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41A36 terms of classical modulus of continuity as well as Ditzian-Totik moduli of smoothness.
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1. Introduction

In 1977, Jain and Pethe [32] generalized the well-known Szasz-Mirakyan operators [40] as:

« g 1\ Fxtk-er (k
S x) = (14 na) “Z(Ol-i—H) 7 f(n)

k=0

= isﬂ(x)fG), (11)
k=0

where

1\ *xtk—e)

ﬁ) kt

xk=) = x(x + @) ... (x+ (k—1)a), x@=® =1 and f is any function of exponential type such that
If(t)] < Ke* (t=0),

for some finite constants K, A> 0. Here o = (&) ¢y is such that

stele0 = (1 o) (a+

Si=

O<ay <
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The operators S,[f’] have also been considered by Stancu [39], Mastroianni [36], Della Vecchia and Kocic [17] and Finta [26,27].
Abel and Ivan [1] gave the following alternate form of operators (1.1) (by putting ¢ = % :

Suc(fix) =Y (%Lc)ncx (”C" +kk - 1) a+ c)"‘f<z>, x>0, (12)

k=0

where c=c; > f(n=0,1,2, ...... ) for certain constant § > 0. Also, for a particular case o = % the operators (1.1) reduce to
another form, which was considered by Agratini [2] as follows:

slil(fixy = 2- "*Z(Z'f;()lk ( ) (1.3)

where

mx), =nx(nx+1)...(nx+k-1), k=1,

and (nx)y = 1. These operators (1.3) are special cases of Lupas operators [35]. The operators (1.3) have also been studied in
[25] and [37].
Agratini [3] modified the operators (1.3) into integral form in Kantorovich sense as:

T.(f:x)=n Zz e (M), / o o, (14)
k=0 k/n

2k

and studied some approximation properties. Very recently, Deo et al. considered generalized positive linear operators based
on Pélya-Eggenberger and inverse Pélya-Eggenberger distribution in [21] and furthermore, they gave Kantorovich variant of
these generalized operators in [18]. Several researchers have given some interesting results on Kantorovich variant of various
operators (see [7-16,30,38]). Motivated by above works, for any bounded and integrable function f defined on [0, co), we
also modify the operators (1.1) in Kantorovich form:

0 k+1
g =nyosilen [T o, (15)
k=0 n
Special cases:

(1) For @ =0 in (1.5), we get Szdsz-Kantorovich operators given by Totik in [41].
(2) For a = % in (1.5), we obtain another Kantorovich operators considered by Agratini [3].

The focus of this paper is to study the approximation properties of modified Kantorovich operators (1.5). First we ob-
tain local approximation formula via modulus of continuity of second order then we use Ditzian-Totik moduli of smooth-
ness to discuss the rate of convergence of our operators. Finally, we establish the rate of convergence for functions hav-
ing derivatives of bounded variation. The properties discussed in this article can be found in some recent papers like
[4,6,19,20,24,28,29,31,33].

2. Auxiliary results

In order to prove the main convergence properties of operators (1.5), we need the following basic results:
Lemma 2.1 [39]. For the generalized Szdsz-Mirakyan operators (1.1) hold
sty =1, S¥x) =x,
and
1
SL“](tZ; x) =x*+ (oe + E)X'
Proposition 2.1. For the operators (1.1), there hold the following higher order moments:
1 3 1
SH(x) =23 + 3<a + —)xz + (20:2 + 24 —2)x,
n n o n

and

sL"’(t4;x):x4+6<a+%) (na +£+ 7) <6a +12°‘+Z§+n]3>x.

Proof. By definition we can write

il _ k 13
S,[f‘](t3;x) _a +an)’§ Zx(x+a)...(x+ (kk Da)n I%
k=1 kt(1+an) n
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_(1+om)_§ il §(2+1) ( +k—1) aknk

k(k—1) + k
n3 " (k—1)1(1 +an)k (k¢ )+k)
(Ao s SEE+D) - (§rk-Ton* 1,
= k+ =S ;
n? g (k—2)1(1 + an) a5 ()
B s I )
onw = (k—=3)1(1 +an)
e & E(X41).. k k
+2(1 +n‘;‘”) Za(a ':k)_z)'((l':an)) n +%SL‘Y](t2;x)
k=2 :
(1+Om)7g o0 (g+k+2)!oz"+3n"+3
-oom gkl(gq)!(uom)k+3

