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Chapter 1

Introduction

This thesis presents “An investigation into a class of fractional order analog circuits”.
The class of circuits investigated includes, fractional order inverse filters, fractional

order conventional filters and fractional order oscillators.

Though, the calculus involving derivatives and integrations of non-integer
order has been in existence for more than 300 years and the suitability of these
fractional order derivatives in modelling of several engineering and non-engineering
phenomenon has been well known since long [1]-[3], fractional order analog circuits
have started attracting renewed interest during the last few decades. Fractional order
analog circuits comprise of one or more active building blocks, at least one fractional
order immittance, sometimes known as fractance and few other conventional passive
elements. During the decades of fifties and sixties, several works [4-6] were reported
on passive realization of an immittance function whose argument remained constant
over an extended range of frequencies. Since, in such immittance functions, the phase
response remains bound within a specified tolerance band around “ a g” radian, these
passive elements are also popularly referred to as constant phase elements. The
parameter ‘e’ which characterizes the fractance device present in the circuit provides
an extra degree of freedom in the design and control of various parameters of the
designed circuits. Though, a fractional order element, either capacitor or inductor,

with arbitrarily specified value of ‘a’ is not yet available commercially, efforts are




being directed towards the development of a fractance device as a ‘two-terminal’
element which can be used directly as a fractance device in the design of analog
circuits. Notwithstanding the non-availability of a standard two-terminal, fractance
element, lots of research work is currently being carried out in the area of design and
analysis of fractional order active analog filters [7]-[96], fractional order oscillators
[97]-[117], fractional order PID controllers [118]-[133] and fractional order analog
inverse filters [134]-[135]. The fractance device used in most of the works involving
analog circuit realization of fractional order circuits, has been simulated by
Foster/Cauer-type RC networks [4]-[6], [136]-[144] which emulates the behaviour of
the specified fractional order element in pre-defined frequency range by using
different approximation techniques for approximating an irrational Laplacian
operator. Alternate realizations of fractance devices using active building blocks
[145]-[146] and single component-based realizations [147]-[153] have also been

attempted.

1.1. Research Objectives

From an exhaustive literature survey of the analog circuit implementation of
fractional order analog circuits, it was found that no work was available in open
literature on the realization of fractional order inverse filters, prior to the
commencement of this work. Also, most of the works presented on fractional order
filters were based on (i) generalization of existing integer order circuits, wherein, an
existing integer order filter circuit/topology, viz. Sallen and Key, KHN, Tow-Thomas,
etc. realized with different amplifiers were converted into fractional order filters by
replacing the standard capacitors by fractional order capacitors (FCs), which in turn,

were realized with Foster/Cauer type of RC networks approximating the fractional




order capacitor in a specified frequency band and (ii) realization of an integer order
transfer function, approximating the prototype fractional order filter transfer function,
obtained by replacing the fractional order operator ‘s* using some standard
approximation techniques. Very few circuits were realized, ab-initio, in fractional
order domain. In addition, very few circuits were realized in fractional order domain
in which the realized structure employed minimum number of components. Also
compared to the realization of fractional order filters and fractional order elements,
relatively less attention has been paid on the realization of fractional order oscillators
with modern active building blocks. Motivated by these facts, in this thesis, we have
proposed novel realizations of fractional order filters, fractional order inverse filters
and fractional order oscillators realized with various types of traditional as well as
modern active building blocks viz. operational amplifiers (op-amps), operational
trans-resistance amplifiers (OTRAs) and current feedback operational amplifiers

(CFOAS).

The main goal of this thesis is divided into the following objectives:

1. Realization of fractional order filters, both in voltage mode (VM) and current

mode (CM) using a single CFOA.

2. To implement fractional order inverse filters using different active devices such as
operational amplifiers, current feedback operational amplifiers and operational

trans-resistance amplifiers.
3. Minimal realization of high input impedance fractional order inverse filters.

4. Realization of fractional order sinusoidal oscillators using single active device

such as OTRA and CFOA.




1.2. Organization of Thesis
The work presented in the thesis has been organized as follows:

Chapter 1 highlighted the necessary mathematical background of fractional order
calculus and its association with the fractance device. We have also presented some of
the fundamental concepts related to fractional order systems in general and fractional
order filters, fractional order inverse filters and fractional order oscillators in
particular to articulate the research gap and subsequently set the objective of the thesis

work.

Chapter 2 dealt with an overview of methods of approximations and structures used
for the implementation of fractional order element (FOE). The details of some of the
important works dealing with the realizations of the FOEs using single as well as the
multi-component based realizations of the FOEs have been presented. We have also
described the methodology and design of the fractional order capacitors, which we
have used for the realization of various analog circuits in this thesis. PSPICE
simulations of the magnitude and the phase responses of proposed FOCs realized with
these methods have been presented. Experimentally obtained frequency response

characteristics of a fractional order capacitor have also been presented.

In Chapter 3, we have presented the theoretical formulations of fractional order
filters realized with a single fractance device as well as two fractance devices. The
frequency response characteristics of the prototype transfer functions have also been
plotted using MATLAB for different values of the order of the fractional order

capacitors. A detailed review of fractional order filters realized with different active




building blocks has been presented before presenting fractional order multifunction
filter circuits operating in voltage/current modes using a single current feedback
operational amplifier. PSPICE and MATLAB simulation results are given to validate
the theoretical findings. Experimental results for an exemplary single CFOA based
fractional order filter operating in voltage mode (for a = B = 0.7) have also been

presented.

Chapter 4 discusses the fundamental concepts related with inverse analog filters in general
and the same has been extended to non-integer order domain. The frequency response
characteristics of the prototype fractional order inverse filters of various types have been
derived and plotted using MATLAB. Several new inverse filter circuits® realized with
operational amplifiers, and other modern active building blocks like current feedback
amplifiers and the operational transresistance amplifiers have also been presented.
Performance of all the proposed analog circuits has been evaluated using PSPICE and
MATLAB simulations. Experimental results for an exemplary single operational
amplifier based fractional order inverse filter, which is a minimal realization in which
different inverse filter responses can be obtained by appropriate selection(s) of

different admittances have also been presented.

Chapter 5: After presenting a detailed summary of the research work reported by
various researchers on the realization of fractional order oscillators realized with
different active building blocks, we have presented a new circuit of fractional order

sinusoidal oscillator realized with operational trans-resistance amplifier and two

! Prior to the publication of the work presented in “Fractional order inverse filters using operational
amplifiers” by D. R. Bhaskar, Manoj Kumar and P. Kumar, in Analog Integrated Circuits and Signal
Processing, vol. 97, no. 1, pp. 149-158, 2018, no work on the realization of analog inverse active filters
in fractional order domain was available in open literature.




fractance devices. We have also presented a single CFOA-based fractional order

sinusoidal oscillator using two fractional order capacitors. The experimental results

for an exemplary single CFOA-based fractional order sinusoidal oscillator for o = § =

0.8 has also been presented.

Chapter 6: In this chapter, a summary of the work presented in this thesis and some

suggestions for further research work on the ideas explored are given.
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Chapter 2

Overview of Structures and Methods for the
Realization of Fractional Order Elements

In this chapter, we present some of the fundamental concepts of fractional
order calculus and their utilization in the design of fractional order elements. Later on,
an overview of methods and structures for the realization of fractional order elements

(FOEs) in general and fractional order capacitors in particular have been introduced.

2.1. Fundamental Relations in Fractional Order Calculus

Fractional order calculus is a branch of mathematics, which deals with differentiation
and integration of non-integer order. Its origin goes back to the seventeenth century.

In a communication in 1695, between L Hospital and Leibniz regarding n™ derivative
of function f(x), (;—i f (x)),which has now become signature statement of any
publication on fractional order calculus, pondering over the question: what will be the
result when n = % Leibniz had replied that it was a paradox from which one day

useful inferences will be drawn [1-4]. Previously, fractional order calculus was
popular among mathematicians only, but over the last few years, it has become
popular in the field of science and engineering because it can model several real life
problems more accurately [2-3]. Fractional order calculus deals with the
differentiation and integration of arbitrary order. It is the super subset of classical
calculus, as classical calculus is a special case of fractional order calculus. Since the
proclamation of “fractional order calculus’ word in 1695, many mathematicians have

proposed definitions of the fractional order differentiation and integration, but three
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definitions namely Riemann-Liouville (R-L), Grunwald-Letnikov (G-L) and Caputo
have become very popular and useful. These definitions are used in various fields of
science and engineering. Definitions of fractional order derivatives are based on two
approaches. In the first approach, differentiation and integration are considered as cut-
off point of finite differences, while, the other approach generalizes the convolution
type representation of repeated integration. While the Grunwald-Letnikov (G-L)
definition is based on the first approach, the other two definitions, namely, the

Riemann-Liouville (R-L) and Caputo are based on the second approach.

According to R-L definition [2] the fractional order differ-integral of any
function f(t) can be expressed as:

n

Th—a)dr fa t(t — )" @d(n—-1<a<n) (2.1)

nDtaf(t) =

where n is an integer, ‘a’ is a real number, f(t) is an integrable function in interval ‘a’

and ‘t’ and T'(e) is the Euler’s Gamma function.

The fractional derivative of a function f(t) as defined by Caputo [2] can be
expressed as:

‘@
r(n—a) L (t —7)x+i-n

where n is an integer, and ‘a’ is a real number.

aDEf () = d;(n— 1< a<n) (2.2)

Under homogenous initial conditions, the R-L and Caputo derivatives are equivalent

[4].
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According to G-L definition [4], fractional differ-integral of any function f(t)

can be written as:

7
1
DEF(O) = lim Z - (%) £t = nh) o9

a!
nl(a-n)! "’

) _ ay . ) . L a
where ‘a’ is lower limit and (n) is the binomial coefficient, (n) =

2.2. Fractional Order Laplacian Operator

The Laplace transform is a very useful mathematical tool in the analysis and
design of electronic circuits. It transforms the circuit from time domain to frequency
domain. This transform is widely used in the design and analysis of electronic circuits
(filters, oscillators, control systems etc.) as analysis of any linear time invariant
circuits is easier in frequency domain as compared to time domain. The Laplace
transforms of derivative and integral of any time varying function can be expressed

(assuming zero initial conditions) as:

L {% f (t)} = SF(s) (2.4)
1 J Foyat} = @ (2.5)

The Laplace transforms of equations (2.1)-(2.3) lead to the following definitions of

the fractional order Laplacian operator [3] (considering zero initial conditions).

L{%f(t)} = sF(s) (26)
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It may, however, be pointed out that no physical interpretation of the initial condition
exists for the differ-integral given in equation (2.1). On the other hand, the Caputo
definition of the fractional order derivative is more restrictive as it requires the n™
order derivative of f(t) to be absolutely integrable. However, initial conditions for the
differ-integral equation based on this definition are of the same form as those of their

integer order counterparts.

2.3. Fractional Order Element

The fractional order element (FOE) is an important and useful two terminal
electrical element, which is used for the design and implementation of fractional order
analog circuits. The commonly used fractional order elements, namely, fractional
order capacitor (FC) and fractional order inductor (FI) are characterised by the

following time domain terminal characteristics:

dv(t)

i(t) = Ca— (2.8)
_a%i()
v(t) = Law (2.9)

where @ € (0,1) is the ‘order’ of the FOE characterising the fractance device, C,and L,
are known as pseudo capacitance and pseudo inductance, respectively. The units of C,,
and L, are F/sec®® and H/sec®* respectively. Using the Laplace transform of the

fractional order derivative, the impedance of a FOE can be expressed as:

Z(s) = Ds® (2.10)

30



where ‘D’ is a constant and ‘o’ is the order of FOE.

Z(s) is proportional to the fractional order Laplacian operator s“. Depending upon the
values of ‘a’, fractance devices are classified into several categories such as (i) resistor,
if o= 0 (ii) inductor, when a = 1 (iii) capacitor for o.= -1 (iv) fractional order inductor
for 0 < o < 1 (v) fractional order capacitor for -1 < a < 0 (vi) frequency dependent

negative resistor, if o = -2. The classification of these elements is depicted in Fig 2.1[5].

a=1
Integer Inductor

Integer Capacitor
oa=—1

Figure.2.1 Classification of fractional-order element [5]

The impedance of a fractional capacitor can be expressed as:

1
CfSa

Z(s) = (2.12)

where variable ‘o’ (0 < o < 1) is the order of fractional order capacitor (FC) and C; is

pseudo capacitance, expressed in F/sec*®. The value of frequency dependent

Ct

(leoc

capacitance (C) of fractional order element in Farad can be calculated as C =

Similarly, the impedance of a fractional order inductor (FI) can be given by:
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Z(s) = Lgs® (2.12)

and relation between pseudo inductor (L) and conventional inductor (L) is given by:

The phase of FOE is constant, independent of @ (angular frequency) and equal to ag

(where ‘a’ is the order of FOE). For this reason, fractional order immittances are also
called constant phase elements (CPE). The magnitude of Z(s) will decrease or increase,

according to the sign of ‘a’ with angular frequency (o).

As the CPEs are not available as standard devices, the characteristics of these
fractors have been simulated/emulated by circuit designers using a variety of methods. The
existing implementation of the CPEs may be categorized into two different classes [6]: (i)
single component- based realizations and (ii) multiple components-based realizations. The
multiple components based realizations can be further sub-divided into active and passive
realizations. The single component-based realizations [7]-[15] mainly comprise of the
electrochemical realizations or solid state realizations. These realizations are generally
available for a fixed value of the fractional order parameter ‘o’ and the designs are
customized, and not suitable for general purpose circuit applications. On the other hand, the
passive, multi components-based realizations, which are most commonly used for the
implementation of various fractional order filters and oscillators, are Foster/Cauer-like
structures, approximating the driving point immittances of the CPEs whose immittances are
expressed as F(s) = Ks* , over a specified range of frequencies. The values of the passive
components employed in these realizations are calculated according to the approximation
methods [16]-[25] used to approximate the fractional order Laplacian operator s*. This

approach is preferred over the single component-based realization from the circuit point of
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view because CPEs with arbitrary values of a can be emulated by choosing the appropriate
values of the passive components used in the network emulating the CPEs. Active
realizations of the CPEs [26]-[28] employ cascade connection of second/higher order
transfer functions approximating the fractional order Laplacian operator s followed by a

voltage to current or current to voltage converter.

In the following, we present the details of some of the important works dealing
with the realizations of the FOEs using, single as well as the multi component-based
realizations. We have also discussed the details of the methodology and design of the
fractional order capacitors, which we have used for the realization of various analog
circuits in this thesis. The methods suggested by Valsa, Dovrak, and Friedel [24] and
Oustaloup, Levron, Mathieu and Nanot [21], have been used to design the fractional order
capacitors used for the implementation of all the proposed fractional order circuits in this
thesis. PSPICE simulations of the magnitude and the phase responses of the FCs realized

with these methods have also been presented.

2.3.1.  Single Component-Based Realization of the FOE/FC

The aim of Single component-based realizations of the FOE is to develop a compact

two-terminal element similar to the standard two-terminal passive circuit element
which can be used as an off-the-shelf component, available for implementation of any
analog signal processing circuit. The research work in this area is still in infancy
stage. In the following, we present the details of some of the important works in this

area.

In [7], Agambayer, Farhat, Patole, Hassan, Bagci and Salama have fabricated a

fractional order capacitor (FC) with a molybdenum disulphide (MoS,)-ferroelectric
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polymer composite. The fabricated FC has constant phase angle in the frequency
range of 100Hz to 10MHz with variation of +4°. The value of phase angle of this FC
can be adjusted from —80"to —58° by changing the ferroelectric polymer in

composite and the volume ratio of MoS,.

Krishna, Das, Biswas and Goswmi have proposed a porous polymer material based
fractional order capacitor in [8]. The capacitor of predefined specifications was
fabricated by dipping a capacitive type probe, coated with a porous film of poly
methyl methacrylate (PMMA) of particular thickness into a polarizable medium.
Fractional order capacitor having phase angles of —15° to — 60°was realized in the

frequency range of 20 Hz to 200 kHz.

An ionic gel-Cu electrode based fractional order capacitor has been reported by
Bohannan in [9]. The FC was developed by sandwiching a copper (Cu) plate (25mm x
25mm) coated with Lithium Nitrate and tetra-ethyl orthosilicate gel between two
square Cu electrodes and packaged by Plexiglas plate. Fractional order capacitor
having phase angle of 45" in the frequency range of 20 Hz to 200 KHz was obtained

with a ripple of +5°.

In [10], Caponetto, Graziani, Pappalardo and Sapuppo have shown that ionic polymer
metal composite (IPMC) can act as FOE. IPMC materials are made by metallization
of thin membranes of ionic polymer. Through metal coating thickness, order of FOE
(o) can be varied between 0.05 to 0.3 in two constant phase (CP) zones 10 mHz to
10Hz and 1Hz to 100Hz. CPE of this form is more suitable for low frequency

applications.
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A carbon black polymer dielectric base FOE is reported by Buscarino in [11], in
which nanometre size particles of carbon black polymer composite is used as
dielectric of capacitor. The value of pseudo capacitor ranges from 25 pF to 207 pF
was measured, where order of capacitor varies from 0.77 to 0.86. The constant phase

frequency zone of 100 kHz to 1000 MHz was observed for the fabricated FOE.

A Grapheme polymer dielectric based FOE was proposed by Shurafa in [12], in which
grapheme polymer composite is used as dielectric material between two electrodes of
the capacitor terminal. The order of fabricated capacitor varies between 0.77 to 0.86
in the frequency range of 400 Hz to 2 MHz. The main feature of this FOE is that it is

compact and compatible for PCB fabrication.

In [13], Adhikary, Khanra, Sen and Biswas have reported carbon nanotube
based single component FOE. This type of FOE has been developed by coating a
polymer-carbon nanotube (CNT) composite over Cu clad epoxy block and putting the
block in polarizing solution. Two different types of FOEs have been obtained by
varying the percentage of CNT in polymer-CNT composite and nature of polarized
solution. This FOE has constant phase of —31"over the frequency range of 20 Hz to
2MHz with phase error of +2°. While the other type of FOE developed, has two
ranges of frequency bands 20 Hz to 8 kHz and 70 kHz to 2 MHz for —33°(+1.5")

and —20°(£1") respectively.

A solid state based- FOE was fabricated using multi walled carbon nanotubes
(MWCNTSs) by John, Banerjee, Bohannan and Biswas in [14]. By increasing the

loading of MWCNT in composite material the phase angle of FOE can be adjusted
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from —80°to — 45" in the frequency zone above 100Hz. The fabricated device is

compact and easily integrable with electronic circuits.

In [15], Agambayer, Farhat, Patole, Hassan, Bagci and Salama have used pairs
of various poly-vinylidene fluoride (PVDF)-based polymers in the fabrication of
fractional order capacitor. Bi-layers of polymer were deposited on Ti/Au electrodes of
FC using a drop casting approach. The phase of FC can be tuned in the range of
—83"to — 65 for the frequency band of 150 KHz to 10 MHz by changing the
thickness ratio of the layers. The main features of this proposed FC are (i) low cost
and (ii) straightforward fabrication method for designing a PCB compatible FC with a

tunable CPA in a wide range of operational frequency.

2.3.2.  Multi Components-Based Realization of FOE/FC
The single component-based realizations of the FOE are in the developing stage and

not a single prototype has been developed so far, which can be mass produced. Also,
from the very nature of the prototype designs discussed above, it emerges that each
FOE is a customized designed for a fixed value of ‘a’. For changing the value of ‘a’,
the complete hardware needs redesign. Such an FOE, obviously, is not suitable for
analog signal processing because the circuits cannot be tested in simulations. Also,
there are issues of portability, aging and degradation. Thus, many circuit designers,
working in the field of analog realization of fractional order circuits have utilized
various approximation methods developed over a period of time to approximate the
fractional order Laplacian operator s* by a rational function of higher order and
developed network models of the fractional order capacitors which approximate the

behaviour of the fractional order elements (FC/FI) over some specified frequency
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range [16]-[25]. In the following, we present an account of the multi component-
based FOEs. The design methodology of multi component FOEs is categorised into
two sub categories [6]: (i) FOEs implemented with passive components and (ii) FOEs

implemented with active components

2.3.3. FOE Implemented with Passive Components
Heaviside, in 1922, showed that the input impedance of an infinite RC cable

was an irrational function of the complex frequency variable‘s’. It was shown that the
input impedance was proportional to \/% [17]. The term ‘fractional order capacitor’ was

first coined by Cole and Cole in [29], wherein, the dispersion and absorption
characteristics of various dielectrics were investigated. The mathematical modelling
of the experimental results showed that the dissipative and charge storage component
constituted complex impedance whose argument remain constant at all frequencies.

The phase angle depended on a constant ‘o’ that was different for different dielectrics.

Various passive realizations of fractional order capacitors have appeared in

literature and many of these research works have used similar design rules which

were used in realizing driving point impedance proportional to si%. The
corresponding network realizations comprised of cascaded or parallel connection of
RC networks arranged in the form of ‘T’ or symmetrical lattices. In the following, we
present a brief review of the important passive component-based realizations of

fractional order capacitors/fractional order elements.

Calson and Halijac proposed an approximation method for (1/s)*" for any integer

value of n > 1 in [16]. Regular Newton process was used in this approximation
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method. R-C networks have been used for fractional order capacitors of order 1/3 and

1/4 designed using the proposed approximation method.

Dutta Roy [17] proposed two methods for realization of an immittance whose
argument is approximately equal to +o/2, where 0 < a < 1, over an extended
frequency range. The first approximation method was based on the continued fraction
expansion of the irrational driving point function of a uniform distributive R-C
network. In the other method, elliptic functions were used to describe the phase
characteristics of the FOE. The resulting FOE can then be synthesized as an RC-
impedance or an RL admittance function, which can finally be realized as a

Foster/Cauer network.

The rational approximation of fractional differ-integral operator was attempted
using Cole-Cole dispersion method by Charef, Sun, Tsao and Onard in [18]. The
approximated fractional order function was synthesized using R-C network consisting
of series connection of ‘m’ cell of parallel R and C, and these components were

arranged in geometric progression.

Nakagawa and Sorimachi [19] presented a recursive electric circuit of a fractal
structure consisting of resistors and capacitors. Proposed R-C network has magnitude and
phase properties similar to a fractance device of order -1/2. The proposed fractance device
was tested numerically and experimentally for number of stages of fractance circuits (N =
I, 5, 10,100 and o for numerical simulations and N = 5 for experimental).
Experimentally, the proposed fractance device was also tested on integrator as well as

differentiator circuits designed using op-amp.
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In [20], Matsuda and Hironori proposed an approximation method of fractional
differential operator utilizing the concept of continued fraction expansion technique.
This approximation process was completed in two stages, first the rational model of
irrational function was obtained by the continued fraction expansion technique, then
its poles and zeros were fitted in logarithmically spaced points. The phase error can be

reduced by increasing the order of approximation.

Oustaloup, Leveron, Mathieu and Nanot proposed an approximation method for
fractional order operator to convert the irrational transfer function into rational
transfer function in [21]. A recursive distribution of poles and zeros was utilized for
the approximation. This method was applied to approximate the fractional order
operator s* (0 < a < 1) into integer order rational form within a specified frequency
band. The phase and magnitude error, in this approximation method can be reduced
by increasing the order of approximation. This method is widely used in fractional

order control systems.

Self-similar RC network has been simulated for a, varying from 0.25 to 0.75,
using 18 or less rungs by Sugi, Hirano, Miura, Saito in [22], where the term ‘rung’ is
employed for a set of R and C elements. The components of consecutive rungs are
arranged in geometric progression. The proposed fractional order capacitor has

constant phase zone over five decades of frequency with ripple of +0.5".

Krishna and Reddy reported the realization of a fractance device of order % in
[23] using continued fraction expansion method. A rational approximation for /s is

deduced using CFE method, which , then was realized using R-C ladder network. The
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results obtained from this method were compared with Oustaloup approximation

considerable improvements were reported.

An R-C ladder structure of fractional order capacitor was proposed in 2011 by
Valsa, Dvorak and Friedl [24], wherein, a systematic process for simulation of CPE in
a desired frequency range for arbitrary orders was described. The design method is
quite simple and approximates the ideal behaviour of CPE in specified frequency

range with acceptable tolerance.

In [25], Reyad EI- Khazali proposed a biquadratic approximation of fractional
order differ-integral operators. The equivalent circuit was synthesized with series R-C
and R-L networks. The performance of proposed structure has better results than equi-

ripple and Oustaloup approximations.

In Fig.2.2, we have shown the structures of the various RC networks, which may
be used for the implementation of fractional order elements, resulting from the above

discussed methods/techniques.
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Figure.2.2  Different structures of various RC networks approximating the FC (a)
Nakagawa and Sorimachi [18] (b-c) Sugi, Hirano, Miura and Saito [21](d) Oustaloup,

Levron, Maithieu and Nanot[20] (e-f) Valsa, Dvorak and Friedl [23] (g-h) Cauer I and
I1[25] (i-)) S. C. Dutta Roy [16]
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2.3.4. FOE Implemented with Active Components

The active realizations of FOEs are based on cascading a fractional order
integrator/differentiator stage followed by a voltage to current converter [26]. The
fractional order differentiator/integrator in all such realizations may be designed using
any of the popular approximation techniques, mostly, the continued fraction
expansion method [26] and subsequently implemented with different types of
amplifiers viz. the operational transconductance amplifiers (OTA) [26], [28], current
feedback amplifiers (CFOA) [27] etc. The scheme for active realization of a fractional

order element is represented below in Fig. 2.2 [26]-[28].

H(s)

_L H(s) v I V2
| < I Ca I_‘

Y-

LB %

V/1 (gm)
V/1(gm)

I —
(a) (b)

Figure.2.3 (a) Grounded CPE (b) Floating CPE
The realized circuits can operate in low and high frequency range depending on the
implementation. The circuit can be implemented in fully integrated circuit form
subject to the availability of suitable capacitors. The external capacitors used in the
realization of the fractional order differentiators/integrators can be replaced if one
uses MOS capacitors. Bertsias, Psychalinos, Elwakil and Maundy [28] presented a
capacitor less emulator for fractional order capacitors and integrators in which current
mirrors and MOSFETS were used as capacitors. The scheme is shown below in Fig.

2.3
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Figure.2.4 Capacitorless fractional order differentiator/integrator [28]

OTA-based implementation of FOE was proposed by Tsirimokou, Psychalinos,
Freeborn and Elwakil in [26], while CFOA-based implementation was reported by

Dimeas, Tsirimokou, Psychalinos and Elwakil in [27].

In this thesis, we have used the methods proposed in [21] and [24] to design the
various fractional order capacitors in the implementation of the proposed circuits of
fractional order filters, fractional order inverse filters and fractional order sinusoidal

oscillators.

2.4. Implementation of Fractional Order Capacitor Using Valsa,
Dvorak and Friedl Method

The R-C ladder structure of fractional order capacitor was proposed in 2011, by
Valsa, Dvorak and Friedl [24]. A systematic process for simulation of CPE in a
desired frequency range for arbitrary orders was described. The design method is

quite simple and approximates the ideal behaviour of CPE in specified frequency
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range with acceptable tolerance. The basic network model of CPE contains m cell of

series R-C branches connected in parallel, which is shown in Fig. 2.5.

CT1c,Jcs C

Figure 2.5 R-C ladder structure of CPE

The values of resistances and capacitances of branches form a geometric sequence

and represented as

Ry = R;a¥%, G = C;b5*" 1, wherek=1,2,.....,m (2.13)

The coefficients ‘a’ and ‘b’ lie betweenOand 1 (0<a<land0<b<1).
The input impedance of network shown in Fig.2.5 can be represented as

(2.14)

A0

where Y(s) is input admittance and it is equal to the sum of the admittances of
individual branch i.e.

ke (2.15)

Y(s) =
) o 1+ s(ab)k-1R,C,

The input impedance Z(s) has zeros at the breaking points and expressed as:

1 (2.16)

Ly = ————
kK™ R,C,(ab)k-1
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Further, poles and zeros can be calculated as:

_ Lk _ Pk
Pk —? and Zk+1 —:

Now, after replacing s = jo in equation (2.15), we have:

Y( )_ m ju)bk_lcl (217)
. LT +jw(@b) R, C;
_ 1
0D = ¥Ga)

Argument of Z(jo) in degrees can be expressed as:

180 _, (Imag(Z) (2.18)
o(w) = ——tan”" (i)

The average value of the phase angle can be given by:

. . log(a) . log(a) (2.19)
Pav =90 =90 4 Toa(b) log(ab)

The phase characteristic passes value @ay in points of way(K) = Zy(a/b)

Y4 and reaches

at extreme values at ®emin(K) = Zk(a)l/2 and ®emax(K) = Pk(b)l/2

The way can be expressed as:

Way = \/(*)<pmax * Wemain (2.20)

For a good approximation of CPE in the specified frequency range, the R-C model of
CPE as given in Fig. 2.5 must have relatively higher number of sections ( m should be
very high). This introduces complexity in network model of CPE. Thus, to reduce this
complexity one section of parallel R-C is added in network and the values of parallel

resistance (Rp) and capacitance (Cp) are given by:
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1-a

pm :
R, =R, ,Cp = Clﬁ , Where, m is number of cell, and the values of a, b are

a

determined, as explained next.

The resultant R-C network is thus obtained shown in Fig. 2.6

[|
I
O

CGlc,[c C

Figure 2.6 Modified R-C network of FC

2.4.1. Design Procedure
For the given data of 11= R1C1, ¢ay, A, m and Dy, R-C network of a fractional order

capacitor can be implemented using the following steps:

Stepl: Determination of product of a and b as:

0.24

ab = ,
1+A@

A is phase error (A = 0.5°,1°,2°)

Step2: Determination of the lower and upper frequency as:

_ 1 _ Un
=T apym

Step 3: Determination of the values of ‘a’ and ‘b’ as:

Pav

T

a =106 p = 2b
d

Step 4: Determination of values of components of R-C ladder circuit as:
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Rp=Ri=2,Cp= G and Ry = R;a*%,Co= Cb*' where k =1,2 3

Step 5: For the given value of R; and Cj, the input admittance of R-C network can

be expressed as:

jwavck

m
1
Y(i = Fiw.C E _ JTavrk

1

where w,, = Zxva = R GO

va, wherek = int (%)

Step 6: Calculationof D as: D = Z,, w3y .

