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Preface

The thesis entitled “Mathematical Modeling and Optimal Control to Biological
Models” comprises of six chapters followed by conclusion, future scope and a bibli-
ography. The abstract at the start of each chapter provides a quick overview of the
research work done in that chapter. The core objective of this dissertation is to con-
struct and establish mathematical models of crop, pest, and natural enemies of pests,
with a strong attention on pests’ detrimental effects on crops. As a consequence, This
allows us to explain, recommend, propose, and provide the best pest treatment ap-
proach and optimal pest control technique needed to remove or reduce pest density
while enhancing agricultural output. The following is the framework of the thesis:
Chapter 1 introduces the motivation, biological backgrounds, a mathematical model,
the relevance of functional responses, several ways for obtaining stability, the concept
of optimal control, and a numerical methodology.

Chapter 2 addresses the concepts, methodologies, and implementations of mathe-
matical models in farming. A mathematical study of two prey and one predator model
has been performed in agriculture. Furthermore, an ecosystem consists of two prey
and their predator; here, the prey—I, such as sugarcane crops, which require more
time to develop, and the prey-Il, such as vegetables, which have a shorter lifespan,
are cultivated alongside sugarcane crops, with predators harming both prey—I and
prey—Il. The actual data of some parameters and the experimental data of other pa-
rameters have been used for model verification. The content of this chapter is pub-
lished in the form of a research paper entitled “A Prey—Predator Model Approach
to Increase the Production of Crops: Mathematical Modellin g and Qualitative
Analysis” in International Journal of Biomathematics (World Scientific).

In chapter 3, a mathematical model of an ecological perspective of prey, pest, and

natural enemies of pest is addressed. The existence and stability of the steady—state

XV



conditions of various equilibrium points are studied. Furthermore, in the presence
of the control variable, a mathematical model is formed for designing optimal pest
control problems and studying the effects on crop pests. Then, the existence, char-
acterization, and necessary conditions of the optimal control are determined using
Pontryagin’s maximum principle. Numerical simulations are then used to validate ana-
Iytical results and to depict a better approach. The content of this chapter is published
in the form of a research paper entitled “Study of a Prey—Predator Model with Pre-
venting Crop Pest Using Natural Enemies and Control” in American Institute of
Physics, Conference Proceedings.

In Chapter 4 , the effectiveness of additional food has been investigated in this study
of the prey—predator interaction. Providing additional food to predators has been con-
sidered significant to balance the biological system and ecosystem. A mathematical
model of a prey-predator ecology is provided, which contains a crop, a susceptible
pest, an infected pest, and a natural enemy of the pest. Further, the dynamic behav-
ior of the framework, the description of steady—state equilibrium behavior, and pest
control are discussed. The basic reproduction number and sensitivity analysis are ad-
dressed to determine the most influential parameters. Furthermore, a comprehensive
analysis of the optimal control strategy is performed. Pontryagin’s maximum principle
is used to develop an optimal strategy for pest control. Finally, numerical simulations
are carried out to support the analytical results and to explain various dynamic sys-
tems that are used in the model. The results of this chapter are in the form of a
communicated research paper entitled “Study of Prey Predator System with Addi-
tional Food and Effective Pest Control Techniques in Agricu lture” .

Chapter 5 develops a mathematical model for describing the dynamics of the banana—
nematodes and its pest detection method to help banana farmers. There are two
criteria that are addressed: the mathematical model and the type of nematode pest
management technique. The sensitivity analysis, local stability, global stability, and
the dynamic behavior of the mathematical model are performed. Further, the math-
ematical model for optimal control is developed and discussed. This mathematical
model describes various management strategies, such as the initial release of infect-
ed predators and the destruction of nematodes. Theoretical results are demonstrated
and validated via numerical simulations. The content of this chapter is published in

the form of a research paper entitled “A Prey Predator Model and Control of a Ne-
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matodes Pest Using Control in Banana: Mathematical Modelli ng and Qualitative
Analysis” in International Journal of Biomathematics (World Scientific).

Chapter 6 presents an interaction between the prey predator model consisting of
three species: crop, pest and locust swarms. Under specific circumstances, all possi-
ble existence of the biological equilibrium points of the model is described. To study
the dynamics of the system, the local asymptotic stability of several equilibrium points
is illustrated. Different criteria are addressed for the coexistence of equilibrium solu-
tions. Further, we present numerical results to illustrate some biologically important
circumstances. This study investigates the appropriate use of management mea-
sures to reduce the spread of the swarm through optimal control techniques. Two
types of control variables are used: first, the application of pesticide, and second, the
application of creating awareness. The content of this chapter are in the form of a
communicated research paper entitled “Preventing the Spread of Locust Swarm

and Pest in Agriculture: Mathematical Modeling and Qualita tive Analysis” .

Subsequently, the conclusion of the work carried out in the thesis is presented. We

have also discussed the future scope of the current work.
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Chapter 1

Introduction

"Nature is written in mathematical language.”

Galileo

1.1 Motivation

Mathematical modelling has a diversity of applications due to its collaboration with
different disciplines of study. The field gets revitalised and improved with each subse-
guent interaction. System models have been ingrained in our culture. Mathematical
biology, often known as biomathematics, is a field of mathematical modelling that
analyses real-world issues in biological systems and health fields using mathematics
and computation. From a philosophical standpoint, mathematical logic and precision
give a paradigm for argument creation. Fractal mathematics has contributed in the
successful establishment of fractal image compression systems that need little stor-
age for incredibly precise pictures. Physical sciences, medicine, and social sciences
are among additional fields of applicability. Mathematical models are widely employed

in ecosystems to investigate population changes, water drainage basins, erosion, and



contaminant distribution. Another broad field of study is fluid dynamics, which has
applications ranging from the modelling of developing tsunamis over the ocean to the
flow of candy mixture into containers. This tendency is expected to continue since
modelling results in a more efficient and cost-effective method of studying, analysing,
and creating processes. Additionally, the wide range of applications in which mathe-
matical models are utilised implies an attraction to many disciplines of mathematics
as well as many different types of models. Some models can forecast quite accurate-
ly, but some may be more open to a variety of interpretations. The utilisation of facts
from this modelling technique to make choices is now well publicised, particularly in
the case of climate impacts, as demonstrated by the 1998 international summit on
Global Warming in Kyoto. Because biological sciences are so complicated, multidis-
ciplinary participation is required. Environmental protection concepts that have arisen
in contemporary agriculture establish tight boundaries for the agricultural techniques
that have been implemented. At the same time, solving the food supply issue for the
globe’s rising population continues to be a significant task. As a result, numerous
resource-saving measures are becoming increasingly important for the development
of sustainable agriculture. Agriculture has always been the backbone of the country’s
economy, providing both food for the growing population and raw materials for indus-
try. The application of mathematics in agricultural growth has clearly become both
necessary and beneficial. Many interesting issues in biological models and optimal
management of biological systems may be framed as optimization with differential e-
guation constraints and other restrictions. Supervision of biological models that are
extremely valuable in real life. As with the SIR Model, optimum control techniques
are used to establish a vaccination schedule that minimize the number of infected
humans and the total cost of the vaccine over a set time period. Optimal control ap-
proaches in cancer decrease tumour density and treatment adverse effects over a
particular time span. In the predator—prey model, a pesticide destroys both the prey
and the predator on a timely basis. In HIV treatment, the use of optimal control to
establish a chemotherapy technique for the diagnosis. To establish the insulin injec-
tion level (control) in the Glucose Model that minimizes the discrepancy between the
concentration of blood glucose and the desired constant glucose level. To prevent the
transmission of infectious illnesses, there are two types of control techniques avail-

able: pharmaceutical treatments (drugs, vaccines) and nonpharmaceutical therapies



(Social isolation, containment, and an awareness and education movement). There
are various variables that may be optimally controlled to maximise the epidemic ill-
ness. Thus, engineering, environment and industry, health sciences, and other fields
have all benefited from mathematical modelling. Its use in various domains is growing,

and it is now an unique instrument for quantitative and qualitative analysis.

1.2 Mathematical Models and Optimal Control in Agricul-

ture

Many of the latest pest control approaches have concentrated on organic insecti-
cides. As stated by [58], the use of chemical insecticides is an effort to control the
pest directly at a minimal price. However, these chemicals have been identified to
have a variety of negative effects on the environment, including chemical residues in
crops and agricultural habitats. Efficient management of these pests can be achieved
using living organisms, reducing their abundance. There are many species and birds
whose feed is these insects, but they cannot affect farming. Thus, such inhabitants
could be used by some of the biological controls. Usage of predator species to Kill
pests can be seen in the research work [10,/16,111},[153,/173,/196,203]. Therefore,
the pest may be an infection with certain bacterial or viral diseases. For example, bac-
ulovirus normally develops in plants, so these viruses do not have any direct impact
on crop Yield, but they can be used to decrease the pest population [60,/128|,154].
The possible approaches to addressing this problem have been a subject of consid-
erable discussion between investigators at a minimum of four decades [29,139], and

discussions are still underway on this issue [60,(128,154,[241].

In the specific field of agricultural pest control, the challenge is to develop reliable
mathematical models capable of at least describing different techniques of pest con-
trol qualitatively. As from roots of the idea of integrated pest control models in the late
1950s, the study has provided a valuable selection of mathematical models that focus-
es on the different characteristics of application—based pest—integrated management
models [236]. [29] considered appropriate biological and chemical pest control com-
binations to be used in specific ecosystems of plants, pests, and parasites. Parasites

can manage the pest population on their own accord to some extent, but this effect



is negatively affected by the use of pesticides, as [29] has also found that the chemi-
cals harm the parasites. Successive studies of mathematical models for pest control
have been carry out by [78,/115]. Interactions between crop, pest, diseases, and pest
predators have also been studied in [115,236]. [78,,/171] presented the relationships
among both hosts and parasites. [22] explained pest control by adding an infected
insect. [57] also implemented mathematical models to monitor infected pests in a
plant population. Moreover, the development of effective control measures to battle
insect populations and boost crop output is discussed [12,[14,/104/105,221]. [15,/130]
explored into ecological modelling, focusing about the methods and relevance of

analysing insect movement, as well as the benefits for agriculture.

Thus, infection with the insect population has also become one of the ways in which
they can be effectively eliminated from farm crops. The impetuous pest control mod-
el has been chosen and reformed as a hybrid dynamic system [171], enabling the
parametric analysis of the system’s response periodically via numerical continuation
methods [22]. In this way, it has been possible to address concerns such as increas-
ing the effectiveness of impetuous pest control while minimizing production costs and

environmental damages.

1.3 What Is Mathematical Modelling?

A mathematical model is a mathematical approach, method, or collection of equa-
tions that is used to describe or explain ecosystems and their behaviors, functions,
or different elements of real-life issues. Mathematical modelling refers to the event or
way of achieving the aforesaid situation. Models express our assumptions about how
the world works. We transfer such views into mathematical terms in mathematical
modelling. A mathematical model can differ depending on the type of model or what

it is addressing, and some of the applications of mathematical models include:

e Quantity relationships in real-life scenarios
e Creating future forecasts
e Comprehending a system’s beginnings

e Displaying data,



e Acquiring knowledge about a system

Furthermore, mathematical models provide novel approaches to understand the in-
creasingly complicated behaviour of technology, which is at the basis of today’s in-
dustrial output, according [7]. They are essential in simulation, investigation, analysis,
and decision—making. As a consequence, they play a significant role in technolog-
ical progress. Moreover, mathematical models may generate unique answers and

solutions in a relatively short amount of time, enabling faster innovation cycles [149].

1.3.1 Classifications of Models

Many various forms of mathematical models can be utilised based on the goals of
the scientist, such as analysing relationships or generating forecasting. This is useful
to categorise models while examining them. Individual model classification into such
groups quickly reveals some of the most important structural characteristics. The
type of outcome that models suggest is one way to distinguish them. [182] defines the

categorisation in the following way:

e Empirical models: Empirical modelling describes the connection of observa-
tions between one or two variables using current data, according to [38]. In an-
imal husbandry, empirical models are commonly utilised, and caution must be
exercised when projecting beyond the data’s constraints. Empirical modelling
includes looking at data linked to the problem in order to formulate or establish a
mathematical correlation between different variables in the issue using the data

provided.

e Simulation models: Simulation modelling is the process of creating a scenario
based on a set of rules using a computer programme or other technical instru-
ment. These guidelines are based on how a process is expected to grow or

improve.

e Deterministic models: In general, deterministic modelling entails using an e-
guation or collection of equations to model or forecast the result of an event or

the value of a quantity.
e Stochastic models: When formulating equations in stochastic models, unpre-
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dictability and probability of events occurring are taken into account.

e Mechanistic models: Mechanistic equations are those generated from a theory
or hypothesis about the system’s underlying nature. A mechanistic model pre-
supposes full understanding of the system’s casual interactions, and calculated

findings should be applicable to a wide range of situations.

Deterministic models avoid random fluctuation and, as a result, always anticipate the
same result from a given beginning point. The model, on the other hand, may be
statistical in character and therefore forecast the distribution of possible results. These

models are described as stochastic.

1.3.2 Stages of Modelling

It is beneficial to split the modelling process into four major areas of activity: con-
structing, researching, testing, and application. Although it would be wonderful to
believe that modelling projects go easily from conception to completion, this is rarely
the case. Defects discovered during the research and testing phases are often ad-
dressed by returning to the construction stage. It is worth noting that if the model is

changed, the research and testing processes must be redone.

1.3.3 Building Models

e Getting started: We must have a clear understanding of our goals before begin-
ning a modelling effort. In two ways, these influence the project’s future course.
Firstly, the quantity of information included in the model is determined by the
model’s intended usage. Secondly, we must distinguish between the simulated
system and its surroundings. This distinction is clear if the environment influ-
ences the system’s behaviour but the system does not influence the environ-

ment.
e Systems analysis

— Making assumptions:  After determining the system to be simulated, we
must build the model’s fundamental structure. This reflects our percep-

tions of how the system works. Underlying assumptions can be used to
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express these views. Future system analysis takes these assumptions as
true, but the outcomes are only as good as the assumptions. In epidemi-
ological studies, it is commonly assumed that, in the absence of limiting
circumstances, a population would expand at a pace proportionate to its
size. The differential equation is a deterministic framework that illustrates

such a population over time.
dP

— =aP
at
where P(t) denotes the population size at time t and a denotes a constant.

The integration of this equation yields

where P(0) denotes the population size at time zero. When a > 0, this is
an exponential growth model, and when a < O, this is an exponential de-
cay model. Populations expand at an exponential rate, as per this answer.
Obviously, not all populations expand at an exponential rate. Because the
differential equation was derived from an understanding of the presumption,

we must look to the presumption to demonstrate this mismatch.

— Flow diagrams:  When modelling a more complicated system, we cannot
simply move from a hypothesis to an equation. Flow diagrams can help
with this visually. In their most fundamental sense, they are made up of
a succession of boxes connected by an arrow network. Physical entities
are represented by the boxes that exist in the system, and the arrows show

how these entities interact with one another.

e Choosing mathematical equations: After determining the design of a mod-
el, mathematical expressions must be utilised to characterise the system. It is
critical to select such equations with caution since they may have unanticipated

impacts on the model’s functioning.

e Solving equations: Finding an analytical solution to a model may be quite ben-
eficial. This will allow us to carry out all of the model’s inferred adjustments
with little hassle. Obtaining an analytical answer is rarely easy. It is feasible to

acquire a mathematical approach to a system of equations in some particular in-
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stances. If we considered a comparable system with only one non-linear factor,
we would be unable to use this strategy. If an analytical answer exists, it must be
sought in other methods. However, when models feature nonlinearity, as most
attractive models do, obtaining analytic solutions is often more difficult than for
the comparable deterministic system. If the model is more complex, and partic-
ularly if the framework is likely to change, it is unlikely that an analytic solution
will be found. When analytical approaches are ineffective, numerical methods
might be used to get approximate answers. Though they will never have the
identical generality as analytical answers, they can be just as effective in any
given situation. In general, numerical solutions to model equations approximate

the processes stated in the model.

1.3.4 Studying models:

It is essential to understand that the actions of a model may be characterised in
two approaches: qualitatively and quantitatively. In general, qualitative behaviour is
the same for entire families of models, but quantitative behaviour is typically only

appropriate for a particular scenario.

1.3.5 Testing Models

Once we have analyzed our model and are satisfied with its effectiveness, we can
begin testing it against observations from the physical system that it describes. This
is often known as validation. The model's hypotheses, framework, parameters, and

predictions should all be tested in mathematical models.

1.3.6 Discussion of a Model

This module emphasises the range of activities associated with mathematical mod-
elling. It is essential to provide a clear representation of the range across which the
model is regarded to be reliable. This range is dependent on the information used to

develop the model as well as the data used to test it.
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1.4 History of the Study

T. Malthus argued in his book "An essay on the principle of population” [215] in
1798 that population increase is an exponential approach, i.e. always rising or de-
clining, generally known as the Malthusian model or exponential model. The rate of
population increase, as per this concept, is proportionate to the current population
at the moment. If Py(t) represents the population at any moment t, then the popula-
tion change rate is dP,/dt, and (1/P;)(dPy/dt) signifies the population change rate per
capita. Considering that only births r; and deaths r,, affect growth rate change, the

per capita rate of change is given by,

dRy(t)

T = (I’]_ — I’2)P1.

If the initial population at time t = tg is Pyo, then the model is,

d%p =Py, Pi(tp) = Pio, (1.4.1)

where, r = r; —r5 is the intrinsic growth rate. The solution is P, = Poe’ %), Because
of the following conclusions, the model is restricted [189].

I. The rate of per capita growth is constant and is not affected by density.

Il. The rate of increase is either exponential or exponential decline.

lIl. When the birth and death rates are same, the population is constant, and r = 0.

Despite this, the model has several applications in the study of plant or insect popu-
lations, microbiology, fisheries, and so on [189] and may be regarded as a basic model
in understanding population dynamics. On population growth [160], Pierre-Francois
Verhulst presented a logistic model in 1838. Following the debate by [160], the model
became recognized as the Verhulst—Pearl model. It was discovered that the per capita
growth rate is dependent on total population, and that population rises exponentially
in the presence of ample food; nevertheless, as the population develops, competition

for food ensues, which is known as the crowding effect. If the initial population at time



t =tp is P1o, the model is

d P
% = rPy(1— Kl), Pi(to) = Pro.

Writing the initial value problem as,

dP(t Py
dR(t) _ rP1(1—-7), Pi(to) = Pio (1.4.2)
dt K
where r = ry —r, represents the intrinsic growth rate and Carrying capacity is gov-
erned by available information and is denoted by K. The result is P, = W
—e-tgK

0
The model is limited because of the following implications [189] ’

I. The per capita growth rate is affected linearly by P;.

Il. Variations in growth rate occur spontaneously in response to changes in popula-
tion, with no regard for time lag.

Ill. The model does not take into account external circumstances.

The approach has numerous uses in both the human and animal populations [30].
Furthermore, the logistic model was transformed into a Theta—Logistic model in order
to investigate the several types of nonlinear interactions between the rate of popula-

tion change and its densities. As a result, the model appears in the form:

dR P\ °
e rPlll— (K) } (1.4.3)

In the analysis of the connection between population and per capita growth rate, the
'@’ factor is the decisive factor. As an example, if 8 is big with P, < K, the system grows
exponentially; if P, > K, the growth rate reduces; and if P, = K, the population does
not change. Warder Clyde Allee researched biological organisms from the standpoint
of ecology in 1931 and discovered that the life expectancy is frequently influenced
by populationof the same species, resulting in low population densities. Because of
lower rates of reproduction and survival, population rates might reach zero or even
be negative [231,1232]. The Allee effect demonstrates that a certain level of popu-
lation density is essential for a population to exist or sustain itself. The Allee effect
occurs when the population growth rate initially climbs and then declines to zero at
a greater population rate. The exponential system is transformed into the restricted

growth model by introducing the idea of overcrowding, which causes conflict among
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species owing to a shortage of resources. The model has the following structure:

d
d—'?l = 11PL— 2P — yPZ, (1.4.4)

where y is the mortality rate caused to species overpopulation. Ecological modelling
comprises two species, one predator and one prey, and the study of their connec-
tion is an important element of ecology. The predator’s feeding rate on prey is the
most important factor in prey predator contact, and there is an increase or decrease
in prey density owing to a rise or reduction in predator density. Furthermore, there is
a dynamic between prey decline and predator growth, and studying this dynamic is
an essential subject of study in ecology [124/,189]. Beginning in the twentieth century,
Umberto D’Ancona, an Italian marine researcher, completed a 13-year quantitative
examination of fish species. The density of Selachians (predators) surged during the
First World War (1914-1918), but declined when hunting was done [136], and prey
population followed the opposite direction. Later, Vito Volterra, an Italian physicist and
mathematician, and [224] designed and implemented a mathematical model illustrat-
ing the eating of one species by the other. Let Pi(t) and P»(t) be the prey and predator

population densities, respectively. Volterra’s system is structured as follows:

9B — Py(t)(a — BRa(1)),
9% _ Py(t) (yPu(t) - 3),

where, a,f,y,0 are the positive constants. The first equation of (1.4.5) states that

(1.4.5)

the rate of change in prey population is a function of the rate of growth in prey pop-
ulation minus the damage due to predator population, while the second equation of
(I1.4.5)states that the rate of change in predator population is a function of the existing

prey population minus the predator death rate [1,2,189]. Lotka [1] and subsequently
Volterra [229] developed the model, which became recognized as the Lotka-Volterra
(L-V) model. The L-V model, according to [133], is based on certain unsustainable
biological hypotheses, like the fact that both prey and predator populations do not
constrain their development rate.

Kermack and Mckendrick produced an important publication on the Susceptible—Infectious—

Recovered (SIR) model in 1927, which was extensively recognised by numerous
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scholars. The SIR model looks like this:

4t = —BPiP,
dd_Fi — BPIP, — yP,, (1.4.6)
T =P

where Pyi(t), P»(t), and Ps(t) denote the susceptible, infected, and recovered popula-
tions at any given time t, and 3, y denote the infection and recovery rates, respectively.
The Kermack—Mckendrick (K-M) model looked at how the number of infectious agents
increased and decreased throughout epidemics. In the subject of eco—epidemiology,
the two basic models are L-V and K-M, which are integrated to establish an eco—
epidemological system. Let Py(t),P»(t),and P5(t) be the population concentrations of

healthy prey, sick prey, and predator populations, respectively, and the model be writ-

ten as:
G = PL— PP,
G = BPLP, — P3P, — 1P, (1.4.7)
@ = voPsPs — Py,

wherer, 3, y, 0, c1,and ¢, are positive constants. Only the prey population is infected
in the previous scenario. Hadeler and Freedman study the predator-prey relationship
with pathogens in the prey population, which infects the predator population as well
[116]. Prey become frail as a result of infection, making them more vulnerable to
predators. [108] was inspired by [116] to investigate an eco—epidemiological model
comprising three populations as vulnerable prey, diseased prey, and predators. The
prey population is supposed to obey the logistic rule, and illness occurs by the basic

law of mass action with no recovery. The system becomes:
G = r(PL+Po)(1—B2R) — BPIR, — PPy,
& = BPP— y(P,)Ps—CPR, (1.4.8)

d% = (eyP2+neyiPL—d)Ps,

where r, B, n, vi, ¥, C, €, yand d are positive constants. Further, P;, P, and P are
the populations of susceptible prey, infected prey, and predators, respectively. The

model described above is the most often cited [74] and a fundamental model in eco-

12



epidemiology. The prey predator system is defined as follows in [136,/195]:

4B — B(P) — g(Py, P2)P,

(1.4.9)
a2 — _dR+egP,P)P,,

In the absence of predators, B(P,) is the growth rate of the prey population. Preda-
tor effectiveness, predator population mortality rate, and functional response are all
represented by e, d, and g(P1,P,), respectively. An important characteristic of this dis-
cipline is choosing a desirable functional response for the prey predator system.

The functional response is described as the connection between the predation rate,
which may be defined as the amount of prey eaten per predator in unit time, and
the prey density [82]. The linear functional response, also recognised as the L-V
type functional response or Holling type | functional response, is taken into account
in Lotka Volterra type prey predator systems where the predator’s intake is directly
proportionate to prey density, i.e., attack rate rises linearly with prey population, then
it acquires a fixed value when the predator’s population reaches saturation [108,177]

and consists of following structure:
g(P) =P (1.4.10)

[26]27,1114] modified the Lotka Volterra model and another functional response
known as Holling type Il was formed where the consumption rate by predators in-

creases with decreasing prey population density till it satisfies with the following form::
ai1Py

P — 1.4.11
g( l) 02+P17 ( )

where a1, a, are constants and P, denotes species density. Many articles with Holling
type Il functional response in the literature [113,238]. Furthermore, Holling type Il
[112] denotes that the consumption rate first rises, then declines until easily assessed
is reached, and the functional response has the form:

alpf

P) = . 1.4.12
g( 1) 02+Pf ( )

Holling type IV [186] was first assigned by [106], indicating that the rate of predation
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reduces at high prey populations and the functional response adopts the following

structure:

gP) = ————. (1.4.13)

Many scientists criticised the addition of prey dependent functional responses in prey
predator models, arguing that functional responses in ecology must be depending on
the population size of both prey and predator as predators seek or struggle for food. A
prey predator model was discovered to include 'ratio dependent’ theory, which asserts
that per individual predator growth rate is the ratio of prey density to predator density.
Several authors strongly supported this notion. So, [181] presented a ratio-dependent

functional response based on the Holling type-Il functional response, which has the

form: o
algl a, Py
Pr) = = . 1.4.14
In 1969, Hassell-Varley in his paper [132] defined the functional response as,
aP
g(PL, ) = gj (1.4.15)

where a reflects the efficacy of hunting and o denotes the predator’s interference.

The functional response of Hassel-Verley type can be characterised as follows:

abP;

L 1.4.16
PSPy (1.4.16)

g(P1,P>)

[40] was published in 1975 with a functional response depending on predator density

termed as the Beddington-DeAngelis response, which takes the shape of

BPy

= 1.4.17
y+aP+ 0P’ ( )

g(P1, P)

where y represents the atmosphere’s safety to the prey population, a represents
predator involvement, and d represents the intensity with which the feeding rate ap-

proaches the saturation level 3. The Beddington—DeAngelis functional response is
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represented by the following model:

dP(t Pl

B —Pi(t) (2~ bR — orpp o L) (1.4.18)
AR (t Pt -
% = P(t) (_d + a1+b1Pz(t2)(4201P2(t))'

Where the prey and predator population densities are P, and P, respectively. Several
mathematical problems have been studied in literature using Beddington—DeAngelis
functional responses [81],183]. [163] reevaluated the Beddington—DeAngelis type mod-
el, allowing predator interference regardless of whether predators are handling prey

or looking for prey, and provided the following functional response:

Py
a3+ P+ 0P+ a1P P’

9(PLP,) = (1.4.19)

This is referred to as a Crowley—Martin (C—M)functional response. Many studies util-
ising the C-M type response have been reported in the literature [70]. The broadening
scope of investigating eco-epidemiological models has been highlighted in the litera-
ture. The fundamental models stated previously are updated in this thesis, and the
analysis is then carried out using positivity, boundedness, permanence, stability crite-

ria, bifurcation, and other criteria.

1.5 Mathematical Preliminaries

The preliminaries utilised in the subsequent chapters are acknowledged in the fol-
lowing section. The majority of the results are stated in the next part without proof but

supported by various sources.

1.5.1 Dynamical System

The mathematical explanation of a systematic, experimental, and predictable pro-
cess is referred to as a dynamical system. It may be expressed as a system that
grows over time in accordance with a set principle. The present situation and the
mathematically expressed law of any physical, chemical, biological, or ecological sys-
tem predict its past and future states, provided that the rules do not change through

time. As a result, the dynamical system includes specified states and rules that evolve
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over time.

1.5.2 Phase Plane Analysis

Because there is frequently no analytical approach to solve for a nonlinear system,
phase plane analysis is among the most essential tools for investigating its behaviour.

[88l1165] describe the phase plane approach. Let
P = f1(P,P), Po= fo(PL,P) (1.5.1)

where P, and P> denote system state variables and f; and f, denote nonlinear func-
tions of the states. The phase plane is defined by the state space of the P, and P,
functions. Let P(t) = (Py(t),Px(t)) be the solution of (1.5.1)starting from a given initial
state Py = (Pro, P2o). For any t > 0, the locus in the P, — P—plane of the solution P(t)
is a curve that runs through the point Pyg. This curve is referred to be the trajectory
or orbit of (1.5.1)from P,. A solution of (1.5.1) P(t) = (Pi(t), Px(t)) produces a phase
plane trajectory, and a family of these trajectories forms a phase representation of the
system (1.5.1) A unique point is an essential notion in phase plane analysis. A unique

point in the phase plane is an equilibrium point that implies the requirements
PL=0, =0 (1.5.2)

From conditions (1.5.2)and (1.5.1) the equilibrium relationships are obtained.
f1(P,P2) =0, f2(P,P2) =0 (1.5.3)

The variables Py, P, that determine the equilibrium point are obtained from (I.5.3) The
matrix A is the Jacobian of f1(Py,P) and fa(Pr,P,), and it has the form

D
—h
—

ot

[ w =
A=l on o
P, 0P

Table [1.1l depicts the behaviour of the system as it relates to the eigenvalues of A.
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Table 1.1: Stability Conditions Using Eigenvalues

Eigenvalues of A Behavior Stability
A1>A2>0 node,outgoing  unstable
A >0>Ar saddle point unstable
0>A1> A node, ingoing stable

A=2A2>0 node(degenerate) unstable
A=2A2<0 node(degenerate) stable

A=a+B,a>0 spiral, outgoing unstable
A=a+B,a<0 spiral, ingoing stable
A=+1B,a0=0 ellipse stable

When the system is of the type P = AP for some matrix A with constant coefficients

[44]. There is the following theorem in specific.

Theorem 1.5.1.In the systemP = AP, let A be a constant matrix having eigenvaluks
i=123...n

1. If the systemis stable, then Re) <0,i=1,2,3,....n.

2. If either RgA;) < 0,1 =1,23,....n;orif Re(A)) <0,i=1,23,...,nand there are no

zero repeating eigenvalues, then the system is uniforrabylest

3. The system is asymptotically stable if and only if R¢ < 0, i =1,2.3,....n.

1.5.3 Stability Analysis Using Routh—Hurwitz Criteria

Routh’s work [49] was a watershed moment in the understanding of dynamic sys-
tem stability and became a cornerstone of control theory. Routh is widely credited
for developing a criteria for evaluating the stability of a system. The criteria is applied
by analysing the characteristic equation, and methods for interpreting and applying
the criterion are well recognised and utilised, particularly in control systems analysis.
The criteria gives an analytical method for evaluating the stability of a system of any
order without requiring the roots of the characteristic equation to be obtained. The
characteristic equation is required in this criteria to determine the stability of control
systems. For linear system stability, the Routh—Hurwitz criteria is both required and
sufficient. This criteria is based on the sequence of the characteristic equation’s co-

efficients [67,1143/[235]. We investigate a multiple variables model with continuous
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time in this work. As a result, the following stages are used to conduct the stability
analysis [121]:

e Step 1: Calculating a Jacobian matrix.

Q)
U=

HPLP,... P GR(PLP.. Ry PP, P
of of at
1= a—PZ(Pl,Pz,...,Pn) a—P;(Pl,Pz,...,Pn) FiN (PP, ... F)
dtn dtn
a—Pl(Pl,Pz,...,Pn) E(P].)PZ)"')PH) a—Pn(P]_,PZ,...,Pn)
where °f' (Pl, P,...,Py) is the partial derivative of f; with respect to its variable,

Pii, j :1,2,..., ).

e Step 2: Find the Jacobian matrix.  The equilibrium value, Pf, Py, ..., Py, is used
to calculate the Jacobian matrix. A local stability matrix, J= J\Plzpf Po=P¥, ....Ph=P%,
is obtained. Then, using det(J—Al) = 0, get the characteristic polynomial.

Where | stands for the identity matrix, and rewrite as follows:
QA) =A"+b A"t by 1A + by

with real coefficients b fori=1, 2, , ..., n.

e Step 3: Routh—Hurwiz criteria.  The following are the values for the n Hurwitz

matrices:
b 1. 0 0 ... O
bs bo by 1 ... O
by 1
Hy = (b1), Ho = ,andHh=1| bs by bs by ... O
bz by L .

0O 0 0 O ... by

Note that if j > n, then b; = 0. If and only if all detHj > 0 with j =1, 2, ..., n, then
Q(A) has roots that are negative or have negative real part and the equilibrium point
is thus described as asymptotically stable. The Routh—Hurwitz criteria for polynomials
of degree, n= 4 are by > 0, bz > 0, by > 0, and bybybz > b3 + b2by.
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1.5.4 Global Stability

The direct approach of Lyapunov is covered in this section.

1.5.5 Lyapunov Stability Analysis

The stability of a dynamic process is illustrated using Lyapunov stability. A. M. Lya-
punov was a forerunner in the successful development of a method for analysing the
stability of nonlinear dynamical systems from a global perspective in compared to the
widely used local method of linearizing them around points of equilibrium.
Lyapunov’'s direct method:  Lyapunov suggested two approaches for establishing
stability in his 1892 work [4]. The first method developed a set of solutions that were
later shown to be convergent within specific parameters. The Lyapunov stability cri-
terion, often known as the Direct Method, is the second technique, which employs a
Lyapunov function V(P) that is analogous to the potential function in classical dynam-

ics. Let the following dynamical continuous system be:
P(t) = f(P), (1.5.4)

with f € C[Q,R"], where Q is a connected and open subset of R" containing the origin.
The function f is smooth which assures the uniqueness and existence of the solutions
of the system (1.5.4) Assuming that,

f(P)=0,P=0,
f(P)#0,P#0.

Without loss of generality, a trivial equilibrium point of the system (1.5.4) i.e., the origin

is considered.

Definition 1.5.1. If V : R" — R is a continuous scalar functio. is said to be a Lyapunov
function if it is positive definite, i.e.,

() V(0) =0,

(i) V(P) > 0, VP e Q— {0},

where,Q is a region in the neighborhood Bf= 0.

Theorem 1. Let P= 0 be an equilibrium point of the system given([@5s.4) IfV: Q — R is
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a continuously differentiable function such that the fafilog holds,
()V(0)=0,

(i)V (P)>0,in Q—{0},

(iii) V(P) = §V(P) = XLy G fi(P) = OV.f(P) < 0in Q —{0}.

Then, the equilibrium point B 0 is said to be stable.

Theorem 2. Let P= 0 be an equilibrium point of the system given[b5.4) IfV: Q —» R is
a continuously differentiable function such that the faifllog holds,

()V(0) =0,

(i) V (P)>0,in Q—{0},

(iii) V() = GV = 2Ly G fi(P) = OV.f(P) <0in Q — {0}

So, the equilibrium point B O is said to be asymptotically stable.

Theorem 3. Let P= 0 be an equilibrium point of the system given[@b.4) IfV: Q —» Ris
a continuously differentiable function such that the fafilog holds,

()V(0)=0,

(i)V (P)>0,in Q—{0},

(iii) V(x) = V(0 = 2L, 35 fi(P) = OV.f(P) < 0in Q — {0}.

(iv) V(X) is radially unbounded.

Then, the equilibrium point P O is said to be globally asymptotically stable.

Theorem 4. (Krasowskii’'s approach for the formation of Lyapunov fuon)

If the matrix function defined by W) = J(P) + JT (P) is negative definite functionPe Q(0e
Q), where J is the Jacobian matrix with respect to the dynansgatem described I§{.5.4)
As a result, the point P- 0 is stated to be a locally asymptotically stable equilibripmint
for the systen{I.5.4) with the Lyapunov function ) = MT(P)M(P). Furthermore, the
equilibrium point P= 0 is said to be globally asymptotically stable(f = R" and V(P) is

radially unbounded.
1.5.6 LaSalle’s Invariance Principle
Definition 1.5.2. (Invariant set). For a dynamic systétn= f(P), a setQ is an invariant set if

every trajectonyP(t) starting from a point ifQ remains inQ for all time.

Definition 1.5.3. For a dynamic systefd = f(P), a sefQ is an invariant set if every trajectory
P(t) with a point inQ remains inQ for all time. A setQ is a positively invariant set if any

trajectoryP(t) that starts at a poirR(0) in Q remains inQ for all timet > 0.
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Theorem 1.5.2.LetV(P) : R" — R be such that o®@, = {PeR":V(t) <}, we haveV (t) <O0.
DefineR = {P e R": V(t) = 0}. Then, If R consists onlyP = 0 trajectories, then the zero
solution is asymptotically stable.

1.5.7 Basic Reproduction Number

The epidemiological term of fundamental reproduction number is an essential mea-
sure of success of illness transmissibility [109]. It serves as an invasion criteria for
the virus’s early propagation in a susceptible population. Now we present the basic
reproduction number, which is defined as the number of secondary infected persons
created by a single infected individual throughout the duration of the entire time. In
the case of a single infected compartment, Ry is just the infection rate multiplied by the
mean duration of the illness. This basic heuristic definition of Ry, however, is insuffi-
cient for more complex models with several infected compartments. Furthermore, the
technique proposed by [110,158] may be applied to derive the fundamental reproduc-
tion number expression. The next—generation matrix technique [156,/158,/159,/167]
is used to obtain the basic reproduction number. We calculate the pest reproduction
number at pest—free equilibrium points. Let G be the next generation matrix, which
includes fi(t), v (t), and v (t),i =1, 2, 3, ...,ne N; where fi(t) is the rate of presence
of new infections in the compartment i, v;* (t) is the rate of immigration of individuals
into the compartment i, and v; (t) is the rate at which new individuals are transferred
from compartment i. In this process, the matrices f(t) and v(t) = v (t) —v*(t). The
Jacobian matrices of f(t) and of v(t) are, at disease—free equilibrium point , respec-
tively, given by F and V. Now the next generation matrix is defined as G = FV—1
and the basic reproduction number Ry of the system is defined by the spectral radius
of the matrix FV~L. If Ry < 1, then an infected individual generates fewer than one
newly infected individual on average during the life of his iliness. In this situation, the
infection may eventually die off. If Ry > 1, on average, each infected individual creates
more than one new infection, the virus can spread in a community. Several variables
influence the basic reproduction number, including the persistence of infectivity of in-
fected persons, the infectiousness of the germ, and the number of susceptible people

in the population that the infected people come into touch with.
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1.5.8 Sensitivity Analysis

The examination of the relative impact of various input elements on model output.
Sensitivity analysis gives developers of mathematical and simulation models tools to
comprehend the model’s influence on model input, as well as to investigate the impor-
tance of each model input in determining the model’s output. The sensitivity analysis
reveals us how essential each parameter is in the spread of illness. Such knowledge
is essential not just for layout of experiments, but also for data assimilation and the
reduction of complicated nonlinear models [46]. Because there are sometimes errors
in data collection and assumed parameter values, sensitivity analysis is widely per-
formed to test the robustness of model predictions to parameter values. It is utilised
to find parameters with a lot of influence on Ry that should be addressed by inter-
vention tactics. When a parameter changes, sensitivity indices allow us to quantify
the relative change in a variable. The ratio of the relative change in the variable to
the relative change in the parameter is the normalised forward sensitivity index of a
variable with regard to a parameter. When the variable is a differentiable function of
the parameter, partial derivatives can be used to determine the sensitivity index. We
investigate the effect of the basic reproduction number Ry for certain key parameters
in order to do a sensitivity analysis of the model. Following [34,151}[155], we calculate
the normalized forward sensitivity index of the reproduction number, which estimates
the relative change in a variable with respect to the relative change in its parameter.
Definition. The normalized forward sensitivity index of a variable h that depend dif-

ferentially on a parameter, |, is defined as: ' = £ x 4.

1.6 Optimal Control Theory

The challenge of determining a control scheme for a given system that meets a
specified optimality condition is addressed by optimal control theory. An optimal con-
trol issue is an optimization problem in the largest context. The distinction between
the two is that the optimizer in optimal control theory is a function rather than a single
value. This optimising function is known as optimal control. An optimal control prob-
lem is defined as the process of designing control and state trajectories for a dynamic

system over time in order to minimise a performance index. The collection of vari-
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ables (functions) used to represent the mathematical state of the system is referred to
as the state variable (or function). A control operation, also known as a control func-
tion, is one that regulates the recording, processing, or transmission of data. These
two roles govern how the system operates and where the needed control may be
located. A basic optimal control issue may be defined using these concepts. This
fundamental issue will be referred to as our standard issue (SP). Optimal control the-
ory is concerned with creating control signals that maximize (or minimize) a specific
performance index or criteria while also causing the process to meet some physical
restrictions [20]. In other words, it is a method for determining control function(s) and
state trajectories for a dynamical system over time in order to maximize (or minimize)
a productivity criterion [5,120]. It is based on the calculus of variations and is an ex-
tension of it [5]. Lev Pontryagin (1908-1988) and his colleagues—V. G. Boltyanskii,
R. V. Gamkrelidz, and E. F. Misshchenko established the maximum principle (Pon-
tryagin’s maximum principle), Richard Bellman (1920-1984) invented dynamic pro-
gramming, and Rudolf Kalman (1930-2016) developed the Kalman filter and built the
linear quadratic regulator [5,[122]. The rising popularity of the Pontryagin’s maximum
principle signifies the beginning of a new era in optimal control theory since it offers
mathematicians with suitable circumstances in optimization problems with differential
equations as constraints, laying the groundwork for extensive research [122]. Ad-
dressing optimization issues with restrictions on the derivatives of functions is difficult;
consequently, optimal control is used to develop solutions [69]. Economic and man-
agement theory, biomedical engineering, business, ecology and medical sciences,
aerospace and aerospace engineering, control theory, robotics, and other disciplines
of study all make substantial use of optimal control theory. The development of fast
and high—resolution computers aids in the application of optimal control approaches

to tough and intricate issues [5].

1.6.1 Optimal Control Problem

The state and control variables make up a cost functional in an optimal control issue.

The formulation of an optimal control issue necessarily requires:
e A mathematical representation (or model) of the controllable process
e A description of the physical limitations
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e Effectiveness evaluation specification

The collection of variables used to represent the mathematical state of the system is
known as the state variable (or function). A basic optimal control issue may be defined
using these concepts. Let u(t) be the control variable that is used on the state variable
P(t), and the state variable constitutes the differential equation that is dependent on
the control variable: P'(t) = g(t,P(t),u(t)). The goal is to find a piecewise continuous
control u(t) and its corresponding state variable P(t). The objective functional, which

is maximize/minimize, is

ma>¢minjtl f(t,P(t),u(t))dt,
to

subject to P'(t) = g(t,P(t),u(t)), (1.6.1)
P(to) = Poand P(t1) free

An optimal control is one that maximizes/minimizes. f(t) and g(t) will always be con-

tinuously differentiable functions in all three parameters for our requirements.

1.6.2 Necessary and Sufficient Conditions

Pontryagin and his colleagues in Moscow discovered the Necessary criteria in the
1950s [122].
Necessary Conditions Let u(t) be a control and state function P(t) satisfies differen-

tial equations(DE), control affect the DE. Define Hamiltonin H as
H(t,Pu,A) = f(t,Pu)+Ag(t,Pu)

Let u* is an optimal control and P* corresponding state. Then following conditions
hold:

M — 0at u* = f,+Agu = 0 (optimality condition),

A =M )" = _(f,+Agp) (adjoint equation),

A (t1) = O(transversality condition)

Sufficient Conditions
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Theorem 1.6.1.Consider
t1
Iu) = f £(t, p(t), ut) dt,
to
subject top'(t) = g(t, p(t), u(t)), p(to) = Po.

Assume thaff (t,P,u) andg(t,P,u) are both continuously differentiable functions in thek ar
guments and concave Piandu. Consideru® is a control with associated statps, andA,

which are piecewise differentiable functions, arfd P* andA fulfilon to <t <tj:

fu+Agu=0,
A = —(fo+Agp),
A(t2) =0,
A(t)=0.

Then for all controls, we havel(u*) = J(u).

