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In this paper, we consider a modification of Srivastava–Gupta operators, which is a general
sequence of summation-integral operators. We are able to achieve faster convergence for
our modified operators over the well known Srivastava–Gupta operators. Our results
include some approximation properties, which include rate of convergence and Voronovs-
kaya kind results. In the last section of this paper we give Stancu variant of these operators.

� 2012 Elsevier Inc. All rights reserved.
1. Introduction

It is obvious that all classical operators (Bernstein, Szász and Baskakov) reproduce constant as well as linear function pos-
sess these properties i.e. Lnðei; xÞ ¼ eiðxÞ where eiðxÞ ¼ xiði ¼ 0;1Þ.

In the year 2003, King [12] introduced a method so as the Bernstein operators reproduce quadratic function so that using
this method in the Bernstein operators would not reproduced the linear function. In the same year, Srivastava and Gupta [15]
introduced a general sequence of linear positive operators Gn;c and investigated as well as estimated the rate of convergence
of the general sequence of operators Gn;c by means of the decomposition technique for functions of bounded variation. Later
Ispir and Yuksel [11] introduced the Bézier variant of these operators and estimated the rate of convergence for function of
bounded variation. It is observed that the Srivastava–Gupta operators reproduce only constant function. So here we modify
the Srivastava–Gupta operators so that they may be capable to reproduce constant as well as linear function.

For f 2 Cc½0;1Þ ¼ ff 2 C½0;1Þ : jf ðtÞj 6 Mð1þ tÞc for some M > 0; c > 0g, Srivastava and Gupta defined a sequence of
linear positive operators Gn;c as:
Gn;cðf ; xÞ ¼ n
X1
k¼1

pn;kðx; cÞ
Z 1

0
pnþc;k�1ðt; cÞf ðtÞdt þ pn;0ðx; cÞf ð0Þ; ð1:1Þ
where
pn;kðx; cÞ ¼ ð�xÞk

k!
/ðkÞn;cðxÞ
and
/n;cðxÞ ¼
e�nx; c ¼ 0
ð1þ cxÞ�n=c

; c ¼ 1;2;3; . . .

�

Here f/n;cðxÞg
1
n¼1 is a sequence of functions, defined on ½0; b�; b > 0, and satisfy the following properties: for each n 2 N and

k 2 N0 :¼ N [ f0g,
. All rights reserved.
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(i) /n;c ¼ C1ð½a; b�Þðb > a P 0Þ;
(ii) /n;cð0Þ ¼ 1;

(iii) /n;cðxÞ is completely monotone so that ð�1Þk/ðkÞn;c P 0 ð0 6 x 6 bÞ;
(iv) there exists an integer c such that
/ðkþ1Þ
n;c ðxÞ ¼ �n/ðkÞnþc;cðxÞ; n > maxf0;�cg; x 2 ½a; b�:
It is easy to see that, when c ¼ 0 with f 2 C½0;1Þ, the operators Gn;c reduce to the Phillips operators [14],
Gn;0ðf ; xÞ ¼ n
X1
k¼1

pn;kðxÞ
Z 1

0
pn;k�1ðtÞf ðtÞdt þ e�nxf ð0Þ; 0 6 x <1;
where pn;kðxÞ ¼ e�nx ðnxÞk
k!

.
When c ¼ 1 with f 2 C½0;1Þ, the operators Gn;c reduce to summation-integral type operators, which were studied by Gup-

ta et al. [9],
Gn;1ðf ; xÞ ¼ n
X1
k¼1

pn;kðxÞ
Z 1

0
pnþ1;k�1ðtÞf ðtÞdt þ ð1þ xÞ�nf ð0Þ; 0 6 x <1;
where pn;kðxÞ ¼
nþ k� 1

k

� �
xk

ð1�xÞnþk.

