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Abstract
The paper deals with generalized positive linear operators based on Pólya–Eggenberger distribution (PED) as well as

inverse Pólya–Eggenberger distribution (IPED). Initially, we give the moments using Stirling numbers of second kind and

then establish direct results for proposed operators.
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1 Introduction

In the year 1968, Stancu Stancu (1968) introduced a new

class of positive linear operators based on Pólya–Eggen-

berger distribution (PED) and associated with a real-valued

function on [0,1] as:

BðaÞ
n f ; xð Þ ¼

Xn

k¼0

n

k

� �
x½k;�a�ð1 � xÞ½n�k;�a�

1½n;�a� f
k

n

� �
; ð1Þ

where a is a non-negative parameter which may depend

only on the natural number n and t½n;h� ¼ tðt � hÞ
ðt � 2hÞ � � � � � ðt � n� 1hÞ, t½0;h� ¼ 1 represents the facto-

rial power of t with increment h.

Later on, Stancu Stancu (1970) introduced a generalized

form of the Baskakov operators based on inverse Pólya–

Eggenberger distribution (IPED) for a real-valued function

bounded on 0;1½ Þ, given by

V ðaÞ
n f ; xð Þ ¼

X1

k¼0

nþ k � 1

k

� �
1½n;�a�x½k;�a�

ð1 þ xÞ½nþk;�a� f
k

n

� �
: ð2Þ

Now we consider new positive linear operators L
ðaÞ
n , for

each f, real-valued function bounded on interval I, as:

LðaÞn ðf ; xÞ ¼
X

k

w
ðaÞ
n;kðxÞf

k

n

� �
; x 2 I; n ¼ 1; 2; . . .; ð3Þ

where a ¼ aðnÞ ! 0 when n ! 1, p and k are nonnega-

tive integers and for k ¼ �1; 0, we have

xðaÞ
n;kðxÞ ¼

nþ p

nþ pþ kþ 1k

nþ pþ kþ 1k

k

 !

Qk�1
i¼0 xþ iað Þ

Qnþpþkk�1
i¼0 1 þ kxþ iað Þ

Qnþpþkþ1k�1
i¼0 1 þ kþ 1xþ ia

� �

¼ nþ p

nþ pþ kþ 1k

nþ pþ kþ 1k

k

 !

x½k;�a�ð1 þ kxÞ½nþpþkk;�a�

1 þ kþ 1x
� �½nþpþkþ1k;�a�

;

using the notation m� ra ¼ ðm� rÞa. Operator (3) is the

generalized form of above two operators (1) and (2) and

associated with PED and IPED (Eggenberger and Pólya

1923).

Kantorovich form of Stancu operators (1) had been

given by Razi (1989) and he studied its convergence

properties and degree of approximation. Ispir et al. (2015)

also discussed the Kantorovich form of operators (1) and

they estimated the rate of convergence for absolutely
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continuous functions having a derivative coinciding a.e.

with a function of bounded variation. Recently, Miclăuş

(2014) established some approximation results for the

Stancu operators (1) and its Durrmeyer type integral

modification was studied by Gupta and Rassias (2014) and

obtained some direct results which include an asymptotic

formula, local and global approximation results for these

operators in terms of modulus of continuity.

Very recently, Durrmeyer type modification of gener-

alized Baskakov operators (2) associated with IPED was

introduced by Dhamija and Deo (2016) and studied the

moments with the help of Vandermonde convolution for-

mula and then gave approximation properties of these

operators which include uniform convergence and degree

of approximation. Deo et al. (2016) also investigated

approximation properties of Kantorovich variant of oper-

ators (2) and they established uniform convergence,

asymptotic formula and degree of approximation. Various

Durrmeyer type modifications and then their local

approximation along with some other approximation

behaviour have been discussed by many authors, e.g. Deo

(2012), Jung et al. (2014) and Gupta and Agarwal (2014).

The main object of this paper is to find moments of

proposed operators up to order 4, with the help of Stirling

numbers of the second kind (see Miclăuş 2012c); however,

we will use only moments till order 2 to estimate the rate of

convergence of operators (3) via local approximation and

rest moments are an open gate for future research to obtain

other approximation properties of same operators as well as

for their different modifications.