If the value of D as obtained above is different from required Dy, then resistors Ry and
R, are multiplied with ratio Dp/D, while Cy and C, are divided by the same ratio to

keep same frequency range.

we have calculated the values of capacitances and resistances the for ladder structure
of CPE for FCs of the value 0.382uF/sec®? and 0.955pF/sec®®, when ‘@’ was
varied from 0.5 to 0.9 in step of 0.1. Also, the ladder element values for 1nF/sec®™?
for o= 0.9 and 0.8, have been determined. These FCs were designed for fni, = 10 Hz,

fmax = 1 MHz and phase error of Ag = 2°(except FCs of 1nF/sec®? which has frnax =

100 kHz). These values are given in Table 2.1 and Table 2.2 respectively.
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Table 2.1 Component values for realization of fractional of Fig. 2.6

Cs = 0.0955 pF/sec®?)

o Resistors Capacitors
0.9 Ra=676.34, Rp=69.65, R; =7.17, | C,=14.79, C, =11.49, C.=8.92,
Rq =0.74,R,=0.08, Rp=5890.9 | C4 =6.93, C.=5.38,C, = 18.736
08 Ra.=569.89, R,=75.56, R, =10.02, | C,=17.55, C, =10.59, C.=6.39,
Rg =1.33,R.=0.18, Rp=3728.7 | Cq=3.86 C.=2.33, C, = 3.5397
07 R.=662.09, R,= 113, R, =19.29, |C,=15.1,C, =7.08,C.=3.32,Cqy =
Rq =3.29,R.=0.56, Rp=3217.2 | 1.56, C.=0.73, C, =0.6429
06 R.=897.74, R,=197.24, R.=43.34, | C,=11.14, C, =4.06, C.=1.48, Cyq
Rg =9.52,R.=2.09, Rp=3188.2 | =0.54,C.=0.2,C, =0.11211
05 R,=1355.8, R, = 383.5, R, =108.5, | C,=7.375, C, =2.086, C;=0.59, Cyq
Rq =30.7, Re=8.7, Rp = 3437.8 =0.167,C.=0.047, C, = 0.018617
. Ct = 0.382 pF/sec™”
¢ Resistors Capacitors
0.9 Ra=168.95 R,=17.40, R, = 1.79, Ca=59, Cp =46, C. = 35,
R¢ =0.18, R.=.019, Rp=1471.36 Ca=27C.=21C, =75
08 R.=142.47, R,=8.89, R, = 2.5, C,=70.19, C, =42.35, C.= 25.56,
Rg =0.33, Re=0.04, Rp=932.16 Cq =15.42,C.=9.31,C, = 14.15
0.7 = 165.52, R, = 28.25, R, = 4.82, | C,=60.41, C, = 28.32, C.= 13.27,
Rq =0.82, R¢=0.14, Rp=804.3 Cy =6.22,C.=2.92,C, =257
06 R, = 22443 R, = 49.31, R, =10.83, | C,=44.56, C, = 16.22, C.=5.91,
Rq = 2.38, Re= .52, Rp=797.06 Cq =2.15,C.=0.78,C, = 0.48
05 = 338.96, Ry = 95.87, R, = 27.12, | C,=29.5, C, =8.34, C.=2.36,

Rg =7.67, Re=2.17, Rp = 859.45

Cq4 =0.67,C=0.19, C, =.074

All resistances are in kQ and capacitors are in nF

Table.2.2 Component values of FC of value 1nF/

Order

Cs

= 1nF/s@?

Resistors

Capacitors

0.9

Ra=76.44MQ, Rp=11.339MQ
Rc= 1.682MQ, Ry= 0.25MQ
Re=0.037MQ, Rp = 436.86M Q

C.=10.138nF, C, = 0.1058nF
C.=0.856nF, C4=0.0693nF
C.=0.056nF, Cp=0.2372nF

0.8

Ra= 64.029MQ, Rp,=11.471MQ
R¢=2.153MQ, Ry = 0.395MQ
Re=0.072MQ, Rp = 285.14M Q

Ca=0.156nF, C, = 0.15058nF
C.=0.0669nF, C4=0.0438nF
C.=0.0286nF, Cp= 0.0542nF
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2.4.2. PSPICE Simulations of Fractional Order Capacitors

Using PSPICE simulations, the designed fractional order capacitor, whose structure
is shown in Fig. 2.6, has been tested using passive components as given in Table 2.1
and Table 2.2 respectively. The magnitude and phase responses of fractional order
capacitors of values 0.382 pF/sec®®, 0.0955 pF/sec®® for different values of a,
varying from 0.5 to 0.9 in step of 0.1 and 1nF/sec®™ for different values of o, varying
from 0.8 to 0.9 in step of 0.1 along with passive capacitors (oo = 1) are shown in Fig.

2.7, Fig. 2.8 and Fig. 2.9 respectively.
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Figure 2.7 Magnitude and phase responses of fractional order capacitor of value
0.382 pF/sec®? (a) Magnitude response (b) Phase response
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Figure 2.8 Magnitude and phase response of fractional order capacitor of value 0.0955
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Figure 2.9 Magnitude and phase responses of fractional order capacitor of value
1nF/sec®? (a) Magnitude response (b) Phase response

From the phase responses of FCs, it is noted that, the phase of fractional order
capacitors of value 0.382uF/sec®™ and 0.0955pF/sec®™ are constant in the frequency
range of 10 Hz to 1 MHz, while the phase of fractional order capacitor of value
1nF/sec®? is constant in the frequency range of 10 Hz to 100 kHz and remains within

the tolerance band A¢ as designed. The constant value of phases are approximately
equal to % or 90", where 0 <o < 1.

For experimental verification, the fractional capacitor of value 0.382pF/sec®?

for o = 0.7 was bread-boarded using discrete components whose values are given in
Table 2.1. The experimentally obtained magnitude and phase responses of same FC

have been demonstrated in Fig. 2.10 using Keysight E4990 impedance analyser.
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Figure 2.10 Experimentally obtained magnitude and phase responses of fractional order
capacitor of order 0.7 and value 0.382 pF/sec®?

2.5. Implementation of Fractional Order Capacitor Using

Oustaloup, Levron, Mathieu and Nanot Method

This approximation method was proposed by Oustaloup, Leveron, Mathieu and
Nanot [20] to approximate the fractional order Laplacian operator s in the form of
rational function of ‘s’. In the following, we explain this method with a design
example. The method approximates the operator s* for non-integer values of the

exponent ‘o’ by a rational function given below:

k=N '
OL:C m 1+s/ok (221)

Where N, is the order of the approximation and ‘c’ is a constant whose value depends

upon the maximum frequency up to which the approximation is valid.

52



¢ = (0wmax)” (2.22)

®max = Maximum frequency range,

®min = Minimum frequency range

o (2k-1-a)/(2N)
a)k = a)min [ e } (223)
a)min
» (2k=1+a)/(2N)
g = wmin(a)méxj (224)
min

The fractional order Laplacian operator s*, thus is expressed by the following rational
function, if the values of a (minimum and maximum frequency) are specified

Sa_w

=56 (2.25)

The above rational function, when representing the immittances of a fractional order
element (FOE), can be realized either by partial fraction expansion (Foster-1/11 forms)
or continued fraction expansion (Cauer-I/11 forms). An exemplary realization in the

Foster form has been shown in Fig 2.11 whose driving point impedance is given by:

1
1 Noc,
Z(s)= =Ro+y — (2.26)
s“C,, §s+ 1
Can

R, = series resistor

Rn, Cn= resistors and capacitors in parallel network

R R R
Ro 1 2 n
—— T s
Cl C2 Cn

(-,

Figure 2.11 Fractional order capacitor network
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2.5.1. Design of Fractional Order Capacitor

We have used the above discussed method to design the FC of the value 10® F/sec*™®

for omin and omax as specified below, by 8" order ladder, for o = 0.8.

Design example: Let o = 0.8, omin = 6.48 X 10 rad/sec, mmax = 6.48 x 10° rad/sec, C, =

108 F/sec™?, N = 8, then from equation 2.26, we obtain:

1
Cus® 1078 x s®

Substituting the Laplacian operator s* of equation (2.21) in the above equation, we
obtain

Z(s) =

N N

2 1 1 1 1—[1+w—k

YT 108 xsa e 10 xel 1T
—_ k =

10 8><C]_[k=11+wik W

For the given values of ®wmin, ®max, N and a, using equations (2.22 - 2.24), we obtain ¢

=11201082.72 and the values of w; and wy are given in Table 2.3.

Table 2.3 Obtained values of wy and wy

Value of k wy, (rad/sec) w), (rad/s)
1 397.36 79.2638
2 2979 594.39
3 22340 4457.3
4 167520 33425
5 1256200 250650
6 9420500 1879600
7 70644000 14095000
8 529750000 105700000

The driving point impedance, thus, turns out to be:

8.928s8 + 5.457 x 10%s7 4 3.925 x 101756 4+ 3.706 x 10%*s° + 4.657 x 103%s* +
7.8 x 103%s3 + +1.738 x 10*%s2 4 5.087 x 10*3s1 4+ 1.738 x 10%°
s8 +1.22 x 108s7 + 1.75 x 101556 + 3.298 x 102155 + 8.268 x 102654 + 2.763 x 103153 +
1.229 x 103552 4+ 7.173 x 103751 + 1.738 x 1046 + 4.927 x 103°

Z(s) =
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The values of resistors and capacitors of the ladder of FC of value 10 F/sec®™ for
order o = 0.8 have been found (employing Foster-I method on Z(s)) and are given in

Table 2.4.

Table 2.4 Component values of FC for a = 0.8

C¢= 10nF/s@D
Order

Resistors Capacitors

Ro=8.957Q R1=12.89Q C1=0.757nF  C,=1.0009nF
Ry =72.56€2 Rs = 368.96Q C3=1.48nF Cs=2.22nF

0.8 | R4=1.85KQ Rs = 9.3KQ Cs=3.319nF C=4.918nF
Re=47.1KQ R7 = 254.4KQ C;=6.82nF Cs=3.9nF
Rg = 3.33MQ

Similarly, we have calculated the values of resistors and capacitors of the ladder of

FC for the value of 10 F/sec®™ and 0.9, and presented them in Table 2.5.

Table 2.5 Component values of FC for a = 0.9

Order _ C¢= 10nF/s@V |
Resistors Capacitors
Ry=1.20Q R;=1.116Q C1=9.25nF C,=10.03nF
R,=8.07Q R3;=50.23Q C3=12.08nF C4=14.75nF
0.9 R, =308.66Q Rs=1.895KQ Cs=18.00nF Ce=21.75nF
Re=11.76 KQ R;=79.52KQ C;=24.14nF Cg=6.21nF
Rg=2.315MQ

2.5.2. PSPICE Simulations of Fractional Order Capacitors
To validate the functionality of the designed FC of Fig. 2.11 (for a = 0.8, 0.9 and 1),

PSPICE simulations have been carried out. The passive component values used in the

simulation are taken from Table 2.3 and Table 2.4.

The magnitude and phase responses of FC thus obtained are displayed in Fig. 2.12.
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Figure. 2.12 Magnitude and phase response of fractional order capacitor of value
10nF/sec®? (a) Magnitude response (b) Phase response

From the phase responses of FCs, it is observed that, the phase of fractional order

capacitor of value 10nF/sec®™ in the frequency range of 100 Hz to 10 MHz remains

approximately equal to % or 90°a.

2.6. Conclusions

In this chapter, we have presented some of the fundamental concepts of fractional
order calculus and their utilization in the design of fractional order elements. A review
of some of the important research works dealing with the realizations of the fractional

order elements in general and fractional order capacitors in particular, using single as
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well as the multi component-based realizations have also been presented. We have
also discussed the details of the methodology and design of the fractional order
capacitors, which we have used for the realization of various analog circuits in this
thesis. Valsa, Dvorak and Friedl and Oustaloup, Leveron, Mathieu and Nanot
approximation methods of fractional order capacitors have been used for determining
the component values of R-C ladder networks. Fractional order capacitors of values
0.382pF/sec®™, 0.0955pF/sec®® and 1nF/sec®® for different values of o are
designed using the method proposed by Valsa, Dvorak and Friedl while, fractional
order capacitors of value 10nF/sec®® for o = 0.9 and o = 0.8 are designed using
Oustaloup, Leveron, Mathieu and Nanot’s method. PSPICE simulation results
showing the magnitude and phase responses of the designed fractional order
capacitors for different values of o have been presented. The magnitude and phase
responses of a fractional order capacitor of value 0.382uF/sec®™ for o = 0.7) has also

been tested experimentally using KEYSIGHT E4990A impedance analyser.
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Chapter 3

Current Feedback Operational Amplifier Based
Fractional Order Filters

In the previous chapter, an introductory idea about the fractional calculus and
its utilization in the design of fractance devices are described. In this chapter, we
describe the basic concepts related with fractional order filters and implementation of
fractional order analog active filters (FOFs) using fractance device(s). Subsequently,
we have proposed three structures of single CFOA-based FOFs. Two of the proposed

FOFs operate in voltage mode while the third structure operates in current mode.

3.1. Fractional Order Filters

The fractional order filters (FOFs) have been developed as a new research area
during the last two decades. The first systematic paper on generalization of first order
filters into fractional order domain was published in 2008 [1] in which a fractional order
filter using a single fractance device was introduced by Radwan, Soliman and Elwakil.
Subsequently, this work was extended to cover circuits with two identical fractance
devices [2], wherein, design and simulation of Sallen-Key and Kerwin-Huelsman-
Newcomb (KHN) type bi-quad filter topologies was presented in fraction order domain
along with the experimental results of KHN bi-quad filters using real fractional order
capacitors of order 0.5. After that, several fractional order filters [2-87] have been
proposed in open literature using either fractance devices (FC/FI) or rational

approximation of fractional order filter’s transfer function. Most of the fractional order

60


https://en.wikipedia.org/wiki/State_variable_filter#Kerwin-Huelsman-Newcomb_(KHN)_Biquad_Filter_Example
https://en.wikipedia.org/wiki/State_variable_filter#Kerwin-Huelsman-Newcomb_(KHN)_Biquad_Filter_Example

filters have been realized by replacing the conventional capacitor(s) in an existing integer
order filter, few fractional order filters have been designed ab-initio in fractional order
domain. Various active building blocks such as op-amps [2-17, 19-29, 85-86], current
feedback operational amplifiers (CFOAs) [30-32], current conveyors (CCs) [33-40],
current differencing buffered amplifiers (CDBAs) [41], operational trans-resistance
amplifiers (OTRAS) [42], operational trans-conductance amplifiers (OTAs) [43-59, 83]
and other active building blocks [60-82, 84, 87] have been used in the design and
implementation of fractional order active filters with different characteristic and

properties.

Since this thesis deals with fractional order filters, in the following, we present a
quantitative overview of some of the fundamental concepts related with fractional order

analog filters.

3.2. Methods for Realization of Fractional Order Filters

Generally, two methods have been used for the implementation of analog
fractional order filters. In the first method, FOF is realized by replacing capacitor(s) of
an existing integer order filter with fractional order capacitors thereby generalizing the
design of an integer order filter, while in the second method, transfer function of a
prototype fractional order filter is converted into a higher order integer transfer function,
by replacing the fractional order Laplacian operator s* with its equivalent second order
or higher order rational approximation. The resulting integer order transfer function can
then be realized using some active building block, passive resistors and capacitors. The

frequency response of the filter thus realized, approximates the frequency response of
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prototype FOF in the given frequency band. In this thesis, fractional order filters are

realized using the first approach.

A fractional order filter can be realized using a single fractance device or more
than one fractance devices. In the following, we present the fundamental concepts and
necessary analytical framework, supported with MATLAB simulations using which
fractional order analog filters are realized with single fractance device and two fractance

devices.

3.2.1. Fractional Order Filters Using Single Fractance Device
A fractional order filter may be realized with single fractance device, if the order of this
filter lies between O to 1 [1]. The generalized transfer function [1] of FOF can be

represented as:

T(s) =~ (3.1)

where a, b and c are constants. The cut-off frequency (pole frequency) wo Of the filter is

defined as w, = (c)é

From equation (3.1), four different responses of fractional order filters viz. fractional
order low pass (FOLP), fractional order band pass (FOBP), fractional order high pass
(FOHP) and fractional order all pass (FOAP) can be derived by appropriate selection(s)

the coefficients (a, b and c) as given below.

3.2.1.1. Fractional Order Low Pass Filter

The transfer function of a FOLP filter [1] can be derived from equation (3.1), if we select

the coefficient a = 0 as:
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b (3.2)

T(Srorr = 77

The magnitude and phase of the above transfer function can be represented as:

b
ITGw)rorLpl =
sza + 2cw™ cos (?) + c2 (3.33)
) w?%sin ((XZ—“)
£T(jw)roLp = —tan™ po
w*cos (7) +c (3.3b)

The important critical frequencies viz cut-off frequency wo, maxima frequency on, ( at

which the peak, if, any of the magnitude response occurs), right phase frequency o, ( the

frequency at which the phase of the FOLP becomes equal to % radian) and half power

frequency oy, (the frequency at which the magnitude of FOLP become % times of the DC

gain of FOLP) can be derived from equation (3.3) as:

Wy = (C)é (3.4a)

1 (3.4b)

o= (o)

m

~—~
w
N
O

~—

oy = (~esee ()
o = (_C <J1 + cos? (az—n) — cos (g»)a

From equation (3.4b), it may be noted that the magnitude response will have a peak iff

the value of a is greater than 1. Similarly from eqaution (3.4c), it is observed that the
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phase response will have a value of g iff the value of a is greater than 1. The magnitude

and phase of FOLP filter for different values of ® are given in Table 3.1

Table 3.1 The values of magnitude and phase of FOLP filter for different values of ®

The values of I T(w)roLp! £T(jw)roLp
0 b 0
c
(V)] b — ﬂ
2c cos (az—n) 4
0 0 —an
2
O b (1-ao)m
c sin (az—”) 2
Mn 1b / . oLTt \
SO Y T
T aT
\Zcos (7) + ’1 + cos? (7)/

2

A FOLP filter was designed using equation (3.3) for a cut-off frequency of 500 Hz ( for

a = 1) and DC gain equal to 1 by choosing b = ¢ = 2z x 500 = 3140. MATLAB

simulations were performed for different values of o to validate the workability of the

FOLF plotted using MATALB for different valued of a. Fig. 3.1 shows the magnitude

and the phase responses of the designed FOLP.
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Figure 3.1 Magnitude and phase responses of FOLP (a) Magnitude response (b) Phase
response

The slope of the magnitude response and half power frequency as obtained from Fig. 3.1
are given in Table 3.2, from where it may be noted that the slope of the magnitude
characteristics and the half power frequency may be varied by the values of a. In contrast,

for an integer order filter, the slope and the half power frequency can not be varied.
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Table 3.2 Parameters of FOLP filter

Parameters
Order of FOLP | Half power frequency Attenuation (dB/decade)
(Hz)
a=1.0 500 20
a=0.9 1027 18
a=0.8 2552 16
a=0.7 8390 14
a=0.6 41980 12
a=0.5 416900 10

3.2.1.2.  Fractional Order High Pass Filter
If we take b =0 and B = o in equation (3.1), The transfer function of the FOHP filter can

be obtained as:

o

as (3.5)
T =
(S)roup R
where ‘a’ and ‘¢’ are constants.
The magnitude and phase of above transfer function can be expressed as:

] aw? (3.6a)

IT(w)roup| =

\/wm + 2cw® cos (ﬂ) + c?
2

w?%sin (az—n) (3.6b)

amn
£T(jw)ponp = - — tan
2 w*cos (E) +c
2
The important critical frequencies viz cut-off frequency (wg), maxima frequency (om),
right phase frequency (o) and half power frequency (wp)of FOHP filter [1] can be

derived from equation (3.6) as:

66



Wo = (C)é (3.73)

o = (e sec (<E)) &
oy = (= cos (<Z))F 7
L (3.7d)

o, = (_C <J1 + cos? (?) +cos (?)»“

From equation (3.7b), it may be observed that the magnitude response will have a peak

iff, the value of a is greater than 1. Similarly from equation (3.7¢) it is observed that the

phase response will have a value of% iff, the value of o is greater than 1.

The values of magnitude and phase of the FOHP filter for different values of ® are given

in Table 3.3

Table 3.3 The values of magnitude and phase of FOHP filter for different values of

Q) IT(w)ronpl £T(jow)ronp
0 0 an
2
Mo 1 &ﬂ
2 cos (%) 4
00 a 0
Om a (a - 1)77:
1+ cos (az—”) 2
@ % an - sin (O;—") cos (?) + sin (O;—ﬂ) 1+ cos? (az—”)
2 cos? (%n) + cos (O;—n) 1+ cos? (%) +1
@ | —acot (%) g
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MATLAB simulations have been carried out for the magnitude and phase responses of a
FOHP filter designed to have a high frequency gain of 1 and cut-off frequency of (27 x
500) rad/s (for a = 1) when o is varied from 0.1 to 0.5 in step of 0.1. The frequency

response plots are displayed in Fig. 3.2.
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Figure 3.2 Magnitude and phase responses of FOHP (a) Magnitude response (b) Phase
response

The half power frequency and stop band attenuation of FOHP for different values of a
have been calculated down from Fig. 3.2 and tabulated in Table 3.4. From Fig.3.2 and

Table 3.4, it may be noted that, both half power frequency and stop band attenuation may
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be varied by varying the values of a. This type of variation is not possible in its integer

order counterpart.

Table 3.4 Parameters of FOHP filter

Parameters
Order of FOHP -
op (H2) Attenuation (dB/decade)
a=1.0 500 20
a=0.9 1452 18
a=0.8 5471 16
a=0.7 29.58k 14
a=0.6 272.9k 12
a=0.5 5.879M 10

3.2.1.3.  Fractional Order Band Pass Filter

The expression for the transfer function of a FOBP filter [1] can be obtained from

equation (3.1) by selectingb =0 and a > B as:

asP (3.8)
sY+c

T(s)rosp =
The magnitude and phase of transfer function as given in equation (3.8), have been

derived as:

awP (3.9&)

IT(jw)roppl| =
sza + 2cw® cos (%) + c2

prr w¥sin (0‘2_“) (3.9b)
£T(jw)ropp = THE tan po
w?*cos (7) +c

The magnitude and phase of FOBP filter at ® = 0, ® = wgand ® = o as obtained from

equation (3.9) are given in Table 3.5
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Table 3.5 The values of magnitude and phase of FOBP filter for different values of ®

Q) IT(w)rogel £T(jw)ropp
0 0 pr
2
B
o a(c)E ,B_n _ ﬂ
— 2 4
2c cos (T)
0 awh= B -—a)n
2

It may be noted from the above table that unless B < a, the transfer function given in
equation (3.8) can not represent a band pass filter as magnitude will become infinite at ®

= oo for B > o. The peak frequency (wp) of FOBP can be calculated from the equation

% IT(j®w)roBplw=w, = 0 and expressed as:

1

/ cos (?) [(ZB —a) + \/az + 4B(a — B)tan? (%)l (3.10)

=) 2B )

When o = 1, the expression for wp, derived from equation (3.10) can be expressed as

3 (3.11)
1-8

oop=c

1
If o =2, then ©p = wg = (c)= rad/s and frequency in Hz i.e f, = (0.159 X ®,) Hz

A fractional order band pass filter was designed to have a peak frequency of 2000z rad/s
for o = 1.0 and B = 0.8, selecting ¢ = 3140 and a = 1. Using MATLAB simulations, the
magnitude and phase responses for different values of a ( from 1.0 to 0.5 in step of 0.1)

and B ( from 0.8 to 0.3 in step of 0.1) have been plotted and shown in Fig. 3.3.
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Figure 3.3 Magnitude and phase responses of FOBP (a) Magnitude response (b) Phase
response

From Fig 3.3 (a), the peak frequency, attenuation gradients at lower frequency (equal to
6p dB/octave) and higher frequency (equal to -6(a-B) dB/octave) [88] for different

values of a and B have been noted down and given in Table 3.6.
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Table 3.6 Filter parameters of FOBP filter

Parameters
Values of a and p Attenuation Attenuation
of FOBP f, (H2) (dB/octave) at (dB/octave) at High
Low Frequency Frequency
a=1.0,=0.8 1000 4.84 1.19
a=009,=0.7 2900 4,22 1.20
a=0.8,3=0.6 9866 3.62 1.19
a=0.7,=0.5 43.56k 3.02 1.15
a=0.6,3=0.4 262.1k 2.41 1.06
a=0.5,p=03 3.076M 1.81 0.85

3.2.1.4. Fractional Order All Pass Filter

The transfer function of fractional order allpass filter (FOAPF) [1] can be expressed
using equation ( 3.1) as:

s —c (3.12)

T =b———
(S)roap R

where ¢ and b are constants and 0 < o < 1. From equation (3.12), the magnitude and

phase of FOAP can also be expressed as:

(3.13a)
' w2% — 2cw® cos (O;—n) + c?
IT(Gw)roapl =b o
w2% + 2cw® cos (7) + c?
_ w%sin (%) w%sin (O;—ﬂ) (3.13b)
£T(jw)poap = tan™?! — —tan™! —
w%*cos (7) —C w*cos (7) +c

The half power frequency of FOAP filter [1] derived from equation (3.13a) can be

written as:

(3.14a)

o = ( ({frost G =1+ 205 (g))f
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While the right phase frequency(wr), minimum/maximum frequency (om) and cut-off

frequency are equal and can be given as:
Wy = wrp = wgy = (C)E (314b)

It is worth mentioning here that the magnitude response will have a maxima at w, for a

> 1 and minima when a < 1 [1]. The magnitude and phase of filter at different values of

o are shown in Table 3.7.

Table 3.7 The values of magnitude and phase of FOAP filter for different values of o

Q |T(jw)roap! LT (jw)goap
0 b T
o an r
b tan( 2 ) >
0 b 0

In Fig. 3.4, we have shown the magnitude and phase responses of a fractional order all
pass filter designed for a cutoff frequency of (2 x 3140) rad/s for a = 1, by selecting ¢ =

3140 and b =1 for different values of a (from 1.0 to 0.5 in step of 0.1) using MATLAB.
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Figure 3.4 Magnitude and phase responses of FOAP (a) Magnitude response (b) Phase
response

From Fig 3.4, filter parameters such as peak frequencies (wp) and right phase frequencies

(wrp) for different values of a (from 1.0 to 0.5) have been obtained and provided in Table

3.8.
Table 3.8 Parameters of FOAP filter
Filter’s parameters
¢ Peak frequency (Hz) Right phase frequency (Hz)
a=1.0 499 499
a=0.9 1221 1221
a=0.8 3730 3730
a=0.7 15.7k 15.7k
a=0.6 107k 107k
a=0.5 1.56M 1.56M

We now present the general theory and some sample simulations of fractional order
filters realized with two fractance devices.

3.2.2. Fractional Order Filters Using Two Fractance Device

The generalized form of fractional order filters, implemented with two fractance devices

of order a and B can be expressed [2] as:
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As®*B + BsP + C
T(s) = (3.15)
satP 4+ DsB + E

where ‘a’ and ‘B’ (0 <a <1, 0<p <1) are the order of two fractance devices used in the
design of fractional order filters. In a fractional order filter realized with two fractance
devices, arbitrary values of stop band attenuation in the range of 20dB-40dB/decades-
can be achieved by appropriate selection of ‘a’ and ‘B’. This feature is not available in
integer order filters realized with two conventional capacitors. Different responses of
fractional order filter viz. FOLP, FOBP, FOHP, FOBR and FOAP filters can be derived

from equation (3.15) as illustrated in following sections.

