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ABSTRACT

In the present thesis, various aspects of the transmission dynamics of epidemics are
discussed through the mathematical models. We have proposed and analyzed the various
mathematical models to control the spread of emerging/ re-emerging epidemics. We have
investigated the facts and reasons behind the spread and control of infectious diseases/
epidemics. After analyzing several systems, various results obtained by analysis of the
problem are discussed. The mathematical models have been analyzed for positiveness,
boundedness, and stability. Locals stability, global stability, Routh-Hurwitz stability
criterion, Descartes’ rule of signs, Lyapunov function, MATLAB 2012b (ODE 45, DDE
23), MATHEMATICA 11 are the main tools applied for analysis and simulations of

mathematical models.

We have studied two types of mathematical models: ordinary differential
equations (ODEs) model and delay differential equations (DDEs) model. The time delay
exists almost in every biological phenomenon and is responsible for the severity of the
disease and hence in its treatment. Therefore, the importance of the DDE model cannot be
ignored in the control and transmission dynamics of the epidemic. The DDE models have

been developed for a better understanding of the transmission dynamics of epidemics.

Keywords: Epidemic; Delay differential equations (DDE); Ordinary differential
equations (ODE); Time Delay; Nonlinear incidence rates; Nonlinear treatment rates;

Bifurcation; Stability.
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CHAPTER 1

INTRODUCTION

Infectious diseases/ epidemics pose a constant threat to human’s life as they can affect
any individual when contacting or living with the infected individual. The emergence and
re-emergence of infectious diseases have turned into critical overall issues. This chapter is
introductory in nature which gives a short review of the work done in the field of
mathematical epidemiology till now for the transmission dynamics of epidemics. The
purpose of the current chapter is to provide some rudimentary information about the
infection mechanisms, the control mechanism of epidemics, the role of mathematical
models in the field of epidemiology and the motivation behind the work carried out in this
thesis. Also, a glimpse of the work carried out has been presented in the present chapter.




1.1 Epidemiology

The study of epidemics is the investigation of components influencing the health and

illness of populations and serves as the foundation and logic of interventions made in the

interest of public health and preventive drugs. It is viewed as a foundation philosophy of

public health research and is much respected in evidence-based medicine for

distinguishing hazard factors for disease and deciding ideal treatment ways to deal with

clinical practice [Allen (1994); Padma (2008)]. The ultimate aim of any epidemiological

study is to eliminate or reduce health problems thereby promoting the health and well-

being of the society as a whole. Epidemiological studies are useful for the following

reasons.

It provides relevant information on the rise and fall of disease in a given
population.

Helps in the search for cause and risk factors for disease.

Elucidate natural course and transmission of the disease.

Promotes the planning and evaluation of health care facilities and programs.

Risk assessment of the individual and society.

Identification of new diseases and syndromes.

Transmission of the diseases decides the severity of the disease in society. Based on the

type of transmission, diseases can be classified as:

Communicable diseases

“A communicable disease is an illness due to a specific infectious (biological)
agent or its toxic products capable of being directly or indirectly transmitted from
man to man, from animal to man, from animal to animal, or from the
environment” [Barreto et al. (2006)]. Examples: HIN1, Ebola, Malaria,
HIV/AIDS, Cholera, etc.

Non-communicable diseases

A non-communicable disease is a disease that is not transmissible directly from
one person to another. Non-communicable diseases include autoimmune diseases,

strokes, heart diseases, cancer, diabetes, chronic kidney disease, etc.

1.2 Modes of transmission



Infectious diseases/epidemics can spread in different ways and pathogens cause
contamination by various methods of transmission. A few diseases may occur through
immediate contact while others might be caused through backhanded contacts.
Transmission can likewise be made through carriers or vectors. For examples, Malaria,
Dengue, and Chikungunya spread through mosquitoes. However, two methods of
transmission are especially fascinating: airborne infections and sexually transmitted
illnesses, and they have been given careful consideration. The examples of airborne
infections are flu, SARS, etc. The airborne infection spreads from an infected individual
to an uninfected individual through sneeze, cough and even through a laugh. The
organisms that are released from a contaminated individual may stay on the dust particles
or some other medium. Contamination may happen when these organisms are breathed in
or reach bodily fluid film of an uninfected individual through body contact [Rahman

(2016)]. Hand-shaking likewise could be a potential path for the transmission of diseases.

On the other hand, a significant number of diseases are sexually transmitted and they are
likewise transmitted through contaminated blood and semen, breastfeeding, or during
childbirth. HIV stands out amongst the most causing demise due to sexually transmitted
infections. Other sexually transmitted diseases including herpes, syphilis, gonorrhea, and
chlamydia likewise cause huge contamination and mortality [Rahman (2016)]. These
stances serious social and financial results because of longer infectious life, infected
people with the sexually transmitted disease may contribute an expanded number of
contaminations and subsequently remain a noteworthy issue in the counteraction of
diseases. Another basic part of the sexually transmitted diseases is that it may not show
any indications on the infectious individual for a longer period. As an outcome, a

contaminated individual may transmit disease unknowingly.

The disease transmission specialist can draw its dynamics from various demonstrating
models, including compartmental, environmental, atmospheric, and survival models.
Models can be developed using deterministic or stochastic approaches; continuous,
discrete in time or non-temporal; non-spatial or spatial; homogeneous or heterogeneous
with the mixed population; and static or real-time. Significantly more modern
epidemiological models are conceivable [Rahman (2016)].

In this thesis, we present only deterministic compartmental models.
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1.3 Disease prevention and control

A powerful approach to control the epidemics is to reduce contacts. However, in modern
life with increased interactions among people, this approach is not easy to achieve. In
addition, to maintain social separation, alternative counteractive actions need to be
adopted. Immunization and treatment are the generally utilized counteractive tools that

can possibly lessen transmissions and control the diseases.

The spread of infection has been controlled during the last decade due to a combination of
behavior change in the population, scaling-up of prevention services, and treatment of
disease and vaccination. The main motivation for the prevention of infections among
people is that it is feasible and effective if properly implemented. Implementation of
effective measures can prevent disease and minimize the harm caused by infectious
diseases. Effective measures to prevent infections exist but are either not offered or not
accessible to a high proportion of those in need of them. The treatment represents an
important component in a comprehensive response to prevent health-related harm.
Treatment of infected individuals prevent further transmission, reduce the total healthcare
and social costs, improve productivity (health and quality of life) and reduce mortality
and morbidity among the target group (i.e. susceptible individuals). For the effective
treatments, its services must be well-organized, and of high-quality, including the level of
training of staff, to achieve the best results. Availability of effective treatment services

presents an opportunity to reduce the spread of infection at a higher rate in society.

An immunization (vaccine) is utilized to help the immune system against some particular
pathogen. The substance contained in immunization has comparative physical properties
to those of a pathogen. Typically, an antibody can be thought of like a phony pathogen
that has no capacity to replicate and cause disease. It very well may be made of a
powerless or slaughtered pathogen. As immunizations are like pathogenic microorganism,
they can stimulate the immune system of the host which develops antibodies against the
pathogens to remember them as foreign organisms. In this way, at whatever point such a
genuine microorganism is experienced inside a host, the immune system destroys it. This
phenomenon is known as resistance or immunity. Therefore, as long as an antibody for a
disease is accessible, it is a perfect method for shielding the population from the infection.

After Edward Jenner's cowpox antibody, the first known immunization, various effective
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campaigns have been propelled against numerous infectious diseases [Lakhani (1992)].
Actually, antibodies have saved millions of lives. Before presenting the primary measles
immunization in 1963, around 400,000 measles incidences used to be reported in the
United States each year [Rahman (2016)]. Polio, rubella, mumps and other childhood
infections likewise used to cause huge mortality and morbidity. With the adequate

execution of the immunizations, these diseases no longer remained epidemic.

Vaccines additionally have had a fruitful history against the transmission of flu, the most
widely recognized infectious disease around the globe. Prior to the invention of influenza
vaccines, controlling a flu pandemic was an incomprehensible assignment. It was
evaluated that 20-50 million individuals overall died in the outbreak of Spanish influenza
in 1918-19. After a century, the worldwide loss of life for the 2009-10 pandemic was just
around 0.3 million [Bryan (2014)]. The vaccine has decreased the loss rate to a huge
extent. Flu vaccination presently turns into a routine procedure. An individual is
prescribed to get an updated influenza immunization (vaccine) as influenza season
approaches with more up to date strains of influenza infections. In spite of the fact that
vaccines are extremely powerful against transmission, commonly, there are constraints on
the quantities, particularly in developing nations. In this way, how to circulate the limited
vaccines becomes crucial for optimal advantages. Social, geographical, monetary and
moral issues could be significant obstructions in the implementation of vaccines
[Medlock and Galvani (2009)]. Moreover, certain groups of people may have a higher
susceptibility to the infections than others. In flu, for instance, school-going youngsters
can easily catch the infection and spread the disease more quickly than other people [Foy
et al. (1976); Longini and Halloran (2005); Jordan et al. (2006); Loeb et al. (2010)].

1.4 Basic compartmental models

The general idea for most deterministic models is to look at compartmental models, in
which the population is divided into compartments based on infection dynamics.
Individuals already in one compartment may either transfer to another compartment (for
example by recovering from the disease) or may leave compartment altogether (e.g. by
disease-induced death). Individuals may enter into a compartment through processes such

as immigration or birth. Some basic entrance, exit, and transfer mechanisms among



various compartments such as Sl, SIR, and SEIR (where S,E,I and R are denoting the
susceptible, exposed, infected and recovered individuals compartment according to the
disease status.) are shown in Fig.1.1-1.3. Compartmental models may become very
complex; they may use many compartments, or assume complicated disease distribution
or incidence, or have parameters which are time or even state-dependent. These three
concepts, however, of entering the population, transferring between compartments, and

leaving the population, always underlie the assumptions.

1.5 Epidemic models

The earliest mathematical modeling can be traced back to the eighteenth century when
Daniel Bernoulli figured a model for smallpox to evaluate the effectiveness of control
measures on the infected population with smallpox [Benenson (1995); Hethcote (2000)].
However, mathematical models have been developing since the middle of the twentieth
century after Kermack and McKendrick [1927] published their paper on epidemic models
which contained threshold results that decide if an epidemic outbreak may occur or not
[Hethcote (2000); Kermack and McKendrick (1927)]. In the course of the most recent
two rapid increases in modeling, practices have been employed in the biological sciences
[Anderson and May (1982); Hethcote (2000)]. These models have addressed numerous
aspects of biological phenomena, for example, phases of infection, vertical transmission,
disease vectors, age structure, social and sexual mixing groups, spatial spread,
chemotherapy, immunization, isolate, passive immunity, steady loss of vaccine and
disease-acquired immunity [Anderson and May (1982); Hethcote (2000); Grassly and
Fraser (2008)]. A few models were focused on diseases like measles, rubella, chickenpox,
diphtheria, cancer, smallpox, malaria, rabies, herpes, syphilis, and HIV/AIDS [Anderson
and May (1982); Usher (1994); Hethcote (2000); Longini and Halloran (2005)].

The disease transmission models describe the transmission procedure and trace the
infected population. Such models can recognize the number or extent of the population
that is left uninfected towards the end of an epidemic. In epidemic models, the idea of
population compartments is broadly utilized [Anderson and May (1982); Murray (1989);
Diekmann and Heesterbeek (2000); Hethcote (2000)]. For mathematical convenience,

these compartments are normally denoted by their first letter, for example, S, E, I, and R



denotes the number of susceptible, exposed, infected and recovered population
respectively. People who are vulnerable against infection are known as susceptible and
have been placed into the S (susceptible) compartment. A person, who is presently
infected, yet does not indicate symptoms or can't contaminate others has been placed into
the E (exposed) compartment. Once an infected individual begins contaminating others,
he/she has been considered as infectious and is placed into | (infected) compartment.
Finally, when an individual has been cured of the infection, he/she has been placed into
the R (recovered) compartment. Depending upon the particular disease, a recovered
individual either stays there if he/she gets permanent recovery or may become susceptible
again and move once more into S compartment. Different models can be developed by
considering these compartments in light of the idea of pathogens and infections, for
example, SIS, SIR, SIRS and so on. If an infected individual becomes susceptible again
after cure, a SEIS or SIS type model would be appropriate for the disease dynamics.
Bacterial diseases could be considered an example of SIS models. Then again, if recovery
is lasting and the recovered people are not any more vulnerable to that pathogen, as
observed in viral infection, at that point a SIR-type model would be appropriate. In all
cases, the population is thought to be homogeneously mixed and people catching
infections or be cured at constant rates. Some representational diagrams are also shown in
Figs. 1.1-1.3.

A basic SIR epidemic model is described by following ordinary differential equations
[Kermack and McKendrick (1927)]:

S = —psOI(®),
R NOUGESZIG (L1)
0]

where S is the transmission rate and y is the recovery rate. Without considering the
demography of the host population, this simple model describes how sub-populations of
susceptible, infected and recovered classes evolve. Model (1.1) has been modified by
incorporating various factors to capture the important aspects of the specific problems one
is concerned with, but such modifications increase the complexity of the model and make
the analysis challenging and sometimes even impossible (see, e.g. [Murray (1989);
Diekmann and Heesterbeek (2000); Guo and Li (2006); Lewis (2009)]). Therefore,



balancing the rationality and mathematical tractability of a model always remains an
important issue when using a mathematical modeling approach to study disease

dynamics.

In model (1.1) the term BS(t)I(t) is referred to as bilinear or mass action incidence rate
which demonstrates that incidence increases with the numbers of susceptible and infected.
This transmission rate is the product of the rate of contact among individuals and the
probability that a susceptible individual coming in contact with an infectious individual
will become infected (Park, 1997). Numerous other nonlinear saturated incidence rates
are also commonly used by various researchers [Murray (1989); Diekmann and
Heesterbeek (2000); Guo and Li (2006); Dubey et al. (2013) & (2016)]. We explore some
of the nonlinear incidence rates here:

e Holling functional type II

The expression F(S,1) = " IS B,y > 0, is known as Holling functional type Il

+y
incidence rate. This incidence rate is also known as the saturated incidence rate
and it was proposed by C. S. Holling [1959]. In Holling type II, “for any outbreak
of the disease, its incidence is first very low and then grows slowly with increase
in infection. Further, when the number of infected individuals is very large, the

infection reaches its maximum due to the crowding effect” [Dubey (2016)].

e Ratio-dependent functional type

The expression f(S,I) = G(%)I = afﬂ/ll B, a,y >0 is known as ratio-

dependent functional type incidence rate. This incidence rate is obtained by

puttlng— in Holling type Il i.e. Thls incidence rate is applicable for a low

density of susceptible populatlon.

e Beddington-DeAngelis (B-D) functional type

“The expression F(S, I) _mi—;-yl) B,a,y >0 is known as Beddington-

DeAngelis type incidence rate. Here S is the transmission rate, a is a measure of
inhibition effect, such as preventive measure taken by susceptibles and y is a
measure of inhibition effect such as treatment with respect to infectives” [Dubey

et al. (2015)]. This incidence rate was introduced by Beddington [1975] and
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DeAngelis et al. [1975] independently. “This incidence rate considers the effect of

inhibition among infectives in case of the low density of susceptible populations”

[Dubey et al. (2015)].

In the model (1.1), an ODE framework has been used in which the time-dependence is
given by the present time t. In contrast to Ordinary Differential Equations (ODES), Delay
Differential Equations (DDEs) take into account the inclusion of past activities into
mathematical frameworks, thus making the model closer to the real-world phenomenon.
In the study of epidemics, the time delay can represent the latent or incubation period, or
the time in which, a host stays infected. However, delay equations can also be used to
investigate the phenomenon of waning immunity. When the body gets contaminated by a
virus, indeed, the immune system develops a certain resistance against it. In fact, disease-
induced immunity tends to wane and, a long time after recovery, an individual might
again become susceptible to the virus. Delay equations can have more rich dynamics than
ODEs and can be a superior fit to complex real phenomenon e. g. spread of an epidemic.
They can be far more complicated than ODEs because a delay differential equation is

infinite-dimensional; thus chaos may happen even in low-order systems.

The disease transmission models with latent or incubation period have been studied by
various authors, because numerous diseases, for example, flu, tuberculosis, HIN1, have a
latent or incubation period, during which the individual is said to be infected but not
infectious. Delay differential equations (DDEs) have been effectively used to model
varying infectious periods in the scope of SIR, SIS, SEIR, and SIRS epidemic models
[Mukherjee (1996); Naresh et al. (2009); Huang et al.(2011); Huang and Takeuchi
(2011); Mishra et al.(2011); Paulhus and Wang (2015); Waezizadeh (2016)]. Many
researchers [Xu and Ma (2009a); Hattaf et al. (2013); Li and Liu (2014)] have considered
an epidemic model with constant time delay, which represents the duration of
infectiousness. The epidemic model (1.1) is an example which involves the transmission
of disease through one population (i.e. Humans). On the other hand, vector-borne diseases
models can utilize mixed delays because of the interaction between two species

population, for example, mosquitos spreading malaria in humans.



Meng et al. [2010] discussed a condition with the delay in the infected (/) of the
incidence, however not in S; that is, the bilinear incidence rate is fS(t) I(t — ) with an
incubation period 7. The present rate of new infective individuals relies upon the present

number of vulnerable individuals and upon the present number of infective mosquitoes.

It is established that proper and timely treatment methodology can substantially reduce
the effect of disease on society. In classical epidemic models, the treatment rate of
infected individuals is assumed to be either constant or proportional to the number of
infected individuals. However, we know that there are limited treatment resources
available in the community [Zhou and Fan (2012)] for new and mutated re-emerging
infections. In the absence of effective therapeutic treatments and vaccines, the epidemic
control strategies are based on the choice of appropriate preventive measures. Many
researchers [Gumel et al. (2006); Hattaf and Yousfi (2009); Naresh et al. (2009)]
incorporated treatment rate as constant or linear while some have been found that have
nonlinear saturated treatments such as Holling type Il & 11l [Zhang and Liu (2008); Zhou
and Fan (2012); Dubey et al. (2013); Goel and Nilam (2019)] and give a better alternative
due to its saturated behavior. Some infections cannot be controlled completely by
treatment only due to the limited availability of medical resources. The dissemination of
awareness about prevention, spread, and treatment modalities of infectious diseases
through public and social media and health care workers is also an important tool to

control and restrain further infection [Dubey (2016)].

1.6 Basic reproduction number

A typical parameter utilized in modeling diseases is the basic reproduction number R,
describes various aspects, for example, contact rate, duration of contamination and
infectiousness of the causative agent. Contact rate strongly affects the transmission and
spread of infectious disease. Contact patterns are some of the more complicated aspects of
predicting outbreaks, because the human behavior is quite complex and does not remain
consistent among all individuals. The basic reproduction number R, is characterized as
“the average number of secondary infections caused by one infected individual during
his/her entire infectious period in a completely vulnerable population” [Driessche and

Watmough (2002)]. Contact rate has a large effect on this parameter, as higher the
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effective contacts lead to higher rates of new infection. Another determinant of R, is the
duration of infectiousness; people with longer infectiousness periods will contact and thus
possibly infect more people over the whole range of the infection. The basic reproduction
number is a fundamental determinant of the dynamics of disease infection in the
population level. An epidemic outbreak will occur if and only if R, is greater than one.
This threshold property provides important information about the progression of disease

spread and the impact of control mechanisms.

1.7 Stability analysis

Mathematical models are becoming increasingly complicated when a higher level of non-
linearity is adopted to address real-world problems. Finding an explicit solution of these
models is relatively impossible. Through numerical simulations, approximate solutions
with fix parameters can be found, though still, the general solution may remain unknown.
At the point when the general solution is difficult to accomplish, stability analysis can be
used to get a sense of the solution’s long-term behavior exceptionally well. In general,
there are two kinds of model solution widely used in literature: local and global. Local
stability is concerned with the behavior of the model solution around the equilibrium

point, while global stability can describe solution behavior in the whole domain.

Delay differential equations are often of interest to determine whether or not the
delay values affect the stability of a steady-state. Mainly, the delay is treated as a
bifurcation parameter. To determine whether or not a stable steady-state can become
unstable by changing the delay value, we look at the eigenvalues from roots of
characteristic equations. If all the roots have a negative real part, the steady-state is stable.
When we vary the delay, if one of the root changes from having a negative real part to
having a positive real part, the steady-state will become unstable. This is also equivalent
to having the root crossing the imaginary-axis (imagine the root as a graph with a real part
on the x-axis and imaginary part on the y-axis). Therefore, if the root really changes to
positive real part, there must be a root that is purely imaginary part (i.e. the intersection

between the graph of the root and the imaginary-axis exist.).

11



In this thesis, the Routh-Hurwitz (R-H) criterion and Lyapunov direct method [Sastry
(1999)] are mainly used for the stability of model equilibria. The Routh-Hurwitz (R-H)
criterion is useful to check the local stability of an equilibrium point. The local stability
describes the qualitative behavior of the solution in a certain neighborhood. It does not
give any information about the behavior of the solution beyond that neighborhood. The
Lyapunov direct method can be useful to study the stability behavior of nonlinear
systems. The physical validity of this method is contained in the fact that the stability of
the system depends on the energy of the system which is a function of system variables.
The Lyapunov direct method consists in finding out such energy functions termed as
Lyapunov function which need not be unique. The major role in this process is played by
positive or negative definite functions which can be obtained in general by the trial of
some particular functions of state variables, and in some case with a planned procedure
[Dubey (2016)].

1.8 The organization of the thesis

The thesis entitled “Mathematical Modeling in Epidemiology” contains nine chapters
followed by conclusion & future scope and bibliography. The thesis is organized as

follows:

Chapter 1: Chapter 1 is introductory and gives a general background of epidemic
modeling theory, basic terminology, important concepts, and types of models. The
purpose of this chapter is to give the chronological development in epidemiology and
motivation behind the work done in the thesis.

Chapter 2: In Chapter 2, the dynamic behavior of a susceptible-infected-recovered
(SIR) epidemic model is presented and analyzed with the incidence rate of new infection
as Monod-Haldane (M-H) functional type and treatment rate also as Monod- Haldane (M-
H) functional type. M-H type incidence rate defines the inhibitory or psychological effect
from the behavioral change of the susceptible individuals in case of a large number of
infected individuals. It has great significance, as the number of effective contacts between
infected and susceptible individuals decreases at high levels, because of either isolation of

infected individuals or precautionary measures taken by susceptible individuals. In M-H
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treatment rate, the removal/treatment at first increases with the increasing number of
infectives and attains its peak, i.e., the treatment is being given to the maximum number
of infectives; after that decay in the slope begins and the incidence rate approaches zero.
The limitation in the availability of treatment for a large number of infected people can be
captured mathematically by M-H treatment rate. The numerical results of the model

demonstrate the impact of M-H treatment and incidence rates on the infected population.

The work presented in this chapter has been communicated under the title “A SIR

Disease Transmission Model with Nonlinear Functional Response”.

Chapter 3: This chapter demonstrates the control strategy for the epidemics in which
infection grows at a very high rate and even at some stage; the infected population is
more than the susceptible population. Such a situation can be modeled by considering the
incidence rate of infection as a ratio-dependent functional. Because of the large number of
infected individuals, the treatment facilities may not be made available for the entire
infected population at the same time. This limitation of the treatment facilities can be
represented mathematically by using Holling functional type Il treatment rate. Therefore,
the progression of the epidemic has been modeled by taking the combination of ratio-
dependent incidence and Holling functional type Il treatment rates. The impact of this
combination on the transmission dynamics of the epidemic has been demonstrated with

the help of numerical simulations.

The work presented in this chapter has been communicated under the title “A Study
on the Dynamics of An Epidemic Model with Ratio-Dependent Incidence and

Holling Type Il Treatment Rates.”

Chapter 4: For most communicable diseases there is a time interval between infection
and occurrence of symptoms (the incubation period) in which the infectious agents are
increasing with time. The incubation period is a deciding factor for the severity of the
disease because the disease cannot be identified initially and hence can’t be treated during
the incubation period. This incubation period has been modeled as the delay time in
Holling type Il incidence rate with an inhibitory effect. Since the treatment facilities will
be extremely constrained for new or evolved infection, therefore, Holling functional type
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Il will be used as a treatment rate. The model has been analyzed for local stability for
model equilibria. The outcomes of numerical simulation recommend that the disease be
precisely controlled when treatment is given to infectives under Holling functional type Il

treatment rate.

The results of this part of the chapter have been published entitled “Stability of a
Time Delayed SIR Epidemic Model Along with Nonlinear Incidence Rate and
Holling Type — II Treatment Rate” in International Journal of Computational Methods,
2018 (World Scientific).

An attempt has also been made to find the more suitable treatment method of a known
disease which has re-emerged and has available treatment methods. Treatment rate of
such diseases can be modeled by the Holling functional type Ill. Therefore, the treatment
rate has been changed to Holling functional type I1l while the incidence rate will be kept
as Holling functional type Il with time delay only to find out the changes in the infected
population theoretically. Hopf bifurcation analysis of endemic equilibrium and global

stability analysis of model equilibria are also discussed.

The results of this part of the chapter have been communicated under the title “A
Deterministic Time-Delayed SIR Epidemic Model: Mathematical Modeling and

Analysis”.

Chapter 5: Some communicable diseases can be transmitted in humans even without
showing clinical symptoms. The time taken between infection and infectiousness is called
the latency period. The duration of this period may be responsible for disseminating the
disease. Therefore, to capture the role of latency period mathematically, it has been used
as the time delay in both susceptible and infectives in Holling functional type Il incidence
rate. The treatment rate of infected is taken as Monod-Haldane (M-H) functional type.
This treatment rate consists of the cure rate and limitation rate in treatment availability. In
the M-H treatment rate, the removal/treatment rate grows initially with the development
of infectives and diminishes after attaining its maxima. The results obtained from the

numerical simulations have been discussed in detail in chapter 5.
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The work reported in this chapter entitled “Dynamical Model of Epidemic Along
with Time Delay; Holling Type Il Incidence Rate and Monod-Haldane Type
Treatment Rate” has been published in Differential Equations and Dynamical Systems,
2018 (Springer).

Chapter 6: Monod-Haldane (M-H) type incidence rate is a possible mathematical
representation to explain the psychological effects from the behavioral changes of the
susceptible individuals when the number of infectives is relatively very high. As
discussed earlier in chapter 4, incubation period is also a vital factor in disseminating the
disease, therefore in the present chapter, the same delay term has been used in incidence
rate to push the epidemic model into a more realistic state. Now, according to the newly
modeled incidence rate, the infection force may decrease with increasing numbers of
infectious people because the number of contacts in the population may tend to reduce per
unit time in the presence of a large number of infectious individuals. Hence, the effects of
the novel combination of M-H functional incidence rate with the inclusion of time delay
and Holling type Il functional treatment rate on susceptibles and the infected population

has been studied with the help of the present model.

Then, there will be a situation when for some communicable diseases, effective
pre- and post-vaccination/treatment can be made available. In such cases, the
removal/treatment rate is relatively high initially in spite of increasing infectives, and
afterward, it decreases gradually, finally reaching a saturated value. After this, any
expansion in numbers of infectives won't affect the removal rate. Such a situation can be
modeled with the Holling functional type Ill treatment rate. Therefore, an alternate
approach by considering the combination of Holling type Il treatment rate along with M-
H functional type incidence rate has been used to study the epidemic in a more realistic
way. The mathematical analysis of the model consists of the local stability as well as
global stability analysis at model equilibria and results have been discussed in detail for

the modified model.
Some results of the work presented in this chapter have been published entitled
“Mathematical Analysis of a Delayed Epidemic Model with Nonlinear Incidence and

Treatment Rates” in Journal of Engineering Mathematics, 2019 (Springer) and some
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results are communicated under the title “Analysis of a Disease Transmission Model
with Time Delay, Nonlinear Functional Type Incidence Rate and Saturated

Treatment Rate”.

Chapter 7: In this chapter, the incidence rate of a new infection is considered as
Crowley-Martin (C-M) functional type because it considers the effect of inhibition among
infectives even in case of the high density of susceptible population which is neglected by
any other incidence rate. The latency time has been used as a delay in the incidence rate
to understand the dynamics of the epidemic more pragmatically. Therefore, a
combination of C-M incidence rate along with time delay and Holling functional type II
treatment rate is studied. The local stability, as well as global stability analysis of the
model equilibria, is discussed. The numerical outcomes demonstrate the impact of

inhibitory effects, time delay and nonlinear treatment on the infectious population.

The work presented in this chapter has been communicated under the title
“Dynamic Behavior of An SIR Epidemic Model Along With Time Delay; Crowley-
Martin Type Incidence Rate and Holling Type Il Treatment Rate”.

Chapter 8: It has been reported that awareness can play a vital role in the spread of an
epidemic. Therefore, to quantify the impact of the effectiveness of being aware of an
emerging/re-emerging epidemic a new compartment called alert (4) is introduced in the
SIR epidemic model. This requires two incidence rates: one from the susceptible class to
infectious class and another from alert class to infectious class which are taken as Holling
functional type Il. The treatment rate of infectious is taken as Holling functional type 1l
on the grounds that for an outbreak of the disease its treatment effectiveness is low
initially and improves gradually with the introduction of hospital facilities, availability of
more effective medicines, etc. The result obtained from numerical simulations of the
model having a combination of above explained incidence and treatment rates

demonstrates the impact of alert class on the infectives.

In this model, it has been considered that health agencies are spreading awareness while
the concept of immunization has not been covered. To save the lives of humans from the

epidemics it is very important to provide immunization to the general public, but
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immunization is not possible for all, and also it has some failure aspects. However,
immunization minimizes the effect of the epidemic in societies. Therefore, two explicit
treatment classes which are pre-treated individuals class and post-treated individual’s
class are introduced in the SIR model resulting in a five-compartment model. The
pretreated class is introduced to minimize the infectives in the general public, and post-
treated class is introduced for the recovery of the infectives. This motivates us to take
Holling functional type | and Il rates for pre-treatment and post-treatment of individuals,
respectively, to control the illness. The incidence rate from susceptible to infectives has
been considered as Holling function type Il with incubation period as a time delay to
study the dynamic of the epidemic more realistically. The numerical outcomes suggest
that disease can be controlled in the general public if preventive measures and treatment
of susceptible and infectious are managed by Holling type | and Il treatment rates

separately.

Some results of the work presented in this chapter have been published in
Computational and Applied Mathematics, 2019 (Springer) under the title “Stability of a
Delayed SIR Epidemic Model by Introducing Two Explicit Treatment Classes Along
With Nonlinear Incidence Rate and Holling Type Treatment” and some results have
been published in SeMA Journal, 2019 (Springer) under the title “A Short Study of An
SIR Model with Inclusion of An Alert Class, Two Explicit Nonlinear Incidence Rates
And Saturated Treatment Rate”.

Chapter 9: This chapter contains the conclusion of the work done and future scope of the

models discussed in the thesis.
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BSI

Fig. 1.1: Progression of infection through basic susceptible-infected (SI) compartment

model with transmission rate (83).

BSI

Fig. 1.2: Progression of infection through basic susceptible-infected-recovered (SIR)

compartment model with transmission rate () and recovery rate (y).

Fig. 1.3: Progression of infection through basic susceptible-exposed-infected-recovered

(SEIR) compartment model with transmission rate (), exposed rate (§) and

recovery rate (y).
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CHAPTER 2

A SIR EPIDEMIC MODEL WITH MONOD-HALDANE
FUNCTIONAL TYPE INCIDENCE AND TREATMENT
RATES

In this chapter, a SIR epidemic model has been presented and analyzed with a novel
combination of incidence and treatment rates both of Monod-Haldane (M-H) functional
type. Stability of the disease-free (DFE) and endemic equilibria (EE) has been discussed.
The stability of DFE has been discussed in terms of the basic reproduction number(R,)
and it was shown that DFE is locally asymptotically stable when R, < 1 and unstable
when R, > 1. Stability of DFE at R, = 1 has been investigated using center manifold
theory; it was found that DFE exhibits a forward bifurcation. Conditions have been
obtained for the stability of EE. Furthermore, the global stability of DFE has also been
discussed. Lastly, numerical simulations have been performed to illustrate the results
predicted by the analysis.
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2.1 Introduction

To control the spread of infectious diseases, mathematical modeling always plays a vital
role. In the literature of mathematical epidemiology, numerous mathematical models have
already been proposed for disease dynamics such as SIS [Li et al.(2006)], SIR [Shulgin et
al. (1998); Kaddar (2009) & (2010); Li et al. (2009); Xu and Ma (2009b), McCluskey
(2010); Pathak et al. (2010); Xu and Du (2011); Abta et al. (2012); Hattaf et al. (2013);
Adebimpe et al. (2015); Dubey et al. (2015) & (2016); Chen et al. (2016)], SIRS [Xu and
Ma (2009a); Sun and Yang (2010)], SEI [McCluskey (2012)], SEIR [Li and Muldowney
(1995); Zhang and Ma (2003); Li and Jin (2005); Katim and Razali (2011); Abta et al.
(2012); Dubey et al. (2013); Tipsri and Chinviriyasit (2014); Liu et al. (2015)], SEIS
[Guo et al. (2010)], SVIR [Liu et al.(2008); Wang et al. (2016)], SVEIR [Gumel et al.
(2006); Wei et al. (2009); Wang et al. (2015)](where, S,V,E,I, and R denotes the
susceptible, vaccinated, exposed, infected and recovered individuals respectively) and
many others. The spread of the epidemic mainly depends on the incidence rate. The
number of individuals who become infected per unit of time in epidemiology is known as
the incidence rate [Dubey et al. (2015)]. Kermack and McKendrick [1927] proposed that
the dynamics of an infectious disease could be described using a bilinear incidence rate
BSI of infection. However, this bilinear type incidence rate depends on the law of mass
action, which is unreasonable for a large infected population. Indeed, one can infer from
the term BSI that, if the number of susceptible individuals increases, incidence rate also
increases, which is unrealistic. Hence, there is a need to modify the classical linear
incidence rate in order to study the dynamics of infection among a large population.
Many researchers [Xu and Ma (2009a); Hattaf et al. (2013); Dubey et al. (2015) &
(2016)] have proposed transmission laws that include nonlinearity, such as the Holling
type Il functional, Crowley—Martin functional, Beddington-DeAngelis functional, etc., for
the dynamics of infectious diseases. The general incidence rate
kIPS
14 al?
was suggested by Liu et al. [1987] and thereafter considered by numerous researchers in

g)s =

their models (see, for example, [Hethcote and Levin (1989); Hethcote and Driessche
(1991); Derrick and Driessche (1993); Hethcote (2000); Alexander and Moghadas

(2004)]). If the function g(I) is non-monotonic, that is, g(I) is increasing when I is
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small but decreasing when [ is large, it can be used to interpret the “psychological” effect,
i.e. the infection force may get reduced as the number of infected increases for a large
number of infected population, because in such situation the number of contacts per unit
time may tend to reduce for p < q. For example, the epidemic outbreak of SARS showed
such psychological effects on the general public; aggressive measures and policies, such
as border screening, mask wearing, quarantine, isolation, etc., have been proven to be
very effective [Xiao and Ruan (2007)] in reducing the infective rate at the later stage of
the SARS outbreak, even when the number of infected individuals was increasing. The
above-mentioned phenomenon can be modelled by using the nonlinear Monod—Haldane

(M-H) incidence rate:

F(S, D =g(DS = where k,a > 0.

