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Abstract In the present paper, we study modified Szasz—Durrmeyer positive linear operators
involving Charlier polynomials, one of the discrete orthogonal polynomials which are gen-
eralization of Szdsz Durrmeyer operators. Also, King type modification of these operators is
given. We obtain uniform convergence of our operators with the help of Korovkin theorem,
asymptotic formula and the order of approximation by using classical modulus of continuity.
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1 Introduction

In the year 1950, for f € C [0, 00), Szdsz [11] introduced the well-known Szdsz operators

on half axis as:

(nx)*
]

T f<k> x €[0,00). (1.1)

n

Su(fix)=) e™
k=0

Jakimovski and Leviatan [6] introduced a Favard-Szdsz type operators by using Appell
polynomials. Later, Ciupa [1] studied the following Durrmeyer type integral modification of
these operators:

At+k+1 —nx 00
P = e kgopkmx)/o MO (), x € [0,00),  (1.2)
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where pr(x) > 0is Appell polynomial defined as:
oo
gwe™ =" pr(rut
k=0

and g(z) = Z:o:o apz" is an analytic function in the disk |z] < R(R > 1) and g(1) # 0.
Ismail [5] defined the generating function of Poisson—Charlier polynomials C (u; a) by

ad tk £\“
ZCHu;a)—:e’(l—f) .t < a, (1.3)
Pt k! a

where

k k 1 r
Celwsa) =y (r) (—u), (;)
r=0

and («)y is the Pochhammer’s symbol given as:

(@) =1, (@) = M =a(l@+D..(a+k—-1), k=1,2,...
['(a)
These Poisson—Charlier polynomials are positive fora > O and u < a.
Recently, Varma and Tagdelen [15] introduced positive linear operators involving Charlier
polynomials, one of the discrete orthogonal polynomials which were generalization of Sz4sz
operators:

(a—1)nx o0 _ _ .
Ln<f;x,a>=e“(1—3) y e 1)'”’“)f(f), a>1, (14
a

k! n
k=0

and they derive some direct results concerning uniform convergence and degree of approxi-
mation by using classical modulus of continuity.

Motivated from [1,15], for f € C [0, co), we consider Durrmeyer type Charlier—Szasz
positive linear operators

(@=bnx 200 (—(a — Dnx;a)  nrtet!
k! TO.+k+1)

"(1-3)
Vi (fix,a):=e l—-
a

k=0

x f e MR £ (nydt, (1.5)
0

wherea > 1,A > 0, x € [0,00) and I" is gamma function. As a — oo and A = 0, we
obtain again Szdsz—Durrmeyer operators introduced by Mazhar and Totik [8]. Work done
by various researchers for Durrmeyer operators as well as operators associated with some
polynomial can be seen in [2,3,9,10,12-14,16].

The aim of this paper is to present the above Durrmeyer variant i.e. operators (1.5) along-
with its King type modification, studying in each case uniform convergence, asymptotic
formula and degree of approximation by using modulus of continuity. In the last section we
give only the definition and moments of king type modification of operators (1.4) and we let
an open gate for further research.
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2 Auxiliary results and degree of approximation

In this section, first we give some basic definitions and lemmas. With the help of well-known
Korovkin theorem, we state our main theorem and then calculate the rate of convergence by
classical modulus of continuity, second modulus of continuity and Peetre’s K-functional.

Definition 2.1 For § > 0 and f € C‘[O, 00), the modulus of continuity w(f; §) of the
function f is defined by
o(f;8):= sup |[fx)—fOI, (2.1
x,y€[0,00)
[x—yl<s
where C [0, o0) is the space of uniformly continuous functions on [0, 0o). Then, for any
8 > 0 and each x € [0, 00), it is well known that one can write

lx —yl
1F0) = FI < w(f;8)< 4+ 1>. 2.2)
Definition 2.2 For f € Cp [0, 00), the second modulus of continuity of ‘ f is defined by
wy (f38) = Sup If(x+20)=2f(x+0)+ fX)le,, (2.3)
<t=<

where C B [0, 00) is the class of real valued bounded and uniformly continuous functions
defined on [0, co) and ”f”@B = SUP,e[0,00) | (I

Definition 2.3 Peetre’s K-functional for the function f € Cp [0, 00) is defined by

K(f:8)=inf {If —glg, +5lsles } (2.4)
g€C20,00) B
where
€210, 00) = {g € Cpl0,00): g, ¢" €Cylo, oo)}
and norm ||g||C~% = llglg, + Hg/”ég—f- Hg””éB.From the above definitions, we can conclude

the following inequality:
K (f:8) = Moo (f:v8) +min(1L8) £l |, ¥8>0 2.5)
B
The constant M does not depend upon f and §.

