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Abstract

Infectious diseases impose a critical challenge to humans and remain to be a matter of
global concern. Sometimes contagious diseases that had become rare or had been only
local suddenly start occurring worldwide, for instance, SARS, Ebola, and Zika fever.
The last two decades have seen several large-scale epidemics outbreaks such as Ebola,
SARS, Zika virus, and swine flu, which leads to low socioeconomic status and inadequate
access to health care. The mathematical modeling of infectious diseases has become a

vital tool to understand, predict and control the spread of contagious diseases.

The present thesis aims to discuss the various aspects of transmission dynamics of in-
fectious diseases through time-delayed mathematical epidemic models. The inclusion of
time delay in the study of epidemiology is an important aspect. Persons with asymp-
tomatic infections play an essential role in spreading infectious diseases, especially as
they are unaware of their illness and take no special hygiene precautions. Thus, the
study of disease-transmission dynamics involves time delay, which needs to be consid-
ered for practical purposes. The time delay may arise due to delays caused by the
latency in a vector and delay caused by a latent period in the host. Therefore, this the-
sis comprises the Delay-differential equations for formulating the epidemic models. We
have proposed time-delayed epidemic models with different compartments and analyzed
them mathematically for positiveness, boundedness, and stability to provide the control
strategies of emerging or re-emerging infectious diseases. The mathematical analysis and
simulations of the proposed models have been done using the Routh-Hurwitz stability

criterion, Descartes’ rule of signs, Lyapunov direct method, and Mathematica 11.

Keywords: Infectious diseases (Epidemic); Delay differential equations (DDEs); Latent

period; Nonlinear incidence rates; Nonlinear treatment rates; Stability; Bifurcation.
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Chapter 1

Introduction

Infectious diseases have a substantial impact on community health worldwide and re-
main a significant cause of death and suffering in developing countries [35]. The human
population’s presence is large enough to sustain and amplify parasites, subsequently
contributing to increased disease. As disease agents adapt, survive, and evolve, the
emergence of new diseases and re-emergence of existing diseases have become a signif-
icant worldwide problem [29,35|. Therefore, controlling infectious diseases has become
an increasingly complex issue in recent years. This introductory chapter provides some
elementary information about the infection mechanisms, the control mechanism of epi-
demics, the role of mathematical models in epidemiology, and the motivation behind the

work carried out in this thesis.

1.1 Infectious diseases

“An infectious disease is a disease due to a specific infectious agent or its toxic prod-
ucts that arise through the transmission of that agent or its products from an infected
person, animal, or reservoir to a susceptible host, either directly or indirectly through an
intermediate plant or animal host, vector, or the inanimate environment” [60]. Various
microbes or pathogens cause infectious diseases. Most of them are generally microor-
ganisms, and few of them are observable by naked eyes. The most commonly known
pathogens are different types of viruses and bacteria. Fungi and Protozoa are also known

as pathogens that are responsible for many diseases. Diseases caused by these pathogens



are termed as “infectious” as these pathogens can be transmitted from one infected per-
son to another non-infected person. The most common and well-known example of such
diseases is influenza or flu caused by some kinds of viruses. Pathogens can be transmit-
ted either directly or indirectly. Direct transmission involves the spread of pathogens
by direct body-to-body contact, such as mother to child as exemplified with HIV, Zika,
and syphilis, touching (MRSA), kissing (herpes simplex virus), and sexual contact (hu-
man papillomavirus or HPV). Indirect contact transmission occurs when pathogens are
transferred between individuals via a contaminated intermediate person, object, or en-
vironmental surface [53]. Many infectious diseases (for example, HIV, mumps, measles,
rubella, smallpox, malaria) are still prevalent at local or global scales and threaten public
health. An outbreak of an infectious disease affecting a disproportionately large number
of individuals in a population, community, or region within a short period is known as

an epidemic.

1.2 Mode of transmission

Infectious diseases can spread in various ways, and pathogens cause infections by dif-
ferent modes of transmission. Contact is one of the most critical and frequent methods
of transmission of infectious diseases. It can be either direct or indirect. Direct contact
involves the physical transfer of microorganisms to a susceptible host from an infected
or colonized person. Direct contact includes a large droplet spread of infectious agents.
Other direct contact transmission examples are kissing, shaking hands or other skin con-
tacts, sexual contact, and soil contact. Indirect contact occurs when organisms from an
infected host or other reservoir are transmitted to a susceptible host via a contaminated
intermediate object. Indirect contact transmission may be airborne, vector-borne, or
vehicle-borne. Many diseases, e.g., influenza, SARS, are airborne and can be transmitted
through the air. The airborne infection spreads from an infected person to an uninfected
person through sneezing, cough, and even laughter. The microbes that are discharged
from an infected person may remain on the dust particles or any other medium. Infec-
tion may occur when these microbes are inhaled or reach an uninfected person’s mucus
membrane through body contact. Hand-shaking could also be a potential way for trans-

mission of infections.

A substantial number of diseases are sexually transmitted diseases that are trans-



mitted through contaminated blood and semen, childbirth, or breastfeeding. HIV and
other sexually transmitted infections such as herpes, gonorrhea, trichomoniasis, syphilis,
and chlamydia cause noteworthy infection and mortality. Many of these diseases, such
as AIDS and Herpes, cannot be cured and last forever, which pose severe social and
economic consequences and are most troublesome to public health. Due to longer in-
fectious life, infected individuals with sexually transmitted diseases may contribute to
increased infections and remain a significant problem in preventing diseases. Another
life-threatening facet of these diseases is that the infected person may not produce any

symptoms; consequently, the infected individual may transmit infection unknowingly.

1.3 Prevention and control of infectious diseases

Preventing infectious diseases is the central goal to minimize the outbreak impact and
spread to a larger population. The two main strategies for controlling epidemics of
contagious illness are reducing the number of cases through preventive activities such
as raising awareness, early case identification, and reducing mortality due to disease
through effective therapy. These actions should be instituted quickly and should not
be delayed while waiting for laboratory confirmation of the disease in question. The
prevention of the spread of infectious diseases can be achieved by reducing contact.
However, in modern life, with increased interactions among individuals, this is not easy
to accomplish. Therefore, awareness, vaccination, and drug therapy are the piers in

preventing and controlling infectious diseases.

1.3.1 Awareness

The last two decades have seen several large-scale epidemics outbreaks such as Ebola,
SARS, Zika virus, and swine flu, which lead to low socioeconomic status, and inadequate
access to health care. People get information about these outbreaks quite quickly due
to significant advances in social media, which can have an insightful effect on the actual
epidemic dynamics [69,121]. Therefore, at the beginning of an epidemic outbreak, the
initial step is to make the individuals aware of the disease and its preventive methods.
Awareness leads to sharing necessary information about the condition to the general
population, getting thought, making the individuals familiar with the disorder, and pro-
viding the most substantial protection against infectious diseases. Thus, awareness about

the spread of a disease is a valuable ally in affecting susceptibles’ behavior, mitigating



further infection.

Awareness programs can alert the vulnerable population towards the contagious dis-
ease [99]. Suppose vulnerable individuals have adequate knowledge and accurate infor-
mation about the infection. In that case, they take preventive measures such as regular
hand sanitization, face masks, wear hand gloves, vaccination, and even quarantine, re-
ducing the impact of illness. For instance, ranging from the plague outbreak in the
English village of Eyam in 1665-1666 [34], where the town completely sealed itself off to
prevent further transmission of plague, to more recent outbreaks of swine influenza [69]
and Ebola [121]|. During the 2003 SARS outbreak, the Chinese Southern Weekend news-
paper spread the instant message, “There is a fatal flu in Guangzhou” 126 million times
in Guangzhou alone, which affected people’s behavior to take necessary preventive mea-
sures [49]. This figure remains a distinct difference to the nearly low number of 5,327

cases recorded in the entire China [36].

In rural health services, the challenge of the government health care scheme is that
there are numerous gaps in primary health services, and the health care facilities are
mainly urban-centric. The rural residents may have low health knowledge awareness,
and their receiving way of health knowledge can be traditional and straightforward.
Knowledge level increases with higher education level; thus, education level is one of the
main factors in making people aware and further adopting preventive measures. There-
fore, many people are not fully but partially aware of the spread and control of infectious
diseases. Due to partial awareness, some individuals often medicate themselves adopting
antibiotics, even when advised against doing so, which weakens their immune system and
makes them at a high risk of catching the infection |72|. Therefore, complete awareness
about the cycle of disease and the utilization of appropriate precautions and adequate
decontamination procedures are vital. Full awareness of the disease in humans develops
a habit of taking preventive measures against it. They follow the instructions given by

health workers and the government and lower their risk of becoming infected.

The spread of the disease can also be controlled by vaccination. But, immunizations
can never be completely safe, and there is always a risk of some side-effect. Also, it is
difficult to vaccinate all individuals due to various limitations. Even some fatal diseases

such as AIDS, Malaria, Chikungunya, Plague, and Dengue have no vaccination; only a



person’s awareness can prevent the spread of these diseases efficiently and effectively.
For instance, the habit of using mosquito nets and mosquito coils helps in preventing

Dengue and Chikungunya [93,129].

1.3.2 Drugs

The role of drugs in providing cures for infectious diseases can also significantly reduce
disease transmission. It can be taken either as Pre-Exposure Prophylaxis (PrEP) or
Post-Exposure Prophylaxis (PEP). Healthy people who are likely to expose to infection
are endorsed to take PrEP, while the infected people are recommended to take PEP
to halt or lessen transmission. For instance, in malaria disease, when people intend to
travel to a malaria-infected area, they are recommended to take malaria medication,
which could prevent voyagers from malaria infection during their travel whenever bitten
by a contaminated mosquito [114]. Effective vaccines have not been developed for many
diseases such as HIV. Typically, vaccination development is a long and complex process.
Drug-oriented interventions can be an elective technique for lessening the contamination
trouble when vaccines are not available. In HIV, notable progress has been accounted
for PrEP and PEP utilization [67,77,79,96]. Genuinely broad outcomes have been
published, showing a huge decrease of viral heaps of HIV-tainted people related with
antiretroviral [79,96]. The expulsion of viral burden is connected to a lower transmission
likelihood. Hence a drug-oriented intervention could be a possible way to deal with

relieving the burden of HIV disease.

1.3.3 Vaccination

One methodology to control the spread of infectious diseases is vaccination. Vaccina-
tion plays a vital role among the health interventions aimed at reducing the spread of
contagious diseases thanks to its safety and cost-effectiveness. Indeed, high immuniza-
tion take-up levels have brought about radical decreases in numerous vaccine-preventable
infectious diseases or even their eradication, as in the very notable instance of small-
pox [66]. The cowpox vaccine, introduced by Edward Jenner in 1796, is known as the
first vaccine. After this, several effective campaigns have been conducted against many
contagious diseases |74|. Vaccines save millions of human lives and serve to be a highly
effective method to prevent infectious diseases. In the United States, before introducing

the first measles vaccine in 1963, around 400,000 measles occurrences used to be reported



every year [33]. Child diseases such as Polio, mumps, and rubella also cause extensive
mortality and morbidity. These diseases are no more prolonged epidemic after the im-
plementation of the vaccines [33|. Vaccines against influenza transmission also have a
successful history, which is the most common infectious disease worldwide. Before the
development of flu vaccines, controlling an influenza pandemic was a terrible mission.
It was assessed that around 20-50 million individuals worldwide died in the Spanish flu
outbreak in 1918-19. A century later, the 2009-10 pandemic global death toll was only
around 300,000 [101]. The development of the vaccine has reduced the casualty rate to
such a level. Nevertheless, a critical aspect of vaccination is its level of safety as far
as viability in preventing the illness and the duration of the induced immunity. Some
vaccines may be highly effective, e.g., measles [127], while others may not, as is the case
of varicella [100]. The effectiveness and levels of protection provided by a vaccine may
naturally decrease over time because of several medical conditions (medications, aging,
low immune system, etc.) and the alteration and evolution of infectious diseases; for
example, the flu virus [128] can change very rapidly, meaning that last year’s flu vaccine
is unlikely to protect individuals from virus strains circulating this year. In contrast, the
measles virus [127] prevented by the measles— mumps-rubella (MMR) vaccine hardly
changes from year to year, indicating that it is as likely to protect individuals today
as it was ten years ago. Some vaccines minimize the infection risk but do not entirely
prevent a vaccinated individual from catching and transmitting the infection. These im-
perfect vaccines may not completely prevent infection but could decrease the likelihood
of becoming infected or reduce its consequences, thereby lessening the infectious disease
burden. We will address the problem of imperfect vaccination exhaustively in Chapter

7.

1.4 Mathematical epidemic model

Infectious diseases remain a significant challenge for human survival. Therefore, it is
indispensable to analyze the dynamics of disease development to control or eliminate
the disease. The dynamics of infectious diseases can be investigated using mathematical
models. The mathematical modeling of infectious diseases is a valuable tool that can
enhance understanding of the disease’s spread mechanisms and help make health deci-
sions more cost-effective and accurate than the experimental studies. By analyzing the

model, we can foresee the future course of an outbreak up to a large extent to evaluate



control methodologies. Many researchers have developed mathematical models in epi-
demiology to facilitate the formation of public health policies [1,4,10,29,31,32,40]. The
basic principle of these mathematical models was to investigate the underlying factors
causing the disease, its development and hence foresee the future course of action. The
mathematical models are categorized into two types: Deterministic and Stochastic. The
deterministic model determines every set of variable states uniquely by parameters and
the initial conditions and provides the same outcome for the same set of parameters
with the same initial conditions. A stochastic model is a mode in which randomness
is present, and variable states are not described by unique values but by probability
distributions. Stochastic models show randomness and provide different outcomes for
the same set of parameters with the same initial conditions. In this thesis, we study the
various aspects of infectious diseases using deterministic modeling. The general idea for
most deterministic models is to look at a so-called compartmental model, in which the

population is divided into compartments based on disease status.

Epidemiological models are also known as compartmental models since they assume
that the entire host population can be divided into compartments. In 1927, Kermack and
McKendrick [1] gave the basic compartmental SIR epidemic model in which they describe
the transmission mechanism of the infectious disease by dividing the total population
into distinct subclasses according to their epidemiological status. Their model involves
three compartments (or classes): Susceptible, Infected, and Recovered. The susceptible
class, usually denoted by S, consists of those individuals who are healthy but can contract
the disease. The infected class I is the class of those individuals who have contracted
the disease and are now infectious and can transmit the disease to susceptibles through
contact. As time progresses, infectious individuals lose the infectivity and move to either
a removed compartment R (by death) or recovered compartment R (either by suitable
treatment or auto-recovery by the immune system). Recovered individuals are resistant
to infectious microbes and thus do not get the infection again in permanent immunity.

Thus, the Kermack’s and McKendrick’s STR epidemic model is given by the following



system of ordinary differential equations:
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where, B and 7y are the transmission and recovery rates, respectively. This model delin-
eates how subpopulations of susceptible, infected, and recovered classes progress without
considering the host population’s demography. The researchers have employed the idea
of population compartments broadly in epidemic models [16,29, 34]. Different epidemic
models, relying upon the invulnerability against the contamination, are developed. For
example, in 1976, Hethcote [7] studied the dynamics of the SIS and SIRS epidemic
models. The SIS model looks at the disease without immunity wherein the recovered
individual will get the infection again and become susceptible. In contrast, the SIRS

model is the case of a disease with temporary immunity.

In the study of the transmission of infectious diseases, the incidence rate has a vital
role as it determines the number of infectives per unit of time. In model (1.1), the term
BS(t)I(t) represents the bilinear (or mass action) incidence rate which is assumed to be
proportional to the product of the infected and susceptible members of the population.
In the bilinear incidence rate, the number of infectives increases linearly, which might
be real for a small population of infected individuals, but impractical for a large number
of infectives. Therefore, several studies are devoted to considering nonlinear incidence
rate for disease transmission dynamics [123,134-137,139,141,142]. Nonlinear incidence
rate permits the incorporation of social/behavioral changes and prevents unbounded
contact rates. Thus, changing the form of incidence rate can potentially fill the gap
in studying the disease transmission behavior of the system. We explore some of the

different nonlinear incidences.

(i) Holling type II: This incidence rate was proposed by C. S. Holling in 1959 [3], and

it is also known as the saturated incidence rate. It is of the form f(S,I) = %,
where o, B > 0. “In Holling type II, for any disease outbreak, its incidence is
first very low and then grows slowly with an increase in infection. Further, when

number of infected individuals is very large, the infection reaches to its maximum

due to crowding effect” [123].



(ii) Beddington-DeAngelis type: This incidence rate was introduced by Beddington et

al. [5] and DeAngelis et al. [6] in 1975 independently. “It is of the form f(S,1) =

BSI
(I+oS+yI)°?

of inhibition effect, such as preventive measure taken by susceptibles, and ¥ is a

where B, a, y> 0. Here B is the transmission rate, o is a measure

measure of inhibition effect such as treatment to infectives. This incidence rate
considers the impact of inhibition among infectives in case of the low density of
susceptible populations” [123|. Also, we can derive the other incidences from this
incidence, such as bilinear incidence rate if &« =y =0 ; saturated incidence rate for

the susceptible if y=0 ; and saturated incidence rate for the infectives if o = 0.

(iii) Crowley Martin Type: In 1989, P. H. Crowley and E. K. Martin introduced the
incidence rate of the form f(S,1) = W, where a, 8, y> 0. This incidence
rate contains other forms of incidences analogous to the Beddington-DeAngelis in-
cidence form. “The important difference between the Beddington-DeAngelis type
and the Crowley-Martin type incidence rate is that the latter considers the ef-

fect of inhibition among infectives even in case of the high density of susceptible

populations while the former neglects the effect as mentioned earlier” [123].

Treatment is vital to cure the infection and prevent the development of resistant bac-
teria. Therefore, consideration of the treatment rate in the epidemic model is of great
importance. In 2004, Wang and Ruan [39] studied the SIR epidemic model with bilinear
incidence rate and the constant treatment rate to know the impact of treatment capacity
on disease transmission dynamics. Their model’s critical observation is that the periodic
oscillations in diseases can be seen with a constant treatment rate, whereas the model
without the treatment is globally stable. This kind of treatment rate is appropriate
when there are small numbers of infectives and treatment resources are sufficient and
inappropriate when the number of infected individuals is large, and treatment resources
are limited. Therefore, in 2012, Zhou and Fan [102] improved the treatment rate by con-
sidering a saturated treatment rate and explore the SIR epidemic model to understand
the effect of the limited medical resources and their supply efficiency on the transmission
of infectious diseases. To control the disease, most researchers focus on a nonlinear type
treatment rate. Dubey et al. [106,123,125] introduced the nonlinear treatment rate as
Holling Type 1I, Holling Type III, and Holling Type IV in their model and proposed
nonlinear dynamics to control the epidemic. In this thesis, we explore the impact of

various nonlinear treatment rates on disease transmission models.



Authors have stressed that apart from the nonlinearity in the incidence rate and in-
fection treatment rate, public awareness is also an important tool to reduce the spread
of disease. The impact of information and awareness on the spread of epidemics has
been studied by many authors [54,84,86,94,111,112,115,119,122]. Another methodol-
ogy of controlling infectious diseases is vaccination. But, sometimes, vaccination can be
temporary. Therefore, many studies have dealt with epidemic models in mathematical
epidemiology literature, including imperfect vaccination [41,92,97,110,126]. We will
discuss the impact of awareness and vaccination in detail in Chapters 5, 6, and 7, re-

spectively.

Delay differential equation (DDE) plays a significant role in estimating both past and
ongoing epidemics and the structure of future-focused control interventions. It can be
said with a high level of conviction that when a disease emerges, there will be an initial
delay in recognizing it. Thus, the time delay is an influential parameter in the dynamical
behavior of infectious diseases, and it can change the dynamical system’s behavior. Delay
differential equations (DDEs) can have more affluent dynamics than ordinary differential
equations and better fit the real-world situation. Driver [8] gave a solid introduction to
this. Time delays are generally used to model the condition in which an individual may
not be infectious until some time after becoming infected. The latency period of conta-
gious diseases, which is defined as the period between exposure and infection since the
pathogen is present in a latent stage without clinical symptoms or signs of infection in
the host, can be modeled by DDE. In the context of epidemiology, various factors cause
the delay. The most prominent reasons for considering time delay are (i) the infection’s
latency in a vector and (ii) the infection’s latency in an infected host. In these cases,
some time should elapse before the infected host’s infection level, or the vector will rise
to an adequately significant level to further transmit the disease. Delay is challenging to
deal with mathematically because straightforward incorporating it into a mathematical
model generally leads to delay differential equations which are difficult to handle math-
ematically. A commonly used palliative comprises an extra compartment such as an
exposed class (E) of the SEIR model held responsible for the delay. While this approach
is mathematically suitable as it prompts a higher-order system of ordinary differential
equations rather than an equation with a delay, it is also biologically questionable. It
generally implies an assumption that the delay is exponentially distributed, whereas, in
an epidemiological context, it often appears that an assumption of a constant delay is

more reasonable. Kuang [22] discusses delay and distributed delay differential equations
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in the context of population models, including predator-prey systems with logistic-type
equations that can be applied to epidemic models. Brauer and Castillo-Chavez have an
excellent introduction to epidemic models in [32] with extensions to delay systems. Ma
and Song [43], McCluskey [80], and Rost and Wu [63] analyzed the SIR and SEIR models
with discrete delays. Further, Meng et al. [78], Xu and Ma [75], Zhao et al. [58] stud-
ied the delay epidemic models with nonlinear incidence. Most of these studies proved
the global stability of disease-free equilibrium. McCluskey [71,80] gave excellent proofs
for the endemic equilibrium’s global stability for two classes of SIR and SEIR epidemic
models with both finite time delay and infinite time delay. In literature, many authors
study the impact of time delay on the epidemic model. Motivated by the work mentioned
above, this thesis studies the impact of time delay as a latent period in the dynamical

study of epidemic models.

1.5 Basic reproduction number

The basic reproduction number is a crucial concept in studying disease transmission
dynamics and one of the most valuable ideas that mathematical thinking has brought
to epidemic theory. It often serves as a threshold parameter that predicts whether an
infection will spread or die out. The basic reproduction number Ry is defined as “the
average number of secondary infections caused by one infected individual during their
entire infectious period in a completely vulnerable population” [33]. In this framework,
it is clear that the critical parameter is the number of secondary cases generated by
the initial case. If this number is greater than unity, then there is a positive chance
of a large outbreak affecting nearly the total population. Thus, it is essential to know
whether this number is much or a little above the threshold value of one for evaluating
control programs. It will determine the necessary amount of control strategy needed
to reduce the corresponding parameters to achieve a specified goal sufficiently. The
parameter contact rate of susceptible and infective individuals has a significant effect on
Ry, as higher the influential contacts, higher the possibility of a new infection. Another
influential factor is the duration of infectiousness. People with extended infectiousness

periods will come in contact with more peoples and therefore possibly infect more peoples.
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1.6 Stability analysis

Mathematical models become increasingly intricate when a higher degree of nonlinear-
ity is considered to mark real-world situations. It becomes almost impossible to find a
definitive solution to these models. The reasonable approximate solution to these com-
plicated models with fixed parameters can be obtained using numerical simulations, but
the general solution remains unknown. In this situation, the stability analysis plays a
crucial tool in getting a sense of the solution’s behavior. Even the long-time behavior
of the model solutions can be assessed by stability analysis. Generally, two types of
stability analysis are extensively used in the literature: local and global. Local stabil-
ity describes the behavior of the model’s solution around an equilibrium point, whereas

global stability describes the solution’s behavior in the whole domain.

Delay differential equations are often of interest to determine whether or not the de-
lay values affect a steady-state’s stability. Mainly, the delay is treated as a bifurcation
parameter. To determine whether or not a stable steady-state can become unstable by
changing the delay value, we look at the eigenvalues from the roots of characteristic
equations. If all the roots have a negative real part, the steady-state is stable. When we
vary the delay values, if one of the roots changes from having a negative real part to hav-
ing a positive real part because of the delay, it implies that the steady-state will become
unstable. This is equivalent to having the root crossing the imaginary axis (imagine the
root as a graph with a real part on the x-axis and an imaginary part on the y-axis).
Therefore, if the root turns positive, there must be a purely imaginary part (i.e., the

intersection between the graph of the root and the imaginary axis exists).

In this thesis, the Routh-Hurwitz (R-H) criterion and Lyapunov direct method [28] are
mainly used for the stability of model’s equilibria. The Routh-Hurwitz (R-H) criterion is
helpful to check the local stability of an equilibrium point. The local stability describes
the qualitative behavior of the solution in a certain neighborhood. It does not give any
information about the behavior of the solution out of that neighborhood. The Lyapunov
direct method can be helpful to study the stability behavior of nonlinear systems. The
physical validity of this method is contained in the fact that the stability of the system
depends on the energy of the system, which is a function of system variables. The

Lyapunov direct method consists of finding out such energy functions termed Lyapunov
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function, which need not be unique. The major role in this process is played by positive
or negative definite functions, which can be obtained in general by the trial of some

particular functions of state variables, and in some cases, with a planned procedure [125].

1.7 Contents of thesis

The thesis entitled “Nonlinear Dynamics and Simulation of Infectious diseases in Hu-
mans” contains eight chapters followed by a conclusion & future scope, and a bibliogra-

phy. The thesis is organized as follows:

Chapter 1 Chapter 1 is introductory, which gives a general background of epidemic mod-
eling theory, basic terminology, essential concepts, and types of models. This chapter
aims to provide the chronological development done in epidemiology and the motivation

behind the thesis’s work.

Chapter 2 In chapter 2, the dynamical behavior of a susceptible-infected-recovered (SIR)
epidemic model is being proposed and analyzed by incorporating time delay as the latent
period, the nonlinear incidence rate, and the nonlinear treatment rate. The nonlinear
incidence rate is considered as the Beddington-DeAngelis type functional response. This
incidence rate has a significant role in studying disease transmission dynamics as it
includes inhibition measures taken by both susceptible and infected individuals. If indi-
viduals are familiar with the diseases and are acquainted with the transmission modality
of infection, they can take necessary preventive measures to avoid infections. These
measures are called the measure of inhibition. When a disease emerges, there will be an
initial delay in recognizing it. Therefore, to study the more natural disease transmission
phenomenon, we incorporate the time delay into the Beddington-DeAngelis functional
type incidence rate, which is an essential parameter in the dynamical behavior of infec-
tious diseases and can change the behavior of the dynamical system. The treatment rate
plays a substantial role in preventing and controlling the spread of epidemics. Therefore,
to provide a control strategy for infectious diseases, we consider a nonlinear saturated
functional type treatment rate, which includes the fact of limited treatment availabil-
ity. For the dynamics of the model, we discuss the existence and stability behavior of
the model for equilibriums. The existence of a Hopf bifurcation is also discussed. The

model’s numerical results demonstrate the impact of time delay, incidence, and treat-
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ment rates on the infected population.

The work reported in this chapter has been published entitled *“A mathematical and
numerical study of a SIR epidemic model with time delay, nonlinear incidence and treat-

ment rates” in Theory in Biosciences, 2019 (Springer).

Chapter 3 This chapter proposes a mathematical SIR epidemic model with Beddington-
DeAngelis type incidence rate with the inclusion of a latent period and a nonlinear
treatment rate to study the dynamics of a STR model. The treatment rate is considered
as the Holling type II treatment rate, which refers to the condition that when there is
a large number of infected people, then the treatment capacity reaches its maximum
because of limited treatment facilities that mimic the more realistic phenomena. For
an outbreak of epidemic disease, the treatment capacity of Holling type II is initially
very slow, which develops gradually with improved treatment facilities. Stability anal-
ysis is resorted to getting a sense of the behavior of solutions. A precise indication of
the bifurcation phenomenon has been given using center manifold theory, ensuring that
either forward or backward bifurcation occurs. The backward bifurcation demonstrates
that the disease-free equilibrium coexists with the endemic equilibrium when the basic
reproduction number is less than one. It has important qualitative implications since
reducing the basic reproduction number below one is not sufficient to eradicate the dis-
ease from society. Our theoretical results suggest that backward bifurcation depends on
infected individuals’ therapeutic treatment, which shows the importance of considering
the Holling type II treatment rate. The nonlinearity in the epidemic model due to the
latent period (time delay) can give rise to periodicity via a Hopf bifurcation. The nu-

merical simulations validate the theoretical results.

The work reported in this chapter has been published entitled ‘Stability behavior
of a nonlinear mathematical epidemic transmission model with time delay” in Nonlinear

Dynamics, 2019 (Springer).

Chapter 4 In the beginning phase of an outbreak, disease follows either an exponen-
tial or generalized exponential growth. However, it slows down and reaches its maxima
as the increasing number of cases reaches its inflection point, and the daily incidence
curve reaches its extreme. Thus, the growth pattern departs from the (sub-) exponen-

tial path and follows a logistic growth rate. To capture this situation in the epidemic
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model, in this chapter, we propose the susceptible-infected-recovered (SIR) epidemic
model with the logistic growth of susceptible individuals. We incorporate Crowley Mar-
tin type incidence rate, Holling type III treatment rate, and two explicit time-delays:
a time delay in the incidence rate, which represents the latent period; a time delay in
the nonlinear treatment function, which measures the impact of delay in providing the
appropriate therapy to infectives. The numerical simulations verify the analytical results
and demonstrate the significant role of the following nonlinearities: capturing time lags
between the exposure of disease, onset of its symptoms, and then providing treatment
to infectives; susceptibles” and infectives’ protection level against the infectious diseases;
the limitation in the availability of the medical resources. The latent period and the
delay in treating patients have a significant impact on the number of infected individu-
als. These delays result in spreading infections at a high rate, and so, the disease stays
for a longer period. Considering the time delays as the bifurcation parameters can af-
fect the obtained equilibrium’s stability. When the delay is suitably small, the system
reaches its steady-state, but as it crosses the critical value, it will produce a limit cycle

and destabilize the endemic stability, making it difficult to control the spread of infection.

The work presented in this chapter is communicated for publication.

Chapter 5 In this chapter, we investigate the effect of awareness during an epidemic.
We propose a time-delayed epidemic model by incorporating a class of aware suscepti-
ble individuals in the SIR compartmental model. We considered the Michaelis-Menten
functional type nonlinear incidence rates for unaware and aware susceptibles with the
latent period and a saturated treatment rate for infectives. Michaelis-Menten func-
tional response type incidence rate is suitable when the number of adequate contacts
per infective in unit time grows less rapidly as the total population increases. We per-
form mathematical analysis that allows long-term qualitative predictions of outbreaks
and the persistence of the disease. The numerical experiments show the significance of

the model’s variables and parameters and suggest strategies that could prevent infection.

The work presented in this chapter is communicated for publication.

Chapter 6 This chapter is an extension of Chapter 5. Here, we introduce fully aware
and partially aware susceptible compartments into the SIR epidemic model due to het-

erogeneous protection levels of individuals and extend the epidemic model to include the
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behavioral change of susceptibles, which can change the transmission patterns and reduce
the prevalence of disease to a more extent. We consider three specific nonlinear incidence
rates of unaware susceptibles, fully aware susceptibles, and partially aware susceptible,
respectively, with the inclusion of time delay as a latent phase. Also, with awareness,
treatment of infectives is essential to mitigate the infection. Therefore, we consider the
nonlinear saturated treatment rate, which includes limitations in the availability of re-
sources. After formulating the nonlinear time-delayed mathematical epidemic model, we
perform stability analysis to demonstrate the eradication or persistence of the disease
and validate the theoretical results numerically. The results can help to understand the
role of varying protection levels of susceptibles in the transmission pattern of infectious
diseases, suggesting the control strategies to prevent the spread of infections at a massive

scale.

The work reported in this chapter has been published entitled ‘“Nonlinear dynamics
of a time-delayed epidemic model with two explicit aware classes, saturated incidences,

and treatment” in Nonlinear Dynamics, 2020 (Springer).

Chapter 7 This chapter presents a time-delayed susceptible-vaccinated-infected-recovered-
susceptible (SVIRS) compartmental epidemic model to study the impact of the imper-
fect vaccine. We incorporate the Holling type II incidence rate with a latent period
and saturated treatment rate and perform qualitative analysis through the stability and
bifurcation theory approach using center manifold theory. Our results suggest that the
imperfect vaccine and a saturated treatment rate may lead to backward bifurcation,
but at the same time, we emphasize that these facilities reduce the size of the infected
population. High vaccine take-up levels brought about radical decreases in infectious
diseases. If a vaccine can be made, which is completely effective, this plausibility does
not emerge, and a program that reduces the contact rate can moreover control infection

without inciting backward bifurcations.

The work reported in this chapter has been published entitled ‘“A deterministic time-
delayed SVIRS epidemic model with incidences and saturated treatment” in Journal of

Engineering Mathematics, 2020 (Springer).

Chapter 8 This chapter contains the conclusion of the work done and the future scope

of the problems discussed in the thesis.
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Chapter 2

Dynamics of a time delayed nonlinear SIR
epidemic model with
Beddington-DeAngelis incidence and

saturated treatment rates

In this chapter, a novel nonlinear time-delayed Susceptible - Infected - Recovered (SIR)
epidemic model with Beddington-DeAngelis type incidence rate and saturated functional
type treatment rate is proposed and analyzed mathematically and numerically to control
the spread of the epidemic in the society. Analytical study of the model shows that it has
two equilibrium points; disease-free equilibrium (DFE) and endemic equilibrium(EE).
The stability of the model at DFE is discussed with the help of a basic reproduction
number, denoted by Ry and it is shown that if the basic reproduction number Ry is less
than one, the DFE is locally asymptotically stable and unstable if Ry is greater than
one. The stability of the model at DFE for Ry = 1 is analyzed using center manifold
theory, revealing a forward bifurcation. We also derived the conditions for the stability
and occurrence of Hopf bifurcation of the model at endemic equilibrium. Further, to

illustrate the analytical results, the model is simulated numerically.
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2.1 Introduction

Mathematical analysis and modeling of infectious diseases play a crucial role in study-
ing a wide range of infectious diseases to understand the transmission dynamics better
and have the capacity to influence expectations; to decide and assess control strate-
gies. Authors around the world have proposed different kinds of epidemic models such
as SI (Susceptible - Infected) [26], SIS (Susceptible - Infected - Susceptible) [25], SIR
(Susceptible - Infected - Recovered) [132], SIRS (Susceptible - infected - Recovered - Sus-
ceptible) [21], SEIR (Susceptible - Exposure - Infected - Recovered) [106,109], SVEIR
(Susceptible - Vaccinated - Exposure - Infected - Recovered) [51] and many more, to
understand the dynamics of disease transmission. In the mathematical epidemiological
literature, several authors have studied the epidemiological models with latent or incu-
bation period because many diseases have a latent or incubation period, during which
the susceptible individual becomes infected but is not yet infectious. Such latency in
disease transmission can be modeled by a delay differential equation. Delay differential
equations (DDE) have been a very successful tool to capture the effect of a varying in-
fectious period in a range of SIR, SIS, SIRS, and other epidemic models. Hethcote and
van den Driessche [25] studied an SIS epidemic model with constant time delay, which
accounts for the duration of infectiousness. Song and Cheng [44] studied the impact of
time delay on the stability of the positive equilibrium, as a resultant of which, conditions
have been stated for the asymptotical stability of the endemic equilibriumn for all de-
lays. Xu et al. [76], Khalid Hattaf et al. [107] and Kumar and Nilam [131,132,135, 141]
considered the effect of time delay on SIRS and SIR models respectively and provided
the conditions for the stability of their proposed models.

The incidence rate of a disease is the number of new cases per unit time and plays a
crucial role in studying the transmission of disease dynamics. Several authors suggested
different types of incidence rates. Firstly, the bilinear incidence rate BSI [1,4, 20,32, 82|
is based on the law of mass action, describes the situation that if the number of suscepti-
bles increases, the number of individuals infected per unit of time increases, which is not
realistic. In reality, however, by the impact of media, open mindfulness, or individual ex-
perience, people apply careful steps that decrease the contact number or the transmission
potential. Since nonlinearity in the incidence rates has been seen in disease transmission

dynamics, it has been proposed that the standard bilinear incidence rate shall be modified
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into a nonlinear incidence rate by numerous authors [12,52,135,139, 141]. Several au-
thors such as Anderson and May [10], Wei and Chen [61], Zhang et al. [62], Li et al. [73],
Li and Muldowney [24], Korobeinikov and Maini [45], Xu and Ma [76], Capasso and
Serio [12] suggested different types of nonlinear incidence rates, and they incorporated
these incidence rates in their model and studied the disease dynamics. In 1975, Bed-
dington [5] and DeAngelis [6] independently introduced nonlinear incidence rate known
as Beddington-DeAngelis type incidence rate. Later, some authors [81, 105, 123] used
this incidence rate in their epidemic models. In the present chapter, we introduce the
incidence rate as Beddington-DeAngelis type to contribute to the nonlinear dynamics
of infectious disease. Since the nonlinear type incidence rate alone can not wholly de-
termine the transmission of the disease dynamics, the inclusion of time delay must be
considered for a more realistic model. Therefore, we incorporate time lag into Bedding-
ton DeAngelis functional type incidence rate and investigate its impact on the disease

dynamics.

It is well known that the treatment rate always plays a substantial role in preventing
and controlling the spread of epidemics. In the classical epidemic model, the treatment
rate was either constant [39] or proportional to the number of infected individuals [47].
This type of treatment rate is suitable in the case when the number of infectives is small
and treatment resources are sufficient, and unsuitable when the number of the infectives
is large, and treatment resources are limited. To control the disease, most researchers
focus on a nonlinear type treatment rate. Dubey et al. [106, 123, 125] introduced the
nonlinear treatment rate such as Holling Type II, Holling Type 111, and Holling Type IV
in their model and proposed nonlinear dynamics to control the epidemic. Holling type
[T treatment rate (also known as a saturated treatment rate) defines the condition in
which removal rate initially becomes quick with increment in infectives, and then it de-
velops gradually and settles down to maximum saturated value. After this, any increase
in infectives won’t influence the removal rate [106]. Motivated by the work of Dubey et
al. [106], in the present chapter, we take the nonlinear saturated treatment rate of the

form
al?

n=__“
sU) =

(where I >0, a,b>0 and ¢ >0)

The aim is to understand and predict the actual transmission of infectious diseases and
investigate the effect of treatment rate to provide an effective control strategy. There-

fore, motivated by Dubey et al. [106,123,125], we consider a SIR (susceptible-infected-
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recovered) epidemic model setting with a nonlinear Beddington-DeAngelis functional
type incidence rate with the inclusion of time lag (described as the latent period) and
a nonlinear saturated treatment rate to provide a control strategy of the infectious dis-
eases. It is shown that this simple-looking system can exhibit interesting dynamics if this
behavioral response is delayed. For the dynamics of the model, we discuss the existence
and stability behavior of the model for equilibriums. In addition, the existence of a Hopf

bifurcation is also discussed.

2.2 Mathematical framework

This section presents the mathematical model described by the system of delay differ-
ential equations constructed from the interaction among the compartments: susceptible,

infective, and recovered for the model equation.

2.2.1 The basic model equations

We consider that in the region under consideration, the total population is N(z) at
time 7. The total population N(z) is divided into three subclasses; the susceptible class
S(t), the infective I(¢), and the recovered individuals R(z). We assume that the disease
can spread due to the direct contact between susceptibles and infectives only. A block

diagram given in Fig. 2.1 illustrates the conceptual description of the model.

g(I)

BS(t — )I(t — @) 0I(t)
Ltal(t—e)+yit—o) I(t) | R(¢)

—_ | S(®

| | !

uS(t) (u+d)I(t) HR(t)

Figure 2.1: Transfer diagram for the delayed SIR model with the susceptible class S(¢), the
infective class I(¢), and the recover class R(z).

