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ABSTRACT

It is known that realignment crierion is necessary but not a sufficient criterion even
for a two-qubit system. We have derived necessary and sufficient condition based
on realignment operation for a particular class of two-qubit system and thus solved
this problem partially for two-qubit system. We have shown that the lower bound
of the trace norm of realigned form of the particular form of the density matrix
exists if and only if the two-qubit state is entangled. The derived necessary and
sufficient condition detects two-qubit entangled states, which are not detected by the
realignment criterion. Further, we have obtained the upper bound of the minimum
singular value of the realigned form of the density matrix for the d ® d dimensional
separable states. Moreover, we provide the geometrical interpretation of the derived
separability criterion for d ® d dimensional system. Moreover, we show that our
criterion may also detect bound entangled state. Our criterion is beneficial in the
sense that it requires to calculate only minimum singular value of the realigned
matrix while on the other hand realignment criterion requires all singular values
of the realigned matrix. Thus, our criterion has computational advantage over the
realignment criterion.
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Chapter 1

Introduction

It is well known that entanglement detection problem [1, 2] is one of the prime
problem in quantum information theory. This problem can be considered as NP
complete [3] and so all entangled state cannot be detected by just one criterion.
Thus, there exist a vast literature in the context of the development of different
entanglement detection criterion [4, 5, 6, 7, 8, 9, 10]. Partial transposition (PT)
criterion is the first entanglement detection criterion introduced by Peres [11] and
later Horodecki et.al [12] proved that the PT criterion is necessary and sufficient for
2®2 and 2 ® 3 dimensional system. Mathematically, If any bipartite state described

by the density operator
PQ
PAB = R S

where A, B, C, D denote the block matrices then the partial transposition operation
performed on p may be defined as

T T
= %) (11)

where Ts denote the partial transposition with respect to the subsystem B and T
denote the usual transposition operation. In higher dimensional system, PT criterion
is only necessary but not sufficient.

Like Partial transposition operation, there also exist another operation that permute
the elements of the density matrix in a different way and the resulting operation is
known as realignment operation [13, 14]. Realignment operation can be explained
as follows: Let us consider a bipartite state



PAB = Zl‘jk;l Pz‘jkl|ij><kl|

in the composite system Hff ® H]‘é?, where Hff and HgQ denoting the Hilbert spaces
representing the individual systems A and B of dimension d; and d, respectively.
The realignment operation R when acting on the state pap give the output as

R(pag) =Y prjalki) (il (1.2)

ijkl

In matrix notation, the density matrix pap for 2 ® 2 system is given by

F F
o= (6 1) (13)
where
E— pi,l P1,2 F = P13 P14 ’
P12 P22 P23 P24
G = ng ,023 ,H — pi,S P34 (14)
Pr4a P24 P34 P44

When realignment operation R performed on pap then the resulting output matrix
look like

R(E)
R(F

R(pag) = REG; (1.5)
R(H)

where

R(E) = (P1,1 P12 Pl2 p2,2),

R(F):(/)m P14 P23 02,4),

R(G) = (PT,:& 03,3 PT,4 P§,4)>

R(H) = (p33 psa Pia Pan) (1.6)

Motivation of the Thesis:
The motivation of this work is as follows: we know that realignment criterion is

necessary but not a sufficient criterion even for a two-qubit system.Firstly, We have
derived a necessary and sufficient condition based on realignment operation for a par-
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ticular class of two-qubit system and thus solved this problem partially for two-qubit
system.Secondly, We have shown that the lower bound of the trace norm of realigned
form of the particular form of the density matrix exists if and only if the two-qubit
state is entangled. The derived necessary and sufficient condition detects two-qubit
entangled states, which are not detected by the realignment criterion.Thirdly,we have
obtained the upper bound of the minimum singular value of the realigned form of
the density matrix for the d ® d dimensional separable states.Lastly, we show that
our criterion may also detect bound entangled state.