1.6.3 Pontryagin’s Maximum Principle

If u*(t) and P*(t) are optimal for (1.6.1) then there exists a piecewise differentiable

adjoint variable A (t) such that
H(t, P*(1),u(t),A(t)) < H(t, P, u*(t),A (1))
for all controls u(t) at each time t, where the Hamiltonian H is

H = f(t,P(t), u(t)) + A (t)g(t,P(t), u(t)),

and
A(t) = _aH(t,P (t)a)l,:)u (1),A(t))
A(t)) =0

When the issue is minimization rather than maximizing, a similar approach gives the
same required conditions. We minimise the Hamiltonian pointwise in a minimization

problem, and the inequality in Pontryagin’s Maximum Principle is reversed. However,
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for a minimization problem with f and g that are convex in u, we can obtain

H(t,P*(t),u(t),A(t)) = H(t,P*,u*(t),A(t))

1.6.4 Existence of Optimal Control

Before addressing and identifying an optimal control, we must first establish that the
solution, and specifically the optimal control, exists. To begin, what criteria may ensure
the existence of a limited objective functional value at optimal control and state? We

present some results findings from [107,/123/,200,233].

Theorem 1.6.2.Let the set of control for the problem (1.6.1) be lebesguegreble functions
ontp <t <t with values inR. Let f(t,P(t),u(t)) is convex inu, and there exist constaht;
andM,, M3, Mg > 0 andf > 1 such that;

1. The class that includes all initial conditions that haveoatrolu and each state equation
that is fulfilled in the admissible control set is nonempty.

2.9(t,Pu)=a(t,P)+ B(t,P)u

3.g(t,Pu)|<Mi(L+ [P+ |ul)

4.|g(t,PL,u) —g(t,P.u) |< Mz | PL—P | (1+ | u])

5. f(t,Pu)y=Ms|u|P —My

for all t withtg <t <t;, P, P, uin R Then there exists an optimal minimizing J(u), with
J(u*) finite.

1.6.5 Bounded Controls

To arrive at a reasonable solution, many issues need control bounds. Consider
the amount of a chemical utilised in a system as an application of a control. The
amount must then be nonnegative, i.e., u > 0. Control must frequently be bounded.
There may be physical limitations on the amount of chemicals that may be utilised, or
environmental restrictions that make some levels of use inappropriate. Then there is
the possibility of an issue if the control is a percentage of a strength or use. Then our
bounds would be 0 < u < 1 [200]. We must design other required conditions to solve

issues with boundaries on the control in order to solve problems with bounds on the
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control. Take into account the issue

maxJ(u) = muaxfl f(t,P(t),u(t))dt+ @(P(ty)),

subject to P/(t) = g(t,P(t),u(t)), P(tg) = po. (1.6.2)
c<u(t) <d, (1.6.3)

where ¢, d are fixed, real constant and c < d. Let J(u) be the objective functional’s

value at control u, and P(t) be the related state. Forming the Hamiltonian

u*=cif 4l <o,

c<ur<difH =0, (1.6.4)

u*=d if & > 0.

Thus, the optimal control u* maximizes H pointwise with regard to ¢ < u < d. If there
is a problem with minimization, u* is used to minimize H pointwise. This causes the
< and > in the first and third lines of (1.6.4)to be reversed.

1.6.6 Numerical Methods for Solving Optimal Control Problems

There are a variety of numerical procedures that may be used to approximate an
optimal control issue. Though most issues have a theoretical solution, finding it ana-
lytically is extremely difficult in reality. As a result, numerical techniques are required.
The most important analytical approach is Pontryagin’s maximum principle, which
specifies the requirements that the control and state must meet. These conditions
may be handled in a straightforward manner; but, for the majority of cases, the con-
ditions are too complex to be addressed explicitly. This is particularly true for issues
with extra state or control limitations. Numerical techniques are utilised to develop
approximations to these complicated equations as a result of these factors. All of the
approaches require one of these numerical procedures. A technique for solving ordi-
nary differential equations and systems of differential equations is required.

Forward Backward Sweep: This is a form of indirect approach for finding the optimal-
ity conditions of an optimal control problem numerically. When the maximum principle

is used, the problem is reduced to a multiple point boundary value problem (optimal-
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ity system). The ideal values for the original control issue are determined by solving
the optimality system. The presence of adjoint equations, transversality criteria, and
control equations is necessary in indirect techniques. The Forward Backward Sweep
(FBS) is used to find an approximate solution to these difficult equations. Given a
control function approximation, FBS solves the state ahead’ in time (from tg to t;) be-
fore solving the adjoint 'backward’ (from t; to tg). Once the state and adjoint functions
have been identified, the control is updated, and the state, control, and adjoint func-
tions are checked for convergence against a user-specified tolerance. Depending on
the result, the algorithm either repeats the process with the updated control or stops
with the final approximations for the state, adjoint, and control functions considered
as the solution to the optimal control problem. The control vector requires an initial
value before it can be used. This starting value is always a N + 1 vector of zeros.
A basic Runge—Kutta 4 (RK4) approach is used to solve the state ODE, however the
RK4 method must be modified to allow for working backwards in time while solving the
adjoint ODE. The first method is the RK4 equipped for three inputs, while the second
is a reverse solution from the RK4 equipped for four inputs.

Runge—Kutta 4 (with 3 input update) Algorithm:

Ki= f(ti,P,u)
h h 1
Ko = f(t; +5:P +§K17§(Ui +Uit1))
h h 1
Kz = f(t; +5:P +§K27§(Ui + Ui+1))
Kg = f(ti +h, R +hKs, Ui ;1)
h
P|+1=P|+6(K1+2K2+2K3+K4)
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Backward Runge—Kutta 4:

J=N+2—i
K1 = f(tj,A},Pj,uj)
h. h, 1 1
Ko = f(tj— é,)\j - EKLE(P] + Pj—1)7§(ui +Uj-1))
h. h 1 1
Ka = f(tj = 5.7 — 5Kz, 5 (P + Pi-2), 5 (U] + Uj-1))

Ka = f(tj —h,Aj —hK3,Pj_1,uj_1)

h
Ai—1=Aj —6(K1+2K2+2K3—|—K4)

Now that the algorithm has a state and a control for the current step, the programme
must compute the actual control before it can test for convergence. This indicates
that the control for the current step is a combination of the current control, uneyw, and
the control from the previous step, ugg. This can be accomplished in a variety of
ways. To verify convergence, the algorithm computes the error terms. At the end
of each iteration, the FBS compares the newly computed state, control, and adjoint
vector to the old state, control, and adjoint vector to determine whether the change is
small enough to cause the algorithm to stop. When the test variable gets positive, the
FBS function performs this. The test variable is the sum of all the state, adjoint, and
control relative errors. The test variable is the minimum of all of the relative errors of
the state, adjoint, and control. The relative error, P, for the state vector is shown in
Equation (1.6.5) It is essential to emphasise that the k signifies the iteration step, not

the kth element of P.

([P —P<+Ely

T 5. (1.6.5)

When ||PX|| ~ 0. Then, the result is Equation (1.6.6)
8[|P|[1 —||IP*— P* Y| > 0 (1.6.6)

When this is true for all three vectors being examined, the process terminates and the

present control is the best approximation to the optimal control.
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Chapter 2

A Prey—Predator Model Approach to
Increase the Production of Crops:
Mathematical Modelling and Qualitative

Analysis

This chapter presents the concept, approaches, and uses of mathematical model-
s in farming. Prey-I, such as sugarcane crops, which take a long time to grow, and
prey—Il, such as vegetables, which have a short time for crop yields, are planted along-
side sugarcane crops and predators that harm both prey—I and prey-Il. The various
equilibria of the system are obtained, and the stability conditions are analyzed. Fur-
thermore, a comprehensive analysis of the optimal control strategy is also performed.
The optimal control model includes the use of three control variables, such as pes-
ticide application rate, biomass application rate, and control of the Cassava mosaic
virus in the system. Finally, Pontryagin’s maximum principle is used to determine the

optimal control. Further, analytical results are verified by numerical simulations.
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2.1 Introduction

Population constitutes the key elements of human geography. Due to the dynamic
phenomenon of the population, it has been increasing at an alarming rate. India is
the second most populous country, and it constitutes over 16% of the total popula-
tion of the world. India has seen four distinct phases of demographic change during
the twentieth century: the phase of the stagnant population (during 1901-1921, the
population of India increased from 238 million to 251 million), phase of steady growth
(a period 1921-51, the population of India increased from 251 million to 361 million),
a phase of rapid high growth (during 1951-1981, the population of India increased
from 361 million in 1951 to 683 million in 1981 recording on the increase of 89.36 per-
centage in a short span of thirty years.), phase of high growth rate but with a sign of
slowing down (during 1981-2001, the population increased from 683 million to 1028
million). While the total population of India was 361 million in 1951, it boomed to 1210
million in 2011 [142]. The population continues to increase at an alarming rate , which
is simply mind boggling. It is estimated that if this trend continues, the population will
be 1400 million in 2025, thus surpassing China’s population in that year to become the
most densely populated country in the world. The current growth rate of India’s popu-
lation is 17.64% (2011). In the last two decades, the Gross Domestic Product of India
and per capita consumption has increased 4.5 times and 3 times, respectively [249].
However, the effects of population explosion have resulted in increasing poverty and
shortage of food. The main objective of agriculture was developed to produce food for
human consumption. Although, agricultural production has increased almost 2 times
but it is unable to provide access to food to a large section of the population. Thus,
despite the increase in food production and tremendous economic growth, we are un-
able to eliminate the need for food in India. According to FAO (Food and Agriculture
Organization UN) approximately calculated in the state of food security and nutrition
in the world, 2019 report, 194.4 million people have insufficient food in India which
is 14.5% of the total population. Further, according to the report, 37.9% of the chil-
dren aged below five in India are stunted, while 20.8% suffer from wasting. These
children are more likely to die from common pediatric diseases including malaria, p-
neumonia, and diarrhoea. India has rank 103 in the global hunger index—2018 out

of 119 countries as per the 2018 Global Hunger Index. The index is based on three
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parameters—existence of wasting and stunting in children below 5 years, the child
mortality rate (below 5 years), and the percentage of undernourished people in the
population. However, it is found that about one—third of the crop produced for human
consumption gets lost or wasted per year. About 40% of the vegetables and fruits and
30% of cereals are lost every year. Figure [2.1 demonstrates the output of grain from
2013-14 to 2017-18 and the prediction for the 2018—-19 and 2019-20 in India.

Years

2018-19 284.95
2017-18 285.01
2016-17 275.11
b Grains in Million Tonnes
2015-16 251.54
2014-15| 252.02
2013-14 265.05

; %0 1000 500 Food grains

Figure 2.1: Crop production of food grains in India.
(Source: Ministry of Agriculture & Farmers Welfare, Govf.ladia.)

Table 2.1l indicates the total annual production of sugarcane in India for four years.

Table 2.1: Sugarcane production in India

Years 2013-14 2014-15 2015-16 2016-17

Production (tonnes/ha) 70.5 71.5 70.7 69.0

Source: Directorate of Economics and Statistics, Miniefrgriculture & Farmers Welfare,
Govt. of India.

Table [2.2] displays the production of vegetables in India.

Table 2.2: Vegetables Production in India

Years 2015-16 2016-17 2017-18
Vegetables Production (in’000 MT) 169064 178172 184394
Area (in 000 Ha) 10106 10238 10259

Source: Directorate of Economics and Statistics, Miniefrgriculture & Farmers Welfare,
Govt. of India.

The Use of chemical fertilizers in India is shown in Table [3.1]
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Table 2.3: Consumption of chemical fertiliser productsndia (in"O00 Tonne)[[223]

Years Urea AS AClI CAN SSP TSP MOP  SOP

DAP

2011-12 29565.3 509.39 58.01 109.20 4746.01 78.13 3028.93/93 10191.20
2012-13 30002.20 529.71 3.11 89.99 4030.36 39.56 2211.0246349154.08
2013-14 30600.50 480.66 2.38 51.90 3879.32 3.59 2280.4153307357.42
2014-15 30610.00 508.55 0.89 7.68 3989.30 1.84 2853.35518825.56
2015-16 30634.77 448.87 5.17 12.33 4252.74 5.386 2466.9383169107.22
2016-17 29613.58 426.09 4.13 7.14 3756.81 5.00 2863.20 5.8863.51
2017-18 29894.44 573.57 19.26 0.14 3439.38 3.76 3158.189 5.19294.1

Abbr.: AS: Ammonium Sulphate, CAN: Calcium Ammonium Nitrate, ACl: Ammo-
nium Chloride, DAP: Diammonium Phosphate, MOP: Muriate of Potash, TSP: Triple
Super Phosphate, SOP: Sulphate of Potash and Potassium Sulphate, SSP: Single
Super Phosphate.

According to the Indian Council of Agricultural Research (ICAR)-2010 survey, about
120.40 million ha, which is (37%) of total geographical area, has been subjected to
different kinds of land degradation. Alkalinity and salinity have affected about 1.73 mil-
lion hectares of areas in agriculture led states of Haryana, Punjab & Uttar Pradesh in
India. One of the main causes of such a problem is the improper use of chemical fer-
tilizers. As per land uses, barren land includes lands covered by deserts, mountains,
etc. that are not suitable for cultivation except at a high input cost. There is a lack of a
comprehensive program for transforming barren land into fertile land. However, many
watershed development programs have been started for developing degraded land by
India’s government. There is an effort to bring parts of such developed land under cul-
tivation for various crops including food crops. Figure and Figure show areas

under nonagricultural uses, barren unculturable land & culturable wasteland.

Years Years

2014-15(P) - 2014-15(P) -
2013-14(P) 26.91 2013-14P) 16.95
2012-13(P) - 2012-13(P) -
2011-12(P) 26.31 2011-12(P) 17.22
2010-11(P) 26.4 2010-11(P) 17.18
2009-10) 26.16 2009-10) 17.18
2008-09) 26.21 2008-09) 16.85
4 4 Barren Unculturable Lan
2007-08| 25.88 Area Under Non-agricultural Ust 2007-08| 17.02 (Area in Million Hectares
2006071 (Area in Million Hectares 2006.07] )
2005-06] 24.99 2005-06] 17.43
2004-05| 24.76 2004-05| 17.47

(a) (b)
Figure 2.2: Agricultural land in India during 2004-05 to 2015 [9].
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Years

2014-15P) -

2013-14P)
2012—13P; -
2011—12(P): E
201&11@): 12.65

200&15 @

zoo&o; E

2007-08| 13.04 Culturable Waste Lan
= (Area in Million Hectares
2006-07| 13.27

2005-06 13.22

2004-05| 13.27

S S S S B S S S O S S O WS R
0 20 40 60 80 100 120 140

Figure 2.3: Agricultural land in India during 2004—-05 to 2615 [9].

P: Provisional except Geographical Area.

Source: Directorate of Economics & Statistics, DAC & FW.

It is estimated that agricultural production should grow by approximately 40% in the
coming 20 years to meet the consumption demand of an increased population (OECD
and FAO of the UN, 2009). However, the global capacity to increase agricultural
production is endangered by vast land degradation across regions. Since land for the
cultivation of crops is limited. Thus, we cannot destroy the fertility of the land as well
as cannot afford to destroy the crops. Some organisms consume crops. It is found
that few small insects, weeds, and animals are destroying the many valuable crops.
Simultaneously, there are some bacteria, fungi, etc. that also harm trees and plants.
Plant diseases are transmitted by various insects. Some examples of viral pathogens
are Begomoviruses, carried by the whitefly, Bemisia tabaci, etc. They have drastically
reduced crop productivity for crops like tomato, cotton, soybean, etc. [198,199]. The
damage caused by agricultural pests is a worldwide problem. For instance, about
37% of all agricultural production in the US is destroyed by pests, causing a loss of
approximately $122 billion a year. So it is very clear why the control of the pest is
one of the major global problems. Due to the huge loss in food crops, pesticides are
commonly used to try solving the problem. Currently, chemical insecticides are widely
used as the most common technique of pest control to prevent the pest population
directly at low cost [58]. Pesticides are used to Kill or control pest populations. There
are various types of pesticides available today, but insecticides and herbicides are

commonly used pesticides that kill or balance unwanted insects and plants. The use
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of pesticides has increased fourfold in the past half-century. Figure 2.4l demonstrates
the use of agricultural pesticides in India during 2010-11 to 2016-17 [76].

Years

2016-17 57000

2015-16 54121

2014-15 56121

2013-14 60282

2012-13 45619

Pesticides in Metric Tonne

201112 52979

2010-11| 55540

T e s s S S [ S Y S S S S N S S N} PeSliCideS
0 50000 10000C 150000 20000C 250000 30000C  35000C

Figure 2.4: Consumption of chemical pesticides in Indidardy2010-11 to 2016-17

The use of pesticides benefits farmers by increasing food production and prevent-
ing crop diseases. It prevents the loss of a higher percentage of crops due to pests.
However, despite the benefits, many problems are associated with the use of pesti-
cides. Research studies have found that improper use of pesticides has led to many
negative environmental effects. Some of those problems are loss of impact on pest
populations due to their improved resistance, harm the beneficial non-pest population,
loss of natural pest control due to destruction of natural enemies of the pests, and in-
crease in new and more destructive pest, chemical residues in crops and chemical
insecticide residues in the agricultural ecosystem for long—duration [18]. There are
various studies regarding the use of optimal control theory to control pest popula-
tions [18,164,/147,/153,213,214]. [19] applied optimal control theory to design optimal
feedback mechanisms for a few models. As pesticides often move to different loca-
tions from where it is applied, through water, air, and soil. Therefore, it can harm other
organisms. On many occasions, when a pesticide is applied, it also destroys non—
pest organisms that are either non—harming or restrict the growth of pests. This can
radically change the natural balance of an ecosystem. Removal of non—pest organ-
isms may create favorable situations for the growth of the pest. Apart from harming
the ecology, pesticides also cause harm to humans when they move from their orig-
inal target. People’s exposure to pesticides creates a high number of accidents that
intoxicate human beings, which results in the growth of life—threatening diseases like

cancer leading to deaths of people between 20,000 and 40,000 worldwide each year.
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Other harmful effects of pesticide use are bioaccumulation and biological magnifica-
tion. The pesticides accumulated in the organisms body can cause many harmful
effects on the body. These pesticides get transferred when consumed by organism-
s. For example, DDT as a pesticide was sprayed on crops to kill pests. It entered
the bodies of zooplankton, which were then consumed by fish. The consumption of
such fish by predatory birds led to their death due to the biomagnification of the pes-
ticide in their body. This resulted in the near extinction of predatory birds such as
peregrine falcons and bald eagles. In a recent model, a complex model has been
developed based on cropping weather for the study of corn lethal necrosis, crop dis-
ease due to co—infection with two viruses. However, as there is a possibility of a
virus being transmitted via a vector, soil, and seed, few control techniques were de-
veloped including the use of the clean seed, crop rotation, implicit control of vectors,
and removing plants with undesirable characteristics [62,230]. A plant—vector—virus
model for crops showed that rouging has only a little impact on crop disease inci-
dence [94,140,1208,[209] . Further, [63] worked on the control of crop pests using
the importance of farming awareness. Today there is no appropriate method for lim-
iting the pest population. One of the effective strategies to control the population of
pests can also be achieved by using natural enemies under the prey-predator model.
For instance, many animals and birds eat pests without hampering agriculture. Thus,
they can be used as biological controls for the pest. The pest populations may also
be affected due to some viral or bacterial infection. Thus, it can be used as another
important natural strategy to control the targeted pest population [174,196]. The use
of predator populations to control pests can be found in [196/[217]. The interactions
among crop, pest, infection, and predator of pests were analyzed in [43,[77]. [37,/86]
also worked on a prey-predator model with the disease in the prey populations. In
their studies, a systematic approach has been used to control the pest population
using a combination of various possible methods; say, (i) productive application of
predator population, (ii) application of infection among the pest population, and (iii)
use of balanced chemicals. In this study, our modelling approach is based on prey—
predator system, therefore our proposed model is analysed using the concepts of
prey—predator model. We have considered two types of prey populations and their
predator as a pest. Prey is considered as crops and who damage the crops con-

sidered as predators (pest). Mathematical modeling has made a significant role in
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these types of pest and pesticide problems. Pest problems, expressing the relation-
ship between prey—predator forms, are popular and have been widely analyzed in
recent times. The vision is to meet the food demand of the people and create enough
food surplus. In eliminating hunger, agriculture can play a significant role. It is essen-
tial to use agricultural work systemically to solve the problems related to hunger and
food crop waste. Increasing the population leads to the development of a food crisis.
For this reason, ensuring sustainable agriculture and increasing domestic production
become essential to meet the growing demands of the population as well as reduce
undernutrition among the major section of the population. So, this paper develops the
techniques and methods to manage agriculture effectively and ensure food security.
A systematic approach to managing the pest population using pesticide control and
increasing crop productivity as well as the fertility of land using biomass control has
been discussed in this study. The model description is covered in Section 2.2l In
Section 2.3H2.5] positiveness, boundedness, and the criteria for the existence of lo-
cal stability analysis surrounding all equilibria of the model system are examined. In
Section [2.7], the numerical simulation of the system is discussed. In Section [2.8], we
carry out mathematical formulation and analysis in the presence of controls. Section
[2.9]is devoted for numerical simulations and discussions of the model in the presence

and absence of controls. The conclusion is presented in Section [2.10.

2.2 Proposed Mathematical Model

In this chapter, a significant mathematical model is studied to address the same.
The mathematical model is a prey—predator type system, namely prey-I, prey-Il, and
pests. The prey—I like sugarcane crops, which take a long time to grow, Prey-Il like
vegetables such as beans, peppers, pumpkins, and corn, which have a short lifetime,
are grown with sugarcane crops and the pest that damage both the prey—I and prey—
Il. Due to the longer time taken by prey—I(sugarcane) to grow, the space available in

the same field can be easily used for growing prey—II (vegetables) without impacting
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the growth of sugarcane. The proposed model takes the form

dd—l? = r1P1 — i]_P]_z —C1 (1— m]_) P3P1 — C(]_Plpz,
G = r2Po—i2Pe? — 2 (1—mp) PsPo — a2PyP, (2.2.1)
dd—FEg = r3P3 — i3P32 + C3 (1— ml) I:)3':)1 + 04(1_ mZ) P3P27

with initial data P;(0) > 0, P,(0) > 0 and P5(0) > 0. Here, Py(t) represent density of crops

(prey-I) at time t, P,(t) represent density of crops (prey—Il) at time t, and Ps(t) repre-

sent density of pest (predators) at time t. The parameters are defined in Table 3.3

Table 2.4: Parameters of the model(2.2.1)

Parameter Meaning
r Growth rate of prey—I in the absence of predation
i1 The level of competition among prey-|
C1 The number of prey-I that a predators consume in a given timite u
my Special threshold value or the minimal feasible prey—I paipan
a1 Competition among prey—I| and prey-Il
ro Growth rate of prey-lI
i The level of competition among prey-lI
C The number of prey-Il that a predators consume in a given tinie
np Special threshold value or the minimal feasible prey—Ilyapon
as Competition among prey—Il and prey-I
rs Growth rate of predator
i3 The level of competition among predators
C3 The rate at which pests transform ingested prey-I into nestspe
Cy4 The rate at which pests transform ingested prey-II into nest$

To fulfill our model, we make some assumptions that the predator species depends
on a prey-I and prey—II species as its only food supply, and there is no threat to crops
other than the pest. The parameters, r; is the growth rate of prey—I (Py), r2 is the
growth rate of prey—Il () in the absence of predator (Ps). The prey—I and prey—II
populations are diminished by predators. The term r3 is the natural growth rate of
predators. The term iy is a positive parameter of competition among prey—I and the
term i 1P12(t) decreases the prey—I population due to competition with each other in a
particular habitat. Similarly, the term i, is a positive parameter of competition among
prey—Il and the term i2P22(t) decreases the prey-Il population. Like the minerals, light,

amount of food, space, and water that are available which are limited. The term iz is
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a positive parameter of competition among predators and the term i3P§(t) decreases
the predator populations. The term m;, 0<my <1, mp, 0<mp < 1is a special threshold
value of prey—I and prey-II respectively. To understand better my, let us consider one
example. Say, there are 100 preys and out of 100 only 80 are available for predation,
then my will be % It means 20 prey are safe by different means. The terms c;(1—my)Ps
and cz(1— mg)Ps denote the net rate of death of the prey—I and prey-Il population in
response to the size of the predator populations. Similarly, the term c3(1—m)P; and
c4(1—mp)P, denotes the net rate of growth of the predator populations in response to
the size of the prey—1 and prey-Il populations. a1P,P, and a,P;P> denote the death

rate of the prey—I and prey-Il respectively due to competition between prey—I and

prey—Il.
2.3 Positiveness and Boundedness of the System

2.3.1 Positivity

It is important to demonstrate that all the solutions of the system with positive initial

data will remain positive for model (2.2.1) The following theorem will demonstrate this.

Theorem 2.3.1.The solutions of Py (t), P»(t), Ps(t)) of the systen(2.2]1) with the initial data
P1(0) > 0, P»(0) > 0, andPs(0) > 0 are positive for alt > 0.

Proof. (i) Positivity of Pi(t): from the model[(Z.2]1)

d .
d—Ftﬁ' = I’]_P]_—I]_P]_Z—Cl(l—ml) P3P — a1PiPo. (2.3.1)

Without loss of generality, removing all the positive terfnsm the right—hand side of the
differential equation(2.311), the differential ineqialcan be written as:

dR,

at > —Pi(i1P1+c1(1—my) Ps+ a1P)

Assume that; (1—my) Ps+ a1 = C, then the differential inequality is reduced to
d .
d—F:'L > —Pi(i1PL+C).
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This inequality can be arranged for integration by partracfion and then integrating the

integral inequality,
P

i1PL+C

Sl o)l> t4Q

whereQ is integration constant. Finally, solving f& will give us

ACe Ct

Pi(t) > ———,
1(t) 1—ijAeCt

whereA = Q. ThereforePy(t) > 0 for 1—i;Ae Ct > 0. That is, Pi(t) is nonnegative for
t> %In(ilA).

(ii) Positivity of P,(t): from the model[(Z2.2]1),

d .
d—? = 2P — ipP? — o (1— mp) P3P, — aoPL Py, (2.3.2)

After removing all the positive terms from the right—handesiof the differential equation
(2.3.2), the differential inequality is as follows:
dR

ot > —isPo? — Cp (1— mp) P3Py — aoPy Py,

Assume that; (1—mp) P3 + 2P = Cy, then the differential inequality is reduced to

d .
d—? = —P2(I2P2+C1).
This inequality can be arranged for integration by partracfion and then integrating the

integral inequality,
1 P

Znj(—2—)| = -t+Qq,
C, |<|2P1+C1)| Q

whereQs is integration constant. Finally, solving 8 will give us

ACe Gt

P(t) > ————,
2(t) 1—i,AeCit

whereA; = €191, ThereforeP,(t) > 0 for 1—i>A;e~C! > 0. That is,P,(t) is nonnegative for
t> c_ll In(i2A,. (i) Positivity of Ps(t): from the model[(2.2]1),

d .
d—? = raPs — isPs® + Cg (1~ my) PPy + C4 (1 - mp) PeP, (2.3.3)
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After removing the some positive terms from the right—haide f the differential equation
(2.3.3), the differential inequality is as follows:
dh;

Z 2> 1Py —igPs2
it 3P —13P3

This inequality can be arranged for integration by partiacfion and then integrating the

integral inequality,
i3P3 —TI3

Ps
whereQ is integration constant. Finally, solving & will give us

1
—In|( )| = —t+Qy,
rs

ra
P3(t) > ———,
3(t) i3— Apetrs
whereA, = €39, ThereforePs(t) > 0 for iz — Aye™"3 > 0. That is,Ps(t) is nonnegative for
1 (A

O

Theorem 2.3.2.All solutions of the model system (2.2.1) that initiateR3 are uniformly
bounded.

Proof. We define the functiow(Py, P, Ps) = P+ P>+ P5. Forn > 0, addingyw and deriva-
tive of w(Pr, P, P3) with respect to time is
dw dh, dB dR;

E+’7W:E+H+H+’7(P1+P2+P3)’

— 1P —i1P1% — 1 (1— my) P3Py — q1P1Ps + 1P — i1 P02
—C (1— rr12) PP — asPi P + r3Ps — i3P32 + Cg(l— ml) PsPy
+ C4(1— rr12) PsP, + I7(P1 +P+ Pg),

d P
:d—\f[v+nw<P1!(l—El)+n]+P2!(1—%)+n]+P3!(1—%)+n],

11 12 i3

2 2 2
:>d_""+,7wg(f1+n) L (r24n)®  (r3+n)

dt 4iq 4ip 4iz '
2 2 2
for c; > c3, ¢, > C4. Thus, we select a valle> 0 such thak = (rlﬂ + “2;2’” + (rﬁ?s”) ,
dW+ w<k
gt TMWsx
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Applying the theory of differential inequality [65],

O < W(Plv P27 P3) < er,t )

(1-e M+

S| x

fort — oo,
O< W(P].: P27 P3) < %

Hence all the solution of systefn (2.R.1) are

O={(P, P, P)eR :0<w< —}.

S x

2.4 Equilibrium Points of the System

Prey—predator model system (2.2.1)has following equilibrium points:

1. The trivial equilibrium point Eq(P}, Py, P5), where

Pf=0 P =0 P;=0.
2. The prey-I and prey—II free equilibrium point E1 (P}, P>, P5), where

r
W:Q@:Q@:f.
3

3. The prey-I free equilibrium point Ex(P}, P5, P5), where

where f1 = CoCq + igig++CoCam3, fp = 2coCamy, f3 = igra + Compra, fa = Cors, fs = carp +
ior3, fg = campry, which is biologically feasible if (i) fy > f, and f3 > fyor f1 < fy and f3 <
fa, (iNfy < fo and f3 < fg, or f1 > fo and f3 > f4.

4. The prey-ll free equilibrium point E3(P}, P5, Py), where

C3l1 +i1r3—Camr

p* iarp+C1Mir3 —Car3
C1C3 +i1i3 — 2C1C3My + C1C3ME’

1 ciC3+igig+ C1C3MmE — 2cic3my

P =0, P =
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which is biologically feasible if (i) i3ry + cimrs > cirz and cic3+i1i3+ clcgm% > 2C1C3My,
Orisri{+cimyra < cirz and ciCz+ i1i3+c1C3m% < 2c1C3my. (i) c3rp1+ir3 > cgmriand cic3+
i1i3+ C1C3M2 > 2¢1C3My, OF Carp +i1r3 < CaMyriand €C3 + i1iz + C1C3ME < 2¢1C3My .

5. The prey-I and predator free equilibrium E4(P}', Py, Py), where
Pl =0, F = Py =0,
2

which is biologically feasible.

6. The predator free equilibrium Es(Py, P>, P5), where

ior{ —roa i1r- —ria
Pl*:_z_l 21,P2*=_1_2 12,P*
I1l2 — 0102 I1l2 — 0102

0,

which is biologically feasible if (i) ior1 > roa; and i1io > a10a2 or iorg < rpoa; and iqip <
a102, (i) i1r2 > riao and i1i2 > a0 Or i1rp < riaz and i1i2 < a1 do.

7. The prey-Il and predator free equilibrium Eg(P}', Py, P5), where
Pl :i—, P2 ZO, P3 ZO,
1

which is biologically feasible.

8. The interior equilibrium E7(Pj, Py, Py) is the point of intersection of the following

equations:
I’l—ilpl—Cl(l—ml)Pg—ale:O, (2.4.1)
ro—ioPo—Co(1—mp) P — P = 0, (2.4.2)
r3—isPs+C3(1—m)Pr+c4(1—mp)R =0, (2.4.3)
from (2.4.1)
P — —C1Ps+ c1m1iP3+ r— PzC(;|_7 (2.4.4)
1
from (2.4.4)and (2.4.2)
hoPs + hsP> +hy = 0, (2.4.5)
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where o142, by = (—oa(1—me) + 42 — S ) by = (<ip+ 4),

from (2.4.4)and (2.4.3)
hgPs + hsP> + hy = 0, (2.4.6)

where hy = ‘33(1771”"1)” +r3, hg = <c4(1— mp) — 03(1—m1)011> 7

i1
. cic3(1—m c1C3(1—m)m
h6 _ ( i3 1 3(i1 1) 1C3( a 1) 1)7

from (2.4.5)and (2.4.6)
* h1h6 - h2h4 * h3h4— h1h5
"2 = hohs hahe’ 3 hohs hghg’ (2.4.7)
from (Z4.2)and (Z.4.7)
P e (2.4.8)

(hghs — hshg)is’

where h7 = c1hihs + c1hshamy + hohsrq + hohgaq, and hg = hihga + c1hshg + cihihsm +
hshgri, which is biologically feasible if following conditions are satisfy (i) hihg > hyhy
and hyhs > hzhg or hihg < hohs and hohs < hghg, (i) hshy > hihs and hyhs > hzhg or
hshs < hihs and hyhg < hshg, (iii) hy > hg and hyhs > hzhg or hy < hg and hohg < hshg.

2.5 Local Stability Analysis

In this section, we analyze the local stability behaviour of the mathematical model
that is determined by constructing the Jacobian matrix relating to every equilibrium

point. The Jacobian matrix of the system (2.2.1)is given by

X —Pia; —ci(1-my) Py
J(P1, P2, P3) = —Paaz Y —C(1-m)F .
C3(1—m)P3 ca(l—1p)Ps 4

where X = =2i1P1— ¢ (1—m)Ps+r1—Poag, Y = 2P, — ¢ (1—mp) Ps+r2 — Pyap and
Z=c3(l—m)P+c4(1—mp)P,—2izP3+r3.
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(1) The Jacobian matrix at Eg is

I 0 O
J(EO) = 0 5 0 )
0 0 r3

the eigenvalues of J(Eg) are ry, rz, and r3. Hence, Eg is unstable since all eigenvalues
are always positive.

(2) The Jacobian matrix at E; is

r 0 0
c3(1-m)2 ca(l-my) —r3
the eigenvalues of J(Ez) are r1, rp, and —r3. Since two eigenvalues are always posi-
tive and one is negative, therefore E; is unstable(saddle).

(3) The Jacobian matrix using system (2.2.1)at equilibrium point E; is

—cl(l—ml)P§‘+r1—P§al 0 0
J(Ez) = —Pz*az —iZPZ* —Cz(l—mz) PZ* s
c3(1—my)P3 C4(1—mp)P3 —i3P5

the characteristic polynomial of the Jacobian matrix J(Ey) is
X3+ agx? + apX+ag = 0,

where a3 = i2P; +i3P5 +C1(1—my) Py —r1 —Pyay, ap = isiaPyPs + cip (1—my) P3Py —

C2C4 (1 —mp) 2P5 P + Caiz (L —my) (P5)% —iPsry —igPiry +ia(Py)2as +isPsPsay,

ag = C1iziz (1 —my) P (P§)2—c1CaCs (1—my) (1—mp) 2Py (P3)2—i2isPy P5r1+CoCa (1— mp) 2P5Piry +
i2i3(Py)2Psar — cocs (1—mp) 2(Py)2Ps ay.

For the local asymptotically stable of the system, the following Routh—Hurwitz criterion

must be satisfied:

(1)a;>0,a,>0, a3 >0, and (2) ajap —az > 0. (2.5.1)
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(4) The Jacobian matrix at E3 is

—i]_l:’j_k —Pfal —C]_(l—m]_) Pf
J(E3) = 0 —C2(L—mp) P +r12—Pfa 0 :
C3(1—my)Ps Cs(l—mmp)Ps —i3P5
1/ . : : - :
M=3 (—ulpl* +igPy — \/@(Pl*)2 + 2i1i3Pf P} + P} (—4cica(—1+my) 2P + |§P§=))
1/ . : : — :
A2 =3 (—ulpl* +i3P5 + \/@(Pf)z + 2i1i3P; P} + Py (—4cica(—1+my) 2P + |§P§)>

A3 = Cz(—l—i-mz) P§+r2—Pfaz.

The eigenvalues A1 <0, A2 <0and A3 <0, if

iP5 < (ile - \/if(Pf)2+2i1i3P1* P + P (—4cica(—1+my) 2P + igpg)) :

i1P; > i3P5 + \/if(Pf)z + 2i1i3P} Py + P (—4cic3 (—1+ my) 2P} +i3P%),

andry < ca(1—mp)P; + P as, (2.5.2)

in this case system is locally asymptotically stable.
(5) The Jacobian matrix at E4

thus the eigenvalues of the Jacobian matrix J(E4) are Ay = —ro, Ay = _°4(_1+i"1“2)r2+i1r3, Ag—

r1— 2% Since 0 < mp < 1, and all parameters are positive, therefore, _C“(_lﬂq‘z)”“l“ >

0, hence eigenvalue A, is always positive. In this case system is not locally asymptot-
ically stable.
(6) The Jacobian matrix J(Es) at Es is

—211Pf +r1—Pyaq —Pfog —C (1—m) Py
—Pa; —2i,P5 + 1 —Pfas —C(1-mp)P; )
0 0 C3(l—m) P +ca(l—mp)P5 +r3
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and the simplification of the Jacobian matrix using system (2.2.1) we can find

—i]_l:’j_k —Pfa]_ —C1 (l— ml) Pf
J(Es)=| —Psax —isP; —C2(1-mp) Py ;
0 0 C3(1—my)Pf +ca(l—mp) Py +r3

thus the eigenvalues of the Jacobian matrix J(Es) are Ay = —C3(—1+my) Py —cs(—1+mp) Py +
rs,

A= (—ilpi" — iP5 — /i3(P})2 — 2ioP} P +i3(Py)2+ 4Py Pz*alaz> ,

A3 =3 (—ilpi" — 2Py + \/ii(Pl*)z — 2i1ioP; P} +i3(P5)2 + 4P} Pz*alaz> .

Since 0<my <1, 0<mp < 1and all parameters are positive, therefore, —c3 (—1+my) Py —

cs(—1+mp) Py +r3> 0, hence eigenvalue A1 is always positive and
Ao = 3 (—iaPy —i2Ps - \JB(PF)2— 201ioP} P5 +i5(P5)2 + 4P} P;a1az) < 0. So the sys-
tem is not locally asymptotically stable.

(7) The Jacobian matrix at Eg is

—Iq —al% —C]_(l—m]_)%
J(Ee) = 0 I’z—az% 0 ,
0 0 C3(1—m1)%+l’3

the eigenvalues of J(Eg) are Ay = —rq, Ay =1 — az%, and Az = cz(1—my) % +r3. Since
0 <my < 1 and all parameters are positive, therefore, A3 = c3(1—my) % +r3 > 0, thus
some eigenvalues are positive and some are negative. So in this case equilibrium
point is saddle point.

(8) The Jacobian matrix at E7 is

—ilpf —Pfal —C1 (1—m1) Pf
J(Er) = —Pyaz —iP; —C(1-mp)P5 |,
C3(1—m)P; ca(l—mp)P5 —i3P5

the characteristic equation of system around the equilibrium is

X+ ax + apX+ag = 0,
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where

&y =i1P} +12P5 +i3P5, ap =i1i2P}Pj +C1CaPy Py +i1i3P} Pf — 2¢1C3my Py P3 + ciCamePy Py +
CoCaPs Py +iigPs P — 2CoCampPs Py + CocamiPs P — PPy 0102,

ag = CpCai1PyP5 P} +i1i2i3Py P3PS + CiCaiz (— 1+ my) 2P Py Ps — 2CoC4i1mpPy Py P3
+CoC4i1MBP; Py Ps —CoCaPy Py Py ag + Cocamy Py Py P3 0y + coCampPy PPy oy

—CoC3mMpPy Py Py ag — €1CaPy P Py an + cicam PPy Py as + cicamp PPy P as
—C1CammpPy PPy o — i3Py Ps Py agan.

For the local asymptotically stable of the system, the following Routh—Hurwitz criterion

must be satisfied:

(i)g>0(i=1,2,3)and (ii) ayap > az. (2.5.3)

2.6 Global Stability

Theorem 2.6.1.The positive interior equilibrium poir; (P, Py, P3) is globally asymptoti-

o . 2
i£l11213C1Cy 13C3 C1C4
cally stable |f7Cg > U5, <al+0’2c2c3> :

Proof. Firstly, we define a Lyapunov function

Ps

V(P17 P27 7P3) = (Pl Pl ln )+ hl( P2 In P )
3

Pl P2 ) + hz(P:g P3 - P3 In

whereh; andhy are positive constants to be determined later. It can bdyesesen that the
functionV is zero at the equilibrium poiriP;’, Py, ,P3) and is positive for all other values of

P1, P>, andP;. The derivative of Lyapunov functiovi is

av . P dR P dR _P5 R
putting the values ofaﬂ, %—Ft’z dd—% from the [2.2.11), we have
dv = .
dt (1—Fl)(rlPl—llPlz—cl(l—ml) P3P1—01P1P2)

k

P .
+ hl(l— é)(l’zpz — I2P22 —C2 (1— rr12) PP, — CYzP]_Pz)

P )
)(raPs —i3Ps? + c3 (1 — my) P3Py + ¢4 (1— mp) PoPy),

+ hz(l— ES
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av .
ar = P P{)?—c1(1—my) (P3—P§)(PL—P}) — ax (P — P3)(PL— PY)
—izhy(P2— P5)? — cohy (1—mp) (Ps— P3) (P — P5) — azhy (PL— PY) (P — P5)
—igho(Ps— P5)? + czhy (1—my) (PL— P} (Ps— %)

+cghz (1—myp) (R — P3) (Ps— P3).

Choosingh; = &% h, = g—g, and then simplifies

Cc3Cy’
dv . _
Gt~ 2P PP au(Pe— P (P BY) izt (Po— P
— ot (P PY) (P — ) —ia (=P
3C2

: w2 . C1C . C .
= (P PL)* o = (P = P5) —i 2 (Py—P5)’

— (a1 + a2y (Py— P (P — ),
3C2

letx= ((PL—Py),(P.—P5),(Ps—P%)). Thus, right-hand side éé‘\{ is a quadratic form which

can be expressed ax' Qx, HereQ is the symmetric quadratic form given by

O I >
m W T
O 7T ®

where,A = i1, B= izglg“, C=i °3 ,H= —( +a2°1°4) F =0, G = 0. We need all of the

principal minors ofQ, namelyA; = A A> = AB—H?, A3 = ABC+2FGH — AF2—BG?>—CH?,

to be positive, i.e.A; = iy, Ay = '1'2%24 Ag = lalzlstiCs ij§3 ( + azclc“) to be positive.

c5 2] CoC
2
SinceA; > 0, A, >0, andAz > 0 if % > 'j'gj < + agclc4> . It then follows that,
2

2
dV <0, if l2lant '253 ( +02°1°4> . Also, ¥ = 0 at (P, P;,P). We then define the
2

invariant set as
dv

dt

Hence, by LaSalles Invariance Principle [92], it followsititheE; (P}, P5,P;y) is said to be

Q= {(P,P;,P3) eRy : — =0}.

globally asymptotically stable. O
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2.7 Numerical Simulation

For the simulation purposes, we perform numerical simulations to analyze the dy-
namical behavior of the system. The mathematical parameters of the models repre-
senting a certain pattern can be modified to achieve a stronger agreement between
the performance of the model and the observations. The modification should, how-
ever, obtain model parameters within its complexity. The computational parameters
used throughout models to describe actual processes are sometimes ambiguous s-
ince these parameters are empirically defined. In addition, the initial conditions of the
model may not be well recognized. Despite these limitations, models are very effective
tools for representing natural processes. Models are also the only way of extrapolat-
ing to broad spatial scales or forecasting the future. Because of their significance in
ecology, we are trying to determine precision by validating models. For the same, the
land area of the globe is 13,003 million hectares and 4,889 million ha are classified as
agricultural area by the FAO. The estimation of the prey-I growth rate is proportional
to the yield of sugarcane and can be computed using Table 2.1l Similarly, the estima-
tion of prey—Il growth rate is proportional to vegetables production and can be derived
by using Table 2.2l The growth rate of prey—I can be estimated by taking the average

annual production between 2013-14 and 2016—-17. Thus, the average annual produc-

70.425 tons
hectares

year i.e. r1=0.59month 1. The growth rate of prey—Il can be estimated by taking the

tion is 70.425 tons per hectares. Therefore, the growth rate of prey—I= per

average annual production of vegetables between 2015-16 and 2017-18. Thus, the

average annual production of vegetables is 177,210 thousand metric tons over 10,201

||=177210thousands metric tons ¢
10201thousands hectares Y

thousand hectares. Therefore, the growth rate of prey—
year i.e. r,=0.144month 1. Further, due to the limitations of the availability of data,
in this study, we take some experimental values for other parameters to meet the
requirement of the proposed model. By this data set of parameters, we justify our
theoretical results, which reflect the effectiveness of our proposed study. In this work,
to see how proposed models react to changes in model data, initial conditions, or pa-
rameter values. Understanding the extent of the change in model results to changes
in parameters is often referring to as susceptibility tests. We perform numerical sim-
ulations to analyze the dynamical behaviour of the model (2.2.1) Parameters used in

this model are taken assumed feasible values which are shown in Table [2.5]
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Table 2.5: Parameter value used in simulation.

