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In this paper, we obtain a direct result and Voronovskaya type asymptotic formula for the
exponential-type operators in simultaneous approximation with polynomial growth. In the
end, we obtain the recurrence formulae for the central moments, direct results and
Voronovskaya type asymptotic formulae for the various mixed summation-integral type
operators.
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1. Introduction

We denote Ck½a; b�; k ¼ 0;1;2; . . . the set of all real-valued functions, which are defined and k-times continuously differ-
entiable on the interval (to be closed, half-open and open) ½a; b�ðb > 0Þ of the real axis and f ðkÞðxÞ ¼ OðxaÞ, (a is a positive inte-
ger) as x!1.

In [1], Baskakov introduced the sequence of positive linear operators fLng; n 2 N, Ln : C0½a;1Þ ! C0½0;R�;R > 0, which is
defined as follows:
ðLnf ÞðxÞ ¼
X1
k¼0

ð�xÞk

k!
/ðkÞn ðxÞf

k
n

� �
ð1:1Þ
and is generated by a sequence of functions f/ng, /n : C ! C, possess the following properties:

(i) /n is analytic on the interval ½0;R�;
(ii) /nð0Þ ¼ 1;

(iii) ð�1Þk/ðkÞn ðxÞP 0 if k ¼ 0;1;2; . . . and x 2 ½0;R�, i.e., /n is completely monotone on ½0;R�;
(iv) there exists a positive integer mðnÞ, not depending on k, such that
/ðkÞn ðxÞ ¼ �n/ðk�1Þ
mðnÞ ðxÞf1þ an;kðxÞg; x 2 ½0;R� and k ¼ 1;2; . . .

where an;kðxÞ converges to zero uniformly in k and x on ½0;R� when n!1;

(v) limn!1

n
mðnÞ ¼ 1.

It may be shown, by means of some suitable substitutions:
. All rights reserved.
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/nðxÞ ¼ ð1� xÞn; x 2 ½0;1�; c ¼ �1;
/nðxÞ ¼ e�nx; x 2 ½0;1Þ; c ¼ 0;

/nðxÞ ¼ ð1þ xÞ�
n
c ; x 2 ½0;1Þ; c > 0;
that the operators (1.1) generalize some well-known operators.
From now on we always denote corresponding intervals by I, i.e., I ¼ ½0;1Þ in the case when c P 0 and I ¼ ½0;1� in the

case when c ¼ �1. With these notations, we can defined the nth general exponential-type operators Mn by:
Mnðf ; xÞ ¼
X1
k¼0

pn;kðxÞf
k
n

� �
; where pn;kðxÞ ¼

ð�xÞk

k!
/ðkÞn ðxÞ; ð1:2Þ
for x 2 I and n > maxf0;�cg. It is easy to see that Mnðf ; xÞ are Bernstein [2], Szász-Mirakian [12] and Baskakov [1] operators
for c ¼ �1, c ¼ 0 and c > 0, respectively.

The discrete values f ðknÞ in (1.2) are replaced by an integral over the weighted function. This concept has been given by
Durrmeyer [5], where, he has introduced integral modification of Bernstein operators. In the similar manner, integral mod-
ification of other two classical operators (Szász-Mirakian and Baskakov) have been given by Mazhar & Totik [10], Kasana
et al. [9], Sahai & Prasad [11], and Heilmann [6]1.

Definition 1.1. Let c 2 N [ f0g [ f�1g;n 2 N;n > c, and
I ¼
½0;1� in case c ¼ �1;
½0;1Þ in case c P 0:

�

For f : I! R the nth Durrmeyer operators for above mentioned three operators is defined as:
ðVnf ÞðxÞ ¼ ðn� cÞ
X�
ð�xÞk /ðkÞn ðxÞ

k!