Our criterion is beneficial in the sense that it requires to calculate only minimum
singular value of the realigned matrix while on the other hand realignment criterion
requires all singular values of the realigned matrix.

1.1 Few Definitions and Results

Definition 1: Tensor Product

The tensor product of two matrices, X = [zy],o; e, a0d Y = [yu] oy i), 18
given by;
LCHY .1112Y ce l’mY
l’gly .%'QQY s ) Y
Xev=| " L
xmly J:mQY e :I"mnY mgxnp

Definition 2: Separable States

A pure state [¢)) € H is called separable state if we can find states |¢A> € Hy
and |(/§B> € Hp, such that

) = |o*) ® [67)

If this condition does not hold, then the state |¢) is known as Entangled State.

Definition 3: Density Operator



An operator p that satisfies the following conditions is known as a density oper-
ator:

(i) Tr(p) is equal to one.

(ii) p is a positive operator.

Definition 4: Bound Entangled State

Bound entangled states are the states which are entangled and have positive partial
transposition.

Definition 5: Singular Values

A Singular value of a real matrix A is the positive square root of an eigenvalue
of the symmetric matrix A7 A or AAT.

0; = \/)\_z (1.7)

where, o; are the singular values. \; are the eigenvalues.
Result 1: PPT Criteria

If the partial transpose of the density matrix p has no negative eigenvalues,then
the state p is called positive partial transpose (PPT) state:

ol >0s o' >0 (1.8)

We call a matrix negative partial transpose (NPT) if it is not PPT.

For 2 ® 2 and 2 ® 3 system, the state p is separable if and only if it is PPT.This
condition is only necessary for higher dimensional system that is, if the state p is
separable then the state is PPT.Conversely, for higher dimensional system if the
state is NPT, then it is entangled.

Result 2: Realignment Criteria
If the state pap is separable then ||R(pag)|l1 < 1 where ||.|]|1 denotes the trace
norm and defined by ||A||; = Tr \/AAT. Since the right hand side of the inequality

is unity in the realignment criterion, which does not depend on the state under in-
vestigation so it may be called as state independent realignment criterion.

10



Chapter 2

State dependent realignment
criterion

We should note here an important fact that the realignment criterion is necessary
but not sufficient. In this respect, we can ask the following question: Can we de-
rive a necessary and sufficient entanglement condition for a two-qubit state using
realignment operation? In this work, we have answered this question partially. We
derive here the necessary and sufficient condition for the existence of entanglement
in a particular class of a two-qubit system using the realignment operation. The
derived criterion is state dependent and hence it can be named as state dependent
realignment criterion. The derived separability criterion is important in the sense
that it can detect a two-qubit entangled state which is not detected by the realign-
ment criterion.

Let us consider a particular class of two-qubit state described by the density operator

04B, given by

pii 0 0  pu
0O 0 0 0

0AB=1{ 0 0 py 0 [P +p33+ paa =1 (2.1)
Pia 0 0 pu

We can always choose the state parameter p11, p14, pi4, P33 and pyq in such a way
that pap represent a positive semi-definite matrix. The partial transposition of p4p

11



is given by

pp 000
Tp 0 0 pu O (2‘2)

eas= | 0 pia P33 0
0 0 0 P44

where Tg denote the partial transposition with respect to the system B.
The eigenvalues of Qz% are given as

Al = P11, A2 = paa

1 1
A3 = Spss + 51/ P55+ 4l pral?
2 2
1 1
A= ol e 5\/,03,3 + 4|p14/? (2.3)

It can be observed that the eigenvalues A\;, Ao and A3 will always be positive. The
eigenvalue A\, will only be positive when |py4| = 0. Thus, o', has negative eigenvalues
only if |p14] # 0 and hence for any non-zero state parameter |p14|, the state oap
represent an entangled state.