Parameter Values Parameter Values
ry 0.59 month Y(estimated) Co 0.01 kg Im? month!
i1 0.12kg1m? montht mp 0.9
C1 0.2kg~Inm? montht as 0.2kg1n? montht
my 0.7 Ca 0.35kg1m? month 1
ai 0.2kg nm? montht rs 0.5month !
ro 0.144month (estimated) ia 0.4kg 1m? month1
i 0.2kg Im? month! C3 0.4kg 1m? month1

We take a simulated set of parameters from Table and let the initial popula-
tion density Pig = 2 kg/m?, Pog = 1.5kg/n?, P3p = 1 kg/n? in Figure 2.5al Figure
shows the graph of prey-I, prey-Il, and predator (pest) with respect to timet =5. The
density of prey—I and pest increases while prey—Il decreases. Further, Figure
is plotted using (2.7.1)for the time t=5. Figure describes that both prey-I and
prey-ll decrease rapidly while initially P increases. The Ps increases but, later on, the
P; decreases slowly as P; depends on P, and P..

M= 0.59, il = 0.3, C1= 0.9, mp = 0.5, a; = 0.4, = 0.14, i2 = 0.3, Co = 0.8,
mp = 0.4, ap = 0.2, r3 = 0.35, i3 = 0.64, c3 = 0.45, ¢4 = 0.3. (2.7.1)

(a) (b)

Figure 2.5: Solution curves for the systédm (2.2.1) the patamvalues for (a) from Table 2.5,
and (b) from the[{2.711).

The equilibrium points, corresponding eigenvalues and the nature of the equilibri-
um points of the model are presented in Section 2.5 It is difficult to interpret the
theoretical results due to complicated equilibrium points. To visualize the theoretical

and stability results obtained in Section [2.5, we use numerical simulation to validate
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the theoretical aspects. In this section, we discuss only those equilibrium points,
which have biological feasible and asymptotically stable. For the set of parametric
values given in (2.7.2) the stability condition (2.5.1) is fulfilled and the equilibrium
point E»(0,0.3046 0.6337) is stable. Figure shows that for parametric values giv-
en in (2.7.2) the density of P, and P, decrease, and P; increases. Finally, all three
species eventually get their steady states E»(0,0.3046 0.6337). Ultimately, the density
of P; tends to zero. Figure [2.8al represent phase portrait of the model system (2.2.1)
with parametric values given in (2.7.2) Starting from various initial conditions, all the
solution approach toward (0,0.3046 0.6337). The different initial conditions are shown
in Figure[2.8al Thus, all three finally attain their steady states and achieve asymptoti-
cally stability. Since these groups share the same ecosystem, they can be cooperative

or compete with one another depending on the situation.

r1=05,i1=03,¢ =09 m =02 a;=04,r,=04 ir=0.3 c, =08,
mp = 0.4, ap = 0.2, r3 = 0.35, i3 = 0.64, c3 = 0.45, ¢4 = 0.3. (2.7.2)

For the set of parametric values given in (2.7.3) the stability condition (2.5.2) is ful-
filled and the equilibrium point E3(0.74120,0.8112) is stable. Figure shows that
for parametric values given in ([2.7.3) the density of P, and P, decreases while P; in-
creases. Finally, all three species finally get their steady states E3(0.74120,0.8112.
Ultimately, the density of P, approaches to zero. Figure represent phase por-
trait of the model system (2.2.1)with parametric values given in (2.7.3) Starting from
various initial conditions, all the solution approach toward E3(0.74120,0.8112. The
different initial conditions are shown in Figure [6.4a. Thus, all three eventually attain

their steady states and achieve asymptotically stability.

r, = 0.59, i1=03,¢,=09 M= 0.5 a1 =04, r,=0.14 ip=0.3, Cp= 0.8,
mp = 0.4, ap = 0.2, r3 = 0.35, i3 = 0.64, c3 = 0.45, ¢4 = 0.3. (2.7.3)

For the set of parametric values given in Table and (2.2.4), the stability con-
dition (2.5.3) is fulfilled and the equilibrium point E; is stable. Figure [2.7a shows
that the population density of P, and Ps; increase while P, decreases. Finally, all
three species finally get their steady states E;(3.268790.3830262.01899. Figure [2.70]
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shows that for parametric values given in (2.7.4) the density of crop P, decreases
rapidly while P, and P; increase. Finally, all three species eventually get their steady
states E7(0.25632.0768 2.3979. Further, Figure [2.7aland Figure [2.7b] coverage to the
endemic equilibrium points (3.268790.3830262.01899 and (0.256354,2.07679,2.39799),
respectively, for the model system (2.2.1) Figure 2.9 represent phase portrait of the
model system (2.2.1) with parametric values given in Table [2.5l Starting from vari-
ous initial conditions, all the solution approach toward (3.268790.3830262.01899 for
Figure [2.9al and (0.256354,2.07679,2.39799) for Figure [6.4bl The different initial con-
ditions are shown in Figure 2.9 Thus, all three finally attain their steady states and

achieve asymptotically stability.

r = 0.59, i1 = 012, ¢c1 =02 m=0.7, ap =0.2, ro = 0.44, ip = 0.2,
c, = 0.01, mp = 0.4, ap, = 0.04, r3 = 0.5, iz = 0.4, c3 = 0.3, ¢4 = 0.35, (2.7.4)

P1,P2,P3 P1,P2,Ps

0.8 PS o8

06\
P
s o

P>

0.2

L L Lt L L L L Lot
60 80 100 20 40 60 80 100

(a) Equilibrium point(0,0.3046,0.6337)(b) Equilibrium point(0.7412,0,0.8112)

Figure 2.6: Asymptotic stable solution at equilibrium gsifor the model systerh (2.2.1).

-~ 25
30 e S
/ ~ Pl P3 2.0 7
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Figure 2.7: Solution curves coverage to the endemic equifibfor the model systeny (2.2.1),
showing that all species survive and ultimately evolve teirtisteady states, the parameter
values are taken for (a) from Takle 2.5 and (b)= 0.44, m, = 0.4, a, = 0.04, remaining
from Tabld2.b.
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IC3151]
IC:[2510.7] ||
IC:[20.8 0.5]
——[0.80.70.6]

IC[3151]
Ic2510.7] ||
IC:[20.8 0.5]
——[0.80.70.6]

(a) Stable point(0,0.3046,0.6337)  (b) Stable point(0.7412,0,0.8112)

Figure 2.8: Phase portrait of model systém (2.2.1).

IC:[20.90.7 0.5]
IC:[1.8 0.7 0.8 0.4]

IC:[1.71 0.80.6]
IC:[2.210.80.7]

1C:(20.90.7 0.5] \
IC:[1.80.7 0.8 0.4] \
IC[1.71 0.8 0.6]
1C:[2.210.80.7]

(@) Stable(b) Stable
point(3.26879,0.383026,2.01899) point(0.256354,2.07679,2.39799)

Figure 2.9: Phase portrait of model system (2.2.1), therpater values are taken for (a) from
TablelZ.5 and (b), = 0.44, mp = 0.4, a, = 0.04, remaining from Table2.5.

2.7.1 Biological Interpretation of the Parameters

A mathematical model includes the parameters that increase the complexity of the
model and make it more complicated to analyze the parameters that occur in the mod-
el. Therefore, parameter helps us determine the importance of the parameter. Thus,
several factors influence the agriculture production. Figure and Figure 2.11] rep-
resent the dynamic behavior of P, P,, and P, of the system (2.2.1) when the value of
one parameter varies and the other parameters remain constant. We study parame-
ters that relate one variable to another, i.e., c1, My, ai, ¢4, a2, czand mp. Figure[2.10a-
indicate that population density P, grows when the value of c; lowers, whereas
population density P, declines when the value of c; decreases, and population density

P; increases when the value of ¢; changes. Similarly, we notice that the population
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density of P, grows when the values of my and a» increase, whereas the population
density of P, increases approximately equally when the values of c3 and my, increase
in Figure [2.10]and Figure 2,11l Further, Figure [2.10 and Figure 2.11] show that densi-
ty P, decreases approximately equally when the value of m, ¢4, C2, and mp increases
while the population density of P, decreases when c¢; and a; decrease. Further, when
the value of my, a1, and np increases, population density P; decreases, and when the

value of c1, ¢, and a2 changes, population density P; nearly remains the same.

T 15 2 0 05 T 15 2 0 05 T
t t t

(a) Variation of P, when c; (b) Variation of P, when c; (¢) Variation of P; when ¢;
varies varies varies

T Ts o5 T Ts o5 T
t t t

(d) Variation of P, when my (e) Variation of P, when rq (f) Variation of P; when my
varies varies varies

T Ts o5 T Ts o5 T
t t t

(9) Variation of P, when ay (h) Variation of P, when ay (i) Variation of P; when a3
varies varies varies

T 15 2 0 05 T 15 2 0 05 T
t t t

()) Variation of P, when c4 (k) Variation of P, when c4 (I) Variation of P; when ¢4
varies varies varies

Figure 2.10: Dynamical behavior of th&, P>, andPs of the system[{2.2]11) and parameter
values are taken from Taldle 2.5.

56
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(&) Variation of P, when c3 (b) Variation of P, when c3 (c) Variation of P; when c3
varies varies varies

T 15 2 o 05 T 15 2 o 05 T
t t t

(d) Variation of P, when c; (e) Variation of P, when c; (f) Variation of P; when c;
varies varies varies
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T 15 2 o 05 T 15 2 o 05 T
t t t

(9) Variation of P, when mp (h) Variation of P, when mp (i) Variation of Ps when mp
varies varies varies

T 15 2 o 05 T 15 2 0 05 T
t t t

()) Variation of P, when a» (k) Variation of P, when a» (I) Variation of P; when a;
varies varies varies

Figure 2.11: Dynamical behavior of th&, P>, andPs of the system[{2.2]11) and parameter
values are taken from Taldle 2.5.

2.8 Mathematical Model in the Presence of Control Vari-

ables

Biomass is animal manure and plant substance used for fertilizing the land. For in-
stance, woods or forest leftovers, garbage from crop production (bagasse, straw), hor-
ticulture, food manufacturing, animal farming (nitrogen and phosphorus—rich manure),

or human excrement from sewage treatment plants [25]. Despite the fact that burn-
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ing plant—based biomass emits COy, it is still considered a renewable energy source
since photosynthesis recycles CO, into new crops. Because a considerable amount
of CO, is transported to the soil during each cycle, the efficient emission of CO; into
the atmosphere can turn negative in certain instances [244]. The microbial biomass
decomposes biotic and abiotic residues to release CO2 and existing plant nutrients.
Microbial biomass tends to rise in agricultural systems that yield plant wastes. The
size of the microbial biomass is influenced by soil parameters such as pH, clay, and
the accessibility of organic carbon. Bacteria and fungus make up the majority of the
microbial biomass, which decompose agricultural wastes and organic materials in the
soil. This process makes nutrients like nitrogen (N) accessible for plant absorption in
the soil. Approximately half of a soils profile’s microbial biomass is found in the top 10
cm [239]. Thus, biomass control work as fertilizer, increase the fertility of land and pro-
duction of crops is proportional to biomass quantity. According to [94], The application
of phytosanitation technologies or the planting of resistant cultivars are the two major
control options for African cassava mosaic disease (ACMD). Phytosanitation is the
process of removing contaminated plants or utilising virus—free cuttings. Insecticide—
based vector strategy is usually inadequate, and roguing may merely contain rather
than reduce illness [140]. To control the Cassava mosaic disease, we do manage-
ment by removing and destroying infected plants, plant—resistant varieties like H-97,
H-165, H-2304 and to eradicate the Cassava mosaic virus from infected plants, apply
meristem tip culture technique. Insecticide control kills predators, causing prey popu-
lations to suffer. Insecticide control kills the predator population that damages the prey
population. Generally, there are some techniques to reduce losses caused by CMD
(Cassava Mosaic Disease): (i) reduce the portion of crops that have become infected;
(i) prevent infection until losses become insignificant; (iii) reduce the level of damage
incurred when infection has occurred; (iv) usage of pesticide. These goals can be
met in a variety of methods, with phytosanitation, disease-resistant cultivars, cultural
practices, vector management, and mild-strain preservation being the primary options
for managing CMD. Thus, uy(t) is a control variable, which is a technique to control
CMD. Though in this section, our primary objective is to reduce the predator popula-
tion by using insecticides, We need to consider both the negative consequences on
the environment and the expense. Furthermore, if it is applied more regularly, the

crops may become toxic. Also, certain pesticides are so dangerous that their harmful
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effects persist on the crops for a long period of time after applications, affecting the
human body directly. As a result, we make pest management more economically and
socially feasible by using the perfect mixture of pesticides and biological control. We
should reduce the square of the pesticide we are spraying so that we may reduce not
only the pesticide application expense but also the adverse effects [79].

In this regard, we modify our system (2.2.1) based on the assumption that u;(t) be
the rate of application of biomass, uy(t) be the control that acts on Cassava mosaic
disease of prey—Il and us(t) is the rate of application of insecticides. Finally, controls
that are used to both the prey—I and prey-Il as well as predator. Prey—I and prey-Il
populations are increased by control u; and u,, and predator population is reduced by

the control uz. Thus, our proposed control mathematical model of two prey and one

predator is
dd—Ft]l =r1P - i1P12 —C1 (1 — ml) PP — a1PP + b1U1P1,
a2 = 1Py —i2P% — o (1— Mp) P3P2 — 2P Ps + bpun Py + bglioPy, (2.8.1)
dprs

3 =r3P3—i3Ps% + C3(1— my) P3Py + Ca (1 — mp) P3P — bausPs,

Q

where b; > 0, b, > 0, b3 > 0, by > 0 and initial data P;(0) = Pip > 0, P»(0) = Py >
0, P3s(0) = P3p > 0, t € [0, T¢]. ui(t), ux(t), and ugz(t) are measurable function with
O0<u(t) <1, 0<ux(t) <1, 0<us(t) <1 Our main objective is to maximize the prey—
| and prey—Il population using biomass control while reducing cost and these costs
are the control strategies that are applied in agriculture, such as the cost of biomass.
We assume that the prey—I and prey—Il populations are to maximize at the final time
with different weights applied to the preys population. Thus, the objective functional is

defined as

T
J(ug, Uz, Ug) = f (A1PL(t) + AgPy(t) — AgUE(t) — Aa3(t) — AsU3(t)dlt, (2.8.2)

0
where A1, Ay, Az, A4, and As are positive weights. A; and A, are taken corresponding
to the prey—I and prey-Il and the term Agu?, Aqu3, and Asuj are the cost of control

effects on system. The weights of state variables are assigned depending on their
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relative importance. To find a optimal control such that
J(u7,u3,u3) = maxJ(ug, Uy, Uz)ug, Uz, Uz U}, (2.8.3)
where control set U is defined as
U = {uj(t)|ui(t) are lebesgue measurable with0<t<1,i=1, 23;te[0,Tf]}. (2.8.4)

With the help of Pontryagins maximum principle [122], we obtain the necessary con-

ditions for evaluating a positive control value for which the J is optimized.

2.8.1 Existence of Optimal Control

To determine the existence of optimal control to the system, we take a result from

[148]1233,1240]. The following theorem gives the existence of optimal control.

Theorem 2.8.1.Let the objective functional(uy, up,u3), whereus(t), up(t), andus(t) are
measurable with & uz(t) <1, 0< up(t) < 1 and 0< uz(t) < 1 respectively, subject to the
system of equatiori (2.8.1) with initial conditid®(0) = Py > 0, P>(0) = P,o > 0, P3(0) =

Psp > 0, t € [0, T¢] , then there exists contraf, u; anduj such that
J(u7, U3, uz) = maxJ(uy, Uy, Uz)|uy, Uz, Uz U}.

Proof. To prove the existence of optimal control using the res@l@]233], 242], if the follow-
ing conditions are hold

(2). The initial condition and control variables, up, us with state equations are not empty.
(2). The admissible control set are closed and convex.

(3). Each right-hand side of system (218.1) are continubaanded above by a sum of the
state and bounded control, which can be written as a linewtifon of controlus, u; andus
with coefficients depending on time and the state.

(4). The integrand o8(u;, Uy, Uz) is concave oJ and is bounded above i —Czurl‘l —
Cauy? — Caug® with C; > 0, C3 > 0, C4 > 0 andny, Ny, ng > 1.

The state and control variables are non—empty and noniaeg@he control variables;, u,
andu, are also convex and closed by the given definition. The iatedjofJ(u;, Uz, u3) in
the term of AqPy(t) + AgPa(t) — Agud(t) — Agu(t) — Asui(t) is concave oJ. For the third
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condition (3), right—hand side of the equatidn (2.8.1) camitten as

I’]_—i]_P]_ —a]_P]_ —C]_(l— m]_)P]_ P]_ b]_U]_P]_
—aP rp—ioP  —Co(1—mp)P, P | + | (boup+bsu)P
C3(1—m)Ps ca(l—mp)Ps r3—isPs Ps —bsuzP3

Tt P.u=aP)+ Bt Py,

ri—i1Pp —a1Py —C1(1—m)P, Py
where @ (t, P) = —a2P, rp—icP  —C(1—mp)P; P |,
C3(l—m)Ps ca(1—mp)Ps  r3—isP3 P
biuPy
and g (t, P) = (boug + bsup)P |,
—bausPs

andP = (P, P, P3), @ and B is a vector valued function o .

The bound of the right—hand side of the state system can laénebtas follows:

ri—iiPy —ao1Pp —Cc1(1—my)Pp P byui P
—a2P; r—igP2  —Co(1—mp)P, P> | +| (baup+bsuz)Ps
C3(l—m)P; c4(1—mp)Ps rs—isPs Ps —bgusP;
rq 0 O P byui1 Py
< 0 r, O P || +|| (bouy+bsup)Ps || <Ci|P|+Colu,
Cai2 Cail I3 P —bgusP3

whereC; depends on the coefficients of the system @nés maximum norm value. For the
forth condition (4), the integrand(us, Uz, u3) is concave, there exist a constdhtand B,
such that < |Py| < By and 0< |P,| < B.

AP+ AP — A3U% — A4U% — A5U:23 < A1B1+ABo — A3U% — A4U% — A5U%,

<C— C2|U1|2 —C3|U2|2 —C4|U3|2.

We chooseC; = A1B1 + ApBy, Cy = Ay, C3 = Az, C4 = A4. Thus, the integrand of the
objective functional is concave dhand is bounded above I8 — Cp|uz |2 — Cz|uz|? — Calua|?

with C; > 0 andn > 1. We see that control and state variables are non-negatiessydhe
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concavity of the objective function in(t) is satisfied in the maximization problem and control
set{u(t)|u(t) is measurable andQu(t) <1} is convex and closed by definition. The optimal
system is bounded, which determines the compactness, atedsgistems are bounded by a
linear function in the control and condition (5), all condits determine the existence of the
optimal control. From the boundedness of the state systeradjoint system, and the result
of Lipschitz condition of the ordinary differential equari, we can obtain the uniqueness of
the optimal control variable for small-timeThe uniqueness of the optimality system implies

the uniqueness of optimal control. O

2.8.2 Characterization of Optimal Control

Pontryagin’s maximum principle is used to find the necessary conditions and char-

acterization of optimal control [122].

Theorem 2.8.2.If uj, u; anduj be an optimal control which maximiz&guy, up, uz). Let
Py (t), P;(t) andP5(t) are optimal state solutions for the control systém (2.8Hgn there
exist adjoint variabled; (t), A1(t) andAx(t) satisfying the following

dA .

d—tl =—A1—A1r1+21A1PL+ A1c1(1— ) Ps + A101Po + A2a2P
—A3C3(1—m)P3 — Abyug,

dA )

d—t2 = —Ap + 01A1PL — Aoro + 2i2A2P + AxCo(1— mp) Ps

+ A202P1 — A3C4(1— mp)P3 — Axboug — Absuy,

dA i
d—ts = A1€1(1— )Py + A2C2(1 — mMz) P, — Asr + 2A3i3Ps

— A3C3(1—my)Py — A3C4(1— M) P> + Agbgus,
with transversality conditions are
Ai(Tf)=0,i=1,23. (2.8.5)

Further, the optimal control variablg (t), u3(t) anduj(t) that maximizeJ(uy, up, uz) are
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given by

fren A1b1 P + A2boP5 ey A2b3P3 (1)
ul(t) - mln{maX{O? 2A3 }7 1}7 UZ(t) - mln{maX{O, 2A4 }7 1}7
u3(t) = min{max{0, —M}, 1}.

2As

Proof. The transversality and adjoint conditions are given by122,/200]. Using the Hamil-
tonian functionH (t, B, T) = f(t, P, T)+ >3 . gi(t, P, W), wheref(t, P, T) is inte-
grand of the functional ang|(t, P, T) are state equationbl = APy (t) + APy (t) — Agu3(t) —
AU (t) — AU (t) + A1 (r1Pr—i1P1% — cq (1 — my) P3Py — a1PLPo + biug Pr) + Ap(raPo — ioPo? —

C2 (1— Mp) PsPo — 2Py P2 + bpUis P+ b3UaPy) + A3 (r3Ps —i3Ps? + ¢z (1 — my) PsPy+C4 (1 — mgp) P3P —
bsusPs), whereAq(t), A2(t) andAz(t) are adjoint functions and the Pontryagin’s maximum

principle [122] provides adjoint system which can be folemhas

dAq B cH

E = —(a—Pl) = —A1—A1r1+2i1)\1P1

+A1C1(1—m)Ps + A1a1Po + A202P — Azcz(1— my)Ps — A1bgug,
e oM,
dt ‘0P,

= —Ap+ 01A1PL — Aora + 2i2A2P + A2Co(1— mp) Ps

+ A202P1 — A3C4(1 — mp) Ps — Azbpup — Aobsup,

dA cH
d—ts _ _(ﬁ) = A1C1(1—my)Py 4+ A2Co(1— mp)Po — Asrs

+ 2)\3i3P3 — )\303(1 — m]_) P — )\304(1 — rr12) P+ )\3b4U3.

The transversality conditions akg(T;) = O for i = 1, 2, 3. The optimality condition provides

H
a— = —2A3U1 +)\1b1P1 —|—)\2b2P2 =0at U = U:T(t):

oup
A1b1P} + AoboPs
= _2'6‘34";"’)\1b1|:);|>_i< +)\2b2P2* =0, = u;‘l‘_(t) _ AN 12:(3 2002 2

Since controls are bounded, we consider three casgs|Osetu*(t) < 1}, seft|u*(t) = 1},

seft|u*(t) = 0}. To determine the characterization of an optimal contranéé, the optimal
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control is

.Alblpf -‘r/\zbzpz* -Alblpf +/\2b2P2* <

. A1byP, P

ui(t)=1 o, if %3222 <0,
. .Alblpf +)\2b2P2*

1, if Ay > 1.

Further,uj (t) can be represented in a compact form by combining the abose tiases, hence

optimal control is characterized as

ui(t) = min {max{o, MBiPY + A2baPy },1}.
2A3

Hence, the optimal control is

H ) e AobgPy
a—Ug = —2A4Up + AP = Oat p = Us(t), = us(t) = 2A42 ’

Hence, the optimal control is

AobgPE AobgPs
ARy ipo < 229 g
) ~ 2A4 =

us(t) =< 0, if 2257% < o,

1, if 2257 > 1,

Further,u; can be written in compact form by combining above three ¢calse®ptimal control

is characterized as

. AsbsPs
U5 (t) = min {max{0, 2222} 11.
oH AsbaPy
O 2Aguz— AsbaPs = Oat ug = Ui(t £(t) = —
s sUz — A3haP3 = 0at ug = uz(t), = uz(t) e
AP ifo < M <,
ui(t) =< 0, if — 2P o
1, it 2 1

Further,u3 can be written in compact form by combining all the three saske optimal
control is

*

us(t) = min {max{0, —

AabyPs
2A5 }7 1}'
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2.8.3 Optimality System

The optimality system consists of the adjoint system, state system, initial and transver-
sality conditions together with the characterization of optimal control. The following

optimality system characterizes the optimal control.

f

B — 1P —i1Pi? — cp (1 my) P3Py — auPiPy + byPy(min {max({0, MRFL AP gy

9% — oy —igPy? — Co (1 — Mp) P3Py — a2PyPs + bpPo(min {max{0, —Alblp 2Py 13
+bP(min {max{0, — 22221} 1y),

4B rgPy—igPs? + Cg (1~ my) PaPL+ Ca (1~ mg) PaP2 — bgPy(min {max{0, — %Yy 1),

% = —A;—A1r1+ 2i1A1PL 4+ A161(1— my)P3 + A1a1Po 4 A2a2Po — Azcs(1—my)Ps

) ~Agby(min {max{0, 2221 HA2RREy )

B2 — —Ag+ a1APL— Aora + 2i2A2Ps + AgCo(1— mp)Ps + A2a2P1 — Asca(1— mp)Ps — Azbouy
~Azba(min {max{0, *55% } 1),

% = A1C1(1— )Py + A2C2(1—mp) P2 — Asrz + 2A3i3P3 — A3C3(1— my )Py — A3Ca(1—mp) P2
+Agba(min {max{0, 207y 1),

(2.8.6)

and subject to the following conditions

Pl(O) = PlO, Pz(O) = Pgo, P3(0) = P30, )\1(Tf) = 0, )\2(Tf) =0and Ag(Tf) =0.

2.9 Numerical Simulations for Optimal Control Problem

Because this study is qualitative, and it is not based on any survey and census.
This is one of the limitations of our model and the same is persistent in the huge
published literature. For the simulation purposes, we conduct numerical simulations
to evaluate the behavior of the model (2.8.1)in the presence and absence of control.
We take a simulated set of parameters from Table [2.5] which describes the numerical
values of the parameters that have been used in computational models. Let the initial
population density Pjo= 0.8kg/m?, Pyg = 0.7 kg/m?, and Psg = 0.6 kg/n?. Furthermore,
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our goal in this system is to maximize the prey-l and prey-ll sample size, to reduce
the predator population. Therefore, we take a simulated set of parameters to apply
these controls in the model at a time of t = 1 month. Next, we get the solution of
optimal control problems numerically using the fourth—order of the Runge—Kutta pro-
cedure [50,165,200]. Starting with an initial guess for the adjoint variables, the state e-
guations are solved forward in time by the forward Runge—Kutta fourth-order method.
Then, using these state values, the backward fourth—order Runge—Kutta procedure
is used to solve the adjoint equations backward in time, and the iterations contin-
ue until convergence. Figure [3.2] describe the solution curves of the state variables
prey—I, prey—Il, and predator in the presence and without the presence of the con-
trol variables. The observations show that the application of optimal control variables
reduces a much larger number of predator populations than in the absence of con-
trol. Further, Figure [3.21 shows that the prey—I and prey—Il population increase. Again
from Figure [3.2] it can be seen that the prey—| population increases from 0.8 kg/n?
to more than 1 kg/m?, the prey—Il population increases from 0.7 kg/n¥ to 1.75 kg/n?
approximately and the predator population is also significantly affected by the use of
pesticide control. Figure [3.2(d), Figure [3.2(e) and Figure [3.2(f) represent variations in
the control variables of the biomass application rate, control of the Cassava mosaic
virus and insecticide rate with respect to time. Figure [3.2(g), Figure [3.2(h), and Fig-
ure [3.2(i) show the variation of adjoint variables A1, A, and A3 with respect to time. In
Figure 3.4, some different parameters values are taken compared to Figure [3.2], the
good improvements occur in prey—I, prey—Il, and predator populations. Figure [3.4(d),
Figure [3.4(e) and Figure [3.4(f) show the variation of control variables with respec-
t to time t that are convergent. Figure [3.4(g), Figure [3.4(h) and Figure [3.4(i) show
the variation of adjoint variables with respect to time t. From the Figure [3.4], we ob-
serve that production of crop increases and predator population decreases compared
to Figure [3.2] In Figure [3.4{(c), the application of optimal control variable reduces a
larger number of predator populations 0.6 kg/n? to 0.05 kg/m? approximately in the
presence of the control. This is happening with the use of biomass, the control of the
cassava mosaic virus, and the use of pesticides. Thus, we observe that the appli-
cation of optimal control not only increases the number of prey populations but also

reduces predator populations.
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Figure 2.12: Plots represent the results of the comparigtwden the curves of the prey—
predator individuals with control versus the non-contemntrol, and adjoint variables for
the time, where the values of the parametersfare- 100 A, =50, Az = 1, A4 =1, As =
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0.8kg/m?, Pyg = 0.7 kg/m?, P3g = 0.6 kg/m? and T = 1 month
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Figure 2.13: Plots represent the results of the comparistwden the curves of prey—predator
individuals with control versus without control, and adjpvariables for the time, where
the values of parameters afe = 150, A» =100 A3 =1 A4 =1, As=1r1 =059 i1 =
035 ¢c=1mMm=05 a0,=06,r,=04,i,=025 c,=1, m =06, ap =0.7, r3 =
0.5, i3 = 0.5, C3 = 0.8, Cq = 0.7, b1 = 1, bz = 1, b3 = 1, b4 = 5, Pig=0.8 kg/mz, P =
0.7 kg/m?, Psg = 0.6 kg/m? andt = 1 month
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2.10 Discussion

In this study, a mathematical study of two prey and one predator model has been
performed in agriculture. The positivity of the solutions and the boundedness of the
model have been discussed. Under certain conditions, it has been observed that al-
| equilibrium points are conditionally biologically feasible, locally asymptotically, and
globally asymptotically stable. Figure 2.5 and Figure [2.7] showed the dynamics of
population interactions. Also, we discussed the mathematical model in the presence
and absence of control variables. Furthermore, the existence of optimal control and
the characterization of optimal control have been discussed. The actual data of rq, ro,
and the experimental data of other parameters have been used for model verification.
Our numerical results show that the application of three control measures: biomass,
cassava mosaic virus control, and pesticides have a great impact on the agricultural
systems. Thus, from Figure [3.2] and Figure [3.4] it has been observed that the control
variables increased the population of prey—I and prey—Il and decreased the predator
population in the presence of control. The optimal control acted as a stopover of the
predator and favorable conditions of prey—I and prey—II. As a result, efficient methods
for controlling pests have an important impact on society. We have adopted a bal-
anced control method to effectively control the number of pests. For the fertility of the
land, biomass control has been used. This study made a novel contribution to the
field of prey—predator studies in agriculture. The results of this ecological paper have

great potential in real-life agricultural communities.
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Chapter 3

Study of a Prey—Predator Model with
Preventing Crop Pest Using Natural

Enemies and Control

In this chapter, a mathematical model of an ecological framework of prey, pest, and
natural enemy of pest is developed. Different equilibrium points are obtained and their
existence and stability of the steady states are evaluated. An optimal control strate-
gy is one that minimizes crop loss while providing the least levels of environmental
damage. A variety of chemicals, biological and physical controls, and methods are
implemented. Then, using Pontryagin’s maximum principle, the existence, charac-
terization, and necessary conditions of the optimal control are evaluated. Finally,

numerical simulations are performed to validate the analytical results.

3.1 Introduction

In the last 50 years, the world population has risen at an unprecedented pace. New
agricultural technology has increased the production of major crops yet, besides caus-
ing deterioration of the climate. However, there is a lack of effective data on food loss

or damage caused by such biotic agents, mainly in developing nations. The smal-
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| available information demonstrates that an estimated 18-20% of yearly food crops
globally may be damaged by pests. Moreover, losses are comparatively higher in
the emerging tropics of Asia and Africa, at which population is also projected to grow
rapidly over the next 50 years. There is a significant need to accurately measure the
level of waste production at various levels from farming to consumer use. It is vital to
the advancement of secure, productive, and sustainable methods of pest control and
food safety for the long term. More recently, the topic of the management of agricultur-
al insects has received more and more research interest. Unscientific and unjustified
application of insecticides has led to catastrophic results. It has been noticed that
10-30% of yield reductions are attributed to pests. The changing agro—climatic factors
have contributed significantly to the infestation of several predatory insects in different
areas of the world. Approximately 30—35% of the annual agricultural productivity loss
in India is attributed to pests, as reported by the Indian Agricultural Research Council.
In recent days, nematodes have become a serious risk to crops and lead to the loss
of 60 million tons of grains annually worldwide. This has contributed to a detrimental
effect on agricultural biosecurity, which is critical to food security. The output of agri-
cultural crops is affected by the occurrence of pests. Numerous methods exist to avoid
or reduce these crop losses. The various types of crop waste as well as the various
pest control techniques evolved over the last century have been summarized below.
An outline of grain declines is provided for wheat, maize, rice, soybeans, potatoes,
and cotton for the period 2001-03 on both a local and worldwide basis, despite the
current crop protection methods. The cumulative pest loss ranged from around 50%
in wheat to 80% in cotton yield. It is expected that yield reduction for wheat, cotton,
and soybean is about 26—29%, and 31%, 37%, and 40%, respectively, for rice, maize,
and potatoes. Lastly, weeds generated the highest possible liability (34%). Cultivation
security in cash crops was much more beneficial than in food crops. While the use of
pesticides has helped farmers to increase crop yield, it has also increased suscepti-
bility to the pest’s harmful effects. The definition of integrated pest/crops aims to find
the optimal standard for the use of pest control methods and to decrease the quantity
or frequency of pesticides to an environmentally safe degree. At the global level [51],
about one-third of the total grain production has been lost due to insects, viruses, and
weeds. Arthropods are killing about 18-20% percent of annual crops, worth more than

US$470 billion worldwide. Big problems (13-16%) exist in the areas due to disease,
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and the declines in underdeveloped nations are higher. Globally around 27 to 32% of
all agricultural food produce in the world are wasted [146]. But these losses did not
include the agricultural crop losses in the field. For example Table [3.1] shows the loss
of crops attributable to insect plagues in India. The data shown in Table taken

from first row references.

Table 3.1: Report of crop damage caused by pests (%) in India

Crop [190] | [192] | [68] | [157] | [72] | [202] | [73] | [75]
Oilseeds 5 5 35 25 25 25 15 20
Cotton 18 18 50 22 50 50 30 30
Pulses 5 5 30 7 15 15 15 15
Rice 10 10 25 | 186 | 25 25 25 25
Wheat 3 - 5-10| 11.4 5 5 5 5
Maize 5 - 25 - 25 25 20 18
Sorghum and millets 3.5 - 35 10 30 30 10 8
Groundnut 5 - 15 - 15 15 15 15
Sugarcane 10 - 20 15 20 20 20 20

Agricultural crop damages caused by pests in India were also reported from period-
ically [71,/190] and, after the green revolution, the increase in crop losses was higher
than that reported at the global stages [71,1190]. The crop wastage rose significantly
from 7.2% percent in the 1960s to 23.3% in the early 2000s, but after that, the loss-
es fell to 17.5% [73]. In the pre-green revolution period, it was reported that losses
incurred by pest species ranged from 3.5 % in sorghum and millets to 16% in cotton.
Vegetable crop damage was estimated to be very massive in India, which was around
30-40 % [8]. In addition to harvest and post-harvest losses, which were reported to
be 10-30 % of production, pre—harvest yield reduction of about 40% was unavoid-
able [134]. As calculated by [73], yield losses declined from 23.3% in the 1990s to
17.5% in 2010 and 15.7% recently [75]. [55] reported a real loss of 39% caused by
pests in potatoes globally and without crop security about 71% can be lost to pest-
s. Actual overall losses have been reported to range from 24% in Europe to over
50% in Africa. The yield losses in Indian vegetables due to huge insects are given in
Table [3.2][8,1220].
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Table 3.2: Loss of yields in Indian vegetable crops causddigge pest species

Crop Pest Yield loss (%)
e Chilli Thrips 12-90
Chilli Thrips Mites (Polyphagotarsonemus latys) 34
Tomato Fruit borer (H. armigera) 24-73
Fruit borer (H. armigera) 22
Okra Leafhopper (A. biguttula biguttula 54—-66
Whitefly (B. tabaci) 54

Shoot and fruit borer (E. vittella) 23-54
Diamondback moth (P. xylostellal 17-99
Cabbage caterpillar (P. brassicag) 69

14

Cabbage Cabbage leaf webber 28-51
Cabbage borer (H. undalis) 30-58
Aphid 3-6
Tobacco caterpillar 4-8
Cabbage Potato tuber moth 6-9
Mite (P. latus) 4-27
Cucurbits Fruit fly (B. cucurbitae) 20-100
Brinjal Fruit and shoot borer 11-93

Because of the Animals, pests, diseases, and weeds at least one—third to half of
the world crop output is destroyed. Reducing the loss of food would lead to a ma-
jor increase in the supply of food for use. A precise estimation of these damages is
the first important step in reducing these losses. However, it is acknowledged that
damage is rising due to different biotic and abiotic stresses in the face of the growing
strength of agriculture and the environment on farmland. Thus, there is an urgent
need to establish effective pest control techniques and agricultural pests enemy that
is at the same time productive, healthy, and persistent. Using pest—resistant cultivars
provides so many benefits and can form the center in which to build sustainable farm-
ing production. Pest control has appeared recently being one of the most important
problems impacting ecologically sustainable due to the growing people communities
and increasing food crisis. Hence, there is detailed research of effective pest control
strategies. Prey—predation mechanism of prey disease and stage-structured mod-
el behaviour are studied by [144],210,[211]. [172] built up a prey-predator model of
the Lokta—volta model kind with irrational impact for integrated pest control. [187] re-
searched a model that consists of predator species, susceptible prey, and infected
prey and two pushes for integrated control of the pest. The optimal management

technique was explored by [205] using a balanced mix of controls (infection, chemi-
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cal, and predation pest control aspects) to avoid the pest population. The [174,197]
suggested a state-dependent dynamic impulsive mechanism by releasing natural en-
emies and sprinkling pesticides. [243] has mentioned a pest—natural enemy model fo-
cused on the application of impulsive pest-specific pesticides. Relevant studies were
performed using various kinds of prey—predator models and stage—structured popu-
lations. The goal of the present research is to increase crop production and to reduce
the pest population. For this, at the higher trophic level of the pest species, we find
an appropriate predator(the natural enemy of pest). The study seeks to determine
how natural enemy use and balance pesticide can manage the pests. Also, the aim is
to illustrate how the monitoring of pest control is greatly influenced by the deletion of
the natural enemy due to predation by its predators or the use of dangerous chemical

substances.

3.2 Mathematical Model

Many species like spiders, birds, frogs, etc. are recognized as the natural enemy
as they feed on agricultural pests. Biological monitoring is the beneficial of predators
operation for controlling pests and their serious harm. Through the number of insects
and mites, the natural enemies could be used as a biological control for pest manage-
ment. The use of natural enemies is also useful for the biological management of the
land area and wildland weeds. High levels of residues from pesticides can interfere
with the reproduction of natural enemies and they are trying to identify and destroy
pests. Therefore, the elimination of pests and the protection of the natural enemy from
an agriculture sector and ecological viewpoint is very important. By using pesticides,
apply them selectively and handle only highly infested areas instead of whole plants.
Use more common insecticides in the kinds of invertebrates they destroy, like Bacillus
thuringiensis, which only destroys caterpillars that consume treated foliage. Here, we
find the prey—predator model [96] since it is renowned for displaying excitable activity
and expanding this model by introducing another equation of the prey-treated crop
species. In this model, The mathematical model is set up to protect crops from pests
through the effective use of natural enemies along with the balanced application of
pesticides. To examine the effect of the natural enemy on control of the pest species,

we first find a framework of prey—predator in three dimensions. The following is a
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purely ecological model:

dd—l? = rlPl(l—E—ll)—alPle,
d P mRPZ

VG TPl ) % +asPiPy (3.2.1)
dp,  _ yPsP2

o ~ape KOS

with initial data Py(0) > 0, P>(0) > 0 and P5(0) > 0. Context of parameters is shown in
the Table 3.3

Table 3.3: Parameters used in the model

Parameter Description

Pi(t) Density of crops (prey) at time

P(t) Density of pest at timé

Ps(t) Density of natural enemies of pest at titne
ry Intrinsic growth rate of prey
K1 The carrying capacity of prey
ro Intrinsic growth rate of pest
Ko The carrying capacity of pest
m Holling type-Ill functional response with consumptioneat
oq Predation rate coefficient
(o p) Half saturation constant
a3 Reproduction rate of pest per prey eaten
y Predator conversion rate
u The natural mortality rate of the predator

mP;PZ

The predation loss term

T has a moving property in the pest equation. We also
assumed that the natural enemy is removed from the ecosystem due to predation
by its predator apart from natural death. In population ecology, the natural enemies
of pest population has different functional responses. We assume that the overall
functional response is Holling type Ill. The carrying capacity K is the number of prey
population that can fill a unit area in the absence of pest, K; is the population density
of pest capable of filling a unit area in the nonexistence of predators and m indicates
that the natural enemy may eat the available pest per unit time by converting y of
that quantity into a predator. Also, 4 means that through natural death, the predator

population dies per unit time. Finally, d is the rate of natural enemy removal.
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3.3 Boundedness of the System

Theorem 3.3.1.The solutions of the systern (3.2.1) in the reg]bﬁ are bounded.

Proof. We establish the functiom(Py, P, Ps) = P1+ P>+ Ps. The derivative of thev(Pr, P, Ps)

with respect to time is

dw dR  dR dR

at _dt Car 'a

Py P>, mRP% VPsP3
1P (1— -2 — a1PiPo + 1P (1— —2) — +asPIP + — uPs
1 1( Kl) 1r1F2 2 2( KZ) 22 P22 3rl 22 P22

P P
<riPy(1- K—ll) +12P(1— K_Zg) — P,

dw P.
— +Tw<nP(1- —1) + 1P (1— &) —UP3+1(PL+ P>+ )
dt K1 Ko

d—W+ TW<r1P(1— %) +roPo(1— &) —UPs+T(PL+ P+ Ps)
1

dt K2
r r
—(r+ TP+ (ra+ T)P— 2P2— 2P2— (u—1T)P;
K1 K>
dw Ki(ri+1)% Ka(ra+1)2
by < =L,
dt W 4rq * 4r,
here O< 7 < p andL = Kl(rjrf)z + KZ(rjrjr)z. Using application of Gronwalls inequality [65],
we obtain
1t L. L
0<w(t) <e "(w(0)— ?) + o
whent — o, yields 0< w(t) < &. O

3.4 Local Stability Analysis

3.4.1 Equilibria of the System

The model (3.2.1)has the following equilibrium points
(i) The trivial equilibrium Eg(Pp = 0, P, = 0, P; = 0), which always exists.
(i) Ex(PL=0, P, =Kz, P3=0).

(III) E2(P1 = K]_7 P, = 0’ P; = O) )
(iv) Es (Pl —0,P— _VHR2 p Vrzazz(\/ﬁKz-i-\/Haz)) .