20 +an) s S 25 +1).. (F+k+1 an \kK2 1
+ n3 kZ:a(oz ) k!(a )(1+an> +55;[1a](f2;x)
(1 +an) = &
TS N
k=0
2(1+an)™@ x /X (B+k+1)1 0 an \M2 1 gy
+T&<&“)§ Ij!(g+1)! (t5am) +a(@:
@ +om)‘5 i (% +k_|_2)!ak+3nk+3
= n3 kok'(i—l)!(l—i-an)kﬁ

& -(5+2)
L 20 +am ( N 1) (1 _an ) . 151131({2;,()
n o 1+an n

1 n x +k+2 oz"+3n"+3 2x/x 1 1
_ ¢ +°‘3) Z @ )! . +——(—+1)a2+7[x2+<a+7)x]
n S k(Z-1)1A+an)? nela n n

=x3+3<a+1)x2+<2a2+3—a+l2)x.
n n o n

Similarly, we can prove the expression for S,[f‘](t“; x). O

+k+ 2) |k +3nk+3

(% = 1)1(1 +an)**?

Lemma 2.2. For Kantorovich operators (1.5), we have

1
Iaxy =1, 6x) =x+ o

2n’
2 1
o] (+2. ) _ 42
Ly (t% %) =x +(a+ >X+W,
(@] (43. y) _ 43 3,2 9 7) 1
Ly (t ,x)_x +3((x+2n)x +<2(x + 5y 502 )Xt 2

L (e x) = x* + (Ga + §) (Ha + 24—“ + 15)

6a+16a+15a+6 +1
n2 ' n3 5n4”

Proof. Taking into account of Lemma 2.1 and Proposition 2.1, we can easily get the desired result
Remark 2.1. By simply applying Lemma 2.2, we have

1 1
@ _xx) m x4 - —x— L
Ly (t —x; %) X+2n X o’
L (= %)% x) = L2 %) — 25 (0 %) + 2L (1: %)
2 1 1
— x2 - — _ 2
=X +<a+n>x+3n2 2x<x+2n)+x

—(a+1)x+i
a 3n2’
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L0 =202 x) = L3 x) = 3xL (00 %) + 321 (0 %) = L (15 %)
9a 7 1

3
3 - 2 2 et o -
=X +3(a+2n>x +(2a + o +2n2)x+

2 1 1
_ 2 < - 2 ) 43
3x<x + (a+ n>x+ 3n2> + 3x (x+ Zn) X
3% , 9 5 1
:—+(2a +—+—)x+—
n n
and

L0 =% x) = L (e% x) — 4xL (2 x) + 6x2L5) (121 x)

— 430t x) + x4 (1 %)

=x*+ (Ga + §>x3 + (1loz2 + 24 + g);ﬁ
n n ' n

+ 60c3+L0l2+15—01+E X4
n n2 n3 5n4

3 9« 7 1
_ 3 2 2
4x<x +3<a+—2n)x + (Za + n + 2n2)x+ 4n3)

2 1 1
+6x2(x2+ (a+ﬁ>x+ﬁ) —4x3<x+ ﬂ> +x

2
=<3a2+6a+3)xz+(6a3+16a +]5a+5>x+1.

n ' n? n nz ' on3

Lemma 2.3. Let f be a bounded function defined on [0, co) with
Ifll= sup [f(x)]. then
<[0,00)

xel

(i) < 151
Lemma 2.4. For n € N, we have
[o] 2 C 2
Ll ((t = 0% %) < ~81().

where 82(x) = ¢?(x) + 1 and ?(x) =x.

Now we can write the operators (1.5) in other form as:

o= [ T K x, 0 f(E)d,
0

where
o0
K1[1a] (X, t) =n ZSLD[IJ (X)Xn,k (t)’
k=0
and x,, k(t) is the characteristic function of the interval [¥, %17 w.r.t [0, co).

Lemma 2.5. For x € (0, oo) and sufficiently large n, we have

(i) Since 0 <y <x, therefore
y 2
Bu(x,y) = / K x, tydt < L(X)z
0 nx-—y)

(ii) If x <z < oo then we get

C82(x)

1-Bn(x,2) = /Z“K’[;Jt](x, t)dt < y—

(2.1)
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3. Direct results

Using the well-known Bohman-Korovkin-Popoviciu theorem (see [34]) we get the uniform convergence of the operators
(1.5).

