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1. Introduction

In 1923, Eggenberger and Pólya [5] considered an urn model contains w white balls and b black balls. A ball is drawn at

random and then replaced together with s balls of the same color. This procedure is repeated n times and noting the distribution

of the random variable X representing the number of times a white ball is drawn. The distribution of X is given by

Pr(X = k) =
(

n

k

)
w(w + s) · . . . · (w + k − 1s)b(b + s) · . . . · (b + n − k − 1s)

(w + b)(w + b + s) · . . . · (w + b + n − 1s)
, (1.1)

for k = 0, 1, . . . , n and k − 1s = (k − 1)s. The distribution (1.1) is known as Pólya–Eggenberger distribution with parameters

(n, w, b, s) and contains binomial, respectively hypergeometric distribution as particular cases.

The inverse Pólya–Eggenberger distribution is defined by

Pr(N = n + k) =
(

n + k − 1

k

)
w(w + s) · . . . · (w + n − 1s)b(b + s) · . . . · (b + k − 1s)

(w + b)(w + b + s) · . . . · (w + b + n + k − 1s)
, (1.2)

for k = 0, 1, . . . and is the distribution of the number N of drawings needed to obtain n white balls. More details about Pólya–

Eggenberger distributions (1.1) and (1.2) can be found in [10].

Based on Pólya–Eggenberger distribution (1.1), Stancu [15] introduced a new class of positive linear operators associated to a

real-valued function f : [0, 1] → R, given by

P[α]
n ( f ; x) =

n∑
k=0

pn,k(x, α) f

(
k

n

)
=

n∑
k=0

(
n

k

)
x[k,−α](1 − x)[n−k,−α]

1[n,−α]
f

(
k

n

)
, (1.3)
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where α is a non-negative parameter which may depend only on the natural number n and t[n,h] = t(t − h)(t − 2h) · . . . · (t −
n − 1h), t[0,h] = 1 represents the factorial power of t with increment h.

In the case when α = 0 operators (1.3) reduce, obviously, to the original Bernstein operators [2] and for α = 1
n we get a special

case

P
[ 1

n ]
n ( f ; x) =

n∑
k=0

(
n

k

)
x[k,− 1

n ](1 − x)[n−k,− 1
n ]

1[n,− 1
n ]

f

(
k

n

)
, (1.4)

introduced by Lupaş and Lupaş [11]. Concerning operators (1.3) and (1.4), the reader is invited to see a recent paper [12], where

some results of the recalled operators are revised.

Using inverse Pólya–Eggenberger distribution (1.2), Stancu [16] introduced a generalization of the Baskakov operators for a

real-valued function bounded on [0, +∞), given by

V [α]
n ( f ; x) =

∞∑
k=0

vn,k(x, α) f

(
k

n

)
=

∞∑
k=0

(
n + k − 1

k

)
1[n,−α]x[k,−α]

(1 + x)[n+k,−α]
f

(
k

n

)
. (1.5)

The operators (1.5) include as a special case (α = 0), the Baskakov operators [1]

Vn( f, x) =
∞∑

k=0

(
n + k − 1

k

)
xk

(1 + x)n+k
f

(
k

n

)
. (1.6)

In 1989, Stancu–Kantorovich operators based on Pólya–Eggenberger distribution had been given by Razi [14] and he studied

its convergence properties as well as degree of approximation. Recently, some modifications in connection with Stancu type

operators are given by Gupta et al. [8], [9] and Deo et al. [3].

Now, for any bounded and integrable function f defined on [0, +∞) we introduce Stancu–Kantorovich operators based on

inverse Pólya–Eggenberger distribution (1.2), given by

K[α]
n ( f ; x) = (n − 1)

∞∑
k=0

vn,k(x, α)

∫ k+1
n−1

k
n−1

f (t)dt. (1.7)

The aim of this paper is to establish some approximation properties for Stancu–Kantorovich operators (1.7). We start our

study with some auxiliary results, which we will use in what follows. Taking into account these auxiliary results we derive some

basic approximation properties including uniform convergence, a Voronvskaja type asymptotic formula and direct estimates in

terms of moduli of continuity, respectively K-functional.

2. Auxiliary results

Let N be the set of positive integers and N0 = N ∪ {0}. We recall that the monomials ek(x) = xk, for k ∈ N0 called also test func-

tions, play an important role in uniform approximation by linear positive operators. The computation of the images of test func-

tions by Stancu–Baskakov operators (1.5) was done in [16], in order to prove a theorem concerning the uniform approximation.