1+al?’

where kI measures the force of infection of the disease and 1/ (1 + al?) describes the
psychological effect from the behavioral change of susceptibles when the number of

infectives is very large.

Treatment rate always helps doctors and health agencies to control/ eradicate the infection
from the population. It is known that there are limited treatment resources available in the
community [Zhou and Fan (2012)] for large infected populations. In the absence of
effective therapeutic treatments and vaccines, epidemic control strategies are based on
taking appropriate preventive measures. Therefore, we incorporate the treatment rate as
nonlinear Monod-Haldane (M-H) type in our epidemic model. In the M-H functional type
treatment, “the removal/treatment rate firstly increases with the growth of infectives,
reaches the maximum and then starts decaying. Such a situation may arise due to the
limitation in the availability of treatment for a large number of infected populations.
When supplies of treatment (medicine, immunization, etc.) are depleted, then in spite of
the high number of infectives the available treatments become very scarce. This case may
arise when there is the re-emergence and spread of disease in the presence of limited

treatment facilities” [Dubey et al. (2013)].

This chapter presents the dynamics of a susceptible-infected-recovered (SIR)
mathematical model with M-H functional type incidence and treatment rates to capture
the impact of physiological effect and limitation of resources on infectives. The basic

properties of the model have been discussed. The stability of the model has been
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discussed for the two equilibria which are named as disease-free equilibrium (DFE) and
endemic equilibrium (EE). We discuss the local and global stability of DFE through the
basic reproduction number and Lyapunov function. Furthermore, the stability of EE has

also been discussed by application of the Routh-Hurwitz criterion.

2.2 Mathematical model

In this section, a mathematical epidemic transmission model is being proposed. For this, it
is considered that the total population at timet isP(t), with the immigration of
susceptible individuals at a constant rate A. Further, the total population P(t) has been
divided into three classes (or compartments), which are named as: susceptible class S(t),
infected class 1(t) and recovered class R(t). It is assumed that the disease can spread due
to the direct contact between susceptibles and infectives only. It is also assumed that
recovered individuals are immune for their entire life and they will not re-infect and
therefore no movement is possible from R(t) to S(t) compartment. Let u be the natural
death rate of the population, d the disease-induced mortality and § the recovery rate of

infected individuals.

By taking above assumptions into consideration, the dynamics of the model will be given

by the following system of nonlinear ordinary differential equations:

as@) _ , _ BS@®I()

dat A—ps(t) 1+al?(t) ’
di(t) _ Bs@IE) __al(t)

dt  1+al?(t) (u+d+8)I(1) 1+bI2(t) ' (2.1)
drR(t) _  al(t) _

dt — 1+bI%(t) +0I(t) — uR () .

where S(0) > 0,1(0) = 0 and R(0) > 0.

BS(®)I(t)
1+al?(t)

In the model (2.1), the term represents the M-H functional type incidence rate,

here, B is the transmission rate of disease and « is the inhibitory effect. This nonlinear
functional response was suggested by Sokol and Howell [1981]. It is understood that if

we take @ = 0, the bilinear incidence rate [Gumel et al. (2006)] can also be derived from
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al(t)
1+bI2(t)

this incidence rate. The term represent the M-H functional type treatment rate,

where a and b are non-negative constants. The constants a and b are the cure rate of the
infected people and limitation rate in the availability of treatment, respectively.
Furthermore, it is assumed that all parameters of the model are positive, as required by

the biological interpretation.

It should be mentioned that although the recovered population continues to make contact
with other members of the population, it does not contribute to the transmission dynamics
of the disease. Since the recovered population, R(t), does not feature in the first two
equations of the model. Therefore this equation can be omitted for the analysis without
loss of generality. Thus, we consider the following reduced system for the mathematical
analysis:

as(t) _

BSOI(®)
" A—uS(t) —

1+al?(t) '

al(t)

aw) _ BsOI0 _ (u+d+6)I) - 1+b12(t)"

dt  1+al?(d)

(2.2)

2.3 Basic properties of the model

For the system (2.2), we find that all solutions with nonnegative initial data will remain
non-negative and bounded for all time. It can be shown as follows:
Let, the total population N(t) is

N(t) = S(¢) + I(t)

Then
dN(t) _dS(t) dI(t) al(6)
& = ar Tar SATHNO - @O~y sy < A— N @)
Then,
A
N < N(0)e™ + (1 — e
Thus,
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A
. 4
%_1)1}.3 sup N(t) < p

dN(t)

Furthermore, — < 0if N(t) > 0. This shows that all solutions of the system (2.2)

approaches towards the region D defined in Lemma 2.1 discussed below. Hence, the
region D is positively invariant and solutions of the system (2.2) are bounded. Thus, we

can establish the following lemma:
Lemma 2.1: ThesetD = {(5,1):0<S+1< A;} is a positively invariant region of the
system (2.2).

Lemma 2.1 shows that all solutions of the system (2.2) are bounded and non-negative.

Hence, the system (2.2) is well-posed mathematically and epidemiologically.

2.4 Equilibria and their stability analysis

The system (2.2) has two non-negative equilibria which are obtained by setting the right-

hand sides of the system (2.2) equal to zero. They are as follows:
i Disease-free equilibrium (DFE) Q (ﬁ 0).

ii. Endemic equilibrium (EE) Q*(S*,I").

For the stability of equilibria, first, we find the basic reproduction number R, as given

below:

2.4.1 Computation of the basic reproduction number (Ry)

The characteristic equation at Q (ﬁ O) of the system (2.2) is given by

(/,t+/1)(ﬁ7A—,u—d—5—a—l)=O (2.3)

One of the roots of Eq. (2.3) is given by A; = —u and the other root is given by 4, =
(u+d+6+a)(Ry—1).

where
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_ pA
S u(u+d+S+a)

Ro

This R, is known as the basic reproduction number.

Clearly, if Ry < 1, then 4, is negative. Hence, we have the following theorem:

Theorem 2.1: DFE Q (% 0) is locally asymptotically stable when R, is less than unity

and unstable when R, is greater than unity.

2.4.2 Analysisat Ry =1

Now, we check the behavior of the system (2.2) when R, = 1.

Let us redefine S = x; and I = x, then the system (2.2) can be rewritten as

dxq(t) Bx1(t)x2(8)

w A4~ py () = Tra?(©) fi,
dxz(t) _ Bxi(®)x2(t) _ax(®)
At 1+axp2(t) (’u +d+ 6)x2(t) 1+bx,2(t) f2' (24)

The linearization matrix of the model the system (2.4) at Q (ﬁ,o) and on choosing the

_ u(ptd+é+a)

bifurcation parameter 8 given by g* = —— S0 R, = 1 when 8 = B* is given by
*A
—H £ BA
0 Fa_ u—d—6—-a 0 0

U

The matrix J admits a simple zero (null) eigenvalue at R, = 1 and other eigenvalue of
J(A = —u) has a negative real part. Consequently, the linearization technique fails to
determine the behavior of the system (2.4) [Dubey et al. (2016)]. Therefore, we use
Theorem 4.1 of [Chavez and Song (2004)] which is based on center manifold theory.

Then, the bifurcation constants a, and b, are given by

2

0% fi
a, = Z ukWin axiaxj )
Q

ki j=1
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and
2
b; = z U W; (az—fk>
ki=1 0x,0p" Q
where w = (wy,w,)T and u = (uy, u,) are the right and left eigenvectors of the matrix J
associated with the null eigenvalue respectively. Thus, we get

B"A

u; =0,u, =1landw; = —?,WZ =1

The partial derivatives related to the functions of the system (2.4) evaluated at R, =1
and g = p*are

(s
6x16x2

Therefore,

_ px azfz) _ *(62]‘2) _ (azfz) _ (azfz) _A
0 =8 '(6x26x1 =F dx,2 =0, 9x:2/ = 0Oand 9x208*/ T u

Q Q

a; = u2(2W1W2 ﬁ* + W22. 0 + W12. 0)

B*ZA

=2 "

<0,

and
=Uu w, —
1 2 2,Ll

A
=—>0.
U

It can be seen that a, is negative and b, is positive. Hence, bifurcation is forward.

Therefore, we obtain the following theorem:

Theorem 2.2: The system (2.4) exhibits a forward bifurcation at DFE Q (2 0),R0 =

1 and bifurcation parameter § = g* = %’M _

2.4.3 Global stability of the disease-free equilibrium (DFE)

In this subsection, the global stability behavior of disease-free equilibrium Q (i‘o) is

discussed using a Lyapunov function.
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Theorem 2.3: DFE @ (ﬁ 0) is globally asymptotically stable at R, < 1 when the
following condition hold true simultaneously:
ab < a(u+d+9).
Proof: Let L is the Lyapunov function defined as:
L =S—So—Soln%+1,WhereSO =§

Differentiating the L along the solutions of the system (2.2), then

dL _oL ds oL di
dt  aS'dt ol dt

dL ,u(S—SO)Z+(,u+d+6+a)(R0—1)I
dt S 1+ al?
N (ab —a(u+d+6)—ba(u+d+ 6)12))13
(1+ al?)(1 +bI?) '

Since all parameters of the model are positive, it follows that %< 0 if Ry <1,

@ <1 simultaneously and L_oifs= So = 2andI = I, = 0. Hence, L is a
a(u+d+8) dt u

Lyapunov functionon D = {(S, N:0<S+I1< %}

This implies that the largest compact invariant set in {(S,]) € D:% = 0} is the singleton

set {Q}. From LaSalle’s invariance principle [LaSalle (1976); Sastry (1999)] DFE is
globally asymptotically stable.

2.4.4 Existence of endemic equilibrium (EE)

To find the conditions for the existence of endemic equilibrium Q*(S*,1"), the system
(2.2) is rearranged to get S* and I* which gives:
(w+d+8)(1+bI?) +a)(1+al?)
B(1+ bI*?)

)

and I* is given by the equation
CI* 4+ CI 2 + G +C I +C5 =0 (2.5)
where,
C, = bua(u+d+96),
C,=Fb(u+d+56),
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C;=a(u+d+d6+a)+bu(u+d+6)— BAb),
C,=Bu+d+6+a),
Ce=wu+d+5+a)—pA) =u(u+d+5§+a)(1—-Ry) .

Using the Descartes’ rule of signs [Wang (2004)], for R, > 1 there exists a unique
positive real root of biquadratic equation (2.5) if the condition C; > 0,C, > 0,C5 >
0,C, > 0and Cs < 0 is satisfied.

After getting the value of I*, we can find the value of S*. Thus, there exists a unique
positive Q*(S*,I*) if the above condition holds true. Hence, we state the following

theorem:

Theorem 2.4: IfR, > 1, the system (2.2) admits a unique positive endemic
equilibrium Q*(S*,I").

Now, we show the uniform persistence of the system (2.2). Let D; denotes the interior of
D and dD denotes the boundary of D. Epidemiologically, persistence implies that the
subpopulation exists always and will not lead to elimination if initially, they exist. For

this, we propose the following theorem:

Theorem 2.5: If R, > 1, the system (2.2) is uniformly persistent, this means that there
exist a positive constant K such that every solution (S,1) of the system (2.2) with the
initial data (5(0),1(0)) € D, satisfies

%_i)rgginfS(t) > K, %._i)rgginf](t) > K,
where K is independent of initial data in D,
Proof: From theorem 2.4 for R, > 1, there exists a unique endemic equilibrium Q*.
From theorem 2.1 we know that R, > 1 implies that the DFE Q@ is unstable. By Theorem
4.3 in [Freedman et al. (1994)], the instability of Q, together with Q € aD, imply the
uniform persistence of the state variables of the system (2.2). Therefore, there exists a
positive constant K such that every solution (S, 1) of the system (2.2) with the initial data
(5(0),1(0)) € D, satisfies

%._i)rginfS(t) > K, %_i)rginf[(t) > K,
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where K is independent of initial data in D; .

The uniform persistence, along with the boundedness of D, is equivalent to the existence

of a compact set in the interior of D which is absorbing for the system (2.2) [Hutson and

Schmit (1992)]. So, we have the following theorem:

Theorem 2.6: If R, > 1, then there exists a compact absorbing set B c D; .

Next, the local stability of Q*(S*, I*) has been discussed.

2.4.5 Stability of endemic equilibrium

The local stability of Q*(S*,I*) is explored as follows: the variational

corresponding to Q*(S*, ™) of the system (2.2) is

Rl _psta-ar®
Jor = b= Trar? (1+al*?)?
Q" — « * 2 «2y |
BI Bs*(1-al*®) _a(1-bI"*)
1+al*? (1+al*?)2 (h+d+6) (1+b1*?)2

The characteristic equation of the variational matrix /- is as follows:

2 +pe+p, =0

where,

1+al*>  (1+bI*®)2  (1+al*?)? (1+b1**)2 ' (1+al*?)?

p1=<2u+d+6+ L 4 a5 —( L ))

* * **2
pz=<”(ﬂ+d+5)+ﬁ(“+d+5)l+ abl I e -

1+al*? A+al*®))(1+b1*$)2  1+bI*H2  (1+al*?)?

abﬁ'l*3 + uab n ups*
A+al*))A+b1*32  1+b1*H2 | (A+al*®)2) )

matrix

(2.6)

The real part of the eigenvalues of the variational matrix - is negative if and only if

p; > 0 and p, > 0. Hence, the results are stated in the form of theorems given below:
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Theorem 2.7: The endemic equilibrium Q*(S*,I*) is locally asymptotically stable if

the following inequalities hold true simultaneously

*2 *
(“”’ L )<M1 (2.7)

(1+b1*%)2 ' (1+al*?)?

*3 *
( abp! L —— )<M2 (2.8)

A+al*>)A+bI**)2  (1+bI**)2 ' (1+al*?)?

where

_ BI* a /30(5*1*2
M, = (2# td+6+ 1+al*? T (1+b1*?)2 T (1+a1*2)2>'

* * * *2
M, = (u(u +d + 8) + Bl o be o+ EE2] )

1+al*? A+al*>)(A+bI**)2 ~ (1+bI**)2 ' (1+al*?)?

Theorem 2.8: The endemic equilibrium Q*(S*,I*), whenever exists, is a saddle point if

the inequality (2.7) and the following inequality holds true

*3 *
( abpl 4 _Mab . upS )>M2 (2.9)

A+al*®)(1+b1**)2  (1+bI**)2  (1+al*?)?

Theorem 2.9: The endemic equilibrium Q*(S*,I*), whenever exists is unstable if the

inequality (2.8) and the following inequality hold true

*2 *
(““ + 55 >>M1 (2.10)

(1+bI*%)2 * (1+al*?)?

Theorem 2.10: The system (2.2) exhibits the Hopf bifurcation near endemic
equilibrium Q*(S*,I™) if the inequality (2.8) and following equality hold true

*2 *
(“b’ + P )=M1 (2.12)

(1+b1**)2 " (1+al*?)?

Proof: Equality (2.11) implies thatp; = 0 in Eq. (2.6) and inequality (2.8) implies
that p, > 0. Thus, Eq. (2.6) has purely imaginary roots. From the theorem 2.7 and
theorem 2.9, it follows that Q*(S*,I*) changes its behavior from stable to instability as

the parameter S passes through the critical value g = g*[Dubey et. al. (2015)], where

. (1+ar*?)? a(1-b1*%)
pr= S*(1—al*®)-1*(1+al*?) (2'“ td+5+ (1+b1*2)2>

Again, we have
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d _ S‘-—ar®)-r'@+ar®) _ 1 (a@-br?)
Gl =——mam — =% < o T Qurd+8) ) 0.

This condition is required for Hopf bifurcation to occur. Hence, the system (2.2) shows a

Hopf bifurcation near the equilibrium point Q*(S*,I*) when g = B*.

Now, we prove the non-existence of the periodic solution. For this, the following theorem

has been proved:

Theorem 2.11: If a > b, then the system (2.2) does not admit any periodic solution in
the interior of the positive quadrant of the S — I plane.

Proof: We take a real-valued function in the interior of the S — I plane as given below:

1+ al?
H(S, D = <]
Let us consider
B BSI
hi(S,1) = A= pS— 0,
BSI
D= - I-
WS D) =g~ Wtd+dl-1 5

Then we have
lv( 1 2) as( 1) al( 2)

Al +al®) 2a(u+d+8) 2a(a—Db)
152 S S(L+ bI2)?

Clearly, it can be seen that the above expression can never be equal to zero when o > b
and also, the sign of this expression will not be changed in the positive quadrant of the
S — I plane if the condition a > b holds true. Then, by Dulac’s criterion [Sastry (1999)],
it can be said that the system (2.2) does not have any periodic solution in the interior of
the positive quadrant of the S - I plane. Epidemiologically, this theorem implies that if

the given condition holds true, then the disease will not reappear in the society.
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Since the set D defined in the Lemma 2.1 is a positively invariant set, then the following
theorem is a direct result of the Poincare-Bendixon theorem [Sastry (1999)] showing the

existence of a limit cycle in the interior of the positive quadrant of the S - I plane.

Theorem 2.12: If either inequality (2.8) and (2.10) or (2.9) are satisfied, then the
system (2.2) has at least one limit cycle in the interior of the positive quadrant of the S —

I plane.

Epidemiologically, the above theorem implies that if the positive equilibrium Q*(S*,I*)

is a saddle point or unstable then disease may reoccur in the society in the future.

2.5 Numerical simulation

In this section, the model is simulated numerically. The following set of tested parameters
is used for the simulation [Dubey et al. (2015) & (2016)]:

A=9,8=0.005,a =0.05u=0.03,d =0.005,6§ =0.01,a =0.02,b = 0.05.

At the above parameters values, the endemic equilibrium (Q*)is calculated as
(264.0335,23.6191) and the eigenvalues of the matrix J,- are calculated as

(—0.0905,—0.0310). Hence, Q" is stable.
The initial values are as follow:
$(0) = 280,1(0) = 8.

Fig. 2.1 shows the combined population of susceptible and infected individuals. It can be
observed from the Fig.2.1 that the susceptible individuals are decreasing and infected

individuals are increasing, and both populations approaching the endemic equilibrium.

Fig. 2.2 and Fig. 2.3 show the infected population at different values of the transmission
rate (8) and inhibitory effect (a) respectively. It can be seen from the Fig. 2.2 that the
number of infected individuals is increasing with the increase in transmission rate and in
Fig. 2.3 the number of infected individuals are decreasing with increment in the inhibitory

effect. In both the figures, the infected population is initially increasing and as time
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passes, they approach to their steady state. This steady state may be achieved due to

treatment or inhibitory effect.

Fig. 2.4 shows the behavior of the infected population at increased values of cure rate (a).
It can be observed from the figure that the number of infected individuals is decreasing

with the increment in the cure rate of infected.

Fig. 2.5 shows the total number of infected individuals at various values of 1(0) (i.e.
initially infected population). It can be seen from this figure that the infected population

approaches to the same endemic point for all values of 1(0)(i.e. 1(0) = 8,12, 15).

Fig. 2.6 shows the difference between the infected individuals with M-H treatment rate
and without M-H treatment rate. It can be observed from the figure that when M-H
treatment is given to the infected population then the total number of infected individuals
is less in comparison of the population without M-H treatment rate.

Fig. 2.7 shows the phase plane (S-I plot) and the occurrence of the limit cycle. For this,

the following set of parameters values are taken:

A=7,=0.021,a=0.0002,u =0.002,d = 0.005,6 =0.01,a =2,b =0.0002.

2.6 Conclusions

In this chapter, we have proposed a new SIR epidemic model with the incidence rate of
infection and treatment rate of infectives both are Monod-Haldane (M-H) functional type.
We found that the model has two equilibria which are disease-free (Q) and endemic (Q™).
We found that the disease-free equilibrium (DFE) is locally asymptotically stable when
the basic reproduction number (R,) is less than unity and unstable when greater than
unity which leads to the existence of the endemic equilibrium. Further, we also
investigated that the model exhibits a forward bifurcation at R, = 1. The local and global
stability of DFE (Q) and local stability of endemic equilibrium (Q*) have been studied
and it has been investigated that persistence or eradication of infection is uniformly
persistent under the conditions stated in Theorem 2.5. Furthermore, we found that
endemic equilibrium is locally asymptotically stable when the condition stated in theorem
2.7 hold true. The non-existence of periodic solutions under the condition stated in
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theorem 2.11 shows that the infection will not reappear in the society in the future if these
conditions are fulfilled. We also showed that the model exhibits a Hopf bifurcation at the
endemic equilibrium. The numerical simulations of the model showed that the newly
infectives can be controlled in the society due to the inhibitory effect and treatment rate of

infectives according to Monod-Haldane functional.
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CHAPTER 3

A SIR EPIDEMIC MODEL WITH RATIO-DEPENDENT
INCIDENCE AND HOLLING FUNCTIONAL TYPE Il
TREATMENT RATES

In this chapter, a nonlinear susceptible-infected-recovered (SIR) epidemic model has been
proposed. The infection spreads very rapidly at the time of the outbreak of the disease
(e.g. Cholera, Pneumonic plague, and Ebola), and at some stage, there are more infectives
than susceptibles. This condition has been modeled by taking the incidence rate of
infection as a ratio-dependent functional and the treatment rate as Holling type II
functional. Two types of equilibrium points of the model have been obtained, which are
named as disease-free equilibrium (DFE) and endemic equilibrium (EE) points. Stability
of the model has been discussed for equilibrium points. The local stability of the model
for DFE has been discussed by the basic reproduction number (R,). The model for DFE
is locally asymptotically stable when R, < 1 and unstable when R, > 1. The stability of
the model for DFE at R, = 1 has been examined using center manifold theory and
showed that DFE exhibits a forward bifurcation. The local stability of the model at EE
has also been discussed. Further, the model has been simulated numerically to explain the

theoretical results.
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3.1 Introduction

Proper and timely treatment methodology can substantially reduce the effect of the
disease such as Cholera, Pneumonic plague, Ebola, etc. on society. In classical epidemic
models, the treatment rate of infected individuals is assumed to be either constant or
proportional to the number of infected individuals. However, we know that there are
limited treatment resources available in the community in case of outbreak of an
unknown epidemic. Therefore, this is very important to choose a suitable treatment rate of
a disease. In the absence of effective therapeutic treatments and vaccines, the epidemical
control strategies are based on taking appropriate preventive measures. Since every nation
or city has its maximal limit with regards to the treatment of an infection, Wang and Ruan
[2004] presented an arranged treatment function which describes that the treatment rate is
relative to the number of infectives when the limit of treatment isn't reached, and

otherwise, takes the maximal saturated level i. e.

b, 1>0,
H(I):{ 0 I=0.

here b is a positive constant and I is the number of infected people. This appears to be
more sensible than the usual linear function. Other than this, we realize that the
effectiveness for treatment will be genuinely influenced if the infective people are
postponed for treatment. To show the saturated phenomenon of the treatment discussed

above, Zhou and Fan [2012] proposed a function H (1) as given below:

al
HD)=—— > .
)] T Bl >0,a>0b>0

where a is the cure rate. We can see that this function is more realistic than the previous
ones. Firstly, for small I, H(I) ~ al, whereas for largel,H(I) ~ a/b. This
characterizes the saturated phenomenon of the treatment by a continuous and
differentiable function. Further, 1/(1 + bI) describes the reverse effect of the infected

being delayed for treatment. If b = 0, saturated treatment function comes back to the
direct one. The treatment rate function H(I) = % is also known as Holling type 1l

treatment rate. Dubey et al. [2015] have also utilized the Holling type Il treatment rate to

propose the dynamics of a SIR model.

In the dynamics of epidemics, it is well known that the form of incidence rate is an

important factor. Arditi and Ginzburg [1989] proposed a ratio-dependent functional for a
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low-density population of prey in prey-predator dynamics. Using the concept of this
above important work, in the present study we introduce the incidence rate for the low
density of susceptible individuals as a ratio-dependent functional type for disease
dynamics. The per capita effect of infection on the susceptible population is modeled by a
function G which is a function of the ratio S/yI of susceptible to infected. For the
incidence rate of new infection, we incorporate the Arditi and Ginzburg type functional in
Holling type Il functional [Anderson and May (1982)] which is given below:

S BSI
f,D=aG <ﬁ>1 = aS—_I_yI,Where,B,a,y >0,

parameters f,a andy represent the transmission rate of infection, the measure of

inhibition due to susceptible and measure of inhibition due to infected, respectively.

In this chapter, a nonlinear SIR epidemic model is proposed with an incidence rate of the
epidemic as a ratio-dependent functional type and treatment rate as Holling functional
type Il. Further, the basic properties of the model have been discussed. We also discuss
the stability of the model at equilibrium points with the help of the basic reproduction

number (R,) and Routh-Hurwitz criterion.

3.2 Mathematical model

In this section, a nonlinear mathematical model for the epidemic has been proposed. For
this, we consider the total population P(t) at time t, with the immigration of susceptible
individuals with a constant rate A. Further, the total population P(t) has been divided into
three classes (or compartments), which are named as: Susceptible class S(t), infected
class I(t) and recovered class R(t). It is assumed that the disease can spread due to the
direct contact between susceptible and infective only. We also assume that the susceptible
population is a low-density population. Let u be the natural death rate of the population, d
the death rate due to the disease and & the recovery rate of infected individuals. The
progression of an epidemic in different compartments is shown by the block diagram in
Fig.3.1.
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Fig. 3.1: Progression of the infection from susceptible (S) individuals through infected

(1) and recovered (R) compartments for the model.

The rate of change in each compartment is given by the following system of nonlinear

ordinary differential equations:

as@) _ , _ __BsmI®)
T us(®) as)+yIt)
art) _ BsmI) _al(®

ac = asrin W AT OO =750 (3.1)

drR(t) _ al(t) _
dat ~ 1+bI(t) +0I(8) = kR(D) .

where S(0) > 0,1(0) > 0 and R(0) > 0.

BS®I(t)

The term 2SI

in the model (3.1) represents the ratio-dependent incidence rate

where £ is transmission rate of infection, and « is the effect of inhibition due to the

susceptible individuals and y is the effect of inhibition due to the infected individuals.

The term % in the model represent the Holling type Il treatment rate, where a and b

both are non-negative constants. The constants a and b both are named as cure rate and
limitation rate in the treatment availability [Dubey et al. (2015)] respectively.

Furthermore, it is assumed that all parameters of the model are positive.

From the above model (3.1), the first two equations do not depend on the third equation,
and therefore this equation can be omitted for the analysis without loss of generality.

Thus, it is enough to consider the following reduced system for mathematical analysis:
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s _ , _ BS(I®)

ar = A0~ Somie

A _ BSOIE) o a®

dt  aS(t)+yI(t) (u+d+ 8D 1+DbI(t) (3.2)

where S(0) > 0and 1(0) > 0.

3.3 Basic properties of the model

For the above system (3.2), we find a region of attraction which is given by Lemma 3.1.

Lemma 3.1: ThesetD = {(5,1):0<S+1< %} is a positively invariant region for the

disease transmission model given by the system (3.2).
Proof: Let, the total population N(t) is

N(t) = S(¢) + I(t)

Then
dN(t) dS(t) dI(t) al(t)
= = —_ —_ —_—— < —_
Tt T + I A—uN(t) —(d+8)I(t) 1+b1(t)‘A uN(t)
Then,
A
N(t) < N(0)e Mt + ;(1 —e™HY)

Thus,

Li N(t <A

Limsup N(t) < P
Furthermore, 222 < o if N(t) > 0. This shows that all solutions of the system (3.2)

dt

approach the region D defined in Lemma 3.1 above. Hence, the region D is positively

invariant and solutions of the system (3.1) are bounded.

The above Lemma 3.1 shows that all solutions of the model are non-negative and
bounded. Thus, the system (3.2) is well-posed mathematically and epidemiologically.
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3.4 Equilibria and their stability analysis

In this section, we analyze the system (3.2) by finding its equilibria and stability analysis.
We observe that the model has two equilibrium points which are obtained by setting
right-hand side of equations of the system (3.2) to zero, given as:

i. Disease-free equilibrium (DFE) point Q(ﬁ, 0).

ii. Endemic equilibrium (EE) point Q*(S*, I").
3.4.1 Computation of the basic reproduction number (Ry)

In this section, we compute the basic reproduction number R, for disease free

equilibrium Q. The characteristic equation at Q (ﬁ O) of the system (3.2) is given by

m+1ﬂ§—u—d—5—a—a)=o (3.3)

One of the roots of Eq. (3.3) is given by A; = —u and the other root is given by 4, =
(u+d+6+a)(Ry—1).

where

_ B
T a(ut+d+6+a)

Ro

Clearly, if R, < 1, then A, is negative. Therefore, we can state the following theorem

indicating the stability of disease-free equilibrium Q.

Theorem 3.1: The DFE Q (2 0) is locally asymptotically stable if basic reproduction

number Ry, is less than one and unstable if R, is greater than one.

3.4.2 AnalysisatRy =1

In this section, we analyze the behavior of the system (3.2) when the basic reproduction

number equals one.
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Let us redefine S = x; and I = x, then the system (3.2) can be rewritten as

dxq(t) _

_ _ Ba®n® _
a — A = e = 1
dxa(t) _  Bxa®x2(0) o axa(t) _
dt ax;(O)+yxz(t) (u+d + 8)xz(t) 1+bx,(t) fa: (3.4)

The linearization matrix of the system (3.2) at Q (2#,0) and bifurcation parameter § =

p*=a(u+d+ 6+ a)isgiven by
_ _F
J= ! “
0 ﬁ—*—/x—d—S—a
a

The matrix J has a simple zero eigenvalue at R, = 1 and other eigenvalue of the matrix
has a negative real part. At this stage, the linearization technique fails to capture the
behavior of the system (3.4) [Dubey et al. (2016)]. Therefore, we applied the center
manifold theory to study the behavior of the equilibrium. Then, from theorem 4.1 of

[Chavez and Song (2004)], the bifurcation constants a, and b, are given by
N 0*fi
a, = Z ule'Wj ax.ax. ,
ki, j=1 )
and
\ Z ( 0*fi )
1= UWi\ 2~ 5%
kji=1 0x,08 Q
where w = (wy,w,)T and u = (uy,u,) are the right eigenvector and left eigenvector of

the matrix J corresponding to the zero eigenvalue respectively. Then we have

*

u; =0,u, =landw; = —a—'u,w2 =1

The non-zero partial derivatives associated with the functions of the system (3.4)

evaluated at Ry = 1and B = B~ are

azfz) _ 2upy ( 0%f, ) _1
(6x22 0 - a?A and dx,0B* 0 T a

Therefore,

2 *
a, = u, (Zwlwz. 0 + wy2. (—%) + w, 2. O)
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and

It can be seen that a, is negative and b is positive. Hence, by theorem 4.1 [Chavez and

Song (2004)], we state the following theorem:

Theorem 3.2: DFE Q (ﬁ O)Changes its stability from stable to unstable at R, = 1 and

there exists a positive equilibrium as R, crosses one. Hence, the system (3.2) undergoes a

forward bifurcation with bifurcation parameter § = f* = a(u+d + 6 +a) atR, = 1.

3.4.3 Existence of endemic equilibrium (EE)

To find the conditions for the existence of equilibrium Q*(S*,1*) for which the disease is
endemic in the population, the system (3.2) is rearranged to get S* and I* which gives:

(u+d+8+a)+bu+d+8I I
(Ry— D(a(u+d+ 36+ a)+ abl*) + aabl*

and I* is given by the equation

§* =

Cil> + G + G +C, =0 (3.5)

where,
C,=b*(u+d+8)(alu+d+6+a)Ry— 1)+ (aa + yp)),
C, = —Ab*B + ab(Raa +yu— B) + 2b(Ry — D(aa(u+d+6+a)+ (u+d +

8)) + Ab%a(u +d + &) + 2b(u + d + 8)(ac + yp),
C; = —a’a+a(Aba —2da+f —2a8 —2au+yp) +yu(d+86+w)+(d+8+u—

2Abya(d+ 6 +u+a)(Ry— 1) +aa(d + 5 + u — 2Ab),
C,=—-Aa(a+d+5+w(Ry,—1).

Using the Descartes’ rule of signs [Wang (2004)], if any of the following conditions are
satisfied for R, > 1, then Eq. (3.5) admits a unique positive real value of I*:
i. €;>0C,>0,C3>0,andC, <O0.
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ii. ¢;,>0,C,>0,C;<0,andC, <0.
iii. ¢;>0,C,<0,C;3<0,andC,<0.

Remark: For R, > 1,C; > 0,and C, < 0, it is also possible to have C, < 0 and C; >
0. In this case, Eq. (3.5) admits three positive real value of I*. In the above conditions, we

have considered the case of unique endemic equilibrium only.

After getting I*, we can obtain S*. It implies the existence of a unique
positive Q*(S*,I*) if one of the above conditions holds true. Hence, we state the

following theorem:
Theorem 3.3: If Ry > 1, the system (3.2) has a unique endemic equilibrium Q*(S*, I*).

Now, we show the uniform persistence of the system (3.2). Let D; be the interior of D
and dD denotes the boundary of D. Epidemiologically, persistence implies that the
subpopulation exists always and will not lead to elimination if initially, they exist. For

this, we propose the following theorem:

Theorem 3.4: If R, > 1, the system (3.2) is uniformly persistent, which means that
there exists a positive constant K such that every solution (S, ) of the system (3.2) with
the initial data (S(0),1(0)) € D, satisfies

Lim inf S(t) = K, Lim inf 1(t) > K,
where K is independent of initial data in D;.
Proof: The proof of this theorem is similar to the proof of theorem 2.5 as discussed in

Chapter 2. Hence, we omitted.
The uniform persistence, along with the boundedness of D, is equivalent to the existence
of a compact set in the interior of D which is absorbing for the system (3.2) [Hutson and

Schmit (1992)]. So, the following theorem is stated:

Theorem 3.5: If R, > 1, then there exists a compact absorbing set B < D;.
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Next, the local stability of Q*(S™, ™) will be discussed.

