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Abstract

This paper is concerned with a new type of the classical Bernstein operators where the function is evaluated at intervals

½0; 1� 1
nþ1
�. We also make extensive study simultaneous approximation by the linear combination Lnðf ; k; xÞ of these new

Bernstein type operators Lnðf Þ. At the end of this paper we have given an other modification of these operators.
� 2008 Elsevier Inc. All rights reserved.
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1. Introduction

If f ðxÞ is a function defined on ½0; 1�, the well known Bernstein operators Bnðf Þ as
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k¼0
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where
bn;kðxÞ ¼
n

k

� �
xkð1� xÞn�k

; k ¼ 0; 1; 2; . . . ; n:
Durrmeyer [7] studied the integral modification of Bernstein operator and Bernstein–Durrmeyer operators
ðDnf ÞðxÞ ¼ ðnþ 1Þ
Xn
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Z 1
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In the last decade an interesting generalization viz. q-Bernstein polynomials were proposed by Phillips [14],
which for each positive integer n and f 2 C½0; 1� are defined as
Bn;qðf ; xÞ :¼
Xn

k¼0

f
½k�
½n�

� �
pnkðq; xÞ;
where
pnkðq; xÞ :¼
n

k

� �
xkð1� xÞn�k

q :
Also for each non-negative integer k, by ½k� we mean the q-integer and ð1� xÞnq ¼
Qn�1

j¼0 ð1� qjxÞ. Approxima-
tion properties of these operators were studied recently by Ostrovska [13] and Wang [17].

Very recently based on the q-analog of integration and for f 2 C½0; 1�; Gupta [8] proposed a simple q-ana-
logue of the well known Durrmeyer operators as
Dn;qðf ; xÞ ¼ ½nþ 1�
Xn

k¼0

q�kpnkðq; xÞ
Z 1

0

f ðtÞpnkðq; qtÞdqt:
It can be easily verified that in case q ¼ 1, the operators Dn;qðf ; xÞ reduce to the well known Durrmeyer
operators Dnðf ; xÞ.

Cheney and Sharma [2] generalized the Bernstein polynomials by the relation
ðGnf ÞðxÞ ¼ ð1þ ntnÞ�n
Xn

k¼0

f
k
n

� �
n

k

� �
xðxþ ktnÞk�1ð1� xþ ðn� kÞtnÞn�k

;

where ftngn2N is a sequence of positive real numbers.
Several modifications of Bernstein polynomials have been introduced and studied by many researchers. We

cite the works on such operators (see [1,4,5,13,14,16]). Gupta and Maheshwari [11] estimated the rate of con-
vergence for the Bezier variant of some other Bernstein–Durrmeyer operators.

Now we introduce a Bernstein type special operator V n defined as
ðV nf ÞðxÞ ¼
Xn

k¼0

pn;kðxÞf
k
n

� �
; ð1:3Þ
where
pn;kðxÞ ¼ 1þ 1

n

� �n n

k

� �
xk n

nþ 1
� x

� �n�k

;
n

nþ 1
P x and x 2 0; 1� 1

nþ 1

� �
:

It is a generalized form of Bernstein operators, i.e., if n is sufficient large then our operators convert in the
original form of Bernstein operators (1.1).

By considering the integral modification of Bernstein operators, one can approximate Lebesgue integrable
function on the interval ½0; 1�. Derriennic [6] was the first, who studied the operators (1.2) in detail. Motivated
by the earlier works on Bernstein operators, we now propose a certain new integral modification of the oper-
ators (1.3) which are defined as
ðLnf ÞðxÞ ¼ n 1þ 1

n

� �2Xn

k¼0

pn;kðxÞ
Z n

nþ1

0

pn;kðtÞf ðtÞdt: ð1:4Þ
It turns out that the order of approximation to f ðxÞ by Lnðf ; xÞ is at best Oðn�1Þ. The existence of deriva-
tives of higher order of the function does not improve this order of approximation. May [12] and Rathore [15]
have described a method for forming linear combinations of positive linear operators so as to improve the
order of approximation.