Lemma 2.1 ([16]). For the Stancu–Baskakov operators (1.5) hold

V [α]
n (e0; x) = 1, V [α]

n (e1; x) = x

1 − α
,

V [α]
n (e2; x) = 1

(1 − α)(1 − 2α)

[
x2 + x(x + 1)

n
+ α

(
1 − 1

n

)
x

]
.

In the sequel we shall use the following rules for computation with factorial powers

t[−n,h] = 1

t[n,h]
, t[−n,−h] = 1

t[n,−h]
, t[n,h] = t[ j,h] · (t − jh)[n− j,h],

if, of course, the denominators are different from zero, n and j being natural numbers such that n > j. We remark that Stancu–

Baskakov operators (1.5) could be written in the following form

V [α]
n ( f ; x) = 1[n,−α]

(1 + x)[n,−α]

∞∑
k=0

1

k!
·

n[k,−1] ·
(

x
α

)[k,−1]

(
1+x
α + n

)[k,−1]
f

(
k

n

)
, (2.1)

respectively Stancu–Kantorovich operators (1.7) could be written in the following form

K[α]
n ( f ; x) = (n − 1) · 1[n,−α]

(1 + x)[n,−α]

∞∑
k=0

1

k!
·

n[k,−1] ·
(

x
α

)[k,−1]

(
1+x
α + n

)[k,−1]

∫ k+1
n−1

k
n−1

f (t)dt. (2.2)
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Remark 2.1. The proof of the Lemma 2.1 was done using hypergeometric series

2F1(a, b; c; z) =
∞∑

k=0

zk

k!
· a[k,−1] · b[k,−1]

c[k,−1]
, (2.3)

where the parameters a, b, c satisfy the conditions a, b > 0, respectively a + b < c. Next, taking z = 1 the following representation

for the hypergeometric series in terms of Gamma function

2F1(a, b; c; 1) = �(c) · �(c − a − b)

�(c − a) · �(c − b)
(2.4)

was used.

Lemma 2.2. For the Stancu–Kantorovich operators (1.7) hold

K[α]
n (e0; x) = 1, K[α]

n (e1; x) = nx

(n − 1)(1 − α)
+ 1

2(n − 1)
,

K[α]
n (e2; x) = n2

(1 − α)(1 − 2α)(n − 1)2

[
x(x + α) + x(x + 1)

n
+ (1 − 3α)x

n

]
+ 1

3(n − 1)2
.

Proof. Using the representation (2.2) for the Stancu–Kantorovich operators, it follows

K[α]
n (e0; x) = (n − 1) · 1[n,−α]

(1 + x)[n,−α]

∞∑
k=0

1

k!
·

n[k,−1] ·
(

x
α

)[k,−1]

(
1+x
α + n

)[k,−1]

∫ k+1
n−1

k
n−1

dt

= 1[n,−α]

(1 + x)[n,−α]

∞∑
k=0

1

k!
·

n[k,−1] ·
(

x
α

)[k,−1]

(
1+x
α + n

)[k,−1]
= V [α]

n (e0; x) = 1.

K[α]
n (e1; x) = (n − 1) · 1[n,−α]

(1 + x)[n,−α]

∞∑
k=0

1

k!
·

n[k,−1] ·
(

x
α

)[k,−1]

(
1+x
α + n

)[k,−1]

∫ k+1
n−1

k
n−1

t dt

= (n − 1) · 1[n,−α]

(1 + x)[n,−α]

∞∑
k=0

1

k!
· 2k + 1

2(n − 1)2
·

n[k,−1] ·
(

x
α

)[k,−1]

(
1+x
α + n

)[k,−1]

= n

n − 1
V [α]

n (e1; x) + 1

2(n − 1)
V [α]

n (e0; x) = nx

(n − 1)(1 − α)
+ 1

2(n − 1)
.

