR INDIA Airlines, which has been making losses since its integrated
with Indian Airlines in 2007. After bidding, Tata’s Air India company will control 4400
domestic and 1800 international flights. The main difficulty for Tata Sons is to run the
AIR INDIA airline efficiently. Airindia was controlled by Tata’s Sons in the 1950s and
1960s, and the airline was only profitable at that period. The key opportunity for AIR
INDIA is to develop globally and actually become fairly structured and broad-based
from a network perspective, which can only be achieved if routing, route planning, and
aircraft maintenance are all optimized.There are many aircraft and crews that are not
functioning effectively, and there is no methodology to work with when it comes to air-
line planning.
This paper is based on a real-life situation with four various scenarios that an airline
company can face in the real world and how they can use these strategies to improve
their airline planning.

3 Chapter 3

3.1 Casel : Route Selection

Airlines must conduct extensive market research and demand studies in order to deter-
mine whether they can profitably operate the route while also recognising operational
restrictions. In this case, its aims to enhance the process of deciding which destinations
to include by using a Transportation Problem (TP) Model, which is a type of LPP. The
TP Model aims to optimise available routes from a specific origin to a specific destina-
tion in order to obtain the lowest possible cost.
To demonstrate this, the paper uses the real-situation of an AIR INDIA airline that is
aiming to expand its route network. Many airlines use a hub-and-spoke model to provide
links to smaller cities via focus cities on international routes. As a result, Table 1 shows
data on profit earned per seat sold on a specific sector, as well as demand for destina-
tions across the country, while taking capacity constraints at already overburdened hubs

into account.

HongKong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply
Delhi 116 31 71 19 49 47 48 1200
Mumbai 35 12 108 70 49 89 90 900
Chandigadh 54 14 65 19 105 59 68 900
Hydrabad 74 109 58 48 39 51 20 800
Ahmedabad 100 102 90 30 20 58 68 700
Demand 550 930 1250 620 900 800 700

Table 1: Problem Table

To make the above-mentioned information into a TP issue, a dummy row is introduced
to balance supply and demand, allowing the answer to be solved. Furthermore, prof-




its are converted to *Opportunity Loss’ values, which are defined as the amount missed
when compared to taking the most profitable route.

The Vogel’s Approximation Method (VAM) is an iterative approach for determining a
transportation problem’s initial basic feasible solution (IBFS) utilising penalties. The
MODI technique (Modified Distribution) is used to improve the IBFS even further. The
problem was solved both manually and with thethe Python Programming Language..
From Table 1 we can say that the Total number of Supply constraints is 5 and Total num-
ber of demand constraints is 7

Here Total Need = 5750 is more significant than Total Supply =4500. So we add a dummy
supply constraint with 0 unit cost and with an allotment of 1250.

Now the revised table is

HongKong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply
Delhi 116 31 71 19 49 47 48 1200
Mumbai 35 12 108 70 49 89 90 900
Chandigadh 54 14 65 19 105 59 68 900
Hydrabad 74 109 58 48 39 51 20 800
Ahmedabad 100 102 90 30 20 58 68 700
Sdummy 0 0 0 0 0 0 0 1250
Demand 550 930 1250 620 900 800 700
Table 2: Revised Table
Now we will calculate the row and column penalties
HongKong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply | Row penalty
Delhi 116 31 71 19 49 47 48 1200 12=31-19
Mumbai 35 12 108 70 49 89 90 900 23=35-12
Chandigadh 54 14 65 19 105 59 68 900 5=19-4
Hyderabad 74 109 58 48 39 51 20 800 19=39-20
Ahmedabad 100 102 90 30 20 58 68 700 10=30-20
Sdummy 0 0 0 0 0 0 0 0 0-0=0
Demand 550 930 1250 620 900 800 700
Columnpenalty | 35=35-0 | 12=12-0 | 58=58-0 19=19-0 | 20=20-0 | 47=47-0 | 20=20-0

Table 3: Revised Table

The max Penalty is 58 which occurs at Amsterdam.
The min C;; in this queue is 0
The max allotment in this cell is min(1250,1250)=1250

It satisfies supply of Sg,umy and the need of Amsterdam.
The max penalty is 28 which occurs at Lisbon.

The min Cj; in this queue is 20

The max allotment in this cell is min(800,700) = 700
It satisfies the need of Lisbon and adjust the supply of Hyderabad from 800 to 100(800-

700=100)




Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply Row
penalty
Delhi 116 31 i 19 49 47 48 1200 | 12=31-
19
Mumbai 35 12 108 70 49 89 a0 900 | 23=35-
12
Chandigadh 54 14 85 19 105 59 68 900 5=19-
14
Hydrabad 74 109 38 48 39 51 20 800 19=39-
20
Ahemdabad 100 102 90 30 20 58 68 700 10=30-
20
(‘aummy 0 a] 0{1p50) al o sl sl 0 i
Demand 550 930 D 620 900 800 700
Columnpenalty | 19=54-35 | 2=14- - 0=19-19 | 19=39- | 4=51-47 | 28=48-
A 20 20
Figure 1: Reduced Table
Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lishon | Supply Row
penalty
Delhi 116 31 i1 19 49 47 48 1200 | 12=31-
19
Mumbai 35 12 108 70 49 89 90 900 23=35-
12
Chandigadh 54 14 a5 19 105 59 [513] 900 5=19-
14
Hydrabad 74 109 38 48 39 51 20(y00) 100 9=48-
39
Ahemdabad 100 102 90 30 20 58 a8 700 10=30-
20
C‘aumm} 0 o O{1P50) al al al il 0 #
Demand 550 930 D 620 900 800 D
Columnpenalty | 19=54-35 | 2=14- - 0=19-19 | 19=39- | 4=51-47 -
12 20

Figure 2: Reduced Table

The max penalty is 23 which occurs in row (Mumbai).

The min C;; in this row is Cyp =12.

The max allotment in this cell is min(900,930) = 900
It satisfies supply of Mumbai and adjust the need of Sydney from 930 to 30(930-900=30)




Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply | Row
penalty
Delhi 116 31 71 19 49 47 48 1200 | 12=31-
19
e 35 12{900) LA 70 49 89 a0 0 -
Chandigadh 54 14 65 19 105 59 68 900 5=19-
14
Hydrabad 74 109 58 48 39 51 2Q(700) 100 9=48-
39
Ahemdabad 100 102 90 30 20 58 68 700 10=30-
20
K i) 0 0(1250) 0 0 0 0 0 .
Demand 550 30 0 620 a00 800 0
Columnpenalty | 20=74-54 | 17=31- = 0=19-19 | 19=39- | 4=51-47 =
14 20

Figure 3: Reduced Table

honkong has the max penalty, which is 20. In this queue, the min C;; is C31 = 54. In this
cell, the max allotment is min(900,550) = 550. It meets Hongkong’s need and reduces
Chandigadh’s supply from 900 to 350 (900 - 550=350).
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Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply | Row
penalty
Delhi 116 31 Fal 19 49 47 48 1200 12=31-
19
Hvtumbat 35 1'){000} 102 70 49 20 Qg 0 _
Chandigadh 54(550) 14 65 19 105 59 68 350 5=19-
14
Hydrabad 74 109 58 48 39 51 20(700) | 100 9=48-
39
Ahemdabad 100 102 a0 30 20 58 68 700 10=30-
20
S mmy 0 0 0(1230) 0 0 0 0 0 -
Demand 0 30 0 620 900 800 0
Columnpenalty | - 17=31- | - 0=19-19 | 19=39- | 4=51-47 -
14 20

Figure 4: Reduced Table

In queue Bangkok,the max penalty, 19, is found.

In this queue, the min C;; is Css5 = 20.

In this cell, the max allocation is min(700,900) = 700.

It meets Ahmedabad’s supply and reduces Toronto’s need from 900 to 200 (900 - 700=200).
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Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply | Row
penalty
Delhi 116 31 71 19 49 47 48 1200 | 12=31-
19
Mumbar 3¢ 12{900} 1P 70 49 89 Q0. a s
Chandigadh 54(550) 14 5] 19 105 59 68 350 5=19-
14
Hydrabad 74 109 58 48 39 51 2(J(700) 100 9=48-
39
Ahemdabad L a2 a0 30 20 58 8 0 -
B ey 0 0 0(1250) 0 0 0 0 0 s
Demand a 30 0 620 900 800 0
Columnpenalty - 17=31- - 0=19-19 | 10=49- | 4=51-47 -
14 39

Figure 5: Reduced Table

In column Sydney, the max penalty, 17, is found.

In this queue, the min C;; is C3p = 14.

In this cell, the max allocation is min(350,30) = 30

It meets Sydney’s need and reduces Chandigadh’s supply from 350 to 320 (350 - 30=320).
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Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply | Row
penalty
Delhi 116 31 71 19 49 47 48 1200 | 28=47-
19
Murrbai 35 12(400} 1pg 70 49 89 B0 a -
Chandigadh 54(550) | 14(B0) 6 19 105 59 68 320 | 40=59-
19
Hydrabad 74 109 58 48 39 51 20(700) 100 9=48-
39
Ahemdabad 1 142 90 EN) 20 58 8 0 -
8 i 0 i 0(1250) 0 0 0 0 0 -
Demand 0 0 0 620 ap0 800 0
Columnpenalty - - - 0=19-19 | 10=49- | 4=51-47 -
39

Figure 6: Reduced Table

Row Chandigadh has the max penalty of 40. In this row, the minC;; is C34=19

In this cell, the max allotment is min(320,620) = 320.

It meets Chandigadh’s requirement and reduces Moscow’s demand from 620 to 300
(620 - 320=300).

Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lishon | Supply Row
penalty
Delhi 116 31 71 19 49 47 48 1200 | 28=47-
19
Mumbai ET: 12{doo} 1ps 70 49 89 a0 0 .
{ handlgadh ‘;/!{'—'.‘-'\.I"\} ld{ﬁo} # 10{3’)0} 1(\'—'. L o 0 =
Hydrabad 74 109 58 48 39 51 20(700) 100 9=48-
39
Ahemdabad 1 192 90 30 20 58 8 0 -
iy 0 q 0(1250) 0 0 0 0 0 =
Demand (] 0 300 200 800 0
Columnpenalty - - - 29=48- | 10=49- | 4=51-47 -
19 39

Figure 7: Reduced Table

In column Moscow, the max penalty, 29, is found.

In this column, the min Cj; is Ci4 = 19

In this cell, the max allotment is min(1200,300) = 300.

It meets Moscow’s need and reduces Delhi’s supply from 1200to900(1200 - 300=900)

In Row Htdrabad, the max penalty,12 is found.

In this column, the min C;; is Cy5 = 39

In this cell, the max allotment is min(100,200) = 100.

It meets Hydrabad’s need and reduces Toronto’s supply from 200 to 100 (200 - 100=100).
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Hongkong | Sydney | Amsterdam | Moskow | Toronto | Bangkok | Ligbon | Supply | Row
penalty
Delhi 116 31 7 19(300) 49 47 48 900 2=49-
47
Mumbai EE 12(doo) 1bg 7b 49 39 ) 0 =
| Chandigadh 54(550) | 14(B0) 5 19(d20) | 105 59 ks 0 5
Hydrabad 74 109 8 48 39 51 20(700) 100 12=51-
39
Fhemdabad L L2 a0 3p 20 28 8 0 =
Sy 0 i 0(1250) i 0 0 0 0 -
Demand 0 { 0 { 200 800 0
Columnpenalty - - - - 10=49- | 4=51-47 -
39
Figure 8: Reduced Table
Hongkong | Sydhey | Amstardam | Moscow | Toronto | Bangkok | Lisbon | Supply Row
penalty
Delhi 116 31 71 19(300) 49 47 48 900 2=490-
47
Murnbat 35 12{900} 108 70 49 89 9 0 -
Chandigadh Sa{50) | 14(Ba) 5 193201 | 105 59 g3 0 2
Hydrabad = 149 58 43 39(100} 51 20000y 0O -
Aty 100 14 05 3 eSO 58 612 0 =
[ i 0{1350) 0 0 b 0 =
Demand 0 0 0 0 100 800 0
Columnpenalty - - - - 49 47 -

Figure 9: Reduced Table

In Toronto, the max penalty,49 is found.
In this queue, the min Cjj is C5 = 49

In this cell, the max allocation is min(900,100) = 100.
It meets Toronto’s need and reduces Delhi’s supply from 900 to 800 (900 - 100=800).

In Row Delhi , the max penalty,47 is found.
In this queue, the min C;j is C6 = 47
In this cell, the max allotment is min(800,800) = 800.

It meets Delhi’s supply and Bangkok’s supply.
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Hongkong | Sydhey | Amstdrdam | Mogcow | Tordnto | Bangkok | Lishbon | Supply | Row
penalty
Delhi 116 31 7 19(300) | 49(100) a7 48 800 47
Murbad A5 12{900) 148 70 Q 89 9 0 -
Chandizadh CA{550) 14{50) sk 10320} 105 5g sig 0 N
=] \ ¥ \ 7 h1 7
I: o | Lad 4 100 C Zl A0d4000 | | AOLTOOL O —
yelrabad 7 44 B 35(10684 3 o100}
Ahemdabad 106 142 on 3 20(06] 58 63 0 -
< d 0{1350) 0 0 =
QUTIT Y v
Demand i { [ { { 800 D
Columnpenalty - - - - - 47 -
Figure 10: Reduced Table
Initial feasible solution is
Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon || Supply | Row Penalty
Delhi 116 31 71 19(300) | 49(100) | 47(300) | 48 1200 | 12]12[12[12[12]12]28]28]2]2[47
Mumbai 35 12(900) | 108 70 49 80 90 900 | 23123123 — |- |- |- |- |—|—]
Chandigadh | 54(550) | 14(30) | 65 19(320) | 105 59 68 900 | 5|5[5]5[55140]— [— |~ -]
Hydrabad 74 109 58 43 39(100) | 51 20(700) |[800 | 19]19]9[9[0[9[9[9]12] = | — |
Ahmedabad | 100 102 90 30 20(700) | 58 63 700 | 10[10[10[10[10] — [— =]~ -1
Summy 0 0 0(1250) 0 0 0 0 1250 [0 —|—[=]=I=I=I=]=]=]-]
Demand 550 930 1250 620 900 800 700
vj v =54 v=14 | v3 =068 va=19 |vs=49 |ve=47 | v;=30
Demand 550 930 1250 620 900 800 700
114em Column
Penalty 35 12 58 19 20 47 20
19 2 - 0 19 4 28
19 2 - 0 19 4 28
20 17 - 0 19 4 -
- 17 - 0 19 4 -
- 17 - 0 10 4 -
- - - 0 10 4 -
- - - 29 10 4 -
- - - - 10 4 -
- - - - 49 47 -
_ _ _ _ 47 _

Table 4: Initial feasible

the lowest possible total transportation cost = 19 x 300 449 x 100 + 47 x 800 4 12 x

900+ 54 x 550414 x 30+ 19 x 320439 x 100+ 20 x 700+ 20 x 70040 x 1250 = 127

In this case, the number of allotted cells equals one, which is one less than m+n-1=6+7-

1=12. As a result, this is a degenerate solution.

