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1. Introduction and axillary results

In the year 2008, the operators B, were introduced and studied by Deo et al. [6] and defined as:
- n k
B0 = Pt (). an

where

puct) = (1 +%)n(2)xk<1 — —x)H (12)

and x € [0,1 — 1| If n is sufficient large then operators (1.1) convert in the classical Bernstein operators:

n+1|*

Bulf, %) = "O (=i (5). (13)

k=l

Now we consider Durrmeyer type operators
n+1)y> & "
R A G (14)
k=0 b

In 2003, a very interesting general sequence of linear positive operators was introduced by Srivastava and Gupta [18] and
investigated as well as estimated the rate of convergence. Then the faster rate of convergence was studied by Deo [2] for
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these operators and similar type modification have given and studied simultaneous approximation for these operators (1.1)
in [4].

Ditzian [8] used (ué,:(f ,t) and gave an interesting direct estimate for the Bernstein polynomials. Felten [10] studied local
and global approximation theorems for positive linear operators, later on similar type results studied for Durrmeyer oper-
ators by Guo et al. [15] and gave the direct and inverse theorems for pointwise approximation by Bernstein-Durrmeyer oper-
ators via Ditzian-Totik moduli @?, (f, t). In the year 1998, Guo et al. [14] studied pointwise estimate for Szasz-Durrmeyer
operators with the help of Ditzian-Totik modulus of smoothness w;, (f,t) in the interval [0, c0). Deo [3] studied pointwise
estimate for modified Baskakov type operator. Recently Abel et al. [1] used properties of the Jacobi polynomials in order
to give a new proof of geometric series of Bernstein operators. Very recently, Gupta and Agarwal [12] have given last two
decades, literature on positive linear operators in their book and some interesting results were given by researchers
[5,11,13,17] on approximation operators.

In a similar manner, in this research work, we give the direct and the inverse theorem for pointwise approximation by

Bernstein type operators by Ditzian-Totik modulus of smoothness wfp, (f,t) in the mobile interval {O, 1- ﬁ]

First we give some notations. Let C[OJ - n%] be the set of continuous and bounded functions on [0,1 - 111?] and

@ (f,t)=sup sup |AZ, f(x)), (1.5)

0<h<fxih(/)ie[0‘l—ﬁ}
2 1 i 2/.f1

D;' = {fe C|:O,] —m},f €A'C10C7| (p f || < '|‘OO}7

Ky (f. ) = inf {IIf —gll + [ 0*g"}. (1.6)
geD?

D? = {f € D}, "l < +o0},

Ry (1.82) = inf {1 — ] + € o8| + €)'} (17)

e

and @(x) = x(l 1 x), 0 < 2 < 1. Itis well known (see [9, Theorem 3.1.2]) that

@2, (f.£) ~ Ky (F,82) ~ Ko (f, 1) (1.8)

(x ~ y means that there exists ¢ > 0 such that c'y < x < cy). Now we give some basic properties of the operators (1.1) as
follow:

Lemma 1.1. Let e;(t) = t', i = 0,1,2, then for x [0,1 1 ] and n € N. The operators B, verify the following:

s
By (eo;x) =1, (1.9)
= 1
Bn(el;x):x+ﬁx, (1.10)
- n+1)>%n-1 n+1
Bn(ez;x):( )n3( )x2+ X (1.11)
We give next Lemma along the line of proposition 1.2 p. 326 of Derriennic [7].
Lemma 1.2 [7]. Let es(t) =t°, s =0,1,2,... with the properties s < n, then for x € [0,1 - nlﬁ] and n € N we have
m? <s>s! nr

Vies)(x) = ———— - X" 1.12
(Vnes)(x) (n+5+1)!; r)rn—nin+1)>"" ( )

