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Abstract

Univalent function theory is a branch of geometric function theory which comprises of
the various geometric properties of analytic functions. The first milestone in the field
of univalent functions theory was achieved by Bieberbach in the year 1916, wherein
he proved the second coefficient bound for a function f € S of normalised analytic
univalent functions. He also proposed a conjecture for the n!" coefficient of the function
in the class S in the same year. Bieberbach’s Conjecture states that the coefficients of
the the function f € S satisfy |a,| < nforn = 2,3,4, - - - with equality if and only if holds
if f is some rotation of the famous Koebe function. Bieberbach’s conjecture paved way
for many mathematicians to work in the area of univalent functions and a vast literature

is available now.

The present research work focusses on investigating the various types of coefficient
estimate problems in geometric function theory such as computing the bounds on the
second and the third Hankel determinants, the Fekete- Szeg0 coefficient functional. The
thesis also aims at computing the sharp radius estimates and various inclusion relation-
ships between certain classes of analytic functions. To begin with, Chapter 1 introduces
some basic concepts and results in the theory of univalent functions which will be re-

quired later in our investigations.

Chapter 2, entitled “Initial Coefficients of Starlike Functions w.r.t. Symmetric Points
aims at studying the functions which are starlike with respect to symmetric points. It

is well known that the class of analytic functions f defined on the unit disk satisfying

vii
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Re(zf'(z)/(f(z) — f(—z))) > 0'is a subclass of close-to-convex functions and the n‘"
Taylor coefficient of these functions are bounded by one. However, no bounds are known
for the n'* coefficients of functions f € S (¢) satisfying 2zf'(z)/(f(z) — f(~z)) <
¢(z), except for n = 2,3. Thus, the sharp bound for the fourth coefficient of analytic
univalent functions f satisfying the following subordination 2zf'(z)/(f(z) — f(—z)) <
¢(z) has been obtained. The bound for the fifth coefficient has also been obtained in

certain special cases of ¢ including ¢* and v/1 + z.

Chapter 3, entitled “Fekete-Szeg6 Coefficient Functional”, deals with obtaining the bound
for the Fekete-Szegb coefficient functional. Let ¢ be an analytic function with the pos-
itive real part satisfying ¢(0) = 1 and ¢'(0) > 0. Let f(z) = z + apz® + azz> + - -
be an analytic function satisfying the subordination af’(z) + (1 — a)zf'(z)/f(z) <
¢(2), (f'(2)*(2f'(2)/ ()1 < 9(2), (f'(2))* A +2f"(2)/ ()7 < ¢(2),
(f(2)/2)"(zf"(2)/ f(2)7 < 9(2) or (f(z)/2)* (L +2f"(2)/ f'(2))~) < ¢(2).
For functions satisfying the above subordination, the bounds of Fekete-Szegd coefficient

functional have been obtained.

In Chapter 4 entitled “Hankel Determinant of Certain Analytic Functions”, we have ob-
tained the bounds for the second Hankel determinant H»(2) = aa4 — a% for the function
f satistying af'(z) + (1 - 0)zf'(2)/ f(2) < 9(2). (f'(2)*(zf'(2)/£(2)) 1) < ().
(F () (1 +2f"(2) /() < 9(2), (f(2)/2)*(f'(2)/f(2)) ) < g(z) or
(f(2)/2)* (14zf"(z)/f'(z))1~%) < ¢(z). Here ¢ is an analytic function with the pos-
itive real part, ¢(0) = 1and ¢’(0) > 0. We have also determined the third Hankel deter-
minant H3(1) = a3(asas — a3) — as(as — azas) + as(az — a3) for an analytic function f
of the form f(z) = z + Y a,2" satisfying either Re ((f'(2))*(zf"(z)/f(z))~%)) > 0 or
Re ((f'(2))*(1+zf"(z)/f'(z))1=%) > 0. Our results include some previously known

results.

In Chapter 5, entitled “Janowski Starlikeness and Convexity”, certain necessary and
sufficient conditions have been determined for the functions f(z) =z —Y " ,a,z" € T,
a, > 0, defined on DD, to belong to renowned subclasses of Janowski starlike and convex

functions. In the same chapter, we have also discussed certain sufficient conditions for
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the normalised analytic functions f satisfying (z/f(z))" =1+ Y5> 1 buz", 4 € C to be

in the class S*[A, B] of Janowski starlike functions.

In Chapter 6, named “The classes S;, and SL*(«)”, we have attempted to study the
function f defined on D, with normalisations f(0) = 0 = f/(0) — 1, satisfying the
subordinations zf'(z)/f(z) < a4+ (1 —a)e? or zf'(z)/ f(z) < a + (1 — a)y/1+ z re-
spectively, where 0 < a < 1. The sharp radii has been determined for these functions
to belong to several known subclasses of analytic functions. In addition, some inclu-
sion relations and coefficient problems including the bounds for the first four coefficient

estimates and the Fekete-Szegd functional have also been obtained.
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Chapter 1

Introduction

Univalent function theory is an alluring branch of geometric function theory which com-
prises of the various geometric properties of analytic functions. The first paper on univa-
lent functions dates back to 1907 and was written by Koebe [40]. Since then, there has
been an extensive study in this field and a vast literature is available now. Among the
other textbooks on univalent functions, there are excellent books by Pommerenke [68],
Goodman [23], Duren [17], Goluzin [22] and Graham and Kohr [26] which provide an

enormous amount of theory of univalent functions.

1.1. UNIVALENT FUNCTIONS

A function f is said to be univalent in some domain D C C if it doesn’t take the same
value twice. Mathematically, we can say that for two distinct z1,z, € D, f(z1) # f(z2).
In other words, a one to one function which is analytic except at the most one simple
pole is said to be univalent. The function f is said to be locally univalent at some point
zo € D if f is univalent in some neighbourhood of zy. The necessary and sufficient

condition for local univalence of a function f at the point z is that f/(zg) # 0.

Let A be the class of all normalised analytic functions defined on the open unit disk D :=
{z : |z| < 1} subject to normalisation f(0) = 0 and f’(0) = 1. Our primary concern

here is to study a subclass of .A which consists of normalised analytic univalent functions
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f defined over a unit disc D. Such a class is denoted by &. We restrict the domain
under consideration to the open unit disc because of the famous Riemann Mapping
Theorem which was given as early as in 1851 and is one of the most remarkable results
in Complex Analysis. It states that any simply connected domain in C can be mapped
conformally onto a unit disc D = {z : |z| < 1}. The following version of Riemann

Mapping Theorem is from the textbook of Complex Analysis by Ahlfors.

THEOREM 1.1. (Riemann Mapping Theorem) [1] Let D C C be a simply connected
domain, and zo € D be any given point. Then there must exist an analytic, one to

one function f : D — D which is unique, maps D onto D and has the properties that
f(Zo) =0 andf’(zo) > 0.

Taylor series expansion for a normalised analytic and univalent function f € S is
f(z) =z4+ a2 +azz® +---, lz| < 1.
The best example of a function in the class S is the Koebe function

K(z) = 2:z+222+3,z3+---.

Z
(1-2)
Koebe function also acts as an extremal function for the class S. It maps the unit disk

D onto the entire complex plane except the slit from -1/4 to infinity on the negative real

axis.

The first milestone in the field of univalent function theory was the estimation of the
second coefficient bound for a function in the class S. It was given by Bieberbach in the

year 1916 wherein he proved that

THEOREM 1.2. (Bieberbach’s Theorem) [12]. If f € S,

if the function f is a rotation of the Koebe function.

ay| < 2 with equality if and only

Bieberbach’s coefficient theorem suggested the general coefficient estimate problem

which deals in finding A,, = SUPfcg lay|,n =2,3,4,---. Bieberbach also proposed a
conjecture for the n"* coefficient of the function in the class S in the same year which is

as follows
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Bieberbach Conjecture. [12] The coefficients of the the function f € S satisfy |a,| < n

forn =2,3,4,---. Equality holds if f is a rotation of the Koebe function.

For many years this conjecture remained as a challenge for all mathematicians and
has motivated a lot of studies in the theory of univalent functions. Among other results
obtained in trying to prove the Bieberbach conjecture, the following are worthy of note. In
the year 1923, Loewner proved that |a3| < 3 using his parametric method. It was in the
year 1955 that Garabedian and Schiffer proved the Bieberbach conjecture for n = 4 by
the simultaneous use of variational and parametric methods. Later on, in 1960, with the
aid of Grunsky’s univalence condition, the estimate was obtained in a much more simple
manner. Pederson and Ozava demonstrated the validity of Bieberbach’s conjecture for
n = 6 in the year 1968 with the help of the Grunsky inequalities; and in the year 1972,
it was proved for n = 5 by Pederson and Schiffer with the aid of Garabedian-Schiffer
inequalities. After 68 years of extensive research in the geometric theory of functions of
a complex variable, the Bieberbach’s conjecture was finally proved in the year 1985 by
Louis de Branges [13] of Purdue University. He gave a proof for this conjecture using
certain inequalities for special functions. Exact references to these papers and future

discussion can be found in the book by Duren [17].

While going about proving the sharp coefficient bounds for functions in the class S,

Fekete and Szeg0 [20] in the year 1933, proved that

a3 — pa3| < 4 1+exp(72), (0<p<1);
3 —4yu, (1 <0).

holds for the functions f € S and the result is sharp.

Let us now examine certain applications of the Bieberbach’s Theorem. Long back in
1907, Koebe [40] stated that the range of any function f € S under the unit disk contains
a disk centred at the origin of radius 1/4. Thatis, D,4 = {z : |z| < 1/4} C f(D). This

theorem came to be known as Koebe’s One-Quarter Theorem and is given as
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THEOREM 1.3. (Koebe One-Quarter Theorem) [40]. The range of every function of the
class S contains the disk {z : |z| < 1/4}. Equality holds if and only if f(z) is a rotation
of the function K(z) = z/(1 — z)?.

Another interesting application of the Bieberbach’s Theorem is the famous Koebe’s Dis-
tortion Theorem. This theorem provides the sharp lower and upper bounds for |f’(z)|
where f € S.

THEOREM 1.4. (Distortion Theorem) [24, Theorem 3, p. 65] Foreach f € S,

1-— 1+7r
3, zl =r<1.
(1+r)3_|f()l_( e 2|
Foreachz € D, z # 0, equality occurs if and only if f is some rotation of the Koebe

function.

Furthermore, there were some very interesting consequences of the distortion theorem,
namely the growth theorem and the rotation theorem. Growth theorem gives the sharp
bounds for | f(z)| whereas the rotation theorem deals with the computation of the bound-
s for | arg f/(z)|. Rotation theorem was given by Goluzin [21] in the year 1936 by skilfully
using the Loewner differential equation. It is called so, since the quantity arg f'(z) ge-
ometrically represents the local rotation factor under the conformal mapping f; the two

theorems are given as follows.

THEOREM 1.5. (Growth Theorem) [24, Theorem 8, p. 68] Foreach f € S,

(1+’”)2_‘f()|§ﬁ’ z| =r<1

Foreachz € D, z # 0, equality occurs if and only if f is some rotation of the Koebe

function.
THEOREM 1.6. (Rotation Theorem) [21]. If f € S, then

daresin~Yr, ifr < 1/v/2;

larg f'(z)| <
n+1n§, if1//2 <r <1,

The bound is sharp for each z € D.
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1.2. FUNDAMENTALS IN UNIVALENT FUNCTION THEORY

A domain D is said to be starlike with respect to an interior point wy if every point in that
domain is visible from wy. A function is starlike with respect to some point z; if it maps D
onto a domain which is starlike with respect to zg. When zg = 0, we say that f is starlike.
The class of all starlike functions is denoted by S*. The following theorem which gives

the analytic characterisation of starlike functions was given by Nevanlinna in 1921.

THEOREM 1.7. [24, Theorem 1, p. 111] Let f be an analytic function in D with f(0) = 0
and f'(0) = 1. Then f € S* ifand only ifRe (zf'(z)/f(z)) > 0

If line joining any two points in the domain lies entirely within the domain, the domain D
is said to be convex. In other words, a domain is said to be convex, if it is starlike with
respect to each of its interior points. A function f is said to be convex, if it maps the unit
disk I onto a convex domain. The class of all convex functions is denoted by /. The
following analytic characterisation for the class of convex functions was given by Study

in the year 1913.

THEOREM 1.8. [24, Theorem 1, p. 111] Let f be an analytic function in D with f(0) = 0
and f'(0) = 1. Then f € K ifand only ifRe (14 zf"(z)/f'(z)) > 0

There is a close analytic relationship between starlike and convex functions. Alexander
gave a two-way bridge relationship between the class of starlike and convex functions.

He proved that

THEOREM 1.9. (Alexander’s Theorem) [24, Theorem 5, p. 115] Let f be analytic in D
with f(0) = 0 and f'(0) = 1. Then f € K ifand only if F € S* where F(z) = zf'(z).

In other words, F is starlike <> the function f defined by f(z) = [, F(&)/Zd¢ is convex.

1.2.1. Caratheodory Class. Closely related to the class of starlike and convex func-
tions is the Caratheodory class which consists of analytic functions with real part posi-
tive. We denote this class by P and p € P if Re(p(z)) > 0. Taylor series expansion

for functions in the class P is given by p(z) = 1+ c1z + 2> + c32° + - --. We can
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reformulate the starlike and the convex functions in terms of the functions with the pos-
itive real part by saying that a function f(z) is said to starlike or convex if it satisfies
zf'(z)/f(z) € Porl1+zf"(z)/f'(z) € P, respectively. The class P is also closely
related to the class of univalent functions because of the beautiful result by Noshiro and

Warschawski which states that

THEOREM 1.10. (The Noshiro- Warschawski Theorem.) [65, 93] Suppose that for some
real « we have Re(e f'(z)) > 0 for all z in a convex domain D. Then f(z) is univalent
inD.

Alexander also gave a relationship between the class § and P way back in 1915, which
is merely a special case of the Noshiro- Warschawski Theorem. The result goes as

follows.

THEOREM 1.11. [24, Theorem 12, p. 88] If f' is in P, then f is univalent in D.

1.2.2. Sharp bounds for coefficients. In the year 1921, Nevanlinna gave the fol-

lowing sharp bound for n" coefficient of function f € S*.

THEOREM 1.12. (R. Nevanlinna) [24, Theorem 6, p. 116] I f(z) = z + apz> + a3z + - - -
is in §*, then for each positive integer n, |a,| < n,n =1,2,3,---. Furthermore, equality

holds if f is some rotation of the Koebe function.

Loewner gave the sharp bound for n!" coefficient of functions f € K.

THEOREM 1.13. (C. Loewner) [24, Theorem 7, p. 117] If f(z) = z + apz® + a3z + - - -
is in IC, then for each positive integer n, |a,| <1,n =1,2,3,---. Furthermore, equality

holds if f is some rotation of the functionz/(1 — z).

Carathéodory gave the following lemma for the functions in the class P. This lemma is

quite useful for proving various coefficient problems in the theory of univalent functions.

LEMMA 1.14. (Carathéodory’s Lemma.) [17, p. 41] If p(z) = 1+ c1z + 2% + c32° +
---€ P, then|c,| <2,n=1,2,3,---. Equality holds for the function (1+z)/(1 —z) €
P.
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1.2.3. Subordination. The concept of subordination was first studied long back in
1908 by Lindelof [46] but the term subordination was only coined later in the year 1925
by Littlewood [47, 48] and studied in a more detailed fashion by Rogosinski [76,77]. A
substantial amount of theory has been developed over the years and subordination plays

a very crucial role in the study of complex analysis.

Let the functions f and g be analytic on D. Then, f is said to be subordinate to g if

f(z) = g(w(z)),

and |w(z)| < 1. We denote is as f(z) < g(z). We can also say that g(z) is superordi-

z| < 1, where the function w € Q) is analytic and satisfies w(0) = 0

nate to f(z) in D. When the function g is subject to an additional condition of univalence
along with analyticity, then the definition of subordination changes. In this case, f(z) is
subordinate to ¢(z) if and only if f(0) = ¢(0) and f(ID) C g(ID). According to Lindeldf,
the following condition holds for f(z) < F(z).

THEOREM 1.15. (The Lindeldf Principle. 1908.) [24, Theorem 10, p. 86] Suppose that
f(z) < F(z) inD. Then for each r in [0,1], f(D,) C F(D,). Further, if f(re’®) is on
the boundary of F(D,) for any one point zy = re®o, with 0 < r < 1, then there is a
real a such that f(z) = F(e**z) and f(re'®) is on the boundary of F(ID,) for every point

z=re? inD.

1.2.4. Ma- Minda Subclasses of Analytic Functions. Let ¢ be a univalent function
with positive real part which maps D onto a domain which is starlike with respect to
¢(0) = 1, symmetric with respect to the real line and ¢’(0) > 0. For such a function
@, in the year 1992, Ma and Minda defined and studied unified classes of starlike and

convex functions denoted by S*(¢) and KC(¢) respectively [51] which are defined as

s'(g)={fes: Z]{ES) < 9(2)}

and

— 1. (@)
K(o) .—{f €eS:1+ 02) < (p(z)}.

Ma-Minda classes generalise various subclasses by taking suitable choice of ¢. For
instance, when ¢ = (14 Az)/(1+ Bz), the classes S*(¢) and K(¢) reduces to the
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class $*[A, B] and K[ A, B], respectively, which are the classes of the Janowski starlike
and convex functions respectively. Similarly, on replacing ¢ = (1+ (1 —2a)z)/(1 — z),
where 0 < a < 1in §*(¢) we get the classes S*(a) which is the familiar class of s-
tarlike functions of order « and K(¢) reduces to the class /C(a) which is the class of
convex functions of order &. For 0 < a < 1, on substituting ¢ = ((1+2)/(1 —z))"
in S*(¢), we get the subclass SS*(a) which is the renowned class of strongly star-
like functions of order a. The class SS*(«) consists of the functions f in S with
|arg ((zf'(z))/f(z))| < am/2 for z € D. Finally, replacing ¢ by (1+z)/(1 —z),
the class S*(¢) and K(¢) reduces to the classes S* and K respectively. Note that, on
replacing ¢ with « + (1 — a)e? and & + (1 — )y/1 + z in S* (@), we have defined two ex-
tremely important subclasses of analytic functions, which have been studied extensively

in the sixth chapter of the thesis.

St =8"(a+(1—a)e) := {f cA: ZJ{;S) <a+(1 —tx)ez},

and

SL(a) =S (a+(1—a)V1+z):= {f cA: ZJ{;(ZZ)) < a+(1—zx)\/1+z}.

1.3. STARLIKE FUNCTIONS W.R.T. SYMMETRIC POINTS

A function f € A is starlike with respect to symmetric points in ID if for every r less than
and sufficiently close to one and every { on |z| = r, the angular velocity of f(z) about
the point f(—() is positive at z = { as z traverses the circle |z| = r in the positive
direction. Analytically, a function f € A is starlike with respect to symmetric points if
Re( 2f () ) >0, zeD.
f(z) = f(=2)

The class of all starlike functions with respect to symmetric points is denoted by S;. The

class 8¢ was introduced by Sakaguchi [79]. The functions belonging to this class are
close-to-convex and therefore univalent. It is a well known fact that this class S includes
the class of convex functions /C and the class of odd starlike functions [79]; the functions

in S also satisfy the sharp coefficient inequality |a,| < 1, see [16] and [74] for other



1.4. FEKETE-SZEGO PROBLEM 9

related classes. Let ¢ be a univalent function with positive real part which maps D onto
a domain which is starlike with respect to ¢(0) = 1, symmetric with respect to the real
line and ¢’(0) > 0. For such ¢, Ravichandran [74] introduced the following generalised

class of Ma-Minda starlike functions with respect to symmetric points:

N SO C R
sito)i={f €8 7L i <ot}

and later in [80], the sharp bound for the Fekete-Szegd coefficient functional |az — ya%|

were obtained. This immediately gives the bound for the first two coefficients of functions

in the above classes.

1.4. FEKETE-SZEGO PROBLEM

We have already stated that in the year 1933, Fekete and Szeg6 proved that

a3 = pa3] < § 1+exp(s2h), (0 <p<1);

holds for functions f € S and the result is sharp. Thereafter, computing the bound for the
quantity |as — ;m§| came to be known as the Fekete-Szegd problem or the Fekete-Szegd
coefficient problem. Keogh and Merkes [58], in 1969, obtained the sharp upper bound
of the Fekete-Szegd functional |az — ya§| for functions in some subclasses of S. The
Fekete-Szeg6 functional problem for close to convex functions was investigated among
others by Koepf [41], Kim, Choi and Sugawa [15,39] and Cho et al. [14]. The problem
for starlike and convex functions were investigated in a more general settings by Ma and
Minda [51]. For other general classes of p-valent functions, the Fekete-Szeg6 functional
problem was investigated by Ali et al. [5, 7]. For classes defined by quasi-subordination,
see Mohd and Darus [73]. Jakubowski and Zyskowska [33] obtained the estimate for
|ay — ca3| + clap|" for c € R, f € S. Kiepiela, Pietrzyk and Szynal [38] obtained bounds
for certain combination of initial coefficients of bounded functions; these results were
used later for estimating fourth coefficients of many classes [7]. The results related to

this functional can be seenin [5,7].
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1.5. HANKEL DETERMINANT.

The gth Hankel determinant, denoted by H,(n), forg = 1,2,...and n = 1,2,3,... of

the function f is given by

an Ap+1 " Gpig-1
Hy(n) = | 7t B
On+q—1 An+q - An429-2
Therefore, the second Hankel determinant is given by Hy(2) := axay — a%. Among

the first few papers on determination of second Hankel determinant, theres one by
Pommerenke [69] in the year 1966. He investigated the second Hankel determinant
H(2) := apay — a% of univalent functions, starlike functions and class of areally p-
valent functions. In addition to that, Pommerenke [70] also established that Hankel de-
terminant of univalent functions satisfies the following relation: |H,(n)| < Kn—(+P)a+3
(n=12,...;,9 =1,2,...), where B > 1/40000 and K depends on g. The second
Hankel determinants of areally mean p-valent functions were investigated by Noonan
in [59-61]. Noor studied the bounds for Hankel determinant for the class of close-to-
convex functions in [62—64]. Later, Hayman [30] proved that |[H, (1)| < An'/? for areally
mean univalent functions(n € N; A is an absolute constant). In 1986, Elhosh [18, 19]
computed the bound for the second Hankel determinant for univalent functions having
positive Hayman index «, functions which are k-fold symmetric and the class of close-to-
convex functions. The bound for the second Hankel determinant for the class of starlike
and convex functions, the class of close-to-starlike and close-to-convex functions with
respect to symmetric points and the class of functions whose derivative has a positive
real part has been studied in [29, 34]. Lee et al. [45] obtained bounds for the second
Hankel determinant for the unified classes of Ma-Minda starlike and convex functions
with respect to ¢ and two other similar subclasses. One may refer to the survey given
by Liu et al. [50] for the other work done in the research of second Hankel determinant
for univalent functions. Hankel determinants have been studied by several other authors

for various other classes of analytic functions and can be referred to in [2, 11, 89].
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Similarly, the third Hankel Determinant is defined as

a; dpy das
H3(1):=| ay a3 a4

as 4ay as
= as(axay — a%) — ay4(ay — apas) + as(az — a%).

The third Hankel determinant H3(1) for the class of starlike and convex functions was
studied by Babalola [10]. Shanmugam et al. [82] obtained the third Hankel determinant
H3(1) for the class of a- starlike functions. The third Hankel determinant for the class of
close to convex functions can be referred to in [71], for a subclass of p- valent functions
has been studied in [90], for a class of analytic functions associated with the lemniscate
of Bernoulli in [73] and for starlike and convex functions with respect to symmetric points
in [57]. One can refer to [92] for the third Hankel determinant H3(1) for the inverse of a

function whose derivative has real part positive and [82] for «- starlike functions.

1.6. RADIUS PROBLEM.

In this problem, we are interested in finding the maximal radius r < 1 such that if a
function f is in some class imply that f is in some other subclass whenever |z| < r < 1.
For instance, if f is a starlike function, then it need not be convex. The problem of
finding value for r (0 < » < 1) so that f(ID,), where D, = {z : |z| < r < 1}reducesto a
convex domain from a starlike domain is known as radius of convexity for the class S*.
The radius of convexity and starlikeness for the class of all normalised analytic univalent

functions S was studied by Nevanlinna and Grunsky respectively and are given as

THEOREM 1.16. (Nevanlinna 1920.) [24, Theorem 10, p. 119] Let f(z) € S. Then for
eachr < 2 — /3, the image of |z| = r is a simple closed convex curve. The number
Ry =2 — /3 is sharp. There is a function in S such that for eachr > Ry the image of
|z| =  is not a convex curve. The number Ry = 2 — /3 is called the radius of convexity
for the set S.
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THEOREM 1.17. (Grunsky 1933.) [24, Theorem 11, p. 121] The the radius of starlikeness

of the class S is the root of the equation

ln1+r L
1—r 2/

namely
e™/2 1 T

1.7. SUMMARY OF THE THESIS

This thesis comprises of six chapters. The first chapter being the introductory chapter
contains the basic definitions and fundamentals of the univalent function theory which
will be needed in the subsequent chapters. The second chapter deals with the estimation
of the fourth and the fifth coefficient bound for the class of functions starlike with respect
to symmetric points. The third chapter focuses on the Fekete-Szegd inequality whereas
in the fourth chapter we have computed the second and the third Hankel determinants
for various interesting subclasses. In the fifth chapter, we have studied the Janowski
starlike and Janowski convex classes in detail. And lastly, the final chapter deals with
the radius problems and coefficient estimates for two very interesting subclasses. Given

below is the chapter - wise brief summary of the work we executed.

In Chapter 2, we have studied the class of functions starlike with respect to symmetric

points defined by

(N . . 2zf'(2)
Si(g) = {fes'f(z)—f(—z) <qo(z)} (1.1)

Taylor series expansion for the function f in this subclass is f(z) = z + a2z + a3z° +
a4z* + - - -. This class was introduced by Ravichandran [74] in the year 2004. We have
also examined certain special subclasses of S (¢). On replacing ¢ by ¢, /1 + z and
V2 —(V2-1) \/(1 —2)/(1+2(v/2 —1)z), we get the following subclasses.

(1) i, == Si(e?),
(2) S = S¥(V1+2z2),
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(3) Sigp = St <\/§—(\/‘_1)\/1+22\E_1)Z).

Sharp bounds for the fourth coefficient a4 of the functions belonging to S} () have
been obtained. Also, since the bounds for the fifth coefficient a5 for the generalised
class S (@) was coming out to be highly non linear. Therefore, the bounds for the fifth
coefficient as for the functions belonging to certain special subclasses of S} (¢) have

been determined namely S;,, S;; and ;g .

