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Abstract In the present paper, we study some theorems on approximation of the r-th
derivative of a given function f by corresponding r-th derivative of the generalized Bernstein
operator.
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1 Introduction

Very recently Deo et al. [4] introduced modified Bernstein operator B,, defined as:

“ k
(Buf) (¥) =D pur() f (;) : (1.1)

k=0

where
1\" n L n n—k 1
pn,k(x)z(l—i—;) (k)x (m—x) and xe|:0,1—n+1].
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In this context Deo [1] has studied direct as well as converse results for the Beta operators
and in [2,3] Deo has given Voronovskaya type results for exponential operators.

To approximate Lebesgue integrable functions on the interval [0, 1], Durrmeyer [6]
first proposed integrated Bernstein polynomial. Later Derriennic [5], Gupta [7], Gupta and
Srivastava [8] and Heilmann [9] studied so called Bernstein—Durrmeyer operators in detail
and established many interesting properties of these operators. We study the following Durr-
meyer variant of the operator (1.1) as:

(Mnf>(x>=n( ) ankm / Pai) (1)1, (12)

where p;, x (x) is defined in (1.1) above. In the operators (1.2), the interval of the definition
of integrability of function has been contracted from class [0, 1] to [0, 1 — nlﬁ].

In this paper we prove some theorems on the approximation of r-th derivative of a function
f by the corresponding operators (M,(Lr)).

2 Auxiliary results

In this section, we shall mention some definitions and certain lemmas to prove our main
theorems.

Lemma 2.1 If f is differentiable r times on [0, 1 — ﬁ], then we get

n

n 1 2(r+1) | 2 n+1
(4 5) 0 = i — " an e / YT
2.1
Proof We have by Leibnitz’s theorem
(n+ )2 ST (— 1) ~ntxk—
(r) —
(Mn f)(x)— nhtl ;; (i)(k—i)!(n—k—r+i)!
n n—k—r+i T
(n I —x) / Pu k(D) f (D)1
0
1r+2”_”+i r 1) — l
=(";7+)1 Z( )((n) v Pk ,(x)/pnkmf(t)dt
k=i i=0
n+0*2 o S i r ;
= T o D= pari () / Z(,—)<—1> P gt () f (0)dt.
" k=0 i=0
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Again using Leibnitz’s theorem

d" —(r At oY
an+r.k+,(r>=§(i)<—l) . (m) P ()

n+]

1 1)20+D n2 .
(M r) 0 = U n2r)+1 (n_r?,gn s an e / 1P} (O f(0)L.

Further integrating by parts r times, we get the required result. O

Lemma 2.2 Let r,m € N (the set of non-negative integers), n € N and x € [0, o). Let
the m-th order moments are defined by if

n
n+l

1
Hnm(X) =@ +r+1) (1+ )an rk (X) / pn+rk+r(t)(t_x)md[

k=0

then we get

B . 14+r)n—2x(n+ 1)}
Hno(xX) =1, pp1(x) = DG ry (2.2)

r+ 1D +2){n—2x(n+ 1)}2 2x{n —x(n+ 1)}

- 23
)t r 1 Dt r 43 G4 Dm Aty
and
(m+n+r+2ppmp1(x) =A+m+r) (% _2X)M”’m(x)
’ n n ’
+2mx 7’1_'_1 — X Mn,mfl(x) +x m_x ,l,Lnym(X)-
2.4)

Consequently,

(1)  Mn.m(x) is a polynomial in x of degree < m;

() ppmx) = O(n_[mTH]), where [a] denotes the integral part of «.

Proof The values of w0 and p, 1 can easily follows from the definition. We prove the
recurrence relation as follows:

n

n—r ntt
1 K m
M @) = 7+ D (14 —) > rk(x) Prtrkr (Ot = X)"dt = mjty 1 (x)
k=0

Using the following relation

k
x (n j_ T X) pri(x) =n (m - x) Pni(X), (2.5)
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then we get

n !
X (n 1 - x) {u”’m(x) + m#n,m—l(x)}

1\ — " nk m
—(+r+D) (1 + 7) > puori(x) / [— — (- r)x] Prtrier ()t = x)"dt
n) J n+1