After performing realignment operation on the state psp, the state reduces to

P11 0 0 0

0 0 0
R(oap) = 0 %4 pty 0

p3z 0 0 pa

(2.4)

If s1, so, s3, s4 denote the singular values of R(p4p) then the singular values are
given by

S1 = \/5 Lf(p11, P33, paa) + \/f(Pn, P33, Paa)* — 4(p11pas)?],

1
S9 = \/é[f(pll’p?)?n pas) — / F(p11, p33, pas)? — 4(p11pas)?),

s3 = \P;,4|784 _ \P;,4| (2.5)

where f(p11, p33, pas) = P71 + P33 + Pia-
The trace norm of R(pap) can be calculated as

|R(0aB)|l1 = s1+ 82+ 83+ 54
= 51+52+]p14| (26)

12



Applying AM — GM inequality on s; and s, we get

S1 + S9 Z 2(8182)% == 2\/p11p44 (27)
Using (2.7) in (2.6), we get

|R(0aB)|li > 2/p11paa + |p14
= 2y/p1ipas + V=AM (2.8)

Here, A4 denote the minimum eigenvalue of partial transposed matrix of psp and
from partial transposition criterion, we can say that A\, will be negative if and only
if the state pap is an entangled state. Since it has also been shown in [15] that all
eigenvalues of partial transposed matrix lying in [—%, 1] so, Ay € [—%, 0]. Thus, we
have the following inequality

1
M<0 — % < 5V P%B + 4| p14|? (2.9)

Using (2.9) in (2.8), we get
[[R(ean)lli = 2v/pripas +

P 1
\/—P33(§ 5 P33 + 4] p1al?) (2.10)

Now, we are in a position to state the following theorem for the particular class of
two-qubit state as:

Theorem-1: Let us consider a class of two-qubit state described by the density

operator gap = p11|00)(00] 4+ p14]00) (11| + p33]10) (10| + p;,|11){00] + pas|11){11]].
The state p4p is entangled if and only if

l|R(0aB)|l1 > 2v/p11pa +

1
2~ L o) 21

2 2

13



2.1 A few states which are not detected by re-
alignment criterion but detected by our crite-

rion

In this section, we will discuss about few states which are not detected by realignment

criterion but they may be detected either by using Theorem-1 or Corollary-1.

Example-1:

Let us consider a state p;, which is given by [13]

P1 =

o O OO
O~ O O
A= O O%P—‘

B~ © owicx

The partial transposition of the density matrix p; is given by

20 00
T, 0 0 =5 0
P’ = 2
' 0 5 5 0

00 0 1

The eigenvalues of partial transposed matrix pr are given by

) 1 1
)\(1):_ )\(1):_ )\(1):_ 9 5
1
AN =—2-v5

(2.12)

(2.13)

(2.14)

Since one eigenvalue of pipB is negative so, the state p; is an entangled state. The

realigned matrix of p; is given by

R(p1) =

o= O Ooolut
o ogl o

oo o
Bm O O O

14

(2.15)



The trace norm of R(p;) are given by

I1R(p1)|], = 0.9464 (2.16)

We can observe that ||R(p1)|/1 < 1 and thus the realignment criterion failed to
conclude whether the state p; is entangled or not. Now, our task is to test for the
entanglement of the state p; using theorem-1.

The LHS and RHS of the inequality in theorem-1 gives

LHS = ||R(p1)|]1 = 0.9464
RHS = 2,/p11paa

1
iy o8 — L ) = 05207 2.17)

Therefore, Theorem-1 is verified for the state p; and thus it can be concluded that
p1 is an entangled state.

Example-2:

Let us consider another state described by the state po

1
(6008
1 1
00 3
The partial transposition of the density matrix ps is given by
L0 00
0 0 &+ 0
=51y 1 ¥y (2.19)
4 3
0 0 O %

The eigenvalues of pr are given by Ay = 0.2500, Ay = 0.5833, A3 = 0.1740, \y =
—0.0073. By partial transposition criterion, the state pQTB is an entangled state.
The realigned matrix R(p,) is given by

(2.20)

—_
wik O Ol
o orl~o
oo o
pm O O O

15



The trace norm of the realigned matrix R(ps) is found out to be ||R(p2)||1 = 0.9213.
Therefore, in this case also realignment criterion does not detect the entangled state

P2
To detect the entangled state p, let us now use our criterion given in (2.11). The

RHS of (2.11) is given by the quantity 2,/p11 s+ \/—pgg(’}ﬁ — 23/ P35 + 4|p14]?) and

it can be calculated for the state py as 0.795. Thus, our criterion (2.11) is satisfied
and hence the state ps is verified to be an entangled state.