In Chapter 3, motivated by [5,7,58], we have defined five extremely interesting subclass-
es of S and estimated the bound for the Fekete-Szegd coefficient functional |a; — pa3)]
for them. The classes are V, (@), Mu(¢), La(¢), Ka(¢) and Tx(¢) respectively, where

0 < a <1, and are defined as below:

V) = {f e S:af @)+ 1 -0 LE <o),

A@ww=Veswf@v(igU“w<¢@}

Clearly, when & = 0, both the classes V,(¢) and M,(¢) reduce to the Ma - Minda

unified class of starlike functions S*(¢), whereas when o = 1, both the classes reduce

to the class R (¢) which is a subclass of close-to-convex functions.

@ww=&f8:m&w(mfﬁgﬁﬂﬂ<¢w}

Here, when & = 0, the class £, (¢) reduces to the Ma - Minda class of convex functions

K(¢), whereas when « = 1, L, (¢) reduces to the subclass of close-to-convex functions
R(9)-

Kam:{fe&(%?f(igﬁu%lwwﬁ,

(res: (1) (1+ )™ <)

Again, on substituting « = 0 in the classes Ky () and 7,(¢), we get the Ma - Minda

Ta(@)

generalised subclasses of starlike and convex functions, respectively.
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Note that the Fekete-Szegd coefficient functional directly yields the bounds for the first
two coefficients. Therefore, the sharp bounds for the second and the third coefficients

a, and a3 for the functions belonging to the same classes have also been estimated.

Chapter 4 focuses on the Hankel determinants. The gth Hankel determinant (denoted
by Hy(n)) forg = 1,2,...and n = 1,2,3,... of the function f(z) = z + apz* + a3z® +
asz* + - - - is the determinant of the g x g matrix given by H, (1) := det(a,4iyj2)- Here
p+i+j—2 denotes the entry for the it" row and j”’ column of the matrix. Motivated by the
paper by Lee et al. [45], who obtained bounds for the second Hankel determinant for the
classes of Ma-Minda starlike and convex functions with respect to ¢, we defined five sub-
classes of analytic functions and obtained the bound for the second Hankel determinant
Hy(2) = |apay — a3 for them. The classes respectively are consisting of the function
f € 8 satistying af'(z) + (1 - «x)zf’( /G < 9 (fEP S > /£(2)079) < g,
(f'(2)* (A +zf"(z )/f’( NI <, (f(2)/2)%(2f'(2)/ f(2))1 ) < g or (f(z)/2)*
(14 zf"(z)/f'(z))1~% < @, where ¢ is a univalent function with the positive real part
and satisfies ¢(0) = 1 and ¢’(0) > 0.

Apart from this, motivated by the paper by Babalola [10], who estimated the third Hankel
determinant H3(1) for the class of starlike and convex functions, we have also obtained
the third Hankel determinant for two very interesting subclasses of starlike and convex

functions defined as follows:

/Z 1—«
M, = {fGS:Re ((f’(z))“ (ZJ{(i))> ) >0},
1)\ 174
Ly ::{fES:Re ((f’(z))“ (1—1—2;/((2))) ) >0}.

Note that for « = 0, the classes M, and L, reduce to the classes of the starlike and the

convex functions respectively, whereas substituting « = 1 in the above subclasses again

yield the subclass of close to convex functions whose derivative has real part positive,
satisfying {f € S : Re(f'(z)) > 0}.
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Chapter 5 deals mainly with the functions with the negative coefficients which is a
subclass of S which consists of functions whose coefficients from second onward-
s are negative. We denote this class by 7. A function f € T if it is of the form
f(z) = z — apz® — a3z® — ayz* — - - ,a, > 0. Certain necessary and sufficient condi-
tions have been investigated for the functions in the class 7 to be in classes 7S*[A, B],

TK[A,B] and TR(A, B, «) defined as follows:

zf'(z) 1+AZ},

TS*[A, B] ;:{feT: o <1182
o . zf"(z) 1+ Az
TKIAB:={feT 1+ ) b

and

rR ) = (e LG (LD 1) (s

Also discussed are some sufficient conditions for the functions belonging to the intersec-
tion of the above defined classes. In Section 5.4, motivated by [44], we defined another
class of functions f satisfying (z/f(z))" = 1+ Y5 1bsz", u € C and obtained the

necessary and sufficient conditions for such functions to be in the class S*[A, B].

In Chapter 6, two very fascinating subclasses S;, and SL*(«), 0 < a < 1 of S* have

been defined using the concept of subordination. They are given by

Spe=8"(a+ (1 —a)e?) := {fe A : 2f'(2) <¢x—|—(1—zx)ez},

f(z)
and
SLHa) =S (a+(1—a)Vitz):= {f cA: ij;g) Sat(1—a)Vi +z}.

and have been thoroughly examined and studied in this chapter. An observation leads to

the factthatwhena = 0, S, , and SL*(«) reduce to the classes S, and S L respectively.

Apart from obtaining the bound for the Fekete-Szegd inequality, we have also studied the
relationship between Sy, and other subclasses of analytic functions such as the class

M(B), the class of k- starlike functions k — S* and the class S*(B) of functions starlike
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of order B defined as follows:

M(ﬁ)::{fEA:ReZ}ng)<[3}, zeD

) o

k—S* ::{fEA:ReZ]]:;S) >k

and

S*(B) ::{fGA:Rer]:éZ))>[S}, z € D.

We have also determined the S*(B), M(B), k — S* and K- radii for functions in these
two subclasses. In addition, the S; , - radius for various subclasses such as S*[A, B],

W, F1 and F» has also been determined. The classes VW, F; and F, are defined as

under:
W::{fE.A:@EP}, zeD
_ f(=2)
J—"l._{feA.g(Z)eP,geW}, zeD
and

FZ::{fEA:)%—1|<1,g€W}, z € .

Finally, many coefficient inequalities have been determined and the bounds for the first

four coefficient estimates have been obtained for both the classes Sy, and SL* («).



Chapter 2

Initial Coefficients of Starlike Functions

w.r.t. Symmetric Points

Recall that an analytic function f is subordinate to F, written f < For f(z) < F(z) (z €
D) if there exists an analytic function w : D — D satisfying w(0) = 0 and f(z) =
F(w(z)) for z € D. Let ¢ be a univalent function with positive real part which maps
D onto a domain which is symmetric with respect to the real line and starlike with re-
spect to ¢(0) = 1 and ¢’(0) > 0. Taylor series expansion of the function ¢ is given
as ¢(z) = 1+ Byz + Bpz? + B3z> + - - -. Let S*(¢) be the class of functions f € S
for which zf'(z)/f(z) < ¢(z) and K(¢) be the class of functions f € S for which
1+zf"(z)/f'(z) < ¢(z). The above classes were introduced and studied by Ma and
Minda [51]. Similar to Ma-Minda classes, for ¢ as defined above, Ravichandran [74]

introduced the following subclass:

. L 2f(2) .
Ss (QD) - {f € S f(Z) —f(—Z) = (P( )}

The contents of this chapter appeared in K. Khatter, V. Ravichandran and S. Sivaprasad Kumar, Esti-
mates for initial coefficients of certain starlike functions with respect to symmetric points, in Applied analysis
in biological and physical sciences, 385-395, Springer Proc. Math. Stat., 186, Cushing J., Saleem M.,
Srivastava H., Khan M., Merajuddin M. (eds) Springer, New Delhi.

17
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and later Shanmugam [80] obtained the sharp bound for the Fekete-Szegd coefficient
functional |az — pa3| for the class S;(¢) were obtained. This immediately gives the

bound for the first two coefficients of functions in the above classes.

Let P be the class of all analytic functions p(z) = 1+ Y_,", c,z" with Re p(z) > 0 for
z € D and Q) be the class of all analytic functions w : D — D of the form w(z) =
w1z + wyz? + ---. In this chapter, our aim is to determine the bound for the fourth
coefficient of functions belonging to the class S; (¢). This is done by first expressing the
coefficients of f in terms of the coefficients B, of ¢ and the coefficient ¢, of a function
with a positive real part. The coefficient estimate for a4 also follows from a result of
Prokhorov and Szynal [72]. The bound for the fifth coefficient of functions in S} (¢) is

highly non-linear. We are able to estimate a5 in certain important special cases of ¢:
See i= S5 (€%), S;L =S5:(V1+2z),

and

SRL = Si (\/E—(\/E—l)\/l_'_zz\;;_l)Z).

These classes are analogues of the corresponding classes of starlike functions intro-

duced and studied respectively in [53, 55, 86].

2.1. FOURTH COEFFICIENT

To prove our results, we need the following results; the results in (a)—(c) of Lemma 2.1

are respectively in [3,51,75].

LEMMA 2.1. Let p(z) = 1+ Y52 gz € P. Then,

(@) |c2 — ve?| < 2max{1,[2v — 1},

(b) |c3 —2Bcica+6c3| <2 if 0<B<1 and BRB—1)<5<P.

(c) |'\yc‘1L + ac3 + 2acyc3 — (3/2),3c%c2 —c4] <2, when O0<a<1l,0<a<l1
and8a(1—a)((af—27)>+ (a(a+a) —B)?) +a(l—a)(B—2aa)? < 4a?(1 -
w)?a(l —a).
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LEMMA 2.2. [72] If w € (), then for any real numbers g1 and q,, the following sharp
estimate |ws + qrwiw, + gows| < H(q1,q2) holds, where

;

1 for (q1,92) € D1 U D,
|92 for (q1,92) € U{_3Dx

1
sl +1) (%)2 for (q1,92) € Dg U Dg

1 g3 —4 -4 \?

392 2 32=1) for (fh/fh) € DipUDq1 — {:|:2,1}

1
2ml = 1) (5pt) " for(a1,92) € Doo

H(q1,92) =

(2.1)

The extremal functions, up to rotations, are of the form

z([(1 = A)eg + Aey] — e1€22)

w(z) =z, w(z)=1z w(z)=wy(z)= 1—1[(1—A)eg + Aeylz

0l = wi(z) = 5172, ) =) = 22

le1| =lea| =1, e1=tp—e 2 (aFbh), e=—e 2 (lath),

0 0 b+
a:tocosio, b= 1—t%sin2?o, A= 2ba

1

1 1
ty = 292(73 +2) —3q7 |° = < 91/ +1 )2
3(g2—1)(q7 —4q2) | ' 3(lgil +1+4q2)) 7

1
b g1] —1 2 6o _ g1 {9291 +8) —2(q7 +2)
27 \3( y) 2 2

COS —
g1l =1 —¢q2 2q2(q7 +2) — 343

The sets Dy, k=1,2,---,12, are defined as follows

1
D1 = {(91,92) : l;1] < §/|q2| <1},

1 4
Dy = {(qu92): 5 <lml €2 5 (Im[ +1)° = (I +1) < g2 <1},
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1
Ds; = {(q192) : ;] < L < -1},

1 2
Dy = {(91,92) : |q1] > 502 = —§(|fh| +1)},
Ds = {(q91,92) : |q1] £2,92 > 1},
1
De = {(q1,02) :2<|ql <492 > 5 (41 +8)},

2
D7 = {(q1,92) : 1| > 4,92 > §(|ﬂl1| -1)},

1 2
Dg = {(q1,92): 5= 71| < 2,—§(|q1| +1) <2 < % (|‘11| +1)° = (j;1| + 1)},

2 2[q1](Jq1| + 1)
D - 7 : 221__ +1 S = 7
9 {(91,92) : |q1] 3(Iq1| ) <q2 < %+2|q1|+4}
2|q1|(|lq1] +1) 1

Dy = {(q1,92) :2<|q1| < 4,

< g < —(42+8)},
ESTHES SRS A

2|q1|(lq1] +1) <y < 2|q1|(|q1] —1)}
@+2q+4 ~ T g —2/q +4

2|611|(|q1| Do .2
—1)L.

Di1 = {(q1,92) : 31| = 4,

Dy, = {(q1,92) : |q1]l > 4,

By using Lemma 2.1 and 2.2, we have proved the following bound for the fourth coeffi-

cient of functions in S¥(¢).

THEOREM 2.3. Let the function f(z) = z + axz> + a3z> + - - - € S (@) where ¢(z) =
14 Byz+ Bpz? + B3z® +---. Then

B
|ag| < —~H(q1,92),

where H(q1,q>) is as defined in (2.1),

4B, + B? 2B; + BB,
= = 2.2
n 2B, and 02 2B, 22)
PROOF. If f € S¥(¢), then there is an analytic function w(z) = wyz + wyz> + -+ - €
() such that
22f'(2)
f(z2) = f(=2)

= p(w(2)). (2:3)
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Since

22f'(2)
f(z) = f(=2)

and

= 14 2a0z + 2a32% + (—2apa3 + 4a,)z> + (—Zaé + 4as)zt + - -

p(w(z)) =14 Bywiz + (Bzw% + Biwy)z% + (ngi’ + 2Bowiwy 4 Biwsz)z® + - - -

we get, from (2.3),

1
apy = EBlwlz

1
a3z = E(Bzw% + Ble),

1 1 1
2= <(33 + 5B1B2)w} + (2B2 + 5 B})wiwz + Blw3> -

The coefficient a4 can be rewritten as

B
ay = Zl(wa + qrwwy + gow?)

where g1 and g, are as given in the equation 2.2. Lemma 2.2 immediately yields the

desired estimate |as| < B1H(q1,92) /4. |

2.2. FIFTH COEFFICIENT

Our next theorems provide sharp bound on |as| for three different choices of ¢. The

bounds for a,, a3, a4 have also been included here for completeness.

THEOREM 2.4. Let f(z) = z + ayz> + a3z® +--- and f € S} . Then

1 1 1 1
< = < = < — < -.
ap| < 7 az| < e lag| < 5 and |as| < 3

All the bounds here are sharp.
PROOF. For the function f(z) = z + apz* 4+ a3z> + - - - € S¥(g), we first express a,

n=1,2,3, - interms of the coefficients of the functions ¢(z) = 1+ Byz + Byz? + - - -

and p1(z) = 1+ c1z + cpz2 + - -- € P. In terms of the coefficients b, of the function p
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defined by

2
PE) = R fe)

the coefficients a, are expressed by

:1+b12—|—b222—|—---,

[n/2]
nay = Y byp1-okok-1- (2.4)
k=1
From equation (2.4), we have
2ay = by, 2a3=Dby, —2apaz—+4ay = b3, —261% + 4as = by. (2.5)

Since ¢ is univalent and p < ¢, the function

1497 (p()
P = T 1))

belongs to P. Equivalently,

=1+C1Z+C222+"'

po-o(3559)

Using the previous equation, we obtain each b;’s in terms of ¢;’s and B;’s as follows:

1
bl — EBlcll
1
by =4 <(Bz — B)ct + 23102) ’
1
by = g ((81 — 2By + B3)c} 4 4(By — By)cieo + 4B163> , (2.6)

1
by = ((—B1 +3B, — 3Bs + By)ct + 6(Bs — 2B, + By )c3cs
+4(By — By)c3 4+ 8(By — By)cycs + 831c4>.

Thus, from equations (2.5) and (2.6), we get

1

72 = ghie (2.7)
1

a3 =3 ((Bz - B1)c% + 2B102> , (2.8)
1

ag = a1 ((231 - B% — 4By + B1By + ZB3)C? + (ZB% + 8B, — 8B1)cico + 83103>

(2.9)
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and

1
a5 = 1og (( 2By + B? 4+ 6By — 2B By + B3 — 6B3 + 2By)c] (2.10)
+ (12By — 4B% — 24B; + 4B By)c3cy + (4B3 4 8B, — 8By)c3

+ (16B, — 16By)cyc3 + 168104).

Since f € &7, therefore

_ _ L 1, 15 5 4
(p(z)—\/1+z—1—|—zz gZ +16Z 1282+

Thus By = 1/2, B, = —1/8, B3 = 1/16 and By = —5/128. On substituting these
values in (2.7), (2.8), (2.9) and (2.10) as in the previous theorem, we get

ay = 1c
2 — 8 1,
as = 64( 561 + 8C2)
94 = Jo50 (21c1 72c1cp + 64c3),
a5 = 8192( 116¢7 + 544c3cy — 256¢5 — 640cqc3 + 512¢4).

Since |c,| < 2 forn > 1, we have |ap| < 1/4. By using Lemma 2.1(a) we obtain
|(13’ < 1/4. Since

1
—(c3 — 2Bcrcr + (501)

4= 16

where B =9/16 and 6 = 21/64, Lemma 2.1(b) shows that |a4| < 1/8. Similarly,

1
as = — (¢} + ac3 + 2acic3 — (3/2)Bcicy — c4),

16

where v = 29/128,a = 1/2, « = 5/8, p = 17/24. Lemma 2.1(c) shows that |as| <
1/8. Define the functions fx (k=1,2,---) by

zfl(z R ok g2k 3k
fk(-; iij(rk()—Z) l+z6=1+ ? - % * % + -+, (fi(0) =0, f(0) =1).
Then
1, 14
fl(z>:Z+L—LZ + -, fz(Z):Z—l—Ez 4+
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1 1
fs(Z)=Z+gz4+---,and f4(z):z—|—§ZS+..._

Clearly the functions f; € SS*,L. Moreover the kth coefficient is sharp for f,_1 where
k=2,3,4,5. |

THEOREM 2.5. Let f(z) = z+ ayz> + a3z +--- and f € Sy, . Then
5 3 5 3 5 3 5 3
a ———, || <==——, || <=——— and |a )

All the bounds here are sharp.

PROOF. Proceeding as in the proof of the previous theorem, the expressions (2.7),
(2.8), (2.9) and (2.10) for the coefficients a3-a5 can be obtained. Now let f € S7r;.
Then,

1—z
R

5 —23\/5Z L7 —slﬁzz | 589 —14215\623 | 20043 —121;1179\/524 N

=14+

Thus By = (5—3v2)/2, B, = (71-51v2)/8, B; = (589 —415/2)/16 and
By = (20043 — 14179\/§)/128. Using these values in (2.7), (2.8), (2.9) and (2.10), we
get

ay = é( 14+v2)(—c1 +2v2¢1),

0y = 61—4( 1+v2) ((—27+ 12v/2)c2 + (—8+16\/§)cz>,

ay = 10124 ((1179 818v/2)c3 + 8(145 — 108v/2)cyc 4 64(5 — 3\/_)c3)
and

a5 = 8192((14638—10453\/_ )t — 48(—508 + 351v/2)c3cy

— 64(—94 + 69v/2)c2 — 384(—17 + 13v/2)cic3 — 512(—5 + 3\/§)c4).
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Since |c,| < 2forn > 1, we have

lay] < 5 3
2l = g Vo
Use of Lemma 2.1(a) shows that
o <53
31 S g o
Since
— 32
ag = > v2 <C3 — 2Bc1cr + (SC‘;’)
16
where

B = (108V2 —145)/(16(5 — 3v/2)), & = (1179 — 818v/2)/(64(5 — 3v2)).

Lemma 2.1(b) shows that

E

lag| <

| U1
>

4

Similarly, a5 can be rewritten as

_ —5+43y2

as 5 <’yc‘f + ac5 + 2acics — (3/2)ﬁc%c2 — c4>

where

v = (14638 — 10453v/2) / (512(=5+3v2)), a = (94 —69v2)/(8(—=5+3V2)),
a = (3(17—-3v2))/(8(=5+3v2)) and B = (—508+351v2)/(16(—5+3v/2)).

Lemma 2.1(c) shows that

Define the functions f (k =1,2,---) by

N —UJ 1z (fe(0) = 0, f(0) = 1).
fe(z) = fl(=2) 1+2(v2 - 1)z S
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Then
5—-3v2 5—-3v2
fl(Z):Z—I‘T\/_ZZ—l—'--, fz(z):Z+T\/_23+...’
5—-3v2 5—-3v2
f3(Z)=Z+T\/_Z4+---,and f4(z):z+T\/_z5+---

Clearly, the functions fy € S.¢; and the kth coefficient is sharp for fr 1 (k = 2,3,4,5) |

THEOREM 2.6. Let f(z) = z + apz> + azz> + - - and f € SZ,. Then

| =

and |as| <

| =

1 1
‘ﬂ2| S E/ |ﬂ3| S E/ ‘a4| S

All the bounds here are sharp.

PROOF. Proceeding as in the proof of the Theorem 2.4, the expressions for the co-

efficients a>-as can be easily obtained. Next let f € S7,. Then,

(= —1+z424242 12
i\z)=¢e= 2 "6 24 120 '

Thus, By =1, B, =1/2, B3 = 1/6 and By = 1/24. Using these values in (2.7), (2.8),
(2.9) and (2.10), we get

a, = 1c

2 — 4 1,

az = l(—c2—|—4:c )

3 16 1 2)s

ay = L(—c?’ — 12¢1c5 + 48¢3)

STV !

and

as = L(c4 — 24c%c3 4 48cy).

3841 !

Since [cy| < 2 for n > 1, therefore |a;| < 1/2. Use of Lemma 2.1(a) shows that
lag| < 1/2. Since

(c3 —2Bcica + 6c3)

Q| =

ag =
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where f =1/8 and 6 = —1/48, Lemma 2.1(b) shows that |as| < 1/4. Similarly,

1
as = g(’yc‘f + ac5 + 2acics — (3/2)ﬁc%c2 —cy)

where v = —1/48,a = 0, « = 1/4, B = 0. Note that Lemma 2.2 holds for a = 0.
Applying Lemma 2.1(c) with a = 0, we have |as| < 1/4. Define the functions f; (k =
1,2,---) by

2 g U
PO -fimn ¢ T gt RO =0£(0)=1).
Then
AE@ =zt 24+ fl) =4

1 1
f3(Z)=Z+L—Lz4+---,and f4(z):Z+125+""

Clearly the functions f; € &;,. Clearly the kth coefficient is sharp for fi_q for k =
2,3,4,5. I






Chapter 3

Fekete-Szego Coefficient Functional

3.1. FEKETE- SZEGO PROBLEM

Let ¢ be a univalent function having real part positive satisfying ¢(0) = 1 and ¢'(0) > 0.
In this chapter, we determine the bounds for the Fekete-Szegd functional |a3 — ya%| for

the following subclasses

vale)={f:af @) + -0 E <),
Mto)i= {5 (@ (FED) T < g},
tule) = {£: @1 (14 L EN) T <0021},
ko) = (L) (LEN ™ < pia))

and

o= {1+ (12 () <o)

Our results include some previously known results. In order to prove our results, we
need the following lemma:

The contents of this chapter appeared in K. Khatter, S. K. Lee and S. S. Kumar, Coefficient bounds for
certain analytic functions, Bull. Malays. Math. Sci. Soc. 41 (2018), no. 1, 455-490.

29
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LEMMA 3.1. [51] Let p € P be given by p(z) = 14 c1z + 22> + - - -. Then,

—4v+2, if v<0;
, if 0<v<1;
v — 2, if v>1.

lco — vc%| <

N

Let ¢ : D — C be a function having real part positive with

@(z) =1+Biz+ By + B3z’ +---, By >0;B,By,B3cR. (3.1)

3.2. THE CLASS V,(¢)

Our first theorem gives the Fekete-Szegd inequality for functions in the class V,(¢).

THEOREM 3.2. Let ¢ be a function defined as in (3.1) and let the function f(z) = z +
ayz% + a3z% + - - - € V(). Then we have the following:

(1) If By, By and u satisfy the condition
(2+a)B3u < (1 —a)B2 + (B — B1)(1+a)?,

then

1 1—a
|as — pa3| < —[Bz—i—uB%—

(24 a)u
(24 a) (1+a)? ZB%]'

(1+w)

(2) If By, By and u satisfy the condition
(1—a)B3+ (B, —B))(14+a)*> < (24 a)Biu < (1 —«)B? + (By + B1) (1 +a)?,
then

B

2 1
_ < .

|LZ3 ]/ILZ2| o~ 2 P

(3) If By, By and u satisfy the condition

(1—a)B3+ (By+By)(14+a)* < (24 a)B3y,
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then

(24+a)u
(14 a)? B%] '

1—a _,
>BT +

B2 = (1+a)

1
2

— < — | —
a3 WZ|_2—|—4x{

PROOF. Since f € V,(¢), there is an analytic function w(z) = wqz + wyz? + -+ €
(), such that

o)+ (-0 — gz, 2)

Define p1(z) by

14 w(z)

Pl(Z)—l_—w(Z)ZlJrﬁerszer----

CZ
1z + CZ_El 224 .

Clearly p; is analytic in D with p;(0) = 1 and p; € P. Since ¢(z) = 1+ Byz + Byz> +

Then

w(z) ="—+%—— =

=
iy
—~
N
N—
+
U YN
N —

B3z3 + - - -, we get

pz) -1y _ .1 1 AR
¢(P1(Z)+1)_1+2B1C12+ 231 o)) > —|—4Bzcl z-+ . (3.3)

Also, the Taylor series expansion of f gives

! f'(z) _
af'(z) +(1- [X)Zf(z) =1+a(1+a)z+ ((2 +a)az — (1 — a)a%)zz o

+ ((3 +a)ag — (1 — ) (3aza3 — a%))z?’ + -
Then from (3.2), (3.3) and (3.4), we get

Bicy

ar, = m (35)
gy = — lzB o+ (MBZnL (B, — B ))CZ] (3.6)
3T a2 +a) [T T @2t AP '

Equations (3.5) and (3.6) yield

1
2+ w)

2B;  ciBi  c¢iBy  (1—a)cfBf  uBic
2 4 4 4(1+a)2 41+ a)?

5= ¢
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B 2
= 2(2—’_“) (C2 VC1>,
where
o 1 By (1 —(X)Bl (2+(X)B1
”‘z( Bl (1+a) ' (T+ap”
Finally, by using Lemma 3.1, we get the desired result. |

REMARK 3.3. Bounds for the second and the third coefficient for f in V,(¢) can be
directly obtained from Theorem 3.2 and is given as follows:

By

<
2] < 1+a

and

1— 2
( B, + —(1+;)2 Bl

2+
By
|El3| < < 2+4+a’

, (1—a)B?+ (By—By)(1+a)> > 0;

(1—a)B2+ (Bo—B1)(1+a)2<0 or

(1—a)B2+ (By+ By)(1+a)? > 0;

1- 2
—B2 — e Bi

\ 2+«

, (1—a)B2+ (By+By)(1+a)><0.

3.3. THE CLASS M, (¢)

Our next theorem gives the Fekete-Szegd inequality for functions in the class M, (¢).

THEOREM 3.4. Let ¢ be defined as in (3.1) and let the function f(z) = z + apz? + azz° +
-+ € My(9). Then we have the following:

(1) If By, By and u satisfy the condition
22+ a)B2u < (24 a)(1—a)B? 4+2(By — By)(1 +a)?,
then

1
(2+zx)<B2 21+w)2 1 (Q+a)2 )

s — uad| < 2+a)(l—a),, (2+“)P‘B2>
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(2) If By, By and u satisfy the condition

(1—a)(2+a)B?+2(By — By)(1+a)* <2(2+4a)Bu
< (1—a)(2+a)BF+2(By+ By)(1+a)?
then

By

g — el < -

(3) If By, B, and u satisfy the condition

(1—a)(2+a)B? +2(By+ By)(1+a)® <2(2+«)By,

then

a3 — paj| <

(1—a)2+a) (24 a)u
2+—(x( TR %+(1+o¢)2B%>'

PROOF. Since f € M, (¢), there is an analytic function w(z) = wyz + wz? +-- - €
), such that

(P (L™ = ooz,

) (3.7)

Define p;1(z) by

1
Pl(z)zlt—zg:1+01z+c222+...,

) — 2
w(z):%:%(clz+<c2—%>zz—|—-~->.