Wood [18] applied this technique of linear combinations to the operators Ln to improve the order of
approximation. It is described as follows:
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Let d0; d1; . . . ; dk be k þ 1 arbitrary but fixed distinct positive integers. Then, the linear combinations
Lnðf ; k; xÞÞ of Ldjnðt; xÞ; j ¼ 0; 1; . . . ; k are defined as
Lnðf ; k; xÞ ¼
1

D

Ld0nðf ; xÞ d�1
0 d�2

0 . . . d�k
0

Ld1nðf ; xÞ d�1
1 d�2

1 . . . d�k
1

. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . .

Ldk nðf ; xÞ d�1
k d�2

k . . . d�k
k

������������

������������
; where D ¼

1 d�1
0 d�2

0 . . . d�k
0

1 d�1
1 d�2

1 . . . d�k
1

: . . . . . . . . . . . .

: . . . . . . . . . . . .

1 d�1
k d�2

k . . . d�k
k

������������

������������
:

We may write these linear combinations in alternative form as follows:
Lnðf ; k; xÞ ¼
Xk

j¼0

Cðj; kÞLdjnðf ; xÞ; ð1:5Þ
where
Cðj; xÞ ¼
Yk

i¼0
i6¼j

dj

dj � di
for k 6¼ 0 and Cð0; 0Þ ¼ 1:
Now in this paper, we establish a Voronovskaya type asymptotic formula and obtain an estimate of error in
terms of modulus of continuity in simultaneous approximation by the linear combinations of the operators
(1.4). Very recently Deo [3] studied direct and inverse theorems in ordinary approximation for hybrid type
operators. Gupta and Noor [10] also studied another type hybrid operators.

2. Basic results

In this section, we shall mention some definitions and certain lemmas to prove our main theorems.

Lemma 2.1. Let the mth order moment for the operator (1.3) be defined by
ln;mðxÞ ¼
Xn

k¼0

pn;kðxÞ
k

nþ 1
� x

� �m

; m ¼ 0; 1; 2; . . . ;
then we have ln;0ðxÞ ¼ 1; ln;1ðxÞ ¼ 0 and
nln;mþ1ðxÞ ¼ x
n

nþ 1
� x

� �
½l0n;mðxÞ þ mln;m�1ðxÞ� for n 2 N :
Consequently, for every x 2 ½0; 1� 1
nþ1
�, we have

(i) ln;mðxÞ is a polynomial in x of degree 6 m;

(ii) ln;mðxÞ ¼ Oðn�½ðmþ1Þ=2�Þ, where ½k� denotes the integral part of k.
Proof. First we prove recurrence relation, by using the following relation:
x
n

nþ 1
� x

� �
p0n;kðxÞ ¼ n

k
nþ 1

� x
� �

pn;kðxÞ: ð2:1Þ
We have from the definition of ln;mðxÞ
l0n;mðxÞ ¼
Xn

k¼0

p0n;kðxÞ
k

nþ 1
� x

� �m

� mln;m�1ðxÞ;
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then we obtain from (2.1)
x
n

nþ 1
� x

� �
½l0n;mðxÞ þ mln;m�1ðxÞ� ¼

Xn

k¼0

x
n

nþ 1
� x

� �
p0n;kðxÞ

k
nþ 1

� x
� �m

¼ n
Xn

k¼0

pn;kðxÞ
k

nþ 1
� x

� �mþ1

¼ nln;mþ1ðxÞ: �
Lemma 2.2. Let the mth order moments are defined by
ln;mðxÞ ¼ ðnþ 1Þ 1þ 1

n

� �Xn

k¼0

pn;kðxÞ
Z n

nþ1

0

pn;kðtÞðt � xÞmdt;
then, we have
ln;0ðxÞ ¼ 1; ln;1ðxÞ ¼
n� ðnþ 1Þ2x
ðnþ 1Þðnþ 2Þ ; ð2:2Þ
and for m P 1
ðmþ nþ 2Þln;mþ1ðxÞ ¼ x
n

nþ 1
� x

� �
2mln;m�1ðxÞ þ l0n;mðxÞ
h i

þ n
nþ 1

� 2x
� �

ðmþ 1Þln;mðxÞ:
Consequently,

(i) ln;mðxÞ is a polynomial in x of degree 6 m;