Let us define the class H as follows:

fx)
1+ x2

H = {f:xe[O,oo),

is convergent as x — OO} .

Lemma 2.4 [15] The operators given by (1.4) satisfy the following equalities:
Ly(1;x,a) =1,

1
Ly(t;x,a) =x+ —,
n

x 1 2
Ly (% x, a) :x2+2<3+a—1>+;72’

where x > 0.
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Lemma 2.5 The operators V, satisfy the following equalities

Vi (L;x,a) =1, (2.6)
Vi (t;x,a) = x + (AJFZ), 2.7
Vn(tz;x,a)=x2+%{%4—2()\—%3)} 12 MP+50+7) @8

Proof We can easily obtain above three assertions with the help of Charlier polynomials
(1.3). O
Remark 2.6 For V, (f; x, a) operators, verify that

Vot —x;x,a)= *+2)

and

2a —1 1,
Vo ((t — )% x,a) = Ao )t A 5D,

Proof Using Lemma 2.5 and linearity of operators V,, (f; x, a), it is easy to prove the above
result. o

Lemma 2.7 [4] Let g € C?[0, b] and for n > 1,{L, (g;x)} be a sequence of positive
linear operators with the property L, (1; x) = 1. Then

ILn(g:%) —g ()| < [&']| \/Ln g”HL (t — %)% x). 2.9)

Lemma 2.8 [17] For f € Cla,b] and h € (0 ”) let fj, be the second order Steklov
Sfunction attached to the function f. Then we have the Jfollowing inequalities:

3
Ifn = Il = Je2 (f:h), (2.10)

[£/] < =5w2 (f3h). (2.11)

I =50
Theorem 2.9 Let f € C[0, 00) (| H, then we have

Jim Vi, (fix,a) = f(x)
uniformly on each compact subset of [0, 00).
Proof By using Lemma 2.5, we have

lim V, (ti;x,a) =xi, i=0,1,2

n—oQ

uniformly on each compact subset of [0, 00).
Hence, by applying well known Korovkin theorem, we obtain the desired results. O

We establish the asymptotic behavior of operators (1.5) by giving a Voronovskaja type the-
orem.
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Theorem 2.10 Let f be a bounded and integrable function on [0, 00). If there exists first
and second derivative of the function f at a fixed point x € [0, 00), then

2a —

1
—1

1
ni“;o”Wn(f;w—f(x»=<k+2>f’<x>+§x< )f“u).

Proof Using Taylor’s expansion formula of function f, it follows

1
fO) = fC)+ @ —x0)f'(x)+ 5= X7 f () + et, x) (0 — %)%,

where ¢(¢, x) := &(t — x) is a bounded function and lim,_, , (¢, x) = 0. Taking into account
the linearity of modified Sz4sz Durrmeyer operators and then apply the operators V,, on both
sides of above equation, we get

Vi (fix,a) — f(x) = Vi (t —x3x,a) f'(x) + %vn (t =) x,a) £/ (x)
+Vo (et x) - (t —x)* x,a).

Therefore using Remark 2.6, we get

1 2a — 1
nli)fgo”(Vn(f;x,ﬂ)—f(X))=(K+2)f/(x)+§x(aa_1)f//(x)
+ nl;rr;on (Va (e(t, x) - (t = 0)%; x, ). (2.12)

We estimate the last term on the right hand side of the above equality, applying the
Cauchy—Schwarz inequality, such that

Vo (e(t,x) - (t — )% x,a) < \/vn (821, x); x, a)\/Vn (¢t —x)*x,a). (2.13)

Because £2(x,x) = 0 and &%(-, x) € C[0, 00) () H, using the convergence from Theo-
rem 2.9, we get
lim V, (e%(t, x); x,a) = e*(x, x) = 0. (2.14)
n—o0