Clearly p; is analytic in D with p;(0) = 1 and p; € P. Then, since ¢(z) =1+ Byz+
B222 + B3Z3 +---,we get

_ 2
) <%> =1+ %Blclz + (%Bl (Cz — %) + iBzC%) 22 + - (38)
Also, the Taylor series expansion of f gives
/ 1—a 1
(f’(z))"‘(zj]:(g)) =1+ n(1+a)z+ 5(2+) (20— (1 - 0)a})2? (3.9)
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+ %(3 +a)(6ay —6(1 —a)azaz + (1 —a)(2 — a)a3))z> + - - - .

Then from (3.7), (3.8) and (3.9), we get

1 = %. (3.10)
1 2(1+a)*(B1—By) — (1 —a)(2+ )BTy ,
ﬂg—m BlCz—( 4(1+“)2 )Cl . (311)

Using (3.10) and (3.11) we get,

1 <c2B1 B 2By 3By N (1—a)24+a) 5., pt(Z—i—«x)B%c%)

— g2 — _
BEER T 0T\l T4 Ty A1+a)2 17 41 ta)2
By o1/ By (1-a)2+a) 2+a)
=1 (p-((1-2) - B+ "% B
2(2+a) (CZ Cl(z( Bl) 1+a2 T2 a2t 1)
_ By 2
= 2(2 n (x) (CZ Vcl),
1 B, (1—a)2+a) n2+a)
herev =~ (1- 22— B B ).
where v = 7 ( B, 20+a? T A Tar
Using Lemma 3.1, we get the desired result. |

REMARK 3.5. Bounds for the second and the third coefficients for f can be directly
obtained from Theorem 3.4 and are given below:

By

, and
(1+a)

lap| <

( (1—a)(24+a) p2
B2 + WBl

24+«

, (1—a)(2+a)B2+2(By — By)(1+a)? > 0;
By
jas| < ¢ 2+

(1—a)(2+a)B?+2(By—By)(1+a)><0 or

(1—a)(2+a)B? +2(By + By)(1+a)? > 0;
b B

\ 24+

, (1—a)(2+a)B?+2(By+ By)(1+a)? <0.
3.4. THE CLASS L,(¢)

Our next theorem gives the Fekete-Szegd inequality for functions in the class L, (¢).
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THEOREM 3.6. Let ¢ be defined as in equation (3.1) and let the function f(z) = z +
ayz%> + a3z> + - - - € L4(). Then we have the following:

(1) If By, By and u satisfy the condition
3(2—a)B3u < 4(1 — a)B? +4(By — By),
then

3(2 —
By+ (1—a)B?— wzﬁ).

2
— <
a3 — paz| < 1

1
a7

(2) If By, By and u satisfy the condition
4(1 —a)B? +4(By — By) <3(2 —a)B?u < 4(1 — a)B? 4+ 4(B, + By),

then

B
_ 2 < —1
a3 — paz| < 3(2+«)

(3) If By, By and u satisfy the condition
4(1—a)B? +4(By + By) < 3(2 —a)B3y,
then

(—Bz— (1—a)B%+3(2_—“)”B%).

2
— <
|ﬂ3 sz‘ — 3( 4

2+ w)

PROOF. Since f € L,(¢), there is an analytic function w(z) = wyz + wyz? + -+ €
(), such that

@ (N = g .12

Define p1(z) by

14 w(z)

Pl(Z)—l_—w(Z)=1+C1Z+C222+'-',
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which then implies

_pnr -1 1 G PE T
w(z)—pl(z)+1—2 az+ (-5 |2+ .
Clearly pq is analytic in D with p;(0) = 1 and p; € P. Then, since ¢(z) =1+ Byz+
Byz? + B3z® + - - -, we get

p1(z) —1 1 1 3 1. 5\ »
—r —)=1+4+=B —B — = -B cee A
q)<p1(2)—|—1 +2 1012 + >B1 cp > +4 2c7 | 27+ (3.13)
Also, the Taylor series expansion of f gives

(f'(z)* (1 + %)1% =14 2az+ (3(2 — a)az — 4(1 — a)a3)z> (3.14)
+ (4(3 —2a)ag — 18(1 — a)azas +8(1 — a)a3)z> + - - - .

Then from (3.12), (3.13) and (3.14), we get

ay = %. (3.15)
1 (B — B2) — (1 —a)B}\
az = 6(2 n ) 31C2 - < ) )Cl (316)

Using (3.15) and (3.16) we get,

1 B1 By 2By (1—a) 1(2 —a)B3c?
2 2Db1 1P1 1P2 252 141
— yas = _ pz_mo\= /1M
a3 1 (2—a) ( 6 12 12 12 171

16
B, 2 B, 3(2—«)
=1 (-2 ((1-2)-1-a)B + 22 —"yB
s (- F((-2) - a-wm 22 )
B 2
62+ )(cz vey),
1 B 2 —
where v = 3 1-— B—z —(1—a)B; +MB1). Using Lemma 3.1 we get the
1
desired result. I

REMARK 3.7. Bounds for the second and the third coefficients for f can be directly

obtained from Theorem 3.6 and are given as follows:

Bl
< =
|112| = ’
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and

( B+ (1—a)B?

32—wa)
By

las] < { 3(2—a)

(1—a)B2+ (By— By) > 0;
(1—a)B2+(By—By) <0 or

(1—a)B2+ (By+ By)

Vv

0;
—By — (1 —a)B}

— 2 <
\ 32 —a) , (1 0()B1+(B2+Bl) <0.

3.5. THE CLASS K, (¢)

Our next theorem gives the Fekete-Szegd inequality for functions in the class Cy (¢).
THEOREM 3.8. Let ¢ be defined as in equation (3.1) and let the function f(z) = z +

a2 + a3z% + - - - € Ky (). Then we have the following:

(1) If By, By and u satisfy the condition
(2—a)Biu < (1 —a)B} + (B2 — By),
then

a5 — paj| < Ba+ (1—w)B} — (2—a)uB}).

1
Tl

(2) If By, By and u satisfy the condition
(1—a)B2+ (Bo—B1) < (2—a)B>u < (1—a)B?+ (B, + By),

then

By

— ua?l <
|lZ3 ]"a2| = (2—0().

(3) If By, By and u satisfy the condition
(1-— oc)B% + (By+B1) < (2— oc)B%y,
then

|az — pa3| <

(zia)<—Bz— (- a)B + (2~ )uB}).
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PROOF. Since f € Ky (@), there is an analytic function w(z) = wyz + wyz? + -+ - €
(), such that

(fiZ))a<ZﬁS)>la = ¢(w(z)). (3.17)
Define p1(z) by

1
Pl(Z):lJ_r—;U)Eg:1+C1Z+szZ+---,

2
pz) -1 _1 )2y
w(z) 12 az+ -5 2+ :
Clearly pq is analytic in D with p1(0) = 1 and p; € P. Then, since ¢(z) =1+ Byz+
Byz? + B3z® + - - -, we get

pE =1y g1 B AR T
¢ (Pl(z) n 1> =1+ 2B1c1z-|— 2B1 -5 |+ 4B201 z24---.  (3.18)
Also, the Taylor series expansion of f gives
f@)\*rzf'(z) 1 _ _ 1 Y2152
(%) (f(z) ) =1+mz+(2—w)es - (1-a)ad)z (3.19)

+((3 —2a)ay —3(1 — a)agaz + (1 — w)a3)z> 4 - - - .

Then from (3.17), (3.18) and (3.19), we get

2= %‘ (3.20)
1
az = 12 —a) [2B1Cz - ((Bl —By) —(1— a)B%) c%] , (3.21)

Using (3.20) and (3.21) we get,

1
a3 — pas = T <2C2B1 — 3By + 2By + (1 —a)c?B2 — (2 — uc)B%c%)
B cf B,
=20 -a) <c2 — 3((1 — 3_1) (1—a)B1+ (2 oc);tB1>>

m(Cz VCl),
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1/-B

where v = 5 <B—2 +1—(1—a)B1+u(2— oc)Bl). Using Lemma 3.1 we get the
1

desired result. |

REMARK 3.9. Bounds for the second and the third coefficients for f € Ky(¢) can be

directly obtained from Theorem 3.8 as follows:

|az| < By,
and
E +2(1_—“0c)B%, (1—a)Bi+ (B2 — B1) > 0;
laz| < ZEilzx’ (1—a)Bf +(By—By) <0 or
(1—a)B?+ (By+ By) > 0;
R UOB B (B B <0

3.6. THE CLASS 7,(¢)

Our next theorem gives the Fekete-Szegd inequality for functions in the class 7, (¢).

THEOREM 3.10. Let ¢ be defined as in (3.1) and let the function f(z) = z 4 ayz® +
a3z + - - € To(@). Then we have the following:

(1) If By, By and u satisfy the condition
2(6 —5a)Biu < (1 —a)(8+a)B3 +2(2 —a)?(By — By),

then

a5 — | (1—a)(8+a) », 2(6—5a) B%)

(232 n B2 —

1
= 206 —5q) 2—a)2 17 a—a2t

(2) If By, By and u satisfy the condition
(1—a)(8+a)B? +2(2 —«)*(By — By) < 2(6 —5a)Biyu

<(1-a)(8+a)B2+2(2—«a)*(By+ By),
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then

By
6 —5a

|as — pa3| <
(3) If By, By and u satisfy the condition

(1—a)(8+a)B? +2(2 —a)*(By + By) <2(6 —5x)B3p,

then

=0 < g (20 ST a4 T ).

PROOF. Since f € T.(¢), there is an analytic function w(z) = w1z + wyz? + - -+ €
(), such that

(@y (1 * Z;//;i§)>l_“ = ¢p(w(z)). (3.22)
Define p1(z) by
pi(z) = % —14ciz4+c22+--,

then this implies

_pnr -1 1 G PE T
w(z) 12 az+ (-5 20+ .
Clearly p; is analytic in D with p;(0) = 1 and p; € P. Then, since ¢(z) = 1+ Byz+
Boz? + B3z® + - - -, we get

pz) -1y _ ;.1 1 _a) g2\
) <P1(Z) n 1> =1+ 2B1clz + 2B1 Co > + 4B2c1 z° 4+ . (3.23)
Also, the Taylor series expansion of f gives

f(z)\* zf"(z)\1=* _ _ _ 1. 2\.2
<T> (1 + 2) > =1+ (2—a)apz+ ((6 —5a)az 5(1 0)(8+a)az)z

+ ((12 — 11a)ay — (1 — a) (18 4 5a)aza3
1

+2(1- a)(a? +28a +48)a3)z> + - - - (3.24)
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Then from (3.22), (3.23) and (3.24), we get

4y = %. (3.25)
— —a)?—(1—uw ) B2
" m [43102 eGSR (2>_ “)<21 )(8+ )Bl)c%]  26)

Using (3.25) and (3.26) we get,
(1—a)(8+a) ,

a3 — a3 = m (4c2B1 —2¢3By +2¢iBy + 2—a) c3B?
- Plz((;__ 5;;) B%C%)
= ﬁ (Cz - Z—%(Z(l - %) _a zzlxz(i; %) By + %y&))
_ 2(6li1506) (cp —veq),
where v = 411 2(1 — %) — (1 zzaz(i;r (x)Bl + %y& Using Lemma 3.1
we get the desired result. |

REMARK 3.11. Bounds for the second and the third coefficients for f can be directly

obtained from Theorem 3.10 as follows:

lap| <

(Bt UG

6 — 5 ’

las| < { (6 _1—5a), (1—a)(8+a)B?+2(2—a)?(By — By)

(1—a)(8+a)B?+2(2—a)?*(By— By) > 0;

A%

IN

0 or

(1—a)(8+a)B?+2(2—a)?(By+ By) > 0;

Sl

\ 6 — 5«

, (1—a)(8+a)B?+2(2—a)*(B,+ By) <0.

The classes studied in this chapter have also been explored in the subsequent chapters

for various other properties..






Chapter I

Hankel Determinant of Certain Classes

of Analytic Functions

4.1. HANKEL DETERMINANTS

Recall that the gth Hankel determinant denoted by H,(n), forg = 1,2,... and n =
1,2,3,... of the function f(z) = z + axz> + asz® + - - - is given by

n L N |
Ap+1  Any2 - An+q
Hy(n) := . _
On+q—1 An+q - An429-2

Let ¢ be a univalent function with the positive real part, ¢(0) = 1 and ¢'(0) > 0.
In this chapter, we determine the bounds on the second Hankel determinant Hy(2) :=
aray — a% for the functions f belonging to five very important subclasses of analytic func-
tions satisfying af'(z) + (1 —a)zf"(2)/ f (), (f'(2))*(zf"(2)/ f(2)) =%, (f'(2))*(1 +
zf"(2)/ f'(2))07%, (f(2)/2)"(zf'(2)/ f(2)) "~ or (f(2)/2)* (1 +2f"(2)/ £ (2)) )
mnts of this chapter appeared in K. Khatter, S. K. Lee and S. S. Kumar, Coefficient bounds for
certain analytic functions, Bull. Malays. Math. Sci. Soc. 41 (2018), no. 1, 455—490. and K. Khatter, V.

Ravichandran and S. Sivaprasad Kumar, Third Hankel Determinant for starlike and convex functions, The
Journal of Analysis, 2017, DOI 10.1007/s41478-017-0037-6
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is subordinate to ¢. Also, in the later section, we determine the bounds on the third Han-
kel determinant Hz(1) := ag(apas — a3) — as(ag — azas) + as(az — a3) for the functions
f in the classes M, and L, defined by

/Z 11—«
M,y = {fe S :Re ((f’(z))“ <z§(i))) ) > 0},

1" 1—u
Ly ::{feS:Re ((f’(z))“ (1—!—2]]:/(;)) ) >O}.

Our results include some previously known results.

4.2. SECOND HANKEL DETERMINANT

Let ¢ : D — C be a function with positive real part with

¢(z) =1+ Biz+Bpz? + B3z’ +---, By >0;By, By, By R, (4.1)

4.2.1. The Class V,(¢). For 0 < a < 1, we define the class V,(¢) consists of

functions f € A satisfying the following subordination

'@+ - 0L <o)

Note that

S'g) =wle)i= {f e 4: E <o)

is the class of Ma-Minda starlike functions and

R(p) =Vi(9) :={f € A: f'(z) < p(2)}

is a subclass of close-to-convex function. Thus our class provides a continuous passage
from a subclass of starlike functions to the subclass of close-to-convex functions when

« varies from 0 to 1.

For functions in the class V,(¢), we have the following estimate for the second Hankel

determinant.
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THEOREM 4.1. Let the function f € V,(¢) be given by f(z) = z + axz> + azz> + - - -

(1) If B1, B, and Bs satisfy the conditions
a(1—a)Bf +2(1+a)|By| < (1+a)(a®+4a+2)By,
and
(@ —1)(3a® + 50+ 1)B} — (1 +a)*(3 +a)B3 + (14 «)3(2 4 «)?B; B3
+a(l—a)(1+a)?BiBy| < (1+a)*(3+«)B3,

then the second Hankel determinant satisfies
B}
(24 a)%

|azas — a3| <
(2) If B1, B, and Bj satisfy the conditions
a(1—a)Bf +2(1+a)|Ba| > (1+a)(a® + 4 +2)By,
and
2‘(& —1)(30% 450 + 1)B* — (1 +a)*(3 + &) B3 + (1 + a)3(2 + a)?B1 B
+a(1—a)(1+«)?B3By| > (14 a)?[w(1 —a)B3 +2(1+a)|By|B;
+(1+a)(2+a)?B7),
or the conditions
a(1—a)B +2(1+a)|Ba| < (1+a)(a®+4x+2)By,
and
(@ —1)(3a® 4+ 50+ 1)B} — (1 +a)*(3 +a)B3 + (14 «)®(a +2)?B; B3
+a(l—a)(1+)BiBy| > (1+)*(3+w)B},

then the second Hankel determinant satisfies

1
14+ a)*(24a)2(3+a)

|azay — a3| < ( ’(0(—1)(30&2+5(X+1)B%—(1+0€)4

45



46 4. HANKEL DETERMINANT OF CERTAIN ANALYTIC FUNCTIONS

(3+a)B3 + (1+a)3(2+ )2B1Bs + (1 — &) (1 + oc)zB%Bz‘.
(3) If B1, B, and Bj satisfy the conditions
a(1—a)BZ +2(1+a)|By| > (1+a)(a®+4a+2)By,
and
2‘(& —1)(3a +5a +1)B* — (1+a)*(3+a)B2 + (1 + a)3(2 + «)2B1 B
+a(1—a)(1+«)?B3By| < (14 a)?[w(1 —a)B3 +2(1+a)|By|B;
+(1+a)(2+a)*B),

then the second Hankel determinant satisfies
BIM
(2+a)?(34+a)N’

|a2a4—a§| < 1
where,
M:4(3+(x)(((x—1)(3a2+5a+1)3%— (1+a)*(3 + o) B2
+(14+a)32+a)BBs +a(l—a)(1+ zx)zB%Bz‘
2
+ [2(1+a)|Bzy — (1+a)(a® +4a +2)B; + (1 —oc)Bﬂ
and
_ 2 4 4 2 3 2
N = ((a—1)(3a +50+1)BY — (14 a)* 3+ a)B2 + (1+a)3(2 + )2B; B

+a(1—a)(1+a)?BiBy| —a(l —a)(1+a)*B} — (1+a)%(2B;|By| + BY).

Theorem 4.1 is proved by expressing the coefficients of the function f in terms of the
coefficients of a function with the positive real part. Recall that the class P of functions
with the positive real part consists of all analytic functions p(z) = 1+ Y5> ; c,z" with
Rep(z) > 0forz € D. Let Q) be the class of all analytic functions w : D — D of the
form w(z) = wyz + wpz? + - - - satisfying w(0) = 0 and |w(z)| < 1. In order to prove

our result, we need the following lemmas:
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LEMMA 4.2. [17] If the function
p(z) =1+c1z+ 2>+ 32+ - - (4.2)

is in P, then the following sharp estimate holds: |c,| <2 (n=1,2,3,---).
LEMMA 4.3. [27] If the function given by (4.2) is in P, then,

2c) = 3 +x(4—c?), (4.3)

4oz =3 +2(4—cferx —cy(4—cH)x* +2(4 — D) (1 — |x]?)y, (4.4)
for some x,y with |x| <1 and |y| < 1.
LEMMA 4.4. [51] Let p € P be given by (4.2). Then,

—4v+2, ifv <O0;
lea —ved| < {2, ifo<v<1;
v -2, ifv>1.

PROOF OF THEOREM 4.1. Since f € V,(¢), there exists an analytic function w(z) =

w1z + wyz® + - - - € O, such that

zf'(2)

o P 45

af'(z)+(1-a)

Define p1(z) by

p1(z) = T_r—zzi

7)) — 2
w(z):%:%<clz+(Cz—%)zznt.--).

Clearly p; is analytic in D with p;(0) = 1 and p; € P. Since ¢(z) = 1+ Byz + Byz? +

:1+clz+c222+~-.

Then

B3z® + - - -, we get

pi(z) -1y 1 1 A\ L1, 0\
¢<P1(2)+1>_1+2B1C1” SBilee—5 |+ By |24 (46)
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Also, the Taylor series expansion of f gives

/ f'(z) _
af'(z) + (1 - [X)Zf(z) =1+a(1+a)z+ ((2 +a)az — (1 — “)a%)zz o

+ ((3 +a)ag — (1 — ) (3aza3 — a%))z‘3 + -

Then from (4.5), (4.6) and (4.7), we get

Bic
2= 2(11+1zx)'
a3 = Lﬁ [231(:2 + (((11;:‘))2 B} + (B, - Bl)>cﬂ .
B 1 3(1 —w) (1—a)(1—4a)
= m[43163+ (Bl - (1+0¢)(2+0¢)B + (1+tx)3(2+1x)B% — 25
e i(olé)zzvz)r a)B1B2 +Bg)c{’ + (—4B; + q +( )(;:)L )B§ +4Bz)c1cz]
Therefore,
1 (@ —1)(3a® +5a + 1) a(l—a)
s — 3 = 1051 |{ 102Gl Grareraiara B2 B
1 B 1 B, + L (By —2B3) }et
2+a)2B;  1+a)B+a) > (1+a)2+a)2@+a) b TS
4 20(1 — a)
+1 AraeraiGra 2B +g +oc)2(2+oc)2(3+(x)B%}C2C%
_* B3 4 B
- (2+4a)? 2 T 0B +a) 1C163]

Since the function p(e¥z) (8 € R) is in the class P for any p € P, without loss of
generality, we can assume that c; = ¢ > 0. Substituting the values of ¢, and c3 from

(4.3) and (4.4) in the above expression, we get

|apay — a3] =

1 '{((a—l)(thz—l—Sa—Fl) B3 a(l—a) B.B,

16 1+a0)42+a)2B+a) ' (1+a)2(2+a)2(3+a)
1 B3 1 2
B (2+zx)ZB—? + (1 Jroc)(3—I—Dc)B?’}CLLjL { (14+a)(2+a)2(3+a)
a(l—a) 1
a +uc)2(2+0c)2(3+0c)B%}C2(4_ *)x— {(1 M TCNMETC L
4 2

t (z+a)2}31(4_62)x2+ A+ a3 +a)

By

Bic(4—¢*) (1~ |x[*)y
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Replacing |x| by ¢ and by making use of the triangle inequality and the fact that |y| < 1

in the above expression, we get

YRV 3

(0 —1)(Ba? +5a+1) 5 1 B 1
{(1+1x)4(2+1x)2(3+1x)1 2+a)2B; ' (1+a)(3+a)

1
_ g2 < —B
|azay — a3| < 151

2c
(1+a)(3+a)

a(l—a)
T +o¢)2(2+o¢)2(3+o¢)B1B2}
a(l—w) 2
+ { a —l—oc)2(2-|-oc)2(3-|—oc)B% Tl +aGta)
2 2¢ 4
+ { I+02+a26+a) (I+a)Bta) (2—|—oc)2}Bl(4 - CZ)“Z]

= F(c, ). (4.8)

C4 + B1 (4 — C2)

wﬂ}ﬁm—wﬁy

We shall now maximize F(c, u) for (¢, u) € [0,2] x [0,1]. Differentiating F(c, i) in (4.8)

partially with respect to the parameter u, we get

2
(14+a)(2+a)2(3+a)

1 ) 2
A+ra)2+a2Bra)’  (A+a)B+ra)’

oF 1 a(l—a)
ou 16 1[(1+0¢)2(2—|—0¢)2(3—l—a)

?(4 —c®)B? +

(4 — c2)[By| + 2By (4 — )

4
+ (24 zx)zﬂ '
For 0 < u < 1, and for any fixed ¢ € [0, 2], we observe that oF /ou > 0. Thus F(c, i)

is an increasing function of u, and for ¢ € [0,2], F(c, ) has a maximum value at u = 1.

Thus, we have
max F(c, i) = F(c,1) = G(c). (4.9)

The equations (4.8) and (4.9), upon a little simplification, yield

1 (x —1)(3a% +5a + 1) 1 B2 1
G(C)—EBlH‘(1+a)4(z+a)2(3+a) %_(2—|—ac)2B_i 1+a)3+a) >
a(l—aw) a(l—a)
R IS ET SRR T L L) Bl e e T SR TSR R
_ ! (2[B2| + B )}c4+4{ L) B
(1+a)2+a)2B+a) "2 T (1+a)22+a)2B3+a) !
2 a?+4n+2
+ (1+oc)(2+0c)2(3+zx)|B2| B (14+a)(2+a)2(3+a) 1}C2
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16
— B
MR 1]

B
= 1—é(Pc4 +Qc* +R), (4.10)

where
P=(1+a)42+a) 2B +a)"! (((a —1)(B3a? 450+ 1)B — (1+a)*(3+ a)g—%
-+O+af@+ay&+wﬂ—wﬂl+aY&B4—aﬂ—aﬂl+aﬁ%
— (1+)°Q2|Bs| + By)), (4.11)
Q=4(1+a)22+a)2(3+ oc)_l(lx(l — )B2 +2(1 +a)|By|
—(1+0c)(1x2—|—4(x+2)B1), (4.12)

and

R =16(2 +«)2By. (4.13)

We know that

R, Q<o0,P<-%
max (P> +Qt+R) =4 16P+4Q+R, Q>0,P>-%0orQ<0,P> -9,
0=t=4 4PR—Q? Q
4P 7 Q>Oap§ _g
(4.14)
Thus, we have, from (4.10),
R, Q<o0,P<-%;
B
|apay — a3 < 1—é 16P+4Q+R, Q>0P>-S0rQ<0,P>-%;

PRQ Q>0P< -9

where P, Q, R are given by (4.11), (4.12) and (4.13), respectively. A simple computation

will give the results stated in the theorem. |

REMARK 4.5. When « = 1 and ¢ = (1 +2z)/(1 —z), Theorem 4.1 reduces to [34,
Theorem 3.1]. When & = 0, Theorem 4.1 reduces to [45, Theorem 1]. When ¢(z) =
(1+(1-27)2)/(1=2),(0 <y <1), VI+z 1+2/m*(log((1+ v2)/(1- V7))
and ((1+2z)/(1—-2)), 0 < B < 1, the class S*(¢) becomes the class S*() of
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starlike functions of order -y, the class S of lemniscate starlike functions, the class S;
of parabolic starlike functions and the class S; of strongly starlike functions of order g,

respectively.

In particular, we get the following corollary:

COROLLARY 4.6. [45, Theorem 1]

(1) If f € S*(7), then |azas — a3| < (1 — )%

(2) If f € S}, then |azay — a3 < 1/16 = 0.0625.

(3) If f € Sy, then |azay — a3 <16/ 7* ~ 0.164255.
(4) If f € S}, then |azay — a3| < B2

4.2.2. The Class M,(¢). Let ¢ : D — C be an analytic function given by (4.1).
For 0 < a < 1, the class M,(¢) consists of functions f € A satisfying the following

subordination

/ 1—«
s (F5) <.

We see that My(¢) = S*(¢) is the class of Ma-Minda starlike functions and
Mi(9) =R(9) :={f € A: f'(2) < 9(2)}

is a subclass of close-to-convex function. Thus this class also provides a passage from a
subclass of starlike functions to the subclass of close-to-convex functions when «a varies
from 0 to 1. Also, for different functions of ¢ we get different subclasses of starlike

functions as stated earlier.

