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ABSTRACT

We gave some new results related to common fixed point in complex valued b-
metric space for a pair of mappings satisfying more general contraction conditions
of complex valued b-metric spaces introduced by Bakhtin [5]. Further, we provided
related results for composition of metrics in complex valued b-metric space.
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Chapter 1

Introduction

This chapter introduces the basic concepts of fixed point theorem which include
metric spaces, complete metric spaces, contraction mapping, complex valued met-
ric spaces and complex valued b-metric space, and some results which help to un-
derstand about the main concept of our dissertation.

1.1 Metric Spaces

A function d : A x A — R to find distance between elements a, b of an arbitrary
set A, which could consist of vectors in R", functions, sequences, matrices, etc is
called a metric or distance. The distance between elements a, b € A is given by the
number d(a, b).

Definition 1.1.1. Define a function d : A x A — R on an arbitrary set A, the pair
(A, d) is said to be metric space iff V a,b € A, d(a, b) fulfil these properties:

(1) d(a,b) > 0 (Non-negativeness)
(77) d(a,b) =0 <= a = b (Identification)
(17i) d(a,b) = d(b,a) (Symmetry)
)

(iv) Fora,b,c € A, d(a,b) < d(a,c)+ d(c,b) (Triangular inequality)

2.1.2. Results

2.1.2.1 Euclidean Metric Suppose A = R and define a functiond : R x R — R
by d(a,b) = |a — b| ¥V a,b € A is a metric space (i.e., Standard Metric Space). In
general, let A = R™:

R™ — {(Zl, 29, ...,Zn)|ZZ‘ e R’@ =1to n}

1



1.2. Complete metric space 2

and for a = (ay,as,..,a,),b = (by,bs,..,b,) € R", defines the funtion d : R" x
R™ — R as

d(a,b) =

1s a metric on R", called the Euclidean Metric

2.1.2.2 Discrete Metric Space A function d : A x A — R is defined on a set

A by
0 ifar=ay
e ={ 3 100

(A, d) forms a metric space.

1.2 Complete metric space

We know that any convergent sequence in a metric space (A, d) is Cauchy but a
Cauchy sequence in a metric space (A, d) may or may not be a convergent sequence
in that metric space.

Definition 1.2.1. A metric space (A, d) is complete iff every Cauchy sequence in
A converges to a point in A.

Open intervals (a, b) are not complete.

Standard metric space of real numbers R is complete. In general, R™ with standard
metric space is complete.

The space Cy([a, b]) which is bounded, real valued continuous functions on interval
la, b], is complete.

Some important results of Complete metric spaces

There are so many results which include that In a metric space (A, d), any sequence
which is Cauchy is bounded; In a metric space, Any convergent sequence is a
Cauchy sequence; a complete subspace of a metric space (A, d) is a closed sub-
set; and many more. Some of the important results are:

Theorem 1.2.2. 4 subset (which is closed) of a complete metric space is a complete
subspace.

Theorem 1.2.3. Consider a metric space (A, d) and a complete and bounded subset
B C A. Then B is compact.

Theorem 1.2.4. Suppose (A, d) is a complete metric space. If (F,,) is a sequence
of non-empty closed subsets of A with the property that F,, .1 C F,, V' n € N and
(diam(F,)) — 0, then N, F,, is a singleton.
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1.3 Fixed point theorem

The Banach fixed point theorem is one of the most fundamental and important the-
orems in metric space which have many useful applications in mathematics as well
as in real life.

Theorem 1.3.1. (Contraction Mapping Theorem or Banach Fixed point theo-
rem). Suppose a map G from a complete metric space (X,d) to itself is a con-
traction. Then, G has a unique fixed-point and under the action of iterates of
G : X — X, all points converge with exponential speed to it.

Theorem 1.3.2. (Kannan Fixed Point Theorem [?]) Suppose that f and g are a
self map on a complete metric space (X, d). If 3 a constant « € [0,1/2) such that

d(f(a),g(b)) < a(d(a, f(a)) 4 d(b,g(b))) V a,b € X,
then f and g have a unique common fixed point.

In particular, if 3 a constant B € [0,1/2) such that d(f(a), f(b)) < S(d(a, f(a) +
d(b, f(b))) ¥ a,b € X, then f has a unique fixed point.

Theorem 1.3.3. (Gupta and Srivastava [?]) Suppose [ and g are a self map on
a complete metric space (X,d). If 3 a non-negative integers i, i and constants
a, € [0,1) such that

d(f'(a), ¢’ (b)) < ad(a, f'(a)) + Bd(b, g’ (b))

YV a,be X, then f and g have a unique common fixed point.

Theorem 1.3.4. (Suzuki [?]) Suppose that f is a self map on a metric space (X, d)
and a function 0, : [0,1] — (1/2, 1] is defined by

01 (s) := {25 if ‘/?1 <s<
Trs 2f7§§8<1

Suppose that there exists a constant s € [0, 1) such that

01(s)d(a, f(a)) < d(a,b) implies d(f(a), f(b)) < sd(a,b) ¥V a,b € X.

If X is complete, then [ has a unique fixed point z. Moreover lim f"(a) = z Va €
X.

Conversely, if every self map f on X satisfying the above condition then f has a
fixed point, then X is complete.