T
1\ — n
= (l’l +r+ 1) (1 + ;) an_r,k(x) / t (m — t) p;r’rr,k-ﬁ-r(t)(t — x)mdt
k=0 0

-r (n :l_ 1 - ZX) I'Ln,m(x) + (n + r)/’Ln,m+l(x)

n

—r n+l1
— 1 - _(+ _ Y2 no_ — x)yn+l
—(n+r+1>(1+n)§pn_r,k<x>o/[ (t—x) +(n+1 2x)(r x)

+x (n _T_ I —x) (t—x)m] p;+r,k+r(t)—r (n _’:_ 1~ Zx) W, (X) +(n47) o, m+1(X)

= (1 + 2) 1 (x) — (ni+1 - 2x) (1 + 1)t (x) — mx (n”ﬁ - x) L1 ()

n
—-r ( - 2)6) M (X) + (1 + 1) 1 (X).
n+1

This completes the proof of the recurrence relation. The values of 1, 1(x) and @, 2(x) can
be easily obtained from the above recurrence relation. O

3 Main results

In this section we shall prove the following main results.

Theorem 3.1 If ) is a bounded and integrable in [0, 1 — n_}_l] and admits (r + 2)-th

. . 1
derivative at a point x € [0, 1 — m], then

; nzr(n—r)!(n+r+1)! () (r)
ngngo n |: (}’l + 1)2r+1 (n’)2 (Mn f) (X) - f (X)]
=1 =201+ fr @) +x1 -0 ). 3.1)

Proof By Taylor’s formula, we have

(t —x)?

f(r+2)(x) + 5

O = O+ —x) O ) +

Y
% c(t —x), (3.2)

where ¢(u) — 0 asu — 0 and ¢ is a bounded and integrable function on [—x, 1 — x].
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Now, using (3.2) and by Lemma 2.2, we get

n(n=nln+r+0! o -
M r _ r
(n+ D> (n)? ( ! f) =77

_ [ (I +r){n —2x(n+ 1)} ] FOD ()
m+Dn+r—+2)

L+ 1D +2)n—2x(n+ DY 2x{n—x(n+ 1)}
= 5 PO @)+ Ry (1),
m+D*n+r+2)(n+r+3) Mm+r+2)n+r+3)
where
1 n—r ¥
Ry, (x) = ) an—r,k(x) / Prtritr () (& — x)zg(t — x)dt.
k=0 0
Now we have to show that nR, , — Oasn — oo.Let K = sup  |{(u)| andlete > O.

uel—x,1—x]
Choose § > 0 such that [¢(u)] < € when |u| < §. Soforallz € [0,1 —

ot —x)| <&+ K“(32 . Clearly

n+1] we have

|an,r(x)|<%M,£’>(r x)? (x)+ Mt —x)*(x)

m+D2n+r+2(n+r+3) G+r+2)n+r+3)

N K 0 1
262 n)’
since ¢ > 0 is arbitrary, this implies that [nR, (x)| — 0 asn — oo. Thus as n — oo, we
get the required result from (3.2). This completes the proof of the theorem. O

3 ns[(r—i—l)(r—i—Z){n—Zx(n—l—l)}z 2x {n — x(n + 1))

Theorem 3.2 If D € C[0,1 — nlﬁ] and let w (f(r"'l); ) be the moduli of continuity of
FUtD Thenforn>r, (r =0,1,2,....), we have

lrelegg e lolen ). o

where the norm is sup-norm over [0, 1 — #], and Ar =1 + %

HMr(f) — 50| <

Proof Following [10] and by the Taylor formula

t

00 = 00 = =0+ [ {0 - o).

X

Now, applying (2.1) to the above and using the inequality
r+1 r+1 [y — x| r+1).
PO = f| = {1 2 e (£0:s).
and the results (2.2) and (2.3), we have
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(M) @) = £
t

< |10 [ = o]+ o (£ 08 0 || 14

X

ly — x|
P)

dy| | ),

< ’f(r“)(X)’ ‘M,Y)(t —x)(x)‘ +o (f(r+1>; 5)
) [\/m+ MG —x>2<x>] :

Choosing § = ﬁ and using the result (2.3), we get the required result (3.3). This completes
the proof. O
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