THEOREM 4.7. Let the function f € M,(¢) be given by f(z) = z + ayz> + azz> + - - -.
Then,

(1) If By, Bo and B3 satisfy the conditions

2|By| < (1+a)(3+a)—1)By,
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and

| — (2+a)?(3+a)B] —12(1 +a)?(3+ a)B5 +12(1 + «)?(2 + «)?B B3|
—12(1 +a)3(34a)B2 <0,

then the second Hankel determinant satisfies
2
By

2
s a3 <

(2) If B1, B, and Bj satisfy the conditions

2|By] > ((14+a)(3+a) —1)By,
and
|—(1—a)(24+a)?>(3+a)Bf —12(1 +a)3(3 + &) B3 + 12(1 4+ a)*(2 + a)?
BiBs| —12(1 +a)?|Ba|By — 6(1 +a)*((1+«)(3+a) +1)BF >0,

or the conditions

2|B| < (1+a)(3+a) —1)By,

and

| — (2+a)?(3+a)Bf —12(1+a)3(3+ a)B3 +12(1 + a)?(2 + «)?B; B3|
—12(1+a)3(34a)B? >0,

then the second Hankel determinant satisfies

1
1+a)324a)2(3+a)

— (2+a)?(3+a)B} +12(1 + )?(2 + )?B Bs.

|agay — a3] < 10 |—12(1 4+ a)3(3 +a)B3

(3) If B1, B, and B3 satisfy the conditions

2|By| > ((14+a)(3+a) —1)By,
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and

|—(1—a)(2+a)?(3+a)Bf —12(1 +a)3(3 4 a)B3 +12(1 + «)?

(2 +a)?ByBs| — 12(1 +a)?|By|B; — 6(1 +a)*((14+a)(3+a) +1)B7 <0,

then
2
BIM

ayay — a3| < (2+a)2(3+a))N’

where,

M=|—(1-a)2+a)*(3+«)*Bf —12(1 +a)>(3 +a)*B3
+12(1 +a)*(2 4+ a)?(3 + &) B B3| — 12(1 4 &) (2 + «)?By | By |
—12(1+a)B3 —3(1 +a)(2 +a)*B?,

and

N=|-(1-a)2+a)?B+a)Bf —12(1 +a)3(3+ a)B3 +12(1 + «)?

(2 4+ a)?B1 B3| — 12(1 + &)?BF — 24(1 + «)?B4|By|.

PROOF. Since f € M,(¢), there exists an analytic function w(z) = wz + wyz? +
-++ € (), such that

s@r CEED = otwia .19

Define p1(z) by

1+ w(z)

- 7 — 2 P
p](Z) - ].—ZU(Z) 1+C12+CZZ + ’

then this implies
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Clearly p; is analytic in D with p1(0) = 1 and p; € P. Then, since ¢(z) = 1+ Biz+
Byz? 4 B3z® + - - -, we get

r-x’7 — _ — - 4 _ “a. 41
@ ( 1(2) 1) 1+ Blclz -+ B1 (8] + BZC1 z°+ ( 6)

Also, the Taylor series expansion of f gives

(f'(2))" (Z;;S))l_“ =1+ a(1 +a)z + %((2 ) (203 — (1 — a)ad)2? (4.17)
+ 234 a) (62— 6(1— a)aaas + (1 — ) (2~ )ad)2 + -

Then from (4.15), (4.16) and (4.17), we get

B
a2—2(1—+a).
1 2(1+a)?(B;y — By) — (1 —a)(2+ a)B?

T 202+ a) Bicz — ( A 4(i)—i—zx()2 12 1)‘:%]'
1 B (1—a)(3+a) (1—a)(1—2x)(3+w)
U261 a) [B1C3+<Zl_4(1+tx)(2+tx) d 24(1 + )3 By
B (1—a)(3+a) B (1—a)(3+ua)

-3 4(1+oc)(2+zx)B1B2+Zg>C%+<_Bl+2(1+o¢)(2+(x)B%

+Bz>C1C2}.

Thus,
1 —(1—a) 1 B 1
a0y — a3 = 7B, l{uu TR LG Sy S B IO L
1 4

TiroeroGra P ~2By) et + A+ 02+ 026 a)
(By — Bl)czc% — (2;1—“)281% + i 0{;4(3 ) 31C1C3].

Since the function p(e®z) (8 € R) is in the class P for any p € P, without loss of
generality, we can assume that c; = ¢ > 0. Substituting the values of ¢, and c3 from
(4.3) and (4.4) in the above expression, we get

1 —1 1 B2 1
R P SCEL N

—B 3 — =+ Bz pct
16 12(1 + «)3 (24+a)2B;  (14+a)(3+a)
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2 1
+ { (1+0¢)(2+“)2(3+“)B2}C2(4_Cz)x_ {(1+DC)(2+0¢)2(3+0¢)C2
4 2
e P O el - (1~ Py

Replacing |x| by 1 and by making use of the triangle inequality and the fact that |y| < 1

in the above expression, we get

{ (=1) 1 B 1

21+ a)? 1‘<z+a>23_1+<1+a><3+a>33} :

c

1
|azay — a3] < EBl l

2c
NS IEETY

2

AT 0@ ar@ e e

Bi(4—¢*) +

c2 2c 4
+ {(1—|—0¢)(2—|—0¢)2(3—|—o¢) T Ut0@ta) (2—|—0¢)2}
31(4—Cz)ﬂ21
= F(c, p). (4.18)

We shall now maximize F(c, i) for (c, ) in [0,2] x [0,1]. On differentiating F(c, ) in

(4.18) partially with respect to the parameter p, we get

9F 1

ou 16

2
1[(1+a)(2+a)2(3+a)

(4 - )|By| +2uB; (4 — 2)

1 X 2 4
{(1+oc)(2—l—oc)2(3—|—oc)c a (1+0€)(3+(X)C+ (2—|—0¢)2H'

For a fixed ¢ € [0,2] and for 0 < u < 1, we observe that dF /9y > 0. Thus F(c, i) is an
increasing function of u, and for ¢ € [0, 2], the function F(c, i) has a maximum value at

u = 1. Thus, we have
max F(c,u) = F(c,1) = G(¢). (4.19)

The equations (4.18) and (4.19), upon a little simplification, yield

B 1 B}  (1—-w) 1
G(C)_Té[c4{‘_(2+a)2B_j_12(1+a)3 i A0 Ta)
1 4
T (14 a)2+a)2(3+a) (2I| +B1)} +C2{(1+tx)(2+06)2(3+06)
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4 16
(B1 +2|By|) — mBl} + mBl]
- f_;(p& + Q& +R), (4.20)
where,
_n2
P=~—u+wr*a+ar%3+w—%ﬁx1+w%3+w—fz—u—wxz+w2
12 B,
(3+a)B3 +12(1 +a)?(2 + cx)ng,‘ —12(1+a)%(By + 2|Bz|)>, (4.21)

Q=4(1+a) 2+ oc)_z(3—|—1x)_1((B1 +20By|) - (1+ zx)(3+1x)B1), (4.22)

R =16(2+ &) 2B. (4.23)

Thus using (4.14) and (4.20) we get,

R, Q<0,P<-%
B
axay — a3| < 1_é 16P+4Q+R, Q>0,P>-%0orQ<0,P>-%;
M Q>0,P<-%
where P, Q, R are given by (4.21), (4.22) and (4.23), respectively. |

REMARK 4.8. When o« = 1 and ¢ = (1+z)/(1 —z), Theorem 4.7 reduces to [34,
Theorem 3.1]. When a = 0, Theorem 4.7 reduces to [45, Theorem 1]. Note that, when
9(z) = (1+ (1 -27)2)/(1-2),(0 < 7 < 1), VI T2 14+2/72(log((1+ v)/(1 -
Vvz)))?and ((1+2z)/(1—2))P, 0 < B <1, the class S*(¢) becomes the class S*(7)
of starlike functions of order -, the class S of lemniscate starlike functions, the class
S, of parabolic starlike functions and the class SE of strongly starlike functions of order

B, respectively. Therefore, Corollary 4.6 follows as a particular case.

4.2.3. The Class L,(¢). Let the analytic function ¢ : D — C be given by (4.1).
For 0 < a < 1, the class L,(¢) consists of functions f € A satisfying the following

subordination

ae 1-a
var(1+58) <.



4.2, SECOND HANKEL DETERMINANT 57

We see that Lo(¢) = K(¢) is the unified class of Ma-Minda convex functions and

L1(p) =R(g) :=={f € A: f'(z) < 9(2)}

is a subclass of close-to-convex function. Thus this class also provides a continuous
passage from a subclass of convex functions to the subclass of close-to-convex func-

tions when « varies from 0 to 1.

THEOREM 4.9. Let the function f € L, (@) be given by f(z) = z + az*> + azz> + - - -.
Then,

(1) If B1, B, and Bs satisfy the conditions
2|By|(9a? — 20& +12) + BZ(1 — &) (6 + 5a) < (—9a® + 4a + 12) By,
and

(1 —a)(2a® — 5a — 6)Bf — 8(3 —2a)B3 +9(2 — a)?B B3

+ (1 —a)(6 4 5a)B3B,| — 8(3 —2&)B? <0,

then the second Hankel determinant satisfies
B}

2
|a2a4 — 03| < m

(2) If B1, B, and Bj satisfy the conditions
2|By|(9a® — 20& 4+ 12) + B2(1 — &) (6 + 5a) > (—9a® + 4 + 12) By,
and

2|(1 — a)(2a* — 50 — 6)B] — 8(3 — 2a) B3 +9(2 — «)*B; B3
+ (1 — a)(6 + 5a) BBy | — 2(9&® — 20« + 12)|By|By — (1 — «)(6 + 5a) B3

—9(2—a)?B? >0,
or the conditions

2|By|(9a® — 20a + 12) + B?(1 — &) (6 4+ 5a) < (—9a® + 4a + 12)By,
1
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and

(1 —a)(2a® — 5a — 6)Bf — 8(3 —2a)B3 +9(2 — a)*B; B3

+ (1 —a)(6 +5a)B3B,| — 8(3 — 2a) B > 0,

then the second Hankel determinant satisfies

1

2 2 2 4
\apay — a5] < 72(2—0()2(3—20{)’_8(3_2“)132 + (1 —wa)(2a” —5a — 6)Bj

+9(2 — «)?B1B3 + (1 — a)(6 + 54)B?B,|.

(3) If B1, B, and Bj satisfy the conditions

2|By|(9a% — 20& +12) + B3 (1 — a) (6 + 5a) > (—9a2 + 4a + 12) By,

and

2|(1—a)(2a® — 50 — 6)Bf — 8(3 — 2a) B2 +9(2 — «)?B1 B3
+ (1 —a)(6 + 5a) BBy | — 2(9a? — 20a + 12)|By|By — (1 — &) (6 + 5a)B;
—9(2—a)?B? <0,

then the second Hankel determinant satisfies

BIM

2
— <
(a205 — 3] < (1152(2 — a)2(3 — 2a))N”’

where,

M = 4(|32(1 — &) (3 — 2&) (2a* — 5a — 6) B} — 256(3 — 2a)?B3
+288(2 — «)*(3 — 2a)B1B3 4 32(1 — &) (6 + 5a) (3 — 2a) B3 By |
—18(1 — «)(2 — a)?(6 + 5a)B} — 36(2 — a)?(12 — 20a + 9a2) By | By |
—81(2 — «)*B? — (1 — a)?(6 + 5a)*B} — 4(12 — 20& + 942)?B3
—4(1 — a)(6 + 5a) (12 — 20& 4 9a2) B?| By |)

and

N =|(1—a)(2a®> — 56 — 6)Bf — 8(3 — 2&) B3 + 9(2 — «)?B; B3
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+ (1 —a)(6+5a)B3By| — (1 — &) (6 + 5a) BS — 2(9a* — 20a + 12) By | By|
— (9a% — 20a 4 12) B2

PROOF. Since f € L,(¢), there exists an analytic function w(z) = wyz + wpz? +
-+ € (), such that

" 1—«a
(F(2))" (1+Zf (7‘)) = p(w(2)).

F12) (4.24)

Define p1(z) by

1+ w(z)

pl(z)_m:1+clz+czzz+...,

which then implies

— C2
w(z):%_%(cl” (Cz—il)zer---).

Clearly p; is analytic in D with p1(0) = 1 and p; € P. Then, since ¢(z) = 1+ Biz+
Byz? 4+ B3z® + - - -, we get

piz) =1y 1 1 Ca) g ) e
[ (m(z) +1) = 1+281c12—|— 2B1 (o) > —|—482c1 z- 4+ . (4.25)
Also, the Taylor series expansion of f gives
" 1—a
(f'(2)) (1 + Z}c, (iz))) = 1+ 2az + (3(2 — &)az — 4(1 — )a?)2> (4.26)
+ (4(8 — 2a)ay — 18(1 — a)azaz + 8(1 — a)a3)z> + - - -

Then from (4.24), (4.25) and (4.26), we get

B1C1
ay) — T
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Thus,

8 B2 9
. S — )
2—a)2B, ' (3-2a)

(1—a)(6+5a)
(2—a)%(3 —2a)

1 (1—a)(2a> — 50 — 6)

s 2— 0203 20)
(9a? — 20a + 12)
(2—a)?(3—2a)

aray — a% = Bi’ —

(By —2B,) +

131(32—31)}c‘1L

4(90{2 — 200 + 12) 2(1 o OC) (6 + 50‘)
UG B B gy B
_ &Blcg + &Blcl%} .

Since the function p(e®z) (8 € R) is in the class P for any p € P, without loss of
generality, we can assume that c; = ¢ > 0. Substituting the values of ¢, and c3 from
(4.3) and (4.4) in the above expression, we get

1
1152

|azay — a%\ =

B, {(1—a)(2a2—5a—6) 5 (1—a)(5a +6)

(2—a)2(3—2a) ' (2-a)2(3-24)

8 B3 8 B3}C4 {2(9a2—20a+12)32

T 2=a2B T B-) 2—a)2(3—2q)

(1—a)(6+5a) (9a? — 20a + 12)
2=a203 —2a)B%}C2(4_ ¢)x - { 22206 2
32

+ W}Bl(él —cH)x? +

18

mBlc(‘L - 02)(1 - |x|2)y .

Replacing |x| by 1 and by making use of the triangle inequality and the fact that |y| < 1

in the above expression, we get

1 (1—a)(2a% —5a — 6) 8 B3 8
|ﬂ2a4—ﬂ§|§@ 1“{ (2 —a)2(3 —2a) %_(2_“)23_j+(3—20¢)B3
1—a)ba+6 18¢
e L TR e LR

- o a2 — 200 + 12
{ ((21— 0‘))2((6;152&)) B + 2((29— a)22(3 —+2¢x)) B }C2(4 —)p

(9a? — 20 + 12)c? 18¢ 32
{ 2 aPG-2) (G- (2—«)2}31("“8)”2]

= F(c, ). (4.27)
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We shall now maximize F(c, u) for (¢, i) in [0,2] x [0,1]. On differentiating the function
F(c, ) in (4.27) partially with respect to the parameter 1, we get

2(9a% — 20a +12) ,

oF 1 (1 —a)(6+5a)
o~ 1525 [ a4 B ) 4 I
942 — 200 + 12 18 32
—|—2‘MB1(4—62)(((2_“)2(31—2“))C2 o (3_2“)C+ (2—0{)2)} (4.28)

For any fixed ¢ € [0,2] and 0 < u < 1, we observe that dF /ou > 0. Thus F(c, u) is an
increasing function of u, and for ¢ € [0, 2], the function F(c, i) has a maximum value at

yu = 1. Thus, we have
max F(c,u) = F(c,1) = G(c). (4.29)

The equations (4.27) and (4.29), upon a little simplification, yield

_ B 8 By (1—a)(2a®>—5x—06) 9
G(e) = 3155 |<{| - RN TR PR s ry el o
(1—w)(6+5n) B.B (1—a)(6+5a) B2 (942 — 20a + 12)
(2—a)2(3—2a) ' 2‘ S (2—a)2(B-2a)" ' (2—a)2(3—20)
062 — [ — [
e

(902 — 4o — 12) 128
2—a)2(3 = 20) Bij+ - @231}

= %(P# 4+ Qc® +R), (4.30)

where,

P=(2-a)%3- 2zx)—1(( —8(3— ?_oc)g—% + (1 —a)(2a® — 50 — 6)BF +9(2 — «)?B3
1

+(1-a)6+ Sa)Ble‘ —2(9a2 — 200 +12)|Bo| — (1 —a)(6+54)B>  (4.31)
— (902 — 20 + 12)31),

Q=(2—a)23—2a)" (4(1 — ) (6+52)B? + 4(92 — 4a — 12)(By + 2|B2|)>,
(4.32)
R =128(2 — &) 2B;. (4.33)



62 4. HANKEL DETERMINANT OF CERTAIN ANALYTIC FUNCTIONS

Thus using (4.14) and (4.30) we get,

R, Q<0,P<—%;
a2y — 03| < 25 4 16P+4Q+R, Q>0,P>-$0rQ<0,P> -,
RoQ Q>0,P<-§.
where P, Q, R are given by (4.31), (4.32) and (4.33), respectively. 1

REMARK 4.10. When o« = 1 and ¢ = (1+z)/(1 — z), Theorem 4.9 reduces to [34,
Theorem 3.1]. When a = 0, Theorem 4.9 reduces to [45, Theorem 2].

4.2.4. The Class K,(¢). Let the function ¢ : D — C be analytic and is given by
(4.1). For 0 < a < 1, the class KCy(¢) consists of functions f € A satisfying the

(12) () "o

We see that Ky (¢) = S*(¢) is the Ma-Minda unified class of starlike functions.

following subordination

THEOREM 4.11. Let the function f € K, (@) be given by f(z) = z + ayz> +azz> + - - -.
Then,

(1) If B1, B, and B3 satisfy the conditions

2(1—a)?|By| + (1 — a)aB? < (2 — a®)By,

and
| — (1 —a)Bf — (3 —2a)B3 + (2 — a)*BB3 + (1 — a) BZ By |
—(3—2a)B? <0,
then
B2
2 1
|a2a4 — ﬂ3| S m

(2) If B1, B, and Bj satisfy the conditions

2(1 —a)?|By| 4 (1 — a)aB? > (2 — a®)By,
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and
|—2(1 — a)B} —2(3 — 2a)B3 4 2(2 — «)?B1 B3 + 2&(1 — «) B By |
—2(1—a)?|By|B; — (1 —a)aB; — (2 —«)?B% >0,
or the conditions
2(1 —a)?|By| 4 (1 — a)aB? < (2 —a®)By,
and
| — (1 —a)Bf — (3 —2a)B5 + (2 — a)*BB3 + (1 — a) BBy |
—(3—2a)B? >0,

then

1
(2—a)%(3 —2a)

+ (2 — «)?B1B3 + a(1 — a)B2B,|.

a0g — 3] < |~ (3 20)B3 — (1 a)B!

(3) If B1, B, and Bj satisfy the conditions

2(1 —a)?|By| 4 (1 — a)aB? > (2 — a®)By,

and
|—2(1 — «)Bf —2(3 —2&) B3 +2(2 — «)?By B3 + 2a(1 — &) B By |
—2(1—a)?|By|B; — (1 —a)aBd — (2 —«)?B? <0,
then
aya, — a3| < BiM
2B = (2= )23 —24))N’
where,

M =|—(1-a)(3—2a)B} — (3—2a)*B35 + (2 — «)*(3 — 2a) B B3

+a(1—a)(3 —2a)B2B,| — g(l —a)(2—a)?B} — (1 —a)?(2 —a)?B;|By]

63
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(2—a)t
4

2
©
Bf — 5 (1—a)’Bf — (1 - )*B} —a(1 — a)°Bi|By|

and

N =|-(1—a)B} — (3—2&)B5 + (2 — a)?B;Bs + (1 — «) BBy |
—a(1—a)B3 —2(1 —a)?By|Ba| — (1 — «)?B3,

PROOF. Since f € K, (@), there exists an analytic function w(z) = wyz + wpz? +
.-+ € (), satisfying

(f(zZ)y(ZJ{;S))l_a = ¢(w(z)). (4.34)
Define p1(z) by
p1(z) = 11_—352 =14ciz4+c22+--,

which implies

_pnr -1 1 R PN
w(z)_P1(2)+1_2 az+ -5 |2+ :
Clearly pq is analytic in D with p;(0) = 1 and p; € P. Then, since ¢(z) = 1+ Byz +
Byz2 + B3z® + - - -, we get

pz) -1y _ ;1 1 AV
¢ (Pl(z) n 1> =1+ 2B1C1Z + 2]51 -5 |+ 4Bzc1 224+,  (4.35)
Also, the Taylor series expansion of f gives

fz)\zf (z)\1-x B 1 NA2\02

( z > ( f(z) ) =1+az+((2-a)as — (1-a)ay)z (4.36)

+((3—2a)ay —3(1 —a)azaz + (1 — a)ad)z® + - - -
Then from (4.34), (4.35) and (4.36), we get
. Blcl
ar = 5
_ 1 2\ 2
e [2Blc2 ((B1 B,) — (1 1x)B1>cJ .
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3(1 —uw)
(2 —a)

(1—a)(1—24)
(2—a)

6((21__;)) B% + 4B2> clcz] .

Bf + B} — 2B,

ay = [4Blc3 + (31 _

8(3 — 2a)
3(1 —«a)

W

Ble+B3)c§+ (—431 +
Thus,
1 (1—a) 1 B3 1
2 3 2
—2=_—B[{- BB - 2, - p
204 705 16 1[{ 2—a2(B—20) ' 2—aPB  (B-2a)7
(1—a)?
(2 —a)?(3 —2a)

4(1—a)?
+ {(2 “2)2(3 - 24)

a(l—a)

* 2—a)2(3 - 2a)

(B1 —2B;) +

Bl(Bz — Bl)}Czl1

(Bz — Bl) + (2 _20;312(; Di>2a) B%}Czc%

4
S B e

2—a) B1C1C3].

4
(3 —2a)

Proceeding similarly as in the proof of Theorem 4.1, we would see that |aya4 — a%] will
be bounded by

Gle) = %{04{‘ N (2—1a)2g_§ - (2—&1)2_(;)— 2“)333 i (3—121x)B3
I —aoE)12z3a—) 20) BiB 2‘ (2 —“05)121%0(—) 20) Bi - (2 —(olc);(g)i 20)
(B +2[B2) } + 4C2{ 2 —221)2_(3“)—22@ B2l + 55 _“Sz@a_) 2%) T
2 —(i);(gzl 20) Bij+ ﬁ&}
= 2P+ QP +R), (4.37)
where,
P=(2-a)23-2a)" (( - 206)%% —(1—a)B3+ (2—«)?B; (4.38)

Fa(l- (x)Ble‘ —2(1—a)?|By| —a(1—a)B3+ (1 — zx)ZBl),
Q=4(2—a)2(3—2a)"! (2(1 — )2[By| +a(1—a)B2— (2 — aZ)Bl), (4.39)

R =16(2 — &) 2By. (4.40)
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Thus using (4.14) and (4.37) we get,

R, Q<0,P<-%
!a2a4—a§|§f—é 16P +4Q + R, QZO,PZ—%orQSO,PE—%;
wh o, Q>0pP<-9
where P, Q, R are given by (4.38), (4.39) and (4.40), respectively. 1

REMARK 4.12. When a« = 0, Theorem 4.11 reduces to [45, Theorem 2]. Then Corollary

4.6 comes as a particular case.

4.2.5. The Class 7,(¢). Let the analytic function ¢ : D — C be given by (4.1).
For 0 < a < 1, the class 7,(¢) consists of functions f € A satisfying the following

(sz))"‘ (1 + Zj{,,;i‘z))la < ¢(2).

subordination

We see that,

Totg) =Klg)i= {re A1+ L <o)}

is the generalised Ma-Minda class of convex functions.

THEOREM 4.13. Let the function f € T,(¢) be given by f(z) = z + apz> + azz> + - - -.
Then,

(1) If B1, B, and B3 satisfy the conditions
4(1 —a)(2 — a)|6 — 7a||Ba| +2(1 — &) |7a® — 8a — 6|BF < ((2 — a)?(12 — 11a)
—2(1—a)(2—a)|6 —7a|)By,
and
(1 — a)(67a* — 3294° 4 516a> + 168 — 576)Bf — 12(2 — a)*(12 — 11a)B3
+12(6 — 5a)?(2 — a)>B1B3 — 24(1 — &) (2 — &) (7a® — 8a — 6) B3B,|

—12(2 — «)*(12 — 11a)B% < 0,



4.2, SECOND HANKEL DETERMINANT

then

2
Bl

2
|€lza4 - a3| S m

(2) If B1, B, and Bs satisfy the conditions
4(1 —a)(2 — a)|6 — 7a||By| +2(1 — &) |7a® — 8a — 6|B3 > ((2 — a)?(12 — 11a)
—2(1—a)(2—a)|6 —7a|)By,

and

(1 — a)(67a* — 3294° 4 516a> + 168 — 576)Bf — 12(2 — a)*(12 — 11a)B3
+12(6 — 5a)?(2 — a)>B1B3 — 24(1 — &) (2 — &)*(7a* — 8a — 6) B3 By|
—24(1 —«)(2 —a)%|6 — 7a||Ba|By — 12(1 — &) (2 — &)?|7a® — 8a — 6| B3
—6(2—a)’2(1 —a)|6 — 7a| + (2 — a)(12 — 11a)) B3 > 0,
or the conditions
4(1 —a)(2 — a)|6 — 7a||Ba| +2(1 — &) |7a® — 8a — 6|BF < ((2 — «)?(12 — 11a)
—2(1—a)(2—a)|6 — 7a|)By,

and

(1 — a)(67a* — 3294° 4 516a> + 168 — 576)Bf — 12(2 — a)*(12 — 11a) B3
+12(6 — 52)%(2 — &)>By B3 — 24(1 — &) (2 — ) (7a* — 8a — 6) B3By|
—12(2 — «)*(12 — 11a)BZ > 0,

then

1

— a2 < —12(2 — w)*(12 — 11a) B3
a2y — a3 < 12(2—a)4(6—5a)2(12—11(x)‘ (2 —a) %)B)

+ (1 — a)(67a* — 3293 + 516a% 4 168« — 576) B}
+12(2 — a)3(6 — 54)?B1B3 — 24(1 — &) (2 — a)?
(7% — 80 — 6)3%32‘.