Proof. In the account of (1.4), we obtain

s o 1N\"/n S fos 1 n—k B 1\"/n n n+s+1
/O pn.k(t)tdt*<l+ﬁ) (k)/o t <l_m—t> dt7<1+ﬁ) (k)(m) ﬁ(l(+5+17n—l<+l)

o on VY n! (k+5)!
S \n+1 n+s+1) k7
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Therefore from (1.4), we obtain
B n n! (k+5s)!
(Vﬂes)(x) - (n+ 1)5,] (n+s+ 1)!;1771.’( X T (113)
For any x,y € R and any s,n € N satisfying the inequality s < n we have
as S ny __ . n Kk ,n—k (k+S)!
o (Fx+Y) }—;(,{)xy T (1.14)
By Leibnitz formula, the left side of (1.14), we have
oL S /s\s n n
{X x+y)'} = Z< ) T er( +y)" = r:0<r>ﬁmx x+y) (1.15)
From (1.14) and (1.15), with y = (1 -5 —x)
S /s\st nl ./ n \"T k+s
,Zo:(r>ﬁ(n—r)!x (n+1) <n+1> ZP”" : (1.16)
Now from (1.13), with the help of (1.16), we obtain
m? (s)s! nsr
V =t =X O
( nes)(x) (Tl +S5+ 1)|; r r! (l’l _ r)!(n+ 1)s—r—1x
Lemma 1.3. Let e;(t) = t', i =0,1,2, then for x € [0,1 - nlﬁ] and n € N. The operators V,, verify the following:
Va(eo;x) =1, (1.17)
n n
V”(e]’x):(n+l)(n+2)+(n+2)x’ (1.18)
2n? 4n? nn-1)
Va(es;x) = + X+ x? 1.19
e s 2n+3) D 2m+3) "+ 2n+3) (119
Proof. From (1.16), we obtain these assertions fors =0,1,2. O
Lemma 1.4. For x € [O 1- —] we have
o n=2(n+1)x
Va((er —x);x) = m+)n+2) (1.20)
2 _ _ 2(n? + (n+1)%(n — 3)@2(x)
Va((er —x)%x) = 2n + 2n(n —3) xo—2n=3) o [ ] ‘

(n+17%n+2)n+3) M+DHn+2)n+3)" (n+2)(n+3)

Proof. From Lemma 1.3, we obtain these assertions. [

2. Direct estimates

In this section we give rate of convergence.
Letf e c[o,l -
o(f,0) = sup If(&) = fx)l.

xte0,1—71] jt-x<o

} the modulus of continuity of f, defined as:

m+1)2n+2)n+3)
(1.21)

(2.1)

In the year 1990, Lenze [16] introduced the Lipschitz type maximal functions of order « as follows:

, Xe€ {0,17%], O<a<l.

i O -1
+1

t=x;te[0,1-74 |t*X|1

n+1

@y(f,0) =
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The remarkable is that the roundedness of @, (f, d) is equivalent to f € Lipy (o).

n+1
IValfs) =fll < (1+ VB)o(f. V),
where = /5.

Theorem 2.1. Let f € C[O,l - L} ,Va(f,X) be given by (1.4), then we have

Proof. By Popoviciu’s technique we can write

wn—fmnscwﬁa(“;”+n), forany §>0

Using positivity and linearity properties of the operators V,(f;x) and for n € N and x € {0, 1- #] we have
IVa(f; %) = Fx)] < Va(If () = f(X)];X),
From (2.3) and (2.4), we get

Valf; %) = f(X)| < @(f, 0) <M+ 1)’
Now using Cauchy-Schwartz inequality and from Lemma 1.4, we get
VaFi) 0] < of.0) (VL ),
< w(fﬁ)(@Jr 1).

If we choose 6 = /7, in (2.6) and take maximum over x € [0,1 — n]?} we get the required result (2.2). O

Motivated from Guo et al. [15], now we give direct theorem.

