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Abstract

In this thesis, the problems that we study are with respect to the approximation
and error estimation of the linear positive operators. The techniques of simultaneous
approximation and King type modification have been applied successfully to improve

the order of approximation for various operators.

Firstly, some theorems on approximation of the r-th derivative of a given function

f by corresponding r-th derivative of the Durrmeyer variant of generalized Bernstein

operator have been studied by contracting the interval of the definition of integrability
1

of function from class [0, 1] to [0,1 — —5].

The basic properties and Voronoskaya type results for the ordinary approximation
for modified Baskakov operators and Balazs operators have been studied and the
results for better error estimation after considering King type modification of these
operators have been obtained. Some results have been calculated for multidimensional
Bernstein operators and its Durrmeyer variant. Quantitative global estimates for
generalized double Baskakov operators have been studied. In the sequel, direct and

inverse theorems for Beta Durrmeyer operators have been obtained.

In the end, some approximation properties of modified Beta operators and an
operator introduced by Jain with the help of Poisson type distribution have been

studied, which include rate of convergence and statistical convergence.
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Introduction

0.1 General Introduction

The theory of approximation is an area of mathematical analysis, which at its
core, is concerned with the approximations of functions by simpler and more easily
calculated functions. The basis of the theory of approximation of functions of a
real variable is the theorem discovered by K. Wierstrass in 1885, which asserts that
for any continuous function f on the finite interval [a,b], there exists a sequence
of polynomials which converges uniformly to f on [a,b]. In 1912, S.N. Bernstein
gave a simple and elegant proof of Weierstrass theorem, constructing by probabilistic
methods, a sequence of polynomials that converges uniformly to the function to be
approximated. Thus, introduced the Bernstein operators. These operators belong to

the class of positive linear operators.

In the 50s, the theory of approximation of functions by positive linear oper-
ators developed a lot when T. Popoviciu(1951), H. Bohman(1952) and P.P. Kro-
vokin(1953) [93] discovered independently, a simple and easily applicable criterion to
check if a sequence of positive linear operators converges uniformly to the function
to be approximated. This criterion says that the necessary and sufficient condition
for the uniform convergence of the sequence P, of positive linear operators to the
continuous function f on the compact interval [a,b], is the uniform convergence of
the sequence P,f to f for the only three functions ey(r) = 2,k = 0,1,2. If the
domain of definition of function f is unbounded, then the result remains valid only

for the continuous function having a finite limit at infinity.



To the theorem of Popoviciu-Bohman-Krovokin to continuous and unbounded
functions defined on [0, 00), some bounds on the functions must be required, which
was first noted by Z. Ditzian. In 1974, A.D. Gadjiev introduced the weighted space
C,(I), which is the set of all continuous function f on the interval I C R for which
there exists a constant M > 0 such that |f(z)| < Mp(z), for every x € I, where p is
a positive continuous function called weight. This space is a Banach space, endowed

with the norm

0]
HfHP - xellj p({II) .

The Krovokin type theorem found by Gadjiev is the following:

Let ¢ : [0,00) — [0,00) be a strictly increasing, continuous and unbounded
function and set p(x) = 1 + ?(x); the sequence of positive linear operators P, :
C,[0,00) = C, [0, 00) verifies

lim [Py’ — || =0,i=0,1,2.

n—oo

Then, lim [|P.f — f|, = 0, for every function f € C,[0,00) for which the limit
n—oo

lim % exists and finite.

T—00

Some of the general problems arising in approximation of operators are: (i) the
basic convergence in approximation (ii) various estimates of error for classes of func-
tions (iii) a precise rate of convergence for smooth functions (iv) the possibility of
simultaneously approximating the derivatives of operators. The recognition of the
basic role of linear positive operators triggered a virtual chain reaction in approxima-

tion theory.

0.2 Preliminary and Auxiliary Results

Given a non-empty set X, we denote by B(X) the space of all real valued bounded

functions defined on X, endowed with the norm of the uniform convergence (or the



sup-norm) defined by
If]l = sup [f(2)], fe B(X).
zeX
The set B(X) is a linear subspace of R¥.

If X is a topological space, then C'(X) denotes the space of all real-valued con-

tinuous functions on X. Furthermore, we set

Cp(X) = C(X) N B(X).

If X is a topological space, then B(X) and Cg(X) endowed with the sup-norm,

are Banach spaces.
If X is a topological compact space, then C(X) = Cp(X).

Let X, Y be two linear spaces of real functions. The mapping L : X — Y is called
a linear operator if and only if L(af + 8g9) = aL(f)+ 5L(g),Vf,g € X and o, 8 € R.

The operator L is called positive if and only if Lf > 0,Vf >0, f € X.
The set L(X,Y) ={L : X = Y| L is alinear operator} is a real vector space.
Let L : X — Y be a linear positive operator, it has following properties:

1. If f,g € X with f < g, then Lf < Lg.

2. Vf € X we have |[Lf| < L|f].

The main tools to measure the degree of approximation by linear positive oper-
ators are moduli of smoothness and K-functionals. Let f belongs to Cg(I),I C R.
The modulus of continuity w(/f;.) € RI%*®) of the function f is defined by

w(f;0) e {|f(@") — f@)]: 2", 2" e I|2 —2"| <6} (0.2.1)

for every 6 > 0. We recall the forward differences of a function f : M — R, where
M = {ap|ap =z + kh, k= (0,r),z,h e R,h # 0}, A} f(z) = f(z + h) — f(x) and
2y (@) = AL (@), 2

Let f € Cg(I), the following properties of modulus of continuity take place:



L w(f;.) >0,

2. w(f;0) =0,

3. w(f;.) is non-decreasing,

4. w(f;.) is sub-additive,

5. w(f;.) is uniform continuous,

6. V0 >0,Vn € N,w(f;nd) < nw(f;6),

7.¥8 > 0,YA > 0,w (f;00) < (A + Dw (f;9),

8.6 >0,|f(y) — f(2)] < (1+62(y —2)*) w (f; M) < (A + 1w (£;9),
9. Vf1, fo € Cp (I),w (fife; 0) < | fillw (fos 0) + | fall w (f1:0),

10. If o« € (0,1] then f € Lippyo < w(f;9) < Mo~

For k € Nand f € B(I),I C R, the modulus of smoothness of order k of f is
defined by

wi(f;8) = sup {| A% f(x)

O0<h<ézaz+khel}, §>0.

In case, k = 1,wi(f;0) = w(f;9).

In 1963, J. Peetre [I12] introduced an expression called Peetre’s K-functional,
which represents another important instrument to measure the smoothness of a func-

tion. For any f € C([a,b]), 6 > 0 and integer s > 1, we call

Ko(f38)an = K (:8: C([a,b), € ([a. b)) (0.2.2)
—inf {||f — gll + ]| : g € C([a. )},

Peetre’s K-functional of order s. Whenever there is no doubt about the interval of

definition of f we shall use the notation K,(f;d) instead of K (f;6)(qa,4-

Let us assume that 0 < a < a; < by <b< oo and f € C,[0,00), then for m € N

the Steklov mean f, ,,, of m —th order corresponding to f, for sufficiently small values



of n > 0 is defined by

n/2\ " m
Fm(@) =" (/ ) {f(x)+(—1)m_lﬁ%xif($)}ﬂd% (0.23)

77]/2 i=1
where x € [a,b] and A} f(x) is the m — th order forward difference with step length
n. It is easily checked (see e.g. [58], [77]) that
(@) fom € Cla,b);
(Zl) Hfé’vrr)n”C[ahbl] S Mlnirw’f(fv 7, a, b)’ r= ]-7 27 ey T
(@10) [ f = foaml| cpa, g < Mowm(f, 0, a,b);
(@) [ fomllopay ) < MallFllogy < Mall flle,.

where M;,© = 1,2,3,4 are certain constants independent of f and 7.
Lipschitz-type space is defined as
|a

Lipt, (a) = {f € C[0,00) : |f(y) — fx)] < M('yy;—j)%;x,y e (0, oo)} (0.2.4)

where M is any +wve constant and 0 < o < 1.

0.3 Historical Background

In 1885, Karl Weierstrass [134], has given two starting results in the Theory of Ap-
proximation, which are the milestone for the development in this area. Result for

algebraic polynomials is as follows:

If a function f(z) is continuous in the interval a < x < b and ¢ > 0, then we can

find a polynomial p(x) such that the inequality

[f(z) —p(z)| <e

would hold for all values of x in this interval.

For trigonometric polynomials, he gave the following result:



If a function f(x) has period 27 and is continuous on the real axis, then we can find

a trigonometric polynomial 7'(z) for € > 0 such that there holds the inequality

T(z) — f(z)| <e,—m <z <.

In the year 1912, Russian mathematician, Sergei Bernstein (1880-1968) [22],
one of the “fathers” of approximation theory, defined, well known Bernstein operators

as: For f € C[0,1], the Bernstein polynomials of f are

" n k
B, f)(z) = ( ) B — gk (B 0,1]. 0.3.1
B =3 (1) () e 031)
Later O. Szasz and G. Mirakian [124] extended the result of S. Bernstein and

gave the following results:

Let f be a continuous function defined on the interval [0, 00) , the Szdsz-Mirakian

operators (.S, f) is defined as follows:

ek (K
(Snf)(x) = Ze %f (E) , T € [0,00). (0.3.2)
k=0 '
Similarly, Baskakov [18] introduced the following operators and studied some

approximation results

(Vo f)(2) :i(”+2_1) ﬁf (g) z € [0,00). (0.3.3)

k=0

At the same time, Lupas also introduced these type of operators, therefore these

operators are also known as Lupas operators.

In 1960, Meyer-Konig and Zeller [102] introduced a sequence of positive linear
operators which were studied, modified and generalized by several authors. The

classical Meyer-Konig and Zeller operators Z,, : C'[0,1] — C'[0,1],n € N are



defined as:

@ =3 (")t (55) vep

To approximate integrable functions, Kantorovich [87] was the first to introduce
the integral variant of Bernstein polynomials. The Bernstein-Kantorovich operators

are defined as:

(Buf)a) = 0+ DY tusle) [ )t

where by, (z) = (}) 2*(1 — z)"*.

Totik [126] introduced integral variant of Szasz-Mirakian operators known as

Szasz Kantorovich operators:

G ) =1 sui(a) / f(t)at,

_ —na (na)*
where s, 5 (z) = e 5

For Baskakov operators appeared in literature as following:
k+1

/ f(b)dt,

(Vaf)(@) = (n = 1)) vnp(e)

n—1

n+k—1 zk

where v, x(z) = (") ey

In 1967, Durrmeyer [54] introduced a more generalized integral modification of
the Bernstein polynomials so as to approximate integrable function on the interval
[0,1]. The integral modification given by Durrmeyer is independent on the value of k

in integration. Bernstein-Durrmeyer operators were first studied by Derrienic [41],

Buf) () = (0 +1)Y " bui(e) / by (£) (1)t (0.3.4)

k=0

who gave the interesting results.



On the similar lines, the integral modification of the Szdsz operators [100] is as
follows:
0

(Suf) ) = 1S sur(a) / o (0.3.5)

The Baskakov-Durrmeyer operators [I17] on [0, 00) are defined as

(Vaf)(@) = (n = 1)) vns(x) / Oni () f(£)dt. (0.3.6)
k=0 0

In the recent years, several modifications have been done for these operators
to make the convergence rate faster. Hybrid form of different operators have been
obtained by several mathematicians for example, Szasz-Beta operators, Baskakov-
Szasz operators, Baskakov-Beta operators, their Durrmeyer and Kantorovich forms
etc.. Approximation properties, Voronskaya type results, error estimation, rate of

convergence, central theorems etc. results have already been calculated, see([1} 2, 12,

38, [130, (132, 133]).

0.4 Approximation of Functions, Direct and In-

verse theorem

For a given approximation method, the study of the central theorems of approxima-
tion eg. direct, inverse and saturation are the most important aspects of considera-
tion. A direct theorem provides the order of approximation for functions of specified
smoothness. On the other hand, an inverse theorem infers the nature of smoothness of
a function when the order of approximation is specified. A saturation theorem refers
to an inherent limitation of the approximation method. The order of approximation
beyond a certain limit is possible only for a trivial (finite dimensional) subspace. The
functions for which the order is attained, form the saturation (Favard) class and those
with the approximation order o(¢(n)) come in the trivial class. Thus, a saturation

theorem consists of a determination of the saturation order ¢(n), the saturation class



and the trivial class.

The study of direct theorems in approximation theory was initiated by the classi-
cal work of Jackson [81] on algebraic and trigonometric polynomials of best approxi-
mation. The corresponding inverse theorems for Bernstein polynomials was obtained
by Bernstein by an ingenious application of his famous inequality. But the result for
a = 1, in trigonometric case was proved by Zygmund. In the trigonometric case, the
results of Jackson-Bernstein had an essential gap for the case o = 1. This was filled,
much later by Zygmund through the introduction of the class Z(Lip*1). The gener-

alisations of Zygmund class have been found very useful in approximation theory.

Direct, inverse and saturation theorems in approximation by semigroup of oper-
ators had been extensively developed by Butzer and Berens [25]. Some studied the
convergence of iterates of certain sequences of linear positive operators to semigroup

of operators.

Theorems and equalities establishing a connection between the difference- dif-
ferential properties of the function to be approximated and the magnitude(and be-
haviour) of the error of approximation, by various methods. Direct theorems give an
estimate of the error of approximation of a function in terms of its smoothness prop-
erties (the existence of derivatives of a given order, the modulus of continuity of f or
of some of its derivatives, etc.). In the case of best approximation by polynomials, di-
rect theorems are also known as Jackson-type theorems [80], together with their many
generalizations and refinements. Inverse theorems characterize difference-differential
properties of functions depending on the rapidity with which the errors of best, or
any other, approximations tend to zero. The problem of obtaining inverse theorems
in the approximation of functions was first stated, and in some cases solved, by S.N.
Bernstein [23]. A comparison of direct and inverse theorems allows one sometimes to
characterize completely the class of functions having specific smoothness properties

using sequence of best approximation.
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0.5 Jackson Inequality

An inequality estimating the rate of decrease of the best approximation error of a
function by trigonometric or algebraic polynomials in dependence on its differentia-
bility and finite-difference properties. Let f be a 27-periodic continuous function on
the real axis, let F,(f)be the best uniform approximation error of f by trigonometric

polynomials T), of degree n, i.e.
E, () = inf max| f(z) — Ty (o)

and let
w(f;0) = max |[f(t1) — f(t2)]

|t17t2‘§5

be the modulus of continuity of f. It was shown by D. Jackson [80] that

1
E, (f) < Cw (f; —) (0.5.1)
n
(where C is an absolute constant), while if f has an rth order continuous derivative
f) > 1, then
C, 1
= G (1011),
n” n

where the constant C,. depends on r only. S.N. Bernstein [23] obtained inequality
(0.5.1)) in an independent manner for the case

w(f;t) < Kt*,0<a<l1.

If f is continuous or r times continuously differentiable on a closed interval
la,b],r = 1,2,..., and if E,(f;a,b) is the best approximation error of the function

f on [a,b] by algebraic polynomials of degree n, then, for n > r one has the relation
=1
A(b—a)" b—

nr n

where the constant A, depends on r only.
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The Jackson inequalities are also known as the Jackson theorems or as direct
theorems in the theory of approximation of functions. They may be generalized in
various directions: to approximate using an integral metric, to approximate by entire
functions of finite order, to an estimate concerning the approximation using a modulus
of smoothness of order £, or to a function of several variables. The exact values of

the constants in Jackson’s inequalities have been determined in several cases.

Another topic of interest is the phenomena of simultaneous approximation (ap-
proximation of derivatives of functions by the corresponding order derivatives of oper-
ators). The study in this direction began with a remarkable result for Bernstein poly-
nomials (B,) owing to Lorentz [96], who proved that B (f) (x) = f® (2),n — oo,
whenever the latter exists at the particular point = € [0,1],k = 1,2, 3, ... being arbi-
trary. His method for this pointwise convergence in simultaneous approximation has

since been applied by several mathematicians to other operators.