VYR m(y—k)¥?Kz
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VY=HT m(y—p)%/2K;
(vi) E5<P1:M p, — Ker(ra+Kias) p320>_

Mr+KiKaooz® "2~ Tirp+KiKaoras®

(V) E4 (Pl 0,P= \/_az P; = a3 (VV=Ke \Faz))

VY=Hn VY= m(y—p)¥2Kor1

(vii) Eg (Pl 1+ f0102> P=— VHa2 Py — ya3(/Hraraao+Ka(/HK101 0003+ /Y—[r1 (r2+K1a3)))

VY—Hr, VY—H m(y—u)3/2Kory

(viii) E7 (pl K1 W(haz) P, — fa;z, Py — ya3 (—y/Arira0e+Ka(—/AK1010203++/Y—r1 (r2+K1a3) ) )

3.4.2 Local Stability

The equilibrium stability of smooth differential equations is evaluated by the sign of
a real part of eigenvalues of the Jacobian matrix. An equilibrium is asymptotically
stable if all eigenvalues have negative real parts; it is unstable if there is at least
one positive real part in eigenvalues of the Jacobian matrix. Moreover, the Routh—
Hurwitz stability criterion uses the characteristic polynomial of a Jacobian matrix to
provide stability information. Now, to examine the local stability of equilibrium points,
the Jacobian matrix J(Py, P, Ps) of the prey—pest—natural enemy of system (3.2.1)at

any equilibrium point (P, P>, P3) is evaluated as

—%—F <1—%> rn—Par —Piax 0
J(Pr, P2, P3) = Pas My PE"EJZ
VP
0 Mz —H+ PZ+a3
Btz 3 2mPZPs _ PP 2yPPs
where My = + <1 ) ro+ a2y P2 a2 + Piaz and My = (2ra2)? + P2 a2

()The Jacobian matrlx at equilibrium point Eg(PL =0, P, =0, P;=0) is

r 0 0
0 rp, O
0O 0 —u

and the eigen values at the Eg is r1, ro and —u. Therefore the equilibrium point is

saddle.
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(if) The Jacobian matrix for the equilibrium point E;(Py =0, P, =Ky, P3=0) is

rir—Koa; O 0
Koa —r _ﬂ
2U3 2 K22+;€22
_ 2
0 0 K K3+a3

yKE—puKZ—paj
KZ+a3
rium point E; (P, = 0, P, = Ky, Ps = 0), is locally asymptotically stable if r; — Koai <0

2 K2— a2
and Y- HG By
K2+a2

(iii) The Jacobian matrix for the equilibrium point Ex(Pr =Ky, P, =0, P3=0) is

The eigenvalues of J(E;) are —rp, r1 — Kooy and . Therefore the equilib-

—Iq —Kia1 0
0 ro+Kias 0
0 0 —U.

The eigenvalues of J(E) are —u, —r; and ro + K1a3. Since two eigenvalues are nega-
tive and other is always positive, therefore the system around the (E;) point is saddle
point.

(iii) The Jacobian matrix for the equilibrium point E(PL =0, P, # 0, P; # 0) is

ri—Poq 0 0
_Pr,  2mBPs  mR | mRP, __mP
Pas Ko T (P Fira? T P2ral T F2tal
2yPPs 2yPoPs
0 S Ly 0
(232 " Pivas

The characteristic polynomial of Jacobian matrix is

X2+ ax’ + apX+ag = 0,

—(—ry+ Por _ _2mERs . mR mRPR
Whel’e, a]_ ( I’1—|— K2 +P2a]_ (P22+022>2 + P22+022 P22+a22 9

a,— _Porirz PZroay n 2mPPyry  2mPBPsar  mByry | MPPsry | mPPyag _ mPPo
2T UK T(Rvad) (Feag)? PEval | Bral | Bral  Bral
For the local asymptotically stable of the system, the following Routh-Hurwitz criterion

az = 0.

must be satisfied: (1) a; >0, a, >0, a3 > 0, (2) aqap —azg > 0.

(iv) The Jacobian matrix for the equilibrium point E(P, # 0, P, =0, P3 # 0) is
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—5a —Pag 0
J=| 0 - rg_? +Paz 0
0 0 0
The eigenvalues of J(E) are O, —% and rp — rg—? + P1a3. In this case, system is not
local asymptotically stable.

(v) The Jacobian matrix for the equilibrium point E(P, # 0, P, # 0, P3 =0) is

Pir
——éll —P]_a]_ 0
_Pry . mBP __mRk
P03 Kz © PZ+a3 PZ+a3
e Y
0 0 H gz

The characteristic polynomial of the Jacobian matrix is

X3+ apxX® + apX+ag =0,

_ Py P YP3 mPRy
where a; = <“+ Ki T Ko PZraZ  PZta2

_ [ HPiry | pPra | PiPorars myP3Ps MUP,P3 yPLPST MR PPary yP5T2
a = + + - - — - +PiPona3
(e o e R - 0 - ey T

_ uPPorar; myP1P3Psrq _ MUPPPsrp yPLP3rar, . yPP3an a3
B= TR T K (PErad)?  Ka(PEral) | Kaka(PiraZ) T HPIP20103 = 5

For the local asymptotically stable of the system, the following Routh—Hurwitz criterion

must be satisfied:
(1)a;>0,a2,>0, a3 >0,
(2)&1&2 —az>0.

(vi) The Jacobian matrix for the equilibrium point E(P, # 0, P> £ 0, P3 # 0) is

—P}i—rll —P]_a]_ 0
_Pry _Pk 2mBP;s  mA _mB
Pa03 K2 * (1 Kz) f2+ (P3+a3)2  Pi+aj +P1as PZ+a2
P3P 2yPRy
0 (P2ra2)? T Pi+al 0

The characteristic equation of system around the equilibrium is

X2+ ax’ + apX+ag = 0,
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P 2P, 2mP2
where oy~ (6 (24 %) ra- F2 % e

= — & r_2 — 2myP§P3 2myP22P3 _ 2mF?|.P22P3r1 mFﬁ_Pgl’l _ Pfrlag
a2 (Pl < 1+ K2> 1K]_ (P22+022)3 + (P22+022)2 Kl(P22+022)2 + Kl(P22+022) Ky + P]_Pzalas

_ 2myPiPyPary | 2myPiP3Psrg
 Ke(P+ag)®  Ky(Pi+ag)?’
For the local asymptotically stable of the system, the following Routh—Hurwitz criterion

as

must be satisfied:
(ap;>0,a,>0,a3>0,

(ilajap —az > 0.

3.5 Mathematical Model in the Presence of Control

Lately, pest-control has become a remarkable issue in ecological field as it can re-
duce the losses of both food and economy. Recent studies and research has shown
that pest population can be decreased by using natural enemy of pest and chemicals
like pesticides. It is noticed that spraying of pesticides had reduced the growth of pest
population initially but the pest population may revival rapidly after a period of little
time or larger than pre treatments level in later stages. Recently, [205] considered
the mixture of controls based on prey infection, predation and chemical pesticide ap-
plication and implemented an optimal plan for monitoring. It is importance that our
model can also be modified by using balance pesticides as a control variable when

pesticides kill pests. Thus, our new model is

-

%—F:l = rlPl(l—%)—alPle,
P2
TR Ryl ) - ;’;ﬁ;zz + a3PiP, — ubP, (3.5.1)
dry  _ YPsP3
@ ~azez HPs

with initial data P;(0) > 0, P,(0) > 0 and P5(0) > 0. Here, natural enemies of pest P; have
been used as a biological control strategy for removing harmful organism species. Bi-
ological organism control helps to find the natural enemies of a pest and implementing
such natural predators into the specific community where the pest has accumulated.

The natural enemies must be before release to establish that they do not have a detri-
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mental effect on the climate or the economy. Furthermore, many entomopathogens
mRPZ
az+Pz
negative impact on harmful pests in agriculture. We presume that functional response

are widely viable in a dosage form that can be treated like a pesticide. Term is
of type Il happens between pest species and their natural enemies, as survival first
increases with increasing density of pests, and then decreases. When pest density is
controlled by biological control and pesticides, crop density increases. Therefore, P,
and P; are not taken in minimize the objective functional. In addition, pesticide regu-
lation u should concentrate on time and should be used as needed. While our main
goal throughout this section is to minimize the number of pests by using pesticide.
The aim is to minimize the pest density of P;. To attain the objective, through this way

we construct the functional objective of our optimal control problem as regards:

Ts

() = rrbinf(Ale(t) L Asu(t)2)dlt, (3.5.2)
0

where A; > 0and A, > 0 are weights. A; is corresponding to the pest density and A; is
the parameter of the square of control. The harmful side outcome of the pesticide are
remove by the square of the control [79,217,218]. The objective functional is subject
to (3.5.1) The term Ayu? is the cost of control on rate of application of pesticide

strategy. We want to find a optimal control such that
J(u*) =min{J(u)lue U}, (3.5.3)
where U is control set defined by below:
U = {u(t)|u(t) are lebesgue measurable with0 <t <1,te[0,T].} (3.5.4)

Based on its relative significance, the weight of state variables is typically allocated
while many of the control are allocated according to their expense impacts. With the
help of Pontryagins maximum principle [122], we obtain the requisite criteria to evalu-
ate the value of the control such that the J is optimized. If this feasible control occurs
then this is recognized as optimal control [30,200]. By establishing the Hamiltonian H
and then introducing the maximum Pontryagin principle, We establish the necessary

criteria for the existence of optimal control. Adjoint functions also have a common
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theme in multivariate calculus as Lagrange multipliers, which add constraints to the
function of multiple variables to be optimized. Thus, we consider finding suitable re-
quirements that the adjoint function should fulfill. Then, by separating the diagram
from control to functional objective. For minimization, the control variables are strong-

ly convex in the Hamiltonian equation. Let the Hamiltonian H is

H(t, P(1),A(t),u(t)) = f(t,P(t), u(t)) + A(t)g(t, P(t), u(t)),

where f(t,P(t),u(t)) is integrand of the functional J(u) and g(t,P(t),u(t)) is right hand
side of the equation (3.5.1) If Py(t), P;(t), P3(t) and u*(t) is an optimal solution, then
there is a non-trivial vector function A (t) satisfying the following equations:

d OH (t,P*(t),A (t),u*(t))
0A ’

OH (t,P*(1),A (t),u* (1))

- ou ’

t
/

d
0
A(t) = — HEPWAQ WD)

If the control is bounded, i.e. a< u(t) < b, then optimal control u*(t) [200] is given by

u* = a, if & <0,
. ’3H
asu <b, if5 =0,

u* = b, if &4~ 0.

Thus, to find the optimal value of J, we make the Hamiltonian as:
P2
H= AtPo + Al + Ay (r1Py(1— 1) — anPPy) + Aa(roPa(1— f2) — %E;ZZ
P2
Na( 22, — ups)

az+P2
with A = [Aq, A, )\3]T, the adjoint vectors linked with the statevariables Py, P,, and P3

+ a3PP — UbF}) +

associated to the prey-predator model. Pontryagin’s maximum principle calculate the
exact evolution of the adjoint functions. The optimality scheme of equations can be
computed by taking partial derivatives of the Hamiltonian corresponding to the state
variable. The optimality technique consists of the state and adjoint systems along with

the characterization of the control variables.

Tt
Theorem 3.5.1.Given the objective functiondl(u) = rrLin § (A1P,(t) + Agu(t)?)dt, with initial
0
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dataPy(0) = Pio> 0, P»(0) = Pop> 0, P3(0) = P3p > 0, t € [0, Tf] andu(t) is measurable with
0 < u(t) < 1, then there is an optimal contrai(t) which minimizes the objective functional
J(u*) such thatl(u*) = min{J(u)|0 < u(t) < 1}.

Proof. To investigate the existence of optimal control, we must §ih®w the following result
using the boundedness of the system over a finite given pértoalfollowing condition should
be fulfilled:

(i) The set of state variables and controls is non—empty.

(i) The control setJ is closed and convex.

(iif) Objective functional (integrand) is convex bh.

(iv) The state system R.H.S is bounded by a linear functighervariables of state and control
where coefficients depend on the state and time.

(v) The integrand bounded below by(|u|2)g —cpforcy >0, cp > 0andfB > 1. We use the
results from[[200, 233] to check the above conditions. Theesind control variables are non—
negative values, and in the minimization problem, the crityef the necessary condition
of the objective functional im(t) is met. The control set is convex and closed by definition
and the admissible Lebesgue measurable control variagiest$is also convex and closed,
integrandf (t, p,u) = A;P> + Axu? is clearly convex inu.

For the forth condition, the system is linear in the contral aan be expressed &@t, P, u) =
@ (t, P)+ B (t, P)u, whereg (t, P,u) is R.H.S of the state equatioR, = (P, P, P3) , @ and
ﬁ is a vector valued function o . Using solution of bounded, we see that

rr 0 O Py 0
)[ T, P,u) ])< asP> r; 0 P [|+|| —bouR
0 0 vy Ps 0
I 0 0 = 0
< asKo 1 O P + bouKsy
0 0 vy P 0
<C|P|+Cyul,

whereC; is dependent on system coefficients &ds maximum norm value.
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For the last condition (5),
A2 + Aol? = Ag(|uf?)

wherec; andc, > 0. Hence, there exists constamisc, and > 1 such that\;P> + Ayu? >
B
ci(|u?)z —ca.
The optimal system satisfies all the above conditions andstlieen bounded closed, which

determines the compactness for the existence of the optionéiol. O

Theorem 3.5.2.1f u*(t) be an optimal control which minimiz&(u). Let P;(t), P;(t) and
P; (t) are optimal state solutions for the control system (8. 3hE)) there exist adjoint variables
A1(t), A2(t) andA3(t) such that:

dA]_ - oH (K]_—ZP]_) I’]_)\]_

= _(a_P1> — K + P (a1A1—azAp),
dA; oH 2PoroAs 2m|322P3)\2
—==—(=—=)=—-A1+buAz—r2A -
a ~ (g ~ Autbule—rda = (F2+a2)2
MR\, 2yPSPA3  2yPhP3As
+ ——— +Pi(a1A1 — azAz) + - ,
P2+ a3 (0141 — d3h2) (P2+a3)2 P2+a2
A - PZA 2
P _ _(H)_mRhet (v WP A+ pazhs (3.5.5)
dt 0P Py + a3
with the transversality conditions are
Ai(Ts) =0fori=1, 2 3. (3.5.6)
Further, the optimal control variablé that minimizeJ(u) is given by
. A2bP
u*(t) = min{max{0, “2-21}, 1}. (3.5.7)
2R

Proof. The transversality and adjoint conditions are given rebylf122,200], using the

Hamiltonian functiorH:

3
Ht, B, ) = f(t, P, ©)+ > Agi(t, B, T),
i=1

wheref(t, P, T) is integrand of the functional argi(t, P, T) are state equations.

mPRP2
52 2
as+Ps

H=AP +A2U2 +)\1(r1P1(1— %) — C(1P1P2) +A2(I’2P2( — %) + as3PiP— UbFﬁ) +
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P2
)\S(ay;iézz — HPs)
with A = [A1, Az, )\3]T, the adjoint vector associated to the stateP, andP;. The Pontrya-

gin’s maximum principle[[122] provides adjoint system whizan be followed as:

dAl _ oH _(K1—2P1) rl)\l "

at - m) T K TRl ask),

dAz oH 2Prod;  2mPP3d;  mBA;
2 — Ay +buy— 1A .

dt ~ lap) T AP e e Ty TR

2yP3PsAs  2yPoP3As
CETIL T
dAds  0H, mPAx+ (—y+ U)PiA3+ padAs
a R T P2+ a2 '

+ Pl(al)\l — 03)\2) +

The transversality conditions are

Ai(Ts) =0fori=1, 2, 3.

The optimality condition provides

Z—E = 2Aou— AbR = 0at u= u*(t)
= 2MAU* — AbR =0

AobPs

= u*(t) = ;2\22 .

3.6 Numerical Simulation

For the simulation objective, we take a simulated set of parameters for minimize pest
population and maximize the crop population and we take the initial population for the
prey, pest and natural enemies as 2, 1.2, and 0.8 respectively. Figure [3.1] explore
the dynamics of the system (3.2.1)by using numerical simulations and computations.
Next, we obtain the solution of optimal control problem numerically using fourth order
Runge—Kutta procedure [5065/,[200|,217,,218]. Figure 3.2 shows the solution curves
of the state variables crop(prey), pest and natural enemy population in the presence

of control and natural enemies versus in the absence of control and natural enemies.
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Observation shows that the application of optimal control variables and natural enemy
reduce a quite larger number of pest population compared to in the absence of the
control and natural enemy. Crop population increases from 2 gram cnt3 to more
than 5.5 gram cnT3 approximately at t = 2 months Again from the Figure [3.2] it is
easy to observe that pest population increases rapidly in the absence of control and
natural enemies and almost constant in the presence of control and natural enemies.
Fig. B.2(c) and Figure [3.2(d) represent the variation of natural enemy and control
variables with respect to time respectively. In Figure [3.4] there are some changes in
parameters like weight A; = 1 to 100, A, = 1 to 50, r; = 0.9 month'® to 0.5 month 1,
r, = 0.258month 1 to 0.35month 1, a, = 0.25;gram cn12 to 0.2;gramcm 3, b= 1to 2,
t = 2monthsto 0.5 months Figure [3.4(a) shows the crop production increase from
2 gram cn3 to 2.25 gram cm2 at t = 0.5 months, Figure [3.4(b) represent the pest

population variation in the presence and absence of natural enemy and pesticide.

1.0~
L Natural Enemy
0_5 

| . . . | . . . | . . . | . . . |
0.2 0.4 0.6 0.8 1.0

t

Figure 3.1: The figure illustrates the dynamics of the sydtetween prey, pest, and natural

enemy of pest with respect to time, where values of parasater; = 0.5month 1, K; = 20
gramcnt3, m= 0.7 month !, a; = 0.23 gramt cn® month L, r, = .35 month!, K, = 15
gramcnt3, a, = 0.3gram cm3, as = .25 gram 1 cn® month!, y = 0.026 month 1,
U =06 monthl, Pg=2 gramcnt3, Pp=1.2gram cn3, Pyg= 0.9 gram cnt® and
t = 2months
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Figure 3.2: The graph depicts the results of the comparisbmd®en the curves of prey(crops),
pest, and predator individuals in the presence of contrdl reatural enemies versus in the
absence of control and natural enemies, natural enemy gigul and control variable
with respect to the time, where values of parametersfare 1 monthrl, Ay = 1, rq =
0.9, Ky = 20 gram cn13, a1 = 0.23 gram * cn® month, r, = 0.258 month?, K, =
15gram cnt3, m= 0.7 month 1, a, = 0.25gram cn3, a3 = 0.258 gram 1 cn?

monthl, b = 1, y = 0.0256 monthr!, u = 0.6 monthr, Pig = 2 gram cn3, Py =
1.2 gram cnT3, Pyg = 0.9 gram cn3 andt = 2 months
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Figure 3.3: The figure depicts the results of the comparistwéen the curves of prey(crops),
pest, and predator population in the presence of control reatdral enemies versus in
the absence of control and natural enemies, natural engmj@gsation and control vari-
able with respect to the time, where values of parametersAare 100, A, = 50, r; =
0.5month !, Ky = 20gramcnt?, a; = 0.23 gram* cn? montht, ro = 0.35month L, K, =
15gram cm 3, m= 0.7 month 1, a, = 0.2gramcnt3, a3 = 0.25 gram L c? montht, b=

2, y=0.026month !, u = 0.6 month !, Pig = 2 gram cn3, Pyg = 1.2 gram cm 3, Pyg =
0.8 gram cn1 2 andt = 0.5 months
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Figure 3.4: The figure depicts the results of the comparistwéen the curves of prey(crops),
pest, and predator.
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3.7 Discussion

In this study, we proposed a three-dimensional model of prey (crop), pest (a preda-
tor of prey), and natural enemy of pest (a predator of pest), and a systematic approach
has been applied to control the pest population using a combination of pesticide and
a natural enemy of pest. Studies have shown the system is bound. The existence
and stability criteria of the equilibrium point have been established. Further, by ap-
plying the Pontryagins maximum principle, we proved the existence and determined
the necessary conditions of the optimal control. We have also numerically analyzed
the significant effect of the natural enemy on the pest population and crop production
in the model. In the presence of the natural enemy and control variables, the pest
population has been decreased and crop (prey) production has been increased in the
prey—pest—natural enemy of pest model. Thus, our results showed that the natural

enemy has a significant role in regulating the pest population.
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Chapter 4

Study of Prey Predator System with
Additional Food and Effective Pest

Control Techniques in Agriculture

In the present chapter, a prey—predator mathematical model describes an ecosystem
that includes crops, susceptible pests, infected pests, and the natural enemies of the
pests. Further, the dynamic behavior of the framework, the description of steady—state
equilibrium behavior, and pest control are discussed. The basic reproduction number
and sensitivity analysis are addressed to determine the most influential parameters.
Furthermore, a comprehensive analysis of the optimal control strategy is performed.
The study discusses the strategic planning of pests, which provides optimal control
of pests in contexts of operating cost and ecological harm. Pontryagin’s maximum
principle is used to develop an optimal strategy for pest control. Finally, numerical
simulations are carried out to support the analytical results and to explain various

dynamic systems that are used in the model.
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4.1 Introduction

Food wastage caused by pests and crop disease has become one of the massive
food issues, especially in developing nations. The United Nations has stated that the
global population was recorded at 7.2 billion in 2014, an approximate annual growth
rate of 82 million, with a quarter of that in low—income nations [226]. This enormous
number of people worldwide poses serious problems for food producers and policy
experts, particularly in terms of decreasing yield losses caused by pests and crop
diseases estimated to be as large as 40% of global output. All kinds of vegetables and
crops are our primary source of livelihood, but land resources are limited. However,
several tiny insects, weeds, and living organisms are included to contribute to the
loss of these essential crops. There are so many bacteria, fungi, viruses, etc. that
cause damage by infecting crops. Managing theses are one of the world’s biggest
challenges [188]. Table [4.1] demonstrates the overall worldwide output of grain from
2010-11 to 2016-17 and the prediction for the 2017-18 and 2018-19 [245].

Table 4.1: Total world grain production 2010-11 to 2018-19

Years Production in million metric tons

2010-11 2200.9
2011-12 2314.4
2012-13 2266.2
2013-14 2474.7
2014-15 2532.0
2015-16 2058.0
2016-17 2186.0
2017-18 2142.0
2018-19 2121.0

Here, an overview is presented on various kinds of crop damage. For the duration
2001-03, among crops, the total worldwide massive loss due to pests varied from
nearly 50% in wheat to more than 80% in cotton yield. Actions are recorded as falls
off 26—29% for soybean, wheat, and cotton, and 31, 37, and 40% for maize, potatoes,
and rice, respectively. Overall, seeds recorded the largest potential damage (34%),
with animal pests and pathogens being less significant (losses of 18 and 16%) [51]. As
per a study by US Agriculture and Natural Resources scientists and other representa-

tives of the International Society for Plant Pathology, organizations recognize that they
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are losing agricultural productivity for 5 major food crops by 10% to 40% due to pest-
s. The factors that work against growers include viruses, bacteria, fungi, oomycetes,
nematodes, arthropods, mollusks, vertebrates, and parasitic plants [175[212]. Con-
sequently, the issue of pest control must inevitably be approached comprehensively,
which has contributed to the growth of numerous innovative solutions, like integrated
pest management (IPM). The primary principle of IPM is the appropriate and system-
atic application of various pest management strategies to keep pest risk to a minimum
while reducing hazards to humans, livestock, plants, and the ecosystem. Integrated
pest control research is extensive and should serve as an inspiration for the mathe-
matical explanation of pest control strategies. An important motivating factor in the
implementation of IPM programs provides a clear understanding of the relationship
between the various aspects of the related agricultural systems, such as plants, pest-
s, hatural predators, and bio—pesticides. The mathematical study of ecological pro-
cesses is one of the main research topics in the field of agricultural modeling, which
could be regarded as a nonlinear science to a significant extent because of almost
all ecological interactions. One of the key challenges and issues includes develop-
ing computational models that include accurate recommendations and knowledge of
field studies in real environments so that these models could be used as tools to help
for removing the pest. Our factory farming system is highly dependent on chemicals
that regulate weeds, pests and quell fungi. The U.S. Environmental Protection Agen-
cy’s new study on the selling and usage of pesticides places in the U.S. at 1.1 billion
pounds in both 2011 and 2012, which is 23% of the approximately six billion pounds
consumed globally [48]. In recent years, using pesticides has become a public health
threat, an ecological tragedy, and has even triggered the creation of superweeds that
must destroy increasingly dangerous pesticide formulations. In addition to serious
agricultural chemical poisoning, pesticides may have extremely long health conse-
guences for staff and customers, as well as for people living along with crops where
they are used. For example, chlorpyrifos and other organophosphates are hazardous
to brain activity and are linked with genital infections and neurodegenerative problem-
s between farmworkers and people residing in agricultural fields [11]. Research has
found in utero, the pesticide is extremely harmful to infants [24]. There is a chance of
glyphosate and cancer [90,227]. If we consider for thousands of years, it is project-

ed that only 4 million square kilometers below 4 percent of the globe’s ice—free and
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non—barren surface area has been used for agriculture. 10% of the earths surface
is covered by ice, and 19% is a wasteland deserts, hot salt pans, seas, dunes, and
exposed rocks. This leaves behind what we call a "habitable area’. According to the
UN Food and Agriculture Agency, half of all habitable area is used for farming. The
land area of the globe is 13,003 million hectares. 4,889 million hectares are known as
'farmland area’ [87]. Losses caused by pests: crop loss from all factors - 500 billion
US $ annually worldwide, insect pests - 15.6% loss of production, plant pathogens -
13.3%, weeds - 13.2%. Statistics show the amounts of pesticides used throughout
the farming production for crops and seeds. Table demonstrates the agricultural
use of pesticides in the world between 2013 and 2017 [222].

Table 4.2: Agricultural use pesticides in the world from 3@& 2017

Year 2013 2014 2015 2016 2017
Value(megatonnes) 4.05 4.11 4.06 4.09 4.11

Many of the latest pest control approaches have concentrated on organic insecti-
cides. As stated by [58], the use of chemical insecticides is an effort to control the
pest directly at a minimal price. However, these chemicals have been identified to
have a variety of negative effects on the environment, including chemical residues in
crops and agricultural habitats. Efficient management of these pests can be achieved
using living organisms, reducing their abundance. There are many species and birds
whose feed is these insects, but they cannot affect farming. Thus, such inhabitants
could be used by some of the insect biological controls. Usage of predator species
to kill pests can be seen in the research work [10,/196,208|,217]. Therefore, the pest
may be an infection with certain bacterial or viral diseases. For example, baculovirus
normally develops in plants, so these viruses do not have any direct impact on crop
yield, but they can be used to decrease the pest population [128]. In the specific field
of agricultural pest control, the challenge is to develop reliable mathematical model-
s capable of at least describing different techniques of pest control qualitatively. As
from roots of the idea of integrated pest control models in the late 1950s, the study
has provided a valuable selection of mathematical models that focuses on the different
characteristics of application—based pest-integrated management models [236]. [29]

considered appropriate biological and chemical pest control combinations to be used
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in specific ecosystems of plants, pests, and parasites. Parasites can manage the pest
population on their own accord to some extent, but this effect is negatively affected
by the use of pesticides, as [29] has also found that the chemicals harm the para-
sites. [22] explained pest control by adding an infected insect. Thus, infection with the
insect population has also become one of the ways in which they can be effective-
ly eliminated from farm crops. The impetuous pest control model has been chosen
and reformed as a hybrid dynamic system [171], enabling the parametric analysis of
the system’s response periodically via numerical continuation methods [22]. In this
way, it has been possible to address concerns such as increasing the effectiveness
of impetuous pest control while minimizing production costs and environmental dam-
ages. In the southern part of India, two of the most commercially valuable crops
are coconut and oil palm trees. However, the insect Oryctes rhinoceros is seriously
affecting both trees. Central Plantation Crops Research Institute (CPCRI) has iden-
tified a Baculovirus Oryctes (BVO) virus, which could be used to kill such species of
pests [138]. Therefore, this Baculovirus Oryctes can be considered one of the nat-
ural pesticides of the Oryctes rhinoceros pest. Thus, it can be stated that the use
of pesticide monitoring in parallel, pest infection, and the use of biological predator
populations would, for the most part, be appropriate pest control strategies. Howev-
er, it is obvious that the infection that spreads occurring inside the pest can also be
transmitted between predators. On the other side, where the pest species is the only
food supply for the predator, the effect of pests will diminish the predator and even
then the predator species could die out. To preserve the predator population, there
should be an additional source of food. A significant role plays an alternative food
supply for predator species [170,1225]. Although to control the pest, the consequence
of alternative food attracts more attention than the usual predator—prey dynamics in
the framework of biological preservation. Alternative food sources should be provided

to the natural enemies of the pest for both predator protection and reduction of pests.

In this work, we develop a four—dimensional dynamical system modeling consists
of a crop, susceptible pest, infected pest, and natural enemy of the pest. We take
an interest in knowing the pest’s effect on crops and the impact of natural enemies of
pests on pest populations. Further, alternative food is used as a simultaneous food
source for predators (the natural enemy of the pest). Two mathematical models are

presented in this study, one in the absence of control and the other in the presence
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of control. A prey—predator system is established consisting of four species, name-
ly, the crop (prey), the susceptible pest, the infected pest, and the natural enemies
of the pest. We discuss the basic reproduction numbers at disease—free equilibrium
points and sensitivity analysis in the presence of prey. The coexistence of equilibri-
um systems under various conditions is examined. We present numerical reports to
address certain important biological cases that our model illustrates. Further, an opti-
mal control problem is constructed and solved analytically. Here, two types of control
variables are used; first, the rate of application of pesticide, and second, the rate of
application of biomass organic fertilizer. The goals of these controls are to eliminate
pest density and increase crop density as well as land fertility. This work is described
as follows: In Section [4.2, the prey—predator model is developed in the presence of
crop (prey), susceptible—infected pest, and natural enemies of pests. Section [4.3| de-
scribes the boundedness of the system, equilibria of the system, local stability, and
sensitivity analysis of the basic reproduction number. The existence and global sta-
bility analysis of the endemic equilibrium are discussed in Section [4.4l. Section
illustrate the dynamical behavior and biological interpretation of the model and its
discussion through the numerical simulation. Formulation and application of optimal
control problem, cost—effectiveness analysis, the existence of controls, characteriza-
tion of the optimal control pair, and the optimality system are performed in Section (4.5l
Section[4.7ldemonstrates numerical simulations for validation of the theoretical results
of the optimal control problem through different parameters. Finally, a brief discussion

and future scope are shown in Section 4.8

4.2 Mathematical Model

System dynamics modeling is a way of explaining and simulating dynamically com-
plex problems through system behavior. Since the creation of the modeling process,
the approach itself has been used for a wide variety of applications, along with the
modeling of a complex ecosystem. Given its demonstrated ability to incorporate the
complex interactions between influencing factors in an interconnected system, a sys-
tem dynamics modeling technique is selected for this analysis. The method for de-
signing system dynamic structures usually involves iterative progress that starts with a

clear demonstration of the modeling goal. It continues with the integrative approaches
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and their interactions via dynamic casting and outline hypotheses, accompanied by
model simulation and explanation. A notable limitation in the modeling of system dy-
namics is the complexity, if not meaninglessness, of model validation, focused on how
model outputs and actions accurately reflect the real world. All mathematical model-
s, however complex, are subjective approximations of truth intended to describe the
observable facts. It appears that the model’s observations must be balanced by the
unpredictability of the input information that it attempts to explain and the validity of
the concepts used to construct its equations. A good example of this is the active
discussion on the inability of current models to forecast or remove the factors for a-
gricultural production details. The deficient focus has been reported between crop,
pest, and natural enemies. This study would apply new behavioral equations to exist-
ing mathematical models. It will also include changing the existing models to connect
them to new equations modeling in the agriculture sector. The true test of the im-
proved model would be its ability to continuously incorporate one more equation that
needs a preventive remedy. No mathematical model could be an ideal representa-
tion of reality. However, the process of developing, evaluating, and updating models
forces scientists and researchers to strengthen their viewpoints about how a mathe-
matical model operates. This enhances the scientific discussion of what influences
mathematical model behavior and what should be done to handle model losses. A
prey—predator model for prey, predator, and additional food in an ecosystem has been
studied in [43,1205,218,,1219].
In this work, a variable P; representing crop density has been introduced to study the
effect of crop production in agriculture. We build a mathematical model according to
the following hypothesis:
(A1) Let the population density of the crops biomass (roots, stem, leaf, flower, and so
on.) be P, at the time t. Py(t) can only reproduce the logistic law of growth with an
inherent growth rate r; and ecosystem carrying capacity K;. In addition, it is supposed
that there is a negative impact of APy, pP; on crop biomass density due to susceptible
pest and infected pest, where A and p are predation rate coefficients with Holling type
| functional response. Consequently, the rate of change of the biomass crop can be
as follows

dR

Py
or ~ P (1— K_l) — APP, — pP1Ps,
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(A2) At any given time t, the pest population is divided into two classes, namely the
susceptible pest P»(t) and the infected pest P5(t). Thus, Px(t) + Ps(t) is the total pest
population density.

(Az) Between the two categories of pest, the susceptible pest population P(t) can
only grow with an intrinsic growth rate of r, and an environmental carrying capacity
of K, according to logistic law of growth. Thus the rate of change of susceptible pest
P(t) can be presented as the differential equation below

dR P+ nPks
- 2R (1 K> )

here, n is the effect of an individual predator on a pest per unit growth rate compared
to an individual’s influence on its own per unit growth rate [166]. Because of their direct
interaction with the infected pest, disease spread within the susceptible crop, and
let a be the infection power. The predators consume both susceptible and infected
insects, but infected pests are often more easily obtainable to the predator as they
are fragile and easy to capture, while it takes some time to predate the susceptible
pests [217]. Thus, we suppose that the predator P, predates susceptible pests P, at
a rate of linear response where [ is the maximum rate of capture and infected pests
with Holling type—I functional response yP; where y is the maximum rate of capture.
Further, we suppose that the rate of death of the infected pest is w. Accordingly, the

rate of conversion for susceptible and infected pests can be isolated as follows

d P+ nP
e = VPP 0Py £ 12y (L%) — aPoPs— BPoPs,
2
CL—FE = aPoPs+ pP1P3 — yPsPs — P,

(Aq) [179]1201] studied the interplay of pests (susceptible and infected) with their
predators and found that infectious illness among animal and plant communities may
influence the system. [207] proposed an ecoepidemic model with infectious illness
in pest and predator consuming diseased preys for meals. In this situation, infected
pests are more accessible to predators since they are easier to trap than healthier
pests. Infected pests are weaker and simpler to trap, according to [97,,/164]. Further-
more, under the current framework, it is considered that the infected pest has less

strength than the susceptible pests. As a result, the predator’s capturing capacity is
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greater for infected pest. The predator population P; can catch infected pests easily
at a rate of n1, whereas the capturing rate of susceptible populations P, is assumed to
be |. According to [150], digestion of infected pests contributes to negative increase
in the predator population. There is a negative effect parameters n, to the biomass
of predator populations due to the infection from the infected pests. Furthermore, we
suppose that n,yP; has a detrimental impact on the biomass of predator species due
to contamination from infected pests. The predator’s natural mortality rate is u and
it has density—dependent mortality rate 4. Additional food is provided to predator P;.
Some alternative food sources are always accessible in consistent quantities that are
unaffected by consumption. Many arthropod predators can depend on plan—provided
alternative food sources like pollen or nectar, which is relatively unaffected by the
predator’'s usage [137]. For both the conservation of the predator and the elimina-
tion of the pest, an alternative supply of food is provided to the natural enemy of the
pest [23]. [170] explored the use of alternative food as a supplement to the predator’s
diet. When the desired prey density falls low, predators consume additional food. The
growth rate due to additional food is d [225]. The predator’'s capability to recognize
additional food is characterised by the proportionality constant. Hence, the rate of

change for the predator population is as described in the following

dP

H = |BP2P4+ (nl—nz)yP3P4+d(1—

P+ nPs

)P4 — Py — 8P
K2

Here, the growth of predator by providing the additional food is considered as a |-
ogistic growth at the rate d i.e. (d(l—P2+K—gP3)P4> while the growth of the preda-
tor by consuming infected and susceptible pest is considered bilinear growth, i.e.
(IBPPy + (ng — o) yPsPy) at the same time, respectively. Thus, we develop four di-
mensions models consisting of the crop (prey), susceptible pest, infected pest, and
natural enemies of the pest as predator. Moreover, this study examines the applica-
tion of optimal control to the system in the presence of two control variables: first, the
rate of application of pesticide, and second, the rate of application of biomass organic

fertilizer. Integrating all the above hypotheses, we describe eco—epidemic structure in
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the following ways:

r

o o o o
o5 2|5 2 25

— 1P (1= ) - AP — pPiPs,

— APiP>— 0P +12P5 (1 2% ) — aPyPy — BRA,

= aPoPs+ pP1P3 — yPsPs — P,

= IBPPs+ (N — ) yPsPy +d (1— &;_;7%) Py— UPy— 5 (Py)2.

(4.2.1)

with initial conditions Py (0) = Py > 0, P,(0) = Py > 0, P3(0) = P3p > 0, and P4(0) = P4o> 0.

Table 4.3: Description of the parameters

Parameters

Description

r

axr Q

Net growth rate of crop
Carrying capacity of crop
Predation rate coefficients
Predation rate of susceptible pest
Natural mortality rate of susceptible pest
Environmental carrying capacity
Intrinsic growth rate of susceptible pest
Influence of individual predators on the
pest growth rate per capita
Force of infection
Maximum capturing rate of susceptible pests
Maximum capturing rate of infected pests
Death rate of the infected pest
Predator species contributions
from susceptible pests

Predator species contributions from infected pest.

Negative effect to the biomass of predator
species from infected pests.
Growth rate due to the food
Natural death rate of natural enemy of the pest
Density dependent mortality rate
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4.3 Dynamical Behavior of the System

4.3.1 Boundedness of the System

First, let us define a function, X =P, + P+ P; + %P4. The time derivative of X is

dX dR dR dRy 1dP
dt ~dt T dt ' dt o 1dt
from the equation (4.2.1) we can obtain

dX

P
dat ~ rP (1_K_1) —APIP— pPIP3s+ APIP — 0P + 1P (1—
1

P, +nP3
K2

) — aPPs — SRR,

1
+ aP>P3 + pP1Ps — yP3Py — wP3 + BPoPs + T (N1 —n2) yPsPy

+|9 (1— PZLZ”%) P M2 (py2,

1
=P (1—%) — 0P+ 1P (1— PZ—:;”PS) —VP3P4—(A)P3+I—(H1—H2) VP3P4
1 2

;4 (1— P2+'7P3) - Hp— O (pp2.
| Ko R

Let (1 —np) <, we have

dX P 1
— 4+ wX <riP (1— K—l) + WPy + 1P (1— &) + WPy + —P4(d+ w— OPy),
1

dt Ko I
r1P? riP? d+w)Py o
-1 +(r1+w)P1—¥+(r1+oo)P2+g——Pf (4.3.1)
K1 K1 I I
2
Here, let f(Py) = —% +(rm+wbkP= f'(P)=r1+w- erlfl, for max/min f'(Pp) =0
=4 w— %fl —0=P = (rlzral’)Kl, and f”(Py) = %lrl, which shows that f”(Py) < 0.

2
Thus maximum value of f(Py) = (ry+ w)% - (Ulzf‘:)Kl) = %ﬁ“’)z. Similarly,

roP (1— %) + WP, < K2(+Z“’)2. For the term (T52% _ 0p2 et f(py) = (2P _ 0p2

f'(Py) = (dTw) - @. For max/min f/(P4) = 0, which implies P, = d;—é‘*’. And " (Py) = —|—25.
Thus f(Py) = @X@Pe_ dp2 _ (40P o1 p _ deo Thys, 2p,(d+ w— 5Py) < (9% As

a result, the inequality (4.3.1)may be represented as

dX Ki(ri+w)? Ka(fa+w)? (d+w)?
— X <
at ¢ ay 0 4, 4B

99



2 2 2
Thus, we have a constant L = Kl(rjr“*’) + KZ(rj“*’) 4 [dHO)7 gch that
1 ) 419

dX
2 rwX <L,
= dt-i—(;)

applying the theorem of differential inequality [65], we obtain

0 < X(P1,Py, P3,Py) < —(1—e )+ X(Py(0),P,(0),P5(0),P4(0))e~ .

elr

L

Ast— o0, we have 0 < X < &, since sup_,, X(t) = 5 Hence, all the solutions of (4.2.1)

are confined in the region
+ . L
S=1{(P,P,P3,P) eRy :0< X < (,_0+8 ,
for any € > 0 and for t — oo. Thus, the system (4.2.1)is always uniformly bounded.

4.3.2 Equilibria of the System

The system has the following equilibrium points:
(1) The trivial equilibrium Eq (P}, Py, P5, Py) = (0, 0, O, 0).

(2) The pest and natural enemy free equilibrium E; (P, P5, P3, Py), where
Pl =Ky, P;=0,P; =0, P, =0,

this equilibrium is feasible.
(3) The crop, infected pest, and natural enemy free equilibrium point Ex (P}, P5, PS5, Py),
where
—0Ky+K
P =0, Py = 2 2 2r+ 22 Py =0,P; =0,
2
which is biologically feasible if r, > 0.
(4) The crop and pest free equilibrium Ez (P}, Py, P5, Py), where
d—
Pl =0, P —0,P; =0, P = —F.
which is acceptable biologically if d > L.

(5) The infected pest and natural enemy free equilibrium point E4 (P, P5, P3,Py),
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where,

x O0AK1Ko — AK1Kory + Kiraro

P ri(—oKa+ AK1Kz + Korp)
1 A2K1Ks 41112

A2K1Ks 41112

, Py = ,P3=0,P; =0,
which is biologically feasible if (0AKz+r1rp) > (AKorz) and (AKy +r12) > 0.
(6) The crop and natural enemy of pest free equilibrium point Es (P}, P5, P;, Py),

where
oaKs+ wro—akKory

a a(aKz+nry)

P; =0,

which is biologically feasible if caK; + wro < aKoro.

(7) The crop and susceptible pest free equilibrium point Eg (P}, Py, P, P;), where

d — yuKs + dwK
P =0, P =0, Py — SR IR E gy O

y(—dn + yKong — yKony)”’

Y

that is not acceptable biologically as P, is always negative due to w and y are always
positive.
(8) The pest free equilibrium E7 (Pf, P5, P35, Py), where

d—p

Pf:Klapék:O?P;:O?Pj: 5

this equilibrium is feasible if d > u.
(9) The susceptible pest and natural enemy of pest free equilibrium point Eg (P}, P5, P§, Py),
where

w (—O)+pK1) r

Pf==,P=0,P;= , PF =0,
1= 52 3 02K, 4

which is biologically feasible if pK1 > .

(10) The crop and infected pest free equilibrium point Eq (P}, P;, P§, Py), where

oB+dd—pBu—ory)
dB - |B2K2 —0ry

Ol BKy + ur, —1BKoro —do
dB - |B2K2 —0ry ’

K
pr -0, Py — 2. P5 =0, P} =

which is biologically feasible if the following conditions are satisfy (i) dB + gd > Bu +
Srand dB > |B%Ky+ rp or dB + 08 < B+ or and df < 132Ky + ry, (i) ol BKo + prp >
| BKor2 4+ do and dB > 1 32Kz + Or, or ol BKo + pry < I BKars +do and df < 182K, + Or.
(11) The crop free equilibrium point E1o(Py, P, P§, Py), where
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« M—Mg . Ms—Mg ., NM7—Mg
1 — 7P2_ 7P3_
m —np m —Np m — My

where my = NApKira, mp = p?Kirs + anrira + a?Korq, mg = capKiKs + a2KKorq +

7P:1k:07

anKariro+ pwKiro, mg=nNA wKirs + apKiKors + aA wKi Ko, mg = A pawKi Ko + a wKorg +
PZK1Kara + Noorara, Mg = apKiKary + npKarara + 0p?KiKa, my = 0A pKiKo + pKararo +
akorira + aAKiKory, mg = A2wK Ky + daKorg + A pKiKors + wrirs, which is biologi-
cally feasible if the following conditions are satisfy (i) mg > mg and m; > mp or mg <
my and My < My, (i) Mg > Mg and My > My or Mg < Mg and My < Ny, (iii) my > mg and My >
My or my < mg and my < .