Therefore, from (2.13) and (2.14) yields
. 2. —
nll)moon (Vn (e(z, x)-(ep —x)%; x, a)) =0

and using (2.12) we obtain the asymptotic behavior of operators (1.5). O
Now, we find the rate of convergence by following theorems:
Theorem 2.11 Let f € Cl0, o0) ( H, then the operators V,, satisfy:

Va (5 x.0) = f0)] =20 (£: Vi @),

where 5 |
x (2a—

(X)) =V, ((t _x)2§x7a) = - <

n\a-—1

)+i2(x2+sx+7). (2.15)
n
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Proof By using Lemma 2.5 and property of modulus of continuity, we have

(@=hnx 2 Cy (= (a — 1) nx; a)
k!

Vo (fix,0)— f)] < e_1<1 — %)

k=0
nk+k+l

—nt ,A+k _
Xif‘()\ﬁ-k—l—l)/e () — f)]dt
0

1, 1\ 20 (= (a — 1) nx; a)
5{1+8e <1—;) >

k!
k=0

prtk+l

_— 7ntt)‘+k t—x|dt ;0).
“Forisn )¢ [t — x[dr ¢ o (f:6)
0

Now applying Cauchy—Schwarz inequality for the integral, we get

(a—1)nx _ _ .
,Vn(m’a)_ﬂw{H;e_l(l_l) S Celc@=huxia)

a = k!
o0 1/2 /oo 1/2
nh kA —nt Atk —nt Atk 2 .
Xif‘()\.ﬁ-k—kl) e "M dt e 't (t — x)“dt w(f;98).
0 0

Once again using Cauchy—Schwarz inequality for sum, we obtain

1/ 1 (a—nx Ci (= (a—1ynx: a)
|Vn(f§X,ll)—f(x)|§[1+5<e 1(1_7> 3 k!

a
k=0

ok 1/2
/ —nt )»-‘rkdt
F (A +k+1)

" (671 (1 _ 1>(a1)"x i Cy (= (a— )nx:a)

a k!
k=0

o B . , A\
X m/\e_nttk-‘r (t _.x) d[) }w(f,(s)

{1+ Vo (13 x, @) 2 (V, (¢ = )% x, a))l/z}w(f;S).

Choose § = /¥, (x) and using Lemma 2.5, we have

Va (i x.0) = F01 <20 (f: Vi ).

which is the desired result. ]

Theorem 2.12 If f € C% [0, 00) then we have
1
Va (fix.a) = f I < ) 1 fllgz
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where
2a — 1

/L(x)=7x+l()»2+7k+ll)
2@—1" 2 '

Proof By Taylor’s formula

’ " (r— x)Z
JO=f@O+f@)C-x)+f () 7 MEmD.
The linearity property of the operators V,, and (2.6) gives that
Va(fix,a) = f(x) = f/(x) Vo ((t = x) 5 x,0) + / 2(n)Vn (t—x)*x.a).

Using Lemma 2.5 in above result, we have
A42
IV (f5x,0) = f(0)] < <T> I e,

1[x [2a—1 1
+3 [— (—) - (2 +5x+7)] Ir"e,

n\a-—1
<Dy g2 et 9)|igi
—| = X .
“nl2\a-1 o
1
= @ Ifllege
which is required result. O

Theorem 2.13 Let f € Cp [0, 00), then
[V (f5x,0) = f ()] < 2M (w2 (f, ) +min (1,7%)) [ fll &,

where

Proof Letg € é% [0, oo) then by using Theorem 2.12, we have

[Va (fix,a) = f )| < |V (f — g5 x,0)|
+ [Va(g x,a) — g )]+ g (x) — f (x)]

1 [1[(2a—-1
<2 ”f_g”@B‘f-% 5 a—1 X

+ (2 +61+9)} liglea ]

Since L.H.S of above inequality does not depend upon g, so by choosing i := “2(;‘), we

get

Vo (fix.a) — f ()] < 2K (f. h?).