67



68 4. HANKEL DETERMINANT OF CERTAIN ANALYTIC FUNCTIONS

(3) If B1, B> and Bs satisfy the conditions
4(1 —a)(2 — a)|6 — 7a||Ba| +2(1 — &) |7a® — 8a — 6|B > ((2 — «)?(12 — 11a)
—2(1—a)(2—a)|6 —7a|)By,

and

(1 — a)(67a* — 3294° 4 516a> + 168 — 576)Bf — 12(2 — a)*(12 — 11a)B3
+12(6 — 52)%(2 — &)>By B3 — 24(1 — &) (2 — ) (7a* — 8a — 6) B3By|
—24(1 —«)(2 —a)%|6 — 7a||Ba|By — 12(1 — &) (2 — &)?|7a® — 8a — 6| B3
—6(2—a)>(2(1 —a)|6 —7a] + (2 —a)(12 — 11a))B3 < 0,

then

BIM
(2(6 — 5a)2(12 — 11a))N’

Ay — a§| <

where,

= |2(1 — a)(12 — 11a)(67a* — 3294 4 516a> 4 168« — 576)B}
—24(2 — a)*(12 — 11a)2B3 +24(2 — a)>(12 — 11a) (6 — 54)*B, B3
—48(1 —a)(2 — a)*(12 — 11a) (7a* — 8a — 6)BZB,| —24(1 — &) (2 — a)
1762 — 8a — 6| ((2 — )(12 — 11a) +2(1 — 2)|6 — 7zx|>B§
—48(1 — a) (2 — a)?[6 — 7zx|< (1—a)|6—7a|+(2—a)(12— 1lzx)>Bl|Bz|
2(4 (1—a)|6—7al(2—a)(12 — 11a) + (2 — 2)*(12 — 11a)?
+4(1 - a)2(6—7a) )B% — 24(1 — )2(7a* — 8a — 6)2B*
—96(1 — a)?(6 — 7a)%(2 — )?®B5 — 96(1 — a)*(2 — a)|6 — 74|

|70 — 8a — 6|B?|B,|

and

N = |(1 — a)(67a* — 3294° + 516a4% + 168a — 576)B} — 12(2 — a)*(12 — 11a) B3

+12(2 — a)3(6 — 52)?By B3 — 24(1 — &) (2 — ) (7a* — 8a — 6) B3By|
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—24(1 —«)(2 — a)?|7a* — 8a — 6|B3 — 48(1 — &) (2 — a)°|6 — 7a|B1| By
—24(1—«a)(2 —a)3|6 — 7a|B3.

PROOF. Since f € Tx(¢), there exists an analytic function w(z) = wyz + wpz? +

- € ), such that

(2 () - e wan

Define p1(z) by
_14w(z) 2
pl(Z)_l—ZU(Z)_1+Clz+CZZ + ’
then this implies
_n@E-1 1 A TET
w(z)_m(z)—i—l_Z az+ |- |2+ .

Clearly p; is analytic in D with p1(0) = 1 and p; € P. Then, since ¢(z) = 1+ Bz +
Byz? 4 B3z3 + - - -, we get

-1 1 1 c2 1
(1) 1o gmoes (3 (o) rimd) 2eo way

Also, the Taylor series expansion of f gives

fE)N 22\ 1
<T> (1 + 72 ) =1+ (2—a)apz+ ((6 —5a)az — 5(1 — ) (8 + a)a3)Z?

+ ((12 = 11a)ag — (1 — a) (18 + 5 )aza3
1

+ —(1—a)(a® +28a +48)a3)z> + - - - . (4.43)

Al
Then from (4.41), (4.42) and (4.43), we get

”2:2(123161)
2(B1 —By)(2—a)?2 — (1 —a)(8 +a)B?
. 8(615 ) [431(:2_( (B1 — Ba)( (;_a)(z )(8+2) 1)(,«%].

1—a)(18+5a)
(2—a)(6—5a)

1
- - [4Blc3 + (31 _ | B2 — 2B, + Bs
o)
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(1—a)(10a® + 2542 + 186a — 144) 5 (1 —a)(18 + 5a) 3
— 3 1 B132> C1
6(2—u)3(6 —5na) (2—wa)(6—5a)
2(1 —a)(18 +5a) ,
+ < 4B1+ (2—06)(6—506) Bl +4B2>C1C2].
Thus,
S [{(1 — ) (67a* — 3294° 4 51602 + 168x — 576) 3 1 B}
SR R 24(2 — 0)*(6 — 5a)2(12 — 11a) 1 2(6—51)2B
1 1—a)(6—7
+ By + U=a)(6-7a) 1 _4p)

2(2 —w)(12 — 11a)
(1—a)(7a® —8a — 6)
—a)2(6 —5a)%(12 — 11a)

(2—a)(6—5x)2(12 — 11a)

+ By (B; — Bz)}c‘lL

(2

4(1—a)(6 —7a) 2(1 —a)(7a® — 8a — 6)

+ { (2 —a)(6—5a)2(12 — 11a) (B2 = B1) - (2 —a)2(6 — 50)2(12 — 11a)
2

(2—w)(12 — 11a)

2
B%}Czcz —BlC% + B1C1C3] .

1 (6—5a)2

Again, proceeding as in the proof of Theorem 4.1, we see that |apa4 — a3 is bounded by

(o) — Bif.a 1 B2 (1—a)(67a* — 32943 + 51642 + 168a — 576) _,
€)=73 [C {‘ - 2(6—5a)2B; 24(2 — a)4(6 — 5a)2(12 — 11a) !
1 (1—a)(7a> — 8a — 6)
w2 —1ia) 2~ (2—0()2(6—50c)2(12—110¢)B132‘
(1—a)|7a® — 8a — 6| (1—a)]6—7al
(22— a)2(6—5a)2(12 — 110c)B% -~ (2—a)(6 —5a)2(12 — 11a) (Br +2|Bz|)}
(1—a)|6 —7al (1—a)|7a% — 8a — 6|
+4C2{ (2—a)(6—52)2(12 — 11a) (Bi+2[Ba|) + (2—a)2(6 —5a)2(12 — 11a)
1 8B
T 5a)ZBl} T 6= 51@2}
= %(PC4+ Qc? +R), (4.44)
where,
P= i(z —a) 46 —51)72(12 — 11a) ! (’ —12(2 —a)*(12 - 11&)%%

+ (1 — &) (67a* — 3294> + 5164 + 168a — 576) B3 +12(2 — &)3(6 — 54)%B3

—24(1—a)(2 —a)*(7a® — 8a — 6)B1B2‘ —48(1 —a)(2 — a)3|6 — 7«||By|
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—24(1 —a)(2 — a)?|7a? 81x—6|B%—24(1—a)(z—a)3|6—7a|31), (4.45)
Q:2(2—a)—2(6—5a)—2(12—11a)—1<2(1—a)(2—a)|6—7a|(2|82|+Bl)
+2(1— a)|7a® — 8a — 6B — (2 — a)2(12 — 110¢)Bl>, (4.46)

R = 8(6 — 5a) 2B;. (4.47)

Thus using (4.14) and (4.44) we get,

R, Q<0P<_Q
B
apas—a3| < 214 16P+4Q+R, Q>0,P>-Q0orQ<0,P> -2
R, Q>0P<-— Q
where P, Q, R are given by (4.45), (4.46) and (4.47), respectively. |

REMARK 4.14. When &« = 0, Theorem 4.13 reduces to [45, Theorem 2].

4.3. THIRD HANKEL DETERMINANT

We know that the gth Hankel determinant (denoted by H,(n)) for g = 1,2,... and
n=1,2,3,... of the function f is the determinant of the g x g matrix given by H,(n) :=
det(a,1itj—2). Here a, ;. ; » denotes the entry for the i'" row and j* column of
the matrix. Thus, the third Hankel determinant is given by the expression H3(1) :=
az(azay — a3) — ay(ag — azaz) + as(az — a3). Here, we have computed the bounds for

the third Hankel determinant for two very fascinating classes of analytic functions.

4.3.1. The Class M. The first theorem gives the coefficient bounds for the first five
coefficients for the functions in the class M, which is the class of all normalised analytic

univalent functions f in S satisfying
/ ~ 1—uw
Re ((f'(z))“ (ij(i))) ) -0,

St = My = {fGS:Re (?é?) >o}

Note that
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and
R=M;:={feS:Re(f(2)) >0}

are the renowned classes of starlike and a subclass of close-to-convex functions, re-
spectively. Thus as « varies from 0 to 1, our class M, furnishes a continuous passage
from the class of starlike functions to a class of functions whose derivative has a positive
real part. This class is a subclass of close-to-convex functions. The first theorem in this

section gives the bounds for he first five coefficient estimates for the function f € M,.

THEOREM 4.15. If the function f € M,, then the coefficients a,, (n = 2,3,4,---) of f

satisfy

2
1| <——,
(1+a)

2(3+w)
24 a)(14a)?
2(36 4 19a + 11a2 + 543 + a#)
314+ a)P2+a)B3+a)

|az| <
(

|ag| <

and

2(360 + 433 + 437a% 4 331a> + 137a* + 28a° + 2a9)

Jas| < 3(1+ 0 2+ a)2(3 +a) (4 +a)

PROOF. Since f € M,, there exists an analytic function p(z) = 1+ c1z + cz% +
-+ € P such that

e (@Y T
s (45 = (4.48)
The Taylor series expansion of the function f gives
! 1—a
(f'(2))" (ij: é’?) =1+m(1+a)z+ %((2 + ) (203 — (1 — a)ad)Z2 (4.49)

+ %(3 + ) (604 — 6(1 — &)azas + (1 — &) (2 — @)ad)) + - - - .
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Then using (4.48), (4.49) and the expansion for the function p, the coefficients a, — as

can be expressed as a function of the coefficients c¢; of p € P:

270 i: x)’ (4.50)
1
BT AT a) (2(1 +a)?cr + (1 — &) (2 +a)cl), (4.51)
1

U T a2 1 8B ) (1—a)2+a)(3+a)(1—2a) (4.52)

+6(14+a)*(2+a)cs +6(1+a)?(1—a)(3+a)cica),

and

1
241+ 2)* 2+ a)2(G +a)(4 +a)

+24(1+)* B+ )2+ a)?cy +12(1 + )* B+ a)(1 — ) (4 + a)cs
+12(1+a)?(1—a)(2+a)(3+a)(4 4+ a)(1 — 2a)c3c,

+ (24 a)*(1—a)(3+a)(4+a)(1—2a)(1—3a)ct). (4.53)

as (24(1+ @) (2 + a)?(1 — a) (4 + a)crcs

Consequently, using the triangle inequality and the fact that |cx| < 2 (k = 1,2,3,---),

we arrive at the desired bounds for a,, a3, a4 and as. |

We now prove some results which will be required to estimate the third Hankel determi-
nant H3(1) for functions in the class M,.

THEOREM 4.16. Let wg = 0.267554 € [0, 1] be the root of
(18 — o — 4a® — &) (7a 4 402 + a®)V/2 = (1 + ) (6 + 30 + a?) (6 + 9a + 44> + a3)1/2,
For the function f € My, the following coefficient bounds hold:

(1) WhenO < o < ag, then
a9 — 4] < 2(18 — a — 4a% — ad)
M =31+ )22+ ) B Fa)
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(2) Whenay < a <1, then
2(6+3a +a?)V6 +9a + 402 + a3

3(1+a)2+a)(34+a)V7a +4a2 + a3

|axaz — ay| <

PROOF. Using the expressions for ay, az and a4 from (4.50), (4.51) and (4.52), we

see that

1
31+ a)22+a)3+a)

—(1 —zx)(2+1x)(3+oc)c:i’)|.

lagas — ay| = 1(3(1+ 0)2(2 + a)es +3a(1 4+ a) (3 +a)cic

Substituting the values for ¢, and c3 from Lemma 4.3 in the above expression, we have

1
T12(1+2)22+a)(3+a) I
+34—A)(1+a)* 2+ a)ex? —6(4 — ) (1+a)*(2+a) (1 — |[x[P)y].

1
BT 6T
+3(4 =) (1 +a)?(2+a)er|xP +6(4 — ) (1+a)*2+a) (1= [x[*)]y]).

|apas — ay| 18 — o —4a® — a%)cd —12(4 — A (1 +a)cyx

(18 — a — 40 — a®)c§ +12(4 — ) (1 + a)cq | x|

Choosing c¢1 = ¢ € [0,2], replacing |x| by u and using the fact that |y| < 1 in the above
inequality, we get

1
S T R RIS

+3(4— )1+ a)*2+a)cp® +6(4 — ) (1+a)*2+a)(1 — ).

=F(c, u).

|apas — ay] 18 —a —4a? — &%) +12(4 — ) (1 + a)cp

We shall now maximize the function F(c, i) for (¢, 1) in [0,2] x [0, 1]. On differentiating

F(c, 1) partially with respect to the parameter u, we get

oOF (4—¢%)
ou  22+a)(3+a)

(2c+ 2+ a)u(c—2)).

Then oF /oy = 0 for g = (2¢)/((2—¢)(1 4+ a)(24+a)) € [0,1] when c € [0,1]. As
observed from the graph of the function F(c, ), when ¢ € [0,1], maximum value of
F(c, ) exists at o and for ¢ € [1,2], maximum exists at 4 = 1. Thus, we maximize the

function G(c) given by
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where
c 241+ )22+ a)? +6c%a(3+a)(4+3a+a?) + (3 +a)(—16 + 3a% + o)
() = 121+ )22 +a)(3 +a) '
and
c C12c(4— ) (1+a) +3c(4— ) (1+a)?(2+a) + (18 —a — 40 — a®)
2(c) = .

12(1+ )22+ ) (3 + )

Firstly, we observe that G (c) = —c(4a(1 4 a)(2 +a) 4+ c(—16 + 3a® +a3)) /(4(1 +
0)2(2+a)?). When a € [a*,1], Gy(c) is an increasing function of ¢ as G/ (c) > 0 for
all values of ¢ € [0,1] and when a € [a*,1], Gy(c) is a decreasing function of c as
Gi(c) < 0forallc € [0,1]. Thus, for &« € [0,a*], maximum is attained at c = 1 and for

a € [a*, 1], maximum is at ¢ = 0, and is given by

144 + 232x + 22542 + 102a° + 17a* *

Gi(c) = D0+ a22+alB1a) ==Y -
Olgcagxl 1(0) = 2<2 + 06)2 (4.54)
2+ a)23+a)

af <a <.

Here a* is the root of the equation 144 + 232« + 22542 + 1024 + 17a* = 24(1 +
w)?(2 + ).

We now maximize G,(c). It is seen that G5(c) = ( — a(7 +4a +a?)c® + (1 4+ a)(6 +
3a+a2))/((14+a)*>(24+a)(3+a)). When a € [0,&], Gy(c) > Oforall c € [1,2],
thereby implying that G,(c) is an increasing function of c. For a € [a/,1], it can be seen
that

max Gy (c) = max {Gz(cp), G2(1),G2(2)} = Ga(co),

1<cL2 1<ceL2

where co = ((6 +9a + 442 + &%) /a(7 + 4a + a?))1/2 is the positive root of G5 (c) = 0.

Thus, it is seen that
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2(18 — a — 4a® — o)

max Gy(c) = 3(1+a)2(2+a)B+a)
1<c<n 2 2(6 +3a +a?)vV6 +9a +4a2 + a3

3(1+a)(2+a)(3+a)\/a(7 + 4a + a2)’

where &' is the root of (18 — a — 442 — a3)(a(7 + 4a + a2))2 = (1 4+ a)(6 + 3a +
a2)(6 4 9 + 4a? + a3)1/2. The absolute maximum value of G(c) over the interval

c € [0,2] is given by

max G(c) = max {G(c), Ga(c)}

0<cL2 0<cL2
2(18 — a — 4a® — )
, 0 <a <ag,
3(14+a)2(24a)(3 +a) 0

2(6 4+ 3a + a?)vV6 + 9a + 402 + a3 (4.56)

3(14a)2+a)(B3+a)v/a(7 +4a +a2) "0 =

where « is the root of (18 — a — 4a? — %) (a(7 + 4a + a?))V/2 = (1 + ) (6 + 3 +
0?)(6 + 9 + 4a? + a3)1/2, I

For the third Hankel determinant, we thus have the following corollary:
COROLLARY 4.17. If f € My, then the third Hankel determinant H3(1) satisfies

R, 0<a <ay,
S, ap<a<l.

[H3(1)] <

where

4
91+ a)°(2+a)3(3+a)2(4+w) (
+12505a* + 4190a° + 739a° + 3247 — 9a® — a?),

4
91+ a)*(2+a)3B3+a)2(4+a)(a(7 + 4o + “2))1/2{
(64 9 + 402 + a®)1/2(216 + 2220 + 1592 + 82a° + 32a* + 8a® + %)

10368 + 22815a + 2722942 + 22644°

24a)(4+a)

+3(3 + ) (a(7 + 4a + a?))1/2(576 + 1063a + 11094> + 6554° + 209a*
+ 34a° +24%)},
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and ng = 0.267554 is the root of the following equation:

(18 — a — 40 — &) (7a + 4% + 0%)'/2 = (14 &) (6 + 30 + a?) (6 + 9 + 4a® + o) /2,

PROOF. Since f € A, a; = 1, so that we have
|H3(1)| < |as||azas — a3| + |as||ag — azas| + |as||a3 — a3]. (4.57)

By substituting B; = 2 (i = 1,2,3,---) and # = 1 in [36, Theorem 2.11], we get the

following bound for the expression |az — a3| for f € Ma:
a3 —a3| <2/(2+a).
Similarly, [36, Theorem 2.9] gives the following bound for f € M,:
|apay — a%] <4/(2+ oc)z.

Using these two bounds, the bound for the expression |ay — apa3| from Theorem 4.16
and the bounds for |a;| (k = 1,2,3,---) from Theorem 4.15 in the equation (4.57), the

desired estimates for the thrid Hankel determinant follows. |
REMARK 4.18. For « = 0, Corollary 4.17 reduces to H3(1) < 16 for starlike functions

[10].

4.3.2. The Class £,. Our next theorem gives bounds for the first five coefficients for

functions in the class £, which is the class of all normalised analytic functions f € S

satisfying
oy (14 2N
Re ((f( ) <1+ F12) ) ) > 0.
We see that,
_ (1.7
K =Ly _{feA R <1+ i) ) >0}
and

R=~Ly:={f € A:Re(f(z)) >0}
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are the classes of convex functions and a subclass of close-to-convex functions respec-
tively. Thus as « varies from 0 to 1, our class L, provides a continuous passage from
the class of convex functions to a subclass of close-to-convex functions. The following

theorem gives the bounds for the first five coefficient estimates for f € L,
THEOREM 4.19. If the function f € Ly, then

lap| <1,

o] < 557 (3~ 20),

ag] <

22— a)(3 — 24) ((8—7a)+4(1—a)l—24a]),

and

1
=102 = 2)2(3 — 2a) (4 — 3a)

+16(1 — a)|1 — 2a|((12 — 7a) + |4 — 13a + 6a?])).

(4(56 — 101 + 54a* — 8a°)

|as|

PROOF. Since the function f € L,, there exists an analytic function p(z) = 1+

€1z 4 cpz% + - - - € P, such that

(5 1-a
v (1+ 55 = (4.58)
The Taylor series expansion of the function f gives
(f'(2))* (1 + ij:,/éz))f_“ =1+ 2z + (3(2 — &)az — 4(1 — )a3)2> (4.59)

+ (4(3 — 2a)ag — 18(1 — a)azas +8(1 — a)a3)z> + - - - .

Then using (4.58), (4.59) and the expansion for the function p, we express a, in terms

of the coefficients c; of p € P:

a :%1, (4.60)

a3 = (c2+ (1 —w)c}), (4.61)

3(2—u)
B 1
"2 —a)(3 - 24)

(1 —a)(1—2a)c] + (2 —a)ez +3(1 — a)cica), (4.62)
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and

1

102~ 426 20)@ 3w CC 74 (1~ Waes 22 - )53~ 2u)ey

as
(4.63)
+(1—a)(d+a)(3—2a)c3 +2(1 —a)(1—2a)(12 — 7a)c3cy
+ (1 —a)(1 —2a)(4 — 13a + 6a%)c7).

Therefore, by making use of the triangle inequality and the fact that |cx| < 2 (k =

1,2,3,---), for p € P, we get the desired bounds for ay, a3, a4 and as. |

Next, we prove certain results which will be required later to estimate the third hankel
determinant H3(1) for the class £,. To begin with, first we find an upper bound for

|apaz — a4| for the function f € L,.

THEOREM 4.20. Letxy = 0.852183 € [0, 1] be the root of the equation (24 — 194)3/% =
9v3(2 — a)3/2(3 —2a)V2. If f € L,, then

(24—19a)3/2

< :
18v/3(2—a) (3—24) V6—7a-+2a2’ 0 <a<ap;
1

|axaz — ay| <

M, (XOSIXS]..

PROOF. By making use of the equations (4.60), (4.61) and (4.62), we get

1
12(2 — &) (3 — 2«) -

axas — ag = 3(2—a)es — (3 —5a)cicr + (1 — a)(3 — 2a)c3).

Substituting the values for ¢, and c3 from Lemma 4.3 in the above expression, we have

1
T482—a)(3—2a

+34—cA)2—a)ex® —6(4—c*)(2—a)(1—|x]*)y|-

1
S182—a)(3—2a)

+3(4 = )2 - a)ar P +6(4 ) (2 - a) (1~ [x)]yl]).

|\axas — ay )‘zx(9—81x)c% —2(4—c*)(9 —8a)cix

(2(9 — 8a)c] +2(4 — c*)(9 — 8a)cq |x]
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Choosing ¢1; = ¢ € [0, 2], replacing |x| by 1 and using the fact that |y| < 1 in the above
inequality, we get

1
82 -20)(3—20)

+3(4—c*)(2—a)ep? +6(4 —c*)(2—a)(1—u?)).

=F(c, p).

|axa3 — a4 (2(9 — 8a)c® +2(4 — ¢*)(9 — 8a)cu

We shall now maximize the function F(c, ) for (¢, u) € [0,2] x [0,1]. Differentiating
F(c, p) partially with respect to p, we get

oOF (4 —c?)
ou  48(2—a)(3—2a)

(2(9 —8a)c+6u(2 — a)(c — 2)).

Then oF /ou = 0 for ug = ((9 —8a)c)/(3(2—¢)(2 —«)) € [0,1] when c € [0,0.8]. As
observed from the graph of the function F(c, #), when ¢ € [0,0.8], maximum of F(c, u)

occurs at yg and for ¢ € [0.8,2], maximum occurs at ;1 = 1. Thus, we have:

c _72(2—a)? +2¢*(3 —5a) (15 — 11a) — (9 — 8a) (—9 + 2 + 3a?)
1(e) = 144(2 — 0)2(3 — 2a) ’

4c((24 —19a) — ?(2 — &) (3 — 2a))

Gale) = 48(2 — 1) (3 — 2a)

Note that G{(c) = (4c(3 — 5a)(15 — 11a) — 3c%(9 — 8x)(3n? + 20 — 9)) / (144(2 —
«)?(3 —2a)). The function Gj(c) = 0 implies ¢ = 0 and ¢g = (4(3 — 5a)(15 —
11a))/((9 — 8a)(3a? + 2a — 9)). In order to find the maximum value for G;(c), we
check the behaviour of G1(c) at the end points of the interval [0,0.8] and at ¢ = ¢y. It can

be observed that there exists some a* € [0,0.8] such that for all values of ¢ € [0,0.8]
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and a € [0,a*], Gi(c) > 0, thereby implying that G;(c) is an increasing function of
¢ € [0,0.8] and maximum occurs at ¢ = 0.8. Similarly, using a similar argument, it is
observed that when « € [a*,0.8], G;(c) decreases as c € [0,0.8] and hence, maximum

occurs at c = 0 and is given as:

max G(c) = 1 - (4.64)
0<c<0.8 — < a<l1.
‘ Gy L se=l

Here a* is the root of the equation 2(3 — 2a)G;(0.8) = 1. We now maximize Gy(c). Itis
seenthat Gj(c) = ((24 —19a) —3c*(2—a)(3—2a))/(12(2—a)(3 —2a)). On solving
G5 (c) = 0, the critical points as obtained are ¢ = ++/(24 — 19a)/+/3(2 — a) (3 — 2a).
Since ¢ cannot be negative, thus the only points of consideration in finding the maximum
of Gy(c) are the end points of the interval [0.8,2] and cp = ((24 — 19«)/3(2 — a)(3 —
2a))1/2 € [0.8,2] for all « € [0,1]. It is observed that G5(c) > 0 for ¢ € [0.8,co] and
G5(c) < Owhenc € [cg, 1], thereby implying that the function G, (c) increases first in the

interval [0.8, co] and then decreases in the interval [cg, 1]. Hence the maximum occurs

at c = cg and is given by:

1 (24 —192) \*?
0%, G2(0) = 77 ((2 —a)(3 - Za)) ' (4.65)

In order to find the find the absolute maximum value of G(c) over the interval ¢ € [0, 2],

we compare the maximum values of G1(c) and G,(c) as obtained in (4.64) and (4.65)

to get:
1 ( (24 — 19a) )3/2
, 0<a < ap;
max G(c) = 18\/§ (2—a)(3—2a) (4.66)
0<cL2
<c< m’ ng <o < 1.
where aj is the root of (24 — 194)3/2 = 9/3(2 — a)3/2(3 — 2a)1/2. 1

Thus, the following bound for the third Hankel determinant Hz(1) for the function f € L,

comes as a corollary to Theorem 4.19 and 4.20.
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COROLLARY 4.21. If f € L,, then the third Hankel determinant H3(1) satisfies

1

Hi(1)| <=—————(P R
where
5v3(24 —19a)3/2(2 — a) {8 — 7a + 4(1 — &) |1 — 2|}
P: 7
(6 — 7 +2a2)1/2(3 — 24)2
0 _ 5{(72 — 78a + 17a)* — 32a(3 — 2a)|18 — 27a + 8a?|}
B 48 — 620 + 17a2 — |18 — 27a + 8a?| ’
R _ 144{56 — 101a + 544 — 8a® 4+ 4(1 — a)|1 — 2a| (12 — 7 + |4 — 13 + 6a2|) }

(4 —3a)(3—2a)

PROOF. By substituting B; = 2 (i = 1,2,3,---) and 4 = 1 in [36, Theorem 2.15],

we get the following bound for the expression |az — a3| for f € L,:
laz — a3 < 2/(3(2 — «)).

Similarly, [36, Theorem 2.13] gives the following bound for f € L,:

32a(3 — 2a)| — 18 + 27a — 8a?| — (72 — 78a + 17a)?
72(2 — a)?(3 — 2a) {|18 — 27 + 82| + (—48 + 62a — 17a2) }

|20 — a3 <

Using these two bounds, the bound for the expression |ay — asas| from Theorem 4.20
and the bounds for |ai| (k = 1,2,3,---) from Theorem 4.19 in the equation (4.57), the

desired estimates for the third Hankel determinant follows. |

REMARK 4.22. For « = 0, Corollary 4.21 reduces to H3(1) < 1/8 obtained in [10] for

the function f € K, the class of convex functions.



Chapter 5

Janowski Starlikeness and Convexity

This chapter deals mainly with the univalent functions having negative coefficients. Pre-
cisely, we consider the class 7 of analytic univalent functionsonD := {z € C: |z| < 1}

of the form
flz)=z—) anz", a,>0. (5.1)
n=2

These functions are indeed from the class A of all normalized functions analytic in D of

the form f(z) =z + Y ;. , a,z" and the class S of univalent functions.

5.1. PRELIMINARIES

For -1 < B < A < 1, let S*[A, B] and K[A, B] be the subclasses of S consisting of

Janowski starlike and Janowski convex functions respectively, defined analytically as:

zf'(z) 14 Az
f@)_<1+Bz}

SﬂABy:{fesz

and

zf"(z) 1+ Az
= -
1'(z) 1+ Bz
The contents of this chapter appeared in K. Khatter, V. Ravichandran and S. S. Kumar, Janowski starlike-
ness and convexity, Proc. Jangjeon Math. Soc. 20 (2017), no. 4, 623—-639.