3.4.4 Stability of endemic equilibrium

The local stability of Q*(S*,I*) is explored as follow:

The variational matrix corresponding to Q*(S*, I*) of the system (3.2) is given by

/ ﬁyl*z ﬁaS*z \
Joe = K (aS* + yI*)? (aS* + yI*)? |
@S*+yI)2  (as" +y1)z (1+ bI")?2 /

The characteristic equation of the variational matrix J,« is given by the following
equation

2+e6T1+6,=0 (3.6)

where

e = (Lo BT outdt6) +—
1 (@S*+yI9)2 ' (aS*+yI*)2 " (1+b1*)2 )

€, = < +ﬁy—’*2> (utd+8)+—2 ) Kb
2 K (aS*+yI*)? H (1+bI*)2 (aS*+y19)2 |’

Clearly, the eigenvalues of the variational matrix ], have the negative real part if and
only if e, > 0 and e, > 0. Thus, the results are stated in the form of theorems given

below:

Theorem 3.6: The endemic equilibrium Q*(S*,1*) is locally asymptotically stable if

the following inequalities hold true simultaneously

L‘?ozS*2
(a5*+.y1*)2 < Ml (37)
_upas” (3.8)
(aS*+yI*)2 2 '
where
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= (B _a__
M, = ((as*m*)z +Qu+d+o)+ (1+b1*)z>'

_ 2 _a__
MZ - <<nu + (aS*+]/I*)2> ((.u + d + 6) + (1+b1*)2>>'

Theorem 3.7: The endemic equilibrium Q*(S*,1*), whenever exists, is a saddle point
if the inequality (3.7) and the following inequality hold true

upas*®
(aS*+yI*)?2

> M, (3.9
Theorem 3.8: The endemic equilibrium Q*(S*,I*), whenever exists is unstable if the

inequality (3.8) and the following inequality hold true

,80(5*2
(aS*+yI*)?2

M, (3.10)
Theorem 3.9: The system (3.2) exhibits the Hopf bifurcation near endemic
equilibrium Q*(S*,I™) if the inequality (3.8) and following equality hold true

,80(5*2
(aS*+yI*)?2

Proof: Equality (3.11) implies thate; = 0 in Eqg. (3.6) and inequality (3.8) implies
thate, > 0. Thus, Eq. (3.6) has purely imaginary roots. From the theorem 3.6 and
theorem 3.8, it follows that Q*(S™, I*) changes its behavior from stable to instability as g
passes through the critical value g = £* [Dubey et al. (2016)], where

ﬁ*=<2 dts+ a ) (aS* +yI*)?
K (1 + bI*)? aS*? —y[*z

Again, we have

=—(2,u+d+6+

d a
gl U, == 5 1+ bI*)2> *0

Hence, the system (3.2) shows a Hopf bifurcation around (S*,1*) when g = *.

Theorem 3.10: If s < ﬁ, then the system (3.2) does not admit any periodic solution

in the interior of the positive quadrant of the S — | plane.
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Proof: We define a real-valued function in the interior of the S-I plane as follows:

aS +vyl
G(S, 1) = S
Let us consider
BSI
SIH=A—-—uS ———,
g:1(5,1) 2 @S + 1
_ BsI
9205, 1) = S~ WA d+ Ol =77

Then we have

0 d
div (Gg1,Ggz) = 75 (Ggy) + E(ng)

Ay pa (u+d+98)y a(y—abS)

sz S S\(1 + bI)?

Clearly, it can be seen that the above expression can never be equal to zero and also, the

sign of this expression will not be changed in the positive quadrant of the S — I plane, if
the condition S < ﬁ holds true. Then, by Dulac’s criterion [Sastry (1999)], it can be said
that the system (3.2) does not have any periodic solution in the interior of the positive

quadrant of the S-I plane. Epidemiologically, this theorem implies that if the given

condition holds true, then the disease will not reappear in the society.

Since the set D defined in the Lemma 3.1 is a positively invariant set, then the following
theorem is a direct result of the Poincare-Bendixon theorem [Sastry (1999)] showing the

existence of a limit cycle in the interior of the positive quadrant of the S — I plane.

Theorem 3.11: If either inequalities (3.8) and (3.10) or (3.9) are satisfied, then the
system (3.2) has at least one limit cycle in the interior of the positive quadrant of the S-I

plane.

Epidemiologically, the above theorem implies that if the positive equilibrium Q*(S*,I*)

is a saddle point or unstable then disease may reoccur in the society in the future.
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3.5 Numerical simulation

In this section, numerical simulation of the system (3.2) is performed. The following set
of numerically experimental values of the parameters is taken for the simulation [Dubey
et al. (2015) & (2016); Goel and Nilam (2019)]:

A=9,a=0.05p = 0.005u=0.03,d= 001,y = 0.05a=0.01,b = 0.005,6 =
0.005.

At the above parameters values, the endemic equilibrium (Q*)is calculated as
(114.6418,107.9844) and the eigenvalues of the matrix j,- are calculated as

(—0.0381147 + 0.0196544 i). Hence, Q~ is stable.
Initial values are taken as
S(0) = 255,1(0) = 17

Fig. 3.2 shows the changes in susceptible and infected individuals with time. From Fig.
3.2 it can be seen that both susceptible and infected population are approaching to

endemic equilibrium (Q™) with the passage of time.

Fig. 3.3 shows the variation in the infected population at numerous values of initially
infected 1(0). Clearly, it can be observed from the Fig. 3.3 that for all values of 1(0)
infected population is approaching to same steady state.

Figs. 3.4, 3.5 and 3.6 demonstrate the infected population at numerous values of the
transmission rate( 8), measures of inhibition () taken by susceptibles, and measures of
inhibition (y) taken by infectives respectively. It is clear from the Figs 3.5 and 3.6 that
the number of infected individuals is increasing when («) and (y) are decreasing and
Fig. 3.4 demonstrates that the number of infected individuals is increasing when S is

increasing.

Figs. 3.7 and 3.8 exhibit the changes in infected populations at various values of cure rate

(a) and limitation rate (b) in treatment availability respectively. It can be seen form the
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figures that the number of infected are decreasing with increment in cure rate while they

are decreasing with the increment in limitation rate in treatment availability.

Fig. 3.9 indicates the difference in the total number of infected individuals between with
and without Holling type 11 treatment rate. Clearly, it can be seen that when Holling type
Il treatment is given to the infected population then the number of newly infected become
less while the number of newly infected individuals is higher when no Holling type II
treatment given to infectives. Hence, it can be concluded that Holling type Il treatment

plays a vital role to control the infection.

Fig. 3.10 shows the phase plane (S-1 plot) and the occurrence of the limit cycle. For this,
the following set of tested parameters values are taken:

A=7,0=0.064,a =0.0613,y =024, pn=0.002,d =0.005,6 =0.01,a=1,b =
0.0002.

3.6 Conclusions

In this chapter, we contributed to the nonlinear dynamics of the epidemics by proposing a
mathematical SIR epidemic model with a nonlinear incidence rate as the ratio-dependent
functional type for the low density of susceptibles and treatment rate as Holling
functional type Il. Equilibria are obtained for the model, which are called disease-free and
endemic. We investigated the stability of model equilibria and found that disease-free
equilibrium (DFE) is locally asymptotically stable when the basic reproduction number is
less than unity and unstable when greater than unity. We also investigated that model
undergoes a transcritical forward bifurcation with bifurcation parameter g* for DFE
atR, = 1. Further, we investigated that endemic equilibrium (EE) is locally
asymptotically stable when the conditions in theorem 3.6 hold true and unstable when the
conditions stated in theorem 3.8 hold true. Furthermore, we showed that the model
exhibits the Hopf bifurcation near to EE. Non-existence of periodic solutions under the
condition stated in theorem 3.10 shows that the infection will not reappear in the society

in the future if the mentioned conditions are fulfilled. Numerical simulations showed that
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infection can be controlled in the society if the treatment is given to the infected

accordingly managed by Holling type 1l treatment.
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Fig. 3.2: Susceptible (S) and infected (1) population.
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Fig 3.3: Infected population (1) at various values of initially infected population 7(0).
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Fig. 3.8: Variation in the infected population (I) at various values of limitation rate (b)
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Fig. 3.9: Infected population (1) with and without Holling type Il treatment rate.
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CHAPTER 4

TIME-DELAYED SIR EPIDEMIC MODEL WITH
HOLLING FUNCTIONAL TYPE Il INCIDENCE RATE
AND DIFFERENT TREATMENT RATES

In this chapter, a SIR model has been studied for the transmission and control of an
epidemic. The incidence rate of susceptible becoming infectious is extremely crucial in
the spread of disease. The time delay in infectives in the incidence rate is also crucial. A
susceptible-infected-recovered (SIR) mathematical model, with time delay as the
incubation period of the disease, is proposed for the disease transmission dynamics. We
have taken the incidence rate of new infection as Holling functional type Il along with
two different nonlinear treatment rates (Holling functional type Il & IlI) for
understanding the dynamics of the epidemic. The model stability has been analyzed in
terms of the basic reproduction number. Mathematical analysis of the model demonstrates
that disease-free equilibrium (DFE) is locally asymptotically stable when the basic
reproduction number is less than unity. We have explored the stability of the model for
disease-free equilibrium when the basic reproduction number equals to unity by center
manifold theory. We likewise examined some stability conditions for endemic
equilibrium (EE). Further, numerical simulations of the model have been carried out to
support theoretical results.
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4.1 Introduction

The structure of deterministic mathematical models for observing and controlling the
spread of various human diseases is of public health interest in the light of the fact that
the mathematics helps to formulate effective mechanisms for controlling their spread.
After the first compartmental model given by Kermack and Mckendrick [1927], various
mathematical models involving some complex assumptions [Michael et al. (1999); Wang
(2002); Wang and Ruan (2004); Korobeinikov and Maini (2004); Gumel et al. (2006);
Xiao and Ruan (2007); Naresh et al. (2009); Xu and Ma (2009b); Huang et al. (2010a);
Zhang and Yaohong (2010); Buonomo and Lacitignola (2011); Hattaf et al. (2012); Zhou
and Fan (2012); Hattaf and Yousfi (2013); Dubey et al. (2013), (2015) & (2016); Cui et
al. (2017); Li and Zhang (2017); Goel and Nilam (2019)] have been proposed and
considered, for instance, SIR, SIS, SEIR, and SEIRS models. In recent times,
considerable attention has been paid to study the dynamics of epidemic models with
epidemiologically meaningful time delays. In the context of disease transmission, delays
can be caused by a variety of factors. The most well-known reasons for the delay are
(i) the latency of the infection in a vector and (ii) the latency of the infection in an
infected host [Huang et al. (2010a) & (2010b); Li and Liu (2014)]. In these cases, some
time should elapse before the level of infection in the infected host or the vector is

sufficiently high to transmit the infection further.

It is well known that disease transmission progress plays a vital role in epidemic
dynamics; that is, different incidence rates can potentially change the behavior of the
system. In many epidemic models, numerous incidence functions with or without delay
are widely used in different epidemiological backgrounds [Li and Liu (2014)]. The
incidence rate can also be modeled by many other kinds of more general functions. It is
interesting whether the functional form of the incidence rate can change the epidemic
dynamics or not. Liu et al. [1987] suggested a nonlinear saturated incidence function
BSI'/(1 + aI™) to model the impact of behavioral changes in particular communicable
diseases, where SSI' describes the infection force of the disease, 1/(1 + aI™) measures
the inhibition effect from the behavioral change of the susceptible people when the
number of infectious people increases; [,h and B are all positive constants, and « is a

nonnegative constant. The case [l = h = 1, i.e. the incidence function becomes SSI/(1 +
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al), was used by Capasso and Serio [1978] to represent a ‘‘protection measure’’ in

modeling the cholera epidemics in Bari in 1973.

In classical epidemic models, the treatment rate of infected individuals is assumed to be
either constant or proportional to the number of infected individuals. However, we know
that there are limited treatment resources available in the community. Therefore, this is
very important to choose a suitable treatment rate for a disease. Zhou and Fan [2012]
proposed an epidemic model with following treatment rate (Holling type I1):
al

1+bl’
They have shown that with varying amount of medical resources and their supply

H() = [>0,a>0b>0.

efficiency, the target model admits various bifurcations. The detail explanations of the
Holling type Il treatment rate is already given in section 3.1. Further, to contribute more
in the study of nonlinear treatment, we incorporate the Holling type 11l [Dubey et al.
(2013) & (2016)] treatment rate, which characterizes the case in which removal rate is
initially fast with increment in infectives and then it grows slowly and finally settles to a
saturated value. Any subsequent expansion in infectives won’t influence the removal
/recovery rate. This case relates to a known disease which has re-emergence and available
treatment methods. The following functional form is known as Holling functional type 11

treatment rate:
2

HID) =13

a,b,I>0.

In this chapter, we propose and analyze a mathematical susceptible-infected-recovered
model to gain a better understanding of transmission and subsequent control of the spread
of infectious/communicable disease via a combination of nonlinear saturated incidence
and different treatment rates. We incorporate time delay in incidence rate as the
incubation period of the disease. We show the positivity and boundedness of the solution
of the model. Further, we find the equilibrium points of the model and discuss the local
and global stability of the equilibria. For the combination of Holling type Il incidence and
treatment rates, we explore only local stability of equilibria and for the combination of
Holling type Il incidence and Holling type 111 treatment rates, we explore the local as well
as global stability of the equilibria. The stability of equilibria is discussed by using the

basic reproduction number [Driessche and Watmogh (2002)], Routh-Hurwitz criterion,
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and Lyapunov functional. Moreover, bifurcation analysis is also discussed. Our goal is to
study the effect of nonlinear incidence along with time delay and Holling type Il & 111
treatment rates, on the transmission dynamics of the infectious disease in the human

population.

4.2 Mathematical model

In this section, an epidemic transmission model is being proposed. For this, it is assumed
that the total population at time ¢t is N(t), which we divide into three compartments:
susceptible individuals compartment S(t), infected individuals compartment I(t) and
recovered individuals compartment R(t). The definitions of susceptible, infected and
recovered people have already been given in section 1.5. Further, it is assumed that
infected people are being treated for the recovery with Holling type treatment rates.
Furthermore, the susceptible population is recruited at a constant rate A. The natural death
rate is supposed to be the same for all the individuals and is represented by . The contact
capable of leading the infection in the human population is assumed as a rate f8
(transmission rate of infection). The protection measures (psychological or inhibitory
effect) are considered at a rate . The infected people also die due to disease related death
at a rate d (disease-induced mortality). The rate of cure of infectious is a and limitation
rate in the treatment of infected is b. The rate of recovery from the infection is y. The
progression of an epidemic in a different compartment is shown by the block diagram in
Fig. 4.1 below:

A BSI(t-T)
—_ S(t) 1+al(t—r)> I(t)‘

v

us (u+d) UR

Fig. 4.1: Transfer diagram of the infection through various compartments.

These assumptions lead to the following nonlinear system of the delay differential

equations to describe the changes in S(t), I(t) and R(t) with respect to time t:
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as() _ A - uS(t) - BSI(t—T)

dt 1+al(t-1)
ar@e) _ Bs@iIt-r) _

dt  1+al(t-t) (u+d +V)I(t) H(I(?)), 4.2)
dR(t)

HI(®)) +yI(t) — pR(t).

at

where T > 0 is a fixed time during which the infectious agents develop in the vector and
it is only after that time that the infected vector can infect a susceptible person.

The initial conditions of (4.1) are given by

S(0) = 91(0),1(8) = 92(0),R(0) = ¢3(0), ¢;(6) =0,0 € [-7,0],90;(0) >0 (i =
1,2,3) (4.1.1)

where (¢1(8), 9,(8),p5(0)) € C([—7,0],R3). Here C denotes the Banach space of

continuous functions mapping the interval [—, 0] into R3.

The term H(I(t)) is denoting the nonlinear saturated treatment rate. H(I(t)) is taken in

following two form:

. 1(t) .

i H(I®) = m (Holling type Il treatment rate).
2

i. Hy(I(D) = % (Holling type 11 treatment rate).

BS®)I(t—7)

The incidence rate
1+al(t—71)

represents the rate at the time (t — ) at which susceptible

individuals leave the susceptible class and enter in the infectious class at time t.

4.3 Basic properties of the model

For ecological regions, it is assumed that all parameters A4, u, 5,d,y, a, b are positive and
state variables of the model (4.1) are nonnegative i.e. (S,1,R) € R3. This can be seen as

follows:

Theorem 4.1: The set D ={(S,,R) e R3:0<S(t) +I(t) +R(t) < 2} is a

positively invariant and attracting region for the model (4.1.)
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Proof: We assume that the state variables and parameters of the model are non-
negative. Since the right-hand side of the model (4.1) is continuous and differentiable,
therefore the model is well-posed for N(t) > 0. The invariant region for the existence

of the solutions is obtained as follows:

d[S(t)+;(:)+R(t)] _ dllit) <A—uN(@® (4.2)

= 0 <liminf N(t) < limsup N(t) S% (ast » o). (4.3)

Since N(t) > 0 on [—T, 0], by assumption N(t) > 0 for allt > 0. Therefore, from Eq.
(4.2) above, N(t) can’t approach to infinity in finite time. The model system is dissipative
and therefore, the solution exists globally for all ¢ > 0in the invariant and compact

set D = {(S,1,R) € RE:S(6) + 1(8) + R(t) = N(©) szi} As N -0, S&),I1()

and R(t) also tend to zero. Hence, each of these terms tends to zero as N(t) does. It is

therefore natural to interpret these terms as zero when N(t) = 0.

Without loss of generality, for mathematical analysis of the above system (4.1) we
consider the following reduced framework (system):

as® _ . _ Bsit=D)
a A—ps@®) 1+al(t-1)

a) _ Bsit-o B
dt  1+al(t-1) (u+d+y)I(t) —HU®), (4.4)

with initial conditions

where (¢4(0),9,(8),) € C([—7, 0], R2). Here C denotes the Banach space of continuous

functions mapping the interval [—7, 0] into R3.

Theorem 4.2: All state variables (S(t),I(t)) of the system (4.4) with the initial
condition (4.4.1) are nonnegative.

Proof: First we show that S(t) is nonnegative for all t > 0. On the contrary, it is
assumed that there exist t; > 0 be the first time such that S(t;) = 0, then by the first
equation of the system (4.4) we have S'(t;) = A > 0, and hence S(t) < 0 for t € (t; —

64



& t;), where ¢ > 0 is sufficiently small. This contradicts S(t) > 0 for t € [0,¢t;). It
follows that S(t) >0 for t > 0. Now, we prove that positivity of solution I(t).
Integrating the second equation of the system (4.4) from 0 to t for 0 < t < 7, by applying

the variation of constant formula and the step by step integration method, we obtain:

I(t) — I(O)e—(/.L+d+y)t_ef0tF(S(S),I((S—T),I(S)) dé

BS(8I(5-T) H(1())
here, F(S(8), 1(8 —1),1(8)) = ( s — e )

It is easy to see that I(t) > 0 for all 0 <t < 7. Integrating the second equation of the

system (4.4) from tto t for T < t < 27 gives
1(6) = I(z)e~ WL oI FS@IE-D15) a5

Note that I(t) > 0 for all T <t < 27 and this procedure can easily carry on. It follows

that for all ¢ > 0, we have I(t) > 0. This completes the proof.
4.4 Equilibrium points

In this section, we obtain the equilibrium points of the system (4.4). The equilibrium
solutions of a system with time delay are the same as those of the corresponding system
with zero delays [Tipsri and Chinviriyasit (2014)]. The equilibria of the system (4.4) are
calculated by putting the right-hand terms to zero which are as follows:

i.  Disease-free equilibrium (DFE) Q (2 O),

ii.  Endemic equilibrium (EE) Q*(S*,I").

4.5 Stability analysis of the equilibria for the combination of Holling
type Il incidence and treatment rates

In this section, we discuss the local stability of model equilibria when the incidence and
treatment rates are Holling functional type I1. For the stability behavior, first, we compute

the basic reproduction number (Ry).

4.5.1 Computation of basic reproduction number (R,)
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The characteristic equation of the system (4.4) evaluated at Q is given as:

BA )t
(,u+A)(7e —6—a—A)=O,where6=(u+d+y) (4.5)
Eq. (4.5) has aroot A, = —u and other roots can be evaluated from

BA o=t _5 _q_21=0.

u
The term %e‘“ att = 0, is known as the basic reproduction number, denoted by R,,.
Therefore, we define the basic reproduction number R, of our model by Ry, = M(ﬁia) :

4.5.2 Analysis for Ry # 1

Clearly, Eq. (4.5) always has one negative root 1, = —u and other roots are determined

by the solution of the equation
A+6+a—i—Ae_“=0 (4.6)

Let
A
f(l)=/1+5+a—'87 e~

If R, > 1, for A real,

f(0)=6+a—ﬁ7‘4<0,%igf(/1)—>+oo

Hence, there exists a positive real root of f(1) = 0ifR, > 1.
If Ry < 1, we assume that Re 1 > 0.

We notice that

BA

A
Rel=%9‘Re“coslm/lr—6—aS7—6—a<O.

a contradiction to our assumption. Hence, if R, < 1 then the root A of Eq. (4.5) has a

negative real part.
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Thus, we state the following theorem:

Theorem 4.3: DFE (Q) is locally asymptotically stable if R, < 1 and unstable if R, >

1fort > 0.

45.3 Analysisat Ry =1
i. Fort=0

We notice that the system (4.4) is being evaluated at R, =1 and g = B* = @ has a

zero eigenvalue and another eigenvalue is negative. The stability behavior of the
equilibrium point at R, = 1 cannot be determined using linearization so we use center
manifold theory [Sastry (1999)]. For this, we redefined S = x; and I = x,, then the

system (4.4) can be rewritten as

dx; Bx1x;

?:A_‘uxl_1+ax25f1’
dx; _ Pxix; _ __axx; _
dt 1+ax, (’u td+ )/)Xz 1+bx, fz- (4'7)

Let J* be the Jacobian matrix at R, = 1 and bifurcation parameter § = 8*. Then
B A
* _,u -
I = [ U
0 0

Let u = [uy,u, ] and w = [wy,w, |7 be the left eigenvector and right eigenvector of
J*associated with the zero (null) eigenvalue. Then we have

p"A

u; =0,u, =1landw; = —?,wz = 1.

The non-zero partial derivatives corresponding to the functions of the system (4.7)

evaluatedat Ry = 1and B = B~ are

9%f, ) . ( 9%f, ) . (3zfz) _ —2ap'A ( 9f, ) _a
(axlaxz 0 =F omom 0 =F 5, 0o K +2ab and (720 0o K
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The bifurcation constants a;and b; may be computed using the theorem 4.1 of [Chavez

and Song (2004)] as follows:

2
—_ V2 0°fk
a; = Zk,i,j:l ukWin( )
Q

6xi6xj

i , (—2aB"A
= Uy 2W1W2ﬁ + %) (T + 2ab>

_, (ab . <M>)
u

and

0%f
by = Y2 . ww; (—)
1 Zk,l—l kWi axiaﬁ*

=u (W A)
2 ZH

450
u

Q

Thus, the following theorem may be stated using theorem 4.1(iv) of [Chavez and Song

(2004)1, as follows:

Theorem 4.4: For transcritical bifurcation, we have the following results:
B*A(B* +ua)

i) Ifab< e the behavior of DFE (Q) changes from stable to unstable at

R, =1 and there exists a positive equilibrium as R, crosses one. Thus, the

system (4.4) undergoes a forward transcritical bifurcation at R, = 1.

i) If ab > w, there will be either a backward transcritical bifurcation or a

2

saddle-node bifurcation.

ii. Fort>0

If Rp, =1, then 1 =0 is a simple root of Eq. (4.5). Let A = x + iy any of the other

solutions, then Eq. (4.6) change into:
; _BA _(x+iy)r _
x+iy +6+a L€ =0 (4.8)

By using Euler’s formula and by separating real and imaginary parts we can write
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x+8+a= i—Acos yT e 7, y = —%Asinyr e Tt (4.9)

Observing that R, = 1 implies %A = (6 + a). Moreover, there exists a root satisfying
both Egs. (4.9), so they also satisfy the equation obtained by squaring and adding them
member to member; we obtain

(x+6+a)+y*=(6+a)e #". (4.10)

For Eqg. (4.10) to be satisfied, we must have x < 0. Thus, we proposed the following

theorem:

Theorem 4.5: DFE of the system (4.4) is linearly neutrally stable if R, = 1.

4.5.4 Existence and stability analysis of endemic equilibrium

To find the conditions for the existence of an equilibrium Q*(S*, I*) for which the disease
is endemic in the population, the system (4.4) is rearranged to get S*and I* which gives
A—uS*
pS* — (A—uSHa’
where S™* is given by the following equation

I =

CiS*? 4+ C,8*+C3=0 (4.11)
here,
C, = —B? + bfu — 2afu + bau?® — a’u?,
C, = aff — AbB + 2Aaf + BS + aau — 2Abap + 2Aa’u — béu + adu ,
C; = —ala + A’ba — A%a? + AbS — Adé.

Using Descartes’ rule of signs [Wang (2004)], the existence of unique positive real [* of
Eq. (4.11) is required to satisfy any of the following conditions is satisfied:

i. ¢;,>0C,>0and(; <O0.

i. ¢;>0,C,<0andC; <O0.

iii. €, <0,C,<0andC; > 0.
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After getting S*, we can get I*. Hence, a unique positive Q*(S*,1*) exists if one of the

above conditions hold true.

The local stability of Q* is explored as follows:
The characteristic equation of the system (4.4) at the endemic equilibrium point Q* is
given by the following second degree transcendental equation

22 +pod+qo+ (p1A+q)e " =0,

where

_ a BI*
Po = (5 tTHT (1+b1*)2 + (1+a1*)) ’

_ ua SpI* apr* )
9o = (6# T (1+b1*)2 T (1+al*) ' (1+al*)(1+b1*)2 )’
_ _—Bs”
b1 = ez
_ _THBS”
ql - (1+a1*)2'

Theorem 4.6: Fort = 0, Q* is locally asymptotically stable if both f— < g and f— <1

hold true simultaneously.
Proof: At Q*, the characteristic equation at T = 0 is given by
A2 +pod +qo + (1A +q1) =0, (4.12)

It is easy to show that if f— < % andf—: < 1 are satisfied simultaneously then

a BI* BS*

Potp1 = 5+ [ (1+b1*)2 + (1+ar*) - (1+arl*)?

a (Bal**+(BI*—BS™)) oS
(1+4b17)2 (1+al*)? > 0if I =1,

=6+tu+t

_ ua 6BI* apI* _ ups*
o+ q1 = 6p + (1+b1*)2 + (1+al®) + (1+al)(1+b1)2  (1+al*)?

ua apl* (BasI"*+(8BI*—upS™))
(1+b1*)2 ~ (A+al*)(1+bI*)2 (1+al*)?

= ou + >0ifS<?
1 u

Hence, by the definition of the Routh-Hurwitz criterion, Q* is locally asymptotically

stable when t = 0.
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I=

Theorem 4.7: Fort > 0, Q* is locally asymptotically stable if all three

<

(1+bI*)2 — a —
S* 1) S* A .

1, i m and =< 1 are satisfied simultaneously.

Proof: At Q*, the characteristic equation at T > 0 is given by
2+ pod+qo+ (p1A+q)e™ =0, (4.13)

Fort > 0, corollary 2.4 of Ruan and Wei [2003] ensure that if the endemic
equilibrium Q™ is unstable for particular values of delay then roots of the characteristic
equation (4.13) must intersect the imaginary axis. Thus, to prove the stability of the
system (4.4), we will use the contradictory assumption i.e. we assume that A = iw,w > 0
is the root of the Eq. (4.13).

Substituting A = iw in equation (4.13), we get

—w? + qg + prwsinwt + q; coswt + i (pyw cos wt — q; SinwT + pyw) = 0.

(4.14)

On separating real and imaginary part of Eq. (4.14), we get
pLw Sinwt + g coswt = w? — q, (4.15)
P1@ COSWT — @y SinWT = —pyw (4.16)
On squaring and adding both sides of Egs. (4.15) & (4.16) yield
w* + (po® = 290 — P10* + (q* — :>) = 0 (4.17)
Letting w? = z;, Eq. (4.17) becomes

le + PZl + T = 0 (418)
Here, P = (po® — 290 — p1?) and T = (qo* — ¢:%)
It is easy to show that if L _<f<1, 5 <%andZ <1 are satisfied

(1+bI1*)? a I u I

simultaneously then
P = (o® —2q0 — p1?)

N * *
_ a BI _ pa 8p1 apl —
- (5 tut (1+bI%)2 + (1+al) ) 2 (5“ + (1+bI%)? + (1+arl*) + (1+a1*)(1+b1*)2)

((1_+if:)2 )2
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o2 P P _ 1 2par* 2B1* u 1
=6"+a"+ ue+ 26a + Zap (1 (1+b1*)2) + (1+ar*) + a(l+al*) (a (1+b1*)2) +

2
—(H’fx S (P +ar? -1+ (1 - 5) > 0,

T = (%2 - CI12)

=(5#+ . — )2_(—uﬁs* )2

(1+b1%)2  (A+al*)  (A+al*)(1+bI*)?2 (1+arl*)?

_ ua spI* apr* Z (8B \? B2 2 %2
- (5,11 T (1+b1*)2 T (1+ar*) T (A+al*)(1+bI1*)? ) ((1+a1*)) T (A+ar*)* (6 I (1 T

al*)? — §21°% + (8%1"% - ,uZS*Z)) > 0.
Clearly, if P > 0 and T > 0 are satisfied simultaneously then by the definition of Routh-
Hurwitz criterion Eqg. (4.18) will always have roots with a negative real part. It contradicts
to our assumption for instability that A = iw is the root of Eq. (4.13). Hence, the endemic

equilibrium Q* of the system (4.4) is locally asymptotically stable when ¢ > 0.

4.6 Stability analysis of the equilibria for the combination of Holling

type Il incidence and Holling type 111 treatment rates

4.6.1 Computation of the basic reproduction number (R)

The characteristic equation of the system (4.4) at Q is given by the following equation:
(u+/1)(,1—”;—“ eM+ (utd+y))=0 (4.19)

__BA
u(u+d+y)

The threshold parameter R is helpful in describing the spread of an infectious disease.

The term e~ at t = 0 is known as basic reproduction number denoted as R,,.

Thus, R, for the system (4.4) is obtained as

BA

Ry=— "2
" T u(u+d+y)

4.6.2 Analysis for Ry # 1
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One of the roots of Eq. (4.19) is given by A, = —u and the other roots can be obtained

from
BA _ar —
e —(u+d+y)—1=0 (4.20)
Suppose that,
I E —At
GA) =21 L€ +(u+d+y (4.21)

If R, > 1, for A real,
G(0) = (u+d+y) =25 = (u+d+y)(1=Ry), LimG(A) - +oo,

Hence, G(A) = 0 has a positive real root if R, > 1.
If R, < 1, we assume that Re A > 0.

We see that
BA ... , R
Rel=—e Re Tcoslmlr—(,u+d+y)§(/l ))( 0 1)<0

a contradiction to our assumption. Hence, if R, < 1 then the characteristic root A of Eq.

(4.20) has a negative real part.

Thus, the following theorem is proposed:

Theorem 4.8: DFE Q is locally asymptotically stable (LAS) when R, <1 and

unstable when R, > 1.

4.6.3 Analysisat Ry, =1

If Ry =1, then 1 =0 is a simple root of Eq. (4.19). Let A = x + iy be any of the other

solutions, then Eq. (4.20) becomes:

x+iy+u+d+y—%Ae‘(x+iY)T =0 (4.22)

By using Euler’s formula and by separating real and imaginary parts we can Write
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x+u+d+y=ﬁTA CoS YT e‘”,yz—i—AsinyT e "t (4.23)

Observing that R, =1 implies %Az (u+d +7vy). Moreover, if there exists a root

satisfying both the equations of (4.23), then it also satisfies the equation obtained by

squaring and adding them member to member,
(x+pu+d+y)P+y>=@+d+y)e (4.24)

For Eq. (4.24) to be verified, we must have x < 0. Thus, we propose the following

theorem:

Theorem 4.9: DFE Q of the system (4.4) is linearly neutrally stable if R, = 1 fort >
0.

4.6.4 Existence and stability analysis of the endemic equilibrium

To establish the existence of an endemic equilibrium Q*(S*,I*), the right-hand side of
the system (4.4) is equated to zero. Thus, the solution of the following set of algebraic
equations gives the endemic equilibrium point Q*(S*, I'*) for the proposed model system:

BS It . BST ar?

A—pST— 1+al* 1+a1*—(,u+d+y)] T 1+p 12

= 0. (4.25)

J

The solution of Eq. (4.25) gives

. AQd+al)
u+ (ua + pHre

and I* is given by the following cubic equation
P(I*) = Ko + Ky I* + K, I*? + K3 1* = 0 (4.26)
where
Ko=AB —yu—p?—pd = u(u+d+y)(Ry — 1),
Ki=—-B+a)(y +u+d)—pua,
Ko =uly+p+d)bRo—1) — (B + awa,
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K; ==+ aw)(y + u+ d)b.

Next, we propose the following result for the existence of endemic equilibrium:

Theorem 4.10: If R, > 1, then there are either one or three positive endemic
equilibria, if all equilibria are simple roots and if R, <1 then no positive endemic
equilibria exist.

Proof: It is evident from the expressions of Ky, K;,K, and K, that K; and K; are
always negative. Suppose R, > 1 (K, > 0). The leading coefficient K; is negative.
Hence, Ilrirgol P(I*) = —oo. Also, note that P(0) > 0 when R, > 1. P(I*) is a continuous

function of I* and by applying fundamental theorem of algebra, it is evident that Eq.
(4.26) can have at most three real roots. By a geometric argument, it is readily seen that
there is either one or three positive endemic equilibria, if all equilibria are simple roots.
Whereas, when R, < 1 then the coefficients K,, K;, K, and K5 all are negative then by a
fundamental theorem of algebra, we know that Eq. (4.26) can’t have any positive real root
and when R, = 1 then the coefficients K|, is zero and other coefficients K;, K, and K; all
are negative then by a fundamental theorem of algebra, this polynomial cannot have any

positive real root.

To discuss the local stability of the system (4.4) at Q*, we linearize the system (4.4) at Q*
and obtained the characteristic equation which is as given below:
A2+ M;A+ Ny + (Mpd+ Nye =0 (4.27)

(1+I*a)(y+2u+d+1*3(ﬁ+a(y+2u+d))b2+1*(ﬁ+a(y+2u+d)+2(yb+2ub+db+a)))
1= (1+I*a@)2(1+1*b)?

(1+1*a)1*2(2[>’b+(y+2u+d)b2+2a(yb+2ub+db+a))
(1+1*a)2(1+1*b)? !

