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Preface

The various information theoretic measures for example Shannon entropy mea-
sure [104] and its various additive generalizations like Renyi entropy [99], and
Varma entropy [122], and non-additive generalizations like Havrda and Charvat
entropy measure [56] have applications in different fields like statistics, physics,
electronics etc. All these are based on single random variable. So by taking idea
from this, we try to explore the behaviour of various information theoretic mea-
sures when these are applied on the sequence of record random variables and
on the sequence of k-record random variables. In this thesis we study generalized
Varma entropy measure, Kerridge inaccuracy measure, Kullback-Leibler discrim-
ination measure, cumulative residual inaccuracy measure and entropy measure
for past lifetime for the sequence of record values. We introduce these measures

for record values and study some characterization results based on them.

This thesis includes seven chapters including the first chapter which is on intro-

duction and literature survey. The thesis is organized as follows:

In Chapter 2, we have considered a measure of past entropy based on Shan-
non [104] entropy measure for n'" upper k-record value. A characterization result
for the measure under consideration has given. We have discussed some basic
properties of the proposed measure. Also we have constructed some bounds to
the proposed past entropy measure for n'" k-records. The work reported in this
chapter has been published in the paper entitled, Measure of Entropy for Past
Lifetime and k-Record Statistics in Physica A, 2018, 503, 623-631.

In Chapter 3, we have introduced a measure of inaccuracy between distribu-

tions of the »" record value and parent random variable and discussed some

Xiii



properties of it. It has also been shown that the proposed inaccuracy measure
characterizes the distribution of parent random variable uniquely. Measure of in-
accuracy for some specific distributions has also been studied. F¢ distributions
are equally important, so keeping this in mind we have also studied inaccura-
cy measure for F* distributions. The part of the work reported in this chap-
ter has been published in the paper entitled, Kerridge Measure of Inaccura-
cy for Record Statistics in Journal of Information and Optimization Sciences,
2018, 39(5), 1149-1161 and some work has been presented in the International
Conference on interdisciplinary Mathematics, Statistics and Computational

Techniques held at Manipal University, Jaipur, Dec 22-24, 2016.

In Chapter 4, we have studied a measure of inaccuracy between " upper
k-record value and m" upper k-record value. A simplified expression for the pro-
posed inaccuracy measure has also been derived to find the inaccuracy measure
for some specific probability distributions. We have also shown that the proposed
inaccuracy measure characterizes the underlying distribution function uniquely.
Further we have considered residual measure of inaccuracy between two k-record
values and given a characterization result for that. The results reported in this
chapter have been published in the paper entitled, Measure of Inaccuracy and
k-Record Statistics in Bulletin of Calcutta Mathematical Society, 2018, 110 (2),
151-166 and some work has been presented in National Seminar on Recen-
t Developments in Mathematical Sciences held at MDU, Rohtak, Mar 07-08,
2017.

In Chapter 5, we have provided an extension of cumulative residual inaccuracy
as suggested by Taneja and Kumar [116] to k-record values. We have studied
some properties of this measure. Also we have studied some stochastic ordering
and have found the proposed measure for some of the distributions which occur
often in many realistic situations and have applications in various fields of science
and engineering. The work reported in this chapter is communicated under the ti-
tle, Cumulative Residual Inaccuracy Measure for k-Record Values and some
work has been presented in International Conference on Recent Advances
in Pure and Applied Mathematics held at Delhi Technological University, Delhi,
Oct 23-25, 2018.
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In Chapter 6, we have provided an extension of Kullback-Leibler [66] informa-
tion measure to k-record values. The distance between two k-record distributions
of residual lifetime has been found. We have found the measure of discrepancy
between n'* k-record value and m'" k-record value. Also keeping the record times
fixed, we have derived the distance between k-record value and [-record value.
We have also studied some properties of the measure proposed and a characteri-
zation result for that. The work reported in this chapter is communicated under the
titte, A Measure of Discrimination Between Two Residual Lifetime Distribu-
tions For k-Record Values and some work has been presented in International
Research Symposium on Engineering and Technology held at Singapore, Au-
gust 28-30, 2018.

In Chapter 7, we have considered and studied a generalized two parameters
entropy based on Varma’s entropy [122] function for k-record statistic. A general
expression for this entropy measure of k-record value has been derived. Further-
more based on this, we have proposed a generalized residual entropy measure
for k-record value and proved a characterization result that the proposed mea-
sure determines the distribution function uniquely. Also, an upper bound to the
dynamic generalized entropy measure has been derived. The part of the work
reported in this chapter has been communicated under the title, On Generalized
Information Measure of Order («, ) and k-Record Statistics.

In the last we have presented the conclusion of the work reported in this thesis

and further scope of work.
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Chapter 1

Introduction And Literature Survey

1.1 An Outline Of Information Theory

Information Theory is a branch of applied mathematics which deals with the
problems like information processing, information storage, information retrieval,
information utilization and decision-making. Basically it deals with all the theo-
retical problems which come across in the transmission of information over the
communication channels. Information Theory has found applications in various
fields like electrical engineering, financial mathematics, statistical modeling and
image processing etc. Although the first attempt in this direction was made by
Nyquist [90] and Hartley [55] considering the entropy measure for equally proba-
ble events, yet the theoretical foundation for all these developments dates backs
to the work of Shannon [104] and others in the mid of the 20th Century which led
to the development of information theory as a field of mathematics. The theory

basically considers following three fundamental questions:

e Compression: How much can data be compressed (coded) so that another

person can recover an identical copy of the uncompressed data?

¢ Lossy data compression: How much can data be compressed so that an-

other person can recover an approximate copy of the uncompressed data?

e Channel capacity: How quickly reliable communication is possible from the

source to destination through a noisy medium?

1



It is concerned with the mathematical laws governing systems designed to com-
municate or manipulate information. Being an electrical engineer Shannon’s goal
was to get maximum line capacity with minimum distortion. He was interested in
the technical problems of high -fidelity transfer of message rather than semantic
meaning of a message or its pragmatic effect on the listener.The second half of
the 20th Century was characterized by the tremendous development of systems
in which the transmitted information (analog signal) is coded in a digital form. By
this coding the real nature of the information signal becomes secondary, that is,
the same system can transmit simultaneously signals of very different nature: da-
ta, audio, video etc. This development has been made possible by use of more
and more powerful integrated circuits.

In spite of the fact that Shannon presented entropy as a measure of uncertainty in
the communication theory, the measure has kept on finding diverse application-
s in a variety of disciplines including mathematics, physics, biological sciences,
pattern recognition etc, refer to [58,101,108,119]. Another important area where
information theoretic measures have found applications is that of reliability. Many
researchers have studied the information-theoretic measures based on lifetime
distributions of a system e.g. Ebrahimi [36], Ebrahimi and Kirmani [40], Asa-
di and Ebrahimi [11], Belzuence et al. [21], Nanda and Paul [88] and Kumar et
al. [69,70]. Another area of application of information theory which has drawn the
attention of researchers is order statistics and record values. Many researchers
have worked in the field connecting information theory and order statistics, re-
fer to, Baratpour [19, 20], Ebrahimi et al. [42] and Asadi and Zarezadeh [127],
Park [92], Ebrahimi et al. [42], Thapliyal and Taneja [120] and Thapliyal et al. [121]
. Many have done work for the information measures contained in the sequence
of record values. The information measures for record values have been investi-
gated by several authors, including Zahedi and Shakil [126], Baratpour et al. [19]
and Arghami and Abbasnejad [10]. To get rid of some of the difficulties in oc-
currence of record data, Dziubdziela and Kopocinski [35] introduced the model
of k-record statistics. Instead of observing the sequence of largest values as in
case of record values, he observed the sequence of k' largest values. The field
of k-record values has become the subject of interest for many researchers and
mathematicians refer to Ahmadi and Doostparast [6], Ahmadi and Mohtashmi [7].
Motivating by this, in this thesis, we study the information theoretic measures for

the record values and further for k-record values.



1.2 Entropy Measure And Its Generalizations

1.2.1 Shannon’s Entropy

Shannon introduced a measure of information or entropy for a general finite
complete probability distribution and gave a characterization theorem for the en-
tropy measure introduced. Entropy as defined by Shannon [104] and added
upon by other physicists is closely related to thermodynamical entropy. Infact,
Shannon borrowed the idea of entropy from the second law of thermodynamic-
s, according to this law the universe is winding down from an organized state to
chaos, moving from predictability to uncertainty. Entropy is a measure of random-
ness. How much information a message contains is measured by the extent it
combats entropy. The less predictable the message, the more information it car-
ries. Consider the random variable X = {X;,X>,...X, } with probability distribution

P ={p1,p2,---,pn}, then the Shannon’s entropy is defined as

n

H(P)z—ipilogpi, 0<pi<l, ;pizl (1.2.1)
i= -

Here it is assumed that 0log0 = 0; and normally the base of the logarithm is taken
as 2, and then, the units are 'bits’ a short of the term ‘binary digit. Shannon en-
tropy provides the measure of average uncertainty associated with the outcome
of the experiment or a measure of information conveyed through the knowledge of
the probabilities associated with the events. It satisfies following important prop-
erties which are usually considered desirable for a measure of uncertainty defined
in terms of probability distributions:

1. Non-negativity: H(P) is always non-negative, that is,

n
H(P)=—Y pilogp;>0. (1.2.2)
i=1

The result is obvious since —p;logp; > 0 for all i. It becomes zero, if one

pi = 1 and rest are zeros.

2. Maxima: H(pi,ps,...... ,Pn) < logn, with equality when p; = 1 for all i.



3. Continuity: H(pi,pa,...... ,Pn) IS @ continuous function of p;’s, that is, a
slight change in the probabilities p;’'s results in the slight change in the un-

certainty measure also.

4. Symmetry: H(py,p2,...... ,Pn) IS @ symmetric function of p;’s, that is, it is

invariant with respect to the order of the outcomes.

5. Grouping (or, Branching) Property:

H{p1,p2,p3,---,pn} = H{p1+---+pr, pry1+-+pa}f+(p1+---+p;)Xx

P1 P Pr+i P
H(Z . r >+(pr+l+"'+pn)H< nr+ = n )

r .7 ) r . ., ) .
i=1Pi i=1Di i=r+1Pi i=r+1Pi

forr=1,2,---n—1.

6. Additivity: If P = (p1,p2,...... ,pn) @and Q = (q1,q2,...... ,qn) are two inde-
pendent probability distributions, then

H(PeQ)=H(P)+H(Q),

where Pe Q is the joint probability distribution, that is, for two independent
distributions entropy of the joint distribution is the sum of the entropies of the

two marginal distributions.

Corresponding to (1.2.1), for a continuous probability distribution f(x), the mea-

sure of uncertainty is defined as

H(X) = —E[log f(X)] = — /0 " F(x) log f(x)dx . (1.2.3)

In general, this measure is termed as differential entropy, for more details refer
to McEliece [80]. Unlike the uncertainty measure (1.2.1) defined for discrete ran-
dom variable which is always positive, the differential entropy can take negative
value as well. The measure (1.2.3) has also been extensively studied by many

researchers.



1.2.2 Generalizations

We have seen that Shannon entropy satisfies a number of useful properties
like non-negativity, continuity, symmetry, additivity, grouping, etc. Many of the
researchers have used some of these properties as axioms to characterize the
Shannon entropy. The most intuitive and compact axioms for characterizing the
Shannon entropy function have been given by Khinchin [65], which are known as
the Shannon-Khinchin axioms. Many other researchers have also characterized
Shannon entropy using different set of axioms. For some further results on char-
acterization and the algebraic properties of Shannon entropy refer to Aczel and
Darocozy [3].

Though Shannon’s entropy is at the focus in information theory, yet the idea of
information is so rich enabling no single definition that will have the capacity to
measure information legitimately. Hence, many researchers presented the para-
metric group of entropies as a mathematical generalization of Shannon’s entropy.
These entropies are functions of some parameters and tend to Shannon entropy
when these parameters approach their limiting values. For the first time, this was
done by Renyi [99] who characterized a scalar parametric entropy as entropy of
order a, which is additive in nature and includes Shannon entropy as a limiting

case given as

1 n
H*(P) = l_alog{Zpia}; a#1, a>0. (1.2.4)
i=1

The additional parameter o makes it more sensitive to the shape of probability
distributions. When o — 1, the Renyi entropy becomes Shannon entropy and
it is substantially more versatile because of the parameter a, permitting several
measurements of uncertainty with in a given distribution. Analogous to (1.2.4),

the Renyi entropy for continuous random variable X, is given as

H“(X):ﬁlog{/omf“(x)dx}; a#1, a>0. (1.2.5)

Another important generalization of Shannon entropy is given by Varma [122] who



introduced a entropy measure, which is again additive in nature as

1
B—o

HE‘(X): log{/ooofwrﬁl(x)dx}, B—l<oa<pB,B>1. (1.2.6)
It reduces to Renyi entropy measure (1.2.5) when B =1 and Shannon entropy
measure when B =1, o — 1.

In some realistic situations, the entropy measures which are additive in nature
are not able to justify the behaviour observed. So keeping this in mind, various
researchers introduced the non-additive entropy measures. In 1967, Havrda and
Charvat [56] introduced the entropy measure, non-additive in nature as

H‘”(P):ﬁ [ip;*’—ll, w#1, ®>0. (1.2.7)
i=1

Continuous analogous of (1.2.7), is given as

HO(X) Uowf%)dx—l], 041, > 0. (1.2.8)

B 1
-

Also other than the entropy measures mentioned above there are several entropy
measures available in the literature invented by various researchers refer to e.g.
Kapur [60,61], and Sharma and Taneja [105].

1.3 Relative Measure Of Discrimination And Measure Of

Inaccuracy

Since the entropy measures have been considered as measure of information
contained in a given probability distribution, it is normal to examine measures
which allow one to evaluate the amount of information shared between two prob-
ability distributions or how close two distributions are from each other. One of
the most important and useful measure of distance was given by Kullback and
Leibler [66]. If P = {p1,p2,...,pn} is the actual probability distribution associated
with the outcomes X = {X},X>,...,X,} and Q = {q1,¢>2,--.,q,} is the predicted (or
reference) distribution associated with the same experiment. Also p; >0, ¢; >0
and Y!  pi =Y 4 =1, then Kullback's measure of relative information [66] is



given by
H(P/Q) = Zpilog% : (1.3.1)
i=1 l

It is assumed that whenever ¢; = 0, the corresponding p; is also zero and Ologg =
0. The different authors gave this measure many different names such as measure
of discrimination, cross entropy, directed divergence, relative information etc. This
measure plays an important role in information theory. It quantizes the discrimina-
tion between two probability distributions and we observe that H(P/Q) = 0, when
pi = q; Vi. Some generalizations of the measure have been studied by Taneja
and Kumar [116], Taneja [113] and Kapur [60,61].

Another important concept is that of inaccuracy measure. In making a state-
ment about the probabilities of different outcomes in performing an experiment,
generally there is possibility of two types of errors, to be specific, one due to the
insufficient information and other from inaccurate information. Shannon entropy
measure is capable to explain the error resulting from ambiguity only. The mea-
sure which considered the both type of errors was given by Kerridge [63] as

H(P;Q) = - piloggi, (1.3.2)
i=1

where g; is the predicted probability and p; is the actual probability of an outcome.
This is a generalization of Shannon entropy [104] in the sense that when ¢; = p;
for all /'s, then (1.3.2) reduces to (1.2.1), the Shannon entropy measure. The

measure of information, discrimination and inaccuracy are connected as
H(P;Q)=H(P)+H(P/Q), (1.3.3)

that is, inaccuracy is the sum of entropy and discrimination. For a continuous
random variable Nath [83] extended Kerridge’s inaccuracy as

H(fig) = | f(x)loggn)dr. (13.4)

Also he discussed some properties of it. Here f(x) denotes the actual distribution

and g(x) denotes the predicted distribution.



Corresponding to the measure (1.3.1), the measure for relative information for

continuous random variable is given as

H(f/g) = /wa@c) log%dx. (1.3.5)

The Shannon’s entropy, Kullback-Leibler’s relative information and Kerridge’s in-
accuracy are the three classical measures of information associated with one and

two probability distributions.

1.4 Some Basic Concepts In Reliability Theory

Consider a random variable X representing the lifetime of a system or a com-
ponent and F(x) as its distribution function. There are many other functions like
survival function or reliability, Hazard rate function, reverse hazard rate function,
mean residual life function, mean inactivity time, which describe the distribution
of the random variable X completely. Next, we explain all these.

1.4.1 Reliability

Reliability or the survival function is defined as the probability that a given com-
ponent or a system will perform its required function without failure for a given
period of time when used under stated operating conditions. Consider a random
variable X with pdf f(x) and the distribution function F(x) representing the lifetime
of a component, then reliability is

F(x)=Pr(X >x)= /xwf(u)du )

Here F(x) = 1 — F(x) is simply the survival function. It should be noted that F(x)
is a decreasing function of x with F(0) = 1 and lim,_,. F'(x) = 0. We can obtain
the probability density function f(x) of X from its survival function F(x) by the
relationship

d —

1) = =S F@).



1.4.2 Hazard Rate Function

The hazard rate function, also known as the conditional failure rate , is a non-

negative function given as

. Px<X <x+Ax|X >x)
Alx)=1 :
(%) A;glo Ax

Above expression represents the conditional probability of an item failing in the
interval (x,x+ Ax) provided it has not failed by time x.

It is easy to see that for a continuous random variable X it is given by
d —

In the discrete domain, with non-negative integral support, Xekalaki [125] defines
the failure rate for a random variable X, as

Ax) =2 (1.4.2)

If X represents the lifetime of a component, then A(x) is the probability that the
component will fail at X = x given that it has not failed up to the time before x.
The units of A(x) are probability of failure per unit of time, distance or cycle. In
reliability analysis, a life distribution can be classified according to the shape of its
hazard rate function A (x). Taking the bathtub curve, the early failure period has a
decreasing hazard function as time goes by; the useful life period has a constant
hazard function, and the wear-out period has an increasing hazard function. The

hazard rate function and survival function F(.) holds the relationship

F(x) = exp{— /0 ()} (1.4.3)

1.4.3 Reverse Hazard Rate Function

The concept of reversed hazard rate is of great interest for many researchers,
refer to Keilson and Sumita [64]. It is useful especially in survival analysis and

reliability. The reversed hazard rate for a non-negative random variable X is given
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as
(1.4.4)

() = I Px—Ax <X <x|X <x)
x) = lim :
# Ax—0 Ax

For a continuous random variable X which denotes the lifetime of a component,

the reversed hazard rate is given as

nx) = Fx) = j—xlogF(x) :

Here f(x) and F(x) are the probability density function and the distribution function
of the random variable X. For the discrete random variable with non-negative

integral support reversed hazard rate function is given as

px)=—o—"20 (1.4.5)

We can also compute the distribution function from reversed hazard rate function

uniquely using the relation

F(x) = exp (- / ) ,u(t)dt> .

We can see that the hazard rate and reversed hazard rate functions are related

as .
p(x) = % . (1.4.6)
Finkelstein [45] has given that
_ A(x)
M= S (I Ao 1 (14D

The reversed hazard rate function has found applications in forensic sciences to
know the exact time of failure of a system or a unit. For more details, one can
refer to Block et al. [23], Di Crescenzo [30], Gupta and Nanda [53], Gupta and
Wu [54], Nair et al. [85] and Sengupta et al. [102].

1.4.4 Mean Residual Lifetime Function

While discussing reliability theory, the mean residual life (MRL) of a system or

a component is another important aspect to discuss. It provides an idea of how



11

long a device of any particular age can be expected to survive. It provides an idea

to improve the average lifetime of a system.