(12) E11 (Pf, Py, P35, Py), where

fe— 7
f3— dBI’l’

f1— . fa—Ts

P=Ki+ —F—7"—"+— P =———,
1 ! ri(fz—dprq) 2 f3—dpry

P =0, P} =

where

f1 = AK1K2dBri+ AK1K200r1, f2 = AK1KoBury +AKiKodAKyry + AK1K20r1ro, f3 = 0A2K Ko +
| B2Korq + Or1ra, fa =Ko ury+KodAKiri+Kodrirs, fs5 = KodBri+Koodry, fg=dA2KiKo+
dory +1BAK1Kor + 1BKorars, f7 = A2uKiKo + dAKiry + ol BKorq + uriro, which is bio-
logically feasible if the following conditions are satisfy (i) f; > f,and f3 > dfry, or f1 <
foand f3 < dprq, (i) f4 > fsand f3 > dfrq, or f4 < fsand f3 < dBry, (iii) fg > frzand f3 >
dpBrq, or fg < frand f3 < dBr;.

(13) The susceptible pest and natural enemy of pest free equilibrium point E12 (P}, P5, P35, P}),

where
. pKi(hi—hy) _, . M . —wt+pKy p?Ki(h—hy)
PoKg+— 2 pr_o py= 2L pf— :
LT (s —hy) 72 > hg—hy ? y yr1(hs— ha)
where

hy = yuKory + 8pK1Korq, hy = wKory + dyKory, hs = dynry 4+ y2Konory, hy = y2Kongry +
dp?K1K», which is biologically feasible if the following conditions are satisfy ()P
will be biologically if rihs 4+ phy > rhs + phy and hz > hg, (ii)P; will be biologically if
ho > hy and hz > hg or hy < hy and hz < hg, (iii)P; will be biologically if w < pKy, hy >
h, and hz > hs or w < pKy, hy < hy and hz < hy.

(14) The crop free equilibrium point E13 (P}, P>, P5, Py), where
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P =0, P = 91—927 P — 95—967 P — 99—9107
03— 04 g7 —Us 011 — 012

where

g1 = doyn +dayKs + adwKa + BywKong + ay?Kons + dnwro + VPKonirs, go = dBnw+
a yuKso + o y2Kong + BywKona + v pro + y2Konor 2, gz = da y+ a28Ko + a ByKony + adnra +
y2nira, ga=dafn +1aByKz+aByKona+1Bynra+y?nora, gs = dBw-+ a dKaro + ol ByKa +
aBuKs + yurs, g = daBKs + 0adKs + 1B2wKs + dwry + day + | ByKoro, g7 = day +
023Kz + aByKony + adnra + y?mra,gg = dafn +1afyKa + aByKanz + 1 Bynra + y2norz,
go = doan +da?Ks + laBwKs + oayKony + 1B wrs + ayKonira 4+ ywnors, gio = daw +
a? UKo+ oayKong +anprs+ ywniro+ o yKonoro, g1 = day+ a?0Ks + a ByKony + adnro +
y?mir2, g1z = daBn +laByKa + aByKany +18ynra+ ynara,

which is biologically feasible if the following conditions are satisfy (i) g1 > g» and
03 > 04, OF 01 < 02 and g3 < 0, (ii) g5 > gs and g7 > gs Or gs < g and g7 < gg, (iii)
9o > g10 and g11 > G12 OF gg < Gro @nd gi1 < J12.

(15) The crop, pest and natural enemy of pest coexistence equilibrium point Ei4
(P, Py, P3, Py). Where, the interior equilibrium whose feasibility criterion is given
in Section [4.4

4.3.3 Basic Reproduction Number

We introduce the basic reproduction number during the entire period. This is char-
acterised as the number of secondary infected individuals caused by a single infected
individual. The approach developed by [110,158] can be used to obtain the expres-
sion for the basic reproduction number. The basic reproduction number is determined
using the next—generation matrix procedure [156,158,/159,(167]. Let G be the next
generation matrix, which includes fi(t), vi"(t), and v (t), i =1, 2, 3, ...,ne N; where
fi(t) is the rate of presence of new infections in the compartment i, vi" (t) is the rate of
immigration of individuals into the compartment i, and v; (t) is the rate at which new

individuals are transferred from compartment i.

Theorem 4.3.1.The basic reproduction numbers for infected pest at diséaseequilibrium
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pointE4, Es, Eg, andE;1 in the presence of prey (crop) are

_ OK1p _Kip
Ror = —YU + yd + dw’ Rz =4
~ Ky(AKa(dp+ary—pra) +prirz) + aKory (rz —d)
Ros = wW(A2K1Kz + r1r2) , and
Ros = YK2M1(BH—d(B+0) + 0ra) + K1Q1
AK1Q2 + Qara ’

respectively. Wher®; =Ky (Ap (—Bu +d(B +8) — dr2) +r1 (adA + B2Ip)) +pry(dr2 — Bd),
Q2 =Kz (A(—yp + yd + dw) + Byiry) — ydry, and
Qs =d(yd - Bw) + BKal (Bw+ y(—d) + yr2) + r2(dw— yu).

Proof. It is clearly, P; is the only relevant class of infection. The cld&ét) from our model

(4.2.1) can be expressed as follows:

d
s = PPy & PPIPy — PPy — P

In this process, the matricdst) andv(t) = v (t) — v (t), corresponding to the gain and loss
components of equation (4.2.1) can be definedl(&s= aPoPs + pP1Ps, v(t) = yPsPs + whs.
The Jacobian matrices dft) andv(t) are, at disease—free equilibrium point with prEy,

respectively, given by
y(u—d)
5

Now the next generation matrix is defined@s= Flvl‘1 and the basic reproduction number

Fi=pKg, Vi =w-

Ro1 of the system is defined by the spectral radius of the mEiMfl. Thus,

_ OK1p
 —yu+yd+ow’

Ro1

Similarly, the Jacobian matrices éft) andv(t) are, at disease—free equilibrium poiBt,
respectively, given by
F=pKy, Vo = w.

Now the next generation matrix is defined@s= szz‘l and the basic reproduction number

Ro2 of the system is defined by the spectral radius of the mEﬁW{l. Thus,



Similarly, the Jacobian matrices éft) andv(t) are, at disease—free equilibrium poiBs,

respectively, given by

ary (—dKy + AK1Ko + Kora)  p (—dAK1Ks + AK1Koro — Kyraro)
F = > — > , V3 = w.
AcK1Ko +rqro A?K1Ko +r1ro

Now the next generation matrix is definedGs= F3V3‘1 and the basic reproduction number

Ro3 of the system is defined by the spectral radius of the mEgl\Vgg‘l. Thus,

Ki(AK2(dp +ari—pro) +prara) + aKory (ro —d)

Ros = W (A2K1Ko +r1r2)

Similarly, the Jacobian matrices 6ft) andv(t) are, at disease—free equilibrium poiRt,,

respectively, given by

£, _ (K _AKle(B(—d)rl—d5r1+6)\K1r1+Bur1+5r2r1)>
4=pP 1 rl(—Bdr1+6)\2K1K2+BZK2Ir1+5r1r2)
aKz(Bdr1+d5r1—5)\ K]_I']_—B[,ll'l—5l'2l’1)

© —Bdry+ 0A2K1Kp + B2Kolr 1 + Oraro

y(d2 (—rq1) — dA2K 1Ky + BdKolry +dAKyry + )\2K1K2]J — BAK1KsIr — BKaolrqro + urlrz)
—Bdry + 0A2K1K; + B2Kolr 1 + drqro

Vi=w—

Now the next generation matrix is defined@s= F4V4‘1 and the basic reproduction number

Ro4 of the system is defined by the spectral radius of the mEW{l. Thus,

_ aKorg (B —d(B +9) +dr2) + K1Qs

Roa AK1Q2+ Qarg ’

where,Q1 = Kz (Ap (—Bu+d(B+8)—8rp) +r1 (adA + B2p)) + pri(ér,— Bd),
Q2 =Ky (A(—yu +yd+dw) + Bylry) — ydry, and
Q3 =d(yd — Bw) + BKal (Bw+ y(—d) + yr2) +r2(dw — yu). O

With respect to disease—free equilibrium in the presence of prey, if Ry1 > 1, Rgp > 1,
Roz > 1, and Rys > 1, then the disease is endemic and infected individual generates
more than one new infection on average, the infection has the potential to expand
across a population in the species. If Ry1 =1, Ryg2 = 1, Ryz = 1, and Rys = 1, then the
disease is stable, and if Ry; < 1, Ry2 < 1, Rgz < 1, and Rys < 1, then the infection may
die out in the long run. When there is no infection at the disease-free equilibrium

state. As a result, all infected categories will be zero.
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4.3.4 Local Stability

We draw conclusions in the following theorem concerning the asymptotic behavior
of trajectories system (4.2.1)

Theorem 4.3.2. At different equilibria, the system (4.2.1) has the follagiibehavior

(1) The trivial equilibriumEg is unstable since one of the eigenvalues is always positive.
(2) The pest and natural pest of pest free equilibrium pgint locally asymptotically stable
if u>d, w>pKy, —ry, andd > AKq +r5.

(3) The crop, infected pest and natural enemy free equilibpointE; is locally asymptoti-
cally stable ifw > aP;y, uKs + oP5; > | BKoP; + 0Kp, andAP; > ry.

(4) The crop and pest free equilibriuBy is unstable since one of the eigenvalugs- O is
always positive.

(5) The infected pest and natural enemy free equilibriunmiplj is locally asymptotically
stable ifds > 0, dg > 0, d7 > 0, dg > 0, dsdg — d7 > 0, and(dsds — d7)d7 — d2dg > 0.

(6) The crop and natural enemy of pest free equilibrium p&inis locally asymptotically
stable ifs; >0, 5 >0,53>0, 54 >0, 43— > 0, and(mse—sz)sz—sﬁsl > 0.

(7) The crop and susceptible pest free equilibrium pBis not biologically feasible. Since
the population siz&, is always a non—negative variable, the local stability gtuas not been
performed.

(8) The pest free equilibrium poif; is locally asymptotically stable o + yP; > pKy, 1 +
20P; >d, andd + BP; >+ AKj.

(9) The susceptible pest and natural enemy of pest freeilequith pointEg is locally asymp-
totically stable ifdg > 0, dig > 0, d11 > 0, di2 > 0, dgd1o— d11 > 0, and(dgdip— d11)d11 —
d2d2 > 0.

(10) The crop and infected pest free equilibrium pdigtis locally asymptotically stable if
the equilibrium pointEg is locally asymptotically stable v+ yP; > aP;, AP >rq, and
di3 > +/d14—di5.

(11) The natural enemy of pest equilibrium pafb, is locally asymptotically stable s, >
0, dg3 > 0, dgg > 0, dag > 0, dgo043— dag > 0, and(daz0sz — dga)das — d3,0s1 > O.

(12) The infected pest free equilibrium poiBi1 is locally asymptotically stable iflzg >
0, d37 > 0, d3g > 0, d3s > 0, dagda7 — dag > 0, and(dzeds7 — dag)dag — d3¢d3s > O.

(13) The susceptible pest free equilibrium pdip is locally asymptotically stable dy; >
0, do > 0, g > 0, 2 > 0, dp10z0— d1g > 0, and(dp100 — d19)dig — d3,022 > 0.
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(14)The crop free equilibrium poir;3 is locally asymptotically stable ifl3 > 0, d33z >
0, d31 > 0, d3gq > 0, d3pdsz — dzq > 0, and(dzpdsz — dz4)das — d2,d3; > O.

(15) The crop, pest and natural enemy of pest coexistenakbemum E; 4, is locally asymp-
totically stable ifa; > 0, ap >0, a3 > 0, a4y > 0, ayap — az > 0, and(ajap —az)az— a§a4 > 0.

The proof of theorem provides details of the parameters unstiils theorem.

Proof. The stability analysis of the system (4]2.1) is governedheyJacobian matrix

R —AP]_ —pP1 0
;| Q —aP—TZZ  —fP,
PPs aPs —W+pPL+aR—yPy —yPs

0 IBR-% -SPiym-n)P P

where,
_ Piry Py
R= AP, pPy K1+<1 Kl)rl,
P+ NP
P=—H+IBP2+y(n1—n2)P3+d<1— L 3)—26P4,
2
QZ—G+)\P1—O{P3—BP4—%+(1—P2+’7P3)r2,
K2 Ko

(1) The Jacobian matrix of system (4J2.1) at equilibriurmp&p = (0, O, 0, 0) is

ry 0 0 0
0 —o+rp, O 0

J(Ep) = ;
0 0 —w
0 0 0O d—u
the eigenvalues od(Ep) areA; =d— U, A2 = —w, A3 =rjandA = —0 +ra. Hence, the

trivial steady statdcg is unstable since one of the eigenvalues is always positive0. The
P. — P, — P, plane space acts like a stable spaak<f u, andr, < o while thePs axis behaves
as a unstable. Ecologically, the equilibrium polatis not stable due to growth rate of prey

(crop)ry > 0.
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(2) The Jacobian matrix of system (4]2.1) at equilibriummp&y = (K1, 0, 0, 0) is

—rq —AK; —pK1 0
I(E,) - 0 —d+AKi+ry 0 0 |

0 0 —w+pKy 0

0 0 0 d—pu

the eigenvalues af(E;) ared — i, —w + pKy, —r1,—d + AKy + r2. The equilibrium poing;

is locally asymptotically stable if
uU>d, w>pKy, —ry, andd > AKq +r5. (4.3.2)

(3) The Jacobian matrix of system (4)2.1) at equilibriunmp&b = (0,P5, 0, 0) is

—AP; +11 0 0 0
J(Ep) = AP T TG PR
0 0 —wtaP 0
0 0 0 ~u+1BRy 4o (1- )
the eigenvalues af(E,) are —w + aP}, dKZ_“KZ_IfZP;HBKZP; AP 411, —%. The equi-

librium point E; is locally asymptotically stable if
w> aP;, UKz + aPs > 1BKsPs + 0Ko, andAP; > ry. (4.3.3)

(4) The Jacobian matrix of system (4)2.1) at equilibriunmp&s = (0, O, O,P}) is

r 0 0 0
dEy | O 9P 0 0 |

0 0 —w—yP} 0

0 1P -% YR L y(ny—np)P; d—p—20P;

the eigenvalues af(Ez) are—w— yP;, d — u—20P;, r1, —d— BP; +r2. Hence, steady state

(E3) is unstable since one of the eigenvalues is always positive0.
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(5) The Jacobian matrix of system (4J2.1) at equilibriummp&y = (P, P5, 0, 0) is

P*r * *
_1K_11 —APf —pPf 0
Pr
APy -2 3 —BPs
Eg-| M TR TR
0 0 fp 0
0 0 0 f1

wheref; = —p+18P5 +0 (1- 2 ), f = —w+pPy + aPy, f3 = —aPy — 12,

Then the characteristic equation of th&,) is given byx* + dsx + dgx® + d7x+ dg = 0, where
d5 _ ( fl o .I: + Plrl + P2r2> d6 _ <f1 f2 +A2P:E<P2 N flEfrl _ fZEfrl _ flEZ*YZ . fZEZ*YZ + Pf}fé:lﬁ)
’ 1 1 2 2 1K2
d _ <—A zf]_Pl P2 . A 2f2P1 PZ* flfiPl*rl + flfiPz*rg B flpj}:P}Z:I’]_I’Z . f2P£P§r1r2> ,
1 2 1K2 1Kz
f1 foPF P
anddg = A f1f2P1 P2 71 212

112 - Using the Routh-Hurwitz condition5 [95, 126, 136], the
equilibrium point,E4 = (P}, PZ, 0, 0), is locally asymptotically stable if

ds > 0, d7 > 0, dg > 0, and(dsds — d7)d7 — d2dg > 0. (4.3.4)
(6) The Jacobian matrix of system (4J2.1) at equilibriummp&s = (0, P;, P;, 0) is

g 0 0 O
APy —R2 4, P

Kz

pP; aPy 0 —yP;

0 0 0 di

where
dy=—AP;—pP; +r1, dp=—aP; — ”FZ”, ds=—p+IBP;+y(n1—np)P; +d (1_ Pﬁ“;g%*) .
Then the characteristic equation of th&s) is given byx* + six® + s3x? + $,x+ 51 = 0, where
= —adidpd3P3, 5 = <ad1d2P3 T adydsPy + 25 f2> ,
<d ds— adpPy — B2 P — (—d;—ds + 2'2) , using the Routh-Hurwitz
103 2F3 — Ky ) S = 1 3 K ) g

conditions[[95, 126, q6], the equilibrium poiBg, is locally asymptotically stable if

s1>0, >0, 53> 0, and(s4S3— S2)S2 — 5251 > O. (4.3.5)

(7) The value ofP; is always negative at equilibrium poi&s. Therefore, the local stability

study has not been performed.
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(8) The Jacobian matrix of system (4J2.1) at equilibriummp&f = (K1, 0,0,Py) is

—Iq —)\Kl —pK]_ 0
I(Ey) 0 —d+AK{—BPj+r12 0 0
7) = )
0 0 —w+ pKy — yPy 0
. dP dnP} . .
0 |BP; — & — S +y(m—np)Py d—p—26P;

the eigenvalues af(E7) are—w+ pKy — yPy, d— u—20P;, —r1, —d+AKy— BP; +r2. The
equilibrium pointE7 is locally asymptotically stable if

W+ yP; > pKy, 4+ 26P) >d, andd + BP; >rp+ AKj. (4.3.6)
(9) The Jacobian matrix of system (4J2.1) at equilibriummp&i = (P;, 0,P5, 0) is

~f —AP; —pPf O
0 fs 0 0
pPy aby 0 —yR;
0 0 0 fs

J(Eg) =

wherefs = —d+ AP —aP; + (1— %) ro,fs = —pu+y(n—ny)P; +d <1— %) . Then
the characteristic equation of thiEg) is given by x* + dox® + d1gx2 + d11X + d12, where
= I fgPs
do— (—fa—fo+ ) cho = (fafs + p2PpPy — ME2 - B5E1),
f4f5P1*r1

dig = <—p2f4P1*P§‘ — p2fsPiPs + T) , 2 = p?f4 f5P§P;. using the Routh-Hurwitz con-
ditions [95] 126, 136], the equilibrium poif is locally asymptotically stable if

dg > 0, d11 >0, d12> 0, and (dgd1p—d11)d11 — dgdlz > 0. (4.3.7)

(10) The Jacobian matrix of system (412.1) at equilibriurmpBg = (0, P5, 0, Py) is

—AP; +11 0 0 0

J(Eg) = AR Tt —aPy — T —BR
0 0 —w+aPy —yP; 0

« dPf  dnP . .

0 IBP; — %~k +y(m—n)P; —oF;

the eigenvalues af(Eg) are—w+ aP; — yP;, —AP; +ry, and
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tiz—+/d1a—dis dhs+ — 2
1oy Qetyel-Qs wheredis = —KaP; — Pra, dug = (OK2P; +P3r2) 2, and

dis =4 (—dBKP; P +1B2K3P; Py + 0K,P;P;r2) . The equilibrium poinEg is locally asymp-

totically stable if

w + VF)E< > CYPZ*, )‘PZ* > rq, andd;3 > /d14 — dis. (438)

(11) The Jacobian matrix of system (412.1) at equilibriurmpBio = (Pf, P>, P3, 0) can be
written

Y A ~ S

APy B2 dy —pPy

PPy aby 0 —yR

0 0 0 d3g

J(E1o) =

WheI’E‘d39= —H +|BP2 + V(nl_nZ) P3 +d (1_ 2—;2 : > ’

npPyra
dao = —aP; — ==,

then the characteristic equation of theE1g) is given byx* + daox® + daax? + dagX + da1 =

ad39d40P* P*rl pzdggp* P P*r2
0, wheredg; = —A pd39d4oP1* P:j: —al pdSQPf Pék Pf; + Kll = 1Kz2 =,

Pfr1 | Pirp
dap = (—d39+ 4t ZK—2> :

_ 2p* p* * 2pxp#  O30Prr1  dsoPyra | PIPSrirg

dag = —A2030P; P; + 0d3g0aoPy — ?d0P} P + A pdaoPyPs + 1A PPP,Ps — 2449R1Rs

+ pzpf PZ* P:;k ro . dggpf P2*r1r2
Ko K1K2 ?

using the Routh-Hurwitz conditions [95,126,136], the éqtium point,E;, is locally asymp-

totically stable if
d42 > 0, d44 > O, d41 > O, and(d42d43— d44)d44— d£2d41 > 0. (4.3.9)

(12) The Jacobian matrix of system (4]2.1) at equilibriurmpBy; = (P}, Py, 0,P;) is
_%1 AP} —pP; 0
APy -2 g pRg
J(E11) = K2 )
0 0 do4 0
0 dg s —OF;
% P* % ES k d P* *
wheredyg = —aPj — '7K22r2, dog = — W+ PPy + Py — yP;, o5 = — ',124 +y(m—ny) P},

dP;
dae = IBPy — -,
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then the characteristic equation of thig;1) is given by

x* + dg(;X3 + dg7X2 + d3gX+d3zs =0,

2 Bd24d26F*F*rl 5d24F*F*F*I‘1I‘2 l:*rl F*fz
Whered35 =—0A dz4|:)]>i< PZ* P:f - Kll 2= — %(12}(24 s d36 = —d24 + 5ij + —lKl + —}2<2 y
* 2D p* * d24'31*rl 5P1*Pfrl d24PQ*VZ 5Pg*Pfr2 prg*rlrz
d37 (Bd26p _|_)\ P P _ 5d21P _ 1 + . _ K + Ky + KoK
* 2 * D%k 2D* D* D% Bd26F1*F2*rl 5d24F1* frl 5d24F2* frz
d38 _de 1d26P —-A d2 1F) P* 4+ oA “P*P*P + Ky — Ky — K

d24Pf‘P2*r1r2 6P1"‘P2*Pj‘r1r2
T KK T KKy

using the Routh-Hurwitz conditions [95,126,136], the éiquium point,Eq1 = (P}, P5, 0,P;),

is locally asymptotically stable if

d3g > 0, dag > 0, das > 0, and(dseds7 — dag)dag — d2edas > O. (4.3.10)

(13) The Jacobian matrix of system (412.1) at equilibriurmpg&;, = (P}, 0,P5, P;) can be

written .
B AP —pPr 0

K1
0 dig 0 0
J ( ElZ) - * * *
PP aP; 0 —yP;

0 dis di7  —OP;

wheredig = —d + AP} — aPj — BP; + <1— %) ry, di7 = —d?(? +y(n—ny) P}, dig =
1BP; — &

Then the characteristic equation of thé&;») is given byx* + Ao + dogX2 + digX+ thy = O,
wheredio = (—yolgthP§ — PP P§ + 5p2P; P3Py + MR She BN

doo = (VthPj + p2P;P5 — S0Py — S5 + S ) g — (e + OP; + 312,

dop = —6p2d16Pf P3Py — %ﬁm, using the Routh-Hurwitz conditions [95, 126, 136], the

equilibrium pointE;» is locally asymptotically stable if

d20 > O, d19 > 0, d22 > 0, and(dgldzo — dlg)dlg — d%ldzz > 0. (4.3.11)
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(14) The Jacobian matrix of system (412.1) at equilibriurmpBy3 = (0, P5, P35, Py) is

d7 O 0 O
% P* *
APy~ d —PBPj

pP; aP;y 0 —yPks
0 do dyg —OP;
where d27 = —AP; —pP; +r1,dog = —aP5 — %,dzg = —d’|7<|:4 + y(n1—ny) Py, d3o =

|BP; — Kg

then the characteristic equation of theE;3) is given byx* + dapx® + dazx? + dagX + dag =
0, whereds; = —ydy7028030Ps — 0 Bdo7020P5 P + a 0do700gPs Py — y27+223r2’

d3o = ( do7+ 0P, + P2 r2> ,

s «  Gg7P¥ra  BPFP
a3 = ((BdsoP3 — P} + YtooP§ — 807y — BZ™2 + SRIZ)

034 = —Bda7030P> + ada7028P5 — ydo7029Ps + Ydog030P; + o Bd2gPs Ps — a dd2gPs Py
+ wdngz* P§“r2 5d27P* P*r2
Kz K2

Using the Routh-Hurwitz conditions [95, 1126, 1 36], the diguium pointE;3is locally asymp-

totically stable if
d3p > 0, dag > 0, dag > 0, and(dzo0a3 — dag)das — d3,da; > 0. (4.3.12)

(15)The Jacobian matrix of systeim (412.1) at equilibriurmpgi4 = (P}, P5,P5,Py) is

AP - (1) R 0 0
m)\P P —ap; -T2z _pgps
J(El4) = 2 2 K2 B 2 ’
0 abP; —w+aPy —yPy —yP;
dP4

0 |BP; — d”P4 +y(m-m)PF  Q

where

Pir P + NP}
P——o+mAPf—aP P —-224 (127078
K2 K2

P* P*
Q=—p+IBPs+y(n—nz)P5 +d (1—%) — 20P;,
2
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after simplification of jacobian matrix,

PFr "
—1K—11 —AP} 0 0
Pr Pr
mpP; 22 —apy — T2t —BP;
‘]<E14> = 2 N ? 2 B 2 )
0 aP} 0 —yP;
. dP dnP; .
0 IBP;—%: —St+y(m—n)P; 0
then the characteristic equation of thi&;4) is given by
X*+ ap + apx? + agX + ag = 0,
where
_ PIP3PER; (myA2Ky(dn +yKz2 (—ny +12)))
KiK2
| PrAPEPsPira(da(—y+Bn) + aByKa (I —ny+12) + y(1BN — ymi + ynz) r2)

K1K2 ’

g KiPs P3Py (da(y—Bn) — afyKa(l —np+nz) + y(=IBn +ym —ynp)ra)
KiK2
. Piry (—dynPiP; + Ko (V2 (m — ) PEP; + Ps (2P +1B%P;)) + P; (—dBPs+ anPsry))
KiKo ’

Pr Pir
K1 K>

dBP;P;  dynPsP;
K2 K2
ankPyP3ra  PrPsTar,
K2 KiKy

ay = MA2P;P; + a’PsPs +1B2P5P; —

+ VPP — yProPi Py +

using the Routh-Hurwitz conditions [95, 126, 136], the detnce equilibrium poinEy4 is
locally asymptotically stable if

a; >0, a3 >0, ay > 0, and(ajay — az)az — azay > 0. (4.3.13)

O

114



4.3.5 Sensitivity Analysis

Sensitivity analysis may reveal important details about how biological behaviors are
changing with respect to the parameters. We determine the sensitivity indices of
the basic reproduction number to the parameters as mentioned in Table 4.6l These
indices indicate how important each parameter is for disease spread and distribution.
We investigate the effect of the basic reproduction number Rpi, Rz, Ros, and Ros
for certain key parameters to conduct a sensitivity analysis of the model. Following
[34],155], we calculate the normalized forward sensitivity index of the reproduction
number, which estimates the relative change in a variable with respect to the relative
change in its parameter. The normalized forward sensitivity index of a variable, h, that

depend differentially on a parameter, |, is defined as: rlh = % X Z—P

Table 4.4: Sensitivity indices d%y1, Ro2, andRp3 corresponding to all parameters

Parameters Sensitivity inddX{1) Sensitivity index Ry2)  Sensitivity index Ro3)

K1 1 1 0.0449
0 1 1 0.0625
W -0.8148 -1 -1
5 0.1852 - -
v -0.1852 - -
U 1.2963 - -
Ko - - -0.0175
r - - 0.9550
d - - 0.1038
o - - -0.0862
A - - -0.9774
a - - 0.9375

Table 4.5: Sensitivity indices d?y4 corresponding to all parameters

Parameters Sensitivity index Parameters Sensitivityxnde

r 0.5802 Ky 0.1458
A -0.6967 d -0.5723
0 0.2624 r -0.1329
Ko -0.1413 a 0.7375
B -0.2040 Y -0.3797
w -0.6202 | -0.2987
T 0.7406 5 0.2850
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Mathematically, the sensitivity of the system is characterized by sensitivity indices.
Table [4.4] and Table display the sensitivity indices of Ry, Ro2, Roz, and Rps. In
Table [4.4], we observe that the sensitivity indices of Ry, has positive value with respect
to parameters, namely, Ky, p, 8, and u. Similarly, the sensitivity indices of Ry and
Ro3 have positive values with respect to parameters, namely, K;, p and Ky, p, r1, d,
a, respectively. Further, the parameters, namely, r1, p, u, K1, a, and d are positively
sensitive and remaining are the negative sensitive parameters in Table [4.5. We can
see from Table 4.4 and Table [4.5 that the parameters, which show the most sensitiv-
ity is the adequate contact rate among prey, susceptible, and infectious individuals.
These indices suggest that if we can increase crop density while decreasing the suf-
ficient contact rate of infected individuals, the value of basic reproduction numbers

decrease.

4.4 Global Stability Analysis

Here, we discuss the existence and global asymptotic stability of an interior equi-
librium of model (4.2.1) The interior equilibrium E* (P, Py, P, Py) is the point of

intersection of the following equations

r (1—%) AP~ pPy =0, (4.4.1)

APL—G 41, (1— P2+;7P3) —aP;— BPy =0, (4.4.2)
aPo+pP—yPs—w =0, (4.4.3)
IBP2+(n1—n2)yP3+d<1—P2T<gP3>—u—6P4=O, (4.4.4)

from equation (4.4.1)
_Ki(AP:+pPs—r11)

P = . , (4.4.5)
from equation (4.4.3)
P, — —w+p51+aP27 (4.4.6)

from the equations (4.4.5) (4.4.8)and (4.4.2)

%P3+ P20y + 01 =0, (4.4.7)
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2
where, & = B‘*’+)\Kl+r2—a 62———B—M—K2,63—— ﬂ—”}(—?,fromthe

14 f r
equations (4.4.5) (4.4.6)and (4.4.4)

%P3+ Pds+ 04 =0, (4.4.8)

Where,54=d+57‘*’—u—5pyKl,55 |l3+5/\pKl—a—6——56 Yn+5pKl Ynz—%-

from the equations (4.4.7)and (4.4.8) we can obtain equilibrium points,

P _ —0304 + 0106 P _ — 004+ 0105
2 BE%—50% 0 —505+ 00
further, from the equations (4.4.5)and (4.4.6) we can obtain

A K]_Pz* K1P§‘p
I I

aP; Py
ar _ne

=K y v

w
P =—+
oy

The equilibrium points Py, P, P, and P; are positive if the following conditions are
satisfied,

(1) P; > 0if 538, > 6105 and 3335 > 5,05 0r %04 < 3.5 and & < &,

(2) P5 > 0 if &30 > G105 and 338 < 505 0 % < 813 and 3% > 5,

(3) Py > 0if Ky > 2% + KPP Py >0, and Py > 0,

(4) P >0if § < T’ P2>O,andP3*>O,

(5) &> 0 if B2 L AKy+1,> EEK1 1 g 5, > 0if BARKL - aB | A%y K14 2.85>0if Bp’ Boks
y y yra y

orP

o+ 20K

. 5 d3pK . A pK 5, d . 5p%K dn
04> 0if d+ 9P > pu+ 02, 0> 0if IB+ 7= > E2 48, 8> 0 if ymy + =07t > ynp+ 3]
In this section the global stability of equilibrium point E14(Py, Py, P, Py) is determined

with the help of Lyapunov method as shown in the following theorem.

Theorem 4.4.1.The positive interior equilibriunks;,(P;, Py, P35, Py) is globally asymptoti-

caIIy stable if
—1r>0 CL=0C3, C1 > C r22 d—lr—r22>(A(1 2))
K1 1 3 2K, Kz K1 K2 2 '

d
Where,c; = % —1, = % —1, andcg = (N1 — )y — L.
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Proof. Firstly, we define a Lyapunov function

Py P
V(P P, ,P3) =c; (Pl—Pl ~Piins; )+c2(P2—P§—P2| —2)
1

P
P
+C3 P3 P3—P3|nP3 +C4 F)4—F)41i< |n— 5
P P;
wherecj; j = 1,2,3,4 are positive constants to be determined lates continuously differen-

tiable, positive definite, real valued function wihiP;', Py, P, P;) = 0 anaV (Py, P>, P3, Py) >
0 for all (Py, P2, P3, Ps) # (P}, P5,P5,P;) in theRY. So by differentiate/ with respect to the
time and then simplifying the resulting terms we obtain,

dV_ dFﬁ dR Py dRs Pr\ dP,
E_C:L(l Pl) dt (1 Pz) dt CS( Pg) dt +C4(1 Py/) dt’

putting the values ofa%, %—? anddd—? from the equation(4.211), we have

dv o Pl Pl
i ( Pl) (rlpl (1— K_l) —)\P1P2—PP1P3)

S (1—%2*) ()\ PP, — OGP + 1P, (1— P2+’7P3> —aPng—BP2P4)
2
P*
+c3(1 é)(aPszpPlPa vP3P4—wP3)
-y (1—?—2) (IBP2P4+ (N — Np) yPsPy +d (1— PZEZ”PS) P4—uP4—5(P4)2) ,
A

dv . P P * *
a ZC]_(P]_—P]_) (I’l (1_K_]]-_> —)\Pz—ppg—(r]_ (1—K—]:'L> —)\Pz —pP3))

+cp(Pr—PY) ()\Pl—a+r2 (1— PZT(”%) —an—BP4)
2

P* P*
+ (P —P5) ((—m/\ Pf+o0-r> (1— %) + aP3 +BP§)>
2

+C3(Ps—P3) (aP2+ pPL— yP1 — w— (aP; + pP — VPf — w))

. P, + NP
Py PIBR+ (- na)yPy+d (1= 2L 1) i o

K>

P* P*
-—QB@+«m—n»W%+d(1—i%§Li)—u—éﬁ),
2
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dv C1r1

a K =2 (PL—P})?—Acy(Po—P3)(PL—P}) + p(ca — 1) (PL— Pf) (Ps— %)

CoA (PP (Pa - P) 22 (P P52 a2 ) (P PR )
— BC2(P — P)(Py — Py) + ca (P, — Py ) (Ps — P3) — cay(Ps — ) (P4 — Py)

v (18- ) (PaPEP— P +oa (e —maly— 3 ) (P PDR - ),

d_V C]_I’]_
dt K1
Caran

+p(c3—cp)(Py— Pf)(Pa— P5) - ( K>

r2Cz

(ﬂ—ﬂ)— (% P3)?—A(c1—C2)(PL—P) (P — P5)

+Co0 —030) (Ps—P3)(P.—P5)

—QMwmQB—%)y&—%xm—%>
-~ (car—catnu—nay+ SET ) By Pi) PP

Choosingplz%—I,CZZ&—I,ng(nl—nz) HeiCa=1

Using the value o€, c,, c3 andcs, we obtain

d_V C]_I']_
dt K1

—mQ—%xa—wx%—%»—(1T+cm—%éy%—%x&—%>

roCz

PP

(P —P3)?—A(cr—c2)(PL—P) (P — %)

Thus, & is a quadratic form which can be expresseds= —ZTAZ, whereZ" = (P, —

Py,P, — Py, P3—P3) and the symmetric matrix is given by

Ci11 C12 C13
A= Ci2 Cp2 C23 |5

C13 C23 Caz3

Coran
cir €1—C c1—C (“%5~ +C20—c30) FoC
wherecy; = 5, C12=A “TZ), C13= P%, Co3= —2——5—, C2= 2, andczz = 0.

The point(P;, Py, P5, Py) is globally asymptotically stable %\t/ < 0; that is the matribA is
positive definite[[216]. Now the matril is positive ifc11 > 0, ¢33 =0, €12 > 0, C2 > 0,

r

Co3 = 0, andcy1Cro — cfz > 0. ¢c11 > 0, gives ¢ Cl > 0, ¢c13 = 0 givesc; = c3, c12 > 0 gives

2
C1>Cp,Coo>0 glves% >0, andcy1C2 — €2, > 0 glvesClr r2°2 > <)\ Lﬁ) . Also, ‘fj—\t’ =0
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atEj4. Then, we define the invariant set as

dv
Q= {(P]_,Pz, P3, P4) S le_ . a = O}
Hence, by LaSalles Invariance Principle [92], it followsathheE;4 is said to be globally

asymptotically stable. This completes the proof. O

4.5 Numerical Simulation and Its Discussion

For simulation purposes, we perform numerical simulations to analyze the dynamic
behavior of the system (4.2.1) The mathematical parameters of the models repre-
senting a certain pattern can be modified to achieve a stronger agreement between
the performance of the model and the observations. Because these parameters are
experimentally determined, the computational parameters used throughout models to
explain actual processes might be ambiguous. Additionally, the initial conditions of
the model may not be well recognized. Despite these limitations, models are effective
tools for representing natural processes. Models are also the only way of extrapolat-
ing to broad spatial scales or forecasting the future. Because of their significance in
ecology, we are trying to determine precision by validating models. For the same, the
land area of the globe is 13,003 million hectares and 4,889 million hectares are clas-
sified as agricultural area according to the Food and Agriculture Organization (FAO).
The estimation of crop growth rate is proportional to crop production and can be de-
rived using Table 4.1l The growth rate can be estimated by taking the average annual
production between 2010-11 and 2018-19. Thus, the average annual production

is 2255.02 million metric tonnes over 4,889 million hectares. Therefore, growth rate

= 225502 Mion metictonnes per year i.e., ry = 0.53 centigram meter—2 hour* (cg m—2
hours™1). Thus, r; = 0.53 hours ™. In this part, we provide some simulation work to
validate our analytical results. We consider for this objective r; = 0.53(estimated).
Further, due to the limitations of the availability of data, in this study, we take the pa-
rameters by numerically experimental values to meet the requirement of the proposed

model.
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Table 4.6: Parameter value used in simulation.

Parameters Value Parameters Value

r 0.53[estimated] Ko 10

K1 5 a 0.40
A 0.30 B 0.20
o 0.20 y 0.20
d 0.40 W 0.4

p 0.20 Ny 0.30
) 0.40 N2 0.15
n 1 u 0.35
0 0.11 I 0.50

By this dataset of parameters, we justify our theoretical results, which reflect the
effectiveness of our proposed study. In this work, to observe how the proposed
models react to changes in model data. Understanding the extent of the change
in model results to changes in model data or parameters is often referring to as
susceptibility tests. ldentifying model parameters that have a significant impact on
model performance is helpful since these parameters can be regulated as effec-
tively as possible. Figure [4.1] illustrates the graph of population density between
prey (crop), susceptible pest, infected pest and natural enemy of pest with respect
to different parameters and times t. Figure shows that the crop density de-
creases rapidly when P,, P3;, and P, increase. For Figure [4.1b, we use a simulated
set of parameters from Table [4.6l In Figure [4.1b, population density P; increases
while population density P, and P, decrease compared to Figure when some
parameters change, i.e., r1 =053 A =03, 0=02 p=02r1,=04a0 =04, w=
0.4, 1 = 0.5, u = 0.35. Thus, Figure [4.1] shows that susceptible pests, infected pests
and natural enemies of pest are growing in size, implying that predation happen-
S on crops, resulting in a gradual decrease in the number of prey density. Fig-
ure [4.2 illustrates the graph of population density between prey (crop), susceptible
pest, infected pest and natural enemy of pest with respect to different parameters
and times t. Further, Figure signifies the case when the significance of diseased
pest predator species contributions n; is greater than the negative influence param-
eters ny on the biomass of predator species caused by pest infection. Figure
demonstrates that crop density P; falls as P> and Ps grow, although natural enemies

of pests P4 remain constant. Figure shows that when P, and P; grow, crop den-

121



sity Py declines fast while P4 increases slowly. In Figure [4.2b, population density P,
and P; increases more compared to Figure when some parameters change,
i.e., r1=06,A=040=04p=03,r,=07,0a=02 w=031=05 u=0.3. to
ri =053 A=030=02p=02r,=04a =04 w=04,1=05, u=0.35and
remaining parameters are same. Thus, Figure [4.1] depicts the dynamic behaviour of
the system when ni > np, whereas Figure depicts the dynamic behaviour of the
system when n; < ny. For the same set of numerical parameters, it is observed that
the population of the P increases in the case n; > ny, but remains almost constant in

the case n; < n,.

. . . . t
05 1.0 15 20 ! 0.5 1.0 15 20

(@ ry =06 A =040=04 p = (b) ;1 =053 A =030=02 p =
03, r,=07 a=02 w=03 | = 02, 1, =040 =04 w=04 1=
0.5 u=03. 0.5, u=0.35.

Figure 4.1: Time series diagrams between crop, suscegtdde infected pest and natural
enemies of pest population of the system for the parameligesig; =5, d=0.4, n =1, K, =
10, 3=0.2,y=0.2, ny =0.3, np =0.15 andd = 0.11.

1.0/// P4 P3

0.5 /
(@r1 =053 A =0.30,0 =0.20, p = (b) rp =060, A =0.40,0 =040, p =
020, r, = 040, a = 040, w = 0.30,r,=0.70a =0.20, w=0.3, n; =
0.40, n; = 0.10, n, = 0.20, 1 = 0.35. 0.15, n, = 0.30, u = 0.30.

Figure 4.2: Time series diagrams between crop, suscegtdde infected pest and natural
enemies of pest population of the system for the parameligesig; =5, d=0.4, n =1, K, =
10, =02, y=0.2,1 =0.50 andd = 0.11.
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4.5.1 Numerical Simulation of Local Stability at the Coexisence Equi-

librium Point

It is difficult to interpret the theoretical results due to complicated equilibrium points.
To visualize the theoretical and stability results obtained in Section [4.3.4], we use nu-
merical simulation to validate the theoretical aspects. For this, we consider the set
of parametric values given in Table [4.6]. For this collection of parametric values, all
four species survive and have a stable population density, as shown in Figure [4.3l
Further, for the set of parametric values given in Table [4.6] and (4.5.1) the stability
condition (4.3.13)is well satisfied. The equilibrium point (1.12730.86520.75450.8579
and (0.8337,0.176Q 1.20800.4407) are stable, as illustrated in Figure and Fig-
ure [4.3b, respectively. Figure shows that initially the susceptible pest, infected
pest, and natural enemy of pest species increase while crop density decreases. Later,
crop density rises, and all four living things gradually reach their steady states and be-
come asymptotically stable. Similarly, consider the different parameters described by
(45.1) Figure [4.3bl depicts that initially P,, P3, and P, increase while P falls. Further,
the density of infected pests is more compared to the other three living organisms.
Later, all four eventually attain their steady states and achieve asymptotically stability.
Since these groups share the same ecosystem, they can be cooperative or com-
pete with one another depending on the situation. Figure [4.4] shows phase portrait
of the model system (4.2.1) with different initial conditions and the set of paramet-
ric values are taken from Table 4.6l Thus, all solutions approach toward the point
(1.12730.86520.75450.8579.

r1=053 Ki=5A=045 0=02d=04, p=03r,=06,1n=1 K, =10, a = 0.5,
B=02 y=02 w=0251=05n =03, n=015 u=03535=011 (4.5.1)
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(a) Equilibrium poin{1.1273 0.8652
0.75450.8579

Figure 4.3: Solution curves coverage to the endemic equifibfor the model systeny (4.2.1),
showing that all species survive and ultimately evolve wirtisteady states, the parametric

P1,P2,P3,Py
2.5

2.0p

15

1.0

0.5

I I I
60 80 100

(b) Equilibrium poinf0.8337,0.176Q
1.2080.4407)

values are outlined for (a) in Talle 4.6, and (b) in equaffB.q).