Throughout this paper, we consider interval I ¼ 0;1½ Þ
for k ¼ 0 and I ¼ 0; 1½ � for k ¼ �1.

2 Special Cases

It is easy to understand that the special cases of opera-

tors (3) are as follows:

(1) For k ¼ �1; we have

(i) When a 6¼ 0 6¼ p

LðaÞn ðf ; xÞ ¼
Xnþp

k¼0

nþ p

k

� �

Qk�1
i¼0 xþ iað Þ

Qnþp�k�1
i¼0 1 � xþ iað Þ

Qnþp�1
i¼0 1 þ iað Þ

f
k

n

� �
:

This leads to Schurer type Stancu

operators.

(ii) When a 6¼ 0; p ¼ 0 we get alternate form of

operators (1) as:

LðaÞn ðf ; xÞ ¼
Xn

k¼0

n

k

� �

Qk�1
i¼0 xþ iað Þ

Qn�k�1
i¼0 1 � xþ iað Þ

Qn�1
i¼0 1 þ iað Þ

f
k

n

� �
:

Particular case: when a ¼ 1=n; p ¼ 0, we

obtain Lupaş and Lupaş (1987) operators

as:

LðaÞn ðf ; xÞ ¼ 2 n!ð Þ
2nð Þ!

Xn

k¼0

n

k

� �Yk�1

i¼0

nxþ ið Þ

Yn�k�1

i¼0

1 � xnþ i
� �

f
k

n

� �
:

(iii) When a ¼ 0; p 6¼ 0, we have Bernstein–

Schurer operators (Schurer 1962) as:

LðaÞn ðf ; xÞ ¼
Xnþp

k¼0

nþ p

k

� �
xkð1 � xÞnþp�k

f
k

n

� �
:

(iv) When a ¼ 0; p ¼ 0 we obtain original

Bernstein operators (Bernstein 1912) as:

LðaÞn ðf ; xÞ ¼
Xn

k¼0

n

k

� �
xkð1 � xÞn�k

f
k

n

� �
:

(2) For k ¼ 0, we obtain the following operators:

(i) When a 6¼ 0 6¼ p, we have Stancu–Schurer

operators as:

LðaÞn ðf ; xÞ ¼
X1

k¼0

nþ pþ k � 1

k

� �

Qk�1
i¼0 xþ iað Þ

Qnþp�1
i¼0 1 þ iað Þ

Qnþpþk�1
i¼0 1 þ xþ iað Þ

f
k

n

� �
;

(ii) When a 6¼ 0; p ¼ 0, we obtain alternate

form of operators (2) as:

LðaÞn ðf ; xÞ ¼
X1

k¼0

nþ k � 1

k

� �

Qk�1
i¼0 xþ iað Þ

Qn�1
i¼0 1 þ iað Þ

Qnþk�1
i¼0 1 þ xþ iað Þ

f
k

n

� �
;

(iii) When a ¼ 0; p 6¼ 0, we get Baskakov–

Schurer operators as:

LðaÞn ðf ; xÞ ¼
X1

k¼0

nþ pþ k � 1

k

� �
xk

1 þ xð Þnþpþk
f

k

n

� �
;
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(iv) When a ¼ 0; p ¼ 0, we obtain classical

Baskakov operators (Baskakov 1957) as:

LðaÞn ðf ; xÞ ¼
X1

k¼0

nþ k � 1

k

� �
xk

1 þ xð Þnþk
f

k

n

� �
:

3 Preliminary Results

In 1730, Stirling (1730) introduced an important concept of

numbers, useful in various branches of mathematics like

number theory, calculus of Bernstein polynomials, etc.,

known as Stirling numbers of first kind and afterwards

Stirling numbers of second kind. Let R be the set of real

numbers and N, a collection of natural numbers with

N0 ¼ N [ f0g. For x 2 R and i; j 2 N0, let S(j, i) denote

the Stirling numbers of second kind, then

xj ¼
Xj

i¼1

S j; ið Þ xð Þi;

with alternate form

xj ¼
Xj�1

i¼0

S j; j� ið Þ xð Þj�i; ð4Þ

such that

xð Þi :¼
Yi�1

n¼0

x� nð Þ

is falling factorial. Also, these numbers have the following

properties:

S j; ið Þ :¼

1; if j ¼ i ¼ 0; j ¼ i or j[ 1; i ¼ 1

0; if j[ 0; i ¼ 0

0; if j\i

iS j� 1; ið Þ þ S j� 1; i� 1ð Þ; if j; i[ 1:

8
>>><

>>>:

ð5Þ

These Stirling numbers of second kind are very useful in

calculating the moments of linear positive operators,

especially for higher order moments. Miclăuş (2012a, b)

obtained higher order moments for Bernstein type opera-

tors using these numbers. In what follows, we shall find the

moments of L
ðaÞ
n given by (3)with the help of same. Let us

recall the monomials ejðxÞ ¼ x j; j 2 N0 be the test

functions.

Lemma 1 For the monomial t j; where j 2 N; and

t; x 2 I, we have

LðaÞn ðt j; xÞ ¼ 1

nj

Xj�1

i¼0

S j; j� ið Þ/j�i
nþp

x j�i;�a½ �

1 j�iþ kþ1ð Þ;�a½ �;

where

/j�i
nþp ¼

nþ pð Þ j�ið Þ; k ¼ �1

nþ pð Þ j�ið Þ; k ¼ 0

(
;

yð Þn :¼
Qn�1

i¼0 y� ið Þ; yð Þ0 :¼ 1 and yð Þn :¼
Qn�1

i¼0 yþ ið Þ; yð Þ 0ð Þ :¼ 1 are, respectively, the falling fac-

torial and rising factorial with y 2 R and n 2 N:

Proof For k ¼ �1, we have

LðaÞn ðtj; xÞ ¼
Xnþp

k¼0

w
ðaÞ
n;kðxÞ

kj

nj

¼ 1

nj

Xnþp

k¼0

w
ðaÞ
n;kðxÞ

Xj�1

i¼0

Sðj; j� iÞðkÞj�i

¼ 1

nj

Xj�1

i¼0

Sðj; j� iÞðnþ pÞj�i

h

�
Xnþp

k¼j�i

nþ p� jþ i

k � jþ i

� �
x j�i;�a½ �ðxþ ðj� iÞaÞ k�jþi;�a½ �

1 � xð Þ nþp�k;�a½ �

1 j�i;�a½ � 1 þ ðj� iÞað Þ nþp�jþi;�a½ �

#

¼ 1

nj

Xj�1

i¼0

S j; j� ið Þ nþ pð Þj�i

x j�i;�a½ �ð1 þ ðj� iÞaÞ nþp�jþi;�a½ �

1 j�i;�a½ � 1 þ ðj� iÞað Þ nþp�jþi;�a½ �

¼ 1

nj

Xj�1

i¼0

S j; j� ið Þ nþ pð Þj�i

x j�i;�a½ �

1 j�i;�a½ �

And for k ¼ 0, we have

LðaÞn ðtj; xÞ ¼
X1

k¼0

w
ðaÞ
n;kðxÞ

kj

nj

¼ 1

nj

X1

k¼0

w
ðaÞ
n;kðxÞ

Xj�1

i¼0

Sðj; j� iÞðkÞj�i

¼ 1

nj

Xj�1

i¼0

Sðj; j� iÞ
X1

k¼0

ðkÞj�i

nþ pþ k � 1

k

� �"

� x j�i;�a½ �ðxþ ðj� iÞaÞ k�jþi;�a½ �
1 j�i;�a½ � 1 þ ðj� iÞað Þ nþp�jþi;�a½ �

1 þ xð Þ nþpþk;�a½ �

#

¼ 1

nj

Xj�1

i¼0

Sðj; j� iÞ nþ pð Þ j�ið Þ X1

k¼j�i

nþ pþ k � 1

nþ pþ j� i� 1

� �"