We utilise an artificial quantity to solve degeneracy (d). The amount d is given to the
vacant cell with the lowest transportation expense.

The amount d is assigned to hydeabad amsterdam, with a minimum transit cost of 58.
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HongKong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply
Delhi 116 31 71 19(300) | 49(100) | 47(800) 48 1200
Mumbai 35 12(900) 108 70 49 89 90 900
Chandigadh | 54(550) 14(30) 65 19(320) 105 59 68 900
Hydrabad 74 109 58(d) 48 39(100) 51 20(700) | 800
Ahmedabad 100 102 90 30 20(700) 58 68 700
Sdummy 0 0 0(1250) 0 0 0 0 1250
Demand 550 930 1250 620 900 800 700
Table 5: Degenerate Solution
Optimality test using MODI METHOD
HongKong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply
Delhi 116 31 71 19(300) | 49(100) | 47(800) 48 1200
Mumbai 35 12(900) 108 70 49 89 90 900
Chandigadh | 54(550) 14(30) 65 19(320) 105 59 68 900
Hydrabad 74 109 58(d) 48 39(100) 51 20(700) | 800
Ahmedabad 100 102 90 30 20(700) 58 68 700
Sdummy 0 0 0(1250) 0 0 0 0 1250
Demand 550 930 1250 620 900 800 700

Iteration -1 of optimality difficulty
1.Locate d), for all unoccupied sections(i, j), where dy, = ¢;j — (u; +v;)

1. Replacing, u; = 0, we get

Table 6: Allocation Table

2. cu=uj+va=va=ciu—u;=>v4=19-0=v4 =19

3.cy=ustva=u3=cyy—v4=u3=19—-19=u3=0

4. c3

=w3t+vi=vi=c31—uz3=>v=55%44-0=v; =54

5. cp=us+vi=vy=cp—u3=>wv=14—-0=v,=14

6. co=wr+v=us=cpn—-vi=u=12—14=u =-2

7. ci5=u;+vs =vs=

ci5—u; = vs=49—-0=v5 =49

8. cus=ug+vs=ug=c45—vs=>us=39—-49 = uy = —10

9. css=us+vy=v3y=ca3—ug = v3=584+10=v3 =68

10.

Co3 = Ug+V3 = Ug=cCe3 — V3 = Ug = 0— 68 = ug = —68

11. cs7=us+vi=vi=c47—ug = vy =20+10=v; =30

12.
13.

€55 = V5 +Us = Us = 55 — V5 = u5 = 20— 49 = us = —29

Cle=ul+ve=ve=cig—u1 =>vg=47—0=v =47
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HongKong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply u;
Delhi 116 31 71 19(300) | 49(100) | 47(800) 48 1200 up =0
Mumbai 35(550) | 12(350) 108 70 49 89 90 900 up =—2
Chandigadh 54 14(580) 65 19(320) 105 59 68 900 uz =0
Hydrabad 74 109 58(d) 48 39(100) 51 20(700) | 800 | uy=—10
Ahmedabad 100 102 90 30 20(700) 58 68 700 | us=-29
Sdummy 0 0 0(1250) 0 0 0 0 1250 | ug = —68
Demand 550 930 1250 620 900 800 700
v vy =37 vy, =14 vz = 68 va=19 | vs=49 | v¢=47 | v; =30

Table 7: degenerate solution

2. Find d, for all unoccupied sectiond (i, j), where dy = ¢;; — (u; +v;)

1. dij=ci1—(up+v;)=116—(0+54) =62

2. dp=cip—(u+vy)=31—-(0+14) =17

3. di3 2013—(M1+V3) =171 —(0+68) =3

4. dy7=c17— (u1 +v7) =48 — (0+30) =18

5. dy1 = ¢ —(u2+v1) 235—(—2—1—54) =17

6. dyz = co3— (up+v3) =108 — (—2+68) =42

7. dya =coq— (up+va) =70— (=2+19) =53

8. drs=cp5s— (up+vs) =49 —(—2+49)=2

9. dys =6 — (U2 +v6) =89 — (—2+47) =44

10. dr7 =cp7— (M2+V7) =90— (—2+30) =62

11. dsz=c33—(u3+v3) =65—(0+68) = -3

12. d35 = c35 — (u3 —|—V5) =105— (0+49> =56

13. d3g =36 — (uz+vg) =59 — (0+47) =12
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14. d37 = c37— (3 +v7) = 68 — (0+30) = 38

15. dyy = ca1 — (g +v1) = T4 — (—10+54) = 30
16. dir = car — (g +v2) = 109 — (—10+ 14) = 105
17. das = cas— (us+v3) = 48 — (—10+19) = 39
18. dyg = ca6 — (us+ve) = 51 — (—10+47) = 14
19. ds; = cs1 — (us +vy) = 100 — (—29+ 54) = 75
20. dsp = 5o — (us+v2) = 102 — (—29+ 14) = 117
21. dsz = cs3 — (us+v3) =90 — (—29+68) = 51
22. dsy = 54— (us+vs) =30 — (=29 + 19) = 40
23. dsg = cs6 — (us+vg) = 58 — (—29 +47) = 40
24. ds; = cs7— (5 +v7) = 68 — (—29+30) = 67
25. de = co1 — (g +v1) =0 — (—68+54) = 14
26. dep = cep — (ug+v2) =0— (—68+14) =54
27. des = cos — (g +va) =0 — (—68 +19) = 49
28. des = ces — (g +vs) = 0— (—68+49) = 19
29. dee = ce6 — (U6 +ve) = 0— (—68 +47) =21

30. dg7 = c67— (16 +v7) = 0 — (—68+30) = 38

3.Select the smallest negative value from all of them
d;j(costofopportunity) = dr; = [—17]

and draw a shortest and fast path from Mumbai Hongkong

Closed path is Mumbai Hongkong — MumbaiSydney — ChandigadhSydney
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HongKong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon Supply | u;
Delhi 116[62] 31[17] 71[3] 19(300) | 49(100) | 47(800) | 48[18 1200 up =
Mumbai 35[—17] 12(900) | 108[42] 70[53] 49[2] 89[44 90[62 900 up =—2
Chandigadh | 54(550) 14(30) 65[-3] 19(320) | 105[56] | 59[12 68[38 900 uz =0
Hydrabad 74(30] 109[105] | 58(d) 48[39 39(100) | 51[14 20(700) || 800 ug =—10
Ahmedabad | 100[75] 102[117] | 90[51] 30[40 20(700) | 58[40 68[67] 700 us =—29
Sdummy 0[14] 0[54] 0(1250) 0[49] 0[19] 0[21] 0[38] 1250 ug = —68
Demand 550 930 1250 620 900 800 700
Vj V1:54 V2:14 V3:68 V4:19 V5:49 V6:47 V7:3O
Table 8: Opportunity Cost
Fast path and plus/minus sign allotment...
Hongkong | Sydney Amsterdam | Moscow | Toronto | Bangkok | Lisbon || Supply | u;
Delhi 116[62] 31[17) 71(3] 19(300) | 49(100) | 47(800) | 4818 1200 u =0
Mumbai 35[—17](+) | 12(900)(—) | 108[42] 70[53] 49[2] 8944 90[62 900 uy=-2
Chandigadh | 54(550)(—) | 14(30)(+) | 65[-3] 19(320) | 105[56] | 59[12 68[38 900 uz =0
Hydrabad 74(30] 109105 58(d) 48[39 39(100) | 51[14 20(700) || 800 ug = —10
Ahmedabad | 100[75] 102[117 90[51] 30[40 20(700) | 58[40 68[67] 700 us = —29
Sdummy 0[14] 0[54] 0(1250) 0[49] 0[19] 0[21] 0[38] 1250 ug = —68
Demand 550 930 1250 620 900 800 700
vj vi =54 =14 v3 =68 va=19 |vs=49 |vg=47 |v;=30

Table 9: Fast Path

4. The lowest assigned value among all negative position(—) on a shortest and path is
=550
Subtract 550 from all (-) and it to all (+)

HongKong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply

Delhi 116 31 71 19(300) | 49(100) | 47(800) 48 1200
Mumbai 35(550) | 12(350) 108 70 49 89 90 900
Chandigadh | 54(550) | 14(580) 65 19(320) 105 59 68 900
Hydrabad 74 109 58(d) 48 39(100) 51 20(700) | 800
Ahmedabad 100 102 90 30 20(700) 58 68 700
Sdummy 0 0 0(1250) 0 0 0 0 1250

Demand 550 930 1250 620 900 800 700

Table 10: Allocated Value

5.Steps 1-4 should be repeated until an most favorable solution is reached.
Iteration -2 of optimality examination
1.Find u; and v; for all occupied cells (i, j), where ¢;j = u; +v;

p—

. Replacing, u; = 0, we get

C34 = U3+ V4 = U3
C3p=U3+Vvy = vy =

CH=Uy+vy=up

Cla=ul+va=va=ciu—u1=>v4a=19-0=v4=19
c3u—V4=>u3=19—-19=u3=0
cpp—u3=>wn=14-0=v,=14
cn—vm=u=12—14=u=-2
1=+ vi=vi=cy—up=>vi=35+2=v; =37

.cis5=uU+vs=vs=ci5—u =vs=49—-0=v5=49




19

8. c45=us+Vvs=>ug=c45—vs =>us4 =39—-49 = uy = —10

9. cs3=us+vy=v3=ca3—ug = v3=58+10=v3 =68

10. cg3 = ug+v3 = ug = cg3 — vz = ug = 0 — 68 = ug = —68

1. cos=us+vi=vi=cq47—ugs = v;=20+10=v; =30

12. ¢55 =us+vs = us = cs5 —vs = us = 20—49 = us = —29

13. cig =u1+vg=>veg=cie—uy = vg =47—0=vg =47

Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon Supply | u;
Delhi 116 31 71 19(300) | 49(100) | 47(800) | 48 1200 u =0
Mumbai 35(300) 12(350) | 108 70 49 89 90 900 uy =—2
Chandigadh | 54 14(580) | 65 19(320) | 105 59 68 900 u3 =0
Hydrabad 74 109 58(d) 48 39(100) | 51 20(700) || 800 uy =—10
Ahmedabad | 100 102 90 30 20(700) | 58 68 700 us = —29
Sdummy 0 0 0(1250) 0 0 0 0 1250 g = —68
Demand 550 930 1250 620 900 800 700
vj vy =54 vy =14 | v3 =068 va=19 |vs=49 | v¢=47 |v;=30

Table 11: Allocate Table

2. Find d, for all unoccupied sections (i, j), where dy = ¢;j — (u; +v;)

1. dy :cll—(u1—|—v1) = 116—(0+37) =79

2. diyp=cia—(uy+v2) =31—(0+14) = 17

3. diz=ci3—(u1+v3) =71—(0+68) =3

4. di7 2617—(M1+V7) :48—(0+30) =18

5. dyy = c23 — (uz+v3) = 108 — (=2 468) =42

6. day = cos— (U +v4) =70 — (—2+19) = 53

7. drs = cp5 — (u2—|—V5) =49 — (—2+49) =2

8. dre = o6 — (u2+v6) =89 — (—2—|—47) =44

9. d31 =c31 — (M3 +V1) =54 — (—0+47) =44
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

dr7 = cp7 — (u2—|—V7) =90— (—2—|—30) =62

dyz = c33— (M3 +v3)=65— (0+68) =-3

d35 = c35 — (M3+V5) = 105—(0+49> =56

dy6 = c36 — (U3 +vg) =59 — (0+47) = 12

dz7 =c37— (u3+v7) =68 — (0+30) =38

dy1 = cq41 — (u4+v1) =74 — (—10—|—54) =30

diyp = cq0 — (u4+V2) =109 — (—10+ 14) =105

dygs = cq44 — (M4+V3) =48 — (—10+19) =39

dys = ca46 — (M4+V6) =51-— (—10+47) =14

ds; =c51— (bt5 +V1) =100 — (—29+54) =175

dsp =cs50 — (u5 +V2) =102 — (—29-‘r 14) =117

ds3 = cs3— (s +v3) =90 — (—29 +68) = 51

dsy = C54 — (us +V4) =30— (—29+ 19) =40

dse = cs6 — (us +ve) = 58 — (—29+47) =40

ds7 = c57— (u5 —|—V7) =68 — (—29+30) =67

ds1 = c61 — (g +v1) = 0— (=68 +54) = 14

der = cep — (ug+v2) =0— (—68+14) = 54

dgs = ceq — (u6—|—V4) =0— (—68—|— 19) =49
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28. dgs = ces — (ug+vs) =0— (—68+49) =19

29. dge = co6 — (ug+ve) =0— (—68+47) =21

30. dg7 = 67— (16 +v7) =0 — (—68 +30) = 38

HongKong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon || Supply | u;
Delhi 116[79] 31[17] 71(3] 19(300) | 49(100) | 47(800) | 48][18 1200 u; =0
Mumbai 35(550) 12(350) | 108[42] 70[53] 49[2] 89[44| 90[62 900 Uy =—2
Chandigadh | 54(17 14(580) | 65[-3] 19(320) | 105[56] | 59[12 63[38] 900 u3 =0
Hydrabad 7447 109[105] | 58(d) 48[39 39(100) | 51[14 20(700) || 800 uy =—10
Ahmedabad | 100[92] 102[117] | 90[51] 3040 20(700) | 58[40 6867 700 us = —29
Sdummy 0[31] 0[54] 0(1250) 0[49] 0[19] 0[21] 0[38] 1250 ug = —68
Demand 550 930 1250 620 900 800 700
Vj V1=37 V2=14 V3=68 V4=19 V5=49 V6=47 V7=30

Table 12: Sign Allocation

3.Select the smallest negative value from all of them

dij(costo fopportunity) = d33 = [—3]

and skecth a shortest and fast path from Chandigadh Amsterdam
Closed path is Chandigadh Amsterdam— ChandigadhMoscow — DelhiMoscow —
DelhiToronto — HydrabadToronto — HydrabadChandigadh
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Fast path and plus/minus sign allocation...