1.4. Complex Valued Metric Space 4

1.4 Complex Valued Metric Space

Azam et al. [1] was the first one to establish the concept of Complex Valued Metric
Spaces and then investigate the existence and uniqueness of the fixed point results
for mapping reassuring the rational inequalities.

Suppose the set of complex numbers be C and w,,wy € C and define a partial
order = on C as follows:

wy; Zwq if and only if Re(wy) < Re(ws), Im(wy) < Im(ws).
wy S wo if we have one of the following cases:
(i) Re(wy) = Re(ws), Im(wy) < Im(ws)
(i1) Re(wy) < Re(ws), Im(wy) = Im(ws)
(7i1) Re(wy) < Re(ws), Im(wy) < Im(ws)
(1v) Re(wy) = Re(wsy), Im(wy) = Im(ws)

wy 3wy if wy # wy and one of (i), (i1) and (ii1) is acceptable and wy < wy if only
(1ii) is served. We also have

0 3wy but wy Fwy == |wy| < |wy
U)1§U)2-<U)3 = w1 <X W3

Definition 1.4.1. Let A be a nonempty set. A mappingd : A x A — C is said to
be complex valued metric on A if the following conditions are satisfied:

(i) 0 =2 d(a,b) Va,b e Aandd(a,b) =0 ifand only if a = b;
(11) d(a,b) = d(b,a)V a,b € A:

(¢3i) d(a,b) 3 d(a,c) + d(e,b) Va,b,c € A

Then (A, d) is complex valued metric space.

Example 1.4.2. Let A = C. Then (A, d) is a complex valued metric space for the
mapping d : A x A — C defined by

d(a,b) = |a —b| +ila —b|, Ya,b € A.

Definition 1.4.3. [4] Suppose that (A, d) is a Complex-valued metric space and
{a,} is a sequence in A and a € A. If for every e € C with 0 < ¢, 3 N € N such
that V n > N, d(a,,a) < e, then we state that {a,, } is convergent, {a,,} converges
to a and a is the limit of {a,, }. Symbolically, lim,, ., a,, = a or a,, — aasn — oc.

If for every e € C, with 0 < ¢, 3 N € NsuchthatV n > N, d(a,, anim) < €
where m € N, then we say {a,, } is said to be a Cauchy sequence.

If every Cauchy sequence in A is convergent in A, then (A, d) is said to be a Com-
plete Complex valued metric space.
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Example 1.4.4. Suppose A = C. Then (A, d) is a Complex valued Metric space
for the mapping d : A x A — C defined by

d(a,b) = |a —0b| +ila —b|, YVa,b € A.

Lemma 1.4.5. Suppose (A, d) is a Complex valued-metric space and {a,} a se-
quencein A. Then{a,} is a convergent sequence with limita <= |d(a,,a)| — 0
asn — oo.

Lemma 1.4.6. Suppose (A, d) is a Complex valued metric space and {a,} a se-
quence in A. Then {a,,} is said to be a Cauchy sequence <= |d(a,, apim)| — 0
asn — oo.

1.5 Complex valued b-metric space

Definition 1.5.1. [4] Suppose A is a nonempty set and let ¢ > 1 be a given real
number. Define a mapping d : A x A — C. Then d is said to be Complex value
b-metric on A if these conditions hold:

(i) 0= d(a,b) Va,b € Aand d(a,b) = 0 ifand only if a = b;
(i1) d(a,b) =d(b,a)V a,b € A:
(17i) d(a,b) S tld(a,c) + d(c,b)] Va,b,c € A

Then (A, d) is called a Complex-valued b-metric space. Thus a complex valued
metric space is a particular case of complex valued b-metric space.

Definition 1.5.2. [4] Suppose that (A, d) is a Complex-valued b-metric space and
{a,} is a sequence in A and a € A. If for every e € C with 0 < e, 3 N € N such
that V n > N, d(a,,a) < e, then we state that {a,, } is convergent, {a, } converges
to a and a is the limit of {a,, }. Symbolically, lim,, ,, a, = aora, — aasn — oco.

If for every e € C, with 0 < ¢, 3 N € NsuchthatV n > N, d(a,, anim) < €
where m € N, then we say {a,, } is said to be a Cauchy sequence.

If every Cauchy sequence in A is convergent in A, then (A, d) is said to be a Com-
plete Complex valued b-metric space.

Lemma 1.5.3. Suppose (A, d) is a Complex valued b-metric space and {a,,} a se-
quence in A. Then {a,} is a convergent sequence with limita <= |d(a,,a)] — 0
asn — oo.

Lemma 1.5.4. Suppose (A, d) is a Complex valued b-metric space and {a,,} a se-
quence in A. Then {a,} is said to be a Cauchy sequence <= |d(an,pim)| — 0
asn — oo.
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Lemma 1.5.5. /6] Let o, 5 € (0,1) and a,b € A. If X, Y satisfy

d(a,Xa)d(Xa,YXa)
1+ d(a,Xa)

d(Xa,YXa) 3 ad(a,Xa)+

d(Yb, XYb)d(b, YD)
1+ d(Yb,b)

d(XYD, YD) 3 ad(Ybh,b)+
then
|[d(Xa,YXa)| < ald(a, Xa)| + Bld(Xa,Y Xa)|,
|[d(XYb,YD)| < a|d(Yb,b)| + 5|d(Yb, XYb)|
respectively.