A slightly modified form of Gn;1 represented another summation-integral type operators, which were defied by Agrawal
and Thamar [1],
G�n;1ðf ; xÞ ¼ ðn� 1Þ
X1
k¼1

pn;kðxÞ
Z 1

0
pn;k�1ðtÞf ðtÞdt þ ð1þ xÞ�nf ð0Þ; 0 6 x <1:
When c ¼ �1 with a view to approximating some Lebesgue-integrable function f on the closed interval ½0;1� the operators
Gn;c reduce to Gupta and Maheshwari [10],
Gn;�1ðf ; xÞ ¼ n
Xn

k¼1

pn;kðxÞ
Z 1

0
pn�1;k�1ðtÞf ðtÞdt þ ð1� xÞ�nf ð0Þ; 0 6 x 6 1;
where pn;kðxÞ ¼
n
k

� �
xkð1� xÞn�k.

The better error estimation for Meyer-König and Zeller operators was first introduced by Ozarslan and Duman [13] and
for Szász-Mirakyan operators by Duman and Ozarslan [5]. After these many researchers have given faster convergence for
different well-known operators like Modified Baskakov operators [2,3], Meyer-König and Zeller operators [4], Szász–Miraki-
an-Beta operators [6], Szász–Mirakjan–Kantorovich operators [7], Szász–Mirakyan operators [8]. The goal of this article is to
construct and investigate a variant of Srivastava–Gupta operators [15], which preserve the functions e0 and e2. We study
approximation properties viz. Voronovskaya-kind asymptotic formula and better rate of convergence of this modified oper-
ators (3.1) (see Section 3).

Throughout the paper, we consider 0 6 x 6 1 and f 2 ½0;1� for c ¼ �1 and for other cases c ¼ 0;1 we consider 0 6 x <1
and f 2 C½0;1Þ for the operators Gn;c.

2. Auxiliary results

Now the following lemmas follow from [15], for the operators Gn;c mentioned by (1.1).

Lemma 2.1 [15]. Let eiðxÞ ¼ xi; i ¼ 0;1;2. Then, for each x P 0 and n > 2c, we have

(i) Gn;cðe0; xÞ ¼ 1,
(ii) Gn;cðe1; xÞ ¼ nx

n�c,

(iii) Gn;cðe2; xÞ ¼ nxfðnþcÞxþ2g
ðn�cÞðn�2cÞ .
Lemma 2.2 [15]. For each x P 0; n > 2c and /xðtÞ ¼ t � x, we have

(i) Gn;cðux; xÞ ¼ cx
n�c,

(ii) Gn;cðu2
x ; xÞ ¼ xð1þcxÞð2n�cÞþcxð1þ3cxÞ

ðn�cÞðn�2cÞ ,

(iii) Gn;cðum
x ; xÞ ¼ O n�½ðmþ1Þ=2�� �

.



3. Construction of the operators
In this section, we modify the operators (1.1) such that the linear functions are preserved. First we transform the oper-
ators defined at (1.1) in order to preserve the function e1. By defining the functions
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rnðxÞ ¼
ðn� cÞx

n
; x P 0;
we replace x by rnðxÞ in (1.1). So, let frnðxÞg; ½0;1Þ into itself, be a sequence of continuous functions for any n 2 N. Then we
have the following modification of the operators Gn;c:
Ĝn;cðf ; xÞ ¼ n
X1
k¼1

pn;k rnðxÞ; cð Þ
Z 1

0
pnþc;k�1ðt; cÞf ðtÞdt þ pn;0 rnðxÞ; cð Þf ð0Þ; ð3:1Þ
for f 2 Cc 0;1½ Þ; c > 0 and x P 0. Hence, in the special case rnðxÞ ¼ x; n ¼ 1;2; . . ., reduce to original operators (1.1).
Alternatively the operators (3.1) may be written as
Ĝn;cðf ; xÞ ¼
Z 1

0
Wnðx; t; cÞf ðtÞdt;
where the kernel Wnðx; t; cÞ is defined by
Wnðx; t; cÞ ¼ n
X1
k¼1

pn;k rnðxÞ; cð Þpnþc;k�1ðt; cÞ þ pn;0 rnxÞ; cð Þf ð0Þ:
It is clear that Ĝn;c are positive and linear operators. For the case c � 0; x 2 ½0;1) and for c ¼ �1; x 2 0; 1
2

� �
otherwise the

function is assumed to be zero.
By simple computation we have the following Lemmas for moments.