(ii) ln;mðxÞ ¼ Oðn�½mþ1
2 �Þ, where ½a� denotes the integral part of a.
Proof. The values of ln;0ðxÞ and ln;1ðxÞ can easily follows from the definition. We prove the recurrence relation
as follows:
l0n;mðxÞ ¼ ðnþ 1Þ 1þ 1

n

� �Xn

k¼0

p0n;kðxÞ
Z n

nþ1

0

pn;kðtÞðt � xÞmdt � mln;m�1ðxÞ:
From (2.1), we get
x
n

nþ 1
� x

� �
l0n;mðxÞ þ mln;m�1ðxÞ
n o

¼ ðnþ 1Þ 1þ 1

n

� �Xn

k¼0

pn;kðxÞ
Z n

nþ1

0

n
k

nþ 1
� x

� �
pn;kðtÞðt � xÞmdt

¼ ðnþ 1Þ 1þ 1

n

� �Xn

k¼0

pn;kðxÞ
Z n

nþ1

0

t
n

nþ 1
� t

� �
p0n;kðtÞðt � xÞmdt þ nln;mþ1ðxÞ

¼ ðnþ 1Þ 1þ 1

n

� �Xn

k¼0

pn;kðxÞ
Z n

nþ1

0

x
n

nþ 1
� x

� �
þ n

nþ 1
� 2x

� �
ðt � xÞ � ðt � xÞ2

� �
� p0n;kðtÞðt � xÞmdt

þ nln;mþ1ðxÞ ¼ �mx
n

nþ 1
� x

� �
ln;m�1ðxÞ � ðmþ 1Þ n

nþ 1
� 2x

� �
ln;mðxÞ

þ ðmþ 2Þln;mþ1ðxÞ þ nln;mþ1ðxÞ:
This complete the proof of the recurrence relation. h

Lemma 2.3 [6, Lemma II.7]. There exists the polynomials qi;j;rðxÞ independent of n and k such that
xr n
nþ 1

� x
� �r

dr

dxr
pn;kðxÞ ¼

X
2iþj6r
i;jP0

niþj k
nþ 1

� x
� �j

qi;j;rðxÞpn;kðxÞ:
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3. Main results

In this section, we shall prove the following main result.

Theorem 3.1. Let f 2 C½0; 1� 1
nþ1�, if f ð2kþrþ2Þ exists at a point x 2 ½0; 1� 1

nþ1� then
lim
n!1

nkþ1½LðrÞn ðf ; k; xÞ � f ðrÞðxÞ� ¼
X2kþrþ2

i¼r

Qði; k; r; xÞf ðiÞðxÞ; ð3:1Þ

lim
n!1

nkþ1½LðrÞn ðf ; k þ 1; xÞ � f ðrÞðxÞ� ¼ 0; ð3:2Þ
where Qði; k; r; xÞ are certain polynomials in x. Furthermore (3.1) and (3.2) hold uniformly on ½0; 1� 1
nþ1
� if

f ð2kþrþ2Þ 2 C½0; 1� 1
nþ1
�.

Proof. By Taylor’s expansion of f ðtÞ, we have
f ðtÞ ¼
X2kþrþ2

i¼1

f ðiÞðxÞ
i!
ðt � xÞi þ gðt � xÞðt � xÞ2kþrþ2

; ð3:3Þ
where gðt � xÞ ! 0 as t! x and is bounded and integrable function on ½�x; 1� 1
nþ1
þ x

� �
�.

Using (3.3), we get
LðrÞn ðf ; k; xÞ ¼
Xk

j¼0

Cðj; kÞðdjnþ 1Þ 1þ 1

djn

� �Xdjn

k¼0

pðrÞdjn;kðxÞ
Z djn

djnþ1

0

pn;kðtÞf ðtÞdt

¼
Xk

j¼0

Cðj; kÞðdjnþ 1Þ 1þ 1

djn

� �Xdjn

k¼0

pðrÞdjn;kðxÞ
Z djn

djnþ1

0

pdjn;kðtÞ �
X2kþrþ2

i¼1

f ðiÞðxÞ
i!
ðt � xÞi

(

þ gðt � xÞðt � xÞ2kþrþ2

)
dt

¼
X2kþrþ2

i¼1

f ðiÞðxÞ
i!