K[A, B] := {feS:1+

83
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When A =1—2a, (0 < a < 1) and B = —1, the above mentioned classes reduce
to the classes of starlike functions of order a denoted by S$*(a) and convex functions of
order « denoted by KC(«) respectively. When A = 0 and B = 0, then §*[0,0] =: S* and
K[0,0] =: K are the familiar classes of starlike and convex functions. A function f € S
is k-uniformly convex (k > 0), if f maps every circular arc y contained in D with center

g,

Wisniowska [35] is an extension of the class of uniformly convex functions introduced by

¢| < k, onto a convex arc. This class of such functions introduced by Kanas and

Goodman [23]. They showed that f is k-uniformly convex [35, Theorem 2.2, p. 329] (see

also [6] for details) if and only if f satisfies the inequality

2f"(2) 2" (2)
o) | <R (” ) )

and presented the following theorem over the series of coefficients of f € 7T to be

k

k-uniformly convex.

THEOREM 5.1 ( [35, Theorem 3.3, p. 334]). If f(z) = z+ Y ;. ,a,z" satisfies the in-
equality Y 7> sn(n —1)la,| < 1/(k+2) (k > 0), then f is k-uniformly convex. The
bound 1/ (k + 2) cannot be replaced by a larger number.

Note that, Theorem 5.1 is an extension of [23, Theorem 6] to k-uniformly convex function-
s. Itis well-known that a function f(z) =z + Y ;. , a,2" € A satisfying } ., nla,| <1
is necessarily univalent. This follows easily from the fact that derivative of such functions

has positive real part. There are other coefficient conditions that are relevant.

A function f € A is parabolic starlike of order « if

ZJ{;_(ZZ)) - 1' <1-20+4Re (ZJ{;(ZZ))) .

Ali [4] gave the following sufficient condition over the series of coefficients for functions

f € S to be parabolic starlike of order «.

THEOREM 5.2 ( [4, Theorem 3.1, p. 564]). If f(z) = z+ Y, ,a,z" satisfies the inequal-
ity Yoo s(n—1)|an] < (1 —a)/(2—a), then f is parabolic starlike of order «. The

bound (1 — «) /(2 — «) cannot be replaced by a larger number.
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Ali et al. also investigated the condition on j so that the inequality } >, n(n — 1)]a,| <
B implies either f is starlike or convex of some positive order. Our primary interest is
the investigation of some similar sufficient coefficient conditions for functions to be in the
classes TS*[A,B] := T NS*[A,B], and TC[A,B] := T N K[A, B]. We obtain here
certain necessary and sufficient conditions in terms of the series of the coefficients a4y,
ap, az, - - - for the functions in the class 7 to be in the classes TS*[A, B] and TC[A, B].
We also investigate the class R(A, B,«) (« € R) defined by
/ %

R(A,B,a) := {f cS: Z]]:(g) (azjj:/(iz)) + 1) < 11?;} (5.2)

We let TR(A,B,a) :=T NR(A,B,a). When a =0, R(A, B,«) is the class S*[A, BJ.

Finally, the reverse implications are investigated for functions to be in the above men-

tioned subclasses.

5.2. COEFFICIENT INEQUALITIES FOR STARLIKENESS AND CONVEXITY

In this section, we obtain some conditions over the coefficients of the function f € T to
belong the classes TS*[A, B] and TC[A, B]. We prove our results using the following

lemma:

LEMMA 5.3. [9] Let —1 < B < A < 1. Afunction f € T S*[A, B] if and only if it satisfies
the following inequality:
Y (n—1)(1-B)+(A—B))a, < A—B. (5.3)
n=2
and the function f € TC[A, B] if and only if it satisfies the inequality
n((n—1)(1—B)+ (A—B))a, < A—B. (5.4)
n=2
With the help of the preceding lemma, we now prove the sufficient condition for the

function f to belong to the classes 7 S*[A, B] and T C[A, B] respectively.

THEOREM 5.4. Let —1 < B < A < 1. A function f of the form (5.1) belongs to

T S*[A, B] if it satisfies any one of the inequalities:
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(1) Yoo on(n—1)a, <2(A—B)/(1+ A—2B);
2) Y ,(n—1)a, < (A—B)/(1+ A—2B);
(3) Y° ,na, <2(A—B)/(2—3B+ A);

(4) Y, n2a, <4(A—B)/(1—2B+ A).

The bounds are sharp.

PROOF. Let f satisfies (1). It can be easily seen that, for n > 2, the following in-

equality holds:

(n—1)(1—B)+(A—B) < 1+A+2Bn(n _1).
Consequently, the hypothesis yields
Y ((n—1)(1—B) + (A~ B))a, g# n(n—1)a, < A—B.
n=2 n=2

Therefore, by Lemma 5.3, f € TS*[A, B].

Let us now assume that f satisfies (2). Then since, for n > 2, the following inequality

can be easily proved:
(mn—1)(1-B)+(A—-B)<(1+A—-2B)(n—1)

Thus,

i (n—=1)(1-B)+ (A~ B))ay, <(1+A—2B) i(n—l)an < A—B.
n=2 n=2

Thus the result holds as a consequence of Lemma 5.3.

We next suppose that f satisfies (3). Then in order to show that f belongs to the class
TS*[A, B], we use Lemma 5.3 and the following inequality for n > 2:

(2-3B+A)

(n=1)(1-B)+(A—B) < ==

We, therefore, have the desired result by Lemma 5.3 as f satisfies

i (2—3B+A) &
3 (0= 1)(1 = B) (A= B))ay <152
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Finally, let (4) holds. Then, for n > 2, we have the following inequality:

(n—1)1-B)+(A—-B) < (-28+4) _szrA)nZ.
Thus,
3 (=) B+ (4 B))ay <P EA) g, <4
n=2 n=2

Hence, by equation (5.3) f belongs to the class 7 S*[A, B] and this completes the proof

of the theorem. |

REMARK 5.5. When A =1 —a and B = 0, clearly the class 7S*(A, B) reduces to the

subclass TS} of 7, and hence we get the the following results:

(1) If the inequality Y >, n(n —1)a, <2(1 —a)/(2 —«) holds, then f € T'S;.
(2) If the inequality Y, 5(n —1)a, < (1 —«)/(2 —«) holds, then f € T S;.
(3) If the inequality Y- > na, <2(1—a)/(3 —«) holds, then f € T S.

(4) If the inequality Y"0° , n?a, < 4(1 —a)/(2 — a) holds, then f € T S.

The first two results and the last result obtained here are same as proved in [8, Theo-
rem 2.1], [8, Corollary 2.3], and [8, Theorem 2.5] whereas the third coefficient inequality
obtained above is an improvement of the already known coefficient bound as in [8, The-

orem 2.5].

THEOREM 5.6. Let —1 < B < A < 1. Ifthe function f € T satisfies any of the following

inequalities:

(1) Yo on(n—1)a, < (A—B)/(14+ A—2B);
(2) Loy n®an < (A—B)/(2—3B+ A).

then f € TC[A, B]. The bounds obtained above is sharp.

PROOF. Let the function f satisfies the inequality (1). We see that the following
inequality holds trivially for n > 2:

n((n—1)(1-B)+(A—-B)) <(1+A—-2B)n(n—1).
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Therefore, the above inequality leads to

in((n—l)(l—B)—i—(A—B))an <(1+ A —2B) in(n—l)an <A-B
n=2 n=2

Thus by Lemma 5.3, f € TC[A, B]. For proving the second part of the theorem, we

again make use of the Lemma 5.3 and the following inequality for n > 2:
n((n—1)(1-B)+ (A—B)) < (2-3B+ A)n?

We, therefore see that

Y n((n—1)(1—=B)+ (A—B))a, <(2—3B+ A) Z
n=2 n=2
which immediately proves the result using the equation (5.4). |

REMARK 5.7. When A = 1 —a and B = 0, clearly the class 7TC(A, B) reduces to the

subclass 7C, of T, and hence we get the the following coefficient inequalities:

(1) If the inequality Y>> , n(n —1)a, < (1 —a)/(2 — ) holds, then f € TC,.
(2) If the inequality Y°2° , n?a, < (1 —«)/(3 — ) holds, then f € TC,.

The second coefficient inequality obtained above is an improvement of the already
known coefficient inequality as in [8, Theorem 2.5] and the first one is same as obtained
in [8, Theorem 2.1].

Our next theorem aims at finding some necessary conditions for the functions belonging
to the class TC[A, B].

THEOREM 5.8. If f € TC|A, B], then the following holds:

(1) The inequality Y ;> ,na, < (A —B)/(1+ A —2B) holds and the bound is
sharp.

(2) The inequality Y 7> »n(n —1)a, < (A — B)/(1 — B) holds.

(3) The inequality Y, »(n — 1)a, < (A — B)/2(1+ A — 2B) holds and the bound

is sharp.
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(4) The inequality 5>, n?a, < 2(A — B)/(1+ A — 2B) holds and the bound is
sharp.

PROOF. (1) Since f € TC|A, B], then by Lemma 5.3, the coefficients of the
function f satisfy:

[e)

Y n((n-1)(1-B)+(A—B))ay, < A—B. (5.5)
n=2

It can be seen that for n > 2, the following inequality holds,

(1+A—2B)n<n((n—1)(1—B)+ (A—B)). (5.6)

Thus, making use of equations (5.5) and (5.6), we get:

S > n((n—1)(1-B)+(A-B)) A—B
n;zmngngz (1+A—2B) =TT A_2B)

(2) Lemma 5.3 along with the inequality
n(n—1)(1-B) <n((n—1)(1-B)+ (A—B)), n>2

immediately yields

oonn_ ) oon((n—l)(l—B)+(A—B))a A—B
n;( 1)n§n;2 1 B) "< 1By

(3) For n > 2, the following inequality holds true:
2(n—1)(1+ A —2B) gn((n—l)(l—B)+(A—B)). (5.7)

Now, Lemma 5.3 together with (5.7) clearly gives

s © n((n—1)(1-B)+ (A—B)) . _(A-B)

rg’z(n_l)anéy;’z 2(1+ A —2B) =21+ A—2B)

(4) The following inequality holds for n > 2:

n*(1+A—2B) <2n((n—1)(1-B)+ (A—B))
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Thus, using the above inequality along with Lemma 5.3 we get:

ad ® 2n((n—1)(1—B)+ (A—B 2(A—B
ey < 3 20 -DA-B) £ (A-B) | 2AA-B)
= = (1+A—2B) (1+A—2B)

This completes the proof of the theorem. |

COROLLARY 5.9. If f € TS*[A, B], then:

(1) the inequality Y ;> »a, < (A — B)/(1+ A —2B) holds and the bound is sharp.

(2) the inequality } ;. ,(n —1)a, < (A — B)/(1 — B) holds.

(3) the inequality Y7 > na, < 2(A — B)/(1+ A —2B) holds and the bound is
sharp.

PROOF. The results follow from Theorem 5.8 and the Alexander relation between
the classes T S*[A, B] and TC[A, B]. It can be directly proved by using Lemma 5.3
by using the inequalites (1+ A —2B) < (n—1)(1-B)+ (A—B), (1—-B)(n—
1)< (n—1)1—B)+(A—B)and (1+A—2B)n < 2((n—1)(1—B) + (A — B))

respectively for n > 2. |
REMARK 5.10. For A =1 —2a and B = —1, the above results reduce to [8, Theorem
2.1,2.5,4.4,4.5].

5.3. THE SUBCLASS TR(A,B,«)

Recall that the class R(A, B, «) (« € R) is defined by
!/ i
R(A,B, &) := {f €S: Z]f(g) («ZJ{,(S) +1) < 112;} (5.8)
and TR(A,B,x) :== T NR(A,B,a). The class R(B,a) = R(1 —2B,—1,a) was
studied earlier in [8,50]. Note that R(A, B,0) = S*[A, B] and the following lemma
extends Lemma 5.3 and provides a necessary and sufficient condition for function f to
belong to the class TR(A, B, «).

LEMMA 5.11. Leta € Rand —1 < B < A < 1. Let f be of the form f(z) = z —
Yo oanz", a, > 0. Then f € TR(A,B,a) if and only if f satisfies the following
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coefficient inequality:

i(nza(l—B)+"(1—W)(1—B)+A—1)an < (A-B). (5.9)
n=2

PROOF. Let f € R(A, B,«). Then

Zf/(z) Zf”(Z) B 1 +Aw(z)
(f(z) ({X f'(z) +1)) " 1+ Bw(z)’ (-1<B<A<L1) (5.10)

where w(z) is the Schwartz function satisfying w(0) = 0, |w(z)| < 1,z € D. That is

_ zf'(z) +a2’f"(z) - f(2) _
w(z) = Af(z) — Bzf'(z) — Baz2f"(z)’ w(0) =0

and

w(z)| = | 2B e f(z) ~ f(2) ‘
Af(z) — Bzf'(z) — Baz2f"(z)
_ ’ Z;?:zanz”(_n—an(n—l)+1)
(A=B)z+ Y panz"(— A+ Bn+ Ban(n — 1

))]<1.

Thus, this implies

Yoo nz"(—n—an(n—1)+1)
Re{(A—B)z—I—ZZ":zanz”(—A+Bn+Bom(n—1))} <1

On further solving we get,

o0

Z (”2“<1_B)+Tl(1—oc+Boc—B)+A—1)anr" < (A-B)r,
n=2
that is
Y. (wu(1—B)+ n(1—a)(1~B) + A~ 1)au’" < (A~ Br,
n=2

Lettingr — 1, we get

i (n*a(1-B)+n(1—a)(1-B)+A—1)a, < A—B.
n=2
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Conversely, let (5.9) holds. We now have to show that f € R(A,B,«). For this, we

prove that (5.10) holds and therefore, it is sufficient to show that

(oczzf”(z) +zf’(z)> _ 1+ Aw(z)
7 I+ B(z)’

Equivalently, we can show
022f"(2) +2f'(2) = f(2)] = |Af(2) = Blaz?f"(2) +2f(2))] < 0.
Consider
@22 (2) +2f'(2) = f(2)| — |Af(2) — Baz’f"(2) + 2f'(2))]

(e 0] o o
— ‘ —a ) n(n—1)apz" =) nayz"+ Y a,z"
n=2 n=2 n=2

- ’(A—B)Z—A i anz"
n=2

+aB Y n(n—1)a,z"+B Y na,z"
n=2 n=2

= ( i”nzn(—m("—l)—(n—l))‘ - ‘(A—B)z+ i:zanzn(—A-l—szn(n—l)

+Bn)‘

I
agk:

(na+n—na—1+ A —nB—n*Ba+ nBa)a, — (A — B)

S
Il
N

I
gk

(n*a(1—B)+n(1—a)(1-B)+A—1)a, — (A—B) <O0.

2
Il
N

which completes the proof of the lemma. 1

The first theorem in this section gives a sufficient condition for the functions to belong to
the classes TR (A, B,a) N TS*[C,D] or TR(A, B,a) NTC[C, D] respectively.

THEOREM 5.12. Leta > 0. If f € T satisfies (5.9), then the following results hold:

(1) The function f is in the class T S*[C, D] for

A—B+D(1— A)+2aD(1 - B)
€2 (1—B)(1 +24)
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(2) The function f is in the class T C[C, D] for

A—B+D(a—A)+BD(1—n)

€2 «(1— B)

The bounds obtained are sharp.

PROOF. (1) In [83, Theorem 2], Silverman and Silvia proved that S*[C, D] C
S*[A, B] (or K[C, D] C K[A, B]) if and only if the following inequalities hold:

1-A 1-
< C and 1—|—C§1+A.
1-B~1-D 1+D ~ 1+8B

In particular, when B = D, both of the above conditions reduce to A > C. Con-
sequently,if C > Cp=(A—B+D(1—A)+2aD(1—-B))/((1— B)(1+ 2a)),
then TS*[Co,D] € TS*[C,D]. Hence, we only need to prove that f €

T S8*[Co, D]. Here we make use the following inequality for n > 2,
(n—1)1-B)(14+2x)+(A-B)<a(l1-Bn®+(1—a)(1-Bn+A—1 (5.11)

Now, using (5.9) and (5.11), it readily follows that:

o0

Y ((n=1)(1— D)+ (Co— D))an

)
_ gz (n-1(-D)+ Ef:lg)((114:22§>””

:é | x ( (n—1)( 1+2a))(21—+32);; (A—B))an
Sni;z ) x (n 0&+n(2)—(1B—)i_(;a—)06)+A—1>an
fogen o

Thus by Lemma 5.3, f € TS*[Cy, D].

@ IfC>Cy=(A—B+D(a—A)+BD(1—a))/a(l— B), then TC[Co, D] C
TCIC,D]. Thus, it is enough to show that f belongs to 7 C[Cy, D]. The follow-
ing inequality holds for n > 2:

n((n—1)a(1-B)+(A-B)) <n*(1-Ba+(1-B)(1—-a)n+A-1
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Now, the above inequality together with (5.9) shows that

in((n —1)(1-D)+ (Cy—D))ay,

:én((ﬂ—l)(l—D)-l—(Ale_)(;);D)>an

& (n—1)a(1—B)+ (A—B)
:1122(1—D)n( (1-B)a )””
§05(11 [; i FA-B)A—a)n+A—1)a
LGS I

Thus by making use of Lemma 5.3, we get that the function f belongs to the class
TC[Cy, D]. I

The next theorem provides a sulfficient coefficient inequality for the functions of the form
(5.1) to belong to the class TR(A, B, ).

THEOREM 5.13. Leta € R. If the function f defined by (5.1) satisfies the inequality

0 2(A— B)
) n(n—1)an < 7 “2Ba—2B+A+1

n=2

(5.12)
then f € TR(A,B,«). The bound obtained is sharp.
PROOF. Since, for n > 2, the following inequality holds,
2(n*(1—B)a+(1-B)(1—a)n+A—1) < (2¢(1—B) - 2B+ A+ 1)n(n—1),
and using this, we see that

i Ba+(1—B)(1—a)n+A—1)a,
=

=

1 o0
EZ (2a4(1—B) —2B+ A+1)n(n—1)a, < A—B.

Thus, by Lemma 5.11, f € TR(A, B, a). |
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In our next result, we determine the condition on C so that 7C[C,D] C TR(A, B, «).

THEOREM 5.14. Leta > 0. IfC < (2A—2B+ (1420 —3A+ 2B —2aB)D)/(1 —
A—2a(—1+B)), then TC[C,D] C TR(A,B,«).

PROOF. For C < Cp, TC[C,D] C TC[Cy,D]. Thus it is enough to show that
TC[Cy, D] C TR(A,B,«), where Cy = (2A — 2B+ (1+2x —3A+2B—2aB)D)/(1—
A —2a(—1+ B)). For n > 2, the following inequality holds:

2(m*(1-B)a+(1-B)(1—-a)n+A—-1) < AB—n)+ (n—1)(1+2«)

+2B(—1+a — na)

This yields,
Y (2(1- B)a+ (1—B)(1—a)n+ A—1)a,
n:niz AB—n)+(n—-1)(1 +22(x) +2B(-1+a—n)
_ né (n = 1)(12@17_);’)((:0 D) (1A 2(-1+B))ay
< gff:g; < (1— A —2a(—1+ B))ay
- 5= 5)((11—_11)(?2;(3_)1 Ty < (1A= 2a(-14B)ay
=A—-—B
Thus by Lemma 5.11 we get f € TR(A, B, a). I

Finally, we prove certain necessary conditions for the functions to belong to the class
R(A,B,a).

THEOREM 5.15. Let—1 < B< A<1,anda € R. If f € TR(A,B,a), then

(1) Y n(n—1)a, < (A—B)/(a(1—B)), whereax >0
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2) Yo o(n—1)a, < v where

{ =Tt (1+30)B < 3a + A;
’)/ =

A—B
T AT 25—mp), (1+34)B>3a+ A

The result is sharp when (1 4 3a)B > 30+ A .
(3) Yoo, n%a, < 7y where

4(A—B
(1+A+ézx—ZB)—24xB)’ (A+1) <2(a+B—aB).

{ At (A+1)>2(a+B—aB);
’)/:

The result is sharp when (A+1) < 2(a + B — aB)

(4) Yo onay, <2(A—B)/(1+4+2a+ A—2B—2aB). The result is sharp.

PROOF. (1) Since f € TR(A,B,«), by Lemma 5.11 we have
i n?a(1—B)+n(1—a)(1-B)+A—1)a, < (A-B).
For n > 2, the following inequality holds:
a(1—B)n(n—1) < (n*a(1-B) +n(l —a)(1—B) +A—1).

Then, equations (5.13) and (5.14) readily give

® (n?a(l—B)+n(l—a)(1—B)+A—1)

nZ:Z n—langz 21— B) a
(A—B)
~— a(l1—B)’

(2) When (1+3a)B < 3a+ A, then for n > 2,
(1-a)1—=B)(n—1) <n*a(1—-B)+n(1—a)(1-B)+A—1.

Then, equations (5.15) and (5.13) give

> ® n?x(1—B)+n(1—a)(1-B)+A-1
Lin—tas 2, (- a)(i-B) &

(5.13)

(5.14)

(5.15)
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When (1 + 3a)B > 3a + A, then for n > 2 the following inequality holds,
(1+A+2a—2B—2aB)(n—1) <n’*ax(1-B)+n(1—a)(1-B)+A—1. (5.16)

Using (5.13) and (5.16), we get
n?a(1—B)+n(l—a)(1—-B)+A—1
— <
1122” 1””—Z< (1+ A+ 2x — 2B — 2aB) o

(A—B)
=~ (1+ A+2a—2B—2aB)’

(3) When (A +1) > 2(a + B — aB), then the inequality,
w(1—-B)n?> <n’a(1—B)+n(1—a)(1—B)+A—-1 n>2, (5.17)

together with the equation (5.13) give

> ® n?a(l1—-B)+n(l—a)(1-B)+A—1 (A—B)
n};z"z”” = n;z «(1— B) S L A=BY)

When (A +1) < 2(a + B — aB), then for n > 2 the following inequality holds,

(14+ A+ 2a — 2B — 2aB)n?

1 <n*x(1-B)+n(1—a)(1-B)+A—-1. (5.18)

Using (5.13) and (5.18), we get

- . 4(n*a(l1—B)+n(1—a)(1—B)+A—1)

) man <}, an

= = (1+ A +2x — 2B — 2aB)
4(A - B)

~ (14 A+2x—2B—2aB)

(4) For a > 0, the inequality
(1+A+2x—2B—2aB)n < 2(71204(1 —B)+n(l—a)(1—-B)+A—1).

together with (5.13) shows that

oo © 2(n*a(l—B)+n(l—a)(1—B)+A—1)
;”“”—nz:z (1+ A+ 2x — 2B — 24B) i
2(A—B)

=~ (1+ A+2a—2B—2aB)’



98 5. JANOWSKI STARLIKENESS AND CONVEXITY

REMARK 5.16. Replacing C = 1 —2a and D = —1, our results reduce to the results
obtained in [8] for the class TR («, B).

5.4. COEFFICIENT INEQUALITIES FOR STARLIKENESS

The functions f represented in the form:

]4 o
(]%) —1+Y b2, peC. (5.19)

n=1
were studied in detail in [44]. Motivated by this, we determine the necessary and suffi-

cient conditions for the functions given by (5.19) to be in the class S*[A, B].
We need the following lemma to prove our results:

LEMMA 5.17. [44] Suppose that f € A has the representation (5.19) and the coefficients
b, satisfy the inequality

(o]

Y (n+|(A—B)u+ Bn|)|by| < (A—B)y, (5.20)

n=1

where —1 < B < A< 1. Then f € S*[A,B|.

However, if B > 0 and 4 > —B/(A — B), then inequality (5.20) reduces to:

(0]

Y ((1+B)n+ (A—B)u)|ba| < (A—B)pu. (5.21)

n=1

Andif B < 0and u < —B/(A — B), then equation (5.20) reduces to:

(e°]

Y (1—=B)yn—(A—=B)u)|bs| < (A—B)u. (5.22)

n=1

The following theorem provides sufficient condition over the series of coefficients in-
equality for the normalised analytic functions f with the representation (5.19) to be in
the class S*[A, B]
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THEOREM 5.18. Let -1 < B < A < landB > 0andu > —B/(A — B). Then
if f € A has the representation of the form (5.19) and b,, satisfies any one of the

coefficient inequalities:

. 2((A—B)p — (1 +B) + (A~ B)u)|bal)
(1) 2n:2”(”‘1)|bn| < 2(1—|—B)—{—<A—B)‘M ’
(A—=B)u— ((1+B)+ (A—B)u) b

21+B)+ (A—-B)u ’
(A—B)u .
(1+B)+ (A—-B)u’

(A—B)u

(1+B)+(A—B)u’

(2) Lna(n = 1) |bu| <

(3) L1 1|bn| <

(4) Yooq n%|ba| <

Then f € S*[A, B].

PROOF. (1) Forn > 2, the following inequality holds:

(1+B)n+(A—B)u) < ((1 + B) + (4 ; B)y> nn—1). (5.23)

Using the inequality (5.23), we see that

Z (1+B)n+ (A —B)u)|by

0]

= ((1+B)+ (A=B)u)|br| + Y ((1+B)n+ (A—B)u)|by|

n=2
s<u+BH4A—wam+§:(0+BHXA£BV>“"—”W”

n=2

3

< (1+B)+(A—B)) by

2(1+B)+ (A—B)u 2((A—B)u—(14+B)+ (A —B)ulb|)
*( 2 )X( 211 B) + (A B)u 1)

< (A-B)u

Thus by Lemma 5.17, we see that f € S*[A, B].
(2) Forn > 2, the following inequality holds

(1+B)n+(A—B)u) < (2(1+B)+ (A—B)u)(n—1). (5.24)
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Using equation (5.24) we see that

0]

Y ((1+B)n+(A—B)u)|byl

n=1

=((1+B)+(A !b1|+2 (14 B)n + (A —B)p) |by|

<((1+B)+(A |b1!+f 2(1+ B) + (A —B)u)(n —1)|by|
=2

< ((1+B) + (A= B)u)|b1| + (2(1+B) + (A - B)p)

(A—B)u—((1+B)+ (A— Bty
( 20+ B)+ (A-B)x 1)-““3”‘

Thus by using Lemma 5.17, f € S*[A, B].
(3) Forn > 1, the following inequality holds:

(1+Bn+(A-=B)u<((1+B)+(A—B)u)n (5.25)

Thus using the inequality (5.25), we see that

(e¢]

Y, (1+B)n+(A—=B)u)|bs| < ((1+B)+ (A= B)u)n|b|

n=1

< (A-B)u.