For a continuous random variable X with E(X) < oo, the mean residual life func-

tion is defined as

6(t)=E[X—t|X>t]:f;O§f(:c))Cbc. (1.4.8)
If we have some idea about the expected duration for which the component un-
der consideration will continue to work, then it becomes easy to replace or to
re-schedule that component. While constructing the maintenance policies, this
proves to be more useful than the failure rate. To study various properties and ap-
plication of mean residual life function one can refer to Barlow and Proschan [18],

Swartz [111] and Muth [82].

The relation between survival function and mean residual life function is given

as
=, _ 0p(0) I odx
F(t)= 5 (0) exp [—/0 5p(x)] . (1.4.9)

Further failure rate is connected with the mean residual life function as

B op(t)+1

MOS0

(1.4.10)

Several researchers have studied the characterizations problems of various prob-
ability models based on the mean residual life (MRL) function, refer to Sunoj et
al. [110] and Sullo and Rutherford [108] .

1.5 Hazard Models

In this section we discuss two types of dependence structures between two
probability distributions; one the proportional hazard model, and second, the pro-
portional reversed hazard model which have been extensively used in survival

analysis.

1.5.1 Proportional Hazard Model

The proportional hazard model was introduced by Cox [28] as a dependence

structure among two distributions. In literature, this model has been used to im-
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itate failure time data. This model is commonly known as Cox PH Model, but it
was basically introduced by Lehmann [74]. It is equally applicable for both dis-
crete and continuous random variables. It is quite useful for estimating the risk of

failure associated with a vector of covariates.

Consider two non-negative continuous random variables X andY with the same

support denoting the time to failure of two systems with hazard rates Ar(x) = %8

and Ag(x) = % respectively, and if

Ag(x) = BAr(x), (1.5.1)

where B is a positive constant, then this model is called proportional hazard model
(PHM).

We can easily see that (1.5.1) is equivalent to

G(x) =[F(x)]P, B >o. (1.5.2)

This model is quite useful from application point of view . Many researchers
have found its applications in various fields such as reliability, medicine, survival
analysis, economics etc. Many have worked on the problems of characterization
of specific probability distributions using information theoretic measures under the
consideration of proportional hazards model refer to Ebrahimi and Kirmani [40],
Nair and Gupta [84] and Kumar [117].

Also there are some situations where the hazard rates of two random variables
are not proportional uniformly over the whole time interval, but may be proportion-
al differently in different intervals. To deal with such type of situations , Nanda and
Das [86] introduced the dynamic proportional hazard model (DPHM) and stud-
ied their properties for different aging classes. The dynamic proportional hazard
model can be obtained by proportional hazard model just by replacing 8 by some
non-negative function of some parameter ¢, then the model is defined as

Ac(x) = B(1) Ap(x), V1 >0, (1.5.3)

which considers different proportionality for different time intervals.
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1.5.2 Proportional Reversed Hazard Model

Similar to proportional hazard model to analyze the failure time data Gupta et
al. [52] introduced another model called the proportional reversed hazard model
(PRHM). Later on Sengupta et al. [102] proved that in comparison to proportional
hazard model, proportional reversed hazard model gives a better fit for some data

set.

Consider two non-negative continuous random variables X andY with the same

support and reversed hazard rates Lix (x) = % and py (x) = é((i)) respectively, and
if

py (x) = B px (x), B>0 (1.5.4)

then the model is called proportional reversed hazard model (PRHM).

Alternatively, this model is similar to
G(x) = [F(x))P (1.5.5)

where F(x) represents the baseline distribution function and G(x) represents the

reference distribution function.

When it comes to the analysis of right truncated data, proportional reversed haz-
ard model is more useful than proportional hazard model . Various authors have
studied properties and the comparison of both the models i.e. proportional hazard
model and proportional reverse hazard model, refer to Gupta and Gupta [49] and
Gupta and Wu [54]. Di Crescenzo [30] has studied some aging characteristics
and stochastic orders properties of proportional reversed hazard model . Similar
to dynamic proportional hazard model Nanda and Das [86] have proposed the

dynamic proportional reversed hazard model (DPRHM) which is defined as

py (x) = B(t) px (x) , (1.5.6)

which considers different proportionality for different time intervals.
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1.6 Dynamic Information Theoretic Measures

In various fields like reliability, survival analysis, actuary etc., the lifespan of a
system or a component is of prime importance. In such a situation information
theoretic measures as discussed earlier are not appropriate to measure the un-
certainty of such systems. So in the present section we discuss two types of
dynamic information theoretic measures :

(i) Residual information theoretic measures and

(if) Past information theoretic measures

On the data which is left truncated, we apply the residual information theoretic
measures and on the data which is right truncated, we apply past information

theoretic measures.

1.6.1 Residual Information Theoretic Measures

If a system or a component has worked up to the time ’#’, then the remaining
lifetime is called the residual lifetime of that system or component. Consider a
random variable X which represents the lifetime distribution of a component, then

the random variable [X —¢|X > ] denotes the residual lifetime of that component.

To determine the uncertainty about the remaining lifetime of a system which has
already worked up to the time ’#’, the Shannon’s differential entropy (1.2.3) is not
appropriate. So to deal with such type of systems, Ebrahimi [36] introduced the
concept of residual entropy. He proposed the dynamic measure of entropy based

on Shannon entropy as

H(fi) = ~Ellog fi(x)] = | —fix)log(x)dx, (16.1)

where f;(x) denotes the probability density function of the random variable X; =

[X —t|X >1t] given as

S © i x>t
filx)y =4 O ’

F
0 ; otherwise

H(f;t) basically provides the expected uncertainty about the predictability of re-

maining lifetime of the unit contained in the conditional density of X —r given X > t.
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Using the probability density function of residual lifetime in (1.6.1), we get

H(ft) = IM—%@C) log%dx. (1.6.2)

It is easy to see that the residual entropy in terms of hazard rate function can be

written as
H(fit) = —/tw%log%dx (1.6.3)
= logF(t)— lw%logf(x)dx
1—/tm%loglp(x), (1.6.4)

where Az (x) = %8?) is the hazard rate function.

Ebrahimi [36] has also shown that the residual entropy measure (1.6.2) deter-
mines the underlying distribution function uniquely. After Ebrahimi [36] introduced
the residual entropy measure, many researchers have studied various results
concerning the Shannon residual entropy measure. Rajesh and Nair [96] con-
siderd the discrete case and introduced the similar results. Asadi and Ebrahim-
i [11] have given characterization results using the relationship between dynamic
entropy and mean residual life of a system. Belzunce et al. [21] have studied
similar results for generalized residual entropy. Nanda and Paul [88] have studied
some characterization results for distributions based on a generalized residual
entropy function. For more details one can refer to Ebrahimi and Pellerey [41],
Ebrahimi [37], Sankaran and Gupta [100] and Ebrahimi [38].

Asadi et al. [12], Abraham and Sankaran [2], Baig and Dar [15] and Abbasne-
jada et al. [1] have also obtained some other results in connection with the Renyi

entropy and Varma entropy.

Next, analogous to Kullback-Leibler relative information measure (1.3.5), for two
non-negative continuous random variables X and Y with the same supports that

represent the lifetimes of two systems, Ebrahimi and Kirmani [39] proposed the
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measure of discrepancy between two residual-life distributions as

(x

i fE/F@) (1.6.5)

g(0)/G(1)

H(f/g:t) = /i? ilog

= logG(tr)—H(f;t) —/tw]%logg(x)dx.

H(f/g;t) can be interpreted as a measure of distance between f;(x) and g (x) .
Here F(t) represents the actual survival distribution and G(¢) represents the ref-
erence distribution. This measure is quite useful in ordering and classification of
survival function. Further results on this measure have been studied by Ebrahimi
and Kirmani [40] and Asadi et al. [12]. Also we can see that for each fixed r > 0,
H(f/g;t), has all the properties of the Kullback-Leibler discrimination information
measure H(f/g). Recently some extensions of (1.6.5) have given by Navarro et
al. [89] and the same have been used to characterize some bivariate distribution-
s. These distributions are also characterized in terms of proportional hazard rate

models and weighted distributions.

1.6.2 Past Information Theoretic Measures

In many real life situations, it is not always necessary that uncertainty is related
to the future but it can also be connected with the past. For example consider
a system which is examined at some preassigned time intervals, and it is found
dead at any time ¢, then the uncertainty of the system’s life is related with the
past. More specifically, consider a system which is examined at times w,20,3o,
... for some preassigned time w, it is possible that at time (n — 1) w the system is
functioning, but at time nw the system is found to be down, where n is a positive
integer. Then, if X represents the failure time of the system, then our interest lies
in [now—X|X < no] orin general .X = [t — X|X <] which is known as the inactivity
time or the past lifetime. For further details related to past lifetime, one can refer
to Chandra and Roy [25,26] and Kayid and Ahmad [62]. So keeping this in mind

Di Crescenzo and Longobardi [31] have considered measure of past entropy over
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(0, t) given by

F) )

F(t) ~F(t)

' fx)
[ oy

where ur(x) is the reversed hazard rate function of X. Analogous to f;(x), in case

H*(f:t) (1.6.6)

of residual lifetime, the probability density function of the past lifetime random
variable ,X, is given by F = f;*(x) for X <t. Some applications of past uncertainty
measure is found in forensm sciences where the knowledge of exact time of failure
is important, this type of measures are of added value. Using relationships among
past entropy, reversed hazard rate and mean inactivity time, Kundu et al. [73]
have given some characterization results. Nanda and Paul [87] have studied few
ordering properties based on this measure. Further extending these results, Di
Crescenzo and Longobardi [32] have given a measure of divergence which gives
a distance between two past lifetimes distributions. The discrimination measure

between past lifetimes is

H*(f/g;t):/ol ]Pi((’;; fO/FE) (1.6.7)

Here F(.) represents the true distribution and G(.) represents the reference dis-
tribution function. Basically H*(f/g;t) can also be considered as a measure of
distance between G; (x) and the true distribution F*(x). Further if X and Y satisfy
the proportional reversed hazard model (PRHM) then H*(f/g;t) is constant and
vice versa, refer to Di Crescenzo and Longobardi [32]. Further results on this
in context to generalized measure of discrimination have been studied by Hoo-
da and Saxena [57]. Also a measure of inaccuracy between two past lifetime

distributions has been studied by Kumar et al. [68] which is given as

f X)
fa &t)= / t dx. (168)

l‘
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1.7 Distribution Functions Based Information Theoretic

Measures

Though entropy measure (1.2.1) by Shannon is quite important in information
theory and various other fields. However for a continuous random variable, Shan-

non differential entropy (1.2.3) raises the following issue:

e ltis density function based information theoretic measure. The density func-
tion of a random variable in general may or may not exist. This is the case
when the cumulative distribution function (CDF) is not derivable, in that case

it is not possible to define the differential entropy.

e The differential entropy can take a negative value in case of continuous ran-
dom variable while Shannon entropy of a discrete random variable is always

non-negative.

e Shannon entropy does not converge asymptotically to differential entropy
when evaluated from samples of a random variable. For further details refer
to Rao [94].

Rao [95] took in to account these issues and developed another measure of in-

formation or randomness as
£(X) :—/ F(x)log F(x)dx, (1.7.1)
0

where F(x) =1 — F(x) is the survival function of a random variable X. This is
called Cumulative Residual Entropy (CRE). It is based on distribution function un-
like Shannon entropy measure which is based on density function of the random

variable X. It has following merits over the differential entropy:

e Cumulative residual entropy is always non-negative.
¢ It has a steady definition for both discrete and continuous domains.

e Cumulative residual entropy can be easily computed from sample data and

these computations asymptotically converge to the true value.
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Basically the objective was to introduce a new measure of randomness which
makes use of distribution function rather than density function because the density
function is the derivative of distribution function and hence it is more regular than
the density function. Also in real life situations the distribution function is of more
interest. For example, if we consider a random variable denoting the life span of
a machine, then the event of interest is not whether the life span equals a specific
instant, but rather whether the life span exceeds that instant. The definition by
Rao [94] also protects the principle that the logarithm of the probability of an
event should represent the information content in the event. Many properties of
this measure have been studied by Rao [95]. Further he studied its applications
in reliability engineering refer to Rao [95].

Asadi and Zohrevand [13] have proposed the cumulative residual entropy (CRE)

for the residual lifetime distribution of a system as

N [TFE) F(x)
E(X:t) = /t 0 log 0 dx . (1.7.2)
Also, Di Crescenzo and Longobardi [34] proposed the uncertainty measure based

on the failure distribution as

E(X) = — /0 " F(x)log F (x)dx . (1.7.3)

1.8 Order Statistics

The term "order statistics" was introduced by Wilks in 1942. However, the sub-
ject is much older. Early in the nineteenth century measures under consideration
included the median, symmetrically trimmed means, the mid range, and related
functions of order statistics. In 1818, Laplace obtained (essentially) the distribu-
tion of the r*-order statistic in random samples and also derived a condition on the
parent density under which the median is asymptotically more efficient than the
mean. Other topics considered are of more recent origin: extreme-value theory
and the estimation of location and scale parameters by order statistics. Suppose
that X1,X5,---, X, are independent and identically distributed observations from a
distribution Fy, where Fy is differentiable with a density function fx, which is pos-
itive in an interval and zero elsewhere. Order statistics of the sample is defined

by the arrangement of X;,X5,---,X, from the smallest to the largest denoted as
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Xin < Xoop < -+ < Xy It is well known that the p.d.f of i order statistics is

1

m(FX(Y))H (1= Fx(y)" " fx (),

fin(y) =
where B(a,b) = [§ x*~'(1 —x)""'dx, a > 0, b > 0 is the beta Integral with parame-
ters a and b (for details refer to Arnold et al. [9]).
The subject of order statistics deals with the properties and applications of these
ordered random variables and of functions involving them. These statistics have
been used in a wide range of problems like detection of outliers, characteriza-
tions of probability distributions, quality control and strength of materials ( refer to
David and Nagaraja [29]). In reliability theory, order statistics are used for statis-
tical modelling. The m'* order statistics in a sample of size n represents the life
length of a (n —m+ 1)-out-of-n system. For m = 1 and n, that is for sample minima
and maxima, (n —m+ 1)-out-of-n system corresponds to series and parallel sys-
tem respectively.
In 1990, Wong and Chen [124] calculated entropy of an ordered sequence. Park
[92] obtained some recurrence relations for this entropy of order statistics. E-
brahimi et al. [41] explored Shannon entropy and some of its properties for order
statistics. Arghami and Abbasnejad [10] explored information theoretic properties
of Renyi entropy based on order statistics. Thapliyal and Taneja [120] studied
dynamic residual Renyi entropy and dynamic cumulative residual entropy based
on order statistics.

1.9 Record Values

The concept of record values was first introduced by Chandler [24]. With the con-
cept of record values he also introduced the terms record times and inter record
times. He also studied some of the interesting properties of record values and
proved that for any random variable with any distribution, the expected value of
the inter record time is infinite. Feller [44] also studied record values with respect
to gambling problems. Record values sequences are of two types.

(i) Upper record values

(if) Lower record values

Let {X;, i > 1} be a sequence of independent and identically distributed continu-

ous random variables with distribution function F(x) and probability density func-
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tion f(x). An observation X; is called an upper record value if its value exceeds
that of all previous observations. Thus X; is an upper record if X; > X; for every
i < j. A lower record value can be defined similarly. One can get lower record
values sequence from upper record value sequence by replacing {X;} by {—X;}.
Records are closely connected with the occurrence times of a corresponding non-
homogeneous Poisson process.

Record Times: The times at which upper record values or lower record values
appear are given by the random variables 7; which are called record times. 71 =1
with probability 1 and for j > 2, T; = min {i: X; > X7,_, }. The sequence of upper
record values can thus be defined by {Xr;}, j=1,2,3 ...

Inter- Record Times: LetA; =7, —T; and

Ay =T —T;, j=12,...

then Aj and A;) are the upper and lower inter record times respectively.

To make more insight of this concept of record values following examples are
helpful.

1. Suppose following are the ten observations from a given experiment:
10,12,6,15,20,18,17,5,22.3.
The lower record values are:  10,6,5,3.

The upper record values are: 10,12,15,20,22.

2. Consider a sequence of objects that may stop working when we apply some
kind of stress on them and we want to find that minimum amount of stress under
which these objects stop working. So we test the objects for minimal failure stress
sequentially. We apply the stress on the first object until it gets fail and record this
minimal stress as X;. Now we test the next object for minimal failure stress and
record it only if it is less than X; otherwise we consider the next object. In general,

we will record stress X, only if it is less than all the previous minimal stresses
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i.e. X, <min(X1,Xs,....,Xy—1),n > 1. In this way we get a sequence of lower record

values.

3. Consider the weighing of some objects on a scale missing its spring. When
we place an object on the scale, needle indicates the correct weight but as its
spring is missing, it can not return to zero back when the object is removed. If we
weigh the various objects, only the weight greater than the previous ones can be
recorded. In this way we get the sequence of upper record values.

The probability density function of upper record values (refer to Ahsanullah [8])

can be given as '
_ R

fi(x) ) f(x),—o0 < x < oo (1.9.1)
where r(x) = %R(x) = % and R(x) = —In(1 — F(x)), the function r(x) is the

hazard rate.

Similarly p.d.f of j** lower record value is given by

'

where H(x) = —InF(x).

1.10 %-Record Values

The record model becomes inadequate in several situations like when the ex-
pected waiting time between two record values is very large. In those situations,
k-record values are of great importance, see Kamps [59]. So, the concept of
k-record values has been studied in the literature widely, refer to Berred [22],
Fashandi and Ahmadi [43].

The model of k-record values was first introduced by Dziubdziela and Kopocin-
ski [35]. They defined the k-record values in terms of k' largest X yet seen,
where k is any positive integer. Define T; ; =k and for n > 2,

Ty = min {j 2> Tng, Xjkg1 > XT,Z,L,(—H]:T,,,L,{} s Yoo = X1, —k1:1, om0 2> 1,
where X;., represents the i"* order statistic in a sample of size n and {Yor n>1}
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represents the sequence of upper k-record values. The lower k-record values can
be defined in a similar way. The probability density function of »" upper k-record
and the »'"* lower k-record are given by

n

o) = pos [ log P P10 (1.10.1)
and
fhex) = %[—logF(X)]”‘l[F(X)]"‘lf(X), (110.2)

respectively, where I'(.) is the complete gamma function, refer to Arnold et al. [9].

The survival function of n'" upper k-record value and n'* lower k-record value is

given as

Fralx) = g;]i (F()* (~kinF(2))’ (1103)
and ol |

Fr) = X 57 () (—kinF )’ (1.10.4)

Ordinary record values can be obtained from k-records by putting k = 1.

To elaborate the concept of k-record statistics, consider the following data giving
the average temperature of a city during the month of July measured for twenty
years, refer to Arnold et al. [9]:

19.0, 20.1, 18.4, 17.4, 19.7, 21.0, 21.4, 19.2, 19.9, 20.4, 20.9, 17.2, 20.2, 17.8,
18.1,15.6, 19.4,21.7,16.2, 16.4

For k = 3, the upper and lower 3-record respectively denoted by RY RL73 and

n,3? “'n

3-record times respectively denoted by 7,"; and 7,5 are :

n 1 2 3 4 5 6 7
T, 3 5 6 7 10 11 18
RY, 184 19.0 19.7 20.1 204 209 21.0
T, 3 4 12 14 16 19 20
Ry 201 19.0 184 17.8 174 172 164

The n'" k-record value represents the life length of a k—out of —T,x System. The
concept of record values and k-record values have been used in a wide range of
problems like estimation of parameters and prediction of future records, charac-
terizations of probability distributions, refer to Balakrishnan and Chan [16], Sultan
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et al. [107], Balakrishnan and Stepanov [17] and Su et al. [106].