__—S'B
27 (1+1*a)2”’

_ A+ ) (u+I* (B+aw) (y+u+d)
(1+I*a)? ’

Ny

_ _—SBu
2 (A+I*a)?’
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Theorem 4.11: Fort > 0, the system (4.4) at Q* is locally asymptotically stable if
M,* — 2N; — M,* > 0 and N;* — N,* > 0 hold true simultaneously.

Proof: At endemic equilibrium Q* the characteristic equation of the system for ¢ > 0 is

given by the Eq. (4.27)
A2+ M;A+ Ny + (Mpd+ Ny)e =0

For T > 0, by corollary 2.4 of Ruan and Wei [2003], a characteristic root of the Eq.
(4.27) must cross the imaginary axis for instability, for a specific value of z. Accordingly,
let A = iw,w > 0 is the root of the characteristic equation (4.27). Putting 1 = iw in the
Eq. (4.27) gives:

—w? + N; + Myw sinwt + N, coswt + i (Myw coswt — N, sinwt + M;w) =0
(4.28)
Using Euler’s formula and separating the real and imaginary part of Eq. (4.28), we get
M,w sin wt + N, cos wt = w? — N; (4.29)
M,w cos wt — N, sinwt = —M;w (4.30)
Squaring and adding both sides of Egs. (4.29) & (4.30) yields
w* + (My? = 2Ny — My>)w? + (N> = N,?) =0 (4.31)
Setting w? = Z;, Eq. (4.31) becomes

Z2+MZ,+T=0 (4.32)
Here, M = (M,*> — 2N; — M,*) and T = (N,*> — N,?).

Clearly, if M =(M;*—2N; —M,*) >0 and T =(N,>—N,*)>0 are satisfied
simultaneously then by Routh-Hurwitz Criterion Eq. (4.32) will always have roots with
the negative real part. It contradicts our assumption for instability that A = iw is a root of

Eq. (4.27). Hence, Q* is locally asymptotically stable for t > 0.

4.6.5 Hopf bifurcation analysis
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In this section, we discuss the Hopf bifurcation of the system (4.4).

If T = (N,* — N,?) in Eq. (4.32) is negative then there is unique positive w, satisfying
Eq. (4.32) i. e. there is a single pair of purely imaginary roots +iw, to Eq. (4.32).
From Egs. (4.39) & (4.30) t,, corresponding to w, can be obtained as

(NZ—Mle)(Uoz_NlNZ) 2nn (4.33)

1
T, = — arccos +—,n=01,2,...
n (O ( M22w02+N22 (O ’ P

Endemic equilibrium Q* is stable for T < t, if transversality condition holds true i.e.

if = (Re (1) >0

=i(l)0

Differentiating Eq. (4.27) with respect to 7, we get

(22 + My + Mye ™ — (M, + Ny)te™47) 2 = A(Myd + Np)e ™ (4.34)
(d_;t)—l _ (224My+Mae M —(MaA4N)Te™AT)  (2A+My) M, T

dr - A(MaA+Ny)e—2T T AMaA+Ny)e AT T A(MaA+N,) A
(@)—1  (2A+My) M, T

dr T —A(A2+M1A+N1)  A(MaA+Ny) A

GRe)”| =k (@)™

A=l’wo

=Re( (2iwo+Mq) n M, _L)

—iwo(—w02+iM1w0+N1) iwo(iM2w0+N2) i(l)o

_ i (2i(00+M1) M2 .
- Re <0)0 ((woz—Nl)i+M1w0) + (—M2w0+iN2) + T ))

_ 1 (Zwo(woz—N1)+M12w0 MZZ(J)O )
- (Wo%=N1)2+(M1wg)?  (Mpwg)?+N,?

wWo

_ 2wo2+(M1%2-2N1-M,?)
(M2w0)%+N3?

Np? + (Myw)? = (Mawg)? + N,*)

(Since, from Egs. (4.29) & (4.30), (wy? —

Under the condition M;* — 2N; — M,* = 0, we have %(Re (/1))|/1 >0
=lwo

Thus, the transversality condition holds and Hopf bifurcation occurs at w = wq, T = 7.
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By summarizing the above analysis, we arrive at the following Theorem.

Theorem 4.12: The endemic equilibrium (EE) of the system (4.4) is locally

asymptotically stable for 7 € [0, ) and it exhibits Hopf bifurcation at t = 7, .

4.6.6 Global stability analysis

We suppose that,

1(t)

H(S(t) =S, F(I(t)) = T altd

To prove our results, we need the following assumptions:

Al H(0) = F(0) = 0; H'(S) > 0, forall S,1> 0.

2
TFD 0, forall S,I> 0.

A2. F'(I) > 0; =2 <

e F(I) (utd+y) 1422,
1+bI? . 1+bI2
neorn 2 Lor o2 L gy < forall $,1>0.

F(D o 4. (u+d+y)I+
F(s —

A3.
Theorem 4.13: Suppose that assumptions (A1-A3) are satisfied.
i. If Ry > 1, the endemic equilibrium Q*(S*,1") is globally asymptotically stable for

anyt = 0.

ii. If Ry<1, the disease-free equilibrium Q(SO,O)zQ(ﬁ,O) is globally

asymptotically stable for any 7 > 0.
Proof:
i) Let us consider the solution (S(t),I(t)) of the system (4.4) with the initial

conditions. For any T > 0, we define the function U, (t) as follows:

S H(S™) 1(6) F(I*
U(D) = S@ = [0 5 dn +10) = [, T3 dn.

Korobeinikov and Maini [2004] showed that Q* is the only internal stationary point and
the minimum point of U, (t) — oo at the boundary of the positive quadrant. Therefore, Q*

is the global minimum point, and the function is bounded from below.

Let
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_ (F[FUC=8) _ 4 FUE-9)
Uz = fO [ F(I") 1 F(I%) ]d(’(

It is easy to see that U, > 0 and U, = O ifand only if I(t — &) =I" forall ¢ € [0, 7]. For
any positive I(t — &) for € in [0, ], U, will be finite and can be differentiated. Therefore,

the derivative of U, is

v, _ FU@E=§) . 1 FUE=§)
dar f [ F(I%) In F(I") ]df
_ (TA[FUE-8) 4 F(l(t $))
- fO dt[ F(I%) 1 F(I%) ] dg
_ (T Ad[FU-9) 4 F(I(t £))
fO df[ F(I*) F(I*) ] dg

__ [F(I(t—s‘)) _ 1 _ g Fue=*

F(I") FI ey
_ _F(lt-9) , FI®) F(I(t-1))
- F(I*) + F(I*) +1n F(D)

Now we study the behavior of Lyapunov functional

=U O+ @u+d+y+ blz)l U,

The derivative of V; along the solution of (4.4) is given by

dv, H(SH) . F(IM)\ . al* \ _dU,
E=<1_ H(S)>S(t)+<1— F(I)>I(t)+<,u+d+y+1+b1*2)1 —

_ HESDN . R
- <1— H(S)>(’u5 +H(S)F(I") —pS — H(S)F(I(t — 1))

F(I) al?
+ < 0 > <H(S)F(I(t —D)—(u+d+y)- T b12>

I F(I(t - F(I
B (H tdty+ 1 -|(—1b1*2) r < (15(1*;)) - F((I*))
F(I(t —
By noting that
I FUC=D) _ B |y HOF(G-D)

FU*) ~  H(S) H(S)F(I)
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and

(k+d+y+—25) 1 = HESHFUY),

It is easy to see that

1 " (s") (s
dth _H(s)(H(S)_H(S ))(5 —S)+ H(SHFU* )( I;(S;) 1:1(5;))4_

o~ H(S)F(I(t-1)) _ H(S)FU(t-1)) g | (ED
H(SOFU) (1 + inZ2ECD SO 1 (5P () | (5

2
(u+d+)/)l+1+bl2
1) (1 - H(S*)F(I) )

Here,

1- HE™) + In——= HEST <0;forall S>0,and 1 +1In HOFUE-D) _ HOF((-D) < 0; for all
H(S) H(S) H(S*)F(I) H(S*)F(I)

I(t—1)>0,S>0. (4.35)

For monotonically increasing function H(S),H(S) = H(S*) holds when S > S* and

hence the following inequalities holds:
(§*—S)(H(S)—H(S)) <O. (4.36)

Hence, by condition (A3) and inequalities (4.35)-(4.36), all the conditions of corollary 5.2
of [Kuang (1993)] hold true. Hence, Q* is globally asymptotically stable for any 7 > 0

when R, > 1.

i) We consider the Lyapunov functional

Vo= S(0) =[50 558 dy + 1(6) + H(So) [y F(I(t = §)ds. (4.37)

Let
Us = [ F(I(t — §))dE.

The derivative of U; is

aus _
dt

) th(I(t —&))dé = — d%F(I(t —8))dE=—-F(I(t—-1)+F(I®).
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Hence, we obtain

av, H(So) dUs
L =(1- H(S))S(t) + () + H(Sp) 2

=(1- 1;((550))) (uSo — 1S = HSFU(t — 1)) + (HOF(I(t = 1) = (u+d +

VI = 222) — HSOF(I(t = 1) + HS)F(I(1)

1+bI2

H(So)F(1() )

+(u+d+ )( rdsy)

(S —=Se)(H(S) —H(Sy)) —

H(S) 1+bI2

Here,

(S—=S)(H(S) —H(Sp)) =0 (4.38)

and the condition (A2) ensure that F(I) < ?I forall I > 0. Hence,

BF(O)

H(SQ)F(I(®)) < (H(So)

e s 1)1 = (Ry — DI (4.39)

Therefore, R, <1 ensures that C;—t<0 for all S(t),I(t) = 0. Hence, again from

Corollary 5.2 of [Kuang (1993)], we have that Q is stable. Furthermore, for R, = 1, dV2 =

0 implies that S(t) = S,. Hence, it can be shown that Q(S,, 0) is the largest invariant set
in {(S(©),1(t)) | V, = 0}. With the help of the classical Lyapunov-LaSalle invariance
principle [Hale and Lunel (1993); Sastry (1999)], Q is globally stable.

This completes the proof of theorem 4.13.

4.6.7 Undelayed system

In this subsection, we consider the case of instantaneous transmission of primary
infection. We perform a qualitative analysis of the system (4.4) without delay, i.e., we
set T = 0. This analysis has interest in itself and will also allow getting some information

on the stability of coexistence equilibrium in the case with delay.

It is useful to investigate the stability properties of the system (4.4), without delay, near

the criticality (that is at Q and R, = 1). To achieve this aim, we use the bifurcation
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theory approach developed in [Buonomo and Cerasuolo (2015)], which is based on the
center manifold theory [Sastry (1999)]. In particular, we are interested to assess that if
there is a stable coexistence equilibrium bifurcation form @, and Q changes from being
stable to unstable. This behaviour is called forward bifurcation [Buonomo and Cerasuolo
(2015)].

Now, for the undelayed system, we propose the following result:

Theorem 4.14: When t = 0, the system (4.4) exhibits a forward bifurcation at Q
and Ry = 1.
Proof: Clearly, from the expression of R, it can be seen that R, is directly related to £3.

Subsequently, we choose B as the bifurcation parameter. Moreover, R, = 1 implies
that g = B* = W. Since the linearization technique is not applicable to check the

stability behavior at R, = 1, so we use center manifold theory [Sastry (1999)]. For this

we redefine S = x; and I = x5, then the system (4.4) takes the form

(u+d+y)x, -2 =, (4.40)

1+be2

The Jacobian matrix /" of the system (4.40) evaluated at R, =1 and g = 8* around the
disease-free equilibrium is
B A
el
0 0
J' has a simple zero eigenvalue while the other eigenvalue is negative. The right

eigenvector,w = [wq,w, |7 of J' corresponding to zero eigenvalue can be obtained as

under

_pA

wy = _2,W2=1

Similarly, the left eigenvector, u = [uy,u, | of /' corresponding to zero eigenvalue is
obtained as [0, 1]. The non-zero partial derivatives associated with the functions f; and f,
evaluated at Ry = 1and B = B~ are

92, ) _( 9%f, ) . (32f2) _ 2apA ( 9f, ) _ A
(axlaxz o \oxoxi/ =55, 0o & 2aand (7—20) =
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Using theorem 4.1 of [Chavez and Song (2004)], the coefficients a,and b, can be

computed as

2
— V2 °fk
Ay = Xie,ij=1 UkWiW; (axiaxj)Q

= uy | 2wywy B — w2 (# + 2a)>

= — (2225 + 204 1 20) <0
and
by = Xj i1 UkW; (aijgg*)Q

= U, (Wz 2)

=450

u
From the expressions of a; and b,, it is evident that a; < 0 and b; > 0. Therefore, from

theorem 4.1 (iv) of [Chavez and Song (2004)] bifurcation is forward. This completes the
proof.

Theorem 4.15: Fort = 0, the system (4.4) at Q* is locally asymptotically stable if

M; + M, >0 and N; + N, > 0 are satisfied simultaneously.

Proof: At endemic equilibrium Q* the characteristic equation of the system (4.4) is
obtaining by putting 7 = 0 in the Eq. (4.27) as given below:

A2+ M2+ Ny + (MyA+ Ny) =0 (4.41)

Clearly, if M; + M, > 0 and N; + N, > 0 are satisfied simultaneously then by Routh-
Hurwitz Criterion Eq. (4.41) will always have roots with the negative real part and hence,

the system (4.4) at Q* for T = 0 is locally asymptotically stable.

4.7 Numerical simulation

In this section, we will simulate the system (4.2) numerically. The set of values of

parameters is given in Table 4.1.
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Graphs have been plotted for S and I for various values of t. The trajectory of S and
I approach to steady state as shown in Fig. 4.2 and Fig. 4.3 for T = 0 and 1 respectively.
In Figs. 4.2 & 4.3, the number of the infected individuals initially increases and as time
passes, they approach to the steady state which may be due to the treatment. These
individuals once recovered have become immunized to the infection and will not get re-
infected in the future. Furthermore, the number of susceptible individuals decreases to

attain a steady state.

Fig. 4.4 shows the variation in the infected population for the various values of z. It can
be seen that the infected population is less at T = 0 than the infected population at T =
1,2 and 3 respectively. It can be depicted that delay in showing the symptoms of the

disease will cause the increment in the infected population.

Figs. 4.5 & 4.6 demonstrate the effect of treatment/ cure rate (a) and limitation rate (b)
in treatment availability on the infected population with various values of a and b. Fig.
4.5 shows the decline in infected population as treatment rate (a) increases and it settles
down at its steady state, but the disease is not getting totally eliminated rather it will
persist at a much lower level. Fig. 4.6 shows the increment in the infected population as

b increases, which is due to the limited availability of resources in the society.

Figs. 4.7 & 4.8 show the variation in the infected population with and without treatment
rate Holling type Il treatment rate at T = 0 and 1 respectively. It can be observed that the
infected population will decrease drastically if Holling type Il treatment is given at the

appropriate time.

Figs. 4.9 & 4.10 show the infected population at various values of 8 and a respectively.
Clearly, it can be seen that the infected population decreases in both situations, when the
transmission rate () is decreasing and the measures of inhibition (@) is increasing

respectively.

Fig. 4.11 shows the variation in the infected population when treatment to infectives is

given according to Holling type Il and Holling type 111 treatment rates respectively.
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4.8 Conclusions

In this chapter, we proposed a time-delayed SIR model with Holling functional type Il
incidence rate and two different treatment rates (Holling functional type 11 & IlI). The
model analysis showed that the model has two equilibria, namely; disease-free and
endemic. The stability analysis of the model equilibria discussed separately for both
combinations of incidence and treatment rates (i.e. incidence rate as Holling functional
type Il and treatment rate as Holling functional type Il & I1II). The local stability of
disease-free equilibrium (DFE) Q has been explained in terms of the basic reproduction
number R, for both combinations separately. Further, we have shown that the DFE at
R, = 1 is linearly neutrally stable for time delay T > 0 which reveals that disease may
persist at a very low level in society; and exhibits either a forward bifurcation or
backward or possibly saddle-node bifurcation for the time delay 7 = 0 under certain
conditions. Furthermore, we showed that the endemic equilibrium (EE) Q* of the system
(4.2) is locally asymptotically stable for both the combinations at T = 0 if the conditions
stated in theorems 4.6 and 4.15 are satisfied respectively. Furthermore, conditions for the
existence of Hopf bifurcation were discussed. Moreover, for the combination of Holling
type 1l incidence rate and Holling type Il treatment rate, we showed that both DFE and
EE are globally asymptotically stable when R, <1 and R, >1 for time lag t >
0 respectively. Numerical simulations demonstrate that there will be marginal decrement
in the lessening in the infected population in the two circumstances; when the
transmission rate (8) decreases and measures of inhibition («) increases (Figs. 4.9 &
4.10). It very well may be reasoned that the infected population increases with the
increment in a delay in the incidence rate (Fig. 4.4) and the infected population
diminishes when treatment of infectives is given according to Holling type treatment rates
at the proper time (Figs. 4.8 & 4.11).
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Table 4.1: Description and numerical values of parameters for simulation

Parameter Value
Recruitment rate (A4) 6
Measures of inhibition (a) 0.05
Effective contact rate or Transmission rate () 0.007
Natural mortality rate (u) 0.05
Disease induced mortality rate (d) 0.005
Recovery rate (y) 0.003
Treatment or Cure rate (a) 0.02
Limitation rate in treatment availability (b) 0.02
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CHAPTER 5

DYNAMICAL STUDY OF A SIR EPIDEMIC MODEL
ALONG WITH TIME DELAY; HOLLING FUNCTIONAL
TYPE Il INCIDENCE RATE AND MONOD-HALDANE
FUNCTIONAL TYPE TREATMENT RATE

In this chapter, a time-delayed susceptible-infected-recovered epidemic model is being
proposed to capture the role of latency period mathematically along with Holling
functional type incidence rate and Monod-Haldane (M-H) functional type treatment rate
for the diseases like SARS, MERS, etc. The stability of model equilibria has been
established in the three regions of the basic reproduction number R, i. e. R, equals to one,
greater than one and less than one. The model is locally asymptotically stable for disease-
free equilibrium when the basic reproduction number is less than one and unstable when
the basic reproduction number is greater than one. We have investigated the stability of
the disease-free equilibrium at R, equals to one using center manifold theory. We proved
that at R, = 1, disease-free equilibrium changes its stability from stable to unstable. We
also investigated the stability for endemic equilibrium. Further, numerical simulations

have been carried out to strengthen the theoretical findings.
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5.1 Introduction

In mathematical epidemiology literature, many authors [Gumel et al. (2006); Moghadas
and Alexander (2006); Xu and Ma (2009a) & (2009b); Dubey et al. (2013); Hattaf et al.
(2013); Sahani and Yashi (2016)] have suggested various mathematical models for the
disease transmission such as susceptible-infected-recovered (SIR) model, susceptible-
infected-recovered-susceptible (SIRS), susceptible-exposed-infected-recovered (SEIR)
and many others. In this chapter, an attempt has been made to understand the disease
transmission process by incorporating the incidence rate as Holling functional type Il and
treatment rate as Monod-Haldane (M-H) functional type for the diseases like SARS,
MERS, etc. In the modulation of population dynamics, both transmission and treatment
rates play an important role. The incidence of infection is the process in which susceptible
becomes infected via infected population through various channels [Dubey et al. (2016)].
Several authors have suggested that the disease transmission process may have a
nonlinear incidence rate [Moghadas and Alexander (2006); Xu and Ma (2009)]. The
explanations of bilinear and Holling type Il nonlinear incidence rates have already been
given in chapter 2.

In the field of epidemiology, treatment, vaccination, and many more play an important
role in controlling the disease spread. Recently, many researchers [Dubey et al. (2013),
(2015) & (2016); Li and Liu (2014)] have focused on the nonlinear type treatment rates.
Different type of treatment rates like Holling type Il, Holling type Il and many others
have been implemented by the authors in their model to study the dynamics of infectious

diseases. Andrews [1968] had suggested a functional having the form

ml
a+ bl + I?
called the Monod-Haldane functional. Sokol and Howell [1981] had proposed a

G(I) =

simplified Monod-Haldane (M-H) functional having the form

mli

I =
G a+1?

Baek et al. [2009] used this M-H functional to describe the dynamical relation between

prey and predator. Considering these facts, we have incorporated treatment rate as
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simplified M-H functional type in our delayed SIR model with Holling type Il incidence

rate.

In this chapter, we have analyzed the effect of time-delay on a SIR epidemic model along
with Holling functional type Il incidence rate and M-H functional type treatment rate for
the better understanding of transmission dynamics of the diseases like SARS, MERS, etc.
Furthermore, we evaluate the basic reproduction number R,, analyzed the dynamical
behavior of the model and also discussed the stability of the model equilibria. The
stability analysis of equilibria has been done by Descartes’s rule of signs [Wang (2004)]

along with the Routh-Hurwitz criterion.

5.2 Mathematical model

We assume that the total population N(t) is divided into three compartments:
susceptible individuals compartment S(t), infected individuals compartment I(t) and
recovered individuals compartment R(t). We considered that the treatment of infectives
is given according to the simplified Monod-Haldane type treatment rate (h(I) =
al /(I? + b)) for the recovery. The progression of an epidemic in different compartments

has been shown by block diagram as given in Fig. 5.1.

h(1(t))

A BS(t—1)I(t—7) 6I(t)
—_ S S(t) 1+al(t—7) > I(t)
ns(t) (n+d)I(t) HR(t)

Fig. 5.1: Transfer diagram of the infection through various compartments.

The rate of change of the population in each compartment is given by the following

nonlinear system of the delay differential equations:

as(t) _ , _
— =A—uS(t)

BS(t—-D)I(t—-1)
1+al(t—71)

)
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aO) _ BSEDIED (4 d+ §)I(E) -

dt 1+al(t—7)

al(t)
12(t)+b’

(5.1)

dR(t) _ al(®) 3
i 2(o+b + 8I(t) — uR ().

where T > 0 is a fixed time during which the infectious agents develop in the vector and

it is only after this time that the infected vector can infect a susceptible individual.

Let C = C([—7, 0], R3) be the Banach space of continuous functions mapping the interval
[—7,0] to R? with the topology of uniform convergence. By the fundamental theory of
functional differential equations [Hattaf et al. (2013)], it can be shown that there exists a
unique solution (S(t), I(t), R(t)) of the model (5.1) with initial data (Sy, Iy, Ry ) € C.
For ecological reasons, we assume that the initial conditions of the model (5.1) satisfy:
So(@) = 0,1o(¢) = 0,Re(p) = 0, ¢ € [-7,0]. (5.2)

al(t)
b+ 12(t)

The term h(I(t)) = in the model (5.1) represents the Monod-Haldane (M-H)

type treatment rate, where a is the cure/treatment rate and b is the rate of limitation in

treatment availability. The detailed explanation of the M-H treatment rate has already

BS(t—1)I(t—T1)

been given in section (2.1). The term PT—

in the model (5.1) represent the Holling

functional type Il incidence rate, and, here, 7 is taken in both susceptible (S) and infected
(I) populations to capture the role of latency period as time delay (see section (3.1) for

detailed explanation).

5.3 Basic properties of the model

From the model (5.1) we can infer that S and I are free from the effect of R. Thus it is

enough to consider the following reduced system for mathematical analysis:
as —A—yuS— BS(t—D)I(t—1)

dt 1+al(t-1) '’
dl _ BS(t-1)I(t-7) _ o al
at  1+al(t-1) (u+d+8)I 12+b° (5:3)
with initial conditions
So(@) = 0,1h(p) =0, ¢ € [-7,0]. (5.4)
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The system (5.3) monitors the population. It is assumed that the
parameters A, u, 8,d,8,a,a, b > 0. The description of parameters is given in Table 5.1.
From Hattaf et al. [2013] it follows that all dependent variables of the system (5.3) are

nonnegative i.e. (S,1) € R3.

Theorem 5.1: The system (5.3) has a nonnegative solution with the initial value (5.4).

Proof: The proof of this theorem is similar to theorem (4.2) as in section (4.3). Hence, it

is omitted here.

Theorem 5.2: All solutions of the system (5.3) starting in RZ are bounded and enter in
the set D = {(5,1) € S(t) + 1(¢) < /;‘}

Proof: The proof of this theorem is similar to theorem (4.1) as in section (4.3). Hence, it

is omitted here.

5.4 Equilibria and their stability analysis

In this section, we find the equilibrium points and discuss their stability. Equilibria of the
system (5.3) are obtained by setting the right-hand sides of the equations of the system to

zero as given below:
I. Disease-free equilibrium Q(ﬁ, 0) (DFE),

ii. Endemic equilibrium Q*(S*, 1) (EE).
5.4.1 Computation of the basic reproduction number (R)

The characteristic equation at DFE (Q) of the system (5.3) is given by
BA 2 a _
(u+/1)(73 T—,u—d—6—;—l)—0 (5.5)

One of the roots of Eq. (5.5) is given by A; = —u and other can be obtained from

@

e"”—,u—d—c?—g—l)zo
u b

where,
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pA

The term -
#(#+d+5+g

>e"“ att = 0, is known as the basic reproduction number, denoted

by R,. Therefore, we define the basic reproduction number R, of our model by

BA
u(u+d+6+%)'

R0=

5.4.1.1 Analysis for Ry # 1

It can be observed that Eq. (5.5) always has one negative root A; = —u and other roots

are the solutions of the equation

A+u+d+6+g—ﬁ—Ae‘“=0
b u
Let
a pA _,
fA=A+u+d+é+-——e"
b pu
If Ry > 1, forreal A,
O=ptd+s+2-Plo(urars+Da-ry) <o, Lim F2
fO)=p+d+ +E—7—(u+ + +E)( —Ro) <0, Lim f(A) > +oo

Hence, there exists a positive real root of f(1) = 0if R, > 1.
If Ry < 1, we assume that Re 1 > 0.

We notice that

A A a
ReA='B—e"Re“coslmAT—(u+d+5+g) S'B——(,u+d+5+—)
U b U b

=(u+d+5+%)(R0—1)<0.

a contradiction to our assumption. Hence, if Ry < 1 then Eq. (5.5) has a root A with a

negative real part.

Hence, we state the following theorem:
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Theorem 5.3: DFE Q(%,O) is locally asymptotically stable if R, < 1 and unstable

if Ry > 1.

5.4.1.2 Analysisat Ry =1

We notice that the system (5.3), when evaluated at R, =1, so that f =" =

u(u+d+5+%)
A

behavior of the equilibrium point at R, = 1 cannot be determined using linearization so

, has a zero eigenvalue and another eigenvalue that is negative. The stability

we use center manifold theory [Sastry (1999)]. For this, we redefined S = x; and I = x,

then the system (5.3) can be rewritten as

X1 _ Ay, — BXoDX D

a A= px 1+ax,(t-1) fa

dxs _ prlt-om-n) _ _ax _

at 1+ax,(t—-1) (’u td+ 6)x2 b+x,2 72" (56)

Let J* be the Jacobian matrix at R, = 1 and bifurcation parameter § = 8*. Then

M
Jr=

U
0 0

Let u = [uy,u, ] and w = [wy, w, |7 denotes the left eigenvector and right eigenvector of

J* associated with null eigenvalue. Then, we get

B A
u; =0,u, =1landw; = —F,Wz = 1.

The non-zero partial derivatives corresponding to the functions of the system (5.6)

evaluatedat Ry = 1and B = " are
9%f ) _ px ( 3%fy ) _ px (62fz) _ —2ap*A ( 9%f ) _A
(6x16x2 0 =F, 0x,0x1 0 =F 0x,2 0 T and dx,0B* 0 T

Then from [Chavez and Song (2004)], the bifurcation constants a, and b, are

2

0°fi
a, = Z ule'Wj axiaxj
Q

ki, j=1

=u, <2W1WZB* + w2 (—ZaTﬁ*A>>
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_ (ZB*A(Iﬁ; + ua)) <0
and

Thus, the following theorem is established:

Theorem 5.4: The behavior of DFE Q (2 0) changes from stable to unstable at R, =

1 and it implies the existence of a positive equilibrium as R, crosses one. Hence, the

system (5.3) undergoes a forward transcritical bifurcation at R, = 1.

5.4.2 Existence and stability analysis of endemic equilibrium

To find the conditions for the existence of an equilibrium Q*(S*, I) for which the disease

is endemic in the population, the system (5.3) is rearranged to get S*,and I* which gives

o (tal) (w+d+8)(b+17?)+ a)
B(b + I1*?)

where I* is given by the following equation

)

CI? + G +C I +C, =0 (5.7)
where

Ci=@+d+8)ua+p),

C,=u(u+d+96)—AB,

C3=MbW+d+96)+a)(ua + B),

Cs = —BbA+ pu(a+ pb + 8b +db) = ub(u +d + 8 + D (1 — Ry).

Now applying Descartes’s rule of signs [Wang (2004)], for R, > 1, the cubic equation
admits a unique positive real root I* if the condition C; > 0,C, > 0,3 > 0and C, <

0 is satisfied.
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After getting I* we can obtain S*. Thus, there exists an endemic equilibrium Q*(S*,I")
if above condition hold true.

The local stability of Q* is explored as follows:

The characteristic equation of the system (5.3) obtained at Q*(S*,[*) is given as

22 +pod+qo+ (p1A+q)e " =0,

where

((zu +d+96) L ale- ﬁz)) , qo = ((u +d+6)+ a(b_l*z))

2)? (b+1+2)*

_ (B _ B8 _ a(b-1")\ _r __ws
pl_((1+a1*) (1+a1*)2)’ q1_<ﬁ <(H+d+5)+(b+,*2)2 A+al*)  (+al®)? |’

Theorem 5.5: Fort =0, Q* is locally asymptotically stable if both conditions

S*
(1+aId)r*

b—I1*?
<1, and (1“ < ((u +d+6)+ (EE)—Z)Z)) I* are satisfied simultaneously.
+I*

Proof: At Q*, the characteristic equation at T = 0 is given by

A% +pod + qo + (P14 + q1) =0, (5.8)
. . . S

It is easy to show that if both conditions Tra <1, and (1+ ) = ((M +d+6)+

a( b— 1*2) .. .

———— | I" are satisfied simultaneously, then

(b+1+%)

(1+al*) (1+al*)?

p0+p1=<(2,u+d+5)+( I:))>+( B )

( +1*2)2 (1+al*) (1+al*)

do + 0y = <(u EEDES a(b- '*2)> + <B ((# +d+68)+ agb_'*22)> r

) (p+1+%)" | (1+al*)
upS*
(1+a1*)2>

=<u+(u+d+5)+a(b_l*2)>+ f_(r-——>)>0
b
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b+1'2)° | (+al”) (b+1°2)°

=Uu ((u +d+96)+ CE(D_ Iﬂ)) +—L ((u +d+68)+ a(b_l*z)) I —

uSs*
(1+arl™)

> 0.

Hence, using the Routh-Hurwitz criterion, the endemic equilibrium Q* of the system (5.3)

is locally asymptotically stable at T = 0.

Theorem 5.6: Fort >0, Q* is locally asymptotically stable if all the three

. us* a(b— 1*2) . E (A+arl®)
conditions el < <(u +d+96)+ oD I '’ S——andM, <M, hold true

simultaneously,

where

M, =u2+((u+d+6)+a(b;l*2)> ,
(b+1*2)

M, = ((1+a1*) (1+a1*)2> '

Proof: At Q* the characteristic equation at T > 0 is given by
2 +pod+qo+ (1A +q)e™ =0 (5.9)

Fort > 0, by [Ruan and Wei (2003)], if instability occurs for a particular value of the
delay 7, a characteristic root of Eq. (5.9) must intersect the imaginary axis. Therefore, we

take 2 = iw, w > 0 is the roots of Eq. (5.9.). Substituting 1 = iw in Eq. (5.9), we get
—w? + qg + p1w Sin T + g1 cos wT + i (pyw cos WT — g, sinwt + pyw) = 0 (5.10)
On separating real and imaginary part of Eq. (5.10)

pLw SinwT + q; cos wT = w? — q, (5.11)
P1@ COSWT — @y SinWT = —pyw (5.12)
On squaring and adding both sides of Egs. (5.11) and (5.12), we find

w* + (Po® — 290 — 1P w* + (90> — ¢:*) = 0 (5.13)
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Let w? = z,, Eq. (5.13) becomes

2,2+ Pz, +T =0 (5.14)
where P = (po® — 299 — p1?) and T = (qo* — ¢1%)

. b I*?
It is easy to show that if all three conditions us (u+d+6)+ (—2) I ,E <
rar) = (b+1"?) w
(1+al®)

I*

and M, < M, are satisfied simultaneously, then

b-1*2
P = (py? —2qy — p12) =((2u+d+6)+ ( 1))) —2u<(u+d+6)+
a(b—l*z) _ ( BI* B Bs* )2
(bH*Z)Z A+al®)  (1+al*)?

2
B ) a(b_l*z) B BI* _ BS* 2
=u°+ <(l1 +d+48)+ (b+1°2)? ((1+a1*) (1+a1*)2)

=M1_M2>0-

T = (q0* — 01*) = (90 — 91)(q0 + q1)

= <u ((u +d+8)+ ?Ei;12)2)> (/3 ((u +d+6)+ alp I*’z“))) (1:;1*) _

O O

_ a(b-1") pI* ups:
= <(u +d+6)+ (bwz)z) (b o) + sz | (| e+ a+ 8) +

a(b-1"?) a(b-r?)\ ups*
(b+1*2)2) * (’B ((M td+o)+ (b+1*2)2> (1+al)  (1+al*)? > 0.

By Routh-Hurwitz criterion, Eqg. (5.14) will have roots with negative real part, so this

contradicts to our assumption for instability i. e. A = iw. Hence, it is proved that Q* of the

model is locally asymptotically stable for 7 > 0.

5.5 Numerical simulation
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In this section, we will discuss the results of numerical simulations of the system (5.3)
numerically. We choose numerically experimental values of the parameters as given in
Table 5.1.

Fig. 5.2 shows the behavior of susceptible and infected at different values of time lag t =
0,1and 2. It is evident that when the time lag is increasing, the susceptibles are
decreasing and the number of infected is increasing. Furthermore, both populations are
decreasing and increasing respectively to attain a steady state. Hence, it can be concluded
that the time delay plays an important role to understand the infection progression in the

human population.

Fig. 5.3 shows the difference in the infected population at various values of the
transmission rate (). It can be seen that as the values of 8 increases, the numbers of

infected individuals also increase.

Fig. 5.4 demonstrates the changes in the infected population at various values of
inhibition rate (a) according to which, the infected population is decreasing with the

increase in the value of a .

Fig. 5.5 portrays the infected population at various values of cure rate/treatment rate (a).