Hongkong | Sydney Amsterdam | Moscow Toronto Bangkok | Lisbon || Supply | u;
Delhi 116[79] 31[17] 71[3] 19(300)(+) | 49(100)(—) | 47(800) | 48[18 1200 u =0
Mumbai 35(550) 12(350) 108[42] 70[53] 49[2] 89[44 90[62 900 uy = —2
Chandigadh | 54(550)(—) | 14(30)(+) | 65[-3] 19(320) 105(56] 5912 6838 900 uz =0
Hydrabad 74[30] 109105 58(d) 48[39 39(100) 51[14 20(700) || 800 uy =—10
Ahmedabad | 100[75] 102[117 90[51] 30[40 20(700) 5840 68[67] 700 us = —29
Sdummy 0[14] 0[54] 0(1250) 0[49] 0[19] 0[21] 0[38] 1250 ug = —68
Demand 550 930 1250 620 900 800 700
vj vy =54 vy =14 v =68 vy =19 vs =49 ve =47 | v;=30

Table 13: Closed Path

dummy cell is selected, so end the procedure for current selected dummy cell. Try the
optimal solution with next dummy cell count- 2
The quality d is assigned to MumbaiAmsterdam, which has the minimum transportation

cost = 65.
Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon || Supply
Delhi 116 31 71 19(300) | 49(100) | 47(800) 48 1200
Mumbai 35(550) | 12(350) 108 70 49 89 90 900
Chandigarh 54 14(580) 65 19(320) 105 59 68 900
Hydrabad 74 109 58(d) 48 39(100) 51 20(700) 800
Ahmedabad 100 102 90 30 20(700) 58 68 700
Sdummy 0 0 0(1250) 0 0 0 0 1250
‘ Demand ‘ 550 ‘ 930 ‘ 1250 ‘ 620 ‘ 900 ‘ 800 ‘ 700 H

Table 14: Dummy Cell

Optimality test using modi method..

Allocation table is

Iteration-1 of optimality test

1. Find u; and v; for all occupied cells(i, j), where ¢;j = u; +v;

1. Substituting, u3 = 0, we get
2.c51=us+vi=vi=c31—u3=>v=5%-0=>v, =54
B.ep=us+m=>wm=cp—u3=>mn=14—-0=>v=14
4. co=wp+w=>mw=cn—m=>u=12—14=u =-2
5.c3=us+v3i=>v3=c33—u3=>v3=65—0=v3 =65
6. ce3 =Ug+ V3= Uug=ce3 —v3 = ug=0—65= ug=—065
T.caa=uzs+va=>v4=cyuy—u3=>vw=19-0=v4=19
8. cu=m+va=u=ciyu—v4=u=19-19=u; =0
9. cis=uj+vs=vs=cis—u; =>vs=49—-0=v5 =49
10. c45 =ug+vs = ug =c45—vs => g =39—-49 = uy = —10
11. cs7=ug+vi=vy=c47—ug = v; =204+10=v; =30
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Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply u;
Delhi 116 31 71 19(300) | 49(100) | 47(800) 48 1200 up =0
Mumbai 35 12(900) 108 70 49 89 90 900 upy =—2
Chandigarh | 54(550) 14(30) 65(d) 19(320) 105 59 68 900 uz =0
Hydrabad 74 109 58 48 39(100) 51 20(700) 800 | us=-10
Ahmedabad 100 102 90 30 20(700) 58 68 700 | us=-29
Sdummy 0 0 0(1250) 0 0 0 0 1250 | ug = —65
Demand 550 930 1250 620 900 800 700
Vj vy =54 v, =14 =65 v =19 =49 | v¢=47 | v;=30
Table 15: Allocation
12. ¢55 =us+vs = us = cs5 —vs = us = 20—49 = us = —29

13. cig=u1+vg=>veg=cie—uy = vg =47—0=vg =47

2. Find d;; for all unoccupied cells(i,j), were d;; = c;j —

1.

2.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

dii=ci1— (ur+vi

dip=cip—
diz=ci1—

di7 =c17—

. dyy =021 —

drz =23 —

drg = Co4 —

. dys = o5 —

dre = C26 —
dyr = co7—
d3z =c33—
d3s = c35 —
d36 = c36 —
d37 = c37—
dy1 = c41 —
dyr = c40 —
d43 = ¢33 —
dyg = ca4 —

dae = ca6 —

ds) = c51— (us +vq

( )=11
(u1+v2) =
(u1+v3) =
(ug +v7) =48 —
(up+vy)=35-
(up+v3) =
(u +v4) =70 —
(ur +vs) = 49 —
(2 +ve) = 89 —
(uz+v7) =90—
(u3 +v3) = 65—
(u3+vs) =
(u3 +ve) =
(u3+v7) = 68 —
(ug+vy) =
(ug+w) =
(ug+v3) =
(g +vy) = 48 —
(us+ve) =

( )=

(ui+vj)
—(0+54) =
—(0+14) =17
—(0+65)=6
(0+30) =18
(=2+54)=—17
—(—2+65) =
(—2+19) =53
(—2+49)=2
(—2+47) =44
(—2+430) =62
(0+68) =
—(0+49) =56
—(0+47)=12
(0+30) =38
—(—10+54) =30
—(—10+14) = 105
—(—10+65)=3
(=10419) =39
—(—10+47) =14

—(—29+54) =75
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21. d52—C52—(u5 —|—V2) (—29+14) =117

22. ds3 = c53 — (u5 +V3) =90— ( 29+65) =54

23. dsq4 = c54 — (u5 +V4) =30— ( 29+ 19) 40

24. dsg = c56 — (us+vg) =58 — (=29 +47) =40

25. ds7 =c57— (M5 + V7) =68 — ( 29+ 30) 67

26. dg1 = co1 — (1g+v1) =0 — (—65+54) = 11

27. dgp = cep — (M6+V2) =0-— ( 65+14) =51

28. dgs = ces — (M6 + V4) 0— ( 65+ ]9) 46

29. dgs = ce5 — (u6 + V5) 0— ( 65 —|—49) =16

30. dgg = ce6 — (u6 + V6) 0— ( 65 —|-47) =18

31. dgy = ce7— (g +v7) = 0— (—65+30) = 35

Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon || Supply u;
Delhi 116[62] 31[17] 71[6] 19(300) | 49(100) | 47(800) | 48[18] 1200 uy =0
Mumbai 35[-17] 12(900) 108[45] 70[53] 49[2] 89[44] 90[62] 900 Uy = -2
Chandigarh | 54(550) 14(30) 65(d) 19(320) | 105[56] | 59[12] 68[38] 900 u3 =0
Hydrabad 74[30] 109[105] 58[3] 48[39] | 39(100) | 51[14] | 20(700) 800 | us=-10
Ahmedabad | 100[75] | 102[117] 90[54] 30[40] | 20(700) | 58[40] 68[67] 700 | us =-29
Sdummy O[11] 0[51] 0(1250) 0[16] 0[18] 0[35] 0[38] 1250 | ug = —65
Demand 550 930 1250 620 900 800 700
vy =54 =14 =65 vs =19 =49 | v¢=47 | v;=30

3. We select the minimum negative value from all opportunity cost (d;;) = d21 =

Table 16: Opportunity Cost

and draw a closed path from MumbaiH onkong.
Closed path is MumbaiH onkong — MumbaiSydney — ChandigarhSydney — ChandigarhH onkong
Closed path and plus/minus sign allocation. 4. Minimum allocated value among all neg-

-17]

Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon || Supply u;
Delhi 116[62] 31[17] 71[6] 19(300) | 49(100) | 47(800) | 48[18] 1200 u =0
Mumbai | 35[-17](+) | 12(900)(-) 108[45] 70[53] 49[12] 89[44] | 90[62] 900 up =—2
Chandigarh | 54(550)(-) | 14(30)(+) 65(d) 19(320) | 105[56] | 59[12] | 68[38] 900 uz3 =0
Hydrabad 74[30] 109[105] 58[3] 48[39] | 39(100) | 51[14] | 20(700) 800 | us=-10
Ahmedabad | 100[75] 102[117] 90[54] 30[40] | 20(700) | 58[40] | 68[67] 700 | us=-29
Sdummy 0[11] 0[51] 0(1250) 0[16] 0[18] 0[35] 0[38] 1250 | ug = —65
Demand 550 930 1250 620 900 800 700
v =54 vy =14 =65 vy =19 =49 =47 | v7=30

Table 17: Sign Allocation

ative position (-) on closed path = 550
Substract 550 from all (-) and Add it to all (+) 5. Iteration-2 of the optimality test
1. Find u; and v; for all occupied cells(i, j), where ¢;j = u; +v;

1. Substituting, u3

=0, we get
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Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply
Delhi 116 31 71 19(300) | 49(100) | 47(800) 48 1200
Mumbai 35(550) | 12(350) 108 70 49 89 90 900
Chandigarh 54 14(580) 65(d) 19(320) 105 59 68 900
Hydrabad 74 109 58 48 39(100) 51 20(700) 800
Ahmedabad 100 102 90 30 20(700) 58 68 700
Sdummy 0 0 0(1250) 0 0 0 0 1250
[ Demand [ 550 [ 930 [ 1250 [ 620 [ 900 | 800 [ 700 |
Table 18: Closed Path
2. cu=ur+va=va=cia—u1 =>4 =19-0=1v=19
3.cu=us+w=u3=c3u—v4=>u3=19—-19=u3 =0
4. cxn=uz+v=>v=cp—u3=>wn=14—-0=v,=14
5. cp=ustvi=umw=cpn—v=u=12—42=u3;=-2
6. 1 =ugtvi=vi=cy—u=vi=35+2=v,=-37
7. c3=uz+vag=>v3i=c33—u3=>v3=65—0=v3 =065
8. ce3=U1 +Vv4=ug=ce3—v3 =g =0—65= ug = —65
9. cis5=u1+vs=vs=cis—u; = v5 =49 —-0=v5 =49
10. cys =us+vs = us =c45—vs =>4 =39—-49 = uy = —10
11. co7=ugs+vi=vy=ca47—ug = v; =204+10=v; =30
12. ¢55 = us+vs = us = c55 —vs = us = 20 —49 = us = —29
13. cig =u1+veg = veg=clg—uy = vg =47 —0=vg =47
Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon || Supply u;
Delhi 116 31 71 19(300) | 49(100) | 47(800) 48 1200 uy =0
Mumbai 35(550) | 12(350) 108 70 49 89 90 900 uy = —2
Chandigarh 54 14(580) 65(d) 19(320) 105 59 68 900 u3 =0
Hydrabad 74 109 58 48 39(100) 51 20(700) 800 | us=-10
Ahmedabad 100 102 90 30 20(700) 58 68 700 | us =-29
Sdummy 0 0 0(1250) 0 0 0 0 1250 | ug= —65
Demand 550 930 1250 620 900 800 700
Vj vy =37 v, =14 v3 =65 vy=19 | vs=49 | v¢=47 | v;=30

Table 19: Closed Path
2. Find d;; for all unoccupied cells(i,j), were d;; = ¢;j — (u; +v;)

1. diy =ci1— (uy+v) =116 —(0+37) =79

1
2. dip=cia—(u1+v2)=31-(0+14) =17
7

3. diz=cy1—(u;+v3 1—(0+65):6

(
(

)
)
)
4. dy7=c17— (u1+v7) =48 —(0+30) =18




5. dyy=c33—(up+v3) =108 — (=2+65) =45

6. dyg=coa— (up+v4) =70—(—2+19) =53

7. dys =co5— (up+vs) =49 — (=2+49) =2

8. dys =cr6— (up+ve) =89 —(—2+47) =44

9. dyy = 27— (uz +v7) =90 — (—2+30) = 62
10. d31 =c31 — (us+vy) =54—(04+37) =17
11. d35 =c35 — (uz+vs) = 105 — (0+49) =56
12. d3g =36 — (uzs+vg) =59 — (0+47) =12
13. d37 =c37— (u3 +v7) = 68— (0+30) =38
14. dyy = cq1 — (us+v1) = 74— (—10+37) = 30
1S. dgp = cao — (ug +v2) = 109 — (=10 + 14) = 105
16. diz =c33— (ug+v3) =58 —(—10+65) =3
17. dys = cas— (g +vs) = 48 — (—10+19) = 39
18. dye = ca6 — (us +ve) =51 —(—10+47) = 14
19. ds; = cs1 — (us +v;) = 100 — (—29+37) = 92
20. dsy = csp — (5 +v2) = 102 — (—29+ 14) = 117
21. ds3 =cs53— (us+v3) =90 — (=29 +65) = 54
22. dsy = 54— (s +va) = 30 — (—29 + 19) = 40
23. dsg = cs6— (s + vg) = 58 — (—29 +47) = 40
24. dsy = 57— (s +v7) = 68 — (—29 4 30) = 67
25. dg1 = ce1 — (ug+v1) =0—(—65+37) =28
26. dgy =cer — (ug+v2) =0—(—65+14) =
27. dgs = cos — (g +va) =0 — (—65+19) = 46
28. dgs = ces — (g +vs) = 0— (—65+49) = 16
29. dgs = co6 — (g +v6) = 0— (—65+47) = 18
30. dy = c7 — (g +v7) = 0— (—65 +30) = 35

