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Abstract

The proposed work entitled “Environment Force Estimation with Stochastic Noise
and Control for Robotics” focuses on estimation of state vector and controller’s
parameters and control of a robot in the presence of noise. Also, environment force
is estimated when robot has interaction with randomly structured environment.
In the present work, two typical issues are investigated for the robotic system. The
first one deals with the noise present in the system. Noise is wiped out from the
output measurement by utilizing state-observer which in turn, feeds the estimated
state to a controller in spite of noisy state. Thus, any further randomness is
restricted and focus of the work is to design, implement and test the optimal
state-observer-based controller. It aims for trajectory control of the state of an
n-link robot to track the desired trajectory in the presence of stochastic noise. The
novel feature of the present control algorithm is based on [td’s stochastic calculus.
It is used for the minimization of the conditional expectation of the instantaneous
tracking error energy differential with respect to the feedback matrix. This
instantaneous minimization results in an adaptive action of the controller. At the
same time, it also maintains the energy constraints in the feedback coefficients to
avoid actuator saturation. This enables to validate the real-time implementation
of state-observer-based controller by an experimental set up of “Phantom Omni
Bundle” robot manipulator. Furthermore, the sensitivity analysis of controller
gain variation and parameter variation on the error process is performed, and the
robustness of the system is assured by the bounded errors.

Another important and relevant issue is that when noise appears in the form of
environmental torque and randomness becomes a part of the closed-loop system
and makes the dynamics of the nonlinear system ‘stochastic’. Utilizing the sample
data of noisy measurement of joint position, the ‘likelihood function’ of tracking
error is computed. Minimization of this function estimates the unknown controller

gain parameters. The trajectory of stochastic environment force is also computed

il



from the estimates of controller gain parameters. Subsequently, the performance
of estimation is determined using convergence analysis and imposing lower bound
on the variance of estimation errors.

In the present study, both issues are addressed for a nonlinear dynamical system
in a stochastic scenario. Controllers are designed based on estimation without

using any velocity sensor or force sensor.
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Chapter 1

Introduction

The study of nonlinear dynamics with application to robotics in real-time have
many challenges and needs continuous investigation. In this paradigm, every new
advancement is either an improvement or an improvisation of the existing one.

The subject of research investigated in this thesis is related to tracking control
problems of the robotic system in the presence of uncertainty. Uncertainty is
present in almost all the systems in measurements, process, etc., and to safeguard
the system from these noises is an expensive venture. However, if it is not taken
care of, adverse effects on the performance restrict the applications of a robot.
Beside uncertainty, some vital issues associated with the control of robotic systems
are discussed, propelling the present research to move in the direction to control

the stochastic robots.

1.1 Background and existing challenges

In time-varying tracking control, the state variables viz. joint position and velocity
should follow the desired trajectory and require controller gains to be adjusted
accordingly. Further, the parameters of robot functioning in time-varying states
require a controller to monitor the system variables and behave on a continuous
basis. This requires dynamic controller instead of a static controller that may even
become unstable under dynamic conditions which were not predicted a priori.

Thus, there is a need to develop an on-line controller, capable of providing a
correction signal to cope up with the nonlinear and time-varying dynamics of
robot and effective to guide the system to meet the given set of requirements.

State feedback controllers are designed to provide the necessary control signal to
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Figure 1.1: Structure of Model Based Control Approach

the actuators so that required torque is developed for the robot to reach from
current state to the desired state. Inverse dynamics helps in computing the
nominal torque required to provide the desired motion for which controllers are
model-based. The basic structure of a model-based controller is shown in Fig.
1.1 where it is assumed that ”complete model” is being used while designing the
model of controller. But in practice, most of the parameters used in forming the
equations of dynamic are imprecisely known. Feedback control action is required
to reject the effect of this discrepancy upon the controlled variables to bring the
actual states back to their desired values. This need to measure actual states so
that measurements are compared with the desired values and the resulting error
is fed into the controller so that it can generate the appropriate control signal.
Indeed, the control system has to behave correctly even when it is connected to a
physical system with true parameter values away from nominal.

Thus, a requirement of robust control design arises which has good tolerance to
modeling error. For this to be achieved, the controller needs to know the values
of the actual states.

Usually, an optical encoder is fixed at a motor drive of each joint to measure
the angular position of it. Velocity sensors are avoided to be used for velocity
measurements because it increases the cost, weight, and complexity to a system.
An approach to get velocity signal is taking derivative of the position signal which
is again contributing noise in the dynamics of the system. This high-frequency

signal not only potentially degrade the tracking performance of the system but



also, result in wear problems due to undesirable alterations in the control signal.
Consequently, an uncertainty results in the relation of state variables and the
measured outputs termed as measurement noise.

Noise act as exogenous inputs to the physical system and adversely affect

the performance of the system. These are accounted by imperfect mathematical
model; driven of dynamic models by unknown disturbances that can’t be modeled;
partial and inaccurate state variables; creeping of randomness in the closed-loop
dynamics of a nonlinear process due to environment force, etc. Deterministic
modeling cannot provide sufficient means to analysis and control of the robotic
system.
A need arises to formulate the problem of the presence of noise in the dynamics into
a proper stochastic framework for controller design to tackle it. Also, an emphasis
should be considered to ensure accurate state feedback requirement to avoid noisy
states or output which may mislead the controller for doing its corrective action
and ultimately lead the system to instability at the worst.

The control signal which is fed to actuators of various joints causes the state
manipulation of the robot. Saturation of actuators, which ia a critical limiting
factor is decisive of the maximum level of a control signal.

It needs an appropriate constraint control design to consider both the magnitude
and rate of change of control signal.

Stability is a fundamental attribute of a well-designed system to retain its state
regardless of perturbations of the initial conditions and parameters of the system
caused by regular and random disturbances. It is a concept which must never
be confused with its so-called definitions, whether mathematical or empirical.
Instead, emphasis should be made on the basis of the very existence of stability.
However, for a variant class of system, the notion of stability can be presented
differently and thus, interpretation of stability concepts can be done in various
manners.

Thus task is to define and satisfy the prerequisite condition of stability before
implementing the proposed control strategy to a system.

In designing the controller, some assumptions are involved to enable simpler

and feasible computations and simulations. However, during implementations on



hardware, such assumptions may jeopardize the performance of a system and
need to review. While implementing the developed controller on hardware, one
has to consider the range of inputs that it can bear safely without hampering its
performance, i.e. customize the features of a controller in accordance to the real
system in hand. For example, going by the specification, the maximum force and
maximum angular movement that can be applied to any joint may be 1 N and
—m/2 to w/2 radians respectively. The reference trajectory and control scheme
should be designed taking care of these specifications. Further, during hardware
implementation, a problem may arise due to lack of synchronization of sampling
time of processor and sampling time of interfaced set-up. Most of the suppliers
provide only end solutions for an exact problem. They generally not disclose the
calculations and logic behind the control solutions.

Thus, many challenges are encountered in implementing the new controller on the
hardware due to limited information available for the device. A need arises to
design a realizable controller which can be tested on a real platform along with
the care that the desired trajectory should respect the specifications set for that
particular system.

Mostly, an environmental force has been modeled as a spring-damper system
and its variants for designing the controller. However, in several applications, it is
unrealistic to represent an environment model as a fixed one. Further, when robot
interacts with the unstructured environment, its dynamic alter as the external
force not only physical perturb the system but also, introduces uncertainty in the
measurement, of states. It is desirable that a robot should follow the command
trajectory.

So, seeking the solution of tracking problem while the interaction of the robot
with a random nature of the environment is an open research topic.

Many potential applications strive for the need to know the environment
interaction force. To overwhelm these issues, a suggestion is offered to estimate
the contact force between the robot and the environment.

It is evident that estimation has a vital role in a stochastic control system.
Whether it is parameter estimation or state estimation to the true value, the

problem lies in a careful choice of appropriate estimation method and ensuring



the performance of the estimation. This helps in ensuring the performance of
remaining procedure rely upon how well the estimated values are closer to true
value that has been replaced by the latter one for designing controller or calculation
point of view. Hence it is imperative to monitor the quality of the estimation.
Moreover, the accuracy of estimation is reliant on how well the modeling of a
dynamic system and statistical modeling of randomness is done.

This section has discussed the challenges encountered in the motion control that

strive for the solutions of stochastic control problems.

1.2 Motivation

Nonlinear dynamics is the basic characterization feature of the robot. It needs to
compensate the existing nonlinearity by transforming the dynamics by suitable
linearization techniques enable to design a simple and efficient linear control.
Practically it is not possible to have a perfect model and sensor for measurements
of the real system. Both modeling and measurements suffer from errors, and
these challenges motivate to inject robustness in the control design that ensures
to serve effectively even in the presence of uncertainties. The work has motivated
the stochastic modeling of a robotic system that can accommodate process and
measurement noise and environment noise of the system that can help in analyzing
and designing a suitable estimation based controller with the practical approach.
Further, the inspiration for this research emerges from the requirements of reliable
state or parameter estimation strategies capable for giving consistent and exact
evaluations of inaccessible states or parameters of the system for effective control
that relies only on the availability of accurate information. Thus, the primary
motivation of the research work is to frame stochastic control problem from a
theoretical and computational perspective and to utilize the tools of optimal
control theory to developed a general framework to accommodate the physical
constraints. Further, considering the unified approach of estimation and control,
the motivation of work lies to perform a new prominent analysis to find the
ultimate boundedness of both the observer and controller tracking errors.

Experimental research through observations, analysis, comparison, and conclusion



provides an idea of a better opinion after facing problems in hardware
implementation.

This is a motivation to implement the theoretical concepts on a practical
framework where several issues during implementation like discretization,
synchronization, computational complexity, etc. get exposed. In another case,
the presence of randomness in the dynamics of the robot due to interaction
with random environment motivates to find estimates of controller parameters
and structure of environmental noise. Estimation can exploit the available noisy
sample records of measurements of robot position. The estimates should be

approved for their accuracy, consistency and unbiased, etc. by some methods.

1.3 Problem Statement

To meet the challenges and existing gaps in the control of robotics, the following
research problem is stated:

Devise a realizable state feedback control law for an uncertain, nonlinear and
dynamical robotic system such that the time varying trajectory is achieved despite
states being inaccessible or being corrupted by noise. Then, design a practicably
implementable controller which not only compensate the modelling error but also
ensures the robustness by bounding the error signals such that the system is
asymptotically stable. Also, when the robot interacts with the environment, it
must track the commanded trajectory in the presence of environmental noise,
without compromise the performance as before. This would finally help in

developing an efficient estimation to determine the stochastic environment force.

1.4 Objectives

Based on the defined motives for the research, the following objectives are set up:

e Development of a state-space stochastic model of a nonlinear time-varying
system that accommodates the noise in the state equation and output

equation.



Design of suitable recursive state observer capable of providing noiseless

state feedback information to the controller without using velocity sensors.

Development of an optimal observer-based controller to satisfy the

requirements to:
(i) result in establishing asymptotic bounds for the estimation and tracking
error;
(ii) have structure practically suitable to implement on a developed model;
(iii) impose the constraint on a control signal for safe operation;

(iv) have adaptive tuning of controller gain to cope up with nonlinear
dynamics, error-prone output measurements and time-varying reference

trajectory.

Validation of the proposed control solutions by performing real-time

experiments on available Phantom Omni Bundle robot in the lab.

Examination of sensitivity analysis and ensuring robustness concerning

possible disturbances and uncertainty in the values of the system variables.

Development of the model of a master-slave robotic system when the slave

interacts with the stochastic environment.

Design of controller for slave robot utilizing the batch measurement of noisy
slave position and subsequently, computation of environmental force from

the estimates of controller gain parameters.

Study of different methods to ensure the goodness of estimations.

1.5 Methodology of the research work

The flow of the research consists of investigating the techniques for the tracking

control of a robotic system when noise is present. Following solutions are proposed

to meet the control problem of a nonlinear, uncertain, time-varying and stochastic

dynamics of the system:

Solution I- State-observer based control is proposed where estimation and control

7
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Figure 1.2: Structure of Proposed State-observer-based Control Approach

of states is unified in real-time (refer Fig.1.2).

The methodology employed to meet this solution is presented as:

e Stochastic modelling of nonlinear dynamical system
It exemplifies the stochastic form using Ito’s calculus for the development of
the stochastic model of the nonlinear system. It describes the joint dynamics
of state and observer, taking into consideration (a) desired state, (b) observer
error feedback, and (c) process noise and measurement noise, using a vector

stochastic differential equation (SDE).

e Estimation of the states-No need of velocity sensor
The estimation process is encouraged for the knowledge of required states
to cope up with noisy partial measurement by sensors for the monitoring
and control purpose. In this present work, an observer has been used as an
alternative to a velocity sensor, which not only reduces the complexity and
weight of the system but also provides an economical solution. Extended
Kalman filter (EKF) is used as state observer which considers only position
signal in order to estimate states of the system, thereby removing any

dependency on measurements of entire states.

e Real-time unified approach of estimation and control with
constraints
After the design of state observer that has an adaptive capability to

compensate for measurement errors, the results of state estimation are



integrated into the structure of robust control design to mitigate the effects
of uncertainty and disturbances. The proposed controller has the following
features:

(i) On-line implementation

The novel feature of the control algorithm is that it is based on Itd's
stochastic calculus for the minimization of the conditional expectation of the
instantaneous tracking error energy differential with respect to the feedback
matrix subject to energy constraints. The control action is decided on-line
at each discrete-time step on the basis of the instantaneous error, imposing
bounds on (a) input control effort and (b) output tracking error. The
proposed control scheme in this research is substantiated with real-time
experiments on a robot.

(ii) Constraint block structure

The controller has a feature of constraint in the structure which is chosen
according to the model of the system. This is done by including the
constraint in the objective function.

(iii) Energy constraint

The stringent controller action is assured by imposing the constraint on
controller error energy for shaping the transient behavior of a system in
addition to limiting controller gain input to a motor drive, thereby avoiding

saturation/damage.

Hardware-implementation and verification

The theoretical concept of designing observer-based control with energy
constraint in the present work is supported by experimental results carried
on a robotic system available in the laboratory. These real-time experiments
provide great momentum for theoretical research in nonlinear control

systems to tackle the problem of stochastic noise.

Sensitivity analysis and ensuring robustness
Sensitivity analysis of the proposed control system is investigated to examine
the effects of the fluctuations in (a) robot parameters and (b)controller

gain, on the combined estimation and tracking error energies. These



calculations justify the strength of the proposed work of state observer
based controller design under the effect of uncertainty. Quantitative
analysis for the robustness measure of proposed control design is done with
the use of (a) appropriate signals and (b) system norms, which measures
the magnitudes of the involved signals, thereby indicating the possibility
of attaining asymptotic stability.  Further, the robustness is ensured
by converging the errors under parametric variations and controller gain

variation, thereby indicating the possibility of attaining asymptotic stability.

Solution IT- Maximum likelihood estimation of controller gain parameters
and environment noise for master-slave robotic system (refer Fig.1.3).

The methodology employed in this regard is presented as:

Stochastic closed-loop dynamics of master-slave robotic system

Mostly, an environmental force has been modeled as a spring-damper system
and its variants, but in the present work, it is regarded as an external
disturbance or environmental noise. The environmental perturbations via
stochastic processes are approximated by assuming it as white Gaussian
noise. The model of a master-slave robotic system is developed in which slave
has to follow master trajectory while having interaction with a vibrating wall.
The closed-loop stochastic dynamics considering a master, slave, controller,
and environment force is presented which is further utilized for controller

design in constrained motion.

Estimation of controller gain parameters and stochastic
environment force

In the proposed approach, stochastic environment force is introduced into the
dynamics of the slave robot that added formidable complexity into robotic
systems dynamics. It requires reconfiguring the available PD controller
gain parameters (K) of the master-slave robotic system by exploiting
estimation methods. Hence, maximum likelihood estimation(MLE) is used
to estimate the controller gain parameters by maximizing the conditional

probability density function (pdf) (or minimizing the negative likelihood

10
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Figure 1.3: Structure of Proposed MLE Based Control Approach

function) w.r.t.’K’. The estimates are further utilized to estimates of sample

trajectory of the environmental noise process.

e Accuracy of estimation
The performance of parameter estimation has been explored through
formulation of analytical expression of convergence and CRLB. The success
of algorithm is exemplified through convergence analysis that provides low
noise to signal ratio for the parameter estimates as number of samples(N)
increases. Computation of CRLB of parameter estimation has been carried

out to show that the estimates are consistent.

1.6 Outline of the thesis

After an introductory chapter, this thesis is organized in the following manner:
Chapter 1 (this chapter) introduces the research problem, proposed solutions
and lists the contributions in the thesis.

Chapter 2 presents an overview of the related literature and the background
topics to support the concepts developed in the thesis.

Chapter 3 provides an expression for the state observer based controller
developed for the time-varying trajectory tracking control of nonlinear dynamical

system in the presence of stochastic noise.
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Chapter 4 The proposed control algorithm works in real-time which is tested
on an experimental set-up of laboratory robot. The implementation of the state
observer based controller is done by infering the available mathematical model
and literature related to the robot.

Chapter 5 presents the sensitivity analysis of the system under the influence
of parameteric uncertainty and controller gain fluctuations. Furthermore, the
robustness of system is ensured by imposing bounds on the error energy of
developed observer and controller.

Chapter 6 This chapter has discussed the trajectory control problem of
master-slave robotic system and contributed in the MLE the controller gain
parameters for a slave robot interacting with stochastic environment. It is
followed by the derivation of the structure of environment noise from the estimates.
Further, performance analysis of estimation is carried out using different methods.
Chapter 7 Finally in the chapter, a summary of this study is presented and some
conclusions are drawn and projects future plan of action for further research.

This is followed in succession by references.

1.7 Conclusion

This chapter summarizes some of the correlated issues regarding the control of
a robotic system. These crucial issues have motivated the research to pursue
in exploring some of the control tactics of the motion control so that various
applications can exploit tracking control capability of the system with excellent
performance. Also, motivations and objectives of research have been brought
out. In this chapter, stochastic control problems of the robot have been defined.
This thesis comprises contributions to the methodology on state estimation and

controller gain parameters estimation of the stochastic models.
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Chapter 2

Literature Survey

2.1 Introduction

Chapter 1 has defined the problem and objectives of the present research work.
A brief literature survey on the defined problem is carried out on the following

1ssues.
(i) Control of a nonlinear and uncertain system
(ii) Stochastic dynamical systems and modeling
(iii) Estimation of state vector and parameters
(iv) State observer based control
(v) Stability of the nonlinear and uncertain system
(vi) Control of robot interacting with an environment

The survey helps to identify the methods to be considered for modeling and
identification of the systems which are uncertain and of practical interest. This
provides valuable insights into the issues related to the nonlinear, and stochastic
system followed by attempts to make in the direction of tracking control of robotic
systems. Furthermore, the need, concepts, and principles of the parameter and
state estimation are also discussed. Also, this chapter serves a concept of robust

control to preserve stability in the presence of uncertainty and noise in the system.

13



2.2 Control of nonlinear and uncertain system

Tracking control [1] requires the following predefined time-varying trajectory,
X,(t) by a system state, X (t) such that it meets optimally one or more of the
specified performance indices, i.e. accuracy, dynamic response, sensitivity to
disturbance, etc. The objective of the tracking problem is fulfilled by finding a
suitable control law for the input (u* (¢, X4(t), X (¢))) such that as ¢ tends to infinity,
X(t) — Xu(t). Mathematically, tlgcr}o | X (t)—Xa(t)|| = 0. This implies that under a
steady-state condition, the tracking error asymptotically tends to zero. When the
size of input is bounded as ||u(t)|| < Umaz , VE > 0, tracking control formulation
is treated as a constraint problem and the solution requires a design of an optimal
controller which has constrained control signal. The constraint optimal problem
has been solved by Lagrange multiplier and dynamic programming [2]. Lagrange
multipliers are additional variables which when introduced in the constrained
problem, transform it into an unconstrained minimization problem. Quite often,
tracking control problems employs performance index to minimize the energy of
the system under the given constraints [3], [4], [5].

Presence of nonlinearities in robot has inspired many solutions, and in general,
the controller of a robotic system is designed either considering it as (i) nonlinear
model (ii) linearized model. The methods proposed for transforming the nonlinear
model of the robot into a linear model are:(a) linear approximation at a small
region around an operating point, and (b) Feedback linearization [6]-[7]. In the
situation of a system moving away from the operating point particularly for real
uncertain system, where accurate tracking is required, it is found that performance
of the control system in method (a) degrade [8].

The aim of the method (b) attempts to linearize and decouple the nonlinearities
from the dynamics in such a manner that the system can be regarded as linear for
the purposes of control design. This can be compensated merely using nonlinear
dynamics with a nonlinear control signal, i.e., by adding Coriolis and centrifugal
terms as well as gravity terms to the control input which is represented by N(q, ¢)
in Fig.2.2. Due to this nonlinear state feedback(shown as an inner loop), a linear

and decoupled state model (double integrator) is obtained. The outer feedback
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Figure 2.1: Available Robust Control Solution Proposed in Literature.

loop performs in the similar manner as it stabilizes the linear system. The control
using feedback linearization used in a robot is known as Inverse dynamics control
or computed torque control (CTC). This is based on state feedback and requires
that all the terms in the manipulator dynamic model M (q), N(q, ¢) must be known
and can be computed in real-time. In order that the actual states, X(¢) to track
a desired trajectory, X4(t), control signal is defined as: u* = G+ Kye + K4é.

