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A Note on Equivalent Theorem for
Beta Operators
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Abstract. In this paper, we give an equivalent theorem concerning on the
whole interval [0, 4o00). Both the direct and converse theorems are derived.
These results bridge the gap between the point-wise conclusions and global
conclusions.
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1. Introduction

Let C' [0, 4+00) be the set of continuous and bounded functions defined on [0, +00) .
For f € C'[0,400) and n € N ={1,2,...} the Beta operators are given by

—+oo
v
B @) = S puetlf (757 (1)
where . ) .
x
n,v = . ) 0, )
Pool) = S B L) W P
r 1).I"
and B(v 4+ 1,n) denotes the Beta function defined as: 8 (v + 1,n) = %

Very recently Deo [2] has studied simultaneous approximation for the mod-
ified Beta operators and Gupta and Deo [4] have studied the rate of convergence
for bivariate Beta operators.

The purpose of this note is to prove an equivalence theorem concerning on the
whole interval [0, 4+00) for the Beta operators. Corresponding to the unbounded
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interval the functions are indeed allowed to be unbounded, with some restrictions
however concerning the growth of f at infinity. Here we discuss functions of poly-
nomial growth. To be precise, we consider spaces C'y defined via the weight wy as
follows (N € N° := NU {0}):

wo(z) =1, wn(z) (x>0, NeN),

e
Cy ={f €C[0,400); wnf uniformly continuous and bounded on [0, +00)},

=sup wn(z)|f(x)|.
11l = sup wn(@)|f(@)
The corresponding Lipschitz classes are given for 0 < a < 2 by (h > 0)
Ajf(x) = f(z +2h) = 2f(z + h) + f(),

wy (f,0) = Sup |22 F ] s

Lipja = {f € Cn; wi(£,0) = O(6%), 6 — 0+}.

Actually the direct theorem provides the rate of convergence for functions
of specified smoothness; on the other hand, a converse theorem infers the nature
of smoothness of function. In the present paper we study an equivalence result,
which includes the direct as well as the converse part for the Beta operators. Our
main result is the following:

Theorem 1.1. Let N € N°, f € Cn, 0 < o < 2, then the following statements are
equivalent:

f € Lipya, (1.2)

T a/2
wn ()| Bnf(x) — f(x)| < My |:’I;b(——|-)1:| ) (x>0, neN), (1.3)

the constant My being independent of n and x, where ¢p(x) = z(1 + x).

Throughout this note, My denotes a constant independent of n and x, but
it is not necessarily the same in different cases.

2. Basic Results

Let us introduce some basic properties of these operators in the first three Lemmas,
which we shall apply to the proofs of the main theorems.

Lemma 2.1 ([2]). Let the function i, m be defined on [0, +00) for positive integers
m and n and the mth moments

(1) = Bu((t — )" 12) = 3 ( v x)mpn,m),

= n+1

then
(n+ D) ptnms1(x) =z (1 + 2) (1), 1 (2) + Mptnm-1(x)], (2>0, me N°). (21)
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As a first consequence we have
B,(thx) = o', (i € {0,1}), (2.2)
z(1+z
(@) = Ba((t =) 0) = 20D, 23)

Lemma 2.2. ([5, p. 475]). For f € C[0,+00) and n € N, by [3, (9.4.3)], we know
that

N R IE v
(Ba) (@) = 25 Y S f (7
Lemma 2.3. ([6, p. 335]). Let m > 2, §,, := 0 if m is even, On, := 1 if m is odd.
Then one has for the mth moment of the Beta operators that

[m/2]

(l+2z)y7 1+ 2z %m
,un,m(z):an,m,j{ n+1 }{n—i—l} ’ (2:4)
j=1

)prirala).

with positive coefficients pp m,;, bounded with respect to n. In particular, fin,m(x)
is a polynomial of degree m without a constant term.