Clearly, as the value of treatment rate is increasing the infected population is decreasing.

Fig. 5.6 demonstrates the variation in the infected population with and without Monod-
Haldane type treatment rate. According to the behavior of the graph, the infected
population is less with M-H type treatment rate in comparison to the infected population
without M-H type treatment rate. Hence, the M-H function type treatment rate plays a

significant role in controlling the infection in the population.

5.6 Conclusions

In this chapter, we proposed a delayed SIR model along with Holling type Il incidence
and M-H functional type treatment rates. We showed that the model admits the disease-
free equilibrium (DFE) and the endemic equilibrium (EE). We showed the stability of
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DFE with the help of the basic reproduction number R,. We proved that DFE is locally
asymptotically stable when R, < 1 and unstable when R, > 1 for time lagt > 0. The
stability of DFE at R, =1 has been discussed by center manifold theory and it is
investigated that the model undergoes a forward transcritical bifurcation. The stability of
EE has been investigated by the Routh-Hurwitz criterion. We investigated that EE is
locally asymptotically stable when the theorem 5.5 and theorem 5.6 hold true for time lag
T = 0 and 7 > 0 respectively. The numerical simulations indicate that the infection will
increase with the increased transmission rate, infection settles down even when there is no
treatment, but at a higher value than with treatment. Moreover, the infection will decrease
when there is an increase in the measures of inhibition adopted by infected. With the help
of numerical simulations, we also observed that the infection may eradicate only when the
treatment given to the infectives is appropriately managed according to the availability of

the resources.

Table 5.1: Description and numerical values of parameters for simulation

Parameter Value
Constant recruitment rate (A) 5

Inhibition rate due to infected () 0.002
Transmission rate (f) 0.004

Natural mortality rate (u) 0.05
Disease induced mortality rate (d) 0.001
Recovery rate () 0.002

Treatment rate or Cure rate (a) 0.2
Limitation rate (b) in treatment availability 0.004
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CHAPTER 6

TIME DELAYED SIR EPIDEMIC MODEL WITH MONOD-
HALDANE INCIDENCE RATE AND DIFFERENT
TREATMENT RATES

In case of an outbreak of an epidemic, psychological or inhibitory effects and various
limitations on treatment methods play major roles in controlling the impact of an
epidemic in society. The Monod-Haldane (M-H) functional type incidence rate is taken to
annotate the psychological or inhibitory effect on the population with time delay
representing the incubation period of the disease. The Holling type Il & 11 treatment rates
are considered to incorporate the limitation in treatment availability for infectives.
Therefore, in the present paper, a novel combination of M-H incidence rate and two
different treatment rates (Holling type Il & IlI) is applied to the time-delayed SIR
epidemic model to incorporate these important aspects. The mathematical analysis shows
that the model has two equilibria, namely, disease-free equilibrium (DFE) and endemic
equilibrium (EE). The detailed dynamical analysis of the model has been performed using
the basic reproduction number R, center manifold theory, Routh-Hurwitz criterion and
Lyapunov functional. It has been investigated that disease can be eradicated when R, is
less than unity and disease will persist when R, is greater than unity. The Hopf
bifurcation at endemic equilibrium has also been addressed. Further, global stability
behavior of equilibria only for the second combination i.e. M-H incidence and Holling
type 11l treatment rates has also been discussed. Finally, the numerical simulations have

been performed to support our analytical findings.
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6.1 Introduction

The widespread and frequent occurrences of many communicable diseases are a major
problem for healthcare workers and policymakers all over the world. Controlling
infectious diseases has been an increasingly complex issue in recent years. In order to
control or to remove disease, a complete understanding of the dynamics of the disease
progression is required. Based on the observed characteristics of infectious diseases,
epidemiologists [Michael et al. (1999); Alexander et al. (2004); Gumel et al. (2006);
Hattaf and Yousfi (2009); Xu and Ma (2009a); Zhang and Yaohong (2010); Hattaf et al.
(2013); Zhou and Fan (2012); Dubey et al. (2013), (2015) & (2016)] have attempted to
construct mathematical models that would make it possible to understand various aspects
of many diseases and to suggest its control strategy. A pivotal issue in the study of the
spread of an infectious disease is how it is transmitted. In epidemiology, the transmission
of infectious disease is determined by the incidence rate which is defined as the average
number of new cases infected by a disease per unit time. Therefore, the incidence rate
plays a key role to study the qualitative description of transmission dynamics of the
infectious disease.

In this chapter, to describe the psychological effect from the behavioral change of the
susceptible individuals when the number of infective people is very high, we have
considered Monod-Haldane (M-H) type incidence rate. This is a non-monotone type
incidence rate, which interprets the “psychological” effects [Liu et al. (1987)]. The
detailed explanation of the M-H functional type incidence rate has already been given in
section 2.1. For most communicable diseases there is an interval between infection and
visibility of symptoms (the incubation period) in which the infectious agent is multiplying
or developing. To push the epidemic models into a more realistic state, we have
considered M-H functional type incidence rate with the inclusion of time delay
(representing the incubation period). To contribute to the nonlinear mechanism of the
epidemic, we have incorporated nonlinear incidence rate as M-H functional with the
inclusion of time delay and treatment rate in two different forms (Holling functional type
Il & I11) in our model. The detailed explanation of Holling type Il and Holling type 111

treatment rates have already been given in section 3.1 and section 4.1 respectively.
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In this chapter, we have examined the impact of time lag on the SIR epidemic model with
Monod-Haldane functional type incidence rate and Holling type Il & I1I treatment rates,
separately, for better understanding of the disease mechanism. Further, we have evaluated
the basic reproduction number (R,) [Driessche and Watmough (2002)] for both the
combinations of incidence and treatment rates. Furthermore, for the model dynamics,
stability analysis of the equilibria has been analyzed by the basic reproduction number,
center manifold theory, Descartes’s Rule [Wang (2004)], Routh-Hurwitz criterion and
Lyapunov direct method. Only local stability of model equilibria is discussed for the
combination of M-H functional type incidence and Holling type Il treatment rates,
whereas for the combination of M-H functional type treatment and Holling type IlI

treatment rates local as well as global stability of equilibria are discussed.

6.2 Mathematical model

Mathematical models help to study the transmission dynamics and spread of infectious
diseases, to recognize the factors governing the transmission process in order to improve
effective control strategies and to evaluate the efficacy of surveillance strategies and
possible interventions. Therefore, we propose a mathematical SIR model along with time
delay, nonlinear M-H functional type incidence rate, and two different treatment rates.
We assume that at time ¢ the total population is N(t), with the immigration of susceptible
individuals at a constant rate A. Further, it is assumed that the total population N(t) is
divided into three disjoint subclasses of individuals, namely; susceptible S(t),
infectives I(t), and recovered R(t). It is assumed that the disease can be spread due to the
direct contact between susceptible and infectives only. Let u be the natural death rate of
the population, d be the disease induced death rate and & be the recovery rate of infected
individuals. The progression dynamics of the infection is given by the block diagram in
Fig. 6.1 below.
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A BS(®I(t-1)
S S(t) 1+al?(t-7) o I(t)‘

! !

ns(t) (n+d)I(t) HR(t)
Fig. 6.1: Transfer diagram of the infection through various compartments.

The dynamics of the model is given by the following system of nonlinear delay

differential equations:

as@) _ , _ BsS@I(t-7)

dr A—ps(e) 1+al?(t-1) '’
di(t) _ BS@®I(t-1) _

dt - 1+0.’12(t—‘£') (‘Ll + d + 6)I(t) T(I(t))’ (61)
B0 = 7)) +81(t) — uR(D) .

where time lag T > 0 represents the incubation period of the disease.

The term T (I(t)) denotes the nonlinear saturated treatment rate. T(I1(t)) Is taken in two

following form:
. _al®)
I Tl(l(t)) T (A+b 1)
al?(t)
(1+b I2(1))

(Holling type Il treatment rate).

ii. T,(I(Y) = (Holling type 111 treatment rate).

Let C = C([—7, 0], R®) denotes the Banach space of continuous functions, mapping the
interval [—7, 0] to R3 with the topology of uniform convergence. It is well known by the
fundamental theory of functional differential equations [Hattaf et al. (2013); Xu and Ma
(2009a); Hale and Lunel (1993); Kuang (1993)] that the model (6.1) admits a unique
solution (S(t), I(t), R(t)) with initial data (Sy, Iy, Ry ) € C. For biological reasons the
initial conditions of the model (6.1) are non-negative continuous functions

So(@) = 0,15(¢) = 0,Re(9) =0, ¢ € [—7,0]. (6.2)
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BS®I(t—1)

The term a2 (D)

in the model represents the nonlinear M-H functional type incidence

rate with time lag t, here § is the transmission rate of infection and a measures the
inhibitory or psychological effects due to the infected individuals. The

al(t) & al?(t)

term 1+bI(t) 1+bI2(t)

in the model, represent Holling type Il & 111 treatment rates, where

a and b are both non-negative constants. The parameters a and b are the cure rate given
to infectives and the rate of limitation in treatment availability, respectively. The
movement of an epidemic in various classes is presented by the transfer diagram as given
in Fig. 6.1.

6.3 Basic properties of the model

The first two equations of the model (6.2) do not depend on the third equation; therefore,

without loss of generality, it is sufficient to consider the following reduced system for the

analysis:

as(t) _ , _ Bs@OIt-7)

e S AT - e

ar@e) _ Bs@iI(-t) (u+d+8)I)—TU®)) , (6:3)

dt  1+al2(t-1)

with initial conditions

S(6) = 91(0),1(8) = 92(0), ¢;(8) 20,0 € [-1,0],90;(0) >0 (i = 1,2) (6.4)

In the system (6.3), for ecological reasons, it is assumed that all
parameters A, u, 8,d,6,a,a and b are positive. Since the system (6.3) monitors the
population, it is important to show that all state variables with non-negative initial data

will remain non-negative and bounded for all time. Thus, we have the following theorem:

Theorem 6.1: All state variables of the system (6.3), subject to the condition (6.4),
remain non-negative and bounded for all t > 0.
Proof: The proof of this theorem is similar to the proof of theorems 4.1 & 4.2 as given

in section 4.1. Hence, it is omitted here.
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6.4 Equilibrium points

In this section, we obtain the equilibrium points of the system (6.3). The equilibria of the

system (6.3) are calculated by putting the right-hand terms to zero which are as follow:
I Disease-free equilibrium (DFE) Q(g, 0),

ii. Endemic equilibrium (EE) Q*(S*,I").

6.5 Stability analysis of the equilibria for the combination of M-H type

incidence and Holling type Il treatment rates

In this section, we discuss the local stability of model equilibria when the incidence rate is
M-H functional type and treatment rate is Holling functional type Il. To study the stability

behavior, first, we compute the basic reproduction number (Ry).

6.5.1 Computation of basic reproduction number (Ry)

The characteristic equation at Q (ﬁ O) of the system (6.3) is given by

(,u+/’l)(%’4e"“—,u—d—6—a—l)=0 (6.5)

One root of Eg. (6.5) is given by A, = —u and other roots can be obtained from the

following equation:

A
(E—fh—u—d—6—a—l)=0
u
The term ——24—e=2T ot 7 = 0 is the basic reproduction number R, [Driessche and
u(p+d+é+a)

Watmough (2002)] of our model i.e.

_ pA
Cpu(ut+d+S+a)

Ro

6.5.2 Analysis for Ry # 1
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Clearly, Eg. (6.5) has a negative root 1; = —u and other roots are the solution of the

equation
/1+u+d+6+a—%Ae_M=O (6.6)
Let
A
f(A)=A+u+d+6+a—ﬁ7 e M
If R, > 1, then for real A,
BA

f(0)=/,t+d+6+a—7<0, ALiJrrnf(/l)—>+oo

Hence, if R, > 1 then f(4) = 0 has a positive real root.
If R, < 1, we suppose that Re 1 > 0.

We observe that
_BA _Reat BA
Re)l—re cosIm/lr—(,u+d+6+a)S7—(,u+d+6+a)<0

a contradiction to our assumption. Hence, if Ry < 1 then A is a root of Eq. (6.5) with the

negative real part.

Thus, the following theorem is proposed:

Theorem 6.2: DFE is locally asymptotically stable if R, < 1 and unstable if R, > 1

fort = 0.

6.5.3 Analysisat Ry =1

I Fort>0

If Rp =1, thenA =0 is a simple root of Eq. (6.5). Let A = x + iy be any of the other
solutions, then Eg. (6.6) change into:
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x+iy +utd+§+a—te T =g (6.7)
By using Euler’s formula and by separating real and imaginary parts we can write

x+,u+d+6+a=%ACosyre‘xT,y=—ﬁ7ASinyre"” (6.8)

Ry, = 1 implies %A = (u+d + 6 + a). Moreover, there exists root that satisfies both the

equations of (6.8), then they will also satisfy the equation obtained on squaring and

adding them member to member, as follows
(x+pu+d+8+a)+y>=(u+d+6+a)e >, (6.9)

To verify Eq. (6.9), we must have x < 0. Thus, we proposed the following theorem:

Theorem 6.3: DFE of the system (6.3) is linearly neutrally stable if R, = 1.
ii. Fort=0

When we evaluate the system (6.3) at R, =1 and bifurcation parameter f = g* =

+d+6+ . i i i
putd+3+a) e obtain that system has a zero eigenvalue and another eigenvalue is

negative. Therefore, the stability behavior of DFE at R, = 1 cannot be examined using
linearization technique. So, to examine the behavior of the equilibrium point, we use
center manifold theory [Sastry (1999)]. To apply the center manifold theory, we redefine
S(t) = x; and I(t) = x, then the system (6.3) can be re-written as

d B —
%=A—ux1—1+);1;222= L
o P0Ys 4 d 4 8)x, — 22 =, (6.10)

dt 1+ax,2 1+bx,

The Jacobian matrix, denoted by J* of the system (6.10) evaluated at R, =1 and 8 =
B*is given by
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Let u = [ug,u, | and w = [wy,w, |7 be the left eigenvector and right eigenvector of
J*corresponding to the zero eigenvalue. Then we have

B"A

u; =0,u, =1landw; = —?,WZ = 1.

The non-zero partial derivatives associated with the functions of the system (6.10)

evaluated at Ry = 1and B = " are
(), = )
axlaxz Q o axzaxl Q

Then, from [Chavez and Song (2004)], the bifurcation constants a;and b, are
2

0°fi
a, = Z ule'Wj —axian
Q

kij=1

* 0%f, A
—p, and (;22) =4
'8 0x,00* 0 u

= u2(2W1W2 B* + W22. O + W12. O)

B*ZA
12

2 2
b, = Z UL W <i>
1= kWi "
k,i=1 axiaﬁ Q

=2

<0,

and

The bifurcation constants a, < 0 and b; > 0. Hence, from Theorem 4.1(iv) of [Chavez

and Song (2004)], we propose the following theorem:

Theorem 6.4: DFE exhibits the forward bifurcation when the basic reproduction

number is equal to unity.

The bifurcation is illustrated in Fig. 6.2.

6.5.4 Existence and stability analysis of endemic equilibrium
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To investigate the conditions for the existence of the endemic equilibrium Q*(S*,I*), the

system (6.3) is rearranged to get S*,and I* which gives

_((u+d+8A+bI) +a)(L+al*?)

S* )
B(1+bI*)
and I* is given by the equation
CiIP + G +C I +C, =0 (6.11)

where

C; = pab(u+d+96),
C,=pua(u+d+8+a)+pb(u+d+596),
C3=Wb+p)(u+d+6)+pa—APb,
Co,=up+d+6+a)—Ap=pu(u+d+56+a)(1—Ry).

Using Descartes’ rule of the signs, for R, > 1, the existence of a unique positive real root
I* of Eq. (6.11) is required to satisfy any of the following conditions:

i. ¢,>0C,>0,C;<0andC, <O0.

ii. €;>0,C,>0,3>0and(C, <0.

After getting the value of I*, we can obtain the value of S*. Hence, a unique Q*(S*,I")

exists if one of the above conditions holds true.
Now, we explore the local stability of Q* as follows:

The characteristic equation of the system (6.3) obtained at Q* is given by
2+ pod+qo+ (1A +q)e =0 (6.12)
where

a BI*
(1+bI%)2 + (1+ar*?y

. BI* a
Qo = (” + (1+a1*2)) <(H td+68)+ (1+b1*)2>'

_ _ Bsra-ar?®)
b1 = (1+al*?)2 ’

po=Qu+d+6)+

Bus*(1-ar?)
(A+ar®?

q1 =
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Theorem 6.5: Atr=0, Q* is locally asymptotically stable if S*</I*(1+
al*?) holds true.

Proof: At Q*, the characteristic equation at T = 0 is given by

22 +poA+qo+ (piA+q) =0 (6.13)
It is easy to show that if $* < I"(1 + al*?) s satisfied then

a BI* ps*(1-ar*?)

Potpi=Qutd+ )+ ot e T )y

**2 *
=Qu+d+8) +—2 425, _F (1* S—)>0.

b2 (14qr2) | (rar®)\| T (1+ar?)

CI0+CI1=(ﬂ+ﬁ—I*)<(M+d+5)+ a )—B”S(l_“')

(1+a1*?) (1+b1%)? (1+ar1+?)?

* *2*
=M<(M+d+6)+ o >+(1f;,*2)<(d+6)+ - >+ﬁ”‘“5+

(1+b1%)? (1+b1)? (1+ar:?)?

Bu * s*
(1+ar?) (1 - (1+a1*2)> > 0.

Therefore, using the Routh-Hurwitz criterion, Q* is locally asymptotically stable

when T = 0.

r*(1+ar*?
Theorem 6.6: Fort > 0, Q* is locally asymptotically stable if S* < % holds

true.

Proof: At Q* the characteristic equation for T > 0 is given by the Eq. (6.12)
22 +pod+qo + (p1A + g e =0

For T > 0, according to Ruan and Wei [2003], for the occurrence of the instability, a
characteristic root of the Eq. (6.12) must cross the imaginary axis for a specific value
of . In this manner, we assume that A =iw,w > 0 is the root of the Eqg. (6.12).

Putting A = iw in Eq. (6.12) gives:
—w? + qo + prwsinwt + q; coswt + i (pyw cos wT — g, sin wt + pow) =0 (6.14)

By using Euler’s formula and separating the real and imaginary part of Eq. (6.14), we get
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pLw Sin wT + g4 cos WT = w? — qy

P1W COS WT — (¢4 SINWT = —pPyw

Squaring and adding both sides of Egs. (6.15) & (6.16) yields
w* + (po® —2q0 — p1¥)@* + (q* —q:%) =0

Assuming w? = z;, Eq. (6.17) becomes

7224+ Pz, +T=0
here, P = (po®> — 2qo —p1*) and T = (qo* — ¢1%)

I*(1+a1*2)

It is easy to show that if $* < —— is satisfied then

P = (P02 —2qo — Plz)

2
_ a BI* _ BI*
h <(2u td+6)+ (1+b1%)?2 + (1+a1*2)> 2 (‘u + (1+a1+?)

2
a ﬁS*(l—al*z) _ BI* 2
(1+b1*)2> - < (1+a1*2)2 ) - (.u + (1+a1*2)> + (,U +d+ 6) +

BS*(l—al*Z) 2
(1+a1*2)2

2
* 2
= u? + 22 +<(u+d+5)+ - >+ £

(1+ar+?) (1+b1%)2 (1+a1+?)’

T = (%2 - ‘hz)

2 2
_ BI* a pus*(1-a’®)
= <<y + m) <(ﬂ +d+8)+ (1+b1*)2>> - < (1+a1*?)*

)((,u+d+6)+

12 (s*(1—a1*2))2

_ a BI*
- (nu' <(nu' + d + 6) + (1+b1*)2> + (1+C¥1*2) <(d + 6) + (1+b1*)2
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(6.18)

> 0,



2
_ a BI* a
= <,,¢ ((y +d+6)+ (1+bl*)2> + el ((d +6)+ —(1+b1*)2>> + 2 (u <(u +d+

a BI* a Bur* B*u? £2
&) + (1+b1*)2> + (1+ar?) <(d +6)+ (1+b1*)2>> ((1+a1*2)> + (1+a1*2)2 I

(s*(1—a1*2))2

> 0.
(1+a1+?)?

Clearly, if P = (py?—2qy—p:%) >0 and T =1(qy®>—q,%) >0 are satisfied
simultaneously then by Routh-Hurwitz Criterion, Eq. (6.18) will always have roots with
the negative real part. It contradicts our assumption for instability that A = iw is a root of
Eg. (6.12). Hence, the endemic equilibrium Q* of the system (6.3) is locally

asymptotically stable for t > 0.

6.5.5 Hopf bifurcation analysis

If T <0 inEq. (6.18) then there is unique positive w, satisfying the Eq. (6.18) I. e. there

is a single pair of purely imaginary roots +iw, to Eq. (6.18).

From Eqg. (6.15) and Eq. (6.16), t,, corresponding to w, can be obtained as

1 - Ywe?- 2nm
T, = —arccos ((ql pozpl — 2q0q1) +—,n=012,... (6.19)
wo P1°wWo“tqq wo

For T =0, endemic equilibrium Q* is stable, it remains stable for 7 <71,

if < (Re (,1))|A > 0.

=iw0

Differentiating Eq. (6.12) with respect to z, we get

- _ aa -
(224 +po +p1e™ — (1A + q)Te ™) == Ap1A + q1)e ™™ (6.20)
(@)‘1 _ (2A+potpie M -(padta)re™™) _  (24+po) Pz
dat A(p1A+q)e=4T Ap1A+qe ™ A(pid+q) 2
(@)‘1 _ __(24pg) oz
de —A(A2+poAtde) | A(prA+ar) A
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%(Re (/1))|/1=iw0 = Re (Z—j)_l

l=i(.l)0
2iwg+ T
=Re( : ( Zo'po) + - 'p1 _._)
—iwo(—wo*+ipowo+qo)  Iwo(ip1wo+q1) iwg

_ 1 (2iwg+po) P1 .
= Re (0)0 ((woz—QO)i+Pow0) + (-p1wo+iqq) tu )>

_ 1 (20)0(0)02—%)"‘27020)0 _ p12wo )
(wo2=q0)2+(Powo)? (P1w0)?+q12

wWo

_ 2w02+(P02—ZQO_p12) . -
= = ponirazr - (Since, from Egs. (6.15) & (6.16),(w

40)? + (Powo)? = (P1wo)? + ¢1%)

Under the condition py? — 2q, — p12 > 0, we have % (Re (/1))|/1

=iw

> 0.
0

Hence, the transversality condition holds and Hopf bifurcation occurs at w = wq, T = T,.

By summarizing the above analysis, we arrive at the following Theorem.

Theorem 6.7: The endemic equilibrium (Q*) of the system (6.3) is asymptotically

stable for t € [0, 1) and it undergoes Hopf bifurcation at T = 1.

6.6 Stability analysis of the equilibria for the combination of M-H type

incidence and Holling type 111 treatment rates

In this section, we discuss the local and global stability of equilibria when the incidence
rate is M-H functional type and treatment rate is Holling functional type Ill. For the
stability of equilibria first, we determine the basic reproduction number R, as given

below:

6.6.1 Computation of basic reproduction number(Ry)

The characteristic equation of the system (6.3) at Q is given by
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(y+)l)(i—’4e"”—y—d—6—/1)=0. (6.21)

The one root of Eq. (6.21) is given by A, = —u and other roots are the solution to the

following equation:

A
(ﬁ— e‘“—,u—d—d—/l) _ 0.
u
The term —5224 et g7 = 0, is defined as the basic reproduction number denoted
u(p+d+dé+a)

by R, i.e. the basic reproduction number for our model is

BA

Rp=—0
° T u(u+d+06)

6.6.2 Analysisat Ry # 1

Clearly, Eq. (6.21) has a negative real root .; = —u and other root can be obtained by
solving the following equation:

A
/1+,u+d+6—ﬁ7e‘“=0.

Let
A
f(/1)=A+,u+d+6—ﬁ7 e 7,

If R, > 1, it can be seen that for real 4,

BA

f(0)=(u+d+6)<1—u—(u+d+5)

) < O,AL_,)lJrrrgof(A) — 400,

Hence, if R, > 1 then there exists at least one positive root of f(1) = 0.
If R, < 1, we assume that Re (1) = 0.

We notice that

Re (1) = %A e~Re(11) cos(lm 1 T)) —(u+d+96) < (u(ufzw) — 1) u+d+96)<

0.
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It contradicts to our assumption that Re (1) > 0. Thus, the root A of Eq. (6.21) has a

negative real part if R, < 1. Hence, we state the following theorem:

Theorem 6.8: DFEQG,O) of the system (6.3) is locally asymptotically stable

if Ry < 1 and unstable if R, > 1.

6.6.3 Analysisat Ry =1

i. Fort>0

If Ry =1,then A = 0isasimple root of Eq. (6.21). Let A = x + iy be any other solution,
then Eqg. (6.21) changes into:

x + iy +u+d+5—%‘4e‘<x+iy)f=0 (6.22)
By using Euler’s formula and on separating real and imaginary parts we can write

x+u+d+6= %Acosyr e ¥, y= —%Asinyr e ¥t (6.23)

R, =1 implies %A = (u+d+6). Moreover, there exists root satisfying both the

equations of Eq. (6.23), then they also satisfy the equation obtained by squaring and

adding them member to member, as given below:
(x+u+d+8)?+y2=((u+d+ 5% 27, (6.24)

To verify Eq. (6.24), we must have x < 0. Thus, we propose the following theorem:

Theorem 6.9: DFE of the system (6.3) is linearly neutrally stable if R, = 1.
ii. Fort=0

We notice that the system (6.3) is being evaluated at R, = 1 and bifurcation parameter

" +d+6 . . . . . -
B=pB"= % has a zero eigenvalue and another eigenvalue is negative. Since it is
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not possible to analyse the stability behaviour of DFE Q at R, = 1 using linearization,
therefore we use center manifold theory [Sastry (1999)]. For this, we redefine S =

vy, and I = y, then the system (6.3) can be rewritten as:

dys _ 4, _ Byiy: _

dat A=y 1+ay,? Gy,

dy, _ Byiy2 ay;? _

Do BVY2 (4 g4 8y, -2 =g, (6.25)

dt ~ 1+ay,? 1+by,2

Let J* be the Jacobian matrix at R, = 1 and bifurcation parameter § = *. Then

g A
= [‘“ )
0 0

Let u = [uy,u, ] and w = [wy,w, ]7 denote the left eigenvector and right eigenvector of

the Jacobian matrix J*corresponding to the zero eigenvalue. Then we have

u; =0,u, =1landw; = —?,Wz = 1.

The non-zero partial derivatives associated with the functions G; and G, of the system
(6.22) evaluated at Ry = 1and B = B* are

%G %G %G 0%G A
(), = () =4 2= —2aam (25 =2
0y10y2 Q 0y,0y1 o} 0%y, 0y,0p 0 u

Using theorem 4.1 of [Chavez and Song (2004)], we obtain the bifurcation constants B,

and B, as

9%G N Ba
B, = Zi,i,j:l U WiW; (ay_a;j) = u2wyw, ) + uzwzz(—Za) = —2< PE + a) <0,
¢ Q

and

B - <626k> ( A) A>0
= E U W =u, |w,—|=—>0.
R G L S V"

1=

Thus, from theorem 4.1(iv) of [Chavez and Song (2004)], we state the following theorem:

Theorem 6.10: DFE Q (ﬁ 0) changes its behavior from stable to unstable at R, = 1

and there exists a positive equilibrium as R, crosses one. Hence, the system (6.25)

undergoes a forward transcritical bifurcation at R, = 1.

6.6.4. Existence and stability analysis of endemic equilibrium
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To find the condition for the existence of the endemic equilibrium Q*(S*, I*), the system

(6.3) is rearranged to get S*, and I* which gives

((+d+&)A+bI) +al™) (1 +al?)
' = _ :
B(1+ bI*?)

and I* is given by the equation
K I** 4+ K1 4+ Ko I*? 4+ K" + K = 0, (6.26)
where
K; = pab(u+d + 9),
K, =bB(u+d+95) —aua,
Ky =pla+b)(u+d+38)—(a+A)p,
K,=pu+d+6)—ay,
Ks=u(p+d+6)—pA=ulu+d+386)(1—Ry).

Using Descartes’ rule of signs, the existence of a unique positive real root I* of the
biquadratic Eq. (6.26) is required to satisfy any of the following conditions:

i. K;>0K,>0K;>0K,>0,andKs <0.

ii. K;,>0,K,>0,K;>0,K,<0,andK5 <0.

ii. K;>0,K,>0,K;<0,K,<0,and K5 < 0.

iv. K;>0K,<0K;<0K,<0,andKs<0.

Once we get the value of I*, we can obtain the value of S* as well. Thus, it implies that
the system (6.3) admits a unique endemic equilibrium Q*(S*,I*) if one of the above

conditions holds true.

To investigate the local stability of endemic equilibrium Q*, we linearize this system (6.3)
at Q" and obtain the characteristic equation as given below:

A% + MgA + Ny + (MyA + N))e ™ =0, (6.27)
where

2a + pr
(1+b1*%H2  (1+ar®y

_ BI* 2a
NO - (.u + (1+a1*2)) <(,LL + d + 5) + (1+b1*2)2>’

BS*(1-al*?)
(1+al*®H)2 ’

M1=
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Bus*(1-ar?)
(1+al*®)?

Nl =
Theorem 6.11: Fort = 0, endemic equilibrium Q* of the system (6.3) is locally
asymptotically stable if My + M; > 0 and Ny + N; > 0 hold true simultaneously.

Proof: At endemic equilibrium Q*, the characteristic equation of the system for T = 0 is

given by putting = = 0 in Eq. (6.27) as given below:

/12 + Mol + NO + (Mll + Nl) == 0

Clearly, if My + M; > 0 and Ny + N; > 0 are satisfied simultaneously then by Routh —
Hurwitz Criterion, Eq. (6.28) will always has roots with the negative real part and hence

the system (6.3) at Q* for T = 0 is locally asymptotically stable. This completes the proof.

Theorem 6.12: Fort > 0, endemic equilibrium Q* of the system (6.3) is locally
asymptotically stable if My* —2N, —M;?> > 0and N,°—N,®>>0 are satisfied
simultaneously.
Proof: At endemic equilibrium Q*, the characteristic equation of the system for ¢ > 0 is
given by the Eq. (6.27)

A% + MgA + Ny + (MyA + N))e ™ = 0.

For t > 0, corollary 2.4 of Ruan and Wei [2003] ensures that if the endemic equilibrium
Q* is unstable for a particular value of the delay parameter, then the roots of the
characteristic equation (6.27) must intersect the imaginary axis. Thus, to prove the
stability of the system (6.3), we will use the contradictory assumption i. e. we assume that

A =iw,w > 0 is aroot of the equation (6.27). On substituting A = iw in Eq. (6.27):
—w? + Ny + Mo sin(wt) + N; cos(wt) + i (Myw cos(wt) — N; sin(wt) + Myw) = 0.
(6.29)

By using Euler’s formula and by separating the real and imaginary part of Eq. (6.29), we
get

M;w sin(wt) + N; cos(wt) = w? — N,, (6.30)
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M;w cos(wt) — N; sin(wt) = —Myw. (6.31)
On squaring and adding both the sides of the Egs. (6.30) and (6.31) yield

w* + (My® = 2Ny — M;*)w? + (Ny*> — N, %) = 0. (6.32)
Let w? = Z,, Eq. (6.32) becomes

Z2+MZ, +T=0. (6.33)

Here, M = (My*> — 2Ny — My*) and T = (No* — N,?).

Clearly, if M =(My*>—2N,—M,*) >0 and T =(Ny,>—N;?)>0 are satisfied
simultaneously then by Routh-Hurwitz Criterion Eq. (6.33) will always has roots with the
negative real part. It contradicts our assumption for instability that A = iw is a root of Eq.
(6.27). Hence, the endemic equilibrium Q* of the system (6.3) is locally asymptotically

stable for T > 0. It completes the proof.

6.6.5. Hopf bifurcation analysis

The Hopf bifurcation analysis is similar to section 6.5.5. Hence, we omitted the proof of
the following result:

Theorem 6.13: The endemic equilibrium (EE) of the system (6.3) is asymptotically

stable for t € [0, 7,) and it undergoes a Hopf bifurcation at t = t,.

6.6.6. Global stability analysis

In this section, we discuss the global stability analysis of equilibria. For this, we state the

results in the form of theorems and prove them.

2
We see that Y(S(¢),1(¢)) =% and T,(I(1)) =% are always positive,

continuously differentiable and monotonically increasing for all S > 0 and I > 0. That is,

they satisfy the following conditions:
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Al Y(S®,I(®)>0,Y's(S,1)>0,for S>0and I >0 and Y',(S,1) >0 for I <

1/Va.
A2, Y(S5,0)=Y(0,I)=0,Y4(S5,0)=0,Y",(S5,0)>0forS>0and > 0.
A3. T,(0)=0,T',(I) > 0forl > 0.

These properties will be used to prove the global stability of equilibria.

6.6.6.1. Global stability of disease-free equilibrium (DFE)

In this subsection, we show the global stability of the DFE of the system (6.3). For this,
we suppose the following condition:

Y(S,D)
I

Ad. (S 1) = is a bounded and monotonic decreasing function of I > 0, for

any fixed S >0, and K(S) =IlirPO¢(S,I) is continuous on S>0 and a

monotone increasing function of S > 0.

For the global stability of DFE, we prove the following theorem:

Theorem 6.14: DFE Q (E,O) of the system (6.3) is globally asymptotically stable if
andonly if R, < 1.
Proof: To prove this theorem, we consider the following Lyapunov function:
W) = Wy (t) + Wo(t) + I(t),
where

S(6) K(S) t _KGo)
Wi = [ ta(1 -5 ds and W5 (©) = [ ¥ (s + ), 1)) s o2 du
u

The derivative of W, (t) is

dw, () _( _ K(So)
e K(S(t))

) (4= uS@®) = Y (SO, 1(t =)

== (1 - %) Y(S@®),1(t =) = u(SE) = So) (1 - —K’Ef(g)).