K[α]
n (e2; x) = (n − 1) · 1[n,−α]

(1 + x)[n,−α]

∞∑
k=0

1

k!
·

n[k,−1] ·
(

x
α

)[k,−1]

(
1+x
α + n

)[k,−1]

∫ k+1
n−1

k
n−1

t2dt

= (n − 1) · 1[n,−α]

(1 + x)[n,−α]

∞∑
k=0

1

k!
· 3k2 + 3k + 1

3(n − 1)3
·

n[k,−1] ·
(

x
α

)[k,−1]

(
1+x
α + n

)[k,−1]

= n2

(n − 1)2
V [α]

n (e2; x) + n

(n − 1)2
V [α]

n (e1; x) + 1

3(n − 1)2
V [α]

n (e0; x)

= n2

(1 − α)(1 − 2α)(n − 1)2

[
x(x + α) + x(x + 1)

n
+ (1 − 3α)x

n

]
+ 1

3(n − 1)2
.

�

Corollary 2.1. The computation of the moments up to the second order, for Stancu–Kantorovich operators (1.7) is given by the following

equalities

K[α]
n (e1 − x; x) = ((n − 1)α + 1)x

(n − 1)(1 − α)
+ 1

2(n − 1)
,

K[α]
n

(
(e1 − x)2; x

)
= n2

(1 − α)(1 − 2α)(n − 1)2

[
x(x + α) + x(x + 1)

n
+ (1 − 3α)x

n

]

− n

(1 − α)(n − 1)

[
(1 + α)x2 + (1 − α)x(x + 1)

n

]
+ 1

3(n − 1)2
.

Proof. Taking Lemma 2.2 into account, it follows the above equalities. �
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Remark 2.2. The Stancu–Kantorovich operators could be reduced to the classical Baskakov–Kantorovich operators

Kn( f ; x) = (n − 1)
∞∑

k=0

(
n + k − 1

k

)
xk

(1 + x)n+k

∫ k+1
n−1

k
n−1

f (t)dt, (2.5)

if we take α = 0 in relation (1.7).

Lemma 2.3. Let be α > 0 and x ∈ (0, +∞), then we can present also the following representation for the Stancu–Kantorovich operators

(1.7), given by

K[α]
n ( f ; x) =

(
B

(
x

α
,

1

α

))−1

·
∫ ∞

0

t
x
α −1

(1 + t)
1+x
α

· Kn( f ; t)dt, (2.6)

where Kn are the Baskakov–Kantorovich operators (2.5).

Proof. Using the relationship between Euler’s functions

B(p, q) = �(p)�(q)

�(p + q)
,

where B(p, q) and �(r) is Beta function of second kind, respectively Gamma function defined by

B(p, q) =
∫ ∞

0

up−1

(1 + u)p+q
du, �(r) =

∫ ∞

0

ur−1e−udu,

with �(r + n) = r(r + 1) · . . . · (r + n − 1)�(r), for natural number n, then we get

B

(
x

α
+ k,

1

α
+ n

)
=

�
(

x
α + k

)
�
(

1
α + n

)
�
(

1+x
α + n + k

)
=

x
α

(
x
α + 1

)
· . . . ·

(
x
α + k − 1

)
�
(

x
α

)
· 1

α

(
1
α + 1

)
· . . . ·

(
1
α + n − 1

)
�
(

1
α

)(
1+x
α

)(
1+x
α + 1

)
· . . . ·

(
1+x
α + n + k − 1

)
�
(

1+x
α

)
= vn,k(x, α)

(
n + k − 1

k

)−1

B

(
x

α
,

1

α

)
.

Hence

vn,k(x, α) =
(

n + k − 1

k

)(
B

(
x

α
,

1

α

))−1

B

(
x

α
+ k,

1

α
+ n

)
(2.7)

and it follows

K[α]
n ( f ; x) = (n − 1)

B
(

x
α , 1

α

) ·
∞∑

k=0

(
n + k − 1

k

)
B

(
x

α
+ k,

1

α
+ n

)∫ k+1
n−1

k
n−1

f (t)dt

= (n − 1)

B
(

x
α , 1

α

) ·
∞∑

k=0

(
n + k − 1

k

)∫ ∞

0

t
x
α +k−1

(1 + t)
1+x
α +n+k

dt ·
∫ k+1

n−1

k
n−1

f (t)dt

=
(

B

(
x

α
,

1

α

))−1

·
∫ ∞

0

t
x
α −1

(1 + t)
1+x
α

· Kn( f ; t)dt.

�

Remark 2.3. The computation of images of test functions by Stancu–Kantorovich operators (1.7), could be also derived using

relation (2.6) and knowing previously the computation of the images of test functions by Baskakov–Kantorovich operators (2.5).