Lemma 1.5.6. [7] Let {a,,} be asequencein Aand h € (0,1). If v, = |d(an, ani1)]
satisfies
Tp < hx, 1, Vn €N

then {a,} is a Cauchy sequence.



Chapter 2

Main Results

Proposition 2.0.1. Suppose (A, d) is a Complex valued b-metric space and ay € A.
Define the mappings X,Y : A — A and a sequence {a,} by

Aop+1 = Xagn, Aon+2 = Ya2n+1, Vn= 0, 1, 2,

Suppose 3 a mapping A : A x A — [0,1) such that \(Y Xa,a) < A a,«) and
AMXYa,a) < Aa,«) V¥ a € Aand for fixed element o € A. Then

Magn, @) < AMag, @) , AMagpyr, @) < Maj,a), Vn=0,1,2,...
Proof. Leta € A. Then for n =0,1,2, ...,

Magn, a) = MY Xag,—2,a) < AMagn—9, ) = A(Y Xag,_4, @)
< Magn—1,a) < ... < Mag, )

Similarly,

AMagni1, @) = A(XYag,—1,a) < AMagp—1,a) = AM(XYag, 3, )
< Mazm2.0) < ... < Mar,0)

O
Example 2.0.2. Let A = {1,1/2,1/2%,1/23 ...} and defined : A x A — C as
d(a,b) = |a — b* + ila — bJ?

Clearly, (A,d) is a Complex valued b-metric space witht = 2.
Define X, Y : A — A by

1 1 1
x(z) =g =¥ () vo-or2

7
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Consider the sequence {a,} where a, = 5, Vn=0,1,2,....

Thenag =1, a1 = % € A. Clearly, Xag, = aopy1 and Y as, 11 = Gopyo.
Consider a mapping A : A x A — [0, 1) defined by \(a,a) = §+ 5, Va € Aso
that for fixed o« = 5 € A, Na,a) = % + &

Clearly, \(Y Xa,a) < MNa,a), M XYa,«a) < AMa,«), ¥ a € A and for fixed

o= % € A
Further
1 1 1 1
Magn, a) = 2 + g < 5 + 6= Aag, )
and
1 1 1 1 (1/2) 1
AMagni1, @) = ity T 5 < 55t 6= 9 + 6= Aay, @)

which verifies proposition 2.1.

Theorem 2.0.3. Suppose (A, d) is a complete Complex valued b-metric space with
coefficient t > 1. Define self mappings X, Y : A — A. Suppose 3 mappings
A Ax A—[0,1) such thatV a,b € A and for fixed o € A,

(1) MY Xa,a) < Aa,a), \(XYa,a) < Aa,a),
p(YXa, o) < pla, ), p(XYa, o) < pla, o)
(if) d(Xa,Yb) = { il '2”(6 Y ga. 1)
pla, ) + p(b, )] [d(a, Xa)d(b, YD)
* [ 2 } [ 1+ d(a,b)

(i13) 2tA(a, ) + 2u(a, ) < 1 Va € A and for fixed a € A
Then, X, Y have a unique common fixed point in X.

Proof. Leta,b € A and « a fixed point in A.

Ma, o) + M Xa, o)
2

d(Xa,YXa) 3 { ] d(a, Xa)

N [ u(a, @) +2u(Xa, a)} {d(a, f{i)jg(;( ay)xa)

AMa, o) + AN(Xa, a)
2

d(Xa,YXa)| < [ ] d(a, Xa)|

N [u(a, o) + u(Xa,0) (201

5 ] |d(Xa,Y Xa)
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Similarly,
d(XYD, YD) < P(Yb’ O‘); MO yyn )
N w(Yb, o) + p(b,a) | [d(Yb, XYb)d(b, YD)
2 1+d(Yb,b)
AYD A(b
aceys v < [ gy, g
(2.0.2)

Let ag, a; € A be arbitrary and let {a,,} be a sequence defined by
Qont1 = XQop, Qopio = Yaopt1, Vn=0,1,2,...
as in proposition 2.1. Now, for k = 0,1,2,.. .,
|d(agki1, azr)| = |d(XY agr—1,Y ag,—1)|
< [MY“?’“’ O‘); Mazir, O‘)] d(Y agi1, az—1)|

{M(Ya%h a) + pagg—1, @)
+ 2

AMagk, @) + Magg_1,
_ [ (azk, @) 5 (azk—1 )} |d(agk, agk—1)|

[M(a%; a) + p(agg-1, @)
+ 2

1 ‘d(CLZka a2k+1)|

- |:/\(a0,06)‘;‘/\(a1704):| (d(ase_1, az)|

N [u(ao,@) +M(@1704)] (d(aze, azes1))|

2

Aag, @) + Aaqg, «)
2 — [plag, @) + p(ar, )]

|d(agkt1, ag)| < [ } |d(agk—1, ass)|

Similarly,

Aag, @) + Aaq, @)
d <
| (a2]€+2, a2k+1)| — 2 - [,LL(CLO, a) + ILL(CLl, (0%

>] |d(a2k7 a2k+1)’

. Aag, @) + Maq, «)
By condition (i22), h = < 1.
Y W = 5 g, ) + . @)

This gives

] |d(Y agk—1, XY agy_1)|

(2.0.3)

(2.0.4)

|d(agk+1, asr)| < hld(agk, ask—1)| and |d(agg+2, azk+1)| < h|d(agks+1, as)|
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Therefore
|d(agni1,a2n)| < hld(ag,, asn—1)|, Vn > 0.