The derivative of W, (t) is

129



dwz (t)

2O _ y (st + 1), 1) (K(’;((ffﬂ)) V(SO (= D) g

Hence, we obtain

0 (100 =) 50050 1~ 253)

V(504 0,100) () - V(500,10 ) 22

+Y(S),1(t = D) = (u+d + &) — -2

1+bI2(t)

= —u(S(t) = Sy) (1 - K’Ef(g)) +Y(S(t +0),1(0) (K(’ngffﬂ)) ~(u+d+o+
1+b12) (t)

Here, by the conditions (A1-A2), we obtain that

(S = 59 (1 - o) <o,

with equality if and only if S(t) = S,. From the condition (A4), it follows that

Y(S(t+1),1(t)) (K(';gi)r))) (ll +d+06+— b12) 1(t)

Y(S+o)I®) (KSo) )
= ( (u+d+8)I(t) (K(g(t”))) 1) (u+d+6)I(t)

K(s(t+1) K(So)
= <(#+d+8) X @) 1) (u+d+8IE)

= <%— 1) (u+d+ 8

u+d+6+T,(0)

=Ry —1D(u+d+86)I).

Therefore, R, < 1 ensures that 2 f)

< 0 for all t > 0, where

WO — 0 holds if S(t) =

So- Hence, it immediately follows from the system (6.3) that DFE Q is the largest

aw (t)
dt

invariant set in {(S(¢),1(t)) € R3, |

= 0}. From the Lyapunov-LaSalle asymptotic

stability theorem [Hale and Lunel (1993)], we obtain that DFE Q is globally

asymptotically stable. This completes the proof.
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6.6.6.2. Global stability of endemic equilibrium (EE)

In this subsection, we discuss the global stability of endemic equilibrium Q*(S*,I*) of the
system (6.3) using the Lyapunov direct method. For this, we propose the following
hypotheses:

1@ _ v(sw.it-0) Y(s@®)1(t- r)) I(t) .
A5 —=< BTCOE for1 € (0,17), oM = forl > 1.

(1))
T,(I*)

LIO) S 1O g0 1> 1 and I* < =

Ab. T,(1*) ~ I - Vb’

_’“)forle(OI)

Theorem 6.15: Suppose that conditions (A1) - (A3) and (A5) - (A6) are satisfied. Then
the endemic equilibrium Q* (S, I™) of the system (6.3) is globally asymptotically stable
if Ry >1.
Proof: We consider the following Lyapunov functional

X(6) = X1(1) + X2 (D),

where
_ . (SOYE ) 1(t)
X)) =S@®) -5~ [, o Qu+ 1) — 1" = I"lo ge—*—ft_TY(S(u+
0),1(w))du,
e ey [t (Y(SuHD)IQ) Y(S(ut),1(w)
X,(t) =Y (551 )ft_r (—( lesf,l*)u ) _ 1 —log, Y(stn 1) YIZS:I*)H )) du.

X(t) = X,(t) + X,(t) is defined and continuously differentiable for all S(t),I(t) > 0.
and X(0) = 0 at Q*(S*,I*). At Q*(S*, 1",
A—puS* =Y(SH1%), Y(S5T) = (u+d+ 8"+ T,(I").

The time derivative of X; (t) along the solution of system (6.3) is given by

dxl(ﬂ S'(0) = 251 (1) 4 1'(8) — =1 (1) = Y(S(t + 1), 1()) + Y (S(&), I(t —

Y(S(t),1%) 1(t)
7))
= (1 - o) (S = S + Y (57,1 = Y (SO, 1(t = 7))
+(1-:5) (Y(S(t) It =) = Y"1 52 + 1,1 X2 (1(t))>

—Y(S(t+1),1(t) +Y(S(),I(t —1))

= uS* (1 — Y(S_’))) (1 s(t)) FY(SS T )( o Y(sh n Y(S(t),l(t—‘r)))

YOI Y(S(O),1) Y(S(t).1*)
. I Y(S®IE-D) It 1(t) _RU®) , nU®) 1
+Y(s1 )(1 I Y(S(0),1") I(t)) + (I )( “I=7®e The I(t))

—Y(S(t +1),I(t)) + Y(S(t), I(t — T)).
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Further,

dx, () . Y(s(t+1).1(1)) _ Y(s@+DI®)  Y(s@®).1(t-1))
dt =Y I)( Y(5*,1%) —1-—log. Y(S*,1%) Y(S*,1%) +1+
Y(s@®),1(t-71))
loge Y (S*,1*) )

=Y(SEt+1),11®) - Y(S@®),I(t — 1)) + Y(S*,I*) log, —iﬁiiiﬁiﬁf{(ﬁiﬁ :

Then we have,

dx() = uS® (1 o Y(sh ) (1 S(t)) +FY(ST T (1 o Y(sh) " Y(S(t),l(t—r)))

dt Y(S(t),I*) Y(S(),1*) Y(S(t),I*)
“ I Y(s@a-0) 1* 1(t) _LI®) | RIO®) 1
+HY (S5 ( I* Y(S(6),1%) I(t)) +T(I7) ( -1 T, (I%) + T,(I*) I(t))

—Y(SCt+0),1(0) +Y(S®, 1t =) + Y(S(t +1),1(1))

—Y(S(),1(t — ) + Y (5", I") log, "SD1C=0)

Y(S(t+1),1(D)
_ % _ Y(S*,17%) S(t) % _ Y(S*I) Y(S*I)
=us (1 Y(S(t),l*)) (1 ) +Y () (1 T T o8 Y(S(t),l*))

+ log,

YIS T (1 _ Y(S(t),l(t—‘r))i Y(S(),1(t-1)) 1_)

Y(s@.r* 1) Y(s@.rr) 1)

+Y(S, 1 )(1 1 Y(s(O,1(t-1)) *loge = Y(S(t),l(t—‘r)))

. 1®)  Y(s®.,1(t-1)) Ys@.rm w ((204®) 10
+Y67 ) (- o )(y(sa),z(t—r)) 1)”2(1 (e )@
1).

The function Y(S,I) is monotonically increasing for any S > 0; hence the following

inequality holds:
Y($*,1%) s(t)
(1 B Y(S(t).l*)) (1 s* ) =0. (6.34)

and by the properties of the function r(x) = 1 — x + log. x, (x > 0), we note that r(x)
has its global maximumr(1) = 0. Hence r(x) <0 when x > 0 and the following

inequalities hold true:

Y@L Y(S*1) _Y(s@.-0) 1* Y(s@®.1(t-1) 1*
Y@ T %8 v = O GO loge Y(S@I) 1) = < 0,and
1(t)  v(s(®).r") 1(t) _v(s(®).r")
T Y(s@I-D) +loge - y(s@),it-7) — (6.35)
Further by conditions (A5) - (A6) the following inequalities hold:
1w Y(S(),1(t-1)) Y(s@r) T, (I(t)) 1(t)
( I* Y(S(t),1%) ) (Y(S(t),](t—‘r)) 1) = O’( T, (I*) I* ) (I(t) 1) =0 (6.36)
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By inequalities (6.34) - (6.36), we see that -2 < 0 for all S(£) > 0,(t) = 0. It is easy

: =

to verify that the largest invariant set in {(S(t),1(t)) | d);—(:) = 0} is the singleton {Q*}.

By the Lyapunov-LaSalle asymptotic stability theorem [Hale and Lunel (1993)], endemic
equilibrium Q* is globally asymptotically stable.

6.7. Numerical simulations

In this section, we elaborate the results obtained by the simulation of the model.

6.7.1 Numerical simulation of the model for the combination of M-H

type incidence and Holling type Il treatment rates

For numerical computation, we take the following numerically experimental values of the

parameters:
A=12,a =0.001,8 = 0.005,u = 0.05,d = 0.01,6 = 0.002,a = 0.02,b = 0.002.

Fig. 6.3 shows the variations in the susceptible and infected population at time lag t =
0,1. The figure depicts that as time passes both types of population approaches to steady
state. It is also seen that as delay occurs, the infected population increases and susceptible

population decreases.

Fig. 6.4 shows variation in the infected population at several values of time lag 7. It can
be observed from the figure that the infected population is increasing as the value of time
lag increases. Hence, whenever the delays occur in effective incidence between

susceptible and infected individuals, the number of infected individuals always increases.

Fig. 6.5 depicts variation in the infected population at time lag T = 1 for numerous values
of the transmission rate (#). It can be seen from the figure that the increase in

transmission rate results in the increase of the infected population.
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Fig. 6.6 demonstrates the variation in the infected population at the numerous values of
the inhibitory effect (). It is easily observed that as the value of a increases, the infected

population decreases.

Fig. 6.7 shows variation in the infected population at time lag = = 1 for different values
of cure rate (a). It is evident that, as the value of the cure rate (a) is increasing, the
infected population is decreasing. Hence, the cure rate is playing a vital role in controlling

the spread of the epidemic.

Fig. 6.8 illustrates the variations in the infected population at numerous values of
limitation rate (b) in treatment availability. It can be viewed from the figure that the

infected population is increasing as the value of b is also increasing.

Fig. 6.9 delineates the difference in the infected population with and without the Holling
type Il treatment rate. It can be interpreted that the infected population with Holling type
Il treatment is less in comparison to the infected population without Holling type I
treatment. Hence, the Holling type Il treatment rate may be proved as a better option in

minimizing the loss of lives and wealth of society.

Fig. 6.10 shows the variation in the infected population for a different set of values of
inhibitory effect and treatment rate. It can be interpreted from the figure that with our
novel combination of Monod-Haldane incidence and Holling type Il treatment rates (in
the presence of inhibitory effect and H-1l treatment rate); the infected individuals are less

in comparison of rest.

Fig. 6.11 shows the oscillatory behavior of the infected population. For this, we take the

following numerical experimental values of the parameters:
A=5a=12,=0.06,u=0.05d=0.001,6 =0.002,a =1.2,b = 0.82.

At this set of parameters values, the model approaches to the endemic equilibrium
Q7(76.36,3.031).
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6.7.2 Numerical simulation of the model for the combination of M-H

type incidence and Holling type 111 treatment rates

In this section, we will display the results of numerical simulation. All computations have

been carried out with the following data.

A=3,u=0.05p=0.004,a =0.08,d = 0.001,6 = 0.002,a = 0.02,b = 0.0004

Variation in the susceptible and infected population with respect to time delay by taking
various values of time lagt = 0,2 and 4 at different initial values have been shown in
Figs. 6.12(a) & 6.13(a) and Figs. 6.12(b) & 6.13(b) respectively. Figs. 6.12(a) & 6.13(a)
depict the decrement in susceptible population and Figs. 6.12(b) & 6.13(b) show the
increment in the infected population as time lag t increases. Thus, the higher the delay,
the higher will be the occurrence of infection in the society, which is biologically to be
expected.

The influence of transmission rate (B) and inhibitory effect (@) on the infected
population has been interpreted in Figs. 6.14 and 6.15 respectively. Fig. 6.14 shows that
the infected population is increasing with the increase in the transmission rate (f), while
decrement in the infected population is observed with increasing value of inhibitory
effects (a) (Fig. 6.15). Based on these figures, it can be concluded that inhibitions must
be exercised to control the disease from the society. Further, Figs. 6.14 and 6.15 observe
resemblance in nature and hence ensure the validation of the mathematical structure of

the model.

Fig. 6.16 shows the impact of the cure rate on the infected population at different values
of cure ratea = 0.02,0.04 and 0.006 respectively. The diminution of the infected
population with the increment in cure rate a can be seen from the graph and then, the
infected population settles down to its steady state. Also, it is readily seen from the graph
that when there are low treatment facilities available then infection is occurring at a

higher rate.
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Fig. 6.17 represents the variation in the population of infected individuals in the presence
of inhibitory effect and Holling type I1I treatment rate, in the absence of inhibitory effect
and in presence of Holling type 1l treatment rate, in presence of inhibitory effect and in
the absence of Holling type Il treatment rate, and in absence of inhibitory effect and
Holling type 11l treatment rate respectively. This figure shows how the combination of
Monod-Haldane incidence (presence of inhibitory effects) and Holling type 111 treatment
rates help to control the spread of infectious disease effectively. From the graph, it can be
seen that when infected individuals have been treated using Holling type I1l rate then the
number of the infected individuals sharply decreases initially, and thereafter it begins to

decrease gradually and reaches its steady state.

Fig.6.18 shows the infected population at increased values of limitation rate in treatment
availability. It can be observed from the figure that higher the limitation in treatment

availability, the higher will be the infection.

To illustrate the Hopf bifurcation numerically, the oscillatory and periodic behavior of the
infected population has been drawn in Figs. 6.19, 6.20, and 6.21. For this, we take the

following data:

A=5,u=0.05,8=054,a=12,d=0.001,5 =0.002,a=0.1,b =0.0387.

Figs. 6.19 and 6.20 show damped oscillations for the time delay =9 and 7 =11
respectively, which mean the inherent dynamics contain a strong oscillatory component,
but the amplitude of these fluctuations declines over time as the system equilibrates. It
shows how the fraction of infectives oscillates with decreasing amplitude as it settles
towards the equilibrium whereas Fig. 6.21 shows the periodic solution of the infected
population with respect to the time for the time delay t = 13.5, which confirms the

occurrence of Hopf bifurcation.

6.8 Conclusions

In this chapter, we proposed a time-delayed SIR epidemic model with a novel
combination of Monod-Haldane (M-H) Incidence rate and two different treatment rates
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(Holling type Il & 111 treatment rates). We analyzed the model at equilibrium points. It
has been found that the model has two equilibria: disease-free and endemic equilibria. We
investigated the local stability of DFE by basic reproduction number R, and it is
concluded that DFE is locally asymptotical stable when R, <1 fort = 0 for both
combination of incidence and treatment rates separately. We have also shown that DFE
atR, = 1: (i) DFE is linearly neutrally stable fort > 0, (ii) exhibits the forward
bifurcation for ¢ = 0. Further, we also discussed the stability of EE and investigated that
EE is locally asymptotically stable for time lag t > 0 under the conditions stated in
Theorem 6.5, 6.6, 6.11 & 6.12 respectively for both the combinations of incidence and
treatment rates. We showed that the model exhibits a Hopf bifurcation at endemic
equilibrium under the conditions stated in theorem 6.7 & 6.13. Further, for the
combination of M-H incidence rate and Holling type Il treatment rate, we investigated
that DFE is globally asymptotically stable when R, <1 and EE is globally
asymptotically stable when Ry > 1 under the conditions (A1-A3), (A4) and (A5-A6)
respectively. We also simulated the model numerically in the support of our theoretical
findings and have drawn the graphs for time delay, transmission rate, measures of
inhibition and treatment rate. From the graphs, we observed that the higher the delay, the
higher will be the infection and also observed that Holling type Il & Il treatment rates
may play a crucial role in controlling the infection. The effect of inhibitory measures and
transmission rate of disease on the infected population has been shown and it is evident
from the figures that the infected population is increasing with the increased value of
transmission rate, while it is decreasing with the increasing values of inhibitory measures.
This implies that the higher the inhibitory effects, the lesser will be the infection. With
the help of figures, we also showed the oscillatory and periodic behavior of infection in
the population. It shows the occurrence of Hopf bifurcation and also confirms the

appearance of the periodic solution.
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Fig. 6.11: Oscillatory behavior of the infected population (I at time lag t = 8.
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CHAPTER 7

ANALYSIS OF A TIME-DELAYED SIR EPIDEMIC
MODEL WITH CROWLEY-MARTIN FUNCTIONAL TYPE
INCIDENCE RATE AND HOLLING FUNCTIONAL TYPE
Il TREATMENT RATE

In this chapter, the incidence rate of a new infection is considered as Crowley-Martin (C-
M) functional type because it considers the effect of inhibition among infectives even in
case of the high density of susceptible population which is neglected by any other
incidence rate. The latency time has been used as a delay in the incidence rate to
understand the dynamics of the epidemic more pragmatically. Therefore, a combination
of C-M incidence rate along with time delay and Holling functional type Il treatment rate
is studied. The local stability, as well as global stability analysis of the model equilibria,
is being discussed. The numerical outcomes demonstrate the impact of measure of

inhibition, time delay and nonlinear treatment on the infectious population.
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7.1 Introduction

The Crowley-Martin (C-M) type of functional response was introduced by Crowley and

Martin [1989] and is expressed as below:
NGO

9(s@®,1(®)) = (1+aS()A +vI()

where «, 3,y are positive constants. From the expression, we observe that similar to the

Beddington-DeAngelis type incidence rate (see section 1.5), one can easily derive other
forms of incidence rates. The important difference between the Beddington-DeAngelis
type and the Crowley-Martin type incidence rate is that the latter considers the effect of
inhibition among infectives even in case of the high density of susceptible populations

while the former neglects the aforesaid effect. This can be seen as follows:

For Beddington-DeAngelis type incidence rate

: _B
sAm g (S0, 1() =,
and for Crowley-Martin type incidence rate
. _ B
S(lggrjlwg(S(t),l(t)) =21+

Models in which the rates of transfer depend on the sizes of compartments over the past
as well as at the moment of transfer lead to more general types of realistic models. Time
delay has a significant effect on the epidemic dynamics and it strongly influences the
model output. Therefore, the present paper aims to study the impact of time delay on an
epidemic model with Crowley-Martin incidence rate that determines the course of
infection within the individuals and treatment rate as Holling type Il (the detailed
explanations of Holling functional type Il treatment rate is already given in section (3.1))
that design the programs for the control of infection and disease within the different
communities. Furthermore, dynamical behavior and stability of the model is governed by

the value of the basic reproduction number R,,.

7.2 Mathematical model
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In the study of disease transmission model, the total population is divided into three
classes of individuals, labeled as susceptible class S(t), infected class I(t) and recovered
class R(t). S(t) denotes the individuals who are susceptible to the disease (who are not
yet infected at time t) but are capable of catching the disease and can become infected.
1(t) denotes the individuals who are infected and are capable of transmitting the disease
to others. R(t) denotes the individuals who have been infected and removed from the
possibility of being re-infected and enter into the recovered compartment, because of the
autoimmune response of the body and treatment. We assume that susceptible individuals
are recruited at the rate A. The movements out of the susceptible compartment into the

infective ~ compartment is governed by Crowley-Martin  incidence rate

BS(t-n)I(t-m) ; where B denotes the transmission rate, a is the measure of
(1+as(t-1)(1+yI(t-T1))

inhibition adopted by susceptibles, y is the measure of inhibition adopted by infectives,

and t denotes the time delay. The parameters u, d, and & are defined as natural death rate,

disease induced death rate and recovery rate respectively. The term h(I(t)) = %
defines the Holling type Il treatment rate where a is cure rate, b represents limitation rate
in resources availability. The movement of the individuals in different compartments is

shown by the block diagram in Fig 7.1 below.

h(I(t))

A BS(t—D)I(t—-71)
S S(t) (1+aS(t—r))(1+yI(t—r))\ I(t)

l

nS(t) (e +d)I(D) KR(1)

SI(t)

Fig. 7.1: Transfer diagram of the infection through various compartments.

These assumptions lead to the following nonlinear system of the delay differential

equations to describe the changes in S(t), I(t) and R(t) with respect to time t:

ds(t)
dt

BS(t—1)I(t—T)
(1+ast-0)(1+yI(t-1)) '

=A—uS(t) —
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dai(t) _ BS(t—-1)I(t—7)
dt  (1+aS(t—1)(1+yI(t-1))

al(t)
1+bI(t) '

—(u+d+ I -

(7.1)

dR(t) _ al(t) _
& = b + 8I(t) — uR(t) .

where T > 0 is a fixed time during which the infectious agents develop in the vector, and

it is only after this time that the infected vector can infect a susceptible individual.

The initial conditions of the model (7.1) are given by

5(8) = 91(6),1(8) = ¢,(8),R(0) = ¢3(8), 9;(6) 20,0 € [—7,0],9;(0) >0 (i =
1,2,3) (7.2)

where (¢1(8), 9,(8),95(0)) € C([—7,0],R3). Here C denotes the Banach space of

continuous functions mapping the interval [—z, 0] into R3.

7.3 Basic properties of the model

Since the first two equations of the model (7.1) are free from the effect of R, we consider

the following reduced system for analysis:

as _ , _ BS(t—0)I(t—7)

dat A—pS (1+as(t-1)(1+yI(t-1))’

ar BS(t-1)I(t-7) _ _al

dat A+aS(t-1))(A+yI(t-1)) (u+d+8)I 1+bl (7.3)
with initial conditions

S(0) = 91(0),1(0) = 92(8), ¢;(6) = 0,6 € [-7,0],9;(0) >0 (i = 1,2), (7.4)

where (¢4(0),9,(8),) € C([—7, 0], R2). Here C denotes the Banach space of continuous

functions mapping the interval [—7, 0] into R3.

The equations of the system (7.3) monitor population. It is assumed that all state variables
of the system (7.3) are nonnegative ie. (S,1) € R2 and all parameters
AuwpB,ady,d,ab>0.

al(t)

We also assume that F(S(t),I(t)) = L and h(I(t)) = 1+bI(t)

(1+aS®)(1+yI(t))

positive, continuously differentiable, and monotonically increasing for all S(t) >0

are always

and I(t) > 0. That is, they satisfy the following conditions:
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Al. F(S(t),I(t)) > 0,F's(S(t),I1(t)) > 0,F';(S(t),I(t)) >0forS(t) >0
and I(t) > 0.

A2. F(S(t),0) = F(0,1(t)) = 0,F's(S(t),0) = 0,F';(S(t),0) > 0 for S(t) > 0
and I(t) > 0.

A3. h(0) = 0,h'(0) > 0 forI(t) = 0.

Theorem 7.1: ThesetD = {(S,]) E R2:0 < S(t) +I(t) < %} is a positively invariant

and attracting region for the system (7.3).

Proof: The proof of this theorem is as given in section 4.1. Hence, it is omitted here.

7.4 Equilibria and their stability analysis

In this section, we will illustrate our results on the local stability of the equilibria of the
system (7.3). Time delayed systems will have the same equilibrium solution as those of
zero delayed systems [Tipsri and Chinviriyasit (2014)].

7.4.1 Disease-free equilibrium (DFE)

By setting the derivatives of the system (7.3) to zero, we obtain a unique DFE of the
form Q(ﬁ, 0).

The characteristic equation of the system (7.3) evaluated at disease-free equilibrium Q is

obtained as:

(/‘”)((#ffm e-’“—y—d—a—a—a)=o (7.5)

One of the roots of Eq. (7.5) is given by 4; = —u and the other root can be obtained from

the equation

BA ATt _ A8 q ] —
Gorad © u—d—6—-a—-1=0.

BA

The term (u+ad)(u+d+6+a)

e~"* evaluated at T = 0 is termed as the basic reproduction

number, represented by R,. Therefore, R, for the system (7.3) is
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_ BA
T (ut+ad)(ut+d+6+a)

Ro

7.4.1.1 Analysisfor Ry # 1

Eq. (7.5) has a negative root 1, = —u and another root can be obtained from equation

_ BA —-ATt _
A+u+d+6+a Gram €
Let
BA
A=21 d+6 ——— e,
fA=2+pu+d+6+a G ol ©

If Ry > 1 then for real value of 4,

BA

O=pu+d+6+a————=<0,
fO)=u =t ad)

/%.im f(A) = oo.

Hence, f(A4) = 0 has a positive real root if R, > 1.
If R, < 1, we assume that Re A > 0.

Also,

Re/lz(#f—jm) e ReATcosimAt—(u+d+86+a) <

BA
(u+ad)

—(u+d+d5+a)<0,

a contradiction to our assumption. Hence, if R, < 1 then A is a root of Eq. (7.5) whose

real part is negative.

Hence, the following theorem can be stated:

Theorem 7.2: If R, <1 then the disease-free equilibrium Q(ﬁ,O) is locally

asymptotically stable and if R, > 1 then Q is unstable.

7.4.1.2 Analysisat Ry =1
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We see that roots of the system (7.3) at R, = 1 and bifurcation parameter § = g* =

+ad)(u+d+6+ . . . ;
Lol )(‘; 9 has one zero eigenvalue and one negative eigenvalue respectively. To

analyze the stability of the equilibrium point at R, = 1, linearization is not applicable to
investigate the stability behavior of equilibrium Q, at Ry = 1. We may use the center
manifold theory [Sastry (1999)]. For this purpose, we use the notations S = x; and I =

X,. Thus, the system (7.3) can be rewritten as:

o _ o pum

at A= pxy (A+ax))(A+yxy) — fu

dxz _ Bxix; _ __ax; _

At (1+axy)(1+yxs) (u+d+ 5))62 1+bx, fa: (7.6)

Let J* denotes the Jacobian matrix of the system (7.6) evaluated at bifurcation parameter
B =pB"andR, = 1. Then,

B A
]*Z[ K U+ aA
0 0

Let u = [uy,u, ] be the left eigenvector and w = [w,, w, |7 be the right eigenvector of
the Jacobian matrix J*corresponding to the zero eigenvalue. Then we have

=0 = 1and = pa =1

u; =0, u, =1landw, = ,u(,u+aA)'W2 =1.

The non-zero partial derivatives of the functions f; and f, of the system (7.6) at R, =1

and B = B* are obtained as

( 0%fy ) _ B ( 0%fy ) __Bw (62f2) _ —2y[>’*A+2ab
0x10x5 0 (u+aA)?2’ \9x,0x, 0 (u+aA)?’ \9x,2 0 (u+ad) !
(azfz) __2ap? ( 0%f, ) _ A

0x,2 0 - u+ad ' \ox,0p* 0 T (utad)

Then using theorem 4.1 of [Chavez and Song (2004)], the bifurcation constants

a, and b, are

— V2 9fk
a1 = Lo j=1 UkWiW; (axiaxj)
Q

_ 'B*A 3 au B*A 2 u ﬁ*A
=2 ((u+aA) A(u+ad) T (u+aA) A(u+al) + yu+aA> +2ab

_ _upA( BtAa B v
=2 <ab u+aA ((u+aA)3 + (u+aA)? + ,u>>
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= ab — ¢, where ¢ =

up*A ( B*? Aa B v)

p+ad \(p+ad)? (u+aA)2+;

and

_ V2 (9% )

A
e (WZ (u+aA))
A
C(utan) T

Hence, according to the sign of a,, the following theorem is being proposed:

Theorem 7.3: For the transcritical bifurcations, we have the following results:
i) When ab < c,a, < 0, the system (7.3) exhibits a forward transcritical bifurcation
at disease-free equilibrium (Q) and R, = 1.
i) When ab > c,a; > 0, the system (7.3) either exhibits a backward transcritical
bifurcation or saddle-node bifurcation at disease-free equilibrium (Q) and R, =
1.

The forward bifurcation is illustrated in Fig. 7.2.

7.4.2 Existence and stability analysis of endemic equilibrium

For the existence of an endemic equilibrium Q*(S*,1*), the system (7.3) is rearranged to
get S*and I* which gives

_A+@Ab-p—d—58—-a)" —b(u+d+ I’
B w(1 + bI*) ’

*

and I* is given by the following equation

Cil™ + CoI™ + C3I"* 4+ C " + C5 = 0 (7.7)

where

C, =yb?a(u+d + 6%,

C,=(ybau+d+8)u+d+6+a)+b(u+d+8)(—ab(u+d+8)+yub+
ya(Ab—pu—d—6—a))+Bb*(u+d+9)),
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C;=((u+d+5+a)(—ab(u+d+06)+yub+ya(Ab—p—d—5-a)+

b(u+d+8)wb+a(Ab—u—d—-6—a)+yu+yad)— Bb(Ab —2u — 2d —

26 — a)),

Co=((u+d+6+a)(wb+a(Ab—u—d—58—a)+yu+yad) +b(u+d+

§(u+ad) —pRAb—p—d—65—a)),

Cs=((p+d+5+a)(u+ad)—pA) =(u+d+85+a)(u+ad)(1—Ry) .

Using Descartes’ rule of signs, there exists a unique positive real root I* of the

biquadratic equation (7.7) if any of the following condition is satisfied:

i. ¢,>0,C,<0,C3<0,,<0andCs<O0.
i. C;>0,C,>0;<0,C,<0andCs<O0.
iii. ¢, >0C,>0,C3>0,C, <0andCs < 0.
iv. €;>0C,>0,C3>0,C,>0and(Cs<0.

If any of the above conditions is satisfied then there is a unique I* > 0, from which the

value of S* may be determined as well. This implies that there exists a unique endemic

equilibrium Q*(S*,1™).

We now investigate the local stability of Q*. The characteristic equation of the system

(7.3) evaluated at Q™ is given by
P +pod+qo+ P+ q)e =0
where

a
po—(2u+d+5)+(1+b—1*)2,

a
QO—M<(M+d+5)+m>,

_ B ( r. s )
pl_(1+a5*)(1+yl*) (1+as*)  (1+y19)/)’

. BI* a . ups®
q = (1+asS"2(1+yI*) ((,u td+ 6) t (1+b1*)2> A+yI)H2(1+as*)’

Theorem 7.4: At = = 0, Q* is locally asymptotically stable if f—:s

Proof: At Q*, the characteristic equation at T = 0 is given by
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(7.8)

(+yrI")

is satisfied.
(1+as*)



2.2 + po/l + qO + (plll + ql) == 0. (79)

$* o @y

< is satisfied then
I* (1+as*)

It is easy to show that if

_ a B r. s
pot+p=Q2ut+d+48)+ (1+bI%)2 + (1+aS*)(1+yI*) ((1+a5*) (1+y1*)) >0,

q0+q1=u<(u+d+5)+ . )+ b <(u+d+6)+ . )—

(1+b1*)2 (A+as*)2(+yI*) (1+bI1*)2

uBs”
(A+y1)2(1+as*)

:#<(M+d+6)+ : >+ pL <(6+d)+ 2 >+

(1+bI1*)2 (1+as*)2@+yI*) (1+b1*)2

uB ( 1 S
(1+aS*)(1+yI*) \(1+as*) (1+y1*)) > 0.

Hence, by the definition of the Routh-Hurwitz criterion, the endemic equilibrium Q* of

the system (7.3) is locally asymptotically stable when t = 0.

Theorem 7.5: Fort >0, Q* is locally asymptotically stable if (1+ bI*)? >

2ua *\ 2 BI* .
(ard+o)2+p®)’ Ly =Ly Ly=>Lsand (1+ aS*)* = e hold true simultaneously,
where

_ a \? 2B25*I*
Ly = ((1+b1*)2) (1+as*)3(1+y1*)3’

_ B2 I* 2 S* 2)
L2 = sy amye (((1+a$*)) + ((1+yl*)) ;

_ a BI*
Ly = (1+b1*)2 (“ T (1+as*)2(1+y1*))’

L, = ups’
7 (+yr)2(14asy)
Proof: At @* the characteristic equation for t > 0 is given by Eq. (7.8)

22 +pod+qo+ (1A +q)e " =0,

For t > 0, corollary 2.4 of Ruan and Wei [2003] ensure that if the endemic equilibrium
Q* is unstable for the particular value of delay, then roots of the characteristic equation

(7.8) must intersect the imaginary axis. Thus, to prove the stability of the system (7.3), we
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will use the contradictory assumption i.e. we assume that A = iw, w > 0 is the roots of
Eq. (7.8). Let A = iw. Then Eq. (7.8) becomes:

—w? + qo + p1w Sin T + g, cos wT + i (pyw cos WT — g sinwt + pow) =0  (7.10)
On separating real and imaginary parts of Eq. (7.10), we obtain

p1w SinwT + q; cos wT = w? — q, (7.11)
P1@ COSWT — @y SN WT = —pyw (7.12)
Squaring and adding both sides of Egs. (7.11) and (7.12) gives

w* + (po® — 290 — P1)0* + (q* — :>) = 0 (7.13)
Assuming w? = z;, Equation (7.13) becomes

le + PZl + T = 0 (714)
where P = (po® — 2qo — p1®) and T = (qo* — q4°).

2ua

: . 2
It is easy to show that if (1+ bI*) 2 rdrer D)

Ll ZLz, L3 2L4and(1+

aS*)? > M:%I;I*) are satisfied simultaneously then

P = (P02 —2qo — Plz)

2
- ((2# + d + 6) + (1+b1*)2> 2/’[ <(,Ll + d + 6) + (1+b1*)2>

2

_ 2a(2u+d+6) 2 a a 2
= 2emaD) <(2u +d+6)%—2u <(u +d+68)+ (1+b1*)2>) + (—(1+b1*)2) +

(1+as*)3(1+yI*)3  (1+as*)2(1+yI*)? (((1+a5*)) + ((1+y1*))

_ 2a(2u+d+8) 2 2 2ua a 2 2B28* " _
T (1+b1*)2 + ((u td+ 5) tu (1+b1*)2) + <((1+b1*)2) + (1+as*)3(1+yI*)3

(1+0{S*)€i1+]/1*)2 (((1+I;5*))2 * ((15;1*))2)>

_ 2a(2u+d+6)
T (1+bI")2

2ua
(1+bI1*)2

+(td+62+p2 - )+ (L= L) >0,

T = (CIO2 - Q12) = (90 + 91)(q0 — q1)
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_ a BI* a —
B (“ <(“ td+d)+ (1+b1*)2> + ((1+a5*)2(1+y1*) <(“ td+o)+ (1+b1*)2>

ups* a . BI*
(1+y1*)2(1+a5*)>> (“ <(” +d+8)+ (1+b1*)2> <(1+a5*)2(1+y1*) ((“ +d+8)+

a _ ups*
(1+b1*)2 (A+y1:)2(1+as*)

:(#(y+d+5)+ Fluraro)l” |, a (u+ A )— ups- )(((u+

(1+as*)2(1+yI1*)  (1+bI*)?2 (A+as*)2(1+yI*) A+yI")2(1+as*)

a u *\2 _ ﬁl* ”BS*
d+ 6) + (1+b1*)2> ((1+aS*)2) ((1 tas ) u(1+y1*)) + (1+y1*)2(1+a5*)>

_ Blu+d+d)I* _ a u
- <‘u(‘u + d + 6) + (1+aS*)2(1+y1*) + (L3 L4)) (((.u + d + 6) + (1+b1*)2> ((1+a5*)2) ((1 +

S ) ) 70
Evidently, if P > 0 and T > 0 are satisfied simultaneously, then by Routh — Hurwitz
Criterion, Eq. (7.14) will always have roots with a negative real part. It contradicts our
assumption for instability that A =iw is a root of Eqg. (7.8). Hence, the endemic
equilibrium Q* of the system (7.3) is locally asymptotically stable forz > 0.
Alternatively, by Descartes’ rule of signs, Eq. (7.14) does not have any positive roots,

implying w is not real, which contradicts our assumption.

7.4.2.1 Hopf bifurcation analysis

If T <0 inEq.(7.14), then there is a unique positive z, satisfying Eq. (7.14) i.e. there is

a single pair of purely imaginary roots +iz, to Eq. (7.8).

From Egs. (7.11) and (7.12) ,, corresponding to z, can be obtained as

1 (q1— )Zg%— 2nm
T, = — arccos (~RA=PePr%o Tota) 4 O 4 — 01,2, ... (7.15)
n Zy P1220%+q42 Zy

For T =0, endemic equilibrium Q* is stable; it remains stable for <7t
.o d

if = (Re (A))inzo > 0.