Since all d;; = 0.
So Final optimal solution is arrived.
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Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon | Supply u;
Delhi 116[79] 31[17] 71[6] 19(300) | 49(100) | 47(800) | 48[18] 1200 uy =0
Mumbai 35(550) 12(350) 108[45] 70[53] 49[2] 89[44] 90[62] 900 Uy =—2
Chandigarh 54[17] 14(580) 65(d) 19(320) | 105[56] | 59[12] 68[38] 900 u3 =0
Hydrabad 74[47] 109[105] 58[3] 48[39] | 39(100) | 51[14] | 20(700) 800 | us=-10
Ahmedabad | 100[92] | 102[117] 90[54] 30[40] | 20(700) | 58[40] 68[67] 700 | us =-29
Sdummy 0[28] 0[51] 0(1250) 0[46] | O[16] 0[18] 00351 1250 | ug=—65
Demand 550 930 1250 620 900 800 700
v vy =37 vy =14 vz = 65 va=19 | vs=49 | v¢=47 | vy =30
Table 20: Optimal Solution
Hongkong | Sydney | Amsterdam | Moscow | Toronto | Bangkok | Lisbon || Supply
Delhi 116 31 71 19(300) | 49(100) | 47(800) 48 1200
Mumbai 35(550) | 12(350) 108 70 49 89 90 900
Chandigarh 54 14(580) 65(d) 19(320) 105 59 68 900
Hydrabad 74 109 58 48 39(100) 51 20(700) 800
Ahmedabad 100 102 90 30 20(700) 58 68 700
Sdummy 0 0 0(1250) 0 0 0 0 1250
\ Demand \ 550 \ 930 \ 1250 620 \ 900 \ 800 700 H

Table 21: Final Optimal Solution

The minimum total transportation cost

= 19*300+49*100+47*800+35*550+12*350+14*580+19%3204+39*100+20*700+0*1250=117750
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3.1.1 Python Pseudo code is Given Below:

a = [[3,1,7,4]),;[2:6,5,%]),[8,3,3,2] ]\V\cost mabrix
5 = B, 8, 58 |\ supply matrix

d = [258,3158, 480, 288 | \demand malrix

n = 3 no of sources with supply

m = 4y no of destinations with demands
Cost = @\\{ost variable
o= a.copy()
c = [|@& for x in range(n)] for y in range(m) |'\\matrix with columns as supply amd rows as demand
for L in :

tor

det vogel{a,r,c,s,d,n
rowcoldiff{a, r,c,5,
rowcoldiff{a,r,c,s

%
£
=
4
2
<
[
e
®
il

‘Whifunction rowcoldif®

PFF(r[i]) )/ fupdating the row diff matrix
(el ]) )/ fupdating the colummn diff matrix

maximun value of row differences
maximun walue of column differences

wling the i ®
min valwe of e row( kit
s S imdin e Column index of k1
2)4d ng supply and demand of the cell and fullfing the demand
slkl=s[k]-d[k2]/¢ uvpating the swpply
COSt = Cost + k1*d|k2]s ng the cost

d[ k2 ]=2/ fupdat
For 1 in ramge :
rli).remove(r[i][k2])// removing the column from r matrix after fulfilling its demamd
ovimg column from ¢ matrix

oving the fullfilled demand

e size of matrix simce 2 column is removed

[ d[k2]-s[k]//updating t
cost = cost + kl*s|k]/fupdat
s[k]=2/fupdating completed Supply
for 1 in ramgedm):

cli].remove{c[L][k] )}/ removinng the row from ¢ matrix
roremove{ e k] )/ fremoving row from r matrix
pove{ s k] )/ fremoving completed supply
m=n-1//changing the size ofmabrix simce 2 row is remowved

all the supply is over in that row

Figure 11: Pseudo code
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k = cd.imdex{l2)lcolumn Dndex

k1 = min{c[k])

k2 = k). index{kl}

if g[k2] »= d[k]:
s|k2]=s[k2]-d[k]
cost = cost + kl*d[k]
dlk]=2
for L in range{n):
rli].remove(r[i][k])
coremove{c[k])

d.oremove{d[k]}
m=m-

elae:
dlk]=d[k]-s[k2]
oSt = Cost + kl*sfk2]
s[k2)=8

for L in range{m):

k = min{r[@])/fonly one row is left
kl = r[@].i {kjlcolumnindex/ fFfinding the slement in the cell
k2 = @&/ /only one row is left so all cells in all columns has same row waloes
if s[8] »= d[kl]:
s[@)=s[@]-a[k1]
cost = cost + k*d[k2)
dik2]-8
for 1 in range{n):
Fli]remowe (L] k1))
coremovedc[k1])
d.remove{d[k1])
m=m-1

Figure 12: Pseudo Code

4 Chapter 4

4.1 Case2: Crew Assignment

We must identify an assigned task of the requisite technical crew members to these flight
usefulness after generating all valid flight services cover at least once each flight seg-
ment. Each planned flight segment has an appropriate technical crew to run it. This plan
aims to find a possible low-cost assignment such that assigns each crew to flights with
the lowest possible cost.

Operations Research has aided the aviation sector in transforming itself in order to com-
pete effectively in the marketplace and meet the complicated expectations of customers.
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The usage of the Hungarian Assignment issue for crew assignments on Air India and
Indigo flights is highlighted in the article.

Our goal is to provide readers with valuable insights into the portion of the aviation
business that effectively employs Operations Research methodology to reduce costs,
increase revenues, and improve the efficiency of the airline sector. We’ll discuss a few
industry issues and then explain and cite the solution that’s frequently employed to profit
on these opportunistic opportunities.

We also want to broaden your horizons by covering a real-world, practical problem, the
Air Crew Assignment Problem, and how to solve it using a simple solution technique
called the Hungarian Method to save time and costs while increasing profits. This would
allow a logical and factual understanding of the OR method employed in flying.

The aircrew assignment problem is a subproblem of the airline crew scheduling prob-
lem. The purpose of the crew assignment problem is to figure out the most efficient way
to assign crew members to a set of crew pairs.

For any airline, air crew management is a critical duty. Flights should be arranged to
maximise both cost and time efficiency. To address the crew assignment problem for
AIRINDIA Airlines, we employed Harold Kuhn’s Hungarian Assignment technique,
which he invented in 1955.

The to-and-fro timetable for flights between Delhi and Mumbai is displayed in the table
below. We’ve anticipated that the crew will be given at least 6 hours of layover time (rest
time). The flight numbers have been changed to make it easier for readers to understand.

4.2 Crew Assignment Problem

Delhi-Mumbai Mumbai-Delhi
Flight No Departure Arrival Flight No Departure Arrival
a 06.00 12.00 1 05.30 11.30
b 07.30 13.30 2 09.00 15.00
c 11.30 17.30 3 15.00 21.00
d 19.00 01.00 4 18.30 00.30
e 00.30 06.30 5 00.00 06.00
f 06.30 11.30 6 06.00 11.30
g 08.30 13.00 7 09.30 15.30
h 11.00 17.00 8 15.30 21.00
i 19.30 01.30 9 19.30 00.30
] 12.30 07.30 10 00.30 06.00
Solution:

To select optimal positions, we first calculate layover times from the above table.
Computing values for table 1(layover time)
1" Row
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sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.)
1 12:00 5:30 17.5
2 12:00 09:00 21
3 12:00 15:00 27
4 12:00 18:30 6.5
5 12:00 00:00 12
6 12:00 06:00 18
7 12:00 09:30 21.5
8 12:00 15:30 27.5
9 12:00 19:30 7.5
10 12:00 00:30 12.5
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2nd row

sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.)
1 13:30 5:30 16
2 13:30 09:00 19.5
3 13:30 15:00 25.5
4 13:30 18:30 5
5 13:30 00:00 10.5
6 13:30 06:00 16.5
7 13:30 09:30 20
8 13:30 15:30 26
9 13:30 19:30 6
10 13:30 00:30 11
3rd row
sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.)
1 17:30 5:30 12
2 17:30 09:00 15.5
3 17:30 15:00 21.5
4 17:30 18:30 25
5 17:30 00:00 6.5
6 17:30 06:00 12.5
7 17:30 09:30 16
8 17:30 15:30 22
9 17:30 19:30 26
10 17:30 00:30 7
4th row
sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.)
1 01:00 5:30 4.5
2 01:00 09:00 8
3 01:00 15:00 14
4 01:00 18:30 17.5
5 01:00 00:00 23
6 01:00 06:00 5
7 01:00 09:30 8.5
8 01:00 15:30 14.5
9 01:00 19:30 18.5
10 01:00 00:30 23.5
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5th row

sections | A.Time(Mumbai) \ D.time(Mumbai) \ Resting time(diff.) \
1 06:30 5:30 23
2 06:30 09:00 26.5
3 06:30 15:00 8.5
4 06:30 18:30 12
5 06:30 00:00 17.5
6 06:30 06:00 23.5
7 06:30 09:30 27
8 06:30 15:30 9
9 06:30 19:30 13
10 06:30 00:30 18

6th row

sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.)
1 11:30 5:30 18
2 11:30 09:00 21.5
3 11:30 15:00 27.5
4 11:30 18:30 7
5 11:30 00:00 12.5
6 11:30 06:00 18.5
7 11:30 09:30 22
8 11:30 15:30 28
9 11:30 19:30 8
10 11:30 00:30 13

7th row

sections | A.Time(Mumbai) \ D.time(Mumbai) \ Resting time(diff.) ‘
1 13:00 5:30 16.5
2 13:00 09:00 20
3 13:00 15:00 26
4 13:00 18:30 5.5
5 13:00 00:00 11
6 13:00 06:00 17
7 13:00 09:30 20.5
8 13:00 15:30 26.5
9 13:00 19:30 6.5
10 13:00 00:30 11.5
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8th row

sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.)
1 17:00 5:30 12.5
2 17:00 09:00 16
3 17:00 15:00 22
4 17:00 18:30 25.5
5 17:00 00:00 7
6 17:00 06:00 13
7 17:00 09:30 16.5
8 17:00 15:30 22.5
9 17:00 19:30 26.5
10 17:00 00:30 7.5

9th row

sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.)
1 01:30 5:30 28
2 01:30 09:00 7.5
3 01:30 15:00 13.5
4 01:30 18:30 17
5 01:30 00:00 22.5
6 01:30 06:00 4.5
7 01:30 09:30 8
8 01:30 15:30 14
9 01:30 19:30 18
10 01:30 00:30 23

10th row

sections | A.Time(Mumbai) \ D.time(Mumbai) \ Resting time(diff.) ‘
1 07:30 5:30 22
2 07:30 09:00 25.5
3 07:30 15:00 7.5
4 07:30 18:30 11
5 07:30 00:00 16.5
6 07:30 06:00 22.5
7 07:30 09:30 26
8 07:30 15:30 8
9 07:30 19:30 12
10 07:30 00:30 17
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1 2 3 4 5 6 7 8 9 10
a 17.5 21 27 6.5 12 18 215 | 27.5 7.5 12.5
b 16 19.5 | 25.5 5 10.5 | 16.5 20 26 6 11
[ 12 15.5 | 21.5 25 6.5 125 16 22 26 7
d 4.5 1 14 17.5 23 5 8.5 145 | 185 | 235
e 23 26.5 8.5 12 17.5 | 23.5 27 9 13 18
f 18 215 | 275 7 125 | 185 22 28 =] 13
g 16.5 20 26 5.5 11 17 205 | 26.5 6.5 11.5
h 12.5 16 22 25.5 7 13 16.5 | 225 | 265 7.5
i 28 7.5 13.5 17 22,5 4.5 ] 14 18 23
] 22 25.5 7.5 11 16,5 | 22.5 26 8 12 17

Calculating values for table 2 (layover time)

1st Column
sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.) |
1 11:30 06:00 18.5
2 15:00 06:00 15
3 21:00 06:00 9
4 00:30 06:00 5.5
5 06:00 06:00 24
6 11:30 06:00 18.5
7 15:30 06:00 14.5
8 21:00 06:00 9
9 00:30 06:00 5.5
10 06:00 06:00 24
2nd Column
sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.)
1 11:30 07:30 20
2 15:00 07:30 16.5
3 21:00 07:30 10.5
4 00:30 07:30 7
5 06:00 07:30 25.5
6 11:30 07:30 20
7 15:30 07:30 16
8 21:00 07:30 10.5
9 00:30 07:30 7
10 06:00 07:30 25.5
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3rd Column
sections | A.Time(Mumbai) \ D.time(Mumbai) \ Resting time(diff.) \
1 11:30 11:30 24
2 15:00 11:30 20.5
3 21:00 11:30 14.5
4 00:30 11:30 11
5 06:00 11:30 5.5
6 11:30 11:30 24
7 15:30 11:30 20
8 21:00 11:30 14.5
9 00:30 11:30 11
10 06:00 11:30 5.5
4th Column
sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.)
1 11:30 19:00 7.5
2 15:00 19:00 28
3 21:00 19:00 22
4 00:30 19:00 18.5
5 06:00 19:00 13
6 11:30 19:00 7.5
7 15:30 19:00 27.5
8 21:00 19:00 22
9 00:30 19:00 18.5
10 06:00 19:00 13
5th Column
sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.)
1 11:30 00:30 13
2 15:00 00:30 9.5
3 21:00 00:30 27.5
4 00:30 00:30 24
5 06:00 00:30 18.5
6 11:30 00:30 13
7 15:30 00:30 9
8 21:00 00:30 27.5
9 00:30 00:30 24
10 06:00 00:30 18.5
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6th Column

sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.)
1 11:30 06:30 19
2 15:00 06:30 15.5
3 21:00 06:30 9.5
4 00:30 06:30 6
5 06:00 06:30 24.5
6 11:30 06:30 19
7 15:30 06:30 15
8 21:00 06:30 9.5
9 00:30 06:30 6
10 06:00 06:30 24.5