� x j�i;�a½ �ðxþ ðj� iÞaÞ k�jþi;�a½ �
1 j�i;�a½ � 1 þ ðj� iÞað Þ nþp�jþi;�a½ �

1 þ xð Þ nþpþk;�a½ �

#

¼ 1

nj

Xj�1

i¼0

S j; j� ið Þ nþ pð Þj�i x j�i;�a½ �

1 j�iþ1;�a½ �

By combining both cases ðk ¼ �1 and 0Þ, we get the

required result. h

Lemma 2 For the generalized positive linear opera-

tors, (3) holds

LðaÞn ð1; xÞ ¼ 1; LðaÞn ðt; xÞ ¼ nþ p

n

� � x

1 � kþ 1a
� � ;

LðaÞn ðt2; xÞ ¼ nþ p

n2

� � 1

1 � kað Þ 1 � kþ 1a
� �

� nþ pþ kþ 1ð Þxðxþ aÞ
1 � 2kþ 1a

þ x 1 þ kxð Þ
� 	

;
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LðaÞn ðt3; xÞ
nþ pþ 2kþ 1ð Þ nþ pþ 22kþ 1

� �
ðxþ aÞðxþ 2aÞ

1 � 3kþ 2a
� �

1 � 5kþ 3a
� �

"

þ 3 nþ pþ 2kþ 1ð Þðxþ aÞ
1 � 3kþ 2a
� � þ 1

#
;

and

LðaÞn ðt4; xÞ ¼ nþ pð Þx
n4 1 � kþ 1a
� �

�
nþ pþ 2kþ 1ð Þ nþ pþ 22kþ 1

� �
nþ pþ 32kþ 1
� �

ðxþ aÞðxþ 2aÞðxþ 3aÞ
1 � 3kþ 2a
� �

1 � 5kþ 3a
� �

1 � 7kþ 4a
� �

"

þ
6 nþ pþ 2kþ 1ð Þ nþ pþ 22kþ 1

� �
ðxþ aÞðxþ 2aÞ

1 � 3kþ 2a
� �

1 � 5kþ 3a
� �

þ 7 nþ pþ 2kþ 1ð Þðxþ aÞ
1 � 3kþ 2a
� � þ 1

#
:

Proof From the definition of operators (3), we can obtain

the moment for j ¼ 0, i. e., L
ðaÞ
n ð1; xÞ ¼ 1.

Also by the application of Lemma 1 for j ¼ 1; 2; 3; 4 and

taking into account the relation (5), we can follow the

values of remaining moments. h

Further, to obtain the central moments of generalized

positive operators (3), we use the following result:

Lemma 3 (Gonska et al. 2006) Let V be any linear

operators then

V t � xð Þj; x
� �

¼ V t j; x
� �

�
Xj�1

i¼0

j

i

� �
xj�iV t � xð Þi; x

� �
;

and in the case when V t j; xð Þ ¼ x j, for j ¼ 0; 1, then we get

V t � xð Þ3; x
� �

¼ V t3; x
� �

� x3 � 3xV t � xð Þ2; x
� �

;

and

V t � xð Þ4; x
� �

¼V t4; x
� �

� x4 � 4xV t � xð Þ3; x
� �

þ 6x2V t � xð Þ2; x
� �

:

Lemma 4 The generalized linear positive operators (3)

satisfy

LðaÞn ðt � x; xÞ ¼
pþ nkþ 1a
� �

x

n 1 � kþ 1a
� � ; ð6Þ

LðaÞn ð t � xð Þ2; xÞ ¼ nþ p

n 1 � kað Þ 1 � kþ 1a
� �

1 � kað Þ 1 � kþ 1a
� � nx2

nþ p

�

þ nþ pþ kþ 1ð Þxðxþ aÞ
n 1 � 2kþ 1a
� �

þ x 1 þ kxð Þ
n

� 2 1 � kað Þx2

�; ð7Þ

LðaÞn t � xð Þ3; x
� �

¼ nþ pð Þxðxþ aÞ

þ 3 nþ pþ 2kþ 1ð Þ
n 1 � 3kþ 2a
� � � 3 nþ pþ kþ 1ð Þx

1 � kað Þ 1 � 2 kþ 1ð Þa
� �

3
5

þ nþ pð Þx
n 1 � kþ 1a
� � 1

n2
� 3x

pxþ kþ 1a
nþ pð Þ

� ��

� 3

1 � kað Þ
x 1 þ kxð Þ

n

�

�2x3 2 � 3 nþ pð Þ
n 1 � kþ 1a
� �

" #
;