1.11 Record Values And Information Theory

Apart from applications of record values and k-record values in different areas
cited above, a huge literature is devoted to information theoretic measures based
on record values and k-record values. Entropy properties of record values have
been studied by several authors, refer to Zahedi and Shakil [126], Baratpour et
al. [19, 20], Madadi and Tata [76], Razmkhan et al. [97], Asha and Chacko [14]
and Kumar [71].

1.12 Motivation And Plan Of Work

Considering the importance and various applications of record values and «-
record values in different fields, and in view of the above discussion and litera-
ture review, we were motivated to study information theoretic measures based
on record values and k-record values. As the generalized entropy measures are
useful due to flexibility provided by addition of parameters, so we have studied
two parametric generalizations of Shannon entropy for k-record values and have
also studied its dynamic version. Also, we have found considerable interest in
studying inaccuracy measures between two record values and further between
two k-record values and also a discrepancy measure between two k-record val-
ues, since these aspects were yet to be explored in case of record values. Also
we have suggested the past entropy measure for k-record values, as it is a useful
and interesting concept not explored so far. This thesis includes seven chapters
including the current chapter on introduction and literature survey. The organiza-

tion of the work reported is as follows:

In Chapter 2, we have introduced a measure of entropy for past lifetime based
on Shannon’s entropy measure [104] for n'" upper k-record value. A characteri-
zation result for the measure under consideration has been given. We have dis-
cussed some basic properties of the proposed measure. Also we have construct-
ed some bounds to the proposed past entropy measure for n'* k-records. The



25

work reported in this chapter has been published in the paper entitled, Measure
of Entropy for Past Lifetime and k-Record Statistics in Physica A, 2018, 503,
623-631.

In Chapter 3, we have introduced a measure of inaccuracy between distribu-
tions of the n'"* record value and parent random variable and have studied a char-
acterization result. Measures of inaccuracy for some specific distributions have
also been studied. The F% or the power distributions are equally important, so
keeping this in mind we have also studied inaccuracy measure for power distri-
bution. The part of the work reported in this chapter has been published in the
paper entitled, Kerridge Measure of Inaccuracy for Record Statistics, Jour-
nal of Information and Optimization Sciences, 2018, 39(5), 1149-1161 and some
work has been presented in the International Conference on interdisciplinary
Mathematics, Statistics and Computational Techniques held at Manipal Uni-
versity, Jaipur, Dec 22-24, 2016.

In Chapter 4, we have studied a measure of inaccuracy between " upper
k-record value and m!" upper k-record value. A simplified expression for the pro-
posed inaccuracy measure has also been derived to find the inaccuracy measure
for some specific probability distributions. We have also shown that the proposed
inaccuracy measure characterizes the underlying distribution function uniquely.
Further we have considered residual measure of inaccuracy between distribution
of n'* upper k-record values and parent distribution and have given a characteri-
zation result for that. The results reported in this chapter have been published in
the paper entitled, Measure of Inaccuracy and k-Record Statistics, Bulletin of
Calcutta Mathematical Society, 2018, 110 (2), 151-166 and some work has been
presented in National Seminar on Recent Developments in Mathematical Sci-
ences held at MDU, Rohtak, Mar 07-08, 2017.

In Chapter 5, taking in to account the importance of cumulative residual entropy
(CRE) measures, we have provided an extension of cumulative residual inaccu-
racy, refer to Taneja and Kumar [116], to k-record values. We have studied some
properties of this measure. Also we have discussed some stochastic ordering

and have found the proposed measure for some of the distributions which occur
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often in many realistic situations and have applications in various fields of science
and engineering. The work reported in this chapter is communicated under the ti-
tle, Cumulative Residual Inaccuracy Measure for k-Record Values and some
work has been presented in International Conference on Recent Advances
in Pure and Applied Mathematics held at Delhi Technological University, Delhi,
Oct 23-25, 2018.

In Chapter 6, we have provided an extension of Kullback Leibler [66] informa-
tion measure to k-record values. The distance between two k-record distributions
of residual lifetime has been found. We have found the measure of distance or
discrepancy between n'" k-record value and m" k-record value. Also keeping
the record times fixed, we have derived the distance between k-record value and
I-record value. We have also studied some properties of the measure proposed
and a characterization result for that. The work reported in this chapter is commu-
nicated under the title, A Measure of Discrimination Between Two Residual
Lifetime Distributions For k-Record Values and some work has been present-
ed in International Research Symposium on Engineering and Technology
held at Singapore, August 28-30, 2018.

In Chapter 7, we have considered and studied a generalized two parameters
entropy for k-record statistic based on Varma’s entropy [122] function. A simpli-
fied expression for this entropy measure has also been derived. Further based on
this, we have proposed a generalized residual entropy measure for k-record value
and have proved a characterization result. Also, an upper bound to the dynamic
generalized entropy measure has been derived. The part of the work reported in
this chapter has been communicated under the title, On Generalized Informa-
tion Measure of Order (o, ) and k-Record Statistics.

In the last we have presented the conclusion of the work reported in this thesis
and further scope of work, followed by bibliography and the list of publications.




Chapter 2

Measure Of Entropy For Past Lifetime
And k-Record Values

2.1 Introduction

The measure of Shannon entropy which gives the average uncertainty contained
in the probability density function f(x) associated with the random variable X is
not suitable as a measure of uncertainty for the remaining lifetime of a system
which has already survived up to time z. This time period 't has great importance
in economics, reliability, business and survival analysis. For such type of systems
Ebrahimi [36] proposed the measure of uncertainty of the remaining lifetime X; =
(X —t|X >1) as

/ f dt £>0. @.1.1)

In many realistic situations, uncertainty is not related to future only, this may refer
to past also. Suppose some one has under gone a medical test at time ¢, to check
for a certain disease and that test is found positive. Let X denotes the age when
the patient was infected, then obviously X <. Now the question is, how much time
has elapsed since the patient had been infected by this disease. Such random

time can be called inactivity time or past lifetime ;X = [t — X |X < t], for fixed ¢ > 0.

The work reported in the present chapter has been published in the paper Measure of Entropy for Past
Lifetime and k-Record Statistics in Physica A, 2018, 503, 623-631.
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This gives the time elapsed from the failure of a component given that its lifetime
is less than or equal to ¢. It is also called the reversed residual lifetime. Based on
this idea Dicrescenzo and Longobardi [31] defined the measure of uncertainty for
past lifetime distribution over (0,7) as
- ACIAC)
H(f;t :—/ —Clog ——dx. (2.1.2)
0= ) R P F )

t t

The measure (2.1.2) can be considered as dual to the measure (2.1.1) proposed
by Ebrahimi [36]. The above measure has applications in forensic science. The
measures of uncertainty for inactivity time, called past entropy, have been studied
by various researchers, refer to Di Crescenzo and Longobardi [32,33] and Kumar
et al. [68] and Kundu et al. [73].

Also record values originates in many realistic situations. Records are closely
connected with the occurrence times of a corresponding non-homogeneous Pois-
son process and reliability theory. But this record model becomes inadequate in
several situations when the expected waiting time between two record values is
very large. In those situations, second or third highest values are of great impor-
tance, see Kamps [59]. So, the concept of k-record values has been studied in
the literature widely, refer to Berred [22], Fashandi and Ahmadi [43].

These statistics have been used in a wide range of problems like estimation of
parameters and prediction of future records, characterizations of probability dis-
tributions, refer to Balakrishnan and Chan [16], Sultan et al. [107], Balakrishnan
and Stepanov [17] and Su et al. [106]. Entropy properties of record values have
been investigated by several authors, refer to Zahedi and Shakil [126], Madadi
and Tata [76], Razmkhan et al. [97] and Asha and Chacko [14].

In the present chapter we consider a measure of past entropy in the context of
k-record values. The chapter is organized as follows: In Section 2.2, we propose
the measure of past entropy and give a characterization result for the proposed
measure in Section 2.3. In Section 2.4, we derive some bounds to the proposed
measure and study its important properties like effect of linear transformation and
stochastic ordering. In Section 2.5, we find the entropy measure for past lifetime

for some specific distributions. Section 2.6 is devoted to conclusion.
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2.2 Past Entropy For Upper k-Record

Corresponding to measure (2.1.2) proposed by Dicrescenzo and Longobardi [31],
we define the measure of uncertainty for past life distribution over the interval (0,7)
for the distribution of n'* upper k-record value as follows:
. ! ok (x) <fn k(x))
H(fot) = — ’ In : dx
(f7k ) 0 Fnk(t) Fnk(t)

= lnFnk( k /fnk lnfnk()

x)Inr, x(x)dx, (2.2.1)

where f, x(x) is the pdf of n' upper k-record value given by (1.10.1) and r, 4 (x) =

fn k( )
Fnﬁk( )

Differentiating (2.2.1) with respect to ¢ both sides, we get

is the reversed hazard rate of X, ;.

d 7 n,
E(H(fn,k;t)) = —rp(t)Inr(2) f ki /fnk ) n 7,1 (x)dx
= —rpi(t)Inry, ; (t) + ri(t) A gi(():; N7y (x)dx.
Using (2.2.1), we get
di([__[(fnka 1)) = rax(t) (1= H(fux:t) —Inr, (1)) . (2.2.2)

Remark 2.2.1. When we put k = 1, (2.2.1) defines the past entropy measure for usual

records as

o - L)
- Fnl(t /f” Inra (x

where f,(x) is the pdf of n'" upper record value given by

(~InF(x)"" f(x)

fu(x) = n

and ry(x) = U ”8 is the reversed hazard rate function of X,, the n'" record value.

Further for n =k =1, the equation (2.2.1) gives the past entropy measure for parent
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random variable. Also we can express Shannon differential entropy of n'* upper k-record

value, in terms of the past entropy of n'* upper k-record value (2.2.1) and residual entropy

Of Xn,k

o [T Se(x) f fa(x)
H(fy3t) = — 0 In <Fn,k (I)) dx, (2.2.3)
given as
H(fn,k) = Fn,k<t)H(fn,k;t) =+ Fn,k(I)H(fn,k;t) + ﬁ (Fn,k(t)7Fn,k(t))v (224)

where B(p,1—p) =—plnp—(1—p)In(1 — p) denotes the Shannon entropy measure for

a Bernoulli random variable. This follows as

H(fur) = —/Omfn,k(x) In f,, x(x)dx
= - /Ot Jnge () In fy 4 (x)dx — /tmfn,k(x) In f,, 1 (x)dx

= _Fn,k(t) /O[ ]}:Zli(gi lnfn,k(x)dx_ Fn,k(t) /loo gi(()g lnfn,k(x)dx
= Fn7k(t)l‘_](fn7k;t) + Fn,k(t>H<fn,k;t> — Fn,k@) lnka(t) — ka(l‘) lnka(t)

= Fu(O)H(fuxst) + Fox(O)H(fugst) +B(Fi(t), B (1))

The above result shows that the uncertainty contained in the failure time of a

component or an item can be decomposed in to three parts :

e The uncertainty of whether the item has failed before or after time ’.

e The uncertainty about the failure time in (0,7) given that the item has failed

before ’t’.

e The uncertainty about the lifetime in (¢,e0) given that the item has failed after

.

2.3 Characterization Result

Shannon information measure can be equal for two different distributions, so a
distribution function can not be described by its Shannon entropy. A natural ques-
tion arises that whether the proposed past measure of entropy determines the

lifetime distribution F(.) uniquely. In this section we study the condition under
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which the proposed measure determines the parent distribution uniquely. For that
we use the lemma and theorem due to Gupta and Kirmani [51] which is stated as
below.

Theorem 2.3.1. Consider a function f defined in a domain D C R? and let f is continuous

and with respect to Yy, it satisfies Lipschitz condition in D, that is

|f(x7y1) _f(x7y2| < k |y1 —)’2|7 k > 07

for any two point (x,y) and (x,y>) in D. Then the function y = ¢(x) satisfying the initial

value problem y' = f(x,y) and ¢ (xo) = yo, x€l, is unique.

The following lemma, refer to Gupta and Kirmani [51], presents the sufficient con-

dition which ensures that Lipschitz condition is satisfied in D.

Lemma 2.3.1. Let f is continuous function in a convex region D C R* and let partial
derivative of f that is 9F exists and is continuous in D. Then, f satisfies Lipschitz condition

y
in D.

Theorem 2.3.2. Let X be a non-negative continuous random variable with distribution
function F(x). Let the past entropy measure of the corresponding n'" k-record value
H(fp:t) be finite for all t > 0. Then H(f, s;t) characterizes the distribution function

uniquely.

Proof. From (2.2.2), we have

| &

(H(fagst)) =15, () =15, (O)H(fagst)) = rF,, (t) Inrg, (1),

QL

t

where rg, , (¢) is the reversed hazard rate function of X, ;. Differentiating with respect to ¢

again, we obtain . )
r/ (t) _H/(fn,k;t)anvk(t)+H,/(fn7k;t)
Bl = T A (fpet) — g (1)

Consider two distribution functions F and F* such that

(2.3.1)

H(fas:t) = H(fy331) = 1(1), say.

Then V ¢, from (2.3.1) we get

k(0 =W (175, (0) e (0 = (17, (1))

nk
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where

T
Vit = (‘ Y() +1ny )

Using theorem and lemma by Gupta and Kirmani [51] we get, rg, (1) = rg (¢), V1. This
proves the uniqueness of reversed hazard rate function. As reversed hazard function char-
acterizes the distribution function uniquely, therefore this characterizes the distribution

function F;, ; and hence parent distribution uniquely. ]

2.4 Some Results On Past Entropy For k-Record

2.4.1 A Bound To Past Entropy:

"If H(fux:t) is increasing function of t > 0, then r,x(t) <exp(l —H(f,x;t)) and

H(fn,k;t) < l_lnrn,k(l)'"
Proof. From (2.2.1), we have

I‘_I(fmk;t) =1- ﬁ/otfmk(x) lnrnvk(x)dx.

or
_ 1 !
1 —H(fypt) = %/0 Snge(x) In 7y g (x)dx.

Now 1 — H(fu:t) is decreasing function of r as H(f,x;?) is increasing, hence for

x<t,
_ 1 !
_ . >
1 H(fn,k’t) = Fn7k<t> /0 fn,k(x)lnrn,k(t)dx
= lnrmk(t).
or
rni(t) <exp(l—H(fu 1)) (2.4.1)
Also from (2.4.1), it follows directly
H(fuist) <1—=Inr (7). (24.2)

Hence from (2.4.1) and (2.4.2), we get the result.



33

2.4.2 Effect Of Monotone Transform:

"For a strictly convex function ¢ with ¢(0) =0. LetY = ¢(X), then

H(gnit) = H(fup: 07 (1) + Ep,,[In ¢ (X)X, < 971 (1), (2.4.3)

where Ey,, denotes the expectation with respect to f, and other letters have

usual meaning."”

Proof. From (2.2.1), the past measure of entropy associated with ¥, ; is

H(gnpt)=1- %k(t) /0 [gn,k(y) Inry (y)dy, t>0
o /Of K"(~1In G((yr)i’;;%)y)Y”g(y) 1nrC, (y)dy
e (3 s
:1_m /0 - fmk(x)lnr,ik(x)dx—km /0 e ()

=H (9 (1)) +Ep,, [In9'(X)[Xop < 97 (1)

Here rf  and r,? « denote the reversed hazard rates of the n'" k-record values for the parent

distribution functions F' and G respectively. [l

2.4.3 Stochastic Ordering Of Past Entropy:

Here we prove some order properties for the past entropy measure. First, we

give some definitions from Nanda and Paul [87] as follows:

Definition 2.4.1. A random variable is said to have increasing uncertainty of life (IUL) if

H(f;t) is increasing int > 0.

Definition 2.4.2. Let X| and X, be two random variables denoting the lifetimes of two

components with pdfs f1 and f> respectively. Then X is said to be greater than X in past
PE _ _

entropy order (written as X1 > Xo ) if H(f1;t) <H(f»;t), ¥ t>0.

Example 2.4.1. If X| and X, are two exponentially distributed random variable with
means ay and 2ay, then for n = k =1, we can easily see that H(f, ;) < H(gnxit),
where f, x(x) and g, x(x) represent the pdfs of n'" k-record values corresponding to Xi

PE
and X, respectively. Therefore X, is greater than X, in past entropy order that is X; > X.
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Next, Theorem 2.4.1 and Theorem 2.4.2 prove results on order properties of

the past entropy measure (2.2.1).

PE
Theorem 2.4.1. Consider two non-negative random variables X| and X, with Xrglk) > ka)
and @ be a strictly increasing, diﬁ‘erentiable and convex function with ¢(0) = 0 and ¢'(x)
is continuous with ¢'(0) > 1. Then (])( ) > (])( ) where Xrglk) and Xlgzk) denote the

n'" k-record values corresponding to X; and X> respectlvely.

Proof. From (2.4.3), we can write

A — A ) = A0 )~ A 07 ()
TE (0 (X)X < 67 (0) ~E,0 (¢ (X)X < ¢7'(1)). 244

Here f Ve fnzk), gfl ,2 and g( ,2 represent the pdfs of n'" k-record values corresponding to X,
Xz, ¢(X1) and ¢ (X>) respectively.

W@ 70 £, g—1 7(£@). -1
Now, X / > X . implies that H(f, ;0 (t)) < H(f,[;¢ " (t)), where as

Ef’g]()(ln¢/(X)\X1 <¢7'(1)) —Efﬁ(lnfb'(X)le <¢~'(1))

Sl @) fd @)
_/ Dot 7ot | &
Fo (0711)  F (071(1)
¢71(l‘) (1) x (2) X
0 Fo (0711)  F (071(1)
=0.
The above inequality holds due to ¢’(x) is an increasing function of X. Hence using (2.4.4),
we get I-_I(gf:,z;t) < I-_I(gfflz;t), vVt > 0, which results in ¢( ) > q)( ) O

Example 2.4.2. From Example 2.4.1, X, fg X. Let us take ¢ (x) = Ax, where A > 1. Now
0 (x) is strictly increasing, differentiable and convex function with ¢(0) = 0 and ¢’(x)
is continuous with ¢'(0) > 1. Therefore, by Theorem 2.4.1, for n =k = 1, (])(X}Elk)) PEE
6(X,2)

Next, we show that the above past entropy order is closed under increasing past

entropy measure. First we prove the following lemma.

Lemma 2.4.1. Consider Z = aX + b, where X be any absolutely continuous random vari-
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able, and a > 0 and b > 0 are constants. Then, fort > b,
H(gnist) = H(furs b) +1Ina, (2.4.5)
where g, i and f, i are the pdf of n'" upper k-record values for Z and X respectively.

Proof. We know that

- 1 4
H(gn,k;t) =1In Gn,k(t> — G—k(l)/() gn,k(Z) lngn.,k(Z)dZ
n,

After substituting (1.10.1) and using the transformation Z = aX + b we get,

e / e (fnk())dx

_ —-b
H(fnka )+lna

I:I(gmk; ) lnFnk

Heret>b,a>0¢%>0. O

Theorem 2.4.2. For any two absolutely continuous random variables X and Y, define
Zﬁ,k = a1 X+ by and ZZ,k = ayY, k+Dbo, where ay, ay > 0and by, by > 0 are constants.
Let

PE PE _ _
(i) Xpx = Yok, (i) a1 > ar and by > by. Then, Z;; > sz if either H(fyx;t) or H(gnx:t)
is increasing in t > by. Here f, (x) and g, x(x) denote the p.d.f of n'" k-record values

corresponding to X and Y respectively.

Proof. Let H( fakst) is increasing int. As % < %, therefore

— t—b - t—by
H(fo: ) < H(fugs )-
ai a
PE
Also Xn,k > Yn,k
~ t—by — t—by
Combining above two inequalities, we have
t— b1 — t—by
H(fog: ) < H(gnk e ). (2.4.6)

Using (2.4.5), we get
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. PE_,
=>Zyi 2 Zy o

this proves the result. Also if H(gy;t) is increasing in 7, then proof is on similar lines

and hence omitted. O

Corollary 2.4.1. Let X and Y be two absolutely continuous random variables such that

PE )

Xox = Yok Define Z) , = aX,x +b and sz =aY,x+b, where a> 0 and b > 0 are
PE _ _

constants. Then, Z, , > ZZ i if either H(f, x;t) or H(g, i:t) is increasing int > b.