The model is presented by the following system of non-linear delay differential equa-
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tions:

as . BS@t—p)(—p)
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The initial conditions ¢ = (91,2, d3) of (2.1) are defined in the Banach space

Cr={9 €C([-p,0L,RY) : $1(Q) = S(Q), $2(Q) = 1(Q), $3(Q) = R(Q)},

where, RS = {(S,I,R) € R*:S > 0,1 >0,R > 0}. Biologically, we assume that ¢; >0 (i=
1,2,3).

In model (2.1), we consider the total population N(z) at time ¢, with the immigration of
susceptible population with a constant rate w. The parameters i, d, and 0 represent the

natural death rate, disease-induced death rate, and recovery rate, respectively. The term

S(t—p)I(1—
£(8:D) = syt

time delay p. Here, B is the effective contact rate (or transmission rate) of susceptibles

represents the Beddington-DeAngelis type incidence rate with

with infectives, o is a measure of inhibition effect, such as preventive measures taken
by susceptible individuals, ¥ is a measure of inhibition effects taken by infectives, and
the time delay p > 0 represents the latent period of the disease. The incidence function
f(S,1) includes some special cases. For instance, if we set & =0,y =0 then the incidence
rate is bilinear [51] and if o = 0 the incidence rate, describing saturated effects of the
prevalence of infectious diseases, is used in [75,83]. The term g(I) = # in model
(2.1) is the saturated treatment rate, where a > 0 represents the treatment rate of infected
individuals (cure rate), b > 0 is the limitation rate in treatment availability and ¢ > 0 is

the saturation constant in absence of inhibitory effect.

2.2.2 Basic properties of the model

The equations of the model (2.1) monitor populations. From the Proposition 2.1 in
Hattaf et al. [107] and Proposition 2.3. in Yang et al. [124], it can be shown that all state
variables of the model (2.1) are nonnegative. That is, (S,7,R) € R3.. Also, for ecological
reasons, we suppossed that all parameters &, u, B, a, v, d, 0, a, b are positive and c is
nonnegative.

Since N(t) = S(¢) +1(t) + R(r), the governing equations of model (2.1) can be rewritten
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as

dN

— =m—uN—dI 22
o FH (2.2)

<mT—UuN (2.3)

Lemma 2.2.1. All solutions of the model (2.1) starting in Ri are bounded and eventually enter

a compact attracting set

®={(S,I,R) €R> :S(t)+1I(t)+R(t) =N(t) < =}

=y

Proof. Continuity of the right-hand side of the model (2.1) and its derivative assure the well-
posedness of the model for N(¢) > 0. The invariant region for the existence of the solutions

can be determined as given below:

0< litmian(t) <limsupN(t) <
—>00

t—3o0

=18

Since N(t) > 0 on [—p,0] by assumption, N(¢) > O for all # > 0. Therefore, with the help of
Eq. (2.3), it can be seen that for any finite time ¢, N(¢) cannot blow up to infinity. The model
system is dissipative (solutions are bounded), and consequently, the solution exists globally

for all # > 0 in the invariant and compact set

®={(S,I,R) €R> :S(t) +1(t)+R(t) =N(t) < =}

=y

As N(t) approaches zero, S(t), I(t), and R(¢) also approach zero. Thus, each of these terms
tend towards zero as N(t) does. Thus, it is reasonable to interpret these terms as zero when

N(t) =0. |

Remark 2.2.2. In this region ®, basic results such as usual local existence, uniqueness and
continuation of solutions are valid for model (2.1). Hence, there exists a unique solution
(S(¢),1(2),R(t)) of model (2.1) starting in the interior of ® that exists on a maximal interval

[0,00) if solutions remain bounded [22].

2.3 Equilibrium and stability analysis

From the model (2.1), we infer that, since R(¢) does not appear in equations for % and

dl

& it is sufficient to analyze the behavior of solutions of (2.1) by the following system of
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DDEs:

ds _ BS@—p)I(t—p)
E_ﬁ_us_l—i—as(t—p)-l-yl(t—p) )4
dr _ BS(—p)i(t—p) ar 4

—(u+d+06)I

t_
di — 1+aS(t—p)+yl(t—p) bt cl+1

with initial conditions ¢ = (@1, ¢) of (2.4) are defined in the Banach space

Ci ={9p €C([-p,0,R%) : $1(Q) = S(Q), 9 (Q) =I1(Q)},

where, R2 = {(S,]) e R>:S>0,1>0}, ; >0 (i=1,2).

Now, we obtain the equilibria of the system (2.4). There are only two types of physically,
and in addition biologically, relevant equilibria, namely,

(i)  Eo(S0,0) = Ey <§,0>, disease-free equilibrium (DFE).

(i) E.(S*,I*), positive or endemic equilibrium (EE), where $* and I* are given in Sec-

tion 2.3.2.

2.3.1 Disease free equilibrium and its stability

System (2.4) has a disease free equilibria of the form Ey <ﬁ,0> (that is, there is no
infection present in the community and all individuals are susceptible) which is obtained
by setting right hand sides of the system (2.4) to zero. The characteristic equation of

the linearization of model (2.4) near the disease-free equilibrium Ey (ﬁ,O) is given by

Bre P
U+an

(u+/l)< —(u+d+9)—/l>:0. (2.5)

One of the roots of the Eq. (2.5) is given by A} = —u and other roots can be obtained

from
Bre P

U+ an

—(u+d+6)—1=0.

The term br )e_’lp at p =0, is termed as the basic reproduction number Ry.

(utom)(u+d+6
Thus, the basic reproduction number for the system (2.4) is given by

Br

Ro= (u+am)(u+d+0)
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Analysis for Ry # 1
Clearly, Eq. (2.5) has one negative root A; = —u and other roots can be obtained from

the equation
ﬁ T e—)Lp

wram’

A+u+d+6-—

Let

PO =Rk 0= Gl = a o) (1R ).

If Rp > 1, it is readily seen that, for real A

FO)=A+(u+d+6)(1—Ry) <0, lim f(A)=+oo

A—soo0

Hence, f(A) =0 and f'(A) > 0. Therefore f(1) =0 has a unique positive real root if
Ro > 1.

If Ry < 1, we assume that ReA > 0.

We notice that

Bre= ReA)P cos(ImA)p
(1 + o)

Br

ReA = "
(1 + o)

—(u+d+0)< —(u+d+06)<0,

which contradicts our assumption. Therefore if Ry < 1 then A will be a root of Eq. (2.5)

with negative real part. The result can be written in form of the theorem, stated below.

Theorem 2.3.1. The disease free equilibrium Ey is locally asymptotically stable if Ry < 1 and
unstable if Ry > 1.

Analysisat Rp=1and p =0
In this section, we analyze the behavior of system (2.4) when the basic reproduction
number Ry is equal to one and p =0. We observe that the Jacobian matrix of system

(2.4) evaluated at Ry = 1 and bifurcation parameter f = * = ww

has a simple
zero eigenvalue and another eigenvalue with negative real part. Since linearization is not
suitable to analyze the stability behaviour of equilibrium points at Rg =1, therefore
center manifold theory [28] is used. For simplicity, let S =x; and I = xp, then the system

(2.4) can be written as

dx Bx1x2

— =T — B —

dt Hx 1+ oxy+ vx; h 2.6)
de Bxle ax% '
_— = — d+0)x,— ——=—=

dt 14 ox;1+7yx (ptd+0)x x24+bx,+c 2
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Let J denotes the Jacobian matrix evaluated at Ry =1, and 8 = B* then

P .
J=| T e

0 0

Let w = [wy, wy] and u = [u1, uz]" be the left and right nullvectors of J corresponding to

the zero eigenvalue. Then, we have

prr

, up=1.
n(p+ am)

W]IO, WzZl and uy = —

The nonzero partial derivatives associated with the functions f; and f, of the system

(2.6) evaluated at Ry =1 and B = B* are

2°f _ _~,_ 2muBy < ’f > _( 92 f> ) ___maPu Bu
az)Eo_ 2a (utam)®’ \9xdxy Jp = \Ixdx Jp utan? T itax and

< f
2

2 f> _ =
dxpdB* Eo — utorm’

From Theorem 4.1 of Castillo-Chavez and Song [40], the bifurcation coefficients a; and

by are calculated as

ki, j=1
o [ _mep B _ ounpy
(u+arm) | (u+am)?® p+on (u+ap)®

_ 2B (Bearam)
H+am (U+oar)

and

2 9% fi % f T
b=} wi (ax,-aﬁ*)% _W2”2(3x235*>E0 = ivaz 0

k,i=1
Sign of a; determines the nature of the bifurcation at Ry = 1. The local analysis of the
center manifold yields a parameter, a;, whose sign indicates the existence and stability of
a branch of endemic equilibria near the threshold Ry = 1. If a; is negative, then a branch
of super-threshold endemic equilibria exists, and the bifurcation is supercritical. This
case is frequently alluded to as a forward bifurcation. Thus, with the help of Theorem

4.1(iv) of Castillo-Chavez and Song (2004), the following theorem is being concluded:

Theorem 2.3.2. The disease-free equilibrium (DFE) is locally asymptotically stable if Ry is

slightly less than one and if Ry is slightly greater than one, then the DFE is unstable, and there
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is a locally asymptotically stable positive equilibrium near the DFE. Hence the model system

(2.4) exhibits forward bifurcation at Ry = 1 for p = 0.

The bifurcation from the disease-free equilibrium at Ry = 1 is forward, which can be

observed from Fig. 2.2 for the parameter values listed in Table 2.1.

20t

15-

1(t)

10t

25j “““““““““““““““““““““ I

Figure 2.2: Plot of I(¢) versus Ry.

2.3.2 Endemic equilibrium and its stability

In this section, we investigate the stability of the system (2.4) at the endemic equilib-

rium E,(S*,I*).

Equating the second equation of the system (2.4) to zero, we get

ﬂS*I* . aI*Z
_ — d+0)I" —
1+ aS* +yI* (h+d+6)

After solving Eq. (2.7), we get S* in terms of I* as follows:

(1+91*)(p(bI** 4 cI* +1) +al*)

S = B G2+ ) T T (e (B~ por) —aa)

where,

p=U+d+06.

S§* >0 if
c(B—pa)—oa>D0.

This condition also implies that

B—pa>0.
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Now, on adding the first and second equations of the system (2.4) and equate it to zero,

we get
a 1*2

_us - r-—_%“___ __o
RoHS = (ptd+0) = O

2.11)

Substituting the value of $* from the Eq. (2.8) into the Eq. (2.11), we get the following
equation in I*:

Ao+ AT + A2 + AP + Al + AT =0, (2.12)

where,

Ap=p(u+moa)(1—Ro),

Ay =a(pu+ma)+(B—pa)(p—2cm)+pu(2c+7),

Ay =ac(p+ma)+2pc(B—pa+yw)+pu (2b+c) +a(B+yu)
— (2apa+7m (2b+c*) (B - pa)),

Az = ab (u+ ) + pcyu+2bpp (c+7) + (B — p) (¢ (a+ pe) +2b (p — cm))
—a’a —ac(pa—yw),

Ay =ab(B —2po+yu)+b(B — pa)(2pc—bm)+bpu (b+2cy),

As = pb*(B — ap+yu).

With the help of Descartes’ rule of signs [42], the Eq. (2.12) has a unique positive real

root I* if any one of the following holds:
(i As >0, A4 <0, A3 <0, A» <0, A; <0 and Ay <O0.
(ii As >0, A4 >0, A3 <0, A» <0, A; <0 and Ay <O0.

)
)
(iii) As >0, Ay >0, A3 >0, A <0, A; <0 and Ap < 0. (2.13)
(iv) As >0, Ay >0, A3 >0, A >0, A} <0 and Ay < 0.

)

(v) A5 >0, Ay >0, A3 >0, A >0, A} >0 and Ay < 0.

After determining the value of I*, we can determine the value of $* from Eq. (2.8). Thus,
there exists a unique positive endemic equilibrium E,(S*,I*) if one of the conditions (2.13)
holds.

If conditions (2.13) are not satisfied, then we obtain the following result:

Proposition 2.3.3. If Ry > 1, then there is either a unique or three or five positive endemic

equilibria if all equilibria are simple roots.
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Proof. Suppose Ry > 1. From Eq. (2.12), we have fifth degree polynomial in /*:
F(I') = Ag+ A" + Ayl + A3I"3 + Ayl + AsT.
Leading coefficient of I* is A5 = pb*(B — ap+yu) > 0. Hence,

lim F(I") = +oo.

I*—oo

Also, note that F(0) = Ag, and Ag < 0 if Ry > 1. F(I*) is a continuous function on I*, and by
the fundamental theorem of algebra, we know that this polynomial can have at most five real

roots. [ |

We now analyze the local stability of endemic equilibrium E, as follows.

The characteristic equation of the system (2.4) evaluated at E, is a second degree

transcendental equation:
A%+ pod +qo+ (piAd+q1)e P =0, (2.14)

where,

acl*? +2al*
bI*2+cl*+1’

acl** +2al*
= d+0+————
40 “(“+ * +bI*2—i—cI*—i—1)’

po=2Uu+d+0-+

ﬁ * * & &
= I' (14+9I") = S* (1 4+ as*)),
P1 (1+aS*+yI*)2( (1+9I7) ( )
S* (14 aS* I (14yI* 2 4+ 2al*
g = HPS )2+ prity )2(u+d+6+—aiz 2 )
(14 aS*+yI*) (14 aS*+yI*) bI** +cl*+1

Theorem 2.3.4. At p =0, E, is locally asymptotically stable if }g_: < % is satisfied.

Proof. The characteristic equation for the endemic equilibrium E, at p = 0 is given by

A2+ pod +qo+ (piA+4q1) = 0.

ac—al> - pS(1+as")

It is easy to verify that if
Y Y (F2+bie)? — (oS ol

5 1s satisfied, then

acl*? 4+ 2al* N B

I (14+9) - S (1+ as*
(bI*2 +cI* 4+ 1)° (1+ocS*+yI*)2( (L") =5 )

po+pr=2u+d+06+
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go+q=p(u+d+0)+

al” (2+cl*) o pr+vr) . B
(b2 +cI* + 1) (I+aS*+y1*)? ) (14 aS*+yI*)?

(d+0)I" (1 +9I") + (I (1 +91") — §* (1 + aS™))) > 0.

Hence, by the Routh-Hurwitz criterion, it is concluded that the endemic equilibrium E, of the

system (2.4) is locally asymptotically stable when p = 0. |

Theorem 2.3.5. For p > 0, E, is locally asymptotically stable if the conditions
w(1+aS*+yr*)? > pre (I+yI*) and 2(u+d+0)*(1+yI") > uS* (1+as¥)

are satisfied simultaneously.

Proof. For p > 0, the characteristic equation evaluated at E, is given by the Eq. (2.14) which
is

A%+ poA +qo+ (pid +q1)e P = 0.
For p > 0, by applying Theorem 2.4 in Ruan and Wei [37], it follows that the characteristic
root of (2.14) must pass through the imaginary axis for the occurrence of instability for a fixed

value of time delay p. Assume that A = i1, n > 0 is the root of the characteristic Eq. (2.14).
Substituting A = in in Eq. (2.14), we obtain

(—1*+qo+ pimsinnp +qicosnp) +i(pon + pincosnp —gqisinnp) =0.  (2.15)

After separation of real and imaginary parts of Eq. (2.7), we get

pinsinnp +qicosnp = n*— qo, (2.16)
p1mcosnp —qisinnp = —1npo. (2.17)

On eliminating p by squaring and adding Eqgs. (2.16) and (2.17), we obtain a biquadratic

polynomial in 1 as

n* + (p§— 290 — p1)N* + (¢ — q7) = 0. (2.18)

Letting 2 = x. Then, Eq. (2.18) becomes

¥ +Ax+B=0, (2.19)
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where,

A=pi—2q0—pl, B=dq}—q}

acl*2 +2al* 2 acl*2 +2al*
A=(2u+d+0+——"" ) -2 d+0+— """ )
(“+ * +bI*2+cI*+1> “(“+ i +bl*2+cl*+1)
Bz * * % *
(1+ oS +y1+)* (91 =" (1+ as?)’
acl** +2al* acl*? 1+ 2al* 2
- d+0)+2 d+ 0 2
(HAd+ 0] +2(u+d+6) o (b1*2+cl*+1)
ﬁ * * * * 2
((1+aS*+yI*)2(1(1+y1)—S(1+a5)) ,
B=q5—qi
acl* +2al* 2
= d+0+——"2 )} —
<“(“+ i +b1*2+cl*+l>)

2

S*(1+ aS* I (14 yI* 2 4 2al*

_ups(+as)  BI( ”2(u+d+e+“iz 2 )
(1+aS +yr)” (14 oS*+yI*) bI*> +cl* +1

acl*? +2al* )2 s BAF2(1+y1)?
—(u+d+0+——" - n
(H rrvert1) \M (1+ oS +y1+)*

2uB2S* (1 + aS*)I* (1 +yI*)(acl* 4 2al*)
(14 aS* + y1*)* (bI*2 +cI* + 1) "

uB28*(1+ as*)

(14 oS* +yI*)4

(u+d+0)I"(1+yI") — uS* (14 aS%)).

A > 0 if and only if (14 otS* +yI*)* > B (I* (1+yI*) —S* (1+ S*)), and B > 0 if and
only if both the conditions p (1 + otS* + yI*)* > BI* (1+9yI*)and 2(u+d + 0)I* (1 4+ 9yI*) >
wS* (1+ aS*) are satisfied simultaneously.

Note that yt (1 + auS* +yI*)* > BI* (14 yI*) implies that
1 (1+aS* +yr)? > B (I (1+yI*) — $* (1+ as¥)).

According to the Routh-Hurwitz criterion, a contradiction arises with the assumption of insta-
bility, i.e., A = in] . Thus, it can be concluded that the endemic equilibrium E, of the system

(2.4) is locally asymptotically stable for p > 0. |
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Hopf bifurcation analysis

If B= g3 — g% given in Eq. (2.19) is negative, then there is a unique positive 1y satis-

fying Eq. (2.19), i.e., there is single pair of purely imaginary roots +ing to Eq. (2.14).

From Egs. (2.16) and (2.17), p, corresponding to 1o can be obtained as

1 S(q1 — — 2nm
Pn = — arccos (nO(QI ngpl)z th) + - , n=0,1,2... (2.20)
Mo PNy T 47 Mo
Endemic equilibrium E, is stable for p < pg if transversality condition holds, i.e., % (Rel) s #*
=iMo

0.
On differentiating Eq. (2.14) with respect to p, we get

dA
<27L +po+pre P — (piA +q1)P€_A”> - A(pid+qi)e P, (2.21)

{%} h _2Atpo +pie P — (pid +q1)pe P
dp] A(p1A+qi)e P
24+ po P1
C AMpiA+aq)e P A(pid+q1)

_P
A

_ 2A + po P1
—A(A2+pod+q0)  A(piA+qr)

_P
.

d da\ !
@ (Red) ‘l=ino =Re <@> ‘l=ino
:Re< | 2i;10fpo L 51 ' +iﬁ>
—ino(—ny +ipoNo+4q0) —P1Mo”+igiMo Mo
_ 1 (2710(773—610) +p5M0 PN )
Mo \(pom0)2+ (N3 —q0)>  (p11M0)> + 43
2(ng — qo0) + p§ p?

= — . (2.22)
(Pom0)2+ (Mg —q0)>  (P1Mo)*+43

Now, on squaring and adding Egs. (2.16) and (2.17), we get

(P1m0) + 41 = (pomo)* + (N — qo)*
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So that Eq. (2.22) can be written as

_2n¢+(p3—2q0—p?)

- . (2.23)
A= PiNG + 4t

%(Rel)‘

Under the condition A = p% —2qo —p% > (0, it can be seen that
d
£ (Ren) ‘ > 0.
dp A=ing

Therefore, the transversality condition holds and Hopf bifurcation occurs at n = nq,

P = Po.

Summarizing the above analysis, we arrive at the following theorem.

Theorem 2.3.6. If condition q% — q% < 0 holds, the endemic equilibrium E, of the system (2.4)
is asymptotically stable for p € [0,po) and it undergoes Hopf bifurcation at p = py.

2.4 Numerical simulation

Since it is essential to analyze the dynamical behavior of the model, therefore, in this
section, the system (2.4) is integrated numerically using the set of tested parameters

given in Table 2.1.

Table 2.1: List of parameters

Parameter Interpretation Value Reference
/4 Recruitment rate of susceptible 2 [125]
o Measure of inhibition taken by susceptibles 0.004 [125]

B Transmission rate 0.00924 Assumed
u Natural death rate 0.05 [125]
d Disease-induced death rate 0.001 [125]
Y Measure of inhibition taken by infectives 0.002 [125]
2] Recovery rate 0.002 [125]
a Treatment rate of infected individuals/Cure rate 0.002 Assumed
b Limitation rate in treatment availability 0.0005 Assumed
c Saturation constant 0.0002 Assumed
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The computer simulations are performed for S and I for various values of p. The tra-
jectory of § and I with initial conditions S(0) = 33, I(0) =5, approach to the endemic

equilibrium as shown in Fig. 2.3.
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Figure 2.3: Susceptible and infected population for various values of p.

Fig. 2.3 shows the effect of time delay on susceptible population and infective popula-
tion, respectively, for different values of time delay p. It is shown that as the time delay
p increases, the number of susceptible starts decreasing, and the number of infectives
starts growing. Due to the interplay between the number of infectives and susceptibles,
infectives settle to their steady-state but never reach zero, which shows that the system

approaches endemic equilibrium E,(9.8292,18.4177).
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Figure 2.4: Behavior of infected population for various values of B at p = 1.

Fig. 2.4 shows the influence of transmission rate B on infected population for p = 1.

The higher the effective contact rate, the higher will indeed be the possibility of spreading
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the disease. In Fig. 2.4, we note that when the effective contact rate f is high, more
people will be infected, and when the effective contact rate B is low, then fewer people

are infected.
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Figure 2.5: Infectives /() versus treatment rate a.
Fig. 2.5 depicts the behavior of infected population I(z) with respect to cure (treatment)

rate a. From this figure, it can be seen that the infected population is decreasing with

the increment in treatment rate a.
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2.6.1: Infectives I(¢) versus inhibition effect c. 2.6.2: Infectives I(¢) versus inhibition effect }.

Figure 2.6: Effects of measure of inhibitions.

Fig. 2.6 shows the effect of measure of inhibitions taken by susceptible and infectives,
respectively. These figures show that when the inhibition is less, more people are getting

infected, and when inhibition is more, fewer people are getting infected.
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Figure 2.7: Infected population with and without saturated treatment rate at p = 1.

Fig. 2.7 shows the effect of saturated treatment rate on the infected individuals for
the time lag p = 1. The treatment is an imperative strategy to diminish the spread of

diseases. This figure shows that the saturated treatment rate is reducing the infection.
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2.8.1: Plot of S(r) and I(¢) with respect to time 7. 0 10 20 30 40 50
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2.8.2: I(r) versus S(z).

Figure 2.8: Behavior of susceptible and infected population for the time lag p = 12.

In Fig. 2.8.1, plot has been drawn for infected and susceptible population versus time ¢
for time lag p = 12. Fig. 2.8.2 is the phase plot between susceptible S(¢) and infected 1(t)
population which shows the limit cycle for time lag p = 12. It clear from Figs. 2.8.1 and
2.8.2 that E, = (9.8292,18.4177) is the unique endemic equilibrium. According to the
algorithm given in Eq. (2.20) and Theorem 2.3.6, we compute that py = 12.5801, p% —
2g0 — p? =0.0109139 > 0 and ¢ — g7 = —0.000150942 < 0. Clearly, from Fig. 2.8, it can
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be seen that when p =12 < pg = 12.5801 then the endemic equilibrium is asymptotically
stable.

2.5 Discussion

This chapter formulates and analyzes a nonlinear time-delayed SIR mathematical
model with Beddington- DeAngelis type incidence rate and a saturated type treatment
rate. We assume that the time lag is present due to the latency period of pathogens. The
mathematical analysis shows that the model exhibits two equilibria: the disease-free and
endemic equilibrium. The local stability of the disease-free equilibrium is determined by
the basic reproduction number Ry. The disease-free equilibrium has been shown to be
stable for Ry < 1, i.e., disease dies out for Ry < 1 and for Ry > 1, it becomes unstable
and the endemic equilibrium exists. We also discuss the stability of disease-free equilib-
rium at Ry = 1 using the center manifold theory. We observe that at Ry = 1, the model
exhibits forward bifurcation and changes its stability as Ry crosses one. The stability
analysis demonstrates that endemic equilibrium is locally asymptotically stable under
certain conditions for the time lag p > 0 as stated in Theorem 2.3.4 and Theorem 2.3.5.
Further, system (2.4) has been simulated numerically for the effect of time delay p and it
is observed that as delay increases, the infected population also increases. Furthermore,
we simulate the model numerically to see the effects of transmission rate, inhibitions,
and treatment rate. The graphs show that the infection can be eradicated from society if
the treatment given to the population is managed according to the saturated treatment
rate. Also, analytical and numerical results show that oscillatory behavior of the infected

population would also occur, indicating the existence of a Hopf bifurcation.
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Chapter 3

Stability behavior of a time delayed
nonlinear SIR epidemic transmission
model with Beddington-DeAngelis
incidence and Holling type II treatment

rates

In this chapter, we explore a time-delayed STR mathematical model along with non-
linear incidence rate and Holling functional type II treatment rate for disease transmis-
sion. The mathematical study of the model demonstrates that the model exhibits two
equilibria, to be specific, disease-free equilibrium (DFE) and endemic equilibrium (EE).
We obtain the basic reproduction number Ry and investigate that the model is locally
asymptotically stable at DFE if Ry < 1 and unstable if Ry > 1 for the time lag p > 0.
The stability of DFE at Ry =1 is also investigated for the time lag p > 0, and we show
that for p > 0, the DFE is linearly neutrally stable whereas, for p = 0, the model ex-
hibits backward bifurcation whereby the DFE will coexist with two endemic equilibria,
when Ry < 1. Also, we investigate the stability of the model at the endemic equilibrium
and find that oscillatory solution may appear via Hopf bifurcation, taking the delay as
a bifurcation parameter. Further, the global stability of the model equilibria has also
been investigated. Finally, numerical simulations have been presented to illustrate the

analytical studies.
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3.1 Introduction

A major goal of the epidemiological study is to develop an understanding of the trans-
mission of epidemics and interventions that can be taken to prevent and control the
spread of infectious diseases. For the most part, an ideal condition for the elimination of
infection is for the basic reproduction number (BRN) [33] to be less than one whereby
the disease-free equilibrium (DFE) is stable; the unique endemic equilibrium (EE) will
be asymptotically stable as far as when the BRN is greater than one, implies that the
disease-free equilibrium will be unstable. However, many authors have exhibited that it
is feasible for the disease-free equilibrium to exists together with two endemic equilibria
even when the BRN is less than one, leading to the phenomenon of backward bifurca-
tion [91]. More accurately, the phenomenon where the disease-free equilibrium loses its
stability and a stable endemic equilibrium appears as Ry increases through unity is the
case of forward bifurcation, whereas the phenomenon where a stable endemic equilib-
rium coexists with a stable DFE when Ry < 1 is the case of backward bifurcation. It
demonstrates that for disease control and destruction, relying on the BRN to be less
than one is only necessary but no longer sufficient. Therefore, the occurrence of back-
ward bifurcation has important public health implications. Many authors have studied
epidemic models characterized by backward bifurcation for both generic and specific dis-

eases [30, 38,40, 47].

Inhibitions are effective measures to control the spread of infectious diseases but to
control the spread of further infection and eliminate the infection from society, there
is a need for effective treatment. The treatment rate has a substantial role in reduc-
ing complications and preventing the transmission of infectious diseases to others. The
appropriate and timely treatment strategy can significantly lessen the effect of disease
on society. The basic idea behind any treatment is to cure a disease and to control its
spread. In 2004, Wang and Ruan [39] considered a SIR epidemic model with a constant
treatment rate (i.e., the recovery from infected subpopulation per unit time) as given

below:



where b is a positive constant and I denotes the number of infected individuals. They in-
vestigated the stability of the model and proposed that their model could exhibit various
bifurcations. This kind of treatment rate is appropriate for a small number of infectives
and sufficient treatment resources but inappropriate when the number of infected indi-
viduals is large and treatment resources are limited. Therefore, Zhang and Liu [55] pre-
sented the improved continuous, differentiable nonlinear treatment rate function, which
saturates at its maximum value. This saturated treatment rate is known as the Holling
type II treatment rate [49]. For an outbreak of epidemic disease, the treatment capacity
of Holling type II is initially very slow, which develops gradually with improved treat-
ment facilities. Further, Holling type II treatment rate refers to the condition that when
there is a large number of infected people, then the treatment capacity reaches its max-

imum because of limited treatment facilities, which mimic the more realistic phenomena.

Delay differential equation reveals more complex dynamical behavior than an ordinary
differential equation. The time delay is an influential parameter in the dynamical be-
havior of infectious diseases, and it can change the behavior of the dynamical system.
This chapter studies the effect of the latent period on the SIR model and analyzes the
transmission of epidemics into the susceptible host with the impact of inhibitions taken
by both susceptible and infected individuals. We aim to study the effect of treatment
rate also. We have considered the limited availability of resources, which allows us to
reach more realistic phenomena. For this, we have considered a SIR epidemic model
along with Beddington DeAngelis functional type incidence rate by incorporating time
delay as latent period and Holling functional type II treatment rate. We derive the
basic reproduction number for the proposed model and study the dynamical behavior
of the model through stability analysis. We give a precise indication of the bifurcation
phenomenon using center manifold theory, ensuring that either forward or backward bi-
furcation occurs. We also discuss the Hopf bifurcation near the endemic equilibrium by

considering time delay as a bifurcation parameter.

3.2 Mathematical model

The fundamental approach in studying epidemic models is to divide the total popu-
lation into mutually exclusive compartments according to epidemic status. We assume

that the total size of the population N is constant. Therefore, the total constant popu-
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lation is divided into three disjoint compartments S(¢), I(¢), and R(z), where S(z), I(t),
and R(t) denotes the size of compartment of susceptible, infected, and recovered at time
t, respectively. We assume that each population of SIR is well mixed and interacts ho-
mogeneously with each other [137]. That is, N =S(t) +1(t) + R(¢) which means that N
is a fixed population and S(¢), I(z) and R(¢) may vary at time ¢.

The model we present is under the framework of the following system of non-linear delay

differential equations:

ds BS@—p)i(t—p)

C—A-BS—

dt l+oaS(t—p)+yI(t—p)’

dl BS(t—p)I(t—p) al

i — — 3.1
dt  1+aSt—p)+vyI(t—p) (B+d+6)l 1+bI’ G-
dR al

E_1+bl+gl_0R'

The model (3.1) is considered with the following initial conditions:

5(0) = 1(0), 1(6) = ¢2(0), R(8) = ¢3(6) ¢:(6) >0, 6 € [—p,0], ¢;(6) >0 (i=1,2,3)
(3.2)

where (91(0),¢2(0),¢3(0)) € C([—p,0],R%). Here, C denotes the Banach space of con-

tinuous functions mapping the interval [—p,0] into Ri, and p > 0 represents the latent

period.

The description of the parameters used in the model (3.1) is as follows: A represents

the recruitment rate of the susceptible population by birth or immigration. ¥ and d are

the natural death rate and disease-induced death rate, respectively. { is the recovery

rate of infectives. The term ; +§LS98:;€§IJ£[)/;(€)7 o) describes the Beddington- DeAngelis type
nonlinear incidence rate, where 3 is the force of infection, o is the measure of inhibitions
taken by susceptibles, i.e., social awareness among the susceptibles, and 7y is the measure
of inhibition taken by infected individuals, i.e., the magnitude of interference among the
infectives. This incidence rate represents the rate at time (t — p) at which a susceptible
individual leaves the susceptible compartment and enters the infectious compartment at
time ¢. The latent period means that the force of infection at present is determined by
the number of infectives in the past. The term h(I) = ﬁ is the Holling functional
type II treatment term, where a denotes the cure rate of infectives and b denotes the

limitation in the availability of resources.
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3.3 Basic properties

Under the assumption that the population size N is constant, the model (3.1) may be
reduced to a two-dimensional system for analysis purposes only. The equation for R(¢) is
traditionally omitted; it is easy to see that under the assumption of constant population
size, this equation is decoupled from the first and second equations of the model (3.1).
The condition N =S+ 1+ R = constant may be used to find R [88,137]. In this manner,

it is equivalent to study the following reduced system:

s . o BSt—p)(—p)
E_A vs 1+aSt—p)+yI(t—p)’ (3.3)
A BSu-p=p) _y ey i

di  14+aSit—p)+yl(t—p) 1 +bI

with initial conditions

S(Q) - (])1(9), I<9) = ¢2(9)7 ¢l(9) > 07 NS [—P,O], (]),(9) >0 (i: 1a2) (35)

where, (¢1(0),$2(0)) € C([—p,0],R3). Here, C denotes the Banach space of continuous

functions mapping the interval [—p,0] into RZ.

We assume that ®(S(¢),1(z)) = % and h(I(1)) = I_ZIT%) are always positive, con-

tinuously differentiable, and monotonically increasing for all S, I > 0, i.e., the following

postulates are satisfied:
PL. O(S(1),1(r)) > 0, 4(S(t),1(t)) > 0, ®,(S(t),1(¢)) > 0 for S(t) >0 and I(¢) > 0.
P2. O(S(1),0) = (0,1(t)) =0, P(S(t),0) =0, (S(¢),0) > 0 for S(r) > 0 and I(¢) > 0.
P3. 1(0) =0, K (0) >0 for I(r) > 0.

For biological reasons, we consider that all the parameters of the system (3.3)—(3.4) are
positive, i.e., A, &, B, o, d, v, §, a, b > 0. The equations of the system (3.3)—(3.4)
monitor populations, therefore, it is essential to prove the positivity of the state variables,

ie., (S,1)€R2.

Lemma 3.3.1. Any solution of system (3.3)—(3.4) with ¢;(60) > 0, 6 € [—p,0] remains positive

whenever it exists and bounded in the region

D={(S,I) R:L:S(t)+1I(t) <=}

SAES
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Proof. Note that

ds dI al
T =A-0S-— [——— <A-— 1. .
dt+dt S — (0+d+Q) Topl = B(S+1) (3.6)
and so,
lim(S+17) < & 3.7

It follows that the system is point dissipative. Without loss of generality, we assume that
S(t)+1(t) < 2 for all t > —p. A consequence of this is that we may assume 7 is bounded
above, which in turn implies ‘fi—f is positive for small S, and so S is positive for r > 0 [122].

We now prove the positivity of /(¢). Using the variation of constants formula and applying
step by step integration method, for 0 < ¢ < p, we integrate the equation (3.4) from O to ¢ , we

get
1(t) = 1(0) - e2+4+8) . ofo f(S(@=p) I(0—p) [(@))do (3.8)

We see that I(¢) > 0 for all p < < 2p. Proceeding in the same way, this process will carry
on. Hence, it is proved that I(¢) > 0 for all ¢ > 0. |

From (3.7), it follows that (S,7) is bounded in the region

D={(S,I) €R::S(t)+1(t) <

}.

SAES

Hence, we state the following lemma:

Lemma 3.3.2. The solutions (S(t),1(t)) of the system (3.3)—(3.4) with initial conditions (3.5)

uniquely exists in the region

D={(S,I) ER:L:S(t)+1(t) <=}

| >

Proof. We already have proved the positivity and the boundedness of solution (S(¢),1(z)).
Now, we will prove the existence and uniqueness of this solution. We notice that the right-
hand of the model (3.3)-(3.4) is completely continuous and locally Lipschitzian on D. Then,
it follows that the solution of model (3.3)—(3.4) exists and is unique. This completes the proof

of Lemma 3.3.2. [ |
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3.4 Equilibria and stability analysis

In this section, we show the existence of the equilibria of the system (3.3)—(3.4) and
investigate the local and global stability behavior of the obtained equilibria. We obtain
the equilibrium points of the time-delayed system by setting the right-hand side terms
of the system (3.3)—(3.4) to zero since equilibrium solutions of a system with time delays

are equivalent to the corresponding system with zero delay [109].

3.4.1 The disease-free equilibrium (DFE) and its analysis

The equilibria are acquired by equating the rate of change of all the compartments to
zero. Consequently, we see that the system (3.3)—(3.4) has a unique DFE of the form
Ey(5,0).

The characteristic equation of the system (3.3)—(3.4), evaluated at Ey is as follows:

(19+7L)(ﬁﬁ?XAe_’lp—ﬁ—d—C—a—?t):O. (3.9)

Eq. (3.9) has one negative real root A; = —9 and other roots are the solutions of

BA —Ap
—9—d—C—a—A=0. 3.10
O+aA’ ¥-d=C-a (3-10)

BAe P
(O+aA)(d+d+{+a)

the basic reproduction number for system (3.3) is

The term

at p =0, is termed as the basic reproduction number. Hence,

Ry = hA
" W+aA) (O +d++a)

Analysis for Ry # 1

As mentioned above, Eq. (3.9) has one negative real root A} = —¢ and other roots

satisfy the equation

A

I. Assuming that Ry > 1, then

BA

< 0.
v+ A

£0)=0+d+C+a—
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Therefore, £(0) < 0. Since limy_,.,{(A) = +oo, there exists at least one positive
real root of (3.11) if Ry > 1.

IT. Let be Ry < 1.
Our goal is to prove that the characteristic roots cannot reach the imaginary axis
for any values of the parameters. It means that for any values of the parameters
and all delays p, it happens that ReA < 0. On the contrary, suppose that ReA > 0.
Note that

_BA
v+ aA

BA

Red =
© U+ oA

e ReAP cos(ImA)p =0 —d —{ —a < —9—d—{—a<0.

a contradiction to our assumption. Hence, if Ry < 1 then all the roots of Eq. (3.11)
must have the negative real part. Using the Routh — Hurwitz criterion, we have

the following result.

Theorem 3.4.1. The DFE E| is locally asymptotically stable if Ry < 1 and unstable at Ry > 1
for time lag p > 0.
Analysis for Ry =1

We analysis the system (3.3)—(3.4) at Ry =1 for p > 0 and p = 0 separately.

i p>0:1If Rp=1, then A =0 is a simple characteristic root of Eq. (3.11). Let

A = a+1m any of the other solutions, then (3.11) turns into:

A
a+lm+0+d+§+a—ﬁe(O‘““’)p:O. (3.12)

Applying Euler’s formula and parting real and imaginary parts, we can write

= —ap .1
o+9+d++a 19+aAcos(a)p)e , (3.13)
ﬁA —0p o

=5 1aA’ sin(wp). (3.14)

Observing that Ry = 1 implies BA = (¥ + @A) (¥ +d + { +a). Moreover, if there ex-

ist roots satisfying both Eqs. (3.13) and (3.14), then they also satisfy the equation

obtained by squaring and adding them member to member, we obtain
(0+0+d+E+a)*+ 0> = (0 +d+{+a)’e 2. (3.15)
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For Eq. (3.15) to be verified we must have o < 0. Therefore, DFE Ej is linearly

neutrally stable.