Further, for the linearized system, an appropriate controller can be synthesized
with the same procedure as applied for linear system [7]. This technique
requires the knowledge of model parameters; bears the burden of additional
computation and has the limitation in the case of discontinuous nonlinear system
[9]. Since feedback linearization relies on the exact cancellation of nonlinearities
and performs effectively with a well known rigid robot. Robust control provides
the solution to overcome the drawback of uncertainties present in the system and
guarantees a level of performance with the help of fixed controller [10]. The issue of
nonlinearity with or without uncertainty has been studied using hybrid approaches
of inverse dynamics by combining it with Lyapunov function based control [11],

nonlinear H- infinity control, neural network, variable structure control [12], and
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linear parameter-varying (LPV) control [13].

Although, adaptive control is also suited against uncertainty but is used only in
case of the system with linearly parameterizable uncertainties [14]. Nevertheless,
robust controllers are designed assuming that uncertainties are unknown but
bounded. A robust control in contrast to adaptive control obeys the static control
strategy, adaptive controller works according to variations in system parameters.
Moreover, most practical systems do exhibit time-varying response and behave
differently at different times. This is mainly due to system nonlinearities, failure
or drift of parameters, the presence of external disturbance, and environmental
changes. Subsequently, a different approach in the form of Robust control and
optimal control emerged, which developed fixed controllers with a novice form of
tolerating a limited range of variations in plant parameters to deal with dynamic
uncertainty. A detailed survey has summarized the different approaches to handle
the nonlinear tracking control of the robot [15],[16] and shown in Fig. 2.1.
Robustness is injected in the form of linear control using many versions of PD
control[17]-[31] and H-oo control [22],23] for nonlinear dynamics. Further, robust
nonlinear control is classified as model-based [24]-[32] and non-model based using
various approaches [34]-[37].

Robot manipulator can be interpreted as independent chains of double integrators

for which proportional-derivative (PID) controllers have an instinct tendency to
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stabilize it and solve the regulation problem [17]. These controllers act as virtual
spring-damper system suppress the oscillations as the Lagrange model of robot
enjoy the property of passivity. However, these controllers are based on a linear
approximation of nonlinear dynamics at a small region around an operating point
and face problems as discussed above. Further, applying integral control to the
system like a robot which has limited operating range, i.e., bounded in movement
suffers the problem of Integral windup. Since it is the measured value which
remains the same due to an operating limit but causes the summarized error to
grow by the presence of integral component [38].

The robot with high gear-transmission mechanisms can be modeled as linear and
decoupled rigid-body, and PD controllers are well suited for tracking control.
Dominating the practice of control for a long time, PID controllers can’t
assure satisfactory performances in tracking control problems in the presence of
uncertainties in model dynamics, and external disturbance as either accuracy or
stability has to compromise with gain adjustment [39] especially at the time of
discrete implementation [40]. In this regard, the work of Jingqing [41] not only
elegantly present the limitations of PID but also given the solution in the form of
nonlinear control by introducing error-based control law.

The perturbations may be in its physical parameters due to variations, aging or
changes in the operating conditions and termed as parametric perturbations within
the system. However, the presence of these perturbations and uncertainty in the
system are considered to be within known bounds along with known dynamical
properties in most of the reported work of controller design [37], [42]. Even for a
controller with fixed structure but having adjustable parameters is responsible for
parametric variation problem and should be checked for closed-loop stability of the
system. This issue has been resolved by interpreting the robust control problem
as an optimal control problem, where the uncertainties are manifest in the cost
function and expressed that the solution to the optimal control problem is indeed
a resolution of the issue of robustness in the system [43], [44]. Further, min-max
LQR control has been considered as a robust extension of optimal control and
applied to a nonlinear uncertain MIMO system. The robustness is incorporated

by imposing an integral quadratic constraint that represents uncertainty in the
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cost function [45]. The nonlinear optimal method in tracking control has been
devised using a formulation of (a) Hamilton Jacobi Bellman (HJB) [46], [47] and
(b) Pontryagins Maximum Principle [48]. The solution of approach (a) involves
nonlinear partial differential equation which is globally optimal but simple only for
the low dimensional system. Approach (b) is based on the calculus of variations.
The challenge of the nonlinearity and uncertainty has been taken care of the use
of a sliding mode controller; however, the application gets restricted to only such
cases, where chattering in the control signal is acceptable [49]. Further, in adaptive
control [51] and sliding mode control, the performance of a system is not predicted
quantitatively for a given robustness level. This limit the practical applications of
these controllers where it is prior to knowing the worst case motion accuracy in
an uncertain scenario.

The problem of uncertain nonlinear dynamic systems has been be tackled with the
selection of suitable control design method according to the type of uncertainty
[50].  Further, uncertainty has been considered as unknown nonlinear function
and they referred adaptive control for the system having known nonlinearity but
has constant parameter; sliding mode control for upper bounded uncertainty by
inequality and learning control for periodic uncertainty with known period and
much more strongly influenced by the type of uncertainty associated with the
system model.

Although multifarious robust control approaches have been reported to tackle
the nonlinear and uncertain systems, they have been developed from different
prospects, but the mentioned control approaches have a fundamental requirement
of exact feedback information to controller, i.e., accurate measurement of the
states. Failing to fulfill this requirement, a controller misleads for its corrective

action and ultimately drives the system towards instability.

2.3 Stochastic dynamical systems and modeling

In the presence of random noise in the measurement, the measurand vector has
distributed values rather the deterministic state function. Further, the dynamic

of states are modulated with process noise. Noise is used for modeling the
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uncertainties in the system dynamics [52]. Noise, a stochastic process has been
described as unknown inputs to represent a model of the system in the form of
stochastic differential equation(SDE). Generally, real applications have considered
white Gaussian noise (WGN) in the formulation of SDE [53]. It is quite reasonable
to consider randomness in the system to have Gaussian distribution according to
the Central Limit theorem which states that a large sum of small independent
random variables converges to the Gaussian law [54]. In this work, process
and measurement noise and environment force have been assumed to follow the
structure of Gaussian statistics. The whiteness of the environmental noise is based
on the fact that usually the environmental kicks appear randomly and independent
of each other similar to a molecule that kicks a pollen particle in a fluid leading
to the pollen particle executing Brownian motion [55], [56]. The WGN source,
dW (t) is a statistical noise with a known normal pdf having flat power spectral
density i.e. it contains equal power within any frequency band with a fixed width.
The Brownian motion has each increment independent of each other in the sense
of magnitude and direction and thus, results white noise, w(t) i.e. % = w(t)
having covariance (Y6t where, Q is a diffusion matrix of Brownian motion and
Ot = Tyy1 — Ty [57).

Exploiting the benefits of enriched stability concepts of the deterministic
modelling, it can be extended for stochastic systems. Although it is considered
that the model incorporates all the information of the system, still some random
effects remain unaccounted. These can be usually represented by white noise as it
is entirely random without temporal correlation and infers that it gives a decent
model with these impacts. The stochastic model includes model uncertainty (white
noise) as a driving force in differential equations assuming the additive effect of
noise in the deterministic model. Model uncertainties may be due to imprecise
known or slowly varying parameters, approximate/unmodelled dynamics and can
be included in a model by lumping a noise term [57], [58], [59].

dy

Suppose a model is represented as: i (X, 0,t). After the introduction of

d
noise in the system dynamics, it becomes d—‘z = P(X,0,t) + N(t), where, N(t)
represents noise. So, the stochastic model of a system incorporated both random

and non- random forces and represented as SDE. Presence of random forcing
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function gives the solution of SDE, a random process. Further, for Gaussian

noise, the formulation of It6 SDE is
dX(t) = A(X(t),t)dt + o, (X (1), t)dw(t) (2.1)

As in the general [to differential, A(X(t),t)dt is the drift term, and
0,(X(t),t)dw(t) is the martingale term which has an unbounded and discontinous
white noise process. We often call o, (X (), t) as volatility. A solution is an adapted

process that satisfies above equation in the sense that

X(T) - X(0) :/OTA(X(t),t)dt+/OTU,,(X(t),t)dw(t) (2.2)

where, term, fOT A(X(t),t)dt is Riemann integral and term, fOT o, (X (t),t)dw(t)
is known as an [to integral. Thus, model of continuous time stochastic systems
is given by Ito SDE doesn’t evaluated like ODE. Rather, solution of Ito SDE
results Markov activities in which future value rely on the past only through the
present.

The framework of Itd's is preferred over Stratonovitch for stochastic model due to
the simplicity of Itd's to compute expectations, the existence of stability theory
for Itd's integral, and application of many stochastic theorems including nonlinear
filtering to this form [60]. However, a Stratonovich SDE can be transformed into
an equivalent It6's equation using simple formulas [61].

Consider two Itd's processes a1 and g V(0,7 presented in integral form as:

davs(t) = a1 (£)dt + g (1) dao(t)

das(t) = zo(t)dt + yo(t)dw(t)
Then, d(Oél (t)ag(t)) = (7 (t)d()ég(t) + ag(t)dal(t) + dCY1 (t)d(lfg(t)

The product day(t)dasy(t) can be computed by employing [t6 rules:

dt.dt = 0,
dt.dB(t) = 0,
dB(t).dB(t) = dt.
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In the proposed work, Itd's stochastic modeling has been used for a nonlinear
dynamical system under the influence of stochastic noise. This stochastic model
is further used for an optimal controller design using state observer approach in
chapter 3. Then, control law has been formulated using [t6's calculus for getting

the error dynamics of the system.

2.4 Estimation of state vector and parameters

A dynamical system is described by a mathematical model that involves a set of
differential equations comprise of dependent and/or independent variables termed
as states and involve constants known as parameters. The states can be measured
directly using sensors etc., but parameters are not. The process to approximate
the values of any quantity is termed as estimation and can be done for state or
parameter for both purposes.

Estimation can be done in two ways. Off-line estimation, also known as static
estimation, which is carried out using batch processing approach with observed
data. In On-line estimation, the present estimate is acquired utilizing the
information accessible so far could be refreshed when another bit of information

is received.

State estimation

States of the system refer to a set of variables of interest that describe it completely.
State of a robot, i.e., position, velocity, and orientation describe the motion of a
robot at any time instant. The observation of system state lacks perfection due
to some limitations like cost, technical feasibility, low quality, thus, introduces
the problem in obtaining desired control features [62]. The velocity signal after
derivating the position signal contains noise. Thus, to overcome the problem of
unmeasured state or noisy state an estimator/observer to reconstruct the state
from the available information has been suggested so that state observer based
control can be implemented. The work of [63], [65] has demonstrated classification
and applications of observers. Some of the popular approaches for estimating the

states of a nonlinear system are given as:
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e Extended Kalman filter(EKF): Extension of linear Kalman Filter [63], [64]

e Unscented Kalman Filter (UKF): Mix of Monte-Carlo with Kalman Filter
166].

e Recursive prediction error (RPE): Based on the sensitivity equation [67]
e Moving horizon Estimation [68].
e Particle Filter: For nonlinear and non-Gaussian Dynamic [69]

e High Gain Observers: PI observer uses integrated estimation error for robust

estimation, Model-free observer: [70)]
e Neural network observer: Model-free observer [71]
e Siding mode observer: Model-free observer [72], [73]

The comparative study of various real-time estimation methods of velocity signal
from the observations of position is summarized in [73]. The issue of using
model-based observer arises in the condition of poor knowledge of the plant
which may be overcome using by High-gain observers and sliding mode observers.
Although being model-free but suitable for a particular class of plants due to
discontinuous behavior [74]. Further, an adaptive state estimation for partially
known nonlinear dynamics has been proposed using neural networks which involves
a prediction step and an update step, similar to the EKF [75].

The procedure of EKF approximates the nonlinear dynamics around the previous
estimated state whereas, UKF uses the exact nonlinear dynamics and instead
apply an approximate transformation law for the belief mean and covariance. EKF
requires less information of the system in the controller design for the uncertain
systems [76]. Generally, the selection of estimation method depends upon the
particular application. Kalman filter is preferred as the best estimator in case
of a unimodal distribution parametrized by its mean and covariance. It has the
moderate computational burden as compared to other sampling approaches like
particle filter [77], UKF, etc.

Convergence of observer is the primary concern while designing an observer for

the nonlinear system. The issues involved in the design of the observers for the
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nonlinear system along with the possible solutions have been discussed in [78]-[79].

In this present study, EKF is the algorithm of choice for state estimation.

Extended Kalman Filter (EKF)

The commonly used filter for an unconstrained linear system that has normally
distributed state and measurement noise is Kalman filter. It is a recursive
optimal state estimator. The recursive in the sense that allows it to be
practically implemented that it reprocess the latest measurement in spite of
keeping all data in storage. EKF is a nonlinear version of the Kalman filter,
and unlike this, it is a suboptimal estimator where propagation of state vector
and the covariance matrix is done differently due to nonlinearity present in
the system. The Kalman Filter periodically predict the state variables based
on the system equations and subsequently correcting them by considering the
sensor measurements. In a nonlinear system, state equation and measurement
equations are a nonlinear function of state variables, so it is required to linearize
the process and measurement equation at the current mean estimate and compute
the Jacobian matrix. During the estimation process, the EKF algorithm linearizes
the nonlinear transformation and calculates Jacobian matrices. The various steps
in the process of the EKF algorithm are shown in Fig. 2.3.

Extended Kalman filter provides the solution of state estimation from a noisy
measurement, of a nonlinear system in the recursive process, i.e. prediction of
states followed by a correction step. The prediction step projected the current state
estimation and error covariance ahead over time and known as a prior estimate,
X (k). The correction step of the process incorporates the latest measurement into
a priori estimate in order to correct the projected estimate and get the a-posteriori

estimate X (k + 1) as shown in Fig. 2.4.

Parameter estimation

It is aimed to estimate the wvalues of parameters dependent upon noisy
observations. The maximum likelihood method is used to estimate the unknown
parameter, K that maximizes the Log-likelihood function, or that minimizes the

negative log-likelihood function [80]. The problem of parameter estimation lies
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Figure 2.4: Concept of Extended Kalman Filter Dynamics

in predicting the values of parameter embodied in the noisy observations, X [n]
which can be described by the probability distribution function (pdf). This pdf
has dependence on unknown parameter, K i.e. parameterized by K as its value
affect the distribution of observed data so, K can be inferred from the X [n]. This
can be shown as p(X[n]|K).

Maximum Likelihood Estimation (MLE)

A technique used to estimate an unknown quantity of interest from a sample of
measurement such that the estimate maximizes the probability density function
or equivalently likelihood function, £ formed from that measurements. This refers
to that value of parameter responsible for producing the observed data most
likely to have been observed [81]. Suppose, the data belong to a probability
distribution, p([X [n]|K) with an unknown parameter, K, the MLE of K is that
maximizes the probability of observing the data most probable. Suppose, we have
a sample of measurements [g1,qay..ee.. gr]T of a system that depends upon an
unkown parameter K. These measurements are considered to be independently
and identically distributed (i.i.d.). The aim is to find a MLE of K from these

measurements. We need to maximize the augment of the likelihood function w.r.t.
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K which is presented as L|K|[q1,q2, ..., qx] that is equivalent to maximize the
joint pdf ie. f[qi|K,qz|K,....qp| K] = Zszl f(Xg|K). It would be more

convenient to take argmax of log-likelihood function i.e.

argmax logL[K (g1, qz; s Gk]

Thus, MLE of K is that value of K for which L[K|q1,q2,...,qx] attains a
maximum.

After estimation of parameter, the requirement is to check the goodness of the
estmation of the unknown parameter. Some of the essential properties evaluate

the quality of an estimator as described below:

Unbiasness: The difference between the expected value of the estimate
and the true parameter value is called bias and estimation without bias is termed
as unbias estimation. It is well known that in statistical inference, random samples
are drawn from the population that provides an inference of that population.
An estimator computes an unknown quantity from the sample which retains the
information of that unknown quantity in the population. An estimator provides
a mean to estimate a parameter value of population using sample data. This
property satisfied for an estimate of a given parameter when the expected value
of estimator is equal to the parameter being estimated. In other words, sample
mean should be equal to unknown parameter for an estimator to be unbiased i.e.
E(f{\ ) — K = 0, where, K is true value and E(f{\ ) is expected estimated value
that is equal to mean value K.

Efficiency: The efficiency of estimator is measured by its variance. Estimator
with minimum variance is said to be more efficient. The variance of an estimator
is given as Var(K) = E(f(\ — K) which is an indicator that estimated value is
more concentrated around the true value K. An estimator with lowest variance
is more efficient among two different unbiased estimators used to estimate same
parameter.

Consistency: The unbiased estimator K of a parameter K is said to be
consistent estimator if var(f{\) =0 as n — oo.

Unbiasness: The difference between the expected value of the estimate and

the true parameter value is called bias and estimation without bias is termed as
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unbias estimation. It is well known that in statistical inference, random samples
are drawn from the population that provides an inference of that population.
An estimator computes an unknown quantity from the sample which retains the
information of that unknown quantity in the population. An estimator provides
a mean to estimate a parameter value of population using sample data. This
property satisfied for an estimate of a given parameter when the expected value
of estimator is equal to the parameter being estimated. In other words, sample
mean should be equal to unknown parameter for an estimator to be unbiased i.e.
E(f{\ ) — K = 0, where, K is true value and E(ff\ ) is expected estimated value
that is equal to mean value K.

Accuracy: The degree of accuracy of estimation depends upon the dependency
of pdf on unknown parameter [82]. This is shown in Fig. 2.5 where (i) indicates
low influence of pdf on parameter as compared strong influence of pdf on
parameter as shown in (ii). With fixed X, pdf is equivalent to likelihood function,
L(.) and the accuracy of estimates is measured by the sharpness of the function.
Sharpness of curve is measured in term of curvature. The curvature is negative of
the second derivative of the likelihood function i.e. average curvature of average

over random vector, X is given as

J(X|K)=E Kagr;;(g(}{l{))}

This expression is known as the Fisher information matrix (FIM). Sharp curvature
in (ii) indicates, concentrated pdf and thus, an indication of accurate estimation
as compared to (i) of Fig. 2.5.

The related uncertainty of estimation is measured by its covariance w.r.t. the
pdf of measurement noise. This can be done using Cramer-Rao Lower Bound
(CRLB) which states that under certain regularity conditions, the inverse of the
FIM is a lower bound on the true covariance of the estimator i.e. This states
that the covariance of any estimator of K is greater than the inverse of the FIM.
Although [83] has suggested a method to evaluate the covariance of the MLE unlike
the method of FIM. In spite of unmodelled dynamics, this approach has shown
asymptotic accuracy of estimation but lacks consistency. Suppose, K denotes a
deterministic variable that influences the outcome of a random variable, X. Then,

the representation of pdf for X depending on K is p(X|K).
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Further, the unbiased estimate of K based on measurement, Z is K where, Z is
drawn from p(X|Z): Z < p(X|K). Then, according to CRLB, the covariance
of any unbiased estimate, K (which is based on Z) of K, is bounded by the FIM,
J(X|K) ie cov(K|Z) =E[(K — K)(K — K)T] > J"Y(X|K)

‘Unbiased’ refers E[(f{\— K)] = 0 and expression, cov(f{\|Z —JYX|K)>0
i.e. positive semidefinite, refers to ‘bounded’ estimation .

The expression for FIM is presented as:

62 log

1000 = = (G

PXOIK))

A detailed account of parameter estimations has been given for the models that are
linear in the parameter vectors [84]. Instead of a finite linear model in block form,
implementation of the MLE on the non-linear time series generator of the robot
dynamics is accomplished in the present work. Though the dynamical system is
nonlinear in the states, its differential equation is linear in the parameters. The
discussion of parameter estimation in diffusion process is illustrated in [85] and
problem-related to this article is a particular case of these methods. The maximum
likelihood estimation technique combined with CRLB for efficient estimation of
parameters is shown in [56], [86] [87], [88], [90] with reference to linear and
non-linear stochastic systems. Various examples of MLE of parameters applied to
problems has been explained in the form of X (t) = S(t;0)+W (t);t € [0; T and also
to dynamic linear state model of form X (¢) = A(¢;0) X (¢) + W (t) but [89] does not
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focus on non-linear differential equations of the form X (t) = A(xz(t);t;6) + W(t)
which is relevant to problem mentioned in the proposed work. The disadvantage
of MLE is that it frequently requires an assumption about the structure of data.
In this thesis, an investigation of both methods of estimations as mentioned
earlier is carried out. Two separate research problems are framed by considering
state estimation and parameter estimation from the noisy observations and known
input. First, the state estimation of n-link robot manipulator is done through EKF
for the implementation of state observer based tracking control and the second
problem is to estimate the controller gain parameters via MLE for trajectory

control of a master-slave robotic system.

2.5 State-observer-based control

A comprehensive survey of robust controllers is presented in section 2.1,
contributed to the tracking control of the robot. All claimed their best to fit in
the scenario of nonlinearlity and uncertainty in the system. However, a question
arises, "Is the feed to a controller is a clean signal”? This evokes the need
to look at the problems faced in the cases of noisy sensors, unavailability of
the velocity signal, etc. State observer based control has become an alternate
approach [100],[101] and used where the realization of carrying out measurements
is technically challenging and economically not viable. In the present study, the
primary objective is recursive optimal redesign by combining the procedure of
state estimation and robust control into a unified stabilizing controller.

An algorithm used to reconstruct the unobservable states from the output
measurements of the system. For estimation of state, it requires the information
of dynamics of plant and measurement, statistics of process and measurement
noise and initial conditions.