Although this corollary can be derived directly from the above theorem by taking

a; = apy =a and by = b, = b, a stronger result stated below as Theorem 2.4.3 can

be proved in which condition of increasing entropy measure in the Theorem 2.4.2
has been droped.

Theorem 2.4.3. Let X and Y be two absolutely continuous random variables. Define

PE PE
Z, = aX,+band sz =aY,+b,wherea>0andb > 0. Then, Z,, > ZZk? if Xpp >
Y, k-

Proof. Proof can be done on the same lines as Theorem 2.4.2 and hence omitted. O]

Next, we derive the simplified expression for the computation of past entropy mea-

sure for specific distribution functions.

2.5 Past Entropy For Some Specific Distributions

For this first we prove a lemma as given below.

Lemma 2.5.1. Let X,, ;. denotes the n'" upper k-record value having pdf fax(x), and F(x)
and f(x) denote the distribution and density function of parent random variable respec-

tively. Then the past entropy measure can be expressed as

_ r 1 —kInF(t) yn—1,~u .
H(fyx:t) =In (ka(t)?n) _m/o u F: In (un—lf(F—l(l_e—z))> du
n(k—1) Fyp14(2)
k Fn,k(t) .

(2.5.1)

Proof. We have

_ 1 !
H(fn.,k;t) = lnFn,k(t) - %/0 fn,k(x) lnfn,k(x)dx'
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After substituting (1.10.1) and using substitution —kInF(x) = u, we get

[:I(fmk;t) = lnka(t) - #:)Fn /Ot (_lnF(x))nfl (F(X))kilf(x)

In (l’i—n (—InF(x)" " (Fx)! f(x)) dx.
B 1 —kInF (¢) n—1l —u k n—1 —(l—l)u 1 _u
_ll'lka(l‘)—W/O u e "In (ﬁl/l e k f(F (1—6 k)))dl/l
n(k—1) Fp1x(t)
k Fn,k(t)
k 1 —kInF (1) n—1_,—u n—1 -1 —%
_lnank(t)—ln—n——/O u'le ln<u f(F (1—e k)))du

n(k—1) Fyy1 (1)
k Fn.,k(t)

In 1 —kInF (1) yr—leo—u nel 1 _u
—In <Fn7k(t)7) _ Fn,k(t)/o = —1n (u 7 (F (1—e k)>> du

n(k—1) F1(t)
k ka(l‘) )

We can also write the (2.5.1) in terms of expectation as

A(fypit) =In (Fn,k(z)%) - #@)E (m <u*"—1f (F—1(1 —e—%))))

}’L(k— 1) Fn+17k(t)
k Fn’k(t) '

Here E(.) denotes the expectation and u* follows the incomplete gamma distri-
bution. Now, the following example obtain the measure of past entropy for n”
upper k-record value from exponential distribution in terms of incomplete gamma

function which is defined as
a
['(n;a) :/ W e du a>0.
0

Example 2.5.1. Let f,, denotes the pdf of n'" upper k-record value from standard expo-

nential distribution. Then F, ;(t) = r(lféz;”). Using (2.5.1), we get

['(nskat) (n—1)I'n

H(fy:t) =In — E(Inv*) +

['(n+ 1;kat)
ak ['(n;kat) '

['(n;kat) 2.5.2)

Here V* has the incomplete gamma distribution I'(n;kat).

Remark 2.5.1. The entropy measure of n'"* k-record value from distribution F(x) can be
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expressed in terms of past entropy measure from standard exponential distribution as

. N . 1F(n—|—l;—klnF(t)) B I'n
H(fn,k,t) - H(fn,k>t) tina— k F(n; —klnF(z‘)) F(n;—lnF(t)).

Proof. The proof follows directly using (2.5.1) and (2.5.2).

Example 2.5.2. If X follows the finite range distribution with pdf

f(x)z—(l—%)a_], a>1, 0<x< b

and survival function

Fx)=1-F(x) = (1—%>a, then

paty - ATl

Substituting —kInF (x) = u, we observe that x = F ' (1 —e™ %) = b(1 — e~ ).

Using (2.5.1), we get

- I'n 1 e
H(fux:t) =In <Fn,k(t)7) - k(t)E (lnv* 1)
1) u" le—u

—kInF(r) n— .
- Fn;(t)/o (=)
n(k—1) Fy14(t)

k ka(t)
I'n 1 w1 a  (a—1)nFy14(1)
=In( F(t)— | — E(l —1In-— ’
“( ’k()k> Foe EIY ) e )
I’l(k— 1) Fn+l,k(t)
k Fn,k(t).

where V* follows the incomplete gamma distribution I'(n,—kIn (1 — l’;)a).
Example 2.5.3. If X follows the Pareto distribution with pdf and cdf as
a 1
f(x):W, x>1,a>0 and F(x) = I_E’ then

['(n;aklnt)

1y —u _ _E(l_;’_%)
. and f(F (1—e k)> ae” k :

Fn,k(l) =

Using (2.5.1), we get

Aty =n (R ) S Do)+ 80 (242 1),

(2.5.3)

]
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where v* follows the incomplete gamma distribution I'(n;akInt).

2.6 Conclusion

Past information measures have found applications in reliability and life testing.
In this chapter we have considered a system or a component which was continu-
ously under supervision at regular interval times but at particular instant of time, it
was found to be dead. We have defined the measure of uncertainty in past lifetime
distribution for such type of systems for k-record values. We have proved that the
proposed measure of uncertainty for k-record values determines the underlying
distribution uniquely. In addition to a few other properties it satisfies stochastic
ordering property. Also we have derived its expression for a few specific distribu-

tions.







Chapter 3

Kerridge Measure Of Inaccuracy For

Record Statistics

3.1 Introduction

One of the basic problems encountered in reliability theory is the identification of
an appropriate probability distribution for lifetime of a component or a system. Var-
ious methods like goodness of fit procedures, probability plots etc. are available in
literature to find a suitable model followed by the observations. Kerridge inaccu-
racy [63] provides a useful tool in measuring the two types of errors in expressing
the probabilities of various events in performing an experiment. The inaccuracy
measure has various applications in different areas of science and technology
such as statistical inference, estimation and coding theory (see Nath [83]). Next,
the record data evolves in various practical situations like hydrology, sports, in-
dustrial stress testing, meteorological analysis and seismology see, for instance,
Ahmadi and Arghami [4].

In the preceding chapter we have considered measure of entropy for past lifetime

for k-record values. Also we have proved that this entropy measure for past life-

The work reported in this chapter has been published in the paper entitled, Kerridge Measure of
Inaccuracy for Record Statistics in Journal of Information and Optimization Sciences, 2018, 39(5), 1149-
1161, and some work has been presented in the International Conference on interdisciplinary Mathematics,
Statistics and Computational Techniques held at Manipal University, Jaipur, Dec 22-24, 2016.

41
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time characterizes the distribution function uniquely. If we put £ = 1 in the results
for k-record values, we can get the results for ordinary records. In this chapter, we
extend the concept of Kerridge measure of inaccuracy to record values and also
study some of its properties.

The chapter is organised as follows: In Section 3.2 , we propose an inaccuracy
measure between the distribution of n"* record values from a sequence of iid ran-
dom variables and parent distribution and study a characterization result based on
this measure. In Section 3.3 , we study the inaccuracy measure for some specific
distributions and in Section 3.4 and 3.5 we consider F¢ distributions and study
measure of inaccuracy for some specific F* distributions. Section 3.6 concludes
the chapter.

3.2 A Measure Of Inaccuracy For Record Statistics

Corresponding to the inaccuracy measure given by Kerridge [63], we define the
measure of inaccuracy between the distribution of n'* record value and the parent

distribution as

H(fu, f) =~ /0 ) fu(x)log f (x)dx. (3.2.1)
Here f,(x) denotes the pdf of the n’" record value given by
n—1
fulx) = RF (n<)X> £(x), —o0 < x < o0, (3.2.2)
where R(x) = —In(1 — F(x)).
From (3.2.1), we can write
B ~ () fulx)
H(fn,f) = _/0 Jn(x)log (W) dx
— [ ntnog (2 ) [ ponoe s
:H(fn/f) +H(fn)7

where H(f,/f) and H(f,) denote the Kullback measure of relative information be-
tween the distribution of n’ record value and the parent distribution and Shannon

measure of entropy for the n'" record value respectively.

Next, we show that the inaccuracy measure defined above determines the parent
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distribution function uniquely. To prove this we use the lemma by Goffman and

Pedrick [48] which is stated as follows:

Lemma 3.2.1. A complete orthogonal system for the space L(0, o) is given by the se-

quence of Laguerre functions

|
On(x) = —'e*ELn(x), n>0.
n!

Here L, (x) denotes the Laguerre polynomial which is defined as the sum of coefficients of

e~ in the n'" derivative of X"e %, that is

Lo(x) = &9 (x1e7) = i(—l)k(Z)n(n— 1) (k+ Dk,

= e —
dx"

The completeness of Laguerre functions in Ly(0, o) means that if f € Ly(0, ) and
J5 f(x)e 2Ly (x)dx = 0, Yn > 0, then f is zero almost everywhere.

Now, we give the characterization result as follows:

Theorem 3.2.1. Let X| and X, be two random variables with pdfs fi(x) and f>(x) and
absolutely continuous cdfs Fi(x) and F>(x) respectively. Then Fy and F, belong to the

same family of distributions but for change in location, iff

H(fu1, 1) =H(fup2, f2), n> 1. (3.2.3)

Here f,1(x) and f, 2(x) are the density functions of n'" record value for the parent distri-

butions f1(x) and f>(x) respectively.

Proof. The necessary part is obviously holds. We need to prove the sufficient part only.

Foralln > 1, let

H(fn1(x),f1(x)) = H(fa2(x), f2(x))
=~ [ fu@log(i@)dx=— | fua(0)log(f2(x)dx
0 0

= (= log(1 = Fi(x)))""' fi(x) _ [~ (=log(1-R(x))" ' fix)
_ /0 0 log(fi(x))dx = — /0 ) log(f2(x))dx

Putting u = —log(1 — Fi(x)) and u = —log(1 — F>(x)), we obtain

[o5]

e g (F (1= e = [t Mog(fa(Fy ! (1—e)))du
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= [ {log(1(F ! (1=e7) ~log(fa(Fy ' (1=€ ) e " du 0.

= [ Qlog(f1(FT! (1) ~log(fo(Fy ! (1= ™) e F Ly(widu=0.

Here L, (u) is the Laguerre polynomial given in Lemma 3.2.1

Using Lemma 3.2.1, we have

AFET (=) = fo(Fy ' (1—e™)).

u

Substituting 1 — e~ = v in the above expression, we get

AFTI W) = £(F (), Yve(o,1).

' dEW) _ -1y () — 1
It is easy to show that =——=> = (F ) (v) = GRICIE Therefore, we have

FH0) = BHE), Ve (0,1)
F'(v) = ') +a,

where a is constant and this proved the result.

]

Next we prove another result to show the effect of monotone transformations on

inaccuracy measure defined in (3.2.1) in the following theorem.

Theorem 3.2.2. Let X be a non-negative and continuous random variable with pdf f(x)

and distribution function F(x). Let Y = ¢(X), where ¢ is a strictly monotonically in-

creasing and differentiable function with derivative ¢', and let G(y) and g(y) denote the

distribution and density functions of Y respectively and X, denotes the n'* record value

associated with X with pdf f, and Y, denotes the n'" record value associated with Y with

pdf gn . Then we have
H(gn,8) = H(fu, [) — H(fn, (D/(x))

Proof. The probability density function of ¥ = ¢ (X) is g(y) = ({/((?;):/1((}] y)))). Thus

*© (_1lo n—1
H(gn,8) = — /0 - gr((;g) ) g(y)logg(y)dy.

This gives

(3.24)
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By taking x = ¢ ~!(y), we obtain

o [ X n—1 X
H(gn,g) = — /0 ( logrz,i) ) f(x)log ({;,(( x)) dx
_ [ (=logF(x)"! = (—logF (x))"! :
__ /O o/ Wlog f(x)drt /O oy ) log ()
This can be written as
H(gn,8) = H(fu, f) = H(fn, ¢ (x)).
This proves the result. ]

Remark 3.2.1. Let Y = aX + b, where X be any absolutely continuous random variable

and a > 0, b are constants. Then

¢ (x)=a

Thus inaccuracy measures defined in (3.2.1) is invariant under location but not under

scale transformation.

In particular, if a=1, thatis Y =X +b, then H(g,,g) = H(fn,f), Where f and g
denote the p.d.f for X and Y respectively.

3.3 Meaure Of Inaccuracy For Some Specific Distribu-

tions

Following are the expressions for the proposed inaccuracy measure (3.2.1) for

some specific probability distributions for a random variable X.
(i) Uniform Distribution

Consider a random variable X having uniform distribution over (a,b), a >0, a <b,
then pdf and cdf of X is

flx) = a<x<b and F(x)=
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Then from (3.2.1),

H(forf) = — /0 " ful@) log f(x)dx

_(—1)n+lln(b_a) b b—x n—1 N
~ (b—a)(n—1)! /a(lnb_a) dx (3.3.1)
=log(b—a).

Let A, =H(f.i1,f) —H(f. f) be the n'" inaccuracy differential, that is , the change
in inaccuracy in observing the record value from the »'” to the (n+1)"" . In case of
uniform distribution A, = H(fu+1,f) — H(fa, f) =0, that is , measure of inaccuracy

H(f,, f) remains constant for all n for uniform distribution.

(i) Exponential Distribution

Consider a random variable X having exponential distribution with parameter a >
0, then pdf and cdf is given by

(3.3.2)

We observe that for a fixed value of n, inaccuracy of n'* record value for exponen-
tial distribution decreases with increasing value of the parameter a > 0.

Similarly, if a is fixed then H(f,, f) increases with increase in sample size. In this
case we obtain A, = H(f,.1,f) —H(fu, f) = 1,¥ n, that is n'" inaccuracy differential
does not depend on the sample size.

(iii) Weibull Distribution
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For Weibull distribution pdf is
flx)= abxbilexp{—axb}, a,b>0,x>0

where a and b are parameters. The survival function is

We have

o abxb—le—axb lo abxb—le—axb —lo e—axb n—1
W= | o )(Tog(e )t
0 (n—1)!

Substituting —log F (x) = —log(e*“xb) =t, we obtain

b—1 =] _’logt oo =1 —flog abb t"e —f
h—1 ]
=¥ )—%—k)gbm (3.3.3)

In particular for b = 1, (3.3.3) reduces to the n”" record inaccuracy for exponential
distribution.

The n'* inaccuracy differential is

—H<fn+17f)_H(fn>f)
h—

:Tl(‘{’(n)—‘l’(n—l—l))—l-l
1-b

:< b >“

3.4 F?% Distributions

F% distributions are quite important concept in statistics because of their utility
in modelling and analysis of lifetime data. Various classes of F® distributions
have been developed in literature by various researchers. Let X be an absolute-
ly continuous positive random variable. Then X is said to have F* distribution
if its cumulative distribution function is given by G(x) = F%*(x) = [F(x)]%, a > 0,

the a-th power of the baseline distribution function F(x), refer to Ahsanullah et
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al. [8]. The distribution G(x) is also called an exponentiated distribution of giv-
en baseline distribution function F(x). Its probability density function is given by
g(x) = af(x)F*1(x), « >0, where f(x) = ‘“;—S‘) is the probability density function
of the random variable X.
Further we know that, two random variables X and Y satisfy the proportional re-
versed hazard rate model (refer Gupta et.al. [49]) with proportionality constant
o (>0),if

G(x) = F%(x) (3.4.1)

Here F(x) is the baseline distribution and G(x) can be considered as some refer-
ence distribution.

Next, the reverse hazard rate of G(x) denoted by Ag(x) is given as Ag(x) = £

(x

N~

Substituting values of pdf g(x) and G(x) from above, we get

Ag(x) = %&;'(") = oAr(x), where Ar(x) denotes the reverse hazard rate corre-
sponding to the distribution F(x). Thus in case of power distributions, that reverse
hazard rate function of G(x) is proportional to reverse hazard rate function of F(x)

with proportionality constant o.

3.5 Measure of Inaccuracy For F? Distributions

In this section we introduce the inaccuracy measure for n'" lower record value

for some of the F* distributions.

(i) Gompertz-Verhulst Exponentiated Distribution

Gompertz-Verhulst Exponentiated distribution is used to compare known human
mortality tables and to represent population growth defined by the cdf and pdf
given as follows

Glx) = (1—pe *)"

and
g(x) = a(l—pe *)* (pAe ™),

where x> +1Inp >0 and p,A,a > 0. Then

dx.

o (_In(] — e—lxan—lal_ e—?Lx oa—1 ;Le—lxlnal_ e—/lx a—1 Ae—lx
H(gmg):_/( (I—pe™)*)" a(l—p )an (a1 —pe™)* pAe™))
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Substituting —In(1 — pe~*%)* =¢, we will get

dt.

a—1)n © el n(l —e @
| e )

In

Jt

Using —In(1—e @) =Y7 , <% we obtain

=17
(a—1)n I &1 [ (qaivini
H(g,,g) = —InoA + —— —,/ e~ Ita)n=1gy
(8n:8) F(n)];] A
Let (1+4)r = 6 then
(o —1)n 1 &1 e %9140
lan) = E 1 g s L1 e 0 100
(e 8)="—3 Fw &b (14l
This gives
(a—1)n o 1
08) = - - 5.1
H(gn,g) _ 1nom+z _ (3.5.1)

o—1 > 1
H(gl,g):%—lnal+z :

]71](1_*—%)

o—1 > 1
An=H(gni1,8) —H(gn,8) = ——— ) —————
n n n o jzzla(l+é)n+l

(if) Power Function Distribution

A random variable X is said to have power function distribution if its cdf and pdf
are given by
o
G(x)= (I) , 0<x <A,

and

g(x)z%(%)al, A>0, a>0.

Using the substitution —In (3)% =1¢, we get

oo f1=1 o=t (n( & n eff; o—1
H(gn,g)=—/0 : a (’112;)1 0%,

—In <g> + (a;l)”.
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Now putn =1,

Also

o—1
An=H(gnt+1,8) —H(gn,8) = 5

which means that difference between inaccuracy measures of two consecutive
record values from power function distribution does not depends on n. For o = 1

it is reduced to uniform distribution.
(iii) Generalized Exponential Or Exponentiated Exponential Distribution

The exponentiated exponential distribution was introduced by Gupta and Kundu
[50]. A random variable X is said to have exponentiated exponential distribution if
its probability density function (pdf) and cumulative distribution function (cdf) are
given by

fx) =ode ™ (1 —e %1 x>0 (3.5.2)

and
F(x)={1 —exp(—Ax)}*, a>0, 1 >0, (3.5.3)

respectively, which is o power of cdf of standard exponential distribution. There-
fore for a =1, (3.5.2) is exponential .

This distribution has some important physical significance. We know that a par-
allel system consisting of a components, works only when at least one of the
o-components works. If the lifetime of the components are independent and i-
dentically distributed random variables and follows the exponential distribution,
then lifetime distribution of the system can be defined as (3.5.2). This is the par-
ticular case of Gompertz-Verhulst Exponentiated distribution, when p = 1. Putting
p=1in(3.5.1), we get H(g,,g) same as that of Gompertz-Verhulst Exponentiated
distribution.