(ii) p =0: Note that the system (3.3)—(3.4) evaluated at Ry = 1 and bifurcation pa-
rameter B _ [3* _ (ﬂ+aA)(i+d+C+a)

has a simple zero (null) eigenvalue and other
eigenvalue is real and negative. Hence, when Ry =1, the DFE Ej is a non-hyperbolic
equilibrium. To investigate the stability of DFE at Ry = 1, we use the bifurcation
theory approach based on the center manifold theory [14]. For this, we redefine
S =x; and I = x; then the system (3.3)—(3.4) can be rewritten as

d

By gy P2 (3.16)
dt 1+OC)C1+]/)C2

dxy Bxixy axy
PR (94d _ 3.17
T el Al Sy G-17)

Let J(Ep,B*) denotes the Jacobian matrix of the system (3.16)-(3.17) evaluated at
Ro=1, and B = B*. Then

B
J(E()aﬁ*) — (O+0A)

The left eigenvector u = [uj,uz] of the Jacobian matrix J(Ep,*) is given by u-
J(Eo,B*). We obtain

up =0, up =1.

The right eigenvector w = (w1, wy)? of the Jacobian matrix J(Eo, B*) is given by
is given by J(Eo,*)-w. We obtain

BrA

PR -
(0 +aA) 2

wp = —

Let fi, i = 1,2 denotes the right-hand side of the system (3.16)—(3.17). It can be

checked that:

< *fr > _ B < *fr > _ B (ﬁ) —2ab— 2AB Y ( I’f> ) _
dx10xy Eo (AOC+19)27 dx0x; Eo (A(X+19)2’ ax% Eo (AOC+‘L9)2’ 8x28ﬁ* Eo

_A
Aa+9 -

Then, by [40], we obtain the bifurcation constants a; and by as
2 aka
a) = Uwiw (—>
Z o 8xl-8xj Eo
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2(ab(Aa+ V) —AB* S (B* + y(Aa + 1))

(A a+9)3 ’
2 aka
bl = upwi ( *)
A
Ao+

It can be seen that by is always positive. Therefore, by Theorem 4.1 of Castillo-
Chavez and Song [40] the local dynamics of the system (3.16)—(3.17) depends on
the sign of the bifurcation constant a;. Evaluating a; at bifurcation constant B*,

we get

2(8a* + (—Ab(Aot+ ) + ¥ (2d +Ay+2(E +9)))a+ 3 (d++ ) (d+Ay+E+8))
AlAo+ ) ’

a) = —

gla) = 0a®+ (B(2d +Ay+2(E +9)) —Ab(Ao+ 0))a+ H(d+{+ ) (d+Ay+{+0)

:A1a2+A2a +As,
(3.18)
with
A =1,
Ay =0Q2d+Ay+2({+9)) —Ab(Aa+ 1),
=0 (A(=b+7)+2(d+L+0)) —A%ba,
A3=0(d+C+0)d+Ay+ L +0).

It can be seen that A; and Az are always positive. Let D denotes the discriminant

of the quadratic g(a) given in the Eq. (3.18). We obtain that

D =A3—4AA; 519)
— A2P 0%+ Ab(Aa+ O)(A2ba + O (A(b— 27) — 4(d + § + D))). '

Let aj and a3 be two positive roots of the quadratic Eq. (3.18), given by

., —A—VD

aj=—F>———— and a;=

—Ar + \/5
2A1 '

2A1
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With the help of Theorem 4.1 [40], it can be concluded that if g(a) > 0, a for-
ward bifurcation occurs, whereas if g(a) < 0, the system (3.16)—(3.17) exhibits a

backward bifurcation.

We discuss these two cases separately.

1. Backward bifurcation

The system (3.16)—(3.17) exhibits a backward bifurcation when g(a) <0. The
existence of a backward bifurcation implies a range that shows the region of
coexistence of DFE and two endemic equilibrium: a smaller endemic equi-
librium (i.e., there is less number of infectives) and a larger endemic equi-
librium (i.e., there is a large number of infectives). In this case, the smaller
endemic equilibrium is unstable, whereas the larger endemic equilibrium is
stable. Thus, the occurrence of backward bifurcation shows that Ry less than
unity does not confirm the eradication of infection. Therefore, we now find
the range of a for which backward bifurcation occurs.
Now, g(a) < 0 if and only if the discriminant D > 0, Ay <0, and a] < a < a3.
Thus the conditions, obtained for the occurrence of backward bifurcation are
stated as below:

Ay <0,

D >0, (3.20)

a) <a<as.

2. Forward bifurcation
The presence of forward bifurcation confirms the eradication of the disease
when Ry < 1. It shows that the DFE is stable when Ry < 1 and if R crosses
unity, then the model admits a unique stable endemic equilibrium. From
this analysis, we will be able to know that if there is a stable coexistence
equilibrium bifurcating from Ey and Ey changes its stability from stable to
unstable. This behavior is known as forward bifurcation. Therefore, it is very
important to find the range for which forward bifurcation occurs. We see that
the system (3.16)—(3.17) exhibits a forward bifurcation if g(a) > 0. g(a) > 0 if
either Ap >0 or D >0, A <0, and a <aj or a > aj;. These cases are described

below:
(2d0 +Ayd +280 +20?)

A(Aa+ ) (3-21)

{A2>00r, b <
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1(t)

or

Ay <0,
D >0, (3.22)

a<ajora>a,.

These bifurcations are illustrated in Figs. (3.1.1), and (3.1.2). We consider the
parameter valuesA=5, a =1, ¥ =0.05, d =0.001, y=0.01, { =0.002, b =0.002.
Most of the parameter values are taken from [125]. At these values of parameters,
we obtain that D = 0.0420559 and A, = —0.0427. According to (3.20), we have a
backward bifurcation at B = B*, for aj = 0.00644085 < a < 0.847559 = a3. Setting
a = 0.8, the system (3.16)-(3.17) exhibits a backward bifurcation as shown in Fig.
(3.1.1). A forward bifurcation occurs by choosing a < aj or a > a3, as stated in
(3.22). Setting a = 0.005 < aj = 0.00644085, we see the occurrence of forward

bifurcation as shown in Fig. (3.1.2).
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0.9988
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0.9990 0.9992 0.9994 0.9996 0.9998 1.0000 0.90 0.95 1.00 1.05 1.10 1.15 1.20
Ro Ro
3.1.1: Backward bifurcation. 3.1.2: Forward bifurcation.

Figure 3.1: Bifurcation diagrams in the plane (R,1).

Now, in order to satisfy inequality (3.21), we use the parameter A =5, a =

0.004, y=0.01, ¥ =0.05, d =0.001, { =0.002, b =0.002, a = 0.005. At these pa-

2
rameter values, we see that the inequality (3.21), b =0.002 < (2d0+2}(/29;ﬁ%1)9+219 ) =

0.0222857 is satisfied and forward bifurcation occurs as shown in Fig. (3.2).
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Figure 3.2: Forward bifurcation diagram in the plane (R,), when the inequality (3.21) holds.

Theorem 3.4.2. The disease-free equilibrium Ey = (%,O) of the system (3.3)—(3.4) at Ry = 1

is linearly neutrally stable for p > 0.

Theorem 3.4.3. When Ry = 1, then the system (3.16)—(3.17) exhibits backward (forward)
bifurcation at disease-free equilibrium Ey if and only if g(a) <0 (> 0).

Remark 3.4.4. The theorem above states that at p = 0 and for values of Ry greater than 1
but close to 1, the system admits a unique infected equilibrium, which is locally asymptotically

stable.

3.4.2 Endemic equilibrium and its stability

To investigate the stability of the system (3.3)—(3.4) around the endemic equilibrium
E.(S*,I"), we equate the second equation of the system (3.3)—(3.4) to zero:
BSI* al*

_ Pl sade o — —0. 3.23
e GO R ity (323)

After solving Eq. (3.23), we get S* as follows

(1+yI*)(a+ (1+bI")p)

S = —ca—ap) + b1 (B - ap)’

p=0+d+¢. (3.24)

We see that §* > 0 if and only if

B—oaa—ap>0, ie, B—op>aa>D0. (3.25)
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Plug in the value of §* from Eq. (3.24), into Eq. (3.3), we get the cubic equation in I*

as follows

Ho+HI" + HoI'> + HiI™ = 0, (3.26)

where,

Hy= (0 +aA)(d+d+ ¢ +a)(l—Ro),

Hi=—-da—(d+{+0)(—B—2b0—yd+a(d+C+0))+a(Abo+ B+ b +yd—
200(d+§+0))+2Ab(—B+ a(d+ §+ V),

Hy=b(—(d+C+9)(-2B—bd—2y3+20(d++ ) +a(f+yd—2a(d+{+ 1))+
Ab(—B+a(d++9)),

Hy=0*(d+ {4+ 9)(y0 4B —a(d+d+0)).
(3.27)

Note that Hz > 0 according to the condition given in Eq. (3.25).

Theorem 3.4.5. If Ry > 1, then there is either a unique or three positive endemic equilibria if

all equilibria are simple roots.

Proof. Suppose that Ry > 1. From (3.27), it follows that Hy is negative. From Eq. (3.26), we

have a third-degree polynomial in /*:
Ho+ H I* + HyI*? + Hy ' = 0.

Since Hj is positive and Hy is negative, we have the following possibilities of signs of H; and

H>:

(i) H; >0, and H, < 0,
(ii) H; <0, and H, > 0,
(3.28)
(iii) H > 0, and H, > 0,
)

(iv H; <0, and H, < 0.
Using Descartes’ rule of signs [42], it follows that Eq. (3.26) has either three positive roots or

a unique positive root. Hence the proof. |

To analyze the local stability of endemic equilibrium E,, we obtain the characteristic
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equation of the system (3.3)—(3.4) at E, as follows:

A2+ pod +qo+ (piA +q1)e P =0, (3.29)

where,
a

S
av
(bI*+1)%’
B(=S*(1+S*a)+I*(1+1I*y))
(1+S*o+I*7y)?

Blal*(14-I*y) + (1 +bI")(I* (1 +I*Y)(d 4+ &) + (=S* (1 +S*a) +I* (1 +I*})) D))
(bI* +1)2(1+ S* o +y7)? '

po=20+d+C+

go=0(3+d+)+

pP1=

Y

q1 =

Theorem 3.4.6. At p =0, E, is locally asymptotically stable if po+qo > 0, and p1 +q1 > 0.

Proof. The characteristic equation of the system (3.3)—(3.4) evaluated at £, and p =0 is
A%+ (po+p1)A+(q0+q1) =0. (3.30)

Using the Routh-Hurwitz criterion, it can be said that the endemic equilibrium E, of the system
(3.3)—(3.4) is locally asymptotically stable when p = 0 if pg+ p; > 0 and p; + g1 > 0 are

satisfied simultaneuously. |

Theorem 3.4.7. For p > 0, E, is locally asymptotically stable if both p% —2g0 — p% > 0 and

q% — q% > 0 are satisfied simultaneuously.

Proof. For p > 0, if instability occurs for a specific value of the time delay p, then a charac-
teristic root of (3.29) must cross the imaginary axis [131].
Assume that A = 1&, & > 0 is a root of the characteristic Eq. (3.29). Substituting A = 1& into

equation (3.29), we get

(—&*+qo+pi&sinEp +qicosép) +1(po& + pr1&cosEp —gi cosEp) = 0. (3.31)

On separating real and imaginary part of the Eq. (3.31), we get:

p1Esinép +qcosép = E% —qp, (3.32)
p1&cosEp —qicosEp = —po&. (3.33)
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Eliminating p by squaring and adding Eqs. (3.32) and (3.33), we obtain a polynomial in & as
follows

E*+ (p§— 290 — p1)E* + (45— q1) = 0. (3.34)

Letting &2 = x, p3 —2q0 — p1 = A, and ¢} — g7 = B, Eq. (3.34) becomes
x> +Ax+B=0. (3.35)

Using the Routh — Hurwitz Criterion, it can be observed that, the Eq. (3.35) has roots with
negative real part, if A > 0 and B > 0 are satisfied simultaneously. It contradicts the assumption
that Eq. (3.29) has aroot A = 1£. Hence, the endemic equilibrium E, of the system (3.3)—(3.4)
is locally asymptotically stable for p > 0 if p(z) —2q0 — p% > ( and q(z) — q% > (0 are satisfied

simultaneuously. u

Hopf-bifurcation

If g3 — g7 <0, then there is a unique positive @y satisfying the Eq. (3.35), i.e., there is
a single pair of purely imaginary roots 1@y to Eq. (3.29).
Using Eqgs. (3.32) and (3.33), we obtain p; corresponding to @y

2
W2 (a1 — ppr) —
1 < 5 (41— Pop1) qoq1>+2k7‘, k=0,1,2...

Px = — arccos (3.36)
a8 PiO; +ai

For p < pog, the endemic equilibrium Ej is stable if transversality condition holds, That
is,

d

4 (Re A ’ 0.

dt ( & ) l:ia)() 7&

Differentiating Eq. (3.29) with respect to p, we get

dAr
(2& + po+pre P — (piA +q1)Pe_“’> - A(p1A+qr)e . (3.37)

{ﬁ}_l 24 +po+pie P —(piA+qi)pe P
dp| A(pid+qi)e P
22 + po P1
ﬂ,(plﬂ. —{—L]l)e*)tp l(pll +QI)
_ 24+ po P
- —A(A%+pod+q0)  AlpiAd+qi)

_k
A

_P
T
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d dA
%(Rel A= lw()_ %) A=ty

( leo + Po N pi L )
coo +1poy+qo) —pi1@*>+1iqian @
_ 1 (2 qO +p0wo pTay )
@ \ (poty —q0)*  (p1w)*+qi
2(wg —qo )‘H’o _ i
" (po@)* + (03 —q0)  (prew)2+4]
20)2 2_2 2
e (foz i PV (Using Bas. (3.32) and (3.33),
P10y T4
(P1@0)* +47 = (po@0)* + (&5 — q0)?).
Under the condition p3 —2go — p? > 0, we have % (Rel) > 0. Hence, the transver-

A=ty
sality condition holds, and Hopf bifurcation occurs at p = pg and @wy. Thus, we state the

following theorem:

Theorem 3.4.8. If the condition q(z) — q% < 0 is satisfied, then the endemic equilibrium E, of the
system (3.3)—(3.4) is asymptotically stable for p € [0, po) and it undergoes Hopf bifurcation at
P = Po-

3.4.3 Global stability analysis

This subsection is devoted to analyzing the global stability behavior of the disease-free

and endemic equilibria.
Global stability of disease-free equilibrium

For the global stability of the disease-free equilibrium Ej (%,0), we assume the follow-

ing postulates:

P4. @)(S(7),0) is increasing with respect to S(¢) > 0.

P;(S0,0)
@;(S(1),0)

P6. P(S(1).1(1)) < 1(1 ((w)(w (252 >),:O) FHI(), 1) >0,
where H(I(t)) = (0 +d + E)I(t) +h(I(1))

PS.

<1 for S(t) > So, % > 1 for S(t) € (0,5p), where So=4.

Under these assumptions, we have the following theorem:

Theorem 3.4.9. Assume that (P1.)-(P6.) are satisfied then, the disease-free equilibrium
Ey(So,0) of the system (3.3)—(3.4) is globally asymptotically stable for any p > 0 if Ry < 1.
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Proof. From the conditions (P1.) and (P2.), it follows that the disease-free equilibrium Eg(Sp,0)
is the only equilibrium of the system (3.3)-(3.4). We define the following Lyapunov func-

tional:

L(t) = Li (1) + Lo(1)
where

S(r)
Ly(t) = S(1) — So — /S - jim %dc HI(0),

L2(0) = [ @(s—p), 16— p))dp.

The postulates (P1.)—(P3.) imply that L;(z) is defined and continuously differentiable for all

S(t) >0and I(t) >0, and L(t) = 0 at Ey(Sp,0). We will show that dl;l—gl) < 0 for all # > 0. For

dLy(t)
dt

dLy(t) . D(S0, /(1)) \ o /
= (1 Sy )0

this, first we calculate as follows.

Since, A — 9S = -9 (S— %) =—9(5—S0), we get

dLl(l) _ (1 T CD(S(),I(I))) (_19(5_50) _q;.(S(t_p),](t—p)))+q)<5(l—p),l(f—p))_H(I(t))~

dt 150* D(S,1(1))
We now calculuate ( ) as follows.
dl, (t )

= —0(S(t—p).1(t = p)) + (S(1). (1))

Thus, ‘[% is given by:

dL(t)  dLi(t) n dL;(t)
dt  dt dt

= (1 im e ) (- 3(5 - 50) - B(S(r - p).T(r—p)) + VSl p)uI(1—p))

—H(I) = ®(S(t = p),1(1 = p)) + D(S(2), (1))

:19<1—11io+ SOa )) So—S(t)) +P(S(t—p),1(t—p)) (12%1%—1)
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Further, (P4.)—(P6.) implies that

AL <y (1 - —qugf(;og)) (S0 — (1)) + ®(S(t — p).1(t — ) (—g'(f(ﬁ)“g) - 1) T

o((5),, (4,

- (1 - %00))) (S0~ S(1)) +®(S(t — ). It —p)) (
1(1) (%)1_0 (Ro—1).

Thus, for Ry < 1, %0 < 0 for all 1 > 0. Also, %= — 0 if S(7) = Sp.

Hence, it follows from the system (3.3)—(3.4) that the largest invariant set { (S (1),1(t) € Ri ’ dZ—gt) = O) }

@;(80,0)
®(5(1),0) 1) *

is singleton set Ey(Sp,0). From the Lyapunov-LaSalle asymptotic stability theorem [23, 90,
113], Ey is the only equilibrium of the system (3.3)—(3.4) and globally asymptotically sta-
ble. |

Global stability of endemic equilibrium

We now study the global stability of the endemic equilibrium E,(S*,I*) of the system
(3.3)=(3.4) by Lyapunov direct method. For this, the following hypothesis has been pro-
posed:

o(S*.I* * C(D(S(t).I IO It X

PS. (h(’*) _ ’*) (’(,’)—1) <0for I> I

Under these conditions, we have the following theorem:

Theorem 3.4.10. Suppose that the conditions (P1.)—(P3.) and (P7.)—(P8.) are satisfied then
the endemic equilibrium E,(S*,I*) of the system (3.3)—(3.4) is globally asymptotically stable
forany p > 0if Ry > 1.

Proof. We assume the following Lyapunov functional
M(1) = My (1) + Ma(1),

where,
S(1) d(S*,1*)

o Do, 1)
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M) = (s 1) [ (cp(s(tc;(?z:ﬁt)_ -1 _lnq)(S(td:(gz:ﬁt)_ .

By (P1.)-(P3.), M(t) = M (t) + M;(t) is defined and continuously differentiable for all S(¢), 1(z) >
0and M(0) =0 at E,(S*,I").

) do. (3.38)

At E,(S*.I"), the system (3.3)—(3.4) has
A—0S" =®(S*.I") = (S +d+ )" +h(I7). (3.39)

The time derivative of M| (¢) along the solution of system (3.3)—(3.4) is given by

dM ([) ( 9 ) / I* !
@ :<1 <<>I*>)S<I)+<1‘I<z>)’(”
= (1— q)(g,( ; I))) (OS* —0S(t) +D(S*, ") —D(S(t—p),I(t—p)))+

(1-17) (este=pra—py - =1 ) -y )

(1) I*

— (5"~ S(1)) (1_ ®(S", 1) )Jrq)(sm*) (1_ D (5", 1%) +c1>(5(t—p),1r(;—p)))

D(S(2),I*) D(S(t),I*) D(S(z),I*)
@(S(l‘—p),]([—p)) * * I(t) * h(1<t)) * I(t)
— 10) I'+o(S ,I)(I—I—*>—|—(h(l)— 1) I>(I* —1>

Further, the time derivative of M, (r) is given by

dMs(1) L o.d [P D(S(t—0),1(t—8)) D(S(r—0),1(t—8))
dzt = (S I)dt/ ( O (S*, 1) —1=n O(S*,I*) )de'
P(S(r—p),1(t—p))

= D(S(1).1(1)) ~ R(S(t =) 1(t = P)) + (S, 1) In —=ecrrs

Then, we have

dM(t)  dM(t) n dM;(t)

dr dt dt
o B(s°.1") (s 1*) L @5t —p).1—p)
= 2§ =50) (“cb(S()I*))”’“ ”(1‘ (50, <I><s<>,1*> )
BS1-p).L=P) o, s 1 10
R et (152 + (h< o) ()

) ) ey 28— p). ( p))
FR(S(1), (1)) = (St =p), 11 = p)) + B(S", 1) n —=pre oS
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. (I)(S*,I*) - CI)(S*,I*) @(S*J*)
=(S*—S(1)) <1 - W) + (8%, 17) (1 - d(S(t),I*) +lnq)(5(t),[*)>

DSl —p)I(t—p)) <£zés<t)11)) _ Iz)) (s, 1) (1 - @ +lnI§—i))

Wy (1) (s @S p)I—p)) B(S).1)
(e i0) (7 ‘)h““”**b“’l><l SEOI0) BT
@S- p)Ili—p) B(S0)I) T o (2SO.10)

0T eG0.10) '¢waﬁ>im>+¢“J” vty )

+@(S(r—p), 1t =p))-

I (CID(S(t),I*) I(t))
1) \®(S@),1(t)) I )~

The function ®(S(¢),1(z)) is monotonically increasing for all S(¢) > 0. Therefore,

) (1 _ %) <0, (3.40)

The function f(x) = 1 —x+Inx, (x > 0) has its global maximum f(1) = 0. Hence, for x > 0,

f(x) <0 and we have the following inequalities:

(5%, 1) (5%, 1)
O‘@G@Jw m@@@Jﬂ>§“

(1 1¢) +1n@> <0,

o I
(I_CP(S(I—P)J(t—p)) P(S(1),17) I* )+ln (8 —p).1(t—p)) P(S0).I") I* _
D(S(1),1(7)) o(S*,1*)  I(t) D(S(1),1(7)) O(S*,1*) I(t) ~
(3.41)

Hence, by (P7.)—(P8.) and inequalities (3.40)—(3.41), it follows that dﬂst(’) < 0 for all S(r) >

0, I(t) > 0. It can be verified that the largest invariant in {(S(t),l(t)) ER:: ‘”Zl(’) = O} is

singleton {E,}. By the Lyapunov-LaSalle asymptotic stability theorem [23,90, 113], E, is
globally asymptotically stable.

3.5 Numerical simulation

In this section, we present numerical simulations of the proposed model. Parameters
description and values are given in Table 3.1 and the total population size is considered

as N = 100.
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Table 3.1: List of parameters

Parameter Description Value Reference
A Recruitment rate 5 Assumed
o Inhibitions taken by susceptibles 0.004 [125]
B Transmission rate 0.0045 Assumed
0 Natural death rate 0.05 [125]
d Disease-induced death rate 0.001 [125]
Y Inhibitions taken by infectives 0.002 [125]
4 Recovery rate 0.002 [125]
a Cure rate 0.04 Assumed
b Rate of limitation in treatment availability 0.002 Assumed

Initial conditions are given by

S(0)=90, I(0)=8, R(0)=2.
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Figure 3.3: Behavior of susceptible-infected-recovered populations at time delay p = 1.

Fig. 3.3 shows the behavior of susceptible-infected-recovered populations at time delay
p = 1. At the parameters values given in table 3.1, we obtained that S* =23.5845, I* =
42.5367. From this §*, and I*, R* can be evaluated as: R* =N —S8* —I* =100 —23.5845 —
42.5367 = 33.8788. This is also verified from the Fig. 3.3. This figure shows that as
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time increases, all the subpopulations reach to their endemic equilibrium (§*,I*,R*) =

(23.5845,42.5367,33.8788).
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Figure 3.4: Impact of time delay p on susceptible, infected and recovered populations.

Fig. 3.4 shows the effect of time delay on the population with respect to time ¢. In this
figure, susceptible, infected, and recovered populations are being drawn for the time delay
p =0, 3, and 6 respectively. It can be seen that with the increased values of time delay p,
the infected individuals increases whereas susceptible and recovered individuals decrease
and finally settles down to their endemic equilibrium (23.5845,42.5367,33.8788). Thus,

the time delay is an influential parameter in the transmission dynamics of infection.
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Figure 3.5: Infected population with and without Holling type Il treatment rate.

Fig. 3.5 depicts the infected population with and without the effect of the Holling type
IT treatment rate. This figure shows the significant difference between the progression of

treated infected individuals and non-treated infected individuals. When Holling type 11
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treatment rate is considered, then the infected individuals first increase and then stabilize
to steady-state at a lower level, whereas in the absence of treatment rate, infections

increase at a higher rate and then settle down to steady-state with a big difference.
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3.6.1: & =0.004,y = 0.002. 3.6.2: ¢ =0.01, y=10.01.

Figure 3.6: Graphs depicting the effect of inhibitions taken by both susceptible and infected
individuals.

Fig. 3.6 shows the impact of the measure of inhibitions taken by susceptible and infected
individuals. Figs. 3.6.1 and 3.6.2 show the difference between the infected population
with and without inhibition effects. The solid red line shows the infected population
without inhibition effects. When there is no inhibition taken by susceptible and infec-
tives, then infectives increase at a higher rate. The dashed blue line shows the infected
population when we consider o = 0.004 and y = 0.002 whereas dashed-purple line shows
the infected population when a = 0.01 and Y= 0.01. Thus, the higher the inhibitions
rate, the higher the decline in the infected population.
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3.7.1: S(t) vs. I(t) for p = 8. 3.7.2: 8(¢) vs. I(t) for p = 10.
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3.7.3: 8(¢) vs. I(t) for p = 14. 3.7.4: S(t) vs. I(t) for p = 18.07.

Figure 3.7: Hopf bifurcation in the plane (S,1) for various values of time delay p.

Figs. 3.7 shows the occurrence of Hopf bifurcation at different values of time delay p in
the plane (S,7). We find that g5 — g7 = —0.0000587362 < 0, p§ —2qo — p7 = 0.00573205 >
0, and there is a unique pair of purely imaginary roots £1® of characterstic Eq. (3.29)
with @ = +0.105111. Hence, the hypothesis of the occurrence of Hopf bifurcation is
satisfied. According to the algorithm given in (3.36), we obtain the value of py as py =
18.07. Figs. 3.7.1, 3.7.2, and 3.7.3 show the oscillatory solutions for the time delay p =
8, 10, 14 € [0, pol, respectively. Theorem 3.4.8 implies that E, is asymptotically stable
for [0,po) which follows from the Figs. 3.7.1, 3.7.2, and 3.7.3, thus, periodic solution
appears and endemic equilibrium is locally asympotitically stable which converges to
E, = (23.5845,42.5367). Also, Hopf bifurcation occurs at pg = 18.07 (Fig. 3.7.4) which
confirms the Theorem 3.4.8.

3.6 Discussion

This chapter investigates the role of time delay and effects of inhibition measures and
treatment on the SIR model with a nonlinear Beddington — DeAngelis type incidence
rate and Holling type Il treatment rate. We obtain that the model exhibits two equilibria;
disease-free equilibrium Ey and endemic equilibrium E,. Stability analysis is resorted to
getting a sense of the behavior of solutions. We investigate the local stability of the
model near disease-free equilibrium point Ey by deriving the basic reproduction number
Ro. We observe that the disease-free equilibrium Ej is locally asymptotically stable when
the basic reproduction number Ry is less than one, unstable when Ry is greater than one,

and linearly neutrally stable when Ry equals to one for the time delay p > 0. By applying
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center manifold theory, we investigate the stability behavior of the undelayed system at
Ep when Ry is one, and show that the model exhibits a backward (forward) bifurcation
under certain conditions. Backward bifurcation plays a relevant role in disease control
and eradication. We find the bifurcation range for backward (forward) occurrence, which
depends on the cure rate a. More accurately, if the cure rate a lies in a specific range,
a] < a < a3, then there is an occurrence of backward bifurcation, and if a is sufficiently
small or sufficiently large, i.e., if a < a] or a > a3 then forward bifurcation occurs, as
obtained in the inequalities (3.20) and (3.22). Also, forward bifurcation may occur if
the limitation in the availability of resources is below a certain quantity, as obtained in
the inequality (3.21). This shows that the resource limitation should be minimized for
eradicating the epidemic when Ry < 1. Thus, the Holling type Il treatment rate has a
significant role in eradicating disease. Further, we found the conditions for the existence
of endemic equilibrium E, and investigated the local stability behavior of the system
near-endemic equilibrium E, and obtained some interesting results. We also discussed
the Hopf bifurcation near-endemic equilibrium by considering delay (p) as a bifurcation
parameter, and we obtained that the endemic equilibrium is asymptotically stable for
p €10,p,) and the model undergoes Hopf bifurcation at the critical value pg. Moreover,
the global stability of disease-free and endemic equilibria has been investigated and
obtained that the disease-free equilibrium is globally asymptotically stable when Ry <1,
as stated in Theorem 3.4.9, whereas the endemic equilibrium is globally asymptotically
stable when Ry > 1, as stated in Theorem 3.4.10, epidemiologically this means that the
disease will die out or persist in a population concerning certain restrictions on the
parameters.

In addition, we present the numerical simulations of the proposed model to illustrate
the theoretical results. We observe that when the time delay is high, the infection occurs
at a higher rate than the situation when there is no delay. Further, when the Holling
type II treatment rate is given to the infected individuals at the appropriate time, there
is a major difference in the occurrence of infection. Hence to eliminate the disease, there
is a need to improve medical technology and invest more medicines, beds, etc., in giving
the patients timely treatment. Also, it is depicted that if treatment is not available,
then infection is high even if inhibitions are considered. Therefore, the Holling type
IT treatment rate leads to a diminished level of infection. The impact of inhibitions is
also shown in the numerical simulation, which guarantees infection control in society if
inhibitions are taken properly. The data shows that critical value pgy is 18.07 and for

the time lag p € [0,pp), E. is asymptotically stable as shown in Figs. 3.7.1, 3.7.2, 3.7.3
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implies that the disease will persist in society, and at p = pg, periodic solution appears,

which confirms the occurrence of Hopf bifurcation at py.

The epidemic model without delay shows the backward bifurcation, which demon-
strates that the disease-free equilibrium coexists with the endemic equilibrium when the
basic reproduction number is less than one. It has important qualitative implications
since reducing the basic reproduction number below one is not sufficient to eradicate
the disease from society. Thus, it is vital to explain those components that can con-
trol or maintain a strategic distance from such backward situations. Our theoretical
results suggest that the existence of backward bifurcation depends on the treatment of
infected individuals. Under the point of view of the disease control campaigns, pub-
lic policymakers might try to prevent the dangerous, backward scenario by keeping the
treatments of infected individuals suitably low. In this case, the disease control may
straightly follow the classic road of reducing Ry below 1. If the backward scenario can-
not be avoided, then decreasing contact rate with infected individuals through aimed
public sensitization programs that affect individual behaviors can act appropriately to
reduce the disease transmission. The nonlinearity in the epidemic model due to the la-
tent period (time delay) can give rise to periodicity via a Hopf bifurcation, which shows

the oscillatory behavior of the disease at the critical value of time delay.

The findings of the model consisting of Beddington-DeAngelis incidence rate with the
latent period as time delay and Holling type II treatment rate are capable of demon-
strating the substantial role of latent period, social awareness among susceptibles, the
magnitude of interference among infectives, and limitation in available facilities. Fur-
thermore, the results can understand the transmission dynamics of the outbreak of newly
emerging diseases and hence further suggest the control strategies to prevent the spread
of diseases at a large scale—for example, the largest ebola outbreak in 2014 in the parts

of West Africa.
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Chapter 4

Stability analysis of a logistic growth SIR
epidemic model with two explicit
time-delays, the nonlinear incidence and

treatment rates

In this chapter, a time-delayed SIR epidemic model with a logistic growth of suscep-
tibles, Crowley-Martin type incidence, and Holling type III treatment rates is proposed
and analyzed mathematically. We consider two explicit time-delays: one in the incidence
rate of new infection to measuring the impact of the latent period, and another in the
treatment rate of infectives to analyzing the effect of late treatment availability. The
stability behavior of the model is analyzed for two equilibria: the disease-free equilibrium
(DFE) and the endemic equilibrium (EE). We derive the threshold quantity, the basic
reproduction number Ry, which determines the eradication or persistence of infectious
diseases in the host population. Using the basic reproduction number, we show that the
DFE is locally asymptotically stable when Ry < 1, linearly neutrally stable when Ry =1,
and unstable when Ry > 1 for the time-delayed system. The system without a latent
period reveals the forward bifurcation at Ry = 1, which implies that keeping Ry below
unity can diminish the disease. Further, the stability behavior for the EE is investigated,
demonstrating the occurrence of oscillatory and periodic solutions through Hopf bifurca-
tion concerning every possible grouping of two time-delays as the bifurcation parameter.

To conclude, the numerical simulations in support of the theoretical findings are carried
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out.

4.1 Introduction

Infectious diseases are significant reasons for affliction and mortality in developing
nations. Therefore, understanding the transmission attributes of irresistible ailments
and the surveillance and continuation of control interventions are necessary to maintain
infectious disease control achievements. In the beginning phase of an outbreak, it fol-
lows an exponential or generalized - exponential growth. However, it slows down and
reaches its maximum, as the increasing number of cases reaches its inflection point, and
the daily incidence curve reaches its most extreme. Thus, the growth pattern departs
from the (sub-)exponential path and follows a logistic growth rate [140]. To capture this
situation, some authors studied the effect of the logistic growth rate in their epidemic
models [62, 85,104, 130]. Wang et al. |85] assumed that the logistic growth governed
the population growth in susceptible individuals and proposed the epidemic model with
bilinear incidence rate, including the incubation period. They investigated the stability
behavior and showed the existence of Hopf bifurcation in their model. Zhang et al. [62]
also studied the logistic growth SIR epidemic model with the saturated incidence rate,
including the incubation time and the inhibitory effects of infectives, and studied the dy-
namical behavior of their model. Xue et al. [104] extended the work of Zhang et al. [62]
by incorporating the impact of the latent period in the saturated incidence rate and ob-
tained sufficient conditions for the Hopf bifurcations. Further, Li et al. [130] considered
the logistic growth SIR epidemic model with bilinear incidence and saturated treatment
rates and studied the stability analysis and various bifurcations. They showed that to
eradicate the disease, the government should raise the efficiency and enlarge treatment

capacity.

An incidence rate is a valuable tool that determines the number of new infection cases

per unit time. A significant assumption in disease transmission models is how individuals

make contact with each other. In 1989, Crowley and Martin [19] introduced an incidence
BSI

rate of the form m7

stance, bilinear incidence rate if o« =0,y = 0; saturated incidence rate with susceptibles

which includes the forms of other incidences also, for in-

if ¥ =0; Holling-II incidence rate if o = 0. This incidence rate has the critical property
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of including preventive anti-epidemic measures adopted by susceptible and infected pop-
ulations (such as disease surveillance and hygienic standards, social distancing, travel
restrictions, quarantine, case isolation, etc.). It normalizes the influence of inhibition on
infectives even in the high density of susceptible populations [125,139]. Apart from the
preventive measures, treatment of infectives is the most important medical intervention
for reducing disease spread and deaths during an outbreak. The adequacy and effective-

ness of the therapy may influence the recovery pace of infectives [108].

Although many authors have studied models with time delay or saturated treatment,
to the best of our knowledge, there are not many models that incorporate time de-
lays in both nonlinear incidence and saturated treatment functions. Therefore, in the
present chapter, we study a susceptible-infected-recovered (SIR) epidemic model with
two explicit time-delays, the logistic growth of susceptible individuals, Crowley-Martin
incidence rate, and the Holling type III treatment rate. The logistic growth of sus-
ceptibles comprises the increasing growth of the epidemic initially, but a decreasing
development at a later stage as the number of infections approaches its maximum. To
measure the transmission of infection in susceptibles individuals with the condition of
taking protective anti-epidemic measures by both susceptibles and infected individuals,
and the time-lag between being exposed to a disease and having its symptoms, we have
incorporated the Crowley-martin incidence rate with the latent period. To study the
impact of treatment on infected individuals with limited medical resources and delay in
providing the appropriate therapy to infectives, we have considered the Holling type III
treatment rate with time delay. The two explicit time delays have a significant role in
the present chapter. A delay in identifying the disease leads to a delay in applying the
right protection measures, which allow the virus to spread unseen. If the infection re-
mains undiagnosed after the recognition, this time lag enables the virus to reach capital
cities, where the outbreak grows into large epidemics. Therefore, the latent period and
the delay in providing medical services to infectives let the disease stay for an extended
period and spread faster at a higher rate. By incorporating the above-enlightened facts,
we formate and analyze a mathematical epidemic model. To explore the disease dynam-
ics through equilibrium analysis, we investigate the stability behavior of the disease-free
and endemic equilibria by deriving the basic reproduction number Ry. This threshold
quantity determines the eradication or persistence of the disease infection in a host pop-
ulation. The results indicate that for Ry < 1, there is a unique disease-free equilibrium,

which is locally asymptotically stable; this equilibrium becomes unstable when Ry > 1.
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Meanwhile, if Ry is greater than one, then there exists an endemic equilibrium. The
stability switches may happen near this equilibrium for different ranges of explicit time
delays, and the oscillatory and periodic solutions may appear via Hopf bifurcation. We
discuss the significance of two explicit time delays and other parameters by simulating
the proposed model numerically, revealing the disease’s endemic behavior, and suggesting

its control strategies.

4.2 Model description and basic properties

We assume that the total population N(¢) at time ¢ is divided into three catogories: sus-
ceptible S(¢), infected I(¢) and R(t), respectively. The description of the model’s param-

eters is as follow: The logistic growth rS(z) <1 — %) governs the susceptible population

BS(t—p)I(t—p1)
1+asS(t—p1))(1+7I(t—p1))

represents the Crowley-Martin incidence rate with latent period p;, where 8 denotes the

with a carrying capacity K and a specific growth rate r. The term (

transmission rate of infection, and o and 7y denote the saturating factors representing
the inhibitory effects adopted by susceptibles and infectives, respectively. 9, d, and 6

are the natural mortality, disease-induced mortality, and recovery rate of infectives, re-

ol*(1—p3)
1+E12(1—p2)

is the cure rate (or the maximum treatment rate), & is the saturating rate that measures

spectively. The term represents the Holling type III treatment rate, where o
the effect of limited availability of treatment resources, and p, measures the time delay
in giving treatment to infectives. Due to epidemiological reasons, we assume that o is

non-negative, and all other parameters are positive.

Thus, the model under the assumptions and descriptions mentioned above follows the

following system of delay differential equations:

d_S:rS<1_§>_ BS@t—p)I(t—p1)
dr K (1+aS(t—p1)(1+yI(t—p1))’ 2
&~ Trastop T —p OO g e 0
i—f — 01+ 15:1521(;(;62,32) _9R.
Let h = max{pi,p>}. The initial conditions of the model (4.1) are given by
S(0) = @, (0), 1(8) = d»(®), R(O) = d3(0), for O € [~4,0], 4.2)

where, ®; € C([—h,O],Ri), i =1,2,3, the space of continuous functions from [—h,0] to
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R3 | equipped with the sup-norm: ||®| = SUPge[—n,0 P(O).

By the theory of functional differential equations [23], it follows that all the solutions of

model (4.1) with initial condition (4.2) exist and are differentiable for all 7 > 0.