It is considered as a dynamical system which takes process input(u) and
output(y) as its input. The rate of change of estimate, X consists of two-term:
(i) AX + L(Y —Y) with estimated state X replaced with actual state X. (i)
L(Y — 5/}), where L denotes observer-gain that decides the weight and distribution

of error ’e’ among states. The error, e = (Y —Y), i.e. difference of measured
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output Y and estimated output, Y = CX , also known as predicted output by
the observer. It has the advantage that the error feedback to a controller is
based on the observer output rather than the actual state incorporating noise.
In state observer based control, the dynamics of the controller is generated by
the observer. The state of the present dynamical system is defined by position
and velocity at any given time. Velocity signal is achieved either by direct
measurement or by differentiating the measured position signal, which may add
cost, weight, and noise [102]. This degrades the performance of the system [103].
In this present work, the authors have, therefore, estimated the states using
Extended Kalman Filter (EKF). Here, position estimates (¢) and velocity
estimates (¢) are used to implement computed torque control (CTC) for the
tracking control of n-link robotic manipulator.

Developing the observer-based controller for a nonlinear system is not an easy
task due to the absence of the separation principle, and usually, the design
of an observer is coupled with the design of controller [104]. Although the
convergence of observer is the main concern while designing an observer for the
nonlinear system, still the stability of the closed-loop system is threatened due to
phenomena of finite escape time [105]. A robust linear filter has been proposed
a state-space model with real time-varying norm-bounded parameter uncertainty
and nonlinear disturbances meeting the boundedness condition [106].

Feedback control using filtered tracking error has been proposed based
on quadratic Lyapunov energy function [107]. Despite selecting a quadratic
Lyapunov function, a highly nonlinear logarithm function has been suggested
for the tracking control of n-link robot manipulator [108]. The control law
ensures bounded asymmetric Lyapunov function for the state to be bounded.
This approach prevents the state from reaching a boundary where the Lyapunov
function becomes infinite and ensures bounded tracking errors. However, there
would be a small probability of state tracking error escaping away from the
boundary in the presence of noise. The proposed algorithm takes into account
stochastic disturbances in the state evolution as well as in the measurement
process. Here, minimization of the mean square tracking error is based on observer

state estimates of noisy state measurements since exact state measurements are
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Figure 2.6: Block Diagram of State-observer-based Control

not feasible in general. In the present work, minimization of instantaneous
conditional mean square tracking error energy is considered instead of Lyapunov
criterion for control design. The results of He et al.[108] guarantee that the
trajectory tracking error remains bounded for a deterministic problem while
the results of the proposed algorithm guarantee that the mean square error is
minimized for a stochastic problem. Both nonlinearity and external disturbance
have been accommodated as a total disturbance in the nonlinear state-space
model and employed PI observer to observe the state [109]. Further, by using
linear control technique, output error has been converged to zero.

In the absence of measurement noise, recent research has been reported on the
methods of robust control, adaptive control, nonlinear-PID control, H-oco control,
sliding mode control, DOB control etc., to meet the issues of stable tracking
control [110], [111], [112], [113], [114], [115], [116], [117]. However, in the physical
system, noise is an inherent part of measurand and need to be considered while
designing the controller [118], [119],[120], [121]. Artificial intelligent techniques
are used to develop the controllers using input-output data of the process when
a model is not available, or uncertainties are present in the system [122], [123],

[124]. He and Dong have developed a fuzzy-neural-network-based control strategy
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so that the tracking error and impedance error remain bounded [123]. They
have shown that a quadratic Lyapunov function of the tracking error, auxiliary
state, and the neural weight vector has a negative rate of increase, thereby,
guarantees asymptotic stability. When stochastic disturbances are present in
the robot state model as well as in the output measurement model, it would be
interesting to study the response of a feedback controller. The approach of He
et al. [123] can be adopted; however, the rate of change of Lyapunov function
may use [to's formulae for stochastic calculations. Further, the result show
bounded tracking error, but in the presence of noise, there could be sparsely
located random spikes in this error. In the proposed work, the controller takes
into account the stochastic disturbances which would smoothen out these spikes,
and this may improve the results. An adaptive fuzzy neural network learner
of state constraints of a robot has been discussed [124]. The learner requires
lesser data for learning about the uncertainties and also, it learns about the
robot-environment interaction. The effects of state constraints, i.e. inequality
constraints on tracking error are learned, and control law has been designed to
ensure stability in accordance with a Lyapunov function. In this proposed work,
the authors have developed state model in the form of stochastic differential
equation (SDE). It may be modified by considering such inequality constraints
when an error is smaller or greater than a threshold value. Chen et al. [125],[126]
have studied the uncertainties present in the system using a modified bounded
Lyapunov function known as Nussbaum function. They have also developed an
adaptive control of a multivariable system for asymptotic stability by adjusting
a single control parameter ensuring bounded tracking error [127]. However, such
methods do not explicitly intend to relieve the prones of measurement noise [128].
In the latest research, the problem of measurement uncertainty has been solved
by developing Risk-sensitive optimal control algorithms [129].

The alternative way to compensate for noise is the implementation of disturbance
observer-based(DOB) control which provides feed-forward control [130], [131] to
cancel out the uncertainty.

However, the limitation of DOB control is the requirement of sensors to measure

the disturbance that is a difficult task in practice. The presence of noise in the
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system dynamics has been embodied in the stochastic model in the framework of
Stratonovich SDE [132]. Subsequently, for tracking control, Lyapunov machinery
has been designed to process the state feedback law to assure tendency of
mean square tracking error to an arbitrarily small neighborhood of zero. In the
proposed approach, the modeling of a stochastic system is done in the framework
of Itd's that provides effective modeling as well as helps to frame a control law
such that system can work adaptively and can be implemented on the real device.
These features including assurance of robustness in case of variation in system

variables have not found in the work of Ming et al. [132].

Design of Observer-based controller for a nonlinear system has a significant
problem of stability due to the absence of separation principle which works
only for a linear system. The main problem in observer-based control for a
nonlinear system is that stability can’t be assured even if the nature of observer
is asymptotic convergent and providing estimated states in place of actual
states. This is because the separation principle does not work for a nonlinear
system where the computation of controller gain and observer gain can be done
independently. In the proposed work, the controller design, [N(t that is a function

of observed states has taken into account the estimation error, e;.

2.6 Robot interacting with randomly
structured environment

There exists a wide spectrum of controllers to tackle the potential problems
related to master-slave robotic systems [133], [134]. The problems of parameter
uncertainty, time delay, disturbance, loss of information, transparency, etc. are
the subject of present research and researchers have suggested various control
techniques to tackle some of these problems. Model prediction adaptive controller
[135], Robust g -Synthesis controllers [136], [137], Intelligent controllers [13§],
[139], [140], Nonlinear and Composite Adaptive controller [117], [141] have been
used to control such dynamical systems. Further, the Environment, Operator

and Task (EOT) adaptive controllers have been considered highlighting the
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importance of online information for the control [142]. However, many times,
online information is not available due to various limitations and the researchers
have to cope with the uncertainty.

The interaction of environment cause to alter the dynamics of the robot and
requires a controller for trajectory tracking. The design of controllers becomes
significant when constrained motion occurs, i.e. the manipulator interacts with
its environment. Although impedance control [123], [143] and admittance control
[144], [145] have been proposed while interacting robot with the environment but
these controllers need to know the environment forces. To avoid force sensors,
either disturbance observer or force observer are recommended. However, in many
cases, determination of impedance or admittance models may be cumbersome
in case of a complex environment. Further, iterative learning control (ILC)
scheme has been employed for a robot to adapt unknown environment [146]. This
requires human learning skills which may be inconvenient as it demands repetitive
operation of a device. In the aforementioned schemes and in most of the other
cases, environmental force has been modelled as a spring-damper system and its
variants [142], [147], [148], [149],[150], [151]. Another approach is to regard it
as an external disturbance [100], and disturbance observer has been suggested
to estimate the environment forces. Cui et al. [152] has considered a random
vibration environment and proposed backstepping control for tracking control in
the presence of stochastic environment without estimating it. Environment has
been considered as dynamic uncertainty and estimate it using moving horizon
estimation [153]. The dynamic environment’s effect is more realistically modeled
with states of the robot and obstacle as random variables [129], [132]. Emphasizing
on the importance of knowing the uncertainty in the system to monitor controller
performance and estimator design, [154] has estimated the noise covariance
matrices. In the present study, the MLE method has served the purpose of both
controlling the system in the presence of noise as well as given the idea of the
structure of the sample noise trajectory.

Advance surgery requires knowing the contact forces between the slave robot and
the environment (which may be tissues) for better coordination and realizable

operation [155]. Dynamics of tissues may be helpful for successful surgery
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as it improves the control during telemanipulation in addition to simulation
development for training and conduction of automatic diagnosis. The problem
arises in allocating force sensors to a robot because of size, precision, disposable,
complexity due to connections, isolation of tissues and requirement of heavy
current and temperature for the procedure of surgery cuts and sterilization
of sensors[156]. Thus, the perception of an environment through the sensor
is not recommended. Further, in the scenario of the interaction of a robot
with an uncertain environment, the function of a controller is to generate an
actuating signal which in turn counterbalance the adverse effects of uncertainty.
The determination of the actuating signal will be easy if uncertainties are
measurable which in general not feasible, so it leads to a significant problem of
estimation of the environment. The designing of controllers seeks the evaluation
of environmental force as all robots ultimately perceive the world through limited
and improper sensors. Estimation of unknown parameters using output noisy
measurement data has been used in literature. Least square (LS) method works
on minimizing the cost function of squares of residual error [157], and it has
been proposed to estimate the time constants of a second order LTI system
from discrete output measurements [158] that is essentially a maximum likelihood
method with the assumption of measurement noises as i.i.d. Gaussian. Then
based on the second order partial derivatives of the measurement error energy
w.r.t the parameters, an iterative scheme is proposed to obtain a Newtonian
iterative algorithm for parameter estimation. The method will, however, require
modification if the system is nonlinear as it is in robotics problems. One way
to use that approach for nonlinear systems is to expand the nonlinear terms in
the dynamical system as a power series in the state variables and then apply
perturbation theory to obtain an approximate solution to the system regarding
the parameters. After that, the measurement in error energy can be minimized
by the Newton-iteration algorithm. EKF has been used to estimate q, variation
in physical parameter, and the environment force with noisy state measurements
[100]. EKF is suboptimal technique as it does not give the minimum mean square
state estimate error(MMSE). Although Kushner filter can provide an optimal

MMSE;, it is not implementable as it is an infinite dimensional filter.
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Least square (LS) method to a linear system is applied in the work of Pan et al.
[44] whereas, in the present study, it is applied to a nonlinear system followed
by linearization. Both LS and ML methods result optimal estimates provided
that the disturbance is assumed to be WGN. Multi-variable systems parameters
estimation and control are discussed for moving average noise [120]. This is
a linear system, and both control inputs and noise are present. The moving
average disturbance has been transformed into an autoregressive disturbance
and then, the LS algorithm is proposed to identify the system parameters and
further, results are compared with the study of Liu et al. [159]. This technique
can be adapted to a nonlinear system after some modification. Designing of a
controller by considering the measured data as a joint pdf in combination with
the estimation and convergence analysis of noise is not available to the best of our
knowledge in the literature. Furthermore, no work has been reported on MLE of
the Proportional-Derivative controller’s coefficients of a robot, nor does exist any
computation of CRLB of the component vector comparing the matrix elements
of the controller’s gain parameters. The proposed work is a novel application
of MLE of nonlinear dynamics of a master-slave robotics system. Moreover, the
evaluation of the CRLB from approximate statistics of the robot angular position
and angular velocity perturbations is obtained from the correlation theory of
Gauss-Markov process [80]. In the proposed approach, stochastic environment
force is introduced into the dynamics of the slave robot that added formidable
complexity into robotic systems dynamics. In this work, MLE has been proposed
for estimation of controller gain parameters and then to back substitute these
controller estimates into the dynamics and thereby estimate the sample trajectory
of the environmental noise process. Finally, an approximate expression is derived
for the CRLB on the parameter-estimation-error -covariance matrix. This lower
bound sets a limit to the accuracy to estimate a parameter that influences a

probability density.

36



2.7 Stability of nonlinear and uncertain system

Stability of the control system is a primary requirement and must be ensured before
implementation of a controller to a system. The approach of Lyapunov is usually
applied for ensuring the stability of both linear and nonlinear system [6], [8]. This
approach requires the formation of a suitable scalar function known as Lyapunov
function and its derivative. Consider a scalar function, V' (x) which is continuously
differentiable and satisfy the following conditions along the system trajectories
ie. V(0) =0; V(z) > 0 and V(z) < 0. The system is stable. Formation of
Lyapunov function for each specific problem particularly for a nonlinear system
is a challenging task, and upon the availability of this, stability can be analyzed
concerning perturbations and time variations. Stability of deterministic nonlinear
system using directly or indirectly Lyapunov machinery is widely exploited in
literature [160], [161], and further extended to address the stability of stochastic
nonlinear control system [149], [162], [163]. Further, various concept and tools
are associated with analyzing the stable behavior of the system. A concept such
as convergence of error signals are also one of the technique to judge the stable
behavior of the system without explicitly solving the dynamic equations, and
presents corresponding definitions of stability [6]. For the problem of tracking
control, the concept of stability is usually based upon convergence in the mean
square criterion.

Investigation of stability has been pursued by various methods for the nominal
system that assures the system is not going to explode in some sense. Here,
the unperturbed system means a nominal system but if the nominal system is
suffered from uncertainty, robustness has to be satisfied that demand stability
margin in some form. This assures that system maintains stable behavior even
in the presence of uncertainty of an expected range in the nominal system [164].
Robustness refers to an attribute of the dynamic system to tolerate variations in
the parts of the system without exceeding pre-defined tolerance bounds in the
vicinity of some nominal dynamic behavior [165]. In case of prior knowledge of
bounds on noise, techniques of robust control have been worked out [44], [166],

[167]. However, in the case of unbounded noise with fast fluctuations, [55] has
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suggested applying the ensemble average rate of decrease of Lyapunov error energy
function rather than a rate of decrease in the Lyapunov function.
Change in any parameter of the closed-loop system may result in a change in the
coefficients of closed-loop dynamics concerning characteristics polynomial or state
space description. The change in system behavior corresponding to variations in
the parameter can be reflected in the state transition matrix, FEigenvalues, state
variables, transfer function or step response, stability radius and some index of
performance [168]. There may not be direct relation between the changes in the
parameters and corresponding changes in the coefficients of the closed-loop system.
In spite of that, it is required to check that allowable parameter changes without
causing an inadmissible change in the dynamic system behavior. Sensitivity
analysis is done to see the effect of parameter variation on the system behavior.
Generally, uncertainty is considered to be unknown perturbations and stochastic
noise with bounds or norms of their magnitude [169]. For interpretation of stability
of the system with unknown uncertainty lies in a prescribed set, mathematical tools
like norms are used for the perturbation and error analysis along with boundness
of the signals.
The size of signals is measured with the help of norm function by considering them
as the elements of a vector space. Different norms are used to express different
forms of signals. signals are the function of time so, L, norm (for p € [1;00])is
used. For example, peak magnitude is expressed by co— norm, the square root of
energy by 2— norm and action of a signal is denoted by 1— norm.
The square root of the energy of the continuous-time signal, e(t) can be represented
as Ly norm. Where, e(t) is a vector signal.
o0 1/2
lela=| [~ " ttetont
—o0
Similarly, peak amplitude of e(¢) evaluated over all signal components and all time

is given by L.
lefloo = sup max [e;(#)] = sup [lefloc

Two types of matrix norm for matrices X = (e;;) € C™™ are defined as follows:

38



Frobenius norm: || X |z = (320, 327, |ei;|?)?

Spectral norm (or 2-norm): || X1z = (p(X * X))/2 = 0,p00(X)
where p denotes the spectral radius and o,,,, is the largest singular value.
The concept of uniform asymptotic stability is usually applied for robotics. When
it is desired robot to move at a point, the interset is to converge at that point
rather than stay nearby to it [170]. Exponential stability refers to uniform
asymptotic stability and significant in showing the robustness of the system
under perturbations. Gronwall-Bellman lemma approach has been applied for
the exponential stability of nonlinear system [171]. The real systems are prone to
uncertainty, and practical stability is significant which requires a solution of the
system lies around the equilibrium point and thus, guarantee acceptable behavior
of the system even in the presence of perturbations.
In recent years, quite many research studies related to the stability analysis
of stochastic nonlinear dynamic system have been presented. The asymptotic
stability of linear dynamical systems has been assured using a nonlinear controller
in which the system and input matrices, as well as the input, are uncertain
[172].  Despite what the uncertainties are, ultimately bounded solutions will
guaranteed every solution to enter a neighborhood of the zero states infinite time
and thereafter start within that neighborhood. Furthermore, the norm of output
tracking error will asymptotically converge to a tunable residual set whose level of
magnitude depends on a design parameter of an averaging filter as t — oo [173].
Aside from control engineering, closed-loop stability is barely an objective, but
the optimum solution regarding the energy seems more focused on industrial
applications. The genetic-based algorithm has been proposed to minimize the
power consumption of a physical system without the stability analysis [5].
Design of robust controller considering system nonlinearity and uncertainty prefers
stability to be satisfied in the context of a stabilization region known as the
domain of attraction [174] instead investigating stability in a sufficiently small
vicinity of the equilibrium point. Robust stability means stability in the presence
of any allowable uncertainty or nonlinearity. [175] has analyzed the robustness of

nonlinear system which is linearized through state feedback using linear matrix
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inequalities for a single input and single output system. Contrast to their work,
robustness is ensured in the present work using numerical techniques for an
indirect method of Lyapunov for MIMO system on the same concept of Corless
et al. [176] that has explored robust stability of uncertain nonlinear systems
using quadratic Lyapunov functions. A new stability criterion is derived for the
stochastic nonlinear system by using the Lyapunov functional approach. Based on
this, the design procedure of observer-based controller is presented, which ensures
asymptotic stability in the mean square of the closed-loop system [177].

In this thesis, sensitivity analysis is carried out to check the error-dynamics by

varying controller gain values and parameter values.

2.8 Conclusion

In this chapter, the literature survey has been carried out on the defined problem
and associated area. The survey urges the research towards investigating such
reports and unearth the facts and major of them are as follows:

The challenge of tracking control includes the stochastic behavior of a system that
may be due to modeling and measurement error, and robustness of the system is
not fully guaranteed. Access to measurements is a prerequisite in the controller
design as it helps in to detect faults, monitor performance, or exercise control.
The situation, where it is expensive or even impossible to have measurements,
estimation is produced instead. An overview of recent developments in the
estimation methods of recursive state and batch discrete-time have been presented.
Observer-based control provides a solution for output feedback control problem
in a situation where it is not possible to imply all states directly for feedback.
This serves as the motivation to seek a general framework for the design of
observer-based control for robotic manipulators. Apart from the exhaustive
survey, the study has included the critical points when a robot has interaction

with the environment.
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Chapter 3

State-Observer-Based Controller

for Stochastic Dynamical System

3.1 Introduction

This chapter deals with a generalized linear feedback matrix controller designed
for the state of a nonlinear dynamical system to track the desired trajectory in the
presence of stochastic noise. The proposed control algorithm takes into account the
stochastic disturbances in state evolution as well as in the measurement process.
Here, minimization of the mean square tracking error is based on estimated states
of noisy state measurements. Fig. 3.1 shows that the error signals (e and é) to the
controller in the present study depends on the estimated state, )/(\t from the state
observer instead of actual state, X;. Extended Kalman filter (EKF) is used as
state observer which using the noisy position signal, g, provides estimated state,
X\t. The novel feature of this control algorithm design is based on Itd's stochastic
calculus for the minimization of an objective function. The objective function is
defined as the conditional expectation of the instantaneous tracking error energy
differential with respect to the controller gain feedback matrix subject to energy
constraints. The proposed control algorithm enables the adaptive features for
achieving tracking of a system.

The problem is formulated in a general stochastic differential equation (SDE)
format considering a specific structure of the controller being described by a
quadratic constraint on the PD controller coefficients.

In section 3.2, the state dynamics of the system is formed from a set of coupled

stochastic differential equation(SDE) of the plant. In section 3.3, measurement
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model with white Gaussian noise for the robot state is derived by another SDE
related to state observer. Extended Kalman Filter is set up with an appropriate
observer gain matrix, L;. In section 3.4, the dynamics of state and observer
is computed for the state tracking error(k;) covariance matrix and observer
state error(e;) covariance matrix using the Itd’s differential rule for Brownian
motion. The conditional expectation of differential of tracking error-covariance
(error-energy) given the previously estimated state has been derived. The trace
of this tracking error-energy is minimized with respect to the feedback controller
coefficients, K; under the energy constraints on the Kj.

The work presented has exploited the stochastic theory to model the plant, an

objective function is framed which is minimized using optimal constraint control,

implemented a linearized feedback control effort using inverse dynamics approach.

Process noise
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Figure 3.1: Block Diagram of State-Observer- Based Controller Design.
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The control system has adaptively incorporated simultaneous estimation process
of states and control of the plant. Further, the robustness of the system is ensured

by the bounded error signals of the closed-loop system.

3.2 Stochastic model of dynamical system

A stochastic model is an extension of the deterministic model (expressed as
ordinary differential equations) perturbed by random noise. The stochastic model
for a nonlinear continuous-time system driven by a torque having white Gaussian
noise component is represented using the t0’s stochastic differential equation in
this section.

