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1. Introduction

In 1923, Eggenberger and Pélya [5] considered an urn model contains w white balls and b black balls. A ball is drawn at
random and then replaced together with s balls of the same color. This procedure is repeated n times and noting the distribution
of the random variable X representing the number of times a white ball is drawn. The distribution of X is given by

Prx =k — (" wWw+5s)-...-(W+k—1s)b(b+5s)-...-(b+n—k—1s)
Sk WH+b)(W+b+s)-...-(W+b+n—1s)

(1.1)

for k=0,1,...,n and k — 1s = (k — 1)s. The distribution (1.1) is known as Pdlya-Eggenberger distribution with parameters
(n, w, b, s) and contains binomial, respectively hypergeometric distribution as particular cases.
The inverse P6lya-Eggenberger distribution is defined by

n+k—l)w(w+s)~...~(w+n—ls)b(b+s)~...~(b+k—ls)
k W+b)W+b+s)-...-(W+b+n+k—1s)

for k=0,1,... and is the distribution of the number N of drawings needed to obtain n white balls. More details about Pélya-
Eggenberger distributions (1.1) and (1.2) can be found in [10].

Based on Pélya-Eggenberger distribution (1.1), Stancu [15] introduced a new class of positive linear operators associated to a
real-valued function f : [0, 1] — R, given by

n n [k,—a] (1 _ y)[n—k.—]
PENSfix) =3 pailx. a)f(ﬁ) -y (Z) X (}[ny_’;)] f<’l;> (13)

k=0 k=0

Pr(N = n+k) =< (12)
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where « is a non-negative parameter which may depend only on the natural number n and t("hl = t(t — h)(t = 2h) - ... (t —
n — 1h), t0h] = 1 represents the factorial power of t with increment h.
In the case when o = 0 operators (1.3) reduce, obviously, to the original Bernstein operators [2] and for o = % we get a special

case
1 AN R I
Ao -y (Z) e f(’;) (14)

k=0

introduced by Lupas and Lupas [11]. Concerning operators (1.3) and (1.4), the reader is invited to see a recent paper [12], where
some results of the recalled operators are revised.

Using inverse Pélya-Eggenberger distribution (1.2), Stancu [16] introduced a generalization of the Baskakov operators for a
real-valued function bounded on [0, +o0), given by

el f vy = k _ © mak—1\ 1ln-alxlk-a] k
Vn (f1 X) = kg(:)lh.ko‘,“)f(ﬂ) = kg(:) ( k )(]_|_x)[l‘l+k(>l]f E . (15)

The operators (1.5) include as a special case (o = 0), the Baskakov operators [1]

= (n+k-1 xk k
Va(f.x) = Z ( K )(l—&-x)"*"f(n> (1.6)

k=0

In 1989, Stancu-Kantorovich operators based on Pélya-Eggenberger distribution had been given by Razi [14] and he studied
its convergence properties as well as degree of approximation. Recently, some modifications in connection with Stancu type
operators are given by Gupta et al. [8], [9] and Deo et al. [3].

Now, for any bounded and integrable function f defined on [0, +00) we introduce Stancu-Kantorovich operators based on
inverse Polya-Eggenberger distribution (1.2), given by

= &
Kfix)= -1 vpixa) [ f(t)dt. (1.7)

k.
k=0 -1

The aim of this paper is to establish some approximation properties for Stancu-Kantorovich operators (1.7). We start our
study with some auxiliary results, which we will use in what follows. Taking into account these auxiliary results we derive some
basic approximation properties including uniform convergence, a Voronvskaja type asymptotic formula and direct estimates in
terms of moduli of continuity, respectively K-functional.

2. Auxiliary results

Let N be the set of positive integers and Ny = N U {0}. We recall that the monomials e, (x) = x, for k e Ny called also test func-
tions, play an important role in uniform approximation by linear positive operators. The computation of the images of test func-
tions by Stancu-Baskakov operators (1.5) was done in [16], in order to prove a theorem concerning the uniform approximation.

Lemma 2.1 ([16]). For the Stancu-Baskakov operators (1.5) hold
X

1-«

(@] o y) — 1 x(x+1) 1
Vi*ley; x) = (1—04)(1—205)|:X2+ . +a<1—n>x}.

