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Abstract

In this thesis, we have derived differential subordination, superordination and
sandwich type results and also determined several coefficient estimates for certain
classes of analytic functions. Further, we have investigated various radius problems
associated with analytic functions with positive real part. The thesis comprises of
seven chapters, which includes a chapter on introduction. In Chapter 2, we have
obtained conditions on certain parameters so that the given differential subordination
implication holds. In Chapter 3, we have discussed the properties of a class of linear
operators which satisfy a common recurrence relation. Several sufficient conditions
for Janowski, Sokoél-Stankiewicz and strongly starlikeness are also determined. In
addition to that we have given alternate proofs of certain results proved in [17].
In Chapter 4, we have considered a class of linear operators defined in terms of
convolution which can be expressed as convex combination of two operators. For this
class of operators, we have established the differential sandwich theorems. Several
applications of these results are also discussed. In Chapter 5, we have derived estimate
on the Fekete-Szego functional for ceratin classes of functions and various special cases
of our results are also pointed out. In Chapter 6, estimate on the initial coefficients
of certain subclasses of bi-univalent functions are established. Further some of our
results improve the known estimates, which are pointed out here along with some
special cases to our results. In Chapter 7, radius of starlikeness such as starlikeness of
order «a, parabolic starlikeness and Sokoét-Stankiewicz starlikeness for functions with
fixed second coefficient are investigated when they satisfy certain conditions on the

ratio f/g, where g is either starlike or convex function with fixed second coefficient.
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Chapter 1

Introduction

The theory of univalent functions is a classical branch of complex analysis. It is
classified under Geometric Function Theory (GFT) due to the fact that from simple
geometrical considerations, many remarkable properties of univalent functions can be
found. The celebrated Reimann mapping theorem gave rise to the birth of GFT in
1951 and the genesis of univalent function theory goes back to 1907 with a paper [84]
by Koebe. The theory of univalent functions has rich and vast literature, the early
development of the theory centered around the Bieberabach conjecture [26], which
provides the coefficient estimate for univalent functions defined on the open unit disk.
Apart from the classical papers [84,85] by Koebe, several researchers enriched this
area of research with their enormous contributions. The books by Pommerenke [138],
Goodman [62], Duren [50], Goluzin [60], Graham and Kohr |66], Littlewood [96] and
Schober [163] provide an introduction to the basics of univalent function theory. The
proceeding [49], edited by Dold and Eckmann, is very useful as it consists of the lec-
tures delivered by eminent researchers and mathematicians such as Ahlfors, Duren,
Keogh, Goodman, Miller, Rudin, Suffridge and several others. The bibliography of
schlicht functions [31] by Bernardi lists the related references of univalent functions
from 1907 to 1981. Another useful proceeding |92] edited by Lawrynowicz contains
selected papers related to GFT from those submitted by a part of mathematicians

lecturing at the 8th conference on analytic functions held in Poland at Blazejewko in



1983. The book written by Hallenbeck and MacGregor [70] covers extreme points
and support points theory. A brief literature of various books, monographs, lecture
notes, survey articles published during that time on univalent function theory can be
found at the end of the book [70]. The books written by Duren [50], Goluzin [60],
Graham and Kohr [66] and Goodman [62] also enlist useful references on univalent
function theory. Henrici [72] has also included two chapters of complex analysis in
his book with one being on univalent function theory. The books [47,|48,(169] on
complex analysis also provide some topics on univalent function theory. The book
by Hayman [71] deals with the growth of univalent and multivalent functions and
bound for the modulus and coefficients related quantities. The book [190] edited
by Srivastava and Owa provides a collection of research-and-survey articles of recen-
t times, related to the theory of analytic functions. However the book [90] edited
by Kiihnau contains some special topics contributed by eminent researchers such as
Hayman (multivalent functions), Pommerenke (conformal maps), Prokhorov (bound-
ed univalent functions), Aksent’ev and Shabalin (sufficient condition for univalent
functions and quasiconformal extendibility of analytic functions). Bulboaca [38| has
also provided a chronological order of books and monographs useful in this context.
Goodman [63] has elaborated basics and a brief look into the literature (upto 1979)
of univalent function theory. For survey on radius problems one may consult the book

entitled ‘Univalent Functions-II" by Goodman [62].

The concept of differential subordination was introduced in 1981 by Miller and
Mocanu [107]. They were first to replace the real differential inequality with a true
complex analogue. The monograph written by Miller and Mocanu [108] is a collection
of results from more than 400 papers and provides a systematic study of differential
subordination. Miller and Mocanu [108] provided very simple proofs of the various
results in GFT which were proved earlier using lengthy and tedious techniques. In
2003, Miller and Mocanu [105] introduced the notion of differential superordination as
a dual concept of differential subordination. The concepts of differential subordination

and superordination together lead to sandwich result.



The theory of differential subordination extensively used to prove several inter-
esting results for functions defined by linear operators. Bulboaca [36-39] used the
theory of differential subordination to discuss various properties of functions defined
by linear operators. Kumar et al. [180},/181] have also done extensive study of ap-
plications of differential subordination and superordination techniques to univalent
functions and linear operators. For several other applications of differential subor-
dination techniques one can refer the works of Ali et al. [8,20], Ravichandran et
al. [145,/146,148,149], Obradovi¢ et al. [124], Patel and Mishra [134], Srivastava
and Attiya [187], Nunokawa et al. [119], Jinlin [77] and Ponnusamy |139-141], see
also the references cited therein. Sokét et al. [133),(184},(185] have considered several
classes of functions defined in terms of subordination and derived several properties

of functions in those classes.

Recently, Ali et al. [14] extended the concept of second order differential subordi-
nation to the analytic functions with fixed second coefficient and derived several inter-
esting results. Using the results developed in [14], Nagpal and Ravichandran |113]
obtained sufficient conditions for starlikeness, close-to-convexity and several other
interesting results. For several other applications of differential subordination for

functions with fixed second coefficient in univalent function theory, see [91].

1.1 Univalent Functions

A function f defined on the open set D C C is said to be univalent if it is one-to-one
that is if f(z1) = f(22), then z; = 25(z1, 20 € D). It is known that analytic functions
which are univalent in the whole complex plane are of the form az + b,a # 0 only.
Further the Riemann mapping theorem says “every proper simply connected domain
in C is conformally equivalent to the unit disk”, which ensures that properties of
univalent functions defined on a simply connected domain correspond to properties
of univalent function defined on the unit disk. We therefore restrict our study to

analytic univalent functions defined on D :={z € C: |z| < 1}.



Suppose g is an analytic univalent function defined on D, whose Maclaurin expan-

sion is given by
g(z) =bo+biz+bo2® + b3z + -+ (b #0),

then clearly the function defined by

g9(z) — g(0)
g'(0)

is also an analytic univalent function in ID. Since properties of the functions f and g

f(z) =

correspond to each other, we consider the functions with the normalizations

f(0)=0=f'(0) -1
and such functions are of the form

f(2)=z+az*+azz*+---, z€D. (1.1.1)

Let A denote the class of all normalized analytic functions defined on . The
subclass of A consisting of univalent functions is denoted by S. Thus § is the class
of normalized univalent functions. The mapping k(z) = z/(1 — 2)? is called Koebe
function, which maps D onto C \ (—oo, —1/4]. It is an extremal function in S due
to the very fact that it is impossible to add to the image domain any open set of
points without affecting the univalence. There exist several sufficient conditions for
the univalence of functions belonging to A in literature. Among those, a result of
Alexander [6] proved in 1915, which states that “if Re(f’(z)) > 0 in any convex
domain, then f is univalent” is the most simple one and it was later generalized by
Noshiro-Warschawski [62, Theorem 13, pp-88]. Thereafter several simple sufficient
conditions are derived in terms of the quantities either f’(z) or f”(z), or in terms of
their ratios or involving their general higher order derivatives ( see, [54,/55,/196,200,
205| and the references cited therein).

For functions f € S, given by ((1.1.1]), there are two questions that may be asked

here, one is how does a given sequence of coefficients {a,} influence the geometric



property of f7 and secondly, if some property of f is known, how does this property
influences the coefficients {a,} in ? To answer the second question, in 1916,
Bieberbach [26] proved that the second Taylor’s coefficient of each function in the
class S is bounded by 2 i.e. |az| < 2 and equality holds if and only if f is either Koebe
function k(z) = z/(1 — 2)? or one of its rotations. Observing the extremal nature of
the Koebe function k(z) = 2/(1 — 2)* = 2 + 22> + 32> + - - - + n2" + - - -, Bieberbach
conjectured that if f € S given by (I.1.1), then |a,| < n.. This conjecture was
unresolved for a quite long time, the reason being that the methods known at that
time were not substantial enough to show this statement in its completeness. Several
researchers tried to figure out this conjecture under certain geometrical conditions
on the image domains of normalized analytic univalent functions and some were able
to prove it for some specific values of n. Consequently, several subclasses of S came
into existence. Some of these subclasses and their properties are dealt in Section [1.1}
This conjecture was successfully verified by Rogosinski [153] in 1931 for functions
with real coefficients. The long awaited proof of the Bieberbach conjecture finally
came when de Branges [52] in 1985, proved this conjecture affirmatively. For an
insight into the concept of the proof, see [53]. An alternate but simpler proof of the
Bieberbach conjecture is available in [206]. The books by Conway [48] and Gong [61]
also contain proofs of the Bieberbach conjecture. For the historical development of
the conjecture and the main ideas that led to the proof of the Bieberbach conjecture,
one may refer to the article by Koepf [86]. The Bieberbach conjecture and its proof
made the coefficient problems in general very interesting. Finding the estimate on
coefficients is the most fascinating area of research in univalent function theory as it
provides several geometric properties of the functions under study. The Bieberbach
theorem, namely |as| < 2 for f € S, immediately implies the growth and distortion

estimates respectively

z 1— |z 1+ |z
g 1 < LEE

L z — 1 1L 1-1\3
<[f(2)] < (1—2])? (1+|z2]) (1 —1|2])*

(1 +[=)*

with equality in case of the Koebe function or one of its rotations. Consequent upon

growth theorem, we have the Koebe one-quarter theorem [50|, which says that the



range of every function in the class S contains the disk |w| < 1/4.

Another type of coefficient problem is to find the sharp estimate on the functional
la2 — pas| for functions belonging to a particular class. Bieberbach, in 1916, proved

that if f € S, then |a3 — az] < 1. In 1933, Fekete and Szego [58] proved the following

inequality:
3—dp (k<0),
lpas — paz] <9 14+ 2exp(—2) (0<p<1),
dp—3 (n>1)

for functions in the class S and the result is sharp. The problem of finding sharp
bounds for the non-linear functional |az — pua3| for any compact family of functions
is later popularly known as the Fekete-Szegd problem. Ma and Minda [101] solved
the Fekete-Szegd problem for functions in the class S such that the quantities z '/ f
or 1+ zf"/f" maps the unit disk D onto a region in the right half-plane lying in a
domain which is starlike with respect to 1, and symmetric with respect to the real
axis. Recently, Ali et al. [18], gave a reformulation of a result given by Ma and
Minda [101]. For more literature on Fekete-Szego problem one can refer [18,21}[25,
123,/145,/151,/202] and the references cited therein.

The subclasses of univalent functions are closely associated with functions having
positive real part. For example, if f € A satisfies Re f'(z) > 0, then f € S, which
holds for any convex domain D. This in fact, leads us to introduce now the class of

functions with positive real part.

Carathéodory Class and Subordination

Let P be the class of analytic functions p : D — C with p(0) = 1 and Rep(z) > 0 for
z € D. This class is known as the Carathéodory class or the class of functions with
positive real part [40,41]. The function p(z) = (1 + 2)/(1 — z) belongs to the class
P and plays a vital role similar to the Koebe function for the class S. Let B be the

class of Schwarz functions that is w € B if and only if w is an analytic function with



w(0) = 0 and |w(z)| < 1 on D. The following correspondence between the classes B

and P holds:
p(z) -1
p(z) +1

Thus, the properties of functions in the class P can be inferred from those of the

p € P if and only if w(z) = € B.

class B and conversely. The Herglotz’s representation formula for a function p € P

is given b
g y 21 1 + ze*it
p(z) = ; ———du(t) (z€D), (1.1.2)

where £ is a non-decreasing function on [0, 271] with w(27) — 1(0) = 1. The Equation
(1.1.2) immediately gives the growth and distortion estimates respectively

[
+
Ry
—_

+ ]
— ||

2Rep(2) < 2

/ <
wd WIS TR = Ty

< Rep(z) < :

with equality holds for the function p(z) = (1+2)/(1 —z2). We shall discuss about the

various generalizations and related results of this class in Section[1.2|and in Chapter 5.

Herglotz’s representation formula ((1.1.2) immediately shows that |¢,| < 2 for
p(z) = 1+ 12+ 22 + -+ € P. Another useful coefficient inequality [66] in this
context is provided below:

2
<o lal
- 2

a
2

Ma and Minda [101], in 1982, proved the following result:

‘ 2

Lemma 1.1.1. [101] If p(z) =1+ 12 + 22> +... € P, then

—4dv+2 (v<0),
ez —vef] < {2 0<v<1),

dv—-2 (v>1).

When v < 0 or v > 1, equality holds if and only if p(z) is (1 + 2)/(1 — z) or one of
its rotations. If 0 < v < 1, then equality holds if and only if p(z) is (1 + 22)/(1 — 2?)
or one of its rotations. If v =0, equality holds if and only if

1+~v\1+2 l—v\1-2
= —L S <~v<1 D 1.1.




or one of its rotations. For v = 1, equality holds if and only if p(z) is the reciprocal
of one of the functions such that equality holds in case of v =10. Also for 0 < v < 1,

the following improved estimate holds:
lco —vei| + vl <2 (0<v<1/2)

and

leo —vei| + (1 —v)|a? <2 (1/2<v<1).

For a complex number v, the above inequality was proved by Koegh and Merkes [83]:

Lemma 1.1.2. [83](see also [149]) If p(z) = 1+ 12 + c22*> + ... € P, then, for any
complex number v,
lco — vei] < 2max{1;|2v — 1|}
and the equality holds for the functions given by
1422 1+ 2

and p(z) = T

The Lemmas [1.1.1] and [1.1.2| have been extensively used by several researchers to

solve the Fekete-Szego problem and several other coefficient problems. In Chapter 5

we shall provide an elaborated detail on this topic.

In general we express the analytic conditions associated with various subclasses
of § either in terms of functions with positive real part or subordination. For two
analytic functions f and g, we say that f is subordinate to g or g is superordinate to
f, denoted by f < g, if there is an analytic function w € B such that f(z) = g(w(z)).
If ¢g is univalent, then f < ¢ if and only if f(0) = ¢(0) and f(D) C ¢g(D). By
Schwarz lemma [62], it follows that |f'(0)] < |¢/(0)| and the image of each disk
D, :={z€ C:|z] <r,0<r < 1} under g contains the image of the same disk under
[, ie. f(D,) C g(DD,). This fact is known as subordination principle or Lindeldf
principle. The concept of subordination was given by Lindel6f [63], while Littlewood
[95,,96] and Rogosinski [154,/155] investigated it further. In terms of subordination,
p € P if and only if p(z) < (1 + z)/(1 — z). Consequently if f < g in D,, we have
max|.|<, |f(2)| < max.<,|g(z)|. For some other direct implications one may refer

[138,/138].



1.2 Subclasses of Univalent Functions

If a function f € A satisfies Re f’(z) > 0 in D, then the estimate |¢,| < 2 for functions
p(z) =143 7, ¢,2" € P immediately yields |a,| < 2/n,n > 1. Therefore one can
expect an easy proof of the coefficient estimate by imposing additional geometric
conditions on functions belonging to S. For this purpose we shall here define certain
geometric domains and the related classes. A domain D C C is said to be starlike
with respect to a point zo € D if the line segments joining 2, to other points w € D
lie entirely in D. The domain D is said to be convez if it is starlike with respect
to all its points; that is the line segment joining any two points of D lies entirely in
D. A domain which is starlike with respect to the origin is called starlike domain. A
function is said to be starlike if it maps D onto a starlike domain whereas a convex
function is one which maps D onto a convex domain. The subclasses of S consisting
of starlike and convex functions are denoted by S&* and K respectively. Obviously,
each convex function is starlike but not conversely and the inclusion X € §* C S
holds. For example, the Koebe function k(z) = 2(1 — z) 2 is starlike but not convex.
Thus, the problem of computing the radius of convexity of starlike functions arises
here, which is to find the largest disk I, C D such that f(D,) is convex whenever f
is starlike on the unit disk . In general, for two sub-families 77 and T3 of A, the
Ty—radius of Ty is the largest number p such that r=' f(rz) € Ty for all f € Ty and
0 < r < p. The number p is called the T radius of the class T5. Results related to

radius problems are provided in [62].

Analytically, f € S*iff zf'/f € Pand f € L iff 1 + zf"/f" € P. In terms of
subordination, the conditions for starlikeness and convexity of functions in S can be

written as

2f'(z)  1+=z 2f"(z) 14z
2) <1—z and 1+ 72) < -

respectively. The classes of starlike and convex functions were generalized by Robert-

son [152] in 1936. The classes of starlike and convex functions of order a (0 < o < 1)
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are defined by the following expressions respectively:

zf'(z) 14+ (1—-2a)z
(CiRie e

S*(a) == {f €S:Re (ij(z)) > a}

2f"(z) 14+ (1—-2a)z
ol

S*(a)::{fGS:

or equivalently

and

/C(a)::{f68:1+

K(a) = {f €S :Re (1+ Z;(S)) > a}.

or equivalently

The functions f(z) = z/(1 — 2)>72% and

1—(1—z)%"1 .
fe=q mro o7
—log(l—2), a=1/2

play the role of extremal functions for the classes S*(a) and K(«) respectively. The
class of strongly starlike functions of order n (0 < n < 1) is defined by
() (142 13|
SS*U::{fES: <( ) =< fes: < — 5.
g ) “\i=s ) |52

This class was introduced by Brannan and Kirwan [28] and Stankiewicz [191]. Janows-

arg

ki [76] (see also [137]) generalized the classes of starlike and convex functions of order
a by replacing the superordinate function (1 + z)/(1 — z) with (1 + Az)/(1 + Bz).
For —1 < B < A <1, the class S*[A, B] of Janowski starlike functions and the class

K[A, B] of Janowski convex functions are defined respectively by

S*[A, B] = {fES: Z]J:(S) < igz}

and

K[A, B] == {feszuzf"(z) HAZ}.

) 1+ B-

In all the classes defined above, functions are characterized by the quantity either

2f'(2)/f(z) or 1 4+ (2f"(2)/f'(2)) lying in a convex region on the right half-plane
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and this motivated Ma and Minda [101] to give a general and unified presentation
of various subclasses of starlike and convex functions. For this purpose, they have
considered the function ¢ € P such that ¢'(0) > 0 and ¢(ID) is starlike with respect to
©(0) = 1, which is symmetric with respect to the real axis. The class S*(¢) consists
of functions f € S such that zf'(z)/f(z) < ¢(z) and K(¢) be the class of functions
f € S such that 1+ zf"(2)/f'(z) < ¢(2). Ma and Minda [101] proved growth, distor-
tion, covering and coefficient estimates for functions in these classes. The Hadamard
product (or convolution), which is defined by (f*g)(z) = z+>_ ~, a,b,z" for analytic
functions f(z) =2+ o, a,2" and g(z) = 2+ > ., b,2"™, is an important tool used
to generalize and unify results in univalent function theory. Padmanabhan [132]
used convolution and subordination to unify these classes and proved convolution
theorems. Another generalization of starlike and convex functions was considered by
Mocanu [110]. The notion of a—conver functions was introduced by Mocanu [110],
in 1963, with the aim to construct one parameter family of subclasses of & which
provides a continuous passage from the starlike functions to convex functions. A

function f € A is said to be a—convex if

(o () (00 £ o

The class of all such functions is denoted by M («). Miller et al. [106], in 1973, proved

that functions belonging to M(«) are starlike for all real o and convex for av > 1. For
more detail, about this class, see [62,66]. The class M («) was further generalized by
Ali et al. [21], by introducing the class M(a, ¢) of a-convex functions with respect
to ¢ consisting of functions f € A satisfying

(1- Oz)Z]{zz) t+a (1 + Z;(g)) < o(2).
The class M(«, ¢) includes the classes M(a) := M(a, (1+(1—2a)z)/(1—2)), S*(¢)
and ().

There is a two way bridge between the class of starlike functions and the class of
convex functions, namely f € K if and only if zf' € §*, which is known as Alexander

theorem [6]. Since zf'(z) = f(2) * z/(1 — 2)?, it follows that f is convex if and only
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if f(2)*2z/(1—2)?is starlike. Further if take g(z) = z/(1 — 2)? and h(z) = z/(1 — 2),
then (f * g)(2)/(f * h)(z) = 2f'(2)/f(z). For the functions g(z) = (z + 2?)/(1 — 2)3
and h(z) = z/(1 — 2)?, it can be easily verified that

(f*9)z) . z2"()

()~ )

This very idea paved the path for researchers to consider the subordinations of the

form either (f*g)(2)/(f*h)(z) < (142)/(1+42) or even a more general representation
(f*xg)(2)/(f *h)(z) < ¢(z), where ¢ € P is an analytic function in . For a given
function g € A, Shanmugam [164] introduced the class g (h) consisting of functions
f € A such that
o (14 L IC) 20O
(g f)(2) (g f)(2)

where h(0) = 1 and h is a convex univalent function with positive real part and
the definition explicitly assumes that (g * f)(z)/z # 0 # (g % f)'(2) in D. The
class M(a, ¢), introduced by Ali et al. [21], is more general than the class K5 (h) in
the sense that ¢ is starlike whereas h is convex. Shanmugam [164] also introduced
some more classes and discussed convolution and inclusion properties of all those
classes. Supramaniam et al. [194], in 2009, generalized the classes introduced by
Shanmugam [164] and obtained the inclusion and convolution properties using the
methods of convex hull and subordination. Note that starlikeness of ¢, in the classes
defined above, is required to prove the distortion and growth estimates whereas ¢
need to be convex in order to get the convolution theorem. Furthermore there is no
such requirement if one is interested to obtain the coefficient estimate, see [18]. We
shall use this fact in Chapter 5 to derive estimate on Fekete-Szego functional. For

several applications and open questions related to convolution one may refer [75,159].

Apart from the above stated classes, the other prominent subclasses of S include
the class of close-to-convex functions introduced by Kaplan [80] and the class of
¢-like functions introduced by Brickman [33]. A function f € A is said to be close-
to-convez if there exists a convex function g (not necessarily normalized) such that

Re(f'(2)/4'(z)) > 0. The class of such functions is denoted by CC. In view of the
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Alexander theorem [6], the function F(z) = z¢'(z) is starlike, it follows that the
condition in the definition of the class CC becomes Re(zf'(2)/F(z)) > 0. Thus every
starlike function is close-to-convex and the inclusion relation K € §* € CC C S
holds. The class of ¢-like functions is a generalization of the class of close-to-convex
and starlike functions. Let ¢ be an analytic function in a domain containing f(D)
such that ¢(0) = 0 and ¢(w) # 0 for w € f(D) \ {0}. Then the function f € A
is said be ¢—like function if Re(zf'(2)/¢(f(z))) > 0. The class of ¢—like function
was further generalized by Ruscheweyh [161]. For a given univalent function ¢ with
q(0) =1, a function f € A is said to be ¢p—like with respect to q, if the subordination
z2f'(2)/é(f(2)) < q(z) holds. The class of ¢p—like functions is extensively studied by
several researchers including [68,/148,(166]. Inspired by several geometrically defined
classes of functions in the univalent function theory, Sokét and Stankiewicz [185]
introduced the class of functions f € A such that zf'(z)/f(z) lies in the region
bounded by the right-half of the lemniscate of Bernoulli given by |w? — 1| < 1. This
class is denoted by S = {f € A: |(2f'(2)/f(2))* — 1] < 1}. Functions in the class S}
are called Sokél-Stankiewicz starlike functions. Regnning [156] introduced the class

S5 of parabolic starlike functions which is given by

s {ream ()

S
f(2) '

Obviously 8 = S*(¢) when p(2) = 1 + (2/7%)(log(1 — /2)/(1 + 1/z))%. For more
insight into the results related to parabolic starlike functions one may refer to |16,

64,[157].

Bi—Univalent Functions

Since univalent functions are one-to-one, they are invertible but their inverse functions
need not be defined on the entire unit disk . However, the famous Koebe’s one-
quarter theorem ensures that the image of D under every function f € S contains a

disk of radius 1/4. Thus the inverse of every function f € S will be defined on the
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disk |z] < 1/4. It can be easily verified that
fHw) = w — ayw? + (2a3 — az)w® — (5a3 — bagas + ay)w* + - - - (1.2.1)

is defined on the disk |w| < 1/4. A bi-univalent function is a univalent function
defined on the unit disk D for which the inverse function has a univalent extension to

the unit disk D.

A function in S is said to be in o, the class of bi-univalent functions iff its inverse
has a unique extension to the unit disk D i.e. if f € § is said to be in ¢ if and
only if f~' € §. In 1967, Lewin [93] introduced the class o of bi-univalent functions
and showed that the second coefficient of every function f € o satisfies the non-
sharp inequality |as| < 1.51. Some examples of functions which belong to the class
oare z/(1 —2), —log(l — z), and (1/2)(log(1 + z)/(1 — 2)). However the functions
k(z) = 2z/(1 —2)% 2z —2%/2 and z/(1 — 2%) are not members of the class 0. We now
enlist a few subclasses of o. For 0 < § < 1, a function f € o is said to be respectively
in the class S¥(B) of bi-starlike functions of order  and K, () of bi-convex functions
of order 3 whenever both f and f~! are respectively starlike and convex functions of
order . For 0 < a < 1, the function f € o is strongly bi-starlike function of order a
if both the functions f and f~! are strongly starlike functions of order «, the class
of all such functions is denoted by SS;(«). The classes Si(5), K,(5) and SS;(«)
were introduced by Brannan and Taha [30] in 1985 (see also [29]), they obtained
estimate on the initial coefficients ay and a3 for functions belong to these classes.
Smith [182] proved that if f(z) = z + a2? + azz* with as, a3 € R, is bi-univalent,
then |ay| < 2/4/27 and |ag| < 4/27. He also conjectured that for V,, the set of all
bi-univalent polynomials of the form f(z) = 2z +a92? +azz?+- - -+ a,2", the following

estimate must hold:
(n—1)"!
max |a,| < ——.
Vi nn
Kedzierawski and Waniurski [82] validated this conjecture for n = 3,4. Kedzieraws-
ki [81] considered the cases when f and f~! belong to different subclasses of univalent
functions, and determined the estimates on as and as. Similar problems for functions

in certain classes defined by subordination are studied in Chapter 6.
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Functions with Fixed Second Coefficient

In GFT, finding the estimate for coefficients of functions in a specific class plays an
important role, as it reveals the geometric nature of the function. For example, the
bound for second coefficient of functions in the class S gives the growth, distortion
and covering theorems. These applications of estimate on second coefficient in case of
univalent functions attracted several researcher to explore the properties of functions
with fixed second coefficient. Here below we shall give some classes of functions
with fixed second coefficient. It is well known that if p(z) = 1 4+ bz +--- € P,
then |by| < 2. Further if 7 = e7*8% then p(rz) = 1+ |by|z +--- € P. Thus,
there is no loss of generality in taking b; to be non-negative, see [103,/104]. The
class of univalent functions of the form f(z) = z + agz® + -+ with fixed second
coefficient as = 2b (]b] < 1) is denoted by S,. The investigation of properties of
functions with fixed second coefficients started in 1920 with Gronwall’s [67] growth
and distortion theorems for functions in &,. The class Py(a) is the collection of
functions p(z) = 1+ 2b(1 — a)z + --- (]b| < 1), which are analytic and satisfying
Re(p(z)) > a (]b] < 1) for z € D. Assume P, := P,(0). Tepper [197] obtained the
sharp estimate on |p(z)| and sharp lower bound on Re(p(z)) for the class Py. These
results were further generalized by McCarty |[103| in 1972, for functions in the class
Py(cw). For p € Py(a) the sharp lower bound on Re(zp/(z)/p(z)) was obtained by
McCarty [104]. For —1 < B < A <1 and |b| < 1, let P;,,[A, B] denote the class of
functions defined by

PonlA, B := {p:p(Z):1+b(A—B)Zn+.. 1+A2}'

- 1+ Bz

For functions p € P, ,[A, B], Padmanabhan and Ganesan [131] obtained the sharp
estimates for |p(z)[, [p'(z)| and |2p'(2)/p(2)| under the conditions A + B > 0 and
AB < 0. Further they utilized these results to obtain the sharp radius of convexity
for starlike functions of the form f(z) = 2z + ap412™™t + ---. For the functions
p € PyA, B] := Py1[A, B], Tuan and Anh [198] obtained a sharp lower bound for
Re (up(z) + vzp'(2)/p(2)) (u,v > 0) and also obtained the radius of convexity for

functions in the class defined in terms of the ratio of normalized analytic functions
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satisfying certain geometric conditions, see [199)].

For |b| < 1, the classes defined by

Si(a) := {f(z) =242l —a)22+ .- Z]{é;)

€ Pb(a)}

and
zf"(2)
) © Pl’(o‘)}

are called the classes of starlike and convex functions of order o (0 < o < 1) with

Ki(a) = {f(z):z+b(1—oz)22+~--:1—|—

fixed second coefficient respectively. For |b| < 1, Tuan and Anh [198| also considered

more general classes

Si[A,B] = {f(z) — 2+ b(A—B)22 4 Zf(i’;) S Pb}

and

Ky[A, B] = {f(z) M Bay J{(<)) e pb}

and obtained the growth and distortion estimates for functions in these classes, in
fact these results generalize the results (growth and distortion estimates) of Tepper

[197]. Further contents related to this topic will be covered in Chapter 7.

1.3 Differential Subordination

The concept of differential subordination in the complex-plane is a generalization of
differential inequality on the real line. In fact a differential inequality or a set of
differential inequalities of a real function depicts the characterization or bound for
a real function. In GFT, there are several differential subordination implications,
which lead to the characterization of a function under consideration. The notations
and definitions related to differential subordination and differential superordination

are provided below:

Let ¢ : C2 x D — C be analytic and ¢ be univalent in D. If p is analytic in D and

satisfies the first-order differential subordination

Y(p(2), 2p'(2); 2) < ¢(2), (1.3.1)
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then p is called a solution of the differential subordination. The univalent function ¢
is called a dominant of the solutions of the differential subordination, or more simply
a dominant, if p < ¢ for all p satisfying (1.3.1). A dominant ¢ that satisfies ¢ < ¢ for
all dominants g of , is called the best dominant of . The best dominant

is unique up to a rotation of .

Let ¢ : C*xD — C and ¢ be analytic in D. If p and ¢ (p(z), zp/(2); z) are univalent
in D and satisfy the first-order differential superordination

¢(2) < ¥(p(2), 20 (2); ). (1.3.2)

Then p is called a solution of the differential superordination. An analytic function
q is called a subordinant of the solutions of the differential superordination, or more
simply subordinant if ¢ < p for all p satisfying . A univalent subordinant ¢
that satisfies ¢ < ¢ for all subordinants ¢ of is said to be the best subordinant
of . The best subordinant is unique up to a rotation of I.

Definition 1.3.1. [105, Definition 2, p. 817] Denote by Q, the set of all functions f
that are analytic and injective on D \ E(f), where

B(f) = (¢ € 0D i 1 (2) = oc},
and are such that f'({) # 0 for ( € OD \ E(f).

Lemma 1.3.1. [108| Theorem 3.4h, p. 132] Let ¢ be univalent in D and let 6 and ¢
be analytic in a domain D O q(D) with ¢(z) # 0, when z € ¢(D).

Set Q(z) = zq'(2)p(q(2)), h(z) :== 0(q(2)) + Q(z) and suppose that either
(i) h is convex or Q is starlike univalent in D.

In addition, assume that

(11) Re (igé?) = Re (Z((j((j)))) + Zgé?) >0 for ze€D.
If p is analytic in D, with p(0) = ¢(0), p(D) C D and
0(p(2)) + 2p'(2)6(p(2)) < 0(a(2)) + 2¢'(2)$(a(2)) = h(2), (1.3.3)

then p < q and q is the best dominant.
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Lemma 1.3.2. |37, Corollary 3.2, p. 289] Let q be univalent in the unit disk D and
6 and q be analytic in a domain D D q(D). Suppose that Re(0'(q(2))/¢(q(2))) > 0,
and Q(z) == z¢'(2)#(q(z)) is starlike univalent in D.

If p € Hlq(0),1] N Q, with p(D) C D, and O(p(2)) + 2p'(2)p(p(2)) is univalent in
D, then
0(q(2)) + 24 (2)6(q(2)) < 0(p(2)) + 2p'(2)8(p(2)), (1.3.4)

implies ¢ < p and q is the best subordinant.

The above mentioned results are required to obtain several sandwich theorems.

1.4 Linear Operators

Let us recall some definitions that are needed in sequel. A function f is called p-
valent (or multivalent of order p) in D if the equation f(z) = w has at most p
roots in D where the roots are counted with their multiplicities and for some w;
the equation f(z) = w; has exactly p roots in D. Let H be the class of analytic

functions in D and H[a,n] be the subclass of H, consisting of functions of the form

f(2) = a+ apz"™ + an12" + -+ Let A(p,n) be the class of analytic functions of
the form
fz)=2"+ > wz* (z€Din,pe{l,23,. .} (1.4.1)
k=n+p

Clearly A(1,1) =: A and let A, := A(p,1). Recall that the symbol * denotes the
Hadamard product (or convolution), the convolution of two p-valent functions f(z) =

Py an? and g(z) = 2P + 370 L bp2® is given by

k=p+1
For complex numbers a and ¢ (¢ # 0,—1,—2,...), the confluent (or Kummer)
hypergeometric function 1Fi(a,c;z) is defined by

az ala+1)2%2 ala+1)(a+2)23
Fa,c2)=1+-2 . Z 4. D). (1.4.2
Rleez) =1+ g+ Ty T er et 3 T FED): (142
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In terms of the Pochhammer symbol (a),,, which is defined by

(a) ::_F(a+n): L, (n =0);
" I'(a) ala+1)(a+2)...(a+n—1), (neN:={1,2,3...}),

the function defined in (1.4.2]) can be written as

1Fi(a, e z) = i(a

Z
k=0

Let a,b and ¢ (¢ # 0,—1,—2,...) are any complex numbers. Then the function

defined by the following series

o0 k
Fi(a,b, )i D 1.4.4
2Fi(a,b,¢; 2) kz:% Or k;" (z € D) (1.4.4)

is called the Gaussian hypergeometric function and it satisfies the hypergeometric

differential equation z(1 — 2)w”(2) + (¢ — (a + b+ 1))w'(2) — abw(z) = 0.

For o € C (j = 1,2,...,1), B € C\{0,—-1,-2,...} ( =1,2,...m) and [ <
m+1;1,m € Ny :={0,1,2,...} the generalized hypergeometric function is defined by

the infinite series

(o) - () 2"
lFm(ala"'7al;ﬁlv“'76m;z> = N
Corresponding to the function
hp(on, ... ap; B, ..o Bmsz) =28 1 F(aa, ... a0 By oy Bms 2), (1.4.5)

the Dziok-Srivastava operator [51] (see also [186]) HY"™ (ay,...,au B, ..., Bm) is

defined by the Hadamard product as follows:

H™ (o, 0081, Bo) [(2) = (0, 03P, i 2) ¢ £ (2)

Oél n—p - (Oél)nfp anzn
= 2P+ )
nzp;—l Bl n—p - (Bm)nfp (TL - p)'

For brevity, we let H;’m[al] = Hzgl’m)(al, cey0q; B, ..y Bm). The Dziok-Srivastava

operator satisfies the following recurrence relation:

2(Hy" ] f(2)) = ar Hy™ o + 1] f(2) — (a1 — p) H, ™ [aa] £ (2).
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The operator Hé’m[ozl] generalizes several known operators. A few of them are listed

below:

1. The Hohlov operator [74] F(a, 8,7)f(2) :== Hy (o, B;7) f(2).

2. The Carlson-Shaffer linear operator [42]

Lla,7)f(2) = H{ (a, 159) f(2) = Fla, 1,9) f(2).

3. The Ruscheweyh operator [160]

z

A * /@ = B A+ LLDfE) (A2 1).

DM f(2) :=

4. The operator

F(z) = ‘;1 /0 1 F (1) dt

is called the generalized Bernardi-Libera-Livingston linear integral operator

(see [32,94,/100]). For ¢ = 1 this operator reduces to the operator

introduced by Libera [94]. Clearly the generalized Bernardi-Libera-Livingston
operator can be written as F(z) = H:' (c+1,1;¢+2) f(2). Note that the classes
of starlike, convex and close-to-convex functions are closed under the generalized

Bernardi-Libera-Livingston operator [108].

. The Srivastava-Owa fractional derivative operator (c¢f. [126], [130]) defined by

O f(2) =02 — N2 DM f(2) = HPV(2,1:2 — N f(2),

where D? is defined by

1 d )
sz(z)‘m—ma/o Gl

Here f is an analytic function defined on a simply connected domain of the

complex plane containing the origin and the multiplicity of (z—¢)'~* is removed

by requiring log(z — ¢) to be real when z — ¢ > 0. The operator D? is called

fractional derivative operator of order \,0 < X\ < 1.



21

Prompted by the Komatu integral operator [87] and the differential and integral
operators defined by Salagean [162], recently Cho and Kim [45] introduced a more
general linear operator called the multiplier transform defined as follows: For A > 0

and any integer n, the multiplier transform Z¢ : A — A is defined by
E+ A J
3 (1) o
The operator Z" was studied by Uralegaddi and Somantha [204]. The p—valent

analogue of multiplier transform defined by Cho and Kim [45], was given by Kumar

et al. [181] as follows:

—~ (k+A)"
Z,(r, N f(z) = 2P + kgp;rl <m> apz® (A\>0,r € 7).

The following recurrence relation satisfied by multiplier transform:

2(Lp(r, M) f(2)) = (p+ NIp(r + 1, M) f(2) = Ay(r, M) f(2).

The operator
IL:=1L(r,\) =2+ Z
2

was studied by Cho and Srivastava [46] and Cho and Kim [45]. Uralegaddi and So-
manatha [204] studied the operator I, := I1(r, 1). Another special case of this is the
multiplier transform introduced by Al-Kharasani and Al-Areefi [23] which includes
operators defined in [89),/118] and [117] as well as the Jung-Kim-Srivastava opera-
tor [79] and its p-valent analogue of Liu [97]. The book written by Bulboaca [39]
offers an extensive collection of various results involving linear operators. For a survey
on linear operators, see [167]. In Chapter 3, we discuss the properties of functions

defined by certain linear operators.

1.5 Synopsis of the Thesis

The thesis is comprised of 7 chapters. It begins with an introductory chapter which

incorporates the basic definitions, terminologies and concepts that are required in
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the sequel. The next three chapters focus on subordination theorems, the subsequent
couple of chapters deals with coefficient estimates and the concluding chapter handles
radius problems for analytic functions with fixed second coefficient. We now enlist

below a chapter wise brief of the research study:

In Chapter 2, motivated by the works in |7,/9,/11,(133},|184], we shall establish
certain differential subordination implications. For analytic function p : D — C with

p(0) = 1, the conditions on 8 # 0, A and B are determined in the following cases:

L1+ BHE < L mplies p(z) < VI+2z (-1<k<3)

2. 1+ B2 < T+ 2 implies p(z) < 142 (n=0,1,2)

3. p(z) + B2 4\ /T+ 2 implies p(z) <V1+z (n=0,1,2)

p™(2)

4. p(z) + BZE < T+ 7 implies p(z) < 42 (-1<B<A<]1),

Recently Ali et al. |[17] obtained condition on the constants A, B, D, E € [—1, 1] and

[ so that
2p'(z2) 1+ Dz 1+ Az

1 < = <
* Bp”(z) 1+ Ez p(2) 1+ Bz

(n=0,1).

Alternate proofs of these results are also provided in this chapter. Further we con-
cluded with the condition on A, B, D, E € [—1,1] and S such that

2p'(z) 1+ Dz 1+ Az

= .
P%(2) B 1+ Ez p(z) = 1+ Bz

1+

In recent times, numerous linear operators were introduced in GFT, many of
these linear operators are unified in this chapter by defining the class O, of all linear

operators which satisfy either of the recurrence relation
Z[Lgf(z)]’ = aaL;Hf(z) — (g — p)Lgf(z)

or

ALLF) = anll  (2) = (o0 — P)ILF(2).
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In Chapter 3, the differential subordination, superordination and corresponding
sandwich results of p-valent analytic functions defined using the general linear op-
erator as well as a related integral transform are investigated. Further, these re-
sults are applied to obtain sufficient conditions for functions f € A to be Janowski
starlike, strongly starlike of order n and lemniscate starlike. In addition to that
several other interesting applications are given. Our main results generalize several
existing known results in the literature. For example, Obradovié¢ [121, Theorem 2],
in 1997, proved that if f € A satisfies Re f'(z) > 0, then Re(f(z)/z) > 0. This
result was generalized as an application of our results. We have shown that: If
Re f'(z) > Ba—1)/2 (0 < a < 1), then Re(f(2)/z) > a. This result reduces
to [121, Theorem 2] when o = 1/3. In addition to that several other interesting

applications are given which deal with the sufficient conditions for starlikeness.

Lupasg in two separate papers [4] and [5], introduced a new operator RI*(n, A, ()

for functions f € A and f € A, respectively as follows:
RI%(n, A ) f() = (1 — )R (2) + al(m, A D f(2) (0> 0),

where R" f(z) and I(n,\,[)f(z) are respectively the Ruscheweyh derivative and the
generalized multiplier transform. In Chapter 4, inspired by the operators considered

by Lupag [2}4,5], a generalized linear operator

Ogn(a)f(z) = (L= a)(f xg)(2) + a(f * h)(z) (a € C)

is defined on the space of normalized analytic functions for each pair (g,h) of nor-
malized analytic functions. In this chapter differential subordination, differential
superordination and corresponding sandwich results involving the generalized linear
operator O, () are obtained. Some relevant connections of our results with earlier

work are also pointed out. Some special cases of our main results are:

a.) Let f € A and F be defined by
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If Reec> —1 and
1—(1-208)z

1—2

f'(2) + (1= a)zf"(2) < (B <1),

then
F'(z)+(1—a)zF"(2) <2(1 = B) o Fi(1,c+ L;e+2;—2)+ 28 — 1. (1.5.1)

The function on the right of (1.5.1)) is convex and is the best dominant. When
¢ =0 and a = 1 the above result reduces to the result [108, Lemma 5.5k | of

Miller and Mocanu.

Let f € A If Re(f'(2) + (1 — a)zf"(2)) > [, then
MECELEREE

z

>>2w—4)m2+25—1

The above result generalizes the result of Owa et al. [99, Corollary 1] and for

a = 0, the result reduces to the result |69 Theorem 6] of Hallenbeck.

If f € A satisfies the inequality

36— 1

Re(f'(2) + (1 = )2 f"(z)) > —;

0<pB<1),

then

Re (Oéf(Z) +( - a)Zf’(Z)) S 8.

z

The later result coincides with the results [174, Example 3.5] of Kumar et al.
and [121, Theorem 2] of Obradovié, for the choice of & = 0 and 1 respectively.

In the preceding chapters, we have discussed various differential subordination theo-

rems and derived several sufficient conditions for starlikeness and convexity. In the

subsequent couple of chapters, we shall discuss the problems related to the coefficient

estimates. In general this problem can be stated as “if a function f € A satisfies

certain geometric property, then how does this fact affects its initial coefficients?”

In Chapter 5, estimate on the Fekete-Szego functional |az — pa3| for normalized

analytic function f € M;g () is obtained. As a special case an alternate and com-

paratively easy proof of result [202, Theorem 1] proved by Tuneski and Darus is also

provided. Using our main results we have proved the following:
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Let f € A and satisfies

, 2\ 1402
f(2) (m) < 1T D

then, for any complex number p, we have

- D
las — pa3| < max{l;‘D—i—

L (1+A—2M)<A—2)(C—D)'}_

(1—A)2

For C =1—-2a,0<a<1,0< X< 1and D = —1, this result reduces to [202,
Theorem 1] of Tuneski and Darus. Note that our proof is quite different from that
one given by Tuneski and Darus [202]. For a = 0, the above result reduces to [202|
Corollary 1] due to Tuneski and Darus. Setting C' =k (0 < k <1) and D =0 in the

above result, we obtain the result [202, Theorem 2| of Tuneski and Darus.

Similarly the Fekete-Szegd problems for two more classes Ny (o, ) and S7 ()
defined using Hadamard product and subordination are determined. Further, some
special cases of the main results are also discussed. Our result generalize several

results proved in [83,(102,112,|151,188,,202].

For example, let o« > 0 and g(z) = 24>~ , gn2" With go, g3 non zero real numbers.

If fe85((1+2)/(1— 2)), then, for any real number ,

1 3+10a—a? 4 : .
(B — ) i <o

(1+)?[gs] 2a+1
|as — pa3| < m it o1 < 1< oy
v (et ) it >,
where N 2

If we take g(z) = z+ >~ ,n™z",m =0,1,2,3,..., then this result reduces to [151,

Theorem 2] of Raducanu.

Chapter 6 deals with the estimates on the initial coefficients of bi-univalent func-
tions belonging to certain classes defined by subordination. We obtained the estimate
on initial coefficient ay of bi-univalent functions belonging to the class R, (\, ) as

well as estimates on ay and ag for functions in the classes S¥ (), the class of bi-starlike
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functions and K, (), the class of bi-convex functions. Some special cases of our main
results are also provided, which in fact reveals that our estimates are better than the
earlier existing estimates. For example, Brannan and Taha |29, Theorem 4.1] proved
the estimates |az] < /1 — 8 (0 < 8 < 1) and |az| < 1 — f for functions f € K, (3).

This result is improved in the following results:

a.) If fell,[p] (0<pB<1),then

las] <1— 3 and |as| < (1—6)23—26)_
b.) If feSiP] (0< B <1), then
e [ VA 0<B<1) .

VA=BB-28), 1/2<8<1.

For functions in the class S}(/5) Brannan and Taha |29, Theorem 3.1] proved that
|as| < \/2(1 — B). If we compare the result [29, Theorem 3.1] with the result |ay| <
2(1 — p) for function f € S*(f), given by Robertson [152], we see that Brannan and
Taha’s estimate is better over the Robertson’s result only when 0 < 5 < 1/2. Also it
may be noted that our estimate for ay given in improves the estimate given by
Brannan and Taha [29, Theorem 3.1]. Further actuated by the work of Kedzierawski
[81], we obtained the estimates on initial coefficients as and az, when f and f~!
belong to different subclasses of univalent functions. For example, if function f is
p—starlike (¢—convex) and f~! is p—convex (p—starlike), the estimates on ay and

a3 are obtained.

Chapter 7 handles the radius problems for analytic functions with fixed second
coefficient. Motivated by the works in [10},59,131},/172,/197,(199|, in this chapter,

we consider the functions with fixed second coefficient in the following cases:

1. Re(f(2)/g(z)) > 0, where Re(g(z)/z) > 0.

2. Re(f(2)/g(2)) > 0, where Re(g(z)/2) > 1/2.
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3. 1f(2)/g(z) — 1| < 1, where Re(g(z)/z) > 0 or g is convex.
4. 1f'(2)/g'(z) — 1| < 1, where g is univalent or starlike or convex.
We generalize the results proved by Ali et al. [10]. We have obtained the sharp radii

of starlikeness of order «, parabolic starlikeness and Sokoél-Stankiewicz starlikeness

for functions with fixed second coefficient.






Chapter 2

Sufficient Conditions for Starlike
Functions Associated with the

Lemniscate of Bernoulli

2.1 Introduction

Motivated by the fact that each convex function is starlike of order half, in 1969, Mo-
canu [63] introduced the concept of a-convex function, which provides a continuous
passage from the starlike functions to convex functions. In 1973, Miller et al. |106]
proved that a—convex functions are starlike for all real o and convex for @ > 1. In-
spired by the paper [106], in 1999, Silverman [170] considered a class of normalized
analytic functions involving an expression which is the quotient of the analytic rep-

resentations of convex and starlike functions. For 0 < b < 1, he introduced the class
2f"(2)/f'(2)

G, defined by
STECERE b}

and proved that the functions in the class G, are starlike of order 2/(14+/1 + 8b), that
is the inclusion G, C §*(2/(1++/1 4 8b) holds. Further, Obradovi¢ and Tuneski [125]

gbiz{fG.A: —1

The contents of this chapter appeared in [173].

29
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improved this result by proving G, € S*[0,—b] C S*(2/(1 + /1 + 8b). Silverman
proved that G, ¢ KC, G, € S*(1/2)\ K and G, C K (b < v/2/2). Further he discussed
the radius of convexity problem for the class G,. Tuneski [201] obtained conditions on
A, B and b so that G, C S*[A, B] (—1 < B < A < 1) holds. Earlier, in 1999, inspired
by the work of Silverman [170], Nunokawa et al. [120] obtained sufficient conditions
for functions in the class G, to be strongly starlike, strongly convex and starlike. We
notice that by setting p(z) = zf'(2)/f(z) (f € A), the inclusion G, C S*[A, B] can
be written as

2p'(2) 1+ Az
1+bz = :
202) <1+bz p(z) < T B

Indeed, the above implication is a special case of the following

1+

2p'(z2) 1+ Dz 1+ Az

1 < < .
* p?(z) 1+ Ez p(z) 1+ Bz

Consider another result proved by Frasin and Darus [57]

(zf(2)" 22f'(z) ,(1=a)z  |Z/(2)
f'(2) f(2) 2-a f*(2)

By setting p(z) = 22f'(2)/(f(2))? (f € A), it can be easily seen that the above result

—ll<l—a (feAO<a<]l).

is a particular case of the implication

2p'(2) 1+ Dz 1+ Az
p(2) 1 + Ez p(z) = ‘

1
+ 1+ Bz

The above results motivated Ali et al. [17] to formulate a general approach to discuss
differential subordination results. For a function p analytic in D with p(0) = 1, they
obtained the conditions on A, B, D, E € [—1,1] and f so that

Zp’(Z)_<1+DZ (><1+Az
z
p(z) 14+ Ez b 1+ Bz

1+ (n=0,1).

In the similar direction, in 2012, Ali et al. |9] determined sufficient conditions for

p(z) < V14 z, whenever either the following

1+ 5;]2,((5)) <vV1+z (n=0,1,2) or (1—8)p(z)+ Bp°(z) + Bzp/(z) < V1+ 2

holds.
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Motivated by the works in [7},9,(11,{133],184], in Section we have determined

condition on f3 so that p(z) < /1 + z, whenever either of the following subordinations

p'(z)  1+Az n s zp'(z)
pk(z)<1—|—Bz (-1 <k <3) dp()+5pn<z)

hold. Similarly, condition on (5 is determined so that p(z) < (1 + Az)/(1 + Bz),
whenever 1 + fzp'(2)/p"(2) < vV1+2z (n = 0,1,2). At the end of Section the
implication p(2) + B2p'(2)/p(z) < V/1+ z implies p(z) < (1 + Az)/(1 + Bz) is also
considered. In Section , we have given alternative proofs of the results |17, Lemma

1+p

<Vitz (n=0,1,2)

2.1, 2.10]. Further, this section is concluded with some conditions on the parameters
A,B,D,E € [—1,1] and 8 such that

zp’(z)<1+Dz ()_<1—|—Az
z :
p’(z) 1+ Ez P 1+ Bz

To prove our main results of this chapter, we require the following results in

addition to Lemma [L.3.11

Lemma 2.1.1. [108, Corollary 3.4h1, p. 135] Let ¢ be univalent in D, and let ¢ be
analytic in a domain D containing q(D). Let z¢'(2)¢(q(z)) be starlike in D. If p is
analytic in' D, p(0) = q(0) and satisfies zp'(2)d(p(2)) < 2¢'(2)o(q(z)), then p < q and

q 18 the best dominant.

Lemma 2.1.2. [108, Corollary 3.4a, p. 120] Let q be analytic in D, and let ¢ be
analytic in a domain D containing q(D) and suppose Re ¢(q(z)) > 0 and either q
is convex, or Q(z) = zq'(2)p(q(2)) is starlike in D. If p is analytic in D, with
p(0) = ¢(0), p(D) C D and p(z) + 2p'(2)¢(p(2)) < q(2), then p < q.

2.2 Conditions for Sokoél-Stankiewicz Starlikeness

Throughout this chapter, we shall assume that g is a non-zero real number until fur-

ther specified. In the first result, condition on [ is obtained so that the subordination

2p(z) 1+ Az
A <
pF(z) 1+ Bz

implies p(z) < V1+4+2z (-1<B<A<L1).
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Theorem 2.2.1. Assume that —1 < B < A < 1,|8] > 2*+3/2(A — B) + |BS| and
—1 < k < 3. If pis an analytic function defined on D with p(0) = 1, and satisfying

the subordination
'(2) 1+ Az

zp
1 < , 9.2.1
+Bp’f(z) 1+ Bz ( )

then p(z) < V1 + z.

Proof. Let q(z) = /1 + z, and consider the function @ : D — C defined by

_ 20 (2) Bz
Q(z) =5 ¢"(z)  2(1+4 2)kD/2’

From the definition of (), we have

Q) | k4l =

Qz) - 2 1+z

Since the function z/(1 + z) maps the unit disk onto the plane Rew < 1/2, it follows

that
zQ'(z)) k+1
Re >1——2>0,
()5

for —1 < k£ < 3, and hence @ is starlike in D. Consider the subordination

zp'(2) 2q'(2)

1+ 75 <147 .
P*(2) q*(2)

The above subordination can be written as 1 + zp/(2)¢(p(2)) < 1+ 2¢'(2)é(q(z)) by
defining ¢(w) = B/w*. Thus all conditions of Lemma are satisfied and hence

p(2) < q(2). In order to prove our result, we need to show the following:

14+ Az Bzq (z) Bz
1 — = h .
1+ Bz <t q*(2) + 2(1 + z)(k+1)/2 (2)

To prove this, let us consider the function

14+ Az
p— @ f— .
v (2) 1+ Bz
Then, we have
w—1
o (w) = .
(w) A — Bw

Since the subordination ®(z) < h(z) is equivalent to z < ®~'(h(z)), now it is enough
to show that |71 (h(e?))| > 1, -7 <t <.



Note that

e (h(2) =

Bz
2(A— B)(1+ 2)®&+1)/2 — BB’

For z = e, —m < t < 7, we have

5 o
(A — B)(2cos(t/2))*+1)/2 + | Bj| =:g(?).

7 ()] >
Now ¢'(t) = 0 implies ¢t = 0. Since

2 (A - B)(1+ k)| (2° (A - B) +218B)

9"(0) = >0,

f 3
(2" (4~ B) +18BI)
it follows by second derivative test that ¢g(¢) attains its minimum at ¢ = 0 and

5]
9(0) = 2(:+3)/2(A — B) + |BA|

Also g(m) = g(—m) = 1/|B|. Now it is easy to see that

min g(t) = {g(), g(—7),9(0)} = g(0),

[t|<m

and g(0) > 1 for |8| > 2%*+3/2(A — B) + |BB|. This completes the proof.
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]

Theorem 2.2.2. Assume that (A—B)B > /2(1+|B|)*+(1—B)2. Ifp is an analytic

function defined on D with p(0) = 1, and satisfying the subordination
L+ B2p/(2) < V1+ 2,
then

1+ Az
1+ Bz

p(z) < (-1<B<A<L1).

Proof. Let q : D — C be defined by

B 1+ Az
14+ Bz

q(z) (-1<B<A<L1),

and consider the function

B(A—B)z

Q(z) = Bzq'(2) = T8
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Then the function ¢ is univalent in the unit disk D and from the definition of @), we

have
2Q'(z) 1—-DBz
Q(z) 1+ Bz

Since

Re (zQ’(z)> _ Re ((1 — B2)(1+ Bz))

|1+ Bz|?

1—B2 2
= ﬁ>0 (—1§B<1,ZED),

it follows that the function @ is starlike in ID. Now it is easy to see that the subordina-
tion 14 f2p/(z) < 1+ 52¢'(2) can be written as 1+ 2p/'(2)d(p(z)) < 1+ 2¢'(2)d(q(2))
by defining ¢(w) = . Thus all conditions of Lemma are fulfilled, and that the
subordination

14 B2p'(2) < 1+ B2¢(2)

implies p(z) < ¢(z). Now in order to prove our theorem we need to show that the

following subordination must holds:

e : (A-B)z _
1+z<1+52q( )_1+ﬂm_h(z)

For this purpose, let w = ®(z) = /1 + 2. Then & !'(w) = w? — 1. Since the sub-
ordination ®(z) < h(z) is equivalent to the subordination z < ®~1(h(2)), it fol-

lows that in order to prove the result, it is enough to show that the inequality

|®~(h(e?))| > 1,—7 < t < 7 holds.

For z = e (—7 <t < 7), we have

o) — (s ) -1
(A— B)e |”
Tt Bez 7!

> ‘1+5

provided the following inequality holds:

(A — B)e™

H?EE?>“E' (2.2.2)

‘1+ﬁ

For the above inequality to hold we should show that the minimum of the left side

expression of the above inequality must be greater than or equal to v/2, and for this
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we consider the expression

(A= B)et| |1+ (2B + B(A— B))e® + Be?|

b 5(1 + Beit)2| |1+ 2Beit + B2e?|
>Re(QB + B(A — B) + B2 + e~
- 1+ 2|B| + B2
2B+ B(A—B)+ (1+ B?)x
= TERIIE = g(x),

where x = cost,—1 <z < 1. It is easy to verify that g(x) > g(—1) for =1 <z < 1.
Thus the inequality in (2.2.2)) holds if g(—1) > v/2, that is, if the following inequality

holds: )
2B+ pB(A—-B)— (14 B?)
1+ 5] 2 V2

or equivalently, if the inequality (A — B)S > v/2(1 + |B|)?> + (1 — B)? holds. This
establishes the theorem. ]

Theorem 2.2.3. Let p be an analytic function defined on D with p(0) = 1, and

satisfying the subordination

1+ ﬁzﬁg(;)) <Vite (2.2.3)

If the conditions 0 < B < A< 1 and 8 < (1 —+/2)(1 — A)(1 — B) hold, then

1+ Az

p(z) = 14+ Bz’

Proof. Define the function ¢ : D — C by ¢(z) = (14 Az)/(1 + Bz), and consider the

function

_ Bzq (2) B(A— B)z

q(2) (1+ Az)(1+ Bz)

From the definition of @), differentiating logarithmically, we have

Q(2) :

2Q'(2) 1— ABz?

Q(z) (1+ Az)(1+ Bz)
Now in order to prove that @) is starlike, we have to show that Re(zQ'(2)/Q(z)) > 0

in the unit disk ID. For this, we consider

1 — AB2* B (1—-AB2%)(1+ Az)(1+ Bz)
I“(Q+A@Q+Ba>_ e< (1+ A2)(1+ B2)P )
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Since denominator of the expression in the right hand side is always positive, it
remains only to show that Re((1 — ABz?)(1 + Az)(1 + Bz)) > 0, and this is evident

from

Re(1 — AB2*)(1+ AZ)(1+Bz) = 1— A’B?|2|*+ (A + B)(1 — AB|z[*) Re 2)
= (1 - AB]z|»)(1+ AB|z]* + (A+ B)Rez)
> (1—ABJz]*)(1+ ABJz|* — |A+ B||2]).

Since (1 — AB|z|?)(1 + AB|z|?> — |A + B||z]) > 0 in all the cases whether A + B is
positive or negative or zero, it follows that () is starlike in ID. Since the subordination
#(2) #(2)

p(2) q(2)

can be written as 1+ zp'(2)d(p(z)) < 1+ 2¢'(2)¢(q(z)) by defining ¢p(w) = 5/w, and
Q(z) = 2¢'(2)/q(z) is starlike in D, it follows from Lemma that p(z) < ¢(2).

1+ 5 <148

Now in order to prove our theorem we need to show the following subordination:

2q'(2) BA-B)z _ .
\/1+z—<1+5q<z) _1+(1—|—Az)(1+Bz) =: h(2).

For this purpose, let w = ®(z) = v/1 + 2. Then ®~!(w) = w? — 1. Since the subordi-
nation ®(z) < h(z) is equivalent to the subordination z < ®~1(h(z)), it is enough to
show [ L(h(e?))| > 1, —m <t <.

For z = e, —m < t < 7, we have

B(A=B)e"
<1 AT Aeh(1 + Beit)> -1

provided that the following inequality holds:

|7 (h(e"))| =

B(A — B)e'

(1+AWX1+B&U:>¢Q

‘1+

Now consider the expression in the left hand side of the above inequality

B(A = B)et

1 . ,
T U T 461 + Be)

>1+(A—B)fRe ((1 + Aeit)(1+ Beit))
B A+ B+ (1+ AB)x _
—1+C4_BM%1+A%+muX1+B%+ﬂh)_g@%
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where = cost. Since —1 < x < 1, it follows that g(z) > g(—1) for 0 < B < A < 1.
Now by a simple computation, we obtain g(—1) > v/2 for 3 < (1—+v/2)(1—A)(1—B).
Thus ®(z) < h(z) and this completes the proof. O

Theorem 2.2.4. Assume that —1 < B < A <1 and
(A= B)B> (V2-1)(1+A)* + (1 - A

If p is an analytic function defined on D with p(0) = 1, and satisfying the subordina-

tion
/
1+sz;_(z) < V1+z,
p*(2)
then
) 1+ Az
Pz 1+ Bz’

Proof. Define the function ¢ : D — C by

B 1+ Az
1+ Bz

q(z) (-1<B< AL,

and consider the function

_ B:(z) _ BA-B):

OB ="a0) = v A

By a logarithmic differentiation of (), we have

2Q'(2)  1—- Az
Q(z) 14+ Az

Since

1— Az 1— A%|z|?
_ 0 (cl<A<landzeD
Re(1+Az) T3 Az 0 (Fl<AslandzeD),

it follows that Re(2Q’(2))/Q(z) > 0 in D and hence @ is starlike therein. Now it is

easy to see that the subordination

2p'(2) zq'(2)
p*(2) ¢*(2)

can be written as 1 + zp/(2)é(p(2)) < 1+ 2¢'(2)¢(q(2)) by defining ¢(w) = B/w?.

1+

<1+8

Thus all the conditions of Lemma [2.1.1| are satisfied and an application of the same

leads to

2P/ (2)
1+ﬂp2—(2> <1+p

2q'(2)
¢*(2)



38

implies p(z) < ¢(z). Now in order to prove our theorem we need to show the following:

W) GA-B2
VIFz <140 =1+ s = he)

For this, let w = ®(2) = /1 + z, and so ® ! (w) = w?— 1. Since the subordination
®(z) < h(z) is equivalent to the subordination z < ®~1(h(z)), it is enough to show
&1 (h(e?))] > 1, —7 <t < 7. Now, we have

1 ()| = ‘ (1 n BM) L

. >1
(1+ Aeit)2 =

provided the following inequality holds:

(A— B)e"
(1 + Aeit)?
Consider the left hand side of the above inequality

> V2. (2.2.4)

1+

‘1 L5 (A — B)e® 1+ (2A+B(A- B))e' + A?e?|
(1 + Aeit)? |14 2Ae 4 AZe2it|
S Re(24 + B(A — B) + A% + e7%)
- 1+ 2|A| + A?
24+ B(A—B) + (1+ A%z
= ERE = g(x),

where z = cost,—1 < x < 1, and of course g(x) > g(—1). The inequality in (2.2.4)
holds if g(—1) > v/2, that is if

9B + B(A— B) — (1+ A?)
L+ [A])? 2 V2

or equivalently if (A — B)3 > (v/2—1)(1+ |A])?>+ (1 — A)? holds. Thus ®(z) < h(z),

and now the theorem follows at once. O

Theorem 2.2.5. Let p be an analytic function defined on D with p(0) = 1, and
satisfying the subordination p(z) + Bzp'(z) < V1+ 2z (8 >0). Then p(z) < 1+ z.

Proof. Define the function ¢ : D — C by ¢(z) = v1+ 2z with ¢(0) = 1. Since
q(D) = {w : |w? — 1] < 1} is the right-half of the lemniscate of Bernoulli, ¢(D) is a
convex domain, and hence ¢ is a convex function. Consider the function ¢ defined by

¢(w) = B. Since by assumption 8 > 0, it follows that

Re¢(q(z)) =Reop(vV1+2)=05>0.
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Consider the function () defined by

z

Q(2) := 2q'(2)p(q(2)) = 5m‘

From the definition of (), we have

(G) e arra)

Since the function z/(1 + z) maps the unit disk D on to the region Rew < 1/2, it
ZQ’(Z)) 3
Re >->0
( Q(2) 4

and hence the function () is starlike. Thus all the conditions of Lemma [2.1.2] are

follows that

fulfilled and hence the result follows at once. O

Theorem 2.2.6. Let p be an analytic function defined on D with p(0) = 1, and
satisfying

p(2) —i—ﬂzﬁéz) <V1+2z g>0.

Then p(z) < 1+ z.

Proof. Let g be given by q(z) = v/1 + 2. Then as before in the proof of Theorem ,
the function is convex in the unit disk . Define the function ¢(w) = f/w. Since ¢
maps the unit disk D onto ¢(D) = {w : |w? — 1| < 1}, the right half of the lemniscate
of Bernoulli and by assumption g > 0, it follows that

Re¢(q(z)) = ﬁ Re (\/1 + z) > 0.
Consider the function () defined by
Q) = p2d2) B2

From the definition of (), we have

() =t ()

Since the function z/(1 + z) maps the unit disk I onto the region Rew < 1/2, it

“(9)e 1

follows that
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and hence the function @) is starlike in the unit disk D, and hence the result follows

from Lemma P.1.92] O]

Theorem 2.2.7. Let p be an analytic function defined on D with p(0) = 1 satisfying

p0)+ 65 <VTFE 520

Then p(z) < /1 + .

Proof. Let q be given by ¢(z) = v/1+ z. Then, as before, ¢ is a convex function in
the unit disk D. Let us define ¢(w) = 8/w? and therefore

Reofa(2) = e (7).

1+ 2

Since the function 1/(1 + z) maps the unit disk D onto the region Rew > 1/2, and
by assumption 5 > 0, it follows that Re ¢(q(z)) > /2 > 0. Consider the function @
defined by

= P (2) _ z
) ﬁqz(Z) 62(1+z)%'

From the definition of @), by logarithmic differentiation, we have

w(95) 13 (i)

Since the function w = z/(1 + 2z) maps the unit disk D onto the region Rew < 1/2,

Re @) >1>O
(o)

and hence the function @) is starlike and the result now follows by an application of

Lemma 2.1.2 O

it follows that

Theorem 2.2.8. Let p be an analytic function defined on D with p(0) = 1, and
satisfying the subordination

zp'(2)

<1+ z.
p(2)

p(z) +6
If =1 < B < A <1 and the inequalities

(1+[B))(A=B)B < (1~ |A])(L — |B)(1+[A] = vV2(1 +|B]))
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and
(A —JA[ =B+ [ADA - |B])
£ > max {0, QA+ B +1) (2.2.5)
hold, then
(2) < 1+ Az
pLe 1+ Bz

Proof. Define the function ¢ : D — C by ¢(2) = (1 + Az)/(1 + Bz) and consider the

functions ) and h given as follows:

and
() = Bla(a)) + Q) = a(z) + 54
and
2W(z) _q(z) 2q"(z)  2q(2)
Q= ~ 8 T T e

From the definition of ) and ¢, we have

2Q'(2) 1 — ABz?

Q(z) (14 A2)(1+ Bz2)’
Now in order to prove that @ is starlike we have to show that Re(2Q’'(2)/Q(z)) > 0

in the unit disk D. For this, we consider

1 — ABz? B (1—ABz?)(1+ Az)(1+ Bz)
Re((1+Az)(1+Bz)> _Re( (14 Az)(1 + Bz2)|? )

Since denominator of the expression in the right hand side is always positive, it
remains only to show that Re((1 — ABz?)(1 + Az)(1 + Bz)) > 0, and this is evident

from the following
Re(l1 — AB2*)(14+ Az)(1+ Bz) = 1— A’B?|z|* + (A+ B)(1 — AB|z]))Rez
= (1—-AB|2]»)(1+ AB|z]*> + (A+ B)Re2)
> (1—AB|z])(1+ AB|z|> — |A+ B||z]).

Since (1 — AB|z|*)(1 + AB|z]?> — |A + B||z|) > 0, for both the cases whether A + B

is positive or negative or zero, it follows that () is starlike in D.
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Now we shall show that Re (zh/(2)/Q(z)) > 0 (2 € D). For this purpose, let us

consider
zh'(z) 1 1+ Az 1— Bz (A—B)z
Re(@(z)) - BR6(1+BZ>+R6(1+BZ_(1+Az)(1+Bz))
1

1+ Az |- Bz 1 1
= 3 e(1+Bz>+Re(1+Bz)+Re(1+Az> _Re(1+Bz)'

In view of the inequalities:

L= 1Bl (g (L=Bz\ _1+B 1 _, L\ _ ¢
(§} C| ——
1+1B] = \1+Bz) 1B T+]A] = " \1+A4z) “1—[4]

we have the following inequality

1 1+ Az 1— Bz 1 1
ER6(1+BZ>+R6(1+B,Z)+Re(1+Az> _Re(l—IrBz)

L 1-JAl 1B |A+|B
=B 1+ [Bl T (1+ AN - [B)
_148-(AI+[B) . |Al+]B]
A+B)F " (+ AN [B)

Thus in view of the assumption (2.2.5)) of theorem, we have Re (zh/(2)/Q(z)) > 0.

The subordination

zp'(2) 2q'(2)
<q(z) + B——=
o) DG
can be written as ((1.3.3)) by defining 0(w) := w and ¢(w) := f/w (B # 0). Clearly
the functions 6 and ¢ are analytic in C and ¢(w) # 0. Thus all the conditions of

Lemma are fulfilled and hence it follows that p(z) < ¢(2).

p(2) + 8

In order to prove our result, we need to show

- 2q(z) 1+ Az B(A— B)z
D(z) i=vV1+2z=<q(2)+p q(z) 1+ Bz ' (1+A2)(l+ Bz)

= h(z2).

Since the subordination ®(z) < h(z) is equivalent to the subordination z < ®~1(h(z))
it is sufficient to show |®~!(h(z))| > 1 on |z| = 1. Now the inequality

<1+Az . BA-B): ))2_

[~ (b)) = 1+ Bz (1+ Az)(1+ Bz

11 >1

holds provided
(2.2.6)

1+ Az B(A— B)z
‘1—|—Bz (1+ Az)(1+ Bz)
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Further when |z| = 1, we have

1+ Az B(A — B)z
1+Bz (1+Az)(1+ Bz)

1+ Az B(A— B)z
Re <1+Bz + (1+Az)(1+Bz)>

> Re<1+Az) _‘ B(A—B)z

1+ Bz (14 Az)(1+ Bz)
-4 __ (A-B)S
1+1B]  (1-[A)A—|B[)

Thus the inequality in (2.2.6) holds if the quantity in the right side of the above
inequality is greater than or equal to v/2, that is when

>

(1+[BI)(A=B)B < (1~ |A])(L — |B])(1+[A] = V2(1 +|B]))

holds. This completes the proof. O

2.3 Conditions for Janowski Starlikeness

We shall begin with Theorems [2.3.1}, in which we have given alternate proofs of
the results |17, Lemma 2.1, 2.10] due to Ali et al.

Theorem 2.3.1. Assume that —1 < B< A<1, 1< E<D<1 and let
|Bl(A—B) > (D —-E)(1+ B*) +|2B(D — E) — ES(A - B)|.

Let p be an analytic function defined on D with p(0) = 1, and satisfying

1+ Dz

1 '(2) < .
+B2p/(2) 1+ Ez

Then
14+ Az

p(z) < 14 Bz’

Proof. Define the function ¢ : D — C by

B 1+ Az
1+ Bz

q(z) (-1<B<A<L]).

Then ¢ is convex in D with ¢(0) = 1, and let us consider the function @) given by

P(A—B)z

Q(z) = Bzq'(2) = U+ B2
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and, as shown in the proof of Theorem [2.2.2] it follows that @ is starlike in the unit
disk D. Now it is easy to see that the subordination 1+ fzp'(z) < 1 + 5z¢'(z) can
be written as 1+ 2p/(2)p(p(z)) < 1 + 2¢'(2)é(q(z)) by defining ¢(w) = S. Thus all
conditions of Lemma are fulfilled, and that the subordination

1+ B2p'(2) < 1+ B2¢'(2) implies p(z) < ¢(z).

In view of the above implication, we need to show

1+ Dz by (A—B)z
1+Ez<l+ﬁzq(z)—1+5(1+3 2 = h(z).

For this purpose let us define w = ®(z) = (1 + Dz)/(1 + Ez), and therefore its

inverse function is given by ®~'(w) = (w — 1)/(D — Ew). Since the subordination
®(z) < h(z) is equivalent to the subordination z < ®~1(h(z)), it follows that to prove
the result it is sufficient to show |[®~1(h(z))| > 1 on |z| = 1. Since the inequality

1 B(A - B)z
@ REN = BT BT B2+ (2B(D — B) — BE(A B)):
- (A —B)|]l+]
= ((D—-E)(1+ B2z%) +|(2B(D — E) — BE(A - B))|)||
(A—B)|p|

= (O-B)1+ 5+ @BD - F) - 5EA-B))) ~

holds on |z| = 1, for |B|(A — B) > (D — E)(1+ B?) +|(2B(D — E) — ES(A — B))|,
it follows that ¢(D) C h(D), that is, ¢(2) < h(z), and this completes the proof. [

It should be noted that Ali et al. [17] made the assumption AB > 0 in order to
prove their result [17, Lemma 2.10], whereas in our proof (of the same result) this

assumption is not required.

Theorem 2.3.2. Assume that -1 < B< A<1, 1< E <D <1 and let
B[(A—B) > (D — E)(1+|AB|) + |(A+ B)(D — E) — ES(A — B)|.

Let p be an analytic function defined on D with p(0) = 1, and satisfying

z2p'(z2) 14+ Dz

1+ﬁp(z) 1+ Ez’

Then
1+ Az

p(z) < 14+ Bz’
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Proof. Define the function ¢ : D — C by

1+ Az
1+ Bz

q(z) = (-1<B<A<L1).

Consider the function ) given by

Pz (z) _ B(A-DB)z
q(2) (1+ Az)(1+ Bz)

Q(z) =

and, as shown in the proof of Theorem [2.2.3] it follows that () is starlike in the unit
disk . The subordination 1 + Szp/'(z)/q(z) < 1+ Bz¢'(2)/q(z) can be written as
1+ 2p'(2)p(p(2)) < 1+ 2¢'(2)¢(q(2)) by defining ¢(w) = B/w. Thus all conditions of

Lemma [2.1.1| are satisfied, and hence the subordination

zp'(2) 2q(z) .
) <1+p e implies p(z) < ¢(z).

1+8

It follows from Lemma 2.1.1] that the subordination

Hﬂzzo’(Z) . Hﬁzq’(Z)
q(z)

p(z)
implies p(z) < ¢(z). In view of the above implication, to prove the result, we need to

show

l\z

14+ Dz 2q'(2) (A—B)
1+Ez-<1+ﬁﬁ (1+B)
(1

For this purpose let us define w = ®(z) = (1 + Dz)/

=1+ 8+—F% = h(2).

+ Ez), and therefore its
inverse function is given by ®~}(w) = (w — 1)/(D — Ew). Since the subordination
®(z) < h(z) is equivalent to the subordination z < ®~1(h(z)), it is sufficient to show
|®~(h(2))| > 1 on |z| = 1. Now the function ®~1(h(z)) is given by

B B B(A - B)z
¢ (h(z) = (D—E)(1+ Az)(1+4 Bz) — BE(A— B)z
B(A— B)z

(D— E)1+ AB22)+ (A+B)(D— E) — BE(A— B))z’
For |z| = 1, we have

. BI(A - B)
> N = BB T JAB) ¥ (AT B)(D— B) ~ BE(A—B)]

> 1,

whenever the inequality |5|(A—B) > (D—E)(1+|AB|)+|(A+B)(D—E)—EB(A—B)|
holds, and hence ¢(D) C k(D) or equivalently ¢ < h, this completes the proof. ]
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Theorem 2.3.3. Assume that -1 < B< A<1, —1<E <D <1 and let
18](A=B) > (D~ E)(1 + A®*) + |2A(D — E) — EB(A - B)|.

Let p be an analytic function defined on D with p(0) = 1, and satisfying the subordi-

nation
2p'(z2) 14+ Dz
1 )
+ﬁp2(2) B 1+ Ez
Then
(2) < 1+ Az
z )
p 14+ Bz

Proof. Define the function ¢ : D — C by ¢(2) = (1+A42)/(1+Bz) (-1 < B< A<1),
and consider the function ) defined by

_ Bzq'(z) _ B(A-B)z

Q) 2(z) (14 Az)?
and
2Q'(z) 1-Az
Q(z) 1+ Az’

As before, a computation shows @ is starlike in . It follows from Lemma [2.1.1] that
the subordination
L) o)
P*(z) *(2)
implies p(z) < ¢(z). To prove the result, it is enough to show that
14 Dz 2q'(z
1+ Ez *(z)
For this purpose let us define w = ®(z) = (1 + Dz)/(1 + E=z) its inverse function

is given by ®'(w) = (w — 1)/(D — Ew). Since the subordination ®(z) < h(z)

(A— B)z
(1+Az)? ()

+ 5

is equivalent to the subordination z < ®~'(h(z)) in order to prove the result, it is

sufficient to show |®~!(h(z))| > 1 on |z| = 1. Since the inequality

. B B(A— B)z
[ (h(2)] = (D — E)(1+A22%) + (2A(D — E) — BE(A - B))z
. (A= B)I5ll=]
~ (D= E)(1+ A2 + 2A(D - E) - BE(A - B)||#|
- (A= B)l5|
~ (D-E)(1+ A?)+[2A(D — E) — BE(A— B)|
> 1,
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holds on |z| = 1, for |8|(A— B) > (D — E)(1 + A?) + |2A(D — E) — EB(A — B)|, it
follows that ¢(ID) C h(D) or ¢ < h, and this completes the proof. ]

For § = 1, Theorem reduces to the result [17, Lemma 2.6] of Ali et al.

Theorem 2.3.4. |17, Lemma 2.6] Assume that -1 < B< A<1, -1<E<D<1
and (A — B) > (D — E)(1+ A%) + |2A(D — E) — E(A — B)|. Let p be an analytic
function defined on D with p(0) = 1 satisfying the subordination

2p(z) 1+ Dz
p?(z) 14 Ez

1+

Then
1+ Az

p(z) < 14 Bz’

2.4 Applications

In this section, we shall discuss some applications of the results obtained in previ-
ous sections. These results provide sufficient conditions for functions to be Sokol-

Stankiewicz and Janowski starlike.

Corollary 2.4.1. Let f € A satisfies the subordination

z2f'(z) zf"(2)  2f'(2) 1+A4z
LS () e C1eB<asy

Further if the inequality (1 — |B|)|8] > 2v/2(A — B) holds, then f € Si.

Proof. For a function f € A, define a function p : D — C by p(z) = zf'(2)/f(2).
Then p is analytic on D and p(0) = 1. From the definition of p, we have

) (1) 2 20

1+ B2p'(2) =1+ 8 flz)  f(z)

The result follows from Theorem 2.2.11 O

Taking A =1, B = 0 and 8 = 2v/2 in Corollary [2.4.1] we have the following result

which provides a sufficient condition for Sokét-Stankiewicz starlikeness:
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Corollary 2.4.2. Let f € A and satisfies

QEQ(L%ﬁ%@_zf@»‘< 1

f(2) 'z f(z) 22

Then f € S.
The following corollary provides a sufficient condition for Janowski starlike func-
tion:
Corollary 2.4.3. Assume that —1 < B < A <1 and
(A— B)8 = Va(1+|B])? + (1 - B

If f € A and satisfies

PG (D) )
1+5ﬂa<“*f@"ﬂa><

1+ z,

then f € S*[A, B|.

Proof. Let p(z) = zf'(2)/f(2), f € A. Then p is analytic in D and p(0) = 1. Using

the definition of function p, we have

L@ ) )
#2) =7 <1'+‘ ERNIE) ) |

Now the result follows from Theorem [2.2.2] O

Now taking A = 1 and B = —1 in Corollary 2.4.3] we have the following sufficient

condition for starlike functions.

Corollary 2.4.4. Let 3 > 2(\/2+1). If f € A and satisfies

) () ()
f@)(k%ﬂ@> ﬂ@) <V

‘1—1—5

then f € S*.

Corollary 2.4.5. Let 0 < B< A<1land0# < (1-vV2)(1-A)(1-B). Iffc A

and satisfies the following subordination

) =) .
1+5(1+1%a f@))*v1+’

then f € S*[A, B].
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Proof. Let p(z) = zf'(2)/f(z). Then p is analytic in D and p(0) = 1. Further a
computation gives

D) | ) )

p(z) fz) fz)
In view of the subordination ({2.2.3) of Theorem [2.2.3| we get the required result. [

Corollary 2.4.6. Let -1 < B< A< 1 and (A—B)3 > (vV/2—1)(1+]A])?+(1— A)%.
If f € A and satisfies

f(2) ') ()
1+Bw«w<1+f%a f@)><

14 2z,

then f € S*[A, B|.

Proof. Let p(z) = zf'(2)/f(z). Then p is analytic in D and p(0) = 1. Further

computation gives

2(2) _ f() ( 2f"(2) Zf'(Z))
e T U e T e )
Now from Theorem [2.2.4] the required result. O

Corollary 2.4.7. If f € A and satisfies

2 '(R) zf"(2) .
(1-5) o) +5(1+ f,(z))<\/1+ . B>0,

then f € 7.

Proof. Let p(z) = zf'(z)/f(2). Then we have

W) 2f() () 2f()
PR Ay f@>+50+ )

[z f2)
PN 6 < 2f"(2)
= e U
Now from Theorem [2.2.6 we obtain the desired result. O

Corollary 2.4.8. If f € A and satisfies the subordination

) G (o A A P() .
ﬂdﬂzﬂ@)0+tﬂﬂ f@)><vl+ (6>0),

then f € S5.
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Proof. Taking p(z) = zf'(z)/f(z) in Theorem [2.2.7, we have

() _z2() |, f(2) < ") _ Zf’(Z))
P " e T e e )
Thus in view of Theorem [2.2.7], the result follows immediately. O

Corollary 2.4.9. Let |3|(A— B) > 2(1 —a)(1+ B?) + |4B(1 — a) + B(A — B)|. If
f € A and satisfies the subordination

zf'(z) zf"(2)  2f'(?) 14+ (1—2a)z
RS CH S (b o) Rl =

then f € S*[A, B.

0<a<l),

Proof. Taking p(z) = zf'(2)/f(z), we have

S (1,200

f(2) Flz)  flz)

Now setting £ = —1 and D = 1 — 2« in Theorem [2.3.1 we have

) (2 2 F ()Y 1+ (1-20)2
) O+¢m@ f<z>>< =

Thus the result follows at once from Theorem 2.3.11 O

1+ B2p'(2) =1+

1+

By taking A =1, B = —1 and a = 0 the condition
B(A=B) 2 2(1—a)(1+B*) + [4B(1 —a) + 5(A - B)|

reduces to || > 2+ |5 — 2|. It is easy to verify that this condition is true for 5 > 2.
Thus we have the following sufficient condition for starlikeness from Corollary [2.4.9,

Corollary 2.4.10. If f € A and satisfies

o (G (g )7 022

then f € S*.



Chapter 3

Sandwich Theorems for
Multivalent Functions Involving a

Unified Linear Operator

3.1 Introduction

In the literature, the properties of functions defined by special cases of convolution
operators have widely been studied using a recurrence relation satisfied by them, see
[32,/42,45,/51|,74,,79,,87,94/97,100,130,159,167,204]. The Dziok-Srivastava oper-
ator (see page is one among the special cases of the convolution operator. Several
interesting properties such as inclusion relationship, subordination properties, differ-
ential sandwich results etc. of the classes of functions defined by Dziok-Srivastava
operator or its special cases including the Hohlov operator [74], the Carlson-Shaffer
operator [42,99], the Ruscheweyh derivatives [160], the generalized Bernardi-Libera-
Livingston integral operator [32,94,100] and the Srivastava-Owa fractional derivative

operators [126,,/130], rests on the following identity:

z(H]f;m[ozl]f(z))’ _ alH}l,’m[al +1]f(2) — (o — p)H;’m[al]f(g). (3.1.1)

Most of the results of this chapter appeared in [174].

51
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The multiplier transform I,(r, A) on A,, which is also a special case of convolution
operator, introduced by Kumar et al. [180] and investigated in [1,23,/181] satisfies
the following identity:

2(Ip(r, ) f(2)) = (p+ NIp(r + 1,0 f(2) = Ap(r, ) f(2). (3.1.2)

The operator I,(r, A) is closely related to the Salagean operator [162]. The operator
I} := Ii(r,\) was studied by Cho and Srivastava [46] and Cho and Kim [45]. For
many special cases of this operator we refer to Section[I.4] There are enough literature
in which the properties of functions/class of functions defined by linear operators were
investigated using a recurrence relation satisfied by operators under consideration.
The recent work (among others) of Ravichandran et al. [146], Kumar et al. [180,(181],
Al-Kharsani and Al-Areefi [23], Ali et al. [15], Cho and Kim [45] and Kwon and

Cho [89] and the references given therein may also be cited in this connection.

Recently Kumar et al. [180,181] derived differential sandwich results for Dziok-
Srivastava operator and multiplier transform. They also discussed some inclusion
relations using the theory of differential subordination. Inspired by these, in 2008,
Al-Kharsani and Al-Areefi |23] also established differential sandwich results for Dziok-
Srivastava operator and multiplier transform. These results were established using a
recurrence relation satisfied by Dziok-Srivastava operator and multiplier transform.
In 2011, Ali et al. |[15] defined a class of operators which satisfy a common recurrence
relation and they derived several differential subordination results. In the following

definition, all the operators which satisfy a common recurrence relation are unified.

Definition 3.1.1. [15] Let O, be the class of all linear operators Lf defined on A,
satisfying
ALy f(2)) = aaLy ™ f(2) = (0 — D)Ly f(2). (3.1.3)

One may also consider the operators satisfying the following recurrence relation

ALLF ()] = L £(2) — (o — P)LA()
but their properties are very similar to the operators satisfying the recurrence relation

in (3.1.3). In fact our results are motivated by Ali [15,23,/180,/181] and the recent
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results of Miller and Mocanu [105] on differential superordination. The results of
Miller and Mocanu were later used extensively by Bulboaca [36),37] to investigate
superordination-preserving integral operators as well as by several others [1,/23,(51,

136],150,[180,[181],186].

In the following sections, several subordination and superordination theorems and
their corresponding sandwich theorems are obtained. Further several sufficient con-
ditions for normalized analytic functions to be in the classes S, $*(a), SS*(n) and
S; are established. In this chapter many existing results are generalized. For exam-
ple, the results of Kumar et al. [181] are special cases of our results for the choice
of £ =1 = v and L is the Dziok-Srivastava operator and the multiplier transform.
Similarly when u = 1,7 = 0 and L is the Dziok-Srivastava operator and the multiplier
transform our results reduce to the results proved by Al-Kharsani and Al-Areefi [23].
Some results proved by Obradovi¢ [121], Chichra [43], Owa and Obradovi¢ [127] are

also shown to the special cases of our results.

We shall use the Definition [[.3.1] and Lemmas [[.3.1] and [[.3.2] to establish our

main results.

3.2 Sandwich Theorems

In this section, we shall discuss some differential subordination, superordination and

corresponding sandwich results. For brevity, we shall use the following notations:

. (BN N e (pe e e P (2))
i) = (P ) (Gi) 0 Bl P = gl

where f,F' € A, and the powers are principal one, ;¢ and v are chosen to be real

numbers such that they do not assume the value zero simultaneously.

Theorem 3.2.1. Let q be convexr univalent in D with ¢(0) = 1 and f € A,. Let
g1 # 0, Re(agp1pt — agv) > 0. Assume that x and ® are respectively defined by

\(z) = O% (Casitt — aa)a(z) + 2 (2)] (3.2.1)
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and
0(=) = 9, (F(2)Va(2), (322)
where
Tu(2) = kO () = 222001, (/(2)

1. If ®(2) < x(2), then

OF 0 (F(2)) < a(2)

and q is the best dominant.
2. If x(z) < ®(2),

0#Q7 ,,(f(2) € H[L,1] N Q and ®(z) is univalent in D, (3.2.3)

L,u,v

then
q(z) < Q7 .. (f(2))

and q 18 the best subordinant.

Proof. Define the function P : D — C by

P(z) = Q1 ,.,(f(2)), (3.2.4)

where the branch of P is so chosen such that P(0) = 1. Then P is analytic in D.
From the definition of P, from ({3.2.4]), we have

P AL )
P(z) Q7 ., (f(2))
(LL:II J{(f)) f UZ(LLEJ{ ((j))), + (v — ). (3.2.5)
Using the identity p p
2Lef(2) = aaLy™ f(2) = (aa — p) Ly f(2), (3.2.6)

in , we have
0,12 (05371 -

(P

08,1,/

_ %1“ (Qasift — o) P(2) + 2P'(2)]. (3.2.7)

qg41
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In view of (3.2.7), the subordination ®(z) < x(z) becomes
(Qar1pt — V) P(2) + 2P'(2) < (as1pt — aqr)q(2) + 24/ (2)

and this can be written as , by defining

O(w) = (ar1p — aqr)w and $(w) = 1.
Note that 0 # ¢(w) and 6(w) are analytic in C\ {0}. Setting

Q(z) == 2q¢'(z) and h(z) :=0(q(2)) + Q(2) = (au1p — aav)q(2) + 24 (2).

Since ¢ is convex, it follows that Q(z) = z¢/(z) is starlike and in light of the hypothesis
of Theorem [3.2.1], we see that

(o) = ™ (e * o0 )

!
= Re (aaHu —aguv+ 1+ zq/ (Z)) > 0.
q(z)

By an application of Lemma|l.3.1] we obtain that P < ¢ or equivalently we can write

Q7 ., (f(2)) < q(2). The second half of Theorem follows by a similar application
of Lemma [1.3.21 O

Using Theorem [3.2.1] we obtain the following “sandwich result”.

Corollary 3.2.2. Let g; (j =1,2) be convex univalent in D with ¢;(0) = 1. Assume
that Re(agq1pt — aqr) > 0 and © be as defined in (3.2.9). Further assume that
1

xj(z) = KH [(aaﬂu — auv)qi(2) + zq}(z)} )

If holds and x1(z) < ®(2) < x2(2), then () < Qf , ,(f(2)) < ¢2(2).
Theorem 3.2.3. Let q be conver univalent in D with ¢(0) = 1 and a, be a complex
number. Assume that Re(pagi1 — vag) > 0 and f € A,. Define the functions F', x
and ¥ respectively by

F(z) := Zia_p / toe=P=Lf(t)dt, (3.2.8)
X(2) = (M1 — vag)q(z) + 2¢(2) (3.2.9)

U(2) = 9, (F(2)) [100098,10(/(2), F(2)) = v 6 1(f(), F(2))] . (3:210)
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1 IfW(z) < x(2), then Qf , (F(2)) < q(2) and q is the best dominant.

2. If x(2) < ¥(z),

0# Q7 ,,(F(2) € H[1,1]N Q and ¥(z) is univalent in D, (3.2.11)

then q(2) < Qg ,,(F(2)) and q is the best subordinant.

Proof. From the definition of F', given in (3.2.8)), we obtain that
aof(2) = (g — p)F(2) + 2F'(2). (3.2.12)

By convoluting (3.2.12) with £, (2) € A,, where L}(f(2)) = Zu(z) * f(2) and using
the fact that z(f * g)'(z) = f(2) * 2¢'(2), we obtain

aoLy(f(2)) = (aa = p) Ly(F(2)) + 2(Ly(F(2)))" (3.2.13)
Define the function P : D — C by
P(z) = Q1 ,,(F(2)), (3.2.14)

where the branch of P is so chosen such that P(0) = 1. Clearly P is analytic in D.

Using (3.2.13)) and (3.2.14)), we have

Qo (F(2)) (100191 o(f(2), F(2)) = vaaf o 1 (f(2), F(2)))
= (paas1 — vae)P(2) + 2P'(2). (3.2.15)

Using (3.2.15)), the subordination W(z) < x(z) becomes
(ptar1 — vag)P(2) + 2P (2) < (poa1 — vae)q(2) + 24 (2)
and this can be written as , by defining the functions ¢ and ¢ as follows:
0(w) = (a1 — vag)q(2) and ¢(w) = 1.
Note that 0 # ¢(w) and 6(w) are analytic in C\ {0}. Setting

Q(z) == 2q¢'(z) and h(z) :=0(q(2)) + Q(2) = (Haar1 — vaa)q(2) + 2¢'(2).
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In light of the assumption of our Theorem [3.2.3] we see that @ is starlike and
Zh'(2)> ( ZQ”(Z)>
Re = Re | pag1 —va, +1+ >0
( Q(z) o q'(z)
An application of Lemma m, gives P < qor Q¢ . (F(2)) < ¢(z). By an application

L,p,v

of Lemma the proof of the second half of Theorem follows at once. n

Corollary 3.2.4. Let ¢; (j = 1,2) be conver univalent in D with ¢;(0) = 1 and o,
be a complex number. Further assume that Re(pog 1 —vag) > 0 and ¥ be as defined

in (3.2.10). If (3.2.11) holds and x1(z) < W(2) < x2(2), then

(h(z) = QZ“’V(F(Z)) ~ Q2(z)7

where x;(2) == (a1 — vaa)qi(2) + 2q;(2) (j = 1,2) and F is defined by .

Theorem 3.2.5. Let q be analytic in D with q(0) = 1 and a1 = an. If f € A,
then

0, (f(2)) < a(2) & QL (F(2) < a(2).
Further

q(2) = Q.. (f(2)) & a(2) < Q7F(F(2)),

where F' is defined by .

Proof. Using the identity

AL (F(2))) = aaLp™ (f(2)) = (a0 = P) L (f(2))

in (3.2.13)), we get
La(f(2)) = LeTH(F(2)). (3.2.16)

p

Since g1 = g, we have
a Ly (f(2) = 2(Lo(f(2)) + (e — p)Ly(f(2))

= 2(LyH(F(2))) + (a0 — )Ly (F(2))
= .1 LI (F(2)). (3.2.17)

Therefore, from (3.2.16) and (3.2.17), we have Q"' (F(2)) = Qf ,,

(f(z)) and hence

the result follows at once. O
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Now we will use Theorem to state the following “sandwich result”.

Corollary 3.2.6. Let f € A, and o, is independent of a. Let ¢; (i = 1,2) be analytic
in D with ¢;(0) =1 and F is defined by (3.2.8). Then

¢1(2) <07, (f(2)) < da(2)

if and only if
¢1(2) < Q7F(F(2)) < ¢a(2).

3.3 Applications

Several applications of the results proved in Section |3.2] are discussed in this section.
Mainly the results are applied to the Dziok-Srivastava operator and the Multiplier
transform. Further, using these results, sufficient conditions for Janowski, strongly

and Sokét-Stankiewicz starlikeness are derived.

Applications Involving the Dziok-Srivastava Operator

We begin with some interesting applications of Theorem for the Dziok-Srivastava
operator. Note that the first part of Theorem holds even if we assume

2q"(2) o
Re{l—i— 70 }>maX{0,Re(a1(y w) — i)}

instead of “q is convex and Re(a; (u—v)+u) > 07 and leads to the following corollary.
Corollary 3.3.1. Let Re(u — vB) > |v — uB| where u = a;(p — v) + p+ 1 and
v=|a1(p—v)+p—1|B. If f € A, satisfies the subordination

Qo aq vV

1) (MR ) - 22005,

1 1+Az (A-DB)z
= a; + 1 ([al(,u—u) +M]1+Bz * (1+Bz)2> (a1 # =1),

then
1+ Az
Q%1
H,u,l/(f(z)) < 1—|—BZ

and (1+ Az)/(1+ Bz) is the best dominant.

(-1<B<A<1])



29

Proof. Let us define the function ¢ : D — C by

B 1+ Az
14 Bz

q(z)

(-1<B<AL1). (3.3.1)

Then ¢ is univalent with ¢(0) = 1 and for z = re®®, 0 < r < 1, it is easy to see that

2q"(2) 1 — B?r?
Re (1 = > 0.
¢ ( - q(2) 1+ B2r? 4+ 2Brcosf
Hence ¢ is convex in D. Setting u = oy (p—v)+p+1and v = [y (pp — v) + p — 1] B,
we have
2q"(z) laa(p—v) + p+ 1]+ [aa(p—v) + p— 1Bz
_ 1 -
arlp—v)+pt 1t ¢ (2) 1+ Bz
u+ vz (2)
= = w(z).
1+ Bz
The function w maps D into the disk
u—0vB| _ |v—uB|
w — :
1-B?|~ 1-— B?

From this we see that

/! _—_B— __B
Re(al(u—u)+u+1+zq<z)>>Re(u vB) —|v—u |20

q(2) 1 — B2
provided Re(a — vB) > |v — uB| or Re(u — vB) > |v — aB]. Thus the result follows

at once by an application of Theorem [3.2.1 O

The Dominant: ¢(z) = 21222 (0 < o < 1).

1—-2
The function ¢ is convex univalent and maps the unit disk D onto a domain

Req(z) > a. In view of the subordination part of Theorem [3.2.1] for the Dziok-

Srivastava operator, we have the following result:

Corollary 3.3.2. Let 0 < a <1 and Re(ay(pp —v) +p) > 0. If

aq v

0 (1) (OB - 225

L1
O[l—f—l

then Re Q37 ,(f(2)) > a.

()

1+(1-20)z 2(1—a)z
1—2z (1 —2)2

(st =)+ R
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Proof. The function ¢ : D — C defined by

1+ (1-2a)z
B 1—-=2

q(z)

0<a<l).

Let us denote 8 = a;(p — v) + . Then by hypothesis of theorem, we have Re 5 > 0.

Now consider the function

2q"(z) _ 5y 1 +z.
q'(2)

=1
w(2) + 8+ 1,
It is easy to see that w maps the unit disk D onto Rew > Re 8 > 0. The result now

follows by an application of the subordination part of Theorem [3.2.1] n

Note that if p = 1,1 = m+ 1 and a;41 = f; (i = 1,2,...,m), then we have
H[1f(2) = £(2), Faf2f(2) = /() and Hy[3f() = $22f"(2) + 2f'(2). Pusting
o =1,p=11l=m+1and a;11 =B (i = 1,2,...,m) in Corollary 3.3.2 we obtain
the following.

Corollary 3.3.3. Let 0 < a <1 and2u > v. If f € A and satisfies

i ) o+ 5) - 20 -2yt

then

Proof. From Corollary |3.3.2], we see that

e (55) ( (e 5) -7
1+(1-20)z 2(1—a)z
1—2z (1 —2)?

< 2u—v) =: h(2).

We now investigate the image domain A(D). Assuming a = 1 — 2 and b = 2u — v,

we have
b+ (1+a—>b+ab)z — abz?
(1—2) ’
where h(0) = b and h(—1) = [2b(1 —a) — (1+a)]/4. The boundary curve of the image

of h(D) is given by h(e®) = u(0) +iv(d), —m < § < 7, where

h(z) =

(1+a—0b+ab)+ (1 —a)bcosb

(14 a)bsinb
u(6) = 2(cosf — 1)

2(1 —cosf)

and v(0) =
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By eliminating 6, we obtain the equation of the boundary curve as

v? = —b(1 + a) <u _ 20 - a)4_ (a+ 1>> . (3.3.2)

Obviously (3.3.2)) represents a parabola opening towards the left, with the vertex

at the point (W, 0) and negative real axis as its axis. Hence h(D) is the

exterior of the parabola (3.3.2)) which includes the right half plane

. 20(1 —a)4— (a+ 1).

Hence the result follows at once. O

Taking 4 = 1 = v in Corollary [3.3.3] we have the following result which provides

a sufficient condition for starlike function of order «.

Example 3.3.4. If f € A and satisfies

Re (J{(<)> (z . ]{(<)> i f((>))) LBl

then f € S*(a).

Setting ;1 = 0 and ¥ = —1 in Corollary [3.3.3] we obtain the following result.

Example 3.3.5. If f € A satisfies

-1
Re f/(2) > 30‘2 0<a<1),
then
Re@ >«

Remark 3.3.1. When a = 1/3, Example reduces to a result of Obradovi¢ [121,
Theorem 2.

The following corollary is a straight forward consequence of the first part of The-

orem for the case when ¢(z) = (14 (1 —2a)z)/(1 — 2).
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Corollary 3.3.6. Let 0 < a <1 and Re((u—v)ay +u) > 0. If f € A,, F as defined
mn and satisfying the subordination

Q1 (F'(2)) (plar + D, (f(2), F(2)) = vanQy, 1 (f(2), F(2)))
1+ (1-20)z 2(1—a)z
1—z (1—2)2

< ((p=v)on +p)

then
o 14 (1 —2a)z
Qf ., (F(2) < —T—

and (1 + (1 —2a)z)/(1 — 2) is the best dominant.

Setting p=1,l=m+ 1,0y =1 and ;41 = §; (1 = 1,2, ...m) in Corollary [3.3.6]

we obtain the following result:

Corollary 3.3.7. Let 0 < a <1 and2u>v. If f € A, F is defined by

Flz) = /O ) @dt (3.3.3)

o () (oo} 2=t

Re ((F’(z))” (ﬁ)) > a.

Proof. From Corollary |3.3.6 we see that the subordination

e (7ia) (56 - +#0)

< 2u—v)

and

then

I+ (1—-20)z 2(1—a)z
1—=2 (1—2)2

Re {(F'(z))“ ( F?z)” > a.

Let z = e, —m < 0 < 7. Then, we have

implies that

Re(h(eie)) — Re {(2M —v) 14 (1—2a)e 2(1 — a)é }

1 — eif (1 — ¢if)2
(1-a)

2 (sin2 20/2)) =: k(0).

= 2u-—-v)a-—
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Since 2u — v > 0, it is easy to see that k(6) attains its maximum at § = 7 and

~2@u—-v)a—(1—a)
BerhO = 2 -

Hence the result follows at once. O

The following result, provides a sufficient condition for starlikeness, is obtained

from Corollary by putting u=1=v.

Example 3.3.8. Let 0 < a < 1. If f € A, F as defined in (3.3.3)) and

(R G- H) <27

then F' € §*(«).

1+2
1—=2

n
The Dominant: ¢(z) = ( ) (0<n<1).

The function ¢ maps the unit disk D onto a sector |argw| < 7/2 and is a convex
function. Taking this function as a dominant in the first part of Theorem for

the Dziok—Srivastava operator, we have the following result:
Corollary 3.3.9. Let 0 < n <1, oy # —1 and Re(as(p—v) +p) > 0. If f € A,

and satisfies the subordination

o+ 1 H1,1

o (b= 2 )(“)

<
o +1 1 — 22 1—2z

@) < ()

3L (f(2) (uﬁiiii(f(z))— 0o (f(Z))>

then
Q5F

and the function (14 z)/(1 — 2))" is the best dominant.

By takingp =1, =m+1,a7 = 1l and oy;.1 = f3; (i = 1,2,...m), in Corollary3.3.9]

we have the following:
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Corollary 3.3.10. Let 0 <n <1 and 2u > v. If f € A and satisfies
, z 1\’ 2f"(2) zf'(2) om
wx{0er (75) ((+ 55 ) < 5

eefrior () <

2 20 —
5:77+1——arctan<'u V).
m n

then

where

Proof. In view of Corollary [3.3.9] we see that the subordination

vor(75) ((2+F5) -5

< ((2M—V)+ 12_77;) Gfi)nzz hz)
(f'(2))" (ﬁ) < ij)n or equivalently arg{(f’(z))“ (%)H < "7”

Now we shall find the minimum value of arg h(z) over |z| < 1. For this purpose let

implies that

z=¢e"% —m <0 <. Since h(D) is symmetrical about the real axis, we shall restrict
ourself to 0 < 6 < 7. Setting t = cot /2, we have t > 0 and for z = (it — 1)/(it + 1),
we arrive at

n(1+t?)

h(e®) = (it)"' |(2u — v)it — )

= (it)"'G(t), t=cotf/2
where

n(1+ t?)
—

Let G(t) = U(t) + iV (t), where U(t) = —(n(1 + t?))/2 and V(t) = (2u — v)t, there

G(t) = (2u —v)it —

arises two cases namely 2u > v and 2u = v. If 2u > v, then a calculation shows that

min,>q arg G(t) occurs at t = 1 and

QU —
min arg G(t) = 7 — arctan < a V) :
>0 n
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Thus

1 21 —
minargh(z) = U arctan ( a V) :
|2<1 2 n

If 2p = v, then arg G(t) = 7 and min,<; arg h(z) = (n+1)7/2. Thus for 2u > v, we

have
1 20 —
min arg h(z) = +lm arctan < a V) .
|z]<1 2 n
This completes the proof. n

Letting 4 = 1 = v in Corollary [3.3.10] we have the following result which gives a

sufficient condition for strongly starlike functions of order 7.

Example 3.3.11. Let 0 <n < 1. If f € A and satisfies

(e (-0 )l <%

then f € S§*(n), where 6 =n+1 — %arctan%.

By taking ¢(z) = ((1 + z)/(1 — 2))7 in the subordination part of Theorem [3.2.3]

for the Dzoik Srivastava operator, we have the following result:

Corollary 3.3.12. Let 0 <n <1 and Re[(u—v)a; +pu] > 0. If f € Ay, F as defined
m and satisfies the subordination

it (F(2)) (01 + Dps2i o(£(2), F(2)) = vaa Qi _1(f(2), F(2)))

= (((M—V)041+u)+ (12_77;)) ij)n

Q% (F(2)) < (T_Lj)n

and ((1+ 2)/(1 — 2))" is the best dominant.

then

By putting p = 1,1 = m+ 1,q¢ = 1 and a;41 = 5; (i = 1,2,...m) in Corol-
lary [3.3.12], we obtain the following result.



66

Corollary 3.3.13. Let 0 <n <1 and2u>v. If f € A, F as defined in and

o i) (o)) 23t

then )
w{oor s Y- 2

Proof. From Corollary |3.3.12] we observe that the subordination

e (5s) (e -ri) < (oo 025) (1) 00

implies that

arg {(F’(z))“ (%)H < % (2 € D).

We shall find the minimum value of the argh(z) over |z| < 1. Since h(D) is sym-

metrical about the real axis, by taking z = %

0<6<m Sett=-cotf/2, thent > 0. Also, for z = (it — 1)/(it + 1), after a simple

, we need to consider only the case

computation, we have

h(e®) = (i) | (2u — v)it — —n(l 2+ t)
= (it)" ' H(t),
where ,
H(t) = (2 — v)it — @

Writing H(t) := U(t) + iV (t), where U(t) = —n(1 +t%)/2 and V(t) = (2u — v)t. If

2p > v, then a calculation shows that min,>qarg H(t) occurs at ¢t = 1 and

2 —
min arg H(t) = m — arctan < o V) :
>0 n

Thus, we have

1 21—
minarg h(z) = e+ m arctan ( a V> .
|z]<1 2 n

If 2y = v, then minarg H(t);>o = 7. Therefore

1
minarg h(z) = M
|z|<1 2
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Thus for 2p > v, we have

1 2u —
min arg h(z) = (Ui arctan < a V) :
|z|<1 2 n

This completes the proof of corollary. n

Putting 4 = 1 = v in Corollary [3.3.13] we have the following result providing a

sufficient condition for strongly starlikeness.

Example 3.3.14. Let 0 <n < 1. If f € A, F as defined in (3.3.3) and

e (58 (B )| <5 e

then f € S§*(n).

The Dominant: ¢(z) = V1 + 2.

The function ¢ is a convex function which maps the unit disk ID onto the interior
of the right-half of the lemniscate Bernoulli. The following result is a consequence

of the first part of Theorem for the Dziok-Srivastava operator for the dominant

q(z) =1+ z

Corollary 3.3.15. Let oy # —1 and Re[aq(u —v) +u| > 0. If f € A, and satisfies

the subordination

aq v

0, 7)) (OGN -~ () )
L <[a1(u —v)+ulVi+z+ Tz—i—z) ,

<
O£1+1

then Q3 , ,(f(2)) = V14 z and /1 + z is the best dominant.
By takingp = 1,1 = m+1, a7 = land a;41 = f; (i = 1,2, ...m) in Corollary|3.3.15|
we obtain the following result.

Corollary 3.3.16. Let 2u > v. If f € A and satisfies the subordination
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then

and /1 + z is the best dominant.

We obtain the following example from Corollary [3.3.16

Example 3.3.17. If f € A and satisfies

L) (3 20 )

f(2) ) f(2)

< V/1.22 ~ 1.10,

then f € Sj.

Proof. Putting = v =1 in Corollary [3.3.16] we see that the subordination

Q) (o) ) e
T (o 55 -5 < v g = e

implies that

zf'(z)
e <V1+z.

The dominant h(z) can be written as

3z + 2

VA

Writing h(e?) = u(0) + iv(f), —m < 6 < 7, we have

h(z) =

_ 3cos(30/4) + 2cos(0/4)

ulf) 24/2cos(0/2)

and
_ 3sin(360/4) — 2sin(6/4)

v(6) 24/2cos(0/2)

Squaring and adding, we have

13+ 12 cos ¥

2 2

u”(0) +v°(0) S cos(8/2) (6)
It is easy to see that k() attains its minimum at 6 = arccos(y/1/24) ~ 78.22° and
k(0) > /3/2 ~ 1.22. In addition to that since h(0) = 1 and h(—1) = —o0, it follows
that the image domain h(DD) is the interior of a domain bounded by parabola opening

towards left which contains the interior of the circle u? + v? = 1.22. O
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Taking the dominant ¢(z) = v/1 + z in the first part of Theorem we have

the following corollary for the Dzoik-Srivastava operator.

Corollary 3.3.18. Let 0 <n <1 and Re(ay(p—v)+p) > 0. If f € A,, F as defined
mn and satisfies the subordination

Dt (F(2)) (01 + Dpsdi o(£(2), F(2)) — aavQiy 1 (f(2), F(2)))

z
< (a(p—v)+p)Vvi+z+ ——,
( 1(:u ) M) 2\/1—1‘—2
then Q3 , ,(F(2)) < V1 + 2 and V1 + 2 is the best dominant.
Puttingp=1,l=m+ 1,07 =1 and ;11 = 5; (i = 1,2, ...m) in Corollary (3.3.18|
we obtain the following result.

Corollary 3.3.19. Let 2u > v. If f € A, F as defined in and

e (5ls) (b va) e IT s

4
2v/1+ 2’

then (F'(z))* (F‘(ZZ))V < V14 z and /1 + z is the best dominant.

Putting © = v = 1 in the above Corollary [3.3.19, we have the following example.

Example 3.3.20. If f € A, F as defined in (3.3.3]) and

L) (1))

F(z) \"F'(z)  F(2)

< v/1.22 ~ 1.10,

then F' € S}.

Proof. Putting y = v =1 in Corollary [3.3.16 we see that the subordination

FE) (o) ) s
T (o 5 -5 < v gt = e

implies that

2f'(2)
) < V14 z.

The dominant h(z) can be written as
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Writing h(e?) = u(e?) + iv(e?), —r < § < 7, we have

3 cos(360/4) + 2 cos(0/4) 3 sin(30/4) — 2sin(6/4)

u(0) and v(0)
24/2cos(0/2) 24/2cos(0/2)
A simple calculation gives
13+ 12cosd
2 200\ _ _.
u”(0) + v (0) = Scos(0/2) k(0).

A computation shows that k(f) has minimum at § = arccos(,/1/24) a 78.22° and
k(0) > \/3/2 = 1.22. In view of this and since 1(0) = 1 and h(—1) = —oo, it follows
that the image domain h(DD) is the interior of a domain bounded by parabola opening
towards left which contains the interior of the circle u? + v? = 1.22. This completes

the proof. O

Applications Involving the Multiplier Transform

Next we discuss some applications related to the multiplier transform.

1+ (1-2a)z

The Dominant: ¢(z) -

(0<a<l).

For this ¢ the first part of Theorem yields the following:

Corollary 3.3.21. Let 0 < a < 1, A # —p be any complex number and suppose that
Re((v —p)(A+p)) > 0. If f € A, and satisfies the following subordination

1+(1-2a)z 1 2(1—a)z

QT’
1—2z +/\—i-]o (1—2)2"

T (F(2) (I (f(2) = v 14 (f(2))) < (n—v)

then
., 14+ (1 —-2a)z
0, (f(2) < U202

and (1 + (1 —2a)2)/(1 — z) is the best dominant.

Note that for p = 1, A = 0 and r = 0, we have [,(0,0)f(2) = f(2), [1(1,0)f(z) =
z2f'(2), 1(2,0)f(z) = z(2f"(z) + f'(2)). Putting these values in Corollary we

have the following result.
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Corollary 3.3.22. Let 0 < a <1 and p > v. If f € A and satisfies

e(or () (00 7)) > e

then )
Re <(f’(z))“ (ﬁ) ) > a.

Proof. In view of Corollary [3.3.21] it is observed that the subordination

sor (7) (e 55) -5

< (i) 1+ (11_—2204)2 2((11:204))2,2 _

Re (( ()" (ﬁ)) > a.

We now investigate the image domain A(D). Let a = 1 — 2cv and b = p — v. We can

implies that

rewrite the function h as

b+ (14+a—b+ab)z — abz?
(1—-2)? ’
so that h(0) = b and h(—1) = [2b(1 — a) — (1 4+ a)]/4. The boundary curve of the

h(z) =

image domain is given by h(e?) = u(0) + iv(0), —7 < § < 7, where
(1+a—b+ab)+ (1 —a)bcosh

u(6) = 2(cosf — 1)
and ‘
=gt
Eliminating #, we obtain the equation of the boundary curve as
v? = —b0(1 +a) <u _ 20 - “)4_ (1+ a)) . (3.3.4)

Since b = —v > 0and a+ 1 > 0, it follows that represents a parabola
opening towards the left, with the vertex at the point ((2b(1 — a) — (1 + a))/4,0)
with negative real axis as its axis. Thus h(DD) is the exterior of the parabola
includes the right half-plane

. 2b(1 —a)4— (1+a).

This completes the proof. O
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Setting 1 = v = 1 in Corollary [3.3.22, we have the following result which provides

a sufficient condition for starlikeness of order «.

Example 3.3.23. Let 0 < a < 1. If f € A satisfies the differential subordination
zf'(2) ( zf'(z) Zf”(Z)) { o — 1}
———1- + eC\qw:w< ,
RO CY AR 2
then f € S*(«).

Remark 3.3.2. For a = 0, Example [3.3.23| reduces to a result obtained by Owa and
Obradovi¢ [127, Corollary 2].

Putting u = 1 and v = 0 in Corollary [3.3.22] we have the following result:

Example 3.3.24. Let 0 < a < 1. If f € A and satisfies

Ja—1

Re(f'(2) +2/"(2) > —5—,

then Re f'(z) > «a.

Remark 3.3.3. The above Example [3.3.24] generalize the result |43 Theorem 5] due
to Chichra. Further Corollary|3.3.22reduces to |[121], Theorem 2| when p = 0,v = —1
and o = 1/3.

1+ 2
1—=2

n
The Dominant: ¢(z) = ( ) 0<a<l).

From the first part of Theorem for multiplier transform, we have the follow-

ing:

Corollary 3.3.25. Let 0 <n < 1, A # —p be any complex number and assume that
Re((p—v)(A+p)) > 0. If f € A,, and satisfies the subordination

U (f(2)) (5 (F(2)) — v 1, (F(2)))

(e i) (72)

0,060 < (1)

and (14 2)/(1 — 2))" is the best dominant.

then
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Putting p = 1,A = 0 and » = 0 in Corollary [3.3.25] we obtain the following

corollary.

Corollary 3.3.26. Let 0 <n <1 and p>v. If f € A and satisfies
oo (2 Zf”(Z)) _ff’(@)}) or
w{oer (i) ((+577) RS < 7

2 _
5:n+1——arctan'u V,
n n

o () Y- 2

Proof. From Corollary [3.3.25 we see that the subordination

o () (o1 50) 55
<\ (p=v)+ 2_7722 1j_LZ n::h(z)
(=04 725) (155)

wfiror (i)} <5

We need to find the minimum value of arg h(z) over |z| < 1. Since h(z) = h(z), it

where

then

implies that

follows that h(D) is symmetrical about the real axis and so we need only to discuss
the case 0 < 6 < 7. If we set z = ¢ and t = cot 0/2, then obviously ¢t > 0. Also, for

z = (it — 1)/(it + 1), after a simple computation, we have

re) = (it [ it - 20
= ()" H(t)
where ,
H(t) = (u— v)it @

Writing H(t) = U(t) + iV (t), where U(t) = —n(1 +t*)/2 and V(t) = (p — v)t. If
p > v, then a calculation shows that min,>arg H(f) occurs at ¢t = 1 and

. %
H - -
rggl arg (t) (Ul arctan
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Thus, we have

1 _
minarg h(z) = +Dr arctan -~
|z|]<1 2 n

If 4 = v, then arg H(t) = m and min,|«; argh(z) = (n + 1)7/2. Thus for p > v, we

have
1 _
min arg h(z) = i+ arctan 1
|z]<1 n
Thus the proof is complete now. O

Letting 4 = 1 = v in Corollary |3.3.26, we get the following result which provides

a sufficient condition for a function to be strongly starlike.

Example 3.3.27. Let 0 <n < 1. If f € A and satisfies

() (RS-

then f € S§*(n).

The Dominant: ¢(z) = V1 + z.

Taking ¢(z) = v/1 + z as dominant in the subordination part of Theorem for

multiplier transform, we obtain the following corollary:

Corollary 3.3.28. Let A # —p be a complex number and Re[(u — v)(A+p)] > 0. If
[ € Ay, and satisfies the subordination

Vo (F(2) (B34 (F(2) = 21 (F(2) < (= )V 2+

2
A+p)VI+2
then Qf , ,(f(2)) < V14 2z and /1 + z is the best dominant.

Putting p = 1, A = 0 and » = 0 in Corollary[3.3.28] we have the following corollary.

Corollary 3.3.29. Let p > v. If f € A and satisfies the subordination

v (1) (n(1+22) - L)

< (= VI F 2+ e = h(2),




5

then

and \/1 + z is the best dominant.

Example 3.3.30. If f € A and satisfies

L) (120, )

1
) e e )| S aa T

2v/2

then f € S7.

Proof. Putting = v =1 in Corollary |3.3.29| the dominant h(z) reduces to

z

2/1+ 2

Writing h(e) = u() + iv(0), —m < 6 < 7, we have

h(z) =

cos3(6/4) and v(0) = sin3(0/4)

ul) = 2/2cos(0/2) 24/2cos(0/2)

A simple calculation gives

1

ui(6) + v*(0) = 8 cos(0/2)

1
> —.
-8

Here h(0) = 0 and h(—1) = —oo and image domain of (D) is the interior of a domain
bounded by parabola opening towards left on the real axis and contains the interior

of the circle u? + v? = 1/8. O






Chapter 4

Sandwich Theorems for Analytic
Functions Involving a Generalized

Linear Operator

4.1 Introduction

There are several linear operators defined in univalent function theory and studied in
past few decades. Recently, Lupag [2-5| in his series of papers considered the linear
combination of two linear operators and discussed subordination results related to
them. Let us have a look on results carried out by Lupasg first. For function f given

by (1.1.1)) the generalized Salagean operator [24] is defined by
Dyf(z) =2+ (14 (k—1)N"az" (A>0,meN).
k=2

For A = 1, this operator reduces to the Salagean operator [162]. The generalized
Salagean operator is further generalized by Ramdan and Darus [143] and discussed
univalent criteria for this operator. Using the Ruscheweyh operator [160], for func-

tion f € A, defined by R™f(z) = > 7oy O, a,2" and the generalized multiplier

The contents of this chapter appeared in [175].

7
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transform [3] defined by

Im A\ Df(z) =2+ <1+/\(lk+—11) i

) arz® (I,A>0,m € NU{0}),
k=2
which is another generalization of the generalized Saldgean operator [24], Lupas [5],

in 2010, considered a new operator defined as follows:
RI®(m, A1) f(2) = (1 — ) R™ f(z) + al(m, A1) f(2).

This operator was further generalized by Lupas [4]. Recently in 2011, Lupag [2]
introduced another operator using the generalized Salagean operator [24] and the

Ruscheweyh operator [160] as follows:

RDY f(z) = (1 —a)R"f(z) + aDY' f(2) (a >0,m €N).

In all these papers of Lupas the main focus was to establish certain differential
subordination results. It should be noted that all these operators, mentioned above,
can be written in terms of the Hadamard product. Motivated by this fact, in this
chapter, we have unified all those operator introduced by Lupag [2-5] and Ramdan
and Darus [143] using the Hadamard product. We have derived some differential
sandwich results associated with the newly defined operator for normalized analytic
functions. The results proved in this chapter generalize results proved by Lupas in
his series of papers. Lupag in his papers proved results for some particular operators
but our results hold good for any linear operator which can be written in terms of
Hadamard product. Our results also generalize several results including that of Owa
et al. [99], Hallenbeck [69], Miller and Mocanu [108], Obradovi¢ [125] and Kumar
et al. [180] and others.

Definition 4.1.1. For f € A and a € C, the operator O, () is defined by
Ogn(a)f(z) = (1 —a)(f *g)(2) + alf * h)(z),

where g, h € A are given by g(z) =z + > rey gx2* and h(z) = 2+ > 0, hi2".
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Remark 4.1.1. By taking suitable values for a and appropriate functions g, h, the
operator O, ;(a) reduces to the several known operators introduced in [2-5}24,(142,
143,162,/181]. For instance, if we set o > 0,

G S (T+ME—1)+1\"
g(z):z—l—ZCﬁ;rk_lzk and h(z):z+Z( (l+1 ) ) 2F (m € N),
k=2 k=2

then the operator O, () reduces to the operator RI*(m, A, 1) introduced by Lupag
[5]. Further if we take

g(z) =2+ Z Cm o 12F and h(z) =z + Z[l + (k — DA™,
k=2 k=2

then Oy () = RDY', (m € N) is the operator introduced by Lupas [2].

Preliminaries

The following lemmas are required to prove our main results:

Lemma 4.1.1. [69,/108| Let ¢ be a convex function in D, with ¢(0) = a,y # 0 and
Re(y) > 0. If p € Hla,n| satisfies the subordination

p(z) + Zp;@ < o(2),

then p(2) < q(z) < ¢(z), where

a(z) = 2 / Sy,

nz’Y/n

The function q is convex function and is the best (a, n)-dominant.

Lemma 4.1.2. [105] Let ¢ be a convez function in D, with ¢(0) = a,y # 0 and
Revy > 0. Let p € Hla,n] N Q be such that p(z) + (zp'(2)) /v is univalent in D and

satisfies the subordination
zp'(2)
8

o(z) < p(z) +

Then

4(z) = 2 / TS < p(z),

nz’}’/n

The function q is convex and is the best (a,n)-subordinant.
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Lemma 4.1.3. [109] Let w be a convex function in D and let the function ¢ be given
by ¢(z) = w(z) + nozw'(z), where 6 > 0 and n is a positive integer. If the function
p(2) = w(0) + ppz™ + ppi12™™ + - -+, ds analytic in D and p(z) +dzp'(2) < é(2), then

p < w and this result is sharp.

Lemma 4.1.4. [207] Let a,b and ¢ (¢ # 0,—1,—2,-3,---) be real or complex pa-

rameters. Then
: I'(b)I(c—b)
/ 1 =) (1 = t2) %t = —2—— ,Fi(a,b;c;2)  (Rec > Reb > 0);
0 F(C)
(b+1) oFi(1,0;04+1;2) = (b+ 1) + bz o F1(1,b+ 1,0+ 2; 2).

First we shall give a generalization to the result [5, Theorem 2.1] of Lupas. For

convenience, let us denote
Bo(g,h) :={f € A:Re(Oyn(a)f(2)) > 3,0 <5 < 1}.
The following result shows the convexity of the set B2 (g, h).

Theorem 4.1.5. The set B(g,h) is convex.

Proof. Let us assume that

[i(z) =2+ Y a2 € Bi(g,h) (5=1,2).
k=2

Define the function H by

H(2) = 1f1(2) + 72f2(2),

where v; and 7, are non-negative real number such that v, + 75 = 1. To prove the
convexity of the set B(g,h) it suffices to show that the function H € B’(g,h) or
Re(Oyn(a)H(z))" > 6. From the definition of H, we have

H(z) =z + Z(%akl + Yak2) 2"
k=2

A simple computation gives

Ogn(0)H(z) = 2+ > (ahi + (1 — a)g) (M + Yoau2) 2"
k=2
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and

Re(Oyn(a)H(2)) =14 Re Z(ahk + (1 — a)gr)[y1ans + yoara]k2"1. (4.1.1)

Since f; € B2(g,h), it follows that

k=2

Re {i(ahk +(1— a)gk)kakakl} >0—1 (j=1,2). (4.1.2)

It is clear from (4.1.1)) and - that Re(O,n(a)H(2)) > 6, and hence B2(g,h) is

convex. O

Remark 4.1.2. Theorem [4.1.5] can be extended as follows:

If f; € BS(g,h) (j = 1,2,3...n), then > vifi € B%(g,h), where ~; are non-
negative real numbers such that )7, 7; = 1. Note that Theorem generalizes
the result [5, Theorem 2.1] of Lupas.

4.2 Sandwich Theorems

Theorem 4.2.1. Let ¢ be a convex function in D with ¢(0) = 1. Assume that
Re(c) > —1, and f € A. Let the function F be defined by

Flzy = <1 / ()t (4.2.1)

ZC
1. If (Ogn(a)f(2)) < ¢(2), then (Oyn())F(2)) < q(z), where q is a conver
function and is the best dominant given by

|
:CZL / S(t)tedt. (4.2.2)

2. Let (O n(a)f(2)) be analytic univalent in D. If ¢(2) < (Ogn(e)f(2))" and
(Ogn(@)F(2)) € H[1,1] N Q, then q(z) < ((Oyn(a))F(2)), where q given by
, is a convex function and is the best subordinant.
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Proof. It can be easily seen from (4.2.1]) that
cF(2)+ zF'(z) = (c+ 1) f(2). (4.2.3)

Now convoluting both sides of (4.2.3) with h(z) = z + > ", (ahy + (1 — a)gx) 2" and

differentiating, we get

2(Ogn () F(2))"
c+1

(Ogn () F(2)) + = (Ogn(a) f(2))". (4.2.4)

In view of the first assumption of Theorem namely (O, () f(2)) < ¢(z), and

, we have
2(Ogn(@)F(2))"

(Ogn(a)F(2)) + o < ¢(2). (4.2.5)
If we assume p(z) = (Oyn(a)F(2)), then becomes
2p/(2)
p(z) + 1 < ¢(2). (4.2.6)

Now an application of Lemma with n =1, v = c+ 1 implies
p < ¢ or equivalently (O, n(a)F(2)) < q(2),

where ¢ given by (4.2.2)), is convex and is the best dominant. The second half of the
proof follows in a similar way by using Lemma [£.1.2] O

Theorem leads to the following sandwich result:

Corollary 4.2.2. Let ¢; (i = 1,2) be convez function in D with ¢;(0) = 1. Let
Rec> —1, f € A and F is given by . Assume that (O4p(a) f(2))" is analytic
univalent in D and (Oyp(a)F(2)) € H[1,1]N Q.

If
¢1(2) < (Ogn(a) f(2)) < da(2),
then
01(2) = (Ogn(@)F(2)) < q2(2),
where the function ¢ is given by

gi(z) = C;} /0 Coibdt (i =1,2). (4.2.7)
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Theorem 4.2.3. Let ¢ be a convex function in D, with ¢(0) =1 and f € A.

1. If (Ogp(@)f(2)) < ¢(2), then ((Ogn(e))f(2))/z < q(2), where q is a convex

function and is the best dominant given by

a(z) = % /0 ()t (4.2.8)

2. Let (Ogp(c)f(2)) be analytic univalent in D. If ¢(z) < (Oyn()f(2)) holds
and (Opn(@)f(2))/= € HIL 1N Q, then q(z) < (Opn(@)f(2))/2 where g
given by , 18 a convex function and is the best subordinant.

Proof. Let us prove the first part of theorem. For this we assume

p(z) = M. (4.2.9)
It is clear that p(0) = 1 and p € H[1,1]. From (4£.2.9), we have
p(2) + 2p'(2) = (Ogn(a) f(2))". (4.2.10)

Since (Ogp(a)f(2)) < ¢(z), it follows from (4.2.10) that p(z) + zp'(z) < ¢(z). Now
an application of Lemma with n =1 and v = 1 leads to

p=q or (Ogn(a)f(2))/z < q(2),

where ¢ is given by (4.2.8]) is a convex function and is the best dominant. The second

half of the proof follows in a similar way by using Lemma [4.1.2 O

The following corollary is the sandwich result obtained from Theorem

Corollary 4.2.4. Let ¢; (i = 1,2) be convez in D with ¢;(0) = 1. Assume that
feA (Ogn(a)f(z)/z € H[1,1]N Q and (Oyn(c) f(2)) is analytic univalent in
D. If
$1(2) < (Ogn(a)f(2))" < d2(2),
then
0:1(2) < (Ogn(@))f(2))/2 < ¢2(2),

where q; be given by

qi(z) = %/OZ ¢i(t)d. (4.2.11)
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Theorem 4.2.5. Let ¢ be a convex function in D, with ¢(0) =0 and f € A.

1 If
Ogn(@) f(2) + 2(Og () f(2)) < ¢(2),

then Ogp (@) f(2) < q(2), where the function q, given by (4.2.8), is convex and

1s the best dominant.

2. Let Oy p(a)f(2) + 2(Ogn(a)f(2)) be analytic univalent in D. If f satisfies

#(2) < Ogn(a) f(2) + 2(Ogn(a) f(2))

and Ogp(a) f(z) € HI0,1] N Q, then q(z) < Oypn(a)f(z), where the function q
given by , 18 convex and is the best subordinant.

Proof. Let us assume that
p(z) = Ogn(a)f(2). (4.2.12)

Then clearly p(0) = 0 and p € H[0,1]. A computation using (4.2.12)) yields
p(2) + 2p0'(2) = Ogn(@) f(2) + 2(Ogn(a) f(2))" (4.2.13)

Since Oy p() f(2) + 2(Ogn(a) f(2)) < ¢(2), (4.2.13) becomes p(z) + 2p'(2) < ¢(2).
Now an application of Lemma {4.1.1 with v = n = 1 completes the proof of first part

of the theorem. The second half of the proof follows similarly using Lemma[d.1.2] [

From Theorem [4.2.5) we have the following sandwich result:

Corollary 4.2.6. Let ¢; (i = 1,2) be convex function in D, with ¢;(0) = 0 and
f e A. Assume that Oyp() f(2) + 2(Ogn() f(2)) is analytic univalent in D and
Ogn()f(2) € H0,1] N Q. If
¢1(2) < Ogn(a) f(2) + 2(Ogn(a) f(2))" < ¢2(2),
then
01(2) < Ognla)f(2) < 2(2),

where the function q; (i = 1,2) is given by (4.2.11)).
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Theorem 4.2.7. Let ¢ be convez function in D, with ¢(0) =1 and f € A.

1 Af (Ogn() f(2)) + 2(Ogn(a) f(2))" < ¢(2), then (Ogn(@)f(2))" < q(z), where
the function q, given by 15 convex and s the best dominant.

2. Let (Ogp(a)f(2)) + 2(Ogn(a) f(2))" is analytic univalent in D. If f satisfies
¢(2) < (Ogn(@)f(2)) + 2(Ogn(@) f(2))",

and Ogp(a)f(z) € H[1,1] N Q, then q(z) < (Ogn(a)f(2)), where the function
q, given by , 1s convex and is the best subordinant.

Proof. Define the function p : D — C by
p(2) = (Ogn() f(2))" (4.2.14)
Then clearly p(0) =0 and p € H[0,1]. A computation using yields
p(2) + 2p'(2) = (Ogn(@) f(2))" + 2(Ogn(@) f(2))". (4.2.15)

Since (Oyp(a)f(2)) + 2(Ogn(a)f(2))" < ¢(z), the expression given in be-
comes p(z) + zp'(z) < ¢(z). Now an application of Lemma with vy =n =1
completes the proof of first part of the theorem. The second half of the proof follows
by a similar application of Lemma [1.1.2 O

We have the following sandwich result from Theorem [4.2.7}

Corollary 4.2.8. Let ¢; (1 = 1,2) be convex function in D, with ¢;(0) = 1. As-
sume that f € A, (Ogn()f(2)) + 2(Ogn(a)f(2))" is analytic univalent in D and
Ogn()f(2) € H[1,1] N Q. If the following holds

01(2) < (Ogn(a) f(2)) + 2(Ogn(a) f(2))" < P2(2),

then q1(2) < (Ogn(a)f(2)) < q2(2), where the function ¢; (i = 1,2) is given by
7.2.11).
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Theorem 4.2.9. Let g be a convex function in D with ¢(0) = 1. Further assume that
f € A and F is defined by . If the subordination

(Ogn(@)f(2)) < alz) + %(21)

then (Oyn(a)F(2)) < q(z).

(c>-1),

Proof. Let p(z) = (Ogn(a)F(z))’. Proceeding as described in the proof of Theo-
rem [£.2.1] we arrive at

zp'(2) 2q'(2)
()+c+1 q(z>+c—|—1'
Now the result follows at once by an application of Lemma [4.1.3 n

Theorem 4.2.10. Let q be a convex function in D with q(0) = 1. If f € A satisfies
(Ogn(@)f(2)) < q(2) + 2¢'(2), then ((Ogn(a))f(2))/z < q(z). The function q is

convex and s the best dominant.

Proof. Proceeding as in the proof of Theorem we have (4.2.10). Now (4.2.10))
together with ¢(2) = ¢(z) + 2¢/(2) lead to p(z) + 2p'(2) < q(z) + 2¢'(2). Now an
application of Lemma 4.1.3| completes the proof. O

The following theorems can be proved in a similar way to that of Theorem [4.2.10}
Theorem 4.2.11. Let q be a convex function in D and ¢(2) = q(z) + 2¢'(z). Assume
that f € A. If the subordination Ogp()f(2) + 2(Ogn(a)f(2)) < ¢(z) holds, then
Ogn(@)f(2) < q(2).

Theorem 4.2.12. Let q be a convex function in D and ¢(z) := ¢(
that f € A. If the subordination (Oyp(a)f(2)) + 2(Ogn(e) f(2))”
(Ogn(@)f(2))" < q(2).

2)+2q'(z). Assume
=< ¢(z) holds, then

4.3 Applications

In this section, we shall choose distinct functions as dominant satisfying the conditions
of general subordination theorems proved in Section f.2] As a consequence, we shall

get some new and interesting results.
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Corollary 4.3.1. Let f € A and F be defined by . If Reec> —1 and
1+ (28 —-1)z

f(2)+ (1 —a)zf"(2) < T2 (B <1), (4.3.1)
then the following holds:
F'(2)+ (1 —a)zF"(z) <2(1 = B) o Fi(1l,c+ 1;e+2;—2) + 28 — 1. (4.3.2)

The function on the right of 15 convex and is the best dominant.

Proof. If we take g(z) = z/(1 — z) and h(z) = z/(1 — 2)?, then it is easy to see that
(f x9)(2) = [(2), (f xh)(2) = 2f'(2) and Oy (@) f(2) = (1 = a)f(z) + azf'(2) and
thus, (O n(a)f(2)) = f'(2) + azf"(z), and (Ogp()F(2)) = F'(2) + azF"(z).

Now by setting ¢(z) = (1 + (1 —28)2)/(1 + z) (8 < 1) in the first part of
Theorem yields . Further we have

e+l [F1-(1-28)t,
q(z)_zm/ T tedt.

Now a computation using Lemma |4.1.4] yields

q(2) =2(1—-0) 2F1(L,c+ L5+ 2;—2) + 26 — 1.

This completes the proof. O

Setting ¢ = 0 and a = 1, Corollary reduces to the following result.

Corollary 4.3.2. [108, Lemma 5.5k] Let f € A and F be defined by . If the

following subordination holds

, 1—(1-20)z
FO=—r=

then we have F'(z) < 2(1 — ) 2F1(1,1;2; —2) + 28 — 1. The function on the right of
is convex and is the best dominant.

(B <1),

By taking

z z :1+(1—26)z

=1 h(z) = (L and ¢(2) T

in Theorem we obtain the following result:

0<p<1)

9(2)
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Corollary 4.3.3. Let f € A satisfies Re(f'(2) + (1 — a)zf"(2)) > B. Then
WECELEREE

z

)>2w-njm2+25—1

Remark 4.3.1. The above result generalizes the result of Owa et al. [128, Corollary
1] and when « = 0, the result reduces to the result [69, Theorem 6] of Hallenbeck.

Corollary 4.3.4. [69, Theorem 6] If f € A satisfies Re(f'(z) + zf"(2)) > B, then
Ref'(z) >2(8—1)In2+25 — 1.

Corollary 4.3.5. [128, Corollary 1] If f € A satisfies Re f'(z) > 3, then

Im(ﬂﬁ>>2w—1mw+aﬁ—1

z
Remark 4.3.2. Let the function ¢ : D — C be defined by

1+ (1-28)z
N 1—=z

q(z) 0<pB<1).

Then ¢ is convex in D with ¢(0) = 1. Further by setting g(z) = z/(1 — 2) and

h(z) = z/(1 — 2z)? in Theorem we see that
af(z)+ (1 —a)zf'(2) - 14+ (1—-2p)z

z 1—=2

whenever the following subordination holds:

1+ (1-20)z  2(1-B)2

')+ 0 —a)zf"(z) < T TR

Thus, we have the following result:

Corollary 4.3.6. If f € A satisfies

Re(f/(2) + (1 - a)zf"(z)) > 21

(0<p<1),

then

Re(af@)+(1—aﬁﬁ%@>:>ﬁ

z

Corollary reduces to the following results for the choices of & = 0, and 1

respectively.
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Corollary 4.3.7. [180, Example 3.5| If f € A satisfies

38—-1
2

Re(f'(2) +2/"(2)) > 0<p<1),
then Re f'(z) > p.

Corollary 4.3.8. [125, Theorem 2] If f € A satisfies

Re f'(z) > 3p-1

(0< B <1,

then Re(f(z)/z) > B.

Setting g(z) = h(z) = ¢(z) = z/(1 — 2)? in the first part of Theorem [4.2.5, we

obtain the following result:

Example 4.3.9. Let f € A satisfies

Re(af(2) + (2 — )2 f'(2) + (1 — )22 () > —%.
Then Re(af(2) + (1 — a)zf'(z)) > In2 — 1.
By taking
o) = h(z) = = and () = U2 gy

in the first part of Theorems and [4.2.12] we deduce the following results re-

spectively:
Example 4.3.10. Let f € A satisfies Re(f(z) +zf'(z)) > 5 (0 < 5 < 1), then
Re f(z) >2(1—p)In2+248 — 1.
Example 4.3.11. If f € A satisfies the inequality
Re(f'(2) +2f"(z)) >2(1 - B)Im2+28—-1 (0<8<1),

then Re f'(z) > 5.
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Corollary 4.3.12. Let f € A and the function F be as defined in . If the
following inequality holds

-1
2(c+1)

then Re(Oyp(a)F(z)) > 5. The result is best possible.

Re(Oyn(a)f(2)) > B+ 0<pB<1l,c>—-1), (4.3.3)

Proof. Let us define the function ¢ : D — C by

1+ (1-2p)z
B 1—=z

q(z) 0<pB<1).

Clearly ¢ is convex in D with ¢(0) = 1. A calculation shows that

o) + 2q'(2) _ 1+ (1-28)z  2(1-P5)z

c+1 1—=2 (c+1)(1—2)%

Now an application of Theorem yields

1+(1-28)z  2(1-p)

Oun( @) = === (c+ 11— 22

This implies (4.3.3) and hence the result follows at once. O

Remark 4.3.3. By setting 5 = 0 in Corollary we have the inequality

—1

Re((’)g,h(a)f(z))/ > 2(6 + 1)

(c>—1)

which implies that Re(Oy () F'(2))" > 0. This shows that O, () F(z) is univalent.



Chapter 5

Fekete-Szego Coeflicient Inequality
for Certain Classes of Analytic

Functions

5.1 Introduction

Finding the necessary conditions for functions satisfying certain geometric proper-
ties have been a core area of research. The Bierberbach conjecture and its proof by
de Branges was the main attraction for many researchers working in GFT till 1985.
Since many of them were attempting to prove or disprove the Bierberbach conjec-
ture, the Fekete-Szego coefficient problem could not get much attention during that
time, but at the same time the Fekete—Szego coefficient problems for the classes S*,
IC, and CC were settled by Keogh and Merkes [83]. Further Ma-Minda [101] and
Ravichandran [18] explored the Fekete—Szegd coefficient problem for more general

classes. In this direction, Obradovié¢ [123], in 2010, introduced a class of functions

Re {f’(z) (ﬁyﬂ} >0 (0<A<1).

Most of the results of this chapter appeared in [176-178|.

f € A satisfying

91
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He discussed the starlikeness criteria of the functions satisfying the above condition.
Tuneksi and Darus [202] generalized this class by introducing the class of functions

f € A satisfying the condition

(z

and they obtained the estimate on Fekete-Szego functional for functions in this class.

Re{f’(z) <fi))m} >a (0<a<1,0<A<1) (5.1.1)

The above expressions are some what similar to the analytic representation of starlike
functions. It should be noted that the analytic representations of convex and starlike
functions can be written in terms of Hadamard product. The expression zf'(z)/f(z)
can be written as (f*K1)(z)/(f*K3)(z) where K1(2) = z/(1—2)* and K»(2) = z/(1—
z). Similarly 14 zf”(z2)/f'(z) can also be written by taking K;(z) = (24 2%)/(1—2)?
and Ks(z) = z/(1 — z). Using this fact Murugusundaramoorthy et al. [112], in 2007,
for ¢ € P, with the image domain ¢(ID) symmetrical with respect to the real axis,
starlike with respect to ¢(0) = 1 and ¢’(0) > 1, introduced a class M () such that

f € A satisfying
(f *9)(2)
(f = h)(2)

where g, h € A, and are given by
9(2) =2+ gn?", h(z)=z+Y h,2" (5.1.2)
n=2 n=2

and obtained the estimate on the Fekete-Szegt functional for the class M, ;(¢). All
the linear operators investigated in GFT can be written as L(f,g) = f % g for some
suitable ¢ € A. Motivated by the above defined classes and using the generalized
Salagean operator [24], Raducanu [151] introduced the class Mzg(w) defined by
D§+1f<z>)“ (D?“f(@)ﬁ
— - <e(z) (,f,A>0;feA
( Dy f(2) D,\Jrlf(fz) S )

and discussed the Fekete-Szego problem for functions in this class.

It has been observed that the univalence or starlikeness of ¢ is required only in
proving the growth, distortion and covering theorems. For estimate on coefficients

we do not require any such assumptions, we can take the superordinate function with
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suitable normalization with positive real part. Since our main motive in this chapter
is to discuss the Fekete-Szego coefficient estimate, here after throughout this chapter,
we assume that ¢ € P has the form p(z) = 1+ Byz + Boz? + B3z® + -+, By > 0,
and By € R. Further, in Sections and we shall consider three different
classes of analytic functions defined in terms of convolution and subordination as

follows:

Definition 5.1.1. Let a and 3 be real numbers. Assume that g and h are given by
g(z) =z + Zgnz” and h(z) =2+ Z hp2". (5.1.3)
n=2 n=2

A function f € A is said to be in the class Mg,’f (), if it satisfies

((f *g)(z))a ((f* h)(z))ﬂ <o),

z z

where the powers are principal one.

Note that the definition explicitly assumes that (f * g)(z) # 0, (f * h)(z) # 0 for
z # 0. For appropriate choice of the functions g, h, ¢ and constants « and (3, the class

/\/lj,f () reduces to the following classes:

1. M;:,:l(go) =: M, (), the class introduced by Murugusundaramoorthy et al. [112].

2. MY L (¢) =: §*(p), the class of Ma-Minda Starlike functions.

(1—2)2'1-2

3. MY (p) =: K(p), the class of Ma-Minda convex functions.

z+z2 z
(1-2)37 (1-2)2

4. If g(z) = 2/(1 — 2)%, h(z) = z/(1 — 2) and ¢(z) = (1 + 2)/(1 — 2), then class
M;:;()‘H)(g@) (0 < XA < 1) reduces to the class introduced by Obradovi¢ [123].

Definition 5.1.2. Let g and h be given by (5.1.3) with g, > h, > 0. A function
f € A given by (1.1.1) is said to be in the class N, 5 (v, @), if it satisfies

(f *9)(2) o (f*9)(2)
(fxh)(z)  (f*h)(2)

(1—a) < p(z) (a>0). (5.1.4)
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Remark 5.1.1. For various choices of the functions g, h, ¢ and the real number «,

the class N5 (c, ) reduces to several known classes, we enlist a few of them below:

1. The class N, (0, ¢) =: M, (), introduced and studied by Murugusundaramoor-
thy et al. [112].

2. If we set
z z

g(Z) = ma h(Z) = (1 _ Z)
and p(z) = (1+2)/(1— z), then the class N, 5(a, ) reduces to the class M(«)

(5.1.5)

of a—convex functions.

Ni(lj )27(1%2)(04, ¢) =: M(a, p), the class introduced by Ali et al. [21].

N =, 2-(0,9) = §*(¢) and ./\/'W = (1,¢) =: C(p), the classes intro-

(1—2)2° (1-2)
duced by Ma and Minda [101].
Definition 5.1.3. Let a > 0. For a fixed function g € A given by ([5.1.3)), the class
Sg' () consists of functions f € A of the form (1.1.1]) satisfying

2 #9)(2) | 2*9)"() _ (1=a)2(f+9)'()+2(*9)()
G Tl el ral g | B0

Note that the above class S7'(¢), in fact generalizes several known classes, a few are

enlisted below:

1. For g(z) = z/(1 — z), we have §)() =: §*(¢) and S;(¢) =: K(¢), the classes
introduced by Ma and Minda [101].

2. If we take g(z) = z + 2, n™2", then (f * g)(z) becomes the Sélagean [162]
operator D™ defined by

D"f(z) =2+ ananz” (me€{0,1,2,3,...}).
n=2

3. Further, if we set p(z) = (1 +2)/(1 —2) and g = z + Y-, 2" in the above
Definition|5.1.3} then the class S*() reduces to the class HS,, () introduced by
Raducanu [151]. He investigated the relationship property between the classes
HS;, (o) and S* and obtained the Fekete-Szego inequality for the class HS), ().
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Preliminaries

Recently Ali et al. [18] reformulated the results of Ma and Minda (see Lemma |1.1.1)
and Keogh and Merkes (see Lemma [1.1.2)) as mentioned below:

Lemma 5.1.1. [18] If w € B and w(z) = wyz + w9z + - - - (2 € D), then

—t (t< 1),
lwo —twi| << 1 (=1<t<1),
t o (t>1).

Fort < —1 ort > 1, equality holds if and only if w(z) = z or one of its rotations. For
—1 <t <1, equality holds if and only if w(z) = 2% or one of its rotations. Equality
holds for t = —1 if and only if w(z) = 2(A+ 2)/(1 + Az) (0 < A < 1) or one of its
rotations, while for t = 1, equality holds if and only if w(z) = —z(A + 2)/(1 + A2)
(0 < X< 1) or one of its rotations. Also the sharp upper bound can be improved for
—-1<t<1,

jwo — twi| + (L +t)wr ] <1 (=1<t<0) (5.1.7)
and

lwy — twi| + (1 —t)|u <1 (0<t<1). (5.1.8)
Lemma 5.1.2. [18,]83] If w € B and w(z) = wiz + we2* + -+ (2 € D), then for any
complex number t,

lwy — tw}| < max{1;|t|}

and the result is sharp for the functions given by w(z) = 2% or w(z) = 2.

Further Ali et al. [18] utilized the above results to discuss the estimate on the
Fekete-Szego functional for p—valent analytic functions. This motivates us to dis-
cuss the Fekete-Szegd problem for classes MZ,? (¢), Ngn(a, @) and S () of analytic
functions by considering ¢ € P with ¢(0) = 1 and ¢'(0) > 0.

5.2 Fekete-Szego Inequality for M;‘f (¥)

Throughout this section, it is assumed that ag, +Sh, > 0, and f(z) = 2+~ , a2
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Theorem 5.2.1. If f € M;‘f(go), then for any real number i, we have

BiA
(cg3+Bh3) (M = Ul)’
|as — paj| < (agﬁ—lﬁ,m (o1 <p <o),
B1A
 (ags+Bhs) (1 2 02),
where
A= B la(a = 1)g3 + B(B — 1)h3 + 2aBgahs + 2u(ags + Bhs)| By
B 2(ago + Bho)? ’
o) = 2(B; — Bi)(ags + Bhe)? — [a(a — 1)g3 + B(B — 1)hj + 2a8g:h0] B
' 2(ags + Bhs) B}
and
2Byt Bi)(ags + Bha)? — [ala = 1)g3 + B(8 — DA +208gha] BY
9 1= .

2(0[93 + 6]13)312

The result is sharp.

Proof. Since f € M;’,’f(go), there exists w(z) = wy2z + we2? + - - - € B such that
* “ * I g
(U290 (BY' o) o)

By a computation, we get

“ —1
(W) =1+ aazgz + (aaggg + %a%g@) 224

and

B
(M) =1+ Baghoz + <6a3h3 + ﬁ(ﬁT_l)agl@) 24

z
Substituting these in ((5.2.1)) and comparing the coefficients, we have

(ags + Bha)az = Biw, (5.2.2)
and

2
a
(ags + Bhs)as + (ala — 1)g5 + B(8 — 1)h3 + 204592%)32 = Biwy + Bowi. (5.2.3)

From (j5.2.2)) and ((5.2.3)), we obtain

B,

e S o 2
2(ags + Bhs) (102 = fw})

2 _
as — pay =
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where
;o= _@ i la(a = 1)g3 + B(B — 1)h3 + 2a8g2hs + 2u(ags + Bhs)| By (5.2.4)
B 2(avga + Bhe)? ’ o
The result now follows by an application of Lemma [5.1.1, Further if
B i [a(e = 1)g3 + B(B — 1)h3 4 2a8gshy + 2u(ags + Bhs)| By < 1
B 2(avgy + Bhy)? -
then, for
u< 2(By — Bi)(ags + Bhe)® — [a(a = 1)g3 + B(B — 1)h3 + 2aBgahs| BY —
— . 1

2(ags + Bhs) Bt
and A be as given in the statement of Theorem [5.2.1] we have

| 2| < B A
ag — paz| < ———.
’ ? (ags + Bhs)
Further if —1 <t¢ < 1, then for o1 < p < 09, we have
B
2 1
ag — pay| < ————.
laz d (ags + Bhs)
Similarly if ¢ > 1, for u > o5, we have
B A
2 1
as — pas| < ———-——.
| 3 1% 2| = (CYgg‘i‘ﬂhg)

This completes the proof. To show sharpness of bounds, we now define the functions

K¢>n (n:273747)by

z

((qun * g)(Z))a ((K% ih)(z))ﬁ K00 )

and the functions G, and H, (0 <~ < 1) are defined by

((07 *Zg)(Z))a ((GV *zh)<z))5 — (Zfi—w) , with G, (0) = 0 = (G,)'(0) — 1

and
(Hy*g)(2)\° z : 2(z 4+ 7) ) ,
= Ee—— th H =0=(H -1
( 2 wane) O\ ) it e (0) = 0= (HL)(0)
It is clear that the functions Ky, (n =2,3,4,--+),G, and H, (0 <~ < 1) are in the

class Mgf(@ In either cases u < oy or u > 09, the equality holds if and only if f is
K4, or one of its rotations. When o7 < p < 09, the equality occurs if and only if f is
K4, or one of its rotations. If u = oy then equality holds if and only if f is G or one
of its rotations. If yu = o9 then the quantity holds if and only if f is H) or one of its

rotations. O
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Remark 5.2.1. If 0; < pu < 09, then the estimate given in Theorem [5.2.1] can be
improved by bifurcating the interval as follows: Let

2B;(ags + Bhy)? — [a(a — 1) g3 + B(B — 1)h3 + 2afg:ho) B
2(0&93 + 6h3)312

03 =

If o1 < p < o3, then

B
9 1
az — pas| + R < ———,
| 3 /“L 2’ 1 Oég3+ﬁh3
where
R. = 2(B1 — Bs)(ags + Bha)? + [a(a — 1)g3 + B(8 — 1)h3 + 2aBg2ha + 2p(ags + Bhs)|Bi laz]?
b 2(ags + Bh3) B} 2
Similarly if o3 < p < 09, then
B
9 1
az — pas| + Ry < ———,
las = ua) 2 ags + Bhs
where
R, — 2B2+ Bi)(ag> + Bha)® + [oa = 1)gs + (B — D3 +2af8gohs +2pu(ags + Fha)l B o

2(ags + Bha) B
Remark 5.2.2. When a =1 and 8 = —1, Theorem reduces to the result [112,

Theorem 2.1] of Murugusundaramoorthy et al.

Theorem 5.2.2. If f € M;‘f@p), then for any complex number i, we have

as — pad| < ——1 — max 1;|R|},
o = ] < g a1 |

where

la(a —1)g3 4+ B(8 — 1)h3 + 2a8g2hs + 2u(ags + Bhs)] By B

R .= .
2(ag2 + Bhe)? B,y

Proof. Proceeding in the similar way as in the proof of Theorem [5.2.1| using ([5.2.4))
and Lemma the result immediately follows. O]

Here below, we discuss some special cases of our main results of this section.

Theorem 5.2.3. Let the functions g and h are given by

nl'(n+1)I(2-90) , Ln+1T(2-9) ,
g(z):z—i—z NOETESY 2" and h(z 22 n—5+1) 2"
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If f e M;;f(ga), then for any real number 1, we have

2—6)(3—6)AB

. U

2-9)(3=6)B

EAEIA (g <p<o),
2—0)(3—6)AB

_( 622(301456)’) ! (/vL Z 0'2>7

las — pa3| <

where

4. B [Uala—1) +5(6 —1) +4aB)(3 = 9) +3u(2 — 8)(3a + §)] By
B (20 + B)2(3 — 0) :
(83— 6)[2(B1 — Ba)(2a + B)* — (4afa — 1) + B(8 — 1) + 4af) B
32— 0)(3a + B2

01 .=

and

- (3= 0)(B1 + Bp) (20 + )° — (4 — 1) + B(8 — 1) + 4af) Bi]

3(2—0)(3a+ B)B?
Remark 5.2.3. If we set « = 1 and § = —1 in the Theorem [5.2.3] it reduces to

the result [112, Corollary 3.2] of Murugusundaramoorthy et al. For « =1, f = —1,
By = 8/m% B, = 16/37% and § = 1, Theorem reduces to the result [102|
Theorem 2] of Ma and Minda.

If we set g(z) = 2/(1 — 2)%h(z) = 2/(1 — 2) and ¢(2) = (1 + 2)/(1 — 2) in

Theorem [5.2.1, we have the following result.

Corollary 5.2.4. |83,188| If f € S*, then for any real number p, we have

3_4M qugéf
|ag — pay| < 9 1 if 3<u<l,
dp—3 aif p>1.
If we take
140z

= —-1< <
©(2) D2 (-1<D<C<1)

in Theorem it reduces to the following:

Corollary 5.2.5. Let f € M;‘,?((l +C2)/(1+ Dz)). Then for any complex number

i, we have

C
|ag — paj| < o max {1; [Ry]},

ags + [hs)
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where

o —1)g5 + B(B + 1)h3 — 2afgahs + 2u(ags — Shs)](C — D)
2(ag2 + Bhe)?

Ry= D2

Setting g(2) = z/(1 — 2)%,h(z) = 2/(1 —2),a=1land 8 = =X —1, A < 1 in
Theorem [5.2.2] we deduce the following result:

Corollary 5.2.6. Let f € A satisfies

, 2\ 140z
1) (f(z)> <1+Dz’

then for any complexr number i, we have

D +

(1+>\—2,u)(>\—2)(C—D)'}
(1= '

Remark 5.2.4. For (' =1—-2a,0<a < 1,0 < A< 1and D = —1, the Corol-
lary reduces to [202, Theorem 1] of Tuneski and Darus. Note that our proof is

C—-D
|as — pa3| < max < 1;
2—A

quite different from the one given by Tuneski and Darus [202]. There was a typo-
graphical error in the assertion of [202, Theorem 1], and it is rectified in the following

result.

Corollary 5.2.7. [202 Theorem 1] Let 0 < a <1 and 0 < XA < 1. If f € A satisfies

Re{f @) (f())} =

then for any complex number u, we have

1+

2(1—a) (I4+A=2u)2—=XN)(1—a)
|a3_ua/§’ S 2\ maX{l; (1_/\)2 .
Remark 5.2.5. For a = 0, the Corollary reduces to the result [202, Corollary
1] of Tuneski and Darus. Setting C' =k (0 < £ < 1) and D = 0 in Corollary [5.2.6|

we obtain the following result of Tuneski and Darus [202, Theorem 2.

Corollary 5.2.8. [202, Theorem 2] Let 0 < A< 1 and 0 < k < 1. If f € A satisfies

then for all complex number p, we have

< k,

k
1—\)2

1—-A 2

|a3—ua§|gimax{1;( (1+/\—2u)(/\—2)’}‘
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5.3 Fekete-Szeg6 Inequality for N, ,(a, @)

Throughout this section we shall assume that
f(z)=z+ Zanz",g(z) =z+ Zgnz" and h(z) =z + Z hn,z".
n=2 n=2 n=2

Theorem 5.3.1. If f € N, n(a,p), then for any real number u, we have

LA
(1+20143)(937h3) (1 < o),
|ag — pa3| < mzofm (01 < p <o), (5.3.1)
A
T (12 02),
where
(B [(1430)( — hag) + (1 + 20) g — b )}By
By (14 a)*(g2 — ho)? ’
- (By — B1)(1 + @)*(g2 — ha)* — (1 4 3a)(h3 — hags) B
(14 2a)(gs — hs) B}
and
- (By + B1)(1 + @)*(g2 — ha)® — (1 4+ 3a)(h3 — hags) B

(14 2a)(gs — hs)Bf ’

and for any complexr number L

By
1 + 2&)(93 — hg)

s — pad] < g7 max {1:]¢]} (5.3.2)

where
By n [(1+ 3a)(h3 — haga) + pu(1 + 2a)(g3 — ha)] Bs
B, (1+ a)?(g2 — h2)? '

The inequality is sharp.

(5.3.3)

Proof. 1f f € Nyu(a, @), then there exists w(z) = wyz + wq2? + - -+ € B such that

Fea)) | () _
Fen) Ty ~ P (5.3.4)

(1—-a)

A computation shows that

(f*h)(z) = 1—1—&2(92—h2)2+[a3(93—h3)+a2(h2—h292)]z 4o (5.3.5)
(f+9)(z) ol — bt Bl an 2 .
(Fahy( — L 2000 = o)z o+ Baslos = ho) + 40305 — o))+ - (53.0)
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and

p(w(z)) =1+ Bywiz + (Byws + Bawi)z* + - - - . (5.3.7)

From (j5.3.4), (5.3.5)), (5.3.6)) and (5.3.7), we have

(1 + a)(g2 — ho)az = Bywy (5.3.8)
and
(1 + 20[)<g3 — h3)a3 + (]_ + 304)(h% - hggg)ag = Blwg + ng% (539)
A computation using ((5.3.8) and ([5.3.9) gives

By
1 + 20[)(92 — hg)

where ¢ is given by (5.3.3). Now the first inequality ([5.3.1]) is established by an

application of Lemma [5.1.1] as follows:

as — paz = ( (wy — tw?), (5.3.10)

If
_B [0+ 3a)(h3 — hags) + p(1 +20)(gs — hg)|B1 _
By (1 +a)?(g2 — he)? -
then
1< (B2 — Bi)(1 + a)?(g2 — ha)® — (1 + 3a)(h3 — haga) BY -
—_— «— 1
(14 2a)(gs — hs) B}
and hence Lemma implies
BA
as — pal| < ! )
a5 = | < (1+2a)(gs — hs)
where
A By [(1+3a)(hi — haga) + p(l + 20) (g5 — hB)]Bl'
B, (1+a)*(g2 — ho)?
For
o Be (0043003~ hagy) + p(L+ 20)(gs — holBy _ |

B, (1+a)?(g2 — he)? -
we have 0 < p < 0y, where o; and o, are as stated Theorem [5.3.1. Now an

application of Lemma yields

B,
(1+2a)(gs — hs)

|as — pa3| <

For
B N [(1+ 3a)(h3 — hags) + (1 4 200) (g3 — hs)] By -
B, (14 a)?(g2 — he)? -
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we have > o9 and it follows from Lemma that

B A
1+2a)(hs — gs)

’a3 - /LCL§| < (

Now the second inequality ([5.3.2)) follows by an application of Lemma as follows:

B
2 1 2
_ — —t
’a3 /JJG’Q‘ (1 i 20[) (92 — hg) [wQ wl]

By

(1+2a)(gs — hs)

max {1; [t|},

where t is given by ([5.3.3)). Sharpness can be verified in a similar way as in the proof
of Theorem [£.2.11 O

Remark 5.3.1. If we set a = 1, g and h are as given by , then Theorem m
reduces to [101, Theorem 3] of Ma and Minda. When a = 0, Theorem reduces
to the result [112, Theorem 2.1|, proved by Murugusundaramoorthy et al. There
were few typographical errors in the assertion of the result [112, Theorem 2.1] and it

is rectified in the following corollary:

Corollary 5.3.2. [112, Theorem 2.1} If f € M, ,(p), then for any real number p,

we have
B B [(h3—haga)+u(gs—hs3)]|B
B (B - Cihmle by (< ),
2
|as — pa3| < gﬁ—lhg (o1 S p <o),
B [(h3—h2g2)+1(g3—h3)|B B
93*1’13 ( : Q(szhz)g - B_?> <’u = 02)’
where
S (B2 — B1)(g2 — h2)? — (h3 — hags) B
1=
(g3 — hs) B}
and
S (By 4 B1)(g2 — he)? — (h3 — hags) B
9 = .

(95 — h3) B}
We now discuss some applications of Theorem [5.3.1]

Corollary 5.3.3. Assume that

nl'(n+1)I(2-90) , Ln+1T(2-9) ,
g(z):z—i—z NOETESY 2" and h(z 22 n—5+1) 2"



104

If f € Nyn(a, ), then for any real number u, we have

(2—68)(3—6) By (@ _ [12,u(1+2a)(2—6)—4(3—6)(1+3a)]31) (1 < o1)

12(142a) B 1(3—0)(1+ )2
|ag — pa3| < % (01 < p < o09),
(2-8)(3—08)B1 ( [12u(1+420)(2—8)—4(3—5)(1+3a)]| B B
T5(1350) ( - 1(3-0)(1+a)? - B_?> (1 = 03),
where
5 e B= 0B By)(1 + @) + (1 +3a) B
e 3(2—0)(1 + 20) B2
and
. (3=0)[(B1 + Ba)(1 + @)* + (1 + 3a)Bj]
9 = .

3(2—0)(1+2a)B?

Remark 5.3.2. Taking a = 8/7%, B, = 16/372 and § = 1 in Corollary[5.3.3] we have
the result of Ma and Minda , Theorem 2]. When a = 0, Corollary reduces
to the result , Corollary 3.2] of Murugusundaramoorthy et al. There were few
typographical errors in the assertion of , Corollary 3.2] and we corrected it as

follows:

Corollary 5.3.4. [112| Corollary 3.2] If f € M, (), then for any real number p,

we have
(2-8)(3-8)B1 (B 124(2—38)—4(3—6)| B
Ex 1 (B_?_[ ( e ] 1) (Mﬁal),
lag — pa3] < ¢ EG0B (o1 < p < o9),
—6)(3—6)B —6)—4(3—68)|B
(2 )(132 )B1 ([12#(2 4()3:1%3 )]B1 _%> (1> o9),
where
o1 = (3—=10)[B1 — By + Bj]
b 3(2—0)B?
and
. (3 —6)[By + By + B?]
9 1=

3(2—0)B?

Putting ¢(z) = (14 2)/(1 — z), g and h are as given by (5.1.5)) in Theorem [5.3.1}

we deduce the following result:

Corollary 5.3.5. Let f € M(«), then for any real number p, we have

(a2 +8a+3)—4u(1+2a)
(1+a)2(1ﬁ2a) (HJ S 01)7
|ag — paz| < Tn (01 < p <o),

4p(1+2a)—(a®+8a+3)
: (1ta)%(112a) (n >
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where

Note that for a = 0, Corollary reduces to a result in [83] (see also [188]).
By taking ¢(z) = (1 + 2)/(1 — 2), g and h are given by (j5.1.5)), in second result of

Theorem [5.1.1] we have the following result:

Corollary 5.3.6. Let f € M(«), then for any complex number u, we have

4p(1 + 2&()1—+ (2)22+ 8a + 3) ‘} -

Remark 5.3.3. For a = 1, Corollary reduces to the result [83, Corollary 1] of
Keogh and Merkes.

1
lag — pai| < T3 o5 max {1;

5.4 Fekete-Szego Inequality for Sy (p)

Throughout this section, it is assumed that o > 0,

f(z)=z+ Zanz" and g(z) =z + anz"
n=2 n=2

with by and b3 are non-zero real numbers unless otherwise stated specifically.

Theorem 5.4.1. If f € S5(¢), then for any real number p, we have

B (32 (a?—4a—1)B; 2u(2a+1)Blb3> if <o
— )

2Q2a+1)[bs] \ B1 (1+a)? (1+0)2b32
a3 = 1a3] < 4 sy fospsoy (41
B o?—4a—1)B 2u(20+1)B1 b B .
PIPTESI <( (1+a)2) -+ “((l—l-a)gbgl " - B%) if = o2
where
(1 + a)?b3 By (a*—4a—1)B; )
oy = — — —
T 2020+ 1)Bibs \ By (1+a)?
and

. (1+ a)?b3 H@_ (@ —4a —1)B;
27 2(20 + 1) By by B, (1+)?

The inequality is sharp.

Further when o1 < p < o9, the above result can be improved as follows:
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Let

(14 a)%b? (B2 (a® — da — 1)31)

7T 52a+1)Bibs \ By

Bl (1 —+ 06)2
If o1 < pu < o3, then

Bs (> —4a—1)B; = 2u(2a + 1)Blb3) as?

2
— pad| +
a5 — pa| (2 11 B1|bg( 1+ )y 1+ )22
< —m—

and if o3 < p < 09, then

|ag — paj| +

(14 «)?b3 —4a—1)B1  2u(2a +1)Bibs aal?
(2 + 1) By|by] <1+a>2 (1+ a)’h3
<

2(2a+ 2(2a + 1)|bs|

Proof. Since f € S$(p), there exists an analytic function w(z) = wyz+wy2*+--- € B

such that

2 xgV(2) | 2 %9)'(2)  (L=)22(fx9)" () +2(fx9)(2) _
U B B T B B (R Y R [ RV M

A calculation shows that

W =1+ asbyz + (2a3b3 — agb%)zz T
1+ Z(<}f:5))’,;i§) = 1+ 2asbyz + (6azbs — 4&%[)3)22 +

=14 (2 — a)aghyz
+ (6 — 4a)azbs — (a — 2)%a3bs)z + - .
Substituting these expressions in , we obtain
(14 a)azby = Biwy (5.4.3)

and

220 + Dagbs + (o — 4o — 1)a2b? = Byw, + Byw?. (5.4.4)
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By using (5.4.3) and ([5.4.4)), we have

as — pas = ﬁ(wg — tw?), (5.4.5)
where
L B N (a* —4a —1)B; . 2u(2a + 1) Bybs (5.4.6)
BT Urap 1+ )%
If t < —1, then

Bg 1 (042 — 4o — ].)Bl 2M<20é + 1)B1[)3 < 1
By (1+a)? (1+a)2: — 7

which implies

(14 «)?b3 (Bg (a? —4a —1)B,; )
-1 :=o0;.

B 50ar 1B \Br ~ (1+a)?

Now an application of Lemma [5.1.1] gives

Bl BQ (Oé2 — 4o — 1)B1 /L(QOC + 1)B1b3
n 2 - 212 (:U’ < 01)7
By (1+a) (1+ a)?b3

2
_ < s
a5 = naal < 5

which is nothing but the first part of assertion (5.4.1)).

Next, if t > 1, then

Bg (042 — 4o — 1>Bl 2,&(206 + 1)81[)3

__= >1
BT (itap TS

which implies

212 2 _ —
0> (1+ «)*b3 ) By, (of—4a-1)B o,
2(20[ —f- ].)Blbg Bl (1 + Oé)2

applying Lemma [5.1.1], we have

B 2_4a—1)B 200 + 1) B1b B
L (lefzda— DBy pat DBiby  Ba) o
20 + 1)[bs| I+a) T

which is essentially the third part of assertion (5.4.1)).

2
_ <

Finally if —1 <t <1, then
BQ (CY2 — 4o — 1)B1 2#(205 + 1)B1b3

1< === <1
R T S
which shows that o; < < g5. Thus by an application of Lemma [5.1.1] we obtain
B
2 1
as —pas| < —— (o1 < u<o
‘ 3 :u 2|— 2(20&+1>’b3| ( 1_:U/— 2)
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which is the second part of assertion ([5.4.1). Sharpness can be verified in a similar

way as in the proof of Theorem [5.2.1]

Further when o7 < pu < 09 the above result can be improved as follows:

If -1 <t<0, then

BQ + (Oz2 — 4o — 1)31 2[1,(20( + 1)Blb3 <0
By (14 «a)? (1+a)2: — 7
which implies that o < p < 3. Now using (5.1.7)), (5.4.5) and (5.4.6]), we have

2(204 + 1)b3 2 32 (0[2 — 4o — ].)Bl 2#(20& + ].)Blbg 2
_ 1— == <1
g whalt (=g e i agm ) el s
(5.4.7)

Substituting the value of w; obtained from ([5.4.3)) in ((5.4.7)) and simplifying, we have

_1<_

1+ a)?b? B a?—4a—1)B 21200 + 1) By b
\az—/ngQ( )°b3 ( 2, ( )B1 fi( ) 13)’@‘2

- =+
(20 + 1) By |bs] B, 1+ )y 1+ )22
By

< < .
—2@a+nm\(m<”—09

Further if 0 < ¢ < 1, then 03 < 1 < 03. Now a similar computation using (5.1.8)),
(5-4.3), (5.4.5) and (5.4.6) gives
(]. —+ Oé)Qb% B2 (042 — 4o — ].)Bl 2#(20& + 1)B1b3 ‘ |2
== - - a
(20 + 1) By | bs] B, (1+a)? (1+ )63 ?
By
< ——m
= 2(2a+1)|bs]

|as — paj| + 5

This completes the proof. n

Remark 5.4.1. If we set « = 1 and ¢(z) = z/(1 — z) in Theorem [5.4.1} then we have
a result of Ma and Minda [101, Theorem 3]. By setting @ = 0 and g(z) = z/(1—2) in
Theorem [5.4.1] we obtain a result of Murugusundaramoorthy et al. [112], Corollary
2.9.

Using Lemma and Equation ([5.4.5)), we deduce the following:

Theorem 5.4.2. If f € S(¢), then for any complex number i, we have

B

lag — pa3| < Pt jaxd 1 21200+ 1)Bibs (o —4a —1)B; B
PR 000+ Db ’

(1+ )22 (1+a)? B,

b
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From Theorem [5.4.1 we deduce the following result:

Corollary 5.4.3. If f € S$((1+ Cz)/(1+ Dz)) (=1 < D < C < 1), then for any

real number p, we have

o (D ) ey <
a5 = 12l <\ ggarie if o1 < < ou;
et <D + (a%ﬁ:g)gcw) - 2“(2?4:25)21)?)1)3) if p> oo,
where
272 9
o 2(2a$$éyl))b—20)b3 <1+D+ = 4((;—1—10())(20 D>>
and

__ (1+a)%3 o (@*—4a-1)(C-D)
72= 2(2a+ 1)(C' — D)bs (1 b (1+ ) ) '

The result is sharp.

The above result can be improved when o, < pu < o9 as follows:

Let
_ (1+a)b3 (a? — 4o — 1)(C — D)
7 B+ (D - Oy (D L e ) -

If o1 < pu < o3, then

C-D
2(200+ 1)|bs|’

(1+ )3
(2ac+ 1)(C' — D)|bs|

’CLS_N@%H‘Q 7'1|CL2|2§

S <1+D+(a2—4a—1)(C—D) 2u(2a+1)(C—D)b3>

(14 «)? (1 + a)?b3

and if 03 < p < o9, then

C—D
220+ 1)|bs|’

(1+a)’b3
(200 + 1)(C = D)|bs|

]ag—uag\—i— 9 7'2|CL2|2 <

where

(s o @—=da-1)(C=D) 2u2a+1)(C—D)bs
= (1-0 (1 +a) Tra )

By taking D = —1 and C' =1 in Corollary we obtain the following result:
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Example 5.4.4. If f € S7((1+ 2)/(1 — 2)), then for any real number u, we have

(14)2|bs| 2041 b2
1

2 5 .
1 (3+10a7a _ 4”1)5) if < on:

lag — paj] < if o <p <oy

(2a+1)[b3
e (MEO%_?, + %) if 1> o,
where . 2
o (12+(2ta+ 1?@562 wnd o2 %

The result can be improved when o; < u < 05 as follows:

Let
(3 + 10 — )b}
4(20[ + 1)b3

O3 .=

If o1 < p < o3, then

b2 a2 —4a—1 2ub 1
2 2 3 2
|a3 ,ua2| 2|b3| < 200+ 1 b% ) |a2| (2a + 1)|b3|

and if o3 < p < 09, then

b2 [(3a+1 b ) 1
2 2 3 2

The result is sharp.

Remark 5.4.2. If we take g(z) = z + > -, n™z" (m € {0,1,2,3,...}), in Exam-
ple p.4.4] it reduces to [151], Theorem 2] of Raducanu.

Taking p(z) = (1+C2)/(1+Dz) (=1 < D < C < 1) in Theorem [5.4.2, we deduce

the following result:

Corollary 5.4.5. If f € S ((1+Cz)/(1+ Dz)), then for any complex number i, we
have

C—-D
|as —ua%| < 2 max {1; R},

2a0 + 1)]bs|

where

R 2u(2a+1)(C' — D)bs  (a? —4a —1)(C — D)

D] .
1+ a)’2 TESE +

If we take g(z) = 2+ - ,n™2", D = —1 and C' = 1 in Corollary [5.4.5 we have

the following result:
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Corollary 5.4.6. [151, Theorem 3, Raducanu] If f € HS] («), then for any complex

number p, we have

1 22m-1(a2 — 100 — 3) + 2.3 (1 + 2a)u]
—pay| < L; :
las = nas] < ST 90 max{ ’ 22m-1(1 + a)?

If weset D =—1,C =1 and ¢g(z) = z/(1 — z) in Corollary [5.4.5 then for o = 0,

we have the following result:

Corollary 5.4.7. [83, Theorem 1] If f € S*, then for any complex number u, we
have

|az — pa3] < max {1; |[4p — 3[}.

Setting a« = 1,D = —1,C =1 and ¢(z) = z/(1 — z) in Corollary [5.4.5| we obtain

the following result:

Corollary 5.4.8. [83| Corollary 1] If f € K, then for any complex number u, we

have

1
las — pad] < max{g; - 1\}.






Chapter 6

Initial Coeflicients Estimate of

Certain Bi-univalent Functions

6.1 Introduction

Recall that a function f € A is called bi-univalent in D if both f and f~! are univalent
on D. Lewin [93] introduced the class o of bi-univalent analytic functions and showed
that the second coefficient of every f € o satisfy the inequality |as| < 1.51. Let oy
be the class of all functions f = ¢ o1~ where ¢, map D onto a domain containing
D and ¢'(0) = ¢(0). In 1969, Suffridge [193| constructed a function in oy C o, with
the second coefficient ay = 4/3 and conjectured that |as| < 4/3 for all functions in
0. In 1969, Netanyahu [116] proved this conjecture for the subclass oy of o. Later in
1981, Styer and Wright [192] disproved the conjecture of Suffridge [193] by showing
as > 4/3 for some function in o. For the counter example showing o # oy, see [35].
For results related to bi-univalent polynomial, see [82,182]. In 1979, Brannan [27]
conjectured that |as| < v/2 for f € 0. In 1985, Kedzierawski [81, Theorem 2] proved
this conjecture for a special case when the functions f and f~! both are starlike

functions. In 1985, Tan [195] obtained the bound |as| < 1.485 for the class 0. At

Most of the results of this chapter will appear in [179].

113
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that time the researchers were interested in finding estimate on the initial coefficients
of the functions which are in some specific subclass of S along with their inverses also
belong to the same subclass. In 1985, Kedzierawski [81], in an attempt to prove the
Brannan’s conjecture [27], considered a case when f and its inverse are in different
subclasses of the class §. He provided the following estimate for second coefficient of

such functions: )
1.5894, feS8, fleds;

V2,  fesr flesy
1.507, fe8* fles;
| 1224, feK, ftes.

las| <

In 1986, Brannan and Taha [30] obtained estimate on the initial coefficients for func-
tions in the classes K,(8), K,(5) and SS(«). The work on bi-univalent functions
gained momentum with the advent of a paper by Srivastava et al. [189], in 2010, in
which they obtained the bounds of the initial coefficients for functions belonging to

the classes

Ho(B) ={f €0 :Re(f'(z)) > Band Re(f")(z) >B,0< B <1}

and

Hoa={f €0 larg f(2)] < 5 and |arg(/ ) ()] < 50 <a <1},

Recently, Ali et al. [13] extended the results of Brannan and Taha [30] by proving
their results for more general classes. For similar coefficients estimate related problems
of certain bi-univalent functions, see [56,, 189, 208|. For a comprehensive survey

and some open problems and survey related to bi-univalent functions, one may refer

to [63}[183).

The results in this chapter are essentially motivated by the paper of Ali et al. [13],
and Srivastava et al. [189]. This chapter mainly concerned with the estimation of
coefficients of certain bi-univalent functions especially when both f and its inverse
function f~! belongs to the same class. Further the work of Kedzierawski [81] actuates

us to consider cases when f is in some subclass of univalent functions and f~! belongs
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to some other subclass of univalent functions. In Section [6.2] we find the estimate on
the initial coefficients when f and f~! belong to the same class, whereas in Section [6.3]
estimates on the initial coefficients are derived when f and its inverse f~! belong to
different classes. Our results generalize several results derived in [13},56], 81}, 189]
which are pointed out here. The classes we have considered are defined as follows:

Throughout this chapter, unless stated clearly, we shall assume that ¢ € P is an

analytic function in D of the form

0(2) =1+ Byz + Byz® + B32® + - - (6.1.1)
with By > 0 and B, is any real number. For the sake of convenience, we shall write
F = f1

Definition 6.1.1. Let A > 0. A function f € o is in the class R, (A, @), if it satisfies

(1-— )\)@ +Af'(2) <¢(z) and (1-— A)# + AF (w) < o(w).

On specializing the function ¢ and A, the class R, (A, ¢) reduces to the known

classes, a few are enlisted below:

L. Re(A, (1+ (1 —20)2)/(1 —2)) =R,(\,B) (A>1; 0 < < 1), introduced by
Frasin and Aouf [56| Definition 3.1].

2. Re(A (T+2)/(1 —2)%) =Rsa(r) (A>1; 0 <a < 1), introduced by Frasin
and Aouf [56| Definition 2.1].

3. Ro(1,¢) = R,(p), introduced by Ravichandran et al. |13, p. 345].

4. Ro(1,(1+(1—-25)2)/(1 —2)). = Rs(B) (0 < < 1), introduced by Srivastava
et al. [189, Definition 2]

5. Ro(L, (14 2)/(1 — 2))%). = Rpa (0 < a < 1), introduced by Srivastava et
al. [189, Definition 1].

Definition 6.1.2. A function f € o is in the class S¥(y), if it satisfies

z2f'(2) wF' (w) w
) Py ~ 2

< p(z) and
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Note that for a suitable choice of ¢, the class Si(y¢), reduces to the following well-

known classes:

L S((1+(1-28)z)/(1-2)=8;(8) (0<8<1).
2. SH(((1+2)/(1—2)") =S8S%(@) (0<a<1).

Definition 6.1.3. A function f € o is in the class K,(p), if f and F satisfy the

subordinations

wF" (w)
F'(w)

2f"(2)

e

< (z) and 1+

< p(w).

Note that K, ((1+ (1 —28)2)/(1 —2))) =: K, (8) (0< 8 <1).

6.2 Functions f and f~! belong to the same class

In this section, we shall consider the results when both f and f~! are in the same class.

Our first result provides estimate for the coefficient as of functions f in R, (A, ¢).

Theorem 6.2.1. If f € R, (), ), then

By + |By — By
< . 6.2.1
ja2] < \/ 1+ 2 (6.2.1)

Proof. Since f € R,(A, ), there exist two analytic functions r,s : D — D, with
r(0) = 0 = s(0), such that

(1- A)@ +Af'(2) = p(r(2)) and (1 — )\)# FAF (w) = @(s(2)).  (6.2.2)
Define the functions p and ¢ by

p(z) = i:i; =1+ piz+p2® +ps2’ +- - (6.2.3)

q(z) = Lrslz) gy Bz + g2 + gz 4 (6.2.4)

1 s(2)
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or equivalently,

r(z) = ggg _T_ 1 = % (Plz + <p2 - %)zQ + - ) (6.2.5)
and
s(z) = 28 ;1 = % (QLZ + <Q2 — q;)zQ + - > . (6.2.6)

It is clear that p and ¢ are analytic in D and p(0) = 1 = ¢(0). Also since p and ¢ have

positive real part in D, it follows that |p;| <2 and |¢;| < 2. In view of (6.2.2)), (6.2.5)
and ((6.2.6)), clearly

@) e () =1 nFw) e (a(w) =1
(1-X) . +Af(z)=¢ P2 £1 and (1—X) " +AF(w) = ) 11) (6.2.7)
On expanding (6.1.1]) using (6.2.5) and (6.2.6)), it is evident that
p(z) —1 1 1 L Lo o) 2
PRI ) 1428 “Bi(ps— = °B 2.
@ (p(z) n 1) + 5 P17 + 5 1(p2 2291) + L + (6.2.8)
and
q(w) —1 1 1 L, Lo o) o
PO ) 14 -8B “Bi(gs — = °B 2.
® (q(w) n 1) + 5 1w + 5 1 (g2 2611) + g2 )W + (6.2.9)

Since f € o has the Maclaurin series expansion given by (1.1.1]), a computation shows
that its inverse F' = f~! has the expansion given by ((1.2.1)). It follows from (6.2.7),

(6.2.8) and (6.2.9) that
1
(1+Nay = -Bipy

2
1 15 1 9
1
—(L+ANap = 5316]1
2 1 L, 1 2
(14 2X)(2a3 — a3) = 531 42 — qu + 132(11- (6.2.11)
Now ((6.2.10f) and (6.2.11]) yield

8(1 4+ 2)\)a2 = 2(ps + @) B1 + (B — B)) (0% + 2. (6.2.12)

Finally an application of the known results, [p;] < 2 and |¢;| < 2 in (6.2.12)) yields
the desired estimate for as provided in ([6.2.1). O
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Remark 6.2.1. Let ¢(z) = (1+ (1 —28)z)/(1 — z) with 0 < < 1, which implies
that By = By = 2(1 — ). When A = 1, Theorem gives |as| < /2(1 — f3)/3 for

functions in the class R,(/3), which in fact coincides with the result [208] Corollary 2]
of Xu et al. In particular if 8 = 0, then |ay| < 1/2/3 ~ 0.816 for functions f € R,(0).
Since the estimate on |as| for f € R,(0) is improved over the conjectured estimate
lag] < V2 ~ 1.414 for f € o, functions in R,(0) are not the candidates for the

sharpness of the estimate in the class o.

Theorem 6.2.2. If f € Si(yp), then

, B?+ B, +|B,— B B,vVB
|a2|§m1n{\/31+|Bg—B1|,\/ 1 L+ 1B 1 S }

2 ' /B} + By — B
and
s Smm{Bﬁ'BQ_BI"B%+Bl+2|B2—Bll,R},
where
R = i <31 +3Blmax{1; BIB_T;;BQ }) )

Proof. Since f € S¥(p), there exist analytic functions r,s : D — I, with property
r(0) = 0 = s(0), such that

2f'(2)

f(z)
Let p and ¢ be defined as in (6.2.3)) and (6.2.4)), then it is clear from (6.2.13]), (6.2.5)
and ((6.2.6)) that

= ¢(r(z)) and w}f(;%]) = p(s(w)). (6.2.13)

2f'(2) (p(z) - 1) wk (w) (Q(w) - 1)
_ and _ . 6.2.14
ERAVOET Fwy 2 \glw) 71 (6:2.14)

It follows from ((6.2.14)), (6.2.8) and (6.2.9) that
1
as = 531]?1 (6.2.15)
B 1 1 1
2a3 = 12p1 as + §B1 (p2 - 5P%> + 13217% (6.2.16)
1

—ay = ;B¢ (6.2.17)

2
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and
4a2 — 2a3 = _Blqu as + %Bl (q2 - %gf) + }Lngf. (6.2.18)
The equations and yield
PL=—q (6.2.19)
8a; = (pi + ¢7) B} (6.2.20)
and
24, = w. (6.2.21)
From (6.2.16), (6.2.18) and (6.2.21)), it follows that
8a2 = 2By (p2 + @2) + (Ba — By)(p? + ¢3). (6.2.22)

Further a computation using (6.2.16]), (6.2.18)), (6.2.15]) and (6.2.19) gives

16a3 = 2B7q¢; + 2B1(p2 + q2) + (B2 — B1)(p} + 7). (6.2.23)

Similarly a computation using (6.2.16]), (6.2.18)), (6.2.21]) and (6.2.20)) yields

4(Bf = By + Bi)a3 = B} (ps + ). (6.2.24)

Now (6.2.22), (6.2.23) and (6.2.24]) yield the desired estimate on |ay| as asserted in
the theorem. To find estimate for |ag| subtract (6.2.16]) from (6.2.18)), to get

B _
— daz = —4a’ + M. (6.2.25)
Now a computation using (6.2.23)) and ((6.2.25)) leads to
16as = 2B1q + 4Bapz + (B1 — B2) (1} + ). (6.2.26)

From (/6.2.15)), (6.2.16)), (6.2.17) and (6.2.18)), it follows that

By

dag = 5 (3p2 + @2) + (B2 — Bi)pi (6.2.27)
Biga | 3B 2(B) — Bs) ,
= — - . 2.2
> T2 <p2 3B, 1! (6.2.28)
An application of the result Lemma |1.1.2in (6.2.28)), yields
B, —4B
4ag| < By + 3B; max {1; % } : (6.2.29)
1

Now the desired estimate on a3 follows from ((6.2.26]), (6.2.27)) and (6.2.29) at once. [
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Remark 6.2.2. If f € S;(8) (0 < 3 < 1), then from Theorem [6.2.2] it is evident
that

o] < min{ /21— 5), /(1 - A)(3 - 26)}
V2= B), 0<p<1/2

T VARG, 12<8<1. (6:2:30)

Brannan and Taha [29, Theorem 3.1] proved that |ay| < \/2(1 — ) for f € S} ().
We may expect a better estimate for functions in the class S¥(f) in comparison to
those in the class S*(3). If we compare Brannan and Taha’s estimate with the one
namely |as| < 2(1 — f3) for function f € S*(F), given by Robertson [152], we see that
Brannan and Taha’s estimate is better than the Robertson’s only when 0 < g < 1/2.
However it may be noted that our estimate given in ([6.2.30)) improved the estimate

of Brannan and Taha [29, Theorem 3.1].

Next if we take ¢(z) = ((1 + 2)/(1 — 2))* (0 < a < 1) in Theorem we have
By = 2a and By = 2a%. Then we obtain the estimate on ay for functions f in SS%(«)

as:

2a 2a
az| < min < vVida — 202, vVa? + 2o, = )
ja2] < {\/ v \/1+a} Vi+a

Brannan and Taha [29, Theorem 2.1] gave the same estimate for functions in the

class §S(«).

Theorem 6.2.3. If f € IC,(p), then

B} + B, +|B,— Bi| B
|a2|§min{\/ 1+ Bt |5, 1‘,_1}

6 2

and

B>+ B B, — B;| B{(3B 2
|a3|§min{ i1+ B1+ | By 1| Bi1(3By + )}

6 ’ 12

Proof. Since f € IC, (i), there exist analytic functions r, s : D — D, with the property
r(0) = 0 = s(0), satisfying

Zf”(z) = Tz an wF”(w) = S(w
1+ 702) = p(r(2)) d 1+ Flw) o(s(w)). (6.2.31)




121

Let p and ¢ be defined as in (6.2.3)) and (6.2.4)), then it is clear from (6.2.31)), (6.2.5)

and ((6.2.6) that

) (e =1) L wFw) | (g(w) 1
R ‘¢(p<z>+1) T W S0(q<w>+1)‘ (6:2.52)

It follows from (6.2.32), (6.2.8]) and (6.2.9) that

1
2(12 = §Blp1 (6233)
1 1, 1 9
6az = Bipias + 531 P2 —opi )+ 132291 (6.2.34)
1
— 2&2 = §B1Q1 (6235)
and
2 1 1, 1 2
6(2a; — a3) = —Biqias + 531 q2 — §Q1 + ZLBZ%' (6-2-36)
Now ((6.2.33]) and (|6.2.35)) yield
P =—q (6.2.37)
and
B _
day = M. (6.2.38)

From (6.2.34), (6.2.36), (6.2.37) and (6.2.33), it follows that

48a3 = 2Bipt + 2B1(p2 + @2) + (B2 — B1) (0 + &) (6.2.39)

In view of |p;] < 2 and |¢;| < 2 together with (6.2.38) and (6.2.39)), yield the desired

estimate on ay as asserted in the theorem. In order to find estimate for |as|, we

subtract (| m ) from ( and use ) to obtain

~12a5 = —12a2 + w. (6.2.40)
A computation using ) and m leads to
— 48a3 = 2Bip} — 4Bsyps + (By — Ba)(pT + ¢1)- (6.2.41)
From and , it follows that
— 1205 = Bl(qg_ r2) _ 3 —1211)233 (6.2.42)

Now (6.2.41]) and ((6.2.42]) yield the desired estimate on as. O
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Remark 6.2.3. If f € K,(8), 0 < < 1, then Theorem [6.2.3] gives

mﬂgmm{¢u—5§%ﬂﬂﬂ_ﬁ}_l_ﬂ

and

3 ’ 3 3 ’

which improves the following estimate given by Brannan and Taha.

laz| < min {

(1-5B-28 (1 —5)(4—35)} _ (1=-pB—26)

Corollary 6.2.4. [29, Theorem 4.1] Let f € IC,(B), then

las] < /1 =0 and |ag| <1—p.

6.3 Functions f and f~!' belong to the different

classes

In this section, we shall deal with the results of those bi-univalent functions where f
and its inverse f~! are in different classes. The function ¢ is taken to be the same as
given in (6.1.1)). Let us first recall the definitions of some classes.

2f'(2)
f(2)

Rig) = {J € A: /(=) < o)} SWﬁ:{feA: <w@}

and

K(p) = {f eA:1+ Zj:;i';) < @(z)} .

Theorem 6.3.1. Let f € 0 and if f € K(¢) and F € R(p), then

|a|<\/3[31+|32—31|] and |a|<5[31+|32—31|]
2= 8 3= 12 '

Proof. Since f € K(¢) and F' € R(y), there exist analytic functions r,s : D — D,
with (0) = 0 = s(0), such that

21" (2)
f'(z)
Let the functions p and ¢ are defined by and . It is clear that p and
q are analytic in D and p(0) = 1 = ¢(0). Also p and ¢ have positive real part in D,

1+ =p(r(z)) and F'(w) = p(s(w)). (6.3.1)
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and hence |p;| < 2 and |¢;| < 2. Proceeding as in the proof of Theorem it follow
from (6.3.1)), (6.2.8)) and (6.2.9) that

1
2a9 = 531191
o _ 1 L, L,
6az — 4a; = =B, (pg — —p1> + = Bapy (6.3.2)
2 2 4
1
—2ay = §B1CI1
and
2 1 L, Lo
3(2a5 — a3z) = =By <q2 - —q1> + —Bsqi. (6.3.3)
2 2 4
A computation using (6.3.2) and (/6.3.3]) leads to
2 2q2)B ?+2¢°)(B, - B
o = (p2 + 2q2) B1 + (pf + 247) (B 1)_ (6.3.4)
32
and
2(3 2q2)B 3p? +2¢?)(By — B
0 = (3p2 + 2g2) By + (3p1 + 247) (B2 — B1). (6.3.5)
48
Now the desired estimates for as and ag follow from (6.3.4)) and (/6.3.5)) respectively
using the fact that |p;| < 2 and |¢;| < 2. O

Remark 6.3.1. If f € K(f) and F' € R(B), then from Theorem we see that

las| < /3(1 —p)/2 and |as| < 5(1 — ()/6.

In particular if f € K and F € R, then |as| < v/3/2 ~ 0.867 and |as| < 5/6 ~ 0.833.
Recall the known estimate namely |as| < 1 and |ag| < 1 for functions in the class K.

Thus our estimates are better than corresponding estimates known for the class K.

Theorem 6.3.2. Let f € 0 and if f € S* () and F € R(yp), then

V/5(B1 + | By — B)
3

7(By + |By — By))

las| < 9

, and lag| <

Proof. Since f € S*(p) and F € R(p), there exist analytic functions r,s : D — D,
with (0) = 0 = s(0), such that

2f'(2)
f(z)

=o(r(z)) and F'(w)= ¢(s(w)). (6.3.6)
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Let the functions p and ¢ be defined as in - and - Then

f(z) p(z) +1 q(w) +1
It follow from , and that
as = %Blpl
2a3 — a3 = ;Bl <p2 ;ﬁ) + EBQP%
—2ay = %Bl(h

1 1 1
3(2a3 — a3) = 531 <(I2 - 5@%) + 132(]%-

A computation using ) and - leads to

o = 2(3p2 + 2¢2) By + (3p% + 2¢3)(B, — By)
36

and

2(6p2 + q2) By + (6p1 + ¢7) (B2 — By)
36 '

az =

e (ZM) and F'(w) = ¢ (M> .

(6.3.7)

(6.3.8)

(6.3.9)

(6.3.10)

(6.3.11)

Now the bounds for |ay| and |as| are obtained from (6.3.10) and (6.3.11)) respectively

using the fact that |p;| <2 and |g;| < 2.

]

Remark 6.3.2. If f € $*(8) and F' € R(f3), then from Theorem [6.3.2] it is easy to

see that

las| < /10(1 — B)/3 and |as| < 14(1 — 5)/9.

Further if f € S* and F € R, then |as| < v/10/3 ~ 1.054 and |as| < 14/9 ~ 1.56.

Recall the known estimates namely |as| < 2 and |as| < 3 for functions in the class

S*. Thus our estimates are better than the corresponding known estimates for the

class S*.

Theorem 6.3.3. Let f € 0 and if f € S*(¢) and F € K(p), then
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Proof. Let f € §*(¢) and F' € K(p). Proceeding in the similar way as in the proof
of Theorem [6.3.1], it is easy to see that

1
ag = 5312?1
o 1 L, 1 2
3as —a; = =By <p2 — —p1> + —Bop; (6.3.12)
2 2 4
1
—2ay = 531%
2 1 Ly 1 2
8(12 — 6&3 = §B1 <QQ — 5(]1) + Zngl. (6313)

A computation using ((6.3.12)) and (6.3.13)) leads to
2 22ps + @) B+ (207 + ¢3) (B2 — By)

a2 = = (6.3.14)
and .

o Ao B OB ) o315
Now using the result |p;| < 2 and |g;| < 2, the estimates on ay and aj follow from
and respectively. O]

Remark 6.3.3. Let f € S*(f) and F' € (), 0 < 8 < 1. Then from Theorem [6.3.3]

it is easy to see that
las| < v/1—p and |az| <1— 6.

In particular, if f € S* and F' € K, then |as| < 1 and |az| < 1. Recall the known
estimates |as| < 2 and |ag| < 3 for functions in the class S*. Thus, our estimates are

better than the so far known estimates for the class S*.






Chapter 7

Radius of Starlikeness for Analytic
Functions with Fixed Second
Coefficient

It is well-known that the estimate on the second coefficient gives several geometric
properties like growth estimate, distortion estimate and covering theorem for func-
tions in the class S. This chapter focuses on the study of radius problems for functions
with fixed second coefficient. We shall now see, how the second coefficient affects the

radius constants for various classes of functions.

7.1 Introduction

We know that the radius of convexity of starlike functions is 2—+/3, see [63]. Goel [59],
in 1971, generalized this result and obtained the radius of convexity for starlike func-
tion with fixed second coefficient. He also obtained the radius of starlikeness for
functions f(z) = z + 2b2% +--- (0 < b < 1) satisfying Re(f(z)/z) > 0. For growth

and distortion estimates, order of convexity and radius of convexity for functions

Most of the results of this chapter are from [12], under review.

127
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in S, see [197]. McCarty [103], in 1972, introduced the class P;(«) of functions
F(z) =2+ b(1 — a)z? + - - - such that F’ € P,. Further he obtained the growth and
distortion estimates. He also determined the radius of convexity for functions in the
class Pj(«), see [103, Theorem 4]. This result was sharp for « = 0. In 1974, McCarty
[104] proved the sharp result [103, Theorem 4] which is true for all b € [0,1] and
a € [0,1). He further generalized and proved the sharpen form of {197, Lemma 4] for
functions in the class S;(«). Juneja and Mogra [78], in 1978, extended the results
proved by McCarty [104].

Tuan and Anh [198] obtained the radii of convexity for functions in the classes

Rm—{f(z)—z—QazQ—l—'--: @—7

<%7>L0§a§1—@w4}

and

7XG)={f@)ZZ+aﬂ2+~-wgg;—7w<%7>1},

where G is the class of functions g € A satistying |g(z)/z — 1| < 1.

Ali et al. |10 considered radius problems for several classes of functions defined
either in terms of the ratio of f and g or the ratio of their derivatives, where f,g € A.
Their results include (i) Re(f(z)/g(z)) > 0, where the function g satisfies either
Re(g(2)/z) > 0 or Re(g(2)/z) > 1/2 (ii) |f(2)/g9(2) — 1| < 1, where Re(g(z)/z) > 0
or g is convex and several other problems namely radius of uniform convexity for the
classes |f'(z)/g'(z) — 1| < 1, where g is univalent or starlike or convex. The works
presented in [7},10,]131,[172,[198] motivates us to consider the problems carried out
by Ali et al. [10] for analytic functions with the second fixed coefficient. Most of the

results proved in [10] are generalized in this chapter.

Preliminaries

The following results are required in the present investigation. In the following results

it is assumed that |b| <1 and 0 < a < 1.
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Lemma 7.1.1. [103] Theorem 2] Let [b] <1 and 0 < oo < 1. If p € Py(«v), then, for

|z| =7 < 1, we have

2(1 —a)r |b|r? + 2r + |b
1—7r2 (1-2a)r24+2(1 —a)lblr+1

2p'(2)
p(2)

Lemma 7.1.2. [104, Lemma 1] Let || <1 and 0 < a < 1. If p € Py(a), then, for

|z| =7 < 1, we have |p(2) — Ay| < Dy, where

A — (1+ [br)? + (1 — 2a)(|b] + r)*r? Dy — 2(1 = a)(|b| +r)(1 + |b]r)r
(1+2]b|r +72)(1 —r?)

(1+2[bfr +r2)(1 —1?) ’
Lemma 7.1.3. [104, Theorem 1] Let |b] < 1 and 0 < a < 1. Suppose p € Py(«).

Then, for |z| =r < 1, we have

—2(1—a)(|b|+2r+|b|r?)r X
Re (zp’(z)) > (1+2alb[r+2a—1)r2) (1+2[b[r+12) R < Ry;
p(z) (2v/aA] — Ay —a)/(1—a), R >R,

where Ry, = Ay — Dy, R’ = \/a A1, Ay and Dy, are as given in Lemma .

Lemma 7.1.4. [14, Theorem 5.1] If f(2) = 2+ ag2z* + -+ € K, then f € S*(a),
where « is the smallest positive root of the equation 2a° — |az|a? —4a+2 =0, in the

interval [1/2,2/3].
Lemma 7.1.5. [11, Lemma 2.2] For 0 < a < v/2, let r, be given by

(VI—a2—(1—-a?)"?, 0<a<2V2/3;
V2 -—a, 2v2/3 <a <2,

and for a > 0, let R, be given by

Tq =

R \/5-@, O<CL§1/\/§,
‘ a, 1/v2 < a.
Then {w: |lw—a| <r.} C{w:|w?—1] <1} C{w:|w—a| < Ry}
Lemma 7.1.6. [165, Section 3] Let a > 1/2. If the number R, is given by

a—1/2, 1/2<a<3/2;
V2a—2, a>3/2,

then {w € C: |lw—a| < R,} C{w € C: |w —a| < Rew}.

R, =
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7.2 Radii of Starlikeness

For notational convenience, let us denote by A(b), the class of normalized analytic
functions of the form f(z) = z + bz? + ---. Since the coefficients of functions with
positive real part are bounded by 2, for the function f(z) = z + az2? + - - - satisfying
Re(f(z)/z) > 0, it follows that |as| < 2. Hence, the functions with the property

Re(f(z)/z) > 0 have the Maclaurin series expansion of the form
f(z)=2+2b22+-- (]b] <1).
Definition 7.2.1. The class F; is defined by
Fy = {feA(Qb):Re (@) >0, ]| < 1}.

Theorem 7.2.1. For the class F},

(1) Sj—radius 1o is the smallest positive root in (0,1] of the equation
(V2 — 1)r* 4+ 2v2[blr® + 4% + 2[b|(2 — V2)r — V2 + 1 =0, (7.2.1)
(2) M(B)—radius 1 is the smallest positive root in (0, 1] of the equation
(B —1)r* 4+ 2|b|Br® 4+ 4r? + 2/b|(2 — B)r — B+ 1 =0. (7.2.2)
(3) S*(a)—radius ro is the smallest positive root in (0,1] of the equation

(1 —a)r* +2|b[(2 — a)r® + 4r* + 2|blar + a — 1 = 0. (7.2.3)

(4) Sp— radius r3 is the smallest positive root in (0,1] of the equation

rt 4+ 6[b|r® + 8% +2[bjr — 1 = 0. (7.2.4)

Proof. (1) Given that the function p(z) = f(z)/z = 1+ 2bz + --- € P,. Using the
fact zp/(z)/p(2) = 2f'(2)/f(2) — 1 and Lemma with o = 0, we have

2f'(z) _ 1‘ _ 2r(|blr* + 2r + [b])

(=) 20 + 1)

zp'(2)

=" (7.2.5)

f(2)
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Now Lemma reveals that the function f satisfies |(2f'(2)/f(2))* —1] < 1, in
|z| < r, if the following inequality holds:

2r(|b|r? + 2r + |b|)
<V2-1
(1—7r2)(r2 +2|blr+1) — v2-1,

or equivalently, if the inequality
1— V2 + 2] <2—\/§>T+4r2+2\/§|b|r3+ (ﬁ—1) rt <0

holds. Therefore, S;-radius of the class F; is the smallest positive root 7y € (0, 1] of

the Equation (7.2.1)).

To prove the sharpness, consider the function fy defined by
2(1 + 2bz + 2?)
Jol) = 1— 22 '
If we set w(z) := z(z +b)/(1 + bz) (|b| < 1), the Schwarz function, then we see that
folz) 1+ w(z)
z 1—w(z)
and hence Re(fy(2)/z) > 0in D or fy € F}. Since, for z = ry,
2fo(z) 1 4+dbro+4rg —ry Vo,

folz) (L =rg) (1+2bro + 1)
it follows that, for z = rq,
<2f’<2))2 .
f(z)

This shows sharpness of the result. Figures given below illustrate sharpness of the

(7.2.6)

=1.

result:
04f i iy ey - LS
/ T
Vi ,// e T N
/’ /, =t
AL AL - e
02 // b2 / X Y L
/ P Vi ‘
/ / w
\ ‘
0.0 w0 £ /\ g
b \
02t \\ 02 N
\\ \\
" =
—04F R 041 \“\._\
3 o _
0.0 0.2 04 0.0 0.2 04 0.6 0.8 L0 12 14

Figure 7.1. The Sj-radius ry ~ 0.19891

for b =1 is sharp.

Figure 7.2. The Sj-radius ry ~ 0.2479

for b = 0.5 is sharp.
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(2) The inequality ([7.2.5) shows that

z2f'(2) 2r(|b|r? + 2r + |b|)
Re( ) ) S (e =R T Ty

if the following inequality holds:

<p

(8= 1)r* +2[b|Br® + 4r® +2(2 — B)[blr + 1 — 3 < 0.

Therefore, M(3)-radius of the class F} is the smallest positive root r; € (0,1] of
the Equation ((7.2.2)). The result is sharp for the function given in ([7.2.6]). Since for

Z =T,
2f5(2) 1+ 4bry +4rf — r}

H(z) A2

Figures shown below illustrate the sharpness of result:

04t
0.5 4

02p—1

0.0

0.0

—02F

04F

2 0.0 03 10 13 2.0 0.0 0.3 1.0 15

Figure 7.3. The M(2)-radius r ~ 0.4142 Figure 7.4. The M(3/2)-radius
for b = 1 radius is sharp. r1 ~ 0.2833 for b = 0.5 is sharp.
(3) In view of ([7.2.5)), it follows that

Y L 2+ 2+ b))
Re( 1) ) )| s T Py R

if the following inequality holds:

(1 —a)r* +2|b[(2 — a)r® + 4r? + 2|blar +a — 1 < 0.

Thus, 8*(a)—radius of the class F} is the smallest positive root 75 € (0,1] of the
Equation (|7.2.3)).
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The function fy defined by

2(1—2?%)

fol2) = 1 —2bz + 22

(7.2.7)

is in the class F} because for the function fy defined in (7.2.7)), we have

fo(2) _ 1 —w(z)
2 14+ w(z)’

where w(z) = z(z — b)/(1 — bz) is an analytic function satisfying the conditions of

Schwarz’s lemma in the unit disk D, and hence Re(fo(2)/2) > 0 in D. The result is
sharp for the function given in (7.2.7)) as, for

2fi(2) _zfé(z)_ 1—7’%(4 4br2—|—r%) B
fe ( fo(2) ) TRz (=) (=2 +1d)

which demonstrates sharpness.

(Z = —7“2),

04t | | .”K_ e “"‘\ | ] || ’rd— It T . I

[ I VPO | A |
0.0 T T T 0.0 - i i '

0.0 0.5 1.[} L5 0.0 0.5 1.0 L3 20

Figure 7.5. The &*(1/2)-radius Figure 7.6. The S*-radius rp ~ 0.41421
ro & 0.2360 for b = 1 is sharp. for b =1 is sharp.

(4) Lemma shows that the disk given in (7.2.5) lies inside the parabolic
domain = {w : |w — 1] < Rew} provided that

2r(|b|r? + 2r + |b]) < 1
(1—7r2)(r2+2/blr+1) = 2’

or equivalently, if the inequality r*4-6[b|r*+8r?+2|b|r—1 < 0 holds. Thus, Sp—radius
of the class F} is the smallest positive root r3 € (0,1] of the Equation (7.2.4).
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The function defined in ([7.2.7)) satisfies

2f5(2) 1—7r2(4—4brg +12) 1 ( )
= =— (z2=—r
folz) — (L—=r2)(1—2brs+72) 2 ’
which demonstrates sharpness. Sharpness of the result evident form the following
figures. [l
06 — : . 06
ff. .f’f s
04l ‘f.,” ...:.’,_‘..P—_—_;‘“:—---—%H.\\ ] 04+ ;ffﬂ / 3 - H\\
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| e S |
0.2 _ ."7-/{ 02 \\ Wl X7 7
X NN <X
04} WN—— = 1 04} \.\_\ N / o
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0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.3

Figure 7.7. The Sp—radius r3 ~ 0.2360 Figure 7.8. The Sp—radius r3 ~ 0.3509

for b =1 is sharp. for b = 0 is sharp.

Remark 7.2.1. For o = 0, part (3) of Theorem reduces to the following result
of Goel [59, Theorem 2]:

If f(z) = 2+ 0bz?+- -+ is analytic in D and satisfies the condition Re(f(z)/z) > 0,
then f is univalent and starlike for |z| < 7y, where 5 € (0, 1] is the smallest positive

root of the equation 1 — 412 — 4br3 — r* = 0.

7.3 Radii Problems for Functions Defined by Ratio

of Functions
Let f(z) = 2z + ag2® + - -+ satisfies Re(f(z)/g(z)) > 0 for some normalized analytic
function g(z) = z + g92® + - -+ such that Re(g(z)/z) > 0 in D. Then the second

coefficient g, of ¢ is bounded by 2, and ay = ¢o + ¢1, where ¢; is the coefficient of
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a function with positive real part and so |c¢;| < 2, and hence |as| < 4. Our next
theorem focuses on these functions with fixed second coefficient which are given by
respectively

f(Z)=z+4bz2—|—--- and g(z):z+2022+....

Definition 7.3.1. For [b| < 1 and |c| < 1, we define the class of function F7, as

follows:

Foe = {f € A(4b) : Re (%) > 0 and Re (@) >0,9 € .A(QC)} :

Theorem 7.3.1. Assume that v := |2b — c|. For the class F.,

(1) S;—radius ro is the smallest positive root in (0,1] of the equation

(V2 = 1)r% + (Je| +7)2V2r° + (T + V2 + 4(1 +V2)|e|y)r + 12(|c| +7)r®
+ (9= V24403 = V2)|c)r? + 22 = V2)(le| +7)r — V2 +1=0. (7.3.1)

(2) M(B)—radius ry is the smallest positive root in (0,1] of the equation

(8= 1)r® +2B(|c| + 7)r° + (T + B+ 4(1 + B)|ely)r* + 12(|c| +v)r?
+(9=B+4B=B)|cV)r?+22=B)(c|+y)r—B+1=0.  (7.3.2)

(3) S*(a)—radius o is the smallest positive oot in (0,1] of the equation

(1—a)r® +2(2—a)(|c| +7)r’ + (9 —a+4(3 — a)le|y)r* + 12(|¢| +y)r*

+ (74 a+4(1 + a)le[y)r? + 2(|e| + y)ar + o — 1 =0. (7.3.3)

(4) SpH—radius rs is the smallest positive root in (0,1] of the equation

1+ 6(]c +)r" + (17 + 207 c|)r*+24(Je| + )7 + (15 + 129]c])r?
+2(e| +y)r—1=0. (7.3.4)

Proof. (1) Let the functions p and h be defined by




136

Then
p(z) =1+2cz+--- and h(z) =1+2(2b—c)z+ -

or p € P.and h € Poy_.. Since f(z) = zp(2)h(z), we obtain from Lemma with
a = 0 the following

o

2p'(z) zh (2)
p(z) h(z)
2r  (le|r? +2r +|c|  yr?+2r+v

T 1=r2\ 24+ 2clr+1  r242yr+1)

(7.3.5)

From Lemma [7.1.5it follows that, the function f satisfies
(zf’(2)>2 o
f(z)

2 2
2r le|r® +2r +|c|  r*+2r+v <Va_1
L—r2 \r242/cjr+1  r24+2yr+1

<1l (]z|<r)

if the inequality

holds or equivalently

(V2 = 1)r8 + (|| +7)2V2r° + (T + V2 + 4(1 + V2)|c|y)r* + 12(|¢| + )7
+ (9= V24403 =V2)|e|)r* +22 = V2)(le| +7)r — V2 +1<0.

Therefore, the Sj-radius of the class Flic is the smallest positive root ry € (0, 1] of

the Equation (|7.3.1]).

Consider the functions defined by

C z2(14(4b—2¢)z 4 22) (1 + 2cz + 22)

z (1 + 2cz + 22)
fO(z) - (1 - 22)2

and go(z) = ) . (7.3.6)

The function f, with the choice gy, defined above, is in the class ]—"b%c because

fo(2) _ 1+ wi(2) and go(2) _ 1+ we(2)

g(z)  1—w(2) z 1 —wy(z2)’

where : ) ( )
z(z+2b—c z(z+c

wi(2) = 1+ (2b—c)z and wy(z) = 1+cz

are analytic functions satisfying the conditions of Schwarz’s lemma on the unit disk

D, and hence

Re (goiz)> >0 and Re (;ZEQ) >0 (zeD).
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Since, for z = ry

zfé(z)_l+ 2 N 2 2(1+ cero) 2 + 4brg — 2cry
fo(z) I1—rg 14rg 1+42ero+712 1+41re(4b—2c+10)

(26 - -

Thus, the result is sharp. The following figures illustrate sharpness of the result:

=2, (7.3.7)

we have

04r

0.0

-02r \

04+

04p

0.0

02

04}

0.0 0.2 0.4 0.0 0.2 04

Figure 7.9. The Sj-radius ry ~ 0.1025 Figure 7.10. The &7 -radius ry ~ 0.3509

for b =1 = c is sharp. for b= 0.5 and ¢ =1 is sharp.

(2) The inequality (7.3.5)) shows that

Re 2f'(2) < 14 2r le|r? +2r + |e|  Ar*+2r+7
f(z) 1—r2\ r24+2)cr+1  r2+29yr+1
< B

if the following inequality holds:

(B =1 +28(lcl +7)r® + (T4 B+ 4(1 4 B)|c|y)r
+12(e] +7)r* + (9 — B+ 4(3 — B)lcly)r?
+22—=0)(le| +y)r—B+1<0.

Hence M(3)-radius of the class F, is the smallest positive root r; € (0,1] of the

Equation (7.3.2)).
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The result is sharp for the functions given in (|7.3.6)). For z = ry, we have

2f4(2) . 2 N 2 2(1+er)  2+44br—2eny
fo(2) 1—r 147 142er+r] 14+7r(4b—2c+1)

- 8.

This shows sharpness of the result. The following figures illustrate sharpness of the

result:
1.0 1.0 7
| — | — I | | I — et R R |
////. | ‘j‘m\\\ [ —| . / |
| | | e e e A | | ! - ‘(7_ __:\‘ |
05} yir. 88, i o o ‘\., 05t IF— . 3 @-/ i 4 ! 1
foissis e LA
WS SREES / SEZCdnd
- \
T P | . y | I
1.0 L] - L1 | canl Lo i 1.0 i, \
05 0.0 05 10 15 20 05 0.0 05 1.0 15 20

Figure 7.11. The M(2)-radius 1 =~ 0.2360 Figure 7.12. The M(2)-radius 1 =~ 0.2659

for b =1 = c is sharp. for b=1 and ¢ = 0 is sharp.

(3) In view of ([7.3.5)), it follows that

Re zf'(2) S 2r le|r? +2r + |¢|  yr?+2r++ > a
f(2) 1—r2\ r24+2)cr+1  r2+29r+1

if the following inequality holds:

(1—a)r® +22—a)(|c| +7)r’ + (9 —a+4(3 — a)le|y)r* + 12(|¢| +y)r?

+ (74 a+4(1 + a)|c|y)r* +2(|c| + 7)ar +a —1 < 0.

Thus, S*(«)—radius of the class F7, is the smallest positive root 7, € (0,1] of the
Equation (|7.3.3)).

Consider the functions defined by

2 (1 — 22)°

fo(z) = (1 —(4b —2¢)z + 22) (1 — 2cz + 22

) and go(z) :< 21— 2) (7.3.8)

1—2cz+22)
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The function fy with the choice go, defined in (7.3.8), is in the class Fj, because

folz) _1-wilz) () 1 ws(2)

go(2) 14 wi(z) z 14 ws(z)’
where
wi(2) = Zl(z__é?)__c;? and wy(z) = Zl(z__c? (25— ¢ < 1)

are analytic functions satisfying the conditions of Schwarz’s lemma and hence

Re (go—(z)> >0 and Re <f°(z)> >0 (zeD).

z go(2)

The functions defined in ([1.4.2)) satisfy

zf(’)(z)zl_ 2 2 N 2+ 2cry 2(1 + 2bry — cr) _
fo(2) L4+ry 1—ry 142cr9+713  1+19(4b—2c+1r9)

(z=—r2)

which demonstrates the sharpness. Figures given below illustrate sharpness of the

result:

0.5+

......

0.0

0.5+

BIENNSSSEES o057

0.0 0.5 L0 15 20 25 00 0.5 10 15 20 25

Figure 7.13. The &*(1/2)-radius  Figure 7.14. The S*-radius 5 ~ 0.2360
ro ~ 0.1406 for b = 1 and ¢ = 0 is for b = 1 = ¢ is sharp.
sharp.

(4) In view of Lemma the disk given in ([7.3.5) lies inside the parabolic region
Q={w:|w—1] <Rew}, if M <1/2 which on simplification becomes

5 4 (6q + 67)r° 4+ (174 20g7)r* + (24q + 249)r 4+ (15 + 12¢7)r* + (2¢+2y)r —1 < 0.
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The result is sharp for the functions defined in ([7.3.8)) as it can be seen from

(Zf,(Z)) _1 2 2 24+ 2(]17"0 2(1 + 2}?17’0 — qlro) - 1
2=—70

f(z) 14y 11— L+ 2qro+13  14+re(dpr —2¢1 +10) 2
This confirms the sharpness of result. The following figures illustrate sharpness of
the result. O]

05k

0.0 0.0

0.0 03 10 L3 20 25 0.0 0.5 10 15 20 25

Figure 7.15. The Sp-radius r3 ~ 0.1406 Figure 7.16. The Sp-radius r3 ~ 0.1231
for b= 1 and ¢ = 0 is sharp. for b =1 = c is sharp.

Remark 7.3.1. Setting b = 1 = ¢, in Theorem obtain the following result of
Ali et al. [10, Theorem 2.1].

For the class F7,,

i) the S* —radi Ve S
(i) the S;j—radius, rq et

.. ead - p=1
(i) the M(pB)—radius, rq /(B

(iii) the 8*(«a)—radius, 1o = —

24+4/4+(1—a)?’

(iv) the Sp—radius, r3 = ﬁﬁ'

Let f(2) = z+ag2®+-- - satisfies Re(f(z)/g(z)) > 0 for some normalized analytic
function g(z) = 2 + g22% + - - such that Re(g(z)/z) > 1/2 in D. Then the second

coefficient gy of g is bounded by 1, and as = ¢o + ¢1, where ¢ is the coefficient of a
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function with positive real part, and hence |ay] < 3. In the next theorem, we shall

focus on functions with fixed second coefficient which are given respectively by
f(z)=24+3bz+--- and g(2) =2+ c2+---.

Definition 7.3.2. For || <1 and |¢| <1, let

]’iczz{fEAgb:Re<%) > 0, and Re(@) >%,g€AC}.

Theorem 7.3.2. Assume that v, = |3b — c|. For the class Fj),,
(1) Sj—radius 1o is the smallest positive root in (0,1] of the equation

V2elr® + (1 4+ V2)(1 + [clm)r + (6]c] + V2(1 + V2)71)r?
+ (64 (3 =vV2)|d)r?* +vV2(v2 =D (lc| +m)r —vV2+1=0. (7.3.9)

The result is sharp.
(2) M(B)—radius ry is the smallest positive root in (0,1] of the equation

e[ 8r° + (1+ B) (1 + |elya)r* + (6lc] + (2 + B)m)r?
+ (64 (3= B)|cln)r*+ 2 —=B)(c| +7)r—B+1=0. (7.3.10)

The result is sharp.
(3) S*(a)—radius o is the smallest positive root in (0, 1] of the equation

= lelar™+ (Jel(1 — a) (71 + 2le]) = 1 = a)r® + (el (2 — @)(3 + 2|e[n) — am)r”
+ (5+8|c)* —a+2(3 —a)|e|y)r* + (12 + a)|c| +2(2 + |c[2a)y)r?
+ (5 = 2|c]* + a + 2|c/?a + (1 + 3a)|cly)r? + (2]¢| + 3|e|a + ayi)r
+a—1=0. (7.3.11)

(4) Sp—radius rs is the smallest positive root in (0, 1] of the equation

lelr™ + (1+ 4fef* + 3|cly)r® + (17]e] + 371 + 8|c[*7)r°
+ (13 + 20c|? + 16]c|y)r* + (31]¢| + 871 + 4|c|*y1)r?
+ (114 5|e|y)r* 4+ (v — |e))r — 1 = 0. (7.3.12)
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Proof. (1) Define the functions p and h by p(z) = g(2)/z and h(z) = f(z)/g(z)

p(z) =14+cz+--- and h(z):M:1+(3b—c)z+--- (7.3.13)

9(z)
or p € Pea(1/2) and h € P(zp—c)/2. Lemma with @ = 0 and a = 1/2 respectively
lead to

B’ 2+ 4
2 (2) < _7“ (e +dr+mn (7.3.14)
h(z) l—r r2+yr+1
and
2p'(2) r lc|r? + 2r + || (73.15)
p(z) | — 1—1r2 lc|r+ 1 ' o

From (7.3.13), f(z)/z = p(z)h(z), and so the inequalities in (7.3.14) and ([7.3.15)

yield

2f'(z) 1’ zh'(2) 2p'(2)
f(2) — | h(2) p(2)
r nrt+4Ar+y Jelr? +2r + |cf
R < r?4+mr+1 lc|lr +1 ) ' (7.3.16)

By Lemma [7.1.5 the function f satisfies |(zf'(2)/f(2))* — 1| < 1, in |z| < r, if the
following inequality holds

r nr?+4r +y1 e|r? +2r +|¢| <31
L—r2 \  r?4+mr+1 lc|r+1 -

or equivalently, if the following inequality holds:

V2elr® + (1 4+ V2)(A + feln)r’ + (6]l + V21 + vV2)m)r®
+(6+ (3= V2)|clm)r? + vV2(V2 = 1)(Je] + m)r — V2 + 1 <0.
Therefore, Si-radius of the class Fp, is the smallest positive root ro € (0,1] of the

Equation (7.3.9). Consider the functions defined by

214+ (3b— )z + 2%) (1 + ¢2) o N 2(14 cz)
fo(z) = = d go(2) == (7.3.17)

The function fy with the choice gy, defined in 1) is in the class ]-"Iic because

fo(2) _ 1+ wq(2) and go(2) _ 1+ wy(z2)
go(2)  1—wi(2) z 1 —wo(z)’
where ( w ) ( )
(ot (et
w1<2) = W and UJQ(Z) = 1r % (|3b - C’ S 2)
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are analytic functions satisfying the conditions of Schwarz’s lemma in the unit disk

D. Hence Re(go(2)/z) > 1/2 and Re(fo(2)/go(2)) > 0 in D. Since

f(z)  1—r 1471y l4crg 14+ro(Bb—c+r)

<f<(>) ) !

Thus the result is sharp. Following figures illustrate sharpness of the result:

2f'(2) 2 2 1 2+ 3brg — cry V3 (=1,

we have

=1.

04 /,/"/ g -—-._‘_ﬁ:"\\\ 04}
4 ! I oy 4 S = i BT
oy (=
0.0 - - 0.0
R I‘\ S \\ |
_02f \\‘ \ \ 8 /J/’//f’ 1 02}
\\\\‘ .\\\ \_;-':'.- - __7 2 /,///
04t N TEESee 1 o4}
\\“-1_,__'_,_1--’./
U.IEI U.‘Z Uj‘l CI.‘G U.IS 1.‘E| 1.‘2 lj4 U.‘U
Figure 7.17. The S;-radius ry ~ 0.1452 Figure 7.18. The S;-radius ry ~ 0.1300
for b= 1 and ¢ = 0 is sharp. for b=1 and ¢ =1 is sharp.

(2) From inequality (7.3.16|), we have

z2f'(2) r nr*+4r+y o el 4+ 2r 4+ |¢f
R < 1<
e<f(z)>_1—r2<r2+71r+l * le|lr+1 tlsp

if the following inequality holds:

Ble|r® + (1 + B)(1 + |cly)r* + (6lc| + (2 + B)y)r®

+ 6+ B—=8)dn)r*+©2—=B)(c|+mn)r—B+1<0.

Therefore M(f)—radius of the class Fj, is the smallest positive root r; € (0,1] of
the Equation ([7.3.10f). The result is sharp for the functions given in (7.3.17)) as it can

be seen that, for z = rq,

z2f'(z) 2 2 1 24 3bry —cry

f(2) S l—r 14m B 14 crg B 1+mBb—c+r) a

Following figures illustrate sharpness of the result:
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Figure 7.19. M(2)—radius r ~ 0.3277 Figure 7.20. M(10)—radius m ~ 0.8104
for b = 0.5 and ¢ = 0.5 is sharp. for b=1 and ¢ = 1 is sharp.
(3) Since f(2)/z = p(2)h(z), it follows from Lemma and Lemma that
/ 2 2
Re (zf (z)) > 2(717’ +4r + 71)7’2 (le] +2r 4—2 |e|r?)r > a, (73.18)
f(2) (r24+yr+ 1)1 —r2) (14 2lc|r+r2)(1+|c|r)

if the following inequality holds:

— lelar™+ (Je|(1 = a) (v + 2|e]) = 1 = a)r® + (Jel(2 — @) (3 + 2c|y1) — am)r’®
+ (54 8[c]* —a+2(3 —a)le/y)r* + (12 + )|c| + 2(2 + |c|*a)y)r?

+ (5= 2|c|* + @+ 2|cfPa + (1 + 3a)|cly)r? + (2]c| + 3lc|a + ay)r +a— 1 < 0.

Thus, S*(«a)—radius of the class ]-}ic is the smallest positive root o € (0, 1] of the
Equation (|7.3.11)).

(4) From and ([7.3.18), it is clear that |(zf'(2)/f(2))—1| < Re(zf"(2)/f(2))

provided

(yar? +4r +y)r (lc| + 27 + |e|r?)r
(r24+ymr+ 1)1 =72 (14 2clr +7r2)(1+|c|r)
r nrt+4r 4+ elr? +2r + ¢
_1—7“2(1“2—1—717“—1—1 lelr + 1 )

or equivalently, if the following inequality holds:

Jelr™ + (1 + 4fel* + 3lefy)r® + (17]e] + 371 + 8lc[*71)r® + (13 + 20[c|* + 16]c|y1)r"

+ (31| + 8y1 + 4|c[*y1)r® + (11 + 5|c|y)r® + (v — |e))r — 1 < 0.
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The Sp—radius of the class ]-"lic is the smallest positive root 3 in (0, 1] of the Equa-

tion (7-3.12). O

Remark 7.3.2. Putting b = 1 = ¢ in Theorem [7.3.2, we have the following result of
Ali et al. |10, Theorem 2.2

For the class ]:13’1,
(i) the sharp S;—radius, ro = \/5(4— /%m’

. radius, vy — 260
(11) the Shal"p M(B) I‘a,dIUS, 1 3+\/m7

(iii) the sharp S*(a)—radius, ry = %,

(iv) the Sp—radius, r3 = V10 — 3.

Let f(z) = z4ag2?+- - - satisfies |f(2)/g(z) — 1] < 1 for some normalized analytic
function g(z) = 2 + g92® + - -+ such that Re(g(z)/z) > 0 in D. Then the second
coefficient go of g is bounded by 2, and as = ¢» + ¢1, where ¢ is the coefficient of a
function with positive real part and so |¢;| < 2, and hence |as| < 3. Our next theorem
focuses on these functions with fixed second coefficients which are given respectively

by f(z) =243z +--- and ¢g(z) = 2 + 2cz* + - - -.

Definition 7.3.3. For || <1 and |¢| <1, let

J—“,jfczz{feAgb:'%—l

< 1,and Re (@) > 0, where g € Azc} )

Theorem 7.3.3. Assume that ¢ := |2c — 3b|. For the class Fy .,

(1) S;—radius rgy is the smallest positive root in (0,1] of the equation
V261 4+ (14 V2)(1 + 26]c))r* + 2(36 + V2(1 + v/2)c|)r?
+2(3+ (3= V2)dle)r* + (2 - V2)(0 +2/c)r —vV2+1=0. (7.3.19)
(2) M(B)—radius r1 is the smallest positive root in (0,1] of the equation

B6r° + (1 + B)(1 + 28|c)r* + 2(36 + 2|c| + |c|B)r®
+23+ (3= B)|c)r* +(2—B)(6 +2|c)r —p+1=0. (7.3.20)
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(3) f € S8*(a)—radius rq is the smallest positive root in (0, 1] of the equation

(2 — @)or® + (1 + 28|e))(3 — a)r* + 2(30 + 4|c| — |c|a)r®
+ (8 +2|c))ar? +2(3 + (1 + a)dle|)r + a — 1 = 0. (7.3.21)

(4) SpH—radius rs is the smallest positive root in (0,1] of the equation

307° +5(1420¢|)r* +2(60 4+ 7|c|)r® +6(2+6|c|)r* + (§ +2|¢|)r —1 = 0. (7.3.22)

Proof. (1) It is easy to see that | f(z)/g(z) —1| < 1 if and only if Re(g(z)/f(2)) > 1/2.
Define the functions p and h by

Then

9(2)
f(2)
or p € P.and h € Pac—3p)/2(1/2). Lemma with a = 0 and a = 1/2 respectively

lead to

p(z) =1+2cz+--- and h(z) = =14+ (2c—3b)z+---

2p/(2) r(0r? 4+ 2r + 0)
p(z) | — (1—=r2)(dr+1)

respectively, where § := |2¢ — 3b|. Since zp(z) = f(z)h(z), from (7.3.23), we have

2l (2)
h(z)

2r(|c|r? + 2r + |c|)

d
S A—m) ez 2dr+1n "

(7.3.23)

2f'(z) ()], |20 (2)
ek EvekieTe
r 2(lc|r® +2r +|¢])  (6r* +2r + )
_1_r2( s B ) (7.3.24)

By Lemma [7.1.5] the function f satisfies |(zf"(2)/f(2))* — 1| < 1, in |z| < r, if the
following inequality holds:

2 2
r 2(|c|r +2r+\c|)+(5r +2r 4 0) Vi1,
1—1r2 r2+2qr +1 or+1

or equivalently, if

V261 + (14 V2)(1 + 26]c))r* + 2(36 + V2(1 + V2)c|)r?
+234 (3 =V2)d|c))r?+ (2= V2) (0 +2¢))r —V2+1<0.
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Therefore the §7—radius of the class f,ﬁc is the smallest positive root ry € (0,1] of

the Equation ([7.3.19)).
(2) Using ([7.3.24]), we can get

2f'(2) r 2(‘c|7‘2 + 27+ |c|) ((57‘2 2+ )
Re(f<z))§1+1—"’2< P PR R | )SB

if the following inequality holds:

Br® + (14 B)(1 + 26]c))r + 2(36 + 2|¢| + |¢|B)r
+2(3 4 (3= B)d|c|)r® + (2 — B)(6 + 2|e))r — B+ 1 <0.

Therefore, M()—radius of the class F', is the smallest positive root r1 € (0,1] of

the Equation ([7.3.20)).

(3) Inequality in ([7.3.24)) implies that

2f'(2) r 2(le|r? +2r +|c|) ~ (0r* + 2r +0)
> 1 — >
Re(f(z))_l 1—T2( r2+2qr+1 * or+1 =«

if the following inequality holds:

(2 — a)or® + (1 +25|e))(3 — a)r* +2(30 + 4|¢| — |c|a)r®

+ (0 4+ 2|car® +2(3 + (1 + a)d|c))r +a—1 < 0.

Thus, &*(«)—radius of the class ]-"gfc is the smallest positive root in ry € (0, 1] of the

Equation ([7.3.21]).
(4) Lemma shows that the disk (7.3.24]) lies inside the parabolic region
Q={w: |w—1] < Rew} provided

zf’(z)_l o T 2(|e|r? 4+ 2r + |e|) . (07 + 27 + 0) 1
f(2) ~1—1? r2 4 2qr + 1 or+1 — 2

if the following inequality holds:

307° 4 5(1 + 26|c)r* 4+ 2(65 + 7|c|)r® + 6(2 + dle|)r? + (6 + 2|e[)r — 1 < 0.

Therefore, Sp—radius of the class F, is the smallest positive root r3 € (0,1] of the

Equation (|7.3.12)). O
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Remark 7.3.3. In the special case when b = 1 = ¢ the parts (3) and (4) are sharp.
Putting b = 1 = ¢ in Theorem [7.3.3| we obtain the following results of Ali et al. [10,
Theorem 2.3

For the class F;,
N the S* —radi _ 2(2—/2)
(i) the S;—radius, g NN IS

) o _ o 2B-1)
(ii) the M(B)—radius, r, 34+4/9+45(5-1)’

ee * . . _ 2(17a)
(iii) the sharp f € S*(a)—radius, o YWy vy o

(iv) the sharp Sp—radius, 13 = 2‘[%

Let f(2) = z + ap2z® + - - - satisfies |f(2)/g(z) — 1] < 1 for some convex function
g(2) = 2+ g22® + -+ - in D. Then the second coefficient g, of g is bounded by 1, and
as = go + ¢, where ¢ is the coefficient of a function with positive real part and so
lc1| < 2, this implies |ag| < 2. Our next theorem focuses on these functions with fixed

second coefficient which are given respectively by
f(z)=242b2+--- and g(2) =2+ c2>+---.

Definition 7.3.4. For |b| <1 and |¢| <1, let

f(»)
9(2)

Theorem 7.3.4. Assume that 6, := |c — 2b|. For the class Fy,,

< 1, and Re <M) > 0, where g € Ac} :

z

flic:—{fEAgb:' —1

(1) S*(\)—radius 1o is the smallest root in (0,1] of the equation

(01 4 Bodr — BN + (2 + Bo + 3|01 + |c Body — A — 2|y A)r
+ (5]c] + |e|Bo + 301 — Bodr — 2|c|A)r® + (3 = Bo + (1 — Bo + 2X)d1|c|)r?
+ (2|e|A + 01X — |¢] = |e|Bo)r + A =1 =0, (7.3.25)

where By = 2ag — 1 and oy € (0,1] is the smallest positive root of the equation

202 — go* — da + 2 = 0 in the interval [1/2,2/3].
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(2) [ € Sp—radius ry is the smallest root in (0,1] of the equation

(81 + 2B001)r° + (3 + 2By + 4lc|61 — 2|c|Bydy )r
+ (8lc| — 2|c| By + 601 — 26061 + 2|c|Bob1 — 2|c|* Bodr)r®
+ (6 — 280 + 2|c[ By — 2|c[* By + 4]cldr — 2|c]Bodr)r?
+ (=2|c|Bo + 01)r — 1 =0. (7.3.26)

(3) [ € S;—radius o is the smallest oot in (0,1] of the equation

(81 + V281 — Bodr )1 + (2 + V2 — Bo + 361 + 2V2|¢|dy — |e|Bodr)r
+ (5le| + 2V2|e| — [e]Bo + 361 + 2|c]*6y — Body — |clBody — |c|* Body)r
+(3+2|c]> = Bo — lelBo — |e[*Bo + 5lc|dr — 2v/2]e|dy — |l Body)r*
+ (3|¢] — 2v2|e| — |¢]Bo + 201 — V26,)r — V2 +1=0. (7.3.27)

(4) f € M(B)—radius rs is the smallest root in (0,1] of the equation

(61 + 861 — Bod1)r” + (2 + B — Bo + 3|c|dr + 28|61 — |e] Bodi)r
+ (5c| 4 28|c| — |e|Bo + 361 + 2|c|*61 — Bod1 — |e|Body — |e|?Body)r?
+ (34 2|c|* = Bo — |c|Bo — |c[*Bo + 5|c|dy — 2b|c|dy — |c|Bod1)r?
+ (e] = 28| — |e|Bo + 261 — Bé1)r — B+ 1=0. (7.3.28)

Proof. (1) Define the functions h and p by

"= P 0
Then
h(z) =14 (c—2b)z+--- and p(z)=1+cz+---.
Since )
f_z_ it and only 1 e M 1
<oy re(5) -

we have h € P(._a)/2(1/2). Now an application of Lemma to the function h(z),

gives
zh(z)
h(z)

(0172 + 2r + 61)r
= (b + 1) (1= r2)’

(7.3.29)
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where 61 := |¢ — 2b|. Since g(z) = z 4+ cz* 4+ -+ € K., it follows from Lemma
that
/
Re (zg (Z)) > ),
9(2)

where o is the smallest positive root of the equation 2a® — |c|a? — 4+ 2 = 0 in the

interval [1/2,2/3]. Thus, we have Re(p(z)) > ap. An application of Lemma for

a = qq, gives

Ip(2) — Acl < D, (7.3.30)
where
_ (L lefr)? = Bo(le] + r)*r? _ (= Po) (el + )+ |elr)r S
A= T adr e ) 0 DT A o) 4 fo=200 -1
Since h(z) = g(2)/f(2) and p(2) = z¢'(2)/g(z), we have
2f'(2) 2h(z)
fz) A < Ip(2) = Al + ) | (7.3.31)
From (7.3.30), (7.3:29) and (7.3.31]), we have
zf'(2) (0172 + 2r + 61)r
@ P G na -y (7.3.32)

Clearly f € 8*()\), provided that

2f'(2) o (017% + 2r + 6y)r
Re () 2 e D= ) 2

or equivalently, if the following inequality holds:

(51 + ,6051 — (51)\)7”5 + (2 + 60 + 3|C|(51 + |C|Bo(51 — )\ — 2|C|61/\)T4
+ (5|C| + |C|B0 + 351 — 5051 — 2|C|)\)’I"3 + (3 - Bo + (51 - 50(51 + 251/\)|C|)T2
+ (—|c| = |e]|Bo + 2|c|] A + 01 A)r =14+ X < 0.

Thus, §*(\)—radius of the class F), is the smallest positive root 79 € (0,1] of the

Equation (|7.3.25)).

(2) In view of Lemma [7.1.6 the disk in (7.3.32)) lies inside the parabolic region
w — 1| < Rew, provided
| p

(6172 + 2r + 6y)r

Pet G D — )

)< A —1/2
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or equivalently, if the following inequality holds:
((51 + 250(51)7’5 + (3 + 2ﬁ0 + 4’C|(51 — 2|C’ﬁ051)7’4
+ (8|C| - 2|C|ﬁ0 + 6(51 - 2ﬁ0(51 + 2|C|ﬂ061 - 2|C|25051)T3
+ (6 - 260 + 2|C|ﬁo - 2|C|2ﬁ0 + 4|C|51 - 2|C|6051>7”2 + (51 - 2|C|/Bo)7" -1 S 0.
Hence M(j3)—radius of the class Fy, is the smallest positive root 7, € (0,1] of the
Equation (|7.3.26)).
(3) From Lemma the function f satisfies
<Zf’(z))2 .
f(2)

if the following inequality holds:

<1 (|]z| <r),

(6172 + 27 + 0y)r
(01 +1)(1— 7’2)> SV2-

or equivalently, if the following inequality holds:

D.+

(01 + V201 — Bobi)r® + (24 V2 — By + 3qd1 + 2v/2|c|61 — |e|Bodi)r?
+ (5lc] +2v2l¢| — €| Bo + 361 + 2|c[*61 — Body — |clBods — [e|* Bod)r®
+ (34 2[¢f* = Bo — [clBo — |e*Bo + 5leldr — 2v/2]¢ldy — |e]Fody)r?
+ (3le| — 2v2|e| — |e|Bo + 261 — V26,)r — V2 +1 < 0.

Therefore the Sj—radius of the class F;, is the smallest positive root ry € (0,1] of

the Equation (|7.3.27)).
(4) From (7.3.32)), we have

zf'(2) (517“2 +2r + 0q)r
Re( 702) ) sAt Dt G Tna ey =P

if the following inequality holds:

(61 + B — Bodr)r® + (2 + B — Bo + 3|c|dr + 28]c|dr — |e] Bodr)r?
+ (5lef + 28l — |e|Bo + 301 + 2|cd1 — Bodr — |elBodr — |ef* Bodr)r?
+ (3+2]ef* = Bo — IelBo — |c|*Bo + 5le]dr — 2b|c|0y — |l Bodr)r?
+ (|| = 2B|c| — [¢|Bo + 261 — Bo1)r — B+ 1= 0.
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Therefore, M(3)—radius of the class ]-"lic is the smallest positive root r3 € (0,1] of

the Equation ([7.3.28]). n

Remark 7.3.4. On setting b = 1 = ¢, Theorem reduces to the following result
of Ali et al. [10, Theorem 2.5]:

For the class Fp,

(i) the S*(\)—radius, 1o = H;ﬁ

(ii) the Sp—radius, r; = e
(iii) the S;—radius, 7, = 3 — 2v/2,

(iv) the M(B)—radius, r3 = %



Conclusion and Future Plans

e In the present work, we have established differential subordination implications
associated with the analytic functions which maps the unit disk onto either a
disk or right half-plane or right-half of the lemniscate of Bernoulli. We have also
provided alternate proofs of some results of Ali et al. [17]. Using these results
several sufficient conditions for normalized analytic functions to be Janowski
and Sokol-Stankiewicz starlike are also derived. As a future task, similar type
of results can be discussed for some other functions such as 1 + 4z/3 + 22%/3,

sin z and e®.

e Several differential subordination, superordination and corresponding sandwich
results for a class of linear operators have been established. Many interesting
examples for different choices of dominant are investigated. Many existing re-
sults proved by Al-Kharsani and Al-Areefi [23], Kumar [174], Obradovi¢ |[121]
and Chichra [43] have been generalized. For further investigation, one may dis-
cuss some other properties of functions satisfying the given form of recurrence

relation.

e The Fekete-Szego inequality for certain subclasses of analytic functions has been
obtained, which generalize the earlier results in this direction. Further, the
estimate on initial coefficients of some subclasses of bi-univalent function are
also derived in this thesis. The coefficient estimates proved for the bi-univalent
functions are either generalizing earlier results or giving the best-known estimate

on the coefficients. For further work, these kind of results can be discussed for

153
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more general classes and may try to find estimate on a4 and a5 and even on a,,.

In the concluding chapter, we have generalized the results of Ali et al. [10] for
functions with fixed second coefficient by obtaining sharp radius constants for
specific classes. The work may be further extended by considering more general
classes. For future task, these kind of problems may be considered for other

classes of analytic functions with fixed second coefficient.
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