Hence by Lemma 5.17, f € S*[A, B].
(4) For n > 1, the following inequality holds:

(1+B)n+(A—B)u < ((1+B)+(A-B)u)n? (5.26)

Thus using the inequality (5.26), we see that

o0

Y. ((1+B)n+ (A= B)u)lbul < ((1+B) + (A~ B)u)n*|by] < (A~ B)p.

n=1

Thus by Lemma 5.17, f € S*[A, B]. |

THEOREM 5.19. Let—1 < B<A<1landB<Oandu < —-B/(A—B).Iff € A has
the form (5.19) and satisfies any one of the coefficient inequalities

(A—B)u—((1-B)—(A—B)u)|by

(1) Tan(n —1)[bn| < =8
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(A—B)u—((1—-B)— (A—B)ulby])

(2) Lna(n = 1)|ba| <

2(1-B)
@ Tl < L
Then f € S*[A, B].
PROOF. (1) For proving the first part of the theorem, we observe that the follow-
ing inequality holds for n > 2:
(1-B)n—(A—=B)u) < (1+B)n(n—1). (5.27)

Therefore, using (5.27) and (5.22) and the fact that B < 0 and y < —B/(A —

B), we see that

(0 (A~ B))|bu]
— (1= B)— (A= B)p)Jba + i((l B)n— (A~ B)) o]
< ((1 —B) — (A—B)y)|b1| + iz(l — B)n(n —1)|by]|

< ((1=B) = (A—B)u)lb1|+ (1-B)x
((A—B)ﬂ— ((1—3)—(A—B)V)|b1|>

(1-B)
< (A—-B)p.

Thus, by Lemma 5.17, f € S*[A, B].

(2) For the second part, the following inequality can be proved easily for n > 2:
((1—B)n— (A—B)y) <2(1+B)(n—1). (5.28)

Therefore, using equation (5.28) and (5.22) we see that

(o]

Y. ((1—=B)n—(A—B)u)byl

n=1

=(1-B)—(A- |b1|+2 (A= B)p)|bu
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o0

< ((1=B) (A= B bn] + 15 21~ B)(n 1)

< ((1-B) ~ (A~ B)) || +2(1 - B)x

CA—BW—(@—B»«A—wam>
2(1—B)

< (A—-B)p.

Thus by using Lemma 5.17 f € S*[A, B].

(3) Finally, we see that the following inequality holds for n > 1:
(1—Byn—(A—B)u) <(1—B)n. (5.29)

Therefore, using equations (5.29) and (5.22) we see that

(1B = (A= Bl < 3201 Bl
(A—B)pu
<=8 (G5
< (A-B)u.
Hence, by Lemma 5.17 f € S*[A, B]. |

We now obtain certain properties of the functions of the form (5.19) in the class S*[A, BJ.

We prove our results using the following lemma:

LEMMA 5.20. [44] Every function f € S*[A,B] (—1 < B < A < 1) which has the form
(5.19) with0 < u < (1 — B)/ (A — B) satisfies the coefficient inequality

i (1 — B*)n* —2nB(A — B)u — (A — B)*4?) |bu|* < p*(A — B)~.

n=1

THEOREM 5.21. If f € S*[A, B], then the following holds:

(1) The inequality

o0 (A—B)*?
Y nlbn* < gy ap A B)u— (A—B)2’

n=1
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holds.
(2) The inequality

%) 2.2
21 12 < (A=B)u
Lol S g = aa(a— By — (A - B

holds.

PROOF. Forn > 1, the following inequality holds

(1-B?) —2B(A—B)u—(A—B)*u*)n < (1-B*)n*> —2nB(A— B)u— (A — B)*u?
(5.30)
Therefore, using (5.30) and Lemma 5.20

0 = (1—B*)n* —2nB(A - B)u — (A — B)*y?
ngln|bn|2 < n;l ((1—B?)—2B(A—B)u— (A — B)?u?) el
3 (A o B)ZVZ
(182 —2B(A—B)u— (A—B)22)’

and hence the result. In order to prove the second part of the theorem, we see that the
following inequality holds for all n > 1

i ((1—B?) —2B(A—B)u— (A—B)*y*)n* < (1 - B*)n* —2nB(A — B)u

n=1

— (A= B)*u? (5.31)

Proceeding as in the proof of the first part, the result follows trivially using (5.31) and
Lemma 5.20. I






Chapter 6

The Classes S, , and SL™(«)

6.1. INTRODUCTION AND PRELIMINARIES

The concept of subordination plays a crucial role in the study of univalent functions and
several important subclasses of univalent functions have been introduced and studied by
using this. For instance, in 1985, Padmanabhan and Parvatham [67] used the concept of
Hadamard product and subordination and introduced the class of functions f satisfying
z(kax f(2))'/ (ka % f(z)) < hwhere k, =z/(1 —2)* a € R, f € Aand h is a convex
function. Later on, in the year 1989, Shanmugam [82] studied the class Sg(w) of all
functions f € A which satisfy z(f * g)'/(f * g) < w where w is a convex function, g
is a fixed function in A. Replacing g by the functions z/(1 — z) and z/(1 — z)?, we get
the subclasses S*(w) and K(w) respectively. Let ¢ be a univalent function with the
positive real part satisfying ¢(0) = 1 and ¢’(0) > 0. Recall that for such a function ¢,
Ma and Minda [51] introduced the following two unified subclasses using the concept of

subordination:

s ={res: L Lo} and k(o) = {resi1+FL 1 Lom)l.
&) )

The importance of these classes comes from the fact that for different values of ¢, these
subclasses reduce to some renowned subclasses of univalent functions. For instance,
when ¢(z) = (1+2)/(1—2z), S*(¢) and K(¢) reduce to the class S* of starlike
and K of convex functions respectively. For —1 < B < A < 1, when ¢(z) = (1+

105
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Az)/(1+ Bz), the classes S*(¢) and KC(¢) reduce to the classes S*[A, B] and K[A, B]
respectively, which are the familiar classes consisting of Janowski starlike and convex
functions. On replacing A =1 —2a and B = —1 where 0 < a < 1, the class S$*[A, B]
reduces to the subclass S*(«), the class of the starlike functions of order «, whereas the
class KC[A, B] reduces to the subclass K(«) of S, the class of convex functions of order
«. These classes were introduced and extensively studied by Robertson [78]. Similarly,
when ¢ = /1+z, we get S; = S*(v/1+ z) which consists of the functions f € A
such that zf’(z) / f(z) lies in the domain bounded by the right half of the lemniscate of
Bernoulli given by |w? — 1| < 1. Sokél and Stankiewicz [86,87] introduced and studied

this subclass.

Therefore, various authors investigated many attractive subclasses of the starlike and
convex functions using the Ma - Minda classes of starlike and convex functions. In
this chapter, we define two very fascinating subclasses of S*, namely S;, and SL*(«)
respectively, where 0 < a < 1 and study these classes extensively. The classes are

defined as follows:

Si, =8 (a+ (1—a)e?) := {fe a2 (x+(1—zx)ez},

f(2)
and
SL(a)=8S"(a+(1—a)V1+2z):= {f e A: 2 2) < tx+(1—1x)\/1+z}
' - f(2) '

As a consequence of the Alexander’s two way bridge relation between the class &*
of starlike and K of convex functions, which states that f € K < zf’ € S*, similar
properties for the functions in C(¢p) can be obtained from the corresponding properties
for S*(¢@o), where ¢g = a + (1 —a)e ora + (1 — a)/1 + z.

We now discuss certain examples of functions in the classes S;, and SL*(«) which
serve as an extremal function for many problems over the two respective subclasses.
Define the function k,, (n = 2,3,4,---) by k,,(0) = k},(0) —1 = 0 and

zk,(z)
kn(Z) - gD(Z

n—l)
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where ¢ = & + (1 — a)e*. Then, clearly the function k, € S;, wheren =2,3,---. In

view of this, it can be seen that the function
1
k(z) =ky(z) =z + (1 —a)z® + 1(1 —a)(3-20) +---, (6.1)

serves as an extremal function for various problems for the class S;,. In a similar
fashion, we find the extremal function for the class SL£*(«) and it can be seen that the
following function

L (1—a)(1—2a)z3+ - (6.2)

hz) =hy(z) =z+ (1 —a)z* + — 16

serves as an extremal function for various extremal problems for the class SL*(«).

The bound for the Fekete- Szegd inequality for the classes S;, and SL*(«) can be
estimated as in [8, Theorem 1, p.38]. If f(z) =z + Yo, 4z € S, then

) (1;&)(1+2(1_2y)(1_a)), §< 411((11—_2“06))’
\ _(14_a)(1+2(1—2#)(1—w)), VZ}L((Sl _2;))
and if f(z) = z + X2, ;2K € SL*(a), then
ten-gn-w -, ps- B2
oy — e < § 1Y, 1843 o 1)
20— wa-2), w2 020

When a = 0, the above estimated bound for the class S, reduces to the bound for the
Fekete- Szegd inequality for the subclass S, as in [54, Section 2.2], whereas bound for

the class SL*(«a) reduces to the bound for the Fekete- Szegd inequality for the subclass
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SL.If f(z) =z+ Y0, a1zF € SL, then

1
e =41, H

laz — paz| <

The Fekete- Szeg0 inequality together with [8, Theorem 1, p.38] gives the sharp first four

coefficient bounds for both the classes S, and SL*(«), which are as follows:
If f(z) =z + Yo, ;42 € Sf,, then

(1—a)(3—20)/4, 0<a<1/2;

|ap] <1 —a, |as| <
(1—a)(1—20)/4, 1/2<a<1,

and

lay| < (17 — 21a + 6a).

(1—a)
6

These bounds are sharp. Also, when « = 0, the above estimated bounds reduce to the

coefficient bounds for the class S, as in [54, Thoerem 2.3].

If f(z) = 24+ T2, 2" € SL*(w), then

(1-a)

lap| < (1—w)/2, las| < (1—w)/4 and lay| < g

These bounds are sharp. When, a« = 0, these bounds reduce to the first four sharp
coefficient bounds for the functions in the class SL, i.e. if f(z) =z + Y5>, ;2 € SL,
then |ap| < 1/2,|az| < 1/4 and |ag] < 1/6.

6.2. TWO SUBCLASSES

In the following section, we obtain certain inclusion relations, radius problems and cer-

tain coefficient estimates for functions in the classes Sy, and SL*(«).
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LEMMA 6.1. Forr € (0,1), the function ®y, where ®y(z) = a + (1 —a)e* ora + (1 —
«)+/ 1+ z satisfies the following:

min Re ®((z) = Pp(—r) = min |Dy(z)|

|z|=r |z[=r

and

max Re @(z) = Py(r) = max |Dy(z)|

|z|=r |z|=r

PROOF. For0 < 6 < 27, the function ¥(8) = Re ®¢(re?) = a + (1 —a)e" 3¢ cos(rsinf)

its maximum is attained at 6 = 0 whereas the minimum ocurs at @ = 7t and. Thus,

minRe @y(z) = a + (1 —a)e " = Py(—r)

|z[=r

and

maxRePy(z) = a + (1 —a)e" = Py(r).

|z[=r

The proof for the function ®(z) = a + (1 — a)+/1 + z is similar and therefore has been
skipped. |

LEMMA 6.2. Fora+ (1 —a)/e <a < a+ (1—a)e, letr, be given by

(a—a)—(1—a)/e, a+(1—a)/e<a<at+(1—a)letel)/2;

Y, =
! e(l—a)—(a—a), a+(1l—-a)le+te /2<a<a+(1—a)e.
and R, be given by

e(l—a)—(a—wa), a+(1—a)/e<a<a+(1—a)e/2;
z(6,), a+(1—a)e/2<a<a+(1—a)e.

Then,

(w:|w—a| <r}C {w: \mg(%)) <1} C {w: |w—a| < Ry}
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PROOF. Let ¢y(z) = a + (1 — a)e*. Then any boundary point on the curve ¢y(D) is

of the form:
9o(e®) = a+ (1 —a) (ecosecos(sin 0) + 1e°°%% sin(sin 0)).

It can be observed that the curve w = g@g(e'?) is symmetric with respect to x-axis,
thereby reducing the interval under consideration to 6 € [0, t]. Also,computing the
distance between any arbitrary point on the curve w = ¢g(e*) to the point (a,0) and

squaring, we arrive at
z(8) = (a— (& + (1 — a)e¥ cos(sin 6)))2 + (250 5in?(sin 0) (1 — a)?)
= (v —a)®+ (1 —a)?e>% 1 2(1 — a)e®*? cos(sin 0) (« — a)

Now, we have the following two cases:

Case 1: Let us first assume that a + (1 —a)/e < a < a + (1 —a)e/2. Then, it
can be observed that z(6) is a decreasing function of 6, where 0 < 6 < 7r. We

consequently have the following

rg = min} \/2(9) = \/z(n) =(a—a)— 1_“.

60, e
Case 2: Next, we assume that « + (1 —a)e/2 < a < a+ (1 —a)e. Then, a
simple calculation leads to
Z'(0) = —2(1 — a)2*°%sin 6 + 2(1 — a) (2 — «)e***? sin(sin 0) cos

+2(1 — «)(a — a) cos(sin 0)eY sin 6,
and it is observed
Z(0) =Z'(6,) =2/ () = 0.

Here 0 < 6, < 7t is the real root of the following equation ¢**%(1 — &) sin =
(a — a)sin(sinf + 0). Note that, 6,, < 6, for a1 < a. Moreover, it can be
observed that the z(#) is an increasing function for 6 belonging to the interval

[0,6,] and decreasing function for 6 belonging to the interval [6,, 7z]. A simple
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calculation further leads to:

z(n)—z(O):2(1—zx)<e—%><a—zx—(1;—1)‘)(6%—1)). (6.3)

e

Using equation (6.3), we finally arrive at the following two subcases:
Subcase 1: a + (1 —a)e/2<a<a+ (1—a)let+e1)/2.

Here, we see that
min{z(0),z(0,),z(m)} = z(m).

Thus, the minimum value of z(#) is attained at 6 = 7t and hence,

(1-o)
e

ta =miny/z(0) = (a —a) —

Subcase2: a + (1 —a)(e+e 1)/2<a<a+(1—a)e.

In this case, it can be easily seen that:
min{z(0),z(6,),z(m)} = z(0)
and therefore,
rg =miny/z(0) =e(1 —a) + (a — a).
which completes the proof of the first half of the lemma.

In order to prove the second part of the lemma, we compute the distance between any

arbitrary point on the curve w = ¢y(e*?) and the point (a,0) and square it to get

z(0) = (a— (a+ (1 - “)ecose cos(sin 9)))2 + (ezcose sin?(sin ) (1 — (x)z)

= (v —a)®+ (1 —a)?e>% 1 2(1 — a)e®*? cos(sin 0) (« — a)
Then, it can be easily deduced that the following two cases arise:

Casel.:a+(1—a)/e<a<a+(l—a)e/2

And in this case z(0) is a decreasing function of 0 < 6 < 7. Therefore,

max{z(0),z(6,),z(r)} = z(0),
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i.e., the maximum value of z(0)is attained 6 = 0 and hence,
R, = max/z(0) =e(l —a) + (a —a).

Case2.:a+ (1—a)e/2<a<a+(1—a)e
In this case, the function z(6) increases initially for 6 € [0, 6,] and decreases for

6 € [0,, rt] for the entire range of a, and thus
max{z(0),z(6,),z(7r)} = z(6,).

which implies

Ry = maxy/2(6) = 1/z(6a).
Thus the proof is complete. |

LEMMA 6.3. Fora < a < a+ (1 —a)+/2, letr, be given by

3

P, a<a< 3a+2v2(1-a) :
Y, =
’ Q, wga<tx+(l—a)\/§.

where

P=(/A-a)(1+a—20)(1-2)+(1-a)2a~1-a)"?,
and

Q=v2(1—a) — (a—u).
and R, be given by

R — V2(1—a) —(a—w), a<a<V2u+(1—a)/V2;
a e V2u+ (1—a)/V2<a<a+(1-—a)V2

Then,

{w:|w—a| <r} C {w: K@f_—:c)Z_l’ < 1} C{w:|w—a| <R,}. (6.4)
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PROOF. Let ¢g(z) = a« + (1 — a)+/1 + z. The parametric equation of the right half

of this subclass of lemniscate of Bernoulli is given as follows

\/Ecost y(t): (1_“ \/Esmtcost (_ggt 7T>

x(t) =+ (1 —a)——, < — .
() ( )1—{—sin2t 1+ sin?t

Here, the interval under consideration is —7t/2 < t < 7t/2. The square of the distance

from any point on the lemniscate to the point (a,0) is given by

<a — (cx +(1- “)@»2 +2(1— @%M)

1+sin’t 1+sin’t
2
2 o COs“t cost
—(a—a)+2(1—a) > ————— —2v2(1—a)(a —a)——. 6.5
( ) ( )1—|—sin2t ( ) )1—|-sin2t (6:5)

Differentiating both sides with respect to ¢ yields

1

2(t) = m((1 — ) sint{V2(a — &) (4 + 2 cos? ) — 8(1 — a) cost}).

and
Z(0) =7Z'(t,) =0,

where 0 < t, < 7 is the real root of the equation 4(1 — «)cost = v2(a —a)(2 +

cos? t), which on simplifying gives

V2
(a—a)
Note that for a > 1, the numbers v/2{(1 —a) £ ((1 — a?) — 2a(1 — a))l/z}/(a — )
are complex, and for 0 < a < 1, the number v2{(1 —a) + ((1 — a?) — 2a(1 —
2))"/*}/(a—a) > 1andfor 0 < a < 1, the number v2{ (1 — &) — ((1 — a2) — 2a(1 —
a))l/z}/(a — a) lies between -1 and 1 ifand only if « < a < (3a 4+ 2v/2(1 —a))/3.

We therefore arrive at the following two cases:

cost =

{1-a) + ((1-a®) —22(1-a))""?}.

Case 1.: Whena < a < (3a + 2v/2(1 — «))/3 and t = g is given by

‘lgiﬁl—m—wu—ﬂ%—zul—wf”} (6.6)

costy = (a—(x
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Here, it is observed that
min{z(0),z(7/2),z(—m/2),z(ty) } = z(ty)
Thus minimum of z(t) occurs at t = # and

r(a) =min/z(t) = \/z(to)

=(\/(1—a)(1+a—20)(1—a) + (1 -a) (2 —1—a))""%.
Case 2.: When (3a +2v2(1—«))/3 <a < a+ (1 —a)v/2. Here
min{z(0),z(7t/2),z(—-m/2)} = z(0),

and thus the minimum value of z(t) is attained at = 0, and thus

r(a) =min y/z(t) = 1/2(0) = V2(1 — &) — (a - a)

and therefore, the first inclusion in (6.4) follows.

For proving the second inclusion in (6.4), we maximize z(t) as in (6.5). It is observed as
in the previous case that z/(t) = 0 for t = 0 and costy = v2{(1 —a) — ((1 —a?) —

20(1 — a))l/Z}/(a — ) and hence the following two cases arise:

1+v2a(1—+v2)+a%(1—+/3)
V2(1 - a)

Case1.: Whena < a <

and t = tgis asin

equation (6.6). It is seen that
max{z(0),z(rt/2),z(—m/2),z(ty) } = z(0)

Thus z(t) attains its maximum value at t+ = 0 and

R(a) = max /z() = \/2(0) = V2(1 — &) — (a —a).

1+ v2a(1—v2) +a?(1—V/3)
V2(1 - a)

max{z(0),z(rt/2),z(—m/2)} = z(1t/2)

Case 2.: When <a<a+(1—a)V2.
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Thus z(t) attains its maximum value at t = 7r/2 and

R(a) = max /z(t) = \/z(7/2) = (a - a). I
6.3. SOME INCLUSION RELATIONS

The class of starlike functions of order B (0 < B < 1) is characterised by the condition
Re (zf'(z)/f(z)) > B. We denote this class by S*(B). The class k — S*, (k > 0)
of k-starlike functions was introduced by Kanas and Wisniowska [35]. This class is

analytically defined by the following condition

zf'(z) zf'(2)
Re ) >k ) —1' z € D.

This class furnishes a continuous passage from the class of starlike functions to the

class of parabolic starlike functions as k varies from 0 to 1. Uralegaddi et al. [91] studied

a very interesting class M (), which is defined as follows

M(B) := {f € A:Re z]]:;iz)) < ﬁ} z € D. (6.7)

In this section, we discuss some inclusion relations between the classes M (B) (8 > 1),
k—S8* 8*(B)and S;, and SL* («).

THEOREM 6.4. The class Sy, satisfies the following relationships:

(1) Sy CS*(B) CS*  for0<B<a+(1—a)/e.
2) Sy, C M(B) for B> a+ (1 —a)e.
(3) k—8*C S, fork> (a+(1—a)e)/(e—1)(1—a).

The constants obtained here are the best possible.

PROOF. Letthe function f € S;,. Thenzf'(z)/f(z) < a+ (1 —a)e*. Using Lemma

6.1, it can be easily seen that

. : 2f'(2) :
g‘u:r} Re(a + (1 —a)e”) < Re ) < |rllera:l(Re(zx + (1 —w)e?),
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which immediately yields

1 z2f'(z)

- < Re <a+(l—wa)e zeD.

e SR S o

From the definitions of S*(B) and M(p), it is clear that f € S*(a« + (1 — «)/e) and

f € M(a+ (1 —a)e) which proves the first two parts of the theorem. For the third part,

a+ (1—a)

let the function f € k — S* and let us consider the following conic domain I'y = {w €
C:Rew > k|w —1]}. Fork > 1, the curve ol is an ellipse 7y : x> = k?(x — 1) + k?y?
which may be rewritten as

(x — xp)?
612

(y — ]/0)2
+ 2 =1,

where xg = k*/(k* = 1), yo = 0, a = k/(k* —1) and b = 1/v/k2 — 1. For the above
defined ellipse -y to lie inside the domain |log((w —a)/(1 —a))| < 1, it is necessary
that xg +a < a + (1 — a)e, which is equivalentto k > (a + (1 —a)e) /(e — 1)(1 — a).
Also, since I'y, C Ty, for ky > ko, it follows that k — S* C S5, for k > (a + (1 —
a)e)/(e—1)(1 — a), thereby completing the proof. I

REMARK 6.5. When o« = 0, Theorem 6.4 reduces to [54, Theorem 2.1].

THEOREM 6.6. The class SL*(«) satisfies the following relationships:

(1) SL*(0) C S*(B) C S* for0 < B < a.
2) SL*(a) € M(B) for B > a+ (1 —a)V/2.
(3) k—8*C SL*(«) fork > (a + (1 —a)v2)/ (V2 —1)(1 — a).

The constants obtained here are the best possible.

PROOF. Let f € SL*(a). Then zf'(z)/f(z) < a4+ (1 — a)y/1+ z. Using Lemma

6.1, it can be easily seen that

i o —u z ezf’(z) max Re(« — z
‘1’;|11:1’}Re( +(1—-a)V1+2z) <R B <|Z|:1R( +(1—a)V1+2z),

which immediately yields

ocheZ]]:éZ)) Stx—l—(l—zx)\/i z € D.
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From the definitions of S*(B) and M(pB), itisclearthat f € S*(a) and f € M (a+ (1—
a)+/2) which proves the first two parts of the theorem. For the third part, let f € k — S*
and let us consider the following conic domain I'y = {w € C : Rew > k|w — 1|}. For
k > 1, 9T is an ellipse vy : x*> = k?(x — 1)? + k?>y? which may be rewritten as

(x — xg)?

72

where xg = k¥2/(k* —=1),y9 = 0,a = k/(k* —1) and b = 1/+/kZ — 1. For the above
defined ellipse 7 to lie inside the domain |((w — &)/ (1 — a))?> — 1| < 1, itis necessary
that xo +a < a + (1 — «)+/2, which is equivalentto k > (x4 (1 —a)e)/(e —1)(1 — a).
Also, since Iy, C Ty, for ky > ko, it follows that k — &* C &7, for k > (a + (1 -
®)v2)/(v/2—1)(1 — &), which completes the proof of the theorem. I

_ 2
Y=y~ _ ¢

+ 2

When a = 0, the class SL*(«) reduces to the class SL which consists of functions f
of the form z + Y>> ; a,z" satisfying zf'(z)/ f(z) < v/1+ z and hence, we have the

following corollary to Theorem 6.6:

COROLLARY 6.7. The class S L satisfies the following relationships:

(1) SL C S*.
2) SL C M(B) for p > V2.
(3) k—S8* C SL fork > (v2)/(vV2—1).

The constants obtained here are the best possible.

Assume —1 < B < A < 1. For this range, we define the class P[A, B] consisting of
all analytic functions p of the form p(z) = 1+ c1z + cz> + - - - which satisfy p(z) <
(1+ Az)/(1+ Bz) where z € D. Note that, when A =1 —2a and B = —1, the class
P|[A, B] reduces to the class P(a) (0 < a < 1). Whereas, replacing A = B = 0, the
class P[A, B] becomes the renowned Carathéodory class P. Our next result determines
the conditions on the parameters A and B such that the class S$*[A, B] becomes a
subclass of S;, and SL*(«) respectively. In order to prove our results, the following

lemma will be needed:
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LEMMA 6.8. If the function p € P[A, B], then

1—ABr2’ . (A=B)r

’p(z)_ =B S 1opr Fl=r <

Moreover, if p(z) € P(a), then

1+(1—2a)r? _ 2(1—a)r
‘p(z)— 1—1r2 ‘< 1—r2 7

and

(Jz| =r < 1).

‘zp’(z) ‘ 2r(1 —a)
p(z) | = (1—r)(1+ (1 —2a)r)

THEOREM 6.9. Let —1 < B < A <1 and either

(1) 2(1 = B?)(ae+ (1 —a)) <2(1—AB)e < (1—B?)((e?+1)(1 —a) + 2ae) and
1-B<(1—-A)e/(1+ale—1));0r

2) (ae+ (1 —a)(14¢2))(1 — B?) < 2(1 - AB) < 2(1 — B?)(ae + (1 — a)e?)
and1+ A< (1+B)(a+(1—a)e);

Then S*[A, B] C ;..

PROOF. Let the function f € S*[A, B] which implies zf'(z)/ f(z) € P[A, B]. Next,
using the above stated Lemma 6.8, we get,

zf'(z) 1—AB|  A-—B

T El < TE (6.8)

Assume that both the condition in part (1) hold and let a = (1 — AB)/(1 — B?). Multi-
plying the inequality 1 — B < (1 — A)e/(1 + a(e — 1)) by the constant quantity 1 + B
on both sides, we obtain

¢ < (1- AB)

e 12
AFae—1) = Arae—1) (7B

(A—B)

On dividing by (1 — B?)e/(1+ a(e — 1), we get

A—B 1—-AB 1+4ua(e—1)
< - ’
1—-B2~ 1-— B2 e
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which is equivalent to

A—B 1—a
<(a—a)— .
T ) Rt

Proceeding as above, the condition
2(1—-B?)(xe+ (1 —a)) <2(1— AB)e < (1—B?)((e* +1)(1 — &) + 2ae)

is equivalent to

x| =

(et+el)

a+ (1—a) 5

<a<a+(l1—a)

From (6.8), it is clear that the values of w = zf’(z)/ f(z) lie in the following disk |w —
al| < rg,wherer, = (a—a) —(1—a)/eanda+ (1 —a)e ! <a<a+(1—a)le+
e~1)/2. Hence, f € S;, by Lemma 6.3. Following a similar argument we can see that

f € S, if the condition (2) holds and hence, the proof has been omitted. I
REMARK 6.10. When « = 0, Theorem 6.9 reduces to [54, Theorem 2.2].