Proposition 2.1. Let f be a bounded function defined on [0, +∞), with

‖ f‖ = supx∈[0,+∞) | f (x)|, then∣∣∣K[α]
n ( f ; x)

∣∣∣ ≤ ‖ f‖.

Proof. Taking into account the definition of Stancu–Kantorovich operators (1.7) and Lemma 2.2, it follows∣∣∣K[α]
n ( f ; x)

∣∣∣ =
∣∣∣∣∣(n − 1) ·

∞∑
k=0

vn,k(x, α)

∫ k+1
n−1

k
n−1

f (t)dt

∣∣∣∣∣
≤ (n − 1) ·

∞∑
k=0

vn,k(x, α)

∫ k+1
n−1

k
n−1

| f (t)|dt ≤ ‖ f‖ · K[α]
n (e0; x) = ‖ f‖.
�
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3. Direct results

The new Stancu–Kantorovich operators (1.7) based on functions defined on [0, +∞), which are bounded on each compact

subset of [0, +∞) become an approximation process in approximating unbounded functions of the unbounded infinite interval

[0, +∞). Since an immediate analog of the Bohman–Korovkin–Popoviciu theorem does not hold in the unbounded interval, some

restrictions are needed. We give these restrictions and notations.

Let B[0, +∞) be the space of all functions f defined on the [0, +∞) satisfying the inequality | f (x)| ≤ M f (1 + x2), where Mf is

a positive constant depending only on the function f. Introduce

CB[0, +∞) = B[0,+∞) ∩ C[0,+∞)

and

C∗[0, +∞) =
{

f ∈ CB[0,+∞) : lim
x→∞

| f (x)|
1 + x2

= Kf < ∞
}

.

Endowed these spaces with the norm

‖ f‖ = sup
x≥0

| f (x)|
1 + x2

.

As it follows from the Gadzhiev papers [6], [7], the Korovkin type theorem for positive linear operators does not hold in the

space CB[0,+∞), but holds in the space C∗[0,+∞) and has the following form:

Theorem 3.1. A sequence of positive linear operators Ln which satisfy the conditions

lim
n→∞

∥∥Ln(ei; x) − xi
∥∥ = 0, i = 0, 1, 2,

we get that for any function f ∈ C∗[0,+∞)

lim
n→∞ ‖Ln f − f‖ = 0.

Theorem 3.2. Let f ∈ C∗[0,+∞) and α being a non-negative parameter, which may depend only on the natural number n, with α →
0 when n → ∞, then we have

lim
n→∞

∥∥∥K[α]
n f − f

∥∥∥ = 0.

Proof. Taking Lemma 2.2 into account, it follows

lim
n→∞

∥∥∥K[α]
n (ei; x) − xi

∥∥∥ = 0, i = 0, 1, 2.

Hence, applying Theorem 3.1, we get the desired result. �

Now, we present the asymptotic behavior of the Stancu–Kantorovich operators.

Theorem 3.3. Let f be a bounded and integrable function on [0,+∞). If there exists first and second derivative of the function f in a

fixed point x ∈ [0,+∞), then

lim
n→∞

(
K[α]

n ( f ; x) − f (x)
)

= αx

1 − α
f ′(x) + αx(1 + x + 2αx)

2(1 − α)(1 − 2α)
f ′′(x).

Proof. Using Taylor’s expansion of the function f, we can write

f (t) = f (x) + (t − x) f ′(x) + 1

2!
(t − x)2 f ′′(x) + ε(t, x)(t − x)2,

where ε(t, x) := ε(t − x) is a bounded function and limt→x ε(t, x) = 0. By linearity of Stancu–Kantorovich operators (1.7), it

follows

K[α]
n ( f ; x) − f (x) = K[α]

n (e1 − x; x) f ′(x) + 1

2
K[α]

n

(
(e1 − x)2; x

)
f ′′(x) + K[α]

n

(
ε(t, x) · (e1 − x)2; x

)
.