For the simultaneous approximation, a crucial property is the convexity of higher
order of the operators. The main result in this direction is a theorem of Sendov and
Popov [I18]. A simplified version of it is the following:

Theorem 0.5.1. If L, is a sequence of linear positive operators. L, : C'la,b] —

C'la,b],p > 1, such that
(i) L, are convex of order k, for any k,0 < k < p, and
(it) lim [|L, (e;) — el = 0, fori=0,1,2
n—oo ?

then for any f € CP[a,b] and any subinterval [c,d] C [a,b] we have

fim [ ()~ £7],y =0

n—o0

0.6 Improvement in Order of Approximation

Though the linear positive operators are conceptually simpler, easier to construct and
study, they lack in the rapidity of convergence for sufficiently smooth functions. In

the same context a well known theorem of Korovkin (1960) states that the optimal
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rate of convergence for any sequence of linear positive operators is atmost O(n~2).
Thus, if we want to have a better order of approximation for smoother functions, we
have to slacken the positivity condition. Several investigations indicated that even
when a sequence or class of linear positive operators is saturated with a certain order
of approximation, some carefully chosen linear combinations of its members give a
better order of approximation for smoother functions. The first attempt at some how
improving the order of approximation was made by Butzer [24], who showed that
by taking a linear combination of the Bernstein polynomials, the order of approx-
imation considerably improves for smoother functions. More general combinations
have been studied by Rathore [115] and May [99] for other sequence of linear positive
operators. Micchelli [T03] offered yet another approach for improving the order of
approximation by Bernstein polynomials by considering the iterative combinations
Uni = [I - (I - Bn)k . Agrawal and Gupta [5] applied his technique to improve the

order of approximation by Phillips operators.

For obvious reasons, summation type operators as such are not L,-approximation
methods. Nevertheless, several linear positive operators of summation type have
been appropriately modified to become L,-approximation method. The underlying
idea behind such a modification is to replace, in the expression for the operator, the
function value at a nodal point by an average value(in the sense of integration) of
the function in an appropriate neighbourhood of the point. The first such modifica-
tion was made by Kantorovich [86] for the case of Bernstein polynomials. Another
modification of Bernstein polynomials was introduced by Durrmeyer [54] and later
studied extensively by Derrienic [41], Sahai and Prasad [117]. Mazhar and Totik [100]
modified Lupas and Szasz operators respectively in an analogous manner to make it

possible to approximate functions in L,[0, 00),p > 1.
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0.7 Statistical Approximation of Linear Positive

Operators

One of the most recently studied subject in Approximation Theory is the approxima-
tion of continuous functions by linear positive operators using the statistical conver-

gence or the matrix summability method.

Statistical convergence was introduced in connection with problems of series sum-
mation. The main idea of statistical convergence of a sequence (z,)nen is that the
majority, in a certain sense, of its elements converges and we do not care what is
going on with other elements. At the time, it is known that sequences that come
from real life sources are not convergent in the strictly mathematical sense. This way,
the advantage of replacing the uniform convergence by statistical convergence con-
sists in the fact the second convergence models and improves the technique of signal

approximation in different function spaces.

The first research which deals with the statistical convergence for sequences of lin-
ear positive operators was attempted in the year 2002 by A.D. Gadjiev and C. Orhan.
The research field was proved to be extremely fertile, many researchers approaching

this subject.

Motivated by this research direction, our interest is to construct different classes
of linear positive operators of discrete or integral type and to study their statistical
approximation properties. We know that any convergent sequence is statistically
convergent but the converse is not true. The aim is to construct such sequences of

operators which approximated the function in statistical sense.

0.8 Contents of the Thesis

The present thesis consists of six chapters, whose contents are as described below:

Chapter 1 is a study of some theorems on approximation of the r-th derivative
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of a given function f by corresponding r-th derivative of the generalized Bernstein

operator.

Chapter 2 In this chapter, we give another modification of Baskakov operators
and Baldzs operators and obtain the approximation properties of these operators.
Then we show that our modified operators have a better error estimation. Then we

also study rate of convergence as well as their Voronovskaya type results.

Chapter 3 We consider the multidimensional Bernstein operators G,,(f, z,y)
and its Durrmeyer variants Q,(f,z,y) on a simplex. We characterize the rate of
approximation by means of K —functionals and estimate the order of convergence by
means of a semi-norm ¢(f). At the end of the chapter we establish an inverse theorem

of approximation.

Chapter 4 In this chapter, we obtain quantitative estimates for generalized
double Baskakov operators. We calculate global results for these operators using

Lipscitz-type spaces and estimate the error using modulus of continuity.

Chapter 5 This chapter is a study of linear combinations of Beta-Durrmeyer
operators J,(f,x). We consider the direct theorem in terms of higher order modulus
of continuity in simultaneous approximation and inverse theorem for these operators

in ordinary approximation.

Chapter 6 In this chapter, we consider general Beta operators, which is a
general sequence of integral type operators including Beta function and an operator
introduced by Jain [83] with the help of Poisson type distribution. We study the
King type Beta operators which preserves the third test function x? then we ob-
tain some approximation properties, which include rate of convergence and statistical

convergence. Finally, we show how to reach best estimation by these operators.



Chapter 1

Simultaneous Approximation On
Generalized Bernstein-Durrmeyer

Operators

1.1 Introduction

Denoted by B [0, 1], the space of bounded functions on the interval [0, 1], with the
sup-norm: ||.|| and by C'[0, 1], the subspace of continuous functions, the Bernstein
operators B, : B[0,1] — R% n € N are given by (0.3.1). Consider the monomial
functions e; (z) = 27,t € [0,1],5 =0, 1,2, ... we have

(1) Bn(eg,x) = e,

(i) Bp(er,z) = e,
(iii) Bn(es,x) = €y + S0,

In 1967, J.L. Durrmeyer [54] introduced Bernstein-Durrmeyer operators B,, (0.3.4)

and independently, by Lupas [[97],pg.68] associate with each function f integrable on
I =[0,1]. They result from the classical Bernstein operators ({0.3.1)) in which the dis-

crete values f (£) is replaced by the integral fol bn k() f(t)dt in order to approximate

L, functions (1 < p < 0).

15
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Later Derriennic [41], Gupta [65], Gupta & Srivastava [73] and Heilmann [76]
studied so called Bernstein Durrmeyer operators B, in detail and established many

interesting properties of these operators.

Various generalizations of the Bernstein operators defined on C0, 1] by the rela-
tion (0.3.1)) have been given. Besides the convergence and approximation Bernstein

polynomial preserve some properties of original function:
() if f(x) is non-decreasing, then for all n > 1, (B, (f;x)) are also non-decreasing,

(77) if f(x) is convex then for all n > 1 the (B, (f;z)) are convex and
Bu(f;x) 2 Bpa(f52) = f(x),2 €[0,1],

(ii7) if f € Lip,A then for all n > 1, B, (f;x) € Lipap.

In 1964, E.W. Cheney and A. Sharma [2§] generalized the Bernstein polynomials
by the relation

n

(Anf) (@) = (14 nt,)™ ( : ) ez +kt)" A=z 4 (n—k)t,)" " f (i) , (1.1.1)

k=0

where {t,}, oy is a sequence of positive real numbers.

The operator A, (1.1.1) is called n* Bernstein Cheney Sharma operator and
constitute a different generalization of the Bernstein operator which can be obtained

by t, = 0.

Very recently Deo et al. [39] introduced modified Bernstein operator M,, defined

as:

(Mof) (@) = 3 dus(o)f (%) , (112)

where
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In this context Deo [31] has studied direct as well as converse results for the Beta
operators and in [32] 33] Deo has given Voronovskaya type results for exponential

operators. Some basic results for the operator M, are, for n > 1:
(i) (Mn1)(z) =1,
(i1) (Mot) () = (1+ 1)z,

(i) (Mat?) (2) = (142 = & — L) a2+ (24 L)

We study the following Durrmeyer variant of the operator (1.1.2)) as:

(M,f) () =n (1 + %) 3 dol() /O"“ d, (1) f (1), (1.1.3)

where d,, () is defined in ((1.1.2)) above. In the operators (|1.1.3), the interval of the

definition of integrability of function has been contracted from class [0, 1] to [0, 1-—

1

— +1]. Very recently, Jung et al. [84] have given some interesting results for modified

Bernstein operators. Also see( [29], [62], [I35], [136]) for simultaneous approximation
of various operators.
In this chapter, we prove some theorems on the approximation of r-th derivative of a

function f by the corresponding operators (]\7[7(f)>.

1.2 Auxiliary Results

In this section, we shall mention some definitions and certain lemmas to prove our

main theorems.

Lemma 1.2.1. If f s differentiable r times on [0, 1 - %H} , then we get

. (n + 1)20+D (n!)? — &2 ,
(MDf) () = n2+l (n—r)l(n+r)! kZ:O i) /0 i O E)

(1.2.1)
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Proof. We have by Leibniz’s theorem

(7 (n + 1)n+2 " o T+Z 1) k ,L
(ML) (@) = = ( ) —Z'(n— —r—i-i)!

1= 0 k=0
n n—k—r+i T
(n+1 x) 0 nk
(1) = Lol . b
G 1y (k(k — 1) (k— i+ 1)) 2"
e i=0 k=0 ) =) k! (n_k;)y( ( ). ( i+1)x

(n—K)(n—k—=1)..(n—k—r+i+1)) <nil_$)n h—ri

n

| / a0 (1)t

_(n+1) ZZ' n! s

A(k—i)!(n—k—r—l—z‘)ﬁ

; n,k+1i (t)f(t)dt
RS e - ﬁ’r)! Z (=1)d () / - > ( ) (—1) s (8) (1)
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n

_ n 2(r+1) n! 2 n-r T
( ér)f) (l‘) = ( _;217")4-1 (n _ 7<’)"(>TL + 7’)' Z dnr,k(ﬁ)/o‘ <_1)rd£;)-r,k+r(t)f(t)dt'

Further integrating by parts r times, we get the required result. O]

Lemma 1.2.2. Let r,m € NY (the set of non-negative integers), n € N and x €

[0,00). Let the m-th order moments are defined by if

1 n—r nLH
Pnm(T) = (n+7+1) (1 + ﬁ) Z dp—r () A etr (U) (8 — )™ dE,
k=0 0

then we get
(1+7r){n—2x(n+1)}
(n+1)(n+r+2)

pno(x) =1, ppi(x) = : (1.2.2)

_(r+D(r+2){n —2z(n + 1)}2 2c0{n —xz(n+1)}
pna(7) = (n+1)*(n+7r+2)(n+r+3) T +39) (128

and
(7 D) = (L) (2= 20) 0
n+1
+ 2mzx <7’LL+1 - I) Nn,m—l(‘r> +x (n :L_ 1 - .T) /L/n,m(x)

(1.2.4)

Consequently,

(1) pnm(z) is a polynomial in x of degree < m,

+1

(1) pnm(z) =0 <n_[T]> , where [a] denotes the integral part of c.

Proof. The values of p, ¢ and p,,; can easily follows from the definition. We prove

the recurrence relation as follows:

_n_
n+1

1 n—r
) = (1) (14 2) S po) [ i 01 = 0"t it ()
k=0 0
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Using the following relation

z (ni - x) @) =n (n i - - a:) dy i (), (1.2.5)

then we get

x(nil ){unm + Mty () }

n—r n / o )
Zl’ n+1_x dn rk(x) o dn+7’,/€+r(t)(t—$) dt

k=0

Zd TR e Y s (00— 2yt
n— Tk n—l—l n—+r,k+r

|
)3
SERYR
)5

SEES

=(n+r+1) (1+

S|

=(n+r+1) (1+

—(n+r+1 (1 + -
- <— — 23:) (n+71)(t — ) dpgrgorr (£) (t — :z:)mdt]
1

Ceren (i

Ea n / m
Zdn rk t n+1 —1 dn+7‘,kz+r(t)<t - SL’) dt

_ (n i = 2x> fnm () + (1 A+ 7) p g1 ()

=(n+r+1) (1+%) :;;dnr,k(x)/fl [_ (t — )™+ ¢ (nil _21,) (t — )™+
i (HLH - x) (t =)™ :|d:l+'r' jr (D)L — (nLH - 2$) o (T) + (0 + 1)t mr ()

n
n+1

n
n+1

= 0+ Dpoa() = (5 = 20) (o D) = e (=) a0

—r ( o 2x> P () + (0 A+ 7) f g1 (7).

n+1

This completes the proof of the recurrence relation. The values of i, 1(z) and

n2(x) can be easily obtained from the above recurrence relation. O]

1.3 Main Results

In this section we shall prove the following main results.
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Theorem 1.3.1. If f) is a bounded and integrable in [0, 1— %H] and admits (r+2)-

S : 1
th derivative at a point x € [O, 1-— n_—l—l] , then

o] as

=(1—22)A+7) " (2) + 21— 2) fO ().

n—oo

lim n[

Proof. By Taylor’s formula, we have

(t — )
2

t—ux)?

FO) = fO (@) + (- 2) f (@) + f”*”@0+—( (=), (132)

where ((u) — 0 as u — 0 and ¢ is a bounded and integrable function on [—z,1 — z].

Now, using (|1.3.2)) and by Lemma [1.2.2] we get

n? (n—nr)l(n+r+1)! 7O Y () () — (I+7r){n—22(n+ D} o4 .
(n+ 1) (n))? (M) @) = 1 ()_{ (n+1)(n+r+2) }f @
1 (r4+1)(r+2){n—2z(n+1)}° 2e{n —x(n+1)} (+2) .
2{(n+1)2(n+r+2)(n+r+3) (n+r+2)(n+r+3)}f &)+ Fnrle),
where - N
Rus@) = 5 3 dns(0) [ s (0)(t = 22t — )it
k=0 0
Now we have to show that nR,, — 0 asn — oco. Let K = sup |((u)| and

u€l—z,1—x]

let € > 0. Choose § > 0 such that |((u)| < € when |u| < §. So for all t € [0, 1-— n%l},

(t—2)?
we have |((t — )| < e + K*=5~.
Clearly

NE - (r Kn .
nRap ()] < SNt = ) (w) + Sy MO~ ) ()

_ne (r+1)(r +2){n —2z(n+1)}" 20{n —xz(n+1)} K (1
2 {(n+1)2(n+r+2)(n+r+3) (n+r+2)(n+r+3)}+2520(n>

since € > 0 is arbitrary, this implies that [nR,,,.(z)| — 0 as n — oco. Thus as n — oo,
we get the required result from ([1.3.2]). This completes the proof of the theorem. [
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Theorem 1.3.2. If ft1) ¢ C’[O,l - #1} and let w (f;.) be the moduli of
continuity of fUTV. Then forn >r, (r=0,1,2,....), we have

1320 — O < 5] + \/_{\/_r+—} (fw;%), (1.3.3)

where the norm is sup-norm over [0, 1-— H—H} and A\r =1+ 3

Proof. Following [119] and by the Taylor formula

f(’l‘)(t) _ f(r)(l,) _ (t . (r+1 / { r+1) (r+1)( )}

Now, applying (|1.2.1))to the above and using the inequality

‘f(rJrl)(y) . f(r+1)<x>‘ < {1 4 |yg$|}w (f(r+1);5)

and the results (1.2.2)) and (1.2.3)), we have

|(Mf) (x) = fO ()]

< |7 @) [N — ) (@) + e (F040;6) O [

t

1+ ‘y;x‘dyH (),

< 7@ P = o)+ (7:0) {31 - >+215M<*><t—x> )}

Choosing 6 = and using the result , we get the required result . This

completes the proof. O



Chapter 2

Better Approximation for Positive

Linear Operators

In 2003, King [91] introduced an exotic sequence of positive linear operators H,, :

C ([0,1]) — C ([0, 1]), which modifies the Bernstein operators:

n

(Hof) (x) =)

k=0 k

n

(e (=l (1) F e C.1] o € 1]

where ¢, () : [0,1] — [0, 1] are continuous function,

x? n=1,

cn(x) = (2.0.1)

— sy + \/#12 + i =230

This sequence preserves two test functions eq, ey and (Hyey) (z) = ¢,(x). He also
proved that the operators H,, have a better rate of convergence than the classical Bern-
stein polynomials whenever 0 < z < 1/3. After this several researchers have studied
that many approximating operators, L, possess these properties, i.e., L (e;, ) = e;(z)
where ¢;(z) = z'(1 = 0,1) or (: = 0,2). For example similar problems were ac-
compolished for Szdsz-Mirakyan operators [51], Szdsz-Mirakyan-Beta operators by

Duman, Ozarslan and Aktuglu [52], Meyer-Konig and Zeller operators by Ozarslan

23
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and Duman [I07], Bernstein-Chlodovsky operators [§], g-Bernstein operators [98],
g-analogue of complex summation-integral type operators [6] and some other kinds
of summation-type positive linear operators [9]. Local approximation properties of
modified Szdsz-Mirakyan operators have been investigated in [108]. Certain results on
modified Szasz-Mirakyan operators have been calculated by Finta, Govil and Gupta
in [56].

Recently, Rempulska and Tomczak [116] have investigated the King type oper-
ators on an appropriate weighted space and they have given some significant ap-
plications, such as modifications of Baskakov operators, Post-Widder and Stancu

operators.

Very recently Deo and Singh [40] have given another modification of Baskakov
operators and studied Voronovskaya type results. Deo [31) 33], Pop [114} 113] and
Srivastava and Gupta [120] have studied Voronovskaya formula for other positive

linear operators.