Consider a system in the framework of Euler-Lagrange model with position and
velocity vector as q¢ and ¢q; respectively. The representation of state dynamic

equations without feedback is given as:

dq; = q.dt,

dq; = F(t, qt, dt)dt + G(qt)dBt

So in matrix form: (3.1)
j 0
d|?| = & dt + dB,
qi F(t,q:,d:) G(qt) )

Where, F(t,q:,G:) = —M(q:) ' N(as, ) + M(qr)~'7(t), Gl(a:) = oM (g:)™"
and 7(¢) are the non-random components of the torque while dB; is the noise
component of the state.

Remark 1. The equation (3.1) can be derived by applying the Euler-Lagrange
dynamic formulation: L(q, ¢,t) = %QTM(Q)Q—V(Q)+T(t)Tq and then adding noise
to the system of differential equation. Here, L(q) denotes Lagrange function, V' (q)
is the gravitational potential energy. M (q;) is a positive-definite symmetric matrix
which is the function of position and N(q;, ;) is a function of both position and
velocity respectively.

The execution of the control process is illustrated with the help of the block
diagram shown in Fig. 3.1. It is required that the system state trajectory, X,
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Reference model (Eq. 3.2)

Desired state dynamics, dX,,

dx = '-IJdt(tr th)dt
State model of plant (Eq. 3.3)
—_ _ Actual state dynamics, dX, d
dX=U(t, Xg)dt + K, (X4, — X,)dt + G,dB,
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df.
Observer model (Eq. 3.4) @7

dX.=y(t, X,)dt + L,(dZ, — HX,)dt -
dX,
Measurement model (Eq. 3.5)
dZ,_: HXtdt n Juth ‘Etimated state dynamics, dX, J
€

de, = (dX, —d &)
Differential of estimation error|

v
dfy = (dXgq — dXp)
Differential of observer-based
tracking error

dk; = dX; — dXae
Differential of tracking error

Figure 3.2: Dynamics of Errors Involved in Sytem

should follow the desired state trajectory i.e. Xg¢. The non-random desired state
follows the same dynamic as the original state SDE except that neither process
noise nor feedback is present in this deterministic dynamics. The situation in
which the desired state dynamics is the same as the noiselesss state dynamics can

be represented as:
dth - ’l,b(t, th)dt (32)

The closed loop system state, X; combines joint angular position and velocity

. q
and is given by X; = '
qi
The state observer estimates the states denoted by the vector X; and is defined
=  |a
as, X; = At
q:

For optimal design of observer as well as state feedback controller (based
on observer state), three types of error are considered: ey, f; and k;. The
dynamics of these errors are obtained from the desired state dynamics, observer
dynamics, and actual state dynamics. The error dynamics is shown in Fig. 3.2
and utilized in the succeeding sections for the design of state observer based

control. In this system, the errors which are based on the observed state, )/(\t:
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the state estimation error, e; = Xy — )/(\t and the state trajectory tracking error,
Jo = Xat — )/(\t

It is shown that the position measurements, q; are taken by sensor and the state
observer estimates the state )/(\t = [q: at]T using EKF. These estimated states
are compared with the desired states of the predefined time-varying trajectory,

X\dt = [Qas adt]T to get the error signal, f; as shown in Fig. 3.1.

The closed-loop dynamics of the system when the the state observer is

coupled to PD controller can be extended as

dX, = p(t, X;)dt + K,( X4 — X;)dt + G(q;)dB,

G _ (3.3)
. and G(qt) =
F(ta qi, qt) G(qt)

where, ¥ (t, X;) =

The general state dynamic equations of a nonlinear dynamical stochastic system
are shown in equation(3.1) when the torque has a white Gaussian noise component
without feedback. With feedback, equation (3.3) presents state dynamics of the
system which has considered the estimated state for the controller design. The
ability of an observer to estimate the state variables encourages its applications

in the domain of control and monitoring of dynamical systems.

3.3 Estimation of state using EKF':
State-observer

In the last section, it is clear that the admissible controls are now the functions
of the estimate )/(\t and not the measured state X;. In this section, estimation
process of the state vector of a stochastic system by EKF, using the noise-
corrupted position measurements, Z(t) is discussed. The filtering algorithm,
also called as state observer has used a driving force function same as that of
the original state variable system without noise but with a feedback given by
a linear transform ‘L;’ of the output error between the original state variable
system and the recommended output using the observer state (extended state).

To implement the filtering algorithm, the nonlinear model of EKF based state

45



Process noise

'

Plant hit X,)

Measurement noise

Controlled variable,t

State variables, X,
|__Stateobserver __________________________ ——
r Observer gain 1
1 Estimation error. e, + :
1 L, e I - |
| Updating of estimation - :
] s 1
I » — X Jr > — I
[ Y(t. X,) h(t,X,) :
1 1
1 I
1 1
1 1
1 1
|
I v :
: Estimated state, X, I
1

Figure 3.3: Block Diagram: State Estimation using EKF

observer is employed in which evolution of the state w.r.t. time is captured by
equation (3.4). The observer is based on the measurement equation which is a

noisy version of a function of the state expressed as in equation (3.5).

dX, = ¥ (t, X,) + L.(dZ, — h(t, X,)dt) (3.4)

where, )/C is the vector of state estimate, 1 (¢, )/(\t) denotes n-dimensional vector
of nonlinear function and L; denotes output error feedback gain for the state
observer. Also, h(t, X;) is m-dimensional vector and V; denotes measurement
noise respectively.

From Fig. 3.3, it is shown that EKF uses the nonlinear plant update and
measurement function to compute a prediction error, which is then multiplied
by the Kalman gain matrix, L; derived from the linearized system and added to

the state estimate.
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3.3.1 Extended Kalman Filter

EKF is a nonlinear version of the Kalman filter as the estimation of states for a
nonlinear dynamics is done by adapting the procedure of Kalman filter used for
the linear system. It requires linearization of nonlinear dynamics of the system
around the current estimated state. Further, the propagation of state vector and
the covariance matrix is carried out differently due to nonlinearity present in the

system.

3.3.2 Recursive computation of estimation of state, )/(\t

and covariance, P,

The stochastic interpretation of the distribution of the actual state X (t) is
Gaussian with mean X (t) and covariance P; and EKF based state observer is
used to compute both of them. EKF carry out computations of both )/(\t and P,
recursively as the time evolves in real-time as shown in Fig. 3.4. It is not possible
to do recursive computation only for X\t without considering P;. Also, )/(\t, P,
and dZ; are required for the computation of )/(\tert and Py gy

It should be noted that we have considered only the measurements of the angular
position vector, q; and estimated the state i.e. gz and at. Further, the observer
gain, L; has been designed in accordance with the standard EKF algorithm i.e.
L, = 0,2PH} is a special case of EKF which ensures suboptimality of the
observer.

EKF Ricatti equation for observer error covariance matrix is represented as:

.
dP d | Py Py
Prw— P, = S =2 qq 1qq
Pyq Pyq
~~T

v'P+ PyT — L,HP + GG

—~ ~ 2T
=y/'P+ Py"T —0,?PH"HP + GG (3.6)
~ 0 0
where G = =
G O-wM_l(qt)
and H = [I2 . 02} for X; = @
s
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Figure 3.4: Recursive Computation of State Estimate and Covariance in EKF.

stap=v—| I
F(taqtaqt)

q
M(q:) (7 (t) — N(at, Ge))

7 |29(t:3,9)|94(t:4,d)
9q oq
o 1
v'=|of of
| 0q 9Oq Y,

(3.7)

Thus, the state dynamics of state observer from equation (3.4) can be written in

the form as as

d |a q .
a = ! + Lt(zt — qt) S R*x2

at M~ (qy) (T — N((Yt,at))

Kalman observer gain for EKF:

L,=o0,?PHf
ie. Ly = o2 Fag Fag Ta
. . t _— v

Piq Pyg| | Oz
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Model
Xy = p(X(0),1) + 6(qr)w(t); w(t) ~ N(0,1)
Z; = h(t,X.) + v(t); v(t) ~ N(0,1)
(Eq. 3.2)

Initialize l

)?(fn) = J?%
Py = E{ann }

v
Gain, L, = g, 2PHT

Prediction and Update

X = 9R®,0) + L[dZ — h(X)]
P=y P+ Py’ T+ L,PH+GGT
o _ Y

V' =ax

(Eq.3.4-3.6)

X(t)

l

f(fj-Pt

Figure 3.5: Estimation Process by EKF
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d ~ ~ I
“Pp=9'P+PpT 0o 2P| | PT
(3.10)
_ qu qu qu qu _ quq ququ
qu qu' 0 0 ququ ququ

The Ricatti equation (3.10) for updating covariance is solved on-line as it depends
upon the estimated state, X.

In this chapter, state observer has estimated the states and a unified approach
of filtering and control is developed to tackle the measurement noise along with
reducing the cost and dimension of the sensor.

In section 3.4, the control law considers two types of error, namely the observer
based tracking error, f; and the observer estimation error, e; to update the
feedback coefficient matrix, K; on a real-time basis. The proposed real-time
stochastic approach computes the observer gain, L; by EKF and updates the
controller gain matrix, f{/t continuously based on minimization of the tracking
error energy increment that is computed using standard [td's formulae for the
Brownian motion. The minimization of the mean square tracking error is subjected

to an energy constraint on the feedback matrix coefficient, K;. Such a constraint

automatically guarantee the lesser energy, in implementing feedback.

3.4 Design of state-observer-based controller

In this section, implementation of a general algorithm for combining filtering and
control of a noisy nonlinear state variable system with output measurements is
investigated. The optimal PD controller with the controller input is designed
based on the error between ”the state-observer and the desired state.” The possible
uncertainty in the driving force parameter is assumed to obtain robust bounds.
Further, feedback forcing term is incorporated into the original system by giving
a linear transformation gain, K; of the error between the desired trajectory, Xg;
and the observed trajectory, )/(\t The dynamics of the closed-loop system when

the state- observer is coupled to the feedback PD controller (refer Fig.3.1) can be
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Application of
Ito's Formula

Energy weighing matrix

Maximizing
partial
derivative of 5
w.rt K A, A
(Eq. 3.27)

(Eq. 3.20)
X ——»@4‘ dXx,

dk,

Conditional expectance value o
the differential of

Error energy, d[k.kT|X.] Depends upon
(Eq. 3.23) instantaneous K,
(Adaptive)
v
Optimal Constraint Control law: £= X — X

Minimize Tr(K,fxT)
Subject to constraint to the
structure TK, = 0 and energy
Er=Tr(R:Q.K,)
(Eq. 3.24)

N

Dbje;tive function:
S(R.. 2. 4) = Tr(BL£fTR,) -

. tislier

TriaTR.) = aTr(R.Q.K.) - (::Iugau?x?;np -
E, =0 (Eq.3.26)

L J

1
Optimal controller gain, K, = i(ﬁ'@flﬁ]f

GF P Q7 ¥ )2 QW AfT) Q!
(Eq. 3.30)

Figure 3.6: Process of Controller Design
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extended as:

a:
q: R 0
d = . qadt q: dt + dB,; (3.11)
dt F(ta qi, qt) ‘|‘ Kt( . - ~ ) G(qt)
dat q:

where feedback controller matrix gain is K; = K (qy, at) € R?*2,

K(P) 0
The special case of a diagonal block structure, K; = ¢ @ | reduces the
0 K,

decoupling of the position and velocity error feedback components.
It is clear from equation (3.11) that the controller gain matrix has a special block

structure.

Let ﬁt =
K,
Thus special structure of the controller gain leads to the constraint block on f{/t

characterized by
TK, = 0; where T = [I,]|0,] < R?** (3.12)

Initially, it was not assumed that controller gain Kt has the block structure

ﬁt = . Thus, we optimize the error energy over all K. However, once
K

we assume that Et has the above block structure, then we can still optimize over
all K provided that we incorporates the constraints given in equation (3.12) using
Lagrange multiplier.

The state tracking error SDE dynamic is obtained using the SDE’s for the system
state and the EKF observer for the estimated state.

In this system, two kinds of errors are taken into account:

The state estimation error, e; = X; — )/(\t and the state trajectory tracking error,
fi=Xa— )/Et, which are based on the observed state, )?t Also, state estimation
error covariance matrix is denoted by E(ezel).

The dynamics of estimation error is represented by:
de; = dX, — dX,
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From equations (3.3), (3.4) and (3.5), we get:

de; = Y (t, X;)dt + K, fidt + GdB; — (¢, X;)dt -
— L;[h(t, X;)dt + o,dV; — h(t, X;)dt] '

It is intended for the controller to work around an operating point for the
minimum deviation. Hence, the approximate linearization of the aforementioned
nonlinear error equation is done around )/(\t
Linearization of a function y = f(z) around a point ’a’ is
y ~ f(a)+ f'(a)(z—a)+higher order terms. As in this case, a = X, and f(z) = de;

3\

F(X)) =y (t, X,)dt + Ko fudi+
ChdB, — y(t, X))t — Lfh(t, X)dt — h(t, X,)dt + odVi]
~ Ko fudt + GydBy — oy LydV
(X)) ~ %wt(t, X,)dt + K, fydt + GdBy — i(t, X,)dt — Ly[h(t, X,)dt
— h(t, X,)dt + 0,dVi] 3,

~ (¢, Xy)dt — Ly[h(t, X;)dt

So, truncated linearization of de; around )?t:

de; = F(X3) + F/(Xe)(Xe — Xo) = f(Xo) + F'(Xo)er  (3.14)

From the above derivation, equation (3.14 ) is approximated as:

de, = [(¢', — L H,)e; + K. f;]dt + GdB; — o, L.dV,
Where, 9, = ¥,(t, X;), H; = h'(t, X;) , Gy = Gi(qr) and Gy = G4(&)
(3.15)

Although the approximate error is not directly considered, it can be evaluated by

looking at term like E(¢(X})) — (W(EX,)) = %@z)” (EXH)E(X, —EX;)? + O(]X; —

1 " 1"
EX,|)? ~ =9 (EX;)P; and evaluating sup, |¢)" | and || for bounding the error.
2 3

Here E stands for conditional expectation w.r.t. Xj.
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For any observable &; , é; means E (& |Z, Vs < t) i.e. the conditional mean of

& at any time t, given all the measurements, Z, up to time t. It should be noted
v a¢t (ta Xt)

that ¥ (t, X;) = T‘Xt

Likewise A/(t, X,) is the Jacobian matix of the map X — h(t, X).

is the Jacobian matix of the map X - w(t,)?).

The total energy of a signal is equal to the sum of the eigen values of the covaiance
matrix of the signal and the sum of the eigen values is nothing but the trace of
the matrix. Thus, the aim is to find the trace of the covariance matrix of the
error signal and minimizing it. The differential of covariance matrix is computed
around X, denoted as E(d(ete;‘r)D/(i).

Using Ito's calculus rule for SDE, the observer conditional error energy can be

computed as: d(e;el) = de;.ef + e;.del + de;.del’.

E(d(eel)|X;) = (¥, — L Hy)E(d(ecel)| X,) T dt + E(d(esel)| X,)T () — L. H,)dt
+ K, fiE((e]) | Xy)dt + E((e])| Xe) £ KT dt

~ ~T

+ (GYG, + o2L,LT)dt
(3.16)
Substitute:

He= E(etIXt)A (3.17)
P, = E(eel | X;)
where, p; is the conditional expectation of tracking error given observer state
estimation at time t and P is conditional error covariance matrix.
Thus, equation (3.16) is presented as:
Eld(ece])|Xy] =(, — L H,)Pidt + P,(¢, — L Hr)"dt + K, fop.dt

~ AT

+ e fTKTdt + (GG, + o2L,LT)dt?
(3.18)

In the aforementioned equation, only terms having f{/t is controllable so, it is clear
that in order to minimize E[d(eel) | )A(t], minimize the following expression to
avoid overshooting provided we are interested only in designing optimal observer,
i.e.
Minimize T'r (IA{/tftu;‘r) = ,u,fIN{tft
subject to constraint to the T Ky = 0 and energy constraint, E, = T’r(ﬁtQtEtT )
(3.19)
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Where, @, is feedback coefficient energy weighing matrix.
It is noted that the constraints given in the above equation corresponds to the
fact that in the stochastic differential equation (3.11) of system for d X}, feedback

control has been applied only to the lower variable and nothing to the upper

variable so that the feedback control has the special form and this is

—~

K

0
accounted by the constraints [I5 : 0] =0

—~

t

It is to be noted that state tracking error, k¢, is defined as:
kt = Xt - th = € — ,ft (320)

For optimal tracker, k; must be made small and to meet the objective of having
good tracking, we need to minimize TrEd((kqk] )|)/Et), i.e. the conditional
average tracking energy increments.

The approximate linearization of the nonlinear error equation is done around )/(\t
so that controller can work with minimum deviation. Hence, the rate of increase

of tracking error is approximated as the following:
dk;, ~dX; —dXg4
= (P(t, X;) — P(t, Xap))dt + Ky(Xar — X)dt + GydB, ¢ (3.21)

~ [¢'(t, )/(\t)kt + R:t(th - )/(\t)]dt + étdBt

The conditional expectance value of the differential of tracking error energy is
given as: E[d(kk] )|)/Et] It depends only on the instantaneous value of the
K; and hence, it is easy to minimize. The expectance value of the total error
energy is E(kikl) = Eng[d(ktkf)|)z]dt depends on all the past values of
feedback coefficients, K,,s < t and hence can’t be carried out adaptively. Just
as the least mean square (LMS) algorithm overcomes past values in comparison
of recursive least-squares (RLS), the proposed algorithm overcomes past values
making it adaptively implementable. The performance may not be as good as
the optimal methods of minimizing E(k:k]) but like the suboptimal LMS or
Widrow algorithm, its performance is good enough and has lesser computational

complexity.
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Using [td's calculus rule in equation (3.21), the differential of tracking error energy

is expressed as:

- — —~ o~ \
d(kkl) ={[¢'(t, X )kt + Ki(Xas — X¢)]dt + Gd B, } kT

{0 (0 Xl + KX = Kt + GuaByT
+{[3'(t, Xo) ke + Ko(Xae — Xo)]dt + God By}

{[W' (t, X)) ke + Ky (Xae — X,)]dt + G dB,}T

The conditional expectation value of the differential of tracking error energy
is obtained after simplifying the aforementioned expression by the use of [td's

formulae as: .

E(dB;) = 0;
E(e:ft) = 0;
(dB;.dBf) =1

~ AT

= 2T ~
E(G.dB;G, dBI) = G,G,

Thus, the resulting expression is approximated as:

— ~ e — —T
Eld(k:k; )| X:] = ¢; E(keky | X0)dt + E(k.kf | X,) ¢, dt
W, (X — X)TKEdE? — Ky(Xar — X)L 9, dt?
— — o~ o~ =~ 2T
+ Ki( X — Xp) (X — Xo)TKdt? + GG, dt
(3.23)

Consider, v; = —E[kt|)/(\t] ~ Xag — )/(\t = f; and E(Xt|)/(\t) = )/(\t

Minimizing the trace of the tracking-error-conditional-energy- increment
thus amounts to
maximizing Tr () (Xa: — X¢)(Xas — X)) TK) = Tr (v, fi fF KT)

subject to TK; =0 and E, = Tr(K,Q.K[)
(3.24)

where, Q; denotes feedback coefficient energy weighing matrix and E; refers to
energy constraint.

Note that the quadratic in K; term Tr(ﬁtT(th — )/(\t)(th — )/(\t)TKt) is
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taken care of by absorbing it into the constraints on FE;. It is evident from
expression (3.23) that the term in Tr[E(d(kk!)|X,)] containing K; (which is the

only adjustable coefficient) is given by:
—~ o~ T~ —~ —
— ZTT{'lp;Vt(th — Xt) KT} = —2TT{’(/)£VtVtTKT} (325)

The formation of objective function, S, taking into account the constraints using

Lagrange multiplier is presented as:

S(Kyy M A) =Tr(@, i fTKF) — ATr(TK,) — M(Tr(K,Q.KF) — E,)
(3.26)

The focus is on maximizing the objective function stated in equation (3.26), where
the block structure of the controller along with the energy constraint on controller
gain has been accounted for using Lagrange multiplier.

Standard matrix variational calculus is used for obtaining the optimum controller
gain matrix. Lagrange multiplier is used to incorporate the constraint in the
objective function. The calculations shown in (3.27) is carried out for the partial
derivative of S with respect to the Lagrange multiplier involving A, A and the PD
controller K , and equating to zero.