Taking Corollary 2.1 into account, we get

lim
n→∞

(
K[α]

n ( f ; x) − f (x)
)

= αx

1 − α
f ′(x) + αx(1 + x + 2αx)

2(1 − α)(1 − 2α)
f ′′(x) + lim

n→∞

(
K[α]

n

(
ε(t, x) · (e1 − x)2; x

))
, (3.1)

then applying Cauchy–Schwarz inequality, it follows
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K[α]
n

(
ε(t, x)(t − x)2; x

)
≤

√
K[α]

n (ε2(t, x); x)

√
K[α]

n ((e1 − x)
4; x). (3.2)

Because ε2(x, x) = 0 and ε2(·, x) ∈ C∗[0,+∞), using the convergence from Theorem 3.2, we get

lim
n→∞ K[α]

n

(
ε2(t, x); x

)
= ε2(x, x) = 0. (3.3)

Therefore, from (3.2) and (3.3) yields

lim
n→∞ K[α]

n

(
ε(t, x) · (e1 − x)2; x

)
= 0

and using (3.1) we obtain the asymptotic behavior of the Stancu–Kantorovich operators. �

The main tools to measure the approximation degree of linear positive operators towards the identity operators are moduli

of continuity.

Definition 3.1. Let f ∈ CB[0, +∞) be given and δ ≥ 0. The modulus of continuity of the function f is defined by

ω( f, δ) := sup{∣∣ f (x) − f (y)
∣∣ : x, y ∈ [0,+∞), |x − y| ≤ δ}, (3.4)

where CB[0,+∞) is the space of all real-valued functions continuous and bounded on [0,+∞).

Definition 3.2. For f ∈ C[0,+∞) and δ ≥ 0

ω1( f, δ) := sup{| f (x + h) − f (x)| : x, x + h ∈ [0,+∞), 0 ≤ h ≤ δ} (3.5)

and

ω2( f, δ) := sup{| f (x + h) − 2 f (x) + f (x − h)| : x, x ± h ∈ [0,+∞), 0 ≤ h ≤ δ} (3.6)

are the moduli of smoothness of first, respectively second order.

Definition 3.3. Let be f from the space CB[0,+∞) endowed with the norm

‖ f‖ = supx∈[0,+∞) | f (x)| and let us consider Peetre’s K-functional

K2( f, δ) = inf
g∈W 2∞

{‖ f − g‖ + δ
∥∥g′′∥∥}

, (3.7)

where δ > 0 and W 2∞ =
{

g ∈ CB[0,+∞) : g′, g′′ ∈ CB[0, +∞)
}

. There exists an absolute constant C > 0, such that

K2( f, δ) ≤ Cω2

(
f,

√
δ
)
, (3.8)

conformable ([4], p. 177, Theorem 2.4).

In the following, we get direct estimates in terms of moduli of continuity and Peetre’s K-functional.

Theorem 3.4. If f ∈ CB[0, +∞), then for any x ∈ [0, +∞) and δ > 0, it follows∣∣∣K[α]
n ( f ; x) − f (x)

∣∣∣ ≤ 2 · ω( f, δ), with δ =
(

K[α]
n

(
(e1 − x)2; x

)) 1
2

.

Proof. Knowing that Stancu–Kantorovich operators (1.7) preserve constants and using the well-known property of modulus of

continuity

| f (x) − f (y)| ≤ ω( f, |x − y|) ≤
(

1 + 1

δ
|x − y|

)
· ω( f, δ),

it follows∣∣∣K[α]
n ( f ; x) − f (x)

∣∣∣ ≤ (n − 1)
∞∑

k=0

vn,k(x, α)

∫ k+1
n−1

k
n−1

| f (t) − f (x)|dt

≤
(

1 + 1

δ
(n − 1)

∞∑
k=0

vn,k(x, α)

∫ k+1
n−1

k
n−1

|t − x|dt

)
ω( f, δ).

Applying Cauchy–Schwarz inequality for integral, we get∣∣∣K[α]
n ( f ; x) − f (x)

∣∣∣ ≤
[

1 + 1

δ
(n − 1)

∞∑
k=0

vn,k(x, α)

(∫ k+1
n−1

k
n−1

dt

)1/2(∫ k+1
n−1

k
n−1

(t − x)
2dt

)1/2
]
ω( f, δ).