Xk

j¼0

Cðj; kÞLðrÞdjnðxÞððt � xÞi; xÞ þ
Xk

j¼0

Cðj; kÞLðrÞdjnðxÞðgðt � xÞðt � xÞ2kþrþ2
; xÞ

¼ I1 þ I2:
By Lemma 2.2, we have
I1 ¼
X2kþrþ2

i¼r

f ðiÞðxÞ
i!

Xk

j¼0

Cðj; kÞLðrÞdjnðxÞððt � xÞi; xÞ

¼
X2kþrþ2

i¼r

f ðiÞðxÞ
i!

Xi

l¼0

i

l

� �
ð�1Þi�lxi�lLðrÞn ðxÞðtl; k; xÞ

¼
X2kþrþ2

i¼r

f ðiÞðxÞ
i!

Xi

l¼0

i

l

� �
ð�1Þi�lxi�l � dr

dxr
xl þ n�ðkþ1Þ

X2kþ2

j¼1

dr

dxr

Qðj; k; xÞ
j!

dj

dxj
xl

� �
þOð1Þ

( )" #

¼
X2kþrþ2

i¼r

f ðiÞðxÞ
i!

r!
Xi

l¼0

i

l

� �
ð�1Þi�l l

r

� �
xi�r þ n�ðkþ1Þ

X2kþrþ2

i¼r

Qði; k; r; xÞf ðiÞðxÞ þOðn�ðkþ1ÞÞ

¼ f ðrÞðxÞ þ n�ðkþ1Þ
X2kþrþ2

i¼r

Qði; k; r; xÞf ðiÞðxÞ þOðn�ðkþ1ÞÞ:
Using the identities
Xi

l¼0

ð�1Þl
i

l

� �
l

r

� �
¼

0; i > r;

ð�1Þr; i ¼ r:
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To prove the the first assertion (3.1) it is sufficient to show that
nkþ1LðrÞn ðgðt � xÞðt � xÞ2kþrþ2
; xÞ ! 0 as n!1:
Now
LðrÞn ðgðt � xÞðt � xÞ2kþrþ2
; xÞ ¼ ðnþ 1Þ 1þ 1

n

� �Xn

k¼0

pðrÞn;kðxÞ
Z n

nþ1

0

pn;kðtÞgðt � xÞðt � xÞ2kþrþ2dt
and from Lemma 2.3, we obtain
I2 ¼ ðnþ 1Þ 1þ 1

n

� �Xn

k¼0

xr n
nþ 1

� x
� �r

pðrÞn;kðxÞ
Z n

nþ1

0

pn;kðtÞgðt � xÞðt � xÞ2kþrþ2dt

¼ ðnþ 1Þ 1þ 1

n

� � X
2iþj6r
i;jP0

niþjqi;j;rðxÞ
Xn

k¼0

pn;kðxÞ
k

nþ 1
� x

����
����
j Z n

nþ1

0

pn;kðtÞgðt � xÞðt � xÞ2kþrþ2dt:
Put M ¼ supx2½0;1� 1
nþ1�

sup2iþj6rjqi;j;rðxÞj then apply Schwartz inequality summation to have
I2 ¼ Mðnþ 1Þ 1þ 1

n

� � X
2iþj6r
i;jP0

niþj
Xn

k¼0

k
nþ 1

� x
� �2j

pn;kðxÞ
( )1=2

�
Xn

k¼0

pn;kðxÞ
Z n

nþ1

0

pn;kðtÞgðt � xÞðt � xÞ2kþrþ2dt
� �2

( )1=2

: ð3:4Þ
From Lemma 2.1, we get
1

niþj
sup

x2 0;1� 1
nþ1½ �

Xn

k¼0

k
nþ 1

� x
� �2j

pn;kðxÞ
( )

;

bounded for all values of j.
Let K ¼ supu2½�x;1� 1

nþ1þxð Þ�jgðuÞj and let e > 0 be arbitrary. Choose d > 0 such that jgðuÞj < e when juj 6 d.