The results are shown in the following calculations as

A € R?*2 (3.27a)
AS=0 — TK,=0 (3.27b)
6xS = 0= Tr(K,Q.K!) = E, (3.27¢)

Optimal selection of controller gain is presented as:
07,8 = 0= ¢ fiff — TTAT — 20K,Q, = 0 (3.27d)
— 1 ~
Thus K, = ﬁ(@b; Frff —TTAT)Q; (3.27e)

It is to be noted that, A imposes constraints on block structure of PD gain as
shown in (3.27b) , A imposes error energy constraints on PD controller as shown
in (3.27¢). Combination of the results of block structure constraint (3.27b) and

optimal selection of PD controller (3.27¢) gives the following:
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T($iff7) — TTTAT =0
= AT = (TT")'T (£ )
So, AT = T(Pyf.f7)
Note that T = [I5: 0] = TTT = I

(3.27f)

The following expressions represent the procedure of determination of the
Lagrange multiplier for PD energy constraint from prescribed energy after

substituting (3.27¢) into (3.27¢) as:

1 - -
Tr{( fef! — T"AT)Q; (Wi fef) — TTAT)"} (3.28)

E, = —
T ANz

Further solving and rearranging the above equation, we get :

ANE, = (fI0T 9 f) (FE Q7 ) — 2T { £ fT Q7 fo fF T TT T}
+ Tr(TTTd,” .7 Q7" o ff ¢, T™T)

1
7T = | is a projection.
0 0
1 0 0 :
0 A= o Top T b 3.29
2\/E (-ft t ft) t ¥t 0 , ¢tft ( )

Substituting AT and X from (3.27f) and (3.29) in (3.27¢), the final form of controller
gain, }N(t for the given energy is presented as:

— 1 -~ ~ _

Ky = sy (Wfufl = T TY QY

1

== G (3.30)

— VE(FIQr £) 2 (T, QU £,) 2 Q. D) Q7

The terms involved in equation (3.30) are represented in the form given as:

[ qa(t) — (1)
fi = -
_qd(t) —q(t)
Q= Oz O c RAX4
_02 I,

Q:=1, € R4*4
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The primary feature of results obtained as shown in equation(3.30) is that the
order of magnitude of the controller gain f{; is unity i.e. it is independent of the

tracking error energy since

(F1Q )= = O(lIfll™)

(FI9, Q¥ )% = O(lIfll) ™

b fofl = O(1£]1%)
Thus, our controller gain order of magnitude is likely to converge to a constant
value irrespective of the initial errors.

The dynamics of the system with feedback for tracking as given in equation (3.3)

is an [to’s SDE and wriiten as

i q: i N 0 (dBt) — |qat — q
dt gt M(q:) " (7(t) — N(qt,q:) M~ (q)

To implement the feedback controller, an estimate of system state, 5(; is required
which is obtainted using state observer and shown in the previous section. The

form of computed torque control (refer section 2.1) is represented as:
T =M(q)(Ga + Ka(ga — 4) + Kp(qa — q)) + N(q,9) (3.32)

Where, K,, and K, are positive definite gain matrices.

In the design process of state observer based controller, the observer gain,
L; has been considered in accordance with the standard EKF algorithm.
Although it could be designed by minimizing an appropriate weighted linear
combination of the conditional tracking error energy and observer error energy.
More accurate controllers and observers can be designed using Bellman’s dynamic
programming approach based on minimizing the expected value of the integral of
a linear combination of the tracking error energy and the observer error energy
over a time duration [0, 7.

The next chapter provides experience and insights into applying the theory of

controller design to the realistic, practical problem of tracking control of a robot.
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3.5 Conclusion

In this chapter, a stochastic model of the nonlinear dynamical system has been
developed. The tracking control problem of the stochastic system has been
resolved with state observer based control. This has resulted in an estimation of
state from noisy position measurements. The optimal controller has been designed
and tuned online considering the energy constraint. The adaptive feature of the
control algorithm determines the gains automatically according to the current
dynamics of the system. The proposed controller converges to constant value
indicates the less complexity while employing in a practical system. The benefit
of the proposed control method is that this applies to all kinds of state observer
not necessarily EKF. Further, the general form of linear state feedback control
technique provides a solution of tracking problems of the practical nonlinear
dynamical system in the presence of noise.

The joint error dynamics of estimation error, e;, and tracking error, k; derived
in this chapter is further utilized to analyze the effect of fluctuation in state
tracking and state observer error energies due to parametric uncertainties and
PD controller fluctuations. In short, analysis of sensitivity and robustness of the
controller and observer is carried out in chapter 6. The theory investigated in this
chapter derives the tools for the effective design of state estimation and stochastic
control. The operational implementation of a state-observer-based controller to an
n-link robot for tracking the desired trajectory is investigated in the next chapter

systematically.
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Chapter 4

Real-time  Implementation  of
State-Observer-Based Controller
to Robot

4.1 Introduction

In chapter 3, a stochastic optimal controller for the tracking control of a nonlinear
dynamical system has been designed. This chapter presents a hardware platform
for the validation of proposed state-observer based control on a robot in real-time.
Real-time implementation refers to data processing, execution of the command
derived from a software program and implementation on hardware within a given
interval. The system is first simulated using the model of a robot, and then,
the applicability of the control algorithm is verified on the experimental set up
of Phantom Omni™ Bundle robot available in Industrial Automation laboratory,

MPAE Department, NSUT (formerly NSIT), Delhi.

4.2 Mathematical model of robot

Mathematical model is the representation of physical system into the differential
equations that provides essential premise for efficient controller designing followed
by the simulations of the proposed control system. Here, the model of
Phantom Omni™ Bundle robot is presented to describe the relationship between
force and motion in joint space. It consists of six joints of which three are

computer-controlled revolute joints energizes by DC motors. Other three joints
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are hand-actuated passive joints. Each joint has an optical encoder for position
measurement.

The Lagrange model of n-dof robot is presented as:

M(q:)G+ N(qe,qr) = 7 (4.1)

Where, M(q) is the moment of inertia n x n matrix ; N(q, G;) represents n x 1
coriolis-centrifugal-gravitational-frictional component of the torque and 7 is the
n X 1 matrix of input control torque.

The forward kinematics using Denavit-Hartenberg (D-H) of Phantom Omni is
given in Table 4.1.

The values of the physical parameters shown in Table 4.2 [178] are substituted
for developing the dynamical model as represented by equation (4.1). The model
considers only actuated joint 1 and joint 3 of the robot by locking actuated joint
2 at 0°. The joint 2 is locked by providing it a steady trajectory. The Simulink

model is developed for Omni robot, the terms in equation(4.1) has the following

forms:
My M3,
M(q) = (4.2)
M3, Mss
Also,
) T
N(g,d) = [Ny Ny (4.3)

The inertia matrix of the robot, assuming gz = 0, is

M(q) - (a1 + a2Cs 3 + a3S2 3 + a4Cs + a5S3) 0 (4.4)

0 (8 773

and N(gq,q) = [Nl N3]T (4.5)

Table 4.1: D-H Parameters of Phantom Omni*™Robot

Joint q(rad) Joint-Distance Link-length Twist, a(rad)
d(m) a (rad)
¢ 0 0 —7/2
P 0 Ly 0
g3 — /2 0 L, 0
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Table 4.2: Parameters of Phantom OmniT™Robot

Parameter Value of ¢;

o7 6.11 x 107> +£0.9 x 1073
Qo —2.89 x 1072 £0.43 x 1073
s —424 x 1072 £1.01 x 1073
oy 3.01 x 1072 £0.52 x 1073
Qs 2.05 x 1072+ 0.15 x 1073
Qg 1.92 x 1073 4+ 0.23 x 1073
Qv 1.60 x 1071 £0.05 x 107!
as —8.32x 1073 £2.78 x 1073

where,

N; = —2a2(jl(138(2q3) + 204341@30(2(13) + 0441430((13) - asqlqss((k)

(4.6)
. . 1
N3 = 20:2G7C(g3)S(q3) — 343 C(2q3) — §Q4QfC(Q3)+ (47)
4.7
1
5065(1%S(CI3) + a7S(qs) + asC(qs)
Also, C; = cos(q;),
S’i = sin (qz)7
(4.8)
C,,; = cos (2q;),
So,; = sin (2q;)
Jacobian of the robot, when ¢y = 0 is as below:
Il + 138 0
J— 2 3 (Q3) (49)

0 125(%)

In the above equation, l; and 1z denotes length of first link and third link

respectively and is equal to 135 mm.
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Figure 4.1: Experimental Set up of Phantom Omni™Robot.

4.3 Implementation of state-observer-based
controller

The objective of this work is to implement the proposed observer-based feedback
control system on a real device. Phantom Omni™Bundle robot is used with
control software, QUARC® of “Quanser”. QUARC provides useful tools capable
of developing a Simulink model for real-time applications of the designed controller
to the real system. So, without any digital signal processing or coding, the
real-time code of Simulink-designed controllers can be run online directly on the
Windows- target. Also, the parameters can be tuned for the running Simulink
model with the facility to display the various signals and stream data to the
workspace for further applications.

The following blocks are used from the Quarc library for the Simulink model and
implementation of the proposed controller on the Phantom robot:

Phantom Block: This software solution includes a Phantom Omni block set for
MATLAB'’s Simulink environment to control the Phantom haptic devices. After
getting the successful simulation of the system, the dynamic forward block of a
robot is replaced by Phantom block (shown in Fig. 4.3) of Quansar. In the block

parameter dialog box, “Default device” is selected while using the Phantom Omni
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Joint 2

Joint 3

Three Actuated revolute joints Zero configuration position

Figure 4.2: Phantom Omni™Robot

Bundle robot so that SenSables Phantom Test program can recognize the device.
The output type of this block is “Encoder values” of the joint sensors. As the
controller is designed to control the joint angles of a robot, input type is selected
as “Joint space”. Remaining parameters of the block are set to the default value
as set by Quansar.

Smooth Signal Generator: This block is used for providing a continuous or
discrete waveform with tunable amplitude and frequency online.

In the present Simulink model, it is used to provide a reference trajectory for each
joint and the sample time is set to be Hz.

Sampling Time Block: This block outputs the time between samples, measured
using an independent high-resolution time resource. During the experiment,
the default command set for the sampling time of Phantom Omni ™Bundle
device is “qc-get-stepsize” which automatically synchronizes the device to the
workstation. The sampling time is generated automatically by the device and is
equal to the refresh rate.

Bias removal: It calculates the initial position of joint of robot setting sampling
time and stop time for the initial position to ”qc-get-stepsize”.

Second order low pass filter: This block is used to get the velocity signal from
position signal to get velocity and to remove high-frequency noise.

Initially, Geomagic Touch software is used to pair the Phantom Omni device
using LAN cable, i.e. interface IEEE-1394 FireWire (6-pin to 6-pin) port for
communication. After pairing the device with the computer system, it is calibrated
to remove any encoder error using Sensable phantom test. The calibration button
is pressed so that the joints of a robot are physically arranged at zero configuration

position as shown in Fig. 4.2. The C/C** coding capability of Microsoft Visual
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Figure 4.3: Phantom Block of Quansar

Table 4.3: Joint Parameters of Phantom Omni™ Robot

Joint Position (rad) M (K gm?) N(Nms/rad)
Joint 1 (g = —7/4, g5 = 7) 0.0031 0.0089
Joint 2 (¢ = 0,q3 = 7) 0.0022 0.0170
Joint 3 (¢2 = 0,q3 = —7/4) 0.0009 0.0058

basic tool or Microsoft redistributable has been used for building and compiling
the code and loading it to hardware interface. After build and run command,
the results of the experiments on the developed system are displayed on the
scope of the Simulink. It is equipped with Open-Haptics toolkit that enables
implementation and testing of the designed programming environment developed
over MATLAB Simulink of controllers on the PHANToM devices easily. There is
a facility to read each joint position (in radians) on the scope. Each joint is given
control torque which in turn is the voltage to get the desired position which keeps
on changing with time. Other three joints are hand actuated passive joints.

In the succeeding section, experiments are conducting to show the efficacy of the
state observer design method and state observer- based control of a robot with
stochastic noise, proposed in Chapter 3. The instruction workbook of the robot
[179] used in this present study is provided by the manufacturer for conducting
experiments, but some points are discussed while implementing the proposed

controller on this robot.
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4.4 Implementation of proposed controller

After the successful functioning of the Simulink model of a complete system, the
model of the robot is replaced by ”Phantom” block available in the toolbox of
QUARC library so that controller can be implemented to a real device. The main
difference between the available method of tracking control as given in the manual

supplied by the manufacturer [179] and the proposed method are as follows:

(i) The velocity signal is obtained after feeding the position signal to
second order low pass filter(refer Fig.4.4) which is supposed to reject the
high-frequency noise after differentiation. Whereas in the present work,

velocity is estimated using EKF state observer.

(ii) The available PID control block has Saturation blocks to limit the unsafe
values for the proportional gains. However, no description is given about
it. In the present work, Lagrange multiplier is used to constrain the error

energy of controller to serve the same purpose.

(iii) Further, the maximum velocity of the device should not exceed by 20 rad/sec
mentioned in the manual. Keeping this in mind the reference trajectory is

designed.

(iv) The reference trajectory is chosen keeping in mind the maximum torque

which the joints can bear as specified in the manual.

(v) In the available lab manual of this robot, K, and K, is computed for a
fixed joint angle, friction force and mass of inertia (refer to Table 4.3).
The value of proportional gain for Joint 1 is kept K, = 1.79Nm/rad
and K; = 0.03Nms/rad and for Joint 3 is K, = 0.6Nm/rad and K, =
0.001 Nms/rad that are fixed in the manual which we have to make varying or
adaptive. However, in time-varying desired trajectory, values of parameters
are changing w.r.t. joint angles so, the objective of work is to design an

adaptive controller K, and K, according to the time-varying trajectory.

(vi) As the joint has a bias so in the desired trajectory of joint 3, 7 is added, joint

2 is kept fixed by providing step signal of 1.2 as it has the bias of 57 /12.

67



FID Control

Second-Crder
Low-Pass Filter

ya

=zlocity
Differentiation and Second
Order Low Pass Filter

Figure 4.4: Controller Block

Fig. 4.2 shows the Joint 1, Joint 2 and Joint 3 of the Phantom robot and the
zero configuration position means the Joint 1 and Joint 2 are set at 0 radian and
Joint 3 at 7 radian respectively. The fixed sampling time in simulations (A) is
replaced by variable sampling time of processor (taken from Quarc library block)
to synchronize the program to get the accurate results. The variable sampling

time is dependent upon the computational size of each loop/iteration.

4.5 EKF implementation
The system state vector (X)) is as below:

X=[q, gs ¢, gs]” (4.10)

Thus, the system model in state space form can be represented as:

Xz[dl? (j?n (.]'1’ (.1.3 ]T
= ¢(t7 X) + G(Q)W

(4.11)
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a1 0
X = + (4.12)

gs 0
[M(@)]"'(=N(4@)+7)| |G(a)]

-
Where, T is the torque vector of joint 1 and joint 3 i.e. T = ' and also,
T2
G(q1)
G(q) =
G(q2)

To proceed with the experimental verification of the proposed control algorithm
on hardware, first of all, modeling of the Phantom robot is done in Simulink.
The information about the dynamics of this robot is inferred from the available
literature [178] and illustrated in section 4.2.

The Simulink block of EKF observer is also developed using the model of the
robot and including process and measurement noise. Simulations testing is done
to ensure the proper estimations of states using position signal in the presence of
reasonable noises (assuming Gaussian White noise) as shown in Fig.4.3.

By defining the state vector
X = [(/1\17 637 q.laq.s]T (413)

From equations (3.6) and (3.8), extended non-linear state observer is represented

as:

X = y(t, X) + PH 03 2(% — §)

o L (4.14)
P=y'P+ Py +goig" — PH"0,?HP
3\
cov.(w) 0
g, =
0 cov.(w)
P, P,
P— aq 9.9 (4_15)
Py Py
N N 0
=g9(@=|
G(q) )
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Xt =|; (Eq. 4.10-4.18)
q1 { — Estimated Position
a3 q - Estimated Velocity

Figure 4.5: EKF Implementation

Oy, O, P and g are defined above and for the present measurement linear system

2=HX + 0,dV; = [q1,q3]"

1000 (4.16)
0100

Here, H =

[0Yy OYy Oy O]
0 0 dq, 04,
Oy Oy Oy Oy
o _ 8'(7b _ aa\l a/q\3 a/q\l 8Q3

V=== o, Obs 0y O (4.17)
o 0@ 8q, Oy
0Py Oy Ohy Oy
O 0gs 851 Iqs |

02><2 I2><2
=|oF OF (4.18)
99  oq

In Simulink block of EKF, Fourth-order Rung Kutta method is used to perform
the algorithm. The estimated values of one iteration are stored in the memory for
the further use of the next iteration for time value updation with the help of a

fast processor.
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4.6 Computed torque ontrol

The implementation of a state observer based computed torque control (CTC)
for the n-link robot has been done in this section. CTC provides linear feedback
to the non-linear robotic system as discussed in section 2.2. For a given current
position and velocity, CTC cancels out the nonlinearities and provides exactly the

torque required to overcome the inertia of the actuator.

T = M(q)ds+ N(qa,4a) (4.19)

Also, M (gq;) is the moment of inertia matrix and N (g, ¢;) represents the
coriolis-centrifugal-gravitational-frictional component of the torque.

Substitution of control law results:

M (q)da = M(q)q (4.20)

The property of inertia matrix implies that M (q) is positive definite in gzVg.
State feedback is added to inertial acceleration to get the corrected acceleration
to get the tracking property. Thus, to get the linear form of (4.19), the form of

control law is :

T = M(q)(ds + Kpe + Kqé) + N(qa, 4a) (4.21)

The term with inertia matrix is termed as feedback component and rest
is feedforward component of control. Inverse dynamic block computes the
feedforward component while the computation of feedback component is done
according to the actual trajectory. Thus, the computation of control torque signal

is done at each sample period in real time.

4.7 Results and comparison

In this section, the performance of the proposed method is analyzed by conducting

Test A, and Test B. Tests are performed by applying:

(i) Test signal-I: Signal with white Gaussian measurement noise of covariance

1077
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(ii) Test signal-II: Signal with white Gaussian measurement noise of covariance

1075,

The results of both tests carried on joint 1 and joint3 have been illustrated in
Fig.4.6 to Fig.4.13 for jointl and joint3. The performance is analyzed regarding

desired, estimated and actual trajectory tracking for the proposed approach.

The following observations have been recorded:

e From Fig.4.6 to Fig.4.13, it is observed that there will be spikes in the initial
process of results as seen in the zoomed section (a) but later on responses
settle down and converge and can be seen in the zoomed section (b) of every

figure.

e The experimental results as shown in Fig.4.6 to Fig.4.13 for desired
trajectory (qq), actual trajectory and estimated trajectory (q) for joint 1 and

joint 3 respectively validate the good performance of the proposed technique.

e Fig.4.14 and Fig.4.17 indicates the position tracking error and velocity
tracking error of joint 1 and joint3 with noises having covariance 10~7 and

107° respectively in the system.

o Fig.4.6-Fig.4.7 show position and Fig.4.10-Fig.4.11 show velocity tracking
of joint 1. What is surprising that although there are small ripples in the
position estimate ¢, there are no large ripples in E If we had used derivative
of estimated postion i.e. c?in place of estimated velocity, a, we would have
got sharp spikes. Thus, the EKF overcomes the velocity tracking problem

successfully.

e Every joint has specific limits of motion. This can be seen in Fig.4.9(b).
During the initial process of estimation, joint 3 rotates to its lower limit and
thus encounters saturation. Also, joint 2 is made fixed to 1.2 radians and

the motion of joint 3 depends upon joint 2.

e Joint 1 has a lesser error magnitude than joint 3 (refer Fig.4.14-Fig.4.17).
This could be explained by the fact that the errors propagate from joint1 to
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Table 4.4: Experiment Results: Position Tracking RMS Error (x1073)

Work [117] [100] Proposed Test A | Proposed Test B
Noise | Not Consider | Not Consider cov. (1077) cov. (1079)
Joint-1 11.9 9.98 6.09 8.34
Joint-3 76.9 33.1 13.09 15.76

joint 3. Specifically, if the position of joint 1 is ry and the position of joint3 is
(r1 +13), then the respective error variances are E[||drq||?] and E[||dry||?] +

E[||drs||?, assuming dr; and drz are uncorrelated i.e. E(drfdrs) = 0.

The comparison of performance of proposed method and techniques employed
by [100] and [117] is shown in Table 4.4. This indicates better results in the
presence of measurement noises. Also, with the increase in the noise, as shown
in the column of Test B, RMS error is increased, but even then the performance
is better as compared to previous work [100] and [117]. The reason is that the
Kushner filter is optimal but the EKF is suboptimal so many authors try to
implement the EKF closer to optimal by replacing the Kalman gain o, 2P,H”

by a gain matrix L¢, designed to minimize the mean square observer error.
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4.8 Conclusion

The proposed algorithm has successfully been implemented for a generalized
controller of a robot based on observer derived state error feedback.
State-observer-based control has utilized only the position measurement from
the encoder and relives the system from using velocity sensor or traditional way
of differentiation of position signal to get the velocity. Hence, with the use of
observer, estimated position and velocity signals without measurement noise have
effectively improved the performance of the feedback control system to track
the desired trajectory in real-time. Further, the developed optimal controller
subjected to energy constraint has restricted the actuator saturation.

The proposed control algorithm with adaptive features has been successfully
used for tracking of the robotic manipulator in this chapter. The experimental
results conducted using the Phantom Omni’ Bundle robot manipulator has
demonstrated and validated the potential application of the proposed control
algorithm on a real system.

Experimental results have indicated excellent tracking as compared to standard
PD or P-controllers used in literature. Further, efforts have been seeking to
minimize a linear combination of the tracking error energy and the observer
error energy simultaneously by choosing the PD controller gain, K; and the
observer gain, L, appropriately. The prime feature of this work is that the
real-time feedback coefficients have been designed for very general nonlinear
systems described by a stochastic differential equation and later on specialized
to robot dynamics and control problems.

This chapter has implemented on-line observer and qualify the robust controller
through experimentation done on the real device. Further, recommendations are
made to expand the theoretical results in a direction to a specific measure of the
robustness of controller and establishing a relation between model accuracy along
with variation in the system variables with the dynamics of the system in the next

chapter.
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Chapter 5

Sensitivity Analysis and

Robustness

5.1 Introduction

Sensitivity analysis is done to study the system’s behavior corresponding to
fluctuations in some variables or parameters of the system which are supposed
to ultimately affect the performance of the system. The impact of fluctuations
in parameters can be reflected in the state transition matrix, Eigenvalues, state
variables and ultimately stability and performance of the system. This analysis
helps to test the robustness of a system in the presence of uncertainty. The aim of
the robustness property for the controller in the presence of uncertain dynamic is
to render the system insensitive to parameter fluctuations that may be caused due
to disturbances, e.g. joint interactions, measurement noises, and noises affecting
the system itself. A dynamic system is robust if it tolerates fluctuations in the
parts of the system without exceeding predefined tolerance bounds in the vicinity
of some nominal dynamic behavior.