It is noticed that the variable R(¢) is not present in the first two equations of the model

(4.1); therefore, without loss of generality, for the analysis purpose, we can omit the

third equation and study the following reduced system:

d—S:rS(l—E)— BS@t—p)i(t—p1)
dt K) (+aSt—p))(1+yI(t—p1))’
ar _ BS(t—p)I(t—p1) (04 0-+d)— ol*(t —p2)

dr ~ (1t as(t—p)) (1 +yi(t—p))

[+EP(—p2)

4.3)

Lemma 4.2.1. Let v, = min{1,0% + 0 +d} and Q = max {S(0),K}. Then the compact set

Vin

D:{(S,I)emizsgg,sugw}

is a positively invariant set for the system (4.3).

Proof. From the first equation of the system (4.3), we have

Thus, a standard comparison argument gives that

limsupS(¢) < Q.

t—3o0

On adding first and second equations of the system (4.1), we obtain

ol*(t —p»)

d N
a(S+I) =rS (1_E> —(0+6+d)I— [T el py)

<(r+1)S—S—(0+6+d)I
<(r+1D)Q—v,(S+1).
Thus, we get

for sufficiently large .
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Hence, all the solutions of the system (4.3) are closed and bounded, and enter the region

D:{(S,I)eRi:SSQ,S+I§w}.

Vin

Hence, the system (4.3) is well-posed mathematically and epidemiologically. [

4.3 Mathematical analysis of the model

In this section, the mathematical analysis of the model is established with the following
steps: the existence of equilibria, the derivation of basic reproduction number, stabil-
ity behavior of obtained equilibria, and the presence of Hopf bifurcation near-endemic

equilibrium regarding the possible combinations of two time-delays.

4.3.1 Existence of model’s equilibria

On substituting the right-hand side of the system (4.3) to zero, we get two equilibrium
points, namely:
(i) The disease-free equilibrium (DFE) Ey (So,1p) = (K,0),
(ii) The endemic (positive) equilibrium (EE) E, (S*,I*), where S$* and I* are evaluated
in Subsection 4.3.3.

4.3.2 Disease-free equilibrium and its stability analysis

The disease-free equilibrium (DFE) is defined as the point at which no disease is

present. The DFE of the system (4.3) lies at Ey(So,l) = (K,0).

The Jacobian matrix J of the system (4.3) at DFE Ej is given as

Ke P1
-r _ﬁljocK
J(Ey) = . 4.4)
“2
0 BRE_(9+d+6)

The characteristic equation associated with J(Ep) is

_}{/p
(A+r) (l—%—i—ﬁ%—d%—@):& (4.5)
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The roots of Eq. (4.5) are A} = —r and A, where A, is a solution of the following

transcendental equation:

BKe”lpl
TA):=A———+00+d+6=0. 4.6
) 1+ oK FUAdT (4.6)
The term (1+o€l§)e(—161d+9) at p; = 0 is termed as the basic reproduction number (Ry) of

the system (4.3). Thus, Ry of the system (4.3) is

BK

Ro= (1+aK)(D+d+6)

Now, we state and prove the following results using basic reproduction number Ry for

the local stability behavior of disease-free equilibrium Eq(So, o).

Theorem 4.3.1. The disease-free equilibrium Ey(So,lp) of the system (4.3) has the following

properties:

1. When Ry > 1, then Ey(So, 1) is unstable for p; > 0.
2. When Ry < 1, then Ey(So,1lo) is locally asymptotically stable for p; > 0.
3. When Ry = 1, then Ey(So, o) is linearly neutrally stable for p; > 0.

4. When Ry =1and p| =0, then the system (4.3) exhibits a forward bifurcation at Ey(So, Ip)-

Proof. We have

ﬁKe_’lpl
T =_A - =0.
(A):=4 oK +9+d+60=0

The stability of the disease-free equilibrium Ej is investigated for a different ranges of Ry

under the following cases:

1. Assume that Ry > 1. Then, we have
BK
T(0)=—
(0) 14+ akK
=(0+d+0)(1—Ro)

+9%+d+06

<0.
Also, lim T(A) = +oo.
A—o0

Note that T(A) =0, T(0) < 0, and lim T(A) = +co imply that T(A) is a increasing

A—ro0
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function for real A. Therefore, 7' (1) = 0 has a real positive root when Ry > 1 and hence,

Ey is unstable.

. Assume that Ry < 1. On the contrary, let 7 (1) has a root A, € C with Re(A.) > 0. Then,
we have A, = % —(0+d+96).

So, Re(A,) < %( —(04+d+0)=(0+d+6)(Ry—1) <0, which is a contradiction
to our assumption. Thus, all the roots of 7'(A4) has a negative real part, which proves that

Ey is locally asymptotically stable.

. Let Rp = 1. When Ry = 1, then we have BK = (1 + aK)(® +d + 0) and one root of
T(A) = 0 vanishes.
Let A = m+in be any other solution of 7 (A1) = 0, Then, we have

ﬁKe_ (m+in)py

=0. 4.7)
1+ akK +3+d+06=0

m+in —
Splitting real and imaginary parts of Eq. (4.7) and using Ry = 1, we obtain:

(O +d+0)e”"Prcosnpy =m+0+d+6, (4.8)
(8 +d+6)e " sinnp; = —n. (4.9)

Squaring Eqgs. (4.8) and (4.9) and then summing up the resultant yields:
(O +d+0)% 2P = (m+ 0O +d+0)>+n’. (4.10)

If there exists a root satisfying the Egs. (4.8) and (4.9), then that root will satisfy Eq.
(4.10) too. For Eq. (4.10) to be verified, we must have m < 0. Therefore, Ej is linearly

neutrally stable.

. In case when Ry = 1 and p; = 0, then one of the eigenvalue of Jacobian matrix J(Ejy),
given in Eq. (4.4), vanishes. So, the linearization method is not applicable, and we can
resort to center manifold theory [17].

If we consider f3 as the bifurcation parameter, then the critical value B* can be calculated

as B* = %IW' We see that J(Ep) has a simple zero eigenvalue A = 0.

The components of right eigenvector V = (Vi,V5)7 and the left eigenvector of U =
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(U1,U,) of J(Ep) corresponding to A = 0 are

Bk
Vi=———— V=10, =0, U, = 1.
1 r(OCk—l—l)’ 2 1 2

Let ¢ = (g1,42) represents the right hand side of the system (4.3). Using Theorem 4.1

of [40], we calculate the bifurcation constants a; and b as follows:

22: UiV ( it )
a; = WViVil s—=— 1 >
ki, j—=1 3x,-8xj Ey

where, x1 and x; represent the susceptible individuals S and the infected individuals /.

The non-zero partial derivatives associated with a; and b are:

) % 2 * * 2 * *
972 (Eo,B*)  9°g2(Eo,B*) B 0°g2 (Eo.p*) _ 2P"vK —20, and

S0l  0IdS (oK +1)% oI?  aK+1

9%g:(Eo,B*) K
oIdB*  aK+1'

So, a; and b; take the form

o ang (E07B*) 82g2 <E07ﬁ*) 2 82g2 (EOaﬁ*)
v =i (PP ) v (D ) vz (R TP )

2Bk (yr(ak+1)2+ )

T r(ak+1)3 B

9282(E0,ﬁ*))
oI0B* )’

20,

by = UV, <

B K
CaK+1°

It can be seen that a; < 0 and b; > 0. Thus, using Theorem 4.1(iv) of [40], there exists
a forward bifurcation at Ry = 1. Forward bifurcation means that if some infectives are
introduced into the population then the system will return to the disease-free equilibrium

I = 0. That is, disease will die out if Ry < 1.

The graphical representation of the forward bifurcation is illustrated in the Example
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Example 4.1. Forward Bifurcation: We consider the following set of parameters: r =0.08, K =
100, o =0.002, y=0.001, ¥ =0.01, d =0.008, 6 =0.02, 6 =0.004, £ =0.009. At these
parameters’ values, the bifurcation parameter is obtained as B = f* = 0.000456. Fig. (4.1)
shows that when Ry < 1 then, there is a stable disease free equilbrium, and when Ry > 1, then
the disease-free equilibrium becomes unstable and there exists a stable endemic equilibrium.
It guarantees the eradication of disease when Ry < 1, whereas the disease will invade when

Ry > 1.

14}

12+

Stable endemic equilibrium

10

I(t)

4 stable disease—free

equilibrium Unstable disease-free equilibrium

Ry

Figure 4.1: Forward bifurcation.

4.3.3 Endemic equilibrium and stability analysis

To establish the existence of endemic equilibrium E,(S*.I*), first, we put the right-hand

side term of the second equation of the system (4.3) to zero. We obtain:

(' +1) ((E1*+1) (d+ 0+ ) + oI*)
BEM2+1)—(yI*+1)(a(EF2+1)(d+ 0 +9)+aol*)

St = (4.11)

§* >0 if
B(Er?+1) > (yI" +1) (o (EI* +1) (d+ 6 + O) + aoT) .
On setting the right-hand side term of the first equation of the system (4.3) to zero and
putting the value of §* using Eq. (4.11), we obtain that I* is a solution of the following
seventh-degree equation:
P(I*) :=Ag+ AT + Aol + A3l + Ayl + AsI + A + A7 =0, (4.12)
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where, the coefficients Als, i =0,1,2,...,7 are given below:

Ag=r(ak+1)(d+6+0)(1—Ry),
Ay = od*k+2d (ak(a (8 + ) — B+ vr) +yr) + k(B> — Ba(0 + )+ yr)+
o(0+0)(a(6+%)+2yr)+orc)+r2y(6 +9)+o0),

Ay = &Pd*k (VY +28) +2d (ak (o0 (P +2&) (0 + 0) +2ay0 —2BE +2¥Er) +2¥Er)
+k(o? (PP +28) (0 +0)> +4y0(0 +9)+0%) +ao (r(V+&) —2BY)
—40a&(0+0)(B—yr) +2BEB — ) +r0 (Y +&) +4vEr(6+0),

Agq = 4o yd*kE +202dko (P +E) +dE(2y(ak(4a (0 + ) — 2B +yr) +yr) +Er(ak+1))
+202vko? +20 (ak (a (PP +E) (0 + ) — BE+¥Er) +¥Er) +E(27(6 + 9)

X (ak(2o (0 +0) 2B +yr)+yr)+Er(0 +k(a(6+0)—B)+ 1)),

As = a*d*kE (27 + &) +2dE (ak (o (27 + &) (6 +O) +2ayc — BE + yEr) + ¥Er)
+k(a? (E (2P +E) (0 +0)*+7V0* +4yEc (0 +9)) + a (yo(yr—2B)
—25(6+0)(B—yr)+BE(B—vr) +YEr(vo +28(0+ D)),

Ag = YE(d+ 0 + V) (20°dkE + ak(2a(yo +E(0 + ) —2BE +vEr) +¥Er),

A7 = &> PkE>(d+ 6 + )%

On analyzing Eq. (4.12), we propose the following theorem:

Theorem 4.3.2. When Ry > 1, then there exists either a unique, three, five, or seven solutions

of the polynomial P(I*).

Proof. LetRy > 1. Note that P(0) = Ag < 0 when Ry > 1 and the coefficient A7 = a?y?kE?(d +
6 + )2 is always positive.
Thus, we have

lim P(I") = +oo.

I*—oo
The polynomial P(I*) is a seventh-degree polynomial in I*, and it is a continuous function of

I*. Thus, by the fundamental theorem of algebra, P(I*) can have at most seven roots. |

In the present study, we analyze the system for the existence of a unique endemic

equilibrium only. Using Descartes’ rules of signs [42], the polynomial P(I*) can have a
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unique root when Ry > 1, if any of the following conditions is satisfied:

Ai>0(i=1t06),

A1 <0, A;>0(i=21t06),

A1 <0,A,<0,A4;>0(i=3t06),
(4.13)

Ai<0(i:1t03),Aj>()(j:4t06),

Ai<0(i:1t04),Aj>0(j:5t06),

Ai<0 (i=1t035), A¢>0.

After obtaining the value of I*, the value of $* can be obtained from Eq. (4.11). Thus,

there exists a unique endemic equilibrium E,(S*,7*) if one of the conditions (4.13) holds.

To determine the stability behavior of the endemic equilibrium E,(S*,I*), the character-

istic equation of the system (4.3) at E, is obtained as:
A2+ mid+my+ (A +m)e P+ (LA + 1) e P2 4 01 *P1FP2) — (4.14)

where,

28*
m1:d+9+r< X —1)4—19,
_r(K—2S*)(d+9+19)

myp =

K )
I B(I*(yI*+1)—S*(aS*+1))
YT (as + )2(yr 1)
BT +1)(d+649) +rS*(aS+1)) — 2rS(aS* + 1))
n = K(oS*+ 1)2(yI* +1)2 ) (4.15)
B 201"
(Er2+1)"
2rol* (K —28*)
12:_ 7
K(Er241)
2BoI*?
01 =

(aS*+ D2(pl* +1) (EF2 +1)*

Now, we investigate the stability of E, for the following possible cases of p; and p;:

Case (i) p1 = p2=0.
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In this case, the characteristic equation (4.14) becomes:
/’Lz+m01)»+m11 =0, (4.16)
where,

mo|1 = (ml +I’l1 +ll), (4 17)

mip = (le-l-l’lz-l-lz-i-ol).

Using Routh-Hurwitz criteria, it follows that the roots of Eq. (4.16) must have negative
real parts if the condition (H1:) mg; > 0 and mj; > 0. Thus, we state the following

theorem:

Theorem 4.3.3. The endemic equilibrium E,(S*,I") is locally asymptotically stable for p; =
p2 =0, if the condition (HI) holds.

Case (ii) p; >0, p, =0.

The characteristic equation (4.14) at E, when p; >0, p» =0 becomes
7Lz+l()17t—|—111—i—(nl/l—l—nz—l—o])e”lp‘ =0, (4.18)
where,

lo1 = (m1 +l1), @.19)

I =(m+10h).

where, my,my,ny,ny,1,l and oy are given in Eq. (4.15).

From Theorem 4.3.3, we know that all the solutions of Eq. (4.14) have negative real
parts when p; = p, =0 if (H1) holds. If for a particular value of p; > 0 and fixed p, =0,
a characteristic root of Eq. (4.18) must pass through the imaginary axis if it lies on the
right half-plane. Hence, on the contrary, suppose that A =ik (x > 0) is a root of the
Eq. (4.18).

Substituting A = ik into Eq. (4.18) and separating the real and imaginary parts, we
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obtain:

K2 — 111 = nxsinkp; + (ny +o01) cos kpy,

—lp Kk =nixcoskp; — (n2 +01)sinkp;.
On squaring and adding Eqgs. (4.20) and (4.21), we get
k' + A KT+ AR =0,
where,

Ay = =2l —ni 413,

Ap = 1121 — (I’l2 -|—01)2.

Let k? = ¢, then Eq. (4.22) becomes

H(C) = C2+A11C+A12 =0.

(4.20)
(4.21)

(4.22)

(4.23)

Let H2,: Aj; >0, and A > 0. Using Routh Hurwitz criterion, we have that Eq. (4.23)

cannot have a positive root, which is a contraction to the fact that { = x? is such a root.

Thus, we state the following theorem:

Theorem 4.3.4. The endemic equilibrium E,(S*,I*) is locally asymptotically stable for py > 0

and py = 0, if H2, holds.

From Theorem 4.3.4, it is inferred that there exists a purely imaginary root ix of the

characteristic equation at E, if and only if Eq. (4.18) has a positive real root {. On

analyzing the quadratic polynomial H({) graphically, we see that Eq. (4.23) has at least

one positive root if any of the following conditions hold:
H2,. Ajp = l%l — (I’lz +01)2 <0,

H2.. Ay <0, and A2, —4A; > 0.

Without loss of generality, we assume that Eq. (4.23) has two positive roots §; and &,

and let 5 =+/§, i=1,2.
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From Eqgs. (4.20) and (4.21), p;; corresponding to k; can be obtained as

N1 2 —1 —1 2j
) K7 ((n2+01) —loiny) 112(”2+01) LT 12, j=012,....
' niK?+(n2+o1) Ki
(4.24)
Letpf‘:pl(,jO):min{pl(_j):i:1,2, j:0,1,2,....}.
lo 1

Lemma 4.3.5. Suppose that HI holds.

1. If either H2y, or H2, satisfies, then Eq. (4.18) has all the roots with negative real parts
for p1 € [07pik)

2. If neither H2y, nor H2, satisfies, then Eq. (4.18) has all the roots with negative real parts
for p1 > 0.

let T'(x) = y(p1) +ix(p1) be the root of Eq. (4.18) such that y(p;) =0 and x(p;) =

Ki, ‘= Ko.

. . : : ... [d(Red)
To estabilish the Hopf bifurcation, we show the transversality condition +

pl ).:iK()
0.
Lemma 4.3.6. Suppose that H2q : H'(k3) # 0,
d(ReA
then the transversality condition [ (Re) } = 0 holds.
pl l:ik'()
Proof. On differentiating Eq. (4.18) with respect to A(p;) and then simplifying, we obtain
{dx]‘l_ 2+l m P
dp; N —k(lz—kloﬂt—}—ln) k(l’lﬂl—k(l’lz—l—ol)) A
dA 2i I i
Re (—> < Rl + + ﬂ)
dpi A=iky +1101K0+111) —niko>+i(ma+o1)ko Ko
Ko 1K0 —111)  (mKk)?+ (2t 01)?
2( 111) + 101 nt
(101K) +(2—n)?  (mKo)2+(m+01)?
From Eqgs. (4.20), and (4.21), we get
(n1%0)? + (ma+01)* = (lo1 ko) + (15 — 111)*. (4.25)

79



Thus, we obtain

_(d , da\ ™!
s1gn{d—p1 (Rel) )lixo} = sign {Re (d_Pl> ‘/lixo}

~sign { 2K5 + (13, — 201 —n?) }

n?kg + (np +01)? (4.26)
) H/ 2
:s1gn{ ) (%) 2}
nikg + (na+o1)
# 0.
d(ReA
Thus, it follows that [ ( dpe q # 0 and hence the proof. |
1
)LZiK()

From the above analysis, we have the following theorem:

Theorem 4.3.7. Suppose that H1 holds.

1. If neither H2y, nor H2¢ holds, then E, is locally asymptotically stable for all p; > 0.
2. If either H2y, or H2¢ holds, then E, is locally asymptotically stable for p; € [0, py).

3. If either H2y, or H2, holds, and H’ (Kg) = 0, then the system (4.3) undergoes a Hopf
bifurcation at E, when py = p{, and a family of periodic solutions bifurcate from E,

when py crosses py.

Case (iii) p1 =0, p2 > 0.

The characteristic equation (4.14) at E, when p; =0, p, > 0 becomes

lz—l—mml —|—m02—|—(m117L —|—m12) ef)“pz =0, 4.27)
where,

mop = mj +ny,
myy = my +ny,

(4.28)
myp =1y,

mp2 = b +o;.
Let A =ik be root of Eq. (4.27). On putting A = ix in Eq. (4.27) and simplifying, we
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obtain

K2 — myy = My COS KpPy +mp1KsinkKpy, (4.29)

my1 K = my Sin Kpy —my1KCos K. (4.30)
From Egs. (4.29) and (4.30), we obtain
K‘4—|—BUK‘2+312=0, 4.31)

where,

2 2
Bll = —2m02+m01 —mll,

(4.32)

2 2
B = mpy; —mj;.

Let k2 =1. Then, Eq. (4.31) becomes

G(n) :=n>+B 1N +B2=0. (4.33)
In the same way, as explained in Case (ii), Eq. (4.33) has atleast one postive root when
either of the following conditions holds:
H3,. Bi; <0,
H3,. B <0, and B%l — 4B, > 0.

Without loss of generality, we assume that Eq. (4.32) has two positive roots 0, and 13,
and let kK = /1;, i =1,2.
From Eqs. (4.29) and (4.30), pa; corresponding to k; can be obtained as

; 1 K2 — — 2jm
p§?>=—arccos( s m°2m12)+ T i=12, j=0,1,2,.... 434)

Let pj = p\0 :min{pz(,f) =12, j=o,1,2,....}.
lo 1

”

As shown in Case(ii), H3 : G'(k§) # 0, then the transversality condition [
A=iKy

o

0 holds, where ky = k(p;). Thus, the following theorem is stated:

Theorem 4.3.8. Suppose that H1 holds.
1. If neither H3, nor H3y, satisfies, then E, is locally asymptotically stable for all p, > 0.
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2. If either H3, or H3y, satisfies, then E, is locally asymptotically stable for p, € [0,p5).

3. If either H3, or H3y, satisfies, and G’ (Kg) = 0, then the system (4.3) undergoes a Hopf
bifurcation at E, when py = p5 and a family of periodic solutions bifurcate from E,

when p; crosses p;.

Case (iv) p1 =p2=p.

In this case, the characteristic equation (4.14) becomes
A4 md +my 4 (id +q2)e P +o1e” P =0, (4.35)

where,

n+h=q, and ny+hL=q.

On multiplying Eq. (4.35) by e*?, we get
e (A2 £ mid +mp) + (14 +q2) + o018 *P = 0. (4.36)
Let A =ik be root of Eq. (4.36). Then, Eq. (4.36) becomes:

(—K2+m2—|—01)0051<p —lesinKp+q2+i((—1<2—|—m2—01)sinKp+m1KCOSKp—|—q1K) =0.

(4.37)
On separating real and imaginary parts of Eq. (4.37), we obtain
Ji(x)coskp —Jo(x)sinkp = J3(x), (4.38)
Jy(x)sinkp +Js(k)cos kp = Jo(K), (4.39)
where,
Ji(K)=—K2+my+o1, h(k)=mk, J(K)=—q,
Ja(x) = — K>+ my— oy, Js(x) =mx, Jo(K) =—qiK.
From Eqs. (4.38), and (4.39), we obtain
COSKp = JJ;)O]((%, (4.40)
sinkp = Jj(fjé;) (4.41)
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where,

Jo1 (k) = J3(K)Ja(x) + J2(Kk)J6 (x),

J()z(K') :Jl(K')J6(K')

J()()(K') =Ji (K‘)J4(K') +J2(K>J5(K).
Eqgs. (4.40) and (4.41) implies that

Jo +J5 =J5. (4.42)

Now, assume that, (H4,): Eq. (4.42) has at least one positive root kp. Then, Eq. (4.36)
has a pair of purely imaginary roots +iky. For Ky, the corresponding critical value of the

time delay p is obtained as

1 Jo1 (K'()) 2ne .
i = — arccos + , j=0,1,2,.... (4.43)
PI= % Jo(ko)  w !

Let po=min{p;, j=0,1,2,...}.

To estabilish Hopf bifurcation, we show that

a

o £0.

l:iK‘Q

On differentiating Eq. (4.36) with respect to A(p), we obtain

dA
) <(21 +m )e)tp +p(A2+mA —l—mg)elp +q1 — olpe71p> +A A2 +mA —i—mz)e}‘p —Doie P =0.
(4.44)
F&}l_ (22 +m1)e*? + g P
dp N /’L(ow‘lp — (12 +mA —|—m2)e"LP) A

(24 +m)etP 4 ¢ p :
- = Eq. (4.36)).
)b(zole—lp T A +qo) 2 (using Eq. ( )

-1 o Lils+1)14
L3+15

b

5

AZiKO
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where,

Ly = mj cos Kppo — 2Kp sin Kppo + g1,
Ly = 2K cos Kypo + my sin KoPo,
L3 = 2K001 sin Kopo — q1 K3,

Ly = 2K001 cos KoPo + Koq2-

-1

# 0. Thus, the following theorem is stated

d(ReA
Tf Hy, @ LiLs+LoLy #0, then{ (Re )}

dp

k:ik'o

using [15]:

Theorem 4.3.9. Suppose that Hy, —Hy, hold. Then, the endemic equilibrium E, is locally
asmptotically stable when p € [0,p0); the system (4.3) undergoes a Hopf bifurcation at E,

when p = po, and a family of periodic solutions bifurcate from E, near p = py.

Case (v) p1 >0, p2 >0 and p; € (0,p5).
We consider Eq. (4.14) with p; lies in stable interval and p; is regarded as the parameter.

Let A =ik, (k. > 0) be root of Eq. (4.14). Then,

Gisink,p1 + Gy cos k. p1 = G3, (4.45)
Gjcos KipP1 — Gy sin Kip1 = G4, (4.46)

where,

G| = n| K. — o1 sin K.y,
Gy =ny +01cosKiP2,
G3 = K'f —my —llK* sin K« P2 —Il>cos K< P2,

G4 = —m Ky — [ K cOs Ko + [ sin K. 2.
From Eqs. (4.45) and (4.46), we obtain

k! — 211 sin (ko p2) + K2 (=2 (l — lymy ) cos (kepa) + [ +mf —2my — n7) + 2K, sin (K. p2)
X (=lhmy +1imy +nyo1) +2cos (k.p2) (bmy —njoy) + l% +m% — n% — 0% =0.

(4.47)
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HS5, : Let Eq. (4.47) has at least finite positive root. We denote the positive roots of Eq.
(4.47) as Ki«, Kox, K3x,...,Kix. FOU every K, i = 1,2,...,k, the corresponding critical

value of time delay is

Gy | :
) = arccos , j=0,1,2,.... 4.48
Pi; Kix G?+Gj3 / (*.48)

S

{G1G4+G2G3} +2717j
K =Kijx

Let pf = min{pl(gz} VK = Kix

i=1,2,... k.
P]:P;U P ] )

Differentiating Eq. (4.14) with respect to p; yields:

|:dl‘|—1 B 22{ +ml_{_n]e—kpl_|_l]e_24p2_pz(lll_i_lz)elpZ_Olpze_l(pl'i‘pZ) pl

dpy A ((mA+my)e 2P+ ore A Prp2) I

-1 o D D3+ D)Dy
- Di+D;

Y

e

A=ix*

where,

D) = —k"l1pasin(K*py) + 11 cos (K" pa) — lhpacos (K p2) +my +njcos (K py) —or1pacos (kK* (pf +p2)),
Dy =2K" — 1 sin (K" py) + Lpasin (K" pa) + K11 pa (—cos (K p2)) —ny sin (kK*py ) + o1p2sin (k™ (p] + p2)

D3 = —ni k"2 cos K*p; +nak* sink*p; + 01 K" sink* (p; + p2),

2

Dy =myk*cosk™p; +n kK sink*p; + o1k cosk*(p] + p2).

HSy : D1D3+ DyD4 #0.

d(ReA) ]|~ !
If H5}, holds, then [%} # 0. Thus, using the Hopf bifurcation theorem in [15],
1
A=ik*

we state the following theorem:

Theorem 4.3.10. If the conditions HS, —HS5y, hold and p; € (0,p5), then the endemic equi-
librium E, of system (4.3) is locally asymptotically stable for p; € [0,p7), undergoes a Hopf

bifurcation at p\ = p{ and a branch of periodic solutions bifurcate from E, near p1 = py.

4.4 Numerical simulation

In this section, the analytical results are illustrated numerically using Mathematica

11.
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Example 4.2. Let r = 0.08, K = 100, 8 =0.0012, o = 0.002, y =0.001, ¥ =0.01, d =
0.008, 6 =0.02.

50+

40!

30/
20! ’ —— I(t) when g; =10, po = 25
S I(t) when p; =10, oo =0

10+
— - l{hwhenp =0,0,=0

0

0 200 400 600 800 1000
Time (t)

Figure 4.2: Delay effects on I(t).

Fig. 4.2 is plotted for c = 0.004 and & = 0.009, which shows the effect of two time delays p;
and p, on the infected population /(¢). It depicts that when there is no delay, i.e., p; = p2 =0,
the infected individuals will increase and settle down to a steady state after a duration. If there
is a time delay in incidence, i.e., p; # 0, for instance, p; = 10, then the infective will appear
with oscillation and persist at a high level and stabilize after a long period. Lastly, if there
are time delays in both incidence and treatment rates, i.e., p; > 0, and p, > 0, for instance,
p1 = 10 and p, = 25, then the disease will spread at a higher rate with higher oscillation. It
shows the significance of considering both the time delays in studying the spread and control

of an epidemic.

50

50 TR

40
40

30
30

)
)

20 20

10 10
0 0
0.012 0.014 0.016 0.018 0.020 0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
a 14
4.3.1: I(z) versus o. 4.3.2: I(t) versus 7.

Figure 4.3: Effects of measure of inhibitions & and 7y on infectives /(¢).

Fig. 4.3 shows the effects of anti-epidemic preventive measures taken by susceptibles and

infectives (recalling that o represents the rate of preventive measures adopted by susceptibles
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and 7y is the rate of preventive measures adopted by infectives ). The responsible actions
taken by susceptibles and infectives will have different effects and impacts on how rapidly and
extensively the infectious diseases will spread. It can be concluded that if both susceptibles
and infectives follow effective protection measures, it can significantly increase the ability to

control infectious diseases and prevent epidemics.

so\ T T T ==
40 -7
-
40 -
e
30 /
30 /
= =2 ]
20 !
’
10 10 -
0 0
0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014 0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035
o H
4.4.1: I(t) versus o for & = 0.001. 4.4.2: I(t) versus £ for o = 0.008.

Figure 4.4: Effects of cure rate ¢ and resouces limitation rate & on the infected individuals

I(1).

Fig. 4.4.1 is drawn to see the effect of the cure rate ¢ on the infectives, whereas Fig. 4.4.2
reflects the impact of limited cure resources on the infected community. It shows that the
availability of the treatment can substantially control the disease spread and the inadequate

access to treatment creates significant obstacles for eliminating the infection.

Example 4.3. Let r = 0.08, K =100, 8 = 0.0012, a = 0.002, y =0.001, ¥ =0.01, d =
0.008, 6 = 0.02, o = 0.004, £ = 0.009. Using these values of parameters, we obtain that
Ro =2.63158 > 1 and the endemic equilibrium E, (S*,I*) = (45.554,41.237).

We illustrate the Case (ii) of Section 4.3.3, i.e., p; > 0 and p, = 0. We evaluate that A, =
12, — (n2+o01)* = —3.51368 x 107% < 0 and H’'(k3) = 0.00405708 > 0 which confirms the
hypothesis H2;, of Theorem 4.3.7. We calculate the critical value of py as p; = 14.7333.
As exhibited in subfigures 4.5.1-4.5.4, the endemic equilibrium E,(45.554,41.237) is locally
asymptotically stable when p; < p} = 14.7333, and when the value of p; crosses the critical
value p{, then the periodic solutions bifurcates from E,, which confirms the results of Theorem

4.3.7.
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4.5.1: Time series solution of S(¢) and /(¢) for p; =
P2 = 0.
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4.5.3: Time series solution of S(¢) and /(¢) for p; =
14 and p, = 0.
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4.5.5: Time series solution of S(¢) and I(¢) for p; =
15 and p; = 0.
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4.5.2: Phase plot of S(¢) and I(¢) for p; = p, = 0.

— atp;=14,0,=0

i)

0 20 40 60 80 100
s(1)
4.5.4: Phase plot of S(¢) and I(r) for p; = 14 and

p2=0.

I(t)
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S(t)
4.5.6: Phase plot of S(¢) and I(z) for p; = 15 and
p2=0.

Figure 4.5: Plots of Hopf bifurcation, illustrating case (ii) of Section 4.3.3.

Example 4.4. To illustrate the Case (iii) of Section 4.3.3, i.e., p; = 0 and p; > 0, we con-
sider the following parameters: r = 0.08, K = 100, 8 = 0.004, a = 0.002, y=0.001, ¥ =
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0.01, d =0.008, 6 =0.02, o = 0.004, £ = 0.009. We evaluate that Ry = 8.77193 > 1,

E(S*,I*) = (14.7911,17.8592), By, = m3, —m?, = 0.0000122401 > 0, BZ, — 4B}, = 5.03027 %
1077 > 0, and G'(k3) = 0.117404 > 0. Thus, the hypothesis H3,, of the Theorem 4.3.8 holds.

The critical value of p; is calculated as p; = 8.17751.
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4.6.1: Time series solution of S(¢) and /(¢) for p; = 0

0 and P2 = 7. 0 10 20 30 40 50 60 70

S(t)
4.6.2: Phase plot of S(z) and I(¢) for p; = 0 and
P2 = 7.

Figs. 4.6.1 and 4.6.2 show the presence of periodic solutions, where the trajectories of S(¢)
and I(t) reach to the steady-state E,(14.7911,17.8592), when the delay value p; is less than

its critical value p,.
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4.6.3: Time series solution of S(¢) and /(¢) for p; = 0 . . . ‘ . .
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4.6.4: Phase plot of S(r) and I(t) for p; = 0 and
P2 = 10.

Figure 4.6: Presence of Hopf bifurcation, illustrating case (ii1) of Section 4.3.3.
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Figs. 4.6.3 and 4.6.4 are plotted for p, > p5, which shows that the periodic solutions appear
and the trajectories of S(¢) and I(¢) go away from E, and destabilization of the system (4.3) at
E,.

Example 4.5. We consider the case (iv) of Section 4.3.3 (i.e., p; = p2 = p) with the same
values of parameters as taken in Example (4.3). The critical value of delay p is obtained as
po = 14.3942. The time series solutions and the phase plane of S(¢) and (¢) are plotted in the
Figs. 4.7.1 and 4.7.2 for the delay p = 12, where the trajectories reaches to the stable endemic
equilibrium E,. On the other hand, Figs. 4.7.3 and 4.7.4 show the instability of E, when the

time delay is higher than its critical values.
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4.7.2: Phase plot of S(¢) and I(¢) forp = p; = pr =
12.

4.7.1: Time series solution of S(¢) and I(¢) for p =
P1=p2= 12.
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4.7.4: Phase plot of S(¢) and I(¢) forp = p; = p; =
16.

4.7.3: Time series solution of S(¢) and I(¢) for p =
P1=p2= 16.

Figure 4.7: Plots of Hopf bifurcation, illustrating case (iv) of Section 4.3.3.
Example 4.6. In this example, Case (v) of Section 4.3.3 is illustrated with the same values

of parameters as taken in Example (4.3). We fix p = 7. The critical value of p; is obtained

as pj = 14.2. Cleary, the impact of both the delay parameters p; and p> can be seen. Figs.
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4.8.1 and 4.8.2 show the oscillatory trajectories of S(¢) and I(¢), which stabilized to endemic

equilibrium E,. Figs. 4.8.3 and 4.8.4 show the stable periodic solutions and a stable limit cycle,

which destabilized the endemic equilibrium E,. It shows that the infectious diseases continue

to proliferate periodically as pj crosses p;. Thus, the consideration of both the delays majorly

affects the number of infectives and the spread of infection.
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4.8.1: Time series solution of S(¢) and I(¢) for p; =
13.5and p, =7.
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4.8.3: Time series solution of S(¢) and /(¢) for p; =
19.1 and p, =7.
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4.8.2: Phase plot of S(¢) and /() for p; = 13.5 and

p2:7.
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4.8.4: Phase plot of S(¢) and I(¢) for p; = 19.1 and

P2 = 7.

100

Figure 4.8: Plots of Hopf bifurcation, illustrating case (v) of Section 4.3.3.

4.5 Discussion

A time-delayed SIR epidemic model is proposed and analyzed mathematically with the

logistic growth of susceptible individuals. The Crowley ~Martin type nonlinear incidence

rate is incorporated to examine the transmission of infectious diseases from the infected

population to the susceptible population. The Holling type III treatment function is

considered for the treatment of infectives, which incorporates the limited availability of
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medical resources such as ICU (intensive care unit) beds, medications, ventilators, hos-
pital conditions, etc. We include two explicit time-delays in the present model: a time
delay in the incidence rate, which represents the latent period; a time delay in the nonlin-
ear treatment function, which measures the impact of delay in providing the appropriate
therapy to infectives. We obtain the model’s feasible equilibria, namely, disease-free
equilibrium (DFE) and the endemic equilibrium (EE). The basic reproduction number
Ry is derived. We show that the DFE of the delayed system is locally asymptotically
stable when Ry is less than unity, unstable when Ry is greater than unity, and neutrally
stable when Ry is equal to unity. When there is no latent period, then the DFE for Ry =1
reveals the presence of forward bifurcation. The occurrence of forward bifurcation has
an important implication in the epidemic models. It shows that the necessary and sufhi-
cient condition to eliminate the disease is to bring the basic reproduction number below
unity. Further, the prerequisite for the existence of EE is obtained, and the stability of
the EE is investigated. Hopf bifurcation near EE is shown for different possible cases

of time delays, and the explicit formulas for the critical values of time-delays are derived.

Further, the numerical simulations verify the analytical results and show the impor-
tance of considering nonlinearity and time delays. The latent period and the delay in
treating patients have a significant impact on the number of infected individuals (Fig.
4.2). These delays result in spreading infections at a high rate, and so, the infection stays
for a longer period. Considering the time delays as the bifurcation parameters can affect
the equilibrium’s stability (Figs. 4.5-4.8). When the delay is suitably small, the system
reaches its steady state, but stabilizing the system to its equilibrium will be out of con-
trol as it crosses the critical value. The course will produce a limit cycle and destabilize
the endemic stability, making it difficult to control the spread of infection. The effect of
preventive measures adopted by susceptibles and infectives has been shown numerically
(Fig. 4.3). It shows that human behavior towards the disease exerts a powerful influence
on pathogen invasion dynamics. A better understanding of risk factors for developing
infectious disease in the general public is a requirement for disease prevention. Increas-
ing knowledge, changing attitudes, and reducing risky behaviors towards the disease can
reduce the death rate, disability due to illness, and epidemic growth. The effects of cure
rate and limitation in medical resources are also shown numerically (Fig. 4.4). It is
observed that increasing medical resource acquisition has effects on eliminating infection
from society. A reasonable and timely treatment can speed up the recovery process and

prevent disease completely, whereas the limited medical resources availability increases
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the number of infected people. Thus, timely treatment and resource accessibility need
to be readily available. The earlier treatment accessibility in the disease process can

mitigate the disease spread and save human lives.
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Chapter 5

A nonlinear time-delayed epidemic model
with aware individuals class,
Michaelis-Menten incidences, and

nonlinear treatment

Awareness plays a vital role in informing and educating the public about infection risk
during an outbreak and further modifying their behavior, which influences the incidence
pattern. Therefore, this chapter presents a time-delayed epidemic model incorporating
a class of aware susceptible individuals in the SIR compartmental model, contributing
to public policy development in controlling disease spread. We have considered the
Michaelis-Menten functional type nonlinear incidence rates for unaware and aware sus-
ceptibles with the latent period and a saturated treatment rate for infectives. We analyze
the model mathematically to describe disease transmission dynamics using the stability
theory of delay differential equations for two obtained equilibria; disease-free (DFE) and

endemic (EE). Moreover, numerical simulations validate the analytical findings.

5.1 Introduction

When a disease emerges, changes in people’s behavior concerning that disease can

change the development of the pathogen. Individuals who are aware of the illness’s spread
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take precautions to diminish their susceptibility, which can suppress disease transmission
in society. Many authors have studied the effect of awareness on the epidemic models
(for instance, [54,56,59]). Funk et al. [70] deliberate the influence and significance of
awareness programs on the spread and control of the outbreak. Misra et al. and Dubey
et al. [94,115] studied a nonlinear mathematical model to discuss the effects of awareness
programs on the transmission of infectious diseases. Kumar et al. [136] incorporated the
alert individuals class into the SIR epidemic model and studied the effect of alertness in

infectious disease transmission dynamics.