3.2.2.1. Fractional Order Low Pass Filter

The transfer function of a fractional order low pass (FOLP) filter can be derived from

equation (3.15) if we take A=0and B =0 as:

C (3.16)
s@tP 4+ DsB + E

T(S)roLp =
The magnitude and phase responses can be obtained from equation (3.16) and expressed

as:

. C 3.17a
ITGw)rore] = . (3.172)

02@*+B) + 2Dw(@+2B) cos ( ) + D2w?B +

2E w@+B)cos ((MB)H) + 2DEwB cos (B ) + E2

@ Psin (@) + DwPsin (Bz—n) (3.17b)

w@+Bcos ((MZB)T[) + DwBcos (B ) +E

-1

£T(jw)poLp = —tan

The low frequency gain (DC gain) of FOLP filter is % . The half power frequency is the

frequency at which gain of transfer function become % times the low frequency gain of
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transfer function i.e. %% and the right phase frequency is the frequency at which phase of

transfer function becomes i% radians. These frequencies for a fractional order low pass

filter can be evaluated by solving the following equations:

o+ B)m 3.18a
wﬁ(“+ﬁ)+2Dw(°‘+ZB)cos( 2)+D2 2P + 2B P <( ZB) >+ (3.184)

T
ZDE(oEcos (87) —E?=0

[ o5 Psin (ET) 4+ Dwfsin (5) (3.18h)
— tan 0P cos ((oc+28)ﬁ)+D F cos (E5) + B =z

N A

It may be mentioned here that the slope of the attenuation characteristics in the
stop band for very high frequencies will be -20(o+f) dB/decade. The magnitude and phase
responses, as given in equation (3.17) have been plotted, using MATLAB, for a FOLP
designed to have a half power frequency of 500Hz (for a = 1, B = 1), by selecting the
coefficients C, D, and E as 9859600, 4439.94 and 9859600 respectively, so that the
response is maximally flat. The magnitude and phase responses for different values of a

and P are depicted in Fig. 3.5.
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Figure 3.5 Magnitude and phase responses of FOLP (a) Magnitude response (b) Phase
response

The slope of the magnitude response in stopband, half power frequency and right phase
frequency as obtained from Fig. 3.5 are given below in Table 4.9, from where it may be
noted that the slope of the magnitude characteristics and the characterising frequency may
be varied between -20db/decade to -40dB/decade by appropriately choosing the values of
a and , B. In contrast, for an integer order filter with two poles, the slope and the half

power frequency always remains fixed at -40dB/decades.
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Table. 3.9 Various parameters of FOLP filter obtained from MATLAB simulations

Value of o and B Parameters
Half power frequency | Right phase frequency | Attenuation
(H2) (Hz) (dB/decade)
a=pB=1.0 500 500 40
a=p=0.9 936.6 1426 36
a=p=0.8 2001 5761 32
a=p=0.7 5553 41.22k 28
a=pB=0.6 22.86k 904k 24
a=p=0.5 180k - 20
3.2.2.2.  Fractional Order High Pass Filter

The transfer function of FOHP filter can be obtained from equation 3.15 by taking take B

=0and C=0as:
T As*tB (3.19)
()romp = s%*+P + DsP + E
From equation (3.19), the expressions for magnitude and phase can be derived as:
A @B
IT(w)roupl = T
w2(@*+B) + 2D @+2p) cos( ) +D2w2b + |* (3.20a)
2E w(@+Bcos ((MB)") + 2DEwP cos (B ) + E2
(a+B) gjp ((LFBIT Bsin(E™
i _ (a+P)m _ 1 w sm( > )+Dw sm( 2)
£T(jo)ronp = —,— — tan <w(a+8)cos (B, papeon (17 (3.20b)

From equation 3.20, the slope of the magnitude characteristics in the stopband for low

frequencies will be +20(o+p) dB/decade.The high frequency gain of FOLP filter is % .

The half power frequency is the frequency at which gain of transfer function become %

times the high frequency gain of transfer function i.e. == 2 and the right phase frequency

\/__

+Z radians. These

is the frequency at which phase of transfer function becomes >
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frequencies for a FOHP filter can be evaluated by solving the following equations:

respectively

aT (a+B)m Bm
D2w2P 4+ 2D @+2P) P E @B IDEw? ( )
wy, + 2Dwy cos( > ) + 2Ew,  "’cos > + Wy cos (= (3.212)
2(a+PB) _
+E%—w, =0
(a+B) . ((at+p)m . (B
(o 1) T a1 u)rg Bsin (—2 ) + Doofpsm (7) +1T (3.21b)
o« ——tan =+— .
2 (a+p) (a+B)m B Bm )
Wy, COS (T) + Dw;,cos (7) +E

The magnitude and phase response, as given in equation (3.20) have been plotted
using MATLAB for a FOHP filter, designed to have a half power frequency of 500 Hz
(fora =1, B =1), by selecting the coefficients A, D, and E as 1, 4439.96 and 9859600
respectively. The magnitude and phase response for different values of a and , B are

displayed in Fig. 3.6.
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Figure 3.6 Magnitude and phase responses of FOHP (a) Magnitude response (b) Phase
response

The slope of the magnitude response, half power frequency and right phase frequency as
obtained from Fig. 3.6 are given in Table 3.10, from where it may be noted that the slope
of the magnitude characteristics and the characterising frequency may be varied by

appropriate selection of the values of o and f.

Table. 3.10 Various parameters of FOHP filter obtained from MATLAB simulations

Parameters
Values of a and B Half power Right phase frequency | Attenuation
frequency (Hz) (Hz2) (dB/decade)
a=p=1.0 500 500 40
a=p=0.9 1598 1051 36
a=p=0.8 6997 2430 32
a=p=0.7 45.11k 6033 28
a=p=0.6 503.1k 12.75k 24
a=p=0.5 13.66M - 20

3.2.2.3. Fractional Order Band Pass Filter

A fractional order band pass function can be obtained from equation (3.15) if we select

A=0and C=0as:
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BsP (3.22)
satBP + DsB + E

T(s)ropp =

From above equation (3.22), the magnitude and phase responses of FOBP filter may be
expressed as:

| BwP (3.23a)
IT(w)ropp| = T
w2(@*+B) + 2D a+2p) cos( ) + D2w?B +

2E w(@+B)cos ((Mﬁ)n) + 2DEwP cos (B ) + E2

BT . »@+Psin (@) + DwPsin (%)
£T(jw)popp = = — tan™
2 w@+Bcos ((a+B)1‘[) + DwPcos (B ) +E (3.23b)

It may be mentioned here that the slope of the attenuation characteristics in the stopband
for lower frequency will be +20p db/decade, while higher frequency be -20a dB/decade.

From equation (3.23a), the high frequency gain as well as DC gain of FOBP filter is
found to be zero, while maximum/peak frequency gain is found to be g (for a = B =1).

The maximum frequency on, of fractional order band pass filter is the frequency at which
magnitude response of fractional order band pass filter attains a maxima. This frequency

is given by:

1
o, = EoP (3.24)

The right phase frequency w.p, on the other hand may be obatined by equating the
equation (3.23b) with ig radian. The solution of the following equation thus, gives the

value of oy as:

wiPsin <w) E + Dog, + Esin <(B 21)“> 0 (3.25)

rp 2
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The frequency responses of a FOBP filter designed to have a maximum/peak
frequency of 500 Hz (for a = 1, p = 1), designed, choosing the coefficients B, D, and E as
4439.96, 4439.96 and 9859600 respectively have been plotted using MATLAB for

different values of a and [ and shown in Fig.3.7.
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Figure 3.7 Magnitude and phase responses of FOBP (a) Magnitude response (b) Phase
response
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From frequency responses as shown in Fig.3.7, the different parameters such as peak

frequencies and stop band attenuations are noted and presented in Table 3.11.

Table. 3.11 Various parameters of FOBP filter obtained from MATLAB simulations

Parameters
Values of @ and B | peak frequency | Maximum Phase Attenuation
(Hz) (degree) (dB/decade)
a=B=1.0 500 89.7 20
«=B=09 1219 80.79 18
0=B=08 3743 718 16
a=p=0.7 15.67k 62.83 14
a=p=0.6 108k 53.88 12
«=B=05 1.58M 445 10

From Fig. 3.7 and Table 3.11, it may be noted that various parameters of FOBP filter
viz. peak frequency, stop band attenuation and maximum phase vary with the values of o

and [ as per the theoretical formulations presented above.

3.2.2.4.  Fractional Order Band Reject Filter

The fractional order band reject (FOBR) filter response can be obtained from equation

(3.15) forB=0and C=A.C, as:

A(s“*B +0) (3.26)
s“*B + DsP + E

T(S)roBr =
From above transfer function of FOBR filter, the magnitude and phase of fractional order

band reject filter can be found as:

= (3.27a)

w2 + 2Cw @B cos ((OH—B)H) +C?
02@*+B) + 2Dw@*26) cos ( ) + D2w?B +

| 2E w(@+B)cos (((HB)T[) + 2DEwB cos (B ) +E?|

ITGw)ropr| = A
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0@ Bsin (@) (3.27b)

w@+Bcos (@) +C

£T(jo)popr = tan™?

0@ Psin (@) + DwPsin (Bz—n)

w@+Bcos (@) + DwPcos (%) +E

- tan™!

The high frequency gain of FOBR filter is A and DC gain is %. The frequency w,, at

which the minima of the magnitude response occurs is given by:

1
Wy, = E@B

(3.28)
The frequency response of a FOBR filter designed for minimum frequency of 500 Hz
(for o = B = 1), by selecting A = 1, C = E = 3140, has been plotted from equation (3.27)

using MATLAB and shown in Fig.3.8. The minimum frequency and maximum phases

obtained from Fig.3.8 for different values of o and B are tabulated in Table 3.12.
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Figure 3.8 Magnitude and phase responses of FOBR (a) Magnitude response (b) Phase
response

Table. 3.12 Various parameters of FOBR filter obtained from MATLAB simulations

Values of o and f3 om (H2) Maximum Phase (degree)
a=p=1.0 500 90.00
a=p=0.9 1227 42.78
a=p=0.8 3719 29.75
a=p=0.7 15.77k 22.00
a=pf=0.6 107k 16.70
a=p=0.5 1.5M 12.78

The minima frequency and maximum phase shift of FOBR filter can be varied with the
variation of a and 3, which can be observed from Fig.3.8 and Table 3.12.

3.2.2.5.  Fractional Order All Pass Filter

For A =1 B =-Dand C = E, the transfer function given in equation (3.15) will

represent a fractional order all pass (FOAP) filter.

s _DsP + E (3.29)
s@*+B 4+ DsP + E

T(S)roap =

Using equation (3.29), the magnitude and phase of FOAP filter may be derived as:
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|
N |-

w28 — 2Dy (@+2B) cos( ) + D2w?P +
2E w@+B)cos ((HB)H) 2DEwP cos (B ) + E2

T | = (3.30a)
Oroar w2(@*+B) + 2D a+2p) cos( ) + D2w?B +
| 2E 0(@*P)cos ((HB)H) + 2DEw® cos (B ) +E?|
. w@*Psin ((MZB)H) DwPsin ( > ) (3.30)
£T(jw)poap = tan™
w@*+Bcos (w) — DwPcos (E) +E
2 2

0@ Bsin (@) + DwPsin (%)

w@+Bcos ((aﬂg)“) + DwPcos (B ) +E

—tan~!

The high frequency gain and DC gain are unity. It may benoted that unlike a integer order
all pass filter of order 2, the magnitude response of FOAP filter realized with two
fractance devices, may have a maxima/minima and the FOAP filter may not be a true all
pass filter [2]. The magnitude and phase plots of the FOAP filter using MATLAB are
shown in Fig.3.9, while frequencies (o) for different values of o and 3 are given in Table

3.13.

a=10, =10
—— =09, 5=09

=
=
= 0.8, 3=08
a =08, F=10.

E300 — =07 =07
B =06, 3=0.6
g =40 - : (I;=[;|.5‘ ,3=-|].5

50+

-60

70 AR i - T R FiF L

10! 10’ 10} 1o 10’ 10° 10’ 10

Frequency (Hz)

86



200 . HR R | -

|—a=10, 5=1.0

150 a=09, =09

| ——a=08,5=08

| —a=07,5=07 :

100 - =06, F=06 S
: =05, F=0.5

n
=

Phase (Degree)
=

-50
100
-150
200 ;
10! 10 10° 10* 10° 10° 107 10f
Frequency (Hz)
(b)

Figure 3.9 Various parameters of FOAP filter obtained from MATLAB simulations

Table. 3.13 Various parameters of FOAP obtained from MATLAB simulations
Values of a and [ Minimum frequency (Hz) | Maximum Phase (degree)
a=p=1.0 500 179.6
a=p=0.9 1227 179.3
a=p=0.8 3743 179.3
a=p=0.7 15.77k 179.7
a=p=0.6 107k 178.4
a=p=0.5 1.56M 88.59

3.2.3. Realization of Fractional Order Filters Using Rational Approximation of
Fractional Order Laplacian Operator

In this approach, using a rational approximation of s*, based on continued fraction
expansion of (1 + x)* (which converges in the finite complex s-plane, along with the
negative real axis from (x = -0 to x = -1)) , substituting x=s-1 and retaining first four

terms in the expansion [89], the fractional order Laplacian operator s* is approximated

by

2

ags“+aqs+a

g% = o8 taustdy (3.31)
axs“+aqs+ag
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Where ay, a; and a, can be given by following equation
ap= (0 + 30 +2), a; = (8 — 20%) and a, = (¢ — 30 + 2). (3.32)

Because of this approximation, the transfer function of FOFs is converted into integer order
transfer function. If the continued fraction expansion is terminated with higher number of terms
then the rational order approximation will be of higher order, resulting into a still higher integer

order for the approximated transfer function.

Thus, equivalent integer order transfer function for the FOFs can be obtained
using equations 3.15 and rational approximation of s*, to realize the FOLP, FOHP and
FOBP responses of FOFs. In the following, we have illustrated the concept by taking an

example of the realization of fractional order low pass filter’s transfer function.

3.2.3.1. Fractional Order Low Pass Filter

The transfer function of a prototype fractional order low pass filter realized with two

fractance devices can be expressed as:

C ~ C (3.33)
s®+B + DsB + E  s%sB + DsB + E

T(S)FOLP =

Using a rational approximation of s* based on continued fraction expansion of (1 +
x)%* (which converges in the finite complex s-plane, along with the negative real axis
from (X = -0 to x = -1) , substituting x = s — 1 and retaining first four terms in the
expansion [88], this transfer function may be converted into an integer order transfer

2 2
aps“+aqs+a bgs“+b;is+b
0 1 2315[3 0 1 2

= in the transfer function
apsZ+ags+ag b,s2+bys+b

function by substituting s* =

given in equation (3.33). The resulting integer order transfer function may be expressed

as:
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C(Nys* + N3s3 + Nys2 + Nys + Np) (3.34)

T(s =
(S)ror D,s* + D353 + D,s2 + Dys + D,
No = agbg Do = ayb, + Dagb, + Eagbg
N1 = a1b0 + a0b1 D1 = a1b2 + a2b1 + D(a0b1 + albz) + E(a1b0 + aobl)

Dy = agby + ajb; + azbp + D(agbg + a1by + azby) + E(azbg

N, = ajb; + azbg + agb, +ajb; + agby)

N3 =a)b; +a;b, D3 =agb; + ajbg + D(a;bg + azby) + E(azb; + a;by)
Ns = asby D4 = agbg + Dasby + Easb,

The transfer function represented by equation (3.34) can now be realized using any of the
standard methods available for realization of a rational transfer function using some
active building block(s), resistors and conventional capacitors. It may be mentioned here
that the rational function approximation method results into a similar integer order
transfer function for FOLP, FOBP, FOHP and FOBR filters. Depending on the numerical
values of the coefficients of the numerator and denominator polynomial, the response

represents different filters [89].

3.3. Literature Overview of Fractional Order Filters

During the last couple of years, a very large number of contributions have been made on
the realization of fractional order analog filters, in the following, we present a detailed
account of the major contributions made by various researchers in the field of fractional
order analog filters, so that the work presented in this chapter may be put in proper

perspective.

The main work on the realization of fractional order filters started with the paper
of Radwan, Soliman and FElwakil [1] wherein fractional order low pass (FOLP),

fractional order high pass (FOHP), fractional order band pass (FOBP) and fractional
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order all pass (FOAP) filters were reported using a single fractance device. The
expressions for different critical frequencies viz. pole frequency, the right phase
frequency, half power frequency and the quality factor were derived. Passive proto types
of these fractional order filters were simulated in which the fractional order capacitors
were realized by an approximation method presented in [2]. Numerical simulations were
also carried out to verify the proposed theory. Subsequently, this work was extended to
cover circuits with two identical fractance devices, wherein, design and simulation of
Sallen-Key and KHN bi-quad filter topologies were presented in fractional domain along
with the experimental results of KHN bi-quad filters using real fractional order capacitors

of order 0.5.

Freeborn, Maundy and Elwakil [3-4,57] have used the approach of
approximating the Laplacian operator s“ by an integer order approximation, and, thus
converting the fractional order transfer function into an integer order transfer function
and then realizing the transfer function with standard analog hardware and passive
components. In all these research works the coefficients of the fractional order transfer
functions were chosen in such a way so as to result in frequency responses which were
maximally flat in pass band. Specifically, fractional order low pass filter of order (1+a), a
varying in steps from 0.1 to 0.9 was presented in [3] while in [57], the authors reported
the use of field programmable analogue arrays (FPAA) hardware to implement an
approximated fractional step transfer function of order (n+a), where n is an integer and 0
<a <1. In [4], (5+a) order low pass and band pass fractional order filters using op-amp

MC-1458 were presented.
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Fractional order filters using two fractional capacitors of dependent orders (o =
kpP) to realize the FOLP, FOHP and FOBP responses were reported in [5]. Numerical and
ADS simulation results of fractional order KHN bi-quad filters were provided to validate
the theoretical findings. The stability conditions for designed filters have also been

described.

In [6], two transfer functions have been presented, one realized by RCD structure
while the other uses a series capacitor with a parallel LC tank circuit in which the series
capacitors have been replaced by fractional order capacitors for realizing high-quality
factor asymmetric-slope FOBP filters. SPICE and experimental results have been

provided to verify the theory.

In [7], authors have proposed the use of fractional order capacitors in Tow-
Thomas bi-quad to realize both fractional low pass and asymmetric band pass filters of
order 0 < (a; + ap) < 2. PSPICE and MATLAB simulation results of first order fractional-
step low pass and band pass filters of order 1.1, 1.5 and 1.9 have been provided as
examples. The results of fractional order low pass filter of order 1.5 are experimentally

verified using silicon fabricated fractional order capacitor of order 0.5.

Design of KHN bi-quad filters using fractional order capacitors of order a and 3 has
been reported in [8]. The frequency responses of these proposed filters obtained
experimentally are compared with simulated results of PSPICE and MATLAB. The

sensitivity analysis and stability of presented filters have also been examined.

In [9], authors have described a general procedure to obtain Butterworth filter
specifications in the fractional-order domain with the necessary and sufficient condition

for getting maximally flat response with a specified cut off frequency. As an example,
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fractional order KHN and Sallen—Key filters using fractional order capacitors have been

designed.

Soltan, Radwan and Soliman [10], [30] have described the general design
procedure for fractional order analog filters in terms of various critical frequencies
namely maximum/minimum/half power of the filters and the transfer function
coefficients taking into consideration the stability of the realized filters, showing the
flexibility in the design procedure because of extra degree of freedom provided by the
fractional parameters. Design examples of KHN and Tow-Thomas filters using second

generation current conveyors have also been presented.

A fractional order low pass filter having Butterworth characteristic was
implemented for the first time using the concept of switched capacitor filters [11].
Fractional order low pass filters of order (1+a) and (3+a) were designed and verified

using transistor level simulations using AMS 0.35pm CMOS process.

Fractional order KHN type filters with two different PMMA coated constant
phase elements have been presented in [12], and experimental results have also been

compared with PSPICE and MATLAB simulation results.

Freeborn in [13] has shown that using a MATLAB based optimization approach,
the transfer function coefficients of (1+ a) order FOLP filter can be obtained more
accurately for specified least square error in the pass band, cut-off frequency, stability
margin etc. Numerical simulations and circuit simulations of Tow-Thomas biquad

realization for three different order FOLP filters have been presented.
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Laguerre impulse response approximation method has been used for
implementation of fractional order filters in [14]. A method based on optimization of
fractional characteristics specimen function has been proposed in [15] to determine the
coefficients of the fractional order band pass filter transfer function with asymmetric stop
band characteristics using MATLAB. Experimental and simulation results for fractional

order Tow-Thomas bi-quad structure have also been presented.

Soltan, Radwan and Soliman have presented a passive fractional order
Butterworth low pass filter in [18]. The series connection of R-L-C circuit is used to

study the two different cases of fractional order low pass filter.

A metaheuristic optimization algorithm based approach to design (1 + o) order
low pass Butterworth filter in terms of an integer order continuous-time filter of third
order was proposed in [24]. Due to the improved search efficiency of the search agents in
exploring and exploiting the non-uniform and multimodal error surface, the proposed
gravitational search algorithm (GSA) based designs achieve the best magnitude responses
in a consistent and computationally proficient manner as compared with the fractional

order low pass Butterworth filter (FOLBFs) based on RGA and PSO.

In [25], the concept of fractional order complex Chebyshev filter was introduced.
A fractional variation of Chebyshev differential equations was introduced based on
Caputo fractional operator. The proposed equation was solved using fractional Taylor

power series method.

In [26], fractional order transfer functions to approximate the pass band and stop
band ripple characteristics of a second-order elliptic low pass filter were designed and

validated. The necessary coefficients for these transfer functions were determined
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through the application of a least squares fitting process. These fittings were applied to
symmetrical and asymmetrical frequency ranges to evaluate how the selected
approximated frequency band impacts the determined coefficients using this process and

the transfer function magnitude characteristics.

Design of a CFOA-based fractional order filter with low pass magnitude response
optimized for minimum error in the frequency response, utilizing the decomposition of
an approximated integer order transfer function representing a low pass fractional order

filter of order (1+a) has been presented in [27].

CFOA-based fractional order filters utilizing an approximated integer order
transfer function implemented with functional block diagram approach is presented in

[28] for the realization of (1+a) and (5+a) order filters.

A detailed stability analysis of fractional order Sallen-Key and KHN type filters
with two different fractional order elements has been presented in [31]. The relationship
between transfer function parameters and the singularities of the system along with
several stability contours for the various values of the coefficients of transfer function has

also been presented.

A Fractional order low pass and high pass filters of order (1+a) in current mode
with Butterworth characteristics realized with second generation multi-output current

conveyors and DDCCs have been presented in [32].

A multi objective optimization approach implemented in MATLAB for designing
a FOLP filter with specified cut off frequency, stop band frequency (transition

bandwidth) and pass band attenuation, determining the optimized values of o and the
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transfer function coefficients has been presented in [33]. Two fractional order filters of
order 1.6 and 3.6 are implemented using CClIIs. Experimental and simulation results are

provided to validate the proposed design approach.

A general design procedure for prototype fractional order filter utilizing two port
network concept has been proposed in [35]. The general transfer function along with the
necessary network condition, critical frequency and stability condition are also derived

for the forty six presented fractional order filters.

Effect of four different approximation techniques for the realization of s® namely,
Oustaloup, Matsuda, CFE and Valsa on the performance of KHN bi-quad filters in respect of
various critical parameters of the fractional order filters has been investigated in [36].
Experimental results of a fractional order KHN bi-quad filter in which the fractional order

capacitors have been realized using Valsa method have also been presented.

CFOAs based fractional order filters have been reported in [37] with inverting
and non-inverting modes of operations. SPICE simulations have been performed for

fractional order low pass, high pass and band pass filter responses.

A multifunction fractional order filter based on single CDBA using five fractional
order capacitors (three of them are of same order and two of different orders) was
presented in [38]. Numerical simulations using FOCOM toolbox of MATLAB and
SPICE based circuit simulations have been carried out to validate the workability of these

filters.

Inverted impedance multiplier circuit (IIMC) employing OTAs has been used to

realize fractional order inductors (FI) and fractional order capacitors (FC) for a >1 in
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[40]. The applications of realized FC and FI in the design of higher order FOLP, FOHP,
and FOBP filters have also been presented. Experimental verification of proposed [IMC

was performed using LM 13600N dual OTAs IC.

An approach for designing FOLP and FOHP filters using OTAs and current
amplifiers with standard capacitors and without using any passive resistors were reported
in [41]. The realized filter structures were reconfigurable in which the order of the filter
and the coefficients of the filter transfer function determining the performance of the
filter can be controlled electronically. SPICE simulations and experimental results are

provided to validate the proposed fractional order filters.

Suksang, Pirajnanchai and Loedhammacakra [42] have reported a tunable OTA
low pass filter using fractional-order step technique. The proposed structure has

employed an IC LT1228 to realize the said filter.

A generalized fractional order filter structure using OTAs, which can realize
FOLP, FOHP, FOBP, FOAP and fractional order band stop filter responses have been
presented in [43], wherein resistor less realization of these fractional order filters having
all grounded capacitors and electronically controllable parameters like cut-off frequency
and order of filter have been proposed. The simulation results of fractional order filters of

order 0.5, 1.2, 1.5 and 1.8 were also presented.

In [44], a (1+a) order fully differential low pass filter using OTAs, adjustable current
amplifiers (ACAs) and fully differential current conveyors has been reported. The proposed
filter structure is based on inverse follow the leader feedback (IFLF) topology. The order ‘o’

of the filter as well as the cut-off frequency are electronically controllable.
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An electronically tunable fractional order all pass filter using two OTAs and one
fractional order capacitor has been proposed in [45]. In [48], trans-admittance mode
fractional order filter topology has been reported. Fractional order low pass, high pass
and all pass filters were realized with two OTAs and one fractional order capacitor.
Through PSPICE simulations as well as experimentally, the proposed fractional order

filters were verified.

Single-input multiple-output and multiple-input single-output fractional-order
filter topologies were reported in [50], constructed from two fractional order integrators

with appropriate feedback and feed-forward paths, as well as from summation stages.

Multi-input single-output fractional order filter structure using three OTAs was
proposed in [51]. Fractional order low pass, band pass, high pass, band reject and all pass
filters can be realized with the same topology. PSPISE simulation results are provided to

validate the proposed fractional order filter structure.

An ultra-low sub-hertz range frequency fractional order filter scheme was
presented in [53]. In addition to low frequency design, the filter offers the features of

electronic tunability.

In [54], the authors proposed a multifunctional reconfigurable fractional-order
filter having low-pass, high-pass, band-pass and band-reject transfer functions. The
circuit has provision to provide the electronic control of the pole frequency and quality

factor.
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A multi-function fractional-order filter topology, constructed from 2 MOS
transistors only, was introduced in [55]. The main attractive feature was the significant

reduction of MOS transistor count and, consequently, the reduced power dissipation.

Design procedure for the realization of FOLP and FOBP filters with Butterworth
type characteristics, in which the values of passive elements can be calculated in terms of

cut-off frequency using two differential voltage current conveyors has been reported in

[57].

In [58], differential difference current conveyors (DDCCs) based realization of
(1+a) order FOLP filter approximated by second order approximation of the Laplacian

operator has been proposed.

In [59], authors have outlined the use of universal voltage conveyors (UVCs) in
the design of FOLP and FOHP filters. FOLP and FOHP transfer functions were
approximated by integer order transfer functions of third order, using continued fraction
expansion (CFE) method. The resultant transfer functions of FOLP and FOHP filters
were implemented using UVCs devices. The PSPICE simulation results of FOLP and

FOHP filters of order 1.3, 1.5 and 1.7 were provided to validate the theoretical findings.

Capacitor-less lossy and lossless integrators using current mirrors have been
employed in [60] to propose MOS only structure of FOLP, FOBP, FOHP and fractional
order band reject filters based on IFLF topology realizing integer order approximation of
these filters. Various filter parameters of these fractional order filters can be controlled

digitally.
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Kubanek and Freeborn in [61] have determined the coefficients of three different
fractional (1+a) order low pass transfer functions by minimizing the error between these
fractional order transfer functions and the second order transfer function using least
square optimization with fminsearch function of MATLAB. Simulations of fractional
order low pass filter (order 1.5) using two DVCCs and one fractional order capacitor

were carried out to validate the theoretical findings.

A new family of low-pass filters has been proposed in [66], which allows the tuning of
the cut-off frequency between 20 Hz and 20 kHz and that of the filter attenuation between 0

and -6 Decibels per octave, separately and independently from one another.

A low-pass fractional order filter topology based on a single MOSFET was
presented in [67]. The filter was realized using a fractional order capacitor fabricated
using multi-walled carbon nanotubes. The electronic tuning capability of the filter’s

frequency characteristics was achieved through a biasing current source.

In [68], authors introduced the proposal of the fractional order low pass filter,
operating in current mode and providing the ability to electronically adjust the order and
pole frequency by changing values of the individual transfers. Simulation and
experimental results of the electronically controlled order and pole frequency were

compared.

Fractional-order filter realizations with Chebyshev characteristics, approximated
by appropriate integer-order topologies, were realized in [69]. The employed active
building blocks were current-mirrors and the derived filters were capable of operating in

a low-voltage environment and resistor-less realization.
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In [70], six optimal fractional order transfer functions (FOTF) approximating the
magnitude characteristics of a fractional-order high pass Butterworth filter were
presented. A novel cost function was proposed which specifically considers the
characteristics of an ideal (1 + a) order (0 < a < 1), high pass Butterworth filter over the
pass band as well as the stop band. One of these transfer functions (current mode

fractional order high pass) is implemented using CCllIs.

In [71], a new kind of fractional order Butterworth-like filter has been designed using
the consideration of poles lying on a circle in the transformed w-plane and also using the
concept of stability in complex w-plane. The obtained fractional Butterworth-like filters

were analysed from the nature of poles, as well as in the time and frequency domains.

A fractional order differential operator had been simulated in MATLAB for
different input signals and different values of a (fractional order) in [72]. The simulated
results showed that the response of the system was noticeably different for the integer
and non-integer values and it was observed that for gradual change of a from 0 to 1, the

fractional order system resulted in gradual change in the output response.

Optimal integer-order transfer function approximations to model the single fractance
element-based fractional order low-pass filter for any arbitrary order ‘a’, where, 0 <o < 1, was

proposed in [73] with ‘o’ varying from 0.01 to 0.99 in steps of 0.01.

A fractional order Chua’s circuit based on a new look at Chua’s chaotic oscillator
where the circuit has been regarded as an interconnection between an oscillator, a passive

low pass filter and an active load was presented in [74].
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In [75], the fractional order model of a phantom electroencephalographic system,
at various distances between electrodes, was realized using appropriate decomposition of
the rational transfer function which approximated the high pass filter that describes its

dynamics.

A multi-function fractional order filter topology realized, utilizing the partial
fraction expansion tool, was introduced in [76]. The implementation of the filter
functions, offers reduced circuit complexity without losing the important benefit of the

electronic tuning of the frequency characteristics.

A fractional order Wiener filter was proposed in [77], for restoring reference
objects in a fractional correlation system. In [78], a current differencing buffered
amplifier based current mode universal filter with fractional order capacitor was
proposed. A piecewise frequency control (PFC) strategy was proposed in [79] for co-
ordinating vibration isolation and positioning of supporting systems under complex
disturbance conditions, such as direct and external disturbances. This control strategy
was applied in an active-passive parallel supporting system, where relative positioning
feedback for positioning and absolute velocity feedback for active vibration isolation was

used.