2.1 Some Approximation Results for Durrmeyer

Operators

Now we consider Heilmann’s operator which is defined as:
Definition 2.1.1. [32] [76] The n-th operator D,, of Baskakov-Durrmeyer operator,
n€N, ¢ce N’ n > c, is defined by

0

(Duf) (@) = (=) Y pale) [ prat (01 .11

with z € [0,00), ppi(x) = (—1)k%¢%k)(x), where

b (2) e e for the interval [0, 00) with ¢ = 0,
n\L) =
(14 cx)™™e, for the interval [0, 00) with ¢ > 0,

and f is a function for which the right side of (2.1.1)) makes sense. It is easy to
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see that D, are Szdsz-Durrmeyer operators [89, [100], Lupas-Durrmeyer [117] and
Baskakov-Durrmeyer operators [76] for ¢ = 0,¢ = 1 and ¢ > 0, respectively.
Lemma 2.1.1. [32, [70] Let e;(z) = x*, i = 0,1,2, then for x € [0,00), n € N and

n > 3¢, we have
(1) (Dneo) (x) = 1,

(i) (Dnex) (z) = 555

n—2c’

n(n+c)x2+4nz+2
(iii) (Dnea) () = Mttt

Lemma 2.1.2. For z € [0,00), n € N, n > 3¢ and p,(t) =t — z, we have

(2) (Dn(P:):) (33') — _ 142

n—2c’

.. 2{(n+3c)x(14cx)+1
(i) (Dap?) () = Hgmtaen i)

The linear functions, i.e., for h(t) = ct + d, where ¢, d any real constants, we get

(Dph) (z) = h(z).

2.1.1 Construction of the Operators and Basic Results

Let {¢.(z)} be a sequence of real-valued continuous functions defined on [0, c0) with

0 < gu(z) < 00, for x € [0,00), n € N then we have
(f)n f) (2) = (n =) Y Pusldn(x)) /0 o k(OF (1) dt (2.1.2)

k
with 2 € [0,00), pak(ga(2)) = (—1)M L6 (g, (x)), where

e~ () for the interval [0, 00) with ¢ = 0,
O (qn(x)) =
(1+ g ()™, for the interval [0, c0) with ¢ > 0,
and
n—2c)r—1
g(z) = BZ20T =L
n

We obtain the following results at once.

Lemma 2.1.3. Let e¢;(x) = 2°, i =0, 1,2 then for each x > 0 and n > 3c, we have
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(i) (Duco) (2) = 1.
(i4) (f)nel) (z) = z,
~ n+c)(n—2c)?z2 n—c)(n—2c)x—(n—c
() (Duea) (s) = tel2eiat st clocson-tog)
Lemma 2.1.4. For x € [0,00), n € N, n > 3¢ and p,(t) =t — x, we have
() (Dur) (@) =0,

(@) (Due?) () = itisgiecsoon,

m—+1

(i) (Dn¢g) (z) =0 <n*[ : ]).

2.1.2 Voronovskaya Type Results & Better Error Estimation

In this section we compute the rates of convergence and Voronovskaya type results of

these operators D, given by 1}
Theorem 2.1.5. Let f € Cg[0,00), then for every x € [0,00) and for C >0, n >0

and n > 3c, we have

L e e

Proof. Let g € W2. Using Taylor’s expansion
t
o) = 9(a) + /@)t~ )+ [ (= w)g"(w)du

From Lemma [2.1.4] we have

We know that
< (t—u)g"ll.

[ =g
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Therefore

(Dag) @) = gto)] < (Date = ) () g7 = =R O 2D =2y

By Lemma [2.1.3] we have

|(Bo1) @) < (0= o) ank (@) [ pusOlF 0l <1171

Hence

[(Dur) (@) = 1@)| < [(PulF = 9)) (@) = (7 = 9)@)| + | (Dug) (@) = g()]

(n—c){2x (1 +cx)(n—2c)—1} 1"l
n(n — 2¢)(n — 3c) '

<2|f—gll+

Taking the infimum on the right side over all g € W2 and using Peetre’s K functional

(10.2.2)), we get the required result. O

Theorem 2.1.6. If a function f is such that its first and second derivative are

bounded in [0,00), then we get

lim 7 { (an) () — f(x)} = 2 (1 + cx) f"(2). (2.1.4)

n—oo
Proof. Using Taylor’s theorem we write that

(t — )’
2!

(t —2)?
2!

f(t) = f() = (t =) f'(x) + /(@) + §(t, ), (2.1.5)

where &£(, x) is a bounded function V ¢,z and lim (¢, ) = 0.

t—x

Now applying (2.1.2)) and ( -, we get

(Dar) (@) = F@) = /@)Dy (o) +

where



28

Using Lemma 2.1.4] we get

n { (an) (x) = f (w)} = fﬂéx) { =9 {?ﬁf (—12_2)6(2)5713;)26) - 1}} Fed

Now, we have to show that as n — oo, the value of nl; — 0. Let £ > 0 be given
since £(t,x) — 0 as t — 0, then there exists § > 0 such that when |t — z| < § we have
|£(t, z)| < € and when [t — x| > 0, we write

(t =)’
PR

€t 2)| <C<C

Thus, for all ¢,z € [0, 00)
t— 2
o) < e+ 0D

52

2
nly <n (Dngpi (5 + %)) ()

<en (D) () + Gn (Dt (2).

and

Using Lemma [2.1.4] we get that,

nl; -0 as n — oo.

This leads to ([2.1.4)). O

Remark 2.1.7. We may note here that under the conditions of Theorem |2.1.6, we

have

lim n{(D,f) () — f(x)} = —(1 4 2cz) f'(x) + x (1 + cz) f"(x). (2.1.6)

n—o0

Theorem 2.1.8. If g € C%[0,00) then we have

(Dng) @) = 9(2)| < 0u@) ligllcs, (2.1.7)
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where
(n—c){2x(1+cx)(n—2c)—1}
2n(n — 2¢)(n — 3c)

on(x) = , n > 3c.

Proof. We write that

(1) — 9(x) = (¢ — 2)g/(x) + 5t — 2)0"(0), (218)

where ¢t < ¢ < z. From Lemma [2.1.4] and (2.1.8]), we have

[(Dag) @) — 9@)] < 91| (Duer) @) + 510”1 | (D) ()
< (n—c){2x(1+cx)(n—2c)—1} , ,
- 2n(n — 2¢)(n — 3c) o7l

= 0u() lglles

This proves the theorem completely. O

Remark 2.1.9. Under the same conditions of Theorem we obtain

(Dng) (x) = g(2)| < o (2) [lgll s, » (2.1.9)

where
o (2) = (n+3c)z(1+cx) +1
" (n —2¢)(n — 3¢)

Theorem 2.1.10. For f € Cp[0,00), we obtain

(D.1) (w)—f(x)\gA{wz (f, U;‘(x))+min(1,o"2(x))||f||03}, 2.1.10)

where n > 3¢ and constant A depends on f & o,(x).

Proof. For f € Cp[0,00) and g € C% [0, 00) we write

(Duf) (@) = f(@) = (Daf) @) = (Dag) (@) + (Dag) (2) = 9(2) + g(a) — f(a).
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By using (2.1.7) and Peetre’s Ks-functional, we get

(Duf) @) = £@)| = | (Daf) @) = (Dag) @)| + | (Dag) (@) = gx)| + lgz) = ()
|

|15 = gll + ou(@) gl + 11 = gl
<211 = gll + 7(@) lglles

<2 {17 - ol + gt loley | < 28 { 1. 3o
<24 (1. 2v@) +min (1,200 ) 151,

This completes the proof of the theorem. O
Remark 2.1.11. Under the same conditions of Theorem |2.1.1(), we get

(D)) () = F@)] < 24w (£, Vo3(@) +min (Log @) [ flle, b (@111)

Theorem 2.1.12. For every f € C'[0,00), x € [0,00), we obtain

‘(D,J) () — f(:v)‘ <2 (f,4,), (2.1.12)

where

n > 3¢

5 \/(n—c){Qx(l—i—cm) (n —2¢) — 1}
* n(n — 2¢)(n — 3c) ’

and w (f,0,) is the modulus of continuity of f.

Proof. Using linearity and monotonicity of D, we easily obtain, for every 6 > 0 and

n € N, that
(5uf) @)= )] it {1+ 5Du (2}

By using Lemma and choosing § = ¢, the proof is completed. O

Remark 2.1.13. For the original operator D, defined in, we may write that, for
every f € C[0,00)
(Do f) () = f(@)] < 2w (f,v2), (2.1.13)
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where

L \/2{(n+3c)x(1 +cx)+ 1}
v (n —2c¢)(n — 3c)

and w (f,vy) is the modulus of continuity of f. The error estimate in Theorem
is better than that of for f € C[0,00) and x € [0,00), we get 6, < v,.

Now we compute rate of convergence of the operators of D,, by means of the

Lipschitz class Lipp(7y), (0 < < 1). As usual, we say that f € Cp[0,00) belongs

to Lipas(y) if the inequality (|0.2.4)) holds.
Theorem 2.1.14. If f € Lipy (), x € [0,00) and n > 3¢, we have

(n—c){2x (1 +cx)(n—2c)—1} v/2
n(n — 2c)(n — 3c) .

(Duf) ) - )| < |

Proof. Since f € Lipy(7) and x > 0, from inequality (|0.2.4)) and applying the Holder

inequality with p = %, q= %, we have

(Daf) (@)= £@)] < (Dalf(®) = f@)]) (@)
<M (Dot —al") (@)
<u{ (D)0}

n—c) {2z (1 + cz) (n — 2¢) — 1}]"?
n(n — 2¢)(n — 3c) '

<!

This completes the proof. n

Remark 2.1.15. If using Lemma[2.1.9, for the original operator D,,, then we get the

following result

2{(n+3c)x(1+ cx)+ 1} }7/2

(D,f) (z) — f(z)| < M{ (n — 2¢)(n — 3¢)

for every f € Lippy(7y), x >0 and n > 1.
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2.2 A Better Error Estimation On Balazs Opera-

tors

Let f be a real-valued continuous function on the closed unit interval [0, 1] of the
real line and let n € N = {1,2,3,...}. Then n — th Bernstein polynomial of f
is defined as ((0.3.1). It is well known that the sequence {B,(f)},cy converges
uniformly to f on [0,1] and the Bernstein polynomials and their generalization as
well as modification have an important role in approximation theory (see, for in-

stance, [13], [14], [39], [42], [54], [121], [131)).

In view of these concernments, Katalin Balazs [17] introduced and studied several

approximation properties of the Bernstein type rational functions defined as follows:

Let f be a real single valued function defined on [0,00) and n € N, and define

n

Ry(f;2) = ;Z

(1+anz)" k=0 \ Kk

(anz)" f (E) . xel0,00)), (2.2.1)

where a = {a,}, .y and b = {b,},.y are suitable chosen sequence of positive real

neN
numbers, independent of z.

In this section we study the approximation properties of modified Baldzs [17]
operators and obtain better error estimation, rate of convergence and Voronovskaya
result.

Lemma 2.2.1. [17,[48] Let e;(t) = t', i =0,1,2,3,4 then for x >0 and n € N, we

have
(1) Ru(ep;x) =1,
(i1) Raleriw) = 3= (725

2
. _ nn=1)( a,x n an®
(1) Ry(es;w) = b2 (1+an) + 5 <1+an>’

. n(n—2 an:r2 1+nanx n anx{l4+2nanx
(i) Rn(es; o) = (bs; : (ija:x)g }+E (i{+tnx)2 g

n(n—3) (ana})2{1+(3n—1)anx+(nanac)2} n a7laz{1+2(3n—1)ana:+3(nana:)2}

(iv) Rn(es;w) = =5 (Itans)? Tap (1+ana)®
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Thus X
2 1 + "
It ond Ru(¢2x) = x{ n(a x)2 }
1+ anx bn(1 + anx)

Rn(@r; 13) = -

where v, (e1) = e1 — egx and a, = b,/n, b, > 0 is an arbitrary real number.

Agratini [7], Ispir & Atakut [78] and Gupta [67] have studied and given some in-
teresting results on the variant of Baldzs operators. Many researchers have given King
type modification for different operators (see, for instance, [36], [49], [52], [51], [70], [71],

[91], [I11], [116]), now we consider Balazs [I7] operators for this type of modification.

2.2.1 Construction of the Operators

We assume that {u,(x)} is a sequence of real-valued continuous functions defined on
[0, 00) with 0 < u,(x) < oo, for x € [1,%) (- > o0casn —o0),n € Nand n > 2

then we have

Rolf:z) = N (Z)(anun(x))kf (%) (2.2.2)

where

o
3
8

n

up(r) = — LT FE —.

a, (n —b,x) b,
We obtain the following results at once.
Lemma 2.2.2. Let e;(x) = 2%, i = 0,1,2,3,4 then for z € [1,&) and n >

2 where n € N, we have

L~

n—1)(n—2)
n2

3(n—1)
nbpn

(U) Rn €4; ZL‘) — Wﬁ%x4 + 6(”;12)17(:_2) ZEB + 7(:él1)m2 + %

3+

2 T
‘T—i-E,

Lemma 2.2.3. For x € [1, %) ,n>2 where n € N and ¢, (t) = e; — epx, we have

(i) Ralpaiz) =0,
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(i1) R(p2i) = Hts),

nan

(i) Rulpdia) = 25 4 320052 4 o

(i) Ru(ipho) = 2o2qt — gs 4 Grlg2 o

n n

~

The operators R, preserve the linear functions, i.e., for h(t) = ct + d, where ¢, d

any real constants, we obtain R, (h; z) = h(z).

Throughout, in this section we have taken A (z) = 2= (g, = n=1/3 & b, =

nan

n?/3) and n > 2, where n € N.

2.2.2 Voronovskaya Type Results

In this section first we establish a direct local approximation theorem for the modified

operators I, in ordinary approximation then we compute the rates of convergence

and Voronovskaya type result of these operators ([2.2.2]).

Theorem 2.2.4. Let f € Cg[0,00), then for every x € [1, &) and for C >0, n >

2 where n € N, we have

[(£f) (@) = f(@)| < Ca (£, /A T@))
Proof. Let g € W2. Using Taylor’s expansion
9(y) = g(zx) + ¢'(x)(y — =) + /: (y — w)g"(u)du.

From Lemma [2.2.3] we have

(g) ()=o) = (0 [ (0= ) w0} o).

We know that
< (y—u?llg"|l

/x y (y —u)g" (u)du

Therefore

[(Rug) (@) = 9(@)] < (Baly = w?) (@) 9" = (@) "]

(2.2.3)
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By Lemma [2.2.2] we have

(Rt @) = e 27 (50) (3 fwmntent <151

(Bt (@) = £@)| < |(Ralf = 9)) @) = (f = 9)(@)| + | (Fong) () = 9(@)

<2f =gl + A(x) lg"]] -

Taking the infimum on the right side over all g € W2 and using ( , we get the

required result. O

Remark 2.2.5. Under the same conditions of Theorem |2.2.4], we obtain

(Rof) () — f(2)] < Cuy (f, \/ w1+ n(en) }) . (2.2.4)

bo(1 4 apz)’

Theorem 2.2.6. If a function f is such that its first and second derivative are

bounded in [0,00) then for C >0 and n > 2, where n € N, we get

(1l —a,z)

nan | (fuf) (@) = f@)] = =522 (@), (2.2.5)

Proof. Applying Taylor’s theorem we write that

(t —)*
2l

(t —2)?

f(t) = f() = (t =) f'(x) + (@) + ==&t @), (2.2.6)

where £(t, x) is a bounded function V ¢,z and lim (¢, z) = 0.

t—x
Using (2.2.2) and (2.2.6)), we obtain

(Buf) (@) = 1) = P@ R (o) + XD R (2,2) + SR (62.2) €00, ).
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From Lemma [2.2.3, we get

nay, [(Rnf) (z) — f(ac)] = %@) (x (1 —a,x)) +

na, -~

7Rn ((10:%7 37) €(t7 33)

Now, we have to show that as n — oo, the value of I = %f%n (02, 2)&(t, ) — 0.
Let € > 0 be given since £(¢,2) — 0 as t — x, then there exists § > 0 such that when
|t — x| < 6 we have |£(t, )| < € and when |t — x| > 0, we write

(t =)’
PR

€t 2)| <C<C

Thus, for all ¢,z € [0, 00)
t— 2
o) < e+ 0D

52

2
I <na, (Rngoi (5 + (’:;gl“)) (x)

< na,e (f%moi) (x) + n(;,;C' (Rz@i) (z)

and

= El +E27

by Lemma [2.2.3] and choosing ¢ arbitrarily as 0, we obtain F; and E5 tends to 0 as

n — 00.
Hence
I — 0 as n— oo.
This leads to ([2.2.5)). O

Theorem 2.2.7. If g € C%[0,00) then we have

D gy 227)

[(Rug) (@) = 9(@)| <

Proof. We have
(1) — 9(x) = (¢~ 2)g/(x) + 5t — 200 (228)
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where ¢t < ¢ < z. From Lemma [2.2.3] and (2.2.8]), we get

| (Bup) )] + 5 19

M)y A@)
STHQ H:T

’ (fing> (x) — gl ))

(Bu?) (@)

lolles -

This proves the theorem. O
Remark 2.2.8. Under the same conditions of Theorem we obtain

{1+ n(anm)g}

(Rag) (@) = gla)l < =5,

lglles - (2.2.9)

Theorem 2.2.9. For f € Cp|[0,00), we obtain

(Rur) @)= )] < afen (153 ) 4 min (1250 ) 11, b 2210
where constant A depends on f & {%}
Proof. For f € C[0,00) and g € C% [0, 00) we write

(Fuf) (@) = f@) = (Buf ) @) = (Rug) @) + (Bug) (@) = 9(@) + glx) = J(@).
From and Peetre’s Ko-functional( [0.2.2)), we get

(Feur) @) = @) = [(Baf ) @) = (Rag) @)+ | (Bag) (@) = 9(a)]
+lg(@) - f(@)]

IN

A7)
2

lglles, + If — gl

2 gl
:2{||f—g||+M||g||CQ} <2K2{f’A )}

<24 (5238 +min (122 g1, L

This completes the proof. n
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Remark 2.2.10. By the same conditions of Theorem[2.2.9, we get

(B f) (x) = f ()] (2.2.11)
<ol | 1\/:)3{14—71(&”:17) } + min (1’x{1+n(an:v) }> e

"2 b (1 4+ anx)2 4b, (1 + an(E)2

Theorem 2.2.11. For every f € C'[0,00), x € [1, %) and n > 2 where n € N,

we obtain

[(Baf) @) = F@)| < 20 (£.62), (22.12)

where w (f,0,) is the modulus of continuity of f.