From Lemma 1.8, we deduce that {a, } is a Cauchy sequence in (A, d). By com-
pleteness property of complex valued b-metric A, 3 a € A such that a,, — a as
n — oo.

We will show that @ is the common fixed point of X and Y. By condition (i7) and
Proposition 2.1, we have

d(a,Xa) 2 t{d(a,Yas,1) + d(Yag,i1,Xa)}
= t{d(a, asmy2) + d(Xa,Y am2)}
Ma, ) + M agpi1,
St {d(@,aan) + { (a a) 2(a2 = a) } d(a7a2n+l)

I S S £ e |

<t [d(a, om o) + {A(a’ @) ZA(C”’ a) } d(a, aznir)

e S s

Letting n — oo, we obtain d(a, Xa) = 0 giving Xa = a.
Similarly,

d(a,Ya) 2 t{d(a, Xaa,) + d(Xaz,,Ya)}
=t {d(a, Ant1) + {A(a%’ a);— Ala, ) } d(agy,, a)

N {/I,((lgn,a)Z‘l' ,u(a,oz)} {d(aQZ,f;L(Qsz’(Z; Ya) H

<t [d(a, domin) + {A(ao’ o) 2+ Ma, ) } d(azm, )

) ot

Letting n — oo, we have d(a, Ya) = 0 giving Ya = a.
The uniqueness can be easily established by using conditions (i7) and (7). O

Taking pv = 0 in Theorem 2.3, we get the following corollary.

Corollary 2.0.4. Suppose (A, d) is a complete Complex valued b-metric space with
coefficient t > 1. Define self mapping X,Y : A — A. Suppose 3 a mapping
At AxA—10,1) such that ¥ a,b € A and for fixed a € A,
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(1) MY Xa,a) < Aa,a), \(XYa,a) < Xa, a)

Aa, a) + A(b, @)
2

(17) d(Xa,Yb) 3 d(a,b)

(i13) 2tA(a, ) < 1Va € A and for fixed o € A.
Then, X, Y have a unique common fixed point in A. Taking X =Y in Theorem
2.3, we obtain this result.

Corollary 2.0.5. Suppose (A, d) be a complete Complex valued b-metric space with
coefficient t > 1. Define self mapping Y : A — A. Suppose 3 mappings X\, |1 :
Ax A—10,1) such that ¥ a,b € A and for fixed a € A,

(i) AMY?a,a) < Ma,a), w(Y?a,a) < p(a,a)

Ma, ) + A(b, a) d(ab)

fu(a, a) + (b, a)} [d(a, Ya)d(b, Yb)}

~Y

(i) d(Ya,Yb) = [

* 2 1+ d(a,b)

(13i) 2tA(a,a) +2p(a, ) < 1 Va € A and for fixed a € A.
Then'Y has a unique fixed point in A.
Example 2.0.6. Let A = [0,1]. Defined: A x A — Cas

d(a,b) = |a — b* +i]a — b]*.

Clearly, (A,d) is a complex valued b-metric space with t = 2.
Define X, Y : A — Aas

Clearly,
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Also, ¥ a,b € A, we have

d(a, Xa)d(b,YD)
1+ d(a,b)

0 < d(a,b),d(Xa,YD),

1t is enough to show that
Aa, ) + A(b, @)

d(Xa,Yb) =< . d(a,b)
Now
d(Xa, VD) = d(a/in o) = | & 2 e o]
11 11 11 11
— splla— bR +ila— 8P}
3 =l = b +ila — o)

Loyt >d(a,b)

1
Tx4 2x11 2x11
(1&+g+£+g)d(a,b)

1 4 11 4

] d(a,b)

All conditions of Theorem 2.3 are satisfied. Also a = 0 remains fixed point under
X,Y and it is unique.

Theorem 2.0.7. Let (A, d) be a complete complex valued b-metric space with coef-
ficient t > 1. Define self mapping X,Y : A — A. If 3mappings \, p: A x A —
0,1) such that ¥ a,b € A and for fixed o« € A,

(1) MY Xa,a) < Aa,a), \(XYa,a) < \a, a)
p(Y Xa, a) < p(a, @), w(XYa, @) < p(a, a)

AMa, @) —2|— A(b, @) d(a.b)
. [(a,0) + .0 d(a, Xa)d(b,Y)
2 d(a,Yb) + d(b, Xa) + d(a, b)
YV a,b € Asuchthata # b, d(a,Yb) + d(b, Xa) + d(a,b) # 0 where
2\ (a, @) + 2tp(a, ) < 1Va € A and for fixeda € A
or

d(Xa,Yb) =0ifd(a,Yb)+ d(b, Xa)+ d(a,b) = 0.