Theorem 3.1. Let fe C[0, co)NE and «(n) be such that « — 0 as n— oo, then we have
lim L (f;%) = f()
uniformly on each compact subset of [0, co), where C[0, o) is the space of all real-valued continuous functions on [0, co) and

f(x)
14 x2

E:= {f:xe[O,oo),

is convergent as x — oo}

Proof. Taking Lemma 2.2 into the account and the fact that « — 0 as n— oo, it is clear that

lim L™ (e;; x) =x', i=0,1,2

n—oo
uniformly on each compact subset of [0, oo). Hence, applying the well-known Korovkin-type theorem [5] regarding the
convergence of a sequence of positive linear operators, we get the desired result. O

Now we present local approximation formula via modulus of continuity of second order. For this let us start by recalling
the following definitions:

Definition 3.1. Let fe Cp[0, oo), the space of all real-valued continuous and bounded functions on [0, co) then Peetre’s K-
functional is defined as

Ko(f.8) = inf {|If-gll+8]g"]}. (31)

inf
geWw2

where § >0, || fll = sup |f(x)| and W2 = {ge C3[0,00) : g, g" € Cg[O, oo)}. Recall that, from ([22], p. 177, Theorem 2.4), there
)

exists a positive conzitg()ri;oM such that

K (f. ) Ssz(f,‘/g), (3.2)
where @, (f, v/8) is second order modulus of continuity given by

wr(f,8) :=sup{|f(x+h)—2f(x)+ f(x—h)| : x,x+he[0,00), 0<h <} (3.3)

Moreover, we define the usual (first order) modulus of continuity as follows:
Definition 3.2. Let fe Cp[0, oo) then
w(f.8) :==sup{|f(x) — f()| : x.y €[0,00), [x—y| =8}, (3.4)
where § > 0.

Theorem 3.2. Let be fe Cg[0, 00), then for any x € [0, oo) it follows

L% = FO| < M (. 382 (0)) + o(f. Bn).

where M is an absolute constant and

1
2\ 2
Sn(x) = <LL"“(<t ~x%x) + (LL‘”(t —x; x)) > B =L xx)
such that both terms &, and B, tends to zero as n— oo.

Proof. For x <0, oo), consider the operators
20 = 10 = (e 5 )+ F®0. 35)
Note that i[n"‘](l;x) =1and l:,[f‘](t; X) = x, i.e. constants and linear functions are preserved by the operators I:,[f”. Therefore,
[t —xx) =0. (3.6)
Let ge W2 and x, t€[0, oo). By Taylor’s expansion, we have

8(6) = 8(X) + (t — 0 (0) + f (t — g (wydu.
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Applying ﬂf‘] on both sides of the above Taylor’s expansion, we get
t
I(g %) - g0 =g (0 - L (e = x; %) + I ( / (¢ —w)g" (wydu; x)
X

= LL‘”(/XI (t —u)g” (u)du; x) - fxwﬁ (x + zl—n - u)g’/(u)du.

Observe that

t
/ (t—wg' W) < € —x2- gl

Thus

2
g % —g(x)\ < (L&f”((t - 0% %) + (LL“‘(t - x)) ) gl
Making use of Definition (3.5) of the operators f,,[f‘] and Lemma 2.3, we have

) &) — 80|

L0 - fo| <

i -g X)( +

+1g0 — 01+ [F(x+ 52) = F)
<4||f-gll+ 80| g"| + @(f. Bu).

2
with 82(x) = (¢ - 0)2: %) + (LL“l(r e x)) and B = Lt — x; %).

Now taking infimum on the right-hand side over all g e W2 and using the relation (3.2), we get

2
(i) — £ 00| < 4K (f, o 4(")) +o(f. o)

= sz(fv %Sn(x)) +o(f, Bn).

Hence the proof. O
Now we obtain the convergence with the help of Ditzian-Totik moduli of smoothness which is defined as

wéﬂ (f.t)=sup  sup }Aﬁ(p;,f()()‘, (3.7)
O<h<t x+hp*€[0,00)

where

P(x) =X and 0<Ac<1,

Ap fX) = f(x+ho* () = 2f(x) + f(x — ho* (1)),
and corresponding K-functional is

Ky (£.6%) = inf {11 - gll + ¢* le**e" |} (38)
<L
with
D ={feC[0,%), f' € ACq. ||9**f"|| < o0}
We have following relation:

@l (f.t) ~ Ky (f.£%). (3.9)