Vidleg:ixy =1, vl e x) =

)

In the sequel we shall use the following rules for computation with factorial powers

U w1

flonhl _
(A’ (]’

(] — LRl (¢ — jp)ln-inl

if, of course, the denominators are different from zero, n and j being natural numbers such that n > j. We remark that Stancu-
Baskakov operators (1.5) could be written in the following form

[k.—1]
1In.—a] © 9 n[k,—ll_(z) k
Vel(fi) = oy o ——— - ). 1)
" (1 +x)ln—el g k! (1;)( +n)[’<471] n

respectively Stancu-Kantorovich operators (1.7) could be written in the following form

)[k,—u .

n—a] [k.—1] , (% =1
(n—1)-1n-el &1 n (% / f()dt. (2.2)

Kel(p = Mo DI 1 T la)
n (f ) (1+x)[n‘—a] pard k! (M-kn)[kﬁ]] _k_
= o

n-1
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Remark 2.1. The proof of the Lemma 2.1 was done using hypergeometric series

© ok glk—1], plk1]
2F(a,b;c;z) = Z Tk (2.3)

where the parameters q, b, ¢ satisfy the conditions a, b > 0, respectively a + b < c. Next, taking z = 1 the following representation
for the hypergeometric series in terms of Gamma function
I'(c) - T'(c—a-Db)

ZFI(a’b; C;l): F(C_a).r(c_b) (2.4)

was used.

Lemma 2.2. For the Stancu-Kantorovich operators (1.7) hold
nx 1

n-D(1-a) 20-1)

x(x+1) (1-3a)x 1
n + n } + 3(n—1)2"

K eg;x) =1, K(er;x) =

n2
(1-a)(1-2a)(n—-1)2

Proof. Using the representation (2.2) for the Stancu-Kantorovich operators, it follows

K (e x) = [x(x +a)+

. ) k-1 4.
(n—1) 1ol 2 1 nlk-1.(2) =

K[“](eg;x) — [ Y — dt
n (A +xm-el £kl (%_’_n)["'*]] o
[k.~1]
1[n—al > 1 ntk—11. (é) [o]
= Gromal ZH'W:"H (€o; %) =1.
o
— [n—a] & nlk—11. (X el =
KL (e: %) = %Z%% e
(1+x) pars (%Jrn) ' i
[k.~1]
R S L N T I e )
(1 +x)n—al Lokl )2
(14 x)ln—«l = k! 2(n-1) (laj"" )[ 1
n 1 nx 1
_ V[a] e1: X 7‘/[01] eo: X) = .
P A T ) M Rl I T ) BTy
—1).qln-al & nlk-1l (2) 0T ey
Ki* (eg; %) = % %% e
(1 +x)l o (EEn) =

. [k-1]
I O N T e e e

(1 +x)n-el = k! 3(n-1)3 (1aﬂ " n)[kﬁll

n? n 1
_ V[a [a] [a]
R CEEAL (e2:%) + ——<5 [CEn 1)2 (e13x) + 3 1)2 (eo: x)
_ n? x(x+1) (1 -3a)x 1
-0 -2a0)n-17 ["(’“’“)* n T n t3monz
O
Corollary 2.1. The computation of the moments up to the second order, for Stancu—Kantorovich operators (1.7) is given by the following
equalities
- Da+1)x 1
Kl e, X) = ((n ’
LG T e o Y ¢ e el Yo
2 x+1) (1 -30)x
KL (e — & X
((er —0%x) = A —od 2@ 12|+ + =+
n (1 -a)x(x+1) 1
-1 2 .
(1—a)(n—1)|:( +o)x"+ n t3m_1)2

Proof. Taking Lemma 2.2 into account, it follows the above equalities. O
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Remark 2.2. The Stancu-Kantorovich operators could be reduced to the classical Baskakov-Kantorovich operators

= (n+k-1 xk =
Ki(f;x)=(n—-1 —_— t)dt, 2.5
a(fix) = ( );;( " )(Hx)mfkl () (2.5)
if we take @ = 0 in relation (1.7).

Lemma2.3. Letbe o > 0andx e (0, +o0), then we can present also the following representation for the Stancu-Kantorovich operators
(1.7), given by

x 1 ©  ta!

K = (B )) / T K(fodt, (26)
¢ a’a o 1+ "I

where Ky, are the Baskakov-Kantorovich operators (2.5).