Theorem 2.2. For f ¢ C[O,l — L] ,0 < 1 <1, then we have

n+1

Va(f,x) = f(x)] < wa/,z (f, nq/zérl;/‘.(x)) + ' (f, 1/n2)~
Proof. From Lemma 1.4, we have

2[n2 + (n+1)°(n - 3)¢2(x)]

2.\ 152
Val(t=2)75%) = (n+172(n+2)(n+3) < o).
Let
B n-2n+1)x
M (f,x) = f(x) —f<x+m>
and

La(f,x) = Vu(f,x) + My (f,x)

then we obtain

e In+2(n+1)x|
M (f, %) < @ (ﬁm

) <or1m.
L(1,%) = 1,La((¢ = X),%) = 0,Ly (¢ = x)%,x) < Cn”'0(x) and ||L| < 3.
From (1.7) and (1.8), we choose g = g,,; € D?, for a fixed x and 7, we get
If — gll < Ca, (.21 (),
(26,7 ()’ [ 0¥8"|| < Ca (Fon V26,7 (x),

(n 126, )) " g < Ca, (.m0 ).

(22)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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From ([9], p. 141), for t < u < X, we have
\tfu| < [t — x| an |t_fu| |t‘fx|‘
@) = @) o2 (1)~ 0F(x)
So that
Ln(f, %) = FX)] < [Lan((F = ), )] + [ (X) — g(X)| + Ln(g, X) — 8(X)| < 4lf — gl + [Ln(g. X) — g(X)]

Using Taylor expansion with integral reminder
t
ft)=fx) +f’(X)(f*X)+/ (t—u)f"(u)du (2.10)
X

(see [9], p. 134) and by (2.8) and (2.9), we have
Vi (/[(t - u)g(u)du,x>

L, (/:(t - u)g”(u)du,x)
BTE ) n+2(n+1)x Y X)Z
/ <"*m‘“)g( o <l (735

n+2(n+1)x
5 2/ 52/ " n+2(n+1) < C —]/251—/1 2 52/1 7 —25—22 52/L 7
+0 700 |y mra)) < (0o @) e +n e  w]ove])

(2.9)

<

La (8, %) — &(X)| =

+

< C(n251 (%)) (|02 ¢"||- (2.11)
For x € [O 1 ——] 0% = 1/n* and from (1.8) we get

n+1
s1—4 30\ 2 Y ~1/2 514 31 2 - ")
(n7125,7(x)) || @*g"|| < CK (f, (7125} (x)) ) ~ ok (f,n 125174 (x)).
From (2.11), we have
LX) = F(x)] < 4If - gl + Cn "2 x) | 0¥'g"[| < C(If — gll + "2 (%) |¥'8"]]) < Cod (2077 ).

Hence, for f € C[O 1- } we obtain

[Va(f,x) — < La(f, %) = fX)] + [La(f, %)] < Ca, (f, n 125 74(x)) + @ (f, 1/n?). (2.12)

This completes the proof. O

3. Inverse theorem
In this section we give inverse theorem.

Theorem 3.1. For f € C[OJ n+1] 0 < o < 52;,0 < 4 < 1, then the following statements are equivalent:

Valf.x) = f()] = O( (0125, ()", 3.1)

w2, (f,)=0(t*) and ' (f,t) = O(t1-2), 52

where 6,(x) = @(x) +1/v/n ~ max {@(x),1/v/n}.

To prove the inverse theorem we need the following notations. Let us denote

Il = wgﬁwwmawmw

X€[0,1—7]

G ={reclot— ] i < )

Il = sup {
xe[0,1—1]

n+1

o7 of () }
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= {f € Cana If s < o0}
Ifl = sup {]6“ Veof ()]}

xe[0,1-14]
C2, = 1{f € Cop,f € AL, |Ifll, < o0};

K3, (f.t) = inf {IIf —gllo + tligll; }:
8<Cy;

K2,(f.t) = nf {If —gllo + tlgll }

Lemma 3.2. f0< /<1, 0<a<2, then
IVaflly < Cn'2(|fllo(f € Ca),

IVaflly < CIUfIL (f € L),
1Vaflly < Crllo(f € o),
IVafll, < CILfI (f € G, )-

Proof. The proof of Lemma 3.2 will be given in Section 4. O

Lemma 3.3 [15]. ForO<t <3, i<x<1-35-4 xe [O,l M] B <2, we have

tp* (x)/2
/ 57 (x + uydu < C(B)t5," (x).