Differentiating Eq. (7.8) with respect to 7, we get
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_ _ da _
(2/1 + Po t+ p1€ AT — (P14 + qq)7e M) I A1+ qq)e T (7.16)

(d/l)_l _ (2A+po+p1e AT —(p1A+q,) e A7) _ (2A+py) D1 T
ac) A(p1A+qq)e2T T AMpadtae T ApiAtar) A
(d)l)_l _ (2A+po) P T

dt)  —A(A2+pod+do)  A(iA+ql) A

%(Re (/1))|A=izo = Re (Z—i)_l

l=iZO
2izg+ T
=Re( : ( 2o.po) + - 'p1 _._)
—izg(=2zo*+ipoZo+qo)  izo(ir1Zo+q1) iZo

1 (2iz9+po) 121 .
=Rel|X
€ <Zo ((Zoz—%)i"'pozo) + (—p1zo+iq1) tu )>

_1 (ZZO(ZOZ_QO)+pOZZO __ pi’z )
(Z02=q0)2+(P0Z0)?>  (P120)?+q12

Zo

_ 220%+(Po®—2q9-p12) . - 5
= ERTEPR (Since, from Egs. (7.11) & (7.12), (z, qo)? +

(Poz0)?* = (P120)* + 41°).

Under the condition py? — 2g, — p12 > 0, we have %(Re (/1))|/1 - >0.
=1lZy

Therefore, the transversality condition holds and Hopf bifurcation occurs at w = z,, 7 =

Tp.

By summarizing the above analysis, we arrive at the following theorem:

Theorem 7.6: The endemic equilibrium Q* of the system (7.3) is asymptotically stable

for 7 € [0,7,) and it undergoes Hopf bifurcation at T = 7.

7.4.3 Global stability analysis

In this section, we study the global stability of disease-free (Q) and endemic (Q*)

equilibria:

7.4.3.1 Global stability of disease-free equilibrium (DFE)
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In this subsection, we show the global asymptotic stability for disease-free equilibrium

Q (ﬁ O) of the system (7.3). For this, we assume the following:

A4. F;(S(t),0) is increasing with respect to S(t) > 0,

F{ (S0,0)

F{ (So,0)
F{ (5(£),0)

Ff (S(£),0)

AB. F(S(®),1() <I() (WLS - 2D 1=0> +G(I(D),1(t) > 0.

Ab5. < 1 for S(t) > Sy; > 1 for S(t) € (0,Sy).

Under these assumptions, we have the following theorem:

Theorem 7.7: Suppose that (A1) — (A6) are satisfied, the disease-free equilibrium
(Q(SO, 0), So = %) of the system (7.3) is globally asymptotically stable for any 7 > 0

ifRy < 1.
Proof: From the conditions (A1) and (A2), it follows that the disease-free equilibrium
Q(Sy,0) is the only equilibrium of the system (7.3). We define the following Lyapunov

functional:
Wi(t) = Y1 (t) + Y, (t)

where

S(t)
Yl(t)=5(t)—so—f o F(010)

im do + 1(t),
s, 120* Fo,1(D)) ®

B0 = | F(SC = p)1G~ ) dp
0

By (Al) — (A3), it can be seen that W, (t) is defined and continuously differentiable for

all S(t),1(t) > 0, and W;(t) = 0 at Q(S,, 0). We show that % < Oforallt > 0. First,

dY;
we calculate d—tl.

dY1=<1 L F(So, 1(1))

=T NT0)) ) SO+

Now, 4 — uS = —p (s —ﬁ) = —u(S = S,)
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Therefore,

av, (. F(SeI®)\/ oo oy B B
E‘(l Lim F(S,I(t))>( W(S = S9) = F(S(t =), 1(t = 1))
+F(St—1),I(t—1)) — GU(L))

where,

GU®)) = (u+d+8)IE)+h(I®)).
Now, calculating

dy,
— = —F(S(t—1),1(t — 1)) + F(S(t), I())

Therefore, it follows that

dw, _dv,  dy,
dt  dt dt’

aw, (- F(So, 1(1))
ar (1 RS TONG))

+ F(S(t—r),l(t—r)) —-G() —F(S(t—r),l(t —T))
+ F(S(®), 1(t))

B #<1 A F(S,1(t))

> (—M(S —So) —F(S(t—1),1(t - T)))

> (So = S(®)

+F(St-1),1(t—1) <1im F(Sol®) _

MG 10) 1> +F(S®,1(D)

- G().

Furthermore, (A4)-(A6) implies that

aw, < F{(So,0)
dt = < ~ F/(S(1),0)

1 <6F(S(t), IG)

) (So = S@®) + F(S(t —1),1(t — D)) (

»

FI,(SOr 0) _ 1>
F/(S(®),0)
3 oG (1)

a1 a1

(SO'O)
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_ FI,(SO’O)
=u (1 - m) (So—S®)+F(St—1),1(t—1)) (

1()L

FI,(SOI 0) _ 1>
F/(S(),0)

\(Ry — 1).

I=0

Therefore, R, < 1 ensures that " < 0forallt >0, Where = 0 holds if S(t) = S,.

Hence it follows from the system (7.3) that largest invariant set in {(S(t),l(t)) €

R2 |%= O} is the singleton set Q(S,,0). From the Lyapunov-LaSalle asymptotic

stability theorem [Huang et al. (2010a) & (2010b); Hale and Lunel (1993); Li and Liu
(2014)], Q is the only equilibrium of the system (7.3) and globally asymptotically stable.

This completes the proof.

7.4.3.2 Global stability of endemic equilibrium (EE)

In this subsection, we study the global stability of the endemic equilibrium Q*(S*,I*) of
the system (7.3) using the Lyapunov direct method. We propose the following hypothesis:

F(S*,I%) r (F(s@,1®) A Fs@®) ) 1) .
(F(S(t),l*) N I(_t)> = O’( F(S%,I1%) 1) =0; (F(S(t),l(t)) I* ) =o0for/ =1

AB. (h(l(t)) _1(_t)> (1 I ) <0forl >1TI".

Based on these hypotheses, the following theorem may be stated:

Theorem 7.8: Assume that the conditions (A1) — (A3) and (A7) — (A8) are satisfied.

Then the endemic equilibrium Q*(S*,I*) of the system (7.3) is globally asymptotically
stable forany > 0 if Ry > 1.

Proof: We assume the following Lyapunov functional
W, () = X,(t) + X,(t)
where

SO F(S*, 1) 1()
' 1(t)—1I"—=1I*1
. F@o) do + 1(t) n—=

X)) =S(t)—-S5" —J
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F(S*17) n F(S*17)

T(F(S(t—0),I1(t—16 F(S(t—06),I(t—=6
X2=F(S*,I*)f<(( ) 1€ ))—1 1 (SC—0),IC D)d@.
From (Al1)-(A3), W, (t) = X;,(t) + X,(t) is defined and continuously differentiable for

all S(t),1(t) > 0and W,(0) = 0at Q*(S*,I"). At Q* (S, I"), the system (7.3) has
A—uS*=F(S* 1) =(u+d+ 8"+ h(I") (7.17)

The time derivative of X; (t) along the solution of the system (7.3) is given by
dX, F(S,1) Y\ I
ran (1 B F(S(t),l*)) s+ (1- 10 )) o

F(S*,1%) ) .
- <1 _ m) (us —uS(t) + F(S*,1") — F(S(t — 1), 1(t — r)))

*

I
+ (1 - I(t)) <F(S(t —1),I1(t 1))

F(S*1") — h(I”
MUCHDRLE) I(t)—h(](t)))

* F(S*1%)
= u(s* = 5®) <1 - F(S(t),l*)>

L F(S, 1) F(St-1),1(t-1))
TR )<1‘F(s<t).1*)+ FGO, 1) )

F(S(t—1),1(t—1)) (t)
- ) I" + F(S", 1)(1——)

" (h(l*) - h(f((t?) 1*) <1 _ ’g—t)>

Further, we have

F(S* 1) F(S*1%)

dXz(t) _ RS, _f <F(S(t —-0),1(t—86)) 4 lnF(S(t —0),I(t — 9))) 5

) . F(St-0,1t—-1)
= FS@10) = F(SE =01t = D) + F(SW I In——preas oy

Then we have
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dW,(t) B dX,(t) N dX,(t)
dt  dt dt

dwy(t) . F(S*,1%)
i~ M=) <1 _F(S(t),l*)>
L F(s*,1") F(St-1),I(t—1))
TR )<1_F(5(t),1*) F©, 1) )

F(S¢—-1),1(t—1) , . I1(t)
_ 0 I +F(S,I)<1— Iz )

+ (h([*) IUO) 1*) <I(t) — 1) + F(S(6),1(t))

1(t) I
o F(S(t=D),1(t ~D)
~F(SE-D 1= D) + FE == mes

=u(S*—5(@)) <1 —

F(S*,17)
F(s(0),1 *))

LRSI (1_ F($%1) F($*,1") )

FSO. T SO
F(st1 I

F(S(O, 1) I(t))

1(t) I(t)>

+F(S 1 )(1—1—*+ln I

h(I*) I* 1(t)
* (h(lm) - 1<t)>< o 1) h(1®)

F(S(t—1),1(t—1) F(S(),I") I’
F(S@),1(t)) = F(S.I) 1)
. <F(S(t—r),1(t—r)) F(S(t), 1) I* ))
F(S@®, 1)) = F(S5I1) 1)

F(S(®,1(0) 4
F(S* 1%

+F(S(t—r),1(t—r))<

+ F(S* 1) (1 -

+ F(S*, 1) (

+F(S(t—1),1(t - T)).IZ) ( FE@®, 1) I(t)>-

FGS®,I®) I

The function F(S(t),I1(t)) is monotonically increasing for any S(t) > 0; hence, the

following inequality holds:

(57 —sm) (1- =2 <o, (7.18)

F(s(6).1")

By the properties of the function K(x) =1 —x +Inx , (x > 0), we note that K(x) has

its global maximum K(1) = 0. Hence, K(x) <0 when x >0 and the following

inequalities hold true:
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F(S*,1%) F(S*,1) 1(6) 1(0)
(1 RSO, +1n F(S(t),I*)) =0, (1 -7t In 1_) =0,

F(S@O,1®) =~ F(s*1*) "1(t) n F(S(O),1(®)) =~ F(s*I*) "1(t)

(1 _F(s(t—r),l(t—r)) F(S®I*) 1 1 F(S(t-D),I(t-1)) F(S@®)I*) I* ) <0. (7.19)

Hence, by (A7) - (A8) and inequalities (7.18) - (7.19), we see that % <0 forall S(t) >

Z.dWZ

0,1(t) = 0. It is easy to verify that the largest invariant in {(S(t),l(t)) € R%:—

= 0} is
singleton {Q*}. By the Lyapunov-LaSalle asymptotic stability theorem [Huang et al.
(2010a) & (2010b); Hale and Lunel (1993); Li and Liu (2014)], Q* is globally

asymptotically stable.

7.5 Numerical simulation

In this section, we represent the results of numerical simulation. For simulations, we take

the numerical experimental values of parameters as given in Table 7.1.

Graphs have been plotted for S and | for different values of time lag 7. The trajectory of S
and | approach to the endemic equilibrium as shown in Fig. 7.3 and Fig. 7.4 for t =
0 and 2 respectively.

Fig. 7.3 and Fig. 7.4 depict the combined population of susceptible and infected
individuals for time lag T = 0 and 2 respectively. According to the data given in Table
7.1, we found that the value of R, is 4.3. Thus, the disease will be endemic in the
population, which can be observed from the figures that as time passes both the

populations approaches to the endemic equilibrium.

Fig. 7.5 delineates the difference between the infected populations at the various values of
time lag . It is observed that the infected population is less at T = 0 than the infected
population at 7 = 1,2 and 3 respectively. It can be deduced that delay in showing the

symptoms of the disease will cause a slight increase in the infected population.

Fig. 7.6 shows the susceptible population at various values of the transmission rate ( 3)
at T = 1. It is evident that the susceptible population increases when the transmission rate

(B) decreases.
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Fig. 7.7 demonstrates the variation in the infected population for different values of g
att = 1. It shows the dynamics of the model for larger values of 8. This figure shows
that for an increase in value of the probability of transmission per contact rate (or
effective contact rate) 3, the number of infectives increases, which is biologically true. It
can be observed that the decline in transmission rate () contributed to a sharp drop in
the spread of disease. As the value of 8 decreases, the number of infected individuals also
decreases and settles down to a steady state which shows that disease will not eradicate

completely, rather it will persist in the community.

Fig. 7.8 and Fig. 7.9 are depicting the infected population at different values of « and y
at T =1. It is noticed that the infected population is decreasing when «a andy are
increasing. It shows that higher values of a andy, will restrict the possibility of
spreading the disease. Thus, it is concluded that inhibitory effects among susceptibles
and infectives will help in diminishing the spread of disease. Also, as inhibitory effects

increase, the delay in peak infection increases.

Fig. 7.10 and Fig. 7.11 show the effect of cure rate (a) and limitation rate (b) in
treatment availability on the infected population with various values of aand b att =1
day. Fig. 7.10 shows the decrease in infected population as cure rate (a) increases and it
settles down at its steady state, but the disease is not getting totally eliminated as it will
persist at a lower level. Fig. 7.11 shows an increase in infected population as b increases,

which is due to the limited availability of treatment resources in the society.

Fig. 7.12 demonstrates the difference in the infected population with and without
treatment rate h (I) att = 1 day. It can be clearly observed that the infected population

will decrease drastically if Holling type Il treatment is given to the infected population.

Fig. 7.13 presents the oscillatory behavior of the infected population with time. Fig. 7.14
shows the population in S-1 & S-I-R plane respectively. According to Eg. (7.14) and
theorem 7.6, the values have been computed as; tq = 10.0726,p,% — 2qo — p1% =
0.00100295 > 0,and gy — g2 = —0.0000373748 < 0. From Fig. 7.13 it can be
viewed that when t=09.5<7t,=10.0726 then the endemic equilibrium is

asymptotically stable.
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Figs. 7.15 & 7.16 show the variation in the infected population for increased cure rate (a)
and measures of inhibition (y) taken by infected respectively for the data given in Table
7.1. In both figures, the infectives are decreasing due to the increments in the cure rate

and measure of inhibition taken by infected respectively.

7.6 Conclusions

In this chapter, we developed and analyzed a time delayed SIR epidemic model with
Crowley-Martin (C-M) functional type incidence rate and Holling type Il treatment rate.
From the analysis of the model, we demonstrated that the model has two equilibria named
as disease-free equilibrium (DFE) and endemic equilibrium (EE). The stability analysis of
DFE is investigated by the basic reproduction number R, and it is concluded that DFE is
locally and globally asymptotically stable when R, < 1 and unstable when R, > 1 for
time lag T > 0. Clearly, it indicates that the infection will persist in the society when the
basic reproduction number is greater than one and disease will die out when the basic
reproduction number is less than one. We also showed that the system (7.3) undergoes
either a forward bifurcation or backward bifurcation or saddle-node bifurcation under
certain conditions at R, = 1. We have investigated that EE of the system (7.3) for time
lag T = 0 is locally asymptotically stable if the inequalities as stated in theorem 7.4 and
theorem 7.5 respectively hold true. Hopf bifurcation analysis of the system (7.3) at EE
has also presented. Further, we analyzed the global stability of DFE & EE and obtained
the conditions as stated in theorems 7.7 and 7.8 respectively. Simulation has been carried
out to delineate the effects of time delay, cure rate, limitation rate in available treatment,
and measures of inhibition accepted by susceptible and infected individuals. The
numerical simulation of the model shows that the infection will see a rise with the
increment in transmission rate and settles down at a lower level because of the availability
of treatment. Further, decrement in infection is being observed with an increment in the
measure of inhibition adopted by susceptible and infective. Furthermore, Hopf bifurcation

at endemic equilibrium has also been discussed numerically.
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Table 7.1: Description and numerical values of parameters for simulation

Parameter Value
A (Recruitment rate) 11

a (Measure of inhibition taken by susceptible) 0.005
B (Transmission rate) 0.003

u (Natural death rate) 0.03

d (Disease induced death rate) 0.04

y (Measure of inhibition taken by infected) 0.005
6 (Recovery rate) 0.001

a (Cure rate) 0.02

b (Limitation rate in treatment availability) 0.02
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Fig. 7.2: Bifurcation diagram in (R,, I) plane: forward bifurcation for the data set A =
10,a = 0.005, 8 = 0.00073,y = 0.005, 4 = 0.03,8 = 0.001,d = 0.04,a =
0.02 and b = 0.02.
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Fig. 7.3: Population (S, 1) attime lag T = 0 and R, = 4.3.
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Fig. 7.6: Susceptible population (S) for increased values of transmission rate (f) at
timelagt = 1.
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Fig. 7.7: Infected population (I) for increased values of the transmission rate (5) at

timelagt = 1.
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Fig. 7.8: Infected population (I) at increased values of measures of inhibition (a) due to

the susceptibles at time lagt = 1.
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Fig. 7.9: Infected population (I at increased values of measures of inhibition (y) due to

the infectives at time lag T = 1.
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Fig. 7.10: Infected population (I) at increased values of cure rate (a) at time lag T = 1.
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Fig. 7.11: Infected population (1) at increased values of limitation rate (b) in treatment

availability at time lag T = 1.
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Fig. 7.13: Oscillatory graph of the infected population (I) at A = 12, =

0.00585,y = 0.02, T = 9.5.
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Fig. 7.14 (a): Populationin S — I plane at A = 12, 8 = 0.00585,y = 0.02,7 = 9.5.

Fig. 7.14 (b): Populationin S — I — R planeat A = 12,8 = 0.00585,y = 0.02,7 =
9.5.
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CHAPTER 8

MATHEMATICAL AND NUMERICAL STUDY OF A SIR
EPIDEMIC MODEL WITH THE INCLUSION OF
ALERTNESS, INCUBATION PERIOD AND PRE & POST
TREATMENT CLASSES

In this chapter, we present two different epidemic transmission models by incorporating
different compartments according to disease status. Firstly, we present and analyze a
susceptible-infected-recovered epidemic model by incorporating an alert individual’s
compartment along with the consideration of two explicit saturated incidence rates and
Holling functional type Il treatment rate. Awareness about the epidemic may play a
significant role in the control of the spread of an epidemic. Hence, an alert compartment
has been incorporated into the SIR model. It motivates us to take two incidence rates: one
from the susceptible class to infected class and another from alert class to infected class.
Holling functional type Il treatment rate has been introduced to capture the effects of
resource limitation in treating infectives. Secondly, we propose and analyze a time-
delayed susceptible-infected-recovered epidemic model by introducing two explicit
treatment classes (or compartments) along with nonlinear incidence rate. The treatment
classes are named as a pre-treated class and post-treated class. The pre-treatment and
post-treatment rates are being considered as Holling type | and Holling type Il
respectively. Long term qualitative analysis has been carried out after incorporating
incubation time delay (7) into the incidence rate. Further, we analyze both the models
mathematically and obtain the model equilibria and discuss their local stability for both
models separately. Finally, numerical simulations are presented to epitomize the

analytical studies.
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8.1 Introduction

In this chapter, we have proposed two different susceptible-infected-recovered (SIR)
models with Holling type incidence rate and treatment rates. In the first model, we
proposed a SIR model by incorporating an alert class along with Holling type Il incidence
rate and treatment rate. Alertness from the infection in the population always helps the
health agencies to minimize the infection in society. When the population is alert about
the infection, they always try to take precautionary measures which definitely reduces the
spread of the disease. Therefore, an alert population compartment is incorporated into the
SIR model. In this model two Holling functional type Il incidence rates have been used:

one from susceptible to infectives and second from alert individuals to infectives.

In the second model, a SIR model is proposed by incorporating two explicit treatment
compartments along with Holling type incidence rates, time delay and Holling type Il
treatment rate. In this model, not all susceptible population who are in effective contact
with infected individuals become infected. Some of them enter into the infected
compartment but some of them are already vaccinated before symptoms of the disease are
visible. On the other hand, individuals who have already entered into the infected
compartment will be given treatment according to the severity of the disease. Therefore,
to take into account these pre-treated and post-treated individuals, two compartments
have been incorporated in the SIR model namely pre-treated compartment and post-
treated compartment respectively. The incidence rate and treatment rates are considered
as Holling functional type. The detailed explanation of Holling functional type incidence
rate and Holling functional type Il & IIl treatment rates have already been given in
section 4.1 in chapter 4.

In this chapter, we propose and analyze both models separately. Further, we investigate
the basic reproduction number R, for both models separately and analyze the dynamical
behavior of the model’s equilibria. The stability analysis of the equilibria for both models
has been done using Descartes' rule of signs [Wang (2004)] with the Routh-Hurwitz
criterion separately. Finally, models are simulated numerically to support our theoretical
findings.
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8.2 A susceptible-alert-infected-recovered (SAIR) model

To formulate the mathematical epidemic model, the total population N(t) is divided into
four compartments (or classes); susceptible individual class (S), alert individual
class (4), infected individual class (1), and recovered individual class (R). Vulnerable
(susceptible) people are those individuals who are healthy and can get the infection under
appropriate conditions. Alert people are the individuals who know about the effect of
disease, infection and symptoms and are taking necessary precautions to control the
infection, and can get the infection only under adverse conditions. Infected people are the
individuals who have caught the infection and can transmit it to susceptible and alert
people via contacts. As time passes, via auto recuperation which could be due to the
immune system reaction of the body or by treatment, the infected individuals lose
infectivity and transfer to the recover class. We consider the Holling functional type |1
treatment rate H (1) for the recovery of the infected people since it considers the cure rate
along with the limitation rate in treatment availability which is more realistic. The transfer

diagram of the epidemic for the various classes is shown by the block diagram in Fig. 8.1

below:
HA
A
&S e
1+al
BSI
_Js thal J | R
us (u+d)l UR

Fig. 8.1: Transfer diagram of the infection through various compartments for the model
(8.1).
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The proposed model is given by the following system of nonlinear ordinary differential

equations:

B -85 —pus —LL

dt 1+al

da _ Rz

i 6S — uA Tl (8.1)
ar _ BSI YAL _a

dt  1+al  1+al (h+d+06) 1+br’

dR al

T 1+bl+ 0l — uR.

where, S(0) > 0,4(0) > 0,1(0) > 0,and R(0) > 0.

The parameter m represents the constant recruitment rate of susceptible by birth or
immigration. We consider that the susceptible individuals are moving into alert class at a

rate §, hence & defines the rate of alertness of susceptible individuals. The incidence term

% represents the nonlinear saturation-limited rate (where 8 denotes the transmission

rate of susceptible to infected individuals and « is the measure of inhibition taken by

infectives), describing the rate of new infection when the susceptible individuals are
becoming infected. u is the natural mortality rate. The term % represents the incidence

rate of alert population (where y denotes the transmission rate of alert to infected
individuals), describing the number of new infections when the alert individuals are

becoming infected. The parameters d and 6 represent the disease-induced death rate and
recovery rate of the infected individuals, respectively. The term H(I) = % represents

the Holling functional type Il treatment rate, where a is the cure rate and b is the rate,

taking into account as resource limitations [Zhou and Fan (2012); Dubey et al. (2015)].

8.2.1 Basic properties of the model

Since the model (8.1) monitors the population, therefore for the biological reasons it is
supposed that all the state variables are nonnegative and all the parameters of the model

are positive.
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For the model (8.1), we find that all the solutions with nonnegative initial data will

remain non-negative and bounded for all time t. It can be observed as follows:
The total population N (t) is

N(t) = S(t) + A(t) + I(t) + R(t).
The rate of change in the total population is

AN(r) _ dS(t) | dA(D) | dI() | dR() _

_ _ -
dt dt dt dt I =TT HN@ = dl(©) <7 —uN(©

It implies that,
s
N(t) < N(0)e ™ + ;(1 — e HY)
Thus, we get

T
LimN(t) <—.
u

t—oo

Furthermore, dIZl—it) < 0if N(t) > 0. Thus, all the solutions of the model (8.1) tend to the
positively invariant region D = {(S,A,I,R) ER}:0<S+A+I+R< E} Hence, all

the solutions of the model (8.1) are bounded and nonnegative. Thus, the model (8.1) is

well-posed mathematically and epidemiologically.

Hence, we establish the following theorem:

Theorem 8.1: The setD = {(S,A, LR)ERY:0<S+A+I+R< %} is a positively

invariant region of the Model (8.1).

Since the recovered population R(t) does not feature in the first three equations of the
model (8.1), without loss of generality, this equation can be omitted for theoretical

analysis. Thus, we consider the following reduced system for the analysis:

E—n—é‘S—uS—ﬂ

dat 1+al’
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YAI
1+al’

dA _ _
=55 A (8.2)

dl _ BSI YAL _a
dt  1+al T 1+al (u+d+0)l 1+bI’

In the next section, we obtain the equilibria of the system (8.2) and discuss their stability

behavior.

8.2.2 Equilibria and their stability analysis

The system (8.2) has two equilibria which are obtained by equating the derivatives of the

system (8.2) to zero. These are as follows:

i.  Disease-free equilibrium (DFE) Q (ﬁ’u(ji&) ) 0).

ii.  Endemic (Positive) equilibrium (EE) Q*(S*, A", I").

To investigate the stability of the system (8.2) at obtained equilibria, we first find the
linearized matrix. For this, we assume that F = (F;, F,, F3)T, where F;, F, and F;
represent the right-hand sides of the system (8.2) respectively. Furthermore, let X =

(S,A,DT . Then, the linearized matrix for the system (8.2) is obtained as follows:

BI Bs
/(_5_“_1+a1) 0 CETHE \
| yI yA |
Bl vl BS yA a
1+al 1+al ((1+a1)2+(1+a1)2_d_”_9_(1+b1)2)

Now, we will obtain the threshold parameter R,, known as the basic reproduction
number, which determines the stability of the equilibria.

8.2.2.1 Computation of the basic reproduction number (R,)

The characteristic equation of the matrix J in A at DFE(Q) is given by
wu+DWw+s+DA-WA+u+0+a)(Ry—1)]=0 (8.3)
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The characteristic equation (8.3) has three roots 1, = —u, A, = —(u+6), and A3 =
d+u+6+a)R,—1).

where,

_ (up +v6)
Cu(u+)[d+u+6+a)

0

The term R, is known as the basic reproduction number for the model.

8.2.2.2 Stability analysis of disease-free equilibrium

In this subsection, we analyze the stability of the disease-free equilibrium (Q).

8.2.2.2.1 Analysisfor Ry # 1

From Eq. (8.3) we note that the matrix Jevaluated at Q has two negative
eigenvalues A, = —u and A, = —u — 6, and the sign of third eigenvalue 1; depends on
the basic reproduction number R,. A5 is negative if and only if Ry, < 1. Thus, with the

help of the Routh-Hurwitz criterion, we propose the following theorem:

on
" u(u+o)

Theorem 8.2: The DFE Q (ﬂ% ,0) is locally asymptotically stable if R, < 1

and unstable if Ry > 1.

8.22.22 AnalysisatRy, =1

We notice that the matrix J of the system (8.2) is being evaluated at R, =1 and

S+ (d+u+6+ 5 . .
@tp@tptbra) VT) has a simple zero eigenvalue and

bifurcation parameter g = f* = (

the other eigenvalues are negative. Therefore, the disease-free equilibrium Q is a non-
hyperbolic equilibrium when R, = 1. To analyze the behavior of the system (8.2) for the
basic reproduction number R, equals to one, we use the bifurcation theory approach
which is based on the center manifold theory [Sastry (1999); Dubey et al. (2015)].
Through this approach, we are interested to assess if there is a stable coexistence
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equilibrium bifurcating from Q, and Q@ changes from being stable to unstable. This
behavior is known as transcritical bifurcation [Chavez and Song (2004); Buonomo and
Cerasuolo (2015)]. For the analysis, we assume that S = x;,A = x, and I = x5 then the

system (8.2) can be rewritten as

dxy Bx1x3

— =T —0x; — Ux =

dt 17 A~ 1+axs fi'

dx; YX2X3 _

— =06x; — Ux, — = 8.4
dt 17 HX2 1+axs 2 ( )

dx X1X XX
I — FxaXs 4 ¥oXs ()4 g 4 @)x, —
dt 1+axs 1+axsz

=f3

1+bx

The Jacobian matrix J* evaluated at R, = 1 and § = £~ is obtained as

B
(o= 0 o

= | yém .

5 - ——
\ Mu+®/
0 0 0

Let u = [uy, uy, us | denotes the left eigenvector and w = [wy, w,, w3 |7 denotes the right

eigenvector of J*corresponding to the zero eigenvalue. Then, we obtain that

u, =0,u, =0,u3 =1andw pm =_5n(y5+yu+uﬁ*) wy, =1
! 2 T N O ek w2 +w?z T

The non-zero partial derivatives associated with the functions f;, £, and f; of the system
(8.4) calculatedat R, =1 and g = ™ are

(o), = Gir), =7 (ioss) , = F
(%)Q - (SZZ)Q - u(zﬂafﬁ)( p+ ]/5) + 2ab, and ( 0x30B* ) (6+u)

From [Chavez and Song (2004); Buonomo and Cerasuolo (2015)], we obtain the

bifurcation constants a,and b, as given below:

— V3 9*fr
Ay = Xiij=1 UkWiWj (6xi6xj)
Q

e B’ +y6>))

= Uj <w1w3[>’* + wowsy + waw; 7 + waw,y + wg (Zab —
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_ [, B Syn(yS+yu+up*) | 2am .
= (2 T +2 ) + P (up* + ]/6)) + 2ab

_ V3 (9% )

M (@fm)

T
T (6+w) > 0.

Thus, according to sign of a;, we propose the following theorem:

Theorem 8.3: The DFE Q(L om

,—,0) either exhibits a forward or backward
u+é " p(u+d)

bifurcation at R, = 1.
8.2.2.3 Existence and stability analysis of endemic equilibrium

To obtain the conditions for the existence of the endemic equilibrium Q*(S*, A%, 1%), the

system (8.2) is rearranged to get S*, A*and I* which gives:

. _ w(1+al®) « _ 0S*(1+al”)
T (S+w)A+al)+pI’ T ou(+al)+yr’

and I* is given by the cubic equation
C2 +CI*+CI"+C,=0 (8.5)
where,

Ci=uld+wa+d+0+upu) —n(yd+pu)=pl6+wla+d+06+p)(1—Ry),

C=-n((b+a)yd+ By + B +a)w)+ay(6+w)+uB+2a(6 +w))+(d+
0+ Wy (6 +w) +ulB+ b+ 2a)(6 + ),

CG=aly+a)(B+al6+w)—nb(ayd + By +aw) + @ +0+w)(By + b+
) + (6 +w(aly + ap) + by + 2ap))),

Co=b(d+0+ )y +aw)(B+als+w).

After simplifying the coefficients C, and C5, we get that
C, = —n((b +a)yd+ By + (b+ a)u)) + a()/n +u(B + Zan)) + m(yn +
u(B + (b + 2a)n)),
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C; = —nb(ay5 + Ly + a,u)) +aly +au)(B+an)+m (,8()/ +(b+ a)u) +

n((b + @)y + a(2b + a),u)),

where m=d+6 +u,andn= 6+ u.

Using Descartes’ rule of the signs, for Ry > 1, there exists a unique positive real root I*
of Eqg. (8.5) if any of the following conditions holds true:
i, €, <0,C,>0,C3>0,C,>0.
i. ¢, <0,C,<0,C3>0,C,>0.
iii. €, <0,C,<0,C3<0,Cq>0.

Here, C; is negative for R, > 1, and C, is always positive whereas the coefficients C,,
and C5 are positive or negative under the conditions given below:

{> 0 when n((b +a)y§ <Bly+ OB+ a),u)) + a(yn +u(B+ Zan)) + m(yn +uB+ b+ Za')n)).
?|< 0 when n((b +a)y6 >y + O+ a),u)) + a(yn +u(B+ Zan)) + m(yn +uB+ b+ Za')n)).

and

> 0 when nb(ayd + B(y + aw)) < aly + aw)(B + an) + m (ﬁ(y + b+ +n((b+a)y+alb+ a)u)).
C.
* | < 0 when nb(ays + By + aw)) > aly + aw)(B + an) + m (ﬁ(y + b+ +n((b+a)y+ab+ a)u)).

After getting the value of I* we can obtain the values of S*and A*. It indicates the
existence of a unique positive equilibrium Q*(S*,A*,I*) if any one of the above

conditions is satisfied.

The local stability analysis of the endemic equilibrium Q* is explored as follows: The

characteristic equation of the system (8.2) at Q* is a third-degree polynomial:

13 + poAZ + plA + pz = 0, (86)
where,

_ B+I* a __(BST+yAY)
Po=0+2p+ 1+al* + ((1+b1*)2 tut+d+o (1+al*)? ) '

_ BI* yI* (B*S*+y2AN)I* B+NI* a
P1= (5 tut 1+al*) (l“t + 1+al*) + (1+ar*)3 + (5 t2u+ 1+al* ) ((1+b1*)2 tUt

d+6— (ﬁS*ﬂ/A*))’

(1+al*)?
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pe = (8 527) (e £57) (i + e 4o 0 = G5) + e (0

BI* )+ BéyS*I* + BS*I* (‘u+ yI* )

1+al* (1+al*)3  (A+al*)3 1+al*

u+

Theorem 8.4: The endemic equilibrium Q* is locally asymptotically stable

(,BS*+yA*)< a
(1+al*)? — (1+bI*)?

when +u+d+0.

Proof: From Eq. (8.6), it is clear that the coefficients py,p; and p, of 12, 2and 1,

if (BS*+yA") < a
(1+al*)? = (1+bI*)?2

respectively, are positive +u+d+86. Therefore, by the

Descartes’ rule of the signs [Wang 2004], it is clear that all the eigenvalues of Eq. (8.6)
are negative. Hence, by the definition of the Routh-Hurwitz criterion Q* is locally

(BS*+yA") < a

asymptotically stable when the condition . = Wiy

+ u + d + 6 is satisfied.