(i) d(Xa,Yb) =<

Then, X,Y have a unique common fixed point.
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Proof. Leta,b e Aand o € A be fixed.
Let ag,a; € A be arbitrary and {a, } a sequence defined as

Ao2p+1 = Xagn, A2p1+2 = Yagn+1, Vn= O, 1, 2, Ce

as defined in Proposition 2.1.

d(agni1,a2,) = d(Xagn, Yag, 1)
|: Q2p, O +/\ a2n 1,0{):|

A

ny V) + n—1;
o)+ [ )
[ d<a2n7 XaZn)d<a2n—1> Ya2n—1) ]
d(agn, Y asn—1) + d(azn—1, Xas,) + d(asn, azn—1)
A A
— (a07 a) + (ala Oé) d(CLQn, . 1) + :U’(a()u Oé) + ,LL((ll, Oé)
2 2
x [ d(a2na a2n+1)d(af2n—1a a2n) :|
_d(GQna a2n) + d(a2n—17 a2n+1) + d(a2n7 a2n—1)

A ag, @) + Naqg, @) |
2 .
p(ao, @) + p(ay, @) |d(agn, azni1)||d(azn—1, az,)|

i [ 1 (

2 Aon—1,2n+1)| + |d(a2n, a2n-1)|

(2.0.5)

‘d(a2naa2n71)’

’d<a2n+l7a2n)| S |:

(using triangular inequality of complex valued b-metric space)

Aag, @) + Aaq, «)
2

(d(ams, az)| < [ } (d(azn, 2n1)]

L {,u(ao, @) -QF p(ar, 04)} (s 1, )|

[(Alao, @) + Aar, @) + t(plao, @) + plar, )] |d(agn-1, az,)|

|d(azn+1, azq)| < 5[(Mao, @) + Aar, @) + t(plao, @) + plar, @))]|d(azn-1, azq)|

N — DN —

By condition (i), 2A(a, &) + 2tu(a, a) < 1so that h = 3[(A(ao, @) + A(ar, ) +
t(n(ag, o) + p(ar, )] < 1. Therefore,

’d(a2n+17 a2n)‘ S h|d(a2na a2n71)|-

By Lemma 1.8, {a,} is a Cauchy sequence. By completeness of A, there exists
a € Asuchthata, — aasn — oo.
We now show that a is a common fixed point of X and Y.
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By condition (i7) and Proposition 2.1, we have

d(a, Xa) 3 t{d(a,Yasn+1) + d(Yag,1, Xa)}
= t{d(a, agp+2) + d(Xa,Yas,11)}
A Y + A n 9
,_jt |:d(a,a2n+2) +{ (Cl Oé) 2((12 +1 Oé>}d(a’a2n+1)

n {u(a, ) + pazn+1, @) } {d( d(a, Xa)d(azni1,Y azn1) H

2 a,Y aspi1) + d(asmy1, Xa) + d(a, asni1)

<t {d(a, opra) + { Aa,a) ZA(C”’ @) } d(a, azni1)

. {u(a,a) + u(al,a)} {d( d(a, Xa)d(azn+1, azn+2) H

2 a, aont2) + d(agnt1, Xa) + d(a, azn+1)

Letting n — oo,we get d(a, Xa) = 0 which yields Xa = a.
Similarly,

d(a,Ya) 3 sld(a, Xas,) + d(Xag,, Ya)
3s {d(a, Agnt1) + {)\(a%’ a);— Aa, ) } d(asy,, a)

¢ [l e} (0 e Sdare )

<s [d(a, opi1) + {A(ao’ a) ; Aa, @) } d(azm, a)

.\ { u(ao,a>+u(a,a)} {d( d(asy, asys1)d(a, Y a) H

2 agn, Y a) + d(a, ag,y1) + d(agn, a)

Letting n — oo,we get d(a, Ya) = 0 which gives Ya = a.
The uniqueness follows from condition (7). O

By taking X =Y in Theorem 2.5, we get this corollary.

Corollary 2.0.8. Suppose (A, d) is a complete complex valued b-metric space with
coefficient t > 1. Define self mapping Y : A — A. If Imappings \, 1 : A x A —
[0,1) such thatV a,b € A and for fixed « € A,

(1) A(Ya,a) < Aa,a)
p(Ya,a) < pla, @)

Ma, ) + A(b, @)
5 } d(a,b)

N {,u(a, a) + (b, a)] { d(a,Ya)d(b,YD)
2 d(a,Yb) +d(b,Ya)+ d(a,b)

(i) d(Ya,Yb) =3 [
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Va,b € Asuchthata #b, d(a,Yb) + d(b,Ya)+ d(a,b) # 0 where
2\ (a, @) + 2tu(a, ) < 1 Va € A and for fixeda € A

or

d(Ya,Yb) =0 ifd(a,Yb) +d(b,Ya) + d(a,b) = 0.

Then, Y have a unique fixed point.
Taking t = 1 in Theorems 2.3 and 2.5, we obtain these theorems for complex
valued metric space which is a particular case of complex valued b- metric space.

Theorem 2.0.9. Suppose (A, d) is a complete complex valued metric space. Define
self mappings XY : A — A. Suppose 3 a mapping A\, : A x A — [0,1) such
that¥ a,b € A and for fixed a € A,
(i) A(Y Xa,0) < Ma,), \(XYa,0) < Ma, )
u(Y Xa, o) < pla, ), p(XYa,a) < pla, )

(i) d(Xa VB < [A(a,a);t)\(b,a)} i, bH[M(a,a)w(b,Q)} [d(a,Xa)d(b,Yb)}

2 1+d(a,b)

(i13) 2X(a, @) +2p(a, o) < 1Va € A and for fixed a € A.
Then, X, Y have a unique common fixed point in A.

Proof. By Theorem 2.3 and equations (2.3) and (2.4), we get
A ag, @) + Aaq, a)

"= S Tulag, @) + plar, o)

<1

and
|d(agn+1,as)| < h|d(agn, azn—1)], ¥ n > 0.