tp*(x)/2

Lemma 3.4 [15]. ForO <t <}, t<x<1-;5-t, xe{Ol—ﬁ],OgﬁgZ,wehave
/ / P(x +u+ v)dudv < Ct*5,7(x).
toiy2 J-

Proof. First, we let a new K-functional as

Ko (f, 1) = mf{H(f gx)lo + g X1, }-

By this definition we may choose g € C} such that
1Fx) —g@x)llo +n"2g" (%), < CKG, (f,n™72).
Suppose that for f € C[0, 1],
IMa(f. %) = f(x)lo < Cn*".
Then we will prove

wl(f,t) = O(t%)
K2 () < 1(F(x) = Ma(Fi) o + € MY~ gi0)|| +||My (&)

<O 4 (20 g0l + I801,)) < C(n 4 1K, (f )

M,({)(f;x)Hr <en 4 tr<

)

which implies
o r o
I((p;,(f7t )< Ct
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On the other hand, notice that fori =1,2,...,r,x £ rt@’(x)/2 € (0,1). Let 0 < r < 2. For g € €%,

N0 < liglx >|0<ji0(]r.)&z<”>(x+(j;rqo’(x)))) <cug<x>||o<

< Clg®)llpdr" " (x).
For g with g1 € ACj, [lg® (x)55 ** D (x)|| < oo and for 0 < t¢’(x) < 1/8r and rtg?(x)/2 < x < 1 — rt*(x)/2

r a(1-2)/2r

() (e (- 5rrw))

j=

LX) o' )
2 2
Afw,/g(x)‘ SV I (X +ur 4 ---+u)du; ---du
7 T2
lfﬂ (x) 'UP;(X)
S N8l f - i O D Xy ug)duy - du | < T () g (X)] -
7T

From the above, for 0 < t¢*(x) < 1/8r and rt¢*(x)/2 < x < 1 —rt¢*(x)/2 and choosing appropriate g we obtain

Arpi ()| < [Bh (F(x) — 800)| + [ Ah8 )| < C(IF = llo07" 7 (x) + 0™ () lg], )

( A —T A sot(1—4 tT o
<GP (I - gllo + 0, gl ) < Cox I K, (fé()(x)> <t o
4. Proof of Lemma 3.2

To prove Lemma 3.2, we let a =

GnilX) := (k)X (1 = )"
Then we know for p,,(x) defined in (1.2) that

4 and we will use the following notations, in this section: Let

n P
pn.k(X):a*”(k)X"(a—X) “=quy), y=5, 0<y<l
Let us denote
— r+o(i-1) (1) .
1100 = sup {18,777 0f (9 s
Curon = {f € CT011 1l 0y < o0},

and

an(X) = @) +1/vn, p(x) = Vx(1-x),

Then we know
dn(X) ~ max {@(x),1/vn},

and
N n 1
Q.0 = (n+ DD () [ Gue(ef (0t (41)
k=0 0

Then we have the following results:

Lemma 4.1. Letr e N. If0 < 2 < 1, 0 < o <, then we have for f € Cgﬁ/-k_[o‘”

SV Q%) < i fllo 0

that is,

Hén(f,x H o] C”r/ZHfHO 0.1
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Lemma4.2. Letre N.If0< A< 1, 0<a<r, then we have for f € C, , o,

SV QY (%) < CIfl

that is,

Qulf. x| < CIfl-

Proof of Lemma 3.2. Let f(x) = f(ax). Then we see the followings;

Q(72) = n+12an /an

%Vn(f X) = Q’ (f y)

and

V(fx d,Q’(fy)C)r y=

X
a

Moreover, since
o) = Vxa—x =ap(3),
we have
50%) = 0(x) +1/Vi = 0 (3) +1/VA~ 51 (5) = a0

Now, we prove Lemma 3.2. For 0 < x < a and y = x/aq,

5w 50 () (3) |

SV (f. )| ~

From Lemma 4.1, we have

Sr4o(i— d =z /2
5 0) 22 0(79) | < PO = O sup {570

Therefore, we have for 0 < x <a

5;+a(/‘fl) (x)Vg) (f, X) ‘ < Cnr/z “f||07

that is,
IValf, 0], < Cn7|ffo.