A significant factor in the dynamical study of infectious disease is the incidence rate
by which infection transmits to susceptible individuals. Therefore, numerous authors
are keen to deliberate nonlinear incidence rates to study the transmission dynamics of
infectious diseases (e.g., [10,12,61,62,73,134,142]). The Michaelis—Menten type func-
tional response also has a nonlinear form. In this incidence rate, the number of adequate
contacts per infective in unit time grows less rapidly as the total population increases.
Michaelis-Menten contact rate is of the form g(I) = fol/(1+41). It combines the bilinear
and standard incidence rate approaches by assuming that if the number of infectives I is
low, the number of actual per capita infectives g(I) is proportional to I, whereas if the
number of infected individuals 7 is large, there is a saturation effect which makes the

number of actual infectives constant [32,57].

Affordable and safe medical treatments are also necessary, which leads to a decline in
the number of infected individuals. When a disease emerges, medical facilities and sub-
sequent treatments may need some time to develop and implement; therefore, choosing
a reasonable treatment rate is essential. Due to the limited medical resources, providing
treatment to all the infectives puts a tremendous burden on public health associations.
Thus, considering a reasonable treatment rate in the disease transmission and control
epidemic models is essential. The saturating treatment rate makes the epidemic model
more realistic, as, in this treatment rate, the treatment capacity tends to a finite limit

as the number of infected individuals increases. [106,116,125].

Motivated by the work and facts as mentioned above, in this chapter, we present an
infectious disease transmission compartmental model comprising four subpopulations:
fully susceptible population, aware susceptible population, infected population, and re-
covered population and formulate a time-delayed epidemic mathematical model that
incorporates two explicit nonlinear incidences with a latent period and a nonlinear treat-

ment rate for the infected individuals. We have considered the Michaelis-Menten type
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nonlinear incidence rate that prevents the unboundedness of the infected individuals and
the saturating treatment rate for infected people, including the limited accessibility of
treatment resources. At the beginning of the infectious disease, there is a time known
as the latency period, before an infected person can transmit the infection to another
person. Therefore, the inclusion of the latent period in the incidence pattern makes the
present model more realistic. After formulating the model, we perform a mathematical
analysis that allows long-term qualitative predictions of outbreaks and the persistence of
the disease. We derive the basic reproduction number and estimate how an infection can
spread in a population. Using Ry, the local and global stability behavior of two obtained
equilibria, namely, disease-free and endemic, is investigated, revealing the persistence or
eradication of infection. The global stability behavior of both the equilibria is estab-
lished by constructing Lyapunov functionals and using the Lyapunov-LaSalle invariance
approach. The Hopf bifurcation regarding the time-delay as a bifurcation parameter is
established, which shows the oscillatory and periodic solutions near-endemic equilibrium.
The numerical experiments show the significance of the model’s variables and parameters

and suggest strategies that could prevent infection.

5.2 Model derivation

Let P denotes the total population and the transmission of infectious diseases involves
four types of subpopulations: Susceptible individuals S,(¢), Aware individuals A,(z), In-
fected individuals 1,(r), and Recovered individuals R,(r). That is, P = S,(r) +Ap(t) +
I,(t) + Rp(t), which means that the individuals categorized in S,(t), A,(t), I,(t) and
R,(t) may vary with time ¢ and P is a fixed population. It is assumed that each sub-

population of the SATR model is well mixed and interact homogeneously with each other.

Let k denotes the constant recruitment rate of susceptibles. & is the awareness rate
in susceptible individuals, and thus the term &S, enters the class A,(r). We consider

Michaelis—Menten type two explicit nonlinear incidence rates with the following inter-

_ BoSy(t—p)Ip(t—p)
- 1+1,(1—p)

when susceptible individuals catch the infection from infected individuals, and the term

pretation: the term W(S,(r—p),I,(t—p)) represents the incidence rate

AA,(t—p), L, (t—p)) = ycAi’Ei;’gt)ipp(ﬁ_p) represents the incidence rate when aware indi-
viduals catch the infection from infectives. Here, B and 7y denote the force of infection

among susceptible and aware individuals, respectively, and ¢ denotes the average num-
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ber of contact partners. We assume that y < 8, as the aware individuals are at a lower
risk of getting infected than fully susceptible individuals. The parameter p > 0 denotes
the time delay representing the latent phase having a fixed duration. During the latent
period, a host may or may not show symptoms, but the host cannot infect other hosts
in both cases. Thus, the latent period significantly influences the spreading dynamics
of an infectious disease or epidemic. Since the aware individuals can also become in-
fected, perhaps at a lower rate than fully susceptibles, they also have some behavioral
responses and have a latency phase due to immunological reasons. Thus, the time delay
p is the constant latency time and represents the time taken by the fully susceptible
and aware individuals, that, infected at a time ¢ can infect other susceptible and aware
individuals at time # 4+ p only. The parameters ¥ represents the natural death rate, d
represents the disease-induced death rate, and 6 represents the recovery rate of infected

individuals. The nonlinear term A(ly,(z)) represents the saturated treatment

___ab

bl tclptl
rate of infectives, where a denotes the maximum treatment (cure) rate, b denotes the
rate of limitations in treatment availability, and ¢ denotes the saturation constant. The
transition diagram of the model (5.1) is shown in Fig. 5.1 and the description of the

parameters is given in Table 5.1.

h(lp(t))
K > Sp(t) I,")(Sp((f - Q)' Ip (t - QD > Ip(t) Blp(r) > R-;(t)
A(Ap(t — ). Ip(t — @)
20
95,(1) (0 +d)1,(t) IR, (1)
A, (1)
vA, (1)

Figure 5.1: Block diagram of the model (5.1).
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Table 5.1: Symbolizations of variables and parameters.

Notation Description
P Total constant population
Sp(t) Susceptible subpopulation (full vulnerable)
Ap(t) Aware subpopulation
Iy(1) Infected subpopulation
Ry(1) Recovered subpopulation
P Time delay
K Susceptibles’ recruitment rate
B Rate of transmission of susceptible class to infected class
Y Rate of transmission of aware class to infected class
o Average contact partners
& Awareness rate in susceptibles
15, Natural mortality rate
d Death rate due to disease
0 Recovery rate
a Cure rate
b Limitations rate in treatment availability
c Saturation constant

Michaelis—Menten incidence rate among susceptibles
Michaelis—Menten incidence rate among aware individuals

Saturated treatment rate of infected individuals
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The novel mathematical disease transmission and control model based on the above

assumptions is presented under the following system of delay differential equations:

BoSy(t—p)Ip(t—p)

=Kk—0S,— —£&S
dt P 1+1,(t—p) SSp:
dA, YOAL(t —p)Ip(t—p)
—P _ — DA, —
dt S5y P 1+1L,t—p)
di,  BoSy(t=p)lp(t—p) | YOA(t—p)Ip(t—p) (B4+d+0),— aly
dt 1+1,(t—p) 1+1,(t—p) Pobl4cl,+17
dR, al?
=P —9l,—OR,+—L .
dr b "+b1,§+c1,,+1

(5.1

subject to the initial conditions ¢ = (@1, @2, @3, ¢4) defined in the Banach space

Cy= {¢ < C([_p70]7Ri) 0} (Q) :SP(Q)7¢2(Q> :AP(Q)a ¢3(Q) :IP('Q‘)7¢4('Q‘) :RP(Q)}v

(5.2)
where RY = {(S,,A,,1,,R,) € R*: S, > 0,A, > 0,1, > 0,R, > 0}. Biologically, it is as-
sumed that ¢; >0 (i=1,2,3,4).

We observe that the incidence functions W(S,(t —p),I,(t —p)), A(A,(t —p),1,(t —p))
and the treatment rate function h(l,(t)) are continuously differentiable, positive, and
monotonically increasing for all S,(¢), A,(t), I,(t) > 0. That is, the following postulates
hold:

P1. W(S,(1),1,(t)) > 0, ‘P/Sp(Sp(t),Ip(t)) >0, W] (Sp(t),1p(t)) >0 for Sy(t) >0,
A(Ap(1),1,(1)) >0, Agp(Ap(t),Ip(t)) >0, A}p(Ap(z),Ip(t)) > 0 for A,(t) >0 and I,(t) > 0.

P2, W(Sy(1),0) = P(0,1,(t)) = 0, ¥ (Sp(t),0) = 0, ¥} (Sp(r),0) >0 for Sy(t) >0,
I,(t) > 0 and,
A(A,(1),0) = A(0,1,(z)) =0, A;‘p(Ap(t),O) =0, A} (Ap(t),0) >0 for Ay(t) >0, I,(t) > 0.

P3. 1(0) =0, #'(0) > 0 for I,(z) > 0.
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5.3 Basic properties

For biological reasons, we assume that all the parameters of the model (5.1) are posi-

tive. That is, x, ¥, B, 0, &, v, d, 6, a, b, ¢ > 0.
Positivity: We see that the positivity of the above initial conditions for S,, A,, I, and
Ry in [—p,0] imply positivity for all solutions (S,(1),A,(t),1,(t),Rp(t)), t > 0 of model
(5.1). We further note that S,(¢) can never vanish since at each time ¢ > 0 where S,(1)
vanishes, it is % =k>0.

We prove the following lemma.

Lemma 5.3.1. The compact set

D = {(SpsApIpsRp) € RY 2 Sp(1) +Ap () +1p(1) + Rp(1) < =}

@ A

is globally attractive and invariant for the solutions of (5.1).

Proof. Since the right-hand side of the model (5.1), and its derivatives are continuous, there-
fore, it assures the wellpossness of the model (5.1). Summing up all the equations of the model

(5.1) results to

d
(S +Ap(0) + (1) + Ry (1) = K= B(Sy +Ap+1p+R,) —dI .

<k—-9(S,+A,+1,+Ry,).

Thus, we obatin

0 < Sp(1) +Ap(t) +L,(t) + Ry (t) < —(Sp(O)+Ap(0)+I,,(O)+R,,(O)—g)e_m (5.4)

S| A

Thus, the invariant region for the existence of the solutions is given as

K
0<}L@o(Sp(t)+Ap(t)+1p(t)+Rp(t)) < 5 (5.5)
Hence, the model (5.1) has closed and bounded solutions. |

5.4 Mathematical analysis

This section obtains the disease-free equilibrium (DFE), then the basic reproduction

number Ry, and investigates the system’s stability at DFE. We show the existence of
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the endemic equilibrium (EE) and examine its stability and show the presence of Hopf
bifurcation around it. Also, the global stability behavior of the DFE and EFE is investi-
gated with the help of Ry.

We observe that the first three equations of the model (5.1) are free from R(t); therefore,
without loss of generality, the following reduced system of the delay differential equations

is sufficient to study for the analysis purpose:

ds, _ BoSy(t—p)ly(t—p)

ar =K ﬁSp l—l—Ip(f—p) &Spa
dAp oo oy YOA(—p)l(t—p)

dt =65y =94, 1+1,t—p)

dly _ BoSy(t—p)lyp(t=p) | YoANt =Pt =P) _ 5 4oy D

dr 1+1,(t—p) 1+1,(t—p) Pob+cl,+1

(5.6)

Taking the system (5.6) into rest, we find that the system (5.6) exhibits two equilibria:

(i) The disease-free equilibrium (DFE): Eq (So,Ao,lo) = Eo (ﬁ ﬂ(g—i@"))-

(ii) The positive or endemic equilibrium (EE): E,(S),A},1;), where S}, A}, and I are

obtained in Subsection 5.4.2.

5.4.1 Disease-free equilibrium and stability

The system (5.6) has a disease-free equilibrium (DFE) of the form Ey(So,Ao,lp) =

Ey (19—_’&3, Mg—ié)’o)’ and at Ey, the characteristic equation is obtained as
Koe AP
(-0-E-)(0- ) (G g BOTEN - (@ +dto)—A)=0. )

The roots of the Eq. (5.7) are A = —% — &, A, = —9, and the remaining roots are the

solutions of the transcendental equation

KO

Sy B0+ EN P~ (B d+6) A 0. 68

Assume that A
ko (B +Ey)e P B
S(0+E) =0. (5.9

gA)=A+0+d+0—
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Ko (BO+Ey)e P
We define the term WM

system (5.6). Thus, the system (5.6) has Ry of the form

at p =0 as the basic reproduction number Ry of the

R __ Ko(B+EY)
07 B+ E)(O+d+06)

Analysis for Ry # 1

The roots A; and Ay of Eq. (5.7) preserve negative signs. Therefore, the analysis is
now based on the Eq. (5.9).
Note that

ko (B +87)

g0)=0+d+6— 301 E)

= (9+d+0)(1—Ry). (5.10)

If Rp > 1, then g(0) < 0. Also,

ko (B +Ey)e P

¢ =1+p T

> 0. (5.11)

Hence, g(0) <0 and g'(A) > 0 imply that g(A) =0 has a unique and positive real root
when Ry > 1.

Now, when Ry < 1, then

_ Ko(BO +8y)cosUmA)p _(renyp

ko(BY+Ey)
ReAd = 30+ _—

B (O+E&)

(D+d+0) < — (9 +d+6) <0.

(5.12)

Therefore, Ry < 1 implies that A is a root of equation (5.7) with negative real part. Thus,

the following theorem is stated:

Theorem 5.4.1. The disease-free equilibrium (DFE) Ey is locally asymptotically stable if Ry <
1 and unstable if Ry > 1 for p > 0.
Analysis at Ry =1

Now we analyze the system (5.6) at Ep and Ry =1 for p > 0 and p = 0, seperately.
Case(i)p>0
When Ry = 1, then Eq. (5.9) has a simple characteristic root A = 0. It is also noticed

that Ry =1 gives ko(BO+&y) =3 (3 + &) (0 +d+0).
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Let A = p+ig be the other solution of Eq. (5.9), then we get:
p+ig+d+0+6—(cosgp —isingp)(d+ 9+ 0)e PP =0. (5.13)
Using Euler’s formula and on splitting real and imaginary parts of Eq. (5.13), we get

p+d+9+0=ePP (d+0+6) cosqp,
(5.14)

g=—(d+0+6)e PP singp.

A root satisfying both the equations of (5.14) must be a solution to the equation attained

by squaring and adding these two equations. Hence, we get
(P+d+0+0)>+¢*=(d+0+0)> e PP, (5.15)

For Eq. (5.15) to hold, we must have p <0. Thus, Ej is linearly neutrally stable.
Case (i) p =0

In this case, we study the qualitative behavior of the undelayed system (5.6) (i.e.,
p = 0) through the stability analysis near critical points, i.e., at Ey and Ry = 1, using
the bifurcation theory approach [40], depending upon the center manifold theory [17].

For simplicity, let S, =x1, A, = x2, and I, =x3. So, the system (5.6) reduces to

deg o Boxi()xs() .

5 Ko s (0) Ex1 = fi,

dey Yoxa(t)x3(1) _

E_éxl_ﬁxz_—H—)@(t) :fz, (5.16)
dﬁ o BGX](Z‘)X3(Z‘) YG)Q(I))Q,(I) B B ax% _

dt  1+x3(t) * 1+x3(2) (0 +d+0)x; bx3 +cxs+1 =/

B (0+E)(9+d+0)

- . . e
Observe that Ry =1 <= the bifurcation parameter 6 = 6* = (BO1EY)

The Jacobian matrix J(Ep, o*) of (5.16) obtained at Ep and o* is

Bo*x
w-g 0 -
J(Ep,0")=| & -9 -5
0 0 0

The eigenvalues of J(Ey, 6*) are A}y = -9 —&, 4 = =9, and 43 = 0. Clearly, 4; and

A, are negative eigenvalues and A3 is a simple zero eigenvalue. Hence, when Ry = 1, the
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DFE Ej is a non-hyperbolic equilibrium.
The right eigenvector v = (vi,v2,v3) corresponding to A3 = 0 of the Jacobian matrix

J(Ep, 0*) is obtained as

_ Bxo*

T T e

_ k0éc*(B+7Y) +ykEic*
T 9 mrer
V3:1.

The left eigenvector w = (w1, w,ws) of the Jacobian matrix J(Ey, 6*) corresponding to

Az = 0 is obtained as

W1=0,
W2:0,
W3:1.

Let fi’s represent the right-hand side of the system (5.16). The bifurcation cofficients a;
and by defined in Theorem 4.1 of Castillo ~Chavez and Song [40] are given by:

3 82
0

ki j=1

3 aka
bl = Z Wivi (W)E .
0

ki=1

The non-zero partial derivative associated with the functions f;’s calculated at Eqy are

evaluated as

*fy _ * d*f3 I d*f3 _ * 9*f3 e (9 _
(aX3ax1>Eo = po, (3}638)(2 B Y0, \ ox0n B Bo*, (750% B Vo, \ 92 g

* * K& 9> f: _ Bxo+yxé
—2a—-2fo (Tﬁg) —2y0 (@(19+§)>= and (a)@aé*)&) = wre
Thus, the coefficients a; and b; are computed as

o = 2(a* (0 +&)* + k0" (B? ot +yE (D +E) (W + 7y o)+ B+ 8E+¥E o))

02 (B +&)?

_ Bxd+yxé
ov(+E)

It can be seen that the bifurcation coefficients a; < 0, and b; > 0. Therefore, the bifur-
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cation is forward.

2.0

1.5 Stable endemic equilibrium

Ip(1)

Stable disease-free

0.

tn

equilibrium

1 Unstable disease-free equilibrium

0 l—— lmssssssssssssmssssss s s s m s m s, -

Figure 5.2: 1,,(t) vs. Rg, revealing forward bifurcation.

Fig. 5.2 illustrates the forward bifurcation with the following set of parameters: K =
2, =0.09, £ =0.12, 6 =0.08, ¥ =0.01, y=0.009, d =0.08, 6 =0.03, a =0.005, b=
0.01, ¢ =0.03.. This figure provides the qualitative description of infectives when the
basic reproduction number Ry varies from unity. It shows that when Ry crosses unity
from below, a small positive asymptotically stable endemic equilibrium exists, and Ej

changes its stability from stable to unstable.

In concluding, we state the following theorem.

Theorem 5.4.2. The disease-free equilibrium Eqg at Ry = 1 of the system (5.6) is linearly
nuetrally stable for p > 0, and when p = 0, then the undelayed system (5.6) exhibits a forward

bifurcation at Ey and Ry = 1.

5.4.2 Endemic equilibrium and stability

Now, we determine the conditions for endemic equilibrium existence. For that, assum-

ing that S,, A, I, # 0 and setting the system (5.6) to zero, we get:

BoS,I,

K= 08— oL &S, =0, (5.17)
p
YOA,l,
S, — 0A, — 1200 5.18
&Sy PT1, ; (5.18)
Syl Al al?
PoSuly YoMy _ (5 a4 o)1, > (5.19)

-7 0
1+1, 1+, bl +cl,+1
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On obtaining S, from Eq. (5.17) and A, from Eq. (5.18), and then substituting it in
(5.19), the following biquadratic equation in I, is obtained:

F(I,) := Ko+ Kil, + KoI} + K31 + Ka Iy = 0, (5.20)

where,

Ko=93(0+&)(d+0+6)(1—Ryp),

Ki=0(a+Q2+c)(d+0+9)(0+E)+(3dB+y)+1(0+0)+B(0—(1+c)k+8))+
Y(d+6—(14+c)k+0)E)o — Byko?,

Ky=9Q2a+(1+b+2c)(d+0+0))(0+&)+ (S(a(B+y)+(1+c)d(B+7Y)+PO+cPO+y0+
cy0 —bBx—cBx+(14+c)(B+7)0)+y(a+(1+c)d+60 —bxk+33+c(0—x+3))E)o+
By(d+ 6 —cx+ )02,

Ki=a(0+&+Bo)(0+7y0)+c(d+0+0)(O+E+Po)(S+yo)+b2O(d+0+0)(F+ &)+
(BAB+7)+y(O+0)+B(O+0—K))+y(0+d—Kk+8)E)o — Byko?),

Kiy=b(oy+9)(d+6+9)(cf+0+E).

(5.21)
For the positive root I; of polynomial F(1,), we can make
S = (1—”;)1( >0 (5.22)
PooBB+(1+L)(0+8) " '
and 5
1+0)°x
Al = UHl,) we > 0. (5.23)

P (oly+9+ L) (ol + (1+15)(8+&))

So, E,(S,A},1,) is an endemic equilibrium of the system (5.6).

Theorem 5.4.3. When Ry > 1, there is either a unique or three positive endemic equilibria if

all equilibria are simple roots.

Proof. Let Ry > 1. We see that the coefficient Ky is always positive. On the other hand, Ky < 0

when Ry > 1. From Eq. (5.20), we have a fourth-degree polynomial in 7,, given below:

F(Ip) = Ko+ Kil, + KoI% + K33 + K4l = 0.
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The following possibilities for the signs of K;, K>, and K3 exist:

U;:K; >0, K; >0, and K3 > 0,
U:K; <0, K; <0, and K3 > 0,
Us;: K1 <0, K, >0, and K3 > 0,
Us: K1 <0, K>, <0, and K3 < 0,
Us:K; >0, K >0, and K3 <0,
Us: K1 >0, K>, <0, and K3 > 0,
U;: K1 >0, K, <0, and K3 <0,

Usg:K; <0, K, >0, and K3 < 0.

Using Descartes’ rule of signs [42], F(,,) can have either a unique or three positive roots. If
any of the conditions U;—U4 holds, then there is unique endemic equilibrium, whereas for the

existence of three endemic equilibria, any one of the conditions Us—Ug must satisfy. [

Theorem 5.4.4. Assume that any of the conditions HI1: (U-Uy, and Ry > 1) hold, then the

system (5.6) has a unique endemic equilibrium.

For the present study, we consider the case of unique endemic equilibrium only. There-

fore, we investigate the stability behavior of the unique endemic equilibrium.

At E,, the characteristic equation of the system (5.6) is obtained as

AP FLA? + LA+ Lo+ (MoA? + MiA +Mo) e P +- (A +No)e 24P =0,  (5.24)

where,
al’,(2+ cI)
Ly=d P P 0 +30
2 (A+heron):  0F +é,
a(20+E)(2+cl})
L =200 +30%+0& +20E +d(29 P Ly
! FIVTHO8 206 QD 8t T
al’;(2+cI?)
Ly=0(d+—2L1 L +9+19>(19+ £),
( (1+Ii(c+bI}))?
M, — (=SpB—Ayy+L,(1+1,)(B+7))o
(1+13)? ’
o al’2+ch)(B+yo L((B+y)(d+6+20)+vE)o  (S;B+Ay)(20+E)o
(1+0) (1 4Ly (c+bI}))? 1+1; (1+13)?
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_ L(d+60+98)(BO+y(0+E&))o  al?(2+cly)(BO+y(0+E)) o

Mo L+ A+ L)+ L(e+bl)?
(S3B+Ay) © (B+&) o
(1+13)? ’
Ny — I (—A, — Sk + I+ IX2) Byo?
(1+13)3 ’
No— LBY(— (AL +S5)0+ (14 1;) (d+ 6 4+ 9)) 0? al’*(2+ cI3) Byc? |
(1+13)3 (1+L)2(1+ I (c +bI3;))?

Multiplying Eq. (5.24) by e*?, we get
MaA? + MiA + Mo+ (A3 +LoA? + Lid + Lo) €*P + (NiA +No)e P = 0. (5.25)
When p =0, Eq. (5.25) becomes
A3+ LooA® + LogA + Lop = 0, (5.26)

where,

Loo =M, + L,
Lot =M+ Ly + Ny,
Lop = Mo+ Lo+ Ny.

Using the Routh-Hurwitz criterion, Eq. (5.26) has all the roots with negative real parts

under the following inequalities:
H2: Ly>0, Lyp>0, and LyLy; > Loo. (5.27)
Hence, we state the following Theorem:

Theorem 5.4.5. Assume that H2 holds. Then, the endemic equilibrium E, is locally asmptoti-

cally stable at p = 0.

Now, for p > 0, let i@ (@ > 0) be root of Eq. (5.25). Then, replacing A with i® (@ > 0)
in Eq. (5.25) and splitting real part and imaginary part, we obtain

Bi(w)coswp — By (w)sinwp = Bz(w), (5.28)
Bi(w)sinwp + Bs(w) cos wp = Bg(®). (5.29)
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where,

Bl(w) —Lz(D + Ly + N,
By(0) = o(L; —N;) — 0,
B3(w) = Myw® — My,
(5.30)
B4(CO) —Lza) + Ly — N,
Bs(®) = (L +N;)o — &,
Bs(®) = —M, 0.
From Egs. (6.48) and (5.29), we obtain
. Bm(a))
Sinwp = , (5.31)
p B()()((D)
BOZ(O))
coswp = , (5.32)
p BO()(CO)

where,

Boo = L§ — N3 + (L] — 2LoLy — N})@0* + (—2L; + L3) 0* + 0°,

Bo1 = (LiMo — LoMy — M No + MoN1 ) @ + (—Mo + LoMy — LiMs — MaNy ) 0° + M@0,

Boy = —LoMo + MoNo + (LaMo — LiM, + LoMy — MoNo + MiNy ) @2 + (M) — LyMy) o
(5.33)

On squaring Eqgs. (5.31) and (5.32), and then adding, we obtain
B (0) + By (@) — Bjy(@) = 0. (5.34)

Suppose that (H3:) Eq. (5.34) at least one positive root @y, i.e., Eq. (5.25) has a pair
of purely imaginary roots +iay.

For @y, we obtain the corresponding critical value of the time delay py as follows:

1 Boz(a)o)) 2km
= — arccos + , k=0,1,2,3,.... (5.35)
PE= (Boo(wo) @

£0.

dr]!
To estabish Hopf bifurcation, we must have Re [%1
A=iay
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On differentiating Eq. (5.25) with respect to p, we get

{ﬁ} L 2AMy M+ Nie PP+ erP (BA2 4201, + Ly)
dp] A ((Nid+NoJe 2P — (A3 +LrA2 + L1 A + Lo)) e*P

_bk
T
From Eq. (5.25), we have
— (AP + LA’ + LA+ Lo)e* = MuA? + MyA + Mo+ (N1 A + Np) e ™*P.

Thus, we obtain

{@] U 2AMy+ My 4+ Nie PP 4P (302 + 200, +Ly)  p
dp] A (2(NiA+No)e P + (MaA2 + MiA +My)) A
So,

P22 I

“lar] |, T PH0¥
where,

Y =an(—M3 @y + 2MoMyax) — 2N? @ — 2M3 03 4 0o(—Li My +4M>No — 3M Ny + 3M 0+
2L2<M0 —Mz(l)é)) cospm + 2(0(2L2N() — LNy +3N; 0)(%) cos2pm + (—M()Nl — 3M0(l)§+
SMoNy g + 3My 0 +2M 1 (No + Lo@d ) 4+ Ly (Mo — Ma@d)) sin p® + 2(L No+

(—3N0 +2L2N1)(0§) sin2pa)),
P = —M; @3 — 2N, @§ cos p @y -+ 2Noay sin p ay,

0 = Myay —Mzwg +2N0w0cospw0+2N1w§ sin p @y.

£0.

-1
Obviously, if H4: Y # 0, then Re {%]
A=iay

Thus, the following theorem is stated:

Theorem 5.4.6. Suppose (H1-H4) holds. Then, the endemic equilibrium E,(S),A},1,) of the
system (5.6) is

1. locally asmptotically stable when p € [0,py),

2. undergoes a Hopf bifurcation when p = pg, and a family of periodic solutions bifurcate

Jrom E¢(S},,A, 1)
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5.4.3 Global stability

In this subsection, we establish the global stability of the DFE and EE.
Global stability of disease-free equilibrium

We now investigate the global stability behavior of DFE E (So,Ao,1o) = Eo < K6 O)

K
0+E7 B(0+E)’
for Ry <1 by constructing a suitable Lyapunov function. For this, the following postu-

lates are proposed:

P4. ‘P}p (8p(1),0) is increasing for S,(¢) > 0 and A}p (Ap(1),0) is increasing for A,(t) > 0.

¥ (0.0) W, (S0.0)

T A
(5,00 <1 for §,(t) > So, T (5,00
(A070)

!
. A]p (S070)
Alp (AP (t)70

P5. > 1 for S,(t) € (0,5),

Ay (a0 > 1 or Ap(t) € (0,40).

o , dJ )
P6. cp(s,,(t),zp(t))+A(A,,(r),1,,<r))gzp(t)(( (sp§3i1p<r>>)(soo)+( A(Apa(;ilp(t))>>( =
? A07

+H(I,(t)), where H(I,(t)) = (O +d+ {)I,(t) +h(I,(t)) and I,(t) > 0.

Sp

Ap .0 Sp Sp Ap .0 Sp
P7. S—O>A—01fs—0>1aﬂdS—O<A—01fS—0<1

Under these postulates, the following theorem is proposed:

Theorem 5.4.7. Suppose that (P1.)—(P7.) and Ry < 1 hold. Then, the disease-free equilibrium
Ey(So,A0,0) of the system (5.6) is globally asymptotically stable for p > 0.

Proof. (P1.) and (P2.) establish that E(Sp,Ao,0) is the only equilibrium of the system (5.6).

We define the following Lyapunov functional
V() =Vi(t) +Va(1),
where,

S Ap
(1) Mde-/ (1) lim Mdg—f—lp(t),

Vi(t) = (1) + A, (1) — So— Ao — /S R RO R A Y EN AT}

Va(0) = [ CH(Sy (0= p). Lot = p)) + At — ). 1yl0 — p)) .

Using the postulates (P1.)-(P3.), it follows that V;(¢) is well-defined and continuously differ-
entiable function for all S,(¢) > 0, A,(¢) > 0, I,(t) > 0, and V(t) = 0 at Ey(So,A0,0). Now,
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d‘ggt) < 0 for all # > 0. First, we compute dvét(t) as follows:

i) _ ([, im (S0,1(1)) \ o ~ lim AAo: Ip(1) ) /
‘(1zbw<&Jo»>9“+<laLmAmwngA“”+“ﬁ
t

t

(1)
+(1—A%HA$“IEB)@&rwmp—Amxrqﬂ@a—p»ywm&m—p»&@—p»

a12
P bI2+cl,+1°

AW (1= )l —p)) — (9 +d+0)]

Since Kk — (0 +&)S, = (0 +&)(So — Sp), thus, we obtain:

dV](t) o li SO) (t))
dr _<1 150t P 1,(1))

+(v3gw ﬁjia (ESp— DAp) — AlAy(t = P)Iy(t — P))) +B(Sy(t — p). p(t — )

+AAp(t = p)lp(t —p)) —H(Ip(1)).

)(ﬁ+é )(So— ) —W(S,(t — P).Ipli —p)))

We now obtain the derivative of V,(¢) as below:

d"jt(’) — (S, (1 — ), Ly (1 — )+ W(Sp(1), 1 (1) — A(Ap(t = ), I (1 — P)) + AlAp (1), 1, (1))

Thus, the derivative of V(z) is obtained as:

av () _ dvir) | dva()
e dr dr

- (1 —IILn3+ 382222?) ((3+E)(So—Sp) =¥ (Sp(t = p),1(t = p)))
t
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The postulates P4-P6 imply that

g/ ¥ (8,0
d‘gﬁ ) < (19+§)< I<S( 0 ))>( = Sp) +¥(Sp(r = p), 1p(t—p)) (—\P;plép(ot),z)) -
A/ A, A ,0
+ (1 "’ z) ) p) +AMA(E—p),1p(t—p)) (%—Q
Ip(t)
19+pd+6 (Ro=1)

So,O CSp\ A0S (Sp A
— 91— ) +ESo 2020 (22 _Zp

1{;/ S(),O) A?p(A()?O)
+ (St = p) It~ p)) (W B 1) T do—4y) <1 _W>
A}, (40,0) ) Ly(t)
—1 |+

+AAp(1—p). Ip(t —p)) (m m(Ro—l)-

Thus, Ro < 1 implies that 24 < 0 for all 1 > 0. Also, 41 — 0 if S, (1) = So, A,() =
Ao, and I,(t) = 0.

. . . dv
Hence, from the system (5.6), it follows that the largest invariant set { (S 0 (),Ap(1),1,(1) € R3 | S5

is singleton set { £y }. Using the Lyapunov-LaSalle asymptotic stability theorem [23,90, 113],
Ey is the only equilibrium of the system (5.6) and it is globally asymptotically stable. |

Global stability of endemic equilibrium

Now, we investigate the global stability of E,(S*,A*,I*) of the system (5.6) by construct-
ing a Lyapunov functional and employing the Lyapunov direct method. To proceed, we

propose the following postulates:

oy I (S0 L eS08) L0

P1. (5 (f’”z) 3 n) <0 (73 (S 15) 1) <o (q><s(,,(,z,§p”t§> 1) <o
AALE) AL (A0 5 .
(A—<Apfz>f3;> ~ i) <0 (%5 AT 1) <0 (pihsy — 42 <0for 1, > 1,

) 1) () :
PS8. <h(1p€t)) - 1,,%) (pl—* — 1) <0 for I, > I.

Po. ———>Ofor Si’>1and———<0f0r S’i<1
[7

The following theorem is proposed under these postulates:

Theorem 5.4.8. Suppose that (P1.)—(P3.), (P7.)—(P9.), and Ry > 1 hold. Then, the endemic
equilibrium Ee(S;‘,,A;,I;) of the system (5.6) is globally asymptotically stable for p > 0.
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Proof. We define the following Lyapunov functional

W(t) = Wl(t> —I—Wz(t),

o) W(SE I o) (AL I
_/ Sy 1p) Aotb) 49+ 1,0) =15 — 151 20
S*

dg + Ay (1) — A% — /A

Y(9,1}) (A I;) Iy
WQ(I)ZCI)(S;,[;)/OP (@(5 <f¢(§3 1*§t 0)) | _ 1. 2 (@(53 1*§ )))de
v ey [P AAp(E—0),1,(t—0)) A(Ap(1—0),1,(t - 6))
AL [ ( A v )d@.

(P1.)—(P3.) imply that, W (r) = W, (t) + Wa(¢) is defined and continuously differentiable for all
Sp(t), Ap(t), I(t) > 0 and W(0) = 0 at E.(S),,A},1).

The derivative of W) (¢) with respect to time ¢ is computed as

dw (¢ (S, I} AT I
1(): 1— (17 P) S/(I)—{— 1— (17 ) A/(l)+ 1— )4 I/(l‘)
dt lII(SPO)vI;) P A(Ap(t)vl;) g IP(t) g

_ (1 - ‘P\I(]éfg){pliﬁ)) (O +E)(Sh—Sp(t) + P (S, 1) — ¥ (Sp(t —p),Ip(t —p)))

¥ (1 - A?jfg’;i",%) (88— 04, Ao - phe—p))+ (1- 25

< (B0 p).Iplt— )+ Alh 1~ p) 11— p)) — Lo o A Tp) ZHE))

‘P(S* 1*)

p

+\P(S,,(r—p,Ip<t—p>>>+(§5 o4y < A4} 1) ) A

A(Ap(1), 1)

—(©+8) (1— L) )(S;;—S w1

P (S, (1~ p).Iy(t — p)) +W(SETY) <1 }P)
p

A (11— 1_,,) + (h(z;) - h(lp(t)lﬁ)) (Ip(t) - 1) |

Iy(1) I;
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Since £S5, — 0A}, — A(A},I;) =0, or, —=ES) + A, + A(A}, 1) = 0, thus we have

- WS I) ) o WS, T)
10—+ (1 i \P(S,)Z),'Dz;)) (Sp = SolD ¥ ) (= 7 oy

‘P(Sp(tp)vlp(t_l)))) B 1,
W(Sp(1), 1) 1,(1)
[\14*7 * %k
(5, -5) (1 o jpg)”’}” ~AAY =PIyt =p)) s+ A ) (1 - —") n

* A(A*J*) * Pk A(A*J*) A(A (t_p)al (t_p))
o (=) (1 - A(Apfof};)) FAAD) (1 TAROL) T AL ) ‘

\P(Sp(t _p)vlp(t —P)) +\P(S;7I;) (1 T 7

Now, we compute the derivative of W,(¢) as follows:

% = W(S,(0),1,(1) = H(Sp(t = p), I (t — p)) +w<s;s?1;>m“’“ﬁfisléiiﬁiiii"”
AAy(t—p), 1, (t —
+AAH (1), 1, () = AAp(t —p), I, (t — p)) + A(A5,I7) In ( ’j\(zspg)),zi((rt)) 2.

Thus, the time derivative of W (r) is obtained as follows:
W dw, W,
P T

— (0+&) (1 - ‘P(Spéjt)f};;)> (S,,—Sp(t))+l1'(8p,1p)(1 - ‘P(Spéjt)’l};)

“"S”5§125<1’>’5§>"’”> PP ¥, (1 ) §_> "

*

* A(A*>I*) 1 N 1
§(Sp—55) (1 — A(A,,Z)Z;)) —AA,(t—p), 1, (t— p))lp@ +AALL) (1 _ i) i
AASTY)

* %k A(A*,I*) A(A (t_p)7l (t_p))
O (A= 4) (1‘A<Ap(t), ;)) FAUT) (1_A(Ap€t),pI;)+ AW 0.1 >+

p

W(Sp(1),1p(t)) = ¥(Sp(t —p), Ip(t = p)) Jr‘P(S}SJ;)lﬂlP

AAp(t—p),1,(t—p))
A(Sp(t),1,(t))

A4yt = p).Lylt — ) + A4 7) In

116



\ ¥ (S5, I5) \ A(A3TY)
=0(S,—Sp) (1_11](5176)1” )>+19(A Ap) 1—A(Ap€t>5;))
. ¥(S,.1;) ¥(S,.1;) . 1, I,
+¥(S5, 1) <1 \P(spft) )Hn‘y(sp() A +¥(S5, ) (1_EH 1;)
A(A3, AT,
Al (1 R R ) A (1—%+1“%>

p p

+‘P(S*,1*)(1_ W(S,(r— ),IpEt—p)) W(S,(0).I) I

W(Sp (1), 1p(1)) W(Sp.1;) 1p(0)
p

WS, (= p). Iy (i = p) P(S(0). 1) *>
W (s <>,1p<r>> (S >1p<r>
M) (- R G A(A* BRAD
A= p) Iyl —p)) A1)
A& OL0) AL 1p<z>>

+¥(Sp(t=p):p(t=p)) \P(éj(t){%) —Iplft)) +P(S5, ) <—T(S”(’)”P ) _ 1)

FAGLI) (M - 1) FW(S, (1 p).Iplt— )

pp
s A4, T A(AS T
+AAp(t=p),Ip(t p))lljz’t) (A(jpg()i)lplft))) _1,2;)) AU (- p)(t—p (A(/i Ej)]l}l)

fy S\ (S0 A\ Ay () LN (1)
—1p€t>>+55,, <1_é (S_g_ﬁ> A_S_Jr<h(1p€f))_lp€t)) (pl; _1> hlp(2))-

The functions W(S,(z),1,(¢)) and A(A,(t),1,(t)) are monotonically increasing for all S,(r) >
0,and A,(¢) > 0. Therefore,

y W(Ss.I")
(5 =5) (“\P( pfr>f};>> =0

S
. A(A% )
(4 =47) (“A(Apfof}p) =0

The function g(y) = 1 —y+1Iny, (y > 0) has global maximum at y = 1. Henceforth, for y > 0,

(5.36)

g(y) <0 and the resulting inequalities are as follows:
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‘P(SPO)J;) lP(SP(t)vI;)
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I* I*

(1 AAST) A(AS,I)

AA(0).5) AL (0).1p)

| ESpt=p) Iyt —p) ¥ (Sp(). 1) I | R(Splt—p).Ip(t—p)) ¥(Sp(0).T5) Iy
W(Sp(t),1p(1) W(S5. 1) Ip(?) W(Sp(1),1p(1)) W(S5. 1) 1p(1)
A=) Il ) MAYO.I) Ty A=), Iyl —p) AAY(0).15) T
A(Ap(1),1y(t) A(A L) Ip(1) A(Ap(1),Ip(1)) AAL) (1)

(5.37)

Thus, using (P7.)—(P9.) and the inequalities (5.36)—(5.37), it follows that 9 ( ) < 0 for all
Sy(t) >0, Ay(t) >0, I,(t) > 0. Thus, it is easy to verify that the largest invariant set in
{(Sp(t),Ap(t) I,(t)) R : dt(t) = O} is singleton {E,}. Hence, by the Lyapunov-LaSalle

asymptotic stability theorem [23,90, 113], the endemic equilibrium E, is globally asymptoti-
cally stable. |

5.5 Numerical simulation

This section presents the numerical results to show the significance of the analytical

findings and varying parameters.