In this chapter, sensitivity analysis of state observer based control designed for a
nonlinear dynamical system having uncertainties in the system parameter, 8 and
controller parameter, K; is investigated. Extended the results of section 3.4, the
joint error dynamics of estimation error, e(t) and tracking error, k(t) is utilized
in section 5.2. The analysis is based on linearizing the dynamics of the system
satisfied by errors with respect to the parameter, and controller gain fluctuations
in section 5.3. Finally, the variation of the energies both in state estimation error

and tracking error with respect to the fluctuations in the system parameters and
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the feedback coefficients are investigated in section 5.4.

Robustness of the system ensures that one can meet tracking and stability
objectives through the design of controller provided the changes occur within the
plant remain within certain bounds. As long as uncertainties stay within bounds,
there will be a guarantee of stable control of the system. This results to investigate
the conditions that guarantee bound on mean square error energies of the system.
With the use of the formulae of variation of parameters and norms as candidates,
the general inequalities are derived that impose an upper bound on the tracking
error and observer error in a mean square sense. This investigation checks the
property of robustness for the proposed stochastic control design as presented in

section 5.D.

5.2 System dynamics with parametric
uncertainty

From section 3.3, consider the closed-loop dynamics of the system that takes into
account the observer model. To examine the sensitivity, assume this model is
influenced by parametric uncertainty and controller adjustment. So, in the state
model, the fixed parameter, @ appearing in the drift term is replaced with an

unknown parameter, €y as shown in equation (5.1).

q:
gt (5.1)

dXt - ’l’b(t, Xt, eo)dt + ﬁt(th — Xt)dt + étdBt

Xt:

Recalling in a SDE, the coefficient of dt is called the drift coefficient while the
coefficient of dB(t) is called the diffusion coefficient.

The observer model is the same as the state model but without the state noise
term and it uses a given parameter 6 in place of the unknown parameter g
appearing in the drift term of the state model. It also uses an output error

feedback via an observer gain L; which is assumed not to fluctuate.

dX, = (t, Xy, 0)dt + Ly(dZ, — HX,dt) (5.2)
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The measurement model is

Where dZ; is the measurement from the plant and H is the state observation
matrix given as H = [Iy : 0]. This form of matrix H accounts to measure g

and not q;.

The controller gain ﬁt has the special block form as:

~ 0
K

The derived state Xg; follows the same dynamics as the actual state X; but

without the state noise term and controller.

dth - ’lp(t, th,e())dt (55)

5.3 Error dynamics, &;

Consider the different types of errors (refer Section 3.2) involved in the closed loop
nonlinear dynamical system defined as:
Observer error, e; = X; — Xy
Tracking error using observer state as true state , f; = Xgs — Xt
and tracking error, ky = e; — f; = Xi — Xa
After linearizing with respect to the parameter fluctuation, 6, the

approximate dynamics of the state observer error and the tracking error process

are represented as:

de, = Ple,dt + Kikydt + GidB, — L,(He,dt + 0,dV,)

- . - ~ (5.6)
dkt = —¢£ktdt — Ktkt — '1/"01560 - thBt
The above equations can be arranged in the following form as:

e v, —LH K, e G, —o.L,| |B 0
P (I t - t N | dis ; t g1 - 71 50
k: 0 ' — K| |k -Gy 0 Vi Yot

(5.7
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e
Putting & = | (5.8)

t
where, &; is complete model of error process taking in to account of state
estimation error and tracking error and the drift matrix, A; for the stochastic

differential equation of error process is defined as:

b — L, H K,
A, = Ve = Le R (5.9)
0 —1; — K,

5.4 Sensitivity analysis

In this section, sensitivity analysis is carried out to check the effect on
error-dynamics by varying the values of controller gain and parameter. The steps
involved in carrying out the analysis is outline in the flow diagram as shown in
Fig. 5.1.

In the following derivation, it is inferred that the fluctuations in the feedback gain
f(jt by 6§t will affect the drift matrix A; to fluctuate by d A; and subsequently
lead to fluctuate the state transition matrix ¢(t, ) by d¢o(t, 7).

The fluctuations of controller gain matrix f{/t is expressed as:

— —~ 0 0 0
Kt + 5Kt = - +
K+ 0K, K; 0K,
(5.10)

S0, 5IA{; =
0K,

The fluctuations in controller gain matrix, S K, will result in the fluctuations of

drift matrix , d A; which is shown as:

At - At+6At
0 0
0 0K, 0 0K, (5.11)
6At: o -
0 —0K, 0 0
0 —0K;|
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Figure 5.1: Flow Diagram of Sensitivity Analysis.
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In the prceeding numerical analysis, we can infer that sensitivity relies upon
fluctuations in the parameters as well as on the controller gain which in term
depends upon the drift matrix as discussed in equation (5.11).

The complete evolution of the error process taken into account controller gain

fluctuations and parametric fluctuations can be expressed as:

_ B -
dé, = (A + 0A)Edt + Gud || — 109,00
R ‘ (5.12)
—~ Gt _Uth ~
where G = . and gy = | _
_Gt O w@t

Vs

As seen in equation (5.12), d A; form a component of the drift coefficient and
since d A; is defined in terms of d K; (as shown in equation 5.11), 6 K; form a
component of the drift coefficient. A; is the drift matrix since A;&; is the drift
coefficient and & A; is therefore, the drift matrix fluctuations.

The property of state transition ‘matrix is applied ie. it satisfy the system
9¢(t,7) = Ayp(t,7),t > 15 and o(7,7) = I.

ot
The effect of controller gain fluctuations on the state transition matrix fluctuations

differential equation, we have,

is represented as:

QZ)(t, T) = ¢(th|Kt)

i . 8¢(ta T|Kt)
9p(t,7) = dVec(Ky)
86
ot

dVec(Ky)

(t,7) = 6 Ard(t, 7) + A;6(t,T) (5.13)

t
5d(t,7) = / 3(t, )5 A d(r', 7)dr

/

Essentially, after forming the differentiation of the state equations for the error, &;
with respect to the feedback parameters and solving for the resulting differentiated
change in the state transition matrix would enable to calculate the effect of
fluctuations in feedback coefficients on the tracking and observer state error which
is shown below.

The error evolution is expressed in terms of state transition matrix fluctuation (or

equivalently controller-gain fluctuation) and the parameter fluctuation, 6, and
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presented as:

T

£ — / (B(t,7) +00(t, 7)) [ Grd | 77| + 90r06 | dr  (5.10)
0

T

Remark

As 0 Ky = d K is constant in time over a sufficiently long time interval, then from
equation (5.11), it is evident that § Ay = d A is also constant in time. This can be
justified with the help of following discussion:

After a long time, when steady state is reached, it is expected that the desired
state, Xg; converge to a constant DC value plus some minor oscillations about
the equilibrium. Likewise, the actual state, X; should also converge to a constant
DC value plus small oscillations. Thus, the feedback force, Ki(Xg: — X;) must
be nearly constant which imply that the gain, K; should converge to a constant

value. For the sake of simplicity, let us consider an observer given as:
X, = AX, + K(Xa — X;) + Ly(Y, — HX,) (5.15)

The above equation is considered at equilibrium in the absence of noise.
Thus, if X; — X, becomes a constant vector then the above equation can be

shown as
AXoo + K(Xgoo — Xoo) =0 (5.16)

If the observer is good, the )?OO ~ X, and then,

~ ~

AX o + Koo (Xgoo — Xoo) + Li(H(Xoo — Xoo)) =0 (5.17)
consider, e, = Xo — )?Oo
oo = Xaoo — X
The following is obtained:
AX o + Koo(fo) + Li(ess) =0 (5.18)
If e, Xoo and f,, are random vectors, then K becomes the value at which
E[|| AXo + K foo + LiHeoo||? | is a minimum. (5.19)
Minimizing this with respect to K gives
E[(AXo + K foo + LiHes).fo] =0
So, AE(XoofL) + LiH E(eoo 1) + Koo E(foo fZ) = 0 (5.20)

or Koo = —[AE(XoofL) + LiH E(ea f2)] (B(foofE)) !
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From the above equation, it is to be noted that K is constant after a sufficient

long time.

5.5 Ensuring Robustness-boundness of

mean-square error

As it can be infered from the above subsection that the parameter vector, 0
fluctuates by 660 and so the resulting change in the dynamics of &; receives
contributions from both 6K and 86. Taking both of these into account, the

state dynamics of error is derived in equation (5.14). It can be further solve as:

B,

B,
_|_
v,

t — t, é«,-d
¢ [ B(t,7) o

/ 5o (t, 7)Gd + / &(t, T)Po-dT | 660
0 0

(5.21)

The dynamics of mean square tracking error and observer error is presented as:

E{ll&I*} = TT{E/(¢(t,T)éréf(¢T(t, T) +00(t, 7)) + 88" (¢, 7))dT}+

567 / & (t, T)pordr / & (t, 7)o dr | 660
= X1(t) + Xa2(t) + Xs(t) + Xa(?)
(5.22)

The mean square error process, E{||&r||?} is expressed in term of the parametric
fluctuation, @ and controller fluctuation, d K; (which manifest itself in the form

of state transition matrix fluctuation) and neglecting O (0 K ® 60)).
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From equation (5.22), the values of X1 (t), X2(t), X3(t), X4(t) are given as:

t
X,(t) =Tr / o, 7)G.GLHT (t,7)dT

0
t

X,(t) =2Tr / 8o(t, 7)G.GLHT (t,7)dT
0
t (5.23)

X3(t) = Tr / 8¢(t, 7)G.GLo¢T (t,7)dT % ;

0
T

t t
X, (t) = 607 / &(t, 7)o dr / & (t, 7)o dT | 86.
0 0

It is to be noted that term X (¢) has only noise fluctuations, X5 (t), X5(t) terms
have contributed to drift matrix fluctuations and term X4 (t) reflects fluctuations
in parameters.

The system is robust if it is possible to determine the bounds on the system
uncertainties, which guarantees robust control of the system as long as the
uncertainties stay within these bounds. An upper bound can be imposed on
the mean square tracking and observer errors by putting the upper bound on the
various terms given in equation (5.23) as follows:

The objective of robustness of system is ensured in terms of the size of error energy
signals. A quantitative treatment of the performance of control systems requires
the introduction of appropriate norms, which give measurements of the sizes of
the signals considered.

Let the largest real part of the Eigen values of A; be bounded by —ag < 0.
Consider sup, ||G-|| = go < oo and size of matrix A i.e. of (£, 7) to be (dX
d), then

| &(t,7) |l <eml=m), [(ﬁ(t,‘r) ~ e(t—‘r)A]

thus, || X1(2) || §d2/e—2a°<t—ﬂ | G ||? dr

~ 1 — —2a0t (524)
<d? (sup |G ||2) (e—)
2.2
lim X, < 49
t—o0 2; /
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Likewise, the limiting values for X5, X3 and X4 are evaluated as:

\

X, =2Tr / ®(t, 7)0AD (T, 7)G, G, DT (t, 7)dr'dT } ,

0<T<T'<t (5.25)
o SAl2d3a2
t—o00 ao )
Xs=Tr / d(t, 7' |6A(T, T) GG dT (", 7)6 APT (t, 7")dr'd7" dT)
o<r<r!, 7-”<<t
2
t—oo O‘o
(5.26)
T ||50||2 2 32, o
lim X, < od”: where 1o = sup ||ve-|| (5.27)
t—o0 ao T

Thus, the upper bound on the tracking and observer error energy is presented as:

— d SA|? d0A|%gd 80||2v2d?
further, using the property of norm,
| 6A: [IP< 2 || 0K, |IF (5.29)

From equations (5.24) to (5.27), it is shown that the term, tll)rg X gives the
limiting tracking error and observer error energies in the absence of parameter
and feedback coefficients uncertainties while the sum of different terms i.e.
X2 + X3 + X4 express the limiting tracking error and observer error energies
in the presence of parameter and feedback coefficients uncertainties. Further,
X5, X3 depend on d¢ which in turn depends on d K while X4 depends on 66,
so the upper bounds on X5 4+ X3 + X4 depends on || K || and || 40 ||, which
therefore, determines the sensitivity and robustness of the tracking error energy
w.r.t. parameter and feedback coefficients fluctuations.

Limiting mean square fluctuation in the tracking error depends upon parameter
fluctuation as well as fluctuations in drift matrix. The limiting mean square
fluctuations in observer error and tracking error are upper bounded by a noise
contribution which depends upon square of maximum eigen value of drift matrix,
A ie. Ap plus fluctuation in energy of drift matrix plus energy of parameter as

shown in equation (5.28).
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Solution of error state model

(I} ¢(t.)pa, dr) 86

) = [, o(t. 05, d[f,j + I,:M(ET)E;'?{[E;] +

Mean square error energy.
E {”fr”q} =X+ L+ 0+ X

(Eq. 5. 22)

2 (= L e e e

{En.5.24 to 5.27)

gg

GK

}Fluctuations in parameter & controller gain

Let sup,||G;|| = go = =i Size of A, = d¥d: sup,||[§g,|| =
Largest real part of Eigen value of 4, is bounded by -a; < 0

= llare.mill =

C g~ % =71, C=constant

lim B {7} < 528 4122 rat s122tat o

&gl a* e

dl'[“

LH

|_||| |l i

}'.-’“\.

1L

Absence of parameter and feedback
coefficients uncertainties

+——— Limiting tracking error and observer error energies

Presence of parameter and feedback coefficients uncertainties

<\

Figure 5.2: Analysis of Robustness.
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5.6 Conclusion

An interpretation on the effect of fluctuations in parameter and controller gain
on the error dynamics of observer based feedback system has been presented
through sensitivity analysis. The study infers that these fluctuations affect state
transition matrix of the system and an expression of deviation in this matrix
is derived. The derivation of general inequality giving an upper bound on the
mean-square tracking error and observer error is presented. The robustness of
the proposed control solution is ensured by tracking of a stochastic system to a
sufficiently smooth reference signal with an error norm smaller than a prescribed
value. Finally, we have obtained explicit upper bounds on the tracking and
state estimation error energies as quadratic functions of the feedback coefficient.
These upper bounds are expressed as quadratic functions of the parameter and
controller gain as well as the state noise and observer noise gain fluctuations. The
system matrices M (q), N (g, q) as well as the controller gain K; and observer
gain L; determine the sensitivity of the mean square errors to the parameter and
controller gain fluctuations while the state noise and observer gain obtained from
the matrices G, L, determine the noise contributions to the mean square error
upper bounds as analyzed in this chapter. These formulae involve the process

noise and measurement noise covariance and lend novelty to this paper.
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Chapter 6

Estimation of Controller-gain and
Stochastic Environment Force of

Master-slave Robotic System

6.1 Introduction

This chapter addresses the design of controller-gain parameters, K of slave robot
in a master-slave robotic system when a slave is interacting with a stochastic
environment. The slave robot aims to follow the time-varying trajectory of the
master robot in a situation when the environment is modelled as a zero-mean white
Gaussian random process. This randomness is introduced into slave dynamics,
adding formidable complexity to the dynamics of a robotic system. The stochastic
dynamics of the system is modelled in section 6.3. Further, for a known master
torque, Timo, the joint positions of master and noisy slave is measured to compute
the joint probability distribution function (pdf) of angle error over a given time
duration as a function of the unknown parameters ‘K’. Maximizing the conditional
pdf of the slave error angles vector, p(dqs[.]|K) over a duration of time w.r.t.
K is equivalent to minimizing the negative likelihood function L((dgqs[.]|K)
w.r.t. K to obtain the Maximum likelihood estimation (MLE) of controller-gain
parameters as presented in section 6.4. Further to back substitute these controller
estimates, K into the dynamics and thereby estimate the sample trajectory
of the environmental noise process, (W[n])A_,. The validation of estimation

performance is carried out (a) through simulations done on a 2-link master-slave
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Figure 6.1: Controller Design of Slave Robot for Master-Slave Trajectory Tracking

Without Environment Interaction.

robotic system in section 6.5 and (b) analytically in section 6.6. Convergence
analysis of error in the estimates is performed, and subsequently, an expression of
the Cramer Rao Lower Bound (CRLB) is derived to measure the accuracy of the

estimation.

6.2 Graphical representation of robot tracking

Consider the situation when slave robot has to follow the master trajectory in the
absence of environmental force as shown in Fig. 6.1. The master robot controls
the slave robot by inverse dynamics computation. The slave dynamics do not
influence the master dynamics as no feedback from the slave is given to master.
For a known master torque, 7,0, the inverse dynamics computation block takes
the master angles, q,,(t) and angular velocities g,,(t), as its other two variables
and generates a torque, 77 that is used as input to the slave so that the states
of slave track the states of master i.e. gs(t) = qm(t) and ¢s(t) = ¢m(t). The
torque control law is computed using the angular acceleration of master, g,, plus
an error torque, e(t) obtained by passing the position and velocity error through
a PD controller. This error feedback guarantees that if the slave robot lags the

master robot either in position or in velocity, then the acceleration input to the
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Figure 6.2: Block Diagram for Estimation Process of PD controller Gain

Parameters and Environment Force for Master-slave System.
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inverse dynamics block increases thus, causing the torque applied to the slave
to increase so that its position and velocity approach more closely the master
position and velocity respectively. In response to the deviation from the desired
trajectory, the controller gains K, and K are tuned that are required to minimize
the position and velocity tracking error.

Assuming zero environmental torque, the PD feedback coefficients are designed
based on optimal control theory to minimize the error energy between the Master
and Slave angles for a known master torque. This system is then handed over to
the user who does not know the exact values of the PD control gain parameters but
wishes to use the system to determine the torque generated by a rapidly vibrating
environment considered as environmental uncertainty. This is done by causing the
slave robot to act on the environment. In this situation, measurement of angles
of master and slave for a given master torque, T,,, and random environmental
torque (7g) is taken. The process illustrating the proposed design of the PD
controller’s parameters and environment noise estimation is shown in the block
diagram of Fig. 6.2 and explained in the following sections. The error feedback
from slave to master is not given; hence, the slave motion does not influence the
master dynamics in this model. However, the slave dynamics is determined by (a)
the environmental torque, T7g(t), (b) the Master process, g, (t) and (c) the PD
controller coefficients K, Kq4 which affect the error process, e(t) that gets fed
into the slave torque i.e. 75 = 77 + Tg as shown in the Fig. 6.2.

In the presence of environmental noise, it is proposed to reconfigure the available
PD controller gain parameters of the master-slave robotic system by exploiting
estimation methods. Here, Maximum likelihood technique is used for estimation
of controller gain parameters and then to back substitute these controller estimates
into the dynamics and thereby estimate the sample trajectory of the environmental
noise process as discussed in section 6.4. The process of MLE utilizes the slave
dynamics which is influenced by master dynamics and environment interaction

and presented in the next section.

96



6.3 Master-slave dynamics

The dynamic equations of both two link master and slave robot are identical except

for the input torques. The master equation is represented as:

Mm(Qm)Qm + Nm(Qma Qm) = Tmo(t) (61)

Where, M, represents the moment of inertia matrix, IN,,, combines the effects of
damping-coriolis-centrifugal-gravitation force and T,,,(t) is torque. The master

equation (6.1) can be rearranged as

q-m - ¢1(Qm’ qm) ‘I‘ ¢2 (qm)Tmo(t) (62&)

and
¢2(Qm) = Mm(Qm)_l (6'2C)
For a given torque process in discrete time 7,,0[n] = Tno[RA] (A being the

discretization step size), the master robot angular position can be simulated as

(Qm[n + 1] - 2qm[n] + qm[n - 1])/A2

= P1(gm[n]; (qm[n] — gm[n — 1])/A) + Y2(gm[n]) . Tmo[n + 1]
(6.3)

The torque from error dynamics is represented as:

e(t) - Kp(qm - q$) + Kd(Qm - st) (64)

In the presence of environment torque, 7g, the total torque applied to the slave
robot is 7, = Tg + T, where, 77 is the torque computed from inverse dynamics.

Also. 77 is represented as

)
71(t) = F(qr1,4r1, d1)
Where, qr = gm;

q.I - q.m;

dr = Gm + e(?)
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Master Dynamics (Eq. 6.2) Do+ Gonr Ui
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Inverse Dynamics (Eq. 6.5)
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N l > Slave Dynamics (Eq. 6.6) a,, ‘.75’ &3
o (O— Fl,.4,d)

Noisy Slave Dynamics (Eq. 6.7)

E;'s = _Ms(‘Ts)_iNs(qS) +M ("-Ts)_imm( s)e(tj + Ms(ﬂs)_i)(TE + T‘mo)
, L(t.q.) P2(q;) b

Tﬁl(‘?sr QS)

‘I'js = ¢1(QS’ qs} + L(t’ QS)e(t) + tﬁz(QSj(rE + T‘I‘I’LD)\j

Slave Stochastic Difference Equation (Eq. 6.9)

qs[n+2] = 2q,[n+ 1] — g,[n] + A%y (q,[n] . q;[n+ 1] -
q;[nl/A) + A% L(n,q,[n]).(K, (q,,[n]—q,[n]) + K 4((q,u[n + 1] -
qm[nD/A— (qs[n+ 11— q,[n])/A) + P2 (q,[n). (eA> 2 W[n + 2] +
A*t,,, [n+2])

Figure 6.3: Master-slave Dynamics.
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The slave equations are represented as:

Ms(qs)qs + Ns(qsa q..s) = Ts

F(qs q.s qs) =Ts =T+ TrI
e (6.6)

Ts =TE + F(qma qm’ qm + e(t))

=TE + Tmo + M(qm)e(t)

Ve

or equivalently the dynamics of slave robot interacting with environment is

q's - _Ms(qs)_le(qsa (js) + Ms(Qs)_IMm(qm)e(t) + Ms(Qs)_l(TE + Tmo)
= wl(qsa qs) + L(ta Am qs)e(t) + ¢2(QS)(TE + Tmo)

Where: L(ta dm, qs) = Ms(qs)_le(qm)
(6.7)

In Fig. 6.3, the block diagram describes the contribution of master dynamics,
noise component and controller gain parameters in the closed-loop dynamics of
slave robot.