An application of PSO algorithm for fractional order filter function discretization
for digital signal processing applications was presented in [80]. The proposed method

contributes to digital filter design.

In [81], multiple methods to generate (1 + o) order FOHP, FOBP filter transfer

functions from their FOLP counterparts were presented.
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A new approach to design fractional order low pass Butterworth filters (FOLPBF) in
terms of integer order rational approximations meeting an accurate magnitude response was

proposed in [82].

In [83], a novel solution of a fully differential (1+o) fractional-order filter was
reported. The filter can provide low-pass, high-pass, band-pass and band-stop transfer

functions without a change in circuit topology.

In [84], the design method of IIR filters, using an improved genetic algorithm to
optimize the coefficients of fractional order differentiator was introduced. Experimental
results were given to show that the algorithm can deal with all cases of fractional
differentiator design problem, and made even more outstanding than the traditional design

method results.

In [85], Soni and Gupta have reported the approximated behaviour of low pass Bessel
filter of Tow-Thomas filter configuration. Interior search algorithm (ISA) was used for the
approximation of the behaviour of proposed fractional order filter. (1+a) order low pass

filters were analysed with MATLAB and PSPICE software tools.

Soni and Gupta in [86], have proposed the fractional order low pass Chebyshev filter
using Tow-Thomas filter configuration. Three optimization techniques namely simulated
anneling (SA), non-linear least square (NLS) and interior search algorithm (ISA) were used

to optimize the proposed filters.

The design and realization of fractional order Butterworth low pass filter of order
(1+a), with 0 < a < 1, optimized employing a speed enhanced series combination of two
meta-heuristic algorithms namely cuckoo search algorithm (CSA) and ISA was presented by

Soni, Sreejeth, Saxena and Gupta in [87].
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After presenting a detailed account of important works reported on the realization of
fractional order filters, we now present new structures of fractional order filters realized with

current feedback operational amplifier (CFOA) with two/three fractance devices.
3.4. Voltage Mode Fractional Order Filters Employing a Single CFOA

Current feedback operational amplifier or the trans-impedance amplifier with an
externally accessible compensation pin, such as AD844, is a very versatile analog circuit
building block for analog circuit design, as compared to conventional voltage mode op-
amp in many signals processing as well as signal generation applications. CFOAs are
receiving considerable attention in analog circuit design as they offer two significant
advantages over op-amps namely, very high slew rates and a constant bandwidth which is
independent of the gain [90]. They have been extensively used for the realization of
various analog signal processing circuits both in integer order domain as well as in

fractional order domain.

The CFOA is a four terminal analog active building block characterized by the hybrid

matrix equation (3.39):

ly 0 0 o1[% (3.39)
Ux _ 1 O 0 ix
i 0 1 0|V,
v,] lo o 1lf,

From matrix equation (3.39), terminal equations can be deduced as:

iy =0,vy = vy,i, =land vy, = v,

(3.40)

The circuit symbol of CFOA is shown in Fig. 3.10.
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Figure 3.10 Circuit symbol of CFOA
In the following, we introduce two new circuits of single CFOA-based fractional order
filters (FOFs) operating in voltage mode. With appropriate choice(s) of branch
admittance(s), fractional order low pass filter, fractional order band pass filter and
fractional order high pass filter responses can be derived from the same configuration.
Two identical fractional order capacitors have been used the design of fractional order

filters (FOFs).

3.4.1. First Structure of Fractional Order Filter2

Fig. 3.11 shows the first proposed generalized configuration of the proposed FOFs. Assuming

anideal CFOA (i, =0,v, =v,,i, =i, and V,, =V, ), the transfer function is found to be:

Vo _ Y1Y2 (3.41)
Vi ya(y1+y2+y3)

where y,,i =1-4are the branch admittances.

2 The work presented in this section has been published in : Manoj kumar, D. R. Bhaskar and P. Kumar,

“A multifunctional voltage mode fractional order filters using a single CFOA,” International Journal of
Innovative and Technology Exploring Engineering, vol. 9, no. 4, pp. 687-691, 2020.

104



Vin Y1

Figure 3.11 First Configuration of FOFs

The various filters responses viz. FOLP, FOBP and FOHP can be obtained from equation
(3.41) by appropriate choice(s) of different branch admittances. Table 3.14 shows the

selection of branch admittances to realise various fractional order filters.

Table 3.14 Various fractional order filter transfer functions derived from equation

(3.41)

. Vo
Filter Y1 Y2 Y3 Ya Vo
in
1 1 a 1 K
FOLP 1 1 s°Ca | gag, 4 L K
Ry R, R, D;(s)
FOBP 1 seC, 1 sec, +l _ Kps©
Ry R3 Ry D,(s)
FOHP s%C, s%C, 1 sec, +i _K352“
R3 R4 D3 (S)
where Dy(s) = 5°* + a;5" +by, Da(S) = 5° + a,5” +by, D3(s) = s°* + ass” +bs and
= 1 - 1 - GG
Ky = R1R;C35C, K = R1Cy and Ks = C4(C1+C2)

The coefficients a;-az and b;-b; for the FOLP, FOBP and FOHP filters are mapped with

the values of various passive elements as given below in Table 3.15.

Table 3.15 Mapping of the coefficients of the characteristic equation with the passive

components of the fractional order filters

Filter Coefficients
N 1(1+1)+1 b 1 <1+1>
! C:\R, ' R,) " R,C, ! C.C,R,\R, ' R,
. 1(1+1)+1 b 1 <1+1>
2 C,\R, ' Rs) ' R.C, 2 C,C.R, \R; ' Rs
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1 1 1
+ b
R,C,  Rs(Ci+C)) ’ R3R,C,(C + Cp)

ds

Thus, from Table 3.14, it is seen that the FOLP and FOBP can be realized using three
resistors and two fractional order capacitors (0 < a < 1), while for FOHP, two resistors

and three fractional order capacitors are needed.
The oy, of fractional order low pass and high pass filters, and maximum frequency (®m)

can be obtained from following equations:

FOLP:
T T
or* + 2a;wi%cos (7) + wz*(a;% + 2bycos(am)) + 2a;b; wiicos (7) (3.42)
- b12 = 0
FOHP:
am am
b;® + 2a303"cos (7) + wz%(az? + 2bzcos(am)) + 2azbzwfcos (7) (343)
—wi*=0
FOBP:
Wm = (bz)i (3'44)

3.4.1.1. PSPICE and MATLAB Simulation Results

PSPICE simulations of the proposed FOFs as shown in Fig.3.11 have been carried out for
FOLP, FOBP and FOHP responses. In the simulations PSPICE macro-model of AD844
supplied by Analog Devices has been used along with two/three simulated fractional
order capacitors and three/two conventional resistors to verify the workability of the
proposed FOF circuits. The component values (the value of resistors and FCs), required
to realize the FOLP, FOBP and FOHP responses of FOFs for a half power frequency/

maximum frequency of 500 Hz ( for o = 1) are given in Table 3.16.
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Table 3.16. Component values for the realization of fractional order filter used in PSPICE

simulation
Type of filter Resistor Fractional Capacitor

_ _ _ C3 = 0.382uF/sec®?

FOLP R1=690Q R,=690Q R;=690Q Ca = 0.38211F/sec™

C, = 0.382uF/sec®™™

R;=1120Q R3=1120Q2 R;=1120Q

FOBP 1 0 3 0 4 0 Cu= O.382uF/S€C(a-1)

C, = 0.382uF/sec®?

FOHP R;=1000Q R,;=1000Q C, = 0.382pF/sec®™

C4 = 0.382uF/sec®?

The fractional order capacitors, used to realize the FOFs have been designed using a

method proposed by Valsa, Dvorak and Friedl [89]. The R-C ladder structure along with

symbolic representation of FC are shown in Fig. 3.12, while the passive components used

in the design of the FC, for various values of the fractional order parameters are provided

in Table 3.17

EEEEN

L -

Figure 3.12 RC ladder structure used to realize fractional order capacitors for the value of 0.382

HF/sec®?
Table 3.17 Component values for the realization of FCs
o Cy = 0.382 uF/sec™”
Resistors Capacitors
0.9 R,=168.95, R,=17.40, R, = 1.79, C.=59, C, =46, C.=35,Cq =27, C,= 21,

Ry = 0.18, R,=.019, Rp = 1471.36 C,=75

0.8

R,=142.47, R,=8.89, R, = 2.5,
Ry =0.33, Re=0.04, R, =932.16

C,=70.19, C, = 42.35, C,= 25.56, C4 = 15.42
C.=9.31,C,=14.15

0.7 | R==165.52, Ry= 28.25, R, = 4.82,

C,=60.41, C, =28.32, C,=13.27, C4 = 6.22,
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R4 =0.82, Re=0.14, Rp=804.3

C.=292,C, =257

R.=224.43 R,=49.31, R, = 10.83,

06 R4 = 2.38, Re= .52, Rp = 797.06

C.= 4456, C, = 16.22, C.= 5.91, C4 = 2.15,
C.=0.78,C, = 0.48

R.=338.96, R, = 95.87, R = 27.12,

05 R4 =7.67, Re=2.17, Rp = 859.45

C.= 295, C, = 8.34, C.= 2.36, Cq = 0.67, C, =
0.19, C, = .074

All resistors are in k€ and capacitors are in nF.

Using same component values (as used
FOFs given in Table 3.14 have also bee

of a (from 0.5 to 1.0). The frequency

in PSPICE simulations), the transfer function of
n simulated using MATLAB for different values

responses of FOFs obtained from PSPICE and

MATLAB simulations are shown in Fig. 3.13, while the obtained numerical results are

provided in Table 3.18 (for frequency) and Table 3.19 (for stop band attenuation)

respectively. Thus, workability of prop

well as MATLAB simulations.

osed FOFs has been tested through PSPICE as
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Figure 3.13 Frequency responses of FOFs (a) FOLP (b) FOBP (c) FOHP

Table 3.18 Simulation results for half power/maximum frequency (kHz)

_ Value of a
Frequency (in kHz)
1.0 0.9 0.8 0.7 0.6 0.5
PSPICE 0.49 0.972 2.21 7.03 28.0 273
Half power
frequency | MATLAB 0.50 1.10 2.35 7.07 29.3 280
(FOLP) Theoretical | 0.51 0.955 2.16 6.455 29.11 | 254.48
PSPICE 0.501 | 1.66 7.24 38.9 397 -
Half power

frequency | MATLAB | 0.498 | 157 | 6.60 | 3889 | 400 | 9.8M

(FOHP) Theoretical | 0.497 1.57 6.51 38.78 | 398.47 | 9.79M
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. PSPICE 0.501 1.20 4.26 15.49 134.8 1.0M
Maximum
frequency | MATLAB | 0.525 1.26 4.10 15.89 122.0 1.6M
(FOBP) | Theoretical | 0525 | 129 | 398 | 169 | 11659 | 1.73M
Table 3.19 Simulation results for stop band attenuation (dB/decade)
_ Value of a
Attenuation (dB/decades)
1.0 0.9 0.8 0.7 0.6 0.5
PSPICE 39.96 36.96 32.42 27.46 21.93 14.32
Attenuation
(FOLP) MATLAB | 39.70 35.24 31.79 26.43 32.70 18.24
Theoretical | 40.00 36.00 32.00 28.00 24.00 20.00
PSPICE 38.46 35.26 31.67 27.87 23.94 19.95
Attenuation
(FOHP) MATLAB | 39.29 35.51 31.66 27.82 23.85 19.92
Theoretical | 40.00 36.00 32.00 28.00 24.00 20.00
PSPICE 19.75 17.80 15.87 13.93 11.95 9.95
Attenuation
(FOBP) MATLAB 19.88 18.05 15.91 13.57 11.82 9.97
Theoretical 20 18 16 14 12 10

From the Tables 3.18 and 3.19, it may be noticed that both the PSPICE and MATLAB
simulation results of the proposed FOFs are in good agreement with the theoretical

values.

3.4.1.2. Experimental Results of the Proposed FOFs

The workability of proposed FOFs has also been corroborated experimentally using
ADB844, resistors and fractional order capacitors. To examine the performance of FOLP,
FOBP and FOHP filters, we have bread-boarded the circuits as given in Fig.3.11 using
discrete components whose values are given in Table 3.16 for o = 0.7. The DC power
supply voltages of +12 V were used to bias the AD844. All three responses (FOLP,
FOBP and FOHP) of FOFs are obtained separately using KEYSIGHT DSOX-3034T and

these are shown in Fig. 3.14 along with one snapshot of experimental set up.
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Figure 3.14 (a) Experimental results and Frequency responses (a) Experimental setup (b) FOLP
response (c) FOBP response (d) FOHP response

The experimentally acquired frequency responses of proposed FOFs along with
responses obtained using PSPICE and MATLAB are shown in Fig. 3.15, while the
numerical values of the half power frequencies and maximum frequencies are provided in

Table 3.20
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Figure 3.15 Experimental results superimposed on PSPICE and MATLAB results for
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Table 3.20 Half power/maximum frequencies of proposed FOFs for a = 0.7

Type of FOFs Frequency (kHz)

FOLP Half power frequency (kHz)
MATLAB 7.07
PSPICE 7.03
Experimental 7.50

FOBP Minimum Frequency (kHz)
MATLAB 15.49
PSPICE 15.89
Experimental 15.39

FOHP Half power Frequency (kHz)
MATLAB 38.89
PSPICE 38.98
Experimental 39.80

From the above results, it may be observed that the experimental results corroborate the

results obtained from PSPICE simulations and MATLAB evaluations.

3.4.2. Second Structure of Fractional Order Filter

The second proposed multifunction fractional order filter structure is shown in Fig. 3.16
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Figure 3.16 Proposed second configuration of FOFs
A routine circuit analysis (assuming ideal CFOA) of the structure of Fig.3.16 yields the

following transfer function:

Vo Y1Ya (3.45)

Vin Ys(ityatys)tya(yit+ys )

where vy, i=1-4 are the branch admittances.

From equation (3.45), various fractional order filters viz. FOLP, FOBP and FOHP can be
realized with appropriately selecting the various branch admittances as given in Table

3.21.

Table 3.21 Various fractional order filter transfer function derived from equation

(3.45)
Vo
FOFs Y1 Y2 Y3 Y4 Ys V.
in
FOLP 1 ! ac ! ac Ky
— — s — s
Ry R, 3 R, > D, (5)
FOBP ! ac ! ac ! Kos™
R, 52 R e Rs D,(s)
1 1 1 K352“
FOHP seC — = s“C =
1 R, Rs 4 R Ds(s)
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where Di(s) = s** + a;5* +by, Do(S) = s** + as” +by, Ds(s) = s°* + ass” +bs and K; =

1 1
,KZ = and K3 = 1
R1R4C3Cs R;1Cz

The coefficients a;-az and b;-b; for the FOLP, FOBP and FOHP filters are mapped with

the values of various passive components as given below in Table 3.22.

Table 3.22 Mapping of the coefficients of the characteristic equation with the passive

components of the fractional order filters

N 1 (1 4 1) b 1 <1 N 1)
! C:\R, R, ! C.C:R,\R, R,

N 1 N 1 b 1 <1+ 1)
? RsC, ' R.C, ? C,C4Rs \R; ' R,

. 1 N 1 b 1 (1 N 1)
: RsC, ' R,C, : RsC;C4 \R, ' Rj

Thus, from Table 3.22, it is seen that the FOLP, FOBP and FOHP can be realized using
three resistors and two fractional order capacitors (0 < a < 1). The half power frequency
(o) of FOLP and FOHP filters and maximum frequency (wn) of FOBP filter can be

obtained from equations (3.42), (3.43) and (3.44) respectively

3.4.21. MATLAB and PSPICE Simulation Results

The fractional order filters realised from Fig. 3.16 have been simulated in PSPICE. The
proposed circuits were validated using macro-model of AD844 CFOA and also validated
through MATLAB simulations. The component values which are used in the design of

fractional order filters are given below in Table 3.23.

Table 3.23 Component values for the realization of fractional order filter used in PSPICE

simulation
Type of filter Resistors Fractional Capacitors
R3 = 226KQ _ ((1-1)
FOLP R, = 2.26KQ glj 8832:“322;“)
Rs = 2.26KQ 2= 599N
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R; = 2.34KQ ~ @)
FOBP R; = 2.34KQ gz; 8’832?“222&-1)
Rs = 2.34KQ 4= DO9o0H
R, = 2.35KQ C1= 0.0955pF/sec™ ™)
FOHP Rs = 2.35KQ C, = 0.0955uF/sec*™?
Rs = 2.35KQ

The PSPICE simulation and MATLAB results of the proposed fractional order filters of

Fig. 3.16 are displayed in Fig. 3.17 and Fig. 3.18 respectively.
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Figure 3.17 Frequency responses of FOFs using PSPICE (a) FOLP filter (b) FOBP
filter (c) FOHP filter
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Figure 3.18 Frequency responses of FOFs using MATLAB (a) FOLP filter (b) FOBP filter

(c) FOHP filter

A brief summary of simulation results of proposed FOFs of Fig. 3.16 with PSPICE and

MATLAB are tabulated in Table 3.24 and Table 3.25 respectively.

Table 3.24 Simulation results for half power/maximum frequency (kHz)

] Value of a
Frequency (inKHz)  —5——39"T 08 T 07 0.6 05
Half PSPICE | 1.000 | 2.042 | 5.012 | 1622 | 8L.13 | 891.30
power | MATLAB | 1.038 | 2.100 | 5.008 | 1570 | 77.40 | 783.00
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fr(le;‘g‘ig‘;y Theoretical | 1.041 | 2.112 | 5.014 | 15.75 | 77.65 | 785.65
Half PSPICE | 1.00 |3.71 | 1698 |120.00 | 1445 61660
power | MATLAB | 0.998 | 3.39 | 16.18 | 116.98 | 1528 | 36410

le‘i‘gﬁr;‘;y Theoretical | 1.001 | 3.46 | 16.68 | 121.64 | 1605.8 | 54859.86
Maximum | PSPICE | 0.097 | 260 | 949 | 41.62 | 27744 | 5131
frquency | MATLAB | 0.998 | 2.65 | 8974 | 40.76 | 3104 | 5950
(FOBP) | Theoretical | 1.006 | 2.66 | 8.97 | 42.82 | 34417 | 6365.86

Table 3.25 Simulation results for stop band attenuation (dB/decade)

Attenuation Value of o

(dB/decades) 1.0 0.9 0.8 0.7 0.6 0.5

. PSPICE 40.33 | 35.10 32.19 26.36 22.07 09.00
Attenuation

MATLAB | 39.97 | 3539 | 31.51 27.53 22.46 12.39

(FOLP) Theoretical | 40.00 | 36.00 | 32.00 28.00 24.00 20.00

PSPICE 39.78 | 35.26 | 30.67 25.5 20.09 14.98

Attenuation

(FoHp) | MATLAB | 3043 | 3506 | 3140 [ 2765 | 2381 | 1998

Theoretical | 40.00 | 36.00 | 32.00 28.00 24.00 20.00

. PSPICE 19.85 | 16.97 14.93 12.38 09.25 05.84
Attenuation

MATLAB | 20.20 | 18.09 | 16.06 14.57 12.08 10.08

(FOBP) Theoretical 20 18 16 14 12 10

From Table 3.24 and 3.25, it is observed that the PSPICE and MATLAB results are in
close proximity of theoretical findings. Thus, these results confirm the validity of the

proposed FOFs of Fig. 3.16.

3.5. Current Mode Fractional Order Filter Configuration Using a
Single CFOA

A new current mode fractional order filter using a single CFOA is shown in Fig 3.19, in
which both input and output signals are current. A current source i, is applied at node V-

and output current (loy) can be obtained at z-terminal of the CFOA.
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Ya Y3

Figure 3.19 Proposed current mode fractional order generalized filter structure

A routine circuit analysis (assuming ideal CFOA) of Fig. 3.19 yields the following

transfer function:

Lot _ y1Y2 (3.46)
lin Va(y1+y2+tys) +yi(y2+ys)

where vy, i=1-4 are the branch admittances.

Equation (3.46) can now be used to realize various fractional order filters by

appropriately selecting the various admittances as given in Table 3.26.

Table 3.26 Various fractional order filter transfer function derived from equation (3.46)

Vo
FOFs Y1 Y2 Y3 Ya Vo
in
FOLP ! ! ac ac Ky
- - s s _
Ry R, 3 * D, (S)
FOBP ! ac ! ac Kas™
R, 2 R * D, (S)
1 1 K382a
FOHP sec seC — —_ —
! 2 R3 Ry Ds3(s)

where Di(s) = s** + a;s® +by, Dy(s) = ™ + as” +by, Ds(s) = s°* + ags” +bs and K; =

1
RiR,C3Cy '

K2=
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The coefficients a;-az and b;-b; for the FOLP, FOBP and FOHP filters are mapped with

the values of various passive elements as given below in Table 3.27:

Table 3.27 Mapping of the coefficients of the characteristic equation with the passive

components of the fractional order filters

171 1 1 1

u G (RT " R_z) TRC, b R.R,C3Cs
1/1 1 1 1

% c, <R_1 " R_s) TR " RiR3C,Cs
1/1 1 1 1

% c (R_3 " R_4) TRG s RoR4C1C,

Thus, from Table 3.26, it is noted that the FOLP, FOBP and FOHP can be realized using

two resistors and two fractional order capacitors only.

The oy, of fractional order low pass and high pass filters, and o, of fractional order band

pass filter can be obtained from the equations (3.42), (3.43) and (3.44) respectively.

3.5.1. MATLAB and PSPICE Simulation Results
The workability of the presented fractional order filters of Fig. 3.19 has been

validated through PSPICE simulations and MATLAB results. The values of passive
resistances and fractional order capacitors used in the design of FOFs are provided in
Table 3.28. The macro-model of AD844 type CFOA has been used to simulate all the

filters in PSPICE.

Table 3.28 Component values for the realization of fractional order filter used in PSPICE

simulation
Type of Filter Resistors Fractional Order Capacitors
R, = 585Q Cs = 0.0955pF/sec*™?
FOLP R, = 585Q) Ca = 0.095501F/sec®
FOBP R; = 1.598KQ C, = 0.0955pF/sec* ™V
R; = 1.598KQ C, = 0.0955pF/sec*?

122




Rs = 4.42KQ Cy = 0.0955pF/sec*?

FOHP R, = 4.42KQ C, = 0.09551F/sec®?

The fractional order capacitors were designed using Valsa, Dvorak and Friedl Method
[89], having 2% ripple in the phase response for the frequency range of 10Hz —
IMHz for different values of a ( varied from 0.5 to 0.9 in step of 0.1). The PSPICE
and MATLAB simulation results of proposed current mode fractional order filters are
shown in Fig. 3.20. The half power / maximum frequency and stop band attenuation
of presented fractional order filters using MATLAB and PSPICE simulations along

with theoretical results are presented in Table 3.29 and Table 3.30 respectively.
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-100
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o -

PO i b8 psieani L
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T T
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Magnitude (dB)
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Frequency (Hz)

(b)
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Table 3.29 Simulation results for half power/maximum frequency (kHz)

Voltage Gain (dB)

Frequency ( Hz)
(c)

Figure 3.20 PSPICE and MATLAB simulation results of current mode FOFs (a)

FOLP filter (b) FOBP filter (c) FOHP filter

. Value of a
Frequency (in KHz) 1.0 0.9 0.8 0.7 0.6 05
Half power PSPICE 1.023 2.273 6.022 21.38 134.9 2800
frequency | MATLAB 1.060 2.273 6.022 21.5 122.1 1456
(FOLP) Theoretical 1.07 2.832 6.12 21.6 123.21 1530
Half power | PSPICE 1.023 | 3.631 15.14 107.0 | 1230 6760
frequency | MATLAB 1.009 3.301 14.38 92.50 | 1067 31180
(FOHP) | Theoretical | 1.012 3.421 15.21 95.62 1160 32160
Maximum PSPICE 1.023 2.69 9.55 40.47 309 6600
frequency | MATLAB | 1.038 2.70 8.70 41.13 354 5988
(FOBP) Theoretical | 1.041 2.76 9.37 45.02 364.83 | 6827.10
Table 3.30 Simulation results for stop band attenuation (dB/decade)
. Value of a
Attenuation (dB/decades) 10 09 08 0.7 06 05
Attenuation PSPICE 39.85 35.24 27.10 21.51 18.7 14.02
(FOLP) MATLAB 40.00 35.36 31.45 27.33 19.79 18.63
Theoretical | 40.00 36.00 32.00 28.00 24.00 20.00
Attenuation PSPICE 39.00 35.01 31.52 27.59 23.09 19.90
(FOHP) MATLAB 39.03 35.00 31.47 27.89 23.74 20.04
Theoretical | 40.00 36.00 32.00 28.00 24.00 20.00
Attenuation PSPICE 19.75 17.78 15.84 13.91 11.95 09.96
(FOBP) MATLAB 19.71 17.79 15.79 13.86 11.90 09.95
Theoretical 20 18 16 14 12 10

124




From Tables 3.29 and Table 3.30 it is observed that the PSPICE and MATLAB results
are in good agreement with the theoretical propositions. Therefore, these simulation

results confirm the validity of the proposed current mode fractional order filters.

3.6. Conclusions

After presenting a detailed account of the fundamental concepts related to the fractional order
filters and extensive literature review of fractional order filters with different properties,
realized with various active building blocks, we have presented CFOA-based realization of
fractional order filters in (i) voltage mode and (ii) current mode. Two different structures of
voltage mode fractional order filters in which the fractional order low pass filter, fractional
order band pass filter and fractional order high pass filter are realised by selecting the branch
admittances appropriately. Both the structures employ only a single CFOA and five passive
components (three/two passive resistors and two/three fractional order capacitors). The
presented current mode fractional order filter structure, on the other hand, uses only a single
CFOA, two resistors and two fractional order capacitors. Various transfer functions of FOLP,
FOBP and FOHP can be obtained by appropriately selecting the branch admittances of the
proposed structure(s). The performance of all the presented FOF circuits have been verified
by theoretical calculation, MATLAB and PSPICE simulations for various values of ‘a’ (0 <

a<l).
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Chapter 4

Realization of Fractional Order Inverse Filters

This chapter begins with the introduction of fractional order inverse filters and their
transfer functions (along with their magnitude and phase responses), an overview of
inverse active filters reported by various researchers employing different active building
blocks and subsequently introduces new configurations of fractional order inverse active
filters using op-amp, CFOAs and OTRA along with conventional resistors and simulated

fractional order capacitors.

4.1. Fractional Order Inverse Filters

An inverse filter is a type of frequency selective circuit, whose frequency response
characteristics are inverse of the frequency response of the corresponding conventional filter
viz., low pass, high pass, band pass and band reject. Inverse filters play an important role in the
areas of communication, instrumentation and control systems where the distortion of the signal
caused by transmission system or the signal processor can be eliminated by the inverse filters
[1]. The fractional order inverse filters (FOIFs) have transfer functions similar to their integer
order counterparts, the difference is only in the order of the FOIF; the order ‘n’ is non-integer,
in case of fractional order inverse filters whereas it is an integer for integer order inverse filters.
Since the present chapter deals with analog circuit implementation of fractional order inverse
filters using different active building blocks, in the following, we have outlined the
fundamentals related to the fractional order inverse filters before presenting the proposed new

circuits.
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The general transfer function of a fractional order filter can be written as [2]:

T(s) = As**P +BsP + C “0)
(s) = sa+B 4+ DsB + E '

Therefore, the transfer function of FOIF can be expressed as:

1 1
T(S)FOIF = T(S) = (Asa+B+BsB+C) (41)
s«*+B+DsB+E

where 0 <a<1,0<B<1,and A, B, C, D, E are the constants.

From the above transfer function of FOIF (equation (4.1)), different fractional order
inverse active filters i.e., fractional order inverse lowpass (FOILP), fractional order
inverse high pass (FOIHP), fractional order inverse band pass (FOIBP) and fractional
order inverse band reject (FOIBR) filters can be obtained by appropriate selection(s) of
the constants A, B, C, D and E. In the following, we describe the various transfer

functions along with the corresponding magnitude and phase responses.

4.1.1. Fractional Order Inverse Low Pass Filter

In equation (4.1), if we take the A =0 and B = 0, the transfer function of a fractional

order inverse low pass filter is obtained as:

T(S)rorp = ﬁ (2)

s%+B4+DsB+E

Using equation (4.2), the expressions for magnitude and phase of a FOILP filter can be

obtained as:
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1

w2 + 2D (2B cos (ﬂ) + D20+ |

4.3a
2E @B cos ((MB)H) + 2DEwP cos (B ) + E? (4.32)
ITGw)romel = C
_ w@+Psin (@) + DwPsin (%)
£T(jw)porp = tan™" (4.3b)

w@+Bcos ((a+28)n) + DwPcos (B ) +E

The DC gain (low frequency gain) of FOILP filter can be obtained from equation (4.2)

which is equal to % The expression of half power frequency oy, (frequency at which the
gain of the transfer function becomes V2 times of the low frequency gain i.e, (v2 %) of

FOILP filter can be obtained by equating the equation (4.3a) with \/fg , as given by:

T a+ p)m
W2@B) 4 2Dw(°‘+2‘”cos( . ) + D% + 2Ew(**P¢ <( ZB) ) +

(4.4)
ZDEooﬁcos (32_“) —E?2=0

Solution of equation (4.4) yields the half power frequency of FOILP filter.

From equation (4.3b), we have obtained the expression of right phase frequency (the

frequency at which the phase of transfer function becomes ig )[2]. Equating the phase

of the T(jw)roip as given in equation (4.3b) with + g yields:

(n((HB)sin (—(MZB)H) + Dwfpsin (B—ﬂ) T
tan~! =+ > (4.5)

Egﬂg) cos ((MZB)H) + DooB cos (B ) +E

which can be further simplified into
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o&Peos (@) + Dol cos (Bz_ﬂ> B0 (4.6)

From equation (4.6), the right phase frequency of FOILP filter can be obtained.