(iv) Pareto Type 2 Distribution
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The cdf and pdf of this distribution is given by

G(x) = (p(%ﬂ)ﬁ)a, B, >0,
a1 (5)) (1) e

Now, the inaccuracy measure comes out to be

and

. o~ n—1
Hignt) == b {1 (1-G52) | stomapi— (Mo (P

By putting (1 — (ﬁ)ﬁy =1, we get

—t(o—1) —t B+1
ootn—le—fln (Otﬁe o (l—eﬁ) B )
= d

H(gn7g -

jI

Using —In(1 —e~a) = Y7, <, we obtain

= —In n(e—=1) (B+1) l * n—le—t(l—i—é)
In(o) + =5+ g ];j/o t d.

Let (1+4)r =6, then

H(gn,g) = —In(aB) + -

(3.54)

H(gi,g) = —In(aff) +

An=H(gn+1,8) —H(gn,8) = - gl)i

When a = 1, (3.5.4) gives the inaccuracy measure for Standard Pareto distribu-
tion. Putting a =1 in (3.5.4), we get

H(gn,g) = —In(B Z
j:

1+J
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3.6 Conclusion

We have extended the concept of Kerridge measure of inaccuracy for record val-
ues by defining the inaccuracy measure between the distribution of n’* record val-
ue and the parent distribution. Also we have proved that the proposed measure
characterizes the parent distribution uniquely. Some properties of the proposed
measure like effect of monotone transformation have been discussed. The mea-
sure has been studied for some specific distributions. Also keeping in mind the
usefulness of F® distributions, the inaccuracy measure has been discussed for
that class of distributions also.




Chapter 4

Measure Of Inaccuracy And Residual

Inaccuracy Measure For k-Records

4.1 Introduction

The inaccuracy measure as given by Kerridge [63] is defined as

H(f,g):—/ooof(x)logg(x)dx. 4.1.1)

Here f(x) is the actual distribution and g(x) is the predicted one. When g(x) = f(x)
for all x, (4.1.1) becomes the Shannon’s entropy.
The measure of information and inaccuracy are associated as H(f,g) = H(f) +
H(f/g), where H(f/g) represents the Kullback-Leibler [67] relative information
measure of X about Y, defined as

f()

H(f/g) = /O " f(x) log s 4.12)

In the previous chapter we have discussed the inaccuracy measure between the
sequence of record values and the parent distribution. Recently the concept of

The results reported in this chapter have been published in the paper entitled Measure of Inaccuracy
and k-Record Statistics in Bulletin of Calcutta Mathematical Society, 2018, 110 (2), 151-166, and some
work has been presented in National Seminar on Recent Developments in Mathematical Sciences held at
MDU, Rohtak, Mar 07-08, 2017.
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k-record values has found great importance in the various fields as the record
values does not generate frequently, so it makes statistical inference based on
records very difficult to perform. To overcome these difficulties Dziubdziela and
Kopocinski [35] introduced the model of k-record statistics. Instead of observing
the sequence of largest values, he observed the sequence of k' largest values.
Statistical inference problems based on k-records have been considered by sev-
eral authors, see, Berred [22], Malinowska and Szynal [78], Ahmadi and Doost-
parast [6] and Mary and Chacko [79]. So it is worthwhile, to extend the concept of
measure of inaccuracy as given by Kerridge [63] and dynamic measure of inac-
curacy between two residual lifetimes as given by Taneja et al. [117] to k-record
values. In the present chapter we propose and study a measure of inaccuracy
between n'* and m*" upper k-record values and also study a residual measure of
inaccuracy between the n'* upper k-record value and the parent distribution.

The chapter is organised as follows : In Section 4.2, the inaccuracy measure be-
tween distributions of n'" and m'" upper k-records is proposed. A general expres-
sion for this inaccuracy measure is given in the Section 4.3 and the inaccuracy
measure between k-record values associated with Uniform, Exponential, Weibull,
Pareto and Finite range distributions are presented . Section 4.4 is devoted to
the characterization result. In Section 4.5 we have given an expression for resid-
ual measure of inaccuracy and a characterization for it. The chapter ends with
conclusion.

4.2 Measure Of Inaccuracy Between Distributions Of "

And m'" Upper k-Records

The Shannon entropy for the n'* upper k-record values is given as

H(fui) = — /0 " fok () I fy e ()dx, 42.1)

where f,(x) is the p.d.f of " upper k-record value as given by (1.10.1). Also
Kullback measure of relative information between n'* and m'* upper k-records is

given as

H(fox/fmk) = /0 ) Suk(x)In ( ]J:m’; (();))) dx, (4.2.2)
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refer to, Ahmadi and Mohtashami [7]. Adding (4.2.1) and (4.2.2), we get

(fnk)+H(fnk/fmk /fnk lnﬁnk( )dX— (fnk fmk) (423)

which can be considered as the inaccuracy measure between n'" and m" upper k-
records. In particular if m =1 and k = 1 then (4.2.3) gives the inaccuracy measure

between ' k-record and the parent distribution refer to, (3.2.1).

4.3 Measure Of Inaccuracy For k-Record Value Obtained

For Some Specific Distributions

First we prove the following result.

Lemma 4.3.1. The inaccuracy measure H(f, i, fm x) between n'" and m' upper k-record

values can be expressed as

k™ n k"
H(fuks fnk) =—In———(m—1)¥(n)+(m—1)Ink+—(k—1) — —.
v T k I @a
/u”_le_”klnf(F_l(l—e_”))du.
0

Proof. The inaccuracy measure (4.2.3) is

(fnkafmk / fnk 1Ilfmk( )dx Vnm>1.

Using (1.10.1), this becomes

H(fsofnd) =~ [ 1 (P (F D 70 (P )™ (P19 )

Substituting —In F(x) = u and hence x = F 1 (1 —e™*), we have

oo n i km e _u 3 .
H(foger fon) = /Fn'“ kln<rm e =D p(F1(1—e ))du

Kok k" =
:_Elnﬁ 0 unlekudu—ﬁ(m—l)/o unileikulnudu

n

k - e
+F_n(k_1)/o u”e_k”du—lfn/() W le M n f(F71(1— e “)du.
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Using Gamma functionas I'm= [’ u" e "du and after some simplifications,

we get

Hfyso fn) = =T = (= (o) (= ket 2= 1) = [l an (7 (1= )
nksJmk Tm k nJo ’

this proves the result. [

Here ¥(x) denotes digamma function which is logarithmic derivative of the gamma
function, given by

r' (x)

L(x)

W(x) = < (Inl ()} =

Next, using (4.3.1), we obtain the inaccuracy measure H(f,.k, fm k) for certain spe-
cific distributions.

1. Exponential Distribution

Let X be a random variable having the exponential distribution over (0,) , then

its density and distribution functions are given respectively by
f(x) =0 and F(x)=1—F(x)=e¢ %

Substituting — In F'(x) = u, we observe that x=F~!(1—e*) = (%) and for comput-
ing H(fyx, fmk), We have

SE 1 =e) = f(g) = 0e™"
From (4.3.1)
H(foss fuk) = kL (m—1)®(n)+ (m—1)Ink+(k—1)— L /M u" Le *In(Be™")du
I'm k I'n.Jo
:—ln%—(m—l)‘l’(n)—i—(m—1)1nk—|—%(k—1)—%1n6/000u”_1e_“kdu
+1]i—l;/owu”e uk gy

After substituting ku =t and some simplifications we get
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H(fukr fruk) = —ln% — (m—1)¥(n)+(m—1)Ink+n—1n6 . (4.3.2)

When k =1, (4.3.2) reduces to
H(fn, fm) =InIm—(m—1)¥(n)+n—1Ino,

the inaccuracy measure between n'” and m'" upper record values. When m = k =
1, (4.3.2) reduces to

H(fy,f)=n—1nb,

the inaccuracy measure between rn'" upper record values and parent random vari-
able refer to, (3.3.2).

When n=m and k =1 (4.3.2) reduces to
H(fy) =1logln— (n—1)¥(n)+n—1loghb, (4.3.3)

the shannon entropy of n'* record values for exponential variate.

Also when n =m = k = 1 this comes out to be
H(f)=1-1no,
the shannon entropy of parent distribution for exponential variate.

2. Uniform Distribution

If a random variable X is uniformly distributed over (a ,b), a < b, then its den-

sity and distribution functions are given respectively by

1 xX—a
nd F(x) = —— b.
b—aa (x) . a<x<

fx) =

From (4.3.1)

m n

k ko
H(fn’k,fmk):—lnﬁ—(m—1)‘P(n)+(m—l)lnk—i—%(k—l)—ﬁ/o W Le™"*In £ (x)du.

Thus inaccuracy measure between »'* and m'* k-record value for uniform distri-
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bution is given as

K n L A 1
H(fmk,fm,k):—lnﬁ—(m—1)‘I’(n)+(m—1)1nk+%(k—l)—ﬁ/0 u e ”kln—b_aa’u.

This gives
H(foi> fnk) = —lnllf—m —(m—1)¥(n)+ (m—1)Ink+ %(k —1)+In(b—a). (4.34)
When n=m and k =1 (4.3.4) reduces to

H(f,) =log(Tn)— (n—1)¥(n) +log(b—a) 4.3.5)

the Shannon entropy of »’" record values for uniform variate.
When m =k =1 (4.3.4) comes out to be

H(fn,f) =In(b—a),

the inaccuracy measure between »'* upper record values and parent distribution,
refer to (3.3.1) .

Also when n = m = k =1 this comes out to be
H(f)=In(b—a),

the Shannon entropy of parent distribution for uniform variate.
3. Pareto Distribution

Let X be a random variable having Pareto distribution with pdf

a
f(X)Zw,XZI,a>O.

Substituting —In F'(x) = u, we observe that x = F~'(1—¢™") = ea and for computing
H(fn,kvfm,k)a we have
FFTY (1 =) = ae”(+a) |

Thus using (4.3.1) inaccuracy measure (4.2.3) between rn'* and m** upper k-record
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values for Pareto distribution is given as

K Kt u
H(foer fn ) = =10 o = (m— 1)¥(n) + (m— 1) Ink + %(k— 1)— ﬁ/o W e In(ae” T a))du
k™ n ke n—1_—uk
:—lnﬁ—(m—1)‘P(n)—|—(m—l)lnk+z(k—1)—r—n/o e Inadut

k" 1. [
~ (1+= n —ukd )
Fn( +a)/o e .

This gives
I'm n

H(faso fni) =In === (m—1)¥(n) +n—Ina+—. (4.3.6)

When k =1, (4.3.6) reduces to
H(fu, fm) =In(Tm)—(m—1)¥(n)+n—Ina+ g,
When m =k =1, (4.3.6) reduces to
n
H(f"?f) :n—lna—l—a,

the inaccuracy measure between /" and m'" record values for pareto distribution.

When n=m and k = 1 (4.3.6) reduces to
H(f,) = log(Tn) — (n— 1)¥(n) +n— loga-l-g

the Shannon entropy of n'* record values for Pareto variate.
Also whenn=m=k=1, (4.3.6) comes out to be

1
H(f)=1—Ina+—,
a
the Shannon entropy of parent distribution for Pareto variate.
4. Weibull Distribution

The pdf of Weibull distribution is

f(x) =abx"exp (—axh> , a,b>0,x> 0,
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where a and b are scale and shape parameters respectively. The survival function
is

F(x)=1-F(x)=e* .
Substituting —InF(x) = u, we observe that x = F~ (1 —e¢™*) = (g)% and for com-
puting H(f , fmx), we have

From (4.3.1)

li n,K» ﬂll( n m + I ||| + b ]

1—‘ k}’l o
Tm) —(m—1)¥(n)+n— % ——1In (ba%> / u" e "k qy
0

I'n
kn(b_l) ~ n—1 —uk K" = n _—uk
W/O u' e lnudu—kﬁ/o u'e"du.

After some simplifications, we get

= In(

H(fok fus) =In <—1> — (m— —)¥(n) +n—In(bat). 4.3.7)

If k=1, this gives

H(furfr) =n(Tm) — (m— 2 )%(n) + n—In(bab).

this is the inaccuracy measure between n'" and m" record values. lf m =k =1,
(4.3.7) gives

H(fyo f) = —(1= ) ¥(2) +n~ n(bab),

the inaccuracy measure between n'" upper record values and parent random vari-
able, refer to (3.3.3).

If n=m and k=1, then (4.3.7) gives

H(fy) =10(Tn) — (n— 3 )¥() +-n~ Ing(bat),

the Shannon entropy for n'* record values.
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If n=m=k=1, then (4.3.7) becomes

H() = (1~ )¥(1) + 1~ In(bat),

the shannon entropy of parent distribution for weibull variate.

5. Finite Range Distribution

The pdf of the finite range distribution is given by

foy =2 (1-%

a—1

) Ca>1,0<x<b
b
The survival function is

— X a
F(x)=1-F(x) = (1 - E> .
Substituting —InF (x) = u, we observe that x = F~1(1
computing H(fk, fmk), We have

e ) =b(1—e a) and for

b
From (4.3.1) gives
H( )= 10 (o )W)+ —1)1nk+'1<k—1)—ﬁ/°° gk (470 4,
fn,kafm,k =—In - m n m X Tn Jo u b

— I'm _ no_ _ﬂ a P " _ﬂ/m n—1 —ukl_

—In ="~ (m—1)¥(n) + 7 (k1) an(b)/o e [ e~ Dudu

This gives

I'm a n
H(fuks fnj) = IHT —(m—1)¥(n)+n —ln(;) - (4.3.8)

Whenm =k =1, (4.3.8) reduces to

H(fl’laf) = 1n<rm> — (m — l)lP(n) +n —]n(c_l) _ ﬁ

the inaccuracy measure between »'* and m!” record value for finite range distribu-
tion.
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When n=m and k = 1 (4.3.8) reduces to

H(f,) =1log(Tn)—(n—1)¥(n)+n— log(g) — g,

the shannon entropy of n” record value for finite range distribution.
When m=n=k=1, (4.3.8) becomes

H(f) =1-1(5) -

the shannon entropy of parent distribution for finite range distribution.

4.4 Characterization Problem

For proving characterization result, we will use the lemma by Goffman and Pedrick
[48] which we have already stated and used refer to Lemma 3.2.1. The result is

as follows:

Theorem 4.4.1. Let X and Y be two non-negative random variables having distribution
function F and G. Let H(f, k, fink) < o and H (g k,8mx) < o are the inaccuracy mea-
sures between n'" and m'™* upper k-record values for the parent distribution F and G
respectively. Then F and G belong to the same location family of distribution, if and only
if

H(fojes fng) = H(8n s mk) » V 1,k > 1.

Proof. The necessary part is clear. We need to prove the sufficiency part only. Let

H(fn,lmfm,k) :H(gmkagm,k) , Vi, k> 1.

From (4.3.1), we know

m

H(foi fmk) :—lnlli—m— (m—1)¥(n)+ (m— 1)lnk+z(k— 1)—

k
/ Wl In f(F1(1—e™))du,
0

kn
ﬁ.

where u = —InF(x) and hence x = F~!(1 — ¢™*). Similarly we get

m

H(gnk:8mk) :—lnﬁ— —(m—1)%¥(n)+ (m—1)Ink+ g(k— 1)

m
- E/ooun_le_”klng(G_l(1 —e "))du.
I'nJo
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Let uk = z, then the above equations become respectively

m

H(fokr fonk) = —lnllf—m —(m—1)®(n)+ (m—DInk+2(k—1)

1

In /O‘”anezln (f(F*I(l —e%))> dz @D

and

H(gn,kagm,k):_ln_m_(m_l)w(n)_{—(m_l)lnk—’_’l(k_l)
tm K (4.4.2)
_F_n/o Z"_le_zln<g(G_1(1—67))>dz.

Equating (4.4.1) and (4.4.2), we obtain

1

E/OW (1nf(F~1(1 - 7)) ~Ing(G™(1-¢7))) e 2" 1z =0,

It can be rewritten

% /Ow (nf(F (1= e) ~Ing((GT (1= eT)) ) e iLy(2)dz =0, (443)

for all n > 1, where L,(z) is the Laguerre polynomial defined in the Lemma 3.2.1. Using

Lemma 3.2.1 and simplifying further, we obtain
1 (F—1(1 —e—%)) —g (G—l(l —e—%)> , V>l

Let (1—e %) =v. As Lp=1(y) = it follows that

1
fEIW)?

/ /

(F_l)(v) = (G HY(v) Yve(01).
=F vy = ')+ aq,

where a 18 a constant. Hence the desired result follows. L]

4.5 Residual Measure Of Inaccuracy For k-Records

Since the information measures defined previously are not applicable to a sys-
tem which has already worked for some unit of time, thus the concept of residual
measures has been developed in the literature. Let X denote lifetime of a system.

The residual lifetime of the system when it is still working at time ¢, is denoted
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by X; = (X —¢| X >t). Thus provided a system has survived up to time ¢, the
corresponding dynamic measures of uncertainty, refer to Ebrahimi [36], and of
discrimination, refer to Ebrahimi and Kirmani [40], are given as

= flx). flx)
mlnmdx
and 50
f
Hirle0= [ i oo

respectively. Further Taneja et al. [117] introduced a dynamic measure of inaccu-

racy between two residual lifetime distributions as

H(f,g:1) = /fx 80 45.1)

F(t) (t

When ¢ = 0, it reduces to Kerridge inaccuracy measure [63]. Madadi and Tata
[77] gave the generalized results for Shannon information measure to k-records.
Asha and Chacko [14] have studied residual Renyi entropy for k-record values.
Now, corresponding to the measure (4.5.1), we propose the residual measure of

inaccuracy between the n'" upper k-record value and the parent distribution as

oofn,k(x)ln‘M
o Fuxlt) - F(1)

H(fop, f31) = — dx ,t > 0. (4.5.2)
Next, we give a characterization result for the above measure and for proving it
we will first state the following theorem and lemma from Gupta and Kirmani [51]

which we have also used eatrlier.

Theorem 4.5.1. Let the function f be a continuous function defined in a domain D C R?

and f satisfies the Lipschitz condition (with respect to y) in D, that is

|f(x,31) — f(x,y2] < kly1 —ya|,k >0,

for every point (x,y1) and (x,y;) in D. Then the function y = ¢(x) satisfying the initial
value problem y' = f(x,y) and ¢ (xo) = yo, x€l, is unique.

Lemma 4.5.1. Suppose that the function f is continuous in a convex region D C R?. Sup-

of

pose that Jy exists and it is continuous in D. Then, f satisfies Lipschitz condition in D.

Theorem 4.5.2. Let X be a non-negative continuous random variable with distribution

function F(x). Let the residual measure of inaccuracy of the corresponding n'* k-record



65

value , denoted by H(f, , fit) be finite for all t > 0. Then H(fy, f;t) characterizes the

distribution.

Proof. We know that

_ wfn,k(x)ln@
o Fult) T F(t)

—InF(r) - %(t) /, " fe) In f(x)dx.

H(fox, f31) = dx, t>0

Taking derivative of both sides with respect to ¢, we have

d

E(H(fn,lmf;t)) = —Ar(t) + Ag, (1) (H(fux, f31)) +1n(Ap (1)),

where Ar (1) and Af,  (¢) are the hazard rates of X and X,,  respectively. Taking derivative

with respect to ¢ again and using the relation

Ay (1) = (D)2 ().

where
_ (K(=InF@0)"(F(r))*
a(t)_( Tn,—kInF(t )
we get
At )= COAF OB Gt f30) 4 & A (OH oo f30) + 0/ OAr () InAr (@) = H Gy 1)

1 —a(t)—oa(t)H(fur, fit) —a(t)InAp(t)
(4.5.3)

Suppose there are two distribution functions F and F* such that

H(fu: f3t) = H(f, 1 [31) = c(t), say.