Z
I
ð�tÞk /ðkÞn ðtÞ

k!
f ðtÞdt ¼ ðn� cÞ

X�
pn;kðxÞ

Z
I

pn;kðtÞf ðtÞdt; x 2 I; ð1:3Þ
whenever the right-hand side makes sense. The weight functions pn;kðxÞ are given as:
if c ¼ �1; pn;kðxÞ ¼
n
k

� �
xkð1� xÞn�k

; k 6 n;

0; k > n;

8<
:

if c ¼ 0; pn;kðxÞ ¼ ðnxÞk
k!

e�nx;

if c > 0; pn;kðxÞ ¼
nþ k� 1

k

� �
xk

ð1þxÞnþk :
Very recently similar type of mixed Szász-Mirakian-Beta operators were studied by Gupta and Noor [8] and Deo et al. [3]
have given an other modification of Bernstein operators.

The main motivation of this paper is to obtain a direct result as well as Voronovskaya type asymptotic formula in a unified
form, via Derriennic [4] type modified Baskakov-type operators, which generalize some well-known exponential operators
(Bernstein, Szász-Mirakian and Baskakov) in simultaneous approximation. In the last section of this paper we have given
central moments in the recurrence relations form for the various mixed summation-integral type operators.

2. Auxiliary results

In this section, we give some preliminary results which will be used in the sequel:

Lemma 2.1. [4,7]. Let r;m 2 N [ f0g ¼ f0;1;2; . . .g, then for n > cr, we get
lr;n;mðxÞ ¼ fn� cðr þ 1Þg
X�

pnþcr;kðxÞ
Z

I
pn�cr;kþrðtÞðt � xÞmdt; x 2 I;
then the recurrence relation holds:
fn� cðr þmþ 2Þglr;n;mþ1ðxÞ ¼ /2ðxÞfl0r;n;mðxÞ þ 2mlr;n;m�1ðxÞg þ ðr þmþ 1Þð1þ 2cxÞlr;n;mðxÞ; ð2:1Þ
where /ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1þ cxÞ

p
and n > cðr þmþ 2Þ. Consequently,
lr;n;0ðxÞ ¼ 1;lr;n;1ðxÞ ¼
ðrþ1Þð1þ2cxÞ
fn�cðrþ2Þg and

lr;n;2ðxÞ ¼
2ðn�cÞ/2ðxÞþðrþ1Þðrþ2Þð1þ2cxÞ2

fn�cðrþ2Þgfn�cðrþ3Þg :
For all x 2 I;lr;n;mðxÞ ¼ Oðn�ðmþ1Þ=2Þ, where ½a� denotes the integral part of a.
en c ¼ �1;
P� stand for

Pn�r
k¼0 and when c P 0;

P� stand for
P1

k¼0.
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Proof. We first prove (2.1) by using /2ðxÞp0n;kðxÞ ¼ ðk� nxÞpn;kðxÞ. Now by definition of lr;n;mðxÞ, we get
/2ðxÞ½l0r;n;mðxÞ þmlr;n;m�1ðxÞ�

¼ fn� cðr þ 1Þg
X�

/2ðxÞp0nþcr;kðxÞ
Z

I
pn�cr;kþrðtÞðt � xÞmdt

¼ fn� cðr þ 1Þg
X�

pnþcr;kðxÞ
Z

I
fk� ðnþ crÞxgpn�cr;kþrðtÞðt � xÞmdt

¼ fn� cðr þ 1Þg
X�

pnþcr;kðxÞ
Z

I
½fðkþ rÞ � ðn� crÞtg � rð1þ 2cxÞ þ ðn� crÞðt � xÞ�pn�cr;kþrðtÞðt � xÞmdt

¼ fn� cðr þ 1Þg
X�

pnþcr;kðxÞ
Z

I
/2ðtÞp0n�cr;kþrðtÞðt � xÞmdt � rð1þ 2cxÞlr;n;mðxÞ þ ðn� crÞlr;n;mþ1ðxÞ

¼ fn� cðr þ 1Þg
X�

pnþcr;kðxÞ
Z

I
fð1þ 2cxÞðt � xÞ þ cðt � xÞ2 þ xð1þ cxÞgp0n�cr;kþrðtÞðt � xÞmdt

� rð1þ 2cxÞlr;n;mðxÞ þ ðn� crÞlr;n;mþ1ðxÞ:
Integrating by part the first term on the right-hand side leads to the required result (2.1).
The proofs of the other consequences easily follow by the definition of lr;n;mðxÞ and (2.1). This completes the proof of the