——1C20.9070.5]

———IC{1.80.7 0.8 0.4]
IC1.71 0.80.6]

—— 1C2.210.80.7]

——IC[2090.705]

—— IC[1.80.70.80.4]
IC:[1.71 0.80.6]

—— IC[2210.80.7]

IC:[20.90.7 0.5]
IC:[1.8 0.7 0.8 0.4]
IC:[1.71 0.80.6]
IC:[2.210.80.7]

Figure 4.4: Phase portrait of model systém (4.2.1) and ibgiuim point
(1.12730.86520.75450.8579

4.5.2 Biological Interpretation of the Parameters Using Sesitivity Anal-

ysis

A mathematical model includes the parameters that increase the complexity of the

model and make it more complicated to analyze the parameters that occur in the




model. Therefore, parameter sensitivity helps us determine theimportance of the pa-
rameter. Several factors influence the basic reproduction number, including the period
of infectivity of affected individuals, the infectiousness of the pest, and the number of
susceptible pests in the population that the infected pest contacts. The sensitivity in-
dex assesses the relative change in a state variable Py, P>, P3, and P4, which results
from a relative change in the parameters. The basic reproduction number is more sen-
sitive to the parameterwith the highest sensitivity index value (p, u, a, 9, r1, and Ky)
and least sensitive to parameter with the lowest sensitive index value in the Table [4.4]
and Table 4.5 Figure[4.5and Figure [4.6]represent the dynamic behavior of Py, P>, Ps,
and P, of the system (4.2.1) when the value of one parameter varies and the other pa-
rameters remain constant. We consider the only parameters p, u, a, 9, r1, and K; as
these parameters have a positive sensitivity index value. In Figure [4.5a], Figure
and Figure [4.5d, we see that population density P;, P>, and P, decrease when the
value of p increases. Further, the infected pest population P increases, the value of p
increases in Figure [4.5¢ In Figure [4.5fH4.5h]| the value of u increases, the population
density of P, and P; increases but the population density of P, decreases. Figure [4.5i-
shows that the population density of P, P, Ps, and P, approximately does not
change when the value of a changes. In Figure [4.6aH4.6d|, the population density
of P, P>, and P3, approximately does not change when the value of d increases but
P, decreases. If the value of r; increases, we see a rise in the population density of
P1, P>, and Ps while the population density of P, approximately has same value in Fig-
ure [4.6eH4.6hl In Figure [4.61-4.6], the population density of P;, P>, and P; increases
when the value of K; increases while the population density of P, decreases. In Fig-
ure [4.5¢| Figure [4.5g] Figure and Figure [4.6K|, the population density of infected
pest population P; decreases when parameter values decrease. This is because, the
basic reproduction number Ry, is less than unity at p = 0.09 and u = 0.34. Similarly,
Roz is less than unity at a = 0.23 and Rp4 is less than unity at 6 = 0.06, r; = 0.39, and
Ky =22
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(&) Variation of P, when p (b) Variation of P, when p (c) Variation of P; when p
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(d) Variation of P, when p (e) Variation of P when u (f) Variation of P, when u
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(g) Variation of P; when pu (h) Variation of P, when p (i) Variation of P, when a
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Figure 4.5: Dynamical behavior of th&, P>, P3, andP, of the system[(4.2]1) and parameter
values are taken from Talle 4.6.
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(d) Variation of P, when o (e) Variation of P, when rq (f) Variation of P, when ry
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(g) Variation of P3 when rq (h) Variation of P4 when rq (i) Variation of P, when Kj
varies varies varies
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()) Variation of P, when K3 (k) Variation of P; when Ky (I) Variation of P, when K;
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Figure 4.6: Dynamical behavior of th&, P>, P3, andP, of the system[(4.2]11) and parameter
values are taken from Talle 4.6.

4.6 Formulation and Application of Optimal Control Prob-

lem

Despite a marked rise in pesticide consumption, yield loss has not decreased dra-
matically over the last 40 years. However, pesticide usage has enabled farmers to
change output strategies to boost crop yield without facing higher losses due to in-

creased pests [51]. The definition of crop management involves a threshold concept
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for the implementation of pest control measures and a decline in the pesticide quantity
implemented to an economically and environmentally appropriate standard. Biologi-
cal management assistance may be obtained from a natural enemy of the predator,
a pest of the pest. These may be parasitic insects that eat the other pest. Organic
species are used since not all pesticides are chemicals, such as biological pesticides,
botanical pesticides, and bio—engineered species. Pyrethrum, distilled with chrysan-
themums, is an example of a botanical pesticide. We have presented the system’s dy-
namic behaviors across the preceding section using the natural enemies of the pest,
namely the predator. But control of the pest may not always be feasible by using only
such types of controls. So we need to take some more control measures. Usage of
pesticides is very helpful for this circumstance. Other side, pesticides used extensive-
ly in crop development can degrade and harm the ecosystem of microorganisms in
the soil. Several pesticides are persistent soil pollutants, whose effects may decades
and have a negative influence on soil conservation [141]. Many research focuses on
acute effects, failing to consider the chronic impacts of pesticides on soil quality [36].
Biomass is animal manure and a plant substance used for fertilizing the land. For
instance, woods or forest leftovers, garbage from crop production (bagasse, straw),
horticulture, food manufacturing, animal farming (nitrogen and phosphorus-rich ma-
nure), or human excrement from sewage treatment plants [25]. Despite the fact that
burning plant-based biomass emits CO,, it is still considered a renewable energy
source since photosynthesis recycles CO, into new crops. Because a considerable
amount of CQO, is transported to the soil during each cycle, the efficient emission of
CO, into the atmosphere can turn negative in certain instances [244]. The microbial
biomass decomposes biotic and abiotic residues to release CO, and existing plant nu-
trients. Microbial biomass tends to rise in agricultural systems that yield plant wastes.
The size of the microbial biomass is influenced by soil parameters such as pH, clay,
and the accessibility of organic carbon. Bacteria and fungus make up the majority of
the microbial biomass, which decompose agricultural wastes and organic materials in
the soil. This process makes nutrients like nitrogen (N) accessible for plant absorption
in the soil. Approximately half of a soils profile’s microbial biomass is found in the top
10 cm [239]. [203,1217] used pesticide controls in their works to decrease the cost of
pests. Furthermore, since the pesticide is generally some type of poison, it more or

less affects all the system’s creatures and therefore also affects the predator popula-
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tion that is not taken into consideration in [217]. In this context, the control uy(t) and
Up(t) represent the rate of application of pesticide and rate of application of biomass,
respectively. The control uy(t) and ux(t) are the effort aimed at preventing pest density
and increasing the crop density as well as the fertility of the land, respectively. The
density of the plant is increased by a;u;P;. Further, the susceptible, infected pests,
and predator population are minimized by byu>P», bousPs3, and bsuoPy, respectively. We
consider that the control of pesticides is more efficient for the infected than the sus-
ceptible one, so we take distinct death rates, namely, b; and b,. We assume that the
density of the predator population reduces at a rate of by because of the pesticide

control u;. Therefore the model (4.2.1)is modified as follows

-

W =rP(1- )~ AP~ pPIPs + APy,
W = AP — 0Py + 1P (1 1% ) — aPoPy — BRPy — byt

J (4.6.1)
4 = aPoPs + pPIPs — yP3Ps — WP — bpusP,
% =IBPPs+ (N1 —ny) yPsPs +d (1— PZ—E—ZP3> Py — Py — 0 (P4) % — baupPy,
subject to the initial conditions
P1(0) = Pip =0, P,(0) = Pyp = 0, P3(0) = P3sg = 0and P4(0) = Pyo > 0. (4.6.2)

Additionally, these pesticide controls u; and u, should be time—dependent because
it is used based on needs. Since our main objective in this section is to decrease
the number of pests as well as increase the fertility of the land, we must bear in
mind both its negative impact on the environment and its costs. Unless more is used,
the crops may become hazardous. Thus, the objective is to minimize the population
density of pests at the final time of controls while increasing the population density as
well as minimizing the cost. The control strategies are applied to costs such as the
cost of application of pesticide and cost of biomass. For the achievement of goals, we
minimize the following objective functional over the time over time—dependent controls
up(t) and ux(t):

ts

Jwbwﬁ:Mnﬁham+&%m—&am+%ﬁ®+m£mmn (4.6.3)

(U1, up)
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subject to the system of differential equations (4.6.1) along with the initial conditions
(4.6.2) The weight constants By, A;, As, A3, and A4 are non—negative constants that
balance the relative importance of terms in J(uy, up) [54]. The terms AP (t) + APs(t)
and B1Pi(t)) in the objective functional give the respective the density of pests and the
density of plant over the time period ts being modeled. The term A3U%(t) represents
the cost for application of biomass and A4u§(t) represents the cost for application
of pesticides. Moreover, Az and A4 are associated with the square of the pesticide
control and square of the biomass control. The square of the control parameters are
used to eliminate the bad side effects of the control variables [80,1218,[219]. The
objective functional J(uy,up) is a continuously differentiable function of state variables
P1, P, P3, P4, and control variable u; and u,. With the help of Pontryagins maximum
principle [122], we obtain the necessary criteria for evaluating a positive control value
for which the J is optimized. It is regarded to be the optimal control if this feasible

control happens [30,200]. Now we need to determine a control u; and uz+ such that

J(ui, Uu3) = min J(uy, W), (4.6.4)

ug, uxeU

where U= {(uy(t), ux(t)) : is measurable and 0 < uj(t) <1, 0<up(t) < 1lforte[0,tf]}
is the set for the controls. In order to demonstrate the existence of an optimal control
problem, the state functions of the eco—epidemiological model must be bounded. The
results of positivity and boundedness are based on the structure of the system. To use
Pontryagins maximum principle [122] on the time—dependent controls, we first need
existence of optimal controls, characterize the time—dependent controls, and adjoint
equations for system (4.6.1) Now using the results in [41,1240], we state and prove

the following theorem.

Theorem 4.6.1.There exist optimal controlgi;, u3) € U, which minimize the objective func-
tional,J(uy, u2), subject to the state systeim (416.1).

Proof. To determine the existence of optimal control to the system take a result from
[41,240]. To demonstrate the existence of optimum continel following requirements must
be met:

(i) The set of controls and associated state variables ismgty.

(i) The control set is convex and closed.

(i) The right—hand side of the state systdm (4.6.1) is ltmehby a linear function in the state
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and control variablegus, uy).

(iv) The integrand of the objective functional is convexién

(v) There exist constantg, ¢, > 0 andn > 1 such that the integrand of the objective functional
fulfills

ALP2 + AP — B1Py + Aguf + Agu3 > Ca(|u|* + [u2?) 2 — co.

To verify the first and second conditions, the state and obréariables are non—empty and

non—negative. The control variablesandu, are also convex and closed by the given defini-
tion, which gives the condition (ii). For the condition }jithe control model system can be ex-
pressed as a linear function of control variahlesith the coefficients as functions of time and

state variables(t, P, v) = y(t, P) + & (t, P)u, where,u = (ug, uz) eU, P= (P, P, P3, Py),

f(t, P, v) be the right-hand of (4.6.1),

riP (1— %) —APP— pP1P; a1Py 0
_ _ PPy _ _
P APLP; — 0Py + 1P (1 B0 ) — aPyPy — BPoPy | O tR |
aPoPs + pPLPs — yPsPs — whs 0 —boPy
|BPoPs + (g — ) yP3P4+d(1—%) Py— Py — 5 (Py)? 0 —bsPs
0 0 0 Py
0 AP +r 0 0 P
H(LP)| < L 2
0 0 aR+pR 0 P
0 0 0 IBP+ (ng—n2)yPs+d Py
a1P1 0

0 —b1P2 up
0 —b2P3 uo
0 —bsPy

Using Boundedness of the system in Sedfioh 4.3, there exstant; > 0,C, > 0,C3 > 0,
andC,; > 0suchthat< P, <Cp, 0< P, <Cy, 0< P;<Cgand 0< Py < Cy, forallt € [0, t].
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Therefore,

I 0 0 0 P

0 ACy+r 0 0 P
f(t,PV)| < L :

0 0 aCy+pP 0 P

0 0 0 IBC2+(n1—n2)yC3+d Py

a1C, 0

0 —b1C2 Up

+

0 — b203 U
0 —b3Cy

< Kq|P|+Kalu],

whereK; andK; are the upper bound of the matrices. Hence, we see that titeignd side is
bounded by a sum of the state and the control variables. fdrereondition (iii) is satisfied.
The integrand in the objective functionay P, + AyPs — B1P1Agu? + Agu3, is clearly convex

onu; anduy, which gives the condition (iv). For the last condition (v),

AP + AoP3 — B1Py + AguZ + Agu3 > Aguf + Aqu3 — By Py,
> min(Ag, Ag) (Uf + U3) — ByPy,

> c1(U2 + U3) — cp.

Hence AP, + AoP3 — B1Py + Agl? + Aqu3 = ¢p(Jug|? + |Up|?)2 — cp, where,cy = min(Ag, Ag),
C; = Bg|Py|, andn=2> 1.

Using all conditions we can conclude that there exists amaptcontrol (u3,u;) such that
J(u1, u3) = min J(uy, W),

U, UpeQ

4.6.1 Characterization of the Optimal Control

The time—dependent controls and adjoint equations are characterised. [122] is used

to obtain the necessary conditions for the optimal control pair based on Pontryagin’s
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maximum principle. The following is an expression of the Hamiltonian:

H = A1P> + AoPs — By Py + AgU? + Agu3

P
+ )\1 (Pll'l (1 — K_l) —A PP, — P]_ng + a]_U]_P]_)
1
NP+ P
K

2

+ Ao (—dFﬁ—i— Poro (1 ) —aP3P2—BP4P2+)\P1P2—b1P2U2)
+ A3 (aPoP3 — yP4P3 + P1P3p + P3(—w) — baPaup)

P+ P
+A«F&(L—ni+2)+M%&+ermﬁ%ﬁ—5%—u&—m&w>,
2

where A1, A2, Az, and A4 are adjoint functions associated with the state functions Py,

P, Ps, and Py, respectively.

Theorem 4.6.2.1f uj anduj be an optimal control which minimizé(uy, up). Let P (t),
Py (t), P;(t), andP; (t) are optimal state solutions for the control systém (4.6Hgn there
exist adjoint variabled (t), A2(t), Az(t), andA4(t) satisfying the following

r

% =M (A (1-R) - B2 AR~ Pyp) +Bi—AgPsp — AoP,

% =—-A1— A <—b1U2—d+l’2 (1— —npﬁ—;PZ) — PZK—;Z — C(P3—BP4+)\P1> +AA P
< —A4 <B|P4—dK—?> — aA3Ps
U = —Po+As(ble—aPo+ YR —Pip + @) + Az <—n522r2 + aP2> +A1Pip

Ag+ (dﬂ—f“ —y(n—ny) P4>

# =M <—b3U2 +d <1— %) +BIP—p+y(n—ny) P — 25P4> + BA2P> + yA3Ps.
(4.6.5)

o

with transversality conditions are
Ai(Ty) =0,i=1,23,4.

Further, the optimal control variabig (t) andu;(t) that minimizeJ(uy, uz) are given by

. - 1Py
t) = 0, — 1
ui(t) = min {max{ ) S }, },

blAzpz + b2)\3P3 + b3A4P4 } 1}
2A4 ’ '

and u;(t) = min {max{o,

Proof. The partial derivatives of the HamiltoniaH,, with respect to each state variable are
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used to evaluate the adjoint equations. That is,

/ oH cH cH

MO = =550 Aalt) = = 55 Aalt) = = 550 Aalt) =

_H
Py

Differentiating the HamiltonianH, with respect to the control&i;, uy) att can be used to

predict how the control would behave. Wheres @i < 1 forall (j = 1,2)

oH A1 P,
&= 0=a1A1P1 + 2AgU; atug = Uf(t) = uf = — 12A1317

M — 0= 2A4u5 — b1 AoPo — byAsPs — baAaPy, atup = uj(t) = uj — 2422 tPeleRtbstal There-

fore, by using the bounds for the control [200](t) anduy(t), we get

u; =min {max{o, —al)\lpl}, 1}, u; = min {max{o, D1A2P, + baA3Ps + b3A4P4}, 1}.

2A3 2A4

O

4.6.2 Optimality System

The optimality system consists of the state system and adjoint system with initial
and transversal conditions with the characterization of optimal control. The following

optimality system characterizes the optimal control.

d P . AP
d—? =P (1— K—i) —APLR, — pPyPs + a;Pymin {max{o, _ale; 1}, 1},

%—? — APP>— 0Py + 1P (1—%) —aP,P;— BP.Py
2
— b1P, min {max{o, D1A2Py + boAsRs + b3A4P4}, 1},
274
dd—l? = aPoPs + pP1P; — yP3Ps — wP3; — boPs min {max{o, b1A2P2+b22):4P3+ b3A4P4}, 1},
dR +
d—t4 = |BPP, + (nl—nz) yPsPy+d (l— P2 KZPS) P4—[JP4—6(P4)2

— bsPs min {max {O,

bl)\gpz + b2A3P3 + b3)\4P4 } 1}
2A4 ) 9

134



d—)\lz—)\l a;min { max 07_a1A1P1 , 1411 1—ﬂ —%—)\PZ—ng
dt 2A3

+ B1—A3P30 — A 2P,

92:—Ay%26d+u<L—M%+%>—%Q—a%—B&+AH>+AMH
dt Ko Ko
—Aa <B|P4— @> — aA3P3+ Azb1 min {max {O, D172, + boAgPs + b3A4P4} , 1} ,
Ko 2A4
dA
d—'[s = —Ax+ Az (boux — P + yP4 — P1p + ) + A2 (nizrz +C¥P2> +A1Pip
Ag+ (@ —y(n1—ny) P4) + Azbo min {max {O, D172, + bpAgPs + b3)\4P4} , 1} ,
Ko 2A4
dA P;+P.
d—t“ _— (d (1— d 12 2) + BIP>— [+ y(ng — ny) P3—25P4> + BAP + yAsPs

+ Agbz min {max {O, DAz, + boAGRs + b3A4P4} ; 1} ;

2A4

with initial conditions
P1(0) =P1p =0, P,(0) = Pyp = 0, P3(0) = P3p = 0and P4(0) = P40 > 0,
and transversality equations

A(Tf)=0,i=1,234

4.7 Numerical Simulations for Optimal Control Problem

Because this study is qualitative, and it is not based on any survey and census. We
consider taking a simulated set of parameters for the objective of computation. This
is one of the limitations of our model and the same is persistent in the huge published
literature. Therefore, because our aim in this issue is to reduce pests and save crops,
we consider the value of A; =1, Ay =1, A3 =1, and B; = 1. We use this control within
2 unit time, which could be in hours, days, weeks, or even months. Next, we assume
that the initial values for the crop, susceptible pest, infected pest, and natural enemy
of the pest are P;(0) = 2, P,(0) = 1.5, P3(0) = 0.7, and P4(0) = 0.5 with appropriate u-
nits, respectively. We use Runge-Kutta fourth—order iterative method to numerically

solve the optimality system. The forward—backward sweep method for the iterative
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procedure of the optimality system is given in [200,218,219]. The forward—backward
sweep method convergence is based on the study done by [234]. In Figure [4.7], we
describe the solution curves for the four—state variables, both in appearance and non—
appearance of the control. Figure [4.7(a) indicates that the population density of crops
is approximately 6 and 1.8 unit at 2 unit time in the presence of control and the ab-
sence of control, respectively. Similarly, Figure [4.7(b), Figure [4.7(c) and Figure [4.7(d)
show that the population density of P, P>, and Ps is approximately 0.85, 0, 0.1 units in
the presence of control and 1.2, 1.2, 0.6 units in the absence of control, respectively.
We observe that the population density P; decreases in the presence of control. In
Figure [4.7(d), the population density P4 tends to zero in the presence of control as
there are two factors; first, the P, primarily depends on the P; population density and
P; population density decreases with respect to time in the presence of control, sec-
ond, control is applied on P,;. Thus, the usage of optimal control is found to eliminate
a much greater number of pests than in the absence of control. We choose some
different parameters to see the variation in performance of a population density of Py,
P>, P3, and P;. In comparison to parameters of Figure [4.7], we use the parameters,
e, Av=2,A=20=020=03 =03 w=03 u=025r,=051=1b; =1,
b, = 1, and bz = 1 in Figure and the rest of the parameters are the same. Fig-
ure [4.8(a) shows that the population density of P; is approximately 3.9 units in the
presence of control and 1.2 units in the absence of control at 2 unit time compared to
the Figure [4.7a). Further, Figure [4.8(b), Figure [4.8(c), and Figure [4.8(d) show that
the population density is approximately 1, 0.25, 0.2 unit in the presence of control
and 1.8, 0.7, 1.2 unit in the absence of control at time 2 unit, respectively. In Fig-
ure 4.8, the control parameters of pesticides, i.e., by =1, b, = 1, and bz = 1, are used.
Thus, pesticides are applied two times, three times, and two times less than on P,, P,
and Py, respectively, compared to Figure [4.7] This is also evident from Figure [4.7d)
that the natural enemy of pests suffers much due to the use of pesticide control. It
happens because the implementation of pesticide control dramatically reduces the
pest population and the natural enemy of the pest population is primarily dependent
on pests for their meals. Thus, we can conclude that applying the optimal control of
pesticides not only minimizes the pest population but also decreases the natural en-
emy of the pest populations. Figure [4.7(e) and Figure [4.7(f) represent the variation
of optimal control variables u; and u,. Figure [4.7(g), Figure [4.7(h), Figure [4.7(i) and
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Figure [4.7(j) represent the variation of adjoint variables in the presence control. Fig-
ure [4.8(e) and Figure [4.8(f) show the variation of control variables with respect to time
t. From Figure [4.7[e) and Figure [4.7(f), we observe that the control variables; the rate
of application of biomass u; and rate of application of pesticide u, are maximum at
approximately 1.4 and 0.7 unit time, respectively. Similarly, in Figure [4.8(e) and Fig-
ure [4.8(f), u; and u, are maximum at approximately 1.7 and 1.1 unit time, respectively.
Thus, according to the need for pesticide decreases after some time within 2 unit time.
Figure [4.8(qg), Figure [4.8(h), Figure [4.8(i), and Figure [4.8(j) show the variation of ad-
joint variables. We see that a comparison of the control strategy with and without is
examined. Control criteria have a significant impact on reducing pest individuals and
controlling disease dynamics. Further, if there is a high incidence, the controls would
be sufficient for a longer time. Optimal control is more efficient in terms of reducing
the number of pests and decrease the cost of the two control strategies. Based on
the simulation work, we observe that the optimal control variables are essential for
pest elimination. Thus, the application of control variables is useful to reduce the pest

population as well as increasing crop production.

137



@) (b) ©
2

with control With control With control
5 sfl — — -withoutcontrol | —1  § 1 w ] *v!thout control|_ — — —
0 — 0 o¥
0 0.5 1 15 2 0 05 1 15 2 0 0.5 1 15 2
Time Time Time
(d) © ®
1 with control 0.5 1
— — -without control
E 0.5 S sV 05
0 0 0
0 05 1 15 2 0 05 1 15 2 0 0.5 1 15 2
Time Time Time
@ (h) 0]
0 2 1
2 —0.1/ 21 205
-0.2 0 0
0 0.5 1 15 2 0 05 1 15 2 0 0.5 1 15 2
Time Time Time
0]
0
I -0.05
-0.1

0 05 1 15 2
Time

Figure 4.7: Comparison between the figures of individuath wontrol versus without control,
which represent the results for prey, susceptible pesciafl pest and natural enemy of pest,
control and adjoint variables with respect to time, whem \thlues of parameters afg =

1, A0=1 A3=1,B; =11, =053 K =5 A=03p=020=02d=04,r, =
04, K=10,n=1,a=04,8=02 u4=0350=011L, w=04,y=02,1=05,a; =

2, b]_ = 2, b2 = 3, b3 = 2, np = 0.3, Np = 0.15, Pio = 2, Poo = 0.9, P3o = 0.7, Pao = 0.5, and
t=2
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Figure 4.8: Comparison between the figures of individuath wontrol versus without control,
which represent the results for prey, susceptible pesciafl pest and natural enemy of pest,
control and adjoint variables with respect to time, whem \thlues of parameters afg =

2, A0=2A3=1,B1=1r1=053K;=5A=03p=02 0=025d=04r,=
05 K,=100n=1a0=02 =03 u=0250=011, w=03,y=0451=1 a; =

2, b]_ =1, b2 =1, b3 = 1, np = 0.3, Ny = 0.15, Pio = 2, Poo = 0.9, P3o = 0.7, Pao = 0.5, and
t=2

4.8 Discussion and Future Scope

This chapter has shown improvements in modeling agricultural processes by using
dynamic simulation modeling. The model allowed three separate systems to explore
user interactions; integrated crops, pests, and natural enemies of the pest. Input data
on sustainability indices have been evaluated for the relative influence of modeling.

This study uses a systemic approach to managing the pest population by combining
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four possible methods: the productive use of predators, (ii) the spread of infectious dis-
eases among the pest population, and (iii) utilization of chemical pesticides, and (iv)
to provide additional food to the natural enemy of the pest. Our mathematical model is
a prey-predator system with four state variables, namely, plant biomass Py, suscepti-
ble pest P,, infected pest P; and biological predator P,. Additionally, we assumed that
the predator species had an additional source of food to prevent themselves when
there would be quite a small or negligible availability of the pest population. In terms
of pest—related control, the importance of additional food is very important, because
it helps protect predators (natural enemies of pests) when the number of pests is in-
sufficient. It has been shown that the model (4.2.1)is uniformly bounded and that all
solutions are completely defined in the positive region. We perform a thorough anal-
ysis of the behavior of the system by examining the structure of the system through
all its equilibria. The point of equilibrium, depending on various circumstances, is
asymptotically stable locally. Also, it has been observed that all equilibrium points
are conditionally feasible and locally asymptotically stable except the crop and sus-
ceptible pest-free equilibrium point that is unacceptable biologically. The coexistence
of equilibrium solutions under various conditions has been examined. The effect of
susceptible—infected pest in the presence of natural enemy has been studied as well
various dynamical behaviour. The phase portrait of model system (4.2.1)has been s-
tudied at coexistence equilibrium point. Moreover, all four species, i.e., P1, P>, P, and
P4 finally got their steady states at equilibrium point E14 under certain condition. The
reproduction numbers, i.e., Ro1, Ro2, Ro3, and Ry4 have been calculated at disease—free
equilibrium in the presence of prey using the next—generation matrix approach. The
parameters that have a significant influence on the basic reproduction number have
been recognized. Further, the sensitivity indices of basic reproduction number, i.e.,
Ro1, Ro2, Ro3, and Rys have been performed with respect to all the parameters using
the numerical values of the parameters. It has been shown that the disease propaga-
tion dynamics are characterized by the basic reproduction number. In Section [4.5.2],
the influence of one parameter changing its value, while the other remains the same
has been studied in the model. Further, a mathematical model of prey—predator in the
presence and absence of the control variables has been discussed. In order to min-
imize susceptible pest, the infected pest, and treatment expense, an optimal control

strategy is developed and solved analytically. The control techniques that included
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two control variables, the rate of organic biomass application and the rate of pesticide
application, produced better outcomes, implying that both control factors are effective.
Control u; enhanced soil fertility as well as crop output, whereas control u, reduced
pest density. The simulation work is carried out to investigate the effect of combining
both controls. Our numerical results showed that the application of control variables
and pesticide has a big impact on the control system in agriculture. In Figure [4.7]and
Figure [4.8, it has been observed that the optimal control acted as a stopover of the
pest population and favorable conditions of crops. The main objective of this study
is to know the impact of pest control on crops. Mathematical models are very impor-
tant for understanding and providing useful abstract concepts of potential biological
phenomena and ecological interactions that occur in pest control applications. The
argument presented here has been led by two criteria: mathematical modeling, and
a useful approach to control the pest. Besides, the types of pest control approaches
discussed in our study can be briefly summarized as follows: chemical pesticides and
biological (natural pest enemy) that are properly combined in the farming systems.
Although there are a large number of effective mathematical model studies on the
modeling of crop pest control strategies in the literature, the numerical studies are
mainly carried out at the computational level. This is motivated by the key contribution
of this research, which involves the use of appropriate numerical methods for manag-
ing pests. For this reason, the pest control model was chosen and reformulated in the
sense of dynamical systems. Future development in this area would involve a multi-
disciplinary collaboration between epidemiologists, modelers, mathematical experts,
and computational specialists to devise mathematical models that provide accurate
prediction and explaining of field observations in actual ecosystems, with a view to
developing mathematical models that focus on providing an accurate estimation be-
tween crops, pests and the natural enemy of agricultural pests. Future research may
improve the practicality and relevance of the model by modifying a set of parameter-
s, soil fertility variability, and ground use parameter values. Also, potential modeling
efforts could have a useful effect by analyzing productivity for other regions of the
world, comparing and contrasting the relative economic, ecological potential impact
of strategic planning and the degree of incorporation on the viability of the manufac-
turing process. We expect that the decision—makers and farmers to consider the use

of various modeling activities in the future. Researchers will give a more overview
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of the essential elements of farming system productivity and ecology and economic
sustainability and will establish more flexible management practices and development

strategies for truly sustainable agriculture.
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Chapter 5

A Prey Predator Model and Control of a
Nematodes Pest Using Control in Banana:
Mathematical Modelling and Qualitative

Analysis

In the present chapter, this work provides a mathematical model for understanding
the dynamics of banana—nematodes and its pest detection mechanisms to assist ba-
nana growers. Two factors are discussed: the mathematical model and the type of
nematode pest management technique. The sensitivity analysis, local stability, global
stability, and the dynamic behavior of the mathematical model are performed. The op-
timal control mathematical model for controlling nematode infestations is addressed.
This mathematical model depicts several management strategies, such as the initial
release of infected predators and the destruction of nematodes. Numerical simula-

tions are used to demonstrate and validate the theoretical results.
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5.1 Introduction

Banana is a globally important fruit crop. In 2011, 107 million tons of bananas were
obtained in more than 130 countries, and the total trade value of 9 billion dollars out of
0.1% of the globe’s farming fields [172]. According to [61], the global banana produc-
tion increased at an annual growth rate of 3.2% between 2000 and 2017, achieving a
record 114 million tons in 2017, up from approximately 67 million tons in 2000. The
major sources are India, which produced an average of 29 million tons per annum
between 2010 and 2017, and 11 million tons of China. As per the latest available data
from 2017, approximately 5.6 million hectares of land are dedicated to banana global
production [246]. In 2016, the global production of bananas and plantains was 148
million tonnes, India and China led by a combined total (for bananas alone) of 28% of
worldwide [246]. The Philippines, Ecuador, Indonesia, and Brazil were also the lead-
ing producers, representing 20% of the world’s total bananas and plants [247,248].
In India, small-scale farmers are mainly grown for domestic consumption and income
generation in the regions. Bananas play an essential role in reducing food crisis, as
they are becoming a common staple food for most Indians. They have become more
popular due to their adaptability to various climates, ease of manufacturing, and a
ready market. Banana is mainly grown for food and the manufacture of fibers used
in textiles. Banana soil is expected to be well-drained, with appropriate fertility and
humidity levels. High, rich, pH-rich, loamy soil between 6—7.5 is most favorable for
crop production. This poor productivity of bananas can be influenced by several caus-
es such as unpredictable climatic conditions, lack of availability of reliability—planting
material, poor farming techniques, and the pervasiveness of pests and diseases. Ba-
nanas are grown in India under different environmental conditions and systems of
production. Tree—parasitic nematodes are a major issue of bananas globally. The
plant—parasitic nematodes happen in banana roots or root areas and are associated
with three or more species infestations. Therefore, quantifying the harm per individ-
ual species is dangerous. The ground signs of banana, nematode infection may be
disturbed with those linked with root systems that have been weakened or diseased.
Severely infected plants are scrubby with thin pseudo roots, whereas leaf is yellow
or show discolored, greenish—yellow bands around the blades of the vine. Since the

presence of root node nematodes is in almost all banana plantations, monitoring their
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current population in young crops is especially important. The general view is that
such pests can cause serious damage to young age trees, leading to sub—optimal
growth performance. While plant—parasitic nematodes are not a key factor in the pro-
duction of bananas, they can still cause serious crop losses and significantly reduce
the production [145]. Nematodes are soil pathogen invading the plant’s roots, and
blocking its vascular network. Efficient banana planting promotes the infestation of
pests and diseases along with banana parasitic nematodes. A serious banana issue
globally is plant—parasitic nematodes. A large percentage of pest species and ne-
matodes are infesting banana crops and reducing production, efficiency, and quality.
The attack of nematode results in developmental problems, dried leaves, roots cut,
bright red black infections of the roots of the banana, and their splitting. The infesta-
tion of nematode is one of the big main drawbacks of banana growth. The massive
nematodes linked with nematode infestation are root—lesion nematode, the root—knot
nematode, spiral nematode, and burrowing nematode, being one of the major limita-
tions in banana cultivation. The root—knot nematodes are worldwide threats to plant
growth among the plant—parasitic nematodes. Out of these, M.arenaria, Meloidog-
yne incognita, and M.javanica has been observed to harm bananas and plantain-
s [45,152]. Plant—parasitic nematodes generally appear in banana roots or root areas
and describe a co—occurence infestations of three or more organisms. Consequently,
the measurement of damage by specific organisms is problematic. The over—ground
signs of nematode infection on bananas could be inaccurate with those related to
dead or damaged plant roots. Generally, the root—knot nematodes are root para-
sites or under the surface of the stem on the plant. Many places in a field may be
heavily infected, while plants in other regions may present with no symptoms of the
disease. The root—knot nematode organisms usually noted in contact with regional
banana plantations are found in bananas [178]. The root-knot nematodes were the
most extensive along with spiral nematodes set at 72% of the overall plant—parasitic
nematode community [117]. The general opinion is that such nematode pests can
cause significant harm to new plants, leading to suboptimal growth performance. The
Radopholus similis, nematode burrowing is a highly damaging banana cultivation pest
around the globe. Infection with R.Similis creates massive degradation of crucial roots
and weak banana plant. The nematode can be present all over plant roots as well as

the rhizome [53]. The root—knot nematodes are among the top five plant pathogens
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that damage crop yields worldwide and are one of the main harmful crop diseases.
The crop infestation has a major impact on their health, production, and efficacy. They
are adapted to parasitize a wide range of plants and have been recorded to have an
impact on more than 3000 cultivated and wild plant species [184]. They are spread
globally over a broad range of tropical, subtropical, and temperate areas of the earth’s
geographical and climatic conditions. So many roots of plants (226 species from 43
families) are globally known to play as habitats of the root—knot nematodes [99]. It
is very difficult to remove nematodes. In several situations, nematode harm caus-
es other accompanying pathogenic issues and may improve a complex syndrome.
Infection of the root—node banana nematodes induce galls on the root as well as gen-
erate most of the above—ground symptoms such as yellowing, negatively impacting,
mid-day withering, and huge nematode banana pests prematurely shedding leaves.
The All India Coordinated Research Project (AICRP) on Plant Parasitic Nematodes
with an integrated strategy for control has provided adequate information about the
various plant-parasitic nematodes, which include root node nematodes. Eatable yield
loss due to nematodes in bananas could be up to 12%[185]. [93] reported the plant’s
parasitic nematodes are causing worldwide annual production losses of 12.3%. Con-
sequently, an integrated study was adopted to control the banana nematode infections
complex by biological control agent and chemical nematicide in nematodes. Mathe-
matics is becoming a big tool to research plant outbreaks and disease growth [154].
Various mathematical and computational frameworks for plant disease pests have
been developed in the soil. Several multiple rotational planting models have been de-
veloped to handle root—-node nematode dynamics. Meloidogyne arenaria, Meloidog-
yne incognita and root lesion nematode Pratylenchus penetrans [32,237]. Several
responses—diffusion models have been formulated to connect the spatial and tem-
poral dynamics of soil pathogens. Several responses—diffusion and dynamics of a
prey—predator models have been formulated to connect the spatial and temporal dy-
namics of soil infectious diseases [31,37,208]. To our awareness, however, there
is one model introduced for Radopholus similis [168]. Nematicides can be added to
contain this disease. Its effectiveness is sometimes restricted. Also, in some nations,
the ecological footprint of nematicides and their general perniciousness have result-
ed in their restriction [194]. Nonetheless, they are still sometimes used, because

they are very cost-effective and easy to apply [33]. It is necessary to build more effi-
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cient and environmentally friendly banana plant frameworks. In his study of R. simile
survival, [35] observed that nematode populations suffer rapid decline when hosts are
missing. [191] have worked on plant epidemics. The models of bananas for controlling
the R. similis are based on semi—discrete formalism. Of that kind, the methodology
is a model of consistent hypotheses that are discreetly perturbed. In the biological
sciences, some investigators have applied this type of scheme [127]. Banana fruit-
s are typically seedless and procreate asexual reproduction by the development of
suckers that are the outgrowths of vegetative stems. Throughout their initial devel-
opment, the suckers start sharing the rhizome of their parent [118]. Therefore, if the
maternal plants are infested, the suckers are like that [118,125]. Normally, one sucker
is picked in commercial cultivation growing and reproduce the plant [100]. The tree of
bananas continually creates roots before fruiting; then the development of the plant
focuses on the roots and fruits [131]. The banana bunch is cultivated when the rising
season ends, and the plant is either reduced or naturally dies [100]. The roots, which
are not participating in the sucker’'s growth easily destroy their freshness [17]. Like
other family Pratylenchidae nematodes, Radopholus similis is a mandatory parasite
that could only exist in fresh roots and that cause root gangrene [180]. This is found
primarily in roots of plants, and occasionally in land; the density proportion in soils
and roots is probably much less 1—})0 [135]. If the functioning organ is infected, it is
Radopholus similis that burrows the tissue while feeding. The chemicals applied for
regulation of root—knot nematodes in early tests involved halogenated hydrocarbon
fumigants such as DD, EDB, etc. Methyl bromide has been applied for experimental
land sterilization to regulate root-knot checked details on the chemical regulation of
root node nematodes in India [42]. These chemicals have been tested for soil use

with granular nematicides [162].

5.2 Mathematical Models

Here, we build and apply a mathematical model that enables us to study the banana
root as a sustainable resource for agriculture in the control of pests. Our present s-
tudy aimed to investigate which are the best spatial structures for nematode regulation
in plant field agricultural scenarios. This research assumes that nematodes are ho-

mogeneously distributed in the roots. Therefore, we are developing a multi-periodic

147



compartmental framework that predicts root development, insect dynamics, and root
ability to interact. Two types, growing, and reproduction of bananas are recognized.
During the first case, a parent plant sucker is chosen to build a new plant. Within our
model, the old root pool is applied to the parent plant’'s dying roots. For the second
scenario, after the parent plant’s uproot a new nematode—free vitroplant is started
planting. Several root tips are still found in the ground, and the uprooting being only
flawless. In this work, we develop and modify the framework of a mathematical model
on previous work [59/91]. A framework of the study of the development and protection
of a soilborne banana problem is analyzed and controlled by using control variables
as pesticides. Further, we assume that crops are grown in non-arid warmer areas,
which ensure that crops are not adversely affected by climates such as autumn or
extreme temperatures, and can be grown anytime throughout the year. Furthermore,
the control techniques are described throughout this study Radopholus similis and its
interactions with bananas and plantains are implemented. The following additional
modeling assumptions are considered:

(i) The nematode population is categorized into four components: functional biomass
root of banana Py, free soil nematodes P», infesting plant roots nematodes P, infesting
old root pool nematodes P;.

(i) The functional root density of banana biomass Py is one compartment.

(iif) Banana root systems logistically expand throughout a cropping period during a
cultivation period until the flowering prevents the root growth [169]. The length of the
growing cycle, i.e., the time between the beginning of the growing seasons and the
flowering of the plant is marked as d; the total crop period time is considered as D.
We represent the starting point for the (n+ 1) season by t,, and in the first season,
we assign tg = 0 to starting point. Consequently, the logistic growth of root during a

cropping season is presented by

dR

E - r(t)Pl(l_ _)7

K

r, fort e (th,th+d],
r(t) = (tntn +d]
Ovte(tn+d7tn+D]v

where K is environmental carrying capacity K > 0.

(iv) The term @(P) is the direct transmission rate from free pests nematode predator
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P to infesting predator nematodes, that could be density dependent with ¢(P) = BP.
(v) Infesting pests nematode P; survive on banana roots a functional response of
Holling type Il that is ideal for invertebrate species [28]. They are subject to natural
mortality u + m. Let infesting pests nematode is suffering from additional illnesses per
capita mortality . This mortality rate tends to vary with the mortality rate of soails,
since different conditions exist.

(vi) The consumed root biomass is sometimes used to develop and reproduce, while
feeding nematodes. Regrowth takes place indoors (proportion y) or outdoors (propor-
tion 1—y). The conversion rate for ingested biomass to pests is d.

(vii) The old root pool tends to lose its freshness easily and it diminishes in the soil.
Then the infestation pests are free in the ground. They suffer natural mortality é; as
well.

(viii) We consider the per capita rate of control h(t) > 0. Thus, control function, h(t), is
working to remove the infesting pests nematode and free nematode from the soil and
banana roots.

Under the aforementioned hypotheses, this model includes four state variables, name-
ly: functional root density biomass, free nematodes pest population density, infesting
nematodes pest population density in the banana root, and infecting nematodes in an
existing old root pool P, connect with the functional root of banana P, in the season of

cropping for t € [ty,ty + D].

-

- ORI~ - TR
Ja = aa(l-y) Péfzgﬁ(g) _ <P(P(t)23%§t)|:’3(t) — (M4h(t))Po(t) + OPs, 521)

2= —(01+ M)Pa(t),

o o o o
[@] [@] [@]
T 27 97 25

o

\

with initial conditions
P1(0") = Pig, P2(07) = Py, P3(0") = Psp, P4(07) = Py, (5.2.2)

where 0" refers for an instant that immediately tends to follow the starting time of 0. If
the rate is too high for &; the P4 population will be moved to P, very easily, along with

the former root pool. Therefore, we suppose that moving from P, to P, is immediate,
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and rewrite (5.2.1)the following

RO 5 - B

5 25 =5

Q.

t

with initial conditions

aa(1-y) R - eELBORY _ (my h(t)Ry(t), (5.2.3)
aay g + PO — (moh(t) + )P,
P1(0) = P1o, P2(0) = P2, P3(0) = Pso. (5.2.4)

It is assumed that in the non—appearance of predators Ps, the prey population Py

keeps growing logistically with an inherent per capita rate of growth of r > 0 and an

ecosystem carrying capacity of K > 0. A summary of the system parameters is given

in Table 5.1l

Table 5.1: Parameters of the model

Parameters

Description

PP<oQpE3-X"®0a

P30

Pao

Duration of the roots growth
Duration of the cropping season
Infestation rate
Maximum roots biomass
Roots growth rate
Mortality rate of pests
Additional mortality rate of infesting pests
Consumption rate
Conversion rate of banana roots
Half-saturation constant
Proportion of pests laid inside
Initial biomass of the functional root density
initial free nematodes pest population density
Initial infesting nematodes pest population density
Initial biomass of the functional old root density

For the first situation, there is the growth of a seedling in the banana tree and a

new sucker grows from the old roots. Pesticide nematicides are used to manage

the insect at the start of each growing season. The second situation, it is planting

a pest-free vitro. P(t) = P(t) + Ps(t) is the total population of predators (nematodes)

at time t. In this study, the structure of (5.2.3)in the interval (tn,tn + d] will be called
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the first subsystem of (5.2.3) while the second subsystem of (5.2.3) will fall in the
interval (tn + d,t, + D] with r = 0. Figure displays a schematic diagram illustrating

the procedures of parasitism within the cropping period.

free nematodes in sc
free nematodes in sc

* (m+h) \

Py | —» P,

functional roots of banan r

D + a(1-y)
' f  /a(ly) f
e A EI ;

DN (m+h+u)
o7 (mehe) P,

3
—

‘ infesting nematodes in banana r

(m+h)
>

infesting nematodes in banana

Lt

‘t Root arowth ( Fruit growth ‘
r
" oot gro th+d th+D

Figure 5.1: Schematic representation of the core modeldp.2

5.3 Chemical Control Model

In this situation, there is a vegetative growth in the banana plant, and a new suck-
er grows from the old roots. Chemical nematicides are used to manage the pest at
the starting of the growing season. The pest—free vitroplant is cultivated. In order
to monitor the nematodes, a fallow is added in two crop seasons. Nematicides can
control nematodes. They have two types of nematode action: the touch effect and the
systemic effect. Each season is quickly followed by the coming season, so t, = nD.
Contact nematicides destroy nematodes immediately after target, whereas systemic
nematicides are collected from the plant’s roots and distributed through the organs
where they operate in opposition to pests. Most nematicides can have adverse ef-
fects. The nematicide is used at the start of each season and has systemic as well
as interaction effects. At the end of this period, a ratio of q; of the total root biomass
refers to the sucker that will develop during the next season. Supposing that nema-
todes spread homogeneously in the soil, the sucker brings the g ratio of plaguing
nematodes. Residual roots of the existing original tree are transmitted to the former
root pool as the sucker is the new parent tree. So, the original root pool holds (1—qp)

of infested pests. The results are shown in the following swapping principle at the
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beginning of the new season

)
) (5.3.1)
)
)

As we have presumed, the infesting pests in the old root pool P4 instantly transform
into free pests, the previous switching rule (5.3.1) can be written as described in the

following
Pu(ty) = daPu(tn),
Pa(ty) = Pa(tn) + (1 02)Ps(tn), (5.3.2)
Ps(ty) = G2Ps(tn),

We make the following assumptions for including the nematicide action:
(i) We presume the actual removal of the nematicide is extremely quick, thus ne-
maticide’s effect on the nematode is immediate [66,204]. The nematicide interaction

behavior on a free pest is therefore provided for a certain period of time by

Pa(ty) = n(Pa(tn) + (1—d2)Ps(tn)), (5.3.3)

with 0 < n < 1, the nematode survival rate with nematicide use.
(i) Further, we assume that efficiency is the same for both free pests and infecting

pests, so we get
Ps(ty) = NG2Ps(tn), (5.3.4)

from the (5.3.3)and (5.3.3) the seasonal switching rule is given by

Pu(ty) = d1Pu(tn),
Po(ty) = n(Pa(tn) + (1—a2)Ps(tn)), (5.3.5)
Pa(ty) = nd2Ps(tn),

systems (5.2.3)and (5.3.5)with t, = nD form our multi-seasonal model using nemati-

cide. Figure provides a diagram.
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Figure 5.2: Schematic description of the plant—pest dynamath for model[(5.21.3) and
(5.3.3) during two growing season.