Theorem 3.3. Let fe Cg[0, o0), then for any x [0, co) we have

. R I 1
L (f: %) —f(x)\ <Cw? (f, ﬁ(")> +a)(f. ﬂ),

where C is an absolute constant and

Sn(x) = (LL“‘((t ~ 0% x) + (LL‘”(t —x; x))z)j.
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Proof. Consider the operators defined by (3.5)
o 1
I(0 = L0 + £60 - (x4 57 )

For above considered operators, we can write ﬂ,"‘](l; x) =1 and ﬂf‘](t; X) =X.
Therefore, Definition (3.10), Lemma 2.3 and Lemma 2.4 gives

e -xn =0, (- x%%) = 8700

and

B0 <3060

Again, from ([23], p. 141), for t <u <x, we have

[t —u| [t — x| [t —u| [t — x|
< an < .
P2 (u) ~ 9 (x) S (u) T 8 ()

Now

8720 — 0| = @ g

i -g X)‘ +
+1f(x) —g®x)|
(g %) —g(x)‘.

<4|f-gll+

For g e Df\ and t, x€ [0, oo), using Taylor’s expansion with integral remainder,

g(t) = 8(X) + (t ~ 0 (0) + / (t — g (wydu.

Operating f,[f‘] and using (3.11) and (3.12), we get

[l (/t (t —u)g’ (u)du; x)
< LL‘”(/t (t - u)g”(u)du;x) +

2
2%/ || 7le] §2h ol ( )
< |ope | () + o | 22
=& |87 | L (€ - 0% x) + 87" 8:2 (%)
2(1-1) 2(1-2)
(B0 spe) + B sy

(1-1
< C8 (X) |62

i (g x) —g(x)\ -

XH%" <x+ L )g”(u)du

1
(2n)?

115

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

From (3.13), (3.14) and then using definition of K-functional (corresponding to Ditzian-Totik) along with the relation (3.9),

B0 - £ < 41— gl + € i ()H 2y

5 @)
< Cw;x (f Jﬁ)

Hence

(20 - 00 < [0 = £0] + [#(x+ 55 ) - 7o

SIM (x) 1
<C0);/<f, ﬁ) +C()< s ﬂ)

Thus the proof is complete. O
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3.1. Rate of convergence:

Here we estimate the rate of convergence of the operators (1.5) in the class DBV[0, o), the class of all absolutely contin-
uous functions f defined on [0, oo) having a derivative coinciding a.e. with a function of bounded variation on [0, co). It can

be observed that for fe DBV[0, o), we can write

X
Fe0 = [ gwde+ £(0).
where g(t) is a function of bounded variation on each finite subinterval of [0, o).

Theorem 3.4. Let fe DBV(0, o) then for all x € (0, oo) and sufficiently large n, we have

U0 = S| = g0+ 776+ ;\/E I/ () — (x|

a0 f2) - fo) — 20
(7]
X x+x o, C82(x
IR () SR S E) (315)

C
|f( )|C82(x) + \/;8n(x)f/(x+),
where Vv f(x) denotes the total variation of f on [a, b], fy is an auxiliary operator given by

{f(t)—f(x—), O=t<x
fx()=10. t=x
ft) — f(x+), x <t <o0

and
] b
M(y.r,x) = M2Y (/ (t —x) 2K (x, t)dt)
0
Proof. Because L,[f‘](l; x) = 1, therefore for all x€(0, o), we obtain

U0 - foo = [ T - K (bt

_ [ YK (x, ) / *f ydud. (3.16)
0 X
For fe DBV(O0, oo) we may write
fra= (f’(X+)+f’(x )+ K W) + 5 (f’(x+> f'(x=))sgn(u —x) (317)

Fa(f@ - 5(Foen + f6o)),
where

1, =
-y 42

It is easy to write that
/OO /[ (f’(u) e+ f’(x—)))(S wydu | K (x, t)dt = 0 (3.18)
o\ 2 * nAnP T '
Using (2.1), we obtain

/Om (/t %(f/(x—k) + f/(x—))du)K,L“](x, t)dt
= %(f’(xﬂ + 1 (x=)) Lt = %) 0). (3.19)

Moreover,

/ N ( / t S(F/xeh) = f/(x)sgn(u - x)du) Kil(x. £t
0 X
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- /000 %(f’(x+) — f/(x=)) (t = 0K (x, t)dt
< gl - o] [T e -t oyt
= 217 - e | e~ a0
1/2
= 317 = POl (L (- 0%0)
Using Eqgs. (3.16)-(3.20) with Lemma 2.4, we have
L0 — £ = 5 (700 + F o) —0):0)
1 / / [o] 2 172
+ 5[ ee = 70| (L (@ - 0% %)

=) t
/ [a]
+/0 (/X fx (u)du)Kn (x, t)dt

< 2 (Fon +Feo) + ;\/E‘S"("Nf’(“) -]

[} t
’ [a]
+/0 (/X fx (u)du)Kn (x, t)dt.