7th Column

sections | A.Time(Mumbai) \ D.time(Mumbai) \ Resting time(diff.) ‘
1 11:30 08:30 21
2 15:00 08:30 17.5
3 21:00 08:30 11.5
4 00:30 08:30 8
5 06:00 08:30 26.5
6 11:30 08:30 21
7 15:30 08:30 17
8 21:00 08:30 11.5
9 00:30 08:30 8
10 06:00 08:30 26.5

8th Column

sections | A.Time(Mumbai) \ D.time(Mumbai) \ Resting time(diff.) ‘
1 11:30 11:00 23.5
2 15:00 11:00 20
3 21:00 11:00 14
4 00:30 11:00 10.5
5 06:00 11:00 5
6 11:30 11:00 23.5
7 15:30 11:00 19.5
8 21:00 11:00 14
9 00:30 11:00 10.5
10 06:00 11:00 5
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9th Column
sections | A.Time(Mumbai) \ D.time(Mumbai) \ Resting time(diff.) \
1 11:30 19:30 8
2 15:00 19:30 4.5
3 21:00 19:30 22.5
4 00:30 19:30 19
5 06:00 19:30 13.5
6 11:30 19:30 8
7 15:30 19:30 28
8 21:00 19:30 22.5
9 00:30 19:30 19
10 06:00 19:30 13.5
10th Column
sections | A.Time(Mumbai) | D.time(Mumbai) | Resting time(diff.)
1 11:30 12:30 25
2 15:00 12:30 21.5
3 21:00 12:30 15.5
4 00:30 12:30 12
5 06:00 12:30 6.5
6 11:30 12:30 25
7 15:30 12:30 21
8 21:00 12:30 15.5
9 00:30 12:30 12
10 06:00 12:30 6.5
Table-2:Crew Based at Mumbai airport
1 2 3 4 5 6 7 8 9 10
b 20 16.5 10.5 7 25.5 20 16 10.5 7 25.5
C 24 20.5 14.5 11 5.5 24 20 14.5 11 5.5
d 7.5 28 22 18.5 13 7.5 27.5 22 18.5 13
e 13 9.5 27.5 24 18.5 13 S 27.5 24 18.5
f 15 15.5 9.5 5} 24.5 15 15 9.5 5} 24.5
g 21 17.5 11.5 a2 26.5 21 17 11.5 g 26.5
h 23.5 20 14 10.5 5 23.5 15.5 14 10.5 5
i g 4.5 22.5 15 13.5 g 28 22.5 15 13.5
i 25 21.5 15.5 12 6.5 25 21 15.5 12 6.5
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The combined layover time matrix (Table-3) is created by selecting the smallest ele-
ment from the 2 matched elements in Table-2. The Crew is Based in Mumbai if the (*)
present; else, The Crew is Based in Delhi.

Table-3

1 2 3 4 5 (3] 7 8 9 10
a 17.5 15% 9* 5.5% 12 18 14.5% 9* 5.9% 12.5
b 16 16.5* | 10.5* 5 10.5 16.5 16% 10.5* 7] 11
C 12 15.5 14.5* 11* 5.5% 12.5 16 14.5* 11* 5.5%
d 4.5 8 14 17.5 13% 5 8.5 14.5 18.5* 13*
e 13# 9.5% 8.5 12 17.5 13# 9* 9 13 18
f 18 15.5% 9.5% 6* 12.5 18.5 15% 9.5% 6% 13

g 16.5 | 15.5* | 11.5* 5.5 11 17 17* 11.5* 6.5 11.5

h 12.5 16 14% 10.5* 5* 13 16.5 14* | 10.5* 5*
i a* 4.5% 13.5 17 13.5* 4.5 8 14 13 13.5*
j 22 21.5* 7.5 11 6.5* 225 217 8 12* 6.5*

now the above problem simply solvre by Hungarian Method.
Step-1: Locate the least element in each row subtract it

1 2 3 4 5 6 7 8 9 10
a 12 9.5 3.5 0 6.5 12.5 9 3.5 0 7 (-5.5)
b 11 11.5 5.5 0 5.5 11.5 11 5.5 1 6 (-5)
[ 6.5 10 g 5.5 0 7 10.5 £l 5.5 0 (-5.5)
d 0 a5 9.5 13 8.5 0.5 4 10 14 8.5 (-4.5)
e 4.5 1 0 3.5 9 4.5 0.5 0.5 4.5 9.5 (-8.5)
f 12 9.5 3.5 0 6.5 12.5 El 3.5 0 7 (-8)
g 11 12 6 0 5.5 11.5 11.5 6 1 6 (-5.5)
h 7.5 11 9 5.5 0 8 11.5 S 5.5 0 (-5)
i 3.5 0 9 12.5 9 0 3.5 9.5 13.5 £l (-4.5)
j 15.5 15 1 4.5 0 16 14.5 1.5 5.5 0 (-6.5)

Step-2: Locate the least element in each column subtract it
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1 2 2 a 5 6 7 8 9 10
a 12 9.5 | 35 0 65 | 125 | 85 3 0 7
b 1 | 115 | 55 0 55 | 115 | 105 5 1 6
c 6.5 10 9 5.5 0 7 10 85 | 55 0
d 0 3.5 | 95 13 85 | 05 | 35 | 9.5 14 8.5
e 4.5 1 0 3.5 9 4.5 0 0 45 | 95
f 12 9.5 | 35 0 65 | 125 | 85 3 0 7
g 1 12 6 0 55 | 115 | 11 5.5 1 6
h 7.5 1 9 5.5 0 8 1 85 | 55 0
i 3.5 0 E 12.5 E 0 3 9 13.5 9
i 155 | 15 1 4.5 0 16 14 1 5.5 0
0 | 0 | (0 | (0 | 0 | (0 |({03) (03| (0 | (9

Step-3: With the fewest number of lines possible, cover all zeros. Determine the small-
est number of lines necessary to cover all of the zeros in the matrix. Because the number
of lines required to cover all zeros is fewer than the size of the matrix (10), go to step 4.

1 2 3 4 5 6 7 8 9 10
a 1p 9.5 35 6|5 12.5 8.5 3 v
b 1l 11.5 5.5 5|5 11.5 10.5 5 L ]
[ 6.5 10 g 55 7 10 8.5 515 D
d a 3.5 9.5 18 8(5 0.5 3.5 9.5 il &5
e a4k 1 o 25 g 45 o o 4ls gls v
f 12 9.5 3.5 Q 6{5 12.5 8.5 3 v
g 11 12 6 a 5{5 11.5 11 5.5 1 b
h 7.6 11 E] 565 8 11 8.5 55 D
i EB U =) ] 3 U = = 130 =] v
j 15{5 15 1 4.F 16 14 1 5[5 F
v \./I v \/I vlf

Step-4: Increase the number of zeros. Select the smallest element among the cells not
covered by any line (say k=0.5) to create the revised table. Subtract k=0.5 from every
element not covered by a line in the cell. In the intersection cell of two lines, multiply
each element by 0.5.
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1 2 3 4 5 6 7 8 9 10
a 12 9 3 0 6.5 12 9 2.5 0 7
b 11 11 5 0 5.5 11 10 4.5 1 6
c 6.3 9.5 8.3 3.5 0 7 9.3 8 3.0 0
d 0 3 9 13 8.5 0.5 3 9 14 8.5
e 5 1 0 4 9.5 4.5 0 0 5 10
f 12 9 3 0 6.5 12.5 g 2.5 0 7
g 11 11.5 5.5 0 5.5 11.5 10.5 5 1 6
h 7.5 10.5 8.5 5.5 0 2 10.5 2 5.5 0
i 4 0 9 13 9.5 0 3 9 14 9.5
i 15.5 14.5 0.5 4.5 0 16 13.5 0.5 5.5 0

Step-3: Cover all zeros with a minimum number of lines Determine the minimum num-
ber of lines, required to cover all zeros in the matrix. There are 7 lines required to cover
all zeros, which is less than size of matrix (10), so go to step-4

1 2 3 4 5 6 7 8 9 10
a 12 9 3 p 6.5 12 9 2.5 D 7
b 11 11 5 p 30 11 10 4.5 L g
c 6.5 9.5 8.5 3.5 a 7 9.5 8 35 q
d £ 3 5 3 ooy 5 3 5 4 &5 v
e 5 T 15 & == &5 & & b + v
f 12 9 3 D 6.p 12.5 g 2.5 i 7
g 11 11.5 5.5 D 5.p 11.5 10.5 5 L g
h 7.5 10.5 8.5 8.5 Qg 2 10.5 2 515 q
i 4 o g 3 9.5 o 3 9 | 9.5 v
i 15.5 14.5 0.5 4.5 a 16 13.5 0.5 S35 0

Step-4: Create additional zeros, Develop the revised table by selecting the smallest el-
ement, among the cells not covered by any line (say k=0.5) Subtract k=0.5 from every
element in the cell not covered by a line. Add k=0.5 to every element in the intersection
cell of two lines.
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1 2 3 4 5 6 7 8 9 10
a 11.5 8.5 2.5 0 6.5 11.5 7.5 2 0 7
b 10.5 10.5 4.5 0 5.5 10.5 9.5 4 1 6
c 6 9 8 5.5 0 6 9 7.5 3.3 0
d 0 3 9 13.5 9 0 3 9 14.5 9
e 5 1 0 4.5 10 4.5 0 0 3.3 10.5
f 11.5 8.5 2.5 0 6.5 11.5 7.5 2 0 7
g 10.5 11 5 0 5.5 10.5 10 4.5 1 6
h 7 10 2 5.5 0 7 10 7.5 5.5 0
i 4 0 9 13.5 10 0 3 9 14.5 10
] 15 14 0 4.5 0 15 13 0 3.5 0

Step-3: With the fewest number of lines possible, cover all zeros. Calculate the smallest
number of lines needed to cover all of the zeros in the matrix. To cover all zeros, nine
lines are necessary, which is fewer than the size of the matrix (10); thus, go to step-4.

1 2 3 4 5 6 7 8 9 10
a 9.5 6.5 0.p i 6.9 9.5 5.p
b 8.5 8.5 2.p i 5.5 8.5 7.5 3 ] f
[ 4 7 6 55 0 4 7l 5[5 515
d & 3 155 £z B 3 4 1685 4 =
e 5 1 0| 6.5 12 4.5 0| q 745 12,5
f 9.5 6.5 0.5 a 6.3 9.3 5.5 0 a A
g 8.5 9 3 i 5.9 8.5 8| 25 1 i
h 5 8 6 55 0 5 8| 55 5.5 i
i 4 o gl 15lg 12 o 2 g 165 1 -
i 15 14 0 6.5 2 15 13 { 7 IS 2

v v v v v v v

Step-4: Increase the number of zeros. Select the minor element among the cells not
covered by any line (say k=1) to create the revised table. Subtract k=1 from every ele-
ment not covered by a line in the cell. Every element in the intersection cell of two lines
should have k=1.




43

1 2 3 4 5 6 7 8 9 10
a 8.5 5.5 0.5 0 6.5 8.5 5.5 0 0 7
b 7.5 7.5 2.5 0 5.5 7.5 7.5 2 1 6
[= 3 =] 6 5.5 0 3 7 3.5 3.5 0
d 0 3 10 16.5 12 0 4 10 17.5 12
e 4 0 0 6.5 12 3.5 ] 0 7.5 12.5
f 8.5 5.5 0.5 0 6.5 8.5 5.5 0 0 7
g 7.5 2 3 0 5.5 7.5 g 2.5 1 6
h 4 7 6 5.5 0 4 a 5.5 5.5 0
i 4 0 10 16.5 13 0 4 10 17.5 13
i 14 13 0 6.5 2 14 13 0 7.5 2

Step-3: Cover all zeros using the fewest number of lines feasible. Calculate the fewest
number of lines required to cover all of the matrix’s zeros. Proceed to step 4 because the
number of lines required to cover all zeros is less than the size of the matrix (10).

1 2 3 4 5 6 7 8 9 10
a 8.3 5.5 0.5 6.p 8.3 5.5 D D F
b 7.5 7.3 25 5.p 7.3 7.3 ] L 1]
[ 3 6 i 545 o 3 7 5,5 3.5 [
d B 3 =" 1685 = B 4 ! H-5 12 v
e % 5 u ;7% 132 3T & EiT p v v
f 8.5 5.3 0p E 6.5 8.3 5.5 i F
g 7.5 8 3 E 5.5 7.3 8 2{5 L
h 4 7 g 5.5 0 4 8 5{5 515
i L2 o + S 15 i} 7 h 75 Bis) \/
i 14 13 a G.F 2] 14 13 745 f
v v v v v v

Step-4:Cover all zeros using the fewest number of lines feasible. Calculate the fewest
number of lines required to cover all of the matrix’s zeros. Proceed to step 4 because the
number of lines required to cover all zeros is less than the size of the matrix (10).
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1 2 3 4 5 6 7 8 9 10
a 5.5 2.5 0.5 0 6.5 5.5 2.5 0 0 10
b 4.5 4.5 2.5 0 5.5 4.5 4.5 2 1 6
[ 3 3 6 5.5 0 0 4 5.5 5.5 0
d 0 3 13 15.5 15 0 4 13 20.5 15
e 4 ] 3 9.5 15 3.5 0 3 103 | 155
f 5.5 2.5 0.5 0 6.5 5.5 2.5 0 0 7
g 4.5 3 3 0 5.5 4.5 3 2.5 1 6
h 1 4 6 5.5 0 1 5 5.5 5.5 0
i 4 ] 13 15.5 16 0 4 13 20.5 16
i 11 10 0 6.5 2 11 10 0 7.5 2

Step-3:With the fewest number of lines possible, cover all zeros. Calculate the least
number of lines needed to cover all of the zeros in the matrix. Because the number of
lines required to cover all zeros is fewer than the size of the matrix (10), go to step 4.