Lemma 3.1. The operators defined at (3.1) verify the following identities

(i) Ĝn;cðe0; xÞ ¼ 1,
(ii) Ĝn;cðe1; xÞ ¼ x,

(iii) Ĝn;cðe2; xÞ ¼ ðn2�c2Þx2þ2nx
nðn�2cÞ .
Lemma 3.2. For each x P 0; n > 2c and /xðtÞ ¼ t � x, we have

(i) Ĝn;cðux; xÞ ¼ 0,
(ii) Ĝn;cðu2

x ; xÞ ¼ ð2n�cÞcx2þ2nx
nðn�2cÞ ,

(iii) Ĝn;cðum
x ; xÞ ¼ O n�½ðmþ1Þ=2�� �

.

Lemma 3.1 show that our operators Ĝn;c preserve the linear functions, that is, for hðtÞ ¼ at þ b any real constants, we get
Ĝn;cðh; xÞ ¼ hðxÞ.

4. Error estimations

Let f 2 CB½0;1Þ and x P 0, then the modulus of continuity of f denoted by xðf ; dÞ is defined to be
xðf ; dÞ ¼ sup
x�d6t6xþd;t2½0;1Þ

jf ðtÞ � f ðxÞj:
Then we have the following results.

Theorem 4.1. For every f 2 CB½0;1Þ; x 2 ½0;1Þ and for n 2 N, we have
Ĝn;cðf ; xÞ � f ðxÞ
			 			 6 Cxðf ; dn;xÞ; n > 2c; ð4:1Þ
where ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffis

dn;x ¼

ð2n� cÞcx2 þ 2nx
nðn� 2cÞ :
Proof. Let f 2 CB 0;1½ Þ and x 2 0;1½ Þ. Using linearity and monotonicity of Ĝn;c , we easily obtain, for every d > 0 and n 2 N,
that
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Ĝn;cðf ; xÞ � f ðxÞ
			 			 6 xðf ; dÞ 1þ 1

d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ĝn;c u2

x ; x
� �q� �

:

Using Lemma 3.2(ii) and choosing d ¼ dn;x the proof is completed. h
Remark 4.2. For the original Srivastava–Gupta operator Gn;c , we may write that, for every f 2 CB 0;1½ Þ; x 2 0;1½ Þ and n 2 N,
Gn;cðf ; xÞ � f ðxÞ
		 		 6 2x f ; mn;xð Þ; ð4:2Þ
where
mn;x ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1þ cxÞð2n� cÞ þ cxð1þ 3cxÞ

ðn� cÞðn� 2cÞ

s
; n > 2c;
and x f ; mn;xð Þ is the modulus of continuity of f. We claim that the error estimation in Theorem 4.1 is better than that of (4.2)
for f 2 CB½0;1Þ and x 2 ½0;1Þ. Indeed, in order to get this better estimation we must show that dn;x 6 mn;x. We can obtain that
dn;x 6 mn;x ()
2nxþ ð2n� cÞcx2

nðn� 2cÞ 6
xð1þ cxÞð2n� cÞ þ cxð1þ 3cxÞ

ðn� cÞðn� 2cÞ

() 2nxþ ð2n� cÞcx2

n
6

xð1þ cxÞð2n� cÞ þ cxð1þ 3cxÞ
ðn� 2cÞ

() 5nc2x2 þ 2ncx� c3x2 P 0() ð5n� cÞcxþ 2n P 0;
which hold true, thus we have dn;x 6 mn;x, which corrects our claim.
Theorem 4.3. Let f be bounded and integrable on ½0;1Þ and admitting second derivative at a point x 2 ½0;1Þ, then
lim
n!1

n Ĝn;cðf ; xÞ � f ðxÞ
h i

¼ xð1þ cxÞf 00ðxÞ: ð4:3Þ
Proof. By Taylor’s expansion of f, we have
f ðtÞ ¼ f ðxÞ þ ðt � xÞf 0ðxÞ þ ðt � xÞ2