Therefore

(fi0 - f00)| < i lfen + o+ ;\/Eana)\f/(xﬂ - x|
+Anx + an,

where

Anx = /x (/t fx/(u)du>Kr[1a](xs t)dt ’
0 X
Bux = /oo (/tf/(u)du>1<,ga](x, t)dt|.

Applying Lemma 2.5, integrating by parts and taking y = x — %X, we obtain

£,
Ay = /0 ' ( / t f/(u)du) de (. )

Yy X
= [ 1B 01|70 de+ [ 1B 01| 7o
0 y

and

/0 Bux. ) f (t)dt

- / 7 B, t)|f’x(t)|dt+/ Bu(x, 0)| (1) de.
0 xf\im
Since f'(x) =0 and By(x, t)<1, it follows

| @B ode= [ K © - K 00| pacx.tode
X_ﬁ X—ﬁ

< /)FL v;‘(fx/)dt < % v’;7% (fx/)A

vn

Again using Lemma 2.5 and substituting t =x — %,

x—in / 82 X_Ln X/t
fo f|fx<r>|ﬂn<x,t)dt5@/0 s ol

(x—t)?

2 vn

_ G [
nx

VA (f)du

117

(3.20)

(3.21)
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C82 (X) [i] ( )
C62(x) [ym ] /
Thus, Ane < 25 Vi (fx )+ Z (f" )-

Now we can wrlte

/Zx (/t fx’(u)du)K,L“](x, t)dt| +

Also from part (ii) of Lemma 2.5, we have
K, t) = d (1 - Ba(x.t)) for t>x
Thus,

Bnx <

) (/t f/(u)du)K,L“](x, t)dt

Bux < Binx + Banx

where

2x t
Binx= /x (/ fx,(u)du)dt(l — Bu(x, t))‘
_ oo t , ]
Bynx = ./2x <[x fx (u)du)Kn (x, t)dt|.

Applying integration by parts as well as using Lemma 2.5, (3.17), 1 — Bn(x.t) < 1 and putting t = x + % successively,

and

Bun= | R du(t = Bar 20)) — / T RO = Buet))dt

IA

[1— Bn(x, 2x)|

2x
/ (F'w) = f (x+))du

X

2x ,
+/x |5 (©]11 = Bt D]t
82
< 0 £ — fx) — xf )|

x+in , 2x ,
+/ f’fx (t)’|1—ﬂn(x,t)|dt+/+x ’fx (t)“l_ﬂn(&t”dt
X X+

2
< Cf;x(;‘) £ — F0) —xf (x+)|

o [ ) [

X+ 2 (tfx)

C8 (x)

|F2x) = f(x) = xf (x+)]

CSZ(X) 2" Vfc(fx ) x+i ,
4 n dt + = vn
n Jez (t-x)7° \/ﬁ (%)
B
- nx?

C52 X Z x
Finally, Remark 2.1 implies

/:O (/t (f () - f’(x+))du>1<,[,“1(x, t)dt

X

|F(2%) = f(x) = xf' (x+)]

X+ /
vy (fx )

=

Il

T
Sk

Bz,n,x =

<[ TR — oK x, yde + / e - X1 oK e, e
2x 2x
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51\/1/ tVK,[,"‘](x,t)dt+|f(x)|/ K (x, t)dt
2x 2x

¥ /gSn(X)f’(XH-

As it is obvious that t <2(t —x) and x<t-x when ¢t > 2x, applying Holder’s inequality, we get

Bonx < M2V < / (€ ="K (x, t)dt) 7 Gl @l ():zllf l
0

+ \/g«sn ()f ()

2
= M(y.rx + SOV \Ean (f (),

Estimates of By ,, x and B results

2
Bux = 9| £20) — fx) - xf )|

[v7]
CS% X: % / X i" ’
+n—)EX)’;Vx+ (fx)_i_%\/;rf (%)

2
ey n + CHOOL [y 0 pcr)

Hence values of A, x and By, x in (3.21), we get the required result. O
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