1 2 3 4 5 6 7 8 a9 10
a 8.5 5.5 4.5 6.5 8.5 5.5 D o] 7
b 7.3 7.5 a5 5.5 7.5 7.5 p L 6
c 3 5] 515 5} 3 7 515 35 5} v
d =) 3 i) Bt g T 5} % g S T v
e % v) o 615 T 35 o ] TZ5 v
f 8.5 5.5 a.s 6.5 8.5 5.5 0 7
g 7.5 2 B 5.5 7.5 a 215 L 6
h % 7 515 L5} % & 515 35 L5} v
i 7% o o 85 13 5] T 1 ITs 13 v
i 14 13 F 6|5 2 14 13 5 2

v v v v

Step-4: Increase the number of zeros. Select the smallest element among the cells not
covered by any line (say k=2) to create the revised table. Subtract k=2 from every ele-
ment not covered by a line in the cell.

To each element in the intersection cell of two lines, multiply by 2.
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1 2 3 4 5 6 7 8 9 10
a 3.5 0.5 0.5 0 4.5 3.5 0.5 0 0 3
b 2.5 2.5 2.5 0 3.5 2.5 2.5 2 1 4
[ 3 3 2 7.5 0 0 4 7.5 7.5 0
d 0 3 15 21.5 15 0 4 15 22.5 15
e 4 ] =1 11.5 15 3.5 0 3 12,53 | 155
f 3.5 0.5 0.5 0 4.5 3.5 0.5 0 0 3
g 2.5 3 3 0 3.5 2.5 3 2.5 1 4
h 1 4 2 7.5 0 1 5 7.5 7.5 0
i 4 ] 15 21.5 16 0 4 15 22.5 16
i =] a 0 6.5 2 =] a8 0 7.5 0

Step-3: With the fewest number of lines possible, cover all zeros. Calculate the least
number of lines needed to cover all of the zeros in the matrix. To cover all zeros, 9 lines
are necessary, which is fewer than the size of the matrix (10), thus go to step-4.

1 2 3 4 5 6 7 8 9 10
a 3.5 0.5 0.5 ol 4.5 3.5 0.5 D 5
b 2.5 2.5 2.5 0 3.5 2.5 2.5 P 1 4
[= 3 3 & LT & =) % 12 747 & v
d & 3 135 T 13 5} % T T 13 v
e 7T o 5 IS 15 35 5} b IZ5 155 v
f 3.5 0.5 0.5 D 4.5 3.5 0.5 o a 3
g 2.5 3 3 D 3.5 2.5 3 A5 1 4
h 1 4 g 5 o 1 g 25 2l o
i 7% o p ] =] It &) % = =] Ei=]
i = B g T & = B 7 &

v v v

Step-4: Increase the number of zeros. Select the smallest element among the cells not
covered by any line (say k=0.5) to create the revised table. Subtract k=0.5 from every
element not covered by a line in the cell. In the intersection cell of two lines, multiply
each element by k=0.5.
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1 2 3 4 5 6 7 8 9 10
a 3 0 0 0 4 3 0 0 0 4.5
b 2 2 2 0 3 2 2 2 1 3.5
[ 0 3 8 ] 0 0 4 8 ] ]
d 0 3 15 22 15 0 4 15.5 23 15
e 4 0 3 12 15 3.3 0 3.5 13 15.5
f 3 0 0 0 4 3 0 0 0 4.5
g 2 2.5 2.5 0 3 2 2.5 2.5 1 3.5
h 1 4 8 2 0 1 5 8 2 0
i 4 0 15 22 16 0 4 15.5 23 16
i 9 2 0 7 0 £l 2 0.5 2 o]

Step-3: With the fewest number of lines possible, cover all zeros. Determine the small-
est number of lines necessary to cover all of the zeros in the matrix.

To cover all zeros, 9 lines are necessary, which is fewer than the size of the matrix (10),
thus go to step-4.

1 2 3 a 5 6 7 8 9 10
a 3 = 8 4 3 = 8 = 45 v
b 2 2 2 b 3 2 2 2 1 3.5
c 5 3 8 3 B o 4 8 8 B »
d 5 3 15 1a 15 5 4l ass 1 a3 15 w
e = = = 5 5 — = == 34551
f 3 = 8 4 3 = B 8 45 v
g 2 25 | 25 3 2 25 | 25 1 3.5
h 3 4 8 8 3 5 8 8 8 v
i o i 15 I & L2 55 3 I "
i 5 g 5 B 5 g 85 8 B w
v

Step-4: Increase the number of zeros. Select the smallest element among the cells not
covered by any line (say k=1) to create the revised table. Subtract k=1 from every ele-
ment not covered by a line in the cell.

Every element in the intersection cell of two lines should have k= 1.
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1 2 3 4 5 6 7 8 9 10
a 3 0 0 1 4 3 0 0 0 4.5
b 1 1 1 0 2 1 1 1 0 2.5
[= 0 3 g 2 0 0 4 8 g 0
d 0 3 15 23 15 0 4 15.5 23 15
e 4 ] 5 13 15 3.5 0 5.5 13 15.5
f 3 0 0 1 4 3 0 0 0 4.5
g 1 1.5 1.5 0 2 1 1.5 1.5 1 2.5
h 1 4 2 =] 0 1 5 a8 2 0
i 4 ] 15 23 16 0 4 15.5 23 16
] g 8 0 8 0 g 8 0.5 8 0

Step-3:With the fewest number of lines possible, cover all zeros. Determine the smallest
number of lines necessary to cover all of the zeros in the matrix.

To cover all zeros, 9 lines are necessary, which is fewer than the size of the matrix (10),
thus go to step-4.

1 2 3 4 5 b 7 8 9 10
a L 4 0 415
b | 1 ] 3 1 1 1 0 2{5
c g -] 4 8 B
d 15 i3] 15 4 135 43 15
e 4 Q 3 13 16 35 Q 55 13 15.5
f 3 Q 0 1 4 3 Q Q i 4/5
g 1 15 155 3 1 15 15 L 25
h 1 4 L 9 a ] 3 g o]
i 4 d 15 28 16 4 155 43 16
i 9 g Q g d 9 g CI.|5 F

v v v v Vv v v v v v

The Optimal assignments are:
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1 [ 2] 3[a]s]e] 7] s8] 9] 10
a | 3] ool 1] a]3]o]m]|o]as
b 1 1 1 0 2 1 1 1 [o] | 2.5
c | o | = g | 9 [tom] o a e ]| =] o
d [fo1 | 3 [ 15|22 15] of a4 [155] 23] 15
e | a ] o] s |[13]15]35]M]|s5] 12155
f | 3 [ 0| 1] 4] 3o o]l olfas
g | 1 | 15] 150 | 2| 1 [15]15] 1 |25
h | 1] a8 ]o]1]s]|s8] s]Ila
i | 4 | o[ 15|22 [0] 4 [155] 23| 16
j 5 | & || & | o] 9| & [o5] 8| o
Optimal solution is:
Work lob Cost
a ] 9
b 9 6
c 5 5.5
d 1 45
e 7 9
f 2 155
g 4 5.5
h 10 5
i 6 4.5
i 3 7.5
Total 72
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4.2.1 Python Pseudo code of Hungarian Algorithm Given Below:

DEFINE CLASS Wertex:
DEFIME FUMCTIOM _ init  (self, key):
SET self.key TO key
SET self.label TO Mone
SET self.neighbors TO set()
SET self.indecent_edges TO set()
SET self.in_left TO MNone
DEFIME FUMCTIOM get edge(self, neighbor):
FOR & IN self.indecent_edges:
IF neighbor IN e.vertices:
RETURN e
RETURN False
DEFIME FUMCTIOM set_label(self, label}:
SET self.label TO label
DEFINE FUNCTION set_in left(self, in_left):
SET self.in_left TO in_left
DEFINE FUNCTION filter_neighbors(self}:
SET new_neighbors TO set()
FOR v IN self.nelghbors:
FOR e IN self.indecent_edges:

IF v EQUALS e.vertices[@] or v EQUALS e.vertices[1]:
new_neighbors.add (v}
break

SET self.neighbors TO new_neighbors
DEFINE CLASS Edge:

DEFINE FUMCTION _ init  (self, vi1, v2, weight=8):
SET self.vertices TO [vi, v2]

SET self.weight TO welght
DEFINE FUNCTION _ eq_ (self, e):

RETURN (self.wvertices EQUALS e.vertices
and self.welght EQUALS e.welght)
DEFINE FUNCTION _ hash__(self):

RETURN hash{(frozenset(self.vertices}, self.weight})
DEFINE CLASS Graph:
DEFIME FUMCTIOM _ init  (self, g=None, negate=False}:
IF g is None:
SET g TO {}
SET self.vertlices TO {}
FOR w1 IN g:
FOR v2 IN g[vi]:|
IF type(g[vi])} is dict:

calFf add edosfvl w2 ol11Tu21  neoates’
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FOR w1 IN g:

FOR w2 IN g[v1]{|

IF type(g[vi]) is dict:
self.add_edge(vl, v2, g[vl][v2], negate)

ELSE:
self.add_edge(vi, v2)

DEFIME FUMCTICOM add_vertex(self, key):
SET self.vertices[key] TO vertex(key)
DEFINE FUMCTION add edge(self, vi, v2, weight=1, negate=False}:
IF v1 not IM self.vertices:
self.add_vertex({vl}
IF v2 not IN self.vertices:
self.add_vertex(v2)
IF negate:
SET & TO Edge(vl, v2, -weight)
ELSE:

SET & TO Edge(vl, v2, weight)
self.vertices[vl].neighbors.add({v2)
self.vertices[v2].neighbors.add(v1)
self.vertices[vl].indecent_edges.add(e}
self.vertices[v2].indecent_edges.add(e)

DEFIME FUMCTIOM is_bipartite(self, start_wvertex):
IF start_vertex is None:

RETURN True
self.clear_labeling()
self.vertices[start_vertex].set label{1)

SET queue TO [start_wvertex]
WHILE queue:

SET v TO queue.pop()

FOR w IN self.vertices[v].nelghbors:

IF self.vertices[w].label is None:
self.vertices[w].set_label(l - self.vertices[v].label)}
queue.append(w}

ELSEIF self.vertices[w].label EQUALS self.wvertices[v].label:
RETURN False

RETURN True
DEFINE FUNCTION make_complete bipartite(self, start_wvertex):
IF start_vertex is None:

RETURN True
self.clear_labeling()
self.generate_feasible labeling(start_vertex)

FOR ¥ IN self.vertices:

IF self.vertices[x].in_left:

FOR v IN self.vertices:

IF (not self.vertices[y].in_left
and ¥ not IN self.vertices[x].neighbors):
self.add_edge(x, vy, @)
self.clear_labeling()
DEFINE FUNCTION feasibly label(self, v):
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DEFINE FUNCTION feasibly label(self, v):
SET _max TO Mone
FOR e IN self.vertices[v].indecent_edges:
IF _max is Mone or e.weight > _max:

SET _max TO e.welght
self.vertices[v].set_label(_max)
self.vertices[v].set_in_left({True}

DEFIME FUMCTIOM generate_feasible_labeling(self, start vertex):
IF start_vertex is None:
RETURMN True
self.feasibly_label(start_wvertex)
SET queue TO [start_wvertex]
WHILE queue:
SET v TO queue.pop()}
FOR w IN self.vertices[v].neighbors:

IF self.vertices[w].label is Mone:

IF self.vertices[v].label EQUALS @:
self.feasibly_label(w}

ELSE:
self.vertices[w].set_label(a)
self.vertices[w].set_in_left(False)

gqueue . append(w)

ELSEIF ((self.vertices[w].label EQUALS @ and self.vertices[v].label EQUALS @) or

(self.vertices[w].label != @ and self.vertices[v].label != @)):
RETURN False
RETURN True
DEFINE FUNCTION clear_label({self, v):
self.vertices[v].set_label({MNone)
DEFIME FUMCTIOM clear_labeling(self}):
FOR v IN self.vertices:
self.vertices[v].set_label({MNone)
DEFINE FUNCTION edge_in_equality subgraph({self, e}:
SET e_endpoints TO list({e.vertices)
IF (self.vertices[e_endpoints[@]].label is Mone or
self.vertices[e_endpoints[1]].1label is Hone):
RETURN False
RETURN e.welght EQUALS (self.vertlces[e_endpolints[@]].label +

self.vertices[e_endpoints[1]].label)
DEFIME FUMCTIOM equality subgraph(self):
SET eq_H TO copy.deepcopy(self)
FOR v IN eq H.vertices:

SET eq_H.vertices[v].ilndecent_edges TO list(filter({
self.edge_in_equality_subgraph,
eq_H.vertices[v].indecent_edges))

eq_H.vertices[v].filter_neighbors()