2!
f 00ðxÞ þ eðt; xÞðt � xÞ2;
where eðt; xÞ ! 0 as t ! x.
Now
n Ĝn;cðf ; xÞ � f ðxÞ
h i

¼ n
ð2n� cÞcx2 þ 2nx

nðn� 2cÞ f 00ðxÞ þ Eðn; xÞ;
where
Eðn; xÞ ¼ n
Z 1

0
Wnðx; t; cÞeðt; xÞðt � xÞ2dt:
To complete the proof of the theorem it is sufficient to show that Eðn; xÞ ! 0 as n!1.
Since eðt; xÞ ! 0 as t ! x, hence for a given e > 0 there exists a d > 0 such that eðt; xÞj j < e whenever t � xj j < d.
Next
Eðn; xÞ 6 n
Z

t�xj j<d
Wnðx; t; cÞ eðt; xÞj jðt � xÞ2dt þ

Z
t�xj jPd

Wnðx; t; cÞ eðt; xÞj jðt � xÞ2dt

" #
¼ I1 þ I2; ðsayÞ:
Application of Lemma 3.2, leads us to
I1 6 en
Z 1

0
Wnðx; t; cÞðt � xÞ2dt;
and
I2 6 Kn
Z 1

0
Wnðx; t; cÞ ðt � xÞ2s

d2s�2 dt; s P 2 ¼ O n�sþ1� �
; where K ¼ sup

t2½�x;1Þ
eðt; xÞj j:
Due to arbitrariness of e > 0; Eðn; xÞ ! for sufficiently large n. This completes the proof of the theorem. h
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Remark 4.4. We may note that under the same conditions of Theorem 4.3, for the original Srivastava and Gupta operator
Gn;c , we have
lim
n!1

n Gn;cðf ; xÞ � f ðxÞ½ � ¼ cxf 0ðxÞ þ xð1þ cxÞf 00ðxÞ: ð4:4Þ
5. Rate of convergence

Now we compute rate of convergence of the operators of Ĝn;c by means of the Lipschitz class LipMðaÞ; ð0 < a 6 1Þ. As
usual, we say that f 2 CB 0;1½ Þ belongs to LipMðaÞ if the inequality
f ðtÞ � f ðxÞj j 6 M t � xj ja; x; t 2 0;1½ Þ; ð5:1Þ
holds.

Theorem 5.1. If f 2 LipMðaÞ; x 2 0;1½ Þ and n > 2c, we have
Ĝn;cðf ; xÞðxÞ � f ðxÞ
			 			 6 M

c 2nþ ð2n� cÞx2
� 


nðn� 2cÞ

� �a=2

:

Proof. Since f 2 LipMðaÞ and x P 0, from inequality (5.1) and applying the Hölder inequality with p ¼ 2
a ; q ¼ 2

2�a, we get the
require result. h
Remark 5.2. If using Lemma 2.2, for the original operator Gn;c , then we get the following result
Gn;cðf ; xÞ � f ðxÞ
		 		 6 M

xð1þ cxÞð2n� cÞ þ cxð1þ 3cxÞ
ðn� cÞðn� 2cÞ

� �a=2

;

for every f 2 LipMðaÞ; x P 0 and n > 2c.
6. Stancu variant

For g and c positive numbers with condition 0 6 g 6 c and any non negative integer n,
f 2 C½0;1Þ ! Gðg;cÞn;c f ;
we consider Stancu type Srivastava–Gupta operators
Gðg;cÞn;c ðf ; xÞ ¼ n
X1
k¼1

pn;kðx; cÞ
Z 1

0
pnþc;k�1ðt; cÞf nt þ g

nþ c

� �
dt þ pn;0ðx; cÞf ð0Þ: ð6:1Þ
For g ¼ c ¼ 0 these operators become Srivastava–Gupta operators Gðg;cÞn;c ðf ; xÞ ¼ Gn;cðf ; xÞ.
Now we first give the following lemma.