Proof. Using the relationship between Euler’s functions

NOINC)
B(p,q) = ,
(P.@) = TET)
where B(p, q) and I'(r) is Beta function of second kind, respectively Gamma function defined by

00 up1 o
B(p,q):/o Wdu, I‘(r):f0 uleUdu,
withT'(r+n)=r(r+1)-...- (r+n—1)T(r), for natural number n, then we get
B<i+k,l+n> T(2+k)T (% +n)
a o T(1 +n+k)
_a@ ) @ Hk-DPE) a(G+ 1) G- 1(E)
() (F 1) (B m = 0 ()

o

-1
n+k—1 x 1
:vn,k(x,a)< P ) B(&,&)
Hence

T G () IR R @)

and it follows

k1

@ip o =1 S(n+k-1 X 1 =
K (f;x) = BED) -Z( ) >B<a+k,a+n) / F(t)dt
)

a’ o k=0 n—1
_ ad _ o0 £ k-1 l
_(n 1 .Z<n+k 1)/ t S ot
B( ,E) = k 0 (1+0)Fn+k &

Il
=~

(& %))1 I (lr;ly Ko D).

Remark 2.3. The computation of images of test functions by Stancu-Kantorovich operators (1.7), could be also derived using
relation (2.6) and knowing previously the computation of the images of test functions by Baskakov-Kantorovich operators (2.5).

O

Proposition 2.1. Let f be a bounded function defined on [0, +o00), with
1l = SuPyefo,4o0) [f ()1, then

K(f: 0| < [I£]-

Proof. Taking into account the definition of Stancu-Kantorovich operators (1.7) and Lemma 2.2, it follows

k

T~

= 3

+

<(-1)- Zvn ) Q F©lde < 171 - ki (eo: ) = 1]

k= -1
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3. Direct results

The new Stancu-Kantorovich operators (1.7) based on functions defined on [0, +oc), which are bounded on each compact
subset of [0, +00) become an approximation process in approximating unbounded functions of the unbounded infinite interval
[0, +00). Since an immediate analog of the Bohman-Korovkin-Popoviciu theorem does not hold in the unbounded interval, some
restrictions are needed. We give these restrictions and notations.

Let B[O, +o0) be the space of all functions f defined on the [0, +-c0) satisfying the inequality | f(x)| < M(1 + x%), where My is
a positive constant depending only on the function f. Introduce

(5[0, +00) = B[O, +00) N ([0, +00)

and

C*[0, +00) = {f € G0, +0) : lim Lfixil =K < oo}.

Endowed these spaces with the norm

11 = sup L&

x=0 1+X2.

As it follows from the Gadzhiev papers [6], [7], the Korovkin type theorem for positive linear operators does not hold in the
space ([0, +00), but holds in the space C*[0, +occ) and has the following form:

Theorem 3.1. A sequence of positive linear operators L, which satisfy the conditions
lim |La(e0) =X =0, i=0.1.2,

we get that for any function f e C*[0, 4+-00)
lim 1L f ~ fI] = 0.

Theorem 3.2. Let f € C*[0, +o00) and « being a non-negative parameter, which may depend only on the natural number n, with o« —
0 when n — oo, then we have
Kif - f|

lim ’ -0
n—oo

Proof. Taking Lemma 2.2 into account, it follows

lim ’
n—oo

K" (e;: x) — X! H =0, i=0,1,2.
Hence, applying Theorem 3.1, we get the desired result. O

Now, we present the asymptotic behavior of the Stancu-Kantorovich operators.

Theorem 3.3. Let f be a bounded and integrable function on [0, +oc0). If there exists first and second derivative of the function fin a
fixed point x € [0, +00), then

o

Jim (K00 £09) = 705100 +

ax(1+x+ 20x)

20— —2a)! X

Proof. Using Taylor’s expansion of the function f, we can write

fO) = f&) + (=% f ) + %(t =2 (%) +e(t. 0 (t - x)?,

where &(t, x) := &(t —x) is a bounded function and lim;_.x &(t, x) = 0. By linearity of Stancu-Kantorovich operators (1.7), it
follows

1
Kl (fix) = F0) = Kl (e —x:0) f/(0) + 5K (&1 = %)% 2) 7 (x) + K™ (28 %) - (61 =) ).
Taking Corollary 2.1 into account, we get

ax(1+x+ 2ax)
21 —a)(1 = 2)

then applying Cauchy-Schwarz inequality, it follows

lim (K30 - £(0) = 12 /00 + 7160+ lim (K (e - (e1 - 0%:x) ). (31)
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K (e 6006~ 207 7) =y KN 00: 0 K (o1 — %) (32)
Because £2(x, x) = 0 and &2 (-, x) € C*[0, +00), using the convergence from Theorem 3.2, we get

lim K,[l‘)‘](ez(t, X):x) = &%(x,x) = 0. (3.3)
Therefore, from (3.2) and (3.3) yields