RETURN eq_H
DEFINE FUMCTIOM generate feasible_labeling( g, start vertex):
IF start_wvertex is mone:
RETIIRKN Trus
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IF start_vertex is Mone:|
RETURN True
_g.feasibly label({start_vertex)
SET queue TO [start_wvertex]
WHILE queue:
SET v TO queue.pop()
FOR w IN _g.vertices[v].nelghbors:
IF _g.vertices[w].label is MNone:
IF _g.vertices[v].label EQUALS @:
_g.feasibly_label({w)}
ELSE:
_g.vertices[w].set_label(@)
queue.append(w)
ELSEIF _g.vertices[w].label EQUALS _g.vertices[v].label:
RETURN False
RETURN True
DEFINE FUNCTION vertex_saturated(v, _m}:
FOR & IN _m:
IF v EQUALS e.vertices[e]:
RETURN e.vertices[1]
ELSEIF v EQUALS e.vertices[1]:
RETURN e.vertices[e]
RETURN False
DEFINE FUNCTION find_matching(_g, matching_type="max"', RETURMN_type="list"}:
SET negate TO False IF matching_type EQUALS 'max’ else True
SET & TO Graph{_g, negate)
SET start_wvertex TO list(G.vertlces.keys(})}[@]
G.make_complete_bipartite(start_vertex)
SET is_bipartite TO G.generate_feasible_labeling(start_wvertex)
IF not 1s_bipartite:
RETURN False
SET eq_G TO G.equality subgraph()
SET M TO set()
FOR x IN eq_G.vertices:
IF eq_G.vertices[x].in_left and not vertex saturated(x, M):
SET max_edge TO Mone
FOR ¥ IN eq_G.vertices[x].neighbors:
IF not vertex_saturated(y, M):
IF max_edge is Mone or eq_G.vertices[x].get_edge(y).weight > max_edge.weight:
SET max_edge TO eq_&G.vertices[x].get edge(y)
IF max_edge is not None:
M. add (max_edge)
SET 5 TO set()
SET T TO set()
SET path_end TO mone
WHILE len(™M) < int(len(eq_G.vertices) / 2):
IF path_end 1s Mone:
FOR ¥ IN eq_gG.vertices:

IF eg_&.vertices[x].in_left and not vertex_saturated(x,
2 add

M} :
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IF eq_G.vertices[x].in_left and not vertex_saturated(x, M}:
S.add(x}
SET path_end TO x
break
SET 5_nbs TO set()
FOR v IN 5:
SET S_nbs TO S_nbs | eg_G.vertices[v].neighbors
IF 5_nbs EQUALS T:
SET alpha TO None
FOR x IN S:
FOR ¥ IN G.vertices.keys() - T:
IF not G.vertices[y].in_left and ¥ IN G.vertices[x].neighbors:
SET new_alpha TO G.vertices[x].label + G.vertices[y].label - G.vertices[x].get_edge(y).weight
SET alpha TO new_alpha IF alpha is Mene or new_alpha < alpha else alpha
IF alpha is not Mene:
FOR u IN S:
SET G.vertices[u].label TO G.vertices[u].label - alpha
FOR v IN T:
SET G.vertices[v].label TO G.vertices[v].label + alpha
SET eq_& TO G.equality subgraph()
SET 5_nbs TO set(}
FOR v IN 5:
SET S_nbs TO S_nbs | eg_g.vertices[v].neighbors
IF 5 _nbs != T:
SET y TO list(s_nbs - T)[&]
SET z TO vertex_saturated(y, M)
IF not z:
T.add(y)
SET y_path_last TO ¥
SET y_path_curr TO ¥
SET matched_nbs TO True
WHILE matched_nbs:
SET matched_nbs TO False
FOR % IN 5 & eg_G.vertices[y_path_curr].neighbors:
SET y_matched_nb TO wvertex_saturated(x, M}
IF y_matched_nb and y_matched_nb != y_path_last:
SET matched_nbs TO True
M.add(eq_&.vertices[y_path_curr].get_edge(x)}
M.remove (eq_G.vertices[x].get_edge(y_matched_nb})
SET y_path_last TO y_path_curr
SET y_path_curr TO y_matched_nb
break
IF not matched_nbs:
M.add({eq_gc.vertices[y_path_curr].get_edge(path_end}}
SET 5 TO set()
SET T TO set()}
SET path_end TO None
ELSE:
S.add(z)

- —aasa
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IF not matched_nbs:
M.add(eq_&G.vertices[y_path_curr].get edge(path_end})
SET 5 TO set()
SET T TO set()
SET path_end TO Mone
ELSE:
s.add(z)]
T.add(y)}
SET edge_multiple TO -1 IF matching_type EQUALS 'min’ else 1
IF RETURN_type EQUALS "list':
RETURN list({map(lambda ele: ({ele.vertices[e], ele.vertices[1]}, edge_multiple * ele.weight), M})
ELSEIF RETURN_type EQUALS "total":
SET total 1O @
FOR & IN M:
SET total TO total + (edge _multiple * e.weight)
RETURN total
# Calling the algorithm
SET _G TO {
'Aann": {"RB": 3, "CAaM': 2, "GK': 1},
"Ben": {"LW": 2, "S": 2, 'CM": 1},
"Cal": {"Cam"': 3, "RW': 2, "SWP": 1},
'Dan": {"s": 3, "LW': 2, 'GK": 1},
"Ela": {"GK": 3, "LW': 2, "F": 1},
"Fae": {"'cM": 3, "GK': 2, "CAaM': 1%,
"Gio": {"GK": 3, "CM': 2, "5": 1},
'Wol®: {°CaMm’: 3, "F': 2, "SWP': 1},
"Ian": {"Ss": 3, "RW": 2, 'RB": 1},
"Jon": {"F": 3, "LW"': 2, 'CB": 1},
"Kay"': {"GK": 3, "RW': 2, "LW': 1, "LB": @}

oUTPUT(find_matching( G, matching type="max', RETURN_type="list"'}} # 1

ouUTPUT(find_matching({_&, matching_type-="max", RETURN_type-="total"}

SET _H TO {
"A'r {"#191': 22, '#122': 14, '#173": 128, '#121': 21, "#128': 4, "#184': 513,
"B': {"#191': 19, "#122": 12, "#173": 172, '#121": 21, "#128": 28, "#184": 43},
"C': {"#191': 161, "#122": 122, "#173": 2, '#121': 5@, "#128": 128, "#184': 39},
'O {"#191': 19, '#122": 22, '#173": 98, '#121': 11, "#128": 28, "#184': 41,
"E': {"#191': 1, "#122": 3@, '#173': 113, "#121': 14, "#128": 28, "#1e4": Ec},
"F': {"#131': 68, '#122": 78, '#173": 178, '#121': 28, '#128': 63, '#184": 184},

1

ouTPUT(find_matching({_H, matching_type-="min", RETURN_type-="list"}} # 3
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5 Chapter 5

5.1 Case3 : Air India-Transporting numerous items in a one plane

The problem consists of a transportation network, as well as a collection of diverse com-
modities, such as cargo goods, passenger classes, and so on, all of which are distin-
guished by their physical characteristics. When different types of goods are transmitted
across the same network,which will benefit the airline business by lowering costs and
increasing revenues, as well as allowing them to transport multiple items at once, short-
ening travel time. This process will take longer if they opt to deliver cargo in one plane
and passengers in different flights.

Let us define the model in following manner. The first is the Indra Gandhi International
Airport in Delhi, and the second is the Chhatrapati Shivaji Maharaj International Airport
in Mumbai. From Delhi to Mumbai, we must transport both cargo goods and passen-
gers.

There are many destinations between Delhi and Mumbai, thus we must choose the quick-
est route between them so that cargo and people are transported in less time, which is
beneficial to the airline sector.Let’s call Indira Gandhi International Airport 1 and Chat-
terpati Shivaji Maharaj International Airport 9 , respectively. and the different notations
used to express different locations between them are as follows:

2 = Jaipur

3 = Kota

4 = Ahemdabad
5 = Indore

6 = Vadodara

7 = Surat

8 = Nasik

Below is the route map with all of the distances between each place for the above prob-
lem.

The main aim is to find the shortest route between Airport 1 and Airport 9 such that the
cost is minimized.

we have assumed distance in hundreds.

5.2 Solution Approach

What if you were given a graph of nodes in which each node is connected to a number
of other nodes at varying distances? What is the shortest path to every other node in the
network if you start from one of the nodes in the graph? Dijkstra’s Algorithm is a simple
algorithm that is used to find the shortest distance, or path, between a beginning node to
a target node in a weighted network. This technique is being used to find the quickest
way between two airports.

Dijkstra’s algorithm is an iterative algorithm that finds the shortest path from a single
beginning node to all other nodes in a graph. This algorithm is used to solve the model,
and the final result is shown below.

analysis matrix
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Figure 13: Air Map

The Shortest Path Is From :

A|/B|C|/D|E|F |G| H]|I
A | O | o0 | o0 | o | o0 | o0 | o | 0| oo
B | 0|5 |2 || ]| o | | c]|ocw
C|l| 0|4 ]2 |o0]| o | o | 11l]| o |o
D|O0O |4 ]2 |7 |11 | o |11 ] o0 | o
E|O0 |4 ]2]|7]9 oo | 11 | o | oo
F |0 |4 ]2 |7]9 |17|11 ] 16|
G|O [ 4|27 |9 |17|11]13 ] o
H|O0 |4 |2 7] 9 |16]| 11 |13 |
| 01412719 16|11 ] 13|

Delhi — Kota — Surat — Nasik — Vadodara — Mumbai
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5.2.1 Python Pseudo code of Dijkstra Algorithm Given Below:

dijkstra algorithm

function stra(matrix,unvsett,shortdistance,node,source)
s = node
print(node)
unvsett.remove(s)//remove current node from unvisited set
print{unvsett)//print unvisited set

for 1 in unvsett:// running the loop in unvisited set
if matrix[s][i] != 8:// checking if s and 1 are connected in the graph
if shortdistance[s]+matrix[s][1] <« matrix[scurce][i] ://if distance from the source(edge length) is greater than distance
(through path from s{current node)
shortdistance[i] = shortdistance[s]+matrix[s][1];//update the shortdistance array with the newly found short distance
elif shortdistance[s]+matrix[s][i] > matrix[scurce][i] & matrix[source][i] == @://if the node i is not connected to the source node
shortdistance[i] = shortdistance[s]+matrix[s][1];//updating shortest distance with only possible path distance
print(shortdistance)
if len{unvsett) > @://checking if unvisited set is empty
k = len{unvsett)

1=28;
for i in range(k):// finding the node with least possible shortdistance from the socurce
if shortdistance[unvsett[1l]] > shortdistance[unvsett[i]] & shortdistance[unvsett[i]] > @:
1=1;
node = unvsett[1l];//the node with least distance from source

stra(matrix,unvsett,shortdistance,node,source);//recalling the function with new updated unvisited set and new current node
if unvisited set is not empty
else:
print(shortdistance);//printing the shortdistance array if all the nodes are visited

Main function

m=[[@, 4, 8, @, @, @, @, 8, 8], //// matrix
[4, 8, 8, @, @, 8, 8, 11, @],
[@, 8, @, 7, &, 4, &, &, 2],
[e, &, 7, @, 9, 14, @, 8, @],
[@, @, @, 9, 8, 18, 8, @, 28],
[e, &, 4, 14, 18, 8, 2, @, 8],
[e, &, @, @, @, 2, @, 1, 6],
[8, 11, @, @, @, @, 1, @, 7],
[e, 8, 2,8, 8,8, 6,7, 8]

IH
u=[@,1,2,3,4,5,6,7,8];//nodes
s = B;//source node
sd = m[s];//edge set of scurce node
stra(m,u,sd,®,8)//function
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6 Chapter 6

6.1 Cased4: Aircraft Maintenance Problem

As their levels of operational performance, complexity, and expense continue to rise,
modern aircraft turbine engines need new and increasingly severe management, opera-
tions, and maintenance difficulties. Repair and overhaul of aircraft gas turbine engines
Repairing and overhauling gas turbine engines, rebuilding gas turbine engines, balanc-
ing components and assemblies, testing and troubleshooting gas turbine engines, and
inspecting gas turbine engine components and assemblies are all jobs for technicians. As
a consequence, depending on business standards, the scope of the analysis may be sepa-
rated into multi-level abilities,all technicians are employed needed to do only a subset of
the duties stated in the analysis.

This aviation engine specialist’s responsibilities include troubleshooting and inspecting
gas turbine engine components and assemblies. This can entail dismantling and rebuild-
ing engines, as well as balancing components in these complex, contemporary engines.
Engine overhauls are carried out in specialised shops where engines are dismantled, is-
sues are detected, and engine components are cleaned, repaired, or rebuilt. The engine is
then reassembled and tested.

The tolerances and performance standards for aviation gas turbine engines are extremely
tight, necessitating the use of highly qualified experts with excellent mechanical skills.
Workers in this position must be able to decipher technical texts and drawings. Materi-
als management data bases have been built in engine repair facilities, and keyboarding
abilities are becoming increasingly crucial.

Any maintenance job entails a variety of tasks.In this case,A model of aircraft main-
tenance is built, which aids in the prioritization of the most important aircraft mainte-
nance activity. Here, actions are represented by nodes in a network. The activities and
their durations are presented inside the node when showing activities on an Activity-On-
Node or CPM network.The network “critical route,” which consists of the sequence of
project operations that determines the lowest necessary project time, is computed using
the CPM approach.

Consequently.