16



Chapter 3

Separability criterion for d ® d
dimensional system based on
realignment operation

In this section, we will derive few separability criterion for d ® d dimensional system
using two other existing separability criterion, namely, (i) realignment criterion [13]
and (ii) structural physical approximation of partial transposition (SPA-PT) crite-
rion [16]. The derived criterion provides only necessary condition for a state under
probe to be a separable state.

3.1 Separability criterion in terms of minimum
singular value of realigned matrix

Let us consider an arbitrary d ® d dimensional bipartite state shared by two distant
partners Alice (A) and Bob(B), which is described by the density operator pap. We
can now present the separability criterion given in the following theorem:

Theorem-2: If R(pap) denote the realigned form of the density matrix psp and if
pap 1is separable then

1

. (3.1)

Smin[R(paB)] <

17



where S, [R(pap)] denotes the minimum singular value of R(pap).

Proof: If pap represents the SPA-PT of pz% then all eigenvalues of p4p are positive.
Thus Anin[pag] is also positive. We can now apply AM — GM inequality on the two
positive quantities ||R(pag)||1 and Apinlpas] and we get

[[R(pas)|l1 + Aminl]PaB]
2

> [[|R(pap)|li Aminlpa))2

= 1> silB(pan)Aminlpan])?

i=1

> d[Smm[R(pAB)]/\mm[ﬁAB“

NI

(3.2)

Since, it is given that the state pap is separable so, from the realignment criterion
we have

[R(pas)|l1 <1 (3.3)

Using (3.3) and after a little bit of simplification, the inequality (3.2) reduces to

[Amin[ﬁAB]]Q + 2(1 - 2d23min[R(PABH))‘mm[ﬁAB] +12>0
(3.4)

The expression given in (3.4) represents a quadratic equation in A,,;,[pap] and since

it is non-negative so the discriminant of the quadratic expression must be negative.
Thus, we have

Hence proved.
Corollary-1: If pap € HS® HY, where H4 and H% denoting the Hilbert spaces rep-

resenting the individual systems A and B of dimension d each respectively and if the
inequality (3.1) is violated for any state p4p then the state pap is an entangled state.

18



3.2 Geometrical Interpretation of separability cri-
terion

In this section, we study the geometrical interpretation of the separability condition.
To start with, we assume that the state pap is separable. We can then recall the
separability condition (3.4) in terms of the non-negativity of the quadratic expression,
which can be re-expressed as

AL, A% 4
($+§) =Yty

where © = A\pinlpanl, A = 2(1 — 2d%s,in[R(pas)]) and y = [Mninlpas]]® + 2(1 —
2d281min|R(paB)]) Amin|pas] + 1. The equation (3.6) represents a parabola with vertex
A 4—A2

at (—%5,*5—). Since, the state p4p is separable so (3.1) holds and thus the vertex

(3.6)

2 %= Amin [P” 5]

©

S J— , -

0 ¥ = Pl 15]]* +2(1 — 2" i R(p45))) Amial 48] + 1
1
10 0 10 20
X-axis
-10

Figure 3.1: Geometrically, the states lying inside the parabola are entangled states while
all separable states are lying outside the parabola. But there exist entangled states that
are lying even outside the parabola.

of the parabola lie at the first quadrant of x — y plane. Hence, the separability
criterion given in theorem-1 can be interpreted as ”all separable states are lying
outside the parabola”. Since the derived separability criterion is only necessary
but not sufficient so there exist entangled states that may lie outside the parabola.
Further, we may note that the states lying inside the parabola are entangled states
and this interpretation may be claimed from corollary-1.