Then for all ¢, from (4.5.3) we get

Ap(t) = w(t, Ap (1)), A (1) = W(t, Ar(1)),

where

(o)l )y +a (t)e(t)y +a'(t)ylny — ()
ve.y) _( I—a() —a()e(t) —a()ny )

Using Theorem 4.5.1 and Lemma 4.5.1 we get, Ap (1) = Ap.(t), for all . Also hazard rate

function characterizes the distribution function uniquely, so we get the desired result. [
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Lemma 4.5.2. Let {X;,i > 1} be a sequence of i.i.d. continuous random variables having
distribution F(x) and pdf f(x). Let X, x be the n'h upper k-record value. Then the residual
measure of inaccuracy (4.5.1) between n'" upper k-record and parent distribution can be

represented as

) — [ _ 1 ” n—1 _—u —1/1 f%
H(fok f31) = InF (1) For(OTn /_ i€ Inf(F'(1—e %))du. (4.5.4)
Proof. Consider
H(fui, f3t) = — ) _"’k<x)ln@dx,t>0

t Fn,k(t) F(l)
1 bl _
-0 /[ Fux () Inf(x)dx+ InF (7).

Using (1.10.1)

H(fuse fit) =~ [ B PP 1) n )+ InF ()

and putting —kInF (x) = u , we get

1

H(fuk, fst) ZlnF(l)—W

/Oo W e Inf(FT (1 — e 8))du.
—kInF(r)

Example 4.5.1. The pdf of the finite range distribution is given by

a x\a—1
= — - = <x< b.
f(x) <1 b> ,a>1,0<x<b

The survival function is

— a

Fx)=1-F(x) = (1 - g) .
Substituting —kInF (x) = u, we observe that x = F ' (1 —e %) = b(1 — e~k ).
and

FF =) = f (b1 =) = T e HI70.

Putting in (4.5.4), we will get

I(n+1,—kInF(r)) (a— 1>.

H(fyp f21) = aln(1 — é) “1n(¢ ! —

) T Tk F (D)

Proposition 4.5.1. If H(f,x,f) is the inaccuracy measure between n'" k-record value
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and parent random variable, then

(fnk ft)§

Proof. We know

H(fugo f31) = In (1) - x)Inf(x)dx , 1 >0

Asfort >0 InF(r) <0

H(fox f3t) < — /fnk YInf(x)dx, t >0

Proposition 4.5.2. Let M be the mode of the distribution.Then

H(fn,kuf;t) > IHF%-

Proof. As M is the mode, therefore f(x) <M, V x > t.Therefore,

H(fugo f31) = InF (1) — / fux (@) In f(x)dx , 1> 0

_lnjwt)/t fmk(x)dx, t>0

>1InF (1) —

zlnm.
M

This proves the result. ]

4.6 Conclusion

The inaccuracy measure has various applications in different areas of science
and technology such as statistical inference, estimation and coding theory. We
have studied the inaccuracy measure based on k-record values. The inaccura-
cy measure for various distributions which are commonly used in the reliability
modeling, has been discussed. A characterization result has also been given.

We have also studied the concept of residual measure of inaccuracy for k-record



68

values and also some properties of it. It has also shown that it characterizes the

distribution function uniquely.




Chapter 5

Cumulative Residual Inaccuracy

Measure For k-Record Values

5.1 Introduction

So far we have discussed information measure based on probability density func-
tion which have their own limitations. To overcome some of the limitations of
Shannon’s entropy measure as discussed in Section 1.7, a new measure of un-
certainty has been developed by Rao et al. [95], known as cumulative residual
entropy (CRE) in which the probability density function f(x) has been replaced

with the survival function F(x) of the random variable X, given as
H(F) = —/ F(x)log F (x)dx. (5.1.1)
0

This measure of uncertainty is particularly appropriate to describe the information
in problems connected with the ageing properties of reliability theory based on
the mean residual life function. After Rao [95] proposed this cumulative residu-
al entropy, this measure became the subject of interest for various researchers.
Asadi and Zohrevand [13] considered its dynamic version to explain the age effect

The result of this chapter has been communicated in a research paper under the title Cumulative
Residual Inaccuracy Measure for k-Record Values and some work has been presented in International
Conference on Recent Advances in Pure and Applied Mathematics held at Delhi Technological University,
Delhi, Oct 23-25, 2018.

69
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on the information concerning the residual lifetime of a system or a component
. In analogy with cumulative residual entropy (5.1.1), Dicrescenzo and Longob-
ardi [34] introduced the cumulative entropy particularly suitable for the problem-
s related to inactivity time. Sunoj and Linu [109] proposed cumulative Renyi’s
entropy. Taneja and Kumar [116] extended the concept of cumulative Residual
Entropy to cumulative residual inaccuracy and then to dynamic cumulative inac-
curacy and also studied some of its properties. The measure proposed by Taneja

and Kumar [116] is given as
H(F,G) = — / " F(x)log G(x)dx. (5.12)
0

Psarrakos and Navarro [93] studied this concept for k-record values. Tahmasebi
and Eskandarzadeh [112] proposed the extension of cumulative entropy based
on k" lower record values and also considered its dynamic version using the past
lifetime.

In the preceding chapters we have studied the inaccuracy measure between
record distribution and the parent distribution and then between k-record distri-
bution and parent distribution. In this chapter we study the cumulative residual
inaccuracy contained in the sequence of k-record values. The organisation of
the chapter is as follows: In Section 5.2, we propose the extension of cumulative
residual inaccuracy measure to k-record values. In Section 5.3, we study some of
the properties of the proposed measure and find some bounds to the measure.
Then in Section 5.4, some stochastic ordering has been studied. Section 5.5 pro-
vides the simplified expression for the cumulative residual inaccuracy to make the
computations and calculations easy. Section 5.6 concludes the chapter.

5.2 Cumulative Residual Inaccuracy Measure

Corresponding to the measure (5.1.2), here we are introducing the cumulative
residual inaccuracy measure between k-record distribution £, x(x) and the parent
distribution F' as

H(Fyp F) = — /0 " Fua(0) InF(x)dx. (5.2.1)
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Using (1.10.3)

con—1 i
Fyy F / l ( kInF (x))' InF (x)dx
(5.2.2)
_ Z/ K(—InF(x))*dx.
j=070
After some rearrangements, we get
WP =Y / (j+1) kf+2<—1nF<x>>“+”f<x>dx
Fok = k2 Ap (x I'(j+2)
(j+1)
-y / k] aala) ds (523)
j=0

-5 ()

Here E stands for expectation and Ar(x) stands for hazard rate function corre-

sponding to F(x).

5.3 Properties And The Bounds To The Measure

In the present section, we study some of the properties of the proposed measure

of cumulative inaccuracy as follows:
1. If wx(x) = [y Fyxdx, then inaccuracy measure can be expressed as

(n—1)
H(Fyi,F) =Y, K(+1) (js2x(x) — jr14(x))
=0

Proof. From (1.10.3), we can write

(—kInF (x))/*!
(j+1)!

T

Fiox(x) = Fjpp(x) = ( (5.3.1)

(x)*

Therefore from (5.2.2) and (5.3.1), we get

(n—1) .
HFF) = L KG+1) [ (Farl) = Faas) ds
j=0

(n=1)
= Z K(j+1) (Hj+2,k(x) —Hj+1,k(x))'
=0
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Remark 5.3.1. If for a fixed k, F, ;. is a decreasing function of n, that is, F, j is an
increasing function of n, then F 2k > F; i+1k- From above result, we can see that

H(Fy,F) is an increasing function of n.

. Consider two random variables X and Y with survival functions F(x) and G(y)

respectively such that Y = ¢(X), where ¢ is a strictly increasing function with
¢(0) =0, then

G, G Z /0 (—InF(x))*'9 (x)dx. (5.3.2)

Proof. We can write from (5.2.2)
Gui,G Z /0 (GO (~nG(y)) ™ dy. (5.3.3)

Now ¥ = ¢(X) = G(y) = F(x) and G, 1 (y) = F,x(x). Also dy = ¢'(x)dx

Putting all these values in (5.3.3), the result is obvious. [l

Remark 5.3.2. In particular Y = ¢(X) = aX = ¢ (x) = a. Therefore (5.3.2) be-

comes

Gux,G Z /0 (F(x))*(=InF (x))/dx

=aH(Fn7k,F).

. G(x) = (F(x))ﬁ , B is an integer greater than 1, then

H<Gnk= ) ﬁH( nkp» )

Proof. We know
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4. Consider n(X) = — [ (F(x))*InF (x)dx, then

_ _ (n—1) ki .
H(FuF) > ), — X)), (5.3.4)
j=0 J°

Proof. From (5.2.2)

Here n(X) = — 5" (F (x))*In F (x)dx. O

5. Let X be an absolutely continuous non-negative random variable, then

J+1
<F)) (5.3.5)

nla 2 Z

where H(F) is given by (5.1.1).

Proof. This result can be proved directly from (5.3.4) by taking k = 1. Also if we
put k=1 in n(X) = — [3°(F(x))*InF (x)dx, it becomes the cumulative residual
entropy given as H(F) = — [;° F(x) In F (x)dx. This proves the result. O

5.4 Some Results On Stochastic Ordering

In this section we prove some order properties of cumulative inaccuracy mea-

sure for k-record values. First we give following definitions.
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Definition 5.4.1. A random variable X is said to be less than Y in the stochastic ordering
St _ _ — —

denoted by X <Y if F(x) < G(x) for all x, where F (x) and G(x) are the survival functions

of X and Y respectively.

Definition 5.4.2. A random variable X is said to be less than Y in the likelihood ratio
ordering denoted by X < Y f fX is non increasing in x, where fx(x) and gy (x) are the

pdf of X and Y respectively.

Proposition 5.4.1. If E(X, ;) and E(X ) are the expected value of n'" k-record value and

the parent distribution such that X,, j § X, then

() H(Fye) < H(FyaoF) ~ By In 2 (541
(@) H(Fo1) < H(E) = Etya)ln o (542)

Here H(F, ) and H(F) denote the cumulative residual entropy for the random variables

X,k and X respectively.

Proof. Using log-sum inequality we can write

F i F, d
/Fnk k(%) dx>/ F(x dxlnfo nk(X)dx

F Jo F(x)dx
E(Xnk)
=E(X,x)1 —.
( n,k) n E(X)
Hence using above inequality, we obtain
_/ Fn,k(x)lnka(x) dx
E Xk
7 E(Xnk)
=H(Fy 1, F)—E(X, 1)1 ;
( nk>s ) ( nk) E(X)
Now using X,, ; < X in above inequality, we get
H(Fnk)<_/°°ﬁ () InF(x) dx — E(X, ) In X0
T Jo E(X)
> _ E(X
g—/ F)InF(x) dx— E(X, ) In ZXnt)
0 (X)
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This proves the result. O]

Proposition 5.4.2. Let X > 0 be with density function f(x) and cumulative distribution
st
function F (x). If X, x YS X, then

H(Fyy, F) < CeflUnio]), (5.4.3)

Here H(fy i, f) = — Jo fax(x)1In f(x)dx.

Proof. Consider

> f(x) 1
/0 Sk S ) ™ = N o) InF ()
1
" HE L)

The inequality above results from log-sum inequality. Continuing, we get

/O T o) In f(x)dx — /0 " fuk @) (Fog () InF(x)) dx > —In (—H(Fy i, F)).

or

H(fuio )+ [ fuade)In (Fe () I0F () d < In(~H By ).
st
Using X, < X, we get
H(fui: f)+ /0 Foge () In (B g (x) InFpy g (x)) dx < In(—H (Fy i, F)). (5.4.4)
Using substitution F;, x(x) = u, we get
00 _ _ 1
/ Fuge () In (B 4 (x) InFy 1 (x)) dx = / In(ulnu)du =k. (say)
0 0
Therefore, by putting this value in (5.4.4)
H(fn,kvf) +k < ln(_H(Fn,/OF))

or

H(ka,p) <C eH(fn.,k»f),

where C denotes the constant. ]
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Proposition 5.4.3. Let X be a non-negative random variable, then

Ey,, (XBHOI(1 4 1)
(B+ DEP (X,1)

H(ka) <

Proof. Let X has Weibull distribution with reliability function F (x) = e*(kx)ﬁ.

From (5.4.1)

* _ E
H(Fo) <= [ Fus()InF(x) dx— E(X,0)1n
0

For Weibull distribution, it becomes

— E(Xn k) ° B
_ > LA
H(Fy) 2 B In =8 | Fra)a0P s
— E(Xn,k) lﬁ B+1
E(ka) In E(X) — B I 1Efn,k (X )
1
Let E(X) = = [§F(x)dx = F(B;l). Hence,

_ E(X,) Er XPOIP(1+5)
_H(Fn,k) > E(Xn,k) In u - (B + l)ﬂﬁ

The right hand side of above equation is maximized for a fixed 3 at

BE;,, (XPHDA (14 1)\ P
““:< (B+DE(X,) )

Using this in (5.4.6)

_ E(X, E; XB+IB(1 4+ L

| T g (B+1)uj

Xn,k)

E(y) (BE XU+ E)\ K
"\ TBE)EF X )

JEX) [ BE;, (XPEOIP(1+4)

E(Xn,k)

-~ B < (B+1DEPH (X, 1) ) -
—Ey, (XPHOPP (14 )
(B+1)EP(X,4)
Ep (XPIOTR(14 )
(B+1EP (X,z)

or H(Fyx) <

(5.4.5)

(5.4.6)
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This completes the proof.

Remark 5.4.1. If we put B =1 and n = k = 1 in above result, it reduces to

H(F) <

(5.4.7)

a bound obtained by Rao et al. [95].

Proposition 5.4.4. Suppose that the non-negative random variable X has decreasing haz-
ard rate, then

H(Fy1 1, F) <H(Fp ., F) (5.4.8)

Proof. Consider two pdfs of consecutive record values f,, x(x) and f,,1 1 x(x).

Using (1.10.1), we get

fmk(x) _ n
fn+1,k(x) kinF(x)’

(5.4.9)

which is a decreasing function in x. This implies that X, l_<r Xpt1,k- Therefore X, ; YSI
Xpi1 4, that is F, 4 (x) < F,1 1 x(x). (For more details one can refer to Shaked and Shan-
tikumar [103]). Therefore for all increasing function y, this is equivalent to E(y/(X;, 1)) <
E(y(X,11x)), provided these expectations exist.

Now if X has decreasing hazard rate Ar(x), then ﬁ(x) is an increasing function.Therefore

# () =* (rean)

From (5.2.3), we can see that

by above

H(Fpp, F) <H(Fpi1 4, F) (5.4.10)

Here Ar (X, x) and Ap(X,+1x) denotes the hazard rate corresponding to X, x and X, «

respectively. This completes the proof. [

5.5 Cumulative Inaccuracy For Some Specific Distribu-

tions

In this section first we give a lemma providing a simplified expression for find-

ing the cumulative inaccuracy measure for various distributions and then we give
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some examples based on it.

Lemma 5.5.1. Consider a random variable X having distribution function F(x), then
cumulative inaccuracy measure between k-record values and parent distribution is given

as

B Vl 1) k] Lt]+1 u(k+1)
H(F, . du. 5.5.1
(Foir F / AT ey (5.5.1)

Proof. From (5.2.2)

H(Fy 1 F) = Z/O —InF(x))/ dx.

By putting —InF(x) = u in above equation, we get

kju1+1 —u

H(F F) = e Z / FFF (1 —e )

/ du.
f(F 1—6 “))

]

Example 5.5.1. Consider finite range distribution with pdf f(x) = § (1 — )—,;)a_l, a >
1, 0 <x < b and distribution function F(x) = (1 — %)a.
Then F~'(1—e ") =b(1—e a)and this gives f(F~'(1—e ")) = he o Putting

all these values in (5.5.1), we get

du

(n=1) oo it p—u(k+1)
a _/o fFE(1—e™)

(n=1) pjp oo i1 p—ulk+1)
[

Now using substitution u(k+ 1) =1t

(n—1) j .
H(FF) = Y L/ it gy
e = Jlalk+1)7+2 Jo
o (5.5.2)
b Z K(j+1)
a = (k+1)/+2
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Here [t/ e ' dt =T(j+2)
In particular if n =2 and k =1, Then we have inaccuracy measure between second

record value and parent distribution as

o b > j

H(F,,F)= : . (5.5.3)
a(1+1)2 J_Zl (1+ 1)1

Example 5.5.2. For uniform distribution, if we put a =1 in (5.5.2), we get inaccuracy

measure corresponding to uniform distribution as

kf (j+1)
H(Fri F) = Z (k+1)7+2°
Example 5.5.3. If X is a random variable with Weibull distribution having pdf f(x) =
aﬁxﬁ_le_axﬁ, forx >0, a>0, B >0 and survival function F(x) = 1 — e_o‘xﬁ, this
1
gives F71(1 —e¥) = (%) B . Therefore putting these values in (5.5.1), then inaccuracy
measure will come out to be
I =R %) AR
H(Fy,F)= Y —FE (5.5.4)
N ICT LI

Example 5.5.4. If X is a exponentially distributed random variable, then by putting B = 1

in (5.5.4), we get the inaccuracy measure corresponding to exponential distribution as

(n—1) /.

_ +1

H(Fp,F)=Y <~’k2a> (5.5.5)
=0

Remark 5.5.1. If we put k = 1, then H(Fy,F) becomes H(F,,F), which represents the

th

cumulative residual inaccuracy measure between n'"* record value and parent distribution

and if n =1, k =1, this represents the cumulative residual entropy given by (refer to Rao

etal. [95]).

5.6 Conclusion

Record values and k-record values originates very often in the many realistic situ-
ations. Athletic events, hydrology, weather forecasting are some of the examples.
Also Kerridge [63] inaccuracy measure is quite useful to measure inaccuracy be-
tween two distributions. So by considering this, we have provided the cumulative

residual inaccuracy between the distributions of k-record values and the parent
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random variable. Also we have obtained some properties of this measure includ-
ing stochastic ordering. To minimise the computation work to get the inaccuracy
for various distributions, we have provided a simplified expression for the pro-
posed inaccuracy measure and have applied it to some of the standard distribu-

tions.




Chapter 6

Residual Measure Of Discrimination

6.1 Introduction

Sometimes in statistical analysis there is difference between registered distribu-
tion and the original distribution. Many events in nature are conveyed via the study
of relation between registered and original distributions. Kullback Leibler [66] in-
formation measure is connected with the statistical problem of discrimination by
considering a measure of distance or divergence between two distributions asso-
ciated with the same random experiment. It is given by

H(f/g) :/wa(x)ln—x)dx. (6.1.1)

Here f(x) is the actual distribution of random variable X and g(x) is its predicted

J(x)
g(

distribution. Basically this is a measure of how one probability distribution differs
from a second probability distribution. If it comes out to be zero, it indicates that
we can expect similar behaviour of two different distributions. Although above
measure is not actual a metric, yet it is termed as 'distance’ because H(f/g) > 0
and equality holds iff f(x) = g(x), ¥Yx. In various phenomenons for example
life testing and survival analysis, one has the knowledge about the time ’#’ up to

The work presented in this chapter is communicated with the title A Measure of Discrimination Be-
tween Two Residual Lifetime Distributions For k-Record Values and some work has been presented in
International Research Symposium on Engineering and Technology held at Singapore, August 28-30, 2018.
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which the system has already worked. In such cases, this time ¥’ must be consid-
ered, while finding the discrimination measure between two systems. By taking
in to account this fact, Ebrahimi and Kirmani [40] gave the measure of discrimina-
tion between the residual lifetime distributions by replacing the probability density

functions f(x) and g(x) by corresponding residual pdfs - ((g and g((; as

H(f/g:t) fx ( x?g(t))dx. 6.12)

F(t) (x)/G(1)

Here F(¢) and G(¢) denote the survival functions corresponding to the distribu-
tions f(x) and g(x) respectively. When ¢ = 0, then the measure (6.1.2) becomes
(6.1.1). Ebrahimi and Kirmani [39] studied a characterization result of measure of
discrimination between two residual life distributions using proportional hazards
model.

