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In the present paper, we obtain a sequence of positive linear operators which has a better
rate of convergence than the Szász–Mirakian Durrmeyer and Baskakov Durrmeyer opera-
tors and their Voronovskaya type results.
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1. Introduction

In 2003, King [12] introduced an exotic sequence of positive linear operators Vn : Cð½0;1�Þ ! Cð½0;1�Þ, which modifies the
Bernstein operators:

ðVnf ÞðxÞ ¼
X1
k¼0

n
k

� �
ðrnðxÞÞkð1� rnðxÞÞn�kf

k
n

� �
; f 2 Cð½0;1�Þ; x 2 ½0;1�;

where rnðxÞ : ½0;1� ! ½0;1� are continuous function,

rnðxÞ ¼
x2; n ¼ 1;

� 1
2ðn�1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n

n�1 x2 þ 1
4ðn�1Þ2

q
; n ¼ 2;3; . . . :

(
ð1:1Þ

This sequence preserves two test functions e0; e2 and ðVne1ÞðxÞ ¼ rnðxÞ. He also proved that the operators Vn have a better rate
of convergence than the classical Bernstein polynomials whenever 0 6 x 6 1=3. After this several researchers have studied
that many approximating operators, L, possess these properties, i.e., Lðei; xÞ ¼ eiðxÞ where eiðxÞ ¼ xiði ¼ 0;1Þ or ði ¼ 0;2Þ
for example Bernstein, Szász–Mirakian, Baskakov, Meyer–König and Zeller, Post-Widder and Stancu operators (see
[6–9,12,14,17]).

Very recently Deo and Singh [4] have given another modification of Baskakov operators and studied Voronovskaya type
results. The first author [1,3] and Pop [15,16] have studied Voronovskaya results for other positive linear operators.

Now we consider Heilmann’s operator which is defined as:

Definition 1.1 ([2,10]). The nth operator Dn of Baskakov–Durrmeyer operator, n 2 N; c 2 N0;n > c, is defined by

ðDnf ÞðxÞ ¼ ðn� cÞ
X1
k¼0

pn;kðxÞ
Z 1

0
pn;kðtÞf ðtÞdt; ð1:2Þ

with x 2 ½0;1Þ; pn;kðxÞ ¼ ð�1Þk xk

k!
/ðkÞn ðxÞ, where

/nðxÞ ¼
e�nx; for the interval ½0;1Þ with c ¼ 0;

ð1þ cxÞ�n=c
; for the interval ½0;1Þ with c > 0;
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and f is a function for which the right side of (1.2) makes sense. It is easy to see that Dn are Szász–Durrmeyer operators
[11,13], Lupas�–Durrmeyer [18] and Baskakov–Durrmeyer operators [10] for c ¼ 0; c ¼ 1 and c > 0, respectively.

Lemma 1.2 ([2,10]). Let eiðxÞ ¼ xi; i ¼ 0;1;2, then for x 2 ½0;1Þ;n 2 N and n > 3c, we have

ðiÞ ðDne0ÞðxÞ ¼ 1,
ðiiÞ ðDne1ÞðxÞ ¼ nxþ1

n�2c,

ðiiiÞ ðDne2ÞðxÞ ¼ nðnþcÞx2þ4nxþ2
ðn�2cÞðn�3cÞ .

Lemma 1.3. For x 2 ½0;1Þ;n 2 N;n > 3c and uxðtÞ ¼ t � x, we have

ðiÞ ðDnuxÞðxÞ ¼ � 1þ2cx
n�2c ,

ðiiÞ ðDnu2
x ÞðxÞ ¼

2fðnþ3cÞxð1þcxÞþ1g
ðn�2cÞðn�3cÞ .

The linear functions, i.e., for hðtÞ ¼ ct þ d, where c; d any real constants, we get bDnh
� �

ðxÞ ¼ hðxÞ.

2. Construction of the operators and basic results

Let frnðxÞg be a sequence of real-valued continuous functions defined on ½0;1Þ with 0 6 rnðxÞ 61, for x 2 ½0;1Þ;n 2 N
then we have

bDnf
� �

ðxÞ ¼ ðn� cÞ
X1
k¼0

pn;kðrnðxÞÞ
Z 1

0
pn;kðtÞf ðtÞdt ð2:1Þ

with x 2 ½0;1Þ; pn;kðrnðxÞÞ ¼ ð�1Þk ðrnðxÞÞk
k!