The magnitude and phase responses, as given in equation (4.3) have been plotted
using MATLAB for a FOILP filter designed to have a half power frequency of 1KHz

(fora =1, B =1) by selecting the coefficients C, D, and E as 39438400, 8882.748 and
39438400 respectively, so that the response is maximally flat. The magnitude and phase

responses for different values of a and , B are shown in Fig. 4.1
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Figure 4.1 MATLAB simulations of FOILP (a) Magnitude responses (b) Phase
responses

141



The slope of the magnitude response, half power frequency and right phase frequency as
obtained from Fig. 4.1 are given below in Table 4.1, from where it may be noted that the
slope of the magnitude characteristics and the characterising frequency may be varied by
appropriately choosing the values of a and B. In contrast, for an integer order inverse

filter, the slope and the hafl power frequency can not be varied.

Table 4.1 Various parameters of FOILP filter

a of FOILP Filter parameters
on (kHz) orp (kHz) Attenuation (dB)
1.0 1.00 1.00 40
0.9 2.01 3.06 36
0.8 4.75 13.68 32
0.7 14.78 110.60 28
0.6 72.23 2860 24
0.5 717.3 8.03x10° 20

4.1.2. Fractional Order Inverse High Pass Filter
If we put B =0 and C = 0 in equation (4.1), the transfer function of FOIHP filter can be

obtained as:

1 .
T(S)romp = (AST) *7

sa+B+DsB+E

From equation (4.7), the magnitude and phase of FOIHP filter may be deduced as:

1

2B 4+ 2D+ 2B) cos (?) +DZw?f +

1 [2E @B cos (@) + 2DEwP cos (B“) + E?

: 1 2
IT(Gw)rommp| = A NCTT)

(4.8a)

w@Psin (@) + DwPsin (%)

w@tBcos (@) + DwPcos (Bz—n) +E

1

£T(w)romp = tan™ —(x+B)3  (48b)

142



From equation (4.7), the high frequency gain of FOIHP filter is found to be equal to %.
The expression for half power frequency of FOIHP filter can now be derived by

equating equation (4.8a) with \/E% as:

ot ((a + B)m B (4.9)

Dza)ﬁﬁ n 2Du)l(1°‘+26)cos (7) + 2Ew£“+8)cos T) + 2DEu)Ecos <7>
2(a+PB) _
+E%—w, =0

Real solution of equation (4.9) for the given values of o and f, yields the expression of

half power frequency for FOIHP filter.

Similarly, the expression for right phase frequency of FOIHP can be derived from

equation (4.8b) by equating the phase angle to + g as:

wggw)sin (@) + DooB sin (Bn)

a1 L (x +B) = + 1 (4.10)
an - == .
wﬁ?ﬁ)cos (—(MZB)H) + Doofpcos (?) +E 2 2
Which can further be simplified as:
a+ Dm a+pB+1)m 4.11
wf;ﬁ + Da)fpsin (%) +Esin <*> =0 .10

The solution of the above equation will yield right phase frequency (o).

The magnitude and phase responses, as given by equation (4.8) have been plotted
using MATLAB for a FOIHP designed to have a half power frequency of 1KHz (for o =
1, p = 1) by selecting the coefficients A, D, and E as 1, 8882.748 and 39438400
respectively, so that the response is maximally flat. The magnitude and phase responses

for different values of a and , B are displayed in Fig. 4.2
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The slope of the magnitude response, half power frequency and right phase frequency as
obtained from Fig. 4.2 are given below in Table 4.2, from where it may be noted that the
slope of the magnitude characteristics and the characterising frequency may be varied by

appropriately choosing the values of a and B. In contrast, for an integer order inverse high
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Figure 4.2 MATLAB simulations of FOIHP (a) Magnitude responses (b) Phase

filter, the slope as well as the half power frequency can not be varied.
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Table 4.2 VVarious Parameters of FOIHP filter

Filter parameters
* on (kH2) orp (kH2) Attenuation (dB)
1.0 1.00 1.00 40
0.9 3.44 2.26 36
0.8 16.60 5.76 32
0.7 121 16.29 28
0.6 1596 40.43 24
0.5 54600 - 20

4.1.3. Fractional Order Inverse Band Pass Filter
The substitution of A = 0 and C = 0 in equation (4.1), yields the transfer function of

FOIBP as:

1 412
T(S)roiBp = m (4.12)

sotB4+DsB+E

The expressions for the magnitude response and phase response of a FOIBP filter from

equation (4.12) can be derived as:

2 4.13a

w2 + 2D (2B cos (ﬂ) +D?w? + | (4132
2

2E w@*B)cos (@) + 2DEw® cos (%) + E?

IT(w)rorspl =

Bwh
Bm w@PBgin (—((HB)H) + DwPsin (B—n) (4.13b)
£T(jw)roBp = — > + tan™?! (a+6)i an
w@*+Bcos (T) + DwhBcos (7) +E

From equation (4.13a), the high frequency gain as well as DC gain of FOIBP filter may
be estimated to be infinity, while, minimum frequency gain is found to be % . The

minimum frequency oy, Of fractional order inverse band pass filter is the frequency at
which magnitude response of fractional order inverse band pass filter attains a minima.

This frequency is given by
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1

o = E@P (4.14)
While, equating the equation (4.13b) with ig , the expression for right phase frequency

(wrp) of FOIBP can be derived as:

wa+[2 . ((1 — )T

+ 1m 4.15
rp  SIN > ) E + Dw/, + Esin (%) =0 (4.15)

Solution of equation (4.15), provides the value of ‘o’ of FOIBP

The frequency responses of a FOIBP designed to have a minimum frequency
(om) of 1kHz (for a = 1, B = 1), designed for the values of by choosing the coefficients
B, D, and E as 8882.748, 8882.748 and 39438400 respectively, have been plotted using

MATLAB for different values of a and  and shown in Fig.4.3.
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Figure 4.3 MATLAB simulations of FOIBP (a) Magnitude responses (b) Phase
responses

The slope of the magnitude response and minimum frequency (®m) as obtained from Fig.
4.3 are given below in Table 4.3, from where it may be observed that be noted that the

slope of the magnitude characteristics and the characterising frequency may be tuned by

appropriately choosing the values of a and , f3.

Table 4.3 Various Parameters of FOIBP filter

o Filter parameters
on (kHz) Attenuation (dB)

1.0 1.00 20
0.9 3.44 18
0.8 16.60 16
0.7 121 14
0.6 1596 12
0.5 54600 10

4.1.4. Fractional Order Inverse Band Reject Filter
The fractional order inverse band reject (FOIBR) filter response may be obtained from

equation (4.1) by takingB=0,C=A.Cand C=E as:
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1[s**® + DsP + E (4.16)
T(s)roiBr = I l

Al s“B+E
The magnitude and phase responses of FOIBR filter can be derived from equation (4.16),

as:

J
N R

w2(@*B) + 2D (2R cos( ) + D2w?P +
2E 0@*Pcos (((HB)H) + 2DEwP cos (B ) +E? (4.17a)

02@*+B) + 2Cw @B cos (@) + E?

IT(w)rorsr| = A

w@*+Bsin (w) + DwPsin (B—n)
w@+Bcos ((a+B)1‘[) + DwbBcos (B ) +E (4.17b)

(D(O(+B)COS (w) + E
2

-1

£T(jw)froigr = tan

-1

— tan

Using equation (4.16), the high frequency gain as well as DC gain are found to be % .

The peak frequency (w,,) at which magnitude response of FOIBR filter attains its peak is

given by:

1
wp = E@ (4.18)

Similarly, the expression for right phase frequency of FOIBR can be derived from

equation (4.17b) by equating the phase angle to + g as:

an a+p)r 4.19
wrZI()a+ﬁ) + Dw“+zﬁcos (7) + a)fpwcos (—( Zﬁ) ) (2E) (4.19)

+C * Da)ﬁ cos(ﬁ2 )+E2 =0
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Solving equation (4.19), we can get the right phase frequency (wr,) of FOIBR.

In Fig. 4.4, we have shown the magnitude and phase responses of the FOIBR

filter designed to have the peak frequency (wp) of 1kHz (fora =1, f =1).
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Figure 44 MATLAB simulations of FOIBP (a) Magnitude responses (b) Phase

responses

The peak frequencies (wp) obtained from Fig.4.4 for different values of a are given in

10

10°

Frequency (Hz)

(b)

Table 4.4 and observed that wp vary with the value of ‘a’.
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Table 4.4 Peak frequency (wp) of FOIBR for different value of ‘o’

o Peak Frequency (o) of FOIBR (kHz)
1.0 1.00

0.9 2.64

0.8 8.88

0.7 42.30

0.6 339.50

0.5 6260

From Fig. 4.1-Fig. 4.4, it may be noted that the fracational order inverse filters (FOILP,
FOIHP, FOIBP and FOIBR) have a frequency response which is reciprocal of the
frequency response of their conventional filter counterparts and the variable slopes of
magnitude characteristics can be obtained by appropriate selections of the fractional
order parameters, o and B. Similarly, by appropriate choices of the values of a and B the
right phase freauencies and maximum frequencies as well as half power frequencies can

be adjusted.

Before describing the formulation of various fractional order inverse active filter configurations
realizable with op-amp, CFOAs and OTRA, it is usful to present an overview of various

conventional inverse active filters proposed in the literature earlier.

4.2. Literature Overview of Conventional Inverse Active Filters

Nullor-based inverse active filter functions have been proposed earlier in [1]
and [3]. Other works in which a four terminal floating nullor (FTFN) was used to
realize inverse active filters were presented in [4-5]. On the other hand, the current
feedback operational amplifier (CFOA) has been employed for the realization of
inverse active filters in [6-9], while in [10], a current differencing buffered amplifier

(CDBA) based universal inverse active filter structure was presented. In [11-12],
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another building block, named as current differencing trans-conductance amplifier
(CDTA) was used to realize inverse active filters, while second generation current
conveyors (CCllIs) were employed in [13] to realize inverse all pass filter function.
Differential difference current conveyor (DDCC) based inverse active filters were
proposed in [14] whereas, three modified CFOAs were employed in [15] to realize the
inverse active filters. Multiple output trans-conductance amplifiers have been used to
realize inverse active filters operating in both voltage-mode (VM) and current-mode
(CM) in [16]. Singh, Gupta and Senani [17] presented an OTRA-based multifunction
inverse active filter configuration which was capable of realizing low pass, band pass

and high pass filters in the voltage mode from the same structure.

From the survey of the existing literature as detailed above, it may be noted
that no fractional order inverse active filter configurations employing any active
element/device was reported in the open literature prior to the commencement of the
present research work in 2015. Subsequent to the publication of the work reported® in
the following section of the thesis, few other works on the realization of fractional
order inverse filters using CFOAs [18], CCII [19] and log-domain techniques [20]

have also been reported.

Thus, in this chapter, we have proposed new structures of multi-functional
fractional order inverse filters (FOIFs) realized with active building blocks such as,
op-amp, CFOAs and OTRA. All the proposed topologies can realize fractional order
inverse low pass, inverse high pass and inverse band pass responses from the same

configuration as special cases.

*D. R. Bhaskar, Manoj Kumar and P. Kumar “Fractional order inverse filters using operational amplifier”,
Analog Integrated Circuits and Signal Processing, vol. 97, no. 1, pp. 149-158, 2018.
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4.3. Fractional Order Inverse Active Filters using an Operational
Amplifier
In this section, we have presented three new configurations of fractional order inverse
active filters using single op-amp. The first structure of FOIF realizes FOILP, FOIBP and
FOIHP responses in inverting mode whereas, the second structure yields FOILP, FOIBP
and FOIHP responses in non-inverting mode. The third structure, on the other hand, is a
minimal component realization (it uses minimum number of active and passive
components) and, has infinite input impedance. These features are desirable from the

point of view of reliability, power consumption and easy cascadability [21-22].

4.3.1. Fractional Order Inverse Active Filters Employing an Op-amp4

This section presents two new multifunctional fractional order inverse active filter
configurations using a single op-amp. The first structure of FOIF uses op-amp in inverting
mode while, in second configuration, op-amp has been configured in non-inverting mode to
realise various inverse active filter responses.

4.3.1.1. Inverting Mode Multifunctional Fractional Order Inverse Filter

Configuration

The generalized structure of multifunctional fractional order inverse filter has been

shown in Fig.4.5.

* The work presented in this section has been published in : D. R. Bhaskar, Manoj Kumar and P. Kumar

“Fractional order inverse filters using operational amplifier”, Analog Integrated Circuits and Signal
Processing, vol. 97, no. 1, pp. 149-158, 2018.
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Figure 4.5 Inverting mode multifunctional FOIF configuration

Assuming ideal op-amp, the transfer function of FOIF of the circuit shown in Fig. 4.5 is

derived as:
Vo _ _ysyat ys(y1 +y2 +ys +a) (4.20)
Vi y1¥3

where y, , i = 1-5 are the branch admittances.

Equation 4.20 can now be used to realize various fractional order inverse active filters by
appropriately selecting the admittances. These admittances, for different types FOIF

realizations and the corresponding transfer functions are given below in Table 4.5.

Table 4.5 Transfer functions of the proposed FOIF structure shown in Fig. 4.5

Admittances
y y y i
- l I
Filter 2 3 Ya ys Vi,
Responses
1 1 1 D;(s
FOILP — | s%C, — — | s%Cs | - 1()
1 1 1 D
FOIBP s%C, | — = 1] gagg | 22®
R, R, R, K,s®
1 1 D3 (s)
FOIHP e — «C o — —~
SR, S| SR R K,s2¢
where
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Di(s) = s** + a;s" +hy,
Dy(s) = $** + as™ +hy,

Da(s) = s** + ags” +bs,

1 1

C
— K, = 1
R1R3C2C5 R3Cs

andK; = —

K, =
1 Cy

The coefficients a;—az and by—bs for the FOILP, FOIBP and FOIHP filters have been

mapped with various passive components, which have been provided in Table 4.6.

Table 4.6 Mapping of the coefficients of the characteristic equation with the passive

components of the fractional order inverse filters

Filter Coefficients

. 1 (1 4 1 4 1) b 1
! C,\R; Rz Ry ! C,CsR3R,
. 1 (1 4 1 4 1) b 1
? C.\R, R; Ry ? C1CsR3R,
1 1
a C,+Cs+C b S
3 R5C3C4( 1+C3+Cy) 3 CaCaR,R:

From Table 4.5, it is noted that three different FOIFs viz. FOILP, FOIHP and FOIBP
filters have been realized. The FOILP and FOIBP can be realized using three passive
resistors and two fractional order capacitors (0 < a < 1), while for FOIHP, two passive
resistors and three fractional order capacitors are required. The filter parameters of the
realized FOIFs i.e., half power frequency (o) (for fractional order inverse low pass and
inverse high pass filter) and minimum/peak frequency (om or wp) (for fractional order

inverse band pass filter) may be obtained by solving the following equations:
FOILP:w(* + 2a1mia)cos (?) + wi*(a;2 + 2b; cos(am)) + 2a;b; wicos (?) -b,’ =0 (4.21)
FOIHP: b;? + 2a;0°" cos (%) + wi*(as? + 2bscos(am)) + 2azbswficos (?) —wp*=0 (422

FOIBP: w,, = (b,) (4.23)
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4.3.1.1.1 PSPICE Simulations and MATLAB Evaluations
To evaluate the performance of proposed FOIF circuits, PSPICE simulations using SPICE
macro model of pA741 have been carried out. The simulated results have also been verified

with numerical evaluations using MATLAB.

PSPICE simulations: The FOIF structure shown in Fig.4.5 was designed to have a half power
frequency or minimum frequency of 50 Hz for a = 1. The choice of the half power frequency
was dictated by the gain bandwidth product of the op-amp. The power supply voltages used to
bias the op-amp were £ 12V DC. The values of passive components and the fractional order

capacitors used in the simulations are given below in Table 4.7

Table 4.7 Component values used in PSPICE simulations

FOILP FOIHP FOIBP
R; = 23576.88Q R, =3930.07Q R; = 8336.95Q
Rs; = 11788.44Q Rs = 17688.00Q R, = 20137.55Q
R, = 23576.88Q C1=0.382 pF/sec®? Rs = 11788.44Q
C,= 0.382 pF/sec™? C3= 0.382 pF/sec®? C3=0.382 pF/sec™?
Cs= 0.0955 pF/sec®? C,=0.382 pF/sec®? C,=0.382 pF/sec™®

The fractional order capacitors used in the simulations were designed using the method
proposed by Valsa, Dvorak and Friedl [23], which uses a ladder network, as shown in
Fig. 4.6. All passive component values to design FCs (for a fifth order approximation)
have been calculated for different values of ‘a’ (0.5, 0.6, 0.7, 0.8, 0.9) are given in Table

4.8.
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Figure 4.6 R-C ladder structure used to realize fractional order capacitors for the values 0.382
uF/sec™® and 0.0955 pF/sec?

Table 4.8 Components value for the realization of FCs

Ct = 0.0955 pF/sec®?

Resistors Capacitors
0.9 R,=676.34, R,=69.65, R, =7.17, C,=14.79,C, =11.49,C.=8.92,
Rq =0.74, R.=0.08, R, = 5890.9 Cy=6.93,C.=5.38, C, =18.736
0.8 R.=569.89, R, = 75.56, R = 10.02, C,=17.55, C, =10.59, C.=6.39,
' Ry =1.33,R.=0.18, Rp=3728.7 Cy=3.86 C.=2.33, C, = 3.5397
0.7 R.=662.09, R,= 113, R, = 19.29, C,=15.1,C,=7.08, C.,=3.32, C4y = 1.56,
" | Rg=3.29, Re=0.56, Rp=3217.2 C.=0.73, C, =0.6429
0.6 R.=897.74, R,= 197.24, R.=43.34, C.,=11.14,C, =4.06, C.=1.48, C4 =0.54,
" | Rg =9.52, R.=2.09, Rp = 3188.2 C.=0.2,C,=0.11211
0.5 R.=1355.8, R, = 383.5, R, = 108.5, C,=7.375, C, =2.086, C.=0.59, C4=0.167,
"~ | Rg=30.7, Re=8.7, Rp = 3437.8 C.=0.047, C, = 0.018617
. Cr = 0.382 puF/sec®?
Resistors Capacitors
0.9 R.=168.95, R,=17.40, R, = 1.79, C.=59,C, =46,C.=35C4=27,C.=21,
"~ | Rg =0.18, R,=.019, Rp= 1471.36 C, =75
0.8 R.=142.47, R,=8.89, R, = 2.5, C,=70.19, C, =42.35, C.= 25.56, C4 = 15.42
' Ry =0.33, R.=0.04, R, = 932.16 C.=9.31,C,=14.15
0.7 R.=165.52, R, = 28.25, R, = 4.82, C,=60.41, C, =28.32,C.=13.27, C4 = 6.22,
" | Rg=0.82,R,=0.14, Rp=804.3 C.=292,C, =257
0.6 R.=224.43 R,=49.31, R, = 10.83, C.,=44.56, C, =16.22, C,=5.91, Cy4 = 2.15,
" | Rg=2.38,R.=.52, Rp=797.06 C.=0.78,C,=0.48
0.5 R,=338.96, R,=95.87, R, = 27.12, C,=295 Cy, =834,C, =236, C4 =067, C.=

Ry =7.67, Re=2.17, Rp= 859.45

0.19,C, =.074

All resistors are in kQ and capacitors are in nF.
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The magnitude responses of FOILP, FOIBP and FOIHP filter circuits derived from

Fig.4.5 have been displayed in Fig. 4.7, in which, we have varied ‘a’ from 0.5 to1.0 in

step of 0.1.
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Figure 4.7 Frequency responses of proposed FOIFs using PSPICE (i) FOILP (ii) FOIHP (iii)
FOIBP

MATLAB Evaluations: The frequency responses of all the FOIF circuits derived from
Fig.4.5 were also evaluated using MATLAB for the same values of components which
were used in PSPICE simulations. To validate the theoretical propositions, we have
plotted magnitude responses of FOILP, FOIBP and FOIHP filter in MATLAB for

different values of a (o = 0.5 to 1.0). The resulting graphs have been displayed in Fig.4.8.
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Figure 4.8 Frequency responses of proposed FOIFs using PSPICE (i) FOILP (ii) FOIHP (iii)

It may be pointed out that frequency responses, as obtained from MATLAB represent the
ideal case(s) for different FOIF, whereas the PSPICE results reflect the real cases, in
which, the gain bandwidth product of the operational amplifier limits the high frequency
response. In the low frequency range of operation there is good correspondence between
the MATLAB and PSPICE results. We have summarized the presented FOIFs results
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obtained from PSICE and MATLAB in terms of half power frequency, minimum

frequency and stop band attenuation and presented in Tables 4.9 and 4.10 respectively.

Table.4.9 Summary of the simulation results for w, and oy, for the FOIF of Fig. 4.5

_ Values of a
Frequency (in Hz)
1.0 0.9 0.8 0.7 0.6 0.5

Half power | PSPICE | 50.12 | 77.62 | 123.00 | 218.80 | 631.00 | 2138.00
frequency | MATLAB | 50.15 | 76.23 | 121.80 | 224.50 | 557.60 | 2101.00

(FOILP) | Theoretical | 50.00 | 76.43 | 131.8 | 268.9 750.0 3236
Half power | PSPICE | 51.29 | 121.60 | 402.70 | 1349.00 | 6310.00 | 17580.00
frequency | MATLAB | 50.04 | 124.00 | 394.30 | 1396.00 | 5716.00 | 19830.00

(FOIHP) | Theoretical | 50.00 | 110.3 | 313.6 1168 6494 68350
Minimum | PSPICE | 50.12 | 95.50 | 204.20 | 707.90 | 1950.00 | 17780.00
frequency | MATLAB | 49.25 | 95.71 | 207.80 | 584.20 | 2293.00 | 16110.00

(FOIBP) | Theoretical | 50.00 | 94.73 | 210.5 588 2312 15725

Table 4.10 Summary of the simulation results for stop band attenuation (dB/decade)

Attenuation Value of a
(dB/decades) 1.0 0.9 0.8 0.7 0.6 0.5
. PSPICE | 39.76 | 36.35 | 33.46 | 31.80 | 29.70 | 1454
AESSTEE;’” MATLAB | 3971 | 36.00 | 3L82 | 27.35 | 2157 | 17.53
Theoretical | 40.00 | 36.00 | 32.00 | 28.00 | 2400 | 20.00
_ PSPICE | 4028 | 3510 | 3022 | 25.83 | 23.03 | 18.27
At;ecr)':ﬁt;o” MATLAB | 39.44 | 34.90 | 3090 | 2556 | 22.75 | 18.46
( ) Theoretical | 40.00 | 36.00 | 32.00 | 28.00 | 24.00 | 20.00
. PSPICE | 1852 | 17.87 | 1591 | 13.80 | 10.86 | 09.47
A?;g‘:;g‘;” MATLAB | 19.92 | 1818 | 1576 | 1352 | 1080 | 0941
Theoretical 20 18 16 14 12 10

From Table 4.9, it is seen that the half power/ minimum frequency evaluated from
PSPICE and MATLAB concur with the theoretical values. From Table 4.10, the PSPICE
and MATLAB stop band attenuation for different FOIFs are also in good agreement with
the theoretical propositions.
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4.3.1.2.  Non-Inverting Fractional Order Inverse Filter Configuration

In the previous section, we have presented a FOIF structure which has a phase shift of
180° (for o =1) between input and output voltages. In this section, we present a non-
inverting generalized configuration of multifunctional FOIF which has been shown in

Fig.4.9.

Figure 4.9 Proposed non-inverting multifunctional FOIF configuration

Assuming ideal op-amp, a routine circuit analysis of the circuit of Fig. 4.9 yields the

following transfer function:

Vo _ (U3 +ys)(yi +y2 +ya) + y3¥5 — kysy, (4.24)

Vi Ky1y3

where k = (1 + %) where y;, i =1 - 7 are the branch admittances.
7

Using Equation 4.24, the various FOIF transfer functions can be realized by appropriately

selecting the various admittances as given below in Table 4.11.

Table 4.11 Branch admittances and transfer functions of FOIFs realized from Fig. 4.9

Admittances
. V,
Filter Y1 Y2 Y3 Y4 Ys Ys y7 e
Responses Vin
FOILP ! ! ! ac, | s«c ! L D
R, | R, | Ry |~ *[" ™| R | Ry | K
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FOIBP Lolseg, | soc, | = | 2 L IR V1O
Ry Sz | S 4 5 6 R; K,s®
1 1 1 D3 (s)
FOIHP ac, | — | s%C; | — | — | — | —
MR, || R, | R | R, | Ry | Kyst@
where

Di(s) = $** + a;5" +hy, Da(S) = $** + 85" +by, D3(s) = 5°* + ags” +bg

k k

B _ _ Ry
e Ke = K; =kandk = (1 +3 )

6

Ky = R,Cp '
From Table 4.11, it may be noted that three different inverse filter functions i.e., FOILP,
FOIBP and FOIHP can be realized from the structure shown in Fig. 4.9 employing five

conventional resistors and two simulated FCs.

We have mapped the coefficients of the D;(s), D2(s) and D3(s) with the values of various

passive components for FOILP, FOIBP and FOIHP filters respectively and tabulated

them in Table 4.12

Table 4.12 Mapping of the coefficients of the characteristic equation with the passive
components of the fractional order inverse filters

. 1(1+1)+1+1 K ] 1 (1+1)
! C.\R; R,/ C,R; CsR; CsR; ! C.CsRs \R; ' R,
. 1(1+1)+1+1 K ] 1 (1+1)
2 C,\R, R,/ CsR; C,R; C,R, 2 C,CsRs \R; ' R,
a 1(1+1>+1+1 k b 1 (1+1)
3 C;\R, 'R,/ C3Rs C;Rs C4R, 3 C,CsRs \R, ' R,

4.3.1.2.1 PSPICE Simulations and MATLAB Evaluations
The performance of the FOIFs realized from the configuration of Fig. 4.9, has been evaluated
using SPICE simulations and compared these results with the frequency response of the

corresponding circuits obtained using MATLAB.
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PSPICE simulations: All the FOIF circuits were designed for half power frequency
(minimum frequency for FOIBP) of 50 Hz for oo = 1. Op-amp was biased with +12 VV DC
power supply. Values of passive resistors and FCs used to simulate the different FOIFs

have been provided in Table.4.13.

Table.4.13 Component values used in PSPICE simulations

Components
FOILP FOIHP FOIBP
R; = 8324.61Q R,= R; = 8324.61Q
R,= 0 R, = 8324.61Q R, = 8324.61Q
R; = 8324.61Q Rs = 8324.61Q Rs = 16649.21Q
Re = 8324.61Q Rs = 8324.61Q Re = 8324.61Q
R, = 4876.661Q R, = 4876.66Q R, = 4876.66Q
Cs=0.382 pF/sec™? C1=0.382 pF/sec™? C,=0.382 pF/sec™?
C,=0.382 pF/sec™? C3=0.382 pF/sec®? C3=0.382 pF/sec™?

The magnitude responses for different FOIFs for a = 0.5, 0.6, 0.7, 0.8, 0.9 and 1 have

been demonstrated in Fig.4.10.
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Figure 4.10 Frequency responses of FOIFs using PSPICE (i) FOILP (ii) FOIBP (iii) FOIHP
filter

MATLAB evaluations: The performance of all the proposed FOIF circuits has also been
verified using MATLAB for the same values of components which were used in PSPICE
simulations. The MATLAB simulation results of the proposed fractional order inverse filters

for different values of a (o= 0.5 to 1.0) are shown in Fig. 4.11.
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Figure 4.11 Frequency responses of FOIFs using MATLAB (i) FOILP (ii) FOIBP (iii) FOIHP
filter

In Tables. 4.14 - 4.15, the summary of the simulation results with PSPICE and MATLAB has

been provided.
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Table 4.14 Summary of the simulation results for w, and o, (Hz)

. Value of a

Frequency (inHz) I — 549 0.7 0.6 05
Half | PSPICE | 5129 | 77.62 | 123.00 | 218.80 | 631.00 | 2188.00
power | MATLAB | 50.15 | 75.60 | 121.30 | 225.00 | 553.00 | 1848.00
f(rFeg‘ﬁ_”;;’ Theoretical | 50.00 | 76.43 | 131.8 | 268.9 | 750.0 | 3236
Half | PSPICE | 49.50 | 120.20 | 407.40 | 1514.00 | 5370.00 | 17380.00
power | MATLAB | 50.25 | 124.60 | 396.00 | 1414.00 | 4137.00 | 17150
f{;’g‘:ﬁ”g Theoretical | 50.00 | 110.3 | 313.6 | 1168 | 6494 | 68350
Minimum | PSPICE | 50.12 | 93.33 | 204.20 | 691.90 | 1950.00 | 17780.00
frequency | MATLAB | 50.04 | 93.96 | 208.30 | 588.70 | 2293.00 | 16110.00
(FOIBP) | Theoretical | 50.00 | 94.73 | 2105 | 588 | 2312 | 15725

Table 4.15 Summary of the simulation results for stopband attenuation (dB/decade)

Value of a
Attenuation (dB/decades)
1.0 0.9 0.8 0.7 0.6 0.5
PSPICE 38.63 32.73 26.30 19.93 13.83 6.97
Attenuation
MATLAB | 40.02 35.99 31.83 27.36 23.24 16.83
(FOILP)
Theoretical | 40.00 36.00 32.00 28.00 24.00 20.00
PSPICE 38.14 32.50 26.12 19.78 12.25 11.39
Attenuation
MATLAB | 39.22 34.90 31.06 27.29 23.50 19.69
(FOIHP)
Theoretical | 40.00 36.00 32.00 28.00 24.00 20.00
PSPICE 19.50 17.40 14.30 11.69 11.41 09.52
Attenuation
MATLAB | 20.10 17.91 15.53 13.61 10.93 08.90
(FOIBP)
Theoretical 20 18 16 14 12 10
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4.3.2. Minimal Realization of Fractional Order Inverse Filters5

The fractional order inverse filter structures presented in previous sections suffer from
the following limitations: (i) not having high input impedance and (ii) employment of
non-canonic number of passive components. Therefore, in the following, we present a
novel structure of the FOIFs which employs minimum number of active and passive
elements with ideally infinite input impedance. The generalized filter configuration to

realize multifunction fractional order inverse active filters is shown in Fig. 4.12.