In the previous chapters we have discussed the inaccuracy measure between
the distribution of n'* record value and the parent distribution and then the in-
accuracy measure between n'" k-record value and the parent distribution. So it
is natural that one can also extend the concept of K-L information measure and
its dynamic version given by Ebrahimi and Kirmani [40] to k-record values. So
considering this in the present chapter we provide an extension of the measure of
discrimination given by Ebrahimi and kirmani [40] to k-record values. The distance
between two k-record distributions of residual lifetime is found. Also keeping the
record times fixed, we derive the distance between k-record value and [-record

value.

The chapter is organised as follows : In Section 6.2, we propose a measure of
discrimination between two k-record values of residual lifetime distribution and
give a characterization result for that. In Section 6.3, we study some properties
of this measure. In Section 6.4, the proposed measure is computed for some
specific distributions. Some bounds to the discrimination measure are found in

Section 6.5. Section 6.6 is of conclusion.
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6.2 A Measure Of Discrimination Between Two Residual

Lifetime Distributions

Record data appears in miscellaneous fields for example sports, hydrology, weath-
er forecasting and even in the field of medicines. So the distance between two
record value distributions becomes important. So taking this in to mind here we
extend the measure of discrimination between two residual lifetime distributions
proposed by Ebrahimi and Kirmani [40] to k- record values. For all # > 0, we pro-
pose the measure of discrimination between »'* and m'" upper k-record values of

residual lifetime as

(6.2.1)

) Sk (x)
. . , Fn,k(t)
H(fmk/fm,k’t) - t Fn,k(t) ln (fmk(x)) dx
)
)

where f,(x) and f,,x(x) are pdfs of n* and m™ upper k-record value given by
(1.10.1). Also F,x(¢) and F, () are corresponding survival functions.
In terms of residual measure of entropy denoted by H(f, «;?), it can be written as

« fn7k (x> In fm,k (x)
t Fn,k(t) Fm,k(t)

H(fux/ fnist) = —H(foxst) — dx, (6.2.2)

where

(fn,k;t) ] Fn7k(t) In Fn:k(t) dx
=InF, (1) — /too ]izlz(()g In f, 1 (x)dx

1 Fmk "
(fn k/fm ks ) = F t / fnk ]]: I:C))i)) t>0. (6.2.3)

When ¢t = 0, then (6.2.1) become

fn k(x)

fm k(x)d

H(fux/fni) = /wamk(x)
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the extension of K-L information measure to k-record values refer to Mosayeb and

Borzadaran [81].

Next, we prove that the measure of discrimination between two k-record values
of residual lifetime characterizes the distribution function of parent random vari-
able uniquely. We derive the required result using the theorem and lemma due to
Gupta and Kirmani [51] which we have stated earlier (refer to Theorem 4.5.1 and

Lemma 4.5.1). The result is stated as:

Theorem 6.2.1. Let H(fyk/fmi:t) is the discrimination measure between two k-record
values of residual lifetime corresponding to the random variable X having distribution
function F (x). Then this measure characterizes the distribution function of parent random

variable uniquely.

Proof. We can write from (6.2.3)

fnk x) fn k(x)
"o In f,, 1 (x)dx — \ Fx()

H (s fongit) = In Fyni(1) —In By (1) + / In fy . (x)dx

Taking derivative both sides with respect to 7, we get

fnk(x)
t Fnk(t)
= fukx) Fusk(X)dx+ Ag,  (6)In f 4 (1)

r Fuilt)
=)0 O G i) [ GG

H' (fuse/ fniit) = =gy (6) + Apy () [ 510 foe()dx = A (£) I i (8)

+ ;LFn,k (t) - A‘Fn,k (t)

dx.

After some rearrangements, we get

)'Fm k <t>

H/(fn,k/fm,k;l) = an,k (l> - AFm#k (t) + lF,,J( (l) )LF (I)

+ 4 Fa, () (fnk/fmk’)

Taking derivative with respect to r again and using the relation

Ak, (1) = c(1) A5, (1),

where
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We get

H" (fuk/ fmiit) = c(t) = 1+ c(t) (=Inc(t) + H(fuk/ i) A, (6) + A, (0).

<C/(t) —I—C/(t) (—lnc(t) +H(fn,k/fm,k;t)) —|—C(t> (—C:é;)) +H/(fn7k/fm7k;t))> .
(6.2.4)

Suppose there are two distributions F; and F, such that

H( ) fuget) = HED / fnsit) = (1), say

then V¢, from (6.2.4), we get

where

Flty) = ( K" (1) —y(c(t) =/ (t)Ine(r) + c’(t)K(t))) ‘
c(t)—1—c(t)Inc(t) +c(t)x(t)
Using Theorem 4.5.1 and Lemma 4.5.1 , we get %ﬁlﬁ (1) = %ﬁ (1), Yt . Also haz-
ard rate function characterizes the distribution function uniquely. So we get the
desired result.
In the next section we study some properties of the measure of discrimination

between two k-record values.

6.3 Properties

e Foreacht >0, H(fux/fmir:t) > 0 and the equality holds iff f, x(x) = fiux(x)
almost everywhere.

Here result is obvious as for each fixed t > 0, H(f,.x/fmx:t) satisfies all the
properties of H(f,x/ fmk)-

e LetX andY be two non-negative and continuous random variables having
pdfs f(x) and g(y) respectively. AlsoY = ¢(X), where ¢ is a strictly mono-
tonically increasing and differentiable function. Then

H(fmk/fm,k;(p_l(t)) :H<gn7k/gm7k;t)a (6.3.1)
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where letters have the usual meaning.

Proof. We can write from (6.2.3)

_ G k(1) 8nk(y) | 8nk(y)
H(gn,k/grmk, = G— k t +/ Gnk t gmk y) dy.
Using (1.10.1), we get
H(gnk/8mi:t) =1In gm:((;)) + e 1@ X
[ GO HGON ein (kL GO

Now, the transformation Y = ¢(X) = G(y) = F(x) and g(y) = f(x)¢’(x). There-

fore the measure H (g, x/gmx;t) becomes

Foo(o! 1
Al i) =05 1 7
* k" I =1 (N £ In n_mr(m)_n N
L I E ) F ) o (k (- nF () )d

=H(fur/fui: 9~ (1)).

e Consider three non-negative random upper k-record values X,,, i, X, x and
Xy k With pdfs f,, «(x), fa,x(x) @and f,, x(x) and reverse hazard rate functions

/lfnl,k (%), )Lf,,zyk (x) and A/fn&k (x) respectively. If

fn & (x)
a T

b. )Lfnz,k (x) < Afnl,k ()C), then H(fl’l],k/fng,,k;t) < H(fn27k/fn37k;t)-

is increasing in x,

Proof. Using (6.2.1), we can write

H(fnl,k/fm,k;t) _H(fnz k/fn3 k't)

. oofn],k(x) n fnlk( ) ns, k(t) X — mfnz,k(x) fnzk(x) (t) X
“ ) Bl < ()fn3k<x>>d . Tk ( n2k<t>fn3k<x>)d
o oofnl,k(x) n fnlk(x)Fn3,k(t) X — oofnz,k(x) fn1k<x) (t) —
-/ Ok (Fm,k<r>fn3,k<x>)d . Fos0) ( mk(r>fn3k<x>>d
° frpk(X) . ( Fag k() Fy k(1)
/t ooy k(1) tn (Fn27k(t>fn17k(x)) a
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<[ () éizz;iﬂl (i)
=R () e [ ()

Here we use the fact that H(f,, x/fa, k3t) > 0. Also (b) implies that Xn(;)k is s-
(1) (1)

tochastically larger than an «» Where X 1= 1,2,3 is a random record variable

with pdf £, = f"{ k((tg .

completes the proof. [

Using (a) and (b), the expression is non-positive. This

6.4 Measure Of Discrimination For Some Specific Distri-

butions

First we prove the following lemma which provides a general expression for the
measure (6.2.1) which can be used to find measure of discrimination for specific

distributions.

Lemma 6.4.1. Let f, and f,, ) are the pdfs of n'" and m'" k-record values given by
(1.10.1), then the measure (6.2.1) is given as

H(fui/ fnit) =1In + = /w W le ™ Inudu.  (64.1)
, —kInF(r)

Proof. We know from (6.2.3)

(fnk/fmk’ ): F +

Using (1.10.1) in above , we get

H(for/ fmg:t) =1n i) +1In (k”""l“Sm)) + = L

¢ T(n)

After substituting —kIn F'(x) = u, we obtain

) — mk( )kn mr( ) (n—m) oo W leu
H(fn,k/fm,k,l)— Fn,k(t)l“(n) + ka(t) /klnp() I‘(n) (lnu—lnk) du |

(fnk/fmk» ) =

. oo n—1_,—u
#()Tm) + (r_z m) / Y ° tnudu.
k kInF(r)

"Ek0Tm) T Fkd) I(n)
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This completes the proof. O]

Remark 6.4.1. In terms of expectation it can be written as

H(fui) Fniit) = ;igg?ig + (;; (IZ;)E(ln v, (6.4.2)

where V* follows the gamma distribution. That is v* ~ T'(n;—kInF(t)).

The above expression gives the measure of discrimination when we keep & fixed.

Next, we give an expression for measure when rn is fixed but & varies.

Lemma 6.4.2. Let f, and f,; are n'" k-record value and I-record value with survival

functions F, x(t) and F, (1) respectively. Then

Fp(0)k" —k)n
H(fuk/ fuist) = Fn; (<t)> ot l(cllﬁn,;j(()t’;F”+l’k' (6.4.3)
Proof. We know from (6.2.3)
F t = fo(x k(X
H(foi/ fniit) = ]’(((ti + fr’;((t; In J;’I‘Exi dx.
After using (1.10.1), we get
H(fp/ fas:t) =1In If (I)Jrnl I—< k= / Jok(x)InF (x)dx.
e F, k(1) ! Fn &
Substituting —kIn F'(x) = u and after some rearrangements, we get
Al = (633 ) 150 ur T
()
Hence the result. U

Example 6.4.1. Let X be a random variable having finite range distribution with pdf

flx)=4¢(1- %)(a_l) ,a>1, 0<x<band survival function F (x) = 1 — (1 —%)“.
- [(n;—klIn(1—1)@ — I(n;—In(1—1)a

= Byt = U g F () = DD

Hence from (6.4.1), we get

H(fox/fnist) =In (m;—kln(ll— )) (n—m)

t
b *
5)) i [(n; —kIn(1 — %)a)E(an ) (6.4.4)
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where v* ~T'(n;—kIn (1 —£)).
Also from (6.4.3), we get

[(n;—IIn(1 - 5H)9k"  (I—k)T(n+1;—kIn(1 — £)9)
F(n;—kln(l—%)“)l"+ KT (n; —kIn(1— L) )b - (645

H(fpi/fn:t) =1In

Example 6.4.2. For a = 1, the finite range distribution becomes uniform distribution
with pdf f(x) = % for 0 < x < b. Hence putting a = 1 in (6.4.4) and (6.4.5), we get

discrimination measures for uniform distribution as

(m;—kIn(1— 1))

H(fn,k/fm,th) =1In F(n;—kln(l _ i)) F(n;—kh’l(l _ %))

where v* ~T'(n;—kIn (1— 1))

and

H(fn,k/fn,l;t) =In

1—INk"  (I—k)T(n+1;—kIn(1—1))
r(n;—kln(l—g))anr kL(n; —kIn(1 — 7))

Remark 6.4.2. A relation among discrimination measure between two distribution with
discrimination measure between their corresponding residual lifetime distribution and

discrimination measure between their past lifetime distributions is given by

_ F, _ _
H(fox/ fmk) = Fui(O)H (fok/ finjt) + Fox(t) In 7 1;((2)) +Fy i () H (fu i/ finjert) +Fni(t) In
’ (6.4.6)

where H( fuk/ fnkst) denotes the discrimination measure between two past lifetime record

distributions. Since

H(fot) fons) = /0 " fa®)in J]:mi((i))d

refer to Mosayeb and Borzadaran [81].

After some rearrangements, we get

_ k) (k) Eni @) L Buk(0)

tad o) <50 [ 22 (P ) o+ kO 2
. fn,k(x) fn,k(x)Fm,k(f) - Ey (1)
Forlt) /t P (ank o (x)) it Fy(0)in 208

Fn,k(t)

=Fuk(O)H (fuk/ fingst) + Foi(t) In Fn(t)

+Fn,k(t)H(fn7k/fm7k;t) +Fn7k(t) In <
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6.5 Bounds To The Measure

1. If f(x) is a increasing function then¥ n > m,

A
H(fn,k/fmk;;) > In )LFn,,k(t)

Fm,k(t) ‘

(6.5.1)

and inequality is reversed if f(x) is a decreasing function, where Ag, (1) @nd

/lFm,k(,) denote the hazard rates of X, and X,, x respectively.

Proof. We know

fn,k(x) _ k(nfm)r(m) CInF(x (n—m)
fux(x) — T(n) (=InF)™

fn,k(x)

(6.5.2)

As f(x) is an increasing function, this gives V n > m, ) is also increasing

function of x

Therefore

fn,k(x) fn,k(t)
r=t= fm,k(x) = fm.,k(l).

From (6.2.1), we have

1
H(fn7k/fm7k;t) = m t

s s st ()

)

Also we see that (6.5.1) can be expressed in terms of survival function as follows

. k(”—m)F(m) =/ \\ (n—m) Fp i (1)
H(fui/ fmp:t) > 1n (W(—lnF(t)) F) |

fn,k (x) < fn,k

Similarly if f(x) is a decreasing function. Then for x > 7 = P

N

X
fore we get,

Ar,
H(fn,k/fm,k;t) <In )Ln—k(t)
mek(l‘)

BN

(6.5.3)

. There-
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2. Also when f(x) is increasing, then

.
A(for) fngit) < In—2 (6.5.4)
rFm,k(t)

where H(f,x/fmi:t) represents the discrimination measure between two
past lifetime distributions of records and rr, ) represents reverse hazard
rate function of X, , and inequality is reversed if f(x) is a decreasing func-

tion.
Proof. Proof is on similar lines as above and hence omitted. ]

3. If f(x) is an increasing function. Then

H(fur/fmg) <In ]{”’; ((?) (6.5.5)

and inequality is reversed if f(x) is decreasing function.

Proof. We know from (6.4.6)

H(fn,k/fm,k) = Fn,k(t)l:l(fn,k/fm,k;t> +Fn,k<t) In gmk(t) +Fn.,k(t)H<fn,k/fm,k;t) +Fn,k(t) In Ijn?k(t) '
m,k(t) Fm,k(t)
Putting (6.5.2) and (6.5.4) in this, we get
an,k (t) = A’Fm,k (t) n k(t) = _n7k (t
H(for) fnk) < Fux(t)In ) Fye(t)In T ) ni(2)In o) + Fu() In 0
- FF,x (I)Fn,k(t) = ka(t))LFn,k (Z)
= Fal)In (‘rF,,,mFm,k(r)) +Eneli)in (Fm,kmm,k @)
- Fn,k (t> In ;:1;((?) + ka (t) In ;Z;((?)
= (Fn,k<t) + Fn,k(t)) In ;::l:];((?) .

fn,k(t)
fm,k(t) '

Also we see that (6.5.5) can be expressed in terms of survival function as follows

= H(fn,k/fm,k) <In

(n—m) m ~ B
H(fuk/fni) <In (kT’;() (~InF ()" m)> - (6.5.6)
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Now, we give some examples based on above bounds.

Example 6.5.1. Let X be a exponentially distributed random variable with pdf f(x) =
ae™™ and the survival function F(x) = e~*, a > 0. Here f(x) is a decreasing function.

Therefore from (6.5.3) and using (6.5.6) for decreasing function, we get

(n—m) m . _

. (kat)"="™T(m; —kInF (z))
- T(n;,—kInF (1))

and

H(fui/fmi) > 1n ((kat)(”_m)r(m))> .

[(n)
Example 6.5.2. Let X be an absolutely continuous random variable with support (0,1]
with pdf

f(x)=2x, ifxe(0,1]

and survival function F (x) = 1 —x. It is an increasing function on (0, 1] and hence using

(6.5.3), we get

‘ k(n—m)l—‘(m) _ (n—m) Fm,k(t)
H(fui) fouiit) = In <ﬁ 0

n—m) T(m; —kIn(1 — £
=1In ((—kln(l _’2))( ) F((n; —kln((l —:2))))) .

and also from (6.5.6)

H(fus/ fui) <In ((—kln(l —2)) F(’")) -

6.6 Conclusion

Considering the importance of discrimination measure, in this chapter we have
proposed a measure of discrimination between two k-record value distributions
and a measure of discrimination between k-record value and /-record value distri-
butions of residual lifetime corresponding to the random variable X and studied a
characterization result for that. Also we have studied some of the properties of the
proposed measure like non negativity and effect of monotone transformation on

it. Also some upper and lower bounds to the discrimination measure have been



obtained.
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Chapter 7

Generalized Entropy Measure For

k-Record Values

7.1 Introduction

Shannon [104] entropy measure plays a crucial role in information theory. Though
this measure is a focal part of information theory, yet the idea of information is so
rich that no single definition have the capacity to measure the information legiti-
mately. Hence many researchers presented the parametric group of entropies as
a mathematical generalization of Shannon’s entropy. These entropies are func-
tions of some parameters and tend to Shannon entropy when these parameters
approach their limiting values. A huge literature is devoted to the characterization-
S, generalizations and applications of the Shannon information measure, refer to
Cover and Thomas [27], Aczel and Daroczy [3], Wells [123] etc. A two parametric
generalization of Shannon entropy measure has been given by Verma [122]. He

introduced the generalization of order o and type 8 of the entropy as

1

Biyy —
HOC(X)_B_a

log [/Omfa+ﬁ1(x)dx]; B-—1l<a<p,pB>1, (7.1.1)

The result of this chapter has been communicated in a research paper under the title On Generalized
Information Measure of Order (o, 3) and k-Record Statistics.
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where

B vy _ 1 _
lim HE (X) = Ha(X) = [ — log l /O f (x)dx], (7.12)

is the Renyi entropy [99] and

lim  HE(X) =~ [ f(x)log f(x)ax.

B=1,a—1

is the Shannon entropy [104].

The Shannon’s entropy and their generalizations on order statistics and record
data have been studied by several authors, refer to Ebrahimi et al. [42], Barat-
pour et al. [19,20], Madadi and Tata [76], Asha and Chacko [14] and Kumar [71].
Some authors have studied the various characterizations of distribution function F
based on the properties of order statistics and record values, refer to Zahedi and
Shakil [126], and Ragab and Awad [98]. The theory of k' records is still develop-
ing. An interesting question is whether we can determine the generalized version
of measure of information contained in a sequence of k-record values from a se-
quence of iid random variables. Taking idea from this, here in this chapter, we
study the generalized entropy measure (7.1.1) for k-record values and further we

study its dynamic version.

The chapter is organized as follows: The generalized entropy of order o and type
B of k-record values associated with some lifetime distributions is presented in
Section 7.2. In Section 7.3, we study characterization result for the generalized
entropy measure. Generalized residual entropy of order o and type B for k-record
values has been studied in Section 7.4 and its characterization result in Section
7.5. An upper bound to this residual entropy of order («,8) has been derived in

Section 7.6 and chapter is concluded in Section 7.7.
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7.2 Generalized Entropy For k-Record values Obtained

For Some Specific Distributions

Corresponding to the generalized entropy measure (7.1.1), we propose the gen-

eralized entropy measure for the k-record values as

HE (X,0) =

3 i alog{/ow(fmk(x))wﬁ—‘dx}, B-l<a<B,B>1. (12.1)

Now, we use the probability integral transformation U = F(X), where the distribu-
tion of U is the standard uniform distribution, for the generalized entropy measure

(7.1.1). The probability integral transformation provides the following useful rep-
resentation for the random variable X

HA(X) =

1
alog{ /0 f<0‘+ﬁ2>(F1(u)du} . (7.2.2)

Next we prove the following result.