/ðkÞn ðrnðxÞÞ, where

/nðrnðxÞÞ ¼
e�nrnðxÞ; for the interval ½0;1Þ with c ¼ 0;

ð1þ crnðxÞÞ�n=c
; for the interval ½0;1Þ with c > 0;

(
and

rnðxÞ ¼
ðn� 2cÞx� 1

n
:

We obtain the following results at once.

Lemma 2.1. Let eiðxÞ ¼ xi; i ¼ 0;1;2 then for each x P 0 and n > 3c, we have

ðiÞ bDne0

� �
ðxÞ ¼ 1,

ðiiÞ bDne1

� �
ðxÞ ¼ x,

ðiiiÞ bDne2

� �
ðxÞ ¼ ðnþcÞðn�2cÞ2x2þ2ðn�cÞðn�2cÞx�ðn�cÞ

nðn�2cÞðn�3cÞ .

Lemma 2.2. For x 2 ½0;1Þ; n 2 N; n > 3c and uxðtÞ ¼ t � x, we have

ðiÞ bDnux

� �
ðxÞ ¼ 0,

ðiiÞ bDnu2
x

� �
ðxÞ ¼ ðn�cÞf2xð1þcxÞðn�2cÞ�1g

nðn�2cÞðn�3cÞ ,

ðiiiÞ bDnum
x

� �
ðxÞ ¼ O n�½

mþ1
2 �

� �
.

3. Voronovskaya type results & better error estimation

In this section we compute the rates of convergence and Voronovskaya type results of these operators bDn given by (2.1).
Let f 2 CB½0;1Þ be the space of all real valued continuous bounded functions on ½0;1Þ, equipped with the norm

kfk ¼ supx2½0;1Þjf ðtÞj. The Peetre’s K–functional is defined by

K2 ¼ inf kf � gk þ dkg00k : g 2W2
1

n o
; d > 0;

where W2
1 ¼ fg 2 CB½0;1Þ : g0; g00 2 CB½0;1Þg. From [5], there exists a positive constant C such that
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K2ðf ; dÞ 6 Cx2 f ;
ffiffiffi
d
p� �

ð3:1Þ

and

x2 f ;
ffiffiffi
d
p� �

¼ sup
0<h6d

sup
x2½0;1Þ

f ðxþ 2hÞ � 2f ðxþ hÞ þ f ðxÞj j:

Theorem 3.1. Let f 2 CB½0;1Þ, then for every x 2 ½0;1Þ and for C > 0, we have

bDnf
� �

ðxÞ � f ðxÞ
��� ��� 6 Cx2 f ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� cÞf2xð1þ cxÞðn� 2cÞ � 1g

nðn� 2cÞðn� 3cÞ

s !
; n > 3c: ð3:2Þ

Proof. Let g 2W2
1. Using Taylor’s expansion

gðtÞ ¼ gðxÞ þ g0ðxÞðt � xÞ þ
Z t

x
ðt � uÞg00ðuÞdu

from Lemma 2.2, we have

bDng
� �

ðxÞ � gðxÞ ¼ bDn

Z t

x
ðt � uÞg00ðuÞdu

� �
ðxÞ:

We know thatZ t

x
ðt � uÞg00ðuÞdu

���� ���� 6 ðt � uÞ2kg00k:

Therefore

bDng
� �

ðxÞ � gðxÞ
��� ��� 6 bDnðt � uÞ2

� �
ðxÞkg00k ¼ ðn� cÞf2xð1þ cxÞðn� 2cÞ � 1g

nðn� 2cÞðn� 3cÞ kg00k:

By Lemma 2.1, we have

bDnf
� �

ðxÞ
��� ��� 6 ðn� cÞ

X1
k¼0

pn;kðrnðxÞÞ
Z 1

0
pn;kðtÞjf ðtÞjdt 6 kfk:

Hence

bDnf
� �

ðxÞ � f ðxÞ
��� ��� 6 bDnðf � gÞ

� �
ðxÞ � ðf � gÞðxÞ

��� ���þ bDng
� �

ðxÞ � gðxÞ
��� ���

6 2kf � gk þ ðn� cÞf2xð1þ cxÞðn� 2cÞ � 1g
nðn� 2cÞðn� 3cÞ kg00k

taking the infimum on the right side over all g 2W2
1 and using (3.1), we get the required result. h