Proof. Let f € C'[0,00), x € [1, ﬁ) and n > 2, where n € N. Using linearity and

monotonicity of f%n, we obtain, for every d, > 0, that
A 1 ~
(ud) 0 - 50| < wtr.50 {1+ £ R}

By using Lemma and choosing 6, = /A (z) this completes the proof. ]

Remark 2.2.12. For the original operator R, defined in, we may write that, for
every f € C[0,00)
[(Rnf) (x) — f(2)] < 2w (f,ve), (2.2.13)

where

L \/x {1 + n(anx)g}

bo(1 4 apz)’
and w (f,v;) is the modulus of continuity of f. The error estimate in Theorem|2.2.11
is better than that of (2.2.15) for f € C'[0,00) and x € [1, ﬁ), we get 0y < V.

For rate of convergence of these operators by means of the Lipschitz class Lipy (), (0 <

v < 1) we have, f € Cp[0,00) belongs to Lipy () if the inequality (|0.2.4) holds.
Theorem 2.2.13. If f € Lipy(y) and z € [1, &) , we have

(ff) (@) = fl@)| < MA@
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Proof. For f € Lipy(y), x € [1 ﬂ) and n > 2,where n € N, from inequality (|0.2.4

and using the Holder inequality with p = 7, q= we get

(Fes) ()= 5)

,7’

IN

f@)]) (@)

(s
M(R t—x|> z)

IN

IN

{(n%) I

)]7/2

IN

This leads to the result. O

Remark 2.2.14. From Lemma under the same conditions of Theorem

for the original operator R,,, then we have the following result

z {1+ n(anm)?’} 2
Iwﬁﬂﬂ—f@MSM{zmu+%@g}

for every f € Lipy(7), x € [1, %)

2.3 Better Error Estimation of Modified Baskakov

Operators

For f € C[0,00), the Baskakov operator was introduced by V.A. Baskakov [19] as
(0.3.3)).

Several modifications of Baskakov operators have been studied by many math-
ematicians (see [34], [60], [76], [I17]). Now we have given another modification of

Baskakov operators as:

_ gpmk(x)f (niﬂ) (2.3.1)
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where

an{::B - - ntk "’
RSV W RO

It is a generalized form of Baskakov operators, i.e., if n is sufficient large then our
operators convert in the classical Baskakov operators .
Durrmeyer variants of these operators are:
o0
0

L) = "0 o) [ st sty 232
k=0

This modification is based on recent modification of Bernstein operator, which is
given by Deo et al. [39] and they established a Voronovskaya type asymptotic formula
and obtain an estimate of error in terms of modulus of continuity in simultaneous
approximation by the linear combinations of these operators. In [37], Deo and Singh
have given some theorems on the approximation of the r-th derivative of a function

f by same operators.

2.3.1 Construction of the Operators

Now we consider King type modification of these operators ([2.3.2)).

L (f, (ra(x))) = w > bk (rn()) /0 N Pk () f(1)dL, (2.3.3)

where

and
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In this section, we give some ordinary as well as simultaneous approximation prop-
erties and we also study some ordinary approximation results including Voronovskaya

type results and better error estimates for these operators ([2.3.2)).

2.3.2 Properties and Basic Results

In this section we write some basic results to prove our theorem.

Lemma 2.3.1. For n > 1 one obtains,
P,(1,z) =1,

P, (t,z) ==,

2 _ l 2 x
Pn(t,x)—(1+n)x -t

Lemma 2.3.2. Form € N° (the set of non-negative integers), the m-th order moment

of the operator is defined as

Ty () = gpn,m) ()"

Consequently, T, 0(x) =1 and T,,1(z) = x/n. There holds the recurrence relation

1 /
nTpmi1(x) = (1 T + x) [Tnym(x) + an,m,l(x)} )

Proof. 1t is easily observed that

x (1 - %ﬂ + x) () =n (n _k; - - x) Puk(z). (2.3.4)

We have

Ton(2) = gpn,m) ()
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— n+1
1-— +z |T! ():ix l——— 42z )p, (2 i -z :
n+1 —~ +1 " n+1
1

Using (2.3.4),

1 . = k m
x (1 e + m) T, () = annk(x)<n—+1 — :13)

Hence the result. Thus

(i) Thm(z) is a polynomial in x of degree < m

+1

(ii) For every z € [0,00), Tpm(z) = O (nf[T]) , where [] denotes the integral

part of 5.
[
Lemma 2.3.3. Let the m — th order moment be defined by
Ur,n,m == (n — T — 1 ( ) an-‘rrk‘ /pn ’r‘k-i—r t — [L’)mdt,
0
then
{n(1+4+2x)+2z}(1+7)
rn - 17 n - s — 2 2.3.
U770(I) U771((L’) (n—}-l)(n—T—Q) n—r> ( 35)
2[(1+7)* {n(l+22) + 22} 1 2_q
Upo(z) = (147" {n(l+22) + 22} + z {n(1 + 2) + 2} (n )] (2.3.6)

(n+1)2(n—r—2)(n—1r—23)
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and

(n— 1 —m— DU (&) = (m 47 + 1) (1 - o 2:1:) Upnmlz) (237

n —+

+x (1 — ni : ) (U, (@) + 2mU, -1 ()] -

Further, for all x € [0,00)

U (@) = O (n—[(mf?”]) . (2.3.8)

Proof. We can easily obtain (2.3.5)) and (2.3.6|) by using the definition of 7, ,,,(x). For
the proof of (2.3.7)), we proceed as follows. First

1 , IANS 1 /
v (1 -+ x) Uppm(@) = (=1 = 1) (1 + g) 2@ (1 a1l f”)pn%k(*’”)

k=0

. / Pn—rpr (D) (t — x)"dt — ma (1 — + x) Urnm—1(2).
0

Now, using inequality (2.3.4]) two times, then we get

v (1— L ) (UL ) + 1Ur -1 ()]
= (1+%> (n—r—1) prk {nrfl (n+ 1)z }/Ooopn_,,m(t)(t—x)mdt

_ (1+1> (=1 =1 psle /OOO[ nk+r) (n—r)t]pn_r,k+r(t>(t—x)mdt

— n+1
< x) Urn m Tl - 7,)U’r,n,m%»l (l’)
1
= -7 ( ) Urnn(z) + (0 — 1) Up 1 () + (14—5) (n—r—1)

)(t—x)+(t—a:)2+a:<1—n_1i_1+x)]

ipn-i-r,k(aj) ; [(1 -

k=0

Doy oy (8) (£ — )"t
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1 1
—r (1 T + 235) Urnm(x) + (0 —1)Uppmsr1(z) — (1 o1 + 235)

(m+ DU pm(z) — (m+2)Us g1 (z) — @ (1 — + x) mUy pm—1(2).

n +

This leads to (2.3.7)). The proof of (2.3.8) easily follows from (2.3.5]) and (2.3.7).

Corollary 2.3.4. When r =0, we conclude from Lemma

n(l+2zx)+ 2z

Unolz) =1, Una(@) = (n+1)(n—2)’

> 2 (2.3.9)

2 [{n(1 +22) + 22} + 2 {n(1 +z) + 2} (n® — 1)]
(n+1)%(n —2)(n — 3) ’

Upa(z) = (2.3.10)

Further, for all x € [0, 00)
Upm(z) = O (n—[(m%”]) . (2.3.11)

Corollary 2.3.5. Let ¢;(x) = 2%, i = 0,1,2, then for x € [0,00) and n € N, we have

(1) (Lneo) (x) = 1,

(i1) (Loey) (x) = nlmer

n(n+1)322+4n2(1+n)z+2n2
(171) (Lpes) () = ( +(73+1)j(n,§)(2,)3)+

Lemma 2.3.6. Let f be r times differentiable on [0,00) such that fO=1 = O (t%),

for some a > 0 ast — oo then forr=1,2,3,... and n > o+ r, we have

(17) () = = DS S s0) [ s (07
(2.3.12)

Proof. We have by Leibniz theorem

oo () (P () it

=0 k=1 2
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k—1 0o
(1 _ Lx_i_ x)n-i-k—l—r—i'/o Pnik(t)f(t)dt
n+1
— 1) 1 r4+1 oo

Again applying Leibniz theorem

psz)rk—&-r(t) = Z (n hi 1>T(n(7z;i);)| (_1)Z r pn,kJri(t)

- n
=0

(Lgf)f) (x) = (ntr=Din=-r- 1 (nt1) an-i-rk / —1) pff)rk+r(t)f(t)dt-

nl(n —

Further integrating by parts r times, we get the required result. O]

Lemma 2.3.7. Let e;(x) = 2', i = 0,1,2 then for each x > 0, we have
(i) (Loco) (2) = 1.
() <in61> (x) = z,

. A (n+1)(n—2)[(n+1)2 (n—2)2?+2na(n—1)] —n?(n—1)
D) <Ln€2> (z) = n(n+1)2(n—2)(n—3)

Lemma 2.3.8. Forz € [0,00), n € N and ¢,(t) =t — x, we have
() (Logs) (@) =0,

.. s g . (n—l)[2(n+1)(n—2)x{(n+1)a}+n}—n2]
(ZZ) <Lngpm> (:U) - n(n+l)2(n72)(n—3) )

(i) <£n¢;n> (2) =0 <n_[mTH]> ,
Operator preserves the linear functions, i. e., for h(t) = ct+d, where ¢, d any real

constants, we get (ﬁnh> (x) = h(z).

2.3.3 Main Results

Let f € Cg[0,00) be the space of all real valued continuous bounded functions on

[0,00), equipped with the norm || f|| = sup |f(¢)|. The Peetre’s K—functional is
z€[0,00)

defined by ([0.2.2) where W, = {g € Cg[0,00)}. From [42], there exists a positive
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constant C such that
K(f,8) < Cw (f, \/S> . (2.3.13)

Theorem 2.3.9. If a function f is such that its first and second order derivatives

are bounded in [0,00), then

lim (n + 1) {(L.f) () — f(x)} = f'(x)(1 +22) + (1 + x) f"(2). (2.3.14)

n—roo
Proof. Using Taylor’s theorem we write that

(t — x)z 1"
) +

f(t) = fz) = (¢t — ) f'(x) +

where 7(t, z) is a bounded function V¢, z and limn(t,z) = 0.

t—zx

Now applying (2.3.2) and (2.3.15)), we get
f//(x)

(Lnf) @) = (&) = /@) (Lalt = 2)) (@) + 57 (Lot = 2)?) (&) + D
where
h = 5 (Lalt = 00(t,2)) (0)

Using (2.3.9) and ([2.3.10)), we get

(Laf) () = 1) = @) Unae) + L0, 0 1,

o n(l+ 2x) + 2z
IO\ -5
{n(1+22) + 22} + 2 {n(1 +2) + 2} (n® — 1)]
(n+1)%2(n—2)(n—3)

= (n+ D{(Luf) (@) — f(@)} = f'(2) {n(l T M}

{n(1 +22) + 22} + 2 {n(1 +2) + 2} (n? — 1)]
(n+1)(n—2)(n—3)
+(n+ ).

+ﬂ@ﬂ + 14

ey
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Now, we have to show that as n — oo, the value of (n+1)I; — 0. Let € > 0 be
given since n(t,z) — oo as t — 0, then there exists 6 > 0 such that when [t — x| < ¢
we have |n(t,z)| < € and when [t — z| > J, we write

(t—o)

(e, )] < M < M

Thus, for all ¢,z € [0, 00)

Using (2.3.9) and ([2.3.11])), we see that,

(n+ 1)1 -0 as n — oc.

This leads to ([2.3.14)). [

Remark 2.3.10. Under the same conditions of Theorem we have

n—o0

1mmn+n{(zj)@y—ﬂ@}:xu+xﬁ%@. (2.3.16)
Theorem 2.3.11. If g € C%[0,00) then we have
[(Lng) (x) — g(x)] < An() lgllc (2.3.17)

where
~n(l+2z)+ 22

M) = i Dm—2)

Proof. We write that

(1) — 9(x) = (t —2)g/(x) + 5t — 290 (2.3.18)



48

where t < ¢ < z. Now applying (2.3.2) on ([2.3.18)

|(Lng) () = g(@)] < g'[| |Ln(t — 2)(2)] + % 9" | La(t — 2)*(2)]
n(l+2x) + 2z
~ (n+1)(n—-2)
N [{n(1+2z) + 20} + x{n(l +x) 4z} (n® — 1)]
(it 1200 — 2)(n— )

< An(@) {9l + 9”1} < An(@) [lgllcs, -

gl

//||

g

Remark 2.3.12. We may note here that under the conditions of Theorem|2.3.11|, we

obtain
(Lug) (@) = g(@)] < Xi(@) llglles (2:3.19)

where
(n—112n+1)(n—-2)x{(n+1)x+n}— nQ]‘
n(n+1)*(n—2)(n —3)

Theorem 2.3.13. For f € Cp|0,00), we obtain

[(Lnf) () — fz)] < A {w2 (f, A;(x)> + min (1, A"Q(“T)) HchB} ,(2.3.20)

A() =

where constant A depends on f and \,(x).

Proof. For f € Cp[0,00) and g € C% [0, 00) we write
(L f) (x) = f(2) = (Lnf) (x) = (Lng) (x) + (Lng) () — g(x) + g(x) — f(2).
By using and Peetre’s Ksy-functional , we get

(Lo f) () = f(@)] = [(Lnf) (2) = (Lng) ()| + [(Lng) () = g(2)| + |g(z) = f ()]
S NLn L = gl + An(@) lgllcg, + 11 = gll
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<2|f =gl + An2) l9ll e

<2{f— ol + 30 laley |
< ZK{f;%An(x)}
<24 (5 3VAE ) i (1200 W, |-

This completes the proof of the theorem. n

Remark 2.3.14. In the proof of Theorem if we use Lemma then we

get following result for the operators

’@w)@%#@ﬂsm{w<ﬁ f“ﬁ+«m(L&fﬁum%},@am>

where constant Ay depends on f and X (z).







Chapter 3

Some Approximation Theorems
For Multivariate Bernstein

Operators

3.1 Introduction

The Bernstein polynomials are given by . Some approximation properties of
multivariate Bernstein operators were studied by several researchers see ( [27], [206], [44],
[46], [122] and [139]). Guo [64] and Li [95] studied two-dimensional Baskakov opera-
tors and Szasz—Durrmeyer operators respectively and gave some interesting results. It
may be observed that bivariate Bernstein operators play an important role in theory

of approximation.