Similarly, we can prove using Lemma 4.2

5;+a<i—l)(x)v§l’)(f,x)’ < ClIfIly

that is,

Vo¢|| <cl O

In the following we give the proof of Lemma 4.1.

n 1 ank )/Ou pnAk(S)f(s)dt

) s}

Proof of Lemma 4.1. From (4.1) and differentiation r-times on x, we know

n-r

(n+1)n!
Q;p(f,X):(f])r( n+r'2qn rk(X /qw,{“

= Vn(fvx)7

~ Cn"?a" sup

ye(0,1)

{

5000 £

b
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Then we obtain

~ n+1)n I T . .
Q| < G e [ 050t
. © k=0

Since we easily see

~(r n! ! (T -
GE m;(—m (i)qn—r,k—r+i(t)a

we have the following relation:

r

00 (0) = PO gy ( r.)an.kﬂ-m (43)

|
n i=0

Using (4.3), we know

N . T r n—r B ]~ N )
QP Gf < ey (1) 1cet) [ ana 05 Ol

i=0 k=0

Let
2r 1 2r—a(l-2)

and

p= wd=7 q 5 . (4.4)

Then since 1/p + 1/q = 1, using Holder inequality, we have

- r r n-r ~ 1 B /4 n-r ~ 1 B -
Qv(1r) (fv X)) < Cnr“f||0‘[0‘l]z< l) ((n + 1)an—r,k(x) /0 Qn.k+i(t)dt> ((n + 1)an—r.k(x) /0 qn.k+i(t)5121r(t)dt>
0 k=0 k=0

i=

1/p

Then we first know

n—r~ 1 - /4 n—r~ 1 1/q
((n+l)§qn_r.k(x) /0 Qn.k+i(t)dt> < ((n+1)’(2_;qn_,.k(x)n+ 1) 1.

Since we see

n
7 (0l = 0 ) )11 - 07 = n<+k2r<” F2rker (-
( k+r )
(k+1)---(k+n(n—k+1)---(n—k+T) .

- n+1)(n+2)---(n+2r) Gn2rksr (L),

then we know

(k+1)---(k+r)(n—k+1)---(n—k+r1)
m+1)(n+2)---n+2r(n+2r+1) a(n, k,r).

1
/0 P (One(O)dt =

Then secondly we have

1/p
n-r 5 1 5 ~ . n-r 5 X <1
((” + 1)}{2:(:)%4.!«(") /0 Gnri(£) 07 (t)dt> < C((” + 1);%41&?() (a(n,k +1i,1) + ’M))

ForO<k<2rorn-3r<k<n-r,

1/p

e . . (4r)’
(Z + > )(n + D rx(a(n k+ir) <2
k=0 k=n-3r,

and for2r+1<k<n-3r-1

n-r
n—3r-1 n—3r-1 k
r

>+ D) GnrrXa(nk+i,m) <x'(1-x" > GnosrarX)(n+ Da(n, k +i,1) < C(Nx (1 -x)",

k=2r+1 ke (T 3r
k—r
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because
n-r
()
n-—3r
(k—r)

(n-3r+1)---(n—r)

(n+Damk+47) =y km—k-2Zr+ 1) - —k=7)

(k+i+1)---(k+i+nn—-k—i+1)---(n—k—i+r)
% n+2)- (n+2nn+2r+1)

r+i r+i r+i

<(”m)(1+m)“'<”7>
1 2r—i 1 2r—i 1 2r—i
“UtnZk—2r+1 Tnk—ar+2) U Thick=r

r+i\" 2r—i \'
< <”T) (”m) < Cm).