THEOREM 6.11. Let —1 < B < A <1 and either

(1) (2v2(1 — &) +3a)(1 — B?) < 3(1 — AB) < 3(a+ (1 —a)v2)(1 — B?) and
1+A<(1+B)(a+(1—a)Vv2);0r

(2) 3a(1 — B%) < 3(1— AB) < (2v2(1 —a) +3a)(1 — B?) and (A — B)? +
(1- B2 < (1-B)(1—a)y/((1-B2)(1-20)+ (1— AB))B(A -~ B) +
(1— AB)?+2a(1 — B?)B(A — B).

Then the class S*[A,B] C SL* ().

PROOF. Let the function f € S*[A, B] which implies zf'(z)/ f(z) isin P[A, B]. Thus

Lemma 6.8 gives

zf'(z) 1—AB’ A—B 6.9)

@) 1-B“1-B

Let both the conditions in (1) hold and assume a = (1 — AB)/(1 — B?). On multiplying
the inequality 14+ A < (14 B)(a + (1 — a&)v/2) by 1 — B on both sides and rewriting,
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we obtain
(A—B) <V2(1—a)(1—-B?*) —(1—AB—a(1—B?)).
On dividing by (1 — B?), we get

A—B 1— AB
< — ) — _
1—132—‘5(1 @) (1—32 "‘)'

which is equivalent to

A—-B
1— B2

<V2(1—a)—(a—a).
Proceeding as above, the condition
(2v2(1 — &) +3a) (1 — B?) < 3(1 — AB) < 3(a+ (1 —a)v2)(1 - B?)

is equivalent to

30 +2v/2(1 — «)

3 <a<a+(1-—a)V2

From equation (6.9), it follows that the values of w = zf’(z)/ f(z) lies in the disk |w —
a| < r,, where r, = 2(1 —a) — (@ —a) and 3a +2v2(1—a)/3 < a < a+ (1 -
x)v/2. Hence, f € S, by Lemma 6.3. Following a similar argument we can see that

f € S, if the condition (2) holds and hence, the proof has been omitted. |

When a = 0, we arrive at the following corollary for the class SL:

COROLLARY 6.12. Let —1 < B < A <1 and either

(1) 2¢/2(1 — B?) < 3(1 — AB) <3v2(1—-B?) and1+ A < v2(1+B); or
(2) 0 < 3(1 — AB) < 2v2(1—B?) and (A —B)>+ (1 - B%)?> < (1 - AB)?
+(1—B?)\/(2— B2— AB)B(A — B).

Then S*[A,B] C SL.
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6.4. RADIUS PROBLEMS

In the first two theorems, we determine the sharp S*(8) (0 < B < 1), M(B) (B > 1)
and k — S* (k > 0) radii for the functions in the class Sy , and SL*(«). By Theorem 6.4,
it can obviously be seen that Rs:()(Sse) = Rq(p)(Sae) = 1for0 < p < a+(1-—
w)/e,and B > a + (1 — a)e. Also Theorem 6.6 clearly tells us that Rs:(5)(SL" () =
Rmp)(SL(a)) = 1inthe domains 0 < f < w,and p > a + (1 — x)+/2 respectively.

THEOREM 6.13. Let f € S;,. Then the following hold:

(1) Ifa+ (1 —a)/e < B <1, then f is starlike of order B in |z| < —log ((B —
a)/(1-a));

2) If1<B<a+(1—uw)e then f € M(B)inl|z| <log((B—a)/(1—uw));

(3) If k > 0, then f is k-starlike in |z| < log((1 —a)(k+1)/(k—a(k+1))). In
particular, f is parabolic starlike in |z| < log (2(1 —a)/(1 —2a)).

The results are sharp.

PROOF. Since f € S; , implies zf'(z)/ f(z) < a + (1 — «)e®. Thus, by using Lemma

6.1, we see that

/
zx+(1—(x)e_r<Rer(Z) <a+(1—-w), |zl=r<1

- fle) T
which clearly proves the first two parts of the theorem. The function k given by (6.1)

proves that the constants obtained in the first two cases are best possible.

For the third part, we see that for the function f to be k-starlike in |z| < 7, it must satisfy
Re(a + (1 — 2)e®®)) > kla + (1 — a)e®® — 1|. Obviously Re(a + (1 — a)e?(®)) >
(a4 (1—a)e”) and |a+ (1 —a)e®® —1| < 1— (a+ (1 —a)e"). Thus, in order
to prove our result, it is sufficient to prove that the inequality (« + (1 —a)e™) > k(1 —
(e + (1 —a)e™")) holds. On solving the above inequality for r, we immediately obtain

r <log ((1—wa)(k+1)/(k—a(k+1))). Sharpness follows by considering the function
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k defined in (6.1) and for zg = —log ((1 —a)(k+1)/(k —a(k+1))),

Zoh/(ZQ) -
Re = Re (o« + (1 — a)e™
iz = Re (ot (1))
_ (k—a(k+1))
(k+1)
- k . Z()
Zoh/(Z())
— |1 = 222229
h(zo)
This completes the proof of the theorem. |

REMARK 6.14. When o« = 0, Theorem 6.13 reduces to [54, Theorem 3.1].

THEOREM 6.15. Let f € SL*(a). Then the following hold:

(1) Ifa < B < 1, then the function f is starlike of order B for |z < 1— ((B —
2

w)/(1—a))”;
(2) If1 < B < a+(1—a)V2, then the function f € M(B) for|z| < ((B—a)/(1—
zx))z —1;

(3) Ifk > 0, then the function f is k-starlike for |z| < ((1+2k) —2a(1+k))/((1—
«)2(1+k)?). In particular, the function f is parabolic starlike for |z| < (3(1 —
20)) /4(1 — o).

The results are sharp.

PROOF. Since f € SL*(a) implies zf'(z)/f(z) < a+ (1 —a)v/1+z. Thus, by

using Lemma 6.1, we see that

a+ (1—a) 1—r§ReZJ]:;iZ)) <a+(1—a)V1i+r, |z]=r<1

which clearly proves the first two parts of the theorem. The constants are best possible

which can be seen considering the function obtained in (6.2).

For the third part, we see that for the function f to be k-starlike in |z| < 7, it must satisfy
Re (v + (1 —a)y/14+w(z)) > kla + (1 —a)/1+ w(z) — 1|. Obviously Re (a + (1 —
w)y/1+w(z) >a+1—a)yI—rand|a+(1—a)y/I+w(z)—1] <1—(a+
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(1—a)yv/1—r). Thus, in order to prove our result, it is sufficient to prove that the
inequality « + (1 —a)v/1—7 > k(1 — (« + (1 — «)+/1 —r)) holds. On solving the
above inequality for r, we immediately obtain r < ((1+2k) —2a(1+k))/(1 —a)?(1+
k)2. In view of the function k(z) defined in (6.2) and for zg = —((1 + 2k) — 2a(1 +
k))/(1—a)?(1+k)?), we have

RGM:RG@C—I—(l—D&)\/l-i-Zo)

k(Zo)
B 1+2k—2a(1+k)\ &
—Re<tx+(1—“)\/1_ (1—0c)2(1+k)2>_m
=k1—(a+(1—-a)V1+z)|

Z()k, (Zo)
k(zo)

which completes the proof. 1

4

—#[1-

COROLLARY 6.16. Let f € SL. Then the following hold:

(1) If0 < B < 1, then the function f is starlike of order B for |z| < 1 — B?;
(2) If1 < B < /2, then the function f € M(B) for |z| < B> —1;
(3) Ifk > 0, then the function f is k-starlike for |z| < (1 +2k)/ (1 + k). In particu-

lar, the function f is parabolic starlike for |z| < 3/4.

The results are sharp.

Let us now discuss a few subclasses of A. Let the class WV consist of analytic functions
f which satisfy f(z)/z € P. Let F; be the class consisting of analytic functions f € A
which satisfy f/¢ € P where ¢ € VW and let F, be the class of all analytic functions
f € A which satisfy the following inequality
’@—1‘<1 (z € D) (6.10)
8(2)
where ¢ € W. The next theorem determines the sharp S ,-radius for the classes
S*[A, B], W, F1 and F>.



124 6. THE CLASSES S} ; AND SL*(a)

THEOREM 6.17. (1) Let0 < B < A < 1. Then the S ,-radius for the class
S*[A, B] is given by

" o (1-a)(1—e)
Rsp (S [A'BD_mm{l'B—Ae—Bzx(l—e)}'

(2) Let—1<B< A<1,withB < 0. Let

B (e—1)v1—«a R — (e—1)(1—a)
~ VBN(1—a)(11¢?) +2ea) 24Be - e(A—Ba)—B(1—ua)

R4

and

(1 =a)(e—1)
Ry = A — Ba— Be(l —a)’

Then the S; ,-radius for the class S*[A, B] is given by

Ry, Ry <Ry,

Rs;, (S*[A,B]) =
R3, Ry > Rj.

(3) The S; .-radius for the class WV is given by
(e—1)(1—a)
Rg (W) = .
5t (W) e++v/e2+ (e—1)2(1—a)?

(4) The S .-radius for the class F is

B (e—1)(1—a)
Reie(F1) =5~ VA2 4+ (e—1)2(1—a)?

(5) The S ,-radius for the class J, is given by

B 2(e —1)(1 —a)
Reie(F2) = e+ /9 +4(e—1)(1—a)(e(2—a) — (1—a))

PROOF. (1) Let f € S*[A, B]. Then, by definition zf’(z)/ f(z) belongs to the
class P[A, B]. Therefore, using Lemma 6.8 we get:

zf'(z) 1—ABr?| _(A—B)r

- < —r<1.
) 1| S1ome PFTTs

Since B > 0, clearly a = (1 — ABr?)/(1 — B?r?) < 1. Furthermore, using
Lemma 6.3, the function f satisfies |log ((zf'(z)/f(z) —a)/(1 —a))| < 1



6.4. RADIUS PROBLEMS 125

provided

(A—By<1—A&2_ 11—
1-B22 ~1-p22 %7 "¢ 7

which after a little simplification implies:

. < (1—a)(1—e) .
~— B— Ae—Ba(l—e)

The result is sharp for the function given by

flz) = z(14+Bz)" B, B#0; 6.41)

ze4?, B =0.

Clearly the function f € S*[A, B] and thus

z20f'(z0) _ , l+Azg _
oo T o

Putting zp = (1 —a)(1—e)/(B— Ae— Ba(1l —e)) in the above expression,
we have
z20f'(z0) _

1ogf<i°+w — |log(1/e)| =1,
which completes the proof of the first part of the theorem.
Let f € S*[A, B]. Then on using Lemma 6.8, we see thatw = zf'(z)/ f(z) lies
in the disk |w — a| < R, where
_ 1— ABr?

A—B
—m>1 and R_( )7’

a: =1 pe
We next determine the numbers R;, R, and Rj in the following manner: r <
Ryifandonlyifa <a+ (1 —a)(e+e1)/2,r < Ryifandonlyif R <a—a —
(1—a)/eandr < Rzifandonlyif R <e(l —a)+a —a.

Let us now suppose that Ry < Ry. Since r < Rq is equivalenttoa < a +
(1—a)(e4+e1)/2,for0 < r < Ry, itfollowsthata < a + (1 —a)(e+e1)/2.
From Lemma 6.3, the S; ,-radius satisfies the inequality R < a —«a — @
This shows that f € Sy, in [z| < Ry.
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We next assume that R, > Rj. In this case, since r > R; if and only if
a>a+(1—a)(et+e1)/2,forr =Ry, wehavea > a+ (1 —a)(et+e1)/2.
Lemma 6.3 shows that f € Sy, in [z| < rif R <e(1—a) -+« — a, or equiva-
lently, » < Rsj.

Next, let f € W. Then, by definition, the function g(z) = f(z)/z € P and
thereby using Lemma 6.8, we can easily deduce that
zf'(z) 2r

-1 < : 6.12
EREre (612
Further, by making use of Lemma 6.3, the disk (6.12) lies inside the disk \ log ((w —
w)/(1—a))| <1if

2r . (1—a)

which yields r < (e —1)(1 —a)/(e + /€2 + (e — 1)2(1 — a)2). The result is
sharp for the function given by f(z) = z(1+2z)/(1—z) Clearly the function
f € W and thus

2

zof'(z0) 1-2z20—25
(R S WO
1—n 11—«
Putting zo = (e —1)(1 (e+ /€2 + (e — 1)2(1 — a)2) in the above expres-
sion, we have
z20f'(z0) _
log L5 — 1og(1/¢)| =

Let f € F; and define p,q: D — Cby p(z) = g(z)/zand q(z) = f(z)/g(z).
Then p,q € P and using Lemma 6.8, it follows that

Q)| o |20 [0
f(2) ~ 1 p(2) q(2)
Now, using Lemma 6.3, f € S;, provided 4r/1 — > <1—a — (1 —a)/e. This
immediately implies that 7 < (e — 1)(1 — &)/ (2e + /42 + (e — 1)2(1 — a)?).
The result is sharp for the function given by f(z) = z(1 +z)?/(1 — z)?. Clearly

4y
<5 (=",

_|_
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the function f € F; and thus

zof'(z0) 1-dzo—z5
R B O e R
BT | T 1

Putting zo = (e — 1)(1 —a)/(2e + \/4e2 + (e — 1)2(1 — a)2) in the above ex-
pression, we have

z0f'(z0) _
(}(Zo)o o
11—«

log = |log(1/e)| = 1.

(5) Let f € F, and define p,q: D — Cby p(z) = g(z)/zand g(z) = g(z)/f(z).
Since the inequality (6.10) is equivalent to Re ¢(z)/f(z) > 1/2, therefore p €
P and g € P(1/2). The following identity holds obviously:

)y e =)

f(2) p(z)  4(z)
and applying Lemma 6.8 in this, we obtain
/
zf'(z) 4l < r(3+r).
f(z) I
And finally, using Lemma 6.3, the function f satisfies |log((zf'(z)/f(z) —
w)/(1—a))| < 1provided7(3+7)/1—r> < (1 —a)(1—e"1), which on solv-

ing for r yields

. < 2e—1)(1 —«a) .

 3e+ \/962+4(e— (1—a)(e(2—a)—(1—a))

The result is sharp for the function given by f(z) = z(1 +z)?/(1 — z) Clearly
the function f € F; and thus

Zoff(/(z)o) —u 1—?20—222% .
Z —Z
o L= o
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Puttingzg = 2(e — 1)(1 —a)/(3e + /92 +4(e — 1) (1 — a)(e(2 — &) — (1 —a)))
in the above expression, we have
20f'(0) _

log% = |log(1/e)| = 1. I

REMARK 6.18. When o« = 0, Theorem 6.17 reduces to [54, Theorem 3.3-3.7].

COROLLARY 6.19. The S; ,-radius for the class K is

(1—a)(e—1)
a+(1—a)e

Rs;, (K) =

PROOF. Marx Strohh&cker theorem states that £ C S*(1/2). Also, it can be seen
that $*(1/2) = &*[0, —1]. Therefore, using Theorem 6.17(2), the S; ,-radius for the
class K will be atleast (1 —a)(e —1)/(a+ (1 —a)e). I

REMARK 6.20. When « = 0, Corollary 6.19 reduces to [54, Corollary 3.1].

THEOREM 6.21. (1) Let —1 < B < A <1andB <0. Then the SL*(a)- radius for
the class S*[A, B] is

Rsze(0)(S*[A, B]) = min {1, (vV2-1)(1 -9 } .

(A — Ba) —v2B(1 —«)

(2) Let0 < B< A <1, withB < 0. Let

R 2v/2(1 —a) —3(1 —«) 2
" \2v2B2(1—a) —3B(A-Ba))

and R, be the largest number as in

(A—B)>* 4+ (1 - B>*)? — (1 — ABr*)®> — (1 — B*?)(2a(AB — B?)r?
(

+(1—a)\/(AB — B2)r2(1 — B2 — ABr2)) <0,

forall0 < r < Ry and Rj is given by

(V2-1)(1—a)
(A—Ba) —v2B(1—a)

3:
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Then the S L*(«)-radius for the class S*[A, B] is given by

Ry, Ry <Ry,

Rern(S*[A,B]) =
s (@) (S7[A, B]) {R3, Ry > Ry,

PROOF. (1) Let f € S*[A, B]. Then, by definition zf’(z)/ f(z) belongs to the

class P[A, B]. Therefore, using Lemma 6.8 we get:

zf'(z) 1— ABr?
f(z) 1—B%?2

(A—B)r
1— B22’

< lz| =r < 1.

Since B < 0, clearly a = (1 — ABr?)/(1 — B?r?) > 1. Furthermore, using

Lemma 6.3, the function f satisfies

22 _ 0\ 2
L -1 <1
1—ua
provided
(A—B)r 1— ABr?
e < V20— (1—B2r2 ).
that is

(V2(1—a)B— A+aB)Br?2 + (A—B)r— (vV2—-1)(1—a) <0

which after simplification yields:

(V2-1)(1 —a)
~ (A—Ba) —V2B(1—a)

The result is sharp for the function given by

f(z) = { 2(1+B2)7%, B#0; (6.13)

ze4?, B =0.
The function f € S*[A, B] and thus at the point
z0=(vV2—-1)(1—a)/(A — Ba) — v/2B(1 — &), we have
ZOf,(ZO) 14 Az

(LBl ) | = () | = (v -1 =1

11—« 11—«




130

6. THE CLASSES S} ; AND SL*(a)

which completes the proof of the first part of the theorem.
Let f € S*[A, B]. Then on using Lemma 6.8, we see thatw = zf'(z)/ f(z) lies
in the disk |w — a| < R, where

_ 1— ABr?

A—B
—m>1 and R_( )7’

a: =1 pe
We next determine the numbers R;, R, and Rj in the following manner: r <
Ry ifand only if a < (3a +2v2(1—a))/3,r < Ryifand only if R < ((1—
0)20 —1—a) + /A —a) (1 +a—2a)(1—a))""?
R<v2(1—a)—(a—a).

Let us now suppose that R, < Rq. Since r < Ry is equivalent to a <
(3a +2v2(1 —«))/3,for0 < r < Ry, itfollows thata < (3a +2v/2(1 —«))/3.
From Lemma 6.3, the SL*(«)-radius satisfies the inequality R < ((1 —a)(2x —
1—a)+ /(A —a)d+a—2x)(1—a))"/> This shows that f € SL*(a) in
z| < R».

and r < Rj if and only if

Let us now consider the case where R, > R;. Here, since r > R; if and only
ifa > (B +2v2(1 —a))/3, for r = Ry, we have a > (3a +2v/2(1 —a))/3.
Lemma 6.3 shows that f € SL*(a)in |z| < rif R < v2(1—«) — (a —a), or

equivalently, » < Rj. |

When « = 0, we get the following result for the functions in the class SL as a corollary
to Theorem 6.21.

COROLLARY 6.22. (1) Let —1 < B < A < 1andB < 0. The SL- radius for the

(2)

class S*[A, B] is given as follows

>

(

* o . _1)
Rsrp(S*[A,B]) = mm{LA——\/EB}'

Let0 < B< A<1,withB <0. Let

1/2
22 -3
Ry = 5 ,
2v/2B2 — 3AB
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and R, be the largest number as in

(A= BY2 4 (1— B2 — (1 AB2)? — (1— B¥)(#

+/(AB — B2)r2(1 - B2 — ABr2)) <0,

forall0 < r < Ry and Rj is given by

(V2—-1)(1—a)
A—+\2B

Then, the S L-radius for the class S*[A, B] is given by

Rz =

Ry, Ry <Ry,

Rsc(S*[A, B]) =
R3, Ry > Rj.

6.5. COEFFICIENT ESTIMATES

THEOREM 6.23. If f(z) = z+ )" 5 anz" € S, then

Yo (7= (a+ (1—a)e)?)|anl* < (a+ (1— oc)e)2 —1.
n=2
PROOF. Let the function f € S} . This implies that zf'(z)/ f(z) = a + (1 — a)e“®),
where w is a function which is analytic in D and satisfies w(0) = 0 and |w(z)| < 1
where z € D. It can be easily seen that f2(z) = (zf'(z))?/(a + (1 — «)e“®)2, and

therefore we have,

27 Z |ay |2r?" —/ 9)|2de

27 10 / 10Y12
_/ |re f'(re'?)| "
(1 —a)ew(2))2

|r619f/(rez(-}’) |2d9

1 27
= <a+<1—a>e>2/o

27

20 12.m
— Zn |a,|*r
(a4 (1 —a)e)? =




132 6. THE CLASSES S} ; AND SL*(a)

where 0 < r < 1anda; = 1. Thus,

Y. (n* = (a+ (1—a)e)?)|aq|*r™" < 0.
n=1
On letting » — 17, we obtain the desired result. |

REMARK 6.24. When « = 0, Theorem 6.23 reduces to [54, Theorem 2.5].

THEOREM 6.25. If the function f(z) = z+ Y o> »a,z" € SL*(a), then

Y, (7= (a+ (1= a)V2)?*)|anf* < (a4 (1 —a)v2)* 1. (6.14)
n=2
PROOF. Let the funtion f € SL*(«). This implies that zf'(z)/f(z) = a+ (1 —
=0and |w(z)| <1
1—a)y/1+ w(z))z,

x)+/1+ w(z), where w is a Schwarz function in D satisfying w(0
for all z € D. It can be easily seen that f2(z) = (zf'(z))?/(a +

and therefore we have,

N —

27 Z |a, |2 r?" = ) 240

_ /27‘[ |ret(9f/(rez(9)|2
a4 (1—a)y/1+w(z))?
1

27T
2 _a) NGIE | Iref (e Rt

20 12,20
= nla
((x+(1—zx Z anlr

where 0 < r < 1anda; = 1. Thus,
Y (n? = (a+ (1= 0)V2)?) |as [P < 0.
n=1

On letting » — 17, we get the desired result. |

When a = 0, Theorem 6.25 yields the following corollary.

COROLLARY 6.26. If the function f(z) =z + Y, ,an,z" € SL, then

(ee]

Y (n* =2)[an* < 1.

n=2
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Using Lemma 6.3, our next result determines certain condition over the n'” coefficient

for a special type of function to be in the class S ..
THEOREM 6.27. The function given by f(z) = z + anz" (n = 2,3,---) is in the class

Sy ¢ if and only if it satisfies |a,| < (1 —a)(e—1)/(e(n —a) — (1 —a)).

PROOF. Since S;, C S*, implies that |a,| < 1/n. In order to obtain the desired
result, it can be observed that w = zf'(z)/f(z) = (1 + nayz" —1)/(1 + anz" — 1)

maps the open unit disk onto the following disk

(6.15)

o 1 (Dl

1— [an|? 1—lan|*
Since, (1 — n|a,|?)/(1 — |a,|?) < 1, therefore by using Lemma 6.3, the disk (6.15) lies
inside |log((w —a)/(1 —a))| < 1if and only if

(= Dlas _1-njas2  (1-a)

which on a little simplification immediately yields |a,| < (1 —a)(e —1)/(e(n —a) —

(1—a)). I

REMARK 6.28. When « = 0, Theorem 6.27 reduces to [54, Theorem 2.6(i)].






Chapter 7

Conclusion and Future Scope

In this final chapter of the thesis, we will conclude the research contributions of this
thesis, as well as discuss the directions for future research. In the present work, sev-
eral very interesting subclasses of univalent functions have been defined using the ex-
tremely important concept of subordination and many wonderful problems have been
solved, including the various kinds of coefficient estimate problems, the radius prob-
lems, obtaining some inclusion relations etc. To begin with, it is a known fact that no
bounds are known for the n'" coefficients of functions f satisfying 2zf'(z)/(f(z) —
f(=z)) < ¢(z), except for n = 2,3. We denote the class of such functions by SJ (¢).
Therefore, the sharp fourth coefficient bound has been estimated for this subclass.
Note that, when ¢ = ¢%, vITz and v2 — (V2 — 1)/(1-2)/(1+2(v2~1)2),
the class S (¢) reduces to the subclasses S (e?), S (y/1+z) and S} (\/_ — (V2 -

1)\/(1 —2)/(1+2(vV2 - 1)2)) respectively. For these special subclasses of SF(¢),
sharp bounds for the first five coefficients have been obtained. The generalised n"
(n > 5) coefficient bound for the class S;(¢) is still an open problem as it involves

complex computations. It can be attempted as a future task.

We also obtained Fekete Szegd coefficient functional for five important subclasses of
analytic functions defined by us namely: V,(¢), Mu(¢), La(@), Ka(p) and To(g).

The computations here were quite complicated and the results so obtained yield some
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previously known results. We also obtained the second and the third coefficient bound-
s for the functions in the above mentioned subclasses as a corollary to our results.
It is worth noting the fact that the classes considered here have been studied quite
extensively in our thesis in the sense that we also obtained the bound for the sec-
ond Hankel determinant Hy(2) = apasq — a3 for these subclasses. For 0 < a < 1,
these classes reduce to many previously known classes such as the class $* and K,
etc., thereby yielding many corollaries to our results. Another problem that we incor-
porated in our research is the third Hankel determinant bound. We studied a couple
of quite interesting subclasses namely M, and L, respectively and obtained the first
five coefficient’s bounds for them and also the bound for the third Hankel determinan-
t H3(1) = as(apaq — a3) — as(ag — azas) + as(az — a3). For further investigation, the
unification of the various classes considered can be done so that the results can be
merged together. Higher order Hankel determinants can be investigated in the future.

Furthermore, Toeplitz determinants can also be explored.

Motivated by the paper by Kanas and Wisniowska [35], wherein they have given certain
sufficient conditions for the function f to be k— uniformly convex, we have also obtained
certain necessary and sufficient conditions in terms of the coefficients a,, for the function
f € T to be in certain subclasses of 7, namely 7S*[A, B], TC[A, B] and R(A, B, «)
(e € R). Another extremely important subclass has been studied defined by
z \" <
<m) :1+’§1an , neC
and the necessary and sufficient conditions have been obtained for the functions in the

above said class to belong to $*[A, B].

Finally, in the concluding chapter of the thesis, the two prime subclasses S*(a + (1 —
a)e?) and S*(a + (1 — a)yv/1+z) of A, 0 < a < 1 have been studied extensively. Sev-
eral enriching problems have been solved for these subclasses including the bounds for
Fekete Szeg0 inequality, the bound for the first four coefficients, radius problems, various
inclusion relations with the other important subclasses of analytic functions and many
interesting coefficient inequalities. An interesting observation is that for « = 0, all the

results obtained yield the results for the classes S, and S L respectively as corollaries to
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our results. For further study, we can obtain similar results by taking convex combination
of univalent functions in place of « + (1 — a)e*. Also, many other radii problems can be

explored.
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