In [24], P.L. Butzer also introduced two dimensional Bernstein polynomials
L, (f,2,y) on the square O := {(z,y) : 0 < z,y < 1} and defined for f : [0,1] x

[0,1] = R, as follows:

Lu(Fr.9) = 32 3 baslnao) (5.} (o) € 0,11 0.1,

n -m

D.D. Stancu [122] defined another bivariate Bernstein operators on the triangle
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AN =S ={(x,y) :x+y < 1,0 < z,y <1} for the functions f : S — R. More

precisely, in [122] there is considered G, (f,x,y) with

o(fo2y) = Zji( )( ) oy (1 — 2 — ) lf(fj i)
= :O ;bmk’l(x,y)f <§ %) . (z,y) €S, (3.1.1)

If II,, denotes the linear space of all real polynomials of degree < n, the one-

dimensional Bernstein-Durrmeyer operators B,, : C[0, 1] — II,, are given by
Bu(fa) = (n+ 1) busa) / b f(D)dt, @ € [0,1] and f € C[0,1].
k=0 0

In 1992, Zhou [138] defined the two-dimensional Bernstein-Durrmeyer operators

Qn:f—=Quf,- ), feC(S), as

n n—k

1-t
Qn(fiz,y) = (n+1)(n+2) ankla:y// bugi(s,t)f(s,t)ds dt, (3.1.2)
=0 I=

and studied its rate of approximation by means of K-functionals and smoothness of

functions.

Very recently, Deo et al. [39] has given another modification of Bernstein oper-
ators B, and studied Voronovskaya type asymptotic formula as well as error esti-
mate in terms of modulus of continuity in simultaneous approximation by the linear
combinations of these operators. In [33, 32], author has also studied direct result
and Voronovskaya type asymptotic formula for the exponential-type operators in si-
multaneous approximation. Now in this chapter, we study some direct results for
two dimensional Bernstein operators G, (f,x,y) by using the multivariate decompo-
sition skills and in the second part we give equivalent theorems for two dimensional

Bernstein-Durrmeyer operators in C'(.5).
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3.2 Auxiliary Results

First we need some results for one-dimensional Bernstein operators, definitions and

some notational convention, which are necessary to prove the main result.

CapeaRL) ={f: f € C(RY), wf € Loo(R})},

Coned®L) ={f : [ € Capea(®RL), f(x,0) = f(0,y) = 0}

== (25) (1-75)

where 0 < a, ¢ < 1; b,d <0; w(z)=2z*(1—z)"and the norm |.||_ is defined as

[flle = sup |f(z,y)l.

2
($,y)€R+

Also the weighted norm is given by

/1l = sup {lwz,y)f(z, y)| + [f(,0)] + |F(0, )]} -

2
(:E,y)GRJr

For 0 < A < 1, we define the Peetre’s K —functional as

Ky (1) = mf{llf = gll,, +t2(9)},

where

D={g:9€CRY), ®(g) <00, gu, gy € AL},

and with ¢*(z) = 2(1 — z),

®(g) = maz{||¢* gue ||,

19 9uul.» N19* 9z, }-

Throughout this chapter we consider C' as a positive constant, but it is not necessarily

the same in each occurrence.
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Lemma 3.2.1. For the bivariate operators G, (f,z,y), we have

n—~k
n(f57,y) ank 2) Y bkl (ﬁ) f (%%) : (3.2.2a)
=0
n—l
fwxy anm )an—l,k(
k=0

x k1
—— . 3.2.2b
(5 (3:2.2b)
Proof. We have

n n—=k

k=0 1=0

=Yt Z(n7k)<1—y;>nk(1‘$‘ 0 ()

() (5)

k=0

Similarly, we can prove (3.2.2b).

Remark 3.2.2. By properties of one dimensional Bernstein operators, we have

n—k n—I
Y T
ZEZO br—k. <1 = x) =1 and ,;:0 bn—l,k(l — y) =1, where x,y €[0,1).

Lemma 3.2.3. [138] Suppose n € N and (z,y) € R3. Then it is easily verified from

previous lemma that

(i) Gu(l,2,y) =1,
(i1) Gu(s,2,y) ==, for f(s,t) =s,
(iid) Go(t,z,y) =y, for f(s,t) =t,
(iv) Gul(s —2)%z,y) = 22,
(v) Gul(t —y)?2,y) = L2,
(vi) G (8% 2,y) = a2 + “=2),
(vid) Gy (2, 2,y) = y* + L9
(viii) Gy (st x,y) = (1 — 1) ay,
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(i) Gn((s —z)(t —y),z,y) = T+
Remark 3.2.4. By Lemma|3.2.5 and using Holder’s inequality, we have

Gu(ls — 2|, 2,y) = O(g(x)n"/?)
and

Gullt = yl.2,y) = O((y)n~'/?).
Lemma 3.2.5. (i) If (z,y) € [2,1— 1] x[0,1], then
Gul(s — 2)*,2,y) < Cn/($(2))™.
(i1) If (z,y) € 0,1] x [£,1— 1], then
Gal(t = )", 2,y) < Cn'(6(y))*.

Proof. By using the properties of one dimensional Bernstein operators and (3.2.1]),

we have
n k 21 n—k
Gu((s — 2)*, 2,y) = Z (E - x) by 1o () an—kl (T)
k=0 1=0
n L 21 l .
= — =) bui(z) < Cn'(o())
=0 \"
The proof of (ii) is similar, we omit the details. O

Lemma 3.2.6. For 0 < X\ < 1, ¢*(u) = u(l —u), u € [0,1], t € [0,1], we get

[1=slo2 e

<Ct—u) (¢ Mu) +uM1—u)). (3.2.5)

Proof. Suppose z =t + p(u —t), 0 < p <1, then

Lt — 2| 1 1
S/x Ea T

[1i-sd62 e
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< St =P (0P W) 1 -0
This completes the proof of the theorem. n
Lemma 3.2.7.
n n—=k U}(.I )
bnkl(x7y) k1 SC (32 6)
k=1 =1 w ()
Proof. By [137], we have
- w(a) w(z) \2
by k() < C and bn’k(x,y)( ) <C
2 el gy = Cond 2 beslen (g

Zzbnklmy ank % 1 b kl(1_$) (L) <C.

k=1 i=1
Lemma 3.2.8. If f € C7,  ,(R%), then

1G (D]l < 1£]]- (3.2.7)

Proof. By (BZ1) and (3:27). we get
35 Y Zzbnkl z ?J

k=1 l=1

< sl D st (5)) S (722)

=1

-
I|<a

8

~

< Cllwfll,

§| ‘
=
~—

This completes the proof. n
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Lemma 3.2.9. For Q,(f,z,y) given by and for f(s,t) = s,t,1 —s—t, we

have

n<87x7y> = 17;?;?

Q
Q
Qnlt, z,y) = L2,
Q
Q@

) _ n(n—1)22+4nz+2

(n+3)(n+4)
(vi) Qn (st z,y) = ”(”_(Qig;r(zf;y)ﬂ’
(vit) Q, ((s — )% z,y) = 2[(6*213((:;3:%1]7
(viti) Qu (£ — )y, y) = ],
(iz) Qn(l—s—t,z,y) = m—f_gfm7

n(n—1)(x 2_on(n+1)(z n2 43012
() Q1 s~ ) = Mol it

Lemma 3.2.10. If %, g—g, %, giyéc and aa;gy exists, then we have

n n—k
() ZQulfoxy) = 3 % (£ - L) Flay),

R LN el PR k(n—k—1 n—k—1)(n—k—I—1
(i) Z2Qn(fmy) = 3 % |Mg0 — ookl o (okebOob bl |y y),

k=0 1=0
2 LNl T ln—k—1 n—k—1)(n—k—I—1
() gzQn(fiwy) = 2 ZZO[<y2>—2y§1_$_y>)+< At 0] F(a,y),
n n—~k
52 _ Ik ko, 1) (n—k—l) | (n—k—0)(n—k—1-1)
) glm@nlfmy) = X 5 [& = (£+}) 555 + SR Floy)
where

Fla,y) = (n + 1)(n + 2)bo pa(, ) /0 /0 b5, ) f (s, t)ds dt.

Result of the Lemma is obvious, we omit the details.

Definition 3.2.1. The subspace G of C(S) is the collection of f € C(S) for which
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the seminorm

o) = max

82 82 82

is bounded, where f is locally twice differentiable in the interior of S and that f, %
and are locally absolutely continuous for both the variables.

Deﬁnltlon 3.2.2. The interpolation space (C,G)g is the collection of all f € C(S)
for which H(f,t) < L(f)t° for all t < to, where H(f,t) = inf,eq (|| f — gl + to(9)) .
Lemma 3.2.11. Let f(x,y) € C?*(S) such that

then we get |Qu(f, 3, 9) — F(z,9)| < Cr[o(1=2)+y(1—y)], where || means ||, -
Lemma 3.2.12. If f € C(5), then ¢ (Q. (f)) < L, || f]| -

Lemma 3.2.13. For f € C(S), f € C? locally in interior of S and f € G, we have
O (Qn () < L|o(f)l, where L is a constant independent of f and n.

0 f
Ox2

o*f
— | <
3y <C an ‘

0 f
0xdy

af

ox

<C

lal =5

<c,

H<C

3.3 Main Theorem
Theorem 3.3.1. If f € C, . ,(R3), 0 < X <1 then

w(z, y)|Galf, 2. y) — flz,9)] < CEKopn(f,n H(* TV (2) + 6° TV (y))),  (3.3.1)

where C' is positive constant independent from n,x,y.

Proof. Initially

Gy ((s—2)*(1—s)Nm,y) <Cn'¢?(2)(1—z) ™, (3.3.2)

Gp ((t—2)*(1 =) N a,y) <Cn 6% (y)(1 —y) 7, (3.3.3)
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N[>

A

(t=y)(1 =03 2,y) < Cn(@)oly) (1 — 2)°

2 2
2 2

(1—y) 2.
(3.3.4)

G, ((s —2)(1—8)"
Using Holder inequality, Schwartz’s inequality, (3.2.1) and (3.2.5)), for (x,y) € I, =
[%,1—%) [11— ) we get,

Go((s —2)'(1—s)Nay) <

Now for (z,y) € IS, we get

G ((s = 2)*(1 = 5) N a,y) < (Guls — @)% 2,y) =n7'¢%(2) = n~'¢%(2)

< Cn ' (x)(1 —a) N

Similarly we can prove and -

Now again using Lemma Lemma and (3.2.5)), (3.3.1)), (3.3.2)), (3.3.3)
and applying the Taylor’s formula as well as Hardy-Littlewood majorant, for g € D,

we obtain

w(z,y)|Galy, z,y) — g(z,y)|

Gn(/:<3_77) dnazE y) Gn(/yt(t_£>wd£7 7y>
Gn</s<s—n>/t<t—£> o 5)dndf,:cy>

C[ngbz’\gmHoogb_”‘(x)Gn((s — 22 3,y) + 272G ((s — 2)2(1 — 5) 7 2, y)
+ JwdP gy || oM W)Ga ((E = )2 2, y) + 272G ((E—y)*(1 = 5) 7, 2,y)
+ || we™ gy || @M @) y) G ((s — 2)(t — 1), z,y)
+ 2 G((t— )21 — 1), y)]

< w(z,y) +w(z,y)

+w(z,y)
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< Cn H(@* TN (@) + ¢* TV (y) + ¢ M@)o M (y)) (g)
< Cn NV (@) + ¢V () @(g). (3.3.5)

Thus, from (3.2.7) and ,for g€ Dand f € CY, . 4(R%) we have

w(z, y)|Gulf, 2, y) = flz,9)| < Jw(z,y)Gn((f —9), 2,9)| +wlz,y)|f(z,y) — g(z,y)|
+w(z,y)|Galg, 2, y) — g(z,9)|
< C.Ky g (f,n NV (2) + 0"V ().

This completes the proof. n

Theorem 3.3.2. For f € C(S), which is twice continuously differentiable in the
interior of S, then we have |Q, (f,x,y) — f(z,y)] < Cn " (1+ ¢(f)), where C is

independent of n.

Proof. Using Taylor’s formula
F5.0) = fa) + (5 = 0)5 1) + (= 9) - Flaw
+(s— ) /1u88—22f(s—|—u(x—s) t o u(y — 1))du
+(t—y) /0 ua—ny(8+u(x — )t uly — 1))du

+ (s —2)(t -y

u@x&y (s +u(x —s),t+u(y —t))du,

2 18—2 S u\xr — s u u 332 1L(f)u
(5= [ ugfls-+uta st + uly = O)du < (s —2) w+Mm—@W

o) [ S ae <ol oo

T

as for £ between x and s,

€] < |22 Similaaly,

(t—y)’ 0 uaa_;f(s+u(‘r—8)7t+u(y_t>)duSgb(f)(y;t)Q’
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and
(:v—s)(y—t)/ uaaayf(s+u(x—s),t+u(y—t))du
/ u(z — s)(y — t)du
s+ u(z — s)["2 |t +uly — t)"/*
V2 a2 712

<o | [ e | [0S

_ o) s~y — 1

< N :
We have

Qn(s - t,I,y)%f(l‘,y)‘ < 017
¢(f) o(f) 2[x(l —x)(n—06)+ (14 2z)]

0 1
_ < (.=
Qn(t y,x,y)ayf(x,y)‘ < an,

On (@ =5)%2.9) (l—2) = o(l—2) (n+3)(n+4)
o(f)  [22(1—=)(n—6) 1
S 202 [ (n+3)(n+4) ] < G ol):
Similarly
@ (0= 1P0) s < oo,
| — sl |y —¢| 6(f) | Qu((@—s)y) | Qu(ly—1)s5,y)
Q"< VY >¢<f) =7 { x y }
< s o),

then, we get

’Qn (f?xay) - f(%y)’ <Cn™" (1 +¢<f))7

where

of

C, = max( 2zl

{7

8y'> C = max (Cy, Cj) .

Theorem 3.3.3. If f € (C(S),G),,0 < B <1, then we have

1Qn(f 2, y) = f(z,y)]| < Cin™7. (3.3.6)
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Proof. For t = % and H (f l) < L(f)t?, we have g € G such that

‘n

If —gll +n " o(g) < 2L(f)n™"
or |If —gll <2L(f)n™" and ¢(g) < 2L(f)n' ",

then we have

1Qn (f,2,y) — [z, )] <|Qn (f —g,7,9) — f(z,y) + g(@,y)| + |Qn (9, 7,y) — g(x,y)]
<NQn(f =g,z + If =gl +n7"C (1 +o(f))
<2|f—gll+n"C (1 +o(f) <2L(f) (1 +C)n~P +COn".

This leads to ([3.3.6]). O

Now we will prove the inverse theorem.
Theorem 3.3.4. For f € C(S),0 < 8 < 2 and ||Q.(f,z,y) — f(x,y)|| < Cin~7,

then we have f € (C(5),G),.

Proof. Since Q,(f,z,y) belongs to C* locally in the interior of S, therefore

H(f,t) < |lf(2,y) — Qn(f, 2, 9)l| + 10 (Qn(f)) -

By Lemma|3.2.12| and Lemma [3.2.13] we get

to(Qn, f) = 1o (Qn(f — g) + Qnlg))
S 13 [¢ (Qn(f - g) + ¢ (Qn(g)))]
<t[Lo||f =gl + Lo(g)] < tnL [||f — gl + n'o(g)], g€@,

then we have

to(Qnf) <tnLH (f,n™"), H(f,t) <Cn?+tnLH (f,n'),



by Lorentz-Hermann Lemma, for ¢ € (0,1), we have
H(f,t)=0(n").

This completes the proof of the theorem.
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Chapter 4

Quantitative (Global Estimates for
Generalized Two Dimensional

Operators

4.1 Introduction

In [109], Ozarslan and Duman have introduced a different approach in order to get a
faster approximation without preserving the test functions for positive linear opera-
tors. In [105], Ozarslan and Aktuglu have calculated quantitative global estimates for
double Szasz-Mirakyan operators. Obtaining better error estimations in approxima-
tion to a function by a sequence of positive linear operators is an important problem
in the approximation theory. So far, some relating results have been presented for
Bernstein polynomials [91], Szdsz-Mirakyan operators [51], Szdsz-Mirakyan-Stancu
Durrmeyer operators [61], Meyer-Konig and Zeller operators [107] and Bernstein-
Chlodovsky operators [8] by preserving some test functions in the approximation.
Recently, Agratini [9] has applied similar idea to more general summation-type pos-
itive linear operators. In [109], without preserving the test functions, a different

approach in order to get a faster approximation have been introduced.