19



Chapter 4

Detection of NPTES and PPTES

In this section, we will take few examples to verify the result given in Theorem-2
and Corollary-1. To accomplish this task, we first consider negative partial transpose
entangled state and then we consider positive partial transpose entangled state or
bound entangled state.

Example-3

Let us consider a 3 ® 3 dimensional state described by the density operator ps

Pl Ql Rl
ps=Q Q R|,0<f<1 (4.1)
Rl Rl R,
where,
=00 0 2L g 0 0 2L 50
=0 L 0 |;Q=(0 0 of;R=[(00 0 |;Q=[0 =¥
0 0 % 0 0 0 00 0 0 0
00 0 o0 0
Ry=(00 22 );Rs=| 0 =L 0
00 O 0 0 Zt6f

24
The state ps is separable for 0 < f < % and entangled for % < f<1.

For 3 ® 3 So, the matrix p3 we have,



pP3 =

()

260 0 0
0 =L o0 o
0o 0 =L o0
o o0 o0 =
0L 0 000
0O 0 0 0
0O 0 0 0
0O 0 0 0
20 00 0

+
(=]
<

©

©

[\
=

©
T
AN

S 00
0 0 0
0 0 0
0 0 0
2
=200
0o LI o
8 1—
0 0
0 0 0
-1 0

)
~

—
OOOLIBOOOOOOO

o
[ s
=1

—

e
To oo
R

oooﬁ‘

N
£
(=]
[~

)
~

The realigned form of the density matrix ps is denoted by R(ps3) and it is given by

where,
246/
24

P 0
0
9f-1
24

QY= 0
0

The corresponding realigned matrix is

AU Qi A
RBlos) = | @)% Q7 R0/ <1 (4.2)
(D™ (R)™ Ry
0 0 0 Lo 00
Wt LEe®=1o 0 o);rRP=(00 0 |
0 AUt 0 0 0 00 0
0 0 00 0 21000
200 o |sRP={00 SLLERY=( 0 2L 0
0o 21 00 0 0 0 Y
2+6f 1—f 1—f
N -
o 2%t 0o o0 0 0 0 0 O
o o 21 0o 0o 0 0 0 0
o o o 2t 0o 0o 0 0 0
1-f 2461 1—f
T 0 0 0 0 0 0
o o0 o0 o0 0o 22X 0 0 0
o 0 o0 0 0 0 (X 0 0
o o0 o0 0 0 o0 0 2L 9
= 0 0o =L o 0 0 =

<xj|

21

m|

)
=~



0.15

0.10
Smin(R(p3)

0.05 |-

‘\
Ol

0.00 . . ‘
0.0 0.1 0.2 0.3

0.4+
031

Smin(R(p3))

0.2r

0.1

0.0Lb—ts

f

0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 4.1: (a) In this figure, spim(R(p3)) < 5 when 0 < f < & and thus ps represent
a separable state (b) In this figure, smin(R(p3)) > 5 when 1 < f < 1 and thus p;

represent an entangled state % <f<1

Singular values of R(p3) are as follows:

s1(R(ps))
9f —
2

1
3
1

32,3,4,5,6,7,8,9(R(p3)> =

=~

The minimum singular value of R(p3) is given by

smin(Rips)) = 2L

22

(4.3)

(4.4)

(4.5)



Therefore, applying Theorem-1, we find that the state ps is separable when the state

parameter f € [0, %] Further, using corollary-1, we conclude that the state ps3 is

entangled if f > 2 ~ 0.4074.

Example-4

Let us consider another free entangled state (NPTES) which is described by the
density operator pg [17]

5;60,4@35 (4.6)
where [¢F) = J=([00) + [11) + [22)), o = $[01)(01] + [12)(12] + [20)(20],

o~ = £[10)(10] + |21)(21] + [02)(02].