Now, using the relation between Peetre’s K-functional and second modulus of continuity, we
get desired result. O
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3 King type modification

In this section, we discuss better convergence rates by King type operators. King [7] studied
an interesting class of Bernstein operators which preserves ep and e>. For f € C [0, 1]

n

_ ny k _ n—k E
(an)<x>—2<k)rn @) (1= 7ra(x) f(n) x el0.11,

k=0

where {r, (x)} is a sequence of continuous functions on [0, 1] with 0 < r, (x) < 1. For
r,(x) = x, n € N; operators B,, become classical Bernstein operators.

Using this King’s idea, now we assume that {s, } be a sequence of continuous functions
on [0, co) such that after replacing s, (x) by x in V,,(f; x, a), we get modified Durrmeyer
type Charlier—Szasz positive linear operators:

R 1 (a—1)ns,(x) ©© Ci (—(a — 1 . : Atk+1
Vo (f;x,a):= 6'_1 (1 — *) k(@ Jnsn (x); @) x
a rar k! Thtk+D
%)
» / e F (), 3.1)
0

where s, (x) = ”_,171_2,51 > landx > 0.

Next, we give basic lemmas for moments which are helpful to present main theorems on
the same line as in case of operators (1.5).

Lemma 3.1 The operators Vn (f; x, a) satisfy following equalities:

Vo (l;x,a) =1,

‘771 (t;-xsa) =X,

n2

5 (42 — 24
Vn(t,x,a)—x—l—n a—1 a—1

x(2a—1) 1 {(4a—3)x+(a+1)}

Proof 1t is very easy to prove above equalities by using Lemma 2.5. O

Remark 3.2 For \7” (f; x, a) operators, verify that
) x(Za—l) L=(4a—3)k+(a+1)}

ix,a) == -
) n\a—1 n? a—1

Vo (6 =)
Proof Using Lemma 3.1 and linearity of operators \7,1 (f; x,a),itis easy to prove the above
result. O
Theorem 3.3 Let f € C[0,00) (| H, then
lim V, (f;x,a) = f(x),
n—o00
uniformly on each compact subset of [0, 00).
Proof By using Lemma 3.1, we have
lim V, (i x,a) =x', i =0,1,2
n—0o0
uniformly on each compact subset of [0, 00).

Hence, by applying Korovkin theorem, we get the desired result. O
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Theorem 3.4 Let f be a bounded and integrable function on [0, 00) having first and second
derivative of the function f at a fixed point x € [0, 00), then

. N 1 2a — 1
lim n (V,, (fix,a)— f (x)) =—x ().
n—00 2 a—1
Theorem 3.5 Let f € C[0, 00) () H, then the operators V, satisfy:

Vn (f;x,a)—f(x)‘ < Zw(f;\/ozn (x)),

an(x):%c<2a—l>_nliz{(4a—3))»+(a+1)}. (3.2)

a—1 a—1

where

Theorem 3.6 If f € C2 [0, 00) then we have

~ 1
Uy (fix.a) = £ 0] = =B 13-

where

_ 2a-1 1 ((4a—3)r+@+1)
PO =5a—n" E{ }

a—1
Theorem 3.7 Let f € C’B [0, 00), then

U (f:3,@) = f (0] = 2M (@2 (1) +min (1, 4) [ £l

h :=,/@.
2n

Remark 3.8 Now we claim that the error estimation obtained in (3.2) is better than (2.15)
for f € C‘[O, o0)(VH,a > 1,2>0, x € [0,00),and n € N. To prove this claim we must
show that o, (x) < y,(x).

Now

where

n2

2a — 1 1 da —3) A 1
0 (x) < yalx) & (;_1) {(“ ifl(”)}

2a—1\ 1
<a >+—2(A2+5x+7)
n

<
- a—1

X

n
X
n

oA+ <
whichistrueas A > 0, a > 1.

Remark 3.9 Now we define a King type modification of L, operators and give basic lemma
for this operator:

. B 1 (a—Dnry(x) °© Ck (— (a — 1) nry (.X), a) k
Ly(f;x,a)=e 1<1—;> > k! f<;>’

k=0

nx—1
n

where r,, (x) = ,a>landx > 0.
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Lemma 3.10 The operators L, (f; x, a) satisfy following equalities:

L,(1;x,a) =1,

Ly (t;x,a) = x,

A X a 1 1
Ly (*;x,a) =x* 4+ = - — .
"( xa) x+n<a—1> n2{a—1}
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