N. Deo et al. / Applied Mathematics and Computation 273 (2016) 281–289 287
Next, applying Cauchy–Schwarz inequality for sum, it follows

∣∣∣K[α]
n ( f ; x) − f (x)

∣∣∣ ≤

⎡
⎣1 + 1

δ

(
(n − 1)

∞∑
k=0

vn,k(x, α)

∫ k+1
n−1

k
n−1

dt

)1/2

×
(

(n − 1)
∞∑

k=0

vn,k(x, α)

∫ k+1
n−1

k
n−1

(t − x)
2dt

)1/2
⎤
⎦ω( f, δ)

=
[

1 + 1

δ

(
K[α]

n (e0; x)
)1/2(

K[α]
n ((e1 − x)

2; x)
)1/2

]
ω( f, δ) = 2 · ω( f, δ),

with δ := (K
[α]
n ((e1 − x)2; x))1/2. �

Theorem 3.5. If f is a differentiable function on [0, +∞) and f ′ ∈ CB[0, +∞), then for any x ∈ [0, +∞) and δ > 0, it follows∣∣∣K[α]
n ( f ; x) − f (x)

∣∣∣ ≤
∣∣∣∣2((n − 1)α + 1)x + 1 − α

(n − 1)(1 − α)

∣∣∣∣ · | f ′(x)| + 2δ · ω( f ′, δ),

with δ := (K
[α]
n ((e1 − x)2; x))

1
2 .

Proof. Starting with the identity

f (t) − f (x) = f ′(x)(t − x) + f (t) − f (x) − f ′(x)(t − x), (3.9)

we get for ξ between t and x

| f (t) − f (x) − f ′(x)(t − x)| = | f ′(ξ) − f ′(x)| · |t − x|,
using the Lagrange mean value theorem ( f (t) − f (x) = f ′(ξ)(t − x), with ξ between t and x). Because |ξ − x| ≤ |t − x|, it follows

| f ′(ξ) − f ′(x)| ≤ ω( f ′, |t − x|) ≤
(

1 + 1

δ
|t − x|

)
· ω( f ′, δ)

and

| f (t) − f (x) − f ′(x)(t − x)| ≤
(
|t − x| + 1

δ
(t − x)2

)
· ω( f ′, δ).

Applying the linear positive Stancu–Kantorovich operators (1.7) to the inequality

| f (t) − f (x)| ≤ | f ′(x)(t − x)| +
(
|t − x| + 1

δ
(t − x)2

)
· ω( f ′, δ),

obtained from (3.9) and the above relations, it follows∣∣∣K[α]
n ( f ; x) − f (x)

∣∣∣ ≤ | f ′(x)| ·
∣∣∣K[α]

n (e1 − x; x)
∣∣∣ +

(
K[α]

n (|e1 − x|; x) + 1

δ
K[α]

n ((e1 − x)2; x)
)

· ω( f ′, δ).

The Cauchy–Schwarz inequality for linear positive operators leads to

K[α]
n (|e1 − x|; x) ≤

(
K[α]

n (e0; x)
) 1

2 ·
(

K[α]
n ((e1 − x)2; x)

) 1
2

. (3.11)

Using the relation (3.11) and the results presented in Corollary 2.1, the inequality (3.10) become∣∣∣K[α]
n ( f ; x) − f (x)

∣∣∣ ≤
∣∣∣∣2((n − 1)α + 1)x + 1 − α

2(n − 1)(1 − α)

∣∣∣∣ · | f ′(x)| + 2δ · ω( f ′, δ),

with δ := (K
[α]
n ((e1 − x)2; x))

1
2 . �

Estimates using combinations of first and second order modulus of smoothness are more refined than estimates using only

the modulus of continuity.

Theorem 3.6. If f ∈ C[0,+∞), then for any x ∈ [0,+∞) and δ > 0, it follows∣∣∣K[α]
n ( f ; x) − f (x)

∣∣∣ ≤ ω1( f, δ) + 3

2
· ω2( f ; δ),

with δ := (K
[α]
n ((e1 − x)2; x))

1
2 .
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Proof. Using the result of Păltănea [13] established for a linear positive operator L

|L( f ; x) − f (x)| ≤ |L(e0; x) − 1| · | f (x)| + 1

δ
|L(e1 − x; x)| · ω1( f, δ) +

(
L(e0; x) + 1

2δ2
L((e1 − x)2; x)

)
· ω2( f, δ),

we get for L := K
[α]
n the estimate∣∣∣K[α]

n ( f ; x) − f (x)

∣∣∣ ≤
∣∣∣K[α]

n (e0; x) − 1

∣∣∣ · | f (x)| + 1

δ

∣∣∣K[α]
n (e1 − x; x)

∣∣∣ · ω1( f, δ)

+
(

K[α]
n (e0; x) + 1

2δ2
K[α]

n ((e1 − x)2; x)
)

· ω2( f, δ).