From Lemma 1.8, {a,} is a Cauchy sequence in (A, d). By completeness of A, 3

a € A such that a,, — a asn — oo.

By condition (i7) and Proposition 2.1,

d(a, Xa) 2 d(a,Yasni1) + d(Yas,i1, Xa)

=d(a, agnio) + d(Xa,Y asy )
(

2 d(a,agy2) + [/\(a, o)+ ;\(G%H’a)} d(a,asni1)
(L
5 s U2n 1
el g

< d(a, agni2) + [
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Letting n — oo, we get d(a, Xa) = 0 which gives Xa = a
Similarly,
d(a,Ya) 3 d(a, Xas,) + d(Xag,, Ya)
A agy,, a) + Aa, «
2 d(a, agnt1) + [ (a2 )2 ( )} d(agn, a)

N |:,LL(CL2n,Oé)2+ ,u(a,oz)} {d(a%{,fgzzzi(ziifa)}

=< d(a, asmir) + [A(“O’ %) X Aa, O‘)} d(asm, a)

N {M(aoaa);lt(aﬂ)} {d(aszgaﬁ(Zsya)}

Letting n — oo, we obtain d(a, Y'a) = 0 which gives Ya = a.
The uniqueness follows from conditions (ii) and (7iz).

The result for complex valued metric space is obtained by taking p = 0.

Corollary 2.0.10. Suppose (A, d) is a complete complex valued metric space. De-
fine self mappings X, Y : A — A. If 3 a mapping \ : A x A — [0, 1) such that
YV a,b € Aand for fixed a € A,

(1) MY Xa,a) < Aa,a), \(XYa,a) < Aa,a),

Ma, ) + A(b, a)

(i) d(Xa,Yb) 2 >

d(a,b),

(i17) 2X\(a,) < 1Va € A and for fixed o € A.
Then, X, Y have a unique common fixed point in A.

Corollary 2.0.11. Suppose (A, d) is a complete complex valued metric space and
Define self mapping Y : A — A. Suppose 3 mappings A\, jn: A x A — [0,1) such
thatV a,b € A and for fixed o € A,

(i) MYZ?a,a) < XNa,a), u(Y?a,a) < ula, ),

(i) d(Ya,Yb) < [/\(a,oz) —2k A(b, a)} d(a,b)+ {u(a, @) ;r,u(b, oz)] {d(al’iaézlf[;)ym])

(1ii) 2X\(a, ) + 2u(a, o) < 1Va € A and for fixed o € a.

Then, Y has a unique fixed point in A.
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Theorem 2.0.12. Suppose (A,d) is a complete complex valued metric space and
Define self mappings XY : A — A. Suppose 3 mappings A\, ju: A x A — [0,1)
such thatV a,b € A and for fixed o« € A,

(1) MY Xa,a«)
u(YXa, o)

(a,a), \(XYa,«)

A (a,a)
p(a, ), p(XYa, )

< A
< w(a, o),

<
<

AMa, @) + A(b, «) d(a,b)
. ,
p(a, o) + p(b, o) d(a, Xa)d(b,Y'b)
+{ > ][(aY@ d(b, Xa) + d(a, b)

YV a,b € Asuchthata # b, d(a,Yb) + d(b, Xa) + d(a,b) # 0 where
2X\(a, ) + 2u(a, o) < 1Va € A and for fixed « € A

or

d(Xa,Yb) = 0 if d(a,Yb) + d(b, Xa) + d(a,b) = 0.

@@(axmyw>j[

Then, X, Y have a unique common fixed point.

Proof. By equation (2.5) and triangular inequality condition of complex valued
metric space, we have

Aag, ) + Aaq, o)
2

} (d(az, 2n1)]

plag, @) + p(ar, @)
; [ !

‘d(a2n+17 a2n)’ S

‘d(a2n71 ) a2n> |

N~ DN

[(Aao, @) + Aar, @) + (plao, @) + play, @))]|d(azn-1, azn)|

[(Mag, @) + May, @) + (u(ag, @) + plar, @))]|d(az,—1, as,)]

IN

|d<a2n+17 G2n)’

By condition (i), 2A(a, &) + 2u(a, o) < 1 so that b = [(A(ao, @) + A(a1, ) +
(u(ag, o) + p(ay, «))] < 1. Therefore

|d(agp 11, a2,)] < hld(agn,, azn—1)|

By Lemma 1.8, {a,} is a Cauchy sequence. By completeness of A, 3 a € A such
that a,, — a asn — oo.
We now show that a is a fixed point of X and Y.
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By condition (i7) and Proposition 2.1, we have

(
d(a,Xa) 2 d(a,Yag,1) + d(Yag,.1, Xa)
= d(a, azns2) + d(Xa,Yaz 1)
(

Aa, a) + Magni1, @
d a, a2n+2) |: ( ) 2( Gl ):| d(a, a2n+1)
4 [M(aaa) + /ﬁ(azmba)} { d(a, Xa)d(agni1,Y azni1) ]

2 d(a,Y asny1) + d(agni1, Xa) + d(a, agny1)

Ma, a) + AMaq, o
3 d(a, agngs) + [ (a,0) 9 (@ )] d(a, azn41)
+ |:/,L(CL, Oé) + M(ala Oé):| l d(av Xa)d(a’2n+17 a2n+2) :|
2 d(a, agni2) + d(asmy1, Xa) + d(a, azpi1)

Letting n — oo,we get d(a, Xa) = 0 which gives Xa = a.
Similarly,

d(a,Ya) 2d(a, Xas,) + d(Xag,,Ya)
A A
,—j d(ﬂ,CLQn_H) + |: (a2n70~/)2+ (aaa):| d(agn,a)

e

< d(a, ams) + [A<“°’(X)éf‘x<“’aﬂ] d(azn, a)

o e i e A

Letting n — oo,we get d(a, Ya) = 0 which yields Ya = a.
The uniqueness follows from condition (7). O

By putting X =Y, we get this corollary.