lemma. h

Lemma 2.2. For r 2 N [ f0g ¼ f0;1;2; . . .g, we have
ðV ðrÞn f ÞðxÞ ¼ ðn� cÞbðn; rÞ
X�

pnþcr;kðxÞ
Z

I
pn�cr;kþrðtÞ

drf ðtÞ
dtr dt; x 2 I; ð1:2Þ
where I ¼ ½0;1� and bðn; rÞ ¼ ðn!Þ2
ðn�rÞ!ðnþrÞ! < 1, for r 6 n (see [4,7]), in the case when c ¼ �1 and I ¼ ½0;1Þ and bðn; rÞ ¼

Qr�1
j¼0

nþcj
n�cðjþ1Þ,

in the case when c P 0.

Proof. On differentiating (1.3) r-times with respect to x and applying Leibnitz’s theorem, we get
ðV ðrÞn f ÞðxÞ ¼ ðn� cÞ
X� ð�1Þrð�xÞk/ðkþrÞ

n ðxÞ
k!

Z
I

Xr

i¼0

r

i

� �
ð�1Þr�ið�tÞkþi/ðkþiÞ

n ðtÞ
ðkþ iÞ!

( )
f ðtÞdt

¼ ðn� cÞ
X� ð�1Þrð�xÞk/ðkþrÞ

n ðxÞ
k!

Z
I

dr

dxr

ð�tÞkþr/ðkþrÞ
n ðtÞ

ðkþ iÞ!

( )
f ðtÞdt:
On integrating r-times by parts, the right hand side of the above expression, we obtain the required result by analogous man-
ner of Lemma II.6 of [4] h.
3. Main results

Theorem 3.1. If f ðrÞðtÞ; r P 0 is bounded and integrable in I and admits ðr þ 2Þth derivative at a point x 2 I, and f ðrÞðtÞ ¼ OðtaÞ as
t !1 for some a > 0, then we get
lim
x!1

n
n� cðr þ 1Þ
ðn� cÞbðn; rÞ ðV

ðrÞ
n f ÞðxÞ � f ðrÞðxÞ

� �
¼ ðr þ 1Þð1þ 2cxÞf ðrþ1ÞðxÞ þ /2ðxÞf ðrþ2ÞðxÞ:
Proof. Using Taylor’s formula, we have
f ðrÞðtÞ � f ðrÞðxÞ ¼ ðt � xÞf ðrþ1ÞðxÞ þ ðt � xÞ2

2
f ðrþ2ÞðxÞ þ ðt � xÞ2

2
fðuÞ; ð3:1Þ
where
fðuÞ � fðt; xÞ ¼
f ðrÞðtÞ � f ðrÞðxÞ � ðt � xÞf ðrþ1ÞðxÞ � ðt�xÞ2

2 f ðrþ2ÞðxÞ
ðt�xÞ2

2

if x 6¼ t

¼0 if x ¼ t:
i.e., fðuÞ ! 0 as u! 0 and f is bounded as well as integrable in I. Now applying (3.1) to this and using Lemma (2.1), we obtain
n�cðrþ1Þ
ðn�cÞbðn;rÞ ðV

ðrÞ
n f ÞðxÞ � f ðrÞðxÞ ¼ fn� cðr þ 1Þg

P�
pnþcr;kðxÞ

R
I pn�cr;kþrðtÞf ðrÞðtÞdt � f ðrÞðxÞ

¼ fn� cðr þ 1Þg
P�

pnþcr;kðxÞ
R

I pn�cr;kþrðtÞff ðrÞðtÞ � f ðrÞðxÞgdt ¼ lr;n;1f ðrþ1ÞðxÞ þ lr;n;2
2 f ðrþ2ÞðxÞ þ Rn;rðxÞ;
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where
Rn;rðxÞ ¼
1
2
fn� cðr þ 1Þg