Let RT :=[0,00) and R} :=[0,b] with b > 0. Consider the function spaceF(R")
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defined by

T—00 T2

E(RT):= { feC(RY): lim 1’1@ is fz'm'te}

endowed with the norm

11, = sup L&

zeRT 1+ x?
However, for the bounded interval R, consider the function space C' (Rf{) and the

usual maximum norm ||| on R

Assume that a sequence {L,} of positive linear operators defined on E (RT) or

C (R;) satisfies the following conditions:
Ly (fo;x) =1, Ly, (f1;2) = anx + by, Ly (f2;2) = cpx® + dpz + €, (4.1.1)

where (a,), (bn), (¢n), (d,) and (e,) are sequences of non-negative real numbers satis-
fying the following conditions:
lim a, = lim ¢, =1(¢, #0), lim b, = lim d,, = lim ¢, = 0. (4.1.2)
n—oo n—oo n—oo n—oo n—o0
Many well-known approximation operators, such as Bernstein polynomials, Szasz-
Mirakyan operators, Bernstein-Kantorovich operators etc.,satisfy the conditions (4.1.1))

and (4.1.2). In this chapter, we construct positive linear operators {L,} as given

above.

Now consider the lattice homomorphism 7, : C (RT) — C (R;) defined by
T, (f) = f ’le for every f € C'(R™). In this case, from the classical Korovkin theorem
(see [94], p.14) that

lim Ty (L, (f)) =Ty (f) uniformly on R . (4.1.3)

n—oo

On the other hand, with the universal Korovkin-type property with respect to mono-

tone operators (see Theorem 4.1.4(vi) of [13], p.199) we have the following:

“Let X be a compact set and H be cofinal subspace of C'(X). If F is a Banach
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lattice, S : C'(X) — E is a lattice homomorphism and if { L, } is a sequence of positive

linear operators from C' (X) into F such that lim L, (k) = S (h) for all h € H, then
n—oo

lim L, (f) = f provided that f belongs to the Korovkin closure of H.”

n—oo

Hence, by using (4.1.3) and the above property, there is a result.
Theorem 4.1.1. [109] Let {L,} be a sequence of positive linear operators defined

on E(RY) (resp.C(R})) satisfying the conditions in and ({4{.1.9). Then, for
all f € E(R"Y) (resp. for all f € C(R})) , we have lim L, (f) = f uniformly on the
n—oo

interval R, with b > 0.

We have used following definitions in this chapter for global results of the multi-
dimensional operators.
Otto Szész [124] earlier considered this space of bivariate extension of Lipschitz-type

space, given as:

Lipy, ()

- {f € C([0,00) x [0,00)) : |f (1) — f (@) < M—I= Wy ooy e <o,oo>},

(It + -+ )™

where t = (¢,s) ,x = (z,y) and M is any positive constant and 0 < o < 1.
For all f € C'([0,00) x [0,00)), the modulus of f denoted by w (f;0) is defined as

w (f;9)
= Sup{|f(t,8) _.f(xvy” : \/(t_$>2+(8_y)2 < 57 (t,s),(:v,y) € [0,00) X [O’OO)}

4.2 Estimation for Generalized Double Baskakov

Operators

The Baskakov operator V,, (f;x) was introduced by V.A. Baskakov [18] given by
(0.3.3) , f € Cp[0,00),Cp[0,00) is the set of function which is bounded.

By now, a number of results about the operator have been obtained ( [4], [20], [31],
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[36], [45], [64]). In this section, we address the investigation for the multivariate
Baskakov operator defined as follows.

Let V¥ (f; x,y) are the following two variate Baskakov operators:

T (i) = §:vmk e (f<§,%), (4.2.1)

k,l=0

where 0 < k <n,0<1<n,f(x,y) € Cp|0,00;0,00).

Consider the classical Baskakov operators defined by (0.3.3]). Since

Vi (o) = LVa (fr:0) = 2, Vi (i) = (1 ! %) 2l

Following the similar arguments as used in [109], the best error estimation among all

the general double Baskakov operators can be obtained from the case by taking

1 1
anzl,bn:en:0,cn:1+—,dn:—
n n

for all n € N where (a,), (b,), (c,), (d,) and (e,) are sequences of non-negative real
numbers as defined above.
Now observe that

2000 —dp,  2nx —1
2¢,  2(n+1)

up () = € [0,00),

where u,, is a functional sequence, u,, : I — A, where A denotes R™ and assume that
I be subinterval of A.

So, u, (x) € R if and only if z > ﬁ and n > 1. Hence, choosing

1
I = |:§,OO> CR+

The best error estimation among all the general double Baskakov operators can be
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obtained from the case

2nr — 1 2ny — 1

2r 0 " 2y

n () = 2(n+1)

for all f € Cp ([0,00) x Cp[0,00)) and z,y € [L,00). Hence, (4.2.1) becomes

Vi (fiey) Ve (fiua (2) 00 (y)) (4.2.2)
:i n+k—1 n+l—1 f(%,%)
k,1=0 k l

(un (2))" (14w (@)™ (0 ()" (1 + 00 ()7,

f € Cp([0,00) x Cp [0, 00)) .

For the operators V.* (f; x,y), we have following Lemma:
Lemma 4.2.1. Let ¢ = (z,y),t = (¢,s);e;;(x) = 2'y’,i,7 = 0,1,2 and Y2 (t) =
|t — z||*. Then, for each z,y >0 and n > 1, we have
(i
(13 €10;%,Y) = Up(x),

) Vi (eoo; @, y) = 1,
) Vi (
(ii) Vo™ (eo1; 2, y) = va(y),
) Vi
) Vi (

(i €20+ €02 T, y) = (1+ 1) (u2 (z) + 02 (y)) + un(@)Fon(y)

n n

(v V2 (1)2,y) = (un (@) = 2)" 4 (0n (y) = 9)* 45 () (@) + 07 (9) + ta (2) + 0 (9))-

4.3 Global Results

Now, for the space Lip}, (o) with 0 < a < 1, we have the following approximation

result.

Theorem 4.3.1. For any f € Lipy, (o), € (0, 1], and for each z,y € (0,00),n € N,
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we have

Vs (fizy) — f(2,9)] (4.3.1)
M 2 o 1, ) )

< (= + y)a/z (un (2) — )" + (va (y) —y)" + - (un () + v, (y) + up () + v, (y))} .

Proof. Let o = 1. For each z,y € (0,00) and for f € Lip}, (1), we have

Vor (frayy) = f @yl S V(P (8 s) = f (2 y)] 5 2,m)

t_
SMVJ*< It~ <l 1/2;:6,?/)
([t + 2 +y)

M *x

(x+y) "~

Applying Cauchy-Schwarz inequality, we get

Vi i) = T )] € — oV R 0)
(z +y)

M 1
=\ (un (@) = 2)* 4 (vn () = 9)" + = (W2 (2) + 02 () + un (2) + 00 (1))
(z +y) "
Now, let 0 < o < 1. Then for each z,y € (0,00) and for f € Lip}, ( alpha), we

obtain

Vo (Fey) = Fe,y)l <V (@ s) = f )]s, y)

t— (03
SMVJ*< It = <] a/2;$ay>
(It + 2 +y)

M Hok «a
y)

(x +

For Holder inequality with p = % and ¢ = ﬁ, for any f € Lip}, (), we have

v 1L o L < —— Vn T t);x,
Vi i) = ()] € e [V (12 0)50.0)]

%
- # (un (2) = 2)" + (va (y) = 9)" + % (s (@) + 7 (y) + un () + 0 (y))
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which is the required result. O]

Lemma 4.3.2. For each x,y > 0,

Ve <\/(\/E—\/E)2+(f—¢§)2;x,y> (4.3.2)
1 o wR(x)tu,(x) 1 2, Un(y) +va(y)
gﬁ\/wn(:c)—:c) + - +ﬁ\/(vn(y>—y) L —

Proof. We have ¢+ d < v/c + Vd (¢, d > 0), therefore
‘W(Wﬁ—ﬁ) f—f‘xﬁ
Z(n—l—/{:l)(ﬂ—i—ll)d(\/’ \/z_\/g)z

k,l=0

(tn () (1t ()7 (0 () (14 00 ()70

<k°°0(n+:1) \/%_\/5
°° (n+11)\/’

= ) (1+up ()"
kz;( k )\/>—|—\/_

+§: n+l—1 |L_y‘ 1+Un(y))*(”+l)
d S

k

— =

(un ()" (1 + 1y ()~

(n+1)

L+ on (y))

(t ()" (1 + 11y ()~
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Using the Cauchy-Schwarz inequality,

i <\/(‘/%_ Va) (Vs - \/§)2;$7y>
Ji ( T ) (%) 0 o)

s [ n+l1-1 1l 21} . . ()
+@JZ( | )(n ) (o0 )00 (),

Using Lemma( [4.2.1)),

yoo <\/<\/g_ \/§>2 + (Vs — \/??)253?’9)

1 o Ul (x)+u,(r) 1 2 V2 (y) 4 vn (y)
gﬁ\/(un(:ﬁ)—@ + - +ﬁ\/(vn(y)—y) +t—

which is the desired result.

Theorem 4.3.3. Let g (x,y) = f (2%, y?). Then we have for each z,y > 0,

Vo (fiz,y) — f (2, 9)] < 2w (g5 00 (2,9))

where 6, (z,y) = \/%;\/(un () — o) + Mkt 4 L \/ (on ( | B,

Proof. We have

Voo (fizy) = foy)| SV (#s) = fy)]sa,y)
=V ( g (\/5\/§> —g(\/i,\/@)‘ wy)

<V (w (g; Vi =2+ (s y)Q) sw)
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( J(i-va) + (- 1)

v (V= VA (- v )

i (T i) o).

Now, we have

w(f;A0) < (L+A)w(f;6).

Therefore,

IVJ*(f;x,y)—f(%y)Kw( <\/(\/Z \/5>2+ ))

Xz(n—l—k‘ 1)(n+l 1) . \/( k- __\/—)
,1=0 Ve (\/( G ) )
(tn (2))* (1 + wn (2))" " (0, (1)) (1 + v ()"

< 2w (g;Vn** <\/<\/¥—\/5)2+(\/§—\/§) xy))

Now, using Lemma( 4.3.2)), completes the proof. O

Theorem 4.3.4. Let g (x,y) = f (2% y?). Let

g € Lipy (@) :={g € Cp([0,00) x [0,00)) : [g () — g (x)| < M|t —z[|";t, 552,y € (0,00)},
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where t = (t,s),x = (z,y) and M is any positive constant and 0 < a < 1.
Then,

Vo (fizy) = f(z,y)] < Méy (z,y), (4.3.3)
where 6, (z,y) is the same as in Theorem ([4.3.9).

Proof. We have

Voo (frxyy) — [,y S V5 (1f(Gs) — fla,y)]2,y)
=V (‘g (\/i \/5) — 9 (Vz, ) ;x,y>

< MV (((\/5— \/5>2 + (Vs — \/§)2>%;x,y>

E() () (0 )

(t ()" (1 + 1 ()77 (0, (9))' (1 + 05 ().

For Holder inequality with p = % and g = ﬁ, we have

Voo (fizy) = foy)| < M

e <\/(ﬂ— Va) + (v @)2;x,y>r.

By using Lemma( |4.3.2)), completes the proof. O



Chapter 5

Direct and Inverse Theorems for

Beta Durrmeyer Operators

5.1 Introduction and Definitions

Gupta and Ahmad [69] defined the Beta operators as:

Fulfor) = =3 uslo)f (nil) v € [0,00)

where
_ (n+ k) a*
Ck!l(n = D! (1 4 a)nthl?

lmk(ﬁ)

and Durrmeyer variant

I050) = 3 tale) [ tas0de = [ W0 s,

of these operators is studied by Deo [32].

(5.1.1)

(5.1.2)

The norm || e ||, on the space C,, [0,00) denotes the class of continuous functions

on [0, 00) satisfying growth condition |f(t)| < Mt*, M >0, a > 0 with the norm

1/l = sw [FB)]e

5
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To improve the saturation order O(n~') for the operator (5.1.2)), we use the
technique of linear combination as described by May [99] for a sequence of positive
linear operators. We consider the linear combination of the operators (5.1.2)) as

described below:
The linear combination .J, (f, (do,d1,ds, ..., dy) ,x) of Jon(f,z), j = 0,1,2,....k
are defined by

k

T (f, (do, dy, da, ...ody) ,z) =Y C(j, k) Jau(f. 2),

J=0

where dy, dy,ds, ..., d; are arbitrary but fixed distinct positive integers and

k
C(j,k):Hdlcﬁd' for k#0 & C(0,0) = 1.
i=0 J ?

i

In this chapter we obtain direct theorem in terms of higher order modulus of conti-
nuity in simultaneous approximation with the help of properties of Steklov means and
in the last section of this chapter we give inverse theorem for these linear combination

of the operators J, in ordinary approximation.

5.2 Preliminary Results

In order to prove the Theorem, we shall require the following results:

Lemma 5.2.1. [31] Let m € N° (the set of mnonnegative integers) and the m—th
moment for the operators be defined by:

Upom() = i (nil - m)mlmk(x),

k=0

then
(1 4+ Dlnsr(@) = 2 (1 4+ ) [Uf (1) + mUpms (@)] (22 0).

Consequently
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(1) Unm(z) is a polynomial in x of degree < m,

(ii) Unm(z) = O (n~1"FD72)) where [8] denotes the integer part of 3.
Lemma 5.2.2. [39] Let m € N°, we define the function T,, () as:

Tn,m(@ =

D) [ pucrser )t - 2t

then T o(x) =1, T, 1(z) = (+22)(A4r) 007

n—r—1

(n—m—r—1)T,m1(x) =21 +2)[T),.(2) + 2mT, 1 (2)
+ (14 22)(r + m + 1)1, ()]

Further, for all x € [0, 00)
Tom(z) =0 (n—[(m+1)/2}) )

Lemma 5.2.3. [32] If f is r times (r = 1,2,3,...) differentiable on [0,00) such that
f=1 s absolutely continuous with fU=V(t) = O(t*) for some o > 0 as t — oo and

n > a+r, then we have

(n—r—=1ln+r—1)!
B n!(n —1)!

anw ) [ s 050 (52,0

Lemma 5.2.4. [96] There exist polynomials g; j(x) independent of n and k such that

r

{z(1+2)}" dir k()] = Z (n 4+ 1)k — (n+ Dl gij(@)l(2).

Lemma 5.2.5. Let f € C, [0,00), if f**7+2) exists at a point v € (0,00), then

2k+r+2

Tim " {0 (f, (doy dy, da, oy di) s 2) = fO(2)} = ) QUik,r2) fO(a),

where Q(i, k,r,x) are certain polynomial in x of degree i.

The proof of Lemma follows along the lines of [72].
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Lemma 5.2.6. Let § and v be any two positive numbers and [a,b] C [0,00). Then,

for any m > 0 there exists a constant M,, such that

/ W, (t, 2)t"dt
‘t—x‘ >6

< M,,n ™.

Cla,b]

The proof of this result follows easily by using Schwarz inequality and Lemma 2.7

from [11].

5.3 Direct Theorem

In this section we study direct result in terms of higher order modulus of continuity

in simultaneous approximation for the operators (5.1.2]).
Theorem 5.3.1. Let f) € C,[0,00) and 0 < a < a; < by < b < co. Then for all n

sufficiently large, we have

HJT(LT) (fa (d07 dl; d27 Ly} dk) ) .) - f(T)HC[alvbl]

S MCLZ‘ {Olw2k+2(f(r); n_1/27 a, b) + C2n_(k+1) HfHa} )

where Cy = Cy(k,r) and Cy = Cy(k,r, f).

Proof. Using linearity property

| TS (f, (do, di, da, ....dy) , @) — f<r>||c[a1’bl]
<|[ID((f = forvom) - (do, dy, do, ... d) @) ||C[a1,b1]
+ | I (forsam, (do, dy, do, ..., di) @) — f2(£)+2,T]HC[a1,b1]
1157 = £l

= Fy + By + Bs.
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Since, féglgm(t) = (f(r))2k+2,n (t), by property (iii) of Steklov mean, we obtain
By < Chwapa(f7),m,a,b).

By Lemma [5.2.5] we get

2k+r+2 )
Ey < Cyn~ D Z HfZ(i)JrZ,nHC[a,b]'

j=r

Using the interpolation property due to Goldberg and Meir [60] for each j = r,r +

Cla,b] } .

1,....2k +r + 2, we get

Now using properties (ii) and (iv) of Steklov mean, we obtain

(2k+7+2)
f2k;+2,7]

fz(i?+2,n Clasb] =G {HfzkaHC[mb] " ‘

By < Con™ WL+ D (10, )
To estimate Ej, choosing a',b such that
O<a<ad <a <b <l <b< .

Also let ¢(t) be the characteristic function of the interval [a’,b'], then

Ey < HJ7’(LT) (¢(t> (f(t) - f2k:+2,77(t)) (dOv dlv an ) dk) ) .) HC[al,bl}
+ H‘]gﬂ) ((1 - @D(t)) (f(t) - f2k:+2,77(t)) (dOv dlv d27 s dk) ) .) Hc[a17b1}
= E4 + Eg,.