Jlrglol(,ﬂa](e(t,x) (e1-x)%x) =0
and using (3.1) we obtain the asymptotic behavior of the Stancu-Kantorovich operators. O

The main tools to measure the approximation degree of linear positive operators towards the identity operators are moduli
of continuity.

Definition 3.1. Let f € C3[0, +c0) be given and § > 0. The modulus of continuity of the function fis defined by

w(f.8) == sup{|f(x) — f()| : x.y € [0.+00), [x—y| < 8} (3.4)
where Cg[0, +00) is the space of all real-valued functions continuous and bounded on [0, +c0).
Definition 3.2. For f € C[0, +00) and § > 0

w1(f,8) :=sup{|f(x+h) — f(X)| : x,x+he€[0,+00), 0 <h <5} (3.5)
and

wy(f,8) :=sup{|f(x+h) —2f(x) + f(x—h)| : x,x+he[0,+00), 0 <h <} (3.6)
are the moduli of smoothness of first, respectively second order.

Definition 3.3. Let be ffrom the space Cg[0, +0c0) endowed with the norm
|1l = subPxefo,+o0) |f(¥)] and let us consider Peetre’s K-functional

Ko(f.8) = inf {If—gl+8|g"|} (3.7)

where § > 0 and W2 = {g € Cg[0, +00) : g, g" € G50, +oo)}. There exists an absolute constant C > 0, such that

Ky(f.8) < Can(f.V3). (3.8)
conformable ([4], p. 177, Theorem 2.4).
In the following, we get direct estimates in terms of moduli of continuity and Peetre’s K-functional.

Theorem 3.4. If f € 5[0, +0c0), then for any x € [0, +o0) and 8 > 0, it follows

K& (f: %) —f(x)‘ <2-w(f.8), with § = (1(,&“1((e1 —x)2;x))%.

Proof. Knowing that Stancu-Kantorovich operators (1.7) preserve constants and using the well-known property of modulus of
continuity

1@~ 1) <o ey = (14 51k -31) - (1. 5),

it follows

"R = Feolde

K0 - 00| < (= 1) Y vt [
k=0

k+1

1 > n—1
<|1+<(n-1)) v, (x,)
(i Emesa],

It —x|dt)w(f,8).

Applying Cauchy-Schwarz inequality for integral, we get

k+1 k+1

00 ket 1 1/2 kel 1/2
Kﬁ“‘(f;x)—f(x)\f[H;(n—l)zvn,k(x,a)(/:‘dt) (/ (t—x)zdt> }v(f,é).
k=0 n-1

n-1 n—T
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Next, applying Cauchy-Schwarz inequality for sum, it follows

k+1 1/2
Krgal(f;x) —f(x)‘ < 1+% (n— 1)Zvn-k(X,a)/”’1 dt
k=0 =

k+1 1/2
x <<n DY vk [ x)zdt> w(f. )
k=0

_k_
n-1
1/ el 120 , 172
= |1+ 5 (K@) (K@ - 0%0) |0 8) =2-0(f.6).
with 8 := (K[ ((e; — %)% x)12. O
Theorem 3.5. If fis a differentiable function on [0, +o00) and f’ e Cg[0, +00), then for any x € [0, +o00) and § > 0, it follows

2(n-Da+Dx+1 -«

oDy | 01 +25-w(f.8),

K (f1x) - f(x)\ <

with 8 := (K1) ((e; — x)%; %)) 3.
Proof. Starting with the identity

f©) = fO) = F&x)(t %) + f(O) = fO0) = ()t = x). (3.9)

we get for £ between t and x
Lf(O) = fx) = e -0 =f(€) - &)t —x],
using the Lagrange mean value theorem (f(t) — f(x) = f'(§)(t — x), with & between t and x). Because |£ — x| < |t — x|, it follows
1
F© - F 0l <o lt-x) = (1+ 5lt-x1) -0 (.9)
and
/ 1 2 /
F© = 560 = e =0] = (It =X+ 5 =02) (7. 8).
Applying the linear positive Stancu-Kantorovich operators (1.7) to the inequality
1
Lf(®) = FOO < [f' ) (& —%)] + (It =X+ 5t~ X)z) -o(f',9),
obtained from (3.9) and the above relations, it follows
K30 - £00)] < 1£ G0

The Cauchy-Schwarz inequality for linear positive operators leads to

o o ] o /
K er —x20|+ (K ey X120 + 5K (o1 = %07 - (. 6).