So for all t 2 ½0; 1� 1
nþ1�, we have ðgðt � xÞÞ2 < e2 þ K2ðt�xÞ2

d2 . By Schwartz inequality, we get
Z n
nþ1

0

pn;kðtÞgðt � xÞðt � xÞ2kþrþ2dt
� �2

6
n

ðnþ 1Þ2
Z n

nþ1

0

pn;kðtÞ e2 þ K2ðt � xÞ2

d2

( )
ðt � xÞ2ð2kþrþ2Þdt:
Applying Lemma 2.2, we get
Xn

k¼0

pn;kðxÞ
Z n

nþ1

0

pn;kðtÞgðt � xÞðt � xÞ2kþrþ2dt
� �2

6

Xn

k¼0

pn;kðxÞ
n

ðnþ 1Þ2
Z n

nþ1

0

pn;kðtÞ e2 þ K2ðt � xÞ2

d2

( )
ðt � xÞ2ð2kþrþ2Þdt

¼ n

ðnþ 1Þ2
Xn

k¼0

pn;kðxÞ
Z n

nþ1

0

pn;kðtÞe2ðt � xÞ2ð2kþrþ2Þdt

(
þK2

d2

Xn

k¼0

pn;kðxÞ
Z n

nþ1

0

pn;kðtÞðt � xÞ2ð2kþrþ3Þdt

)

¼ n

ðnþ 1Þ2
e2Oðn�ð2kþrþ3ÞÞ þ K2

d2
Oðn�ð2kþrþ4ÞÞ

	 

¼ e2Oðn�ð2kþrþ4ÞÞ;
Thus finally in (3.4), we get
jI2j 6¼ Mðnþ 1Þ 1þ 1

n

� � X
2iþj6r
i;jP0

C3n
iþj
2 eC4n�

1
2ð2kþrþ4Þ:
Since e > 0 is arbitrary, therefore nkþ1I2 ! 0 as n!1.
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The last assentation (3.2) can be proved along similar lines using Lnððt � xÞi; k þ 1; xÞ ¼ Oðn�ðkþ2ÞÞ;
i ¼ 1; 2; . . ..

The last assertion follows due to the uniform continuity of f ð2kþrþ2Þ on ½0; 1� 1
nþ1� (enabling d to become

independent of x 2 ½0; 1� 1
nþ1�) and the uniformity of Oðn�ðkþ1ÞÞ term in the estimate of I1 (because in fact, it is

a polynomial in x).
This completes the proof. h

Theorem 3.2. Let 1 6 p 6 2k þ 2 and f 2 C½0; 1� 1
nþ1
�. If f ðpþrÞ exists and is continuous on ha; bi � 0; 1� 1

nþ1

� �
having the modulus of continuity xf ðpþrÞ ðdÞ on ha; bi then, for n sufficiently large
kLðrÞn ðf ; k; xÞ � f ðrÞðxÞk 6MaxfC1n�p=2xf ðpþrÞ ðn�1=2Þ;C2n�ðkþ1Þg;
where C1 ¼ C1ðk; p; rÞ and C2 ¼ C2ðk; p; r; f Þ.

Proof. For every x 2 ½a; b�, by the hypothesis, we have
f ðtÞ ¼
Xpþr

i¼0

f ðiÞðxÞ
i!
ðt � xÞi þ f ðpþrÞðnÞ � f ðpþrÞðxÞ

ðp þ rÞ! ðt � xÞpþr þ hðt; xÞvðtÞ; t < n < x; ð3:5Þ
where vðtÞ is the characteristic function of the set ½0; 1� 1
nþ1
�=ha; bi and t 2 ½0; 1� 1

nþ1
�.

The function hðt; xÞ for x 2 ½a; b� is bounded by M jt � xjpþr for some constant M. From (3.5), we get
LðrÞn ðf ; k; xÞ ¼
Xk

j¼0

Cðj; kÞðdjnþ 1Þ 1þ 1

djn

� �Xdjn

k¼0

pðrÞdjn;kðxÞ
Z djn

djnþ1

0

pdjn;kðtÞ

�
Xpþr

i¼0

f ðiÞðxÞ
i!
ðt � xÞi þ f ðpþrÞðnÞ � f ðpþrÞðxÞ

ðp þ rÞ! ðt � xÞpþr þ hðt; xÞvðtÞ
( )

dt

¼ I1 þ I2 þ I3:
Now I1 ¼ f ðrÞðxÞ þOðn�ðkþ1ÞÞ, uniformly in x 2 ½a; b�.
To estimate I2, we have for every d > 0
jf ðpþrÞðnÞ � f ðpþrÞðxÞj 6 xf ðpþrÞ ðjn� xjÞ 6 xf ðpþrÞ ðjt � xjÞ 6 1þ jt � xj
d