We note that in order to estimate E4 and FEjs, it is sufficient to consider their

expressions without the linear combination. It is clear that by Lemma [5.2.3] we
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obtain

T () (f() = forson(t)) @)
_ (n—r—1ln+r—-1)

nl(n —1)! Zp””k / Pr—ri+r ()Y (1) (fm (t) — f2(£)+2n(t)> dt.

Hence

I @) (F@) = Forzn(®) ) gy < Ol = Laidhagll oy

Now for x € [ay,b1] and t € [0,00) / [a/, bl} we can choose an 7, satisfying }t—x‘ > .

Therefore by Lemma [5.2.4] and Schwarz inequality, we obtain

I=|JD((1=0(1) (f(t) = farron(t),2) |

R ‘Zlnk = G+ Dl [ ale) (1= 6(0) £0) = farsal®)

2i+4j<r
i,5>0
< Collfll, Y 11§2%k — (n+ 1)z Lo (t)dt
2ZJ;J><OT ‘t—x|2771

00 1/2
<C6’f” —_— Z i lzl”k —(n+1x | (/0 ln’k(t)dt)

2i+3<r
1,720

0 1/2
< Colflln™ > ”i(%,;ln,k(x)(k —(n+ 1)1:)23')

2i4j<r
,j>0

(%§2mk@{4whﬂw@—xfmgu?

Hence by Lemma and Lemma [5.2.2] we have

1< C7HfHaZn(i+%fs) < C7n7quHa>

where ¢ = (s —7/2). Now choose s > 0 such that ¢ > k+ 1, then I < C'7n_(k+1)HfHa.

|dt
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So by property (iii) of Steklov mean, we have

El < CB”f(T) - f2(12i-2,77||0[a/,b’] + C7n7(k+1)||fH

< Cowapia(f7,m,a,b) + Cﬂf(kﬂ)”f“a'

«

—-1/2

Hence with 7 = n="/#, the theorem follows. O]

5.4 Inverse Theorem

In this section we shall prove the following inverse result.
Theorem 5.4.1. If0 < a < 2, 0 < a1 < as < by < by < o0 and suppose f €
Cy [0,00), then in the following statements (i) = (i7)
(i) || Jn(f, (do, dy, da, ..., di) @) — fHC[al,bl] = O (n=®D/2) " where f € Cyla, bl
(19) f € Lip(a, k + 1,a9,by),

where Lip*(a, ag, by) denotes the Zygmund class satisfying wa(f,n, az,bs) < Mn®.

Proof. Let us choose points a’,a”, b, b"” in such a way that a; < d’ < d” < ay < by <
b" < b < by. Also suppose g € C§° with supp g C (a”,b”) and g(x) = 1 on the interval

x € |ag, by]. To prove the assertion, it is sufficient to show that

| Jn(fg, (do, di,da, ..., dy;) , @) — (fg)HC[a/’b/] = O (n~ ") = (ii). (5.4.1)
Using F in place of fg for all the values of h > 0, we get

[AT 2Ry < NATHE = Ju(F (do, du, da, ... i) )|

uaNa
b

+ || A2 T (F, (do, dy, da, ..., di) ,.)Hc[a,,b,, (5.4.2)

.
Therefore, by definition of A2,

||A?Lk+2t]n (F7 (dO; dla d27 ) dk) 7.) HC[a",b"]
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2k+-2

do, dl, dg, vy dk> , ® + Z xi>dl’1...dﬂﬁ2]€+2
=1

C[a//’bl/}

< h%*zHJfk”) (£, (do, d1, da, ..., di) , @) HC[a“ b+ (2k-+2)h]

< h%”{ [ 252 (F = Fyonva, (doy i,y do, .oy dy) ) ety orsam

+ || S5 (Fy ok, (do, da,y dy, .., di) @) (5.4.3)

HC’[a”,b”—i—(2k+2)h] }’

where F), o+ is the Steklov mean of (2k + 2) — th order corresponding to F. By

Lemma 3 from [I1], we get

0o 82k+2
0 27,+J<2k+2
1,720

{lq(zlj—zfj)(}mywl”k( ) /O ) Ln,e(t)dt.

Since [l (t)dt = 1. By Lemma [5.2.1] we have

Zln,k(x)(k —(n+ 1)33)23' =(n+1)% Zl"”“(x) (n i .

— 1:> B =0(n?). (5.4.4)

Using Schwarz inequality, we obtain

“J,,(l2k+2) (F - Fn,?k‘—l—?; (d07 d17 d27 ceey dk) .) HC[Q”,I)”-}—(Qk‘-{—Q)h]

< K" F = Fon40]| clarpr. (54.5)

By Lemma 2 from [11], we get

/0 {@Wn(t,m)} (t—x)idt =0, for k> i. (5.4.6)

By Taylor’s expansion, we obtain

2k+1 (2)
F o io() k (t— $)2k+2
Fpoesa(t) = ) %(t )’ + F(22k122)(5)m: (5.4.7)
— ! !
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where t < ¢ < z. By (5.4.6) and (5.4.7)), we get

an-‘rQ
(do, dy, o, ... dy) )
Héh:?k“ Fyans, (do, dy, dy k)>e) Cla” b'+(2k+2)h]
‘C (j, k (2k+2) 9ht2 2k+2
oS SRl O L= P

Again applying Schwarz inequality for integration and summation and Lemma 3

from [I1], we obtain

IE/
0

< Y S V@)~ (ot af {Efj_’“ ;2;(}9212 /0 a0 — )

2i4+75<2k+2 k=0

82k+2
mWnOf, Jf) (t, $)2k+2dt
X

i,7>0
1/2
< Z (n + 1) ‘qm okt2(T Zl 1)x)2j /
- {z(1+=z }2k+2 ok

« {% g () /0 Tl — x)4k+4dt}l/2. (5.4.8)

Using Lemma 2 from [11]

%Z lnyk(l') / lnyk(t) (t — 1‘)4k+4dt = Tn,4k+4($) =0 (n_(2k+2)) . (549)
_ 0

Using ((5.4.4) and (5.4.9)) in ((5.4.8)), we obtain

1< Z (n+1) %0@3‘/?)0 (n—(k+1)) = 0(1).

2i4+7<2k+2
1,720

Hence

||Wrg2k+2) (Fn,2k+27 (d07 d17 d27 XS] dk) .) HC’[a”,b”+(2k+2)h]

2k-+-2
< IG||F, 7§ 2k+2)

(5.4.10)

[a// ’bl/] '
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On combining (5.4.2)), (5.4.3)), (5.4.5) and (5.4.10) it follows

||A%Lk+2FHC[a//’b//] S ||A%Lk+2 (F - Jn<F> (d(b d17 d27 teey dk) ) .)) HC[CL”,b”]
+ K3h* <nk+1 HF — Fyopio HC[a”,b”] + \\F%ﬁ)m HC[a”,b”})'

For small value of h, the above relation holds, it follows from the properties of

Fn,2k+2 and " that

wonsa(F 1, [ ")) < K4 {n—a(k+1)/2 4 2k2 (nk+1 i 77_2k+2)

(Fn, a6}

W2k+2

Choosing 7 is such a way that n < n=2 < 2h and following Berens and Lorentz [21],
we obtain

warsa(F1, [, 1)) = O@°4+D), (5.4.11)

Since F(x) = f(z) in [ag, b, from (5.4.11)) we have

Worta(fo 1, [az, b)) = O(I**Y)| die., f € Liz(a, k + 1, as,bs).

Let us assume (i). Putting 7 = a(k + 1), we first consider the case 0 < 7 < 1.

For z € [/, V], we get

Jn(fg, (d07d1,d2> 7dk) ,Z‘) - f(l‘)g(l') = g(x)‘]n ((f(t) - f(l')) ) (dovdla d27 >dk) 73:)

k by
+3°CGR [ Waalt,0)f() (90) = g(@) e + 0 (n++)
=L+ 1+ 0 (n”"), (5.4.12)

where the O — term holds uniformly for = € [d/,¥']. Now by assumption

HJ"(f’ (do’dl’d27 7dk) ) .) - fHC[al,bﬂ =0 (niT/Q) )
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we have

||Il||0[a/,b/] < Hg||C[a’,b/]HJn<f’ (do, dy, da, ..., dy) , @) — fHo[a',bq < Ksn 7 (5.4.13)

By mean value theorem, we get
k b1
L= C.k) [ Want,2) () {g'(€)(t — )} dt.
Again applying Cauchy-Schwarz inequality and Lemma 2 from [I1], we get

1/2

I1:

HC[a',b'] |fHC[a1,b1]||g/

k
C(j,k

=0 (n7?). (5.4.14)

/ Wi, alt, 2)(t — 2)dt
0

Cla’ ,b']

Combining ((5.4.12))-(5.4.14)), we obtain

HJn(fg7 (dﬂadl’d% 7dk> ) .> - f‘g”C[a’,b’] =0 (n_7/2) ) fOT 0<7<L

Now to prove the implication for 0 < 7 < 2k + 2, it is sufficient to assume it
for 7 € (m — 1, m) and prove it for 7 € (m,m + 1), (m = 1,2,3,...,2k 4+ 1). Since
the result holds for 7 € (m — 1,m), we choose two points x1,y; in such a way that
a; < xp < a <b <y <b. Then in view of assumption (i) = (i) for the interval

(m—1)

(m — 1,m) and equivalence of (ii) it follows that f exists and belongs to the

class Lip(1 —0,xq,y;) for any § > 0. Let g € C§° be such that g(z) = 1 on [a”, V"] and
supp g C [a”,b"]. Then with x(¢) denoting the characteristic function of the interval

[.731, ?/1], we have

| (f, 9, (do, dv, da, ... di) @) — ngC[a,b,}
< H‘]n(g(x)f(t) - f(x))a (d07 dl? d27 e dk) ’ .)HC[a’,b’]

+ {17 (F ) (g (8) = g(@))X (1), (Ao, d, o, .. i) )| gy + O (D). (5.4.15)
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Now

H‘]n(g($)<f(t) - f(iL’)), (dU: d17 d27 L) dk) ) .>H0[a’,b’}
Ja(f: (do,di,ds, .. di) ;) = f| oy = O (07772) . (5.4.16)

< Nolorrsr

Applying Taylor’s expansion of f, we have

I; = HJn(f(t 9(t) — g(x))x(t), (do, di, da, .., di) 7')H0[a/,b’}
p ({m @)y YO = f(m‘”@)}}

i! (m —1)!

1=0

9

X (g(t) = 9(x))x(#), (do, dr, da, ... di) , ') Claw]

where t < £ < . Since f(m1 ¢ Lip(1 — 6,21, v1),
(m—1) (m—1) 1-6 1-6
£ (€)= F ()| < Kol€ —a|' ™" < K|t — 2|,

where Kg is the Lip(1 — &, x1,y,) constant for f(™1 we have

I3 < Jn<mzl %(t—x)i(g(t) —g(:L’))X(t),(do,dl,dg,...,dk),o) .
=0 o'y
K k . mt1—6
* o9 ( 216G st = 170
= Iy + I5 (say). (5.4.17)

By Taylor’s expansion of g and Lemma [5.2.5] we have

I=0 (n**). (5.4.18)
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Also, by Hoélder’s expansion of g and Lemma 2 from [I1], we have

K k
Is < il logarr (JZ_; }C(;,k)|>

vt m+1—§
max Wa,n(t — )|t — 2 dtH
0<<k - Cla’ V)
(m+1-48)
v 2(m+1D)
< K7 max / Wd~,n(t — x) (t — x)Q(m-i-l)dt
0<ik ] Jay ’ Cla’,b']
=0 (n~"H=92) = O (n7/?) | (5.4.19)

by choosing such that 0 < § < m + 1 — §. Combining the estimate (5.4.1545.4.19)), we
get
| a(fg, (do,dy, da, ..., dy) , ®) — ngC[a’,b’] =0 (n"?).

This completes the proof of the Theorem |5.4.1] O]






Chapter 6

Approximation by Statistical

Convergence

6.1 Statistical Convergence

In this chapter, we use concept of statistical convergence and study the Korovkin type
approximation theorem for the first kind Beta operators Bn and Jain operators Pif} I,
Before we present the main results, we shall recall some notations and properties on

the statistical and A-statistical convergence.

Let (z,) be a sequence of numbers. Then (z,) is called statistically convergent

to L if, for every € > 0,

hm@{nﬁj : Ix.n—L| > e} o,
J J

where ©D denotes the cardinality of the subset D (see [55], also [59]). We denote

this statistical limit by st — lim,x, = L. Now, let A = (a;,) be an infinite summa-

bility matrix. Then, the A-transform of x, denoted by Ax = ((Az);), is given by

(Az); = Y77 ajpxy, provided the series converges for each j. We say that A is

regular if lim;(Ax); = L whenever lim;z; = L [75]. Assume now that A is a nonneg-

ative regular summability matrix. Then, a sequence (z,) is said to be A-statistically

89
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convergent to L if, for every € > 0,
lim Y a4, =0 (6.1.1)
n:lxn—L|>e

holds (see [57]). It is denoted by sty — lim,x, = L. Now we recall some basic prop-

erties of A-statistical convergence as follows:

e A-statistical convergence method is mainly based on the concept of A-density.

Recall that the A — density of a subset K C N, denoted by §4(K), is given by

da(K) = li?ZaanK (n),
n=1

provided that the limit exists, where yg is the characteristic function of K; or

equivalently,

oa(K) = li;rnz Ajn.-

So, by (16.1.1]), we easily see that st4 — limx = L if and only if
da{n:|x, —L| >¢€})=0

for every € > 0.

o If we take A = (4 = [¢;,], where the Cesdro matriz is given by

noif 1<n<y

Cin
0, otherwise,

then A-statistical convergence reduces to statistical convergence, i.e., st., —

lim,, ©,, = st — lim,, x,, = L.

e Taking A = I, the identity matrixz, A-statistical convergence coincides with the

ordinary convergence, i.e.,st; — lim x = lim x = L.
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e Observe that every convergent sequence(in the usual sense) is A-statistically
convergent to the same value for any non-negative regular matrix A, but its
converse is not always true. Actually, in [92], Ko6lk proved that A-statistical
convergence is stronger than convergence when A = [a;,,| is a non-negative
regular summability matrix such that lim; max,a;, = 0. So, one can construct

a sequence that is A-statistically convergent but non-convergent.

e Not all the properties of convergent sequences are true for A-statistical conver-
gence (or statistical convergence). For instance, although it is well known that a
subsequence of a convergent sequence is convergent, that is not always true for
A-statistical convergence. Another example is that every convergent sequence
must be bounded, however an A-statistical convergent sequence does not need

to be bounded.

e A characterization for statistical convergence, i.e., the case of A = C;, was
proved by Connor [30]: st —lim x = L if and only if there exists a subsequence
Znk of & such that 6(ny,ne,...) = 1 and limy x,, = L. It is easy to check that
a similar characterization is also valid for A-statistical convergence when A is

any non-negative regular summability matrix.

6.2 Statistical Convergence for General Beta Op-

erators

Beta operators were introduced by Lupag [97] and further modified and studied by
Khan [90], Upreti [129], Divis [47] and others.

The Beta approximation f,(f) to a function f : [0,1] — R is the operator:

1
B (nz,n(1 -z

Bn (f;x) = ) /01 (1 — )" )t (6.2.1)
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where B(u,v) is the well-known beta probability density function
1
B(u,v) = / N1 =)t w0 >0,
0

with the support (0,1) such that ¢ denotes a value of the random variable 7', where
n €N, x € (0,1) and f is any real measurable, Lebesgue integrable function defined

on [0,1]. When z =0 or x = 1, then 5, (f,z) = f(x) for all n.

Now the following Lemmas follow from [127], for the operators (3, mentioned
by (6:2.1).
Lemma 6.2.1 ([127]). Let e;(x) = %, i = 0,1,2. Then, for each 0 < z < 1 and

n € N, we have
(i) Buleo;z) =1,
(1i) Bnler;z) =z,
(i) Bulexs) = 5D,
Lemma 6.2.2 ([47]). For each each 0 < x <1 andn € N and p,(t) =t —x, we have
Ba(2z) = 22,

The aim of this section is to construct a general Beta type operators includ-
ing the King type Beta operators which preserves the third test function z?. We
study some approximation properties, which include rate of convergence and statis-
tical convergence. Finally, we show how to reach best estimation by these operators
than the original Beta operators (5, (f,x). Note that rate of convergence and sta-

tistical convergence of many other approximation operators are available in litera-

tures(See [35], [36], [43], [50], [70], [79], [106], [L10], [L11)).