Corollary 2.0.13. Suppose (A,d) is a complete complex valued metric space and
define a self mapping Y : A — A. Let 3 mappings A\, : A x A — |0, 1) such that
Y a,b € A and for fixed a € A,

(1) A(Ya,a) < Aa,a), pYa, o) <p(a,ow),

@ﬂdWmYMj[M%ng@aqﬂam
,uaoz—i—,uboz (a,Ya)d(b, YD)
* }{daYb+de@+dmm

YV a,b € A such that a # 0, d(aYb )+ d(b,Ya)+ d(a,b) # 0 where
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2\ (a, @) + 2u(a, o) < 1 Va € A and for fixed o € A

or

d(Ya,Yb) =0ifd(a,Yb)+ d(b,Ya) + d(a,b) = 0.
Then, Y'T' has a unique fixed point.

Proposition 2.0.14. Suppose (A, d) is a complex valued b-metric space with coef-
ficientt > 1 and Define a mapping f : C — C such that

(1) f(a) =0ifand onlyifa =0,
(i7) b 2 athen f(b) 3 f(a) and f(la +mb) = lf(a) + mf(b) where l, m are

constants.
Then (A, fod) is complex valued b-metric space.
Proof. Foralla,b,c € A,

(i) 02 fod(a,b)as 0 3 d(a,b) using condition (i)
and fod(a, )—0<:>f( (a,b)) =0<=d(a,b) =0<=a=0b
(77) fod(a,b) = fod(b,a) <= f(d(a,b)) = f(d(b,a)) <= d(a,b) = d(b,a)

(17i) As d(a,b) 2 t{d(a,c)+d(c,b)} and f(la + mb) = 1f(a) + mf(b)
fod(a,b) 2 t{fod(a,c)+ fod(c,b)}

Then, (A, fod) is a complex valued b-metric space. [

Example 2.0.15. Let d : A x A — C defined by d(a,b) = |a — b|* + i]a — b|*.
Clearly, (A, d) is complex valued b-metric space with coefficient t = 2.
Define a function f : C — C as

_Joa ifaeC—-{0}
f(“)_{o ifa=0

satisfying
(1) f(a)=0ifandonlyifa =0
(17) b3S athen f(b) 3 f(a)and f(la +mb) = 1f(a) +mf(b)
Then, (A, fod) is a complex valued b-metric space.
Let the mappings f,qg : C — C be defined such that
(1) f(a) =0and g(a) =0ifand only ifa =0

(13) b 3 athen f(b) 2 f(a), g(b) 2 g(a)and f(la+mb) = Lf(a)+mf(b), g(la+
mb) = lg(a) + mg(b)
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Then, (A, (f + g)od) is a complex valued b-metric space as:

(i) Clearly0 3 ((f+g)od)(a,b) and ((f+g)od)(a,b) = 0 <= (f+g)(d(a, b)) =
0<=d(a,b)=0<=a=0b

(i) (((fﬂ;)odgl(( b)):((f+9)0d)(b>a)<:>(f+g)(d(a,b))=(f+g)(d(b,a))<:>

(idi) As d(a,b) < t{d(a,c) + d(c,b)} and f(la +mb) = Lf(a) + mf(b), g(la+
mb) = lg(a) + g(b)

(f +9)(d(a, b)) Z (f + g)(t{d(a,c) +d(c,b)})
=t{(f+g)(d(a,c)) + (f + g)(d(c, b))}
fod(a,b) 2 t{fod(a,c)+ fod(c,b)}

Similarly, we can prove that (A, (fog)od) and (A, (gof)od) are complex valued
b-metric spaces where fog : C — C and gof : C — C satisfy

(i) fog(a) = 0 and gof(a) = 0 ifand only ifa = 0

(i1) b 3 athen fog(b) 3 fog(a), gof(b) 3 gof(a) and
fog(la+mb) = 1.fog(a) + m.fog(b),
gof(la +mb) = L.gof(a) + m.gof (b)

The mapping d in condition (ii) of Theorem 2.0.3 can be replaced by fod, ((f +
g)od), ((fog)od) and ((gof)od). For instance, the following relation holds:

fod(Xa,Yb) = [M“’O‘);A(b’ O‘)} fod(a,b)
w(a, o) + p(b,a)] [ fod(a, Xa).fod(b,Yb)
* { 5 } { 1+ fod(a,b)

Similar results can be obtained by replacing the mapping d with the composition of
mappings - fod, ((f + g)od), ((fog)od) and ((gof)od), in Theorems 2.0.5.