The state pg is NPTES for 4 < g <5 [17].

ps = 2 * |+ Dot

20 0 0 £ 0 0 0 2

02 0 0 0 0 0 0 0

0 0% 0o 000 0 0

o0 0 220 0 0 0 0
p=% 0 0o 0 Z 0 0 0 2
00 0 0 0 2 0 0 0

0o 0 0 0 0 0 £ 0 o0

00 0 0 0 0 0 %2 0

20 0 0 £ 0 0 0 £

The Corresponding Realigned Matrix is:

2 00 0 £ 0 0 0 %2

0 2 00 0 0 0 0 0

0 0 %20 0 0 0 0 0

0o 00 £ 0 0 0 0 0
Rlps)=|%2 0 0 0 2 0 0 0 £
000 0 0 & 0 0 0

00 0 0 0 0 £ 0 0

0 0 0 0 0 0 0 2 0
200 032 0 0 0 2

[\
—_
[\
—_
[\
—_



The minimum singular value of $,,,;,(R(pg)) is given by

Smin(R(p3)) = 5= V/3% — 155 + 19 (4.7)

It can be easily found that su.,(R(ps)) is always greater than g for 4 < g < 5.
Therefore, the state pg violate Theorem-1. Thus using corollary-1, we can say that

020} pL =19 158 + 342

018/

016}
SminR (pﬁ)

Figure 4.2: Figure shows that the state pg represent an entangled state when 4 <
B<5

the state pg is entangled, which is indeed true.

Example-5

Let us again recall the state pg given by (4.6). Considering the different range of the
state parameter 3, the state pg can be re-expressed as

Py = ;IWMW + §a+ + #a, 2<p<4 (4.8)

In [17], it has been shown that the state pg) is separable for 2 < § < 3 and PPTES

for 3 < g < 4. We can verify this result using our criterion which is based on

minimum singular value of the realigned matrix of p'}’. The mini ingular val
gular value of the realigned matrix of p;’. The minimum singular value

of the realigned matrix R(p(ﬁl)) is denoted by smm(R(p(Bl) )) and it is given by (4.7).
The graph is plotted for minimum singular value smm(R(p(ﬁl))) and we find that
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0.15F

p2 -

ol

010+
Smi'nR(_pﬁ)
0.05 pr = 19158+ 37

‘\/
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0.18

0.16

SminR(_p,G)
0.14

1 r 2
pL =19 - 158 + 32

012+ /
1
0.10 : . :
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Figure 4.3: (a) Figure shows that the state pg represent a separable state when
<4

when 3.815 < 3

smm(R(pg))) satisfies Theorem-1 for 2 < § < 3. Thus, the state pg) is again verified

to be separable using our criterion given in Theorem-1. Moreover, corollary-1 detects
PPTES when g € [3.815,4].
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Chapter 5

Conclusion

To summarize, we have reviewed the realignment criterion which is necessary but not
sufficient condition for both lower as well as higher dimensional system. To fill this
gap for lower dimensional system, we have considered a particular class of two-qubit
state and derived a state dependent criterion based on the realignment operation.
Our criterion is state dependent in the sense that the RHS of the inequality derived
here as an entanglement criterion depends on the state. We may call it as state de-
pendent realignment criterion. We should note here that the RHS of the inequality
appeared in the realignment criterion is unity and thus it does not depend on the
state. We have shown that the state dependent realignment criterion is necessary
and sufficient for the considered particular class of two-qubit state. It is now open
for the possible extension of the state dependent realignment criterion for any ar-
bitrary bipartite two qubit state and arbitrary bipartite higher dimensional system.
Moreover, to reduce the computational complexity in the calculation of the trace
norm of the realigned matrix of the higher dimensional system which is required in
realignment criterion, we provide here another separability condition which is based
on the minimum singular value of the realignment of the d ® d dimensional density
matrix. This separability condition is necessary but not sufficient. We also study
the geometrical interpretation of the derived separability condition. We have also
shown that our criterion has the capability of detecting the bound entangled state.
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