Vin 0——
nA741 —O
Ya Y1 VD
¥2 ¥4
1
—_

Figure 4.12 Proposed structure of multifunctional FOIFs

This configuration can realize (i) fractional order inverse low pass filter (ii) fractional
order inverse high pass filter and (iii) fractional order inverse band pass filter by

appropriate choice(s) of different branch admittances (y;-ya).

Assuming ideal op-amp, a routine circuit analysis of the circuit shown in Fig.4.12

gives the following transfer function:

Vo _ y1iya +ys +ya) +y2(y3+y4) (4.25)

Vin Y2Ya

> The work presented in this section has been published in: D. R. Bhaskar, Manoj Kumar and P.Kumar,

“Minimal realization of fractional order inverse filters,” IETE Journal of Research, 2020, DOI:
10.1080/03772063.2020.1803770.
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Equation (4.25) can now be used to realize various inverse fractional order active filters

by appropriately selecting the branch admittances as given below in Table 4.16.

Table 4.16 Various fractional order inverse filter transfer function derived from equation
(4.25)

Admittances
Vo
Y1 Y2 Y3 Ya Vm
a 1 a 1 D
FOILP 76 l %G — 1(5)
R, R, K;
a 1 1 a D
FOIBP stG — — s%Ca 2(5)
Rz R3 KZS“
1 @ 1 @ D;(s
FOIHP — s°C — s“Cy 3(5)
Rl R3 Kgsza
where D;(S) = s°* + a;5” +by, Da(S) = 5™ + a,5" +by, D3(s) = 5% + a35* +bs and
K, = ——— K, = —andK; = 1
R,R,C,Cs R,C,

Thus, from Table 4.16 it is seen that the FOILP, FOIBP and FOIHP can be realized using

only two passive resistors and two fractional order capacitors (0 <o < 1).

The o, of FOILP, FOIHP, and oy, for FOIBP can be obtained from equations (4.21) -

(4.23) respectively.

The coefficients a;-az and b;-bs for the FOILP, FOIBP and FOIHP filters are mapped

with the values of various passive components as given below in Table 4.17.

Table 4.17 Mapping of the coefficients of the characteristic equation with the passive

components of the fractional order inverse filters

1/1 1 1 1

& [} (R_z i R_4) TR b C1CoR,R,
1/1 1 1 1

% C, (R_z i R_3> TR " CC.RR;
1/1 1 1 1

s C, <R_1 " R_3> " R:C, s C,CaRiR,
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4.3.2.1. PSPICE and MATLAB Simulation Results
The proposed fractional order inverse active filter circuits have been simulated in

PSPICE. The simulated results have also been verified with numerical simulations
carried out in MATLAB. In PSPICE simulations, we have used a pA741 type op-amp,
two fractional order capacitors and two passive resistors. The component values which
are used in the design of fractional order inverse active filters for a half power/minimum
frequency of 50 Hz for a = 1 (half power frequency for FOILP, FOIHP and minimum
frequency for FOIBP filters) are shown in Table 4.18. The fractional order capacitors
used were designed using Valsa, Dvorak and Friedl method [23], having 2% ripple in the
phase response in the frequency range (10Hz — 1MHz) for different values of o used in
simulations. The equivalent RC ladder circuit, simulating the fractional order capacitor is
shown in Fig. 4.6. We have listed the values of all components required to design a
fractional order capacitor of value 0.382uF/sec®™ for different values of a in Table 4.18.
The simulated phase responses of the fractional order capacitors for different values of a
(from 0.5t0 0.9 in step of 0.1) are depicted in Fig. 4.13.

Table 4.18 Component values for the realization of fractional order inverse filters used in
PSPICE

Type
of filter
FOILP | R,=3113Q, Ry = 3113Q | C;=0.382uF/sec™”, C3=0.382uF/sec™™”
FOIBP | R,=8324.6Q, R;= 8324.6Q | C;=0.382 pF/sec®™?, C,=0.382 pF/sec™™
FOIHP | R;=23545Q, R3=23545Q | C,=0.382uF/sec®?”, C,= 0.382uF/sec®™)

Resistor Fractional Capacitor
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Figure 4.13 Phase responses of fractional order capacitor of value 0.382 pF/sec™ for different

values of a
The PSPICE and MATLAB frequency responses (magnitude and phase) of the
proposed fractional order inverse active filters of Fig. 4.12 are shown in Fig. 4.14.
The magnitude responses are shown in Fig.4.14 (a-c) while the corresponding phase
responses have been demonstrated in Fig.4.14 (d-f) respectively. A brief summary of
simulated results using PSPICE and MATLAB along with theoretical values for half
power/minimum frequency and stop band attenuation of FOIFs are given in Table

4.19 and 4.20 respectively.

300
__60
a -
) ~ 200
£ g
Z 40 &
3 =
) g 100
& 2 ’
S 20 )
Ao
0 ..
10 -100
Frequency(Hz) 10"
(a) Frequency(Hz)
(d)

170



Voltage Gain(dB)

Voltage Gain(dB)

N~
=}

w L n
(=] < <

[
(=]

o
<

80

10°

Frequency(Hz)

(b)

=N
=]

N
]

3

10
Frequency(Hz)

(©)

Phase (Degree)

-150 —

200 L
10

50

-50

-100 £

Phase (Degree)

10

10°

Frequency(Hz)

150

()

10° 10

100 |

50

(f)

10°

Frequency(Hz)

10* 10
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Table.4.19 PSPICE, MATLAB and theoretical results for half power/minimum frequency

(Hz)
) Value of a
Frequency (in Hz) 1.0 0.9 0.8 0.7 0.6 05
Half PSPICE 50.12 79.43 134.9 275.4 856.3 3311
power MATLAB 49.95 76.23 131.8 272.4 745.3 3320
frequency .
(FOILP) Theoretical | 50.00 76.43 131.8 268.9 750.0 3236
Half PSPICE 49.95 107.2 323.6 1147 7200 67700
power MATLAB | 47.33 110.2 314.7 1161 6515 68320
frequency .
(FOIHP) Theoretical | 50.00 110.3 313.6 1168 6494 68350
Minimum PSPICE 50.12 97.72 208.9 676.6 1905 15140
frequency | MATLAB | 51.10 | 95.71 | 207.8 | 6289 | 2289 | 15610
(FOIBP) | Theoretical | 50.00 94.73 2105 588 2312 15725
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Table 4.20 Summary of the simulation results for stop band attenuation (dB/decade)

Attenuation Value of o

(dB/decades) 1.0 0.9 0.8 0.7 0.6 0.5

PSPICE 3227 | 29.95 | 28.18 18.92 13.46 5.40

Attenuation "y A | 39.54 | 34.60 | 3L79 | 2629 | 2140 | 15.40

(FOILP) I heoretical | 40.00 | 36.00 | 3200 | 28.00 | 24.00 | 20.00

PSPICE 3437 | 28.63 | 2485 | 2435 | 2356 | 19.51

Attenuation

(Foinp) | MATLAB | 3487 | 2092 | 2135 | 17.62 | 1281 | 1379

Theoretical | 40.00 | 36.00 | 32.00 | 28.00 | 24.00 | 20.00

PSPICE 1744 | 1505 | 13.74 | 1090 | 09.42 | 06.93

Attenuation o A8 | 1948 | 1731 | 14.36 | 1265 | 1.16 | 07.98

(FOIBP) Theoretical 20 18 16 14 12 10

From the PSPICE and MATLAB simulation results as shown in Fig. 4.14 and
summarized in Tables 4.19 and 4.20, it is observed that there is very little deviation in
the two results up to 1 kHz. Since the inverse filters tend to have a very large gain
around the cut-off frequencies, the difference in the values of attenuation and half
power/minimum frequencies for different values of a, obtained from MATLAB and
PSPICE simulations may be attributed to the non-ideal behaviour of the op-amp

(mainly due to its finite gain bandwidth product).

The power consumption of the proposed FOILP, FOIBP and FOIHP filters is found to be
50 mW using PSPICE simulations. Performance of proposed fractional order band pass
filter was analyzed using intermodulation distortion (IMD) method [25-26]. In PSPICE
simulations, 1 Volt sinusoidal signal of frequency 676 Hz with parasitic signal of 0.1 V
with variable frequencies were applied at input node of the designed FOIBP filter. The
obtained % THD for different frequencies of parasitic signal of FOIBP is given in Table

4.21.
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Table 4.21 IMD results of the proposed FOIBP for o= 0.7

Frequency of Frequency of Frequency of

paragitic si);nal THD paragitic si);nal THD paragitic si);nal THD
(KHz2) (%) (KHz2) (%) (KH2) (%)
0.10 1.670 1 6.090 10 3.108
0.20 1.709 2 11.900 11 1.140
0.30 1.236 3 13.440 12 2.140
0.40 2.620 4 15.080 13 0.805
0.50 3.490 5 16.630 14 2.430
0.60 1.620 6 17.46 16 2.470
0.70 0.752 7 5.010 18 2.580
0.80 3.070 8 2.249 20 2.650
0.90 4.260 9 1.967 22 2.730

4.3.2.2. Experimental Results of the Proposed FOIFs

For the experimental verification of the proposed fractional-order inverse active filter

responses, we have bread boarded the circuit as shown in Fig. 4.15 using a fractional-order

capacitor of value 0.382 pF/sec(a—1) for a = 0.7 and an op-amp pA741. The power supply

voltages used were +15V. The fractional-order capacitor was realized using RC-ladder

circuit as shown in Fig.4.6 whose component values were given in Table 4.8. The values of

other passive components required for the realization of different fractional order inverse

active filters are provided in Table 4.18. A snapshot of the experimental setup is displayed

in Fig.4.15.
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Figur4.15 Experimental set up for FOILP filter for o= 0.7

The frequency responses of all the three fractional order inverse active filters were
obtained using KEYSIGHT DSOX-3034T. We have shown an exemplary frequency

response plot of FOILP filter in Fig.4.16.

TKEEHYNSOIL(E(!-IIE-IS- DS0-X 30347, MY5E310585, 07.20.2017102614: Fri Ju
B! 1 Eimw 2 sEBmvr 3 4 4000us/  0D0s Auto
v
Freguency Response Analysis | = | X
Gain, Phase vs. Freguency »
% 4048 100°
g5 78
30 50
]‘ﬁo 25 25
iy 20 0
— 18 -25
% 10 -50
5 -7
| i -100 .
10Hz 100 1.0k 10k 100k
w . 30048, 4.33° @ 275 4Hz
a 9.42dB, -96.75° @ 77 B2kHz

Figure 4.16 Experimental results of FOILP filter
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The experimentally obtained half power/minimum frequency and phase at half

power/minimum frequency along with their values obtained from MATLAB and PSPICE

simulations for FOILP, FOIHP and FOIBP filters are presented in Table 4.22.

Table 4.22 Summary of results of FOIs for a = 0.7

FOILP Half power frequency (Hz) ?llzsjeitcgiléfsr\elg
MATLAB 272.2 26.26
PSPICE 275.4 25.00
Experimental 275.4 25.78

FOIBP Minimum Frequency (Hz) FP:];SSETC;\//‘(IBQ;?)
MATLAB 628.9 01.23
PSPICE 676.6 0.829
Experimental 660.7 -1.29

Phase at half power

FOIHP Half power Frequency (Hz) frequency (Degree)
MATLAB 1161 -26.22
PSPICE 1147 -27.61
Experimental 1124 -24.30

The experimentally obtained frequency and phase responses of the proposed
fractional order active inverse filters superimposed on the corresponding MATLAB
and PSPICE responses for a = 0.7 are shown in Fig. 4.17 (a-c). Also from these
figures, it may be noted that the three responses obtained are in close agreement with
each other in the frequency range of 10Hz-1KHz indicating satisfactory performance
of the fractional order inverse active filters. The degradation in the performance of the
filters at higher frequencies may be attributed to the finite unity gain bandwidth of the

operational amplifier used.
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4.3.2.3.  Sensitivity Analysis of the Proposed Fractional Order Inverse Active

Filters

Sensitivity is an important property, which is used to evaluate the system behaviour
(characteristic) with respect to the variation of component values of the system. The

system sensitivity is described mathematically [24] by:

sy =__Z (4.26)

where y is system characteristic (transfer function of inverse active filters in our
case), which can be varied with the variation of x (component values) of the
designed system. We have derived the expressions for sensitivity of the proposed
fractional order inverse active filter transfer functions with respect to R;, C; (i =1-
4) and a. Fig. 4.18 displays the plots of the various fractional order inverse filter
transfer functions with o. We have also computed the numerical values of the
magnitude of the sensitivity function for o = 0.7 and half power frequency and

minimum frequency and presented them in Table 4.19.
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Figure 4.18 Sensitivity of magnitude of transfer functions for the proposed FOIFs
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Table 4.23 Sensitivity of the proposed fractional order inverse filters

Numerical value of

Sensitivity Expression for sensitivity magnitude of sensitivity
ata=0.7
Sy o s*(C4R, +C,(R, + R, + 2C,R,R,s%))a In(s) 2 698
1+C,R,;s" +C;s*(R, +R, +C,;R, R s%)

TFeoie C,R,s"(1+C,R,s)

S, 1+C,R,s" +Cs*(R, +R, +C,R,R 5% 0.175
TFeone R,s*(C,+C, +C,C,R,5%)

SR4 1+C,R 5 +Cs* (R, +R, +C,R,R 5%) 0.330
TFeoip Cs“(R, +R, +C;R,R,s%)

SCl 1+C,R,s* +Cs*(R, +R, +C,R,R,s%) 0.330
TFeonp C,R,s*(1+C,R,s%)

SCg l+su(C1R2+C1R4+C3R4)+C1C3R2R452a 0-175

STFrome _ (2+C,R58" +C, (R, +R;)s)aIn(s) 3.262
o 1+C,R;s* +C,s*(R, +R,; +C,R,R s") '

1+(C,+C,)Rs"

TFeommp _

SRl 1+5°(C,R, +C,(R, +R, +C,R,R;5")) 0.340
TFeomp _ 1+C,R;s*

SR3 1+s*(C,R; +C, (R, +R, +C,R,R,5")) 0.180
TFeoimp _ 1+C,R ;"

SC2 1+s*(C,R; +C,(R, +R, +C,R,R.5%)) 0.180
TFeomp _ 1+ C, (R, +Ry)s”

SC“ 1+s“(C,R; +C,(R, +R,; +C,R,R,s")) 0.340

STFFOIBP (-1+C,C,R,R,s**)aIn(s) 2762
o 1+s%(C,R; +C,(R, +R; + C,R,R;s%)) '

ST Froise B C,R,s”(1+C,Rs%) 0.469
i 1+s*C,R; +Cs*(R, +R; +C,R,Rs%) :

STF,:OlBP _ 1+CR,s* 0.404
Rs 1+5*(C,R, +C,(R, +R, +C,R,Rs")) :

STFFOIBP _ Cs*(R, +R3 +C,R,Rs%) 0.695
G 1+5°(C,R, +C,(R, +R, +C,R,R s")) :

STFFOIBP _ 1+Ci(R, +R;)s%) 0.639
Ca 1+s*(C,R, +C,(R, +R; +C,R,R.5")) :

From Table 4.19, it is observed that the magnitude of sensitivity of the fractional
order inverse filter transfer functions with respect to various resistors and fractional

order capacitors are less than one while the magnitude of sensitivity of various
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fractional order inverse filter transfer functions with respect to the parameter a is
more than 1 and are consistent with the results presented in [24] for the various

fractional order filter transfer function sensitivities.

4.4. Fractional Order Inverse Active Filters using Current

Feedback Operational Amplifiers

Current feedback operational amplifier is a very versatile active analog circuit
building block, implementing the architecture of trans-impedance amplifier and is
characterized by very high slew rate and constant, gain-independent bandwidth [30].
It has been extensively used for the realization of various analog signal processing
circuits both in integer order domain as well as in fractional order domain. In this
section, we present the realization of fractional order inverse active filters using

CFOA:s.

The CFOA is a four terminal analog active building block characterized by the matrix

equation (4.27):

ly 0 0 oy[% (4.27)
vl [t o0 offix
iz_010]VZ
v,] lo o ulfi,

From matrix equation (3.39), terminal equations can be deduced as:

iy =0,v, =v),i, =I,and v, =,

(4.28)

The circuit symbol of CFOA is shown in Fig. 4.19.
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Figure 4.19 Circuit symbol of CFOA

4.4.1. Generalized (Inverting Mode) Fractional Order Inverse Active Filter
Configuration

A generalized structure of fractional order inverse active filters is shown in Fig. 4.20.

o—— 11—
Vi, Ys
[
y
——
Vs
Y2
;
|£|

Figure 4.20 Proposed generalized FOIF structure

The routine circuit analysis of the generalized structure of Fig. 4.20 (assuming ideal

CFOAs), yields a transfer function as:

Vo _ _ya¥at+ys(it+ys+ys+ya) (4.29)
Vi y1Y3
where y;, i = 1-5 are the branch admittances.
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From equation (4.29) different inverse fractional order active filters can now be
obtained by appropriately selecting the various admittances as given below in Table

4.20.

Table 4.24 Various fractional order inverse filter transfer functions derived from equation

(4.29)
Admittances
Filter Vo
Response i y2 y3 ya ys Vin
FOILP 1 s*Cy 1 1 5%Cs Dy(s)
Ry Rs R, Ky
FOIBP 1 1 s*C3 | s9C, 1 Dy(s)
R, R, Ry K,s%
FOIHP %, 1 s“Cs | s, | 1 Ds(s)
R2 R5 K352a

where Dy(s) = 5°* + a;5% +by, Da(S) = ** + a5” +hby, D3(s) = s** + ass® +bs and

1 1 C
Ki = —— K, = —andK3 = 2
R1R3C2C5 R1Cy

Cy
where a; and b; (i = 1-3) are the coefficients.

Thus, from Table 4.24, it is seen that the FOILP and FOIBP can be realized using
three resistors and two fractional order capacitors (0 < a < 1), while for FOIHP, two
resistors and three fractional order capacitors are required. Using equations (4.21) -

(4.23) @n of FOILP, FOIHP and oy, of FOIBP filters can be determined.
The coefficients a;-az and bs-bs for the FOILP, FOIBP and FOIHP filters are mapped

with the values of various passive components which are given below in Table 4.25.

Table 4.25 Mapping of the coefficients of the characteristic equation with the passive

components of the fractional order inverse filters

Filter Coefficients

N 1 (1 4 1 4 1) b 1
' C;\R; ' R; R, ' C2CsR3R,
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1 (1 4 1) b 1 (1 4 1)
% Rs\C; ' G4 ’ RsCCs \R; ' R,
a ! (C,+C3+Cy) b !
’ RsCsCy * ' 3T " ’ CsC4R,Rs
441.1. PSPICE and MATLAB Simulation Results

The PSPICE and MATLAB simulations were performed on proposed fractional order

inverse active filters. The fractional order inverse filters were designed to have a oy or

om of 1kHz for oo = 1 for FOILP, FOIHP FOIBP filter. The component values used to

design fractional order inverse active filters are provided in Table 4.26.

Table 4.26 Component values used in the design of FOIFs

FOILP FOIHP FOIBP
R, = 1060Q R, = 754.3Q R; = 1280Q
R3=530Q Rs = 3395.3Q R, = 3865.6Q
R4 = 10600 Cy=0.0995 pF/sec* Rs = 25600

C,=0.382 pF/sec®™?

C3=0.0995 pF/sec*

C3=0.0995 pF/sec®*

Cs=0.0955 pF/sec®™?

C,s=0.0995 pF/sec™

C4=0.0995 pF/sec®*

The PSPICE and MATLAB simulation results of proposed fractional order inverse active

filters of Fig. 4.20 for different values of a are shown in Fig. 4.21.
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Figure 4.21 Frequency responses of FOIFs of Fig. 4.20 (i) FOILP (ii) FOIBP (iii) FOIHP

filter

The comparative results of on and oy, of proposed fractional order inverse active

filters along with integer order counterparts are shown in Table 4.23. The stop band

attenuations are provided in Table 4.24.

Table 4.27 Half power frequency and maximum frequency (Hz) of proposed FOIFs of Fig.

4.20
FOILP FOIHP FOIBP
Order
PSPICE | MATLAB | PSPICE | MATLAB | PSPICE | MATLAB
2.0 1000 1065 977 1000 1000 1008
1.8 2089 2163 3715 3455 2727 2818
1.6 5248 5144 16600 16630 9772 9193
Table 4.28 Stop band attenuation (dB/decade) of proposed FOIFs
Order FOILP FOIHP FOIBP
PSPICE | MATLAB | PSPICE | MATLAB | PSPICE | MATLAB
2.0 37.40 39.99 39.50 40.36 20.27 20.03
1.8 35.30 35.65 35.56 36.26 17.58 17.50
1.6 31.20 31.50 29.22 31.06 15.40 15.56
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From Table 4.23 and Table 4.24, it is observed that the PSPICE and MATLAB
simulation results of proposed FOIFs are in good agreement. Thus, these simulation

results confirm the validity of proposed formulations.

4.4.2. Generalized (Non-Inverting Mode) Fractional Order Inverse Active Filter
Configuration6

The proposed generalized structure of a fractional order inverse filters having ideally

infinite input impedance is shown in Fig. 4.22.

v
|
Y2

Figure 4.22 Proposed generalized FOIF structure

A routine circuit analysis for the generalized structure of Fig. 4.22 (assuming ideal

CFOAY), yields a voltage transfer function:

Vo _ a1 t+y2+ys) +ya(y1 +ys) (4.30)
Vin y2Y3
where vy; , i = 1-4 are the branch admittances. Using equation (4.30) various types of

inverse fractional order active filters may be realized by appropriate selection of

different admittances as given below in Table 4.25.

®  The work presented in this section has been published in : Manoj Kumar, D. R. Bhaskar and P.
Kumar, “ CFOA based new structure of fractional order inverse filters,” International Journal of
Recent Technology and Engineering, vol. 8, no. 5, pp. 4501-4504, 2020.
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Table 4.29 Transfer functions of proposed FOIFs

Admittances Vo
Filter V_m
Response Y1 Y2 Y3 Ya

FOILP s°C, 1 1 5Cy Dy(s)

R, R3 K;

FOIBP 1 1 s9Cy 59Cy Dy (s)

R1 Rz KZSa
FOIHP 1 s%C, s%Cy 1 D3 (s)
R, R, Kys2@
where D;(S) = 5°* + a;5” +by, Da(S) = 5™ + a,5” +by, D3(s) = 5™ + ass” +bs and
1 1
1= re 2 T R e =
The FOILP, FOIBP and FOIHP filters been realized using two resistors and two

fractional order capacitors only (0 <a <1).

The o, of FOILP, FOIHP and o, of FOIBP filters can be obtained from the following

equations (4.21) -(4.23) respectively.

The coefficients a;-az and bi-bs for the FOILP, FOIBP and FOIHP filters are mapped

with the values of various passive components as given below in Table 4.26

Table 4.30 Mapping of the coefficients of the characteristic equation with the passive

components of the fractional order inverse filters

1 (1 4 1>+ 1 b 1

& Ci\R, ' R3/ " RyC, ' C1C4R;R;
1 (1 N 1 ) N 1 b 1

& Cs\R; ' Ry} ' R,C, ? R1R,C5C,
1 (1 4 1>+ 1 b 1

% Cs\R; ' Ry " R4C, 3 C,C3R(R,
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442.1. PSPICE and MATLAB Simulation Results

The performance of the proposed FOIFs for o = 0.8 and 0.9 and integer order inverse
filters (o« = 1.0) of Fig. 4.22 was validated through PSPICE and MATLAB
simulations. The FOIFs were designed to have a wp = oy of 1 kHz for o = 1. The

component values used to design fractional order inverse active filters are provided in

Table 4.27.
Table 4.31 Component values used in the design of FOIFs
Low pass High pass Band pass
R, =570Q R;=4200Q R;=1540Q
R3=570 Q R4=4200 Q R,=1540 Q

C1=0.0995 pF/sec® ™ C,=0.0995 pF/sec®™ | C3=0.0995 pF/sec®

C,=0.0995 pF/sec®™ Cs=0.0995 pF/sec®™® C,=0.0995 pF/sec®™?

The PSPICE simulation results of proposed FOIFs and integer order inverse filters are

shown in Fig. 4.23
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Figure 4.23 Frequency responses of proposed FOIFs (i) FOILP (ii) FOIBP (iii) FOIHP filter

The simulated results of wn and wy of proposed fractional order inverse active filters

along with integer order counterparts are shown in Table 4.28. The stop band

attenuations are given in Table 4.29.
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Table 4.32 Half power frequency and minimum frequency (Hz) of proposed FOIFs of Fig.

4.20
Order Low Pass High Pass Band Pass
PSPICE | MATLAB | PSPICE MATLAB | PSPICE | MATLAB
2.0 1000 1043 1026 1017 1000 1038
1.8 2239 2245 3639 3342 2630 2697
1.6 6310 5898 15170 14560 9550 9903
Table 4.33 Stop band attenuation (dB/decade) of proposed FOIFs
Order Low Pass High Pass Band Pass
PSPICE | MATLAB | PSPICE | MATLAB | PSPICE | MATLAB
2.0 30.00 38.07 38.44 40.10 19.71 19.70
1.8 26.85 35.37 32.29 35.08 17.75 17.82
1.6 15.04 28.21 30.25 31.44 14.64 14.59

From Table 4.28 and Table 4.29, it is noted that the PSPICE and MATLAB

simulation results of proposed FOIFs are in good agreement.

Order
Operational Trans-resistance Amplifier

4.5. Fractional Inverse Active Filters using a Single

In section 4.4, two different FOIF structures were presented using a two CFOAs, in
this section, a new configuration of FOIFs employing single operational trans-
resistance amplifier (OTRA) has been presented. The proposed configuration is
capable of realizing FOILP, FOIBP and FOIHP filters from the same configuration

with appropriate choice(s) of different branch admittances. The performance of the
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proposed circuit topology of FOIFs has been validated through PSPICE and

MATLAB simulations.

45.1. Operational Trans-Resistance Amplifier

An operational trans-resistance amplifier (OTRA) is a differential current-controlled
voltage source, characterized by ideally zero input impedance (looking into its both
input terminals p and n) and zero output impedance. The port relations of an ideal

OTRA are given in equation (4.31).

Bl o o o[k
Vn:[o 0 0] I,
Vo

R, —R, O0l|1, (4.31)

V, =0,V = 0and V, = Ry (I, — I,)

The symbolic representation and equivalent circuit of OTRA are shown in Fig. 4.24.

Ip—> o —>
Ip Vo o
—_— lo Rp (Ip~In)
Vp P y
0 —
Vn n -
—_
In v,
Iy =
(a)
(b)

Figure 4.24 (a) Symbolic representation (b) Equivalent circuit of OTRA
The output voltage V, can be expressed by:
Vo =R (Ip— In) (4.32)
Since both the input and output terminals are having low (ideally zero) impedance,

this eliminates the response limitations incurred by capacitive time constants leading
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to circuits which are insensitive to the parasitic capacitances at the input ports, while
its low output impedance enables the OTRA-based circuits to be cascaded easily.
Ideally, the trans-resistance gain Ry, approaches infinity thereby forcing the two input
currents to be equal i.e., I, = I,. Therefore, the OTRA must be used in a negative

feedback structure in a way similar to op-amp.

4.5.2. Proposed Fractional Order Inverse Filter Structure

The proposed FOIF configuration implemented with a single OTRA is shown in

Fig.4.25.

Figure 4.25 Proposed structure of OTRA based FOIFs

Assuming ideal OTRA, a routine circuit analysis yields the following transfer function:

& _ yay1 +y2 +y3) (4.33)
Vi Y2Y3
where y; , i = 1- 4 are the branch admittances

From equation (4.33), various responses of FOIFs viz. FOILP, FOIBP and FOIHP can
be realized by appropriate selection of the branch admittances. Table 4.30 shows the

specific choices of branch admittances for realization of different FOIFs.
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Table 4.34 Transfer functions of proposed FOIFs

Admittances Vo
Filte Vin
Response Y1 y2 Y3 Ya
FOILP s%C, 1 1 5o, MERE IO
R, R3 Ry K
FOIBP 1 s%C, 1 s, ER 10
Rl R3 R4. KZSO‘
FOIHP 1 S%C; s9C | gag, 4o | Ds(®)
R, Ry | Kys2@
where Dy(s) = 5°* + a;5% +by, Da(S) = ** + a5” +hby, D3(s) = s** + ass” +bs and
_ 1 _ 1 _ C,C3
K = RyR3C1Cy Ky = R3Cy and K3 = C4(C2+C3)

Thus, from Table 4.30, it is seen that the FOILP and FOIBP filters and can be realized
using three resistors and two fractional order capacitors (0 < a < 1), while FOIHP

filter can be realized with two resistors and three fractional order capacitors.

The half power frequency (wp) of fractional order inverse low pass and inverse high
pass filters, and minimum/peak frequency (wm p) Of fractional order inverse band

pass filter can be obtained from equations (4.21)-(4.23) respectively.