6.2.1 Modified First Kind Beta Operators

Let {a,(x)} be a sequence of real-valued continuous functions defined on [0, 1] with

0 < a,(z) < 1. Now consider a sequence of positive linear operators:

. 1
fu(f2) = B (nay,(z),n(1 — ay,

" nan(e)=1(] _ pyn-an()-1
(sc)))/o ! (1) f(t)ydt, (6.2.2)
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where z € [0,1], f € [0,1] and n € N(set of natural numbers). If a,(x) replaced by
e1, then we obtain original beta operators (6.2.1)). Note that
Lemma 6.2.3. For each 0 <x <1 andn € N and ¢,(t) =t — x, we have

(Z) Bn(eo;x> =1,
(”) Bn(eﬁ'T) = O‘n(x)u
(iii) fBn(eq; ) =

(i) Bu(@2:x) = (an(z) — x)* + ay(z)(1 — ozn(x)).

Now, if we replace «,,(x) by

—1++/1+4n(n+ 1)2?

;) = — ,

z€[0,1] and n € N,

then the operators Bn defined in (|6.2.2) reduce to the operators

1 1 nat(z)—17q1 _ p\n(l—af(z))-1 J
B(na:;(x),n(l—a;(x)))/o t (1—1) F()dt.  (6.2.3)

These operators are the King type Beta operators. Furthermore, the following Lemma
hold:
Lemma 6.2.4. The operators defined by verify the following identities

(1) Br(eo; ) =1,
(i) Bler;w) = =GR,
(ii1) B (eqg; ) = 2.

Lemma 6.2.5. For each 0 <z <1 andn € N and ¢,(t) =t — x, we have

. " ) _/ H4n(n+1)z2—(14+2n2)
(Z) ﬁn(gpﬂ“ l’) - n )
(Z’l) ﬁ;(g@i, Q?) _ (142nz)z—z/14+4n(n+1)x? .

n

B (fsx) =

6.2.2 Rate of Convergence

In this section we study the rate of convergence of the operators Bn (f;x) to f(x) by

means of the modulus of continuity (0.2.1) and Peetre’s K-functional (0.2.2)). It is
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known that for any ¢ > 0 and z,y € [a, b], we have

) — f(@)] < (f;0) ('yg”f' i 1) |

Theorem 6.2.6. For every f € C[0,1] and 0 <z <1, we have

B (fi2) = f(@)| < 20 (£,00a).

where 0, = \/(an(x) — )’ + an(x)(l—:fzn(x)) and w (f,0n) is the modulus of
n

continuity of f.
Proof. Let f € C[0,1] and = € [0,1]. Since B,(eo, ) = eg(x), from Cauchy-Schwarz
inequality for linear positive operators, we obtain for every 6 > 0 and n € N, that

Bu(fi2) = fla)| < [Bn(eo; z) + 51 CACE x)Q;x))%] W (f0nz)

an(z)(1 = an(z))

, we obtain

Choosing 6, , = \/Bn ((61 - 95)2; CC) = \/(Oén<1'> - $)2 +

Bulf32) = F(@)] < 20 (£, 60)

For the King type Beta operators we have the following Corollary at once:

Corollary 6.2.7. For every f € C[0,1] and 0 < z <1, we have

18, (f;2) = f(2)] < 2w (f,6ne),

nT)r—x n(n+1)x?
where 5., — \/(1+2 )z—a4/1+4n(n+1) .

n

Now we give the rate of convergence for the operators B, (f;x) by using the
Peetre’s K-functional in the space C?[0,1]. The classical Peetre’s K —functional of a

function f € C[0, 1] is defined by (0.2.2) and the norm

1fll o200y = 1 oo + 1 e + 1" lego-
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Theorem 6.2.8. For each f € C[0,1]

an(7)(1 — an(2))
n+1

b5 = 50| < 1 (£ (Janlo) = ol () = )"+

)

Proof. Applying Taylor expansion to the function g € C?[0, 1], we get

~

Balg,x) — g(x) = ¢'(2)Ba((er — ), 2) + %Bn (9"(©)(er — 2)?, ) € € (¢, ).

Hence

B (g:2) = 9(a)

Bn((el - [L’),l’)) + ||g”||C[O,1]

Bul(er —2)",)|

n(2)(1 = an(x)) |
n+1

< ||9/||c[0,1]

(an() —2)° +

= ||9/||C[0,1] |an () — 2| + ||9”||C[071]

For each f € C[0,1], we can write

Bulf.) = f(a)]
B (£:2) = B (9,9)| + |Bulg, ) — 9(2)| + 19— £
B (g;7) — g(ﬂf)‘

<

<2|g- f||0[o,1] +

(n(2) — 2)? + 2@~ (@)

)qum

§2M—fkmu+(mww—ﬂ+

n+1
2, an(2)(1 — an(z))
<2 — flleont lom(x) — 2| + |(an(z) — )" + )
(Hg et lan(@) — 2| + |(an(2) — 2) 1 HQHC[O’”>
Taking infimum over g € C?[0, 1], we get
7. = 5| < 1 (1 (Janto) = ol [(anfa) = a4 220 ZaCD] ),

O
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For the King type Beta operators we immediately have the following Corollary:
Corollary 6.2.9. For each f € C|0,1]

B (F32) = F@)| £ K (fi 7).

where Yoz = 5= (20 — 1) (2nz — V4n22? + 4na? + 1+ 1) .

Assume that for each = € [0, 1],(cv,(z))nen is a sequence in (0, 1) satisfying

st —lima,(z) = . (6.2.4)
Then we have
st —lim |z — a,(z)] =0 and (6.2.5)
n 1- n
st — lim |22 = (@) (6.2.6)

Such a sequence (ay,(x)), oy can be constructed as follows. Choose

2 ,if n=m? (m € N)
o (z) =

*

af(xz) , otherwise

where

=14 /1+4n(n+1)a?
N 2n ’

o () re€[0,1]and n € N.

It is clear that (6.2.4) is satisfied.
Theorem 6.2.10. For each x € [0, 1] and for every f € C|0, 1], we have

~

st —lim \f, (f; ) — f(z)] = 0.
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Proof. For a given r > 0 choose € > 0 such that ¢ < r. Now define the sets:

U:{n:5i7x2r},

U, = {n e — ap(x)]

ng{n:

1—
where 0,,, = \/(an(x) —2)* + (o) n 1Oén($)) Then it follows that U C U; U Uy,
n

v
3
Do |
m
——

which gives

ZXUU) < ZXUl(j)+ZXU2(j)' (6.2.7)

1
Multiplying both sides of (|6.2.7) by — and letting n — oo, we get using (|6.2.5) and
n

(628) that

nh_)rgOZXU(j) = 0.
j=1
This guarantees that st — lim, ¢, , = 0 which implies st — lim, w(f, 0, ) = 0 .Using

Theorem completes the proof. O

Remark 6.2.11. If we choose the sequence (o, (z))nen as in ([6.2.4)), then our sta-
tistical approximation result Theorem|[6.2.10) works; however its classical version does

not work since

an(x) » x

i the usual sense.

6.2.3 Best Error Estimation

Let 1, be the first central moment function defined by v,(y) = y — x. In order to get
a better error estimation on a subinterval I of [0, 1], in the approximation by means

of the operators (3, , we are aimed to find a functional sequence (s,), s, : [ — A,

O =\ Bu(02 50(2)) < V/Ba(02i7) = 6, forw € 1. (6.2.8)

satisfying
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By Lemmas and [6.2.3|(iv), [6.2.8] takes the form

no o, 1 n 9 2
— 2z ) sp(7) — —2)z° — <0. 6.2.9
n+18”(x>+(n—l—1 I)S(m) (n+1 )z o ( )

Let

1 2 n n 2
Ap(z) = -2 4 — 2)2? .
(@) (n—l—l :1:) * n+1{(n+1 )z +n+1x}
Then it is clear that

Ap(z) >0 (6.2.10)

and

T 1
———¢€10,1 6.2.11
T+ e (6:2.11)

hold for every = € I = [1,2] and for every n > 1. Therefore, from ( [6.2.9), (|6.2.10)

and (6.2.11]), we get

2x—n+r1— An(x)< )<2x—n+r1+n\/An(x).

n >~ >~
2n+1 2n+1

Then s,(x) takes its minimum when

() +x 1
Spx) =0+ — — —.
n 2n

Therefore, for all x € [i, %], we define a new Beta type operator by

1

Bafi0) = Bl fi5ula) = s [ 1= T (e

Then, for all z € [1, 3] and n > 1, we have

(1l —x) 1 z(1—x)

which shows that the operators B2(f;x) provides the better estimation than the

operators [, (f;x).
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6.3 Approximation of Jain Operators

Several extension and generalization of Bernstein polynomials have been given by
various mathematician like Szasz [124], Meyer-Konig and Zeller [102], Meir and
Sharma [I01], Stancu [123] and Baldzs [I7]. Mirakyan [104] has also given another
modification with the help of the Poisson distribution. Recently, Acar, Gupta &
Aral [3] and Aral & Gupta [16] have investigated the generalized Szasz operators and

its Durrmeyer form, respectively.

Later on in the same way with the help of a Poisson type distribution,

«

et kB)F e (k) | e N° = {0} UN,

wg (ko) =

for 0 < a < o0 and |B| < 1, Jain [83] defined the following class of positive linear

operators,

n

P (f,x) = iwﬁ (k;n) f (E) , >0, (6.3.1)
k=0

where g € [0,1] and f € C(R,), the space of all real valued continuous functions
defined on R, . Original Szasz-Mirakyan operator can easily be obtained for g = 0.
Recently Deo et al. [37, 89] studied another modification of Bernstein operators and
Gupta [68] introduced g analogue of Bernstein operator. Now the following lemmas
follow from [83], for the operators P mentioned by .

Lemma 6.3.1. [83] Let ¢;(x) = 2*, i =0, 1,2, then for x € [0,00), n € N and 8 # 1,
we have

(i) PP (eorw) = 1,

(i1) PY(er;x) = 5,

(ZZZ) qum<€27 ZL‘) — (1_16)2372 + n(liﬁ)gm’

Lemma 6.3.2. Forx € [0,00), n € N, 8 # 1 and ¢,(t) =t — x, we have

(i) P (ppiz) = Z5a,
. e >
(ZZ) P7[L }(903257 CL’) = (153)2 1:2 + n(1i5)3x.
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6.3.1 Voronovskaya Type Results & Error Estimation

]

In this section we compute the Voronovskaya type results of these operators pY given

by @30,

Let f € Cg[0,00) be the space of all real valued continuous bounded functions

on [0,00), equipped with the norm || f|| = sup |f(¢)|. The Peetre’s Ky—functional
)

te[0,00

is defined by (0.2.2) and modulus of continuity by (0.2.1)) with norm

1 llez, = Iflloy + 1 Ny + 11 ey (6.3.2)

From [42], there exists a positive constant C' such that
Ka(f,0) < Cu (£,V5) (6.3.3)

and

wa(f,V0) = sup sup |f(x+2h) — 2f(z +h) + f(x)].

0<h<é z€[0,00)
Theorem 6.3.3. Let f € Cp[0,00), then for every x € [0,00) and for C' > 0, we

have

’(Pﬂf) (z) — f(z)| < Cw, (f, %x) , B # 1. (6.3.4)

Proof. Let g € W2. Using Taylor’s expansion

90 =90 + /)~ )+ [ (6= )

From Lemma [6.3.2, we have

(Pa) (o) = 9(0) = (PP (2) (¢ =) o)+ (B [ (0= i) (o).

We know that
< (t—u)g"ll.

[ =g
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Therefore

[(PF9) () — o(@)] < (PP (=) (2) Il + (Bt ) () ")
— Lx / ﬁ2$2 z "
= 25011+ (G5 + w19

L-5)° n(l-5)
/8 / "
<
< 7= lgl+lg™ll}
6 "
<
< o519
By Lemma|6.3.1] we have
= k
PlAlg) Lt k) et g () < gl
(PP @] <3 -+ kD g(=) <l

|(PPg) () — g(2)] < [(PPUg = 1)) (x) = (g — f)@)| + |(PPlg) (x) — g(x)|

<2lg- £+ (7250) 191

Taking the infimum on the right side over all ¢ € W2 and using (6.3.3), we get the

required result. O

6.3.2 A-statistical Convergence

In this section of the chapter, we use concept of A-statistical convergence and study

the Korovkin type approximation theorem for the the operators Py A,

Now let A = [a;,] (j,n € N) be a non-negative regular summability matrix.

Assume that for each ¢ € [0, 00),(c (t))nen is a sequence in [0, o) satisfying

sty —lima) (t) =t,

then we have

sta — li7ILn (t—ap(t) =0. (6.3.5)
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Theorem 6.3.4. A = [a;,,] is a non-negative regular summability matriz. Then, for

each x € [0,00) and for every f € C[0,00), we have

sty — lim ‘P,[f] (e;;2) — ei‘ =0; e(t)=1t,i=0,1,2.

pY (eg;x) — 1| = 0.

Proof. From Lemma [6.3.1, obviously st4 — lim

|P£5](61;x) _l“ < ‘ﬂ‘ = S(n>$)’ S [O’ OO)’ (6'3'6)

1—p

LBz
1-p

Now, for a given £ > 0, we define

where S(n,z) =

V={n:SMn,z)>c¢c}.

Therefore, by ([6.3.6)), we obtain

Z Ajp < Z (jp-

n:’P,[{B](el,:v)—:v‘Za nev

Taking limit as j — oo and from Lemma and ((6.3.5)) we get the result.
Similarly,

[’8]62;16 — 2% = z? 5 v 3—3:2 .3.

| P (e2;2) — 2| ‘(1—5) toiTh (6.3.7)
_|#*8(2-8)
“lTaar TP 0%
= S1(n,x) + Sa(n,x), = € [0,00). (6.3.9)

T ={n:Si(n,z)+ Ss(n,x) > e},

j
j

T, = {n : Si(n,z) >

NI DM

T = {n : So(n,x) >



Now, we have 7" C Ty U T5. Therefore by (6.3.9)), we obtain

Z ajnizajnﬁ Zajn+zajn-

n:‘Py](eg,z)—IQ‘Zs neT neTy neTs
Taking limit as j — oo and ([6.3.5)) gives the result.

Similarly, we have

sty — lim ‘P,[f](el — zep)’
n

C[0,00)
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(6.3.10)

Now we give a Korovkin type theorem for the operators pl (f;x) via A-statistical

convergence.

Theorem 6.3.5. Let A = [a;,| (j,n € N) is a non-negative reqular summability

matriz. Then, for each x € [0,00) and for every f € C[0,00), we have

sty — lim !PJL’B} (f;2) — f(z)] = 0.
Proof. For a given € > 0, define the following sets,
R={n:6,,>¢},

By ={n:(z—ay(r)) > ¢},

where 9, , = «/%m. Now it is easy to see that R C R;, which gives

Zam < Z -

neR neRy

Taking limit as j — oo and using (6.3.5), we have lim; ) aj, = 0. This gives that

neR

sta — limd; , = 0 which follows sty — limw (f,d,,) = 0. Using Theorem [6.3.3

completes the proof.

]

Now we give the rate of A-statistical convergence for the operators pY (f;x) by

using the Peetre’s K-functional in the space C3[0, 00).
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Theorem 6.3.6. For each f € Cg|0,00)

[P (fy2) = F(@)| e, < 5 (i) s

where K (f;Ynz) is the sequence of Peetre’s K -functional and

= HPW ((eg — x) + ||P7£5]((61 )

e, le,s

and sty —lim~,, = 0 for each fized x € [0,00).
Proof. Applying Taylor expansion to the function f € C%[0,00), we get

PPf,2) = f(x) = f(2) P ((er — 2),2) + %f”(S)Pf]((el —o)’,x), € (t)

Hence

1B () = f@)l|e,,

< |If HcBHP[ﬁ e — ) HC[OOO + ||JMHCBHP[ﬁ €1 —35 ) HC[O (6.3.11)
Using ([6.3.2) and ([6.3.11)), for each g € C3[0, 00),
1P g, 2) = 9@l = (1P (er = 2), )| gy + [P (er = 2),2) | s )l

= 'Vn,ngHCIQB-

For each f € Cg[0,00) and g € C%[0, 00),

[PY(f.2) = f@)| o < PP (F,2) = PP (g,2)|| o,y + [P (9.2) = 9(@)]| o + Ilg = Flc,
<2llg = flle, + [P (9.2) = 9(2)|| oo

< 2llg = fllo, +mallglloy, <2 (g = Flle, +mallglles )

Taking infimum over g € C3[0, ), we get

| P (F) = F @)l < (50



From Theorem

105

6.3.5

, we get sty —lim~, , = 0, therefore sty —limx (f;7y,.) =0. O
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