In Figure 5.2, on the time axis, line between t, to;1 and t;, ,, thi2 illustrates the

continuous timing, while the line t, 1 and tn++1 between line indicates a discrete timing
when flipping. The core system is based on communication during continuous peri-
ods in Figure 5.1l Fresh root biomass of bananas P; is initialized at swapping as q
portion of the biomass obtained from the previous season, the free nematode sample
size of P, is assigned as a population of free nematodes collected from the previ-
ous season plus a portion of (1— qp) of the previous season’s infestation nematodes
received, all with an instantaneous work of the nematicide survival rate . The popu-
lation infected with nematode P; is computed as part of the portion g, of the infecting
nematode population received from the prior season, with a life expectancy rate n to

the nematicide’s instant operation.

5.4 Analysis of the System

In this section, we investigate the positivity and boundedness of the system, fol-
lowed by a discussion of the basic reproduction number, equilibria and their stability,

sensitivity, and so on. Let, we study the model when h(t) = h > 0 (due to sustainability
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of the pest). Thus, system (5.2.3)can be written as:

= romo-3) - AR

T = aayBes +BP(Ps(t) — (M+ho+ )P,

5.4.1 Positivity

It is important to demonstrate that all the solutions of the system with positive initial

data will remain positive for model (5.4.1) The following theorem will demonstrate this.

Theorem 5.4.1.Let the initial dataP;(0) > 0, P>(0) > 0, andP;(0) > 0. Then the solutions
of (Py(t), Px(t), Ps(t)) of the system[(5.4]11) are positive.

Proof. (i) Positivity of P;(t): from the model[{5.4]11)

dR

OR _m o Pl aROPD
dt

K )~ Pt)+5

(5.4.2)

without loss of generality and removing all the positiverierfrom the right—hand side of the
differential equation’(5.412), the differential inequylis as follows:

dR _ —rPf aRPy _ —rPf  aRPs
d = K P+6~ K 5

Assume tha% = C, then the differential inequality is reduced to

dP, r
at = —RP;L(P;L—FC).

This inequality can be organised for integration by usinguigl fraction and then integrating

the integral inequality,

1 P r
—In > ——1+4+Cq,
chlge)lz &

whereC; is integration constant. Finally, solving &y will give us

—1C¢

ACex
P(t) > ———,
1—Aext
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whereA = €%, ThereforePy(t) > 0 for 1— Aext > 0. That is, Pi(t) is nonnegative for
t> & KInA.
(i) Positivity of P,(t): from the model[(5.4]1),

%—?ﬁaﬂ—w% BPy(t)Ps(t) — (M+ h)Po(t) > —Po(BPs+ m+h).  (5.4.3)

We assume thg@P; + m+ h = Ay, then the differential inequality is reduced%@ > —PAs.
Applying integration by separation of variable method g&ln|P,| > e A2 + Q;, whereQ;
is integration constant by separation of variable methddenT solving forP, will result in
Po(t) > e~ which is the exponential function that is positive at all ¢éimHenceP(t) is
positive.

(iii) Positivity of Ps(t): from the model((5.4]1),

dp; Py(t)Ps(t)

—Z =gay— (t)+5+BP2() (t) = (m+h+p)P3=> —(m+h+ u)Ps. (5.4.4)

dt

Applying integration by separation of variable method gelh|Ps| > e~ (M1t Q,, where
Q. is integration constant by separation of variable methdukenT solving forP; will result
in P3(t) > e~ (MM+W)4+Q2 which is the exponential function that is positive at all¢inHence,
Ps(t) is positive. O

5.4.2 Boundedness of the System

To study the boundedness criteria of the system (5.4.1) we state the following result.

Theorem 5.4.2.All solutions of the model(5.411) are uniformly bounded.

Proof. First, let us define a functioiX = aP; + P> + P5. The time derivative oK is

dX dR dR dR
at %t Tar T at
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from the equation(5.41.1), we can obtain,

dX Py aP P P.P3

P
— (m+h)P+ aay 1P + BPPs— (Mm+h+ u)Ps,
PL+0
X P:
::%T:awﬂl—ﬁq—an+m&—«m+h+uwg

X P:
= Oclj—t + (M+h)X =arP(1- Kl) —(Mm+h)P—(m+h+ p)Ps+ (m+h)(aPy+ P+ Ps),

= %—1( +(m+h)X <arP(1—- %) +a(m+h)Py,

Ka(r +m+h)?

dX
= —+(M+h)X < ar

dt

2
Thus, we have a constaint= <4 “gych that

:%—)t(+(m+h)X<L,

applying the theorem of differential inequality [65], wetain

L
0 < X(Py,Pe,Py) < s (1— € (™) + X(Py(0), Po(0), Py(0)) e ™
Ast — o, we have 0< X < (m—ih), since sup,, ., X(t) = (mih). Hence all the solutions of
(5.4.1) are confined in the region
S={(P,P,P5) eR} :0< X < mih) + €},
for anye > 0 and fort — oo. Hence the theorem. O

Remark 1 (Equilibrium points) Systen{s.4.1)has following possible equilibria points

(i) The trivial equilibrium point Eo(P;, P5,P3), where

P} = 0,P; = 0,P} = 0.
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(i) The functional root biomass of banana free equilibrium point E1 (P}, Py, P5), where

h+m+u

B

—h—m
P} =0,P; = Py =
1 2 3 B
which is not biologically feasible because P; is always negative.

(iif) The nematodes pest free equilibrium point Ex(Py', P>, P5), where
Pf=K,P=0,P; =0,

which is biologically feasible.
(iv) The functional roots of banana, free nematodes in soil and infesting nematodes in
root coexistence equilibrium E4 (P, Py, P5), where the interior equilibrium point E* (P}, Py, P5)

is the point of intersection of the following equations:

Py ak
r(1-<0) - 5.5 (5.4.5)
P1P3 B
aa(l—v)P1+5—BPzP3—(m+ h)P, =0, (5.4.6)
P B
aaypl+6+BP2—(m+h+u) =0. (5.4.7)
from (G.4.5)equation,
B I’(K—P]_)(5+P1)
from (5.4.7equation,
1 _aayh,
Pz—B(h+u+m 5+P1), (5.4.9)

Putting the value of P, and P; from (5.4.8)and (5.4.9) in the equation of (5.4.6) we can
observe that P, satisfy the following equation:

ra(l—y)(K—P)PR _% ((h+m) <h+m+u— aayPl)) (5.4.10)

K 0+P
1 aayPi\\
~3K (r(K—Pl)(5+P1) <h+m+u— 6+P1)) =0.
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Equation (5.4.10)can be rewritten as
PE + 5P + 5P + & = 0. (5.4.11)

Where
5 = (—h—m)c‘SB(h+m+u) _ 18%(h+mp) 5 = a(h+m) (—h—m)(h+m+p)

L = T fra(l-y)d+rayd + ot

y)o rayd r(hd+mtp) | 2rd(h+mip)
K

r62(h+m+p) i !
a a )

+ aK ,3=ra(l—y)+ray—

5 — ra(l-y) %/ n r(h+m+pu)

T K aK -

Since & < 0, and if &4 > 0, then the Descartess rule of sign gives that the equation

2ro(h+m+p) ro(
a

1—
K

(5.4.11)has a positive root P (say). The values of P, and P; can be obtained from
(5.4.9)and (5.4.8) Moreover, in both cases, either & > 0 and d, > 0 or d3 < 0 and

d, < 0, equation (5.4.11)possess exactly one positive root. This proves the uniqueness

of E4. Py and Pj are positive if h+m+ p > %‘iryppl}: and K > P},

5.4.3 Basic Reproduction Number

We observe that the system (5.4.1) has a nematodes pest—free equilibrium point
Ex(P = K,P; = 0,P; = 0) and it always exits. Now we introduce the basic repro-
duction number Ry, during the entire period, this is characterized as the number of
secondary infected individuals caused by a single infected individual. Furthermore,
the approach developed by [110,158,[167] can be used to obtain the expression for
the basic reproduction number. The basic replication number is determined using the
next—generation matrix procedure. These matrices are determined at the disease—
free equilibrium point E,, the associated nhon—negative matrix, F, of the new infection
terms, and the non-singular matrix, V, for the remaining transfer terms, are given,

respectively, by

aKa(1—-y)
F_ 0 T v h+m 0 |
0 0 h4+m+u
and
0 aKa(1—y)
Fv-—1_ (K+9)(h+m+p)
0 akKay
(K+90)(h+m+p)
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Eigenvalues of FV~1= 0 and ﬁm.

system is defined by the spectral radius of the matrix FV 1. Thus, Ry = %.

When it comes to Ry < 1, each infected individual creates on average less than one

The basic reproduction number Ry of the

new infected person, implying that the disease will eventually die out. If Ry > 1, each
individual makes more than one new infected individual, meaning that the disease will

continue to spread throughout the population.

5.4.4 Local Stability

We draw conclusions in the following theorem concerning the asymptotic behavior

of system (5.4.1)

Theorem 5.4.3.At different equilibria, the systeri (5.4.1) has the follagibehavior:
(2)The trivial equilibrium pointgg is not stable, since one eigenvalueis always positive,
thereforekg is saddle point which is unstable.

(2) The functional root biomass of banana free equilibriusmpE; is not stable, since two

eigenvaluew andvh+ Wh + m+ u are always positive and one is negative, there-
fore E; is saddle point which is unstable.

(3) The nematodes pest free equilibrium pdiatis locally asymptotically stable Ry < 1.

(4) The functional roots of banana, free nematodes in salliafesting nematodes in root
coexistence equilibriunks is locally asymptotically stable iA; > 0, Az > 0 andA{A, >

Az. WhereA; = —C11 — Cp2 — C33, A2 = —C12C21 + C11Cp2 — C13C31 — C23C32 + C11C33 + C22C33,

A3z = C13C22C31 — C12C23C31 — C13C21C32 + C11C23C32 + C12C21C33 — C11C22C33, and furthercyy =

TP P} aPP§ aPy B _ aPFf _aa(1-y)PfPf | aa(l-y)P¥

R (1_ K )T (orpp)  arpp M2 0.Cia=~5pp C21= - (G+Pr)Z T aPp
aa(1-y)Pf aayPFP¥  aayP¥

Coz = —h—m— P35, o3 = =55t — BP3, Ca1 = —(5+|§1*)32 + 5y Ca2 = PP3, Caz =

—h—m—u+%+BP§.

5.4.5 Global Stability Analysis

Here, we discuss the global asymptotic stability of an interior equilibrium of model

©.4.3)

Theorem 5.4.4. The positive interior equilibriunt4(P;, Py, P5) is globally asymptotically
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stable if all the conditions are simultaneously hold:

r aPx
1)— 3
D> CELICET)
PIP; PP

( )Pl*+6> PL+0’
and
(3R> P5.

Proof. Firstly, we define a Lyapunov function

P
P

)+ ca(Po— P} — P3In 2 4 ca(Ps— PY — PSIn 23,

V<P17 P27 7P3> = C1<P1_ Pf - Pf In * *
PZ P3

wherecy, ¢ andcs are positive constants to be determined later. It can béyeses that the
functionV is zero at the equilibrium poiriP}’, Py, ,P3) and is positive for all other values of
P1, P>, andP;. The derivative of Lyapunov functiovi is

av_ ., _Prdh P dR P dR
at — o P1>dt+C2<1 Pz)dt Ca(1 Pg)dt’

putting the values ofa%, %—Ft’z, anddd—% from the equatior(5.4.1), we have

dv P

P, akPs
G e (P -

Pi+0

) et ) (aaii-y)g s~ BRR - (e )

P3 P.P3
+c3(1— E) (aayp1 5 + BPPs— (Mm+h+ [.I)Pg) ,

i~ eP—PD (1= 3 - - -

(P—P5) P1Ps PiP;
rer 272 ((aa(ty) 2P B (m Py~ (@il

dv aP3 Py aP; )
+9

—BP§P§—(m+h)P§‘))

; £ P g
+C3(Ps—P3) (aayP1+6 +BP2—(m+h+u)—(aayP1*+6 + BP; _(m+h+ll))),
v _ . (r_ aky o2 da+aPy) ) o o

dt C1<K (F’1+5)(P1"‘+5)>(P1 "D Cl((P1+5)(P1*+6) (Po=P1)(Rs—F5)
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+C2

aal—y) (PP PIPFN .
P, (P1+5 mrs) 2P

_ p*)2
—CoB(Po— P5)(Ps—P) — o BP5 -+ (m+ hy) 2 F2)”

P
0
P 5 e 3 P P8 PP+ B(Po—P)(Ps ),

dV__ ro aP; oey2 —c1(ad +aPy) + czaayd o o
dat Cl(K (P1+5)(P1*+6))(P1 P) *( (PL+3)(P; +9) >(P1 PL)(Ps—Ps)

aa(l—y) [ PiPs PP .
P, (P1+6_P1*+5)(P2_P2>

_ p*)\2
—CoB(Po— P (P — P — ca(BPY + () (P22

P
+C3B(P—PZ)(Ps—P3),

+C2

ayd
6+P*’

v __ayo (r __ aR P2 (R (P—P3)?
dt <~ 6+P*(K (P1+6)(Pf+5))(P1 Pr)"— (BPs + (m+h)) 5

_aa(l y) [ PiP3 PR o
P> (Pf+5 P1+5 (Pz PZ)

v _gif aky PIPS  PiPs . av _
It then follows that & < 0 if ¢ > (PLro)(PF+3)" Prid > 5rs andP, > P;. Also, g = 0 at

E4(Py,P5,Py). We then define the invariant set as

Choosinge; = =1, andcz = 1.

dv

_ + .
= {(P1,P2,P5) eRy : gt

— 0.

Hence, by LaSalles Invariance Principlél[6, 92], it follothat theE4 (P, P;, P5) is said to be
globally asymptotically stable. O

5.4.6 Sensitivity Analysis

Sensitivity analysis may reveal important details about how biological behaviors are
changing with respect to the parameters. We determine the sensitivity indices of the
basic reproduction number to the parameters as mentioned in Table 5.2l These in-
dices indicate how important each parameter is for disease spread and distribution.

We ivestigate the effect of the basic reproduction number Ry for certain key parame-
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ters in order to do a sensitivity analysis of the model. Following [34,155], we calculate
the normalized forward sensitivity index of the reproduction number, which estimates
the relative change in a variable with respect to the relative change in its parameter.

Definition. The normalized forward sensitivity index of a variable, h , that depend

differentially on a parameter, |, is defined as: ' = & x 4.

Table 5.2: Sensitivity indices of model parameters

Serial Parameters Description Sensitivity index
1 a Conversion rate of banana roots 1
2 a Consumption rate 1
3 y Proportion of pests laid inside 1
4 h Proportion of pests laid inside -0.2500
5 m Mortality rate of pests -0.5208
6 u Additional mortality rate of infesting pests -0.2292
7 o) Half—saturation constant -0.3333

Mathematically, the sensitivity of the system is characterized. To study the sensitivity
of Ry , we choose a set of parameters a, a, y, h, u, m, 8. The sensitivity index of

Ro with respect to a is given by FEO =2 x %%0 = 1. The sensitivity indices of Ry with

Ro
respect to the other parameters of the model are given by rﬁoz%x%@zl, rff":%x
o0Ry _ Ro_ h 0R _ h Ro_ 4, 0R _ H Ro_ m ., Ry _ m
L = X W= R T H TR X GR  Thrarm M = Ry X am = ~Rrpem
Ro_ 8 R _ 5
5 R X6 = K-

Some numerical simulations are performed based on our analytical results. For sim-
ulation works, the parameter set is chosen as feasible value S= {a, a, y, K, h, u, , m} =
{0.4, 3.5, 0.6, 4, 0.12, 0.11, 2, 0.25}. Table 5.2l represents the sensitivity indices of Ry.
In Table 5.2 we observe that the parameters namely a, a and y are the positively

sensitive and h, m, u and o are the negative sensitive parameters.

5.5 Numerical Simulation and Its Discussion

For the simulation purposes, we perform numerical simulations to analyze the dy-
namical behavior of the system (5.4.1) The mathematical parameters of the models
representing a certain pattern can be modified to achieve a stronger agreement be-
tween the performance of the model and the observations. Table 5.3 describes the

numerical values of the parameters that have been used in computational models.
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Parameters used in this model are taken assumed feasible values which are shown
in Table 5.3l

Table 5.3: Parameters used for simulation purpose.

Parameters Values Units Parameters Values Units
B 0.3 gramlday! ) 2 gram
K 4 gram h 0.12 day!
r 0.4 day ! y 0.6 -
m 0.25 day ! Pio 2 gram/cn?
u 0.11 day ! P 1 gram/cn?
a 0.4  gramday!? Pso 0.9 gram/cn?
a 3.5 gram 1

Figure shows, the graph between functional root of biomass (Py), free nema-
todes in soil (), and infecting nematodes (P;) population density with respect to time
t (days). Figure E.3[(a) describes that the population density of Py initially increas-
es but after some time P, decreases as P; population increases for the parameters
r=04K=4a=0490=2 =02 a=35y=04 h=012 u=0.02 m=0.25.1In
Fig. 5.3(b), there are several parameter changes compared to Fig. 5.3(a) as a from
0.4 to 0.6, 8 from 0.2 to 0.3, y from 0.4 to 0.6, and u from 0.02 to 0.11, h from 0.12
to 0.3, m from 0.25 to 0.30. Figure [5.3[(b) shows that the P; population increases
while P, decreases. Thus, in Fig.[5.3(b), P, decreases more compared to Fig. 5.3(a).
Figure 5.4l and Figure 5.5 show the interaction between functional root biomass of ba-
nana Py, free nematodes in soil P,, and infesting nematodes in roots Pz at t = 2 (days)
and t = 100 (days), respectively. Phase space trajectories of the model are shown in
Fig. 5.6l

05

() (b)

Figure 5.3: Time series diagrams betwd®&n P, and P; in roots population density of the
system for the parameter values=- 0.4, K =4,a=04,06,0=2 =02 03, a =
35 y=04, 06, h=0.12 0.3, u=0.02 0.11, andm= 0.25, 0.3.
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Figure 5.4: The interaction between functional root biog@fdanana, free nematodes in soil,
and infesting nematodes in roots of the system for the paeamalues = 0.4, k=4, a=
04,0=2,a=35y=04, =02 h=012 m=0.25 u=0.02 Pg=2, Pg=1, P3gp=

0.8 andt = 2.
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Figure 5.5: The interaction betwe@p P, andP; for the parameter valugs= 0.4, k=4, a=
04,0=2,a=35y=04,3=02 h=0.12 m=0.25 u=0.02 Pg=2, Pg=1, Pyp=
0.8 andt = 100
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(@) (b)

Figure 5.6: Phase space trajectories of functional roahbgs of banana, free nematodes in
soil, and infesting nematodes in roots of the system for drampeter values = 0.4, k =
4,a=04,0=2a=35y=04, =02 h=012 m=0.25 u=0.02 Po=2, Pyp=

1, Pyp=0.8 andt = 2, 100

5.6 Optimal Control Formulation and Analysis

In the present circumstances, nematologists around the world are faced with the
lack of availability of effective chemical nematicides coupled with their unaffordable
costs and environmental risks; the focus these days is on the biological means of
nematode control. The use of control agents for efficient nematode managemen-
t provides long—term economical and eco—friendly management choices. The ideal
biocontrol system must be robust and self-sustaining. Plant—parasitic nematodes be-
longing to various communities, including India, are being investigated globally. Con-
trol of plant—parasitic nematodes requires an inundation of bio—formulations in the soll
to achieve satisfactory control over the season. The objective of the optimal is (i) to
use a variety of compatible control strategies, (i) Maximizing natural environmental
tolerance to plant—parasitic nematodes, (iii) To apply strict and severe control mea-
sures only when essential, and (iv) Optimize the profits of the farmer with a particular
destination and material suggestions. Time—varying controls, h(t), is to be chosen.
Therefore, using system (5.2.3) we minimize the objective functional

it

t
J(h)=f (Al(Pz(t)+P3(t))—A2P1(t))dt+f (ch(t)(Po(t) + Ps(t)) + eh(t)?)dt, (5.6.1)

(o] (o]

over time—dependent controls h(t), weight constants, Az, Ay, ¢, and € are nonnegative

constants that balance the relative importance of terms in J. The terms Sfj (Ar(Pa(t) +
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Ps(t))dt and jf)f AoPi(t))dt determine the corresponding number of nematodes and the
functional root biomass across time t; being modeled. The term h(P, + Ps), represents
the total number of nematodes culled, where h represents the per capita rate of ap-
plication of insecticide on nematodes, and c is the cost per nematodes killed. Thus,
g(Ch(t)(Pz(t) + P5(t)) + £h(t)?)dt gives the cost of killing nematodes from the popula-
tion. As the costs in an objective functional are frequently nonlinear functions of the
control actions [84,/200]. We find h* such that

J(h) = inf(3(h) (5.6.2)

subject to the state system defined in (5.2.3) where objective function is given by

equation (65.6.1) and the set of feasible control is
U = {J(h) e (L7 ([0,t1]))Ih: [0,t¢] — [0, 1]},

to show the occurrence of an optimal problem of control, we need to bound the state
functions of the eco—epidemiological model. The effects of the positivity and bound-

edness results below drive from the system.

Theorem 5.6.1.Given the state equations By, P,, andPs, defined in equationi (5.2.3) with
initial conditions [5.2.14), an®,o > 0, P,p = 0, P3g > 0, there exist constan;, C,, C3 > 0
such that 0< P, < Cq, 0< P, <Cp and 0< P3 < Cg, for allt € [0, tf].

To use Pontryagins maximum principle [122] on the time—dependent controls, we
first need existence of optimal controls, characterize the time—dependent controls,

and adjoint equations for system (5.2.3)
Theorem 5.6.2.There exist optimal controls® € U which minimize the objective functional,

J, subject to the state system (512.3).

Proof. The infimum is finite by the uniform boundedness of states antrols, and therefore,

sequence minimization occufl"}

lim J(hn) = inf J(h).

N—0o0 (h)eu

Since the corresponding statesg, P,,, andPs, is bound uniformly for alln over the range

[0,t;] and from the structure of the model (5]2.3), it implies thatderivatives are always
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bounded uniformly. Thus,,, P,,, andPs, are Lipschitz continuous with the same Lipschitz
constant. Therefore, the sequeri€®,,P,,,Ps,} is equicontinuous, and therefore, by Arze-

laAscoli theorem, it does exi$P;, P5,P3) such that on a subsequence,
(P1,, P2, Ps,) — (Pf, P, P3) uniformly on[O, t¢].

Also, control sequencesy,, are bounded to any andt, so there is a subsequend®,, and
controls(h*) e U such thahy, — h* weakly inL1([0,t¢]). Using the lower—semicontinuity of
L! norms with respect to weak convergence, we have
Lt
I < Iir?liorgff (Aq(Poy (1) + Py, (1)) — APy, (1))t
[0}
tf
liminf [ (cha(t) (Pay (t) + P, () + ehn(t)?)dt
— o)

= inf J(h).
(h)eu (v
Using the convergence of the state sequences and passihg tiontt in the ordinary dif-
ferential equations system, we have tRgt P;, andP; are the states corresponding to the
controlh*. Note that the uniform convergence of states and the weakecgence of controls
are important for the convergence terms suchy#s, . Thus, we conclude th&rt* is optimal

control. O

We characterize the time—dependent control and the corresponding adjoint equa-
tions, when density and frequency—dependent transmission rates are studied. We
apply Pontryagins maximum principle to our problem [122]. The Hamiltonian is de-

fined as follows:

H = Ay(P> + P3) — AgPy + ch(Po + P3) + eh? + A1 (rPy (1 — ﬂ) _ ahfs )
K Pi+0
P P
Fho(aa(l—y) Pllf?'é — BPPs— (m+h)Py) + ;\3(016%1153(5 - BPPy— (m+h+ H)Py),

where A1, A» and Az are adjoint variables associated with the state variables Py, P,

and Ps, respectively. The following theorem characterizes optimality.

Theorem 5.6.3.There exists an optimal contrit, corresponding statéy’, Py, andP;, there
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exist adjoint variabled1, A2, andA, satisfying the equations

P P P
O <o (B r(1-8)- P )

aa(1-y)PiPs  aa(l-y)P; aoayPP;  aayP
+( CAE-Ar iy suy )’\2+ <(5+p11)2 - 5+P13>)\ ;

A

Ay(t) =—ch—A;—(—h—m—BP3) A2 — BP3A3,

| A3(t) = —ch—Ar+ Tl (—%‘P‘fpl +[3P2> Ap+ <h+m+u— e —BP2> As,
(5.6.3)

with final time conditions
A1(ts) = Aa(tr) = As(tr) = 0. (5.6.4)

In addition, optimal characterisation for the time—deprtatontrolh*(t) is

h*(t) = min{l, max{o, —cP(t) — OP5 (1) + P3 () Aa(t) + P5 (1) Aa(t) }}

= (5.6.5)

Proof. The following equations are derived from the partial denxes of the HamiltonianH,

with respect to each state variable. That is,

/ oH oH cH
A() = R A(t) = R As(t) = ~ Py

The behaviour of the control can be determined by diffeetimi the HamiltonianH, with

respect to the contrdi. Thus,

Z—T} = 2he + c(Po+ P3) — PA2 — PsA3 = 0 ath = h*(t),
ok —ch—cP§+P2*)\2+P§‘)\3.

2¢

Therefore, the following is obtained by using the bound far ¢tontrolh(t) [200].

b (t) = min{l,max{o, —CRy (1) —cR3(t) + Z(t))\z(t) +P5()As(t) }} |

5.6.1 Optimality System

The optimality system consists of the state system and adjoint system with initial and

transversal conditions together with characterization of optimal control. The following
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optimality system characterizes the optimal control:

T roRma- 5 - R
T aa- YA - pRR

i1 man] o SO B BN
o —a yP“(t)) SRIE

m minf 1 max{o, “FE SO+ Y PO,

/ I’P1 P]_ aRI_PS aPS
Ault) A2+(K (l_i)_(5+Pl)2+6+P1>A1
N (aa(l—v)PlPa_ aa(l—v)Ps)/\ . (aavPlPs B aavP3>A
(5+Py)2 s+ph )72\ (3+P)2 G4R )"

2¢

Aglt) = —c min{l max{o —CR3 (1) — cRy (1) + P ()A(t) + P5(t)As(t) }} — A

As(t) = —c min{l, max{o, —CR) -+ ';22(07\2(0 + P (t)As(t) }} ~ Ay

aP A, aa(l-y)Pp
+5+P1+(_ o0+Pp TR ) A2
+ (min{l,max{o, —CR () —cR (Y +228( A2t >+P§(t))\3<t)}} +mM+ U — ziy: —BP2> A3,

and subject to the following conditions

Pl(O) = Pio, Pz(O) = Py, P3(0) = Py, Al(tf) =0, Az(tf) =0and )\3(tf) =0.

169



5.7 Numerical Simulations for Optimal Control Problem

In this section, we analyze various control techniques in numerical simulations for
the model. We begin by looking at three comparison contexts, consisting of func-
tional biomass Py, free nematodes in soil P> population, and infesting nematodes P;
dynamics in the absence and presence of control variables. When analyzing control
approaches, we find the impact of numerous factors when evaluating the control meth-
ods, the period in which regulation can be applied, and various price parameteriza-
tions. The numerical simulation is described the features before doing so. An iterative
scheme is used to solve the optimality system. Now we numerically solve the optimal
control problem using Runge—Kutta’'s iterative process of fourth—order. The proce-
dure of solution of the system (5.2.3)and (5.6.3)are given in [50,/200,[218,219]. The
convergence of the forward—backward sweeping method is based on work by [234].
Thus, we consider taking a set of simulated parameters for the calculation. There-
fore, because this issue is about reducing pests and also saving crops, we consider
both A; and A, weights to be 1. Also, we take € = 0.1 unit in Fig. 5.7 and 0.01 u-
nit in Fig. as it is related to the cost of killing. We utilize this control within 2
(days), which could be in weeks or even months. So we set the time as 2 (days).
Let, we take initial population density of P;, P, and P5 are 2, 1, and 0.9 units respec-
tively. Figure 5.7] describes the solution curves for the three state variables, both
in appearance and non-appearance of the control. The use of optimal control is
found to remove a considerably higher number of nematode pests than without the
control. Figure B.7(a) indicates that in the presence of control and the absence of
control, the population density of functional root plant biomass P; is approximately
2.35 and 1.8 units at 2 (days), respectively. Similarly, Figure [5.7(b) and Figure [5.7(c)
show that the population density of P, and Ps is approximately 0.50 and 0.85 units
in the presence of control and 0.90, 2.80 units in the absence of control, respec-
tively. In Fig. 5.8, we choose different parameters in comparison to Fig. 5.7 i.e.,
A; =100 A, =50, r =04, k=4, a=06,y=06, =03 m=0.25 ¢ = 0.01 Fig-
ure [5.8(a) shows that the population density of Py is 2.55 units in the presence of
control and 1.9 units in the absence of control which is more population density com-
pared to the Fig.[5.7(a). Similarly, Figure [5.8(b) and Figure 5.8(c) show that the pop-

ulation density is approximately 0.25, 0.50 units in the presence of control and 0.70,
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3.25 in the absence of control at time 2 (days), respectively. This is also eviden-
t from Fig. 5.7(b) and Fig. 5.7[c) that the nematode pest has suffered much due to
the application of pesticide control. This is because applying pesticide control sig-
nificantly decreases the population of nematode pests. Thus, we can conclude that
applying the optimal control of pesticides not only minimizes the pest population but
also decreases the natural enemy of the pest populations. Figure [5.7(d) represents
the variation of optimal control and Figure [5.7(e), Figure [5.7(f) and Figure [5.7(g) de-
scribe the variation of adjoint variables in the presence control. From Fig. 5. 7(e), it is
observed that the control would be best if this is to be used for about 1 (days) of time
at its maximum level. Figure [5.8(e) shows the control variation with respect to time t
and Figure [5.8(e), 5.8(f) and [5.8(g) show the adjoint variables variation.
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Figure 5.7: Comparison between the figures of individuath wontrol versus without control,
which represent the results for prey, predator, controlatjdint variables with respect to time,
where value of parameters afe¢ =1, Ao=1,c=1r=04,k=4,a=06,0=2, a =
35 y=06,8=03 m=025 u=0.11 =01, Pp=2 Pyo=1, P3p=0.9and =2days
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Figure 5.8: Comparison between the figures of individuath wontrol versus without control,
which represent the results for prey, predator, controkatdint variables with respect to time,
where the value of parameters ake= 100 Ao =50, c=1,r=05 k=4,a=0.6, 0 =
2,0=35y=07 =04 m=0.3 u=0.10 =001 Pp=2, Pp=1, P3p=0.9and

t = 2days

5.8 Discussion and Future Scope

In this research, the core idea is that the control of nematode pests is a dynam-
ic process. Mathematical models are significant to understand and provide use-
ful corresponding biological abstractions mechanisms and environmentally friendly
interactions occurring in applications for pest control. The work has suggested a
multi-seasonal structure explaining the infestation of banana roots by the nematodes.
The mathematical model is a prey—predator scheme with three variables of the state,
namely functional biomass of banana Py, free nematodes pest in soil P,, and infecting

nematodes in roots Ps. Additionally, the types of approaches to pest control discussed
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in our analysis can be briefly classified as follows: chemical pesticides and replanting
properly mixed in the context. The study found that bananas are affected by various
illnesses. Nematodes are the most destructive banana pests, which cause a loss of
crops. A broad variety of variables tend to affect the results. In addition, there are
eco—epidemiological criteria based on monitoring costs, their weighting in the objec-
tive framework, the useful technique of the control process, and the initial state. The
model (5.2.3)is uniformly bounded, and all solutions are completely defined in the
positive region. We performed the behavior of the system by analyzing the system’s
structure through all its equilibriums. Depending on various conditions, the point of
equilibrium is locally asymptotically stable. It has also been observed that all points of
equilibrium are conditionally feasible and locally asymptotically stable, except for the
trivial equilibrium point Eg and the functional root biomass of banana—free equilibrium
point E;. We have performed the resulting model with a more depth qualitative optimal
control study and determine the circumstances in which this is optimal. In Figure 5.7
and Figure 5.8] it has been observed that the optimal control worked as a break of
the nematodes population and favorable conditions of the functional root of banana.
Thus, Nematode population density has declined, while functional root biomass pop-
ulation density has increased. Our study found an effective strategy for banana pest
identification and diseases. It relies on a rise in the amount of pesticide. Future re-
search in the field would involve a multidisciplinary interaction between agronomists,
environmental modelers, and mathematical researchers, and computational experts,
aimed at building Mathematical models, which offer reliable outcomes and recogniz-
ing field findings in actual environments so that all the models can be regarded as
development tools. Finally, to apply optimal control techniques, the parameters need
to be well known and this may increase the performance of our future optimal control

systems.
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Chapter 6

Preventing the Spread of Locust Swarm
and Pest in Agriculture: Mathematical

Modeling and Qualitative Analysis

In the present chapter, we present an interaction between the prey and predator model
consisting of three species: crops, pests, and locust swarms. Under specific circum-
stances, all possible existences of the biological equilibrium points of the systems are
described. The local asymptotic stability of various equilibrium points is demonstrat-
ed to analyse the dynamics of the system. This study investigates the appropriate
use of management measures to prevent the expansion of the swarm through optimal
control techniques. There are two kinds of control variables utilised: first, the appli-
cation of pesticide, and second, the application of creating awareness. We determine
the existence and Pontryagins maximum principle is utilised to characterise optimal

controls. Finally, the theoretical analysis is validated by numerical simulations.

175



6.1 Motivation and Biological Background

The global agricultural production is undergoing significant changes because con-
sumers’ needs, input prices, food security and environmental concerns are rapidly
changing. Agricultural production systems are undergoing fast changes in response
to shifts in manufacturing costs, customer expectations and growing food safety, se-
curity and environmental concerns. A key challenge is the necessity, while retaining
the economically viable production system of farmers, to establish sustainable pro-
duction systems addressing social concerns for impacts on the environment and for
nutritional content. A locust is a big, mostly tropical, grasshopper with great flying
skills that migrate in massive swarms that harm the crop tremendously. However, the
current number of swarm volumes would rise exponentially if these attacks are not
halted and humanity would have to handle up to 80 million locusts per km?. They
feed, raise, with extremely high fertility. The heathen grow their numbers by 16,000
times in only three breeding periods [250]. They do not harm animals or people, but
can ruin plants and other vegetative areas. But 1km? swarm has over 40 million lo-
custs, and they consume roughly 35,000 humans, twenty camels or six elephants in
the same quantity of food in a single day [251]. In the last two years, several na-
tions have seen a rise in locust swarms. The main reason is the cyclonic storms in
Mekunu and Luban that occurred in Oman and Yemen from May and October 2018.
The locusts are currently active in the state of India such as Rajasthan, Gujarat, Ma-
harashtra, Uttar Pradesh, and Madhya Pradesh. Although there were no cycles of
locusts until 1962, however, major upsurges occurred between 1978 and 1993 [252].
They consume millet, rice, maize, sorghum, sugarcane, barley, cotton, fruit trees, date
palm, vegetables, rangeland grasses, acacia, pines, and bananas [250]. Because of
its tremendous population density, it is often difficult to control a locust swarm. Even a
insignificant 1km? swarm has around 1-1.5 billion insects and any prevention action
against such a massive population are considered as futility [251},252]. [251],252] was
concerned about the control of locust swarms, such as spraying insects on aircraft
and helicopters, thin dust impregnated with insecticide, pumping insecticides, protec-
tion in the usage and storage of pesticide products, and environmental issues. An
efficient food and fiber strategy utilizes farm resources to avoid harmful environmen-

tal and human consequences, maintains the quality and natural productivity of land,
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and supports dynamic rural communities. Accordingly, the five overall objectives for
sustainable production systems are to meet human requirements, strengthen the en-
vironment and natural resource base, increase resource efficiency, boost the financial
viability of farming and enhance the quality of life for farmers and society. [29,1236]
presented systematically integrated pest management models. Further, interactions
between crop, pest, diseases, and pest predators and successive studies of math-
ematical models for pest control have been carried out by [22,[171]. Many models
are available to facilitate decision-making on crops and animal production, such as
management of agricultural resources [119]. Although these models often represent
biophysical processes in great detail, the necessity for vast volumes of input data and
the need for rigorous calibration and validation in the running of each application can
restrict their use. Although [206] provided a mathematical model for the usage in a-
gricultural decision—making systems to be used in dynamic systems, its models have
not even been used in real agricultural systems. One of the main aims of ecology was
to understand the relationships among prey and predator [1,/3,228]. The functional
response is also important in defining the relationships between individuals, other an-
imals and their environments [85]. Several elements, directly and indirectly, influence
predator eating rates and thus functional response, such as accessible food items,
prey—predator structure, predator density, the effectiveness of search, prey escape
capacity, predator's hunting capacity, and encounter rate, etc. There are several ex-
tensive analyzes of the aspects that affect predatory use rates of resources [70/,102].
The modified Leslie predator—prey system has been designed to take account of glob-
al dynamics and co—existence between the system, motivated by the above existing
theoretical works [83,[176] and experimental evidence relating to environmental dis-
turbances and their impact on the associated ecosystem [13],[101].

In this work, we develop a three—dimensional dynamical system modeling consists
of crops, pests, and locust swarms. We take an interest in knowing the pest’s effect
on crops and the impact of the locust swarm. This paper presents two mathemati-
cal models, one in the absence of control and the other in the presence of control.
The coexistence of equilibrium systems under various conditions is examined. To ad-
dress some important biological instances, we give numerical reports that our model
shows. Further, an optimal control problem is developed and evaluated analytically.

Here, two types of control variables are used; first, the rate of application of pesti-
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cide, and second, application of awareness to promote the necessary steps. The
paper is described as follows: in Section[6.2], the formation of the prey—predator mod-
el is developed in the presence of crop (prey), pest (predator—I), and locust swarms
(predator—Il). Section describes the positivity and boundedness of the system, e-
quilibria of the system, and local stability. The existence and global stability analysis
of the endemic equilibrium are discussed in Section[6.5. Section[6.6lillustrates the dy-
namical behavior and biological interpretation of the model and its discussion through
the numerical simulation. Formulation and application of optimal control problem,
cost—effectiveness analysis, the existence of controls, characterization of the optimal
control pair, and the optimality system are performed in Section [6.7. Section [6.8]
demonstrates numerical simulations for the validation of the theoretical results of the
optimal control problem through different parameters. Finally, Section [6.9] summa-
rizes our study with various biological consequences and future research relevant to

our results.

6.2 Formulation of Prey—Predator Mathematical Model

In studying agricultural issues, mathematical modeling is an important technical
method. Mathematical ecology demands the study of pesticides and their effects on
crop populations in the study of the dynamics of a plant population. Different species
interactions have a harmful effect on one species or both. Crops and pests are interac-
tions where one species get nourishment, while the other is damaged. Prey—predator
behavior is a highly prevalent kind of natural biological interaction. Many mathemat-
ical models are available to simulate prey—predator, such as Lotka—Volterra system,
Chemostat—type system, Kolmogorov systems, etc. Considering that the predator
function differs from the predator growth function, the renowned system Leslie type
prey—predator system [161]. A functional choice of reactions strongly affects the dy-
namic interaction between the interacting population [47,/150,(161]. [139] proposed
the prey—predator model with Holling type Il and modified Leslie—Gower functional re-
sponse. The many changed versions can be seen by interested readers [56,103,129].
In this paper, a mathematical formulation of a prey—predator system with one prey
species and two predator species is considered. Here, prey species is density of

crops, predator—I means a destructive insect that attacks crops, food, livestock, etc.,
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predator—Il means locust swarmsthat damage numerous acres of agriculture in a
short period of time, destroying farmer livelihoods and affecting a community’s food
production. Further, we consider the modified Leslie—-Gower type prey—predator sys-
tem in prey and predator-Il. Based on the above formulations and assumptions, the
one prey and two predator modelisgiven by the following system of deterministic dif-

ferential equations:

B — 1Py (1) — 1P2(t) — ca(1— my) Pa(t) Py(t) — PR LR

B — Py (t) — i2P2(t) + co(1— my)Py(t)Py(t), (6.2.1)

dRs(t er2(t)

B = raPy(t) — ik
with initial data P;(0) > 0, P»(0) > 0, and Ps(0) > O, where P, P», and Ps represen-
t the population densities of crop, pest and locust swarm at time t, respectively.
ry, i1, €1, My, C, b, c3, d, rp, iy, Cp, r3, € and K are model parameters assuming only
positive values. K measures the extent to which environment provides protection to

locust swarm. These parameters are defined in Table [6.1l.

Table 6.1: Description of variables and parameters

Variables and Parameters Meaning
Pi(t) Density of crops (prey) at timie
Po(t) Density of predators-| at time
Ps(t) Densities of predator-I| dt
i1 Competition among preys
i Competition among predators-I
C1 Response of prey to predators-I
C Response of predators-I to prey
r Growth rate of prey
ro Growth of predator-I
my Special threshold value of prey
rs Growth rate of predator-Ii
c Maximum value which per capita
reduction rate of prey can attain
b Measures the half saturation of prey species,
e Maximum value which per capita
reduction rate of predator-II can attain
C3 Measures the handling time on the feeding rate
d Coefficient of interference among predator-Il
b Measures the half saturation of prey species
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6.3 Positiveness and Boundedness of the System

It is essential to show that for model (6.2.1) the solutionsof the system with positive

initial data will remain positive. This is demonstrated by the theorem below.

Theorem 6.3.1.The solutions of Py (t), P»(t), Ps(t)) of the systen{(6.211) with the initial data
P1(0) > 0, P»(0) > 0, andPs(0) > 0 are positive.