1 1
K (Jey —x|: %) < (K,E‘”(eo; X)) B (K,[,‘”((e] - X)Z;X)> g (3.11)
Using the relation (3.11) and the results presented in Corollary 2.1, the inequality (3.10) become

2(n-NDa+Dx+1—-«
2(n-1)(1 - )

K (i) — £ < AF 1 +28- (f,8),

with § := (K% ((e; —x)2:x))2. O

Estimates using combinations of first and second order modulus of smoothness are more refined than estimates using only
the modulus of continuity.

Theorem 3.6. If f € C[0, +00), then for any x € [0, +o00) and § > 0, it follows
3
K%)= f0)| < 01(£.8) + 5 - n(f:6).

with § := (K (e —x)2: %)) 3.
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Proof. Using the result of Paltanea [13] established for a linear positive operator L
1 1
L) = FGO1 = [Len: ) = 11170 + lL(er = x: )| @1 (£:8) + (Leo: x) + 55 L((er = 0%9) - (1.,

we get for L := KI%! the estimate

K (f: x) — f(x)‘ < |kl (eg; x) —1’ Af@)+ %

K (ey —x: x)] “w1(f.5)

(K 00+ 55K (o1 = 0%0) - @2(£.9).

Taking into account the results of Lemma 2.2, respectively Corollary 2.1 and choosing § = (I<,L“]((e1 —x)?%; x))% we get the desired
result, using previously again the Cauchy-Schwarz inequality

1 1
\KL‘*‘(el _x; x){ = K ey — x|: %) < <1<r[1a](€0§x))2 : (K,L‘”(el —x)%x))z.

Using Peetre’s K-functional we give an estimate for the approximation error by Stancu-Kantorovich operators (1.7).

Theorem 3.7. Let be f € C[0, +00), then for any x € [0, +o0) yields

1
K0 = £00| < Mon(£. 38, x.0)) + 0(£.8,).
where M is an absolute constant and

1
2\ 2
Sn(x, ) = (K,[f’]((q fx)z;x) + (K,[f‘](e] —x; x)) ) . 8= ‘K,[f‘](q —Xx;X)|.

Proof. For x € [0, +00) we define the operators

2nx+1 -«

Pl eo o qelad e
KY'(f; %) =K} (fvx)_f<2(n_])(l_a)

) + f(x). (3.12)

We remark that I?,[f‘] (eg;x) =1and I?,[f‘] (e1; x) =X, i.e. the operators I?,[l“] preserve constants and linear functions. Therefore
R (e; — x; x) = 0. (3.13)

Letge W2 and x,t € [0, +00). By Taylor’s expansion, we have
t
80 =500+ -0g M + [ (- wg'(wdu
X

Applying I?,[.,“] on both sides of the above equation, we get

R (g x) — g(x) = g (%) - RiN(ey —x: %) + R ( / (¢ — e (uydu; x)
t TEhw -
= K,[l"‘](/x (t —u)g’ (u)du; x) —/X e (% - u)g”(u)du.

<(t=x*-lig"ll.

On the other hand

[ @-wg'w

then
_ 2

K (g:0) —g(x)} < (K,L“’«el —0% %) + (K,L“](el -x; x)) ) gl
Using the definition (3.12) of the operators I?,[f[] and Proposition 2.1, it follows

K30 - F00) = [RE(F - g0 + R &2 - 800

2nx+1 -«
f(m—l)(l—a))‘f(")‘

<4|f - gl + & x )¢ | + o(f.5).

with 82(x, &) = KI ((ey — %)% %) + (KL (e; — x: x))2 and 8, = K[ (e — x: x)|.

+ 18(%) — )] +
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Now, taking infimum on the right-hand side over all g e W2 and using the relation (3.8), we get
Sl (x, &
k(i) - 00 < 4k, (f, %) +(f. 80)

< sz(f, %5,1(x, a)) + o (f. 80). 0
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