Example 5.1. We use the following set of experimental data: k =2, § =0.09, £ =0.12, 6 =
I, ¥=0.01, y=0.009, d =0.08, 8 =0.03, a =0.005, »=0.01, c =0.03. At these values
of parameters, the endemic equilibrium of the system (5.6) is E,(9.47806, 62.8333, 9.01515)
and the basic reproduction number is Ryg = 25.3846 > 1.

Fig. 5.3 shows the qualitative behavior of all the subpopulations for a time delay p = 1.
Fig. 5.3.1 shows that the susceptible population decreases over time and settles down to their
steady-state after a fixed time. Fig. 5.3.2 shows that initially, a large population gets aware of
the disease, and as time passes, they become less serious and finally settle down to a steady
state. Fig. 5.3.3 elucidates that initially, infectives increase at a high rate and then start de-
creasing and eventually reach their steady-state. Finally, Fig. 5.3.4 shows the behavior of

recovered individuals. Infected individuals recover at high speed and stabilize to their steady
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state over time.
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Figure 5.3: The temporal behavior of subpopulations at time-delay p = 1.
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Figure 5.4: I,,(¢) for various values of time-delay p.
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Fig. 5.4 indicates the impact of latent period p on infected population 7,(¢). We can see the
variation in the number of infectives for higher values of time delay. This figure confirms that
the longer the time delay, the higher the spread of infection, which shows the importance of

considering time delay in studying infectious disease’s dynamical behavior.
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5.5.1: 1,(t) vs. B 5.52: I,(t) vs. ¥y

Figure 5.5: Influence of transmission rates 3 and 7, on infecetd population I,(z) for p = 2.

Fig. 5.5 shows the influence of transmission rates 8 of susceptibles and y of aware individ-
uals on infectives. The higher the transmission rates, the higher the possibility of spreading
infection. Therefore, it is imperative to minimize the contact rate of susceptible and aware

individuals with infected individuals.

10+

(t)

0.00 0.05 0.10 0.15 0.20
a

Figure 5.6: Impact of cure rate (a) on infected individuals (Ip(t)).

Fig. 5.6 shows the effect of the cure rate in decreasing the infected population. An increased

120



cure rate can reduce the infection level efficiently. Thus, the accessibility of treatment re-
sources and adequate treatment is significant in reducing the number of infected individuals.

40 —
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-
o

Time (1), p=2

Figure 5.7: Effect of saturating treatment rate H (1,(¢)) on infected population 7,(z).

Fig. 5.7 demonstrates the impact of nonlinear saturating treatment rate on infected individuals.
The infected population is being drawn for the cure rate a = 0.05, revealing the significance
of the availability of treatment to infected people. If the health system has sufficient treatment

facilities, then the spread of infection can be controlled on a large scale.
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Infected Population 7,(t)

Time (t), 0 =2

Figure 5.8: Awareness effects on 1,,(¢) for p =2, .

Fig. 5.8 depicts awareness effects on the SIR epidemic model. It shows the difference between
the number of infected individuals with and without aware individuals’ classes, deliberating
that unaware individuals are becoming infected faster than those familiar with the disease
spread. It shows the relationship between human awareness and the spread of infection. The

graph of infected individuals with awareness class is drawn for the awareness rate & = 0.6,
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revealing that a considerable value of awareness rate causes more individuals to be safe from
illnesses. Awareness makes them alert about the spread of disease and helps them take neces-
sary protection measures, reducing infection. It is worth saying that public awareness plays a

significant role in making people alert of the disease’s risk and reducing its spread.
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20¢
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10+

Time (t),0=2

Figure 5.9: Effect of Awareness class A, () and saturated treatment rate on /,(¢) for p = 2.

Fig. 5.9 depicts the number of the infected population for the cases: neither awareness nor
treatment is available (shown by the solid purple line); people are aware of the disease, but
treatment to infectives is not available (indicated by the dotted red line); and when both treat-
ment and awareness are present (indicated by the dashed blue line). This figure captures the
impact of both awareness and treatment on infectives. When awareness and treatment are ab-
sent, the infected population stabilizes at a high level. If the treatment is not available, then the
awareness among people reduces the spread of infection with a big difference. For eradicating
disease or lowering it at the lowest level, the presence of both awareness among susceptibles

and sufficient treatment availability has a vital role.
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Example 5.2. The following numerical experimental data is considered to show the occurrence

of Hopf bifurcation:

K =6.5, &E=0.001, ® =0.01, B =0.009, y=0.0009, ¢ = 10. d = 0.08, 8 = 0.03, a =

0.005, b =0.01, ¢ =0.03.
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Figure 5.10: The phase portraits of susceptible, infected and recovered individuals.
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Figure 5.11: The phase portraits of susceptible-aware-infected individuals.

Figs. 5.10 and 5.11 ensure the presence of Hopf bifurcation. Fig. 5.10 is plotted for suscep-
tible, infected, and recovered classes, whereas Fig. 5.11 is plotted for susceptible, infected,
and aware individuals for the time delay p = 16, 19.2, 19.5, and 19.6, respectively. These fig-
ures show that oscillatory and periodic solutions may appear via Hopf bifurcation, considering
time delay as the bifurcation parameter. Figs. 5.10.1, 5.10.2, 5.11.1, and 5.11.2 are plotted for

the time delay p = 16 and 19.2, respectively, revealing that the endemic equilibrium is stable
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and the orbit spirals to it. Figs. 5.10.3 and 5.11.3 are plotted for p = 19.5, whereas 5.10.4
and 5.11.4 are plotted for p = 19.6. These figures reveal that the orbits spiral go away from
endemic equilibrium as time delay p crosses its critical value, and the endemic equilibrium
becomes unstable. Thus, the time delay can increase the periodicity of the prevalence of the

infection, and it may be a foremost aspect in maintaining the oscillation.

5.6 Discussion

During an outbreak, awareness about the transmission routes and interventions of a
disease can alert individuals regarding the infection risk, resulting in a change in human
behavior and disease transmission patterns. Therefore, the present chapter studies a
mathematical epidemic model with awareness effects to study disease transmission and
control dynamics. We comprised four dynamical variables in our model: susceptible,
aware, infected, and recovered individual; and proposed a nonlinear time-delayed SAIR
epidemic model by incorporating Michaelis-Menten type incidences with latent period
and a saturating treatment rate. We assume that aware individuals can also become
infected, probably at a lower rate than fully vulnerable individuals. We analyze the
model mathematically, revealing two equilibria: the disease-free equilibrium (complete
eradication of infection) and the endemic equilibrium (persistence of disease). We ob-
tain the model’s threshold quantity, the basic reproduction number Ry, and perform
the stability analysis to determine whether the disease eliminates or persists. The basic
reproduction number determines the potential for an infectious agent to start an out-
break, the degree of transmission without control measures, and the capacity of control
measures to diminish spread. The delayed system analysis reveals that the disease-free
equilibrium is locally asymptotically stable when Ry is less than unity, unstable when R
is greater than unity, and neutrally linearly stable when Ry is equal to unity. However,
the undelayed system exhibits a forward bifurcation at Ry = 1 using the center man-
ifold theory approach, indicating that reducing the basic reproduction number below
unity is sufficient to eradicate society’s infection. Further, we investigate the endemic
equilibrium’s local stability, revealing the existence of oscillatory and periodic solutions
near-endemic equilibrium via Hopf bifurcation, regarding time-delay as the bifurcation
parameter. Furthermore, the global stability behavior of the disease-free and endemic
equilibria is performed using the Lyapunov functionals by employing the Lyapunov di-

rect method. It is shown that the disease-free equilibrium is globally asymptotically
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stable when Ry < 1, and the endemic equilibrium is globally asymptotically stable when
Ro > 1.

The numerical simulations validate the effectiveness of theoretical findings and show the
impact of the model’s parameters. It is seen that the higher the time delay, the higher
the number of individuals who catch the infection. The oscillatory solutions for various
values of time delay establish Hopf bifurcations near-endemic equilibrium. Moreover, if
the time delay crosses its critical value, then the trajectories of the solutions bifurcate
from endemic equilibrium and destabilize the system at endemic equilibrium. We show
that the number of infected individuals is much higher in the SIR model (i.e., without
awareness) than the number of infected in the SAIR model (i.e., with awareness). If
susceptible individuals are aware of infection risk, they will be on high alert and choose
not to go to crowded areas, avoid unnecessary contact with infected individuals, and
implement other anti-epidemic inhibition measures which reduce the infection spread
effectively. The numerical result shows the impact of saturating treatment rate, which
reveals that adequate treatment availability is crucial in controlling infection spread. If
the treatment facilities are not enough, individuals’ awareness and willingness to adopt
anti-epidemic measures are the only way to reduce infection. Together with sufficient
treatment facilities for infectives, individuals’ awareness can reduce even eradicate the

infectious disease from society.

The present study consisting of nonlinear incidences of unaware and aware suscepti-
bles with the latent period, and saturated treatment rate, signifies the substantial role of
the latent period in the disease transmission process, susceptibles’ behavior in prevent-
ing disease spread, and limitation in treatment facilities in curing infectives. The results
indicate that awareness about the spread of infection in susceptible individuals is vital
in preventing disease transmission and is a potential strategy for controlling the disease
spread in the absence of treatment availabilities. The public health authorities and the
government have a significant contribution to raising awareness among people and en-
couraging them to adopt anti-epidemic measures. For example, the government enforced
different non-pharmaceutical interventions to obstruct COVID-19 transmission due to
the absence of proper therapeutics or vaccines. In addition, several countries focus on
raising awareness through media advertising campaigns to encourage people to maintain
social distancing, wear a face mask, adopt healthy sanitation practices, frequent hand

washing, etc. These behaviors urge people to reduce contact with others and adopt all

126



possible preventive measures, consequently suppressing disease burden. Thus, to eradi-
cate infectious diseases, programs related to knowledge about the infection spread and
its harm to the public and health care workers can improve their general attitude toward
it. Awareness about the disease with the encouragement of adopting preventive measures

and appropriate treatment facilities to infectives can efficiently reduce disease spread.
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Chapter 6

Nonlinear dynamics of a time-delayed
epidemic model with two explicit aware
classes, saturated incidences, and

treatment

This chapter presents and analyzes a time-delayed epidemic model in which the class of
susceptible individuals is divided into three subclasses: unaware susceptibles, fully aware
susceptibles, and partially aware susceptibles to the disease, respectively, which empha-
sizes to consider three explicit incidences. The saturated type of incidence rates and
treatment rate of infectives are deliberated herein. The mathematical analysis shows
that the model has two equilibria: disease-free and endemic. We derive the basic re-
production number Ry of the model and study the stability behavior of the model at
both disease-free and endemic equilibria. Through analysis, it is demonstrated that
the disease-free equilibrium is locally asymptotically stable when Ry < 1, unstable when
Rp > 1, and linearly neutrally stable when Ry =1 for the time delay p > 0. Further, an
undelayed epidemic model is studied when Ry = 1, which reveals that the model exhibits
forward and backward bifurcations under specific conditions, which also has important
implications in the study of disease transmission dynamics. Moreover, we investigate
the stability behavior of the endemic equilibrium and show that Hopf bifurcation occurs
near-endemic equilibrium when we choose time-delay as a bifurcation parameter. Lastly,

numerical simulations are performed in support of the analytical results.
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6.1 Introduction

The last two decades have seen several large-scale epidemics outbreaks. People get
information about these outbreaks quite quickly due to significant advances in social
media, which can have an insightful effect on the actual epidemic dynamics |69, 121].
The impact of information and awareness on the spread of epidemics has been studied
by many authors [54,84,86,94,111,112,115,119,122]. Funk et al. [84] considered the
aware susceptible and aware infected populations in their epidemic model, on the as-
sumption that the aware susceptibles will be at a lower rate of catching the infection
than the unaware susceptibles, and studied that disease dynamics in a well-mixed popu-
lation. Kiss et al. [86] studied the effect of information transmission on the dynamics of
sexually transmitted diseases. They assumed that the entire population is aware of the
risk of infection; however, only a specific portion decides to react by constraining their
contact with contaminated people. Misra et al. and Dubey et al. [94,115] investigated
the impact of awareness programs on the transmission dynamics of infectious diseases in
their nonlinear epidemic models. Some researchers studied the impact of awareness on
the disease transmission dynamics along with the influence of time delay. Zuo et al. [119]
introduced a time delay in the media variable to emphasize the delay in reporting cases of
infections. Zhao et al. [111] studied the SIRS epidemic model by incorporating time de-
lay in media coverage. Zuo and Liu [112] studied the effect of awareness programs driven
by media and the delay on the prevalence of infectious disease. In all these models, the
study reveals that the disease-free equilibrium (DFE) is stable when a basic reproduction
number Ry is less than one, unstable when Ry > 1, irrespective of the value of the time
delay and has a stable endemic equilibrium for time delay equals to zero. In the study of
Zuo et al. [119], Zhao et al. [111], and Misra et al. [94], the occurrence of Hopf bifurcation
is shown for the particular value of the time delay. Greenhalgh et al. [122] included two
delays, one in reporting of infected cases and another delay represents the loss of disease
awareness after a fixed period. Their study reveals the reduction in infected individuals
with an increment in the duration of awareness. It is also shown that both the time

delays can produce oscillations and destabilize the endemic equilibrium.
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The public is a coalition of many subgroups of individuals with vastly different social,
educational, and economic backgrounds. During an outbreak, people adopt full or partial
awareness, depending on how they perceive risks and communicate about the effective-
ness of protective measures. Therefore, instead of going directly from susceptible to
infected class, we introduce fully aware and partial aware susceptible compartments into
the SIR epidemic model due to heterogeneous protection level and extend the epidemic
model to include the behavioral change of susceptibles, which can change the transmis-
sion patterns and reduce the prevalence of disease to the more extent. The precaution
level of susceptible individuals is heterogeneous as they may take different levels of pre-
cautions to protect themselves from being infected based on the severity of epidemics
or their characteristics. We consider three specific nonlinear incidence rates of unaware
susceptibles, fully aware susceptibles, and partially aware susceptible, respectively, with
the inclusion of time delay as a latent phase having a fixed duration. In the considered
incidence rates, the interaction term is of the form Sg(I), where, g(I) = BI/(1+ €I),
BI measures the force of infection, and 1/(1+ €l) measures the inhibition effect of the
behavioral change of the susceptibles when their number increases and the crowding ef-
fect of the infective individuals [12,98]. In this incidence rate, the number of infectives
depends on the nonlinear bounded map g(I), which tends to saturation level /€ when
I gets large. It prevents the unboundedness of the contact rate as it includes the psy-
chological effects and, thus, more realistic than the bilinear incidence rate. Also, with
awareness, treatment of infectives is essential to mitigate the infection. Therefore, we
deliberate the Holling type IT treatment rate (also called saturated treatment rate) and
study the effect of treatment rate with limited medical resources in the current epidemic
model. A detailed explanation of Holling type II treatment rate is given in Chapter two.
We formulate the nonlinear time-delayed mathematical epidemic model and perform the
stability analysis to demonstrate the eradication or persistence of the disease with the
help of the basic reproduction number Ry for the time delay p > 0. The bifurcation
theory approach using the center manifold theory is performed, revealing the existence
of backward and forward bifurcations. Further, choosing time delay as a bifurcation
parameter, the periodic and oscillatory solutions appear via Hopf bifurcation. Moreover,
the numerical experiments show the importance of considering full and aware susceptible

individuals and nonlinear terms such as time delay, incidences, and treatment.

131



6.2 Mathematical model and basic properties

We assume that N denotes the total constant population, and it is divided into five
compartments according to the disease status: unaware susceptible class S(¢), fully aware
class Ap(t), partially aware class Ap(t), infected individuals class I(¢), and removed in-
dividuals class R(¢). The unaware susceptible class consists of those individuals who are
vulnerable to the disease and taking no precautions against it. A fully aware susceptibles
class involves those individuals who have adequate knowledge and proper information
about the spread of the disease and taking precautionary measures against it. Partially
aware susceptibles consist of those individuals who have an incomplete understanding
of the spread and prevention of the disease and have low resources available to escape
from the infection. Including a behavioral response among unaware susceptibles would
unavoidably call for response among fully aware susceptibles and partially aware suscep-
tibles. Therefore, we have considered three explicit same functional forms of saturated
incidence rates describe below:

i) Fi(S(t—p),Lt—p))=(B1S(t—p)I(t—p))/(1+&l(t —p)), representing the saturated
incidence rate among unaware susceptibles,

()R (Ap(t—p),I(t —p)) = (BAF(t —p)I(t —p))/(1 + €l(t — p)), representing the satu-
rated incidence rate among fully aware susceptibles,

(iii) F3(Ap(t—p),L(t—p)) = (BAp(t —p)I(t —p))/(1 +€l(t —p)), representing the satu-
rated incidence rate among partially aware susceptibles.

In these incidences, p denotes the time delay, representing the latent period. The
latent period is defined as the period between exposure and infection, since the pathogen
is present in a latent stage, without clinical symptoms or signs of infection in the host.
The delay term in S(7), Ar(t), and Ap(¢) is introduced because people, who are unaware,
fully aware, or partially aware of the disease, may consider themself in their respective

classes after becoming infected. We assume that such individuals are in the latent period.

Let k denotes the constant rate of inflow of new unaware susceptibles due to the re-
cruitment of new members by the current members or immigration. Let &; denotes
the rate at which unaware susceptibles S(¢) become fully aware. &, denotes the rate at
which S(z) becomes partially aware of the disease. The parameters B;, By, and B3 are
the transmission rates of infection of unaware, fully aware, and partially aware suscep-
tible populations, respectively. We suppose that all the susceptible classes can become

infected by contact with infected individuals, but the fully aware class has less chance
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to be infected as compared to the unaware susceptible, and partially aware suscepti-
ble individuals [122|. Therefore, it is assumed that B; and B3 are greater f,. The
parameter € represents the behavioral changes or measures of inhibition adopted by in-
fectives. 1 denotes the natural mortality rate of all individuals, whereas d and 8 denote
the disease-induced mortality rate and recovery rate of the infectives, respectively. The
function h(I(t)) = al /(1 + bI) represents the treatment rate of infectives, where a and
b denote the cure rate and limitation rate in the availability of resources, respectively.
The symbols and description of the parameters and state variables are given in Table

6.1 briefly.

Table 6.1: Notations of model’s variables and parameters.

Symbol Description

N Total constant population

S(t) Unaware susceptibles

AF(1) Fully aware susceptibles
Ap(t) Partially Aware susceptibles

(1) Infected population

R(1) Removed population
p Latent period (time delay)
K Constant recruitment rate of unaware susceptibles
Bi Transmission rate of susceptibles to infected individuals
B2 Transmission rate of fully aware to infected individuals
B3 Transmission rate of partially aware to infected individuals
€ Inhibition measures by infectives
01 Rate of full awareness in unaware susceptibles
& Rate of partial awareness in unaware susceptibles
v Natural death rate
d Disease-induced death rate
0 Recovery rate
a Cure rate
b Rate of limitations in treatment availability

The flow diagram of the proposed epidemic model is given in Fig. 6.1 and the model

133



JAp(t)

5,5() _ _
A,(6) F(Ap((t—0), It 9)1 h(1(t))
A J
F(S((t — I(t — gI(t
() 1(S((t—e)I(t—0)) N (t) — R(D)
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Figure 6.1: Flow diagram of the model (6.1).

is represented mathematically under the following system of delay differential equations

ds PiS(t—p)I(t—p)
—=k—-8S—-86S— el p) — S,

dt
dAdr o Bl(t—p)Ar(t—p)
dt = oS 1+el(t—p) OAF,
dAp _ 5o Bslt—p)Ap(t—p)
dt =% 1+elt—p) oA,
Al BiSt—p)(t—p)  Bl(t—p)Ar(t—p) BslAp(t—p) _al
dt 1+el(t—p) 1+el(t—p) 1+el(t—p) (d+6+3)1 1+bI’
R _ory L _ur
d 1 +bI '
(6.1)

Suppose that the initial conditions of the model (6.1) takes the form

S(v)=x1(v), Ar(v) = x2(v), Ap(v) = 23(Vv), I1(v) = 24(v), R(V) = x5(V), 62)
2i(V). ve[=p, 0, %(0)>0 (i=1,2,3,4,5), '

where, (x1(v),22(v), 23(v), 24(v), 25(v)) € C([—p, 0], R3), which is the Banach space

of continuous functions mapping the interval [—p, 0] into Ri, where
R = {(S,AFr,Ap,I,R) /S > 0,AF > 0,Ap > 0,1 >0,R >0}.
in [124] and proposition 2.1 in [107], it follows that all state

Using Proposition 2.3.
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variables of the model (6.1) are nonnegative, i.e., (S,Ap,Ap,I,R) € Ri. For biological
reasons, we assume that the model’s parameters k, 61, 6 Bi, B2, B3, €, O, 0, d, a, b are
positive. By the fundamental theory of functional differential equations [23], the model
(6.1) has a unique solution (S(¢)Ar(t),Ap(t),I(t),R(t)) satisfying the initial conditions
(6.2).

Lemma 6.2.1. The compact set

Q= {(S(l‘),AF(Z‘),AP(I),I(I),R(I)) € R :S(t) +Ap(t) +Ap(t) +1(t) +R(t) <

S
H_/

is invariant for the solutions of the model (6.1).

Proof. Since the right-hand side of the model (6.1), and its derivatives are continuous, there-
fore, it assures the wellpossness of the model (6.1).

On adding the equations of the model (6.1), we get

% (S(t) +AR(t) +Ap(t) +1(t) + R(r)) = k — O(S(t) + Ap(t) + Ap(t) +1(t) + R(t)) —dI

< i — O(S(t) + Ap(t) +Ap(t) +1(t) +R(1)).

(6.3)

Thus, the invariant region for the existence of the solutions is given as
0 < lim (S(1) +Ar (1) +Ap(1) +1(r) + R(1)) < g. 6.4)
Hence, the solution of the model (6.1) are compact. |

In the next section, we obtain the model’s equilibria and perform stability analysis to

investigate the behavior of the equilibrium points.

6.3 Mathematical analysis

Since R(t) does not appear in the first four equations of the model (6.1), therefore,

without loss of generality, it is sufficient to consider first four equations of the model for
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the analysis purpose:

s _ K_51S_525_ﬁls(t_p)l(t_p)

dr 1+el(t—p) — 05,
dg;t‘” — 55— ﬁzlg’;fl)é‘i(;;p) Y
% 55— ﬁ31(1t;£])(1?11(:);l3> _ 9Ap,
R R (Emaer =R S =)
6.5)

For the existence of model’s equilibrium, we set the right hand side terms of the system

(6.5) to zero and obtain that the model (6.5) has two equilibria given below:

1. Disease-free equilibrium Eo(So,AF,,Ap,,0) (represents the eradication of infected

individuals, i.e. I =0 for all 7 > 0), discussed in subsection 6.3.1.

2. Endemic equilibrium E,(S*,A%,Ap,I*) (represents the persistence of infected indi-
viduals above a certain positive level, i.e., I > 0 for all 7 > 0), discussed in subsection

6.3.2.

6.3.1 Disease-free equilibrium

The system (6.5) has a disease-free equilibrium of the form Eo(So,AF,,Ap,,0), where,

__ K 4 01K A — &k
TS 46+ T G & +0) T 98 +8+0)

So
The characteristic equation of the system (6.5) at disease-free equilibrium is obtained as

(—0—A) (=& —&—-0-A) (/1 + (O +d+6+a)— (Bi1So+ BAF, +B3Ap0)e—lp) =0.
(6.6)
Eq. (6.6) is fourth degree transcendental equation in A with roots A = -9, A, =
-9, A3 =—(8) + 0+ V) and the other roots are the solution of

A+ (O +d+0+a)— (BiSo+ BrAr, + BsAp,) e P =0. 6.7)

On simplification, Eq. (6.7) can be written as

_K(BiO+Pr6i+B3%) ap _

XA):=A+(0+d+0+a) SO+ 51 0) =0. (6.8)
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K(B1O+P281+B38)
The term 19(19+(}+9+Z)(1517332+19

of the system (6.5). Thus, the basic reproduction number of the system (6.5) is

)e”lp at p =0 is defined as the basic reproduction number

K (P10 + 261 + B362)
9 (O +d+0+a) (S +8&+0)

Analysis for Ry # 1

As mentioned above, Eq. (6.6) has three negative real roots 4j = -9, A, = -9, A3 =
—(81 + & + ¥), and other roots are the solutions of the Eq. (6.8).

Note that
X(0)=(%+d+6+a)(l—Ry). (6.9)

If Ry > 1, then X(0) < 0. Also,

K (B19 + B261 + B362)
B (61 4+ 0+ 0)

X'(A)=1+ e *Pp > 0. (6.10)

Thus, lim X(4) = H-oo.
A —so0
Hence, X(A) =0, X(0) <0, X'(1) > 0, and /llim X (A) = +oo indicate that there always
—>00

exists a unique and positive real root of X(A) =0 if Ry > 1.

Now, if Ry < 1, then

_ K(B19+ a1 + B3d) e ReMP cos(ImA)p

N ¥ (6146, +9) -

_ k(P19 + P28 +Bs5r)
V(01 +6+19)

= (8 +d+0+a)(Ry—1)

ReA

(O +d+6+a)

— (0 +d+06+a) 6.11)

<0.

Therefore, Ry < 1 implies that A4 is a root of Eq. (6.6) with negative real part.
Analysis at Ry =1

In this subsection, the system (6.5) is analyzed at Ey(So,Ar,,Ap,,0) and Ry =1 for the
time-delay p > 0.
Case(i)p>0

If Ro =1, then A =0 is a simple characteristic root of Eq. (6.8). Note that Ry =1
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implies that & (10 + 201 + B362) = ¥ (O +d + 6 +a) (6 + & + D).

Let A = r+is be any of the other solutions, then (6.8) becomes:
r+is+ (0 +d+0+a)—(9+d+0+a)e”"P (cossp —isinsp) = 0. (6.12)

By applying Euler’s formula and splitting real and imaginary parts, Eq. (6.12) can be

written as

r+9+d+6+a=(%+d+0+a)cossp e P,

(6.13)
s=—(0+d+6+a)sinsp e "P.
On squaring and adding both the equations of Eq. (6.13), we obtain
(r+04+d+0+a)’+s>=@F+0+d+60+a) e 2P, (6.14)

If there exists a root satisfying both the equations of (6.13), then this root also satisfies
the Eq. (6.14) obtained by squaring and adding these equations. For Eq. (6.14) to be
verified, we must have r < 0. Therefore, Ey is linearly neutrally stable.
Case (i) p=0

We now analyze the qualitative behavior of the system (6.5) without time delay, i.e.,
we take p = 0. This analysis has an interest in itself and will also allow getting some
information on the stability of the coexistence equilibrium in the case with delay [120].
The bifurcation theory approach obtained in [40], which is based on the center manifold
theory [17], has been used to decide the local stability of a nonhyperbolic equilibrium (i.e.,
linearization matrix has at least one eigenvalue with zero real part) near the criticality
Ep and Ry = 1. It allows us to clarify the direction of the bifurcation and describes the
local behavior of disease-free equilibrium near Ry = 1. For simplicity, we redefine the

state variables as S =xj, Ap =xp, Ap =x3, and [ =x4. So, the system (6.5) takes the
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form:

dx; Bix1x4

DU e Sixi — Sy — =

o 1X1 — 02X1 o g1,

dx XX

do __Pon —Vxz + 61x1 = g2,

dr Exg+1 (6.15)
T |
dr SX4—|—1 3 1 = 43,

dxg  Bixixa | Boxoxs | Brxsxy axy

— = —(d+0+8)x4 — = g4.

dr exg+1  exy+1  exg+1 (d+6+0)x bxg+1 &4

We observe that when Ry = 1, the chosen bifurcation parameter B, takes the form

e 0 (B(a+d+0+08)—Px)+ 0 (8 +0)(a+d+0+9)+Bik(—1)
ﬁZ—ﬁz— 511(' )

The Jacobian matrix J(Eg, B5) of the system (6.15) obtained at criticality (that is, at
Ep and B;) is

—9-6-6 0 0 - 19+153€1+62
kPByo
J(Eo,B;) = o 0 0 g
2 5 0 -39 — kB3 &
B (0+81+8)
0 0 0 0

The eigenvalues of the Jacobian matrix J(Ep,B;) are A; = =9, Ly = -9, I3 =—-0 —
01 — &, Ay =0. We see that 41,4, and A3 are real and negative eigenvalues and A4 =0
is a simple zero eigenvalue (since, the algebraic multiplicity of A4 =0 is 1) of J(Ey,}).

Thus, when Ry = 1, the DFE Ej is a non-hyperbolic equilibrium.

The right eigenvector v = (vi,v2,v3,v4) of J(Ep,B;) corresponding to A4 = 0 is obtained

as
1% _——BIK
e+ em+ )Y
_ k(B (81 +8+8)+BiY)
B V2 (81 + 86+ 0)?2 ’
e 02K (B3 (81 +0+3)+Bi0)
T 02(§+8&+0)2
vqg = 1.

The left eigenvector w = (w1, w2, w3, ws) of J(Ep, B5) corresponding to A4 = 0 is obtained
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as

w1 =0,
wy =0,
wz =0,
wy =1

Let g¢’s, k =1,2,3,4, denote the right-hand side of the system (6.15). The bifurcation
coefficients a; and b; defined in Theorem 4.1 of [40] are given by:

The non-zero partial derivatives of the functions g;’s at Ey are evaluated as

9%g4 _ 9%g4 _ 984 _ _ _
<BX4ax1 >E0 - ﬁl’ (8)643)52 ﬁZ’ 0x40x3 ﬁ3’ 9x18X4 ﬁl’ 8x23x4 ﬁZ’
2 2
< J 54 >E — ﬁ3, (8 g4)E - _ 28[311(‘ o 28ﬁ25]K o 28[33621( +2ab, and
0 0

dx39x4 ox3 01+6+0%  B(01+0+0%) B(6+6+Y)

( d 84 > — 511(
8x48B2* Eo B3(01+0+9)"

The bifurcation coefficients a; and by are calculated at the bifurcation parameter B

as follows:

a) = _51;<192(512+52+19) (81(8:(0* (k(a(e —b) +e(d+0+8)) +2(a+d+6+8)?)
+ B3k (Bsk —20(a+d+0+0)))+ 0 (x(a(e —b) +€(d+0+0)) +2(a+d+86+0)%))
+ 68702 (k(a(e —b)+e(d+0+0))+(a+d+0+0)) + (& (d(a+d+ 60 +9) - B3k)
+ 0% a+d+0+0))—Bixd (28, (Ha+d+6+8) —B3x) + (5 +20) (a+d+6+9))
+ Bik*0?)

2
:_51K192(51+32—|—19) x G(Bs),
K
iy
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where,

G(B3) = (& By +&1 B3+ o) (6.16)
where, the coefficients y, {; and §, are

6 =& (81 + &) k7,
C1=20k0 (Bik— (61 + 0+ 0)(a+d+0+1)),
So=0((81+& +9) (i (k(a(e —=b) +e(d+0+0))+(a+d+0+0))+  (6.17)
(&+0)(a+d+6+0))+piSiKk(at+d+60+0)+PBik(Bik—
2(81+ 8+ 9)(a+d+6+19))).
It can be seen that the bifucation coefficient by is always positive and the sign of a

depends the sign of G(f3), given in Eq. (6.16). If G(B3) <0, then a; > 0, whereas, if
G(B3) > 0 then a; < 0.

The discriminant of quadratic polynomial G(B3) is obtained as

D=a(81+&)k(b—e)(81+6+8)+ (-6 —6—0)((8i +&H+0)(a+d+6+0)
+&(81+&)k(d+0+9))+Pik(8 +&+20)(a+d+0+0)+ B (—«2).

(6.18)
Let B; and B* be two roots of the Eq. (6.16), then we get
* _Cl +D Kok _Cl —D
= , and = 6.19)
p; 28 & 28 (

Using Theorem 4.1(iv) in [40], the type of bifucation is govenered by the sign of a; and
hence by the sign of G(B3). If G(B3) is of positive sign then forward bifurcation occurs,
whereas, if the sign of G(f3) is negative then the system (6.15) reveals a backward bi-
furcation. These behavior differences are essential in planning how to control a disease;
a backward bifurcation at Ry = 1 makes control more difficult. These two cases are dis-

cussed below separately.

(I) Forward bifurcation: When there is a forward bifurcation at Ry = 1, it is not pos-
sible for a disease to invade a population if Ry < 1 because the system will return to
the disease-free equilibrium I = 0 if some infectives are introduced into the population.

For values of Ry slightly greater than 1, Ey changes its stability from stable to unstable
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and the model admits a unique endemic equilibrium, which is locally asymptotically
stable [40]. Therefore, it is imperative to find the range for which forward bifurcation
occurs. The range of forward bifurcation is governed by the positivity of G(fB3). Thus,

there are two cases in which G(B3) is found to be positive. These are given as follows:

£1 >0,
(6.20)
&> 0.
or
D >0,
either of (1 >0, {,<0), ({1 <0.& >0), or ({; <0, § <0) holds, (6.21)
Bs < Bs or B3> B5.

(II) Backward bifurcation: The backward bifurcation is characterized as when Ry < 1;
a small unstable endemic equilibrium appears while the disease-free equilibrium and a
larger endemic equilibrium are locally asymptotically stable. When Rg > 1, then an
unstable disease-free equilibrium and a stable endemic equilibrium exist [40]. Tt is illus-
trated in Fig. (6.4). The range of existence of backward bifurcation (i.e., when G(f3) < 0)

as follows:

D >0,
either of (£ >0, { <0), ({1 <0.{ >0), or ({1 <0, § <0) holds,  (6.22)

3T <Bs < B
Based on the analysis above, we state the following theorems:

Theorem 6.3.1. The disease-free equilibrium Eo(So,AF,,Ap,,0) of the delayed system (6.5) is
asymptotically stable if Ry < 1 and unstable if Ry > 1 for p > 0.

Theorem 6.3.2. The disease-free equilibrium Ey(So,AF,,Ap,,0) of the delayed system (6.5) at

Ro = 1 is linearly neutrally stable for p > O.

Theorem 6.3.3. When Ry = 1, then the undelayed system (6.15) reveals a backward (forward)
bifurcation at disease-free equilibrium Ey(So,AF,,Ap,,0) if and only if G(B3) < 0 (> 0).

The graphical presentations of the forward and backward bifurcations are shown in Figs.

6.2, 6.3, and 6.4 for the experimental data metioned below:
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k=2 =01, 9=0.01, d=0.001, »=0.8, 6 =0.01, a=0.9, B =0.004, § =
0.01, 8 =0.009. At these values of parameters, we evaluate that the range of B3 is B;* =
0.00098164 < B3 < 0.0088652 = B5. The cases of occurrence of forward and backward

bifurcations, given in the inequalities (6.20), (6.21), and (6.22), are illustrated from

(1.)—(3.) as below:

(1.) If we take B3 = 0.00008, then we obtain that ¢ = 0.000522, & = 1.242 x 106 > 0,
and § = 7.75344 x 107° > 0. This case illustrates the inequality (6.20) and the

graph is shown in Fig. 6.2.

30

25!
20!
15

10+

Stable disease-free
| equilibrium

(3]

Stable endemic
equilibrium

Unstable disease-free equilibrium

Ry

Figure 6.2: Plot of R versus I(t), showing forward bifurcation.

(2.) On considering B3 =0.01, we obtain that {, =0.000522, §; =1.242x 1076 >0, { =
—5.44699 x 1078 < 0, and the discriminant D = 1.15276 x 10710 > 0. It illustrates

the inequality (6.21) and the graph is shown in Fig. 6.3.
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Figure 6.3: Plot of R versus I(t), showing forward bifurcation.
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(3.) If we take B3 = 0.006, which lies between B;* and B3, then we obtain that the
coefficients {> = 0.000522, & = 1.242 x 107% > 0 and {y = —4.05047 x 1073 < 0,
and the discriminant D = 8.61164 x 10~!! > 0. This case illustrates the inequality
(6.22) and the graph is shown in Fig. 6.4.

Stable endemic
25 T
20
= 15+ H Unstable
= endemic equilibrium
10 -
5 Stable disease-free
[ equilibrium % Unstable disease-free equilibrium
0 [ i ]
0.0 0.5 1.0 1.5 2.0 25
Ry

Figure 6.4: Plot of R versus I(t), showing backward bifurcation.

In Figs. 6.2, 6.3, and 6.4, the solid lines show stability and the dashed lines show
instability.

6.3.2 Endemic equilibrium and stability

Assuming that S, Ar, Ap, I # 0. To determine the conditions for the existence of
endemic (positive) equilibrium E,(S*,A%,Ap,I*), we put the right-hand side of the system
(6.5) to zero. we get:

K— 85— 85— lﬁfgll — 8§89 =0, (6.23)

_’fzfg — OAp+8,S=0, (6.24)

_/133;4: j — BAp+8,5=0, (6.25)

N RITEC LR

Solving for S, Ar and Ap in terms of I, from the Eqgs. (6.23), (6.24) and (6.25), respec-
tively, and substituting the resulting expression in Eq. (6.26), after simplification, we
obtain the following equation in I:

P(I) :=Ag+ Al +Axl* + A3} +Aul* =0, (6.27)
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where,

Ag=0(61+6+0)(a+d+60+9)(1—Ry),

Al =3((81+6+9)Bed+Lr+B3)+P10) (a+d+0+1)— P01k (2e +b) — P35k

X (2&4+b) — B1 k0% (26 +b) + b? (81 + 8+ V) (d+ 0 + V) — B35 &
— B2B3 b2k — Bi (B2 + B3) K9,

Ap = 19<[33 (82(2ae —ex(e+2b)+ (2e+b)(d+0+ 1))+ (61 + ) (2ae+ (2e +b)(d+ 0+ 1)))
+3e9 (6 + 6+ V) (a8+(8—|—b)(d—i—9+19))> +B2<[53<(61 + &) (a—x(e+b)

+d+0+19)+19(a+d+9+19)> +9(8)(2ae — ex(e+2b) + (26 + b)(d + 0 + D))

+(8+9) (2a8+(26+b)(d+6+19)))) _ B (ﬁz(—ﬁ(a+d+9+19)+1<19(£+b)+[331<)

+19(19(—2a8+£1<(8+2b)—(28+b)(d+9+19))—ﬁg(a—K(8+b)+d+9+ﬁ))),

Az =—(e0+B3) (€0 + B) (—aed® — Bi(a—bxk)) — €8 (ae¥ + Pr(a—bk))) + €86 (e + B2)

x (ag® + B3(a—bx)) — (d+ 6 +0) (B1 (O (—Bs (e +b) — eV (e +2b)) — Ba (S (e +b) + B3))

—(01+6+9) (B (B3(8+b)+819(e+2b))+819(ﬁ3(8+2b)+819(8+3b)))),
Ay =b(e0+B2) (e +B3) (d+0+0) (e (81 +8+8)+Bi).