The coefficients a;-az and b;-bz for the FOILP, FOIBP and FOIHP filters are mapped

with the values of various passive components as given below in Table 4.31.
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Table 4.35 Mapping of the coefficients of the characteristic equation with the passive

components of the fractional order inverse filters

Filter Coefficients

1 (1 4 1)+ 1 b 1 (1 4 1)
a JR— — — — —
' C1\R; ' R3) ' R4C, ' C1C4R4 \R; ' R;
1 (1 4 1 ) 4 1 b 1 (1 4 1)
a — — — — —
2 C,\R,  Rs) ' R,C, 2 C,C,R, \R, ' R;
1 s 1 . 1
a
: Ri(C, +C3)  R4Cy : R1R4C4(C+C3)

45.3. PSPICE and MATLAB Simulation Results
We have carried out PSPICE and MATLAB simulations to validate the

performance of proposed fractional order inverse active filters. In PSPICE
simulations, CMOS OTRA implementation with TMSC 0.18um CMOS technology
parameters, proposed by Mostafa and Soliman [27], shown below in Fig.4.26 was

used. The aspect ratios of MOSFETSs used in the design of OTRA are given in

Table 4.32.
VDD
AR
- M||_ I
10 MIZ“__”(:MB
IBl Mi | M) I'EMM
Hs—H=5—1—15 M,
Vo
—_— In pIp _Oo
My - M5 Mg
V. — ' M
Bll_)_l ||_>l ||_>| l'_:.l 7
Vss

Figure 4.26 Exemplay CMOS OTRA proposed by Mostafa and Soliman [27]
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Table 4.36 Aspect ratios of various MOSFETSs for the OTRA circuit of Fig. 4.26

MOSFETSs W (um) L(um)
M1,Mz2, M3 M1, M3 100 2.5
My 10 2.5
Ms, Mg 30 2.5
M- 10 2.5
Mg, Mg, Mo, M13, 50 2.5
M4 50 0.5

Fractional order capacitors are designed using Valsa, Dvorak and Friedl method [23]
and the equivalent RC ladder circuit used is shown in Fig. 4.6. The component values
of RC ladder structure of fractional capacitors for different values of ‘a’ are provided
in Table.4.4. The fractional order inverse active filters have been designed for the half
power frequency/ minimum frequency of 500 Hz, for o = 1 (half power frequency for
FOILP, FOIHP and minimum frequency for FOIBP filter). The various passive

component values, used in PSPICE simulations are provided in Table 4.33.

Table 4.37 Component values used in the design of FOIFs

Type of filter Resistor Fractional Capacitor
FOILP R, = 1597Q C1= 0.0995pF/sec™)
Rs= 1597Q C,= 0.0995pF/sec™™)

R4 = 3195Q
FOIBP R: = 3850Q C, = 0.0995pF/sec®?)
R3= 7700Q C,= 0.0995pF/sec®™)

R4 = 3850Q
FOIHP R: = 1000Q C, = 0.0995pF/sec®?)
R, = 1000Q Cs = 0.0995pF/sec®?)
C,= 0.0995pF/sec®?)
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PSPICE and MATALB simulation results of the proposed fractional order inverse
active filters, for different values of ‘o’( varied from 1.0 to 0.5 in step of 0.1) are

shown in Fig.4.27 and Fig.4.28 respectively.
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Figure 4.27 Frequency responses of OTRA-based FOIFs using PSPICE (i) FOILP

(i) FOIBP (iii) FOIHP
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Figure 4.28  Frequency responses of OTRA-based FOIFs using MATLAB (i) FOILP (ii)
FOIBP (iii) FOIHP

The summary of simulated results with MATLAB and PSPICE are given in Table
4.34 and Table 4.35 respectively. These results, thus, establish the validity of the

proposed fractional order inverse active filters employing an OTRA.
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Table 4.38 PSPICE and MATLAB simulations results for half power and maximum frequency (Hz)

Order Low Pass High Pass Band Pass
PSPICE | MATLAB | PSPICE | MATLAB | PSPICE | MATLAB
2.0 478 474 494 490 503 504
1.8 1000 910 1550 1446 1234 1268
1.6 2188 2092 6047 o474 4359 3983
14 7588 6327 27340 32540 15744 16200
1.2 30900 28860 196450 | 304000 140940 110400
1.0 302000 255400 | 2070000 | 5581000 | 4359000 | 1696000
Table 4.39 Stop band attenuation (dB/decade) of proposed FOIFs
Order Low Pass High Pass Band Pass
PSPICE | MATLAB | PSPICE | MATLAB | PSPICE | MATLAB
2.0 36.20 37.22 20.63 39.74 19.12 19.88
1.8 34.08 33.92 19.11 35.40 16.45 17.84
1.6 23.5 31.09 16.41 27.50 15.68 16.11
14 15.50 29.00 13.95 26.00 10.56 13.77
1.2 11.00 18.23 14.26 20.60 07.45 11.62
1.0 16.42 08.32 10.00 16.33 05.56 09.63

From the above tables, it may be noticed that both the PSPICE and MATLAB

simulation results of the proposed FOIFs are in good agreement.

4.6.

Stability Analysis of Fractional Order Inverse Active Filters

Stability is an important property of any dynamic system, which can be analyzed in

various domains [28]. The roots of characteristic equation of any system in s-plane

describe the stability of the system. If all roots of characteristic equation (CE) lie in left

half of the s-plane (6, > |7r/ 2| ,@_1s root angle), the system would be stable, otherwise
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unstable [30]. It is convenient to find roots of integer order filter in frequency domain (s-
plane) using characteristic equation of the system. But it becomes difficult to find the
roots of characteristic equation in case of fractional order system in s-plane (as in case of
proposed fractional order inverse filters) which is of the form:

s+ bs*+c=00<a<1 (4.34)

Therefore, we transform the fractional order transfer function from s-plane to w-plane
[30] by replacing S = W" and « = % (where k and m are positive integers). Now
equation (4.34) can be represented in w-domain as:

w2 + bwk + ¢ =0 (4.35)
The s-plane, defined by 8, =+, is shown in Fig. 4.29(a) and its equivalent w-plane
(physical region) is defined by 6, S|7r/m| is shown in Fig.4.29 (b). The non physical
region in w-plane is defined by 6, 2|7z/m| as shown in Fig.4.29 (b) and this region

can not be mapped into s-plane.

jw
S-plane

Left Half S-plane Right Half S-plane

+IT
Stable
_ . +11/(2m).---7
Non Physical Reglon\/ ------ Unstable

________ ') +11/(2m)
- L EEE— e— Ty
° \ .... )~~".1/(2m) Unstable”
o T ON) aoeee

Stable,

Physical Region

-jw ¥-iw

(a) (b)

Figure 4.29 Stability analysis of fractional order system (a) s-plane (b) w-plane

The left half of s-plane (6, >|/2]) is mapped in w-plane by 8, >|z/2m|, as shown

in Fig.4.29 (b). After transforming the fractional order system characteristic equation
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(CE) from s-domain to w-domain, the resulting CE becomes an integer order CE in
w-domain. Therefore, the stability of the system in w-domain can now be determined

on the basis of location of roots in w- plane. If all roots of equation (4.35) lie in the
stable region (6, > |7z/2m|) of w-plane (as shown in Fig. 4.29(b)), the system will be
stable, otherwise system will be unstable. The stable system in w-plane will also be

stable in s-plane, because physical region of w-plane can be mapped onto s-plane.

For example, if a = 0.9, the equation (4.34) can be written as:

s18+bs% +c=0 (4.36)

and stable

If we take m = 10, the physical region of w-plane is defined by 6, < 17;

% as shown in Fig. 4.29 (b). The equation (4.36)

region is represented by ‘210 <0, <

can be transformed into w-pane and will be represented as:
wiB+bw+c=0 (4.37)
The system will be stable iff, angle of all roots of above characteristic equation (CE)

in w-plane are greater than 9°.

The proposed fractional order inverse filters are stable because all roots of fractional
order filters lie in stable region of w-plane. The exemplary plot of roots of CE of the
proposed fractional order inverse band pass filters (o = 0.9) for fractional order filter
structures of Fig. 4.5, Fig. 4.9, Fig.4.20 and Fig. 4.22 are shown in Fig.4.30, Fig.4.31,

Fig.4.32 and Fig.4.33 respectively.
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Figure 4.30 Polar plots of CE of FOIBP filter of Fig. 4.5 in w-plane for o.= 0.9
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Figure 4.31 Polar plots of CE of FOIBP filter of Fig. 4.9 in w-plane for o.= 0.9
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Figure 4.32 Polar plots of CE of FOIBP filter of Fig. 4.20 in w-plane for o.= 0.9
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Figure 4.33 Polar plots of CE of FOIBP filter of Fig. 4.22 in w-plane for o.= 0.9
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It is observed that minimum root angles are + 13.34° +14.38% +14.19° and +20.00° for

fractional order band pass filters of Fig. 4.5, Fig. 4.9, Fig. 4.20, and Fig. 4.22 respectively.

Alternative approach to show the stability of fractional order systems
(fractional order inverse filter or fractional order filter) is described in [31]. As per the
stability criteria described in [31], if the minimum of the absolute value of angles for

all the roots of the CE (Equation (4.37)) in the w-plane when a is varied, is more

than % , signifying that none of the roots of the CE in the s-plane has positive real

part, the system is stable. We have selected m = 100 and varied ‘o’ in steps of 0.02
between 0.5 and 1, and plotted the minimum of the absolute values of angles of roots

of CE for different values of a, a and b, and shown them in Fig.4.34.
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Figure 4.34 Minimum absolute root angles for fractional order inverse filters: (a) b =4, a =
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For stability of system the coefficients ‘a’ and ‘b’ should be positive and a* > b. From

the above figures, it may be observed that none of the roots have angle whose

o

. 180°
absolute value is less thang =9

4.7. Conclusions

In this chapter, a brief literature overview of conventional inverse filters, designed using
various active building blocks has been presented. We have presented several structures
of fractional order inverse filters, designed with different active building blocks (viz. op-
amp, CFOA and OTRA), passive resistors and simulated fractional order capacitors.
Three structures of fractional order inverse active filters using a single op-amp and two
configurations employing two CFOAs are implemented, while one fractional order
inverse active filter topology is implemented using an OTRA. From the same

configuration of all the proposed fractional order inverse filters, three filter functions of
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fractional order inverse active filters viz. FOILP, FOIBP and FOIHP filters can be
obtained by appropriate selection of the branch admittances. The performance of all the
presented circuits has been verified by theoretical calculation, MATLAB and PSPICE
simulations for different values of ‘e’ (0 < a < 1). One of the op-amp-based fractional
order inverse filter configuration (minimal realization of fractional order inverse filters)
has also been verified experimentally for a = 0.7. The sensitivity and stability analyses of

the presented fractional order inverse active filters are also described in this chapter.
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Chapter 5

Realization of Fractional Order Sinusoidal
Oscillators Using a Single Analog Active
Building Block

In the previous chapter, we have presented a number of fractional order analog
inverse active filter configurations realized with different active building blocks viz.,

op-amp, CFOAs and OTRA.

In this chapter, we present two different structures of fractional order
sinusoidal oscillators (FOSO), realized with single active building block. The first
structure employs a single OTRA along with two fractional order capacitors (FCs)
and four resistors, while the other structure utilizes a single CFOA, two fractional
order capacitors and three resistors. It may be pointed out that both the structures
are new and have not been presented earlier as conventional integer order
oscillators. The functionality of implemented fractional order oscillators has been
verified with PSPICE simulation results, where the employed FCs have been
designed using the methods suggested by Valsa, Dvorak, Friedl [1] and Oustaloup,
Levron, Maithew and Nanot [2]. The CFOA-based fractional order oscillator is
also tested experimentally for o = B = 0.8 using off-the-shelf available IC AD844

and simulated fractional order capacitors.
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5.1. Fractional Order Sinusoidal Oscillators

Oscillators are broadly classified into two categories according to the shape of
their output waveforms: sinusoidal and non-sinusoidal (relaxation). In analog signal
processing, an oscillator is used in various applications such as wireless communication,
electronic computers, biological systems, temperature measurement systems and radar
system [3]-[4]. Fractional order harmonic oscillators are sinusoidal oscillators in which,
the reactive element, instead of being an integer order capacitor/inductor is a fractional
order reactive element. The interest in these fractional order oscillators has stemmed from
the fact that, unlike a conventional RC oscillator, the frequency and phase relationship in
a fractional order oscillator is a function of the fractional order parameters a, B and v,
defining the constant phase element ( CPE). Though the concept of a fractional order
oscillator was introduced in the context of an FM demodulation system long back [4], it
could not gather much attention till the early 2000s. The detailed theoretical framework
for the general fractional order oscillator, however, was developed during the early years
of the last decade [6], when the design equations for CO and FO of a fractional order
oscillator were presented. Since then, many fractional order oscillator circuits employing
different types of amplifiers and other active building blocks have been presented. The
general theoretical framework for the design of fractional order oscillator with n-
fractance devices was developed by Radwan, Elwakil and Soliman [6]-[7], and since
then, a number of fractional order oscillator circuits [4]-[28], realized, either by replacing
the conventional capacitors with fractional order capacitors [7]-[15] or designed ab-initio
[16]-[28] have appeared in open literature. The fractional order oscillators which were not
designed by replacing the conventional capacitor(s) of an existing oscillator, different

active building blocks such as current controlled current follower trans-conductance
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amplifier [16], second generation current conveyors and operational amplifier [17],
differential voltage current conveyor [18], operational trans-resistance amplifiers
(OTRA) [19]-[20], operational trans-conductance amplifiers [21]-[22], differential
difference current conveyor [23] , multiplication mode current conveyor [24] have been

used to propose fractional order oscillators with different properties.

5.1.1. Design Procedure of Fractional Order Sinusoidal Oscillators

A fractional order linear system, designed with two fractance devices can be modelled [6]
as:

DocX1] _ [311 a12] [X1] (5.1)
DPX, Az azl([X,

Laplace transform of equation (5.1), assuming zero initial conditions can be written as:

[S“Xl(s)]:[an alz] [Xl(s) (5.2)
sBX,(s) a1 azl|[X,(s)

The characteristic equation (CE) of fractional order system can be derived from

equation (5.2) as:
¥ —a,,5% —a;sP+ 141 =0 (5.3)

where, |A| = a;;a,, — ajpa,4, IS the determinant of coefficient matrix of fractional
order system. The fractional order system can sustain sinusoidal oscillations at any
frequency ‘w’, if and only if the value of ‘@’ can satisfy the following equations

simultaneously.

TC TC TC
otB oy - B o) - « = _ (5.4)
w** P cos((a + B) 2) a;; wPcos (B 2) a,,w* cos (az) + |Al=0
i Tr Tr
atB g oy — Bsin(B=) — Csin (a=) = (5.5)
w*Psin((a+ B) 2) ay; wPsin (B 2) ay,w% sin (a 2) 0

The phase difference between two state variables X; and X, can be expressed as:
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o T
5 tan-1 W sm(ocz) om
= tan - 5 (1—sgn(arz)) (5.6)
w%* cos (0(5) —aqq

wb sin(Bg) ) (5-7)

wh cos(Bg)—azz

or g = 2(1 —sgn(a;p)) —tan™? (
wheresgn (.) =1

It may be noted from equations (5.4) — (5.7) that the frequency of oscillation ‘®’and
phase differnce ‘@’ are , not only the function of the elements of the matrix A, namely
ai11, 12, a8, and ayy, these equations also depend on o as well as B. Thus, the circuit
designers have additional degree of freedom in meeting the given specifications on ®

and @.

Before we present the proposed new fractional order sinusoidal oscillator
circuits, a brief summary of earlier works done in the field of fractional order
sinusoidal oscillators (FOSO) is presented in following section, so that the work

presented in this thesis should be put in the proper prospective.

5.2. Literature Overview of Fractional Order Sinusoidal Oscillators

Although, the concept of fractional order sinusoidal oscillator (FOSO) is not new, as
it was first mentioned by Oustaloup in 1981, in the context of generation of low
frequency sinusoids for FM application. In [5], a fractional-order Wien bridge
oscillator was reported, wherein, the conventional capacitors were replaced by
fractional order capacitors. It was shown that the FO and CO of FOSO were
dependent not only on the values of resistors and capacitors, but also, on the values of

a, B, the parameters, defining the fractional order capacitors. Numerical simulations
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were carried out for a = 0.3, 0.5, 0.7 and 1. The variation of phase shift between two

state variables, X; and X, with a was also shown.

Later on, the general theoretical framework for the design of fractional order
sinusoidal oscillators with n- fractance devices was developed by Radwan, Elwakil
and Soliman [6] — [7]. In [6], the authors have derived the Barkhausen criterion to
oscillate a linear non-integer dynamical system. It was shown that the CO and FO of
the classical oscillators like the Wien bridge, Colpitts, phase-shift and LC tank
oscillators can be obtained as special cases from their generalised formulations in the
fractional order domain, whereas, in [7], the authors have presented the analysis and
design of four well known oscillators, namely, the Wien bridge oscillator, negative
resistor oscillator, Twin-T and Hartley oscillators. Numerical analysis and PSPICE
simulations for different values of a and B were carried out for all the proposed
fractional order oscillator circuits. Experimental results were also given for one of the
fractional order oscillator (Wien bridge oscillator) using one fractional order capacitor

and one passive capacitor.

In [8], a two-port autonomous network, described by its transmission
parameters and three impedances has been used to illustrate the design
methodology of a fractional-order oscillator. Two different structures of two port
networks, one using an op-amp and three passive resistors, while, the other
employing a CCll-based realization of a non-ideal gyrator along with two FCs and

an additional resistor, have been used to design fractional-order oscillators.

Said, Madian, Radwan and Soliman [9] proposed fractional-order

oscillators based on CFOAs, in which, two existing integer order oscillator circuits
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were generalised in fractional-order domain by replacing the conventional
capacitors with FCs. Three different cases (o =, a # = 1, p # a = 1) have been
studied and the variation of controlling parameter (resistor) and FO against

fractional parameters (a or ) have also been presented.

In yet another publication [10], the same authors have presented a fractional-
order oscillator circuit configuration using a single CCII-, three resistors and three
fractional order capacitors. Four cases of fractional-order sinusoidal oscillators have
been studied and their PSPICE simulation results have been presented to validate the

performance of these oscillators.

A four-phase classical oscillator circuit has been generalized in fractional
domain and presented in [11]. A double integrated loop method was used in the
design of this oscillator circuit using two op-amps, two fractional order capacitors and
four resistors. The proposed fractional order sinusoidal oscillator offered an

independent control of CO and FO through separate resistors.

Single CFOA-based FOSO circuits employing four resistors and two
fractional order capacitors were presented by Said, Radwan, Madian and Soliman in
[12] by generalizing the design of an existing single-CFOA based integer order
oscillator topology presented earlier by Soliman in [29], whereas, in [13], they have
presented the realization of three FC-based fractional-order sinusoidal oscillators.
These circuits were based on replacement of conventional capacitors in the existing
third order quadrature oscillator circuits realized with op-amps, CFOAs, and CCII-

[30].
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In [14] and [23], Mishra, Upadhaya and Gupta presented a simple technique to
approximate fractance device (FD). The proposed technique utilizes an elementary
mathematical tool of impedance equalization at a particular frequency for the design
of FD having lesser number of passive components than any other existing
approximation of FD. Using this technique, fractional order oscillators were designed
for a specified FO and phase which employed the fixed frequency FD, implementing
the Wien bridge oscillator using the continued fraction expansion method. The
performance of fractional order Wien bridge oscillator implemented using proposed
FD was found to be better in respect of phase noise, figure of merit, total harmonic
distortions, settling time, peak to peak voltage, power dissipation and hardware

compactness.

In [15], Pradhan and Sharma have presented two fractional order oscillator
circuits using three OTAs and two fractional order capacitors. It may again be
mentioned here that the proposed structures were mere generalization of already

published OTA-based integer order oscillators [31].

A current controlled CFTA based quadrature oscillator using three FCs of
order 0.5 has been reported in [16], whereas in [17], the generalized design concept of
two-port network based oscillator design in fractional order domain was presented.
The authors have expanded their earlier work presented in [8] and presented all
possible fractional order oscillator circuits from an autonomous two-port network and
three impedances. Experimental results using TL082 type op-amp were provided to

validate the performance of some of the proposed oscillator circuits.
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A new structure of fractional order oscillator circuit, implemented with two
DVCCs, two resistors and two grounded fractional order capacitors was proposed in [18].
Experimental results as well as PSPICE results of proposed fractional order oscillators

were also presented to verify the performance of fractional order oscillator circuit.

Said, Madian, Radwan and Soliman have presented fractional order oscillator
circuits employing OTRAs in [19]. The expressions for FO, CO and phase deviation
between the different voltages in terms of circuit parameters and fractance parameters
(order of FCs) have been derived. Different cases (a =, a #p =1, B # o = 1) have
been studied for proposed oscillator circuits. Total eight fractional order oscillator
circuits have been proposed along with their respective COs and FOs. Also, the

stability analysis has been carried out for the proposed fractional order oscillators.

In [20], authors have reported a fractional order oscillator circuit using two
OTRAs. Four different cases of proposed oscillator were studied and the expressions for

various parameters of oscillator circuit like FO, CO and phase differences were derived.

A voltage mode fractional order oscillator implemented with two OTAs, two
inverting voltage buffers and two FCs was introduced in [21]. The circuit was

implemented with 12 MOS transistors and two fractional order capacitors.

In [22], Kartci, Herencsar, Koton, Brancik, Vrba, Tsirimokou and Psychalinos
presented CMOS realization of an OTA-based fractional order oscillator in which
two-OTAs, two-flipped voltage followers-based voltage buffers, two FCs and a
resistor was employed. Variation of different parameters like FO, CO and phase with
respect to passive components and fractional order parameters were presented using

numerical as well as PSPICE simulations.
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In [24] and [25], fractional order current mode, voltage controlled oscillators
(VCO) were presented using multiplication mode current conveyors (MMCCs). These
oscillator circuits were derived using state variable approach. PSPICE simulations
employing the MMCC realized with macro modal of AD844 and AD835 along with
numerical simulations in MATLAB for different cases, have been presented in

support of the theoretical findings.

In [26], an electronically tunable fractional order oscillator, employing
operational trans-conductance amplifiers and two fractional order capacitors was
presented by Singh and Kumar. In this circuit, the FO and the phase difference
between the output voltages could be controlled electronically by changing the trans-
conductance of different OTAs for specified values of the fractional order parameters

a and f.

From the detailed discussion of the existing analog circuit realization of the
fractional order oscillators, it emerges that compared to fractional order filters,
comparatively less attention has been paid on the realization of single-active
element based fractional order oscillators. Also, very few new realizations of
fractional order oscillator circuits, which have not been derived from the existing
integer order oscillator circuits (replacing the passive capacitors by FCs) exist in

open literature.

Therefore, the main objective of this chapter is to introduce two new structures
of fractional order sinusoidal oscillators using single active device namely, OTRA and

CFOA. The single OTRA-based fractional order sinusoidal oscillator has the property
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of single resistance controlled FO, for the specified values of fractional order

parameters o and p.

5.3. Realization of Fractional Order Sinusoidal Oscillator

Employing Single Operational Trans-Resistance Amplifier

We now present a fractional order sinusoidal oscillator (FOSO) implemented with
two fractional order capacitors (FCs), four resistors and a single operational trans-
resistance amplifier (OTRA). The characteristic equation of the proposed fractional
order sinusoidal oscillator has been derived using nodal analysis and the expressions
for frequency of oscillation, condition of oscillation and phase relationship between
the two voltages Vi and V; are obtained. In one special case, when a = = 1, the
oscillator circuit behaves as a classical single resistance controlled sinusoidal
oscillator (SRCO) in which the frequency of oscillation and the condition of
oscillation can be varied through separate resistors. These properties are retained
even when the values of a and B lie in the range of 0 < a, B < 1. Since the input
terminals of an OTRA are at virtual ground, the proposed FOSO circuit is also
insensitive to parasitic input capacitances and input resistances. Circuit simulations
employing CMOS OTRA [32] with TMSC 0.18um CMOS technology and
fractional order capacitors realized using the method proposed by Valsa, Dovrak

and Friedl [1] have been included to confirm the workability of the proposed FOSO.

5.3.1. Proposed Structure of Fractional Order Oscillator
The proposed single OTRA-based fractional order sinusoidal oscillator circuit is

shown in Fig. 5.1.
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Figure 5.1 The proposed OTRA based fractional order oscillator

Considering an ideal OTRA, (characterized by Vp =V, =0 and I, = I), a routine analysis

of the circuit shown in Fig. 5.1, results in the following characteristic equation (CE):

1 1 1 1 1 1
s+ —(———)sP +

o+ ) =
) +R1C1 C; Ry Rj R;C:Cy R1+R2) (5.8)

Application of Euler’s theorem on equation (5.8) for s = jo yields:

o

R1Cy

w**P cos((a + p)m/2) + cos(am/2)

(5.9)

+1(1 1> 8 2 + (1+1>
G \R, R, s/t R TR,

a

2w
+j |w* B sin((a + p)m/2) +
R.C,

sin(am/2)

+Ci2(Rl1_ Rig) P sin(ﬁn/Z)] =0

The circuit represented by the above CE can support sustained oscillations, if, for the
given values of the passive components and the fractional order parameters a and J,
equations (5.10) and (5.11), obtained by equating the real and imaginary parts of the

CE given in equation (5.9) admits a real solution.
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1

w** B cos((a+ B)m/2) + %COS( ar/2) + ciz (R1

— Ris) wP cos(pm/2) +
(5.10)

1 1 1
N
R1C1C2 \R; Ry

1 1

) 20% 1
B sin( (a + B)m/2) + %sm( arn/2) + C—Z(R1 R,

)wPsin(Br/2) =0  (5.11)

The CO can be obtained by solving equation (5.11) for R3, for the specified values of
FO and Ry, R; C1, Cy, a and B while the FO can be found by using the value of Rg,
thus obtained, in equation (5.10). Therefore, the expressions for FO and CO are given

below in equations (5.12) and (5.13) respectively.

. a+B e 20)“(:2 . _ ; i
FO: G0 P (= sin(am/2)) + 2 2sin( (B — 0m/2) + e (R1+
(5.12)
=) sin(pn/2) = 0
Rz
CO:i= Czwa'sin((a+6)ﬂt/2) Zczma—ﬁlsin((a)ﬂt/Z) 1 (5.13)
Rs sin((B)m/2) R1Cq sin((B)t/2) Ry

It is interesting to note that when a = 3 = 1, the circuit can operate like an integer

order sinusoidal oscillator for which the FO and CO can be given by:

(5.14)

N |-

Fo: <R12261(R—1+R—Z)) and €Ot =L (1425)

Thus, from equation (5.14), it is clear that FO can be varied by controlling the value
of R, without disturbing the CO. Similarly, by controlling R3, CO can be adjusted
independently without affecting FO. Thus, the circuit can be operated as a single
resistance controlled oscillator. It may be mentioned that such SRCO has not been

reported earlier.

The phase relationship between V; and V; can be found as:
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R;C,w% sin( 0.5arm) (5.15)

@ = tan~! =
R;C,w* cos( 0.5am) — R—l
3

From equation (5.15), it may be observed that the phase can be varied by varying the

value of ‘o’

5.3.2. Simulation and Numerical Results

The proposed structure of fractional order sinusoidal oscillator of Fig. 5.1 was
simulated in PSPICE using CMOS OTRA structure [32] as shown in Fig. 5.2. The
power supplies used to bias the CMOS OTRA were £ 1.5V DC. The circuit was
designed for a nominal frequency of oscillation of 11.24 kHz (for a = 3 = 1) by
selecting the passive components as R;j= R,= 20KQ, and C;= C,= 1nF. Fractional
order capacitors, C;= C,= 1nF/s*™), with different values of o = p = 0.8, 0.9 were
used in the simulation of the proposed fractional order sinusoidal oscillator using
the method proposed by Valsa, Dovrak and Friedl [1]. The ladder structure (with a
fifth order approximation), along with the passive component values of the ladder

elements are shown in Fig.5.3 and Table 5.1 respectively.