ð8Þ

LðaÞn t � xð Þ4; x
� �

¼ nþ pð Þxðxþ aÞ
n2 1 � kþ 1a
� �

�
nþ pþ 2kþ 1ð Þ nþ pþ 22kþ 1

� �
nþ pþ 32kþ 1
� �

ðxþ 2aÞðxþ 3aÞ
n2 1 � 3kþ 2a
� �

1 � 5kþ 3a
� �

1 � 7kþ 4a
� �

"

þ
2 3 � 2nxð Þ nþ pþ 2kþ 1ð Þ nþ pþ 22kþ 1

� �
ðxþ 2aÞ

n2 1 � 3kþ 2a
� �

1 � 5kþ 3a
� �

þ 7 � 12nxð Þ nþ pþ 2kþ 1ð Þ
n2 1 � 3kþ 2a
� � þ 6 nþ pþ kþ 1ð Þx2

1 � kað Þ 1 � 2 kþ 1ð Þa
� �

3
5

þ nþ pð Þx
n 1 � kþ 1a
� � 1 � 4nx

n3
þ 8x2 pxþ kþ 1a

nþ pð Þ

� �
6x2 1 þ kxð Þ
n 1 � kað Þ

� 	

þ 3x4 3 � 4 nþ pð Þ
n 1 � kþ 1a
� �

" #
:

ð9Þ

Proof The combined use of Lemma 2 and 3 will follow

the proof. h

Lemma 5 For positive linear operators (3), there holds

L að Þ
n f ; xð Þ



 

 6 fk k;

where

fk k ¼ sup
x2I

f ðxÞj j:

Proof From operators (3) and the fact that L að Þ
n 1; xð Þ



 

 ¼ 1,

we have

L að Þ
n f ; xð Þ



 

 ¼
X1

k¼0

w
að Þ
n;kðxÞf

k

n

� �











 6
X1

k¼0

w
að Þ
n;kðxÞ f

k

n

� �











6

X1

k¼0

w
að Þ
n;kðxÞ sup f ðxÞj j ¼ fk k:

h
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4 Direct Results

Let CB Ið Þ be the space of all the real-valued continuous and

bounded functions f on the interval I, endowed with the

norm fk k.

For f 2 CB Ið Þ, the Peetre’s K�functional is defined by

K2 f ; dð Þ :¼ inf
g2C2

B
Ið Þ

f � gk k þ d g00k kf g; d[ 0;

where C2
B Ið Þ ¼ g 2 CB Ið Þ : g0; g00 2 CB Ið Þf g: By DeVore

and Lorentz (1993, p.177. Theorem 2.4), there exists an

absolute constant C[ 0 such that

K2 f ; dð Þ 6 Cx2 f ;
ffiffiffi
d

p� �
; ð10Þ

where x2 f ;
ffiffiffi
d

p� �
is the second-order modulus of conti-

nuity defined by

x2 f ;
ffiffiffi
d

p� �
¼ sup

0\h\
ffiffi
d

p sup
x2I

f xþ 2hð Þ � 2f ðxþ hÞ þ f ðxÞj j:

Also the first-order modulus of smoothness(or simply

modulus of continuity) is given by

x f ;
ffiffiffi
d

p� �
¼ sup

0\h6
ffiffi
d

p sup
x2I

f ðxþ hÞ � f ðxÞj j:

Theorem 1 For f 2 CBðIÞ, we have

LðaÞn f ; xð Þ � f ðxÞ


 

 6 x f ;

pxþ nxðkþ 1Þa
n 1 � kþ 1ð Það Þ

� �

þ Cx2 f ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w að Þ
n;k xð Þ

q

2

0

@

1

A;

where C is a positive constant and

w að Þ
n;kðxÞ ¼ L að Þ

n ðt � xÞ2; x
� �

þ pxþ nx kþ 1ð Þa
n 1 � kþ 1ð Það Þ

� 2

:

Proof First, we consider auxiliary operators

L̂n
að Þ

f ; xð Þ ¼ L að Þ
n f ; xð Þ þ f ðxÞ � f

nþ p

n
:

x

1 � kþ 1ð Þa

� �
:

ð11Þ

In view of first and second formula in Lemma 2, we

observed that for all x 2 I, operators L̂n
að Þ

f ; xð Þ are linear

such that

L̂n
að Þ

1; xð Þ ¼ 1 and L̂n
að Þ

t; xð Þ ¼ x;

i. e., preserve linear functions. Therefore

L̂n
að Þ

t � x; xð Þ ¼ 0: ð12Þ

Let g 2 C2
BðIÞ and t; x 2 I then Taylor’s theorem implies

gðtÞ ¼ gðxÞ þ ðt � xÞg0ðxÞ þ
Z t

x

ðt � uÞg00ðuÞdu;

we can write

L̂ að Þ
n g; xð Þ � gðxÞ ¼ g0ðxÞL̂ að Þ

n ðt � xÞ; xð Þ þ L̂ að Þ
nZ t

x

ðt � uÞg00ðuÞdu; x
� �

¼ L̂ að Þ
n

Z t

x

ðt � uÞg00ðuÞdu; x
� �

¼ L að Þ
n

Z t

x

ðt � uÞg00ðuÞdu; x
� �

�
Z nþp

n
x

1� kþ1ð Þa

� �

x

nþ p

n

x

1 � kþ 1ð Þa� u

� �

g00ðuÞdu

:

Hence, we have

L̂ að Þ
n g; xð Þ � gðxÞ



 

 6 L að Þ
n

Z t

x

ðt � uÞg00ðuÞdu










; x
� �

þ
Z nþp

n
x

1� kþ1ð Þa

� �

x

nþ p

n

x

1 � kþ 1ð Þa� u

� �
g00ðuÞdu
















:

ð13Þ

Since
R t
x
ðt � uÞg00ðuÞdu



 

 6 ðt � xÞ2
g00k k and

Z nþp
n

x
1� kþ1ð Þa

x

nþ p

n

x

1 � kþ 1ð Þa� u

� �
g00ðuÞdu















6
nþ p

n

x

1 � kþ 1ð Þa� x

� 2

kg00k:

Therefore, (13) implies that

L̂ að Þ
n g; xð Þ � gðxÞ



 



6 L að Þ
n ðt � xÞ2; x
� �

þ nþ p

n

x

1 � kþ 1ð Þa

� �
� x

� 2
" #

g00k k

6 L að Þ
n ðt � xÞ2; x
� �

þ pxþ nx kþ 1ð Þa
n 1 � kþ 1ð Það Þ

� 2
" #

g00k k:

Take w að Þ
n;kðxÞ ¼ L að Þ

n ðt � xÞ2; x
� �

þ
h

pxþnx kþ1ð Þa
n 1� kþ1ð Það Þ

n o2

�:
Therefore

L̂ að Þ
n g; xð Þ � gðxÞ



 

 6 w að Þ
n;kðxÞ g00k k ð14Þ

Again using definition of auxiliary operators and note

Lemma 5, we have

L̂ að Þ
n ðf � gÞ; xð Þ



 

 6 3 f � gk k

Thus, we get
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L að Þ
n f ; xð Þ � f ðxÞ



 

 6 L̂ að Þ
n ðf � gÞ; xð Þ



 

þ gðxÞ � f ðxÞj j
þ L̂ að Þ

n g; xð Þ � gðxÞ


 



þ f
nþ p

n

x

1 � ðkþ 1Þa

� �
� f ðxÞ













6 4 f � gk k þ wðaÞ
n;kðxÞ g00k kþ

x f ;
pxþ nx kþ 1ð Þa
n 1 � kþ 1ð Það Þ

� �
:

Taking infimum on both the sides over g 2 C2
B Ið Þ;

L að Þ
n f ; xð Þ � f ðxÞ



 

 64K2 f ;
wðaÞ
n;kðxÞ
4

 !