Suppose T is small, i.e. Tg(t) = eW(t), where W(t) is a standard
2-dimensional zero mean White Gaussian random process and € is a perturbation
parameter attached to the noise term in the slave dynamics to keep track of terms
having different order of smallness in the dynamics. This amounts to assuming
that the noise term is of first order of smallness and enables to expand the solution
in the powers of €. Thus the solution of the dynamical system to any degree of
smallness (i.e. power of €) can be achieved by this process. At the end of the
calculation, we may let ¢ = 1. This appears when the slave robot hits a randomly
vibrating wall. Then, from (6.7), the stochastic difference equation representing

the discretized dynamical model of slave can be expressed as:

(gs[n + 2] — 2q.[n + 1] + qs[n]) /A* = 1(gs[n], (gs[n + 1] — gs[n])/A)

+ L(n, gm[n], gs[n])e[n] + ¢2(qs[n]) (eW[n + 2]/ VA + Tmo[n + 2])

(6.8)

where, L[n,qm,qs] = L[nA,qn,qs] and Wn| is an independent and
identically distributed (i.i.d.) N(0,02 1) sequence.

The factor of L is attached to W[n+2| is based on the fact that if B(t) is

VA
dB(t)
dt

standard Brownian motion, then is standard White Gaussian noise and in
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which is a Gaussian

discrete time, can be approximated by

random variable having zero mean and variance

Equation (6.8) can be arranged as

@n+2 = 2q.n+ 1] — g.[n] + A% (q.[n], (gs[n + 1] — g.[n])/A) ]
+ A?L(n, gm[n]gs[n]).(Kp(gm[n] — gs[n])
+ (Ka/A)(gm[n + 1] — gm[n] — gs[n + 1] + g;5[n])
+ Y2(qu[n]. (AP *Wn + 2] + A%1p0[n + 2])

/
(6.9)
The aforementioned equation represents the sample data of slave position upto
time (/N + 2) which is utilized to get the estimation of controller gain parameters

and environment force in the following sections.

6.4 Estimation of controller’s gain parameters

with stochastic environment force

6.4.1 Controller design

It is assumed that designing of controller parameters i.e. K, and Kjg is done so
that {ijz_ol ||@m[n] — gs[n]]|?} is a minimum in the presence of noise. Direct
minimization of {271:12—01 [lgm[n] — gs[n]||*} wrt. K, and K, is equivalent to
a Maximum Likelihood problem since the noise has been considered to be White
Gaussian. This design can be achieved by using stochastic optimal control methods
like Bellman’s stochastic dynamic programming method.

Having designed K, and K4, noise is introduced through the environment in the
slave dynamics and the robot is handed over to a user who does not know values of
gain parameters and the environment. This user takes measurements of noisy slave
position dgs[n] = gqs[n] — gm[n] over a finite time duration. Noisy slave position
means difference of master and slave position with noise or noise present in slave

dynamics as K, and K4 have already taken care of tracking error. Using MLE,

he estimates the unknown controller’s gain parameters and after that estimates to

100



determine the environmental noise.

The aim is to design K, and K4 (2 x 2) matrices so that

E{) " llgm[n] — g.[n]]|*} is minimum; (6.10)

where gs[n] — gm[n] = dgs[n] is of O(e).

The slave dynamics given in equation (6.9) is linearized about q® [n] = gm[n].
This is presented as:

As f(z) = f(a) + f'(a)(x — a) + higher order terms. Assuming a = 0, f(a) =0

and neglecting higher order terms.

dgs[n +2] =
20gs[n + 1] — dgs[n] + A?W1 1 [n]dgs[n] + A®Wy 2[n](dgs[n + 1] — dg,[n])/A
+ A?L[n] (Kpdgs[n] + Ka/A(dgs[n + 1] — dg;[n]))
+ A5, [n](0gs[n] ® Tino[n + 2]) + AW, [n]W(n + 2]

(6.11)
where,
¢1 [n] - 1/)1(qs [n]’ q.s [n])
¢2 [n] - ¢1(qs [n]3 (js [n])
_ 9¢1(q.[n], 94, [n))
here ol = T g )
Where 1)2;[n] = 8¢1(C(I(s9[;1][;3;1 o[n)
gl = gln— 1] (6:12)
also, gs[n] = A
similary,
. 02(gs[n], 4s[n])
V2l = T g )
_ 9¢a(guln)) _
N AT /

qm[n] = 0,,[nA] is obtained by sampling the continuous time master trajectory.
qs[n] = gs[nA] is obtained by sampling the continuous time slave trajectory.
Also, L[n] = L(n7 Qm[ln’]’ QS[n]) = I>.

Elementary linear algebra techniques involving Kronecker product in equation

101




(6.11) is applied and after linearizing, the approximated linear time-varying
stochastic difference equation is represented as:
0gs[n+ 2] = [2I, + A¥,2[n] — AK4) dgs[n + 1]
— [I2 — A?Wy 4[n] + AP, 5[n] — (A%K, — AK,) (6.13)
— AWy, [n](I2 ® Tmo[n + 2])]gs[n]

+ A32W, [n)W [n + 2]

/

The partial derivative in the aforementioned equation take place w.r.t. each
element of ¢[n| thus, kronecker operation is performed. The terms involving in
equation (6.13) can be defined as:
AK; = a4 € R?*2,
A’K, — AK,= (34 € R**?
Aln] =21, + AV, 5[n] ;
Bn] = —I, + A%W, i [n] — AU, 5[n] + AWy [n](Tme[n + 2] ® L)

Cln] = A%?W,[n] )
(6:14)

Equation (6.13) can be rearranged as
dqs[n + 2] = [A[n] — agq)l2dqs[n + 1] + [B[n] — Ball20gs[n] + C[n|Wn + 2]
(6.15)

This equation is now in the right form required for applying the ML method to

estimate ag and B4 or equivalently K, and K.

As {dqs[n]} follows 27¢ order difference equation with white noise driving
term, the pdf of {dqs[n]} parameterized by ag and B4 can be calculated by the

following process based on second order Markov model [Laurence Smith 2006].
p(dgs[n + 2]|6gs[n + 1], 6qs[n]) = 1/27|C[n]|exp{—1/2(dgs[n + 2]
— (A[n] — aa)dgs[n + 1] — (B[n] — Ba)dqs[n]|"
(C[nICn]") " (dgs[n + 2] — (A[n] — a)dqs[n + 1] — (B[n] — B4)dq.[n])}
(6.16)

The above expression represents a time series model which contains controller

parameters, ag and (34 as static variable, known as parameter, which parametrizes
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Linearized Slzve SDEaround q_!:'l:'[u] = q,. [of (Eg. 611)

fg.[n+ 2] = 26g,.[n+ 1] — Gg.[n] + 2%, 4 [n] (g, [n])+ Ay 2 [0] (Ggn+ 1]—
&q,[nD—22Lin). {K,6q,[n)+ K, | BI04 a2y, (0] (8g,00] @ T [n+ 21) +

:]% YalnlWn+ 2]

B Aln]
—_ — =

5q,ln+2] = (21, + 2gp, 1 [n] — nn’di,.sqﬁhwu— -

(1 - llﬁjj[rt]+1$,1[rtK[lW _ﬁ'b _*n,:-“[u]u:rl@fm[nﬂl:lﬁq&[u] +:]£r,£|1[rtll-1-"[rt+2]
- | 1

13 T

N
B[n]

Rearranging & substituting terms (Eq. & 15) J L

qu[rt +2] = [A[n]—e,]1, ﬁq_‘[rt +1] +1 !i!‘[rt:l—,f]___l]f1 ﬁqﬁ[ﬂ] + C[n]]Wn +V2]
(Eg. 6.15)

Pdfof 8q.[n] pmmaa-:'uﬂlf gy and B, (B &1&) J L

pldg.In+ 2Ldg.In+ 1], (8g.[nl) = - If-I"II *p(—%(ﬂqﬁ[u +2]—{Aln]l—myl dg.In f:l.] -
[E[‘ll]_ﬂ,d'] 8 q.nl" (Clnlcn]") Yagn+ 2] — {aln]l—oy) 8q.ln +1] — [E[‘ll]_ﬂ,d'] dq.Inl)

1

dggln + 2] — dlnlég.ln + 1] — B[n)dg.[n]
. Log-likelihood finction (Eq. 6.18)

[r—
= Z [u+ 2]\:]-:1:5 dg.ln+2]+ Bidq [n]hP[n] I:I[u+ 2] + oy Bgln +2]+ Bidg.[n]l’

e

(Clnlec[m]"y !
Variational Derivative of £ w.r.t. o4 and §; (Eq.6.19)

N
— =ZP[ﬂ] (x[n + 2] + @48q;[n + 2] + Badqsn]) (Sqsn+ 1)) 7
n=0

N
—= ZP[-n] (xIn +2] + @gbqs[n + 2] + Badq,n]) (Gqn]) T @
n=0

Application of Kronker product & Vec operation

B [I’ec{ﬁd )
~ Lvec(Ba)

Veeld & B)= (B'® A)Vee (X)(Eq.6.21 — 6.24)

Estimated Controller Gain Parameters (Eq .6.25)

Figure 6.4: Process of Estimation of Controller Gain Parameters for Tracking

Control.
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the joint law of the random variables (here, ¢ and ¢) involved in the dynamics of
the model. A log- likelihood function is formed which is equivalent to pdf function
as given above. The technique of maximum likelihood choose the set of values
of the model parameters that maximizes the likelihood function. After forming

log-likelihood of equation (6.16) and substituting the terms as follows:

x[n + 2] =dgs[n + 2] — A[n]dqs[n + 1] — B[n]|dqs[n]
P[n] =(C[n]C[n]")~*

(6.17)

The log-likelihood function is represented as:

L= (x[n+ 2] + cadgs[n + 1] + Badq.[n]) Pln]
n=0 (618)

. T
(xIn + 2] + @abga[n + 1] + Badas[n])
Thus, the Maximum Likelihood estimates of agq and [Bq based on the
measurements of {dgs[n] : 0 < n < N} are given by setting the 0 < n < N
w.r.t. ag and B4 to zero.

N 3

or > Pln] (xIn + 2] + Gadgs[n + 1] + Badg,[n]) dg,ln +1]7 =0

8ad oy

N

95 = 2 Pln] (xln + 2] + Gudauln + 1] + Buda.[n]) dq.[n)” = 0
" (6.19)
Further simplification gives the following expressions:
3 (Pn)x[n + 20gs[n + 1)7) + Y (P[n]aadqs[n + 1)dgs[n + 1]7)
n=0 N n=0 >
> (Pln] + Badq,[nldg[n + 1)) = 0
" (6.20)
Y (Pln]x[n +2]8g,[n]") + ) (P[n]aadqs[n + 1]6g,[n]")
"t n=0 (6.21)
> (Pln] + Bada,n)éa.[n]") = 0
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Elementary properties of the kronecker tensor product is applied in equations
(6.20) and (6.21), especially Vec(A x B) = (BT ® A)Vec(X) so that the
resulting expression can be arranged in the form as shown in equation (6.23).
The property is used by substituting B = dqs[n + 1]dqs[n + 1]T; A = Pn];
X = Gy in the second term and B = 8q,[n]égs[n + 1]T; A = P[n], X = B4
in the third term of equation (6.20).

Vec{)  Pln]x[n +2]dq.[n+1]"} + (2(5qs[n +1]égs[n +1]T) ® P[n])Vec(&d)>

+ (2(5613[71 +1])6q,[n]") ® P[n])Vec(B@) =0

n=0
(6.22)
Similar, the property is used by substituting B = dqs[n]dqs[n]T; A = Pn];
X = G in the second term and B = 8q,[n]dgs[n]T; A = P[n], X = By of
equation (6.23).

Vec{)_ Pln]x[n +2]dq,[n]"} + (Z(éqs[n]éqs n+1]"® P[n])Vec(&d)>

n=0

+ (Z(‘qu["]‘sqs n]" ® P[?’L])Vec(,@d)> =0

n=0

(6.23)
Equations (6.22) and (6.23) form a set of eight simultaneous linear equations for
Vec(aq)
the unknown parameter vector € R8,
Vec(Ba)

These can be expressed as following and can be inverted immediately.

[ SN 0 0gs[n +1)dgs[n +1]T @ P[n] 0 dgs[n + 1]dgs[n]T ® P[n]
SN0 8a.[n)dg.n + 1)7 ® Pln) SN, q.[n)dg.[n]” @ Pln]
Vec(Yn_y Plnle[n + 2]dg,[n + 1]7)
Vec(En_y Plnl€[n + 2]0g,[n]")

Vec(aq) )
Vec(Ba)

(6.24)
Equation (6.24) can be solved for the 4x 1 vectorsi.e. Vec(ag) and Vec(,é\d)
Vec(ay)
Vec(éd)

K =

] or equivalently for the 8 x 1 vector. (6.25)
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The ML estimate of K is based upon samples upto time (N+42). The complete
process of MLE of controller gain parameters for slave robot interacting with
stochastic environment is summerized in Fig. 6.4.

In the next subsection, the procedure of back substituting these controller
estimates into the dynamics leads to estimation of the sample trajectory of the

environmental noise process.

6.4.2 Environment noise estimation

The general nonlinear dynamical model of Slave is presented in equation (6.9).
@[n+2= 2g.n+1] — g.[n] + A% (gs[n], (gs[n + 1] — gs[n])/A) |
+ AL(n, g [n]gs[n]).(Kp(gm[n] — gs[n])
+ (Ka/A)(gm[n + 1] — gm[n] — gs[n + 1] + gs[n])
+ 2(05[n].(A**W [n 4 2] + A’r1p,[n + 2])

The terms in the aforemention expression can be defined as:

&[n + 2] = gs[n + 2] — 2¢s[n + 1] 4 gs[n] — A*W,(gs[n]gs[n + 1) — gs[n]/A
— AWy (gs[n]Tmo[n + 2])
X[n] = —A’L[n, g [n], g;[n]](dg[n]" ® I>)
Y [n] = eA*?4p,(gs[n))

K = (Kp(gm[n] — gs[n]) + (Ka/A)(gm[n + 1] — gm[n] — gs[n + 1] + gs[n]) |

(6.26)
Thus, the equation (6.26) can be be written in the linear form as:
En+ 2] = X[n|K + Y [n|Win+ 2] (6.27)
Recall that L[n,gn[n],qs[n]] = Ms(qs[n])_le(qm[n]);\
dq,[n]
dqln] = |
4, [n]
dqs[n] = gs[n] — gw[n] and d¢s[n] = ¢s[n] — ¢m([n] )
Substitute L[n,qs[n]] = I, since ¢s = q,, and M,, = M, The aim is to
minimize noise i.e. W[n + 2] w.r.t. K, thus,
N
K[N] = argming z [|Y " [n](€[n + 2] — X [n]K)||? (6.28)

n=0
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If K is unknown and environment is considered as white-Gaussian noise (WGN),
then the MLE of K based on data gs(.) collected upto sample, N is least square
and is given by

—2) Y '[n](¢n+2] — X[n]K)X[n] =0

n=0

- <Z(Y[n]YT[n])‘1£[n+2]X[n]> + (Z(Y[H]YT[R])_IX[n]XT[n]E> =0

n=0 n=0

n=0

(Z X"[n] ((Y[n]YT[n])_lX[n])> K= <Z XT[n]((Y[n]YT[n])_IE[nJr2])

n=0
The estimates of K is

N -1, N
" " (6.29)
After substituting the value of €[n + 2] from equation (6.27), the aforemention

equation (6.29) can be represented as:
N )
K=K+ H[N]™' ) F[n]Wn +2]
n=0

Where, H[N] = Z X[n]T(Y[n]Y[n]T) ' X[n] (6.30)

n=0

F[n] = X[n]" (Y [n]Y[n]") Y [n]

The noise estimates is obtained by substituting the estimates of K i.e. K in
place of K in equation (6.27)
Win+2] =Y [n] 7 (E[n + 2] - X[n]K)
= Y[n]"Y(X[n]K + Y[n|Wn + 2] — X[n]K) (6.31)
Win+2]— Wn+2] = Y[n] ' X[n](K — K)
Up to O(||d¢|*) in numerator and denominator, (W[n] = O(]|dq||)), Then from
(6.30),
K[N]- K =P'Q

where, P = H|[n] (6.32)

and Q =Y F[n]Wn + 2]

n=0 J
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&[n+ 2]
Nonlinear slave dynamics (Eq. 6.9)

q[n + 21— 2q,[n + 1] + q,n] — 0%, (q,In] BP0 — 4245 (g, [n]). T [ |
2] = A7 L(n.q,[n]). ((Bq[n]) ® L) [(Ky (@umn]—q,[n]) + Kal(qmln + 1] — gulnl/a) - |

¥ | (gs[n + 1] — q,[n]/8)] +{, (g, [n]eaz|(W[n + 2]) = 0 S
X[n] - —
¥[n]
Rearranging & substituting terms (Eq. 6.27) 5
En+2] = XK + Y[nlW[n + 2] -

MLE of K based on sample [n+2] (Eq. 6.28)

v ]

K[n] = argminy Z ¥~ t[r](&[n + 2] — X[n]K) |2

n=0

Estimates of K for sample N (Eq. 6.29) J L

N
Rn] = L; X [n] (Y [n]¥7 [n]) " X[n]
nx0 '

| xf[nlfr[n]rf[nn'ix[n'\
Relation of K with Noise W[n + 2] (Eq. 6.30) Vi

N
Knl=K+H1[n] Y Fln]l]W[n + 2]

Lz X7 [n] (YEn]¥" [n]) "2 + 2]

=0

n=0

Replacing Kwith K in Eq. 627 to get estimates of noise (Eq. 6.31) J
Win+2] = Y_i[n]({[n +2] - X[n]n‘?[n]}

Figure 6.5: Process of Computation of Environmental Noise.
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Further substituting the values of terms involved in (6.32) from (6.26) and (6.30),

the aforementioned equation is written as:
. N
K[N] - K =X()_(dq[n] ® L) R[n]*(3g[n]" ® 1))~
n=0

(D _(6q[n] ® L) R[n] "¢, [n]W[n + 2))
n=0 (6.33)
where A = —eA™V/2

R[n] = U3(gm[n])¥2(gm[n])" = Ca[n]T2[n]"

W2[n] = ¥3(gm[n])

From equation (6.31), the following expressions are expressed as:
N

H[n] Z(dq[n] ® IL)R[n]"!(dq[n]" ® I;) and linearization around q,,[n];
0

(6.34)

Also Y F[n]W[n+2] o< Y (5q[n] ® L) R[n] " a[n]W[n+2] (6.35)

Specifically, the expression for the approximate value of K [n]— K (refer equations
(6.33)-(6.34)) is evaluated as a ratio of two quadratic functions of a Gaussian
process, i.e. E[n] — K = P71Q, where, Q € 8 x 1 is a quadratic function
of dq[n]. We show that @ has zero mean and P has non-zero mean and this
justifies the present approach that E{f(\ [n] — K} is small. Numerator in equation
(6.33) has mean zero since dq[n] is uncorrelated with W [n 4 2] and denominator
has non-zero mean since E[dq[n]dq[n]T] # 0. Hence K [N] — K is small in

probability.

6.5 Validation of proposed algorithm

This section presents the effectiveness of the proposed control scheme. Identical
master and slave robot have been considered for this purpose. Before the
interaction of slave robot with environment noise, PD gain parameters matrices

Ky and K4 were tuned for tracking control of slave with respect to master
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Figure 6.6: Trajectories of Joint 1 and Joint 3 of the Master-Slave System.

trajectory such that gs[n] = qm[n]. These parameters are given below:

1.69 0
K, =
0 0.6
- - (6.36)
0.3 0
and K4 = )
0 0.01

Then, random environmental noise with 0.01 covariance is introduced in the
dynamics of the slave. The deviation dgs[n] of the slave angles due to this noise
is measured and using this deviation, the estimation of K, and Ky using MLE

(refer section 6.4) is

|17 0 )
Kp
0 0.59
. (6.37)
_ 0.31 0
and Kg =
0 0.0091

This PD controller’s gain parameters are employed to reduce the tracking error
between master and slave in the presence of environmental noise and tracking
plots are shown for joint 1 and joint 3 of slave robot in Fig.6.5. Further,
with the estimated controller gain parameter, f{\p and ff\d, the noise trajectory
of environment is computed for joint 1 and joint 3 of slave robot as shown
in Fig.6.6. Error plot of this trajectory illustrates that error converges with

the proposed technique. Fig.6.7 illustrates that estimated environment force
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(ﬁ\/[n] N_, accurately tracks the actual environment random force, (W [n])_,.