Theorem 2.0.16. Let f : C — C be defined as
(1) f(a) =0ifandonlyifa =0
(2) b Zathen f(b) 2 f(a) and f(la+ mb) = 1f(a) +mf(b)

Suppose (A, fod) is a complete complex valued b-metric space with coefficient t >
1 and Define self mappings X,Y : A — A. If 3 mappings \,n : A x A — [0, 1)
such thatV a,b € A and for fixed o € A,
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Ma, ) + A(b, a)
5 } fod(a,b)

p(a, ) + p(b,a)] [ fod(a, Xa)fod(b,Yb)
% 2 } { 1+ fod(a, b)

(17) fod(Xa,Yb) 3 [

(i13) 2tA(a, ) + 2u(a, ) < 1Va € X and for fixed o € A.
Then, X, Y have a unique common fixed point in A.

Proof. Leta,b e A. For fixed a € A,

Aa, @) + M Xa, a)
2

fod(Xa,YXa) 3 { ]fod(a,Xa)

wla, ) + p(Xa,a)] [ fod(a, Xa)fod(Xa,YXa)
* { 2 } [ 1+ fod(a, Xa)

Ma, o) + M Xa, o)
2

|fod(Xa,Y Xa)| < { ] |fod(a, Xa)|

pla, a) + p(Xa, @)
' [ :

} |fod(Xa,Y Xa)

Similarly,

AYb, ) + A(b, @)
2

Fod(XYb,Yb) 3 { ] Fod(Yb, b)

w(Yb, o) + p(b,a) | [ fod(Yb, XYb)fod(b, YD)
{ 3 } [ 1+ fod(YD,b)

AYb, o) + A(b, @)
2

| fod(XYD,Yb)| < { ] | fod(YD,b)]

X [“(Yb’ O‘); p(b. 0‘)} fod(Yb, XYD)|

Let ag, a1 € X be arbitrary and {a, } a sequence defined by
A2pt+1 = Xagn, A2p1+2 = Ya2n+1, Vn = O, 1, 2, c.

as defined in Proposition 2.1.



Chapter2. Main Results 22

Forall k =0,1,2,...,

|fod(asks1, a0i)| = | fod(XY agk—1,Y agk—1)|
< AYag—1,a) + Magk—1, @)
- 2
n [M(Ya%—la a) + p(az—1, )

} |f0d(Ya2k—1, a2k—1)|

9 } |f0d(Ya2k_1, XYCLQk—1)|

_ [)\(a%, @) +2)\(G2k1704):| | fod(as, ask_1)]

a9, & + A2k—1, &
n {M( 2%, ) 2“( k-1 )} | fod(azy, agki1)|

< {)\(ao,a) + MNay, o)

9 } ’de(CEQk,CL%A)’

plag, @) + pi(ar, @)
; [ !

1 ‘de(Clzk, a2k+1)\

Aag, @) + Aaq, «)
2 — (u(ao, @) + plar, a))

(Fod(asms, am)| < { } fod(am,am)|  (2.0.6)

Similarly, we get

Aag, @) + Aaqg, a)
2 — (plag, a) + plar, @)

[ Fod(asuss, ass)| < [ ] Fod(asesr, am)l  (2.0.7)

By condition (47),

Mag, ) + A(aq, )

"= 3 (i(ao, @) + ilar, @)

< 1.

Therefore, equations (2.0.6) and (2.0.7) respectively become
| fod(asky1, ask)| < h|fod(ask, asr—1)|,

| fod(askta, askr1)| < hlfod(agks1, as)|

Hence, for all n > 0,
| fod(agn+1,asn)| < h|fod(asn, asn,—1)]|.

From Lemma 1.8, {a,} is a Cauchy sequence in (A, fod). By completeness of A,
Jda € A such that a,, — a as n — 0o. We now show that ¢ is the common fixed
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point of X and Y. By condition (i) and Proposition 2.1, we have
fod(a, Xa) 2 t{fod(a,Y asni1) + fod(Xag,+1,Xa)}
=t{fod(a,asn2) + fod(Xa,Yas, )}

St {de(a, Aznt2) + {)\(a’ o)+ ;\(a%ﬂ’ @) } fod(a, agy,1)

N {u(a, @) + (a2n41, a)} {fod(cu Xa) fod(asni1,Y aoni1) H
2 1 + de(aa a’2n+1)

r\_<.1 t |:de((17 a2n+2) + { )\(a’ a) —;)\(al’ a) } de((l, a?n-l—l)

N {M(C% @) + plar, @) } { fod(a, Xa) fod(azn1, zn+2) H

2 1+ fod(a,as,+1)

Letting n — oo, we get fod(a, Xa) = 0 which yields Xa = a.
Similarly,

fod(a,Ya) 2 t{fod(a, Xas,) + fod(Xas,,Ya)}
;5 ' |:f0d(a’ a2n+1) n {0)\(@2717 04)2+ )\(a, a) } de(azn, (l)

.\ {u(agn,a)+u(a,a)} { Fod(azm, Xasy) fod(a, Ya)H

2 1+ fod(ag,,a)
=t {fod(a, agni1) + {/\(ao, @) ;_ A, a) } fod(agy, a)

(et {Jete )|

Letting n — oo, we have fod(a,Ya) = 0 which gives Ya = a.
The uniqueness follows from conditions (ii) and (7iz). O
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Conclusions

In this paper, we explained some new results related to common fixed point for a pair
of mappings satisfying more general contraction conditions represented by rational
expressions having point dependent control functions of two variables as coefficient
in complex valued b-metric space. Then we gave related results for composition of
function and complex valued b- metric space.
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