þ x f ;
pxþ nx kþ 1ð Þa
n 1 � kþ 1ð Það Þ

� �
:

Hence by (10), we get

L að Þ
n f ; xð Þ � f ðxÞ



 

 6 Cx2 f ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðaÞ
n;kðxÞ

q

2

0
@

1
A

þ x f ;
pxþ nx kþ 1ð Þa
n 1 � kþ 1ð Það Þ

� �
:

h

We consider the following Lipschitz-type space

(see Özarslan and Duman 2010)

Lip�MðbÞ :¼

f 2 CBðIÞ : f ðyÞ � f ðxÞj j 6 M
y� xj jb

ðxþ yÞb=2
; x; y 2 ð0;1Þ

( )
;

where M is a positive constant and 0\b 6 1.

Theorem 2 For all x 2 I and

f 2 Lip�MðbÞ; 0\b 2 ð0; 1�, we get

LðaÞn ðf ; xÞ � f ðxÞ


 

 6 M

/ðaÞ
n ðxÞ
x

 !b=2

; ð15Þ

where /ðaÞ
n ðxÞ ¼ L

ðaÞ
n ðt � xÞ2; x
� �

.

Proof Assume that b ¼ 1. Then, for f 2 Lip�Mð1Þ, we have

LðaÞn ðf ; xÞ � f ðxÞ


 

 6

X1

k¼0

xðaÞ
n;kðxÞf

k

n

� �
� f ðxÞ















6

X1

k¼0

xðaÞ
n;kðxÞ f

k

n

� �
� f ðxÞ













6 M
X1

k¼0

xðaÞ
n;kðxÞ

k
n
� x



 


k
n
þ x

� �1=2
:

Applying Cauchy–Schwarz inequality for sum and 1ffiffiffiffiffiffi
k
n
þx

p 6

1ffiffi
x

p along with (3) as well as linearity of L
ðaÞ
n ðf ; xÞ , we have

LðaÞn ðf ; xÞ � f ðxÞ


 

 6 Mffiffiffi

x
p
X1

k¼0

xðaÞ
n;kðxÞ

k

n
� x

� �2
( )1=2

6
Mffiffiffi
x

p
X1

k¼0

xðaÞ
n;kðxÞ

( )1=2

X1

k¼0

xðaÞ
n;k

k

n
� x

� �2
( )1=2

6
Mffiffiffi
x

p LðaÞn ð1; xÞ
n o1=2

LðaÞn ðt � xÞ2; x
� �n o1=2

¼ M
/ðaÞ
n ðxÞ
x

( )1=2

:

Therefore, the result is true for b ¼ 1.

Now, we prove the required result for 0\b\1.

Consider f 2 Lip�MðbÞ

LðaÞn ðf ; xÞ � f ðxÞ


 

 6

X1

k¼0

xðaÞ
n;kðxÞ f

k

n

� �
� f ðxÞ











 6

M
X1

k¼0

xðaÞ
n;kðxÞ

k
n
� x



 

b

k
n
þ x

� �b=2
:

Using Holder’s inequality for sum with p ¼ 2=b; q ¼
2=ð2 � bÞ and inequality 1ffiffiffiffiffiffi

k
n
þx

p 6
1ffiffi
x

p , we have

LðaÞn ðf ; xÞ � f ðxÞ


 

 6 M

xb=2

X1

k¼0

xðaÞ
n;kðxÞ

k

n
� x

� �2
( )b=2

6
M

xb=2

X1

k¼0

xðaÞ
n;kðxÞ

k

n
� x

� �2
( )b=2

X1

k¼0

xðaÞ
n;kðxÞ

( )2�b
2

6 M
L
ðaÞ
n ðt � xÞ2; x
� �

x

8
<

:

9
=

;

b=2

¼ M
/ðaÞ
n ðxÞ
x

( )b=2

:

h
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Eggenberger F, Pólya G (1923) Uber die Statistik verkerter Vorgänge.

Z Angew Math Mech 1:279–289
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