Lemma 6.1. Let eiðxÞ ¼ xi; i ¼ 0;1;2. Then, for each x P 0 and n > 2c, we have

(i) Gðg;cÞn;c ðe0; xÞ ¼ 1,
(ii) Gðg;cÞn;c ðe1; xÞ ¼ n2xþgðn�cÞ

ðnþcÞðn�cÞ ,

(iii) Gðg;cÞn;c ðe2; xÞ ¼ n3xfðnþcÞxþ2gþg2ðn�cÞðn�2cÞþ2gn2xðn�2cÞ
ðnþcÞ2ðn�cÞðn�2cÞ

.

Proof. It is easy to verify ðiÞ by using (6.1). For the proof of others, we proceed as follows:
Gðg;cÞn;c ðe1; xÞ ¼ n
X1
k¼1

pn;kðx; cÞ
Z 1

0
pnþc;k�1ðt; cÞ nt þ g

nþ c

� �
dt ¼ n2

nþ c

� �X1
k¼1

pn;kðx; cÞ
Z 1

0
pnþc;k�1ðt; cÞtdt þ g

ðnþ cÞ

¼ n2x
ðnþ cÞðn� cÞ þ

g
ðnþ cÞ ¼

n2xþ gðn� cÞ
ðnþ cÞðn� cÞ ;
and
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Gðg;cÞn;c ðe2; xÞ ¼ n
X1
k¼1

pn;kðx; cÞ
Z 1

0
pnþc;k�1ðt; cÞ nt þ g

nþ c

� �2

dt ¼ 1

ðnþ cÞ2
n2Gn;cðe2; xÞ þ g2 þ 2gnGn;cðe1; xÞ
� �

¼ 1

ðnþ cÞ2
n3xfðnþ cÞxþ 2g
ðn� cÞðn� 2cÞ þ g2 þ 2gn

nx
n� c

� �

¼ n3xfðnþ cÞxþ 2g þ g2ðn� cÞðn� 2cÞ þ 2gn2xðn� 2cÞ
ðnþ cÞ2ðn� cÞðn� 2cÞ

: �
From Lemma 6.1 we immediately have the following result.
Lemma 6.2. For each x 2 0;1½ Þ; n 2 N; n > 2c and with /xðtÞ ¼ t � x, we have

(i) Gðg;cÞn;c ðux; xÞ ¼ n2xþ g�xðnþcÞf gðn�cÞ
ðnþcÞðn�cÞ ,

(ii) Gðg;cÞn;c ðu2
x ; xÞ ¼ n3xfðnþcÞxþ2gþg2ðn�cÞðn�2cÞþ2gn2xðn�2cÞ

ðnþcÞ2ðn�cÞðn�2cÞ
� 2x n2xþgðn�cÞ

ðnþcÞðn�cÞ

h i
þ x2.

We are led to the following asymptotic formula by using Lemma 6.2.

Theorem 6.3. Let f be bounded and integrable on ½0;1Þ and admitting second derivative at a point x 2 ½0;1Þ, then we have
lim
n!1

n½ðGðg;cÞn;c Þ f ; xð Þ � f ðxÞ� ¼ fgþ ðc � cÞxgf 0ðxÞ þ xð1þ cxÞf 00ðxÞ:

The proof follows along the lines of Theorem 4.3.

The analogous results of the Theorem 4.1 and Theorem 5.1 can easily be obtained for Stancu variant of Srivastava–Gupta
operators as the methods are similar so we omit the details.
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