8.3 A susceptible—pre-treated—infected—post treated—recovered model

We propose a mathematical model for epidemic through compartments (or classes). For
this, we consider the total population N(t) at time t, with the immigration of susceptible
individuals with a constant rate A. We divided the total population into five
compartments: susceptible (S) compartment, pre-treated (T;) compartment, infected (1)
compartment, post-treated (T,) compartment and recovered (R) compartment.
Susceptible are those who can get a disease under appropriate conditions, pre-treated are
those who are vaccinated before the infection and can get a disease under adverse
conditions, infected are those who have contracted the disease and can spread the disease
to susceptible and pre — treated individuals under suitable conditions, post-treated are
those who are infected and taking the medical treatments and recovered are those who are
immunized after the medical treatment and are free from the effect of disease. The pre-
treatment and post — treatment of individuals are given by the Holling type | and Holling
type 111 treatment rates respectively. It has been considered that treatment before getting
infected will be given in a linear form; therefore, Holling type | functional response has
been considered for the treatment rate in the pre-treated class. The treatment given to
infected individuals will be more than a linearly increasing function because of the

limitation to the treatment availability which is well explained by Holling type I1lI
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functional response and therefore Holling type 11 treatment rate will be considered for
the treatment of infected individuals. Incubation time delay has been incorporated as a
time delay in force of infection and inhibition effect which form nonlinear incidence rate.
This time delay (z > 0) will be a fixed time during which the infectious agents develop
in the vector and it is only after this time that the infected vector can infect a susceptible
individual. Let u be the natural death rate of the population, d the death rate due to the
disease and 6 the recovery rate of post - treated individuals. The progression of the

epidemic in different compartments is shown by the block diagram as given in Fig 8.2

below.
Il,;‘1
T,
oS yIT,
4 S %> 1 #2212 > T, or, S R
ilS (u\k d)1 le 2 u\k

Fig 8.2: Progression of infection from susceptible (S) and pre-treated (T;)
compartments through infected (1), post treated (T,) and recovered

(R) compartments.

The rate of change in each compartment is given by the following system of nonlinear

delay differential equations:

BS@®)I(t-7)

ds(t
as®) _ A—(u+8)S(t) — 1+al(t-1) "’

dt

dT, (t
20 = 65(t) — uTy(8) — YI(OTL(©),
A0 _ BSOS |1 )Ty () — (i + d)I(E) — 2 8.7)
dt  1+al(t-71) 14 1 H 1+bI2(t)’ '
dT,(t) 12(t)
;t - 1jb12(t) A CREDIO
dR(t) _

5 = 0T2(t) — uR(D).
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The initial conditions of the model are given by
5(6) = 1(0), T1(0) = 92(0),1(6) = 93(6), T2(8) = 94(6),R(6) = ¢5(0),
©;(0) =0,0 € [-1,0],9;(0) > 0 (i = 1,2,3,4,5) (8.8)

where  (¢1(0), 92(0), 93(0), 94(0), 95(0)) € C([—-7,0], R). Here C denotes the

Banach space of continuous functions mapping the interval [—t, 0] into R3..

The term §S represents the Holling type | treatment rate, where, & is defined as pre-

al?
1+bI?

treatment rate and the term represents the Holling type Il treatment rate, where,

both a and b are positive constants defined as cure rate of the infected individuals and

limitation rate in treatment availability [Dubey et al. 2016] respectively. The

BS()I(t—71)

term 1+al(t-T1)

represents the Holling functional type Il incidence rate, where, 5 is the

transmission rate of infection in susceptible individuals and « is the measure of inhibition
effect due to the infected individuals. The term yI(¢t)T,(t) in the model, represent the
bilinear incidence rate of infection between pre-treated and infected individuals, where, y

is the transmission rate of infection in pre-treated individuals. The incidence

BS®I(t—71)

rate 1+al(t-1)

represents the rate at the time (t — ) at which susceptible individuals

leave the susceptible class and enter into the infectious class at time t. Furthermore, it is
assumed that all other parameters of the model are positive which is also biologically

true.

It should be mentioned that although the recovered population continues to make contacts
with other individuals of the population, it does not contribute to the transmission
dynamics of the disease. Since, the recovered population R, does not feature in the first
four equations of the model, therefore, without loss of generality we consider the

following reduce system for theoretical analysis:

as@) _ , _ BSI(E=7)
at A=+ 1+al(t-1)°
dTi(t) _

— = =88(t) — uT1(t) —vI(TL (1),

al?(t)
1+bI2(t)’

ait) _ BSOI(t—1)
dt ~ 1+al(t-1)

+YIOTL(8) — (u+ d)I() - (8.9)
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dT>(t) _  al?(t)
dt  1+bI2(0)

= (u+0)T (D).

8.3.1 Basic properties of the model

It is assumed that all state variables of the model are positive i.e. (S,T;,1,T,) € R%. It

follows that nonnegative cone R% is invariant, as the disease-free plane (I = T, = 0).

54
n(u+8)

. . . A A
It is convenient to define N, = o So = ) and Ty, =

The rate of change of the total population of the model (8.7) is given by
C;—I:=A—uN—d1SA—yN (8.10)

Since as t — oo, the disease will disappear, therefore “™ P [(¢) = 0

t—c0
Eq. (8.10) = ‘;—’tv =A—uN

— N(t) = 2 + (N(O) - *;‘) ekt

= JBN() = 2 =Ny

This follows that

0 < “™MSUPN () < N, if and only if "2 1(t) = 0

From the first equation of the model, it follows that

0 < M™mWPg() < 8, (8.11)
and then from the second equation of system (8.9),

0 < “MPT () < Ty, (8.12)

From the Eq. (8.10) it follows that if N > N, then Z—IZ < 0. This establishes the following

theorem:
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Theorem 8.5: Theset D ={(S,T,[,T,) ER*:S+ T, +1+T, <N,,S<Sy,T; <
Ty,} is a positively invariant and attracting region for the disease transmission system

(8.9) with initial conditions in R%.

In the absence of disease (I = 0), the total population N approaches the carrying
capacity N, asymptotically, and in the presence of disease, the total population is less
than or equals to N,.

Thus, every solution of the system (8.9) with initial conditions in R% tends towards D as
t = oo, and every solution with an initial condition in D remains there for t > 0.
Furthermore, in D, the usual existence, uniqueness and continuation results hold for the

system so that the system (8.9) is well posed mathematically and biologically.
8.3.2 Equilibria and their stability analysis
In this subsection, we obtain the model equilibria and discuss their stability behavior.

8.3.2.1 Disease-free equilibrium and its stability analysis

The system (8.9) has a unique disease-free equilibrium of the form Q (ﬁ,%, 0,0).

The characteristic equation at Q (ﬁ,%, 0,0) of the system (8.9) is given by
_ A(yS+Bue™T\ ) _
A+ WA +u+0A+pu+8) </1 +(u+d)(1 —H(M+5)(H+d))> =0 (8.13)

A(yS+Bue=7)

At T = 0 the term
tr=0theterm = G

is known as a basic reproduction number R,. Therefore,

A(yS+pu)

we define the basic reproduction number R, of our model by PTG

8.3.2.1.1 Analysisfor Ry # 1
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Eq. (8.13) always has three negative roots A, = —u, A, = —(u+0), 13 =—(u+9)
and one other root is determined by the solution of the equation

A(y8+Bue™*1)

= 0.
pu(u+8)

A+pu+d-—

Let

_ _ A(y8+Bue™7)
fA=A4+u+d R

If R, > 1, for real A,

_ AWS+Bu)

f(O)=u+d ) <0, %Lrgf(l)—>+oo.

Hence, f(A4) = 0 has a positive real root if R, > 1.

If R, < 1, we assume that Re A > 0.

We notice that

_ A(ys+pue ReATcosimit
pu(u+d)

) _(u+d) < AW _ 4 gy <o,

Re )

a contradiction to our assumption. Hence, if R, < 1 then the root A1 of Eq. (8.13) has a

negative real part.

Hence, we state the following theorem:

A 5A
p+é’ p(u+s)’

Theorem 8.6: DFE Q( 0,0) of the system (8.9) is locally asymptotically

stable if Ry < 1 and unstable if R, > 1 fort > 0.

8.3.2.1.2 Analysisat Ry =1

This section is to analyze the behavior of the system (8.9) when R, = 1. The Jacobian

matrix of the system (8.9) is being obtained at R, = 1 and bifurcation parameter f =

% u(6+p)(d+pu)-ySA
=

i ) has one of the eigenvalue as zero and the remaining eigenvalues

are negative. The stability behavior of equilibrium points at R, = 1 cannot be determined
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using linearization, so we apply center manifold theory [Sastry (1999)]. For this, we

consider that S = x;,T; = x,,1 = x5 and T, = x, then the system (8.9) can be rewritten

as

dx, Bxi1x3

— =A—0x; —ux; — =

dt 17 Hx 1+axs fr
de

a Oxy — UXy —VX2X3 = f,

axs?

dxz _ Bxix3
1+bX32

—=+yx,x3 — (U + d)x3 —

at 1+axsz

= fs, (8.14)

dx, axs?

prainberreial Gl DD Y

Let J* be the Jacobian matrix evaluated atR, =1 andp = B*. Also, let u=
[uy, uy, us, us] and w = [wy, w,, ws, w,]7 be the left eigenvector and right eigenvector of

J*associated with the zero eigenvalue.

—-u—6 o —BA/(n+6) 0
= 5 —H —ySA/u(u + 6) 0
B 0 0 0 0
0 0 0 —u—0
Then, we get
_ _ _ _ __ B4 _ _ (v8AutyAs*+usABY)
ul—o,uz—O,U3—1,U4—O andWl—_m,Wz—_ H2(6+H)2 ,W3—

1,W4 = 0.

The non-zero partial derivatives corresponding to the functions of the system (8.14)

_ 32f3)
- y ! (axgz

evaluated at Ry = 1 and f = " are

(62f3) :( 62f3> =B (02f3) :( 9% fs )
ax16x3 Q ax36x1 ! 6x26x3 Q ax3ax2

92 f3 ) A
a) and (6x363* o @+w

Then, using [Chavez and Song (2004)], the bifurcation constants a,and b, are obtained

=—2(2% +
Q Q Q uté

as follows:

2
— V4 0°fk
Ay = Xgij=1UkWiW; (axiax,-)Q

. . Aap*
= Uj <W1W3,3 + wowzy + wawi * + wawyy — ws? (u+6 + a))

y(u8B*A+yASu+ys2A)
u(u+as)

s + aAB* +a(u + 5)) <0,

- —i<Aﬁ*2 +
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— V4 (9% )

= Ws ((6:1#))

_ A
(6+uw)

Thus, we state the following theorem:

> 0.

A 54
u+6" u(u+6)

Theorem 8.7: DFE Q ( ,0,0) changes its behavior from stable to unstable at

R, = 1 and there exists a positive equilibrium as R, crosses one. Hence, the system

(8.14) exhibits transcritical forward bifurcation with a bifurcation parameter §* at R, = 1.

8.3.2.2 EXxistence and stability analysis of the endemic equilibrium

To find conditions for the existence of an equilibrium Q*(S*, T,",I*,T,") for which the
disease is endemic in the population, the system (8.9) are rearranged to get
S*,T,",I*and T, which gives

. A(l+al®) . AS(1+al*) T* = ar*?
TG+t Atar)+pr L T (uy )G+ A+ar)+BIY)’ 2 T (u+8)(1+bI*2)’

and I* is given by the equation

Cil* 4+ Gl + G + C " +C5 =0 (8.15)

where

Cy = {by(u+d)(B+a(s +w)},

Co={bu+d) (y(u+6) +u(B +a(s +w)) +ayp + aya(s + i) - Ab(By +
yéa)},

C3={ub(u+d)(u+8)+au(B+a(d+w) +v*(u+d)(B + ald+p) — Ab(Bu +
Y6}

Co={ap(u+6) + (u+d) (y(6 + ) + u(B + a(8 + ) ) — ABy +yoa)},

Cs={uu+d)(u+6) —ABu+yd)}=uu+d)(u+8)(1—Ry).

Now using Descartes’ rule of signs, there exists a unique positive real root I* of the
biquadratic equation (8.15) if any of the following conditions holds true:
. ¢, >0,C,<0,C3<0,,<0andCs < 0.
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. ¢, >0,C,>0,C;3<0,C, <0andCs < 0.
. ¢, >0,C,>0,C;>0,C, <0andCs < 0.
IV. €,>0,C,>0,C3>0,C,>0andCs < 0.

After finding I*, we can find S*,T;" and T,". Thus, a unique positive Q*(S*,T,",I*,T,")

exists if one of the above conditions holds true.

The local stability of Q* is explored as follows:

The characteristic equation of the system (8.9) evaluated at the endemic equilibrium

point Q* is given by

A+ u+0)A3 4+ pod? + qod + 19 — (P A2 + g1 A + 1)e ™) =0 (8.16)
where

_ BI* " 2al*
Po = (Sﬂ o+ rar + vl +d+ (1+b1*2)2) '

*

2al* BI *
1+W)+(u+y1 )<u+d+

QO=((2M+yl*—ny+d+m)(ﬂ+5+

2al* % * 7%
ran ) )

roz(y+6+ Bl )<(,u+y1*)<,u+d—yT1*+%>+y2ﬂ*l*>,

1+al” (1+b1
b1 = (1fj;*)2 ’
¢ = 2u+6+yI) (1f(f;)2 ;
r = (W + pyl* + 8u) (1f5:*)2 :

Clearly, 2, = —(u + 0) is a root of the characteristic equation (8.16) for T > 0, others

roots 1,, 45 and A, can be obtained by the following equation:

B4+ poA?+ qor+ 19— (P A2 + A +1)e =0 (8.17)
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Theorem 8.8: Fort =0, Q* is locally asymptotically stable if all three f—:s lf— <

(2u+d) 5T o Aty utd)
(6+yr1) T (uEpyl*+8p)

Proof: AtQ*, the roots of the system (8.9) areA, = —(u + 6), and other roots

are satisfied simultaneously.

Ay, Azand A, of the system are given by the equation A3 + poA? + qod + 15 —
(P A2+ A+ 1) =0fort =0.

It is easy to show that if =<1, < @kd S WD) e satisfied
I* I* (5+yI7) I* (U2+uyr+éu)

simultaneously then

Po — +d+ 2al BS

(1+b1*2)2 T (+al)?

aBI? 2al* B(I*=S")
(1+al*)? (1+b,*2)2 (1+al*)?

=3u+d6+ylr+d+ >0,

* % 2al*
CIo—CI1=<2H+Y1 +d—VT1+(1+:T)z>( )+(#+V1)<H+d—

* 2a 2 * *
vT; +(1 b1*2)>+y T,"I (2;1+<S+)/I)1+ I*—(,u+y1)<u+d+
2al 2 % % 2al*
+YATCT (2 +yl +d + +8) + | ———=+
(or 2)) YTy (u Y o )>(M ) <(1+b1*2)2

]/I*> (1-[5;1*) 1+al* ((2'“ + )= (6 +yI)S” ) > 0,

7"0—7”1:(

BI” * * 2al* (u+yI™) 2
1+a,*><(ﬂ+)’1 )(M+d—YT1)+W veTyl >—(M +

uyl™ + op)

(1+a1 )2

((u + ) (u + d) + 22T ("”)’2) + y2T1*1*> (u+8)+ (—ZE"*;“I?)’? +
1+bI*

1+a1* 1+a1*

V2T1*1*> br ((w+yI) @+ DI — (2 + pyl* + 6u)S*) > 0.

Hence, by the Routh-Hurwitz criterion, the endemic equilibrium Q* is locally

asymptotically stable when t = 0.
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Theorem 8.9: Fort > 0, Q* is locally asymptotically stable if all three L; > L,,L; >

(#+V1 ) (u+d)

La and = (U2 +pyl*+8up)

are satisfied simultaneously,

where

*

2a1* B(I*+5%)
(1+p1:2)°  1+ar’

L1=<3u+6+y1*+d+

BI*=S")
1+al* )

J(su oy vas 2o
(1+b1*)

Lz=2<(2,u+y1*+d+m)( )+(u+y1)<u+d+( 2)>

]/ZTl*I*)I

Ly = 2((u2+,uy1*+6,u) B )(ﬁs*) <<2,u+y1*+d+(—*>(y+6+

1+al* 1+al* 1*2)

2
BI” 2
)+(u+y1)<u+d+( bI))—I—yTlI) ,

1+al*
L4=<2( )((,u+y1)<u+d+( )>+y2T11)<

y1*+d+( 2)) ((6+y1 )ﬁiz*) )

Proof: At Q*, the roots of Eq. (8.16) are A, = —(u + ), and other roots A,, A5 and A,

are given by the equation A3 + pA% + qoA + 15 — (p1A> + g4 + r)e** = 0 for 7 > 0.
Assume that A = iw, w > 0 is the root of Eq. (8.17).

Substituting A = iw in Eq. (8.17), we get

(1o — Pow?) — iw(w? — q¢) = (r; — pyw?)cos wt + g sin wt — i((ry —

pLw?) sin wT — g, cos wrt) (8.18)
On separating real and imaginary part of Eq. (8.18)

(1o — Pow?) = (11 — prw?)cos wT + g w sin wt (8.19)
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w(w? — qy) = (r, — pLw?) sin WT — g, w cos wT (8.20)
On squaring and adding both sides of Egs. (8.19) & (8.20), we yield

(1o — Pow?)? + w?(w? — q¢)? = (1, — P1w?)? + q,2w? (8.21)
Letting w? = z;, EQ. (8.21) becomes

213 + (po® — 2qo — p12)21° + (qo® + 211p1 — 219pg — q12) 24 + (ry* —1?) = 0 (8.22)

(u+y1 )(u+d)

< are satisfied
(U2 +pyr*+8u)

It is easy to show that if Ly > L, L; > L, and =

simultaneously, then
Po® — 290 — p1* = (Po + P1)(Po — P1) — 240

2al* B +5™)
(1+b1+2)°  1+al’

=<3,u+6+y1*+d+ ><3,u+6+y1*+d+

2al* BU*-S") " " 2al”
+ —2({2u+yr+d—yri +——"—|(n+
o rrar ) (( p+y YTy (1+b1*2)2> (H

1 (1 1*2)

6+ f:,*)+(u+y1*)<u+d—ny+L>+y2T1 I)

=L1—L2>0,

x s* .
2rpy + qo® — 21r9po — q1% = 2 <(u + pyl* + 6u) Tral” )2> ((1fa1*)2) + <<2M +yI* +

d—ny+L*2>(u+5+ BL )+(,u+y1)<u+

(1+b1*?) 1+arl”

2
d—yT1*+( 2al’ )>+y2T11> —<2(u+6+

1fa1)<(u+yl)<u+d+( )>+V2T11)<3H+

§+-L- +y1*+d+L*2>+<(2u+6+

1+ar’ (1451°2)
2
s Y\ _,
yi )M,*))—Lg Li>0,

1o —n? =g +r)(ry—r)
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2al*(u+yI*)

2T, *I* )
(1177 +v°T, )(#+ )+

= ((u+y1*)(u+ d—yTy) +

<2a1*(u+y1*) + y2T1*1*> B + _B_ ((,u + )/1*)(# +d)I" +

(1+b1°2)? 1+al* | 1+al*

2al*(u+yI™)

(W2 + uyl” + 6w)S*) ((,u +y[Dp+d—yTY) + (14512)?

2 2al*(u+yI™) 2 * 7% BI B *
yeTl )(u +6) + (—(HWZ)Z +y°Tl )—Ha,* + o (Y +

dI* — (p? + pyl* + 8u)S*) | > 0.

Hence, by the Routh-Hurwitz criterion, the endemic equilibrium @ is locally

asymptotically stable for ¢ > 0.

8.4 Numerical simulations

This section is devoted to the demonstration of the results of the numerical simulation of

the models.

8.4.1 Results of the system (8.1)

For the simulation of the system (8.1), we take the following numerically experimental

values of parameters:

n=2a=0.5,p=0.003u=0.007,d =0.05y =0.001,6 = 0.002,a =0.2,b
=0.2,6 = 0.002.

With the above values of parameters, we calculate the coefficients of Eq. (8.5) as C; =
—0.0000044829, C, = 0.000004607,C; = 0.00000503207,C, = 3.0267 x 10~7 with the
basic reproduction number R, = 1.274 which satisfies the condition (i) i.e. C; < 0,C, >

0,C3 > 0,C, > 0 for the existence of a unique positive I*. The trajectories of S, A4, I,
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and R with initial conditions S(0) = 200, A(0) = 15, I1(0) = 2, R(0) = 1 approaches
to the endemic equilibrium Q*( 154.6402,37.1406, 3.8084,62.1365) as shown in Fig.
8.4.

In Fig. 8.4, we plot the graphs for S, A, I and R populations. We observe that the number
of infected individuals goes up, and after some days it decreases and become constant due
to Holling type Il treatment, and these individuals once recovered, become immunized to
the infection and will not get re-infected in future. Susceptible individuals decrease to
attain a steady state. This decrease may be due to increase in the number of alert
individuals. Further, the alert population increases as the alertness behavior prevents
infection and finally, the population settles down to its steady state. This increase causes a
decrease in the number of infected individuals because of alertness in society.
Furthermore, the recovered individuals increase which may be due to the Holling type Il

treatment of infected individuals, and settles to the steady state.

Fig. 8.5 portrays the difference between the infectives with alert and without alert class. It
can be seen that the number of infected individuals without the alert class is higher than
the number of infected individuals with the alert class. Hence, the alert class plays a vital

role in controlling the infection of an epidemic in society.

Fig. 8.6 exhibits the difference between the infected population with Holling type II
treatment rate and without treatment. It is evident from this figure that the number of
infected individuals without treatment rate is very high in comparison to the number of
infected individuals with Holling type Il treatment rate. Hence, the Holling type II

treatment rate has an important role in suppressing the infection in society.

Figs. 8.7 and 8.8 show the effect of the cure rate (a) and limitation rate (b) in treatment
availability on the infected population at numerous values of a and b. Fig. 8.7
demonstrates the decrease in the infected population as the cure rate (a) increases and it
settles down at its steady state, but the disease is not eliminated entirely as it will persist
at a much lower level. Fig. 8.8 expresses an increase in the infected population as b

increases, which is due to the limited availability of resources in the society.
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Figs. 8.9 & 8.10 depict the infected population at various values of transmission rates ()
and (y) respectively. Clearly, in these figures, the infected population (I) increases with

the increase in the values of 8 and y.

Fig. 8.11 depicts the infected population at numerous values of a. It can be seen that the

number of infected individuals decreases as the values of « increases.

Fig. 8.12 shows the combined population of susceptible (S) and alert (4) individuals with

respect to the time.

8.4.2 Results of the system (8.9)

For the numerical simulation, we take the following numerically experimental values of

parameters.

A=9,a=0.05p=0.003u=0.024d=0.05y=0.001,6 =001,a=02b =
0.02,0 = 0.002.

Figs. 8.13 and 8.14 delineate the population in various compartments at two different
values of incubation time delay T = 1,2 approaches to endemic equilibrium. The number
of infected individuals is initially increasing and as time passes, they are decreasing due
to treatment and recovery from infection. The susceptible population decreases to attain
its steady state. Also, pre-treated and post-treated populations increase to attain a steady
state for both the time delays as shown in Figs. 8.13 and 8.14. The increment in the pre-
treated population is because of the vaccination of susceptible population as a result of
which susceptible population decreases. The post treated population increases because the
treatment is given to the infected population and hence infected population decreases. We

also observe that the final number of infected is lower for t = 1 than T = 2.

Fig. 8.15 exhibits the effect of delay on the infected individuals. It is evident that as the
value of t increases, the number of infected individuals also increases in comparison to
decreasing values of time lag t. Delay clearly indicates that as much time we take to

initiate the preventive measures, the greater number of individuals will be infected.
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Fig. 8.16 expresses the effect of delay on the pre-treated population. According to the
figure, as the value of T increases, the number of pre- treated individuals decreases. This
decrease may be due to the time taken by health agencies to provide the precautionary
treatment to the susceptible individuals. It can be understood that time will be consumed
to provide vaccination or any other precautionary treatment to susceptibles; this will

result in the increment of the infected population.

The effect of delay on the post-treated population is shown in Fig. 8.17. Clearly, ast
increases the number of post-treated individual’s increases. Delay indicates that greater
time we take to initiate the post treatment to infected, requires us to provide the treatment

to more infected individuals.

Figs. 8.18 and 8.19 exhibit the variations in the infected population at various values of
B and a respectively. The graphs show the decrement in the infected population with a

decline in transmission rate (f) and an enhancement of inhibition rate ().

Fig. 8.20 shows the pre-treated population at various values of the pre-treatment rate (&).

Clearly, as 6 increases, the number of pre-treated individuals also increases.

Figs. 8.21and 8.22 differentiate in the infected population at various values of a and b
respectively. Fig. 8.21 shows the increment in an infected population with a decrement in
a and it settles down at its steady state, but the disease is not getting totally eradicated as
it will persist at a much lower level. Fig. 8.22 shows the increment in an infected
population with increment in b which is due to limited availability of resources in the

society.

8.5 Conclusions

In this chapter, we have proposed and analyzed two different models: (i) A susceptible-
alert-infected-recovered (SAIR) model with two explicit saturated incidence rates along
with Holling type Il treatment rate (ii) A time-delayed SIR model by introducing two
explicit treatment classes along with the saturating incidence rate, Holling type |

treatment to susceptible population and Holling type Il treatment to infected population,
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to study the transmission and control of the epidemic. The models analysis show that
there exist only two types of equilibria: disease-free, i.e. when there is no infection in the
society, and endemic, i.e. when the infection is present in the society. The disease-free
equilibrium is locally asymptotically stable when the basic reproduction number is less
than unity. We have also shown that both the systems (8.2) & (8.9) undergo a transcritical
bifurcation at R, = 1. We also investigated the stability of the endemic equilibrium (EE)
for both the models and showed that endemic equilibrium is locally asymptotically stable
when the condition stated in theorem 8.4 holds true for the system (8.2) and the
conditions stated in theorems 8.8 & 8.9 holds true for the system (8.9). Numerical
simulations have been carried out to explore the effect of alertness, Holling type Il
treatment rate and the incubation time delay on various classes of the population. It is
observed that the number of infected individuals decreases as the cure rate increases.
However, the number of infected individuals increases as the limitation rate in treatment
availability increases. It shows that for effective treatment, the resource limitation should
be minimized. We also observed that the number of infected individuals increases as the
transmission rate increases and it decreases as the rate of inhibition increases. Further, we
observed that the delay can play a very crucial role to control the disease and in providing

the preventive measures.
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Fig. 8.3: Graph in support of theorem 8.2 & 8.3 with parameter values = 2,a =
0.5,y =0.0009, u =0.007, d =0.05,6 =0.002,b=0.2, a=0.2,0 =
0.002, p = 0.0012.
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209



— = ()6

S— cy = ()20

=
o

Infected Population (1)
o

2 1 1 1 1 1
0 100 200 300 400 500 600

Time (t)
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CHAPTER 9

CONCLUSIONS AND FUTURE WORK

In this chapter, we summarize the main outcomes of the thesis and some future aspects

have been reported which may be studied in the future course of time.

9.1. Conclusions

There is no doubt that mathematical modeling is essential in planning and formulation of
policy on contagious diseases. In this thesis, we studied transmission and prevention
mechanisms of the epidemics through mathematical models. We focused mainly on SIR
models and also incorporated various compartments according to epidemiological states
in SIR model. Delay differential equations are being used and they can, for instance,
accommodate the phenomenon of an incubation period and latency period in SIR models.
We studied their stability properties, paying particular attention to the basic reproductive

number. We also addressed the global stability of some epidemic models.

The main focus of the thesis is to provide the epidemics transmission process and control
strategies with nonlinear incidence and treatment rates to provide more realism for
eradication/ minimization/possible control of the infection in society. Models have been
classified according to the outbreak, transmission, and spread of the disease by
incorporating various factors, e.g. psychological effects, low density of susceptibles,
measures of inhibition, and limitations in treatment. Extra compartments in the SIR model
have been introduced for various stages according to the requirements of the diseases, for
example, pre-treated, post-treated, and alert compartments. The novel combination of
different types of nonlinear incidence and treatment rates as per the need of the disease
has also been introduced in the models. The incidence rates of infection are the nonlinear
functional type which provides desired dynamics of transmission of infection in case of a
large population. It is shown that proposed models are epidemiologically well-behaved.

Equilibrium analysis of the models proves the existence and uniqueness of equilibria.
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Local and global stability analysis of the equilibria have been investigated and further
validated through numerical simulations. We found the threshold parametric value of
infection, i.e. the basic reproduction number R, for each model, to determine the
persistence of infection in the endemic zone. The explained models are able to capture
successfully better incidence and treatment rates for the different type of diseases
according to the dynamics. The proposed combinations of incidence and treatment rates
may be adopted by the public health agencies to monitor and further control of the

epidemic.

9.2. Future work

In this thesis, we have proposed only deterministic models for disease transmission. We
have studied the stability analysis of these models and presented the numerical
computations in the form of graphs in the supports of theoretical results. As further
studies and future directions, we may explore the models for chaotic behaviour and
stochasticity. We may also present disease transmission dynamics by fractional order

derivatives for a better understanding of the disease dynamics.
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In this paper, we present a mathematical study of a deterministic model for the trans-
mission and control of epidemics. The incidence rate of susceptible being infected is
very crucial in the spread of disease. The delay in the incidence rate is proved fatal. In
the present study, we propose an SIR mathematical model with the delay in the infected
population. We are taking nonlinear incidence rate for epidemics along with Holling type
IT treatment rate for understanding the dynamics of the epidemics. Model stability has
been done by the basic reproduction number Rg. The model is locally asymptotically
stable for disease-free equilibrium @Q when the basic reproduction number Rp is less
than one (Rp < 1). We investigated the stability of the model for disease-free equilib-
rium at Rg equals to one using center manifold theory. We also investigated the stability
for endemic equilibrium Q* at 7 > 0. Further, numerical simulations are presented to
exemplify the analytical studies.

Keywords: Epidemic; SIR model; delay differential equation; Holling type II treatment
rate; stability; center manifold theory.

1. Introduction

Control of epidemics in human’s society is a major task for government, doctors and
health agencies. Various biological reasons lead to the introduction of time delays
in a model of disease transmission. Delay model is used in an attempt to better
understanding of more and more complicated phenomena for describing several
aspects of infectious disease dynamics. In this paper, an attempt has been made to
show that the control of epidemics is possible in a very effective manner using time
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Abstract The present study aims to control the infectious diseases and epidemics in the
human population. Therefore, in the present article, we have proposed a delayed SIR epidemic
model along with Holling type II incidence rate and treatment rate as Monod—Haldane type.
Model stability has been established in the three regions of the basic reproduction number Rg
i.e. Rg equals to one, greater than one and less than one. The model is locally asymptotically
stable for disease-free equilibrium Q when the basic reproduction number Ry is less than
one (Ryp < 1) and unstable when Rg > 1 for time lag T > 0. We investigated the stability
of the model for disease-free equilibrium at R¢ equals to one using central manifold theory.
Using center manifold theory, we proved that at Ry = 1, disease-free equilibrium changes its
stability from stable to unstable. We also investigated the stability for endemic equilibrium Q*
for time lag T > 0. Further, numerical simulations are presented to exemplify the analytical
studies.

Keywords Epidemic - SIR model - Delay differential equation - Monod-Haldane type
treatment rate - Holling type II incidence rate - Stability - Center manifold theory
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Introduction

In mathematical epidemiology literature many authors [1-3, 10, 13, 14] have suggested
the various models for the disease transmission like susceptible—infected—recovered (SIR)
model, susceptible—infected—recovered—susceptible (SIRS) and many more. In the population
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Abstract In the case of an outbreak of an epidemic, psychological or inhibitory effects and various limitations
on treatment mcthods play a major role in controlling the impact of the epidemic on socicty. The Monod—Haldane
functional-type incidence rate is taken to interpret the psychological or inhibitory effect on the population with time
delay representing the incubation period of the disease. The Holling type III saturated treatment rate is considered to
incorporate the limitation in treatment availability to infective individuals. This novel combination of the Monod—
Haldane incidence rate and Holling type 11 treatment rate is applied herein to a time-delayed susceptible—infected—
recovered epidemic model to incorporate these important aspects. The mathematical analysis shows that the model
has two equilibrium points, namely disease-free and endemic. Detailed dynamical analysis of the model is performed
using the basic reproduction number Ry, center manifold theory, and Routh-Hurwitz criterion. The results show
that that the disease can be eradicated when the basic reproduction number is less than unity, while the disease will
persist when the basic reproduction number is greater than unity. The Hopf bifurcation at endemic equilibrium is
addressed. Furthermore, the global stability behavior of the equilibria is discussed. Finally, numerical simulations
are performed to support the analytical findings.
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1 Introduction

The widespread and frequent occurrence of many communicable discases represents a major problem for healthcare
workers and policymakers worldwide. Controlling infectious diseases has become an increasingly complex issue in
recent years. To control or remove a discase, complete understanding of the dynamics of its progression is required.
Based on the observed characteristics of infectious diseases, epidemiologists [1-13] have attempted to construct
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Abstract

In this paper, we present a susceptible—alert—infected—recovered (SAIR) epidemic model
with the consideration of two explicit saturated incidence rates and Holling functional type I1
treatment rate. Awareness about the epidemic may play a vital role in the control of the spread
of an epidemic. Hence, an alert compartment has been incorporated into the model. It strives
us to take two incidence rates: one from the susceptible class to infected class and another
from alert class to infected class. Holling functional type II treatment rate has been introduced
to capture the effects of resource limitation in treating infectives. The model has a disease-free
equilibrium (DFE), which is locally asymptotically stable when Ry < 1. Using the center
manifold theory, we show that DFE exhibits the forward bifurcation at Ry = 1. Stability of
the endemic equilibrium has also been analyzed and discussed. Numerical simulations have
been done by MATLAB 2012b and the outcomes have been discussed with the help of graphs
in the paper.
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1 Introduction

In mathematical epidemiology literature, numerous epidemic models [1, 2, 6-9, 11-16,
19-21] like SIR, SEIR, SVEIR, etc. have been proposed for infection transmission and
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Abstract

In this article, we analyze the stability of a time-delayed susceptible—infected—recovered
(S-I-R) epidemic model by introducing two explicit treatment classes (or compartments)
along with nonlinear incidence rate. The treatment classes are named as a pre-treated class
(T1) and post-treated class (7>). The pre-treatment and post-treatment rates are being con-
sidered as Holling type I and Holling type III, respectively. Long-term qualitative analysis
has been carried out after incorporating incubation time delay (7) into the incidence rate.
The model analysis shows that the model has two equilibrium points, named as disease-free
equilibrium (DFE) and endemic equilibrium (EE). The disease-free equilibrium is locally
asymptotically stable when the basic reproduction number (Ryp) is less than one and unstable
when Ry is greater than one for time lag ¢ > 0, and when Ry = 1 by Castillo-Chavez and
Song theorem, the disease-free equilibrium changes its stability from stable to unstable and
the model exhibits transcritical bifurcation. Furthermore, some conditions for stability of the
endemic equilibrium are obtained. Finally, numerical simulations are presented to exemplify
the analytical studies.
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