6.6 Statistics of error dynamics, dqg[n|:

In this section, the dynamics of error is represented as state model which is further

used for performance analysis done in section 6.7. Define :
.

0qs[n] = qs[n] — gm[n]

8Gs[n] = ds[n] — gm[n] (6.38)

dqs[n]

State vector, dq[n| =
dq,[n]

/
By considering the linearized model, we express the state equations for dq[n] as
a linear first-order difference equation with the white Gaussian input that readily

verifies the Gaussianity of dg[n]. The state equations satisfied by dq[n] are

dqs[n + 2] — 2dgs[n + 1] + dq.[n]
= A*(U1,1[n]dgs[n] + 12[n]d¢s[n]) — A*((dgs[n]", 6¢s[n]") ® I) K

+ eA32W,[n)W n + 2]
(6.39)

The difference equations are expressed as:
dqs[n + 1] = dqs[n] + Adgs[n] (6.40)

Following equations are used to get (6.41).

0qs[n + 1] — 2g5[n + 1] + dqs[n]
A2
dqgs[n + 1] — dqs[n]
A

dgsn+1] =

d0gs[n+ 1] =

0gs[n + 1] = 0¢s[n] + A(¥1,1[n]dgs[n] + ¥y 2[n]d¢s[n])

— A((8¢s[n]7,0G.[n]T) @ L) K + eV A, [n]W [n + 2]
(6.41)

The property, (n” ® I)Vec(B) = Bn is used to get equation (6.41). Writing K for

the 2 x 4 matrix formed from K = [K,|K,4|, where K, and K4 are 2 X 2 matrices.
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We thus have

dqs[n + 1] = dqs[n] + A(¥1,1[n]dgs[n] + ¥1,2[n]dg;s[n])
— A.K,0q5[n] — A.K4.04,[n] + eV AT, [n]W [n + 2]
(6.42)
From equations (6.39) and (6.42), the state model is represented as:
dgs[n + 1] B I, Al, 4q,
5qs[n + 1] (6‘1’1’1 [n] — AKp) (I + A.‘I’l,z[n] — AKd) 5q3
(0]
+ eva] Win +2]
2[n )
(6.43)
Substituting:
I Al
Aln, K] = 2 2
(6\1’1,1 [n] — AKP) (I + A.‘I’l’z[’n] — AKd)
(0]
and G[n] = eVA
‘Ilz[n] )
(6.44)
Equation (6.43) can be expressed as:
dq[n + 1] = A[n, k]ég[n] + G[n|W [n + 2] (6.45)
Further, it is shown that
Let E[dq[n]dg[n]"] = Ry[n]
Then, Ry[n + 1] = A[n,k]|R,[n]AT[n, k] + G[n]G[n]" (6.46)

Also, E[dg[n]W[m]T] =0

E[6q[n]W[m]"] = A[n, k]E[0g[n]W[m]T], n>m —1

E[dg[m — 1]W[m]"] = E[éq[n + 1]W [n + 2]7]

E[dg[n + 1]W [n + 2]7] = A[n, k]E[dg[n]W [n 4 2]"] 4 G[n] = G[n]
(6.47)

Note that, dq is a Gaussian vector sequence and its correlation is determined from

the above equations.
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6.7 Performance measure of estimation

The following sections examine to ensure the satisfactory performance of MLE by

three ways:
(i) Unbiasness of estimation
(ii) Convergence analysis

(iii) Cramer Rao Lower Bound (CRLB) of estimation

6.7.1 Unbias estimation

The property of good unbiased estimate is analysed by showing that the mean
value of a difference between the estimated and true value of the parameter is
nearly zero.

In this section, an analytic justification is presented to support the unbiased
estimates done in the previous section for controller gain parameters. From the
equation (6.34) and (6.35) of estimation, it is noted that the proposed maximum
likelihood estimator of K, i.e. K is based on slave linearization and expressed
in the form K 4+ P~'Q where, @ is a bilinear vector function of {dg,[n]}
and {Wn]} and P is a quadratic function {dqs[n]}. Here, {dgs[n]} is the
master-slave angular error. In view of the linearized dynamics, P and Q are both
quadratic functions of the environmental torque noise Wn]. The mean value of
Q@ turns out to be zero because of the system causality. The mean value of P
is non-zero, and hence if approximation of E(K — K) by (EP~1)(EQ) is done,
result is zero. This justifies the PD controller gain estimator of the proposed work

is nearly unbiased.

6.7.2 Convergence analysis

Convergence analysis of the parameter estimates is performed by obtaining
approximate expressions for the mean square parameters estimation error based
on N data samples and the accuracy of environmental noise estimate is justified

due to low signal to noise ratio (SNR).
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In this section, it is approximating ]E||f{\[n] — K||?] by E[|(P~H]|2E(||Q]|?) and
prove that this is small using the fact that @ is a sum of independent random
variables. We then substitute the estimated value K [N] of K into the nonlinear
slave dynamics in place of K, and solve for Wn] in terms of {g[n]}A_, and
K([n]. The result is {W[n]}2_,, an estimate of the environmental torque process.
Then show that I//‘\/’[n] — Wn] is a bilinear function of dqs[n] and {f{\ [n] — K}
and is therefore of second order of smallness i.e of O(||W||?). This justifies our
an accurate estimate of the environmental torque W[n] from which the structure
of the environment has been determined. Thus, |K — K||? = ||[EP~Y||2||EQ||?
can be regarded as a "matrix ratio” of two quadratic functions of Wn]. In
section 6.4, the ML parameter estimates based on the exact non-linear dynamics
is presented. However, for computation of the performance of these estimates,
it is required to linearize the dynamics otherwise the evaluation of the angular
correlation becomes impossible. The aim is to determine the limiting mean
square deviation mli_r}noo]E{H(sqs[n]Hz}, dqs[n] = gs[n] — gm[n] of the slave
position which require linearization of the non-linear slave dynamics in discrete
time about the master position. The linearized equation has time dependent
matrix coefficients and a driving white noise term coming from the environmental
torque which provides evaluation of correlation E{dqs[n]dqs[n]T}. Aiming that
the master has a limiting angular position, a linear algebraic equation for the

limiting error-correlation- matrix as a function of the feedback parameters, K,

and K, is derived.

I 2
The limiting noise to signal ratio is represented as 19g,(c0) |2| ] :

[ gm (c0) ]|
Approximate formula for the PD-parameter error K [n] — K and
the noise estimation error W[n] — Win] in terms of W]n] and

dq[n] = (gs[n] — gm[n]), ds[n] — gm[n]) is obtained. A recursive algorithm
is derived for calculating the correlation E[dg[n]dq[n]T] and E[dq[n]W [mT]
using linearized version of the dynamical model and this enables us to perform

the above calculations.
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From equation (6.31), the noise estimate error-energy is given by
Win+2] — Wln+2] = Y[n] "X [n](K — K[N])

R e ATV, [n] " (=A%) (8g[n] " ® L) (K — K[N]) (6.48)
= —e VAL, [n] 7 (8¢[n]" ® L) (K — K[N])

The approximate expression for the absolute error |I//1\/[n] — Wn]| is obtained
as a bilinear function of dg[n] and {i{\ [n] — K} showing that this is small in
probability.

This analysis is based on substituting K in place of K in equation (6.31) and
‘//‘\/[n + 2] in place of W[n] in the same and substituting the resulting equation
from (6.27).

Since in equation (6.48), (W[n + 2] —Wn+ 2]> is proportional to the tensor
product of two small quantities dg[n] and <K — f(\[N]> S0,

<ﬁ7[n +2] - Wn+ 2]) is very small in probability. Thus, an environmental
noise estimate is highly accurate as also demonstrated in the simulations.
Remark : The random variables {dg[n] ® W[n + 2]},n = 0,1,2,....... are
uncorrelated owing to the whiteness of W (.) and hence the variance of the
numerator in (6.48) grows with N as O(N). Equivalently, the mean modulus of
the numerator is of O(v/N). On the other hand, since E(dq[n]dq[n]T) # 0,

the mean modulus of the denominator in (6.48) grows as O(N). Hence, the mean
O(WN) o 1 )
o~ m)

modulus of (??) decreases with increasing N as

6.7.3 Cramer Rao Lower Bound (CRLB) of estimation

In this section, an approximate expression is derived for the CRLB on the
parameter estimation error-covariance matrix. The Cramer-Rao lower bound
imposes a bound on an estimate of a parameter based on a given measurement
and evaluates the performance of unbias maximum-likelihood estimate on its
variance. This lower bound sets a limit to the accuracy to estimate a parameter
that influences a probability density. The diagonal entries of the CRLB determine
the minimum possible variance/mean square estimation error || E(K — K [N]) |I?

of each component of K[NJ.
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Evaluation of the CRLB for any unbiased estimator of the estimation problem
under consideration requires to use the linearized model. Concrete approximations
of the CRLB which give its order of magnitude are derived by assuming that
the master angular position has stabilized as a constant value. In this case, the
linearized slave dynamics is a linear time invariant state variable system of the

form:

dqn + 1] = A[k]dq[n] + GW[n + 2],
[n + 1] = A[k]5q[n] [ +2] (6.49)
where, §q = [6q., 0q,]T

This is computed as a linear combination of the master-slave error angular
position-velocity correlation matrix. The diagonal entries of the CRLB
determine the minimum possible variance i.e. mean square estimation error
El| K — K [IN] ||? of each component of K[N]. The angular position-velocity
correlation matrix, Cy[n] approximately satisfies a linear difference equation of
slave dynamics and by solving this equation recursively, Fisher information matrix
and hence, the CRLB is obtained. The state variable equation (6.49) is easily
solved by using the state transition matrix in discrete time and an expression for
the error angular position-velocity correlation matrix Cy[n] = {dq[n].0g[n]*} is
immediately obtained. For stability, we assume that all the eigen values of A[k]
have magnitude smaller than unity and then, using the spectral norm, a bound
on ||Cy[n]|| in term of the maximum magnitude eigenvalue of A[k] is derived.
This enable us to derive the order of magnitude of the CRLB and hence of the
parameter variance estimate. Further, it is shown that the CRLB — 0 as N — oo
implying that efficient parameter estimates are consistent.

Consider the expression for Fisher inverse matrix (i.e. the CRLB) is obtained in
the special case when the robot vibrates noisly around a fixed point. Computation

of Fisher information matrix is presented as:

7(8) = -5 e plaIE) (6.500)
=E Z (X[n]"(Y[n]Y[n]") "' X[n]) (Refer equation (6.27) (6.50b)
~ e 2A°A* Y "E(dq[n] ® I)R[n] " (dq[n]” ® L) (6.50¢)

n=0
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Cerayg([fn O ][R Bl ] aginT o
= \[ 0" eqlnl| (Rl (R ™a) | 07 bqlnl”
(6.50d)
_ra g | (RO uEamoalnl") (REn))ra(dalnldgln]")
= | (RInl™)mE{6q[n]ogn]™}  (R[n])2:E{Sqn]oq(n]"}

(6.50e)

=€ 2A n] ' ® C,[n]);
3 (Rlnl ™ @ G, 5o

where, C,[n] =E{dq[n]dq[n]"}

The final expression for CRLB of K is given as:

JE) =S (Z Rin]™* @ Cq[n])‘1> (6.51)

n=0

The diagonal entries of J(K)™! € R?**? give a lower bound for the variance of
the corresponding entry of K [IN].
For evaluating the CRLB, J(K)™!, we require Cy[n], the calculations of which

is done as following.

Remark: If we assume that the master angle vector g,,[n] has stabilised
around some nominal value say ¢, then ¥, 1[n] and ¥, 2[n] are nearly constant
matrix namely ¥ 1(g},,0) and ¥4 2(q},, 0) and so is ¥ [n] = P2(q},).

Then A[n, k| = A[k] is a constant matrix and so is G[n] = G say.

In that case we have dg[n + 1] = A[k]dg[n] + Gw[n + 2], the solution to which

is (assuming dq[0] = 0, dq[n] = Z;; Ak *=IGW [k + 2])
Then, Ry[n] = E[5q[n]oq[n]"] = Yp2, AK]" ™~ |GGT (AK]")"~*~!| and
this can be used to get approximate expression for the CRLB. Thus,
)\
0
GreVA
2
> (6.52)
0 0 0 0
GGT = A =e2A
0 popt 0 R||
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Let A[k] = 5% Aa9.9T be the spectral representation of A[k], then

a=1
4 B 3\
2 < n—k—1 T <0 0 T
R n]=€A" ) (Aadg) 9097 9597
k=0 o,B8=1 _0 R
AaAg)" 0O 0
= A — QAo =B 9,97 95097
;1 1= AaAs 0 R g
As n — oo, it can be reduced as
0o o0
= 2A )9a9E 9595
;1 1- )\ A@ 0 R g
Assuming |Aq] <1 V a so from (6.51)
1 0 0
CRLB=J! R'® ()9 9% 9595
A2N ;1 1—AaXs 0 R ﬁ)
(6.53)
n—1 0 0
Cyln] =AY Alk]"+! AT ]+t (6.54)
k=0 0 R

N n—1 0 0
and CRLB(K) = %[Z R'® ) (Ak"* AT [k R h]
n=0 =0 0 R

(6.55)

In equation (6.55), for a stable linearized system, eigen values of A[k] will all be
smaller than unity in magnitude and hence the inner sum will be upper bounded
by a finite positive definite matrix say P as n — oo and subsequently as N — oo,

the CRLB(K) will converge to zero as

CRLB(K) ~ (RT'@P) ' = (RQ P

N A2 N A2
The significance of obtaining the CRLB for controller-gain parameters estimates
is that, since the estimates K is substituted in the equation (6.33) to get an
estimate of the environment noise process, these uncertainty in K will reflect as
an error in the noise estimate, (I//‘\/ — W). Thus, the minimum variance in the

noise estimate E||ﬁ\/ — W||? taken over all estimates of K will be lower bounded

by a quantity proportional to the CRLB for K.
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6.8 Conclusion

This chapter has presented an algorithm of estimating controller gain
parameters and environment force using Maximum likelihood techniques based
on measurement of the slave position process over a given time range. The
performance of parameter estimation has been explored through formulation of
an analytical expression of convergence. The success of algorithm is exemplified
by providing a low noise to signal ratio for the parameter estimates as number of
samples (N) increases. Further, computation of CRLB of parameter estimation has
been carried out that indicates as samples tends to infinity, its variance approaches
zero which means that our parameter estimates are consistent. Also, comparison
of CRLB with variance of MLE supports that estimates are asymptotically
efficient. The expression for the parameter and noise estimation errors show via
intuitive arguments that these are small in probability and decrease with increasing
data length. The simulation results show the effectiveness of the estimation
and encourages the contribution of the present work to recast the approach of

conventional control in tracking of master-slave robotics system.
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Chapter 7

Conclusions and Further Scope of

Work

7.1 Introduction

The research work present in this thesis is based on the objectives mentioned in
chapter 1. The respective chapter 3, 4, 5 and 6 meet the defined objectives, explain
the research work carried out and present the contributions. The summary of main
contributions and further scope of work related to the objectives are presented in

the following sections.

7.2 Contributions of work

The contributions of this work are summarized into two parts:
(i) Major contribution (ii) Minor contribution

Under major contributions following innovations are presented:

e Formation of joint error dynamics of estimation error and tracking error
using Ito’s formulae which provides a feasible on-line implementation of
control action based on the instantaneous error to the nonlinear and

uncertain system.

e Validated by real-time experiments of the proposed control solution based
on instantaneous observer output. The performance of the proposed control

scheme and its robustness are explored in multiple operating scenarios.
e Developed sensitivity model to examine the robustness of the controller and
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observer to check the effects of fluctuation in error-energies of state tracking
and state observer due to parametric uncertainties and PD controller

fluctuations.

e Design of controller for tracking in the presence of noise in the closed loop
dynamics of a robot by using maximum likelihood estimation of a robot from
a sample of noisy position measurements. The present control algorithm is
used when a robot interacts with the fluctuating environment, particularly,

in the case where online information is not available.

e Computation of sample trajectory of random environment noise from the
estimation of controller parameters, without the need of any force sensor or

disturbance observer.
Under minor contributions following work has been carried out:

e Developed Ito's stochastic framework in which joint dynamics of state
evolution and observer is described using a vector stochastic differential

equation (SDE).

e Formulation of an optimal control law while designing of a state observer and
tracker which accommodates the gain matrix quadrature energy constraint

and guarantees bounded errors.

e Designed a state-observer-based control algorithm in which EKF is used to
observe the state vector. The proposed algorithm is applicable to all kinds
of state-observer, not limited to EKF and eliminates the need for a velocity

SENnsor.

e Evaluation of the estimation performance by conducting different analytical

tests.
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7.3 Conclusions

The research work has focused on investigating the trajectory control problems
of an n-link robot in the presence of uncertainty. The uncertainty in the system
dynamics has been introduced due to the presence of process noise, measurement
noise, and the interaction of a robot with the random-structured environment.
The research has proposed control solutions in different situations. A dynamical
state-observer and tracker which work in real-time have been designed successfully
to mitigate the effects of process noise and measurement noise from the system.
Further, the present approach has been validated by implementing a sequence
of PD-controller recursively subject to energy constraints on a real device. The
main thrust of the present technique is to emphasize that tracking performance
is satisfactory while keeping all the variables in the system under control which
indicates robust behaviour.

Thus, the work has contributed to the development of a unique control scheme
with features of both robust and on-line control.

The work has also accomplished the objective to track a system dynamically in
the presence of environmental noise. In this scenario, estimation of controller gain
parameters has been computed using maximum likelihood estimation. In this
context, it is worth mentioning that it is assumed that the state observer and
tracker have already been designed and the challenge is to cope with the effects of
environmental uncertainty:.

The work has two manifold approaches: In the first one, the work is focused on
improving the tracking capabilities of a robot by accounting for the unstructured
uncertainty usually encountered in a real industrial application. Additionally,
one of the main objectives is to surpass theoretical developments to validate
the proposed control strategies through real-time experiments. The design of
the proposed state observer based control is to achieve tracking control with the
features of robustness and adaptation. The work has presented both theoretical
developments and application-based validation, related to a nonlinear dynamical
system with noise.

The attempt is made to devise an optimal PD controller which not only tackles
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the problem of nonlinearity and uncertainty but also maintains its original simple
structure. The present study has exploited the mathematical formulae and tools to
develop new ideas for applying in the control of stochastic, nonlinear, time-varying,
constraint optimal problem.

Another approach is to focus on developing an efficient estimation for the
computation of controller gain parameters to determine the stochastic environment
force, based on a batch of noisy observations. This is done in the situation when
a robot is interacting with a randomly structured environment. Moreover, the
performance of estimation is to be verified analytically and through simulations
carried out on a master-slave robotic system.

It would be interesting to make a comparison between these two situations
and corresponding approaches. Whereas in the first approach, the controller is
designed by minimizing the instantaneous square of error energy, the second deals
with the design of the controller using MLE from the handful of observations of
joint positions. The two problems are distinct, but there is a specific relationship
between them. If we have to design a controller adaptively at the slave end of the
robotic system, apply the first approach directly. Further, if we have to determine
the parameter at the master end (teleoperation), we have to use the method of
maximum likelihood estimation.

In the present study, through the development of theoretical concepts, the
applications of online and off-line estimation have been implementing on real

problems successfully.

7.4 Suggestions for further work

The process and technology is a dynamic and innovative thought phenomenon.
Presently, the systems are designed to incorporate intelligence which can account
for data uncertainty in the modeling and control. Thus, the present work opens

up the following areas for the future:

e In this research, we have assumed that process noise and measurement noise
is not related to each other. So, in stochastic sense, cov.(vTwT) = 0. The

general state equation and measurement dynamics for an observer used is in
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Figure 7.1: Suggested Disturbance-observer for Master-slave System.

the present work is

dXy = f(xy, t)dt + g(Xy, t)dB(2)
dZy = h(xy, t)dt + dV (t)

It would be a different approach to work in filtering theory with a correlated

process and measurement noise being applied to the robotic system.

In the present study, EKF has been employed as a state observer. However,
the approach of state observer based control is not only limited to this
observer but can be applied to any type of observer. EKF can be employed
with the assumption of Gaussian nature of noise with zero mean and
covariance one. However, when there is no knowledge of pdf of noise, the
design and implementation of other options of an observer is an open area

of research.

The controller is designed by linearizing the dynamics and applying it to the

robot system to study the performance of state-observer-based control. The
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approach used is the linear optimal control method unified with estimation
by an observer. Nonlinear control techniques, viz. sliding mode, intelligent

control in combination with observer can be developed in future.

The problems of parameter uncertainty, time delay, disturbance, loss of
information have not been considered while designing the controllers for the
master-slave robotic system. The work considering the mentioned problems

can be done for the purpose of robust controller design.

The study carried out in Chapter 6 assumed that optimal tracker and the
optimal controller has already been designed and it led to a situation when
the robot started encountering random structured environment. In such a
situation, controller gain parameters have been estimated by using a block
processing approach, MLE. The further extension of work may be carried out
by treating environment force as a disturbance. This disturbance can now be
estimated utilizing appropriate design of DOB by assuming disturbance (Tg)
as one of the states. The difference of actual and computed disturbance may
be assumed as WGN. Further, state estimation in a noisy environment may
be done by EKF, as shown in Fig. 7.1. Thereafter, trajectory tracking can
be achieved by the optimal design of the controller considering estimated
states as has been found in Chapter 3. The validation of the suggested

control scheme through experimentation is a proposal for future research.
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