Lemma 2.4. ([3, (10.5.3)]). For each N € N° there is a constant My such that
uniformly forn € N, x >0

1
wN(x)Bn<wN(t);w> < My. (2.5)
In particular, for any f € Cy,
[Bufly < M|l f]| - (2.6)

Lemma 2.5. ([3, (10.5.3)]). For each N € N° there is a constant My such that for
allz>0,neN

(t—a)* z(1+x)
Furthermore, one has
(1+ 2x)wN(x)BN<£i;(tx));x) < MNx(nlii—lx)' (2.8)

Lemma 2.6 ([1]). Let N € N° g€ C% :={f € Cn; " € Cn}. Then there exists
a constant My such that for all z >0, n € N
z(1+zx)

wn ()| Brg(x) — g(x)| < MNHQHHN n+1

(2.9)
Lemma 2.7. For x,6 >0, f € C there holds

ox@|(Ba)" @) < Mx (0 { S o 2o
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Lemma 2.8. Let ¢(x) = (1 + z), then one has forx >0, 0 < h <1

dsdt Mh?
// d(x+s+1t) —¢(x+2h) (2.11)

Since the proofs of Lemma 2.7 and Lemma 2.8 are easy, we leave them to the
readers.

3. Direct Theorem

The proof of the direct theorem follows along standard lines using the Steklov
means, the Jackson-type inequality and approximate estimates of the moments of
the Beta operators.

Theorem 3.1. For any N € N°, f € Cy there holds for all z > 0,n € N

2)|Buf(2) — f(a)] < Myu (ﬁ %) . (31)
In particular, if f € Lip%a for some a € (0,2], then

x z)]%/?
)|Buf(z) - [(z)] < My [%lq .

Proof. For x = 0 the assertion is trivial. For f € Cn,h > 0 by Lemmas 2.4 and
2.6, we get

N Baf (o) - 1(0)
< )| Ba(f = f)(@)] +wn (@)|Bufu(@) = fr(@)| + wn (@)| fulz) — f(2)]
< N1l oo () 1]+ awl g {200

x(1
< Mywk (f.) [H{ s H
so that (3.1) follows upon setting h = mg:f)) In particular, for each f € Cy,
x>0, we get lim wy(z)|Bnf(z) — f(z)] = O

4. Inverse Theorem

The main tool for the proof of the inverse theorem in the nonoptimal case 0 < § < 2
is an appropriate Bernstein-type inequality.

Theorem 4.1. Let N € N°. If f € Cx satisfies for some o € (0,2) and all n € N,

x>0 ,

z(14z)]*?

B, — < My|——= , 4.1

0| B fa) ~ (o) < 2ty | 0] (@.1)

then f € Lip%a.
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Proof. Tt is sufficient to show that for 0 < h, § < 1, § < vh (see [7])

N
Ao <yl 4 (3) (0, (1.2
where 0 < h, § <1, 6 < vh, > 0. By Lemmas 2.7 and 2.8 and observing that
L(x) < 3N ash <1,
wn (z + 2h)

then from (4.1) for all n € N

)| A7 f ()|
< wn(z )|f(a:+2h)—B f(@+2h)| + 2wn ()| Bof(x 4+ h) — f(z+h)|
+wn (z)|f(2) ()| + wn (2)| A7 (Bn f)()]
(ZZ?+2h) 0‘/2 UJN( ) 2(.«.)]\[( )
= MN{ n+1 } {wN(gc+2h) wn(z+h) +1}

h
—|—wN(x)//O |(Bnf)" (x4 s+t)|dsdt

MN{M}“/Q + My (f,6) (#ﬁ%)

{"H // m(fj:t <%>2}

{20 [l DM Iy (7.6)|.

IN

IN

n+1 o(x +2h)

For x = 0 let us only note that the estimate holds true in view of the existence
of the integrals for x = 0 and the continuity of the expressions involved. Now choose

n such that
/¢(x+2h)< \/¢x+2h o Oz +2h)
n+1 = n+1 ’

the last expression being > 2 HLH Then

st <l s (B) o 0]

proving (4.2). This completes the proof of the theorem. d
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