X�
pnþcr;kðxÞ

Z
I

pn�cr;kþrðtÞðt � xÞ2fðt; xÞdt:
We shall show that nRn;rðxÞ ! 0 as n!1. Let e > 0 and A > 0 be arbitrary there exists a d > 0, such that
jfðuÞj 6 e; when juj 6 d; x 6 A: ð3:2Þ
Now
nRn;rðxÞ ¼ Q n;r;1ðxÞ þ Q n;r;2ðxÞ
where
Qn;r;1ðxÞ ¼
nfn� cðr þ 1Þg

2

X�
pnþcr;kðxÞ

Z
jt�xj6d

pn�cr;kþrðt � xÞ2fðt; xÞdt
and
Qn;r;2ðxÞ ¼
nfn� cðr þ 1Þg

2

X�
pnþcr;kðxÞ

Z
jt�xj>d

pn�cr;kþrðt � xÞ2fðt; xÞdt:
From Lemma (2.1) and (3.2), we obtain
jQ n;r;1ðxÞj < enfn�cðrþ1Þg
2

P�
pnþcr;kðxÞ

R
jt�xj6d pn�cr;kþrðtÞðt � xÞ2 dt

6 e/2ðxÞ as n!1:
ð3:3Þ
Finally, we estimate Qn;r;2ðxÞ, using the assumption of theorem,
Qn;r;2ðxÞ ¼ O
nfn� cðr þ 1Þg

2

X�
pnþcr;kðxÞ

Z
jt�xj>d

pn�cr;kþrðtÞtadt

 !

¼ O
nfn� cðr þ 1Þg

2

X�
pnþcr;kðxÞ

Z
jt�xj>d

pn�cr;kþrðtÞ
 Xa

i¼0

a

i

 !
ðt � xÞixa�i

 !
dt

!

¼ O
nfn� cðr þ 1Þg

2

X�
pnþcr;kðxÞ

Z
jt�xj>d

pn�cr;kþrðtÞ
ðt � xÞ3

d3

 Xa

i¼0

a

i

 !
ðt � xÞixa�i

 !
dt

!

¼ O
nfn� cðr þ 1Þg

2d3

X�
pnþcr;kðxÞ

Z 1

0
pn�cr;kþrðtÞ

 Xa

i¼0

a

i

 !
ðt � xÞiþ3xa�i

 !
dt

!

¼ O
1
n

� �
; in view of Lemma ð2:1Þ: ð3:4Þ
Thus, from (3.3) and (3.4), we have
lim
n!1
jnRn;rðxÞj 6 e/2ðxÞ:
Since e is arbitrary, therefore
lim
n!1

nRn;rðxÞ ¼ 0:
This completes the proof. h

Theorem 3.2. Let f ðrþ1Þ 2 C½0;1Þ and ½0; k� � ½0;1Þ and let xðf ðrþ1Þ; :Þ be the modulus of continuity of f ðrþ1Þ then for r ¼ 0;1;2; . . .
n� cðr þ 1Þ
ðn� cÞbðn; rÞ ðV

ðrÞ
n f Þ � f ðrÞ

����
����

C 0;k½ �
6
ðr þ 1Þð1þ 2ckÞ
½n� cðr þ 2Þ� f ðrþ1Þ�� ��þ Cðn; rÞ ffiffiffi

g
p þ g

2

� 	
xðf ðrþ1Þ; Cðn; rÞÞ;
where the norm is sup-norm over ½0; k�,
g ¼ 2k2fc2ð2r2 þ 6r þ 3Þ þ cng þ 2kf2cðr2 þ 3r þ 1Þ þ ng þ ðr2 þ 3r þ 2Þ
and
Cðn; rÞ ¼ 1
fn� cðr þ 2Þgfn� cðr þ 3Þg :
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Proof. Applying the Taylor formula:
f ðrÞðtÞ � f ðrÞðxÞ ¼ ðt � xÞf ðrþ1ÞðxÞ þ
Z t