Lemma 7.2.1. The entropy measure (7.2.1) of the n'" upper k-record values Xk can be

expressed as

L KB T((n—1)(a+B—1)+1)
B—o Og{((k—1)(a+ﬁ—1)+1)(n—1)(a+ﬁ1)+1 (T(n))(@+B=1)

E{feB-2(F1(1 —e—“))}}, (7.2.3)

Hg (Xn,k) = X

where u follows gamma distribution with parameter (n—1)(at+ B —1)+1) and ((k—
1)(a+ B —1)+1) and E denotes the expectation.

Proof. Using (1.10.1), the entropy measure (7.2.1) can be rewritten as

B B 1 f(a+p—1)
HaXos) = 5—4 log{ ORI

/Ooo (_logp(x»("*l)(o“rﬁ*l) (F(x))(k—l)(aﬂifl)f(owﬁfl)(x)dx}‘

(7.2.4)

Substituting —log F (x) = u, and hence x = F~!(1 —e™*), we have

n(a+B—1)
B B k
Hoy (Xnk) = l3 5 108 {W

=D (=) —u((k—1) (oS- {fa+[s 2(F~ (l—e_”))}du}.

0
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It can be rewritten as

kP T((n—1)(a+B—1)+1)

1 aB)—2 o —u
Hg(X"’k):mlOg{((k—l)(a+B—l)+1)(n1)(oc+ﬁ1)+1 (F(n))(a+ﬁl)E{f( e 2(F l(l_e ))}}

So, the result follows. ]

For some specific univariate continuous distributions, the expression (7.2.3) is
evaluated, refer to Table 7.1, and the generalized entropy (7.2.2) for the parent
distribution is provided in Table 7.2 which can be obtained from Table 7.1 by taking
n=k=1.

Distribution Function Generalized Entropy Hg (Xnk)
- 1 KB [(n—1)(a+p—1)+1
Uniform, X ~ U(a,b) mlog{ (b_a)alg’iz(ggj))ﬁﬁ,{ ]}

. k(a+B-1) gla+B-2)1((n—1 —1)=+1
Exponential, X ~ exp(0) ﬁ]Talo {(F(n))(a+ﬁ_1>{k(a+[(3(il1)})(5,(31_')—£+ﬁz—li_)+)l }

- - n(a+B—1) ;o+B-2
Pareto, X ~ P(a L_log L[(n—1)(a+B—1)+1]k b2
( ) ﬁ—a { <r(n))a+ﬁ_l{k(a+ﬁ71)+%ﬁ*2}( D(a+p—1)+1

1\ atp-2
krlatB—1) (baE) T(n(o4p—1)—LE=2)

Weibull, X ~ W (a,b) ﬁla log

(F(n))‘”ﬁ”{k(a+/371)}(n<a+ﬁ71>f%ﬁ‘2)
.. 1 T((n—1)(a+B—1)+1)
Finite Range B—o log { (ka(otp—1)—(a+p—2))(-D@p-1+1) }
1 (ka)n(a+ﬁ—1)
DR { B P2([ ())& P }

Table 7.1: Generalized entropy of k-record Hg (X,,.x) for various lifetime distributions.
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Distribution Function Generalized Entropy Hg (X)
Uniform, X ~ U(a,b) = (2;)3; ) log(b—a)
Exponential, X ~ exp(0) = ﬁlog (%ﬁﬁj)
. 1 o+p—1
Pareto, X ~ P(a) = Wlog{((aJrﬁfl)aJrowﬁfZ)}

o+B—
(ba%) " 2r((a+ﬁ—1)—%ﬁ—2)

ibull, X ~ = Feay
Weibull, X ~ W (a,b) Gl IS
. . (a+B-1)(p)2-a=P)
Finite Range, X ~ FR(a,b) | = (ﬁia) log { ((giﬁ,l)ag()a+ﬁ,2) }
B

Table 7.2: Generalized entropy Hy, (X) for various lifetime distributions.

7.3 Characterization Result

Next, we show that distribution function F can be uniquely specified up to a lo-
cation change by the generalized entropy of order («, ) for n'" upper k—record
values. For this, we will use the lemma due to Goffman and Pedrick [48] which we
have stated earlier (refer to Lemma 3.2.1). The characterization result is stated

as follows.

Theorem 7.3.1. Let X and Y be two non-negative random variables having common sup-
port. Let Hg (Xnx) < oo and Hg (Yux) < oo be their generalized entropies of n'" upper
k-record values respectively. Then F and G belong to the same location family of distri-
butions, if and only if

HE(X,0) =HE(Y,0) , Vi k>1.

The proof of this follows on the same lines as in case of characteriztion result for

Varma entropy for record values given by Kumar [71], and hence is omitted.

7.4 Generalized Residual Entropy For k-Record Values

The lifetime of a component has been considered as a prime variable of interest
in many field such as reliability, survival analysis and economics, business etc. In

such cases, the information measures are functions of time, thus as such they
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are dynamic. In reliability theory and survival analysis, X with density function
f(x) usually denotes a duration such as the lifetime of a component. The residual
lifetime of the system when it is still operating attime ¢ is X; = (X —¢|X > ) and has
the probability density f(x;t) = % x >t > 0. Ebrahimi [40] proposed the entropy
of the residual lifetime X; as

“flx),  fx)

H(X;t) /t 0] ogF(t)dt, t>0 ( )
Similar results in case of a generalized residual entropy have been derived by
Belzunce et al. [21] and Nanda and Paul [88]. Baig and Dar [15] have proposed

the dynamic residual entropy of order a and type 8 as

2 P (x)dx
Fo+p-1 (t)

Hg(X;t):Bialog{ };[3—1<a<[3,[321, (7.4.2)

and studied its properties. For B =1, (7.4.2) reduces to residual Renyi entropy

L Ji £ (x)dx
Ha(X,t)—mlog{Fa—(t)} )

given by

for more details refer to Abraham and Sankaran [2]. In actuarial science, gener-
alized entropy given in (7.4.2) can be presented as the pre-payment entropy of
claims (losses) with a deductible z.

The role of residual entropy as a measure of uncertainty in order statistics and
record value has been studied by many researchers refer to, Zarezadeh and Asa-
di [127]. Madadi and Tata [77] generalized the results for Shannon information
measure to k-records. Now, analogous to the measure (7.4.2), we propose the

generalized residual entropy of order o and type S for n'" upper k-record value as

Hg (Xn,k;t) -

p- ()

oo p0+P—1
1 ft fn,k P (x>dx
log
(04
n,k

]; B-l<a<pB,B>1.

Next, we derive a simplified expression for generalized residual entropy of order o
and type B for the n'" upper k-record value. Here we use the notation X ~ I';(n,1)

to indicate that X has a truncated gamma distribution with density function

flx)= mxn_]e_lx, x>t>0,
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where I['(n;?) is the incomplete gamma function defined as I'(n;t) = [~ x" e dx,
n,A>0.

Theorem 7.4.1. Let X, i, n,k > 1 be a sequence of record random variables with parent
distribution F (x) and density function f(x). Here F~'(.) denotes the quantile function.
Then the generalized residual entropy (7.4.2) of n'" upper k-record value can be expressed

as

| KOAB-DT((n—1)(a+B — 1)+ 1;—klog F(t))
F=a " Tt B 1) + 1 V@01 (T —Flog PP

E{f“+ﬁ—2(p—1(1—e—vz))}}. (7.4.3)

HE(X,1) =

where z = —klogF(t) and V, ~T{(n—1)(a+ B — 1)+ 1;—klog F (t)} and E is the ex-

pectation.

Proof. Consider

! I ,f‘;fﬁ_l(x)dx

s B—-1l<a<pfB,B>1

_ bR BD  (Clog F )V (P )«
“B_a B (D(n; —klog F(1)))#+B-

Substituting —klog F(x) = uand x = F~' (1 — e~ &), we get

(k—1)(a+B— thLBl(x)dx}

ja+p—1)
log{ — X
B—a = Lk=D(atB=D+1(T(n; —klog F(t)))e+F~1

/°° ] u(nfl)(owﬁfl)efu(W){faJrBfZ(Ffl(l_ef%))}du}
—klogF ()

HE(X,01) =

rewriting it, we get

| KMOFB=DT((n—1)(a+ B — 1) + 1; —klog F (1))
p-a Og{<<k—1)(a+ﬁ—1)+1><n1><a+ﬁ1) < (n —klogF(t)))‘Hﬁ—l .
E{fOH—ﬁ 2(

HE (X, 1) =

Hence, the result follows. [l

Example 7.4.1. Let U, be the n'" upper k-record value for a sequence of observations
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from uniform distribution on (0,1). Then

HB (U ot KM EFBDT((n— 1) (o + B — 1)+ 1;—klog(1 —1))

A { (k— 1)@+ — 1) + DD+ (K —Klog(1— 1)@+
(7.4.4)

Example 7.4.2. Let Un,k be the n'" upper k-record values for a sequence of observations

from standard exponential distribution. Then

I fn(a+B=1) L((n—1)(a+p —1)+1;kr)
HalUnsit) =g =g loe { (k(@+ B — 1)+ D@ BT (Dnskr)) @1
(7.4.5)

Example 7.4.3. For Weibull random variable X with pdf is
f(x) zabxb_le_“xh, a,b>0,x>0
where a and b are parameters. The survival function is
Fx)=1-F(x)=e* .

Substituting —klog F (x) = u, we observe that x = F~' (1 —e~ k) = (ﬁ)% and for comput-

ing Ho (X, 131), we have

{ (ak) }oc+/3' 2, 7‘”!3 2)(b l>e—‘—,§(a+ﬁ—2)

fa+ﬁ—2<F~4(1__e—%)>__

koe+B-2
Therefore
1\ % +B—2 o+p-2 b
; | (b(ak)b> F(n(oc+[3—1)——;kat)
Hgy (Xn ks ) ﬁ Iy log oa+B—1 1)_otB-2
(F(n;kat”)) (a+p— ) (a+p-1)-=p—

7.5 Characterization Result For Generalized Residual En-
tropy

In this section, we prove that like generalized entropy for k-record values, the
residual entropy measure also characterizes the distribution function uniquely.
We derive the characterization result for the generalized residual entropy of the

n'" k-record value using the sufficient condition for the uniqueness of the solution
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of initial value differential equations. Consider the problem of finding a sufficient

condition for the unique solution of the initial value problem (IVP)

dy

T = f(x,¥), y(x0) = o (7.5.1)

where f is a function of two variables whose domain is a region D C R?, (xg, o) is
a point in D and y is the unknown function. By the solution of (7.5.1), we find a
function which satisfies the following conditions: (i) ¢ is differentiable on I, (ii) the
growth of ¢ lies in D, (iii)¢ (x0) = yo and (iv) ¢’(x) = f(x,¢(x)), for all xel. For that
we use the theorem and lemma due to Gupta and Kirmani [51] (refer to Theorem
4.5.1 and Lemma 4.5.1) which will help in proving our characterization result. The
result is stated as:

Theorem 7.5.1. Let X be a non-negative continuous random variable with distribution
function F(x). Let generalized residual entropy measure of the corresponding n'"* k-record
value denoted by Hg( X kit) be finite for all t > 0. Then Hg (Xnk5t) characterizes the
distribution.

Proof. Suppose for two distributions F| and F, such that

HE (Xingit) = Hy (Xongit) ¥t >0, (7.5.2)
We know that
B—1
1 JEEeT (x)dx
Hﬁ(ka,t)—ﬁ_a]g ZFTHB 0 cB-l1<a<fB,B>1

n,k
log/ oc+ﬁ 1

Taking derivative with respect to ¢ both sides, we get

_1
B—

(B — o) HA (X, i3V HE (X, 1) = [(0t 4+ B — 1D HE (X p51) — %P ag, (1)

Here Ag, (t) denotes the hazard rate function for n’" k-record value corresponding to the
distribution function F. Differentiating above equation with respect to ¢ again and further
simplifying, we get
~1
(B — o) [=HE" (%) + 2127 (1)l PHe s 1! (X, 1)

o 7 . (153)
(+B—1)(—1+ o(a—P)HE (Xn,k;z))/l}f;rﬁ—z) 0
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Suppose that
HE (Xinit) = HE (Xoni3t) = c(t), say.

Then for all > 0, from (7.5.3) we get

AI/‘“I,,_,( (t) = ll](t77t’Fln.k (t))7 /122,,_,,{@) = W(ta)LFZn,k (t))7

where
(B — @)l =c" (1) +y P Dela Pt (r)

(4B — 1)(—1 + el@B))y{a+B—2)

w(t,y) =

Using Theorem 4.5.1 and Lemma 4.5.1, we get, Ar,, () = A, (), V. Since the haz-
ard rate function characterizes the distribution function uniquely, thus we get the desired

result. OJ

7.6 Bounds To Generalized Residual Entropy Of Upper
k-Record Values

Bounds to the Renyi entropy of upper record values has been considered by
Zarezadeh and Asadi [127]. Here, we introduce some bounds to the generalized

residual entropy of order a and type B of k-record statistic.

Theorem 7.6.1. Let X be a non-negative continuous random variable with hazard rate
function Ap(x) = % Also let Hg (X;t) and Hg (X k3t) denote the generalized residual
entropies of X and X, ., respectively. Also Hg (X;t) is finite and m, = max{(a + p —
1)(n—1),—klogF(t)}, then for o0 > 3

AP T, —klog F (1) — ——. (7.6.1)

Ha(Xnjit) >(<) =5 =5~ a—B

| j(a+p—1)

_ﬁ (a+B —1)(n—1)log(m,) —ma} +5S(1).

where S(t) = —a;_ﬁlog 7 kAR () FTP 2 (y)dy.

Proof. Here m, is the mode of Gamma distribution with density function
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mglOtJrﬁfl)(nfl)e_mn

My = 10m) = R s B— D) (n=1) £ 1,—klogF(1))’

From (7.2.3) we have

kB T(n—1) (004 B — 1)+ 1;—klog F (1))

Ha (X0) = [3ialog{((k—1)(a+ﬁ—1)+1)("—1)(0‘+3—1)+1( (n “klo F(t)))‘“ﬁ*l 8
E(f P2 (1= "))} ).

Now, we write for o > 3

L AR G (E)

N _%ﬁl /o;logF(f) I'((a+p _V(f;(i —)S -:)le,—klogF(t)) EPHET (e D)

> - ai 5 logf(m) - ﬁlog / Zogﬁ (I){f“ﬁ—z{F‘l(l —e k)}av.

Using the transformation y = F~!(1 — e~ %), we obtain

1 oa+p-2 e Vs . 1 . 1 /oc o+p-2
ﬁlogE{f {Fl1—e")} = . ﬁlOgMn o /Blog, kAr (y)f (v)dy.
Therefore

o+p—1

Ha<Xn,k;t) > <<) Oﬂ—ﬁ

log(n, —klog F (1))

L n(o+B—1)
Ta—p (= (et p— 1)+ 1) B

— g (e B 1= Dlog(m,) —m}+5(0)

Hence proved.

Remark 7.6.1. By putting k = 1, the results for usual records can be obtained as special

case.

7.7 Conclusion

The two parameters generalized entropies plays a vital role as a measure of com-

plexity and uncertainty in different areas such as physics, electronics and engi-
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neering to describe many chaotic systems. Using probability integral transforma-
tion we have studied the Varma entropy and generalized residual entropy based
on k-record values. The Varma entropy measure of k-record value distribution-
s associated with various distributions viz. uniform, exponential, weibull, pareto
and finite range distributions which are commonly used in the reliability modeling,
has been discussed. Also we have studied some upper and lower bounds to the

generalized residual entropy measure.




Summary And Further Scope

Here we summarize the work which we have presented in this thesis and also
provide some scope of further investigations which can be performed on the basis
of the results reported.

Summary Of The Work Reported

Shannon [104] entropy is at the focus in information theory by providing average
uncertainty of a random variable X having probability density function f(.). But
this measure has been found inappropriate in determining the uncertainty about
the remaining lifetime [X,X > ¢] of a system or a component which has already
worked up to time ¢. Thus the concept of residual measures have been devel-
oped in the literature, refer to Ebrahimi [36]. He introduced the residual entropy
measure for finding the uncertainty about the remaining lifetime. Dual to the mea-
sure proposed by Ebrahimi [36], Dicrescenzo and Longobardi [31] defined the
measure of uncertainty for past lifetime for a system which has been found dead
at any time ’r’. In our study in Chapter 2, we have considered a measure of past
entropy for n'" upper k-record value. We have discussed some basic properties

of the proposed measure.

Kerridge [63] inaccuracy measure is one of the generalization of Shannon en-
tropy. The inaccuracy measure has various applications in different areas of sci-
ence and technology such as statistical inference, estimation and coding theory.
In Chapter 3, we have explored the concept of inaccuracy measure for record
values. We have introduced a measure of inaccuracy between distributions of the
n'" record value and parent random variable and discuss some properties of it.
Also keeping in mind the importance of k- record values, in Chapter 4, we have

107
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also proposed and studied a measure of inaccuracy based on Kerridge measure

of inaccuracy for k-record values.

To overcome some of the limitations of Shannon’s entropy measure, a new mea-
sure of uncertainty was developed by Rao et al. [95], known as cumulative resid-
ual entropy in which the probability density function f(x) has been replaced with
the survival function F(x) of the random variable X, This measure of uncertainty
is particularly appropriate to describe the information in problems connected with
the ageing properties of reliability theory based on the mean residual life function.
Taneja and Kumar [116] extended the concept of CRE to cumulative residual in-
accuracy and then to dynamic cumulative inaccuracy and also studied some of its
properties. We have provided an extension of cumulative residual inaccuracy as

suggested by Taneja and Kumar [116] to k-record values in Chapter 5.

Sometimes in statistical analysis there is difference between registered distribu-
tion and the original distribution. Many events in nature are conveyed via the study
of relation between registered and original distributions. Kullback Leibler [66] in-
formation measure is connected with the statistical problem of discrimination by
considering a measure of distance or divergence between two distributions as-
sociated with the same random experiment. In Chapter 6, we have provided an
extension of Kullback Leibler [66] information measure to k-record values. The
distance between two k-record distributions of residual lifetime has found. Also
keeping the record times fixed, we have derived the distance between k-record

value and /-record value.

Over the time various generalizations and characterizations of Shannon entropy
have been introduced by many researchers which are suitable for different types
of problems. Various generalizations of Shannon entropy like Renyi, Havrda and
Charvat are important in Probability and Statistics because of their role in large
deviations theory and in the study of likelihood-based inference principles. Varma
[122] entropy measure plays an essential role as a measure of complexity and
uncertainty in different areas. We have extended the concept of Varma entropy to

k-record values in Chapter 7.
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Further Scope Of The Work

While assembling this thesis many ideas have emanated in our mind which can
be useful for further study. The concept of weighted uncertainty measures based
on record values is still untouched. A huge literature on weighted entropy mea-
sure and its generalizations is available, but no one yet has explored this idea us-
ing record values. We have tried to discuss the past entropy measure for k-record
values but this idea for various uncertainty measures and its generalizations for

the past lifetime of a random variable can be explored further.

Distribution function based uncertainty measures are of great importance. A
huge literature is available in favour of this idea. Some work has also been carried
using this idea for record values, but being a useful concept, it needs to be studied

further in respect of record values.

In various realistic situations, the discrete random data is of great usage. But in
comparison to continuous case, less work has been carried on discrete domain.
We can study various information theoretic measures using discrete record ran-
dom variables. The work presented in this thesis can be studied for bivariate and

multivariate domains also.

The concept of k-records have been studied by many researchers, but still it can

be explored further for various entropy measures.
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