Table.5.1 Component values of FC for (a=f=0.8, 0.9)

Order Ct= 1nF/s@V
Resistor Capacitor
Ra=76.44MQ R,=11.339MQ C,=0.138nF C,=0.1058nF
0.9 Rc=1.682MQ Ry = 0.25MQ C.=0.856nF C4=0.0693nF
Re=0.037MQ Rp = 436.86M Q Ce=0.056nF Cp=0.2372nF
Ra=64.029MQ Rp=11.471MQ C,=0.156nF Cp, = 0.15058nF
0.8 R¢=2.153MQ Ry = 0.395MQ C.=0.0669nF Cy4=0.0438nF
Re=0.072MQ Rp = 285.14M Q Ce=0.0286nF Cp=0.0542nF
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Eight different cases of fractional order sinusoidal
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Figure 5.2 CMOS OTRA circuit proposed by Mostafa and Soliman [32]

AN
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G cTc.,

Figure 5.3 R-C ladder circuit of fractional order capacitor

oscillator (for different

combinations of a and ) were simulated in PSPICE. The transient responses and

frequency spectrums of the proposed fractional order sinusoidal oscillator are

displayed in Fig.5.4. The simulation results (SM) and theoretical results (TH) showing

frequency of oscillation, and the phase difference between V; and V; for different

values of a and B, along with the value of R3, are shown in Table 5.2.
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Figure 5.4 Transient responses and frequency spectra of proposed fractional order oscillator

Table 5.2 Simulation and theoretical results of fractional order sinusoidal oscillator

Values of a and B | FO (SM/TH) (KHz) | Phase (SM/TH) (Degree) | R3(KQ)
a=1.0,=1.0 11.25/11.24 25.52/25.08 6.63
a=0.9,=09 38.90/38.88 21.01/20.84 5.85
a=0.8,=0.8 181.27/183.3 26.01/21.73 5.30
a=0.8,=09 86.32/88.39 22.22/20.62 10.5
a=0.8,B=1.0 40.40/42.92 18.73/18.74 15.26
a=0.9,=0.8 61.23/61.22 17.66/12.5 2.016
a=0.9,=1.0 20.17/21.37 25.80/25.12 11.42
a=1.0,=0.8 18.00/18.02 7.72/5.39 0.82
a=1.0,=0.9 16.45/16.34 13.60/14.57 2.533

5.3.3. Operation of the Proposed Fractional Order Oscillator as SRCO
It may be observed from equations (5.12) and (5.13) that the FO of the proposed

FOSO can be varied by changing the value of R, without disturbing the CO for the
given values of a and B, thus, the fractional order sinusoidal oscillator provides the
single resistance controllability of the FO. We can fix the value of fractional
parameters (o and P) and other passive components for a particular oscillation
frequency. Subsequently, we can vary the frequency of oscillation (FO) by varying
the resistor (R,) without affecting the CO. This property of FOSO was verified
through PSPICE simulations as well as numerically using MATLAB for two different
cases (i) when both a and B have equal values (0 = = 0.8 and o = = 0.9) and (ii)
when both ‘e’ and ‘B’ have different values (o = 0.9 and B = 0.8). The PSPICE
simulations and MATLAB results in both the cases are shown graphically in Fig. 5.5

to verify the performance of the proposed SRCO.
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5.4. Fractional Order Sinusoidal Oscillator Implemented with a
Single CFOA and Two Fractional Order Capacitors

In this section, we present a new structure of a fractional order sinusoidal oscillator

employing a single CFOA, two FCs and three resistors. The workability of the
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proposed FOSO circuit has been corroborated by the PSPICE simulation and
hardware implementation results employing AD844-type IC CFOA. The fractional
order capacitors used in simulation and experimental verification have been designed

using the method suggested by Oustaloup, Levron, Mathieu and Nanot [2]

5.4.1. Proposed Single CFOA Based FOSO Circuit

The proposed structure of fractional order sinusoidal oscillator employing a single
CFOA, three resistors and two simulated fractional order capacitors is shown in Fig.

5.6.

Ry

Rs

Figure 5.6 Proposed configuration of single CFOA based fractional order oscillator

Using the terminal equations of an ideal CFOA, a straight forward analysis of the

FOSO circuit presented in Fig. 5.6 yields:

1
Vo(clsa) == V (R_ + Clsa) (516)
1

(5.17)

V() = Vo (g + as?)
R, = Vo R, 2S
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Solving equations (5.16) and (5.17), the characteristic equation (CE) of the FOSO can be
expressed as:

1 1 1 1 5.18
s°‘+8+( sP + s* — s“)+—=0 (5.18)
R.C,. " R,G°  RsG R.R,C,C,

Application of Euler’s theorem on Equation (5.18) for s = jo, gives:

w**B cos((a + )m/2) + —cos( Br/2) +— (R— - —) w®cos(am/2) +
(5.19)
+B el i i =
R1R2C1C2 +Hj(w* P sin( (a + B)1/2) +x sm( Bm/2) + — ( 0 Rg) w*sin(am/2) =0
Now, to produce the sustained oscillations for the given values of passive components
and the fractional order parameters a and P, the following equations are obtained by
equating the real and imaginary parts of the CE given in equation (5.19), admits a real
solution.
B 1,1 1
w**P cos((a + B)m/2) + @ cos(pPm/2) + — (— - —) w* cos(am/2) 5.20
R:Cy C;\R; Ry (5:20)
1
RRGE
B o N . wf 2+1(1 1) o (5.21)
w* Psin( (a+ B)m/2) R.C, sin( Bm/2) .\’ TR w*sin(amn/2) =
Solving equations (5.20) and (5.21), the FO and CO are obtained as:
B _ (5.22)
C, 0P (—sin(pm/2)) + = sm( (a=B)m/2) + = sm( arn/2) =0
1 CwPsin((a+B)m/2) N C,wP%sin( (B)m/2) 1 (5.23)

R, sin(o)m/2) R,C sin(()1/2) 'R,

From equations (5.22) and (5.23), it is observed that for a = p = 1, the circuit

functions as an integer order oscillator for which the FO and CO are given by:
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Forw = (—1 ) ol i, G (5.24)

R1R>C1 (3 R3 Rz R1(C4

The phase angle between V and V, can be evaluated from equation (5.16) as:

x T 1 ( R;Ciw*sin( 0.5am) ) (5.25)

=——t -
¢ 2 a1 + R Ciw* cos(0.5am)

5.4.2. PSPICE Simulation and Numerical Results

PSPICE Simulation: The proposed structure of Fig. 5.6 was simulated in PSPICE using
the macro-modal of AD844 type CFOA. The oscillator circuit was designed for a
nominal frequency of 15.9 kHz (for o = B = 1) by selecting the passive components as
Ri= R= 1KQ, and C;= C,= 10 nF. The transient and frequency spectrum of this
oscillator circuit are depicted in Fig. 5.8. Fractional order capacitors, C;= C,= 10 nF/s®?,
with different values of a and B (0.8, 0.9) used in the simulation of proposed fractional
order oscillator of Fig. 5.6 were realized using the method proposed by Oustaloup,
Levron, Mathieu and Nanot (assuming n = 8) [2]. The R-C ladder structure of simulated
FC is shown in Fig. 5.7 and component values of ladder elements are given in Table 5.3.

Re Ry R, R,
C, C, C, s O_ID>_°

(-

Figure 5.7 R-C ladder circuit to realize fractional order capacitors

Table 5.3 Component values of FC for a= 0.8 and 0.9

C¢= 10nF/s@D

Ord - -
raer Resistor Capacitor
Ro=1.20Q R;=1.116Q C1=9.25nF C,=10.03nF
R,=8.07Q R3=150.23Q C3=12.08nF  C4=14.75nF

0.9 R;=308.66Q2 Rs=1.895KQ Cs=18.00nF  Ce=21.75nF
Re=11.76KQ  R7=79.52KQ C;=24.14nF  Cg=6.21nF
Rg=2.315MQ
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Ro=8.957Q R1=12.89Q C1=0.757nF C,=1.0009nF
Ry =72.56Q Rs = 368.96Q C3=1.48nF Cys=2.22nF

0.8 Rs=1.85KQ Rs=9.3KQ Cs=3.319nF Ce=4.918nF
Re=47.1KQ R7 = 254.4KQ C;=6.82nF Cs=3.9nF
Rg = 3.33MQ

Eight different cases of fractional order oscillators (for different combinations of a
and P) were simulated in PSPICE using the macro modal of AD844 type CFOA. The
transient responses and frequency spectrums of proposed fractional order oscillators

are displayed in Fig.5.8 (b) - Fig.5.8 (i).
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Figure 5.8 Transient responses and frequency spectra of proposed fractional order oscillator

of Fig. 5.6

The simulation results (SM) and theoretical (MATLAB) results (TH) exhibiting FO and the
phase difference for different values of a and 3, along with the values of R; which are used

in simulation of the circuit of Fig. 5.6 are shown in Table 5.4.
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Table 5.4 Simulation and theoretical results of fractional order sinusoidal oscillator

o and f FO (SM/TH) (kHz) Phase (SM/TH) (Degree) R3(Q)
a=1.0,=1.0 15.79/15.9 43.20/44.95 445.09
a=0.9,=09 56.82/57.04 39.24/40.42 390
a=0.8,p=0.8 271.36/282.74 34.29/36.02 340.79
a=0.8,p=09 98.37/98.52 47.87/52.10 143.7
a=08,p=1.0 30.03/27.699 54.04/63.9 52.59
a=0.9,p=0.8 126.85/130.09 23.84/23.69 629.5
a=09,p=1.0 24.61/24.91 53.99/57.40 187.2
a=1.0,=0.8 61.25/61.68 27.09/14.57 669
a=1.0,=0.9 30.42/30.68 26.29/27.43 668

From the Table 5.4, it may be observed that the simulated results are in good

agreement with the theoretical results in most of the cases.

5.4.3. Experimental Results of Proposed Fractional Order Sinusoidal Oscillator

To validate the simulation results, the FOSO circuit was bread-boarded using off-
the-shelf available IC AD844 type CFOA with 5% tolerance RC components. The
power supplies used to bias the AD844 were = 12V DC. The fractional order
capacitors of value 10nF/(s"™®) (for @ = B = 0.8) were simulated using the RC
ladder as shown in Fig. 5.7 whose component values are presented in Table 5.3.
The FOSO circuit was designed for a nominal frequency of 282.74 kHz, by
selecting R; = R, = 1KQ. The value of R3 required for meeting the CO was
obtained as 340Q. The experimentally obtained value of FO was found to be
282.23 kHz, which is very close to the designed value. The %THD of proposed

FOSO circuit was found to be 1.52%. The transient response and frequency
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spectrum of the oscillator have been displayed in Fig. 5.9, while frequency of

oscillation and phase are given in Table. 5.5.
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Figure 5.9 Experimentally obtained transient response and frequency spectrum of the
oscillator of Fig. 5.6
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Table 5.5. Frequency of oscillation and phase difference between the outputs of fractional

order oscillator for o = = 0.8

Parameter of FOSO | Theoretical Experimental PSPICE Simulation

FO (kHz) 282.74 283.3 271.34

The above experimental results, thus, establish the workability of the

proposed FOSO circuit.

5.5. Stability Analysis

The stability of the proposed fractional order sinusoidal oscillators has been investigated

using the method given in [33]. For stability of fractional order oscillator, at least one root

of CE in w-plane must lies on |6,,| = % and remaining other roots lie in stable region

(region shown in w-plane) [33]. Even if, a single root lies in unstable region, the fractional
order oscillator becomes unstable. The location of roots of CE of FOSOs of Fig. 5.1 and
Fig.5.6 have been plotted (for k = 10) in w-plane for different values of o and B, and these
have been shown in Fig. 5.10 and Fig. 5.11 respectively. From the observation of Fig. 5.10
and Fig. 5.11, it is confirmed that the implemented fractional order sinusoidal oscillators are

stable in nature.
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Figure 5.10. Polar plot of the poles of the CE in w-plane of the oscillator of Fig. 5.1
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Poles of fractional order oscillator of Fig. 5.1 in w-plane
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Figure 5.11. Polar plot of the poles of the CE in w-plane of the oscillator of Fig. 5.6

5.6. Conclusions

In this chapter, we have presented an extensive literature review of fractional order
oscillator circuits, which are designed by replacing conventional capacitors by
fractional order capacitors or designed ab-initio using various active building blocks.
Two new configurations of fractional order sinusoidal oscillators are implemented
using single active device with other passive components viz. passive resistors and
fractional order capacitors. One of the structures of FOSO is realized with a single
OTRA, three resistors and two fractional order capacitors. Nine different cases of
OTRA-based fractional order sinusoidal oscillator for different combinations of o and

B(()a=p=10(G)a=p=09 (i) () a=Pp=0.8(iv) a=08and p=09 (v) & =
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0.8andB=1.0(vi)a=0.9and B =0.8 (vi))a =0.9 and B = 1.0 (viii) a = 1.0 and B =
0.9 and (ix) a = 1.0 and B = 0.8) were simulated in PSPICE. While, the second
structure employs a single CFOA, three resistors and two fractional order capacitors.
Again nine different cases of CFOA based FOSO circuit were considered for different
values of aand B ((1)) a=PB=1.0 (i) a=P=0.9 (iii)) () a=P=0.8 (iv) a=0.8 and
B=0.9(V)a=08andP=1.0(vi)a=0.9 and p = 0.8 (vii)) a =0.9 and B = 1.0 (viii) a
= 1.0 and B = 0.9 and (ix) o = 1.0 and B = 0.8), were simulated in PSPICE. For both
the structures of FOSOs, PSPICE simulations were carried out, to validate the
workability of the proposed FOSO structures. The performance of CFOA-based
FOSO circuit was also examined experimentally for a. = p = 0.8. The study of stability
analysis has also been carried out for both the proposed fractional order sinusoidal

oscillators.
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Chapter 6

Conclusions and Future Scope

This thesis has dealt with the realization of voltage-mode/current-mode fractional
order analog circuits viz. fractional order filters, fractional order inverse filters and
fractional order sinusoidal oscillators using different active building blocks such as
op-amp, CFOAs and OTRA. In the following, we present a summary of the main

contributions of this thesis.

6.1. Summary

In Chapter 1of the thesis, a preliminary introduction of fractional order analog
circuits, the objectives of the research work and the organization of the thesis has

been presented.

Chapter 2 dealt with different types of fractional order elements (FOES)
available in open literature, viz. single component based and multicomponent-based
FOEs. We have presented the details of some of the important works dealing with
the realizations of the FOEs using single, as well as multi-component based
realizations of the FOEs. We have also presented the details of the methodology and
design of the fractional order capacitors, which we have used for the realization of
various fractional order analog circuits in this thesis. The methods proposed by Valsa,
Dvorak and Friedl and Oustaloup, Levron, Mathieu and Nanot, for implementation of
fractional order capacitors have been explained in detail for finding the component

values in the R-C ladder network. Using Valsa, Dvorak and Friedl’s method,
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fractional order capacitors of values 0.382pF/sec®™, 0.0955uF/sec®™® and 1nF/sec®™
for different values of a have been designed, whereas fractional order capacitors of
value 10nF/sec®™® for o = 0.9 and a = 0.8 have been designed using Oustaloup,
Levron, Mathieu and Nanot’s method. To verify the performance of these fractional
order capacitors, the magnitude and phase responses have also been presented.
Experimentally obtained frequency response characteristics of a fractional order

capacitor have also been presented.

In chapter 3, a brief literature overview of fractional order filters, designed
using various active building blocks has been presented. This Chapter is also
concerned with the design of CFOA-based fractional order filters in (i) voltage-mode
and (ii) current-mode. Two different structures of voltage-mode fractional order filters
have been presented in which the fractional order low pass filter, fractional order
band pass filter and fractional order high pass filter can be realized by selecting the
branch admittances appropriately. Both the presented structures employ only a single
CFOA and five passive components (three/two conventional resistors and two/three
fractional order capacitors). The proposed current-mode fractional order filter
structure, on the other hand, employs only a single CFOA, two resistors and two
fractional order capacitors. The various output responses viz, FOLP, FOBP and FOHP
can be obtained by appropriate selection of the branch admittances The workability of
all the proposed circuits has been verified by theoretical calculations, MATLAB and
PSPICE simulations for different values of ‘a’ (0 < a < 1). Experimental results for an
exemplary single CFOA based fractional order filter operating in voltage mode (for a

=B =0.7) have also been presented.
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In chapter 4, a brief literature overview of conventional inverse filters,
designed using various active building blocks has been presented. Prior to the
commencement of this research work, no analog inverse active filter in fractional
order domain was reported in open literature. In view of this, we have presented
several structures of fractional order inverse active filters, designed with various
active building blocks viz. op-amp, CFOAs and OTRA, passive resistors and
simulated fractional order capacitors. Three circuits of op-amp-based fractional order
multifunction inverse active filters, two circuits of CFOA-based multifunction inverse
filters and one circuit of OTRA-based fractional order inverse filter have been
presented. From the same topology, in all the presented configurations, FOILP, FOIBP
and FOIHP filter responses can be obtained by appropriately selecting the branch
admittances. The performance of all presented circuits has been verified by theoretical
calculations, MATLAB and PSPICE simulations for various values of ‘a’ (0 <a < 1).
One of the op-amp-based fractional order inverse filter circuit (minimal realization of
fractional order inverse filter) has also been verified experimentally for a = 0.7. The
sensitivity and stability analysis of fractional order inverse active filters have also

been described in this chapter.

In chapter 5, we have presented an extensive literature review of fractional
order sinusoidal oscillators, which were designed by merely replacing the integer
order capacitors by fractional order capacitors or designed ab-initio using various
active building blocks. Two new configurations of fractional order sinusoidal
oscillators have been implemented using single active device and other passive
components viz. passive resistors and fractional order capacitors. One of the

structures of FOSO is realized with a single OTRA, four resistors and two fractional
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order capacitors. Nine different cases of OTRA-based fractional order oscillators for
different combinations of o and f were simulated in PSPICE. The other structure was
implemented using a single CFOA, three resistors and two fractional order capacitors.
Nine different cases of CFOA-based fractional order oscillators for different
combinations of o and B were simulated in PSPICE. For both the structures of
FOSOs, PSPICE simulations were carried out to show the transient response and
frequency spectra of the proposed FOSOs. For one case, (a = = 0.8) of CFOA based
FOSO, experimental results have also been presented. The stability analysis has also

been carried out for the presented fractional order sinusoidal oscillators.

6.2. Future Scope

Fractional order circuits and systems is an emerging interdisciplinary area of science
and engineering. Several interesting developments have taken place in the area of
fractional order analog active circuits during the last two decades resulting in
appearance of various types of analog circuit implementation of fractional order
filters, fractional order sinusoidal oscillators and fractional order PID controllers with
different properties, which were not reported in their integer order counterparts, in
open literature. When this research work was initiated, there were no fractional order
inverse filter structure available in the open literature. We have proposed a new
configuration of fractional order inverse filters in 2018 and proposed several other
inverse active filters in fractional order domain. Apart from the work reported in this
thesis, in the following, we suggest few other directions in which the work presented

in this thesis can be extended:

1. The design and development of a compact fractance device, in which the order of
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the FOE can be changed smoothly, by means of some electronic control (voltage
/current), will be helpful in exploiting the real potential of the fractional order
active circuits. This is still an open problem which can be taken up for further

investigation.

Various approximation methods have been used for simulation of the FOE in
general. A systematic evaluation of the performance of the realized FOE for a
specific application will help in benchmarking of the different approximation
methods for different applications, thus, will help in the development of
commercially available FOEs, and therefore, is an interesting problem open for

future research.

The inverse analog filters presented in this thesis have been realized using an approach
wherein we have realized the transfer functions with the help of fractional order
capacitor(s). These transfer functions could also be realized using any one of the
standard methods of approximations of the fractional order Laplacian operator and the
performance may be compared in terms of the tunability properties and other

specifications.

The development of design tables and related softwares for the design of
fractional order active filters for different values of the fractional order parameters
and design specifications is an interesting problem which may be taken up for

further research.

. New structures of multiphase sinusoidal oscillators realized with different ABBs

may be developed.

248



6. Analog circuit implementation of multi frequency fractional order oscillators is

yet another area in which the work presented in this thesis may be extended.

Finally, it must be concluded that there is no dearth of new possibilities,
problems and ideas to pursue, as far as the design of fractional order analog circuits is

concerned and this is, undoubtedly, a very exciting area of research.
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Appendix I:

Realization of FC and Fractional Order Filter
and Inverse Filter

Flowchart for the design of Fractional order capacitor using Valsa,

Dvorak and Friedl Method
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MATLAB code of Fractional Order Capacitor using Valsa, Dvorak
and Friedl Method

clc;
clear all;
close all;

Dp=input('enter the value of capacitance of fractional capacitor');
al=input(‘enter the order of capacitor");
m=input(‘enter the no of branches m=");
err=input(‘enter % error in design’);
cl=input(‘enter the value of c1");
rl=input(‘'enter the value of r1");
wl=1/(c1*rl);
wu=wl/((a*b)*(m));
ab=0.24/(1+err);
p=al*log10(ab);
a=10"(p);
b=ab/a;
Rp=r1*(1-a)/a;
Cp=c1*b™m)/(1-b);
Wav=(a/b)*(0.25)/(r1*c1*ab™(2));
e=1li*Wav*Cp;
sum=0;
f=1/Rp;
for n=1:m
sum=sum+(li*Wav*c1*b”(n-1))/(1+1li*Wav*rl*cl*ab”(n-1));
end
Yav=sum+1/Rp+e;
Zav=1/abs(Yav);
Dc=Zav*Wav”(al);
ml=Dp/Dc;
Rpm=Rp*ml;
Cpm=Cp/ml;
for n=1:m
R(n)=r1*a™(n-1)*ml;
C(n)=(c1*b”(n-1))/ml;
end

Flowchart of fractional order capacitor designed using Qustaloup,
Levron, Mathieu and Nanot Method
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MATLAB Code for Design of fractional order capacitor using
Oustaloup, Levron, Mathieu and Nanot Method

clc;

close all;

clear all;

wmax=input(‘enter the value of maximum frequency in rad/sec =");
wmin=input(‘enter the value of minimum frequency in rad/sec =");
alpha=input(‘enter the value of alpha =");

cl=input(‘enter the value of capacitor =");
k1=(1/(c1*(wmax”"alpha)));

n=input('the value of n =..");

for I=1:n
z1(D=-(wmin*((wmax/wmin)*(((2*1)-1+alpha)/(2*n))))
p1(h)=-(wmin*((wmax/wmin)*(((2*1)-1-alpha)/(2*n))))
end

z=z1",

p=pl;

[num den]=zp2tf(z,p,k1);

[c r K]=residue(hum,den);

cap=1./c;

res=-c./r;

MATLAB Code of FOILP and FOLP

%%%%%% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% % %%
%%%%%%%% %% %% %% %% %% %% %

% FOILP and FOLP of single fractance device % %
%%%%%% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% % %%
%%%%%% %% %% %% %% %% %% %%

close all;

clear all;

clc;

b=1:-0.1.5;

w = logspace(1,9,5000);

f=.159*w;

%p=1:-.1..5;

fori=1:1:6

Fr = @(w) (3140)./((Li*w).~(b(i))+3140);

figure(1)

semilogx(f,20*log10(abs(Fr(w))));

hold on

figure (2)

semilogx(f,(180/pi)*angle(Fr(w)));

hold on

figure(3)

semilogx(f,20*log10(abs(1./Fr(w))));

hold on

figure(4)

semilogx(f,(180/pi)*angle(1./Fr(w)));

hold on

end

%%%%%% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %
%%%%%%%%% %%

% End of FOILP and FOLP filter %
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%%%%%%%%%%% %% % %% %% % %% %% %% %% % % %% %% %% % %% %% % % % %% %% %%
%%%%%%%%%%%

9%6%%%6%% %% %% %% % %% % %% % %% %% %% % %% % %% %% %% % %% % %% % %% % %% %%
%6%%%6%% %% %% %% % %% % %%
%  FOILP and FOLP filter using two Fractance devices %

%%%%%%%%%%% %% %% %% %% %% %% %% %% % % %% %% %% % %% %% % % % %% %% %%
%%%%%%%%%%%% %% %% %%

close all;

clear all;

clc;

b =1:-0.1..5;

w = logspace(1,9,5000);

f=.159*w;

p=1:-.15:.15;

fori=1:1:6

Fr = @(w) (6280*6280)./((1i*w). (p(i)+b(i))+1.414*6280*(Li*w). p(i)+6280*6280);
figure(1)

semilogx(f,20*log10(abs(Fr(w))));

hold on

figure (2)

semilogx(f,(180/pi)*angle(Fr(w)));

hold on

figure(3)

semilogx(f,20*log10(abs(1./Fr(w))));

hold on

figure(4)

semilogx(f,(180/pi)*angle(1./Fr(w)));

hold on

end

%%%%% %% %% %% %% %% %% %% % %% %% %% %% %% % %% %% %% %% %% %% %% %% % %
%%%%%%%%% %%

% End of FOILP and FOLP filter %
%%%%% %% %% %% %% %% %% %% % %% %% %% %% %% % %% %% %% %% %% %% %% %% % %
%%%%%%% %% %%

MATLAB Code of FOIBP and FOBP filters

9%69%%6%%%% %% % %% %% %% % %% % %% %% %% % %% % %% % %% % % %% % %% % %% % %% %
9%%%%%%%%%%%%%% %% %% % %% FOIBP and FOBP using Single FC
%

9%6%%6%%%6%%%% %% %% %% % %% % %% % %% %% %% % %% % %% %% % %% %% % %% % %% %
%%6%6%%%%%%% %% % %% %% %% %

close all;

clear all;

clc;

b =1:-0.1:0.5;

w = logspace(1,9,5000);
f=.159*w;
p=0.8:-0.1:.3;
fori=1:1:6

255



Fr=@(w) ((2i*w).”p(i))./((Li*w). b (i)+3140);

figure(1)

semilogx(f,20*log10(abs(Fr(w))));

hold on

figure (2)

semilogx(f,(180/pi)*angle(Fr(wy)));

hold on

figure(3)

semilogx(f,20*log10(abs(1./Fr(w))));

hold on

figure(4)

semilogx(f,(180/pi)*angle(1./Fr(w)));

hold on

end

%%%%%% %% %% %% % %% %% %% %% % %% % %% % %% % %% % %% % %% % %% % %% % % %%
%%%%%%%%% %%

% End of FOIBP and FOBP filter %

%%%%%% %% %% %% % %%%% %% %% % %% % %% % %% % %% % %% % %% % %% % %% % % %%
%%%%%%%%% %%

9%69%%6%%%% %% % %% %% %% % %% % %% % %% %% %% % %% % %% % %% %% %% % %% % %% %
9%69%%%%%%%%%

% FOIBP and FOBP filter using two FC %

9%69%%6%%%%%%% %% %% %% % %% % %% % %% %% %% % %% % %% %6 %% %% %% % %% % %% %
9%%%%%%%%%% %

close all;

clear all;

clc;

b=1:-0.1.5;

w = logspace(1,15,5000);

f=.159*w;

p=1:-.15.1;

for i=1:1:6

Fr=@(w)(1.414*%6280*(Li*w). p(i))./((1i*w).~(p(i)+b(i))+1.414*6280*(Li*w). p(i)+3140*3140);
figure(5)

semilogx(f,20*log10(abs(Fr(w))));

hold on

figure (6)

semilogx(f,(180/pi)*angle(Fr(w)));

hold on

figure(7)

semilogx(f,20*log10(abs(1./Fr(w))));

hold on

figure(8)

semilogx(f,(180/pi)*angle(1./Fr(w)));

hold on

end

%%%%%%%%%% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %
%%%%%%%%%%%

% End of FOBP and FOIBP filter %

%%%%%% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% % % %% %
%%%%%%%%% %%
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MATLAB Code for FOIHP and FOHP

%%%%%% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %
%%%%%%%%%%%% % %% %% %% %% FOIHP and FOHP filter using a single FC

%

%%%%%% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% % % %% %% %% %
%%%%%%%% %% %% %% %% %% %%

close all;

clear all;

clc;

b=1:-0.1:5;

w = logspace(1,9,5000);

f=.159*w;

for i=1:1:6

Fr=@(w) ((2i*w).”b(i))./((Li*w).N(b(i))+3140);
figure(1)

semilogx(f,20*log10(abs(Fr(w))));

hold on

figure (2)

semilogx(f,(180/pi)*angle(Fr(w)));

hold on

figure(3)

semilogx(f,20*log10(abs(1./Fr(w))));

hold on

figure(4)

semilogx(f,(180/pi)*angle(1./Fr(w)));

hold on

end

%%%%% %% %% %% %% %% %% %% % %% %% %% %% %% % %% %% %% %% %% %% %% %% % %
%%%%%%%%% %%

% End of FOIHP and FOHP filter %
%%%%% %% %% %% %% %% %% %% % %% %% %% %% %% % %% %% %% %% %% %% %% %% % %
%%%%%%%%% %%

%%%%%%%%%%% %% % %% %% % %% %% %% %% % % %% %% %% % %% %% % % %% % %% %%
%%%%%%%%%%% %% %%%%%% %% FOIHP and FOHP filter using two FC

%

%%%%%%%%%%% %% % %% %% % %% %% %% %% % % %% %% %% % %% %% % % %% % %% %%
%9%%%% %% %% %% %% % % %% %% %

close all;

clear all;

clc;

b=1:-0.1.5;

w = logspace(1,15,5000);
f=.159*w;

p=1:-.1..5;

for i=1:1:6

Fr=@(w) ((2i*w).A(p(i)+b(i)))./((Li*w).A(p(i)+b(i))+0.5*3140*(Li*w). p(i)+3140*3140);
figure(9)
semilogx(f,20*log10(abs(Fr(w))));
hold on

figure (10)
semilogx(f,(180/pi)*angle(Fr(wy)));
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hold on

figure(11)

semilogx(f,20*log10(abs(1./Fr(w))));

hold on

figure(12)

semilogx(f,(180/pi)*angle(1./Fr(w)));

hold on

end

%%%%%% %% %% %% %%%6%6% %% %%6% %% % %% % %% % %% % %% % % %% %% % %% % % %%
%%%%%%%%% %%

% End of FOIHP and FOHP filter %

%%%%%% %% %% %% % %% %% %% %% % %% % %% % %% % %% % %% % % %% %% % %% % % %%
%%%%%%%%% %%

%%%%% %% %% %% %% %% %% %% % %% %% %% %% %% %% % %% % %% % %% %% %% % % %%
%%%%% %% %% %% %% %% %% % FOAP filter %

%%%%% %% %% %% %% %% %% %% % %% %% %% % % %% %% %% %% %% % %% %% %% %% %%
%%%%% %% %% %% %% %% %%

close all;

clear all;

clc;

b=1:-0.1:.5;

w = logspace(1,9,5000);

f=.159*w;

%p=.8:-.1..3;

fori=1:1:6

Fr = @(w) ((Li*w)."b(i)-3140)./((Li*w).~(b(i))+3140);

figure(1)

semilogx(f,20*log10(abs(Fr(w))));

hold on

figure (2)

semilogx(f,(180/pi)*angle(Fr(w)));

hold on

figure(3)

hold on

end

%%%%% %% %% %% %% %% %% %% % %% %% %% %% %% % %% %% %% %% %% %% %% %% % %
%%%%%%%%% %%

% End of FOAP filter %

%%%%% %% %% %% %% %% %% %% % %% %% %% %% %% % %% %% %% %% %% %% %% %% % %
%%%%%%%%% %%
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