(6.28)
For a positive root of I* of the polynomial P(I), we have
K+ exl*
§* = , 6.29
(61 +&+0)(el*+1)+piI* (6.29)
015" (81* + 1)
= 6.30
F™ero+Bor+ 0’ (6.39)
0 S* (el +1)
Ap = . 6.31
P e + Bsl + 0 6.31)

So, E.(S*,A%,A%,I") is a positive equilibrium of the system (6.5).
Frap

Theorem 6.3.4. When Ry > 1, then there is either a unique or three positive endemic equilibria
if all equilibria are simple roots.

Proof. Let Ry > 1. We see that the coefficient A4 is always positive. On the other hand, Ag < 0

when Ry > 1. From Eq. (6.27), we have a fourth degree polynomial in /, given below:

P(I) :=Ag+ A1l +Ar 1> + A3l + A4l = 0.
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The following possibilities for the signs of A, A, and A3 exist:

Vi:A1>0,A; >0, and A3 > 0,
V,:A1 <0, Ay <0, and A3z > 0,
V3:A;1<0,A> >0, and A3 >0,
V4:A1<0,A, <0, and A3 <0,
V5:A1 >0, A> >0, and A3 <0,
Ve:A1 >0, Ay <0, and A3 > 0,
V7:A4; >0, Ay <0, and A3 <0,

Vg:A; <0, Ay >0, and A3 < 0.

Using Descartes’ rule of signs [42], P(I) can have either a unique or three positive roots. If
any of the conditions V|-V holds, then there is unique endemic equilibrium, whereas for the

existence of three endemic equilibria, any one of the conditions V5—Vg must satisfy. [

For the present study, we consider the case of unique endemic equilibrium only. H1:
Suppose that any of the conditions (V;—Vy4, and Rp > 1) holds, then the system (6.5)

admits a unique endemic equilibrium.

Now, we study the local stability behavior of endemic equilibrium E,(S*,A},Ap,I*). For
this, we obtain the characteristic equation of the system (6.5) at E.(S*,A},Ap,I*) as

given below:

Po(A) +e *PP(A)+e 2PPy(A) +e 2P Py(A) =0, (6.32)
where,
P()()L) =24 —I—K113 —l—Kzlz + K3A + Ky,
P(A) = KsA® + KgA? + K74 + K,
(6.33)
Pz(ﬂ,) = Kglz —}-K]()l + K1,
P3(7L) = KpA+Ki3.

where, the coefficients K;, i = 1 to 13 are given in Appendix. For p =0, the characteristic

equation becomes:

At 03+ 0042 + Q1A+ 00 =0, (6.34)
where, Q's, i=0,1,2,3, are given in Appendix.
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Based on Routh-Hurwitz criterion, it can be concluded that all the roots of Eq. (6.34)

have negative real parts if the following inequalities hold:

H2: Q; >0 (i=0,1,2,3), 0302 — Q1 >0, and 030201 — 0} — 0300 >0.  (6.35)

Thus, we state the following Theorem:

Theorem 6.3.5. Ar p = 0, the endemic equilibrium E»(S*,A}.,Ap,I") is locally asmptotically
stable if H2 holds.

Now multiply by e * on both sides of the characteristic equation (6.32), we get:
Py(A)e* + P (A) +e *PPy(A) +e 24P Py (L) = 0. (6.36)

Change of stability and hence the existence of oscillatory solution may appear if the roots
of the characteristic equation are purely imaginary. Therefore, to study the stability of

E,, assuming that A =i®, (@ > 0) is a root of Eq. (6.36). Then, Eq. (6.36) becomes:
Py(i0)e'® + Py (i) + e 1P Py (i) + e~ 21%P P (io) = 0. (6.37)
Eq. (6.37) can be rewritten as

(My+1iNp) (cos wp +isinwp) + (M| +iNy) + (M +iN,) (cos wp —isinwp) 639
+ (M3 +iN3) (cos20p — isin2ap) = 0, '

where, My, My, M, M3, Ny, Ni, N and N3 denote the real and imaginary parts of

Py(iw), P(im), P»(iw) and P3(im), respectively, given as:

My = o’ —K2w2+K4, No = —K; > + K30,
M) = —Kew?> +Ks, N; = —Ks0° + K70,
My = —Kow? + K11, No = K00,

M3 = K3, N3 = KL 0.
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When Eq. (6.38) splits into its real and imaginary parts, we get

M|+ Mycoswp + Visinwp = —N3sin2@p — Mz cos2mwp, (6.39)

N1+ Nscoswp +Mssinwp = —N3cos2mp + M3sin2wp, (6.40)

where, My = Mo+ M>, Ny = Ny — Ny, Ms = My— M, and N5 = N, + Nj.

On squaring Eqs. (6.39) and (6.40), and then adding, we obtain
(M} + My cos wp + Nysinop)? + (N; + Nscos wp) +Ms(sinwp)? — N3 — M3 =0. (6.41)
On substituting sin®p = /1 —cos?®p in Eq. (6.41), we obtain
L cos* wp +1Lp cos’ wp +1Lj cos? wp +Lycoswp +Ls =0, (6.42)
where,

Ly = pi+4p3, L =4p pr+8paps,

Ly =4p5+2p1p3 +4p5 —4p3, Ly =4pap3 —8paps,

Ls = p5 —4pj,

p1=Mj +N3—Nj — M3, py=MMys+ NN,

p3 =M +Nj +N{ +M5 — N5 — M3, ps=MiNs+NiMs,

ps = M4Ny+ MsNs.
Let coswp = x, then Eq. (6.42) can be written as
f(x) := Lix* + Lyx® + L3x* + Lyx+ Ls = 0. (6.43)
From Eq. (6.43), we obtain
f'(x) = 4L1x> 4+ 3Lyx*> + 2L3x+ Ly = 0. (6.44)
For convenience, we assume that x =y —Ly/4L;. Then, Eq. (6.44) becomes:

v +Ay+B=0, (6.45)
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where,

A_g_z(@)z
2L, 16\1 )’
1 (LY Ly Ly
‘3‘2(5) s AL

Now, roots of Eq. (6.45) are given as

B B
n= -2 evosi-2-vo

2
B B
y2=my —§+\/5+712\3/—§—\/5,
B B
V3= n2\3/ —54—\/54'711\3/ —5—\/5,

where, 1] = *HT\/E, N = *I*T\/gl and O = BTZ+/§—§.
It follows from coswp = x and x =y — L /4L; = F(®) that
coswp = F (o). (6.46)
On substituting Eq. (6.46) in Eq. (6.41) and solving for sin@p, we obtain
sinwp = F (o). (6.47)
From Eqs. (6.46) and (6.47), we get
F} o)+ Ff (o) = 1. (6.48)

Assume that H3: Eq. (6.48) has atleast one positive root @y, such that the characteristic

equation (6.32) has a pair of purely imaginary roots iay.
For @y, the corresponding critical value of time delay p; can be obtained as:
1
Pk = %(arccosFl(a)o)+2k7r), k=0,1,2,.... (6.49)
Assume that p is a bifurcation parameter and pp=minp, kK =0,1,2,... is the criticle
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value.

£0.

da]™!
To estabilish the Hopf bifurcation, we show that Re [—]
A=iwy

dp

Differentiating Eq. (6.32) with respect to p, we obtain:

% (P(/)(/l) +e *PP{(A) — pe PP (A) +e PP Py(A) —2pPa(A)e PP +e P PY(A)—

3pPs (x)efﬁp) —Ae *PPL(A) = 24Py (A)e AP —3AP;(L)e P = 0.

— % (pg,(z) +e MPP{(A) —pe PP (M) +e *PPy(A) —2pPy(A)e AP +e PP PY(A)—
3pP3(7L)e’3’lp) = Ae ™M P1(A) + 24Py (A)e AP +-3AP3(A)e 3P,
da ) <P1 () +2Ps(A)e P + 3P3</1)e—mp)

dp ~ (Py(W)erP + P(A) —pPi(2) + e 4P (Pj(A) — 2pPa(R)) +e 2 (P(A) —3pPs(A)))

Thus, we get

a1 (B +P(R) +e P PA) +e P PY(2) )
{@1 T A(PI(A) 2P (M)e 2P 1 3Py(A)e 2RP)
(PP1(R) +2pPa(R)e P + 3pPy(R)e )
& (PL(A) + 2Py (A)e 0 + 3P3(A)e 24P)

| [dz]—l (Pi(2)e™ + PI(A) +e 4 PY(A) +e 2 PL(1))
Le., | —— = _Z.
’ A

dp A (Pl (A)+ ZPZ(A)C_M) + 3P (ﬂ,)e_zll))

B X1 X+,
X7 +Y3

?

dr]!
Re {%}

A=iay
where,
o 3 2 2
X, = —sinypg (—4wy +2K>ax) + cos wypo (—3K1 05 + K3) + (—3Ks05 + K7)
+ (K10 cos wppo + 200 K9 sin wppo ) + K16 cos 2wppo,

Xp = K50)g - K7(1)§ — 2K10(D§ cos WppPo + 2 (—ngg + a)()KH) sin WPy — 3(03[(12 c0s2mpPo

+ 3K 13 sin2 @ po,
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Y1 = cos wypo (—4@g +2K> @) + sinwopy (—3K; 0§ + K3) + 260 Ks + 200 Ko cos @ypo — Kio sin @ppo
_K16 Sinza’OPO,
Y, = —Kéwg + wpKg +2 (—Kg(Dg + (D()KH) cos Wypo +3 (a)gKlz sin2wypo + K13 cos 20)0[)0)

+ 20)3](10 sin Wy Po-

£0.

!
Obviously, if H4: XX, +Y1Y> # 0, then Re [%1
A=iwy

Thus, we state the following theorem:

Theorem 6.3.6. For the system (6.5), if the conditions (HI-H4) hold, then the endemic equi-
librium E, = (S*,A}.,Ap,I") is locally asmptotically stable when p € [0,p); the system (6.5)
undergoes a Hopf bifurcation at E, = (S*,Af,Ap,I*) when p = po, and a family of periodic

solutions bifurcate from E, = (S*, A}, Ap,I*).

6.4 Numerical simulation

In this section, numerical experiments are presented to show the analytical results
using Mathematica 11.

We have considered the following set of experimental data: x =2, ¥ =0.01, B, =
0.02, B, =0.006, B3 =0.008, 6, =0.1, &, =0.02, a=0.04, d =0.009, 6 =0.004, € =
0.5, b=0.09.

At these parameters values, the endemic equilibrium is

Eo(S*, A%, A%, I*) = (11.903,55.602,9.443,38.504) with Ry > 1.

100 —

""" S(t) Apt) == Ap(t) — 1(Y) R(t)

60+

Subpopulations

0 50 100 150 200
Time (1), o =1

Figure 6.5: Subpopulations S—Ap —Ar —[—Ratp = 1.

Fig. 6.5 shows the behavior of different subpopulations for the time delay p = 1.
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Evidently, as time increases, unaware susceptibles decrease, and the fully aware and
partially aware, infected, and removed individuals population increase and then start

decaying and settle down to steady-state E,(11.903,55.602,9.443,38.504).

60—

50+

40"

Z30-

— Iy ato=14
201 — -lIhatp=7
—— I()atp=1

10+

0 50 100 150 200
Time (1)

Figure 6.6: Infected population /(¢) at different values of time delay p.

Fig. 6.6 depicts the effect of time delay on the infected population. We plot the
infected population for different values of time delay p = 1,7, and 14, respectively. It

reveals that the large value of time delay causes an increment in the infected population.

70 60
60 50
50 40
40 30
30 20
01 02 03 04 05 06 07 0.01 0.02 0.03 0.04
B1 .BZ
6.7.1: Infected population /(¢) when f; varies. 6.7.2: Infected population /(r) when f3, varies.
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6.7.3: Infected population I(¢) when f3 varies.

Figure 6.7: Infected population for the transmission rates of unaware, fully aware, and partially
aware susceptibles for the time-delay p = 1.

Figs. 6.7.1,6.7.2, and 6.7.3 show the influence of different transmission rates on infected
population I(¢). It validates the increment in the number of infected population as the

transmission rates increase, which is biologically true.

50 50
45 45
= 40 = 40
— 1
35 35
30 30
00 0.1 02 03 04 05 0.00 0.05 0.10 0.15 0.20
& &
6.8.1: Infected population () for 6. 6.8.2: Infected population /(z) for 8.

Figure 6.8: Impact of full and partial awareness rates on infected population for the time delay
p=1

Figs. 6.8.1 and 6.8.2 show the impact of full and partial awareness rates (8; and &) on
the infected population for the time delay p = 1. It is evident that if the full awareness
rate is high, then infection diminishes at a high level. Partially awareness in humans also
helps them to escape from the infection, as depicted by Fig. 6.8.2. Thus, more efforts

should be put to spread full awareness among people.
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— I(t) without fully and partially aware classes
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----- I(t) with fully and partially aware classes

------ [(t) with fully and without partially aware classes
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Time (1), o =1

Figure 6.9: Dynamics of infectious diseases showing the impact of aware classes on infected
individuals /(¢) for the time delay p = 1.

Fig. 6.9 examines the potential of fully and partially aware classes in minimizing the
impact of an epidemic. From the graph, it is evident that when people are not aware of
the spread of disease (shown by a solid red line), the infection occurs at a higher rate.
Awareness in humans motivates them to escape from the infection. By the complete and
correct information about a disease, individuals change their attitudes and actions to
reduce their chances of becoming infected, spreading the disease further, or experiencing
prolonged periods of medical treatment. Attempts to raise awareness of an infectious
disease may also build a sense of threat in inadequately informed individuals. When
there is only partial information available, infection reduces, but a low level (as shown
by the dashed green line). Because of weak, inaccessible, and absence of education,
uneducated individuals are rarely formally trained in handling diseases, its prognosis,
diagnosis, preventions, and cures. They take preventive measures by word of mouth or
by social media, which leads to a reduction in infection at a low level. Also, if people are
partially mindful, then there are chances that they can take unnecessary medications due
to fear of catching the infection, which can weaken their immune system. So those people
are at more risk of getting infected (shown by the dot-dashed blue line). Therefore, the
absence of partial awareness and the presence of full awareness about the spread and
prevention of disease leads to a reduction in the range of illness at a high rate (shown

by the dotted black line).
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6.10.2: Infected individuals /(r) with and without
saturated treatment rate and aware classes for the
time delay p = 1.

6.10.1: Effect of cure rate a on infected population
I(z) for the time delay p = 1.

Figure 6.10: Impact of cure rate, awareness, and saturated treatment on the infected population
forp =1.

Fig. 6.10.1 shows that the increase in the cure rate can increase the reduction of
infected individuals. Fig. 6.10.2 shows the influence of saturated treatment rate on
infected population I(¢). We have plotted the infected population when there is neither
treatment nor awareness available. Clearly, in this case, infection is spreading at a very
high rate. Purple dashed line shows the infected population when people are aware, but
treatment is not available, and the solid red line shows the infected population in the
absence of awareness and treatment. The major difference can be seen between these
two lines. Blue dashed line shows the infected population when both awareness and
treatment are present, which is stabilizing at the lowest level among three lines. Thus,

the treatment rate with awareness help in reducing infection at a faster rate.
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To show the presence of Hopf bifurcation, we take the following experimental data:
k=10, €=0.92, B, =0.2, B, =0.02, B3 =0.04, 8 =0.05, & =0.03, ¥ =0.1, a=
0.2, b=0.5, 6 =0.01, d =0.01.

We obtain that E,(S*,Af,Ap,I*) = (25.5152,10.5267,5.37598,42.1257), at these values

of parameters.
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6.11.1: Time series solution of the model (6.1) for 20 ‘
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6.11.2: Phase plot of susceptible, infected and re-
moved population when p = 14.
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6.11.3: Time series solution of the model (6.1) for 20 ‘
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6.11.4: Phase plot of susceptible, infected and re-
moved population when p = 21.
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Figure 6.11: Graphs depicting the presence of Hopf bifurcation for different values of time-
delay p.

Figs. 6.11 depicts the time series solutions of the model (6.1) with their respective SIR
phase plot for distinct values of time delay p. It is observed that the spread of infectious
disease can be controlled for p = 14, and p = 21. That is, Figs. 6.11.1, 6.11.2, 6.11.3,

and 6.11.4 show that initially periodic solutions appear but after a time, the endemic
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equilibrium E, reaches to its steady state. Figs. 6.11.5, 6.11.6, 6.11.7, and 6.11.8 show
the unstable limit cycle around the endemic equilibrium equilibrium when time delay

p > po =24.

6.5 Discussion

In the present chapter, we divide the total population into five compartments: unaware
susceptibles, fully aware susceptibles, partially aware susceptibles, infected, and removed
individuals; and study a time-delayed epidemic model with saturated incidences and
treatment rates. We analyze the model mathematically and study the dynamic behaviors
of the epidemic model with and without time delay p. The mathematical analysis of
the model shows that it exhibits two equilibria: disease-free and endemic. By deriving
the basic reproduction number Ry, we prove that the disease-free equilibrium is locally
asymptotically stable when Ry < 1, unstable when Ry > 1, and linearly neutrally stable
when Ry =1 for the time delay p > 0. When we don’t consider the time delay, then using
the center manifold theory, it is obtained that the forward or backward bifurcation occurs
when Ry = 1. We obtain the bifurcation range of forward and backward bifurcations,
given in the inequalities (6.20), (6.21), and (6.22), respectively. In the presence of forward
bifurcation, as Ry increases through unity, then the disease-free equilibrium loses its
stability, and a stable endemic equilibrium appears. In contrast, the presence of backward
bifurcation shows that a stable endemic equilibrium coexists with a stable DFE when
Ro < 1. Tt has an important implication as it fails the ideal condition of reducing Ry
below unity to eradicate the diseases from society. Thus, the control programs must
reduce Ry further than below unity to eliminate the disease. Schematic diagrams of
forward and backward bifurcation are depicted in Figs. (6.2), (6.3), and (6.4). Further,
the local stability of the endemic equilibrium has been studied, which demonstrates that
by choosing time delay as a bifurcation parameter, the Hopf bifurcation occurs near the

endemic equilibrium, revealing the presence of oscillatory and periodic solutions.

The numerical simulations show the graphical representation of the effectiveness of
theoretical results. We see that the consideration of time delay has a significant role as
it impacts the number of infectives. It is seen that when the time delay is high, then
the infection spreads at a higher rate. The periodic and oscillatory solutions have been
plotted near-endemic equilibrium, showing Hopf bifurcation at different values of time

delay p. As p passes through the critical value pg, then the endemic equilibrium loses
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its stability, and an unstable limit cycle appears. When there is no treatment available,
then knowledge about the spread of disease is the main focus. The role of full and
partial awareness in susceptibles has been shown numerically with and without saturated
treatment. When treatment is not given to infected individuals, only susceptibles’ full or
partial awareness shows a significant difference in the number of infectives (Figs. 9 and
10(b)). Whereas, if we consider saturated treatment rate along with awareness in the
susceptibles, then the transmission pattern of infectious diseases changes more effectively,

and the reduction in the prevalence of the disease can be seen to a more extent.

The findings of the model, consisting of explicit saturated incidences with latent period
and saturated treatment rate, are capable of demonstrating the significant role of the
latent period, the behavior of susceptibles through different subclasses, and limitation in
available facilities of treatment. The results can understand the role of varying protec-
tion levels of susceptibles in the transmission pattern of infectious diseases, suggesting
the control strategies to prevent the spread of infections at a massive scale. A full aware-
ness about the spread of infectious disease increases public perception to avert infection
and willingness to adopt prevention methods, which mitigates disease transmission. Due
to the different social, educational, and limited information resources, some people may
have incomplete information. Therefore, these partially aware individuals adopt insuf-
ficient preventive methods, through which infection reduces but at a low level. Public
health initiatives can put extra effort into making individuals fully aware by enhancing
health literacy and providing sufficient information resources. It can contribute to early
case detection and help in reducing the transmission of infection. Thus, for eradicat-
ing the disease, programs related to regular knowledge, full information, education, and
communication, concerning the spread of infectious diseases and their importance to the
public and health care workers will help them improve their general attitude toward it.
Timely disease pieces of information updates are highly needed. Together with aware-
ness, appropriate treatment to infectives, and the availability of health resources will

help in diminishing the infection from society effectively.
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Appendix

Using Mathematica 11, we obtain the coefficients of the characteristic equation (6.32)

as follows:

a+ (1+bI")2(d+ 0 +49) + 8 (1 +bI")? + & (1 + bI*)?
(1+bI*)? ’
(814 8) (a+(1+bI")(0+d+308)) +30 (a+ (d+ 6 +20)(bI* +1)?)
(1+bI*)? ’
Ky =9 ((8 + &) (2a+ (1+bI")*(2(d+0) +39)) + O (3a+ (bI* +1)*(3(d + 0) +49))),
02 (81 +&+9) (a+(d+6+9)(1+bI")?)

K =

K> =

K4 - )
(1+bI%)?
B3 (—Ap+ €l +17) + o (—Aj + eI+ 1*) + By (—S* + el2 +1)
KS = )
(eI*+1)?
Ko = (1+bI*)21(1+81*)2(B3(I*(81*+1)(a+(d+6+319)(1+b1*)2)+(1+bI*)2((51+52)I*(1+8I*)
—Ap (81 + 8 +39))) + Bo(I* (eI +1) (a+ (1 +bI*)*(0 +d +38)) + (1 +bI*)* (81 + &)
X (el +1) — A% (8 + 8 +39))) + Br (al* (61" + 1) + (1 + bI*)2(I* (1 + €I*) (0 +d + 39)
—38*0) — (8 + &) S*(bI* +1)?)),
K = ! S(B3(I(1+€I") (81 + &) (a+ (1+bI*)* (0 +d +20)) + ¥ (2a+ (1 +bI*)?

(1+bI*)2(1+€l)
X (2(d+0)+38))) — 0Ap(1+bI*)? (28) + 28, +30)) + Bo(I* (eI* +1)((81 + &)

x (a+ (1+bI)2 (0 +d +20)) + 0 (2a+ (1 +bI*)*(2(d + 0) +30))) — VA (bI* + 1)
(28, 428, +30)) + B (2al* (eI* +1) + (bI* + 1)2(I" (eI" +1)(2(d + 6) +30) —35*9)
—2(81+8)S*(bI" +1)%)),

P )

ST (bl +1)2(el* + 1)
+Bo (I (a+ (bI* +1)2(0 +d +0)) (1 +€I") — OAF (1 +bI*)?)) + B (al* (1 +€I*)
+(14+bI)V(I' (0 4+d + ) (el +1) = S*8) — (8 + &) S*(1 4+ bI*)?)),

1
Ko=ery

+BaBs (—Ap —Ap + el +17))?),

(81 +0+8) (B3(I"(eI* +1) (a+ (1+bI*)* (0 +d + V) — BAp(1+bI*)?)

(I*(B1 (Bs (~Ap —S" + el + ') + o (~Ap — S* + el +17))
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(1+el*)§(1+bl*)2
(1+€l*) —28*0) — 815 (1 +bI*)?) + Bo (1 + eI*)al* — 2045 (1 +bI*)*+
(LI (I* (1 + €I") (0 4+ d 4+ 20) — 25*0) — 8,8* (1 +bI*)?))+

BoBs((1+ €l ) (a+ (1+bI*)*(8 +d +28)) + (1+bI*)*((81 + &) x I (eI" + 1) —
(81 + 8, +20) (Ap +AF)))),

(1+81*)§(1+bl*)2
(d+ 6+ 18) —S*0) — 8,5*(bI* +1) )+ﬁ2(al*(8l*+1)—19A}E(1+bl*)2+
(1+bI (I (1 + eI*)(0 +d + B) — S*8) — 8,87 (bI* +1)%))+

BafBs (81 + 8+ 0) (I"(1+el") (a+(1+b1*) (8+d+0)) —O(1+bI") (Ap+A}))),

Ky —  BiBaBsS I (Ap+Af +S* — (1 +&l"))
(1+er)* ’

w52 [ (LHel)al* =8 (1+bI")? (A5+A%)
P1B2psS"1 ( 1+bI%)2(I* (0+d+9) (1+ P) gﬁ))

(+
(bl + 1)2(el* + 1)

Kio =

(BiO(Bs((1+ eI )al* — DAR(1+bI*)2 + (14 bI* (I (1 + €I*)

K=

Kz =

The coefficients of the characteristic equation (6.36) are obtained as follows:

1o (Bt Bs) (51 + 8+ 9)+Bi9) (d+0+9)
er+1

(1" (BaBs(— ) (31 + 8+ ) (A5 + A7) — B (B2 (0245 +5° (9 (84 9) -

_

(el*+1)32

B3 (0°Ap — Bl (d + 6 +0))) +[3119<[321*2(d+ 0+0)+ Bl (d+6+1)—

ﬁlﬁzﬁg,S*I*zﬁ (A;S—l-A}k;—l—S*) 1 o
(eI* +1)* (bI* +1)%(el* +1)3

(a(Bil* (BoI* (B3S'T" +el* 0 + V) + O(el" + 1) (eI"0 + B3I* +9)) +
(81 + 8+ 0) (eI" + 1) (I"Oe + O + ol ") (60" + O + B3I7))).

Qo =0%(81+8+0)(d+0+0)+
1

(el*+1)3

BsI**(d+ 6 + 19))) + B30 (VA + S (81 +9)))))

(814 &+ 0) (B0 (

5*19(61+62+19)))—
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_A;)_



0=

O =

03 =

1

G T TR T el (Bi(BoI* (1 +eI*)(al* (1 4+ €I*) + (1 +bI*)*(I* (1 + €I*)(d + 8 +28) — 295¥))

— (BI* + 1) (BsS' T (Ap 4+ S* —I*(eI" + 1)) + A (BsS'T* +2(eI* O + ) + 8:8* (eI* +1)))

+ (el + 1) (B3I (1 +el*)al* —20Ap(1+bI*)? + (1 +bI*) > (I* (1 +€I*) (8 +d +28) — 25 9)

— (1 +bI*)?8,8*) + O(1 +&l*)2al* (1 +el*) + (1 +bI*)*(I* (1 4+ &l*) (2(d + 8) + 31) — 30S*)
—2(81 +8) S (1+bI")?))) + (1 + el ) (Bo(I* (B3 (I (eI* +1) (a+ (1 +bI*)? (0 +d +20))

+ (14D (1 +eI") (81 + &) I* —Ap (81 + & +2))) + (eI +1)*((81 + &)

x (a+ (1+bI*)*(0 +d+29)) + O (2a+ (bI* +1)*(2(d + 6) +38))))

— AR (BI* +1)%(9 (28 + 28, +30) (eI + 1) + B3 I* (8; + & +20))) + (eI* + 1) (B3 (I* (eI* + 1)

X ((81+ &) (a+ (1+bI")(d+6+20)) + O (2a+ (1 +bI")*(2(d + 0) +30))) — BAR(bI* +1)?
X (281 +28 +30)) + (el +1)* x (8 + &) (2a+ (1+bI*)*(2(d + 0) +39))

+0 (3a+ (1+bI*)* (40 +3(0+4d))))))),

! Bi((1+€r*) (1 +&l*)al* + (1 +bI*)*(I*(1 + &I*) (8 +d + 30) — 35 9))

(1+£I*)3(1+bl*)2(
— (BI* + 1) (B3I (Ap+S* —T*(el* + 1)) + Bol* (A +8* —I* (eI* + 1)) + (8, + &) S*(eI* + 1))
+Bo(I*(1+el*)? (a+ (1 +bI*)*(d+ 0 +38)) + (1 +bI*)* (I (B3 (—Ap + eI +T7)

+ (81 + &) (eI +1)?) — A3 (81 + & +30) (eI + 1) + B3I7))) + (eI* + 1)

X (B3(I"(1+€l*) (a+ (1 +bI")* (0 +30+d)) + (1+bI*)?((8 + &) I (eI* +1)

—Ap (81 + 8 +30)) + (81 + &) (eI +1)* (a+ (1 +bI")*(6 +d +30))))

139 (Wﬂlﬂﬁrw),

a B3 (—Ap+ el +1*) + B (—Ap + €I+ 1) + By (=S + eI + 1)
(bI* +1)2 (eI +1)2
+d+901+ 6 +0+49.
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Chapter 7

A deterministic time-delayed SVIRS
epidemic model with incidences and

saturated treatment

A novel nonlinear delayed susceptible—vaccinated—infected—recovered—susceptible (SVIRS)
epidemic model with a Holling type II incidence rate for fully susceptible and vaccinated
classes, a saturated treatment rate, and an imperfect vaccine given to susceptibles is
proposed herein. Analysis of the model shows that it exhibits two equilibria, namely
disease-free and endemic. The basic reproduction number Ry is derived, and it is demon-
strated that the disease-free equilibrium is locally asymptotically stable when Ry < 1 and
linearly neutrally stable when Ry = 1. Furthermore, bifurcation analysis is performed
for the undelayed model, revealing backward and forward bifurcation when the basic re-
production number varies from unity. The stability behavior of the endemic equilibrium
is also discussed, showing that oscillatory and periodic solutions may appear via Hopf
bifurcation when regarding delay as the bifurcation parameter. Moreover, numerical

simulations are carried out to illustrate the theoretical findings.

7.1 Introduction

Vaccination is one of the most cost-effective means to prevent and control infectious

diseases. It remains a considerable challenge to achieve desirable vaccination coverage
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for herd immunity to be in effect. The vaccine may be imperfect as there can exist un-
wanted, adverse side effects of various degrees, or the vaccination can only confer partial
protection against the disease. In mathematical epidemiology literature, many studies
have dealt with epidemic models, including imperfect vaccination (see, just to specify
a couple of studies, [92,97,110, 126]). With imperfect vaccination, the outcome of an
epidemic model may lead to backward bifurcation under particular conditions because
vaccinated individuals may return to the susceptible pool or become directly infected
by transmission. Backward bifurcation thus plays a relevant role in disease control and
eradication. Indeed, it is well known that, in classical disease transmission models, a
necessary condition for disease eradication is that the basic reproductive number Ry [33]
be less than unity. This type of bifurcation is known as forward bifurcation, where
for Ry < 1 the disease-free equilibrium (DFE) is the only equilibrium and is asymptot-
ically stable, while for Ry > 1 the DFE is unstable and only one asymptotically stable,
endemic equilibrium exists. However, via the occurrence of backward bifurcation, an
endemic equilibrium may also exist even when the basic reproduction number Ry is less
than unity. From the public viewpoint, the occurrence of backward bifurcation may
have significant health implications regarding disease elimination. In literature, many
epidemic models, including backward bifurcation, have been studied for both generic

and specific diseases [40,47].

To determine the dynamics of epidemic models, the incidence rate (the rate of new
infections) plays a major role in modeling infectious diseases. Capasso and Serio [12]
introduced the nonlinear incidence rate in the form g(I)S with g’(I) < 0, which allows
the introduction of some “psychological” effects. Capasso and Serio motivated their
formulation with behavioral changes: in epochs of high prevalence, the perceived risk
of infection might become very large, yielding dramatic changes in individuals’ behav-
ior and reducing the actual risk of getting the disease (as widely discussed in [68]).
Numerous authors have focused on the significance of considering nonlinear incidence
rates in the study of the transmission dynamics of infectious diseases (see, for exam-
ple, [9-12,61,62,73,131,132,135]). Li et al. [73] proposed a SIR model with a nonlinear

incidence rate given by
BSI

FSD =11

In this incidence rate, the number of effective contacts between infective and susceptible

individuals may saturate at high infective levels due to overcrowding of infective indi-
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viduals. The delay differential equation plays a significant role in estimating past and
ongoing epidemics and the structure of future-focused control interventions. In math-
ematical epidemiology literature, many studies have dealt with the time delay (called
the latent or incubation period) (see, e.g., [25,44,76,131,132,135]) and studied its im-
pact on their models. Motivated by the work of Capasso and Serio [12], d’Onofrio and
Manfredi [68], and Li et al. 73], a saturated nonlinear incidence rate, reflecting the psy-
chological or inhibition effect, with the inclusion of a time delay as the latent period, is

considered herein.

The loss of quality of life and economic productivity due to severe illness further in-
creases the societal cost. Therefore, it is very important to prevent and reduce the
spread of infectious diseases among people. Treatment is the key to fight many infec-
tious diseases. Therefore, Holling type II treatment rate is considered herein, and its
effect on the present epidemic model is studied (the detailed explanation is given in

Chapter two of this thesis).

The purpose of this chapter is to study the effect of saturated incidence, an imperfect
vaccine, and saturated treatment to achieve substantial progress in implementing mea-
sures to prevent and control infectious diseases among people. For this, a compartmental
susceptible—vaccinated—infected-recovered—susceptible (SVIRS) epidemic model with a
saturated incidence rate and including a time delay (representing the latent period) and
saturated treatment rate is considered. Qualitative analysis is performed through the
stability and bifurcation theory approach using center manifold theory, revealing the
existence of backward, forward, and Hopf bifurcations under certain conditions, which

enrich the dynamics of infectious diseases among humans.

7.2 The model and its basic properties

Assume that the epidemiological status of the total population N(¢) of individuals can
be identified by dividing them into susceptibles S(¢), vaccinated V(r), infectives I(z),
and recovered R(t) classes. Individuals move from one state to another as their status
concerning the disease evolves. A is the recruitment rate of susceptibles and hence
entering the susceptible state. Susceptible individuals are vaccinated at a rate of 6 and

enter the state V(¢). The term f(S(t—p),I(t—p))=(BS(t—p)I(t—p))/(1+al(t—p))
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is the Holling type II functional response representing the incidence of infection among
susceptibles, where B is the force of infection, a describes the inhibition measures taken
by the infected, and the time delay parameter p represents the latent period. The
protection provided by an imperfect vaccine is only partial, so some individuals can
catch the disease when they come into contact with infected individuals. Therefore, it is
assumed that 7y is the rate at which vaccinated individuals become infected when coming
into contact with infected individuals. This occurs due to the imperfect nature of the
vaccine, which leaves a percentage of the susceptibles unprotected even if vaccinated.
Assume that B > 7, as it is expected that the vaccine will be at least partly effective
in preventing infection, yielding a reduction in the force of infection. The term g(V (¢t —
p)lt—p))=(yV(Et—p)I(t—p))/(1+al(t —p)) represents the incidence of infection
among vaccinated individuals who move from state V (¢) to state I(r). The term (al)/(1+
bl), where a is the treatment (cure) rate, and b is a rate of limitation in medical resources,
describes the treated individuals who recover and thus move from state I(z) to R(t).
Also, it is assumed that recovered individuals become susceptible again, thus the term
OR describes recovered individuals who re-enter the class of susceptible individuals. The
parameters i and d are the natural and disease-induced mortality rates, respectively.
The parameter ¢ denotes the recovery rate, hence ¢/ individuals move from the infected
to the recovered class.

Thus, the proposed SVIRS epidemic model consists of the following system of delay

differential equations:

s BS@—p)It—p)

dt_A_SS_ 1+al(t—p) THSTOR,

vV _ g W=—p)t—p) v,

dr l+al(t—p) 7.1)
dI _ BS(t—p)l(t=p) W(—p)t—p) ol '
& 1+al(t—p) N l+al(t—p) (h+d+)l 1+bI’

R v _or_ur

T WS #

For biological reasons, the initial conditions are nonnegative continuous functions

S(@) = ¢1(0),V(0) = ¢(0),1(0) = ¢3(0),R(0) = ¢1(O),

where ¢(®) = (¢1, ¢2, 93, ¢4)7 are functions such that ¢;(®) >0,(—p <O <0,i=1,2,3,4).

C denotes the Banach space C ([—p,O],Ri) of continuous functions mapping the interval
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[—p,0] into R% with supremum norm

ol = sup [9(O®)],

@)E[—p,O]

. . 4
where |.| is any norm in RY.

The transition diagram of the model (7.1) is shown in Fig. 7.1.

h(D)
OR (1)
A s@| fGSE=e)It—e)) . I(D) sl . R(D)
65(t) g(V(t—e)l(t—e
uS(t) (u+ d)I(t) HR(t)
v(t)
uv(t)

Figure 7.1: Transition diagram of the model (7.1).

The model (7.1) monitors populations. Using Proposition 2.3. in Yang et al. [124] and
Proposition 2.1 given in Hattaf et al. [107], it can be checked that all state variables
of the model (7.1) are nonnegative; i.e., (S,V,I,R) € RY. For ecological reasons, it is
assumed that all the parameters are positive, i.e., A, 6, B, a, U, 6, v, d, G, a, and b

are positive.

Lemma 7.2.1. The compact set

Q= {(S(t),V(t),I(t),R(t)) ERY N(t) =S(t) +V(t) +1(t) +R(t) <

=

|

is invariant for the solutions of the model (7.1).

Proof. The well-posedness of the model is ensured by the continuity of the terms on the right-

hand side of the model (7.1) and its derivatives.
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Addition of the equations of the model (7.1), yields

dN
E:A—uN—dlgA—uN. (7.2)

Thus, the invariant region for the existence of the solutions is given as

A
0 <liminfN(¢) <limsupN(t) < —. (7.3)
f—reo 300 u
Hence, the solutions of the model (7.1) are closed and bounded. |

7.3 Equilibria and stability analysis

In this section, the existence of equilibria of the model (7.1) is confirmed. The model

has two equilibria, namely,
1. The disease-free equilibrium Ej, discussed in subsection 7.3.1.
2. Endemic equilibrium E,, discussed in subsection 7.3.2.

7.3.1 The disease-free equilibrium and its stability

Here, it is established that the model (7.1) has a disease-free equilibrium of the form

_(_A 0A
£o= (its- sy 0:0).

At Ey, the characteristic equation of the linearized model (7.1) is obtained as follows:

A+)A+u+8)(A+u+0) <A+(d+u+g+a)_A(ﬁﬁ(gﬁi‘;_lp) =0. (74

Eq. (7.4) has real negative roots A} = —pu, A, = —pu— 906, A3 = —u — 0, and other roots

are the solution of

A(Bu+y8)e P

A+(d+pu+g+a)—
(d+u+g+a) EETN)

(7.5)

The term (A(uB +y8)e *P)/(u(p+8)(d+u+¢+a)) at p =0 is defined as the basic
reproduction number Ry of the model (7.1). Therefore, Ry for the model (7.1) is given

Ry—  AWP+79)
pu+8)d+u+gta)
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The stability of Ey is shown as follows.

Theorem 7.3.1. The disease-free equilibrium Eoy = (L%’ %, 0,0) of the model (7.1) is

1. Unstable if Ry > 1
2. Linearly nuetrally stable if Ry = 1

3. Asymptotically stable if Ry < 1.

Proof. As mentioned above, Eq. (7.4) has real negative roots A} = —, A = —u—906, A3 =
— U — 6, and other roots are the solution of
A(Bu+y8)e P

A=A+ (d — =0. 7.6
f(A) +(d+p+¢+a) CETD) (7.6)

1. Assuming that Ry > 1, then

A(Bu+78)
n(é+p)

=(d+u+g+a) (1_IJ(

fO)=d+pu+¢+a-—

A(Bu +79) )
pu+08)(d+u+g+a)

=(d+p+g+a)(l—Ro)

<0.
i.e., when Ry > 1 then £(0) < 0. Also, f/(A) = 1 +PABEI) o—Ap ~ ( 50, lim f(A) =
oo,
Hence f(A) =0and f/(A) > 0 imply that there exists a unique positive root of Eq. (7.6)
when Rg > 1.