Therefore, we have for x € (0, 1),

n—r .1 1/p
((n + 1)2{;",,,,{(;0/0 E]nA,H,-(t)éﬁ’(t)dt) <CT+x(1-x)") ~ o2
k=0
Thus, forx € (0,1/n) U (1 —1/n,1)

QY(f, X)’ < C\\f‘|0,[0,1]nr‘3z(]7}') ~ Hf”o‘[o,l]nr/zéﬁrm(l#‘x

This implies that

S (x)QW(f . x ’ C\m|o,[0.1]”r/2~

Let x € (1/n,1 — 1/n). Then d,(x) ~ /x(1 — x) = @?(x). Differentiating g, (x), we have the following expressions:

i
(X = (x(1-x)) ZQ, (r,n,x)n ( ) i (X

where Q;(x,n) is a polynomial in nx(1 — x) of degree [(r — i)/2] with polynomial coefficients such that

(1 =) ", | < C(:ﬁ>7'

Using the expression (4.6), we know

=(n+1 En q~(r) X ! q~ f dt = (x(1 —x Er n,x llv n+1 ~( X iq X 1q f d
= + wk(O)f (H)at = — - i\, n, ! - ~n ~n. tf(t)de
( )k < n,k( )/0 vk( ) ( ) ( ( )) Q (T' ) ( )k 0(" ) vk( )/0 k( ) ( )

i=0
Then we have by (4.7)

=) n

06| <3 (i) DY -x
i=0

k=0

i 1
Gu(%) /O k(5202 (e 1o 0.

Using Holder inequality with p and g defined in (4.4), we obtain

& k
Gni(X /an 5“’()dt<C<Z(n+1)’nx

(n+1) E—x

k=l

qi 1 1/q
dn() / qua)dt)
k=0 0

1/p
X(Z(nﬂan /an GEAG >dt> .

k=0

For the first term in the above equation, using Hélder inequality for 2m/iq and 2m/(2m — iq), we have

k ai Ve k
(Z(nﬂ)]——x an.k<x)> <<Z

——X ——X
k=0 k=0

1/q n |k
an /an dt) <;n

n

(4.5)

(4.6)

(4.7)

m i/2m i
~ ~ i/2m o~
qmc(x)> < (n—m5%m> = 117'/25;1.
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For the second term, we know by the same procedure as the proof of (4.5)

n 1 p
(Z(n + 1)51n.k(X)/ ?Jn.k(f)??ﬁ’(t)dt) < CoP ~ 570,
0

k=0

Then since we know

I+

2
> n—l/Zé;ég(l—/.) < C“fHo.[oﬂnrﬂégma(l—ﬁ)7

= =

=0

‘Q,({)(f,x)‘ < Cliflloo A (

that is,

S NQY X < P fllogry T
Proof of Lemma 4.2. From (4.2), we know

- n-r - 1 - - )
Q0] < €Y (m+ 1) i) /0 ke (03,7502 .
k=0

Then we see

n-r n

1
D+ 1)Gn k() / Gnerker (£)3,"1 7 dt < (
0

k=0

] 1/p
M+ 1)qn—rk(x) / én+r,k+r(t)én2rdt>
0

k=0

<

n— 1 1/p
< ( (Tl + 1)Qn—r,k(x) /0 Qn+r,k+r(t) min{nr, tir(‘l - t)r}dt> )
k=0 b

where p = 2r/(r — a(1 — 2)). Here, we first know

n-r

.1
Z(n + 1)Qn—hk(x) /O Qn+hk+r(t)nrdt =n"

k=0

n+1
n+r+1

and we secondly have

n-r n-r

1 1
S0+ D) [ GrerkenOF (1 =07 = Y 0+ D00 (1 =) [ Goralt)d =

k=0 k=0

n+1 | _r
o 1—
n—r+1x (T=x"

because

n+r
MQHrI<(t) Tktnin—k! (n—rn)
k

(n+rn)! ki(n—k—r)! G (0.

(jn+r.k+r(t)t7r(1 - t)ir =

Thus, we have

n-r

1
Z(n + 1)‘7"7”‘()()/ qn+r‘k+r(t)5;r+a(l—)~)dt < CS;I%O((]—Z).
k=0 0

This implies
‘Qg)(f:x)‘ < C55r+1<17)v)‘[f||r.[0‘1]:

that is,

o],

con S Wlhgy- D
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