Theorem 3.2. If a function f is such that its first and second derivative are bounded in ½0;1Þ, then we get

lim
n!1

n bDnf
� �

ðxÞ � f ðxÞ
n o

¼ xð1þ cxÞf 00ðxÞ: ð3:3Þ

Proof. Using Taylor’s theorem we write that

f ðtÞ � f ðxÞ ¼ ðt � xÞf 0ðxÞ þ ðt � xÞ2

2!
f 00ðxÞ þ ðt � xÞ2

2!
nðt; xÞ; ð3:4Þ

where nðt; xÞ is a bounded function 8t; x and limt!xnðt; xÞ ¼ 0
Now applying (2.1) and (3.4), we get

bDnf
� �

ðxÞ � f ðxÞ ¼ f 0ðxÞbDnðux; xÞ þ
f 00ðxÞ

2
bDn u2

x ; x
� 	

þ I1;

where

I1 ¼
1
2
bDn u2

x ; x
� 	

nðt; xÞ:
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Using Lemma 2.2, we get

n bDnf
� �

ðxÞ � f ðxÞ
n o

¼ f 00ðxÞ
2

ðn� cÞf2xð1þ cxÞðn� 2cÞ � 1g
nðn� 2cÞðn� 3cÞ


 �
þ nI1:

Now, we have to show that as n!1, the value of nI1 ! 0. Let e > 0 be given since nðt; xÞ ! 0 as t ! 0, then there exists
d > 0 such that when jt � xj < d we have jnðt; xÞj < e and when jt � xjP d, we write

jnðt; xÞj 6 C < C
ðt � xÞ2

d2 :

Thus, for all t; x 2 ½0;1Þ

jnðt; xÞj 6 eþ C
ðt � xÞ2

d2

and

nI1 6 n bDnu2
x eþ Cu2

x

d2

� �� �
ðxÞ 6 en bDnu2

x

� �
ðxÞ þ C

d2 n bDnu4
x

� �
ðxÞ:

Using Lemma 2.2, we get that,

nI1 ! 0 as n!1:

This leads to (3.5). h

Remark 3.3. We may note here that under the conditions of Theorem 3.2, we have

lim
n!1

nfðDnf ÞðxÞ � f ðxÞg ¼ �ð1þ 2cxÞf 0ðxÞ þ xð1þ cxÞf 00ðxÞ: ð3:5Þ

Theorem 3.4. If g 2 C2
B½0;1Þ then we have

bDng
� �

ðxÞ � gðxÞ
��� ��� 6 anðxÞkgkC2

B
; ð3:6Þ

where

anðxÞ ¼
ðn� cÞf2xð1þ cxÞðn� 2cÞ � 1g

2nðn� 2cÞðn� 3cÞ ; n > 3c:

Proof. We write that

gðtÞgðxÞ ¼ ðt � xÞg0ðxÞ þ 1
2
ðt � xÞ2g00ðfÞ; ð3:7Þ

where t 6 f 6 x. From Lemma 2.2 and (3.7), we have

bDng
� �

ðxÞ � gðxÞ
��� ��� 6 kg0k bDnux

� �
ðxÞ

��� ���þ 1
2
kg00k bDnu2

x

� �
ðxÞ

��� ��� 6 ðn� cÞf2xð1þ cxÞðn� 2cÞ � 1g
2nðn� 2cÞðn� 3cÞ kg00k ¼ anðxÞkgkC2

B
: �

Remark 3.5. Under the same conditions of Theorem 3.4, we obtain

jðDngÞðxÞ � gðxÞj 6 a�nðxÞkgkC2
B
; ð3:8Þ

where

a�nðxÞ ¼
ðnþ 3cÞxð1þ cxÞ þ 1
ðn� 2cÞðn� 3cÞ ; n > 3c:

Theorem 3.6. For f 2 CB½0;1Þ, we obtain

bDnf
� �

ðxÞ � f ðxÞ
��� ��� 6 A x2 f ;

ffiffiffiffiffiffiffiffiffiffiffiffi
anðxÞ

p
2

 !
þmin 1;

anðxÞ
2

� �
kfkCB

( )
; ð3:9Þ

where n > 3c and constant A depends on f & anðxÞ.
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Proof. For f 2 CB½0;1Þ and g 2 C2
B½0;1Þ we write

bDnf
� �

ðxÞ � f ðxÞ ¼ bDnf
� �

ðxÞ � bDng
� �

ðxÞ þ bDng
� �

ðxÞ � gðxÞ þ gðxÞ � f ðxÞ

by using (3.6) and Peetre K-functions, we get

bDnf
� �

ðxÞ � f ðxÞ
��� ��� ¼ bDnf

� �
ðxÞ � bDng

� �
ðxÞ

��� ���þ bDng
� �

ðxÞ � gðxÞ
��� ���þ jgðxÞ � f ðxÞj 6 bDnf

��� ���kf � gk þ anðxÞkgkC2
B
þ kf � gk

6 2kf � gk þ anðxÞkgkC2
B
6 2 kf � gk þ 1

2
anðxÞkgkC2

B


 �
6 2K2 f ;

1
2
anðxÞ


 �
6 2A x2 f ;

1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
anðxÞ

p� �
þmin 1;

1
2
anðxÞ

� �
kfkCB


 �
:

This completes the proof. h

Remark 3.7. Under the same conditions of Theorem 3.6, we get

jðDnf ÞðxÞ � f ðxÞj 6 2A x2 f ;
ffiffiffiffiffiffiffiffiffiffiffiffi
a�nðxÞ

q� �
þminð1;a�nðxÞÞkfkCB


 �
: ð3:10Þ

Theorem 3.8. For every f 2 C½0;1Þ; x 2 ½0;1Þ, we obtain

bDnf
� �

ðxÞ � f ðxÞ
��� ��� 6 2xðf ; dxÞ; ð3:11Þ

where

dx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� cÞf2xð1þ cxÞðn� 2cÞ � 1g

nðn� 2cÞðn� 3cÞ

s
; n > 3c

and xðf ; dxÞ is the modulus of continuity of f.

Proof. Let f 2 C½0;1Þ and x 2 ½0;1Þ. Using linearity and monotonicity of bDn, we easily obtain, for every d > 0 and n 2 N, that

bDnf
� �

ðxÞ � f ðxÞ
��� ��� 6 xðf ; dÞ 1þ 1

d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibDnðu2
x ; xÞ

q
 �
:

By using Lemma 2.2 and choosing d ¼ dx the proof is completed. h

Remark 3.9. For the original operator Dn defined in, we may write that, for every f 2 C½0;1Þ

jðDnf ÞðxÞ � f ðxÞj 6 2xðf ; mxÞ; ð3:12Þ

where

mx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2fðnþ 3cÞxð1þ cxÞ þ 1g
ðn� 2cÞðn� 3cÞ

s
; n > 3c

and xðf ; mxÞ is the modulus of continuity of f. The error estimate in Theorem 3.8 is better than that of (3.12) for f 2 C½0;1Þ
and x 2 ½0;1Þ, we get dx 6 mx.

Now we compute rate of convergence of the operators of Dn by means of the Lipschitz class LipMðcÞ; ð0 < c 6 1Þ. As usual,
we say that f 2 CB½0;1Þ belongs to LipMðcÞ if the inequality

jf ðtÞ � f ðxÞj 6 Mjt � xjc ð3:13Þ

holds.

Theorem 3.10. If f 2 LipMðcÞ; x 2 ½0;1Þ and n > 3c, we have

bDnf
� �

ðxÞ � f ðxÞ
��� ��� 6 M

ðn� cÞf2xð1þ cxÞðn� 2cÞ � 1g
nðn� 2cÞðn� 3cÞ


 �c=2

:
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Proof. Since f 2 LipMðcÞ and x P 0, from inequality (3.13) and applying the Hölder inequality with p ¼ 2
c ; q ¼ 2

2�c, we have

bDnf
� �

ðxÞ � f ðxÞ
��� ��� 6 bDnjf ðtÞ � f ðxÞj

� �
ðxÞ 6 M bDnjt � xjc

� �
ðxÞ 6 M bDnu2

x

� �
ðxÞ

n oc=2

6 M
ðn� cÞf2xð1þ cxÞðn� 2cÞ � 1g

nðn� 2cÞðn� 3cÞ


 �c=2

proof is completed. h

Remark 3.11. If using Lemma 1.3, for the original operator Dn, then we get the following result

bDnf
� �

ðxÞ � f ðxÞ
��� ��� 6 M

2fðnþ 3cÞxð1þ cxÞ þ 1g
ðn� 2cÞðn� 3cÞ


 �c=2

for every f 2 LipMðcÞ; x P 0 and n > 3c.
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