x
fðf ðrþ1ÞðyÞ � f ðrþ1ÞðxÞgdy:
Thus
n�cðrþ1Þ
ðn�cÞbðn;rÞ V ðrÞn f

� 	
ðxÞ� f ðrÞðxÞ¼ fn�cðrþ1Þg

X�
pnþcr;kðxÞ

Z
I

pn�cr;kþrðtÞff ðrÞðtÞ� f ðrÞðxÞgdt

¼fn�cðrþ1Þg
X�

pnþcr;kðxÞ
Z

I
pn�cr;kþrðtÞ½ðt�xÞf ðrþ1ÞðxÞþ

Z t

x
fðf ðrþ1ÞðyÞ� f ðrþ1ÞðxÞgdy�dt:
Since,
jf ðrþ1ÞðyÞ � f ðrþ1ÞðxÞj < 1þ jy� xj
d

� �
xðf ðrþ1Þ; dÞ:
Hence, by Schwartz’s inequality
n� cðr þ 1Þ
ðn� cÞbðn; rÞ ðV

ðrÞ
n f ÞðxÞ � f ðrÞðxÞ










 6 jlr;n;1jjf ðrþ1ÞðxÞj þ j

ffiffiffiffiffiffiffiffiffiffiffi
lr;n;2

p
j þ
jlr;n;2j

2d

� �
xðf ðrþ1Þ; dÞ:
Further, choosing d ¼ Cðn; rÞ and using Lemma 2.1, we get the required result. h
4. Examples

Suppose sn;kðxÞ; vn;kðxÞ and bn;kðxÞ are Szász-Mirakian, Baskakov and Beta basis functions, respectively, which are defined
as:
sn;kðxÞ ¼ ðnxÞk
k!

e�nx; vn;kðxÞ ¼
nþ k� 1

k

� �
xk

ð1þxÞnþk and bn;vðxÞ ¼ 1
Bðvþ1;nÞ

xv

ð1þxÞnþvþ1 :
To approximate integrable functions on the intervals ½0;1Þ, we are giving here some recurrence relations of some mixed
summation-integrable type operators.

Szász-Mirakian-Baskakov type operators:
ðGnf ÞðxÞ ¼ ðn� 1Þ
X1
k¼0

sn;kðxÞ
Z 1

0
vn;kðtÞf ðtÞdt:
If Gn;mðxÞ � Gnððt � xÞm; xÞ, then we have the recurrence relation:
ðn�m� r � 2Þlr;n;mþ1ðxÞ ¼ xl0r;n;mðxÞ þ ½ðmþ 1Þð1þ 2xÞ þ rð1þ xÞ�lr;n;mðxÞ þmxð2þ xÞln;m�1ðxÞ;
and
ðGðrÞn f ÞðxÞ ¼ cðn; rÞ
X1
k¼0

sn;kðxÞ
Z 1

0
vn�r;kþrðtÞf ðrÞðtÞdt;
where
cðn; rÞ ¼ nrðn� r � 1Þ!
ðn� 2Þ! :
Baskakov-Szász-Mirakian type operators:
ðHnf ÞðxÞ ¼ n
X1
k¼0

vn;kðxÞ
Z 1

0
sn;kðtÞf ðtÞdt:
If Hn;mðxÞ � Hnððt � xÞm; xÞ, then we have the recurrence relation:
nlr;n;mþ1ðxÞ ¼ xð1þ xÞl0r;n;mðxÞ þ ½ðmþ 1Þ þ rð1þ xÞ�lr;n;mðxÞ þmxð2þ xÞlr;n;m�1ðxÞ;
and
ðHðrÞn f ÞðxÞ ¼ cðn; rÞ
X1
k¼0

vnþr;kðxÞ
Z 1

0
sn;kþrðtÞf ðrÞðtÞdt;
where
cðn; rÞ ¼ ðnþ r � 1Þ!
nr�1ðn� 1Þ! :
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Baskakov-Beta type operators:
ðKnf ÞðxÞ ¼
X1
k¼0

vn;kðxÞ
Z 1

0
bn;kðtÞf ðtÞdt:
If Kn;mðxÞ � Knððt � xÞm; xÞ, then we have the recurrence relation:
ðn�m� r � 1Þlr;n;mþ1ðxÞ ¼ xð1þ xÞ½l0r;n;mðxÞ þ 2mlr;n;m�1ðxÞ� þ ½ðmþ r þ 1Þð1þ 2xÞ � x�lr;n;mðxÞ
and
ðKðrÞn f ÞðxÞ ¼ cðn; rÞ
X1
k¼0

vnþr;kðxÞ
Z 1

0
bn�r;kþrðtÞf ðtÞdt;
where
cðn; rÞ ¼ ðnþ r � 1Þ!ðn� r � 1Þ!
ððn� 1Þ!Þ2

:

Theorem 4.1. If f is integrable in ½0;1Þ and bounded at a point x 2 ½0;1Þ. If f ðrþ2Þ exists at a fixed point x 2 ½0;1Þ, and
f ðrÞðxÞ ¼ OðxaÞ as x!1 for some a > 0, then we have
ðiÞ lim
n!1

n
1

cðn; rÞ ðG
ðrÞ
n f ÞðxÞ � f ðrÞðxÞ

� �
¼ fð1� rÞ þ xð2þ rÞgf ðrþ1ÞðxÞ þ xð2þ xÞf ðrþ2ÞðxÞ:

ðiiÞ lim
n!1

n
1

cðn; rÞ ðH
ðrÞ
n f ÞðxÞ � f ðrÞðxÞ

� �
¼ f1þ rð1þ xÞgf ðrþ1ÞðxÞ þ xð2þ xÞf ðrþ2ÞðxÞ:

ðiiiÞ lim
n!1

n
1

cðn; rÞ ðK
ðrÞ
n f ÞðxÞ � f ðrÞðxÞ

� �
¼ fð1þ rÞ þ xð1þ 2rÞgf ðrþ1ÞðxÞ þ 2xð1þ xÞf ðrþ2ÞðxÞ:
Theorem 4.2. Let f ðrþ1Þ 2 C½0;1Þ and ½0; k� � ½0;1Þ and let xðf ðrþ1Þ; :Þ be the modulus of continuity of f ðrþ1Þ then for r ¼ 0;1;2; . . .
ðiÞ 1
cðn; rÞ ðG

ðrÞ
n f Þ � f ðrÞ

����
����

C½0;k�
6
ð1þ rÞ þ kð2þ rÞ
ðn� r � 2Þ kf ðrþ1Þk þ Cðn; rÞ ffiffiffi

g
p þ g

2

� 	
xðf ðrþ1Þ; Cðn; rÞÞ;
where g ¼ k2ðnþ r2 þ 5r þ 6Þ þ kð2nþ 2r2 þ 8r þ 6Þ þ ðr2 þ 3r þ 2Þ and

Cðn; rÞ ¼ 1
ðn� r � 2Þðn� r � 3Þ :
ðiiÞ 1
cðn; rÞ ðH

ðrÞ
n f Þ � f ðrÞ

����
����

C½0;k�
6
f1þ rð1þ kÞg

n
kf ðrþ1Þk þ Cðn; rÞ ffiffiffi

g
p þ g

2

� 	
xðf ðrþ1Þ; Cðn; rÞÞ;
where g ¼ rkð1þ kÞ þ 1þ f1þ rð1þ kÞg2 þ nkð2þ kÞ and Cðn; rÞ ¼ 1=n2.
ðiiiÞ 1
cðn; rÞ ðK

ðrÞ
n fÞ � f ðrÞ

����
����

C½0;k�
6
fð1þ rÞ þ kð1þ 2rÞg

ðn� r� 1Þ kf ðrþ1Þk þ Cðn; rÞ ffiffiffi
g
p þ g

2

� 	
xðf ðrþ1Þ

; Cðn; rÞÞ;
where g ¼ 2ð2r2 þ 4r þ nþ 1Þk2 þ 2ð2r2 þ 5r þ 2þ nÞkþ ðr2 þ 3r þ 2Þ and Cðn; rÞ ¼ 1
ðn�r�1Þðn�r�2Þ, where the norm is

sup-norm over ½0; k�.
Remark 4.3. The similar manner we may obtain direct results and Voronovskaya type asymptotic formulae for other mixed
summation-integrable type operators like Beta-Szász-Mirakian, Szász-Mirakian-Beta, Beta-Baskakov.
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