All of the duration are in the project outlined in Table 1
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tableThe activity time in the aircraft gas turbine engine repair/overhaul operations net-

work
No.|Code Activity Description Precedence Activity Activity time
1 A Check stand by pump - Around 32 man-hours
2 B Calibrate all ganges A Around 80 man-hours
3 C | Dismantle pump cover and remove rotor A Around 8 man-hours
4 D |Dismantle Turbine cover and remove rotor A Around 16 man-hours
5 E Clean all ganges and line B Around 32 man-hours
6 F Replace ganges E Around 16 man-hours
7 G Repair lubrication system C Around 28 and 40 man-hours
8 H Rebuild impeller C Around 256 and 352 man-hours
9 I Clear pump casting C Around 32 man-hours
10 J Fix pump bearings G Around 16 man-hours
11 | K balance impeller H Around 32 man-hours
12| L Reinstall impeller LILK Around 16 man-hours
13| M Rebuild turbine rotor D Around 260 and 400 man-hours
14| N Check turbine bearings D Around 16 man-hours
15| O Balance turbine rotor M Around 64 man-hours
16 | P Fix turbine bearings N Around 16 man-hours
17| Q Fix turbine rotor O,P Around 16 and 28 man-hours
18| R Fix turbine cover Q Around 20 and 32 man-hours
19| S Text components R Around 12 and 18 man-hours
20| T Check clearance R Around 16 man-hours
21| U Fix pump bearings L Around 16 man-hours
22|V Fix pump cover U Around 18 and 24 man-hours
23 | W Install shaft packing \" Around 16 man-hours
24 | X Final test S,TW.,F Around 48 and 72 man-hours

Critical path,Total float,Free float,Independent float
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32
80

16
32
15
40

32
90
70
40

30
60

50
30

40

60
50

40

50

10

LJ.K (70

L

M| D

Q| O |50

W VvV

X |S,T,W,F|60
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Solution:

32
80

16
32
15
40
32
90
70
40
70
30
60
50
30
50
40
60
50
40
50
10
60

LJK

o,p

F

ST,

Activity|Immediate predecessors/ Duration




62

Edge and its preceded,succeed node:
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6.1.1 The network diagram for the project, along with activity time, is
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Figure 14: Network Diagram

Forward pass method E; =0

E, = E; +l‘172[l‘172 =A=32]=0+32=32

E; = E2—|—2‘2’3[l‘273 =B= 80] =324+80=112
E4 :E2+t214[l‘274 =C= 8] =32+8=40

Es = E2+t275[l‘275 =D= 16] =324+16=48

E¢ = E3 —|—l3’6[l376 =F= 32] =112432=144
E; =Max E; +1t;7 [i =616,17, 19}

= Max {E6 +16’7;E16+l‘16’7;E17Jrl‘1777;E — 19+l‘1977}
= Max {144+15;228+50;288+0;310+10}

= Max{159;278;288;320}

=320

Egs =Es+1t48]ta g =G =40] =40+40 =80

Eo =E4 —|—t479[t4’9 =H= 32] =40+32="72
Eip = Max{Ei +li’10}[l‘ = 48,9]

=Max{E4 +1410;Eg +13;E9 + 19,10}

= Max{40+90;80+70;72+40}

= Max{130;150;112}

=150

E;1 = E10+110,11[l10,11 =L= 70] = 150+70 =220
Ei» =E;5 +l5’12[l5712 =M= 30] =48+30=78
Ei3 =E;5 +l5_’13[15,13 =N =60] =48+ 60 =108
Eiu = Max{Ei+ti714}[i =1213]

=Max{E> +112,14:E13 + 113,14}

= Max{78+50;108+30}

=138
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Eis = E14+t4,15/t14,15 = Q = 50] = 138 4-50 = 188
Eig =Ei5 +t15,16[t15,16 =R =40] = 188 +40 =228
Ei7 = El6+t16,17[1‘16.17 =§5= 60] =228+ 60 = 288
Eigs = Eqq +t117]8[2‘]1’1g =U= 40] =220+40 =260
Ei9 =Eg +f18’19[t18,19 =V = 50] =260+4+50=310
E>o = E7 —‘rl7_’20[t7_’20 =X= 60] = 320460 =380
Backward pass method

Lyo = E =380

Lio=1L7 —t1977[l‘1977 =W = 10] =320—10=310
Lig=Li9g— l‘17,7[l‘17,7 =V = 0] =320—0=260
Li7=1L7 —2‘1717[2‘1777 =d= 0] =320—0=320

Lig =Min{L;j—t16,}[j = 177]

=Min{L7 —t16,17:L7 — t16,7}

= Min{320-60:320-50}

= Min{260,270}

=260

Lis=Lig— t15716[l‘15’16 =R= 40] =260—40 =220
Lig = L5 —t14,15[t14,15 = Q = 40] =220 - 50 = 170
Lis=Lis— t13,14[t13’14 =P= 40] =170—-30=140
Lir=L4 —112714[&2’14 =0= 40] =170-50=120
Lii=Lg _111,18[111,18 =U= 40] =260—40 =220
Lio=L; *t10711[2‘10711 =L= 40] =220—-70=150
Lo=Lo —t9710[t971() =K= 40] =150—-40=110
Lg =L —l‘&]o[l‘&]() =J= 40] =150—-70=80

Ly =Ly — 1720 [1‘7’20 =X= 40] =380—60 =320
Le¢=1L7 _t6,7[[677 =F= 40] =320—15=1305

Ls :Mil’l{Lj —[57]'}[]' = 1312]

=Min{L3 —1t5;:Li2 — 1512}

= Min{140-60;120-30}

= Min{80,90}

=80

Ly :Min{Lj —t47j}[j = 109,8]

=Min{Ljo —1t4,10;Lo —t49;L8 — 148}

= Min{150-90;110-32;80-40}

= Min{60,78;40}

=40

L3 =Lg —l‘3’6[l‘376 =F= 32] =305-32=273

L, = Min{L5 —127]'}[]' = 54,3}

= Min{80-16:40-8;273-80}

= Min{64;32;193}

=32

Li=L, —tl,z[tlg =A= 32] =32-32=0

The Critical Path is 1-2-4-8-10-11-18-19-7-20 and Critical activities are A,C,G,J,L,U,V,W,X
The total time is 380
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Figure 15: Network Diagram

()

tableFor each non-critical activity, the total float,free float and independent float calculations are

shown

Activity Duration Earliest time Latest time|Earliest time|latest time total Free Independent

start finish finish start float float Float
(i, ) (ij) (E:)  ((Ep|L) (L) (Ei+tij) | (Lj—tij) |(Lj—tij) — Ei| (E;—E;)—tij | (Ej—Li) —t;;
® (2 3 4|5 (6) (7)=(3)+(2) |(8)=(6)-(2)| (9)=(8)-(3) |(10)=(4)-(3)-(2)|(11)=(4)-(5)-(2)
2-3 80 32 11232 273 112 193 161 0 0
2-5 16 32 48 | 32 80 48 64 32 0 0
3-6 32 112 144|273 305 144 273 161 0 -161
4-9 32 40 72 |40 110 72 78 38 0 0
4-10 90 40 150 40 150 130 60 20 20 20
5-12 30 48 78 | 80 120 78 90 42 0 -32
5-13 60 48 108 | 80 140 108 80 32 0 -32
6-7 15 144 320|305 320 159 305 161 161 0
9-10 40 72 150(110 150 112 110 38 38 0
12-14 50 78 138 (120 170 128 120 42 10 -32
13-14 30 108 138|140 170 138 140 32 0 -32
14-15 50 138 188 (170 220 188 170 32 0 -32
15-16 40 188 228220 260 228 220 32 0 -32
16-7 50 228 320260 320 278 270 42 42 10
16-17 60 228 2881260 320 288 260 32 0 -32
17-7 0 288 320320 320 288 320 32 32 0
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6.2 Python Pseudo code of Critical path Algorithm Given Below:

DEFINE FUNCTION analysis{rows):
FOR eachTask IN rows.keys():
SET rows[eachTask]["ES'] TO @
SET rows[eachTask]["EF'] TO @
SET rows[eachTask]['Ls'] TO @
SET rows[eachTask]['LF'] TO @
SET rows[eachTask]['fleat'] TO @
SET rows[eachTask]["isCritical'] TO False
FOR taskFW IN rows:
IF '-1" IN rows[taskFW]['$d']:
SET rows[taskFW]['ES'] TO 1
SET rows[taskFW]["EF'] TO (rows[taskFW][ duration’]}
ELSE:
FOR k IN rows.keys():
FOR eachDependency IN rows[k]["$d"]:
IF (eachpependency != "-1' and len(
rows[k]["$d"]) EQUALS 1):
SET rows[k]["ES"] TO int({rows['task®' + eachDependency]['EF"]} + 1
SET rows[k]["EF"] TO int{rows[k]['E5"]} + Int(rows[k]['duraticn']} - 1
ELSEIF eachDependency != "-1":
IF int(rows["task' + eachDependency]['EF']) > int{rows[k]['ES'])}:
SET rows[k]['E5"] TO int(rows['task’ + eachDependency]['EF"]} + 1
SET rows[k]['EF"] TO int{rows[k]["ES"]} + int(rows[k]['duration']}) - 1
SET tempList TO list()

FOR element IN rows.keys():
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FOR element IN mws.keys(}:l
tempList.append(element)
SET targetList TO 1list(}

WHILE len(tempList) » e:

targetList.append(tempList.pop())}

FOR eachItem IN targetList:

IF targetList.index{eachItem)

EQUALS 8:

SET rows[eachItem][°'LF'] TO rows[eachItem]["EF']

SET rows[eachItem]['LS"] TO rows[eachItem]["ES']

FOR eachDependency IN rows[eachItem]['$d"]:

IF eachDependency != '-1":

IF rows['task" + eachDependency]['LF'] EQUALS @:

SET rows["task" +
SET rows["task" +
rows[ "task" =
SET rows['task' +
rows["task' =

IF (int(rows["task" +

eachiependency]['LF"] T0 int(rows[eachItem]['L5"]) - 1
eachpependency]['LS"] TO int(rows["task' + eachDependency]['LF']1)} - int(
eachiependency][ 'duration’]) + 1

eachbependency]['fleat"'] TO int{rows['task' + eachDependency]['LF"]} - int(
eachpependency]["EF']}

eachpependency]['LF"]) > int(

rows[eachItem][ LS ]1)):

SET rows["task" +
SET rows["task" +

rows [ "task" =
SET rows['task' +

rows["task' =

sachiependency]['LF*] T0 int(rows[eachItem]['L5"]) - 1
eachpependency]['LS"] TO int(rows["task' + eachDependency]['LF']1)} - int(
eachiependency][ 'duration’]) + 1

eachpependency]['fleat"'] TO int({rows['task' + eachDependency]['LF"]} - int(

eachpependency]["EF' ]}

QUTPUT( 'Task id, Task name, puraticn, ES, EF, LS, LF, fleat, iscritical’}
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QUTPUT('Task id, Task name, Duration, ES, EF, LS, LF, fleat, iscritical')

FOR task IN rows:
IF rows[task]['float"'] EQUALS @:
SET rows[task]['isCritical"]
OUTPUT(
str{rows[task]['1d"]} + ', "

rows[task]['ES"']} = ", "
rows[task]['LF']} + ', "

# Calling the algorithm
# $d is dependency

TO True

+ str{rows[task]['name']) + ", ' + str{rows[task]['duration']} = ',

+ str{rows[task]["EF']} + ", ' + str{rows[task]['Ls"]} + ", ' + str(

+ str{rows[task]["fleat"]} + ', " + str{rows[task]['iscritical’'])})

SET _tasks TO {'taskil’: {'id": "1, 'name': "A', ‘duratien’: '232°, 'sd': ["-1'1},
|"task:2': {"id': "2*, "name": 'B", 'duration": 'Ze", "$d': ["1'1},

“task3': {'id': "3, ‘name": 'C", ‘duration": '8', 'sd*: ['1']},

"task4': {'id': "4, ‘npame’: 'D", ‘duration": '1&', '$d': ["1'1},

"tasks': {'id': '5', "name’': 'E", ‘'duration": '32°, '%d': ["2'1},

"tasks': {'id': "&', 'name': 'F', ‘duration’: '1&', '$d': ['5'1},

"task7': {'id': "7', 'name': 'G", 'duration": '28', '$d': ['3'1},

"taskg': {'id': "', 'name': 'W', 'duration’: '2s&", '$d': ['2']3,

"taskg': {'id': "9, "npame': 'I", 'duratien": '32", "$d': ["3'1},

"taskie"': {'id': "1@', "name"': "2, ‘duration': '1&', '$d": ['7'1},

“taski1": {'id": "11", “name”: "K", ‘duration”: ‘22", "$d': ["8°']},

“taski2": {'id": "12', "mame": 'L", ‘duration’: "1&', "%d": ['9°,'18°,'11"]},
“task13": {"id": "13', "name”: 'M", ‘duration’': '2&@", '$d': ["4"]1},
“taskisa": {'id": "14', "name": °N", ‘duratiocn’: '1&', "$d": ['4"']1},

"taskas': {'id": "15', "name": "0, ‘duration’: '&4', "$d": ['13"]},
“taskig": {'id"': "16', "nmame": 'P*, ‘duration’: '16', *%d": ['14"]},
"taska7": {'id': "17', "name": 'Q", ‘'duration’: "1&', "%d": ['15",'16"]},
"taskig": {'id': "18', "name": 'R, ‘duration’': '28', *%d": ['17"]},
"task13": {'id": '19', 'name’': 'S", ‘duration": '12', "3d': ['18"]},
"taskze": {'id": '2e', 'name’': 'T", ‘duration”: '1&', '$d': ['18"]},
"taskz1": {'id": '21', 'name’': 'u", ‘duration”’: '1&', "$d': ['12"1},
"task22": {"id"': "22', "name"': 'v"', ‘duration': '18', '$d": ['21"]%,
"task23": {"id"': "23', "name"': 'W', ‘duration': '18', '$d": ['22"]1%,
“taskaa": {'id": "24", "name”: "X", ‘duration’: '48', "%$d": ["19","28","23","6"]1}}

analysis(_tasks)

+ str{
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7 Chapter 7

7.1 Conclusion

Operations Research approaches can be highly helpful in route optimization and en-
hancement of resource utilisation. It gives easy and convenient solution for better decision-
making, saving time, resources and cost for enterprises. In this study, we used the Hun-
garian technique of assignment algorithm to re-route flights between Mumbai and Delhi
in order to improve crew rest time for a certain airline operator As a result, OR meth-
ods can be particularly useful in determining flight times and routes in order to save op-
erational costs. After analysing the aircraft maintenance activities of the airline using
Critical Path Analysis, it can be concluded that CPM is a valuable tool for reducing time
elapsed and increasing flying hours, which in turn increases the airline’s profits, and we
also solve the airline problem with various cases. Any aviation industry can benefit from
the algorithms we mentioned above by saving time and money while increasing profits.
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