Proof. Since all of the parameters used in the system are positilels, Twe can establish
lower bounds on each of the model’s equations (6.2.1). @)jtRay of P;(t): from the model

(6.2.1)

dP chi(t)Ps(t)

== —i1P2(t) —c1(1— - . 3.1
gr = "tPu(t) —1aPE(t) — ca(1— my)Pe(t)Pa(t) b CaPy(t) + dPy(D) (6.3.1)
Without loss of generality and frorh (6.8.1), we obtain thiedential inequality
dr . chi(t)Ps(t)
—= = —i1P?(t) — c1Pa(t)Py(t) — .
dt = —l1 l( ) C1 2( ) 1( ) b+C3P1(t)+dF§(t)
We can eliminate inequalities and obtain the results:
Pi(t) > P (O)e 5o (1Pu(5)+o1Pe(9) + e Fargre ) o
ClearlyP;(0) > 0 impliesPy(t) >0Vt > 0.
(ii) Positivity of P,(t): from the model[(6.2]1),
de . . 2 . 2
i roPo — iP5 + Co(1—my) PPy = —ioPs(t) — comyPr(t)Po(t). (6.3.2)

We can eliminate inequalities and obtain the results:

Po(t) > pz(o)e—SB(isz(S)+sz1P1(S))dS
ClearlyP(0) > 0 impliesP,(t) >0Vt > 0.
(iii) Positivity of Ps(t): from the modell(6.2]1),

e (t) ers(t)
=3P~ e Z R oK (6.3.3)

dr,
dt
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We can eliminate inequalities and obtain the results:

Py(t) > Py(0)e” PFw)s

ClearlyP3(0) > 0 impliesPs(t) >0Vt > 0. ]

Theorem 6.3.2.All solutions of the model system (6.2.1) that initiateR3 are uniformly
bounded.

Proof. We define the functiow(Py, P, P3) = P, + P, + Ps. Forn > 0, addingnw and deriva-
tive of w(Py, P, P3) with respect td is

dw _dR dR, dR
E+’7W_E+H+H+”(P1+P2+P3)’
o CRIP;
_I’]_P]_ I1P1 C]_(l m]_)PzF’]_ b+C3P1(t)+dP3

+ 1P — i2P22 + Cz(l — ml)Ple +r3P;— ePz(t)

o K+n<P L+ P+ Py),

w ) )
dt +nw=(ri+n—i1P)PL+ (ro+n—i2P)P+ (r3+n)Ps,

holds for all P, P,, and P; nhonnegative and assumirg > c,. Moreover, it can be easily

verified that max ofry+n —i1P;)P, = (r1+”) and max ofro+n —irP)P = “2“” . Further,

dpﬁ <r3Ps = Ps(t) < Qu€3, whereQy is mtegratlon constant.

= W nw< (r1+f)2 + (rzjjg)z + (r3+ n)Qu€'s, thus, we select a value> 0 such thak —

(”jl’f) + (rzjl’”) +(r3+n)Ques. Then, 2 + nw < k.

Applying the theory of differential inequality [65],

(1-e M+

:IX

fort — oo, we have, O6< W(Py, P, P3) < % Hence, all the solution of system (6.2.1) are

O={(P, P, Pg)eRi:0<w<%}.
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6.4 Steady States and Stability Analysis

System (6.2.1)has following possible equilibria points:

(i) The trivial equilibrium point Eo(P;', P5,P3), where
Pf=0P =0, P;=0.

(i) The crop and pest free equilibrium point E1 (P}, P;,P3), where

Kr
Pf:O, P2*Zov P§:?37

which is biologically feasible.

(iif) The pest and locust swarm free equilibrium point Ex(Pf,P5,P5), where

r
Pfﬁ,P;:o,Pf::o,

which is biologically feasible.

(iv) The crop and locust swarm free equilibrium point E3(Pf, P, P5), where
Pr=0PR=-P=0
2
which is biologically feasible.

(v) The pest and locust swarm free equilibrium point E4(P;, P;,P5), where

Pf:_27 P2*Zo7 P:;::O,
C3

which is not biologically feasible since P;' < 0.

(vi) The crop free equilibrium point Es(P;', P5, P ), where

which is biologically feasible.
(vii) The locust swarm free equilibrium point E¢(Py",P5, Py ), where
b . bcm—bc+csrs

Pf=——, P} = :
1 037 2 Cain

182



which is not biologically feasible since P;' < 0.

(viii) The locust swarm free equilibrium point E7(P;, P5,P5), where

" i2r1+clm1r2—c1r2 " Czl’1—|—ill’2—C2m1I’1 "
P = — Py = — P =0,
C1C2 + i1i2 + C1CoME — 2¢1Comy C1Cp + i1i2 + C1CoME — 2C1Comy

which is biologically feasible if ior1 4+ cimyra > ciro, 01C2+i1i2+clczm§ > 2C1CoM OF ior +
C1Mra < Cirp,C1Co+ i1i2+c102m§ < 2c1Com, and Corq+iqrp > CoMrq,C1Co +iqio + clczm% >
2C1CoMy OF Cprq+1i1rp < CpMyrq,C1Co + 70 + clcgm% < 2C1CoMmy.

(ix) The pest free equilibrium point Eg(P;,P;,P5), where

p* _ ti+Vd PY 0 P — r3(di++d2)

2i1(cae+drs)’ 2 % 2ip(cge+drs)’

and d; = —beh + czery — crz3 —difKrz +drqrs,

da = (i1 (be+dKrz) +rz(c—dry) +ca(—€)ry)? + 4ig (cze+drg) (r1 (be+ dKrz) — cKrz),

ds; = 2i1 (cze+drsz), which is biologically feasible if d; > 0 and d, > 0.

(X) The crop, pest, and locust swarm coexistence equilibrium point Eg(P},P5,P5),
where the interior equilibrium point E*(Py,P5,P3) is the point of intersection of the

following equations:

Cch

—_ 1 (1- —i1P = 4.1
b caP, AR ca ( my)Po—i1Pr+r1 =0, (6 )
C2(l—my)P—isPo+r12=0, (6.4.2)
eR
rs— KT Pr =0, (6.4.3)
from (6.4.1)and (6.4.2)
P, — Pr(co— (i;‘zml) + I’2, P, — rs (Ke+ Pl), (6.4.4)
2

using the value of P, and P; from equation (6.4.4) then, P, satisfies the following
equation:
P2Q+PR+P=0, (6.4.5)

e . me _
where, Q = dr3 < 0102 1y 2c1i022m1 _ Cll_;:2 ) Te e< ClCZ 2c1ic22m1 _ cll_zcz _ |1>

P= be(clrl‘;lr2 C1;22+r1>—cKr3,+dKr3
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R= be<—clci2m% + 2c1ic22m1 — A2 i1> +dKrs <—le§m% + chiczzml — 42 i1> +cze—crz+drs,
If Q > 0and R2—4PQ> 0, then (6.4.5)has a positive root Pj (say). For the value of P},
values of P; and P; can be obtained from equation (6.4.4) P5 is positive if c; > com

and P3 is positive as P;' is positive.

6.4.1 Local Stability

The stability analysis of the model (6.2.1)is governed by the Jacobian matrix

Qs Qs —prosds
J=| (l-m)P Q 0 , (6.4.6)
Qs 0 —g5H+rs

c3P P I ch; _ _
brcePrrdm)? — brgpiram T Qe = —Cu(1—my)Py+

cdRP; _ - _eP
(brcaPr+dm)2’ Q7=0C2(1—my)PyL— 2P+ 12, and Qg = (K+|§1)2‘

where, Qs =—2i1P,— ¢y (1—my) P+ (

Theorem 6.4.1.At different equilibria, the system (6.2.1) has the follagibehavior:

() The trivial equilibriumEg is unstable since all eigenvaluesof (614.6Egare always posi-
tive.

(ii) The equilibriumE; is unstable, since one of the eigenvalues of (6.4.&) & always pos-
itive, i.e.,ro > 0.

(iii) The equilibrium E; is unstable, since one of the eigenvalues_of (6.4.@at always
positive, i.e.r3 > 0.

(iv) The equilibriumEs is unstable, since one of the eigenvalues,of (6.4.@sa always
positive, i.e.r3 > 0.

(v) The equilibrium poinEs is locally asymptotically stable FeBr; +degmr2 +begizmyr, +
depriry > begior, —degrs — cKidrs.

(vi) The equilibriumEyz is locally asymptotically stable & > 0, s, >0, s3> 0, ands; S, —S3 >
0.

(vi) The equilibrium pointEg is locally asymptotically stable dy4 < O,

1+ cy — /0, — 20101+ o, + Adhaths < 0, and

1+ e + /07, — 201601+ A, + Adh gl < O.

(viii) The equilibrium pointE;g is locally asymptotically stable ; > 0, g> > 0, g3 > 0, and

0102 — g3 > 0, where all parameters are mentioned in the proof.
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r 0 O
Proof. (1) The Jacobian matrix &y isJ(Ep) = | 0 ro 0 |. The eigenvalues ai(Ep)

0O O r3
arerq, rp, andrz. Hence Eg is unstable since all eigenvalues are always positive.

(2) The Jacobian matrix &; is

The eigenvalues af(E;) arery, —rs, %. Hence E; is unstable since; is always posi-
tive.

(3) The Jacobian matrix & is

ry —alom)n o on
JE) =] o clmn,,, 0
1
0 0 rs

The eigenvalues af(Ey) are—ry, %ﬁ”*'”z, ra. Hence E> is unstable since eigenvalue
rs are always positive.

(4) The Jacobian matrix &z is

The eigenvalues of(Ez) are—r», w, rs. Hence Ez is unstable since eigenvalue

rs is always positive.
(5) The Jacobian matrix & is

Ci(1—my)rp cKry
r— - — ar 0
-
J(Es) = C2(1—iml)f2 ty 0
2
ﬁ 0 —I3
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. bebr;+deqmyri+begimro+deirir,—begiorp—degra—cKidr
The eigenvalues af(Es) are—r, —r3, and pru+deamr3 +beqipmraf debrara—beqiar,—deqrs—cKiyrs

eip(bip+dry)
The equilibrium poinEs is locally asymptotically stable if
beiri + deqmurs + begiomirs + debrir, > begior, —degrs — cKidrs. (6.4.7)
(6) The Jacobian matrix &y is
de ds7 dsg
JE7)=| dg dip O
0 0 ra
where,dg = —C1 (1 —m) Py — 2i1P} + 11, d7 = —c1 (1—my) Py, dg = _tH—Cg,CPli*l-&-sz*’ dg =

Co (1— ml) Pék, anddip = ¢, (1— ml) Pf — 2i2|3éi< +Io.

The eigenvalues af(E7) are’ (dG +dio— \/ o2 — 2dyodlg + o2, + 4d9d67> ,
3 (o + dao+ 4 /dZ — 200l + &%, + 4dodl7 ) , andrs.

Then, the characteristic equation of th&) is given by

S1X%° + SX+ S3+ X =0,

where,sl = —d6 — le —I3, S = del’g + dlol’g — d7d9 + d6d10, S3 = d7d9l’3 — d6dlol’3. Using
the Routh-Hurwitz conditions [95, 126, 136], the equilibm pointE; is locally asymptotically

stable if
$1>0,5>0,s3>0, ands;sp — s3> 0. (6.4.8)
(7) The jacobian matrix dtg is

dig1 dip dis

dis 0 die
_ CePYPf Py — _ cdPfPf % o cPff
Where,d]_l = (b+C3Pf)2 - b-i-Cng —2|1P1 —H’1, d12 - W —C]_ (1— m]_) Pl’ d13 = —W,

_ _ * __eR? o, 2R
diu=0C (1 m1) Pl + 1o, 015 = (K—i—Pl*)z’ anddig =r3 KTPF

The eigenvalues of the Jacobian mafkksg) ared 4, % (dll +dig— \/ dfl — 2016011 + dfG + 4d13d15> ,
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and$ (dh+ dig+ /2, — 20uethy + g+ Acadhs)
The equilibrium poinkg is locally asymptotically stable if

dya <0, dyg +dyg— /02 — 2d1edys + A2+ Adyaclys < O, and

di1+ dig+ \/d%l — 2d16d11 + d%6 +4d13d;5 < O. (6.4.9)
(8) The Jacobian matrix &g is
di7 dig dig

J(E10) = dog do; O )
d O ds

ccsPF Py ch¥ . cdPP¥
whered;7 = ( 331 S —C1(1—m)Py—2i1P} +r1,dig= ( o

bt+csPf+dPy )2 brcaPy+dPy btcsPf+dPy)2

cP* .
—W, d20 = Cz(l—ml) PZ*, d21 = Cz(l—ml) Pf —2I2P2* + I,

ep:2 2epr . . L
doy = ('<+73';£*)2’ anddy3 =r3— K+F3,l*. Then the characteristic equation of ths; o) is given

by

(o] (1— ml) Pf, d19 =

X2+ g+ goX+0g3 = 0,

whereg; = —dy7 —dog — ds, g2 = —d1g0og + d17021 — d1g0p1 + di70o3 + dr1d23, and gz =
d19d§1 — dy7023001 + digdood23, using the Routh-Hurwitz conditions [95, 126, 136], the equi

librium pointE;g is locally asymptotically stable if

0g1>0,g2>0, g3> 0, andgig2— g3z > 0. (6.4.10)

6.5 Global Stability

Theorem 6.5.1.The coexistence equilibrium poi(P;, P;,P5) is globally asymptotically
cePy

stable if(i) i > =55 and (i) cP; > b.

Proof. Firstly, we define a Lyapunov function

V(Py, P, ,P3) = (PL— Py —P{In P_b +hy(P,—P; —P;In P_i) +hy(Ps—P; —P5In %),
1 > 3
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whereh; andhy are positive constants to be determined later. It can bdyesesen that the
functionV is zero at the equilibrium poiriP;’, Py, ,P3) and is positive for all other values of

P1, P>, andP;. The derivative of Lyapunov functiovi is

P dR

By dR Py dR
P’ dt

dv _P_l*)dP_L 5k
Py’ dt’

a—( —— +hi(1-

it +hp(1-

putting the values of%, ddFt’z andd% from (6.2.1), we have

dv Py cPP;

it (1—3)(r1P1—I1P1—C1(1 L S T=)

*

P .
+ hl(l — g)(l’gpg — I2P2 + Cg(l — ml) Plpz)

eP’

P
+ha(1- =) +K)

Py
P
= (P]_— Pf) (r]_— i]_P]_—C]_(l— m]_)Pz—

)(raPs—

B B
b+ csP+dRs

ri+i1Pf +c(1—mp)Ps + °hs
1 T VT2 T bt caPy + dFE

+ hl(Pz — Pék) (I’z — i2P2+ Cz(l— ml)Pl— o+ izl:)éi< — Cz(l— ml)Pf)

. eR el
+h2(P3—P3)(r3—m r3—+ Pl*—i—K)’

Definery(Py,P,) = (b+ 3Py + dRS) (b + e3P+ dBs), ra(Pr) = (PL+K)(Pf +K)

dv . ccP3 e +eK

— = (i ——2 ) (PL—P} )2 — i (P — P§)? —hp— 2 —— (P — P%)?
il rl(Pl,PZ))( 1 — Pp)? —ighy (P —P5)%—hy 2 (PL) (P3—P3)
. bc ccPf el « .
(~eu(tmy) + calt-mainy ) (o= PE) o ) + 12— 2% 4 S ) Py ) L ).
choosingh; = %, hy = %’%‘m, then we obtain
dv . CC3 w2 . C1(1—my) s2 Cr2(cPF—-be
dt < (I bd)(Pl Pl) I2C2(1—m2) (PZ PZ) r]_epk K<P3 PS) )
without loss of generality, we obtain
dv ccaP3 .. N
a<0|f() b , and(ii) cP > b.
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Consequentlyy is a Lyapunov function. We then define the invariant set as

dv
Q= {(P]_,Pz,Pg) S R; . a = 0}

Hence, by LaSalles invariance principlel[6, 92], it follothait theEo(Py', P5, P5) is globally
asymptotically stable. O

6.6 Numerical Simulation and its Discussion

For simulation purposes, we perform numerical simulations to analyze the dynamic
behavior of the system (6.2.1) In order to establish a stronger concurrence between
the model performance and the observations the mathematical parameters can be
significantly changed of the model representing a given model. Some of our analysis
conclusions are validated in this section using numerical simulations, which are obvi-
ously quite interesting and have the benefit that the interaction effects between distinct
classes can easily be identified. However, several scenarios have been carried out
addressing the biologically viable parameter and the results have shown the variety
of dynamic outcomes obtained in all the examined circumstances. As this problem is
not a case study for a particular species, experimental hypothetical values are taken
in Table [6.2] with the aim of presenting the preceding analytical results of the previous
sections. Furthermore, we take a qualitative rather than a quantitative approach to
this.

Table 6.2: Parameter value used in simulation.

Parameter Value Parameter Value

ri 0.6 d 0.1
i1 0.15 ro 0.5
C1 0.2 P 0.4
m 0.6 C 0.3
C 0.5 ra 0.35
b 10 e 1

C3 0.001 K 5

Figures[6.1aland Figures[6.2al are plotted using Table [6.2 for the time t=5 and t=100
units, respectively. Figures and Figures are plotted using ry = 0.7, i =
02, ¢=035mMm=06,c=2 b=10 ¢3=0.001, d=0.1,r, =0.5,i» =0.35, ¢, =
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0.25,r3=0.35 e= 1, K = 5. Figures represent that the density of crop decreas-

es, when the population density of pest and locust swarm increase. However, Figures

shows that the population density of P; decreases more compared to Figures

[6.1al Becausethe competition among prey, response of predators-I to prey, and max-

imum value , which per capitareduction rate of prey are i; = 0.2,¢c, =0.4,and c= 2,,

respectively. Further, Figures[6.2al and Figures coverage to the endemic equilib-

rium for the model system (6.2.1)
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e .t
2.5 7”77”77”77”77”77\
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Figure 6.1: Time series diagrams between population deakitrop, pest, and locust swarm

of the system fot = 5 units.
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Figure 6.2: Solution curves coverage to the endemic egjilifor the model system (6.2.1),
showing that all species survive and ultimately evolve wirthteady states.

6.6.1 Numerical Simulation of Local Stability

The equilibrium points, corresponding eigenvalues and the nature of the equilibrium

points of the model are presented in Section [6.4l It is difficult to interpret the theo-

retical results due to complicated equilibrium points. To visualize the theoretical and

stability results obtained in Section [6.4, we use numerical simulation to validate the



theoretical aspects. In this section, we discuss only those equilibrium points , which

have biological feasible and asymptotically stable.

For the set of parametric values given in (6.6.1) the stability condition (6.4.7)is ful-
filled and the equilibrium point E5(0,1.48142.7132) is stable. Figure shows that
for parametric values given in (6.6.1) the crop P, decreases rapidly while P, and Ps in-
crease. Finally, all three species eventually get their steady states Es(0,1.48142.7132).
Eventually, the density of crop is cleared out from the system. The pest and locust
swarms grow well and lead to stability in the prey—predator system. Moreover, Fig-
ure represent phase portrait of the model system (6.2.1) with parametric values
given in (6.6.1) Starting from various initial conditions, all the solution approach to-
ward Eg(0,1.48142.7132. The different initial conditions are shown in Figure [6.4al

r1=045i;=1 ¢ =025 m =05 c=2 b=10, c3=0.001 d = 0.1,
rp=0.4, i, = 0.27, ¢ = 0.125, r3 = 0.35, e = 0.258 K = 2. (6.6.1)

For the set of parametric values given in (6.6.2) the stability condition (©.4.8)is ful-
filled and the equilibrium point E7(1.28080.78820) is stable. Figure shows that
for parametric values given in (6.6.1) the crop P;, pest P,, and P; decrease.Finally,
all three species finally get their steady states E7(1.28080.78820) . Eventually, the
density of crop is cleared out from the system. Figure [6.3b]represent phase portrait of
model system. It is clear from Figure [6.3b], using different initial population densities
of the species the trajectories for the species indicate that the nontrivial equilibrium
point E7(1.28080.78820) is stable asymptotically stable. The different initial popula-
tion density is shown in Figure [6.3bl

r1=04,i1=03 ¢ =01 m =08 c=2 b=10, c3=0.001 d = 0.1,
rp=0.2, i, = 0.27, c; = 0.05, r3 = 0.05, e = 2.7, K = 0.9. (6.6.2)

For the set of parametric values given in (6.6.3) the stability condition (6.4.1)is sat-
isfied and the equilibrium point Eg(1.33710,.6674) is stable. Figure shows that
for parametric values given in (6.6.3) the crop P; decreases rapidly, after some time
approach to stable. Similarly, P, and P; decrease and P, approaches zero. Thus, all

three species finally get their steady states Eg(1.33710,.6674). Eventually, the density
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of pest is died out from the system. Moreover, Figure [6.4c|represent phase portrait of
the model system (6.2.1)with parametric values given in (6.6.3) Starting from various
initial conditions, all the solution approach toward Eg(1.33710,.6674). The different
initial conditions are shown in Figure [6.4c|

r=04i1=02:c=01mMm=09 c=2 b=10 ¢3=0.001L d=0.1,
rp=005ip=17 cp=01r3=02 e=1 K =2 (6.6.3)

Figure represent phase portrait of the model system (6.2.1) with parametric val-
ues given in Table 6.2l Starting from various initial conditions, all the solution ap-
proach toward Eg(2.17021.9011 2.5096). The different initial conditions are shown in
Figure[6.4c| Thus, all three ultimately attain their steady states and achieve asymptoti-
cally stability. Since these groups share the same ecosystem, they can be cooperative

or compete with one another depending on the situation.

P1.P,,Py P1.P2Py
3.0 3.0

25F 25F

05 ‘\ — Pl 05 P3
\’A/“—L L - . Lt L L t L ot
(@) Equilibrium point (b) Equilibrium point
(0,1.48142.7132 (1.28080.78820)
20—“\‘ P, P P3
ISZ //
(c) Equilibrium point

(1.3371,0,0.6674)

Figure 6.3: Asymptotic stable solution at equilibrium pgsifor the model systerh (6.2.1).
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(c) Stable point(1.3371,0,0.6674) (d) Stable point(2.1702,1.9011,2.5096)

Figure 6.4: Phase portrait of model systém (6.2.1).

6.6.2 Biological Interpretation of the Parameters

A mathematical model includes the parameters that increase the complexity of the
model and make it more complicated to analyze the parameters that occur in the
model. Therefore, we analyze the variation of population density when one parameter
varies and keeping the rest of the parameters unchanged. Figure [6.5a-Figure [6.5D),
we see that the density of crop P; increases while the population density of P, and
P; species are almost the same when d increases and while leaving the rest of the
parameters same in Table[6.2l Similarly, Figure[6.5el-Figure 6.5l represent the density
of crop P, increases while the population density of P> and P; species is almost the
same when c3 increases and keeping the rest of the parameters unchanged in Table
6.2l Figure [6.5g-Figure represent the density of P, P,, and P; decrease when
c and iy increase and keeping the rest of the parameters unchanged in Table [6.2]
Figure [6.6d-Figure [6.6f, we see that the density of crop P, and P, increase while the
population density of P; species decreases when e increases and keeping the rest of
the parameters unchanged in Table[6.2. Figure[6.6g}-Figure [6.6i represent the density
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of crop P, and P increase while the population density of P, is almost the same when
b increases and keeping the rest of the parameters unchanged in Table 6.2l Figure
[6.7al-Figure[6.7clrepresent the density P, P,, and Ps increases when r; increases and
keeping the rest of the parameters unchanged in Table 6.2l We observe from Figure
[6.7d-Figure [6.7f that P, decreases when r, increases and locust swarm P; decrease
while pest density P, increases. Similarly, Figure [6.7g}-Figure show the variation
of population density P;, P>, and P;s when one parameter varies and keeping the rest
of the parameters unchanged. Further, Figure [6.6]-Figure [6.61] show the variation of
population density Py, P,, and P; when my, K, and i, varies and keeping the rest of the

parameters unchanged.

O 5 10 o 2 @ & 5 10 o 2 @
t t t

(&) Variation of P when d (b) Variation of P, when d (c) Variation of P; when d
varies varies varies

& 5 10 o 2 @ & 5 10 o 2 @
t t t

(d) Variation of P, when c3 (e) Variation of P, when cz (f) Variation of P; when c3
varies varies varies

© 0 10 o0 2 a © 0 10 o 2 a
t t t

(g) Variation of P, when c (h) Variation of P, when c (i) Variation of P; when c
varies varies varies

Figure 6.5: Dynamical behavior of tHa, P,, and P; of the system[{6.2]11) and parameter
values are taken from Talle 6.2.
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6.7 Formulation and Application of Optimal Control Prob-

lem

Optimal control techniques develop optimal strategies to control the various fac-
tors that affect the systems. In this section, we develop a prey—predator model us-
ing control variables and we verify how effective controls in a prey—predator model
work. Pontryagins maximum technique is used to find the necessary condition for
the principle of optimal control system [122]. Our first aim is to increase the amount
of crop and reduce predator populations, which damage the crop. Here, two con-
trol variables are used: the first is applied to the pest, which kills the insect, and the
second is applied to the locust swarm, which measures the effort required to raise
awareness, leading to a drop in the transmission rate. The second variable of con-
trol means awareness-raising of aircraft for the locust control (sprinkling kits are to be
provided for dessert craft control purposes), local warning routine activities, advanced
planning, and preparation of aircraft (screening schedule prepared, emergency plan
update, testing of the contingency plan), actions made during everyday control oper-
ations before the high alert. Let ui(t) measures the rate of application of pesticide to
reduce pest individuals and ux(t) represents the effort required to raise awareness,
which reduces the transmission rate. Further, uy(t) is the percentage of predator indi-
viduals because the amount of pesticide in use depends on the predator populations.
The control functions, up(t) and uy(t) are bounded, Lebesgue integrable functions.

Now, the model with two control strategies is given below:

R — 1Py (1) — i1PE(t) — ca(1— my) Po(t) Py(t) — ﬁ&dp&m,
B _ roPy(t) —iaP2(t) + co(1— my)Py(t)Pa(t) — byus Py, (6.7.1)

2
B — rapy(t) - 7;;(3)(2;( — bauzPs,

with initial conditions,
P1(0) = Pro > 0, P»(0) = P,p >0, P3(0) = P3g > 0. (6.7.2)

Our primary goal is to reduce the overall number of pests while also reducing locust

swarm individuals, as well as the expense of raising awareness and treating them at
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regular intervals. For fulfilling our purpose, the following is the goal function with which

we perform:

T

Minimize J(us(t), ua(t)) = J (ALP; + AgP3 + %(Bluf +Bou3))dt, (6.7.3)

0

where, B; and B, are weight parameters that help to balance the corresponding costs.
In the objective function, AP, represents the total pest density, AoPs represents the
locust swarm density, 81”—2% represents the cost for pesticide, and 82”—2% represents the
cost for creating awareness. The square of the control parameters is used to eliminate
the bad side effects of the control variables [80,218,219]. We define the control set

as follows:

U = {(ta(t),up(t) : 0< ug(t) <1, 0< Up(t) < 1,, t € [0, T}

6.7.1 Existence of Optimal Control

To use Pontryagins maximum principle [122] on the time—dependent controls, we
first need the existence of optimal controls, characterize the time—dependent controls,
and adjoint equations for system (6.7.1) Now, using the results in [41},[148]240], the

following theorem is stated.

Theorem 6.7.1.Given the objective functional, defined on the control sét, and subject
to the state system with non—negative initial conditions-at0, then there exists an optimal

controlu= (ug,up) such thatl(u) = min {J(uz, uz)|u,up e U}.

Proof. To prove the existence of optimal control using the reswalinf{41,148, 240], if the
following conditions are hold

(i) The set of controls and corresponding state variablesianempty.

(ii) The control set is convex and closed.

(iii) The right—hand side of the state systdm (6.7.1) is ltmehby a linear function in the state
and control variablegus, uy).

(iv) The integrand of the objective functional is convexidn

(v) There exist constantg, c; > 0 andn > 1 such that the integrand of the objective functional
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satisfies
1 n
AP + AP+ é(Blug +Boul) = cp(Jur? + [up/?)2 — ¢y

To verify the first and second conditions, the state and obréariables are non—empty and
non—negative. The control variables andu, are also convex and closed by the given defi-
nition, which gives the condition (ii). For the conditiomithe control model system can be
expressed as a linear function of control variahlesith the coefficients as functions of time
and state variables

f(t, P v) =y(t, P)+<(t, P)u,

where,u = (ug, up) eU, P= (P, P, P), f(t, P, u) be the right-hand of (6.7.1),

raPy(t) —i1PZ(t) — c(1—my)Pa(t)Py(t) — b+c_3P(1:Zl)?-d%_(t)7 0 0
y(t,P) = roPo(t) —iP2(t) + Co(1— my)Py(t)Pa(t), E(tP)=| -, 0O
=
rsPy() ~ ik 0 R

N

r 0 0 P]_ 0 0
u
ft,Po)<|| 0 ntea-mp o || R ||+]| -2 0 ( 1)-
0 0 ra Ps 0 —boPs

Using Boundedness of the system (6.2.1), there exist amis€a > 0, C, > 0, andCs > 0,
such that0< P, <Cj, 0< P, < Cp, and 0< P; < Cs for all t € [0,tf]. Therefore,

ri 0 0 Py 0 0
u
f(t,PU)[<||] O ra+c(l—m)C; O P || t]|] C O ( ' )
u
0 0 ra Ps 0 —bCs ’

< M1|P| + M2|U|,

whereM; and M, are the upper bound of the matrices. Hence, we see that thie-mand
side is bounded by a sum of the state and the control varialblesrefore, condition (iii) is

satisfied. The integrand in the objective functiodal, + AoP; — BiP1AgUZ + Agus3, is clearly
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convex onu; andug, which gives the condition (iv). For the last condition (v),

1
AP + AP + é(Blui + Bou3) = ByUZ + Boud,
> min(By, Bp) (U3 + u3),

= cl(uf + U%) —Cy.

Hence,A1P; + AoPs + 3(B1uf + Bauj) = c1(|ur|? + [up|?)? — ¢z, where,c; = min(By, By), ¢
is positive constant, anal= 2 > 1. Using all conditions we can conclude that there exists an

optimal control(u;, u;) such that

J(up, U3) = UaniZQQJ(ul, up).

6.7.2 Characterization of the Optimal Control

We characterize the time—dependent controls and the corresponding adjoint equa-
tions. To derive the necessary conditions for the optimal control pair, Pontryagins

maximum principle [122] is used. The Hamiltonian is defined as follows:

1
H = A1Pp + AgPs + 5 (ByuZ + Bou3)

CP3P1 . 2
M| ———=——=—C1(1-m)PP, —i1P{ + Pir
- 1( b+ csPy + dPs 1(1=my) PP — 2P+ 11)

: er?
+Ao (—b1P2U1 + C2 (1 — ml) PP — I2P22 + Pgrz) + A3 (—bngUz — K +3P1 + P3I’3) (6.7.4)

where A1, A2, and A3 are adjoint functions associated with the state functions Py, P,

and Ps.

Theorem 6.7.2.1f uj andu; be an optimal control which minimizé(uy,uy). Let Py (t) and

P (t) are optimal state solutions for the control system (6. ThE)) there exist adjoint variables
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A1(t), A2(t), andAz(t), satisfying the following

dA o ccsPsP ch; ;

d_tl = )\1 <— (b+033|’31i_é%)2 + brcaP,rdR +C1 (1— ml) P+ 2i11P; — I’]_) — Cz)\z (l— ml) P —
% =—A1— A (—blul +Co (1 — ml) P, —2ioP + I’z) +C1A1 (l — ml) Py,

dA - cdRP; ch 2eR;

@ — ek <(b+03P1+d%)2 - b+C3P1+dF1:,> —A3 (—bzuz TRt r3> ‘

(6.7.5)

with transversality conditions are
Ai(Tf)=0,i=1,23.

Further, the optimal control variablg (t) andu;(t) that minimizeJ(uz, uy) are given by

uj(t) = min {max{o, bléZPZ}’ 1}, and u3(t) = min {max{o, bzggpg,}, 1}.
1 2

Proof. The adjoint equations are obtained from the partial devigatof the Hamiltonian,

with respect to each state variable. That is,

/ oH oH cH
M) = R A(t) = Y As(t) = R

The behaviour of the control can be determined by diffeegimy the HamiltonianH, with

respect to the controlgiy, up) att. Where, O<u; < 1 forall (j = 1,2).

oH Aoy P,
S = 0= —b1A2P> + Biuj atuy = uj(t) = uj = 752,
H

6u2

the control[[200]u4 (t) andux(t), we get

uj(t) = min {max{o, bléZPZ}’ 1}, and u3(t) = min {max{o, bzggpg,}, 1}.
1 2

6.7.3 Optimality System.

The optimality system is made up of a state system and an adjoint system with

starting and transversal conditions and the characterisation of optimal control. The
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optimal control is represented by the optimality system shown below.

(

B —raPut) —i1PA(1) — cu(1— m)Po(O)PL(Y) — prept cam

dt
% = I’2P2(t) — i2P22(t) + Cz(l— ml)Pl(t)Pz(t) — b]_ min {max {0, %ipz} s l} P2,
dPs( ers(t)

H _ raPs(t) — gk — P2 Min {max{o, %ng}, 1} P,

Q)
—

d_tl = Al <— (b—i—g;:IngPi-éF{:,)z + b+03?3?+d|33, +C1 (1— ml) P2 + 2I1P1 — r1> — CzAz (1— ml) P2 — (K+37Pls)2’
d2 = A-A <—b1 min {max{o, %ipz} , 1} +C2(1—my) Py — 2P, + r2> +C1A1 (1 —my) Py,
dAz

_ cdRP. ch ; bpAsP3 2eR;
=AM <(b+03P1+:éP3,)2 - b+C3P1+d%> —A3 <_b2 min {max{o, %}’ 1} TP T r3> :

(6.7.6)

o
—

with initial conditions
Pl(o) = PlO = 07 PZ(O) = PZO = 07 and P3(O) = P30 = 07
and transversality equations

Ai(Ts) =0,i=1,23.

6.8 Numerical Simulations for Optimal Control Problem

Because this is a qualitative research, it is not based on a survey or a census.
Therefore criteria cannot be measured in a meaningful way. We consider taking
a simulated set of parameters for the objective of computation. This is one of the
limitations of our model and the same is persistent in the huge published literature.
We use Runge-Kutta fourth—order iterative method to numerically solve the optimal-
ity system (6.7.6) The forward—backward sweep method for the iterative procedure
of the optimality system is given in [200,[218|219]. The forward—backward sweep
method convergence is based on the study done by [234]. The controls are up-
dated at the end of each iteration using the formula for optimal controls. The iter-
ations continue until convergence is achieved. Therefore, because our aim in this
issue is to reduce pests and save crops, we assume that the initial values for the
crop, pest, and locust swarms are Py(0) = 3, P»(0) = 1.5, and P3(0) = 1 with appro-
priate units, respectively. We use this control within 2 unit time, which could be in
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hours, days, weeks, or even months. Figure is plotted using the parameter value
ri=06,i1=015c¢c=02 m=06,c=05b=10¢c3=0.001L,d=0.1,r, =05, i, =
04,c0=03r3=035e=1K=5"b=1by=1 Al=1 A =1 B =1, By =1,
and t = 2. Figure and Figure describe the solution curves for the three—state
variables, both in appearance and non—-appearance of the control. Figure [6.8(a) indi-
cates that the population density of crops is approximately 3.18 and 2.8 unit at 2 unit
time in the presence of control and the absence of control, respectively. Similarly, Fig-
ure [6.8(b) and Figure [6.8(c) shows that the population density of P, and P; is approxi-
mately 1, 0.6 units in the presence of control and 2, 1.5 units in the absence of control,
respectively. Figure[6.8(d) and Figure [6.8(e) represent the variation of controls u; and
u, for application of pesticide and awareness. Figure [6.8(f) and Figure [6.8(g) repre-
sent the variation of adjoint variables. Figure[6.9lis plotted using the parameter values
i1=01,¢c=01,¢c=1r,=04,i,=03,r3=02,b1=3,b,=3,B;=0.1, Bp=0.1and
keeping the rest of the parameters unchanged of Figure [6.9. We see that the density
of crops is approximately 4.5 and 3.6 unit in the presence of control and absence of
control, respectively. Similarly, Figure [6.8(b) and Figure [6.8(c) shows that the popu-
lation density of pest and locust swarms are approximately approach to zero in the
presence of control and 2.3, 1.2 units in the absence of control, respectively. Fig-
ure [6.9 gives the batter output compared to Figure 6.8l In Figure [6.9], the cost of

control is low because the value of B; and B, are 0.1.
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Figure 6.9: Comparison of population density with contrelsus without control

6.9 Discussion and Future Scope

In establishing population dynamics, environmental variations play an essential ef-
fect. In the instance, one of the essential links between populations that influence
population dynamic is prey—predator interaction. In this work, a three—species crop-
s, pest and locust swarms have been constructed. Moreover, the model based on
the hypothesis of imprecision and description by appropriate parameters of the bio-
logical parameters in ecology. The Positivity and boundedness of the system (6.2.1)
has been analysed. The possible presence of feasible biological equilibrium points
of the system has been discussed. We also identified the local and global stability
circumstances. By determining the suitable Lyapunov function, the global stability of
the unique positive equilibrium has been evaluated. Further, the local asymptotic sta-
bility of several equilibrium points has been discussed to interpret the dynamics of

the model system. In this way, Figure [6.2] showed the co—existence of the system.
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Figure [6.5Figure showed the variation in population density and biological inter-
pretation of the parameters when one parameter varies and keeping the rest of the
parameters unchanged. Moreover, we have presented a prey—predator model with
control and without control using a system of differential equations. Two controls have
been introduced in the prey—predator model, in which one is the rate of application
of pesticide and the other is the rate of application of awareness. In the examina-
tion of the effect of optimal control strategies, we have analysed the existence and
conditions for optimal control. Further, the control model has been solved by numeri-
cal techniques by taking assumed suitable parameters and various numerical results,
which were obtained with different values of parameters. In Figure [6.8/and Figure [6.9,
it has been observed that control variables increased the density of crops while reduc-
ing the density of pests and locust swarm. This study is a new contribution in the area
of prey—predator studies in agriculture. The results in this ecological paper have much
potential in real-life farming communities and may be useful for decreasing reduction
and systematic study for pest control management. This study may be a proven sup-
plement to existing studies in this area of ecology. The results in this ecological paper
have much potential in real-life farming communities and may be useful for decreas-
ing reduction and systematic study for pest control management. This study may be
a proven supplement to existing studies in this area of ecology. While this work rep-
resents an autonomous application to knowledge and practice within the industry, it
promotes future research in this field using similar systems—based methodologies to
make sustainable agricultural production processes and policies possible. A few new
open challenges that can be performed in the coming years are (i) realistic systems
are fitted with various requirements, (ii) the predator—prey system with mutual interfer-
ence and an analysis of the impacts of appropriate monitoring and mutual interference

may also become a viable and crucial further expansion of this work.
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Chapter 7

Conclusion and Future Scope

7.1 Conclusion

In this thesis, we studied the principles, methodologies, and applications of mathe-

matical models in agriculture. This thesis examines the interaction of a crop and pest,
as well as the implementation of various functional responses. In ecological view-
points, the dynamic behaviour of the prey and predator population displays seasonal
changes on crop and pest. The dissertation is organized into six chapters. Chapter
1 introduces the motivation,biological backgrounds, mathematical model, significance
of functional responses, various strategies associated with achieving stability, optimal
control, and a numerical technique.
In Chapter 2, we look at a mathematical analysis of two prey and one predator mod-
els in agriculture. The model’'s boundedness and positivity of the solutions have been
addressed. All equilibrium points have been found to be conditionally biologically
acceptable, locally and globally asymptotically stable under specific circumstances.
In addition, the mathematical effect has been demonstrated with and without control
variables. For model verification, actual data and experimental data of parameters
have been implemented. Our numerical study reveals that three control strategies,
biomass, cassava mosaic virus control, and pesticides, have a massive impact on a-
gricultural systems.

In Chapter 3 of the thesis, a three—dimensional model of prey (crop), pest (a predator
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of prey), natural enemy of pest (a predator of pest) and a systematic technique have
been used to control the pest population using a balanced mix of pesticide and a nat-
ural enemy of pest. The existence and stability conditions for the equilibrium point
have been established. We have also nhumerically analyzed the significantly affect of
the natural enemy on the pest population and agricultural productivity. In the pres-
ence of the natural enemy and control variables, the pest population declined and
crop(prey) production has been enhanced in the prey—pest—natural enemy of pest
model.

Chapter 4 illustrates how to represent agricultural processes better using dynamic
simulation modelling. Three independent systems have been used to investigate in-
teractions: integrated crops, pests, and natural enemies of the pest. It has been
shown that the model is uniformly bounded and that all solutions are completely de-
fined in the positive region. We perform a thorough analysis of the behavior of the
system by examining the structure of the system through all its equilibria. The vari-
ables that have a major impact on the fundamental reproduction number have been
identified. Furthermore, using the numerical values of the parameters, the sensitivity
indices of the basic reproduction number have been calculated with regard to all of
the parameters. The control variables improved soil fertility and crop yield, whereas
the control variables diminished pest density. Our numerical results reveal that the
use of control variables and pesticides has a significant influence on the agricultural
control system.

In chapter 5, mathematical models have been addressed in order to better compre-
hend and give valuable biological abstractions and ecologically friendly interaction-
s that occur in nematode pest management applications. The results pointed to a
multi-seasonal structure as a possible explanation for the nematode invasion of ba-
nana roots. In addition, the types of pest control measures addressed in our study
may be divided into the following categories: In this scenario, chemical insecticides
and replanting are correctly blended. By examining the system’s structure through
all of its equilibriums, we became able to perform the behaviour of the system. We
evaluated the resultant model using a qualitative optimal control study to see what
conditions are best. Further, it has been observed that the optimal control worked as
a break of the nematodes population and favorable conditions of the functional root of

banana.
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In Chapter 6, A three—species crop, pest, and locust swarm mathematical model has
been developed. To analyse the dynamics of the model system, the positivity, bound-
edness, local and global stability of several equilibrium points have been studied. A
prey-predator model has also been explored in the presence of two control variables,
one of which is the rate of pesticide application and the other is the rate of awareness
application. The control variables boosted crop density while decreasing pest and

locust swarm density.

7.2 Future Scope

The motivation of studying of prey predator mathematical models is to develop eco-
logical systems that describe the dynamics of crop and pest dynamics in agriculture,
as well as to increase crop density while diminishing pest density. Modern agriculture
necessitates high—resolution monitoring that is precise and effective. Control could be
an effective solution to this problem because it is low—cost and covers a large area.
They are concentrating on a proper fertilisation strategy that includes a uniform ap-
plication of plant solutions to the field. As a result, the focus of this research is on
the mathematical modelling and analysis of an intelligent airborne platform with capa-
bilities for effective plant monitoring. It is hazardous to agricultural crops and nearby
ecosystems. For many countries, detecting this damage is a major difficulty. The
modelling of a real-world problem is done with the help of mathematical equations
that use variables, parameters, and other factors, all of which are supported by scien-
tific definitions, concepts, and affirmed assumptions that form the primary foundation
of the reasoning used. Mathematical modelling, for example, is widely employed in a

variety of issues, like:

To depict the transmission of diseases in living beings.

To learn more about how different organs work.

To study the population dynamics.

To research in order to make a design decision.

209



and many more.

The whole world is facing some of the serious environmental issues such as floods,
global warming, drastic climate differences, increase in sea level etc. Future research
in the field would involve a multidisciplinary interaction between agronomists, environ-
mental modelers, and mathematical researchers, and computational experts, aimed
at building Mathematical models which offer reliable outcomes and recognizing of field
findings in actual environments so that all the models can be regarded as develop-
ment tools. Finally, in order to apply optimal control techniques, the parameters need
to be well known and this may increase the performance of our future optimal control
systems. A few new open challenges that can be performed in the coming years are
(i) realistic systems are fitted with various requirements, (ii) the predator—prey system
with mutual interference and an analysis of the impacts of appropriate monitoring and
mutual interference may also become a viable and crucial further expansion of this
work. We expect that the decision—makers and farmers to consider the use of various
modeling activities in the future. Researchers will give a more overview of the essen-
tial elements of farming system productivity and ecology and economic sustainability
and will establish more flexible management practices and development strategies for

truly sustainable agriculture.
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