Taking into account the results of Lemma 2.2, respectively Corollary 2.1 and choosing δ = (K
[α]
n ((e1 − x)2; x))

1
2 we get the desired

result, using previously again the Cauchy–Schwarz inequality∣∣∣K[α]
n (e1 − x; x)

∣∣∣ = K[α]
n (|e1 − x|; x) ≤

(
K[α]

n (e0; x)
) 1

2 ·
(

K[α]
n (e1 − x)2; x)

) 1
2

.

�

Using Peetre’s K-functional we give an estimate for the approximation error by Stancu–Kantorovich operators (1.7).

Theorem 3.7. Let be f ∈ C[0,+∞), then for any x ∈ [0,+∞) yields∣∣∣K[α]
n ( f ; x) − f (x)

∣∣∣ ≤ Mω2

(
f,

1

2
δn(x, α)

)
+ ω( f, δω),

where M is an absolute constant and

δn(x, α) =
(

K
[α]
n

(
(e1 − x)2; x

)
+

(
K

[α]
n (e1 − x; x)

)2
) 1

2

, δω =
∣∣∣K[α]

n (e1 − x; x)
∣∣∣.

Proof. For x ∈ [0,+∞) we define the operators

K̃[α]
n ( f ; x) = K[α]

n ( f ; x) − f

(
2nx + 1 − α

2(n − 1)(1 − α)

)
+ f (x). (3.12)

We remark that K̃
[α]
n (e0; x) = 1 and K̃

[α]
n (e1; x) = x, i.e. the operators K̃

[α]
n preserve constants and linear functions. Therefore

K̃[α]
n (e1 − x; x) = 0. (3.13)

Let g ∈ W 2∞ and x, t ∈ [0,+∞). By Taylor’s expansion, we have

g(t) = g(x) + (t − x)g′(x) +
∫ t

x
(t − u)g′′(u)du

Applying K̃
[α]
n on both sides of the above equation, we get

K̃[α]
n (g; x) − g(x) = g′(x) · K̃[α]

n (e1 − x; x) + K̃[α]
n

(∫ t

x
(t − u)g′′(u)du; x

)

= K[α]
n

(∫ t

x
(t − u)g′′(u)du; x

)
−

∫ 2nx+1−α
2(n−1)(1−α)

x

(
2nx + 1 − α

2(n − 1)(1 − α)
− u

)
g′′(u)du.

On the other hand∣∣∣∣
∫ t

x

(t − u)g′′(u)

∣∣∣∣ ≤ (t − x)2 · ‖g′′‖,

then ∣∣∣K̃[α]
n (g; x) − g(x)

∣∣∣ ≤
(

K[α]
n ((e1 − x)2; x) +

(
K[α]

n (e1 − x; x)
)2

)
· ‖g′′‖.

Using the definition (3.12) of the operators K̃
[α]
n and Proposition 2.1, it follows∣∣∣K[α]

n ( f ; x) − f (x)

∣∣∣ ≤
∣∣∣K̃[α]

n ( f − g; x)

∣∣∣ +
∣∣∣K̃[α]

n (g; x) − g(x)

∣∣∣
+ |g(x) − f (x)| +

∣∣∣∣ f

(
2nx + 1 − α

2(n − 1)(1 − α)

)
− f (x)

∣∣∣∣
≤ 4‖ f − g‖ + δ2

n(x, α)
∥∥g′′∥∥ + ω( f, δω),

with δ2
n(x, α) = K

[α]
n ((e1 − x)2; x) + (K

[α]
n (e1 − x; x))2 and δω = |K[α]

n (e1 − x; x)|.
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Now, taking infimum on the right-hand side over all g ∈ W 2∞ and using the relation (3.8), we get∣∣∣K[α]
n ( f ; x) − f (x)

∣∣∣ ≤ 4K2

(
f,

δn
2
(x, α)

4

)
+ ω( f, δω)

≤ Mω2

(
f,

1

2
δn(x, α)

)
+ ω( f, δω). �
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[13] R. Paltănea, Approximation theory using positive linear operators, Birkhäuser, Boston, 2004.

[14] Q. Razi, Approximation of a function by kantorovich type operators, Mat. Vesnic. 41 (1989) 183–192.
[15] D.D. Stancu, Approximation of functions by a new class of linear polynomial operators, Rev. Roum. Math. Pures Appl. 13 (1968) 1173–1194.

[16] D.D. Stancu, Two classes of positive linear operators, Anal. Univ. Timişoara, Ser. Matem. 8 (1970) 213–220.
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