2. If Ry = 1, then A = 0 is a simple characteristic root of Eq. (7.6). Let A = o +i® be any
of the other solutions of Eq. (7.6), then Eq. (7.6) turns into

A
a+iw+(d+u+g+a)—Me_ap(coswp—isinwp) =0. (7.7)

u(s+m)

Using Euler’s formula and separating real and imaginary parts, yields

A(Bu+176)

a+d+u+s+a= e *Pcoswp, (7.8)
SRR RTIEEaTY P
A(Bu+76) —ap o
=——""_' 7’¢ Sin wp. (7.9)
n(é+p) P
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Note that Ry = 1 implies that (A(Bu+7vd))/(u(n+90)) = (d + 1+ ¢ +a). In addition,
if there exists a root satisfying both Egs. (7.8) and (7.9), then this root also satisfies the

equation obtained by squaring and adding Egs. (7.8) and (7.9), thus
(d+d+p+c+a)’+o®=(d+u+c+a)e 2. (7.10)
For Eq. (7.10) to be verified, o¢ <0 must apply. Therefore, Ey is linearly neutrally stable.

3. Let Rg < 1. The goal is to prove that, for any values of the parameters, the roots of
the characteristic equation cannot reach the imaginary axis, which means that, for any
values of the parameters and all delays p, then Re(1) < 0.

Note that

§)e~Re(MP cos(ImA )
Re(1) = ABurdle coeollmh (g 4y ¢ ta) < 2B (44 i+ 6 +a) <0,

Therefore, all the roots of Eq. (7.6) must have a negative real part. Thus, Ey is asymp-

totically stable.

Bifurcation analysis

In this section, a qualitative analysis of model (7.1) is performed without delay, i.e.,
with p = 0. The stability properties of the model (7.1) without delay are investigated
near criticality (i.e., at Ey and Ry = 1). To this aim, the bifurcation theory approach
developed in [40], which is based on the center manifold theory [17], is applied. For this,

redefine S =x;, V =xp, I =x3 and R = x4, so that the model (7.1) reduces to

dx; Bxix3

A - PRI te

ar X1 1+ oxs uxy + 6xq,

dx

=2 = x; — PR% — Uxo,

dr 14+ ax;

dr B v (7.11)
3 X1X3 X2X3 ax;

- _ _ d _

& ltom Tt HWEIFOm—I

dxy axs

b —Oxs— s

A R B S L R

observing that Ry =1 <= y=¢"= #(H+5)(N+g;r€+a)ﬂ4uﬁ'

The Jacobian matrix J(Eg,Y*) of the system (7.11) at the disease-free equilibrium Ej
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is given by

sew 0 2 e
S _y A 0

J(Eo, ") = ST (7.12)
0 0 0 0

0 0 a+¢ —-06-u

The eigenvalues of the Jacobian matrix J(Ep,y*) are given by A} =0, = —u, A3 =
—6—pand Ay =—60— L.

Thus, A; =0 is a simple zero eigenvalue, and other eigenvalues are real and negative.
Hence, when y = y* (or equivalently when Ry = 1), the disease-free equilibrium Ej is a
nonhyperbolic equilibrium.

The right eigenvector u = (uy,up,u3,us)’ of (7.12) associated with A; =0 is given by
J(Eo,y") -u=0. Thus,

_8(at+g)(0+pu)—AB(6+p)

(a+¢)(0+u)? ’
L C(0+p) (6 +p)(atd+p+g)—ABu)
SICEDT) nla+g)(8+p)> ’
GRS
h= a+g’
ug = 1.

The left eigenvector w = (wy,wp, w3, wyq) of (7.12) associated with A; =0 is given by
w-J(Ep,y") =0. We obtain
w=(0,0,1,0).

Let fi’s denote the right-hand side of the model system (7.11). The coefficients a; and
by defined in Theorem 4.1 of Castillo-Chavez and Song [40] are given by:

Consideration of only nonzero partial derivative associated with functions f;’s evaluated

at Eqy gives

22 f; . d2f: . 92 f: . d2f . 2\ 2084
<axlal3)EO—B= (6’x283c3>E0_Yk’ (a)@ail Eo—ﬁ= aX3a§cz EO—W, Wf _2ab——u+5.
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Thus, the bifurcation coefficients a; and by can be computed as

2(0+u)
Ad(a+¢)%(6+u)

—ad(6+u)))+(6+u)(at+d+pu+g)(u(a(é6+0+u)+6(0+u+g)+(0+u)(u+g))
+d(8+p)(0+1))+AB(6+p)),

o 2(0+u)

N A5(a+g)2(6+u)n(ﬁ>’
A(pn+0)

(at+g)(u+8)

(—A(0+u)(a(6(b—a)(6+u)+B(6+2u))+(d+u+¢)(B(d+2u)

a) = —

where,

N(B) = A>B*(6+ 1)+ B(—aA(S+2u) (0 + 1) —A(8+20) (6 + 1) (d + 1 +))
—aAS(b—a)(6+pn)(0+u)+(6+u)(a+d+u+g)(u(a(6+6+u)+06(0+u+g)
+(0+u)(n+¢6)+d(6+u)(0+u))+aAd(S+un) (0 +u)(d+u+G).

N(B) can be written as
N(B) = A1B*+ A2 + A3, (7.13)

where,

Ay =A% 0+ p),

Ay =—A(6+2u)(0+p)(a+d+p+g),

A3 =(8+u)(aAd(a—b)(0+u)+(a+d+pu+g)(u(a(d+0+un)+¢(6+6+u)+(5+u)(6+u))
+d(6+u)(0+u)+add(0+u)(d+u+g)).

Note that by is always positive. Thus, according to Theorem 4.1 of Castillo-Chavez
and Song [40], the sign of aj, and hence the sign of n(B), determines the local dynam-
ics around the disease-free equilibrium. It is noticed that, Ay > 0 and A, < 0. The

discriminant D of (7.13) is obtained as

D = A5 —4A1A;
—A%5(6+ ) <a2 (8(6—3u) —4u?) +2a(2A(b—a) (8 +u) (8 + ) — (d + 1) (5(6 +3u)+
2u(0+21)) +¢(8(8 —3u) —4u?)) — (d+u+¢)((0+ 1) (4aA(S +p) +d(38 +4u)+
138 +4u)) +¢ (—56 +38u +4u?) )).
(7.14)
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Let B and B, are the two real positive roots of the equation A|B?+A,8 +A3 =0, given

by

—Ay—VD
B = T’ and B =

—Ay++vD
24,

By applying Theorem 4.1 [40], the occurrence of forward and backward bifurcations is

discussed separately below:

Backward bifurcation The model (7.11) exhibits a backward bifurcation if () < 0.

Hence, the following conditions allow the existence of backward bifurcation around Ey:

D >0,
Bi1 < B < B

(7.15)

Forward bifurcation: The forward bifurcation occurs if n(f) > 0. Thus, the conditions

for the existence of forward bifurcation are as follows:

D >0,
B<pB1 or B>po.

(7.16)

The forward and backward bifurcations are illustrated numerically in Fig. (7.2) for the
set of parameters values: A =5, o« =0.01, u=0.01, 6 =0.04, d=0.01, ¢=0.01, a=
2, b=.1, 6 =0.01, the discriminant D, obtained in Eq. (7.14), is evaluated as D =
0.0000278476 > 0. According to the theoretical results, stated in inequalities (7.15),
the backward bifurcation occurs for D > 0, and ; = 0.00397917 < B < 3, = 0.00820083.
Setting B = 0.007, the model (7.11) exhibits a backward bifurcation, as shown in Fig.
(7.2.2). This figure shows that the reduction of the value of Ry below unity does not
guarantee the elimination of the infection. This implies a range that exhibits a region of
coexistence of the disease-free equilibrium and two endemic equilibria: a smaller endemic
equilibrium, i.e., with a small number of infected individuals, which is unstable, and a
larger one, i.e., with a larger number of infected individuals, which is stable. According
to the inequalities given in (7.16), the forward bifurcation occurs when D > 0 and if B is
sufficiently small or sufficiently large, i.e., if either B < B; or B > B, holds. Fig. (7.2.1) is
plotted for B =0.003 < B; = 0.00397917, and Fig. (7.2.3) for B =0.009 > B,, revealing
that, when Ry < 1, the disease-free equilibrium is stable, while if Ry crosses unity, the

model admits a stable unique endemic equilibrium.
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Figure 7.2: Graphs depicting the forward and backward bifurcation.

7.3.2 Endemic equilibrium

Stability analysis of the endemic equilibrium E, for the model (7.1) is now carried out.
First, equate the right-hand terms of the model (7.1) to zero to establish the existence

of endemic equilibrium, as given below:

BS*I*

A—8S"— T uS HBR" =0, (7.17)
88"~ 13:‘:;1 —puvr =0, (7.18)
SI" 1 ;1* —6R* —UR* = 0. (7.20)
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The solution of these algebraic equations yields the endemic equilibrium E, = (§*,V*,I*,R¥)

as

(al*+1)(0I* (a+bI"g+¢)+A(bI"+1)(6+ 1))
(I +1)(0+u) (0 +u+I*(a(d+u)+p))
S(ar* +1)2(6I* (a+bl*¢ +¢) +A(bI* +1)(0 + 1))
(OF+1)(0 +u)(u+ I (ap+7)) (6 +p+I(a(d+u)+B))
. I'la+bl*¢+g)

(I +1)(0+ )’

*

)

*

Y

where, I is given by the real positive solutions of the equation
AT+ AQl*? 4 AT +Ap = 0,
with the coefficients Az, Ay, A| and Ag given as

Blop+7)(0+u+¢)+a(a(d+u)(0+u)(u+g)+r5(d+6+u)

b(u(
V(6 +u)(0+u))+d(O0+p)(au+7y)(a(S+p)+B)),
(

_|_

(7.21)

Ar = —
Ay =—u(a(Blop+7y)+a(a(d+u)(0+u)+y6+6+pu)))+g(o(o(d+p)(6+pu)
+y(6+0+u))+B(u(a+b)+7y) +b2a(d+un)(0+u)+y(6+6+u)))

+ (0 +1)(B(r(o+b)+7)+ (6 +p)(y(o+b) +au(a+2b)))) +Ab(6 +u)(B(ap +7)

+ayd) —d(6+u)(B(u(o+b)+7)+ (8 +p)(v(+b) +au(a+2b))),

Ar=—p(a(200(8 +p)(8 + ) +Bu+Y(8+6 + 1)) +6((200+b) (8 +p) (8 + 1)+ Bu
TV +0+1))+ (0 +p)((6+1)(n(2a+b) +7) +Bp)) +A(6 +p)(B(p(a+b) +7)

+8(a+b)) —d(8 + ) (5 + 1) (1(20+b) +7) + L),
Ag= (8 + 1)+ ) (a+d+i+6) (Ry—1).

Theorem 7.3.2. If Ry > 1, then there is either one unique or three positive endemic equilibria,

if all equilibria are simple roots.

Proof. Suppose Ry > 1. Eq. (7.21) gives a third-degree polynomial in I*:
F(I') = A3 + Aol + AT + Ag.
The leading coefficient of I* is A3, which is negative. Hence
lim F(I") = —oo.

I*—o0
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Also, F(0) = Ap and Ag > 0 if Ry > 1. F(I*) is a continuous function of I*, and using the

fundamental theorem of algebra, this polynomial can have at most three real roots. |

The case of a unique endemic equilibrium only is considered herein. (H1): Suppose
that Rg > 1. It is noted that A3z is negative and Ag is positive. For the existence of a

unique endemic equilibrium, the following possibilities for the signs of A} and A, exist:

(i) Al > 0, and Ay > 0,
(ii) A; >0, and Ay <0, (7.22)

(iii) A1 <O, and A, < 0.

Now, the local stability of the endemic equilibrium of the model (7.1) is discussed.

The characteristic equation of the model (7.1) at E, is a fourth-degree transcenden-

tal equation:

A4 (poA +qoA% +10A +50) + (PIA* +qiA% +riA +51)e P+ (A2 + A +s2)e 24P =0,
(7.23)
where,
(B +u)(0+p) (a+ (b +1)*(d+u+g))

0= (bI* +1)2 ’
1

o T 1P (ar 112 @ (@ + D (Br(26 +1) +¥(5(260 + 1) +p(8 + 1))

+ (bI 1)l (8 + ) (" + 1) (B + (8 + ) + Bu(—S*) (8 +1)(6 + 1) —
p(6+u) (Ve (s+u)—I"(al* + 1)(u(B+7v)+7v6)) +I"g(al” + 1)(Bur(26 + u)+

Y((8+6)+286 + 1)),
1
G+ 1)2(al* + 1)
FU(=S"=V))+ 520 +u) (ol +1))))),
1
T D)2 (al +1)2
(B(O+2u)+y(8+6+2u))—BS*(2u(5+0)+86 +3u?) —y80V* —2ySuV* —2y0uv*—

3yuVE +2aBOul? + 3o Bu’r? + ayd0r? + 2aydul*? + 200y0 ul*? + 3oy’ +

S1 =

S((BYI*(al* (20 + p) (al* + 1) + (bI* + 1)*((6 4 p) (I (d + ) (o * 4 1)

Sy =

(al*(al* +1)(2B (0 + ) + y(8 + 0 42u)) + (bI* + 1)*(dI* (al* 4 1) x

rg(al* +1)(2B(0 4 1) + (8 + 60 4+2u)) +2B0ul* +3BuI* + yS0I* +2ySul*+
2y0ul” +3yu°TY)),
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_ Byr (al* (@Y + 1)+ (bI* + 1) (I (ol* +1)(d + 0 + 21+ ¢) + (6 +2u) (—5* = V*)))
N (bI* +1)2(al* +1)3 ’

ro = ﬁw(mm 0) + 86 +3u%) + (b +1)*(d(2p(5 + 6) + 86 +3u°) + 5 (21(5 + 6)

+860+3u%) +u(3u(S+0)+280+4u?))),
a(§+6+3u)+ (bI* +1)*(d(8+ 6 +3u) +8(0 +3u+¢)+¢(6+3u) +3u(6+2u))
7= (bI*+1)? ’

N+ 1>21<a1*+ g3 (@ (B 9@l +1)+ (b1 + 1@ (B +) (o +1) = BS" (346 +30)

— Y8V —yOV* —3yuV* + aBOr? +3aful*> + aydI? + oyor? + 3oyul+

r

Fg(B+y)(al* + 1)+ BOI +3Bul* +ySI* +y0I* + 3yul*)),
By (=S —Vr ol + 1)

q2

(al*+1)3 ’
a+ (bI* +1)*(d+8+ 0 +4u+¢)
po= e ’
_BES) =W+ (BAy) (ol + 1)
pr= (al*+1)2 '

Theorem 7.3.3. At p = 0, the endemic equilibrium E, is locally asymptotically stable if the

real parts of all the roots of (7.23) are negative.

Proof. Eq. (7.23) reveals that the characteristic equation at p = 0 near E, is given by
24+ (po+p1)A + (g0 + a1 +a2)A + (ro+ri+r2)A + (so +51+52) =0. (7.24)

The proof of this theorem is based on the conditions proposed by the Routh-Hurwitz criterion.

Using this criterion, all roots of Eq. (7.24) have negative real parts if and only if

(H2): po+p1 >0, rg+r1+r >0, so+s1+s2 >0 and,
(po+p1)(qo+q1+q2)(ro+r1+7r2) > (po+p1)?(so+s1 +52) + (ro+r1 +12)>. [

Eq. (7.23) yields

PIAS+ QA%+ 1A 4514 (A% 4 pod 4+ goA% + rod +50)e*P + (A% + A +52)e P = 0.
(7.25)
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Let iow (@ > 0) be a root of Eq. (7.25), then

—ip1w3 —q1 0)2 +iri@+s;+ (0)4 — ip()(l)3 — q0w2 +irg® +S0) eia)p + (—qO(O2 +irn o +S2) efia)p =0.
(7.26)
Eq. (7.26) implies that

((po®® —ro@ + r0) sin(p®) + (—qo®* — 2> + 50+ 52 + ®*) cos(p@) — g1 ®* + 1) +
i ((—=po®* +ro@ + ro) cos(p®) — p1@° + (—go@* + g2 + 59 — 52+ @) sin(pw) + r1®) = 0.
(7.27)

Separation of real and imaginary parts gives

q10% — 51 = (po®® — ro@ +r20) sin(p) + (—qo®* — 20> + 50 + 52 + ©*) cos(p ),
(7.28)

PLO° — 0= (—poa)3 + ro® + ry0) cos(pw) + (—qow2 + >+ 50 — 52+ co“) sin(pw).

(7.29)
That is,
hi(®)coswp —hy(w)sinwp = h3(®), (7.30)
ha(w)sinwp + hs(w)cos wp = he(w), (7.31)
where,
hi(@) = o* — (g0 +q2) ©* + 50+ 52,
ha(@) = (ro —r2) ® — po®”,
h3 (@) = q10° — s,
ha(@) = 0" — (g0 — q2) ©* + 50 — 52,
hs(@) = (ro+7r2) ®— po®”,
h6(a)) = p1w3 —r@.
Thus,
P,
coswp = 01(0))’
Poo(®)
(7.32)
. . P()z(a))
sinwp =
P()()(CO)



with

Py (0) = o* (—2poro+ a6 — a5+ 250) + w® (P% —2q0) + ®’ (—2q050 +2¢252 + rs— r%)
+55— 53+ 0",
Por(®) = ©* (por1 + p1 (ro — r2) + q1 (2 — q0) — 51) + ©° (91 — pop1)
+ 0> (g0 — q2) s1+q1 (s0— 82) + 71 (r2— 70)) — S051 + 8152,
Pp(0) = p1o’ + @ (pogi — p1 (qo+q2) — 1) + @ (—posi + p1 (so+52) + (g0 +q2) 11 — g1 (ro+12))
+o((ro+r)si—ri(so+s2)).
(7.33)

Eq. (7.32) gives
P31 (0) + P (@) = Pyy(w). (7.34)

Now, assume that, (H3): Eq. (7.34) has at least one positive root @y.
Then, Eq. (7.25) has a pair of purely imaginary roots +iay. For @y, the corresponding

critical value of the time delay is obtained as

Poi(p) 27

1
= —arccos +—, j=0,1,2,... (7.35)
po Po(w) @y 7

To establish the Hopf bifurcation at p = pg, it must be shown that

()

Differentiating Eq. (7.23) with respect to p gives

dA B —LerP (/14 —I—P()l3 + qolz +roA + S()) +A (qlez +rA+ 52) e AP
dp L ’

(7.36)
where,

L= 3P1ﬂ,2 —|—2q11 +r+ (4)&3 + 3P0)~2 —|—2CIO)u + r0> elp +p (/14 —{—P()A3 —l—QQ)»Z +roh —|—S0) elp

+ @A +r)e ™ —pe P (A% 4 A +52).

It follows that

N n@) p (7.37)
dp Yz(l) A’
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where,

Yi(A) = BPAZ +2q1A +11) + (443 +3RA% +2qoA +10) e*P + (2qad +12) e *P

" (7.38)
h(A) = AerP (A«4 +P0)u3 + qolz + roh +S0) — (qzlz + A —l—Sz) e P
Application of A =iw yields
day ! ‘ _ —3Piof 4 2igioy + 1 +e'P? (—diay — 3Py +2igowy + ro) +e PP (2igawp 4 12)
dp A=ioy iwy eP™ (o —iPyo; +irgm — qowg +50) — e P (ir 0 — g F + 52)
+il
o)
R % - ) Vi, +V3Vy
dp A=y VZHVZ
where,

Vi = 4ag sin(p @y) — 3Py cos(p o) — 3P — 2o sin(p ) + 22 sin(p wp)+
rocos(pay) + racos(pay) +ri,
Vs = Pyaq sin(pay) 4+ go @ sin(p ) 4+ g2 @f cos(p ax) — ro@g cos(pwy) — rr g sin(pay) —
so@ysin(p o) — s2.cos(p o) + @3 (—sin(pay)),

V3 = 3Ry sin(p @) — 2qo @y cos(p @) — 2q2@ cos(p @p) — 21 @ — rosin(p o)+

(

rsin(pay) + 4608 cos(pay),

Vi = —Pyag cos(p o) — oy cos(p @) — 2005 sin(p @) — ro@§ sin(p @) — ra@ycos(p o)+
52 sin(p @) + 5oy cos(p @) + @] cos(pay).

-1
If (H4): ViVs+V3Vy 2 0 holds, then R (%) ‘A 40,
=iy

Thus, the following theorem can be stated:

Theorem 7.3.4. For the model (7.1), if conditions (HI-H4) hold, then the endemic equilib-
rium E, = (S*,V*,I*,R*) is locally asymptotically stable when p € [0,p9); the model (7.1)
undergoes a Hopf bifurcation at E, = (S*,V*,I*,R*) when p = py, and a family of periodic

solutions bifurcate from E, = (S*,V*,I*,R*).
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7.4 Numerical simulation

In this section, numerical simulations are carried out to illustrate the effectiveness of

the obtained results.

The case of endemic equilibrium is illustrated for the following numerical data: A =12,
B =0.05 aa=0.15 u=0.1, d=0.01, 6=0.1, 6 =0.1, a=2, b=10, ¢ = 0.1, and
Y= 0.001. Tt is estimated that, with these parameter values, the basic reproduction
number of the model (7.1) is Ry = 1.38462 and the endemic equilibrium is E,(S,V,I,R) =
(28.9926,27.4302,39.1123,20.5536).

Fig. 7.3.1 shows the behavior of the susceptible, vaccinated, infected, and recovered
populations at p = 1. It can be seen that, as time increases, the susceptible population
decreases, while the vaccinated, infected, and recovered population increase, and finally,
all the subpopulations settle down to endemic equilibrium E,. Fig. 7.3.2 shows the
impact of time delay on the infected population. This figure clearly reveals that infection

increases among society with an increase in the time delay p.
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w
o
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0~ I(t) with saturated treatment
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Time (t), o=1

Figure 7.4: Infected population with and without saturated treatment rate for p = 1.
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Fig. 7.4 reveals the impact of saturated treatment on the infected population for a time-
delay p = 1. When treatment is given to infected individuals, the infection spreads at a
lower level than the case without treatment, revealing that medical resources and their
supply efficiency greatly influence the spread and control of an epidemic. Thus, it can
be seen that the saturated treatment rate helps to lessen the transmission and to control
the spread of the infection. Therefore, it is very important to make treatment facilities

available quickly to infectives to diminish the infection among society.
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7.5.1: Infected population with and without vac- 7.5.2: Infected Population for different values
cine. vaccination rate.

Figure 7.5: Impact of vaccination on infected population.

Figs. 7.5 shows the impact of vaccination on infected individuals. Fig. 7.5.1 shows
the infected population with and without vaccination, revealing that, even though the
vaccine is imperfect, it helps to reduce the spread of the infection. Meanwhile, Fig. 7.5.2
shows the variation in the infected population for different values of the vaccination rate,
where the infected population is plotted for 6 = 0.1, 0.2, and 0.3 respectively. It can be
seen that, when the vaccination rate is high, then the infected population diminishes at
a higher rate. Thus, immunization by vaccination is a counteractive tool that can lessen
the transmission of an infection and control its spread. Therefore, public health agencies
need to ensure effective vaccination by increasing the time until loss of immunity and

immunizing the maximum number of individuals.
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3.

100

80 — atp=6

60

I(t)

40

20

0 20 40 60 80 100 120 140

s(t)

7.6.3: Susceptible versus infected population at p =
6.

100

80 —atp=4

60

I(t)

40

20

0 20 40 60 80 100 120 140

)
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Figure 7.6: Hopf bifurcation for various values of time delay p.

Figs. 7.6 is plotted for the parameter values A =12, B =0.05, ¢ =0.15, 6 =0.01, u =
0.1, 6 =0.1, y=0.001, d =0.01, ¢ =0.1, a=5, b =10 and shows the relation between

the susceptible and infected populations for different values of time delay, confirming

the occurrence of Hopf bifurcation. The red dot on the curves indicates the endemic

equilibrium E, whose components are (S,) = (36.4105,48.5345) and at this value the
results give (S,V,I,R) = (36.4105,3.43944,48.5345,26.7621). These figures show how the

fraction of infectives oscillates for higher values of the time delay, and finally, approaching

the endemic equilibrium E,. Figs. 7.6.3 and 7.6.4 indicate that increasing the time delay

p results in a longer period of periodic oscillations around the endemic equilibrium E,.
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7.5 Discussion

An SVIRS epidemic model with a Holling type II functional incidence rate, time-delay,
imperfect vaccine, and saturated treatment rate is studied herein. The analysis of the
model shows that it exhibits two equilibria: disease-free equilibrium (DFE) and endemic
equilibrium (EE). The basic reproduction number Ry is obtained, and the dynamics of
the model for disease transmission is characterized by Rp, both with time delay and
without time delay. For p > 0, it is shown that the DFE is locally asymptotically stable
when Ry is less than unity, unstable when Ry is greater than unity, and linearly neutrally
stable when Ry is equal to unity. However, the use of center manifold theory reveals
that the model undergoes backward or forward bifurcation at Ry = 1 when there is
no time delay. This analysis is of interest in itself as it provides some information on
the stability of the DFE and EE. The model exhibits forward or backward bifurcation
under particular conditions obtained by inequalities 7.15, and 7.16. Schematic diagrams
of forward and backward bifurcation are depicted in Fig. 7.2. Furthermore, stability
analysis of the endemic equilibrium is performed, and the local stability of the endemic
equilibrium is shown in Theorems 7.3.3 and 7.3.4. Regarding time delay as a bifurcation
parameter and analyzing the corresponding characteristic equation, the occurrence of
Hopf bifurcation near the endemic equilibrium is shown, illustrating the presence of
oscillatory and periodic solutions. Numerical simulations are performed to demonstrate
the effectiveness of the theoretical findings. The graphical representation elucidates the
impact of time delay on infected individuals, revealing that when the time delay is high,
then there is a large number of infected individuals. The effect of saturated treatment
rate has been seen graphically, and it can be said that the considered treatment is
imperative to control the spread of the infection as it lessens transmission and reduces
the number of infectives. The occurrence of the oscillatory and periodic solution is also
illustrated, confirming the existence of Hopf bifurcation. The present study demonstrates
that an imperfect vaccine and saturated treatment rate may lead to backward bifurcation,
but at the same time, it should be emphasized that these measures reduce the size
of the infected population. High vaccine take-up levels result in radical decreases of
infectious disease, as shown in Fig. 7.5. If a completely effective vaccine can be made,
this plausibility does not emerge, while a program that reduces the contact rate can

further control infection without inciting backward bifurcation.
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Chapter 8

Conclusions and Future Work

In this chapter, we summarize the main outcomes of the thesis, and some future aspects

have been reported which may be studied in the future course of time.

8.1 Conclusion

There is no doubt that mathematical epidemic models help to understand the trans-
mission and spread of infectious diseases, recognize the components administering the
transmission procedure to create successful control techniques, and evaluate the effec-
tiveness of surveillance strategies and intervention measures. This thesis studies the
transmission and prevention mechanisms of epidemics through mathematical compart-
mental models with nonlinear incidences, latent period, and treatment rates using the
system of delay differential equations (DDEs). New compartments have been introduced
into the STR model for various stages according to the dynamics of the disease. For ex-
ample, compartments of partially aware, fully aware, and vaccinated individuals. Novel
combinations of different nonlinear incidence and treatment rates are considered. The
incidence rates of infection are considered nonlinear functional types that provide rich
and more realistic transmission dynamics in a large population. It is shown that the
proposed models are epidemiologically well-behaved. Equilibrium analysis of the models
proves and emanates the existence and uniqueness of equilibria. The local and global
stability behavior of the equilibria have been analyzed and further validated through
numerical simulations. We found the threshold value, the basic reproduction number R

for each model to determine disease persistence in the endemic zone. The impact of the
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latent period has been seen for all presented models. It is concluded that the latency
phase can increase the ability of the disease to stay for an extended period and give rise
to Hopf bifurcation. In summarizing, in Chapter two, we explore the time-delayed SIR
model with Beddington-DeAngelis type incidence rate and a saturated treatment rate.
The local stability has been investigated using Ry for the equilibria: disease-free and en-
demic. The results suggest that as delay increases, the infected population increases at
a higher rate, and the oscillatory behavior of the infected population may occur, which
shows the presence of Hopf bifurcation. Moreover, the disease can eradicate from society
if the treatment given to infectives is managed according to the saturated treatment rate.
Chapter three is an extension of Chapter two, where we consider Beddington-DeAngelis
type incidence rate with Holling type II treatment rate and study the local and global
stability behaviors of the model’s equilibria. We show that the model exhibits various
bifurcations such as forward, backward and Hopf bifurcations. This model is interesting
in itself because the forward and backward bifurcation scenarios occur and depend on
the parameter values of Holling type II treatment rate. Chapter four studies a time-
delayed SIR epidemic model with a logistic growth of susceptibles, Crowley-Martin type
incidence, and Holling type III treatment rates. The analytical results and numerical
simulation of this chapter are capable of demonstrating the significant role of the follow-
ing nonlinearities: capturing lags between the exposure of disease, onset of its symptoms,
and then providing treatment to infectives; susceptibles’ and infectives’ protection level
against the infectious diseases; the limitation in the availability of the medical resources.
The results further suggest control strategies to prevent the spread of diseases. Chapter
five incorporates the compartment of aware individuals in the SIR epidemic model with
Michaelis-Menten type incidence rates. The long-term qualitative behavior of the model
is investigated. The relationship between human awareness and the spread of infection
is seen by observing the difference between the number of infected individuals with and
without aware individuals compartment, deliberating that unaware individuals are be-
coming infected faster than those familiar with the disease spread. Also, the results
suggest that for eradicating disease, there is a need for awareness among people and
sufficient treatment availability. Chapter six is an extension of Chapter five. The class
of susceptible individuals is divided into three subclasses due to people’s different social,
educational, and economic backgrounds: unaware susceptibles, fully aware susceptibles,
and partially aware susceptibles to the disease, respectively. The model is formulated
by incorporating three explicit Holling type II incidences with latent period and Holling
type II treatment rate. The local stability behavior of equilibria is investigated. The
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results show the existence of transcritical bifurcation (such as forward and backward)
and Hopf bifurcation near-endemic equilibrium. Moreover, the significant role of the
latent period, the behavior of susceptibles through different subclasses, and limitation
in available treatment facilities is observed. The results demonstrate the role of varying
protection levels of susceptibles in the transmission pattern of infectious diseases. Chap-
ter seven introduces the compartment of imperfect vaccinated individuals in the SIRS
epidemic model and proposes a susceptible-vaccinated—infected—recovered—susceptible
(SVIRS) epidemic compartmental model along with a Holling type II explicit incidences
and a saturated treatment rate. It is concluded that an imperfect vaccine and saturated
treatment rate may lead to backward bifurcation, but at the same time, it reduces the
number of the infected population, and high vaccine take-up levels result in a significant

decline of infectious cases.

8.2 Future scope

In this thesis, we proposed deterministic models for disease transmission. We have
studied the stability analysis of these models and presented the numerical computations
in graphs to support analytical findings. As further studies and future directions, we
may explore the models for chaotic behavior and stochasticity. Also, fractional-order

derivatives can be applied in the presented epidemic models for the memory effect.
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Abstract

A novel nonlinear time-delayed susceptible—infected—recovered epidemic model with Beddington—-DeAngelis-type inci-
dence rate and saturated functional-type treatment rate is proposed and analyzed mathematically and numerically to control
the spread of epidemic in the society. Analytical study of the model shows that it has two equilibrium points: disease-free
equilibrium (DFE) and endemic equilibrium (EE). The stability of the model at DFE is discussed with the help of basic
reproduction number, denoted by R, and it is shown that if the basic reproduction number R, is less than one, the DFE is
locally asymptotically stable and unstable if R is greater than one. The stability of the model at DFE for R, = 1is analyzed
using center manifold theory and Castillo-Chavez and Song theorem which reveals a forward bifurcation. We also derived
the conditions for the stability and occurrence of Hopf bifurcation of the model at endemic equilibrium. Further, to illustrate
the analytical results, the model is simulated numerically.

Keywords Epidemic model - Beddington—-DeAngelis-type incidence rate - Saturated treatment rate - Stability - Bifurcation -
Center manifold theory

Mathematics Subject Classification 34D20 - 92B05 - 37M05

Introduction

Mathematical analysis and modeling of infectious diseases
play a crucial role in studying a wide range of infectious
diseases to better understand the transmission dynamics and
have the capacity to influence expectations and to decide
and assess control strategies. Elementary descriptions of
infectious diseases have been considered mainly by three
epidemiological classes which measure the susceptible
portion of population, the infected and the removed (recov-
ered) ones. Authors around the world have proposed differ-
ent kinds of epidemic models such as susceptible-infected
(SI) (Mukherjee 1996), susceptible—infected—susceptible
(SIS) (Hethcote and van den Driessche 1995), suscepti-
ble—infected—recovered (SIR) (Kumar and Nilam 2018a),
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susceptible—infected—recovered—susceptible (SIRS)
(Mena-Lorca and Hethcote 1992), susceptible—expo-
sure—infected—recovered (SEIR) (Dubey et al. 2013; Tipsri
and Chinviriyasit 2014), susceptible—Vaccinated—expo-
sure—infected-recovered (SVEIR) (Gumel et al. 2007) and
many more, to understand the dynamics of disease transmis-
sion. In the mathematical epidemiological literature, several
authors have studied the epidemiological models with latent
or incubation period, because many diseases have a latent or
incubation period, during which the susceptible individual
becomes infected but is not yet infectious. Such latency in
disease transmission can be modeled by a delay differential
equation. Delay differential equations (DDE) have been a
very successful tool to capture the effect of varying infec-
tious period in a range of SIR, SIS, SIRS and other epi-
demic models. Hethcote and van den Driessche (1995) have
studied an SIS epidemic model with constant time delay,
which accounts for duration of infectiousness. Also, Song
and Cheng (2005) have studied the impact of time delay on
the stability of the positive equilibrium, as a resultant of
which conditions have been stated for the asymptotical sta-
bility of the endemic equilibrium for all delays. Xu and Ma
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Abstract In this article, we study a time-delayed
susceptible—infected—recovered mathematical model
along with nonlinear incidence rate and Holling func-
tional type II treatment rate for epidemic transmission.
The mathematical study of the model demonstrates
that the model exhibits two equilibria, to be specific,
disease-free equilibrium (DFE) and endemic equilib-
rium (EE). We obtain the basic reproduction number
Ry and investigate that the model is locally asymptot-
ically stable at DFE if Ry < 1 and unstable if Rg > 1
for the time lag v > 0. The stability of DFE at Ry = 1
is also investigated for the time lag v > 0, and we
show that for v > 0, the DFE is lincarly necutrally sta-
ble, whereas for v = 0, the model exhibits backward
bifurcation whereby the DFE will coexists with two
endemic equilibria, when Ry < 1. We also investigate
the stability of the model at the EE and find that oscilla-
tory solution may appear via Hopl bifurcation, taking
the delay as a bifurcation parameter. Further, global sta-
bility of the model equilibria has also been analyzed.
Finally, numerical simulations have been presented to
illustrate the analytical studics.
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1 Introduction

Mathematical modeling is progressively used in vari-
ous fields such as biology, engineering, and economics
[1-5]. In epidemiology, mathematical modeling is an
effective method to study a diverse range of infectious
diseases, for a better understanding of transmission
dynamics. Many authors have proposed numerous epi-
demic models, such as susceptible-infected—recovered
(SIR) [2,6-8], SEIR [9], SVEIR [10], etc., and stud-
ied the spread of infectious diseases mathematically
and quantitatively. A major goal of the epidemiological
study is to develop an understanding of the transmission
of epidemics and interventions that can be taken to pre-
vent and control the spread of infectious diseases. For
the most part, an exemplary condition for the elimina-
tion of an infection is for the basic reproduction number
(BRN) [11] to be less than one whereby the disease-
free equilibrium is stable; the unique endemic equilib-
rium will be asymptotically stable as far as when the
BRN is greater than one, implies that the disease-free
equilibrium will be unstable. However, many authors
have exhibited that it is feasible for the discase-free
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Abstract Whenever a disease emerges, awareness in
susceptibles prompts them to take preventive measures,
which influence individuals’ behaviors. Therefore, we
present and analyze a time-delayed epidemic model
in which class of susceptible individuals is divided
into three subclasses: unaware susceptibles, fully aware
susceptibles, and partially aware susceptibles to the
disease, respectively, which emphasizes to consider
three explicit incidences. The saturated type of inci-
dence rates and treatment rate of infectives are deliber-
ated herein. The mathematical analysis shows that the
model has two equilibria: disease-free and endemic. We
derive the basic reproduction number R of the model
and study the stability behavior of the model at both
disease-free and endemic equilibria. Through analy-
sis, it is demonstrated that the disease-free equilibrium
is locally asymptotically stable when Ry < 1, unsta-
ble when Ry > 1, and linearly neutrally stable when
Ro = 1 for the time delay o > 0. Further, an unde-
layed epidemic model is studied when Ry = 1, which
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reveals that the model exhibits forward and backward
bifurcations under specific conditions, which also has
important implications in the study of disease trans-
mission dynamics. Moreover, we investigate the sta-
bility behavior of the endemic equilibrium and show
that Hopf bifurcation occurs near endemic equilibrium
when we choose time delay as a bifurcation parameter.
Lastly, numerical simulations are performed in support
of our analytical results.

Keywords Full and partial awareness - Time
delay - Nonlinear incidences and treatment rates -
Bifurcations - Stability - Numerical simulations
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1 Introduction

The last two decades have seen several large-scale epi-
demics outbreaks such as Ebola, SARS, Zika virus,
and swine flu, which leads to low socioeconomic sta-
tus and inadequate access to health care. People get
information about these outbreaks quite quickly due to
significant advances in social media, which can have
an insightful effect on the actual epidemic dynamics
[17,31]. Therefore, at the beginning of an epidemic out-
break, the initial step is to make the individuals aware of
the disease and its preventive methods. Awareness pro-
grams can alert the susceptible population toward the
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Abstract A novel nonlinear delayed susceptible—vaccinated—infected—recovered—susceptible (SVIRS) epidemic
model with a Holling type II incidence rate for fully susceptible and vaccinated classes, a saturated treatment rate,
and an imperfect vaccine given to susceptibles is proposed herein. Analysis of the model shows that it exhibits two
cquilibria, namely discase-free and endemic. The basic reproduction number Ry is derived, and it is demonstrated that
the disease-free equilibrium is locally asymptotically stable when Ry < 1 and linearly neutrally stable when Ry = 1.
Furthermore, bifurcation analysis is performed for the undelayed model, revealing that it exhibits backward and
forward bifurcation when the basic reproduction number varies from unity. The stability behavior of the endemic
equilibrium is also discussed, revealing that oscillatory and periodic solutions may appear via Hopf bifurcation
when regarding delay as the bifurcation parameter. Moreover, numerical simulations are carried out to illustrate the
theoretical findings.

Keywords Bifurcation - Holling type II functional response - Saturated treatment rate - SVIRS epidemic model -
Time dclay
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1 Introduction

Epidemiology is often called the core science of public health, considering the appropriation and determinants
of infection risk in human populations. Mathematical epidemic models help to understand the transmission and
spread of infectious discascs, recognize the characteristics controlling the transmission process to identify successful
control techniques, and evaluate the effectiveness of surveillance strategies and intervention measures. Deterministic
models for communicable diseases have been introduced systematically by Kermack and McKendrick [1,2]. In
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