� �
xf ðpþrÞ ðdÞ: ð3:6Þ
Therefore from (3.6) and Lemma 2.3, we have
I2 6
1

ðp þ rÞ!
Xk

j¼0

jCðj; kÞjðdjnþ 1Þ 1þ 1

djn

� �Xdjn

k¼0

pðrÞdjn;kðxÞ
��� ��� Z

djn

djnþ1

0

pdjn;kðtÞ � 1þ jt � xj
d

� �
ðdÞjt

� xjpþrxf ðpþrÞ ðdÞdt

6
xf ðpþrÞ ðdÞ
ðp þ rÞ!

Xk

j¼0

jCðj; kÞjðdjnþ 1Þ 1þ 1

djn

� � X
2iþs6r
i;sP0

ðdjnÞi
jqi;s;rðxÞj

xr n
nþ1
� x

� �r �
Xdjn

k¼0

pdjn;kðxÞ djn
k

djnþ 1
� x

� �����
����
s

�
Z djn

djnþ1

0

pdjn;kðtÞ jt � xjpþr þ 1

d
jt � xjpþrþ1

	 

dt:
Putting K ¼ supx2½a;b�sup2iþs6r
i;sP0

jqi;s;rðxÞj
xr n

nþ1�xð Þr, then applying Schwartz inequalities for summation and for integral

and Lemma 2.2, as in the proof of Theorem 3.1, we have
jI2j 6 K C5n�p=2 þ 1

d
C6n�ðpþ1Þ=2

� �
xf ðpþrÞ ðdÞ:
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Now choosing d ¼ n�1=2, it follows that
I2 6 xf ðpþrÞ ðn�1=2ÞOðn�p=2Þ;
where the O-term holds uniformly in x 2 ½a; b�. Finally choosing a positive number d such that jt � xjP d, we
get
jI3j 6
Xk

j¼0

jCðj; kÞjðdjnþ 1Þ 1þ 1

djn

� � X
2iþs6r
i;sP0

ðdjnÞi
jqi;s;rðxÞj

xr n
nþ1
� x

� �r �
Xdjn

k¼0

pdjn;kðxÞ djn
k

djnþ 1
� x

� �����
����
s

�
Z

0;1� 1
nþ1½ �

ha;bi

pdjn;kðtÞM jt � xjpþrdt

6 M
Xk

j¼0

jCðj; kÞjðdjnþ 1Þ 1þ 1

djn

� � X
2iþs6r
i;sP0

ðdjnÞi
jqi;s;rðxÞj

xr n
nþ1
� x

� �r �
Xdjn

k¼0

pdjn;kðxÞ djn
k

djnþ 1
� x

� �����
����
s

�
Z n

nþ1

0

pdjn;kðtÞ
ðt � xÞ2m

d2m�p�r dt:
Thus
I3 ¼ O n
r�2m

2ð Þ
� �

; m >
2k þ r þ 2

2
:

Therefore
I3 ¼ O n�ðkþ1Þ� �
uniformly in x 2 ½a; b�:
The theorem follows from the estimates of I1; I2 and I3. h

Remark 3.3. Very recently Gupta and Ispir [9] introduced a new type of Bernstein–Durrmeyer operators. We
can modify that operators as follows:
ðMnf ÞðxÞ ¼ ðnþ 1Þ
Xn

k¼1

pn;kðxÞ
Z n

nþ1

0

pn�1;k�1ðtÞf ðtÞdt þ 1þ 1

n

� �n n
nþ 1

� x
� �n

f ð0Þ; ð3:7Þ
where x 2 ½0; 1� 1
nþ1
�. These operators (3.7) have different approx. properties, analysis is different we will dis-

cuss them elsewhere.
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