1. Objective

The aim of this study is to develop a quick and accurate method to investigate the elastic-

plastic large deflection behaviour of aluminium/steel plates subjected to a combination of

biaxial compression/tension, biaxial in-plane bending, edge shear and lateral pressure

loads, until the ultimate limit state is reached. The welding induced residual stresses are

included in the method as initial parameters. It is assumed that the plating is simply

supported at all four edges which are kept straight.

2. Introduction

Ultimate strength of plates and stiffened plates is the most fundamental strength
for marine structures, and a great deal of progress has been achieved in this area
in the past decades. There are a variety of methods and computer codes available
for the ultimate strength analysis of plates and stiffened plates, ranging from
simple analytical formulas to complicated numerical methods. The analysis costs
typically increase with the level of detail modeling and the fidelity of the analysis
procedure used. Therefore, the studies on ultimate strength of plates and stiffened
plates have been and shall continue to be a large area of active researches in

marine structures.

The geometry of plating found in Ship and offshore structures is normally
rectangular and the material used is usually mild or high tensile steel. The use of
aluminum alloys is now increasing in the design and fabrication of high-speed

vessel structures.

The initial imperfections in the forms of initial distortion and welding residual
stress are inevitable in marine structures due to the limits of fabrication

technology. They have very significant effects on the ultimate strength of plates



and stiffened plates and should be accounted in the ultimate strength evaluation of

marine structures.

The ship plating is generally subjected to combined in-plane and lateral pressure
loads. In-plane loads include biaxial compression/tension, biaxial in-plane
bending and edge shear, which are mainly induced by overall hull girder bending
and/or torsion of the vessel. Lateral pressure loads are due to water pressure

and/or cargo.

These load components are not always applied simultaneously, but more than one
load component will normally exist and interact. Hence, for more advanced
ultimate strength design of ship structures, it is of crucial importance to better
understand the characteristics of the ultimate strength for ship plating under

combined loads.

The FEM have been increasingly applied to predict ultimate strength of structural
components, such as plates and stiffened plates. However, there has been little
development in improving the computational efficiency of FEM analysis to
evaluate ultimate strength in the recent past. It has thus been recognized that semi-
analytical methods can in specific cases compute the nonlinear behaviour of
structural elements more efficiently and with the required accuracy.

A unique feature of the developed method is that geometric nonlinearity is
handled by analytically solving the nonlinear governing differential equations of
the elastic large deflection plate theory, while material nonlinearity associated
with plasticity is dealt with by an implicit numerical technique. Also, the ultimate
strength characteristics of ship plating are investigated and discussed by varying

the plate dimensions, load application etc.



3. The Incremental Galerkin Technique : An Insight

The basic purpose behind the introduction of this method was to accommodate the
geometric nonlinearity associated with buckling by analytically formulating the
incremental forms of the governing differential equations for the elastic large deflection
plate theory. Upon solving these newly formed set of incremental governing differential
equations using the Galerkin method, a set of linear first order simultaneous equations for
the unknowns will be obtained, which can be easily solved. Such a method will not only
reduce the computational effort drastically but also the solution thus determined will be
unique, unlike the traditional potential energy based approach. In this paper, the
incremental Galerkin method mentioned above is improvised to better accommodate
material nonlinearity associated with plasticity as well as geometric nonlinearity due to

large lateral deflection.

Assumptions in formulating the Incremental Galerkin Technique:

e The plating is rectangular and simply supported on all four sides. The material of
the plating is isotropic homogeneous steel or aluminum alloy. In-plane
movements of the boundary are freely allowed, while keeping their edges

straight.

e The plate is normally subjected to combined loads. The number of potential load
Components acting on the plate are six, namely biaxial compression/tension, edge
shear, biaxial in-plane bending moment and uniform lateral pressure loads, as

shown in Fig. 1.

e The shape of initial deflection existing in the plate is normally complex, but it

can be expressed by a Fourier series function.



e The welding induced residual stresses which may exist in the plating will affect

the large deflection behavior as well as the plasticity.

e Residual stresses can develop in the plate in both x and y directions, since
welding is normally carried out in the two directions. As shown in Fig. 2, the
distribution of welding induced residual stresses for the plate is idealized to be
composed of two stress blocks, namely a compressive residual stress block and a

tensile residual stress block.
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Fig.1. A ship plating under combined biaxial compression/tension, biaxial in-plane

bending, edge shear and lateral pressure loads
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Fig.2. Idealized welding induced residual stresses distribution inside the plate x and y
directions
e For the approximate evaluation of the plasticity, it is assumed that the plate is
composed of a number of membrane fibers in the x and y directions. Each mem-

brane fiber is considered to have a number of layers in the z direction, as shown
in Fig. 3.
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Fig.3. Example subdivision of plate mesh regions applied for treatment of plasticity




4. Analysis of elastic large deflection response
Basically, there are two different approaches to solve the nonlinear differential equations
governing the large deflection of a simply supported plating viz,
e The traditional approach
e The incremental approach
In this study we analyze both these methods and eventually proceed with the incremental

technique because of its simplicity and higher efficiency vis-a-vis the traditional method.

5. The traditional approach

The elastic large deflection response of steel or aluminum plates with initial

imperfection is governed by two differential equations :

e The equilibrium equation.

e The compatibility equation.

These equations are as follows:

Equilibrium equation:
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Compatibility equation:
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Where F = Airy’s Stress function. When Airy’s stress function, F, and the added

deflection, w, are known, the stresses inside the plate can be calculates as follows:
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Also the corresponding strain components at a certain location inside the plate are
given by:
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where u, v = axial displacements in x and y directions .

Each strain component noted above is expressed as a function of stress
components as follows:



_2(1+v)z,
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Where z is the coordinate in the plate thickness direction with z = 0 at mid thickness.
Above equations are often called the Marguerre equations. By solving the governing
differential equations subject to the given boundary conditions, load application and
initial imperfections , the membrane stress distribution inside the plate can be calculated
and thus it is possible to examine the large- deflection behaviour of the plate.

In solving Egs. (1) and (2) by the Galerkin method, the added deflection w and
initial deflection wy can be assumed to be as follows:

M N

WO :Z_ZAOmn fm(x)gn(y) (3)
W= > A £ (08,(Y) @
where

f.(x) and g, (y)= basis functions which satisfy the boundary conditions for the

plate.

A,,, = unknown deflection coefficient

A, = known deflection coefficient

omn

Substituting Egs. (3) and (4) into Eq. (2), the stress function F can be obtained by:

F =R+ 2> K. p, ()3, (¥) ©

r=1 s=1



where it is evident from Eq. (2) that the coefficients K  will be second order
functions with regard to the unknown deflection coefficients . F, is a homogeneous

solution of the stress function which satisfies the applied loading condition.

To compute the unknown coefficients A_, one may use the Galerkin method for the

mn?

equilibrium Eq. (1), resulting in the following equation:

[[[®f, (x)g.(y)dvol =0,r =1,2,3,..,5=1,2,3,..  (§)

Substituting Egs. (3)—(5) into Eq. (6), and performing the integration over the whole
volume of the plate, a set of third order simultaneous equations with regard to the

unknown coefficients A, will be obtained.

Anomalies in the traditional approach:

e Since a cubic equation is obtained for each of the unknown coefficients, solving

the simultaneous equations to get the coefficients A, , normally requires an

iteration process.

e Also the solution of each coefficient should be unique; therefore we will have to

correctly select one among the three solutions obtained for each coefficient.

e It is not always an easy task to solve a set of third order simultaneous equations

especially when the number of unknown coefficients A, is very large.
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6. Large deflection analysis of a simply supported plate subjected to Combined

Longitudinal Axial Load and Lateral Pressure by the Traditional Approach

Since it is known that for plates under predominantly longitudinal axial compressive
loads the deflection term associated with the lowest bifurcation mode plays a dominant
role in the elastic large deflection response. For this reason the initial and added
deflection functions are simplified by including only the buckling mode initial deflection
as follows:

. mzX Ty
W, = Ay, smTcos—

117> S 4
W= Ansm—cos—y
a

where
m = buckling mode half wave number in the x direction .

A, = amplitude of the initial deflection for axial compressive loading.

A,, = unknown amplitude of the added deflection function.

The stress distribution inside the plate can be analyzed by solving the governing
differential equations. First we determine the unknown amplitude of the added deflection,

under the applied loading. On substituting w & w, in the compatibility equation (i.e. eqn

(2)), we get:
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(Multiplying and dividing by 2)
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Let the particular solution, F,, of the stress function, F, be given by

2mzX +C, cos _27;y

F, =C, cos

On substituting this value of F, in the above relation, we get:
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Now equating the coefficients of cos and cosT , We get:
a
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EA,, (Am + 2A0m) a’
G = 5
32 m-b
EA (A _+2A 2p?
and C, = "‘( m Om) m?
32 a
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The homogeneous solution, F,;, of the stress function ,F, is obtained by treating the

welding-induced residual stress as an initial stress parameter:

Let Fy be given by

2 2

X
F,=A>—+BZ +Cx
w=A—+B+Cxy

We know, FZH =o,=A
OX
2
and aayFZH =0, +0,, =B, therefore
y2 X2
Fy=(0 +O'rx)?+6ry >

Where & gryzwelding induced residual stresses.

rx?

The applicable stress function, F, may then be expressed as a sum of the particular
solution and the homogeneous solution as follows:

y? x> EA_(A,+2A,,)( a’ 2mzx  m’b? 27y
+0y, )=+ 0, —+ ~—COS +———CO0S
2 2 32 m°b a a b

F:(O'

Xav

By substituting the values of w, wy and F in the equilibrium equation (i.e. egn (2)) and
applying the Galerkin method, the following equation is obtained:
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By performing the integration of the above equation over the entire plate, a third-order
equation with respect to the unknown variable A is obtained. For the integration of the
above equation it may be assumed that the contribution of lateral pressure to non-linear
membrane stresses arises only from the deflection component of m = 1 and it is linearly

superposed to those by in-plane loads. This results in

C,A’+C,A2+C,A,+C,=0

Where
7’E(m'b a
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' 16 [ a® bS]
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6.1 Examples of the Analysis (using MATLAB)

e 6.1.1 Square Plate subjected to lateral Load
A square plate subjected to uniformly distributed lateral load Q is analyzed. Fig 4
and Fig 5 show a comparison between the load deflection relationship at the
centre of the plate obtained by the traditional approach and that given by FEM. It
may be seen that the traditional method is quite accurate in case of lateral load.

Details of the Square Plate:
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Fig. 4. Square Plate subjected to uniform lateral Load (traditional method)
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Fig. 5. Square Plate subjected to uniform lateral Load (FEM)

e 6.1.2 Simply supported Square plate under uniaxial Compression

Fig 6 shows the Load deflection Relationship at the centre of a simply supported
square plate obtained by subjecting it to a uniaxial compressive load. This graph
is further validated by the Incremental Galerkin technique in the next section.
Details of the Square Plate:

a=1000 , b=1000, t =10
E =210000N/mm? , v=0.3
w=AsinXsinZY
a b
w, =0.45sin Xgin 7Y
a

P, = 442740 N/mm?

Xcr

2.0

Incremental Galerkin method (Present)
1.8 4 e Traditional Galerkin Method

1.6
1.4
1.2 Px

1.0

Nx / Ncr

0.8 +
0.6 +
0.4 +

It
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Fig. 6. Square Plate subjected to uniaxial compression.

7. The incremental approach

To solve the non linear governing differential equations for plating subjected to combined
in-plane and lateral loads and to analyze the large deflection associated with it, in an
efficient and easier way, we devise an incremental form of the governing differential
equations. This method eliminates the following anomalies in the traditional approach:

e Linear first order equations for the unknown deflection coefficients are obtained
by applying the incremental Galerkin technique as against the cubic equations
obtained in the case of traditional method.

e The computational effort is reduced drastically in this method.

e As the equations are linear, a unique solution is obtained for each variable.

Derivation of the incremental forms of governing equations

Let us assume that the load is applied incrementally. Also let the deflection and stress

function be denoted by w._,and F,_,, respectively, at the end of the (i —1)th load increment

step. Similarly, the deflection and stress function at the end of the i" load increment step

be denoted by w, and F;,, respectively.
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Therefore, the equilibrium equation and the compatibility equation at the end of

the (i —1)th load increment step are written as follows:

6X4 8X28y2 ay4 6y2 aXZ
4 O°Fy 0% (Wiy + W) _9 O°Fy 0% (Wiy +Wp) " Pia | _ 0
ox? oy? OXoy OXOy t

4 4 . , \
D, , = D(a Wit 4+ 2 o'W, , +8 Wilj_t[ﬁ F_, 0% (w_, +w,)

_|_
ox* ox’oy* oy’ Oxoy ox*  oy?
o’w, O°w_, 'w, d’w,  d*w, o°w, } 0

_|_
oxoy oxay ox> oy ox> oy

2
SR, , 0F, 'R EM@ZWMJ _dtw, dw

Similarly, the equilibrium equation and the compatibility equation at the end of the

i" load increment step are written as follows:

d. =D

o*w, o*w,  o*w. O°F. o*(w, +w,)
i + 2 i + i —t i i 0

8X4 6X28y2 ay4 ayZ aXZ
O°F, &% (W, +w,) _ 0°F, 0% (W, +w,) LP_g
ox*® oy’ OXoy OXoy t

+ + —
ox’ ox*ey®  oy* OXoy ox? oy?
o’w, o°w, O°w, o*w, O*w, o°w,

+ i i i =0

OX0y oxoy Ox* oy*  ox* oy?

O'F ,, 0'F _O'F EH otw, jz_azwi otw,

It is assumed that the accumulated (total) deflection w. and stress function F at

the end of the i" load increment step are given by:
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W= W + AW (7)

F=F,+AF (8)

where Aw and AF are the increments of deflection or stress function, respectively.

Substituting equations (7) and (8) into the equilibrium Eg. (1) and the
compatibility Eq. (2) at the end of the (i—l)thload increment step, and subtracting these

equations from the equilibrium equation and the compatibility equation at the end of the
i" load increment step, the necessary incremental forms of the governing differential

equations are obtained as follows:

4 4 2 4 2 4

AD =D 8A4W+26AW o' Aw _t aFiZ_laAz\/v+a AzFa(Wi_lerWO)
OX ox’oy®  oy* oy® oX oy OX
+82Fi_1 o° AW+ O°AF 0% (W,_, +W,) _262Fi_1 O’ Aw

9
ox> oy*  ox’ oy? OXoy OXoy ®)
P O°AF 0% (W,_, +W,) LA,
oxoy oxoy t
O'AF  , O'AF  O'AF 282(wi_1+w0) &% Aw
ox* ox*oy? ay OXoy OXoy
0% (Wiy +Wo) O°Aw _ O°Aw &% (W4 +Wo ) | _ (10)
ox* oy? ox? oy?

where the terms of very small quantities with order higher than second order of

the increments Aw and A F have been neglected.

At the end of the (i —1)th load increment step, the deflection w,_, and the stress

function F_; will have been known, as follows:
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=AML (X6, () a1

i=1 j=1

=F" +ZZK:;1 P (X)a; (y) (12)
i=1 j=1
Where A,rand Ki*= the known coefficients, and

F..™ = homogeneous solution for the stress function.

The welding induced residual stresses can be included in the stress function F;™as initial

stress terms.

The added deflection increment A w associated with the load increment at the i*"
step can be assumed to be as follows:

Aw = iiAAkl f (X)a, (¥) (13)

where AA,, = unknown added deflection increment.

Substituting Egs. (3), (11) and (13) into Eqg. (10), the stress function increment
AF can be obtained by:

AF = AF, + 3 8K, (x) () 14

i1 j=1

where AK; are linear (i.e. first order) functions in terms of unknown coefficients

AA,, . AR, is a homogeneous solution for the stress function increment which satisfies
the applied loading condition.

To compute the unknown coefficients AA,, , the Galerkin method can then be
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applied to Eq. (9):
[[[a®f, (x)g,(y)dvol =0,r=1,2,3,...,s=1.2,3,.. (15)

Substituting Egs. (3), (11)-(14) into Eqg. (15), and performing the integration over the
whole volume of plating, a set of linear simultaneous equations in terms of unknown

coefficients AA, will be obtained. Solving these linear simultaneous equations is
normally easy. Having obtained AA,,, one can then calculate Aw (i.e. from Eq. (13)), AF
(i.e. from Eq. (14)), w;(=w,_, +Aw)and F, (=F_, +AF )at the end of the i" load increment

step. By repeating the above procedure with increase in the applied loads, the elastic large
deflection response for plating can be obtained. In this process, it is evident that the load
increments must be small in order to get more accurate solutions. Since the computational
effort required for this procedure is normally very small, using smaller load increments

would not lead to any severe penalties unlike the case of the usual numerical methods.

8. Application to the elastic large deflection analysis of a simply supported

plating

In the following, we apply the incremental Galerkin technique to analyze the deflection
of a simply supported plate subjected to various in-plane and lateral loads. The simply

supported plate should satisfy the following edge conditions:

2 2

w=0, 8\/2v+vavzv=0 at x=0,a
OX oy
2 2

w=0, aw+vaw_0 at y=0,b

8y2 6X2 -
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The initial, added and incremental deflection functions satisfying the boundary conditions
can be assumed to be as follows:

.. m .
16
m=1 n—=1 a b 10)

17
m—1 n-1 a b 4
M N
Aw=Y">" AA, sin"Xsin 7Y (18)
k=1 I=1 a b

where

Agm (= Any ) And Arr = known coefficients

AA,, = unknown coefficients to be calculated.

Now, we know

2
0 I:tay where dA = small elemental area.
ay2

P=IGdA=I

and

M :IP.[y—gj where (y—%) = distance from the neutral axis of small element

Therefore for the given situation, the boundary conditions are:
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b A2 b A2
af aF(y——j@yMatx 0,a
o Oy oay
a 2 a
:jaftax:Py j (x——]@x M, aty= 0,b
Oax 0
2
sgy:—r at all boundaries
X
Where

P,, P, =axial loads in the x and y directions,

M,, M, = in-plane bending moments in the x and y directions.

To simplify the calculations we use the following substitutions:

sx(m):sin%, sy(n)=sin%, cx(m) = cos% cy(n)=cos%

The stress function increment AF can be obtained by substituting the values of Aw,

w, and w,_, into the incremental form of compatibility equation .On substitution we get:
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0 (Zmlzn:Aimjsx(m)sy(nﬁZmzzn:AOmnsx(m)sy(n)j

0*AF 5 O'AF  O'AF
oxoy

aX4 + ax28y2+ ay4 - 2

E

) 0? (;ZAAklsx(k)sy(l)j_ _82 (Zm:zn:A‘mr}sx(m)sy(n)+Zm:ZnZA0mnsx(m)sy(n)j

X0y - ox

) o° (;ZAAklsx(k)sy(l)j: :82 (;Zﬂ:A‘r;nlsx(m)sy(n)+;;A0mnsx(m)sy(n)j
oy’ ) oy’

ox?

XGZ(ZKZZAAKSX(k)sy(I)J}

or,

d*AF .o 0'AF | 0'AF _Ex’ {Zmnkl X(Zmlzn:ALmlcx(m)Cy(”)*Zmlzn:Af’m”cx(m)cy(n)j

+
ox* Ty oyt a?

x ZKZZI:AAklcx(k)cy(l)ﬂ{mzlzx(zmlzn:A‘r;j(—sx(m))sy(nﬁZmlzn:AOmn(—sx(m))sy(n)]
{ ZZan -5y 0) [ o S A m) ()¢ ZE Ass(m) (o)
(x|

or,
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a;fAF”;(g;: a(;?F Ezf)z{Zmnk' (ZZZZAAHA ox (k) ey (1)ex (m)ey (n)+
33 Y A (K (Rx(m)ey () |-t T 3T A, () (ox(m)s ()
PSS YA A (k) (x(m)sy(n j o X(ZZZZAAHA sx (k) sy (1)ox(m)sy (n)

+Zm:ZH:Zk:ZAAkIAOmnsx (k) sy(l)sx(m)sy(n)ﬂ

or,

4 4 4
O'AF |, , O'AF  0O'AF E;;z ZZZZ(A::JFAO’"”)AA“ [Zmnklxcx(k)cy(l)cx(m)cy(n)

ox* ox*oy? 6y X
—(m?12 +k?n?)sx(k)sy (1) )]
or,

O'AF _ 0'AF  O'AF _E
ot oy 4a’jbzzzzz(A + Agm JAA,, [8mnkIxox (K ) ey (1)ex (m)ey (n)

(1 ket s (K)sy (1) sx(m) sy (n)]

(Multiplying and dividing by 4)

or,
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0*AF O'AF  O0°AF  Ex’ 1
ox +28x8y oy’ 4a2bZZZZZAAk.(Amn+A0m)

x[—(kn—ml) cx(m—k)cy(n—l)+(kn+m|) cx(m—k)cy(n+1) (19)

+(kn+m|)2 cx(erk)cy(n—I)—(kn—mI)2 cx(m+k)cy(n+l)}

A particular solution, AF, , for the stress function increment is then obtained as follows:

Let,

AF, :Zmlznlzk:Z[Bl(m,n,k,I)cx(m—k)cy(n—I)
+B, (m,n,k,I)ex(m—k)cy(n+1)+B,(m,nk,1)ex(m+k)ey(n—1) (20)
B, (m,n,k,1)ex(m+k)cy(n+1)]

Then,
O*AF 4 4
ax“P :ZZ;ZBl(m—k)“%cx(m—k)cy(n—l)+B2(m—k)4%cx(m—k)cy(n+l)
4 4
B, (m+k) % cx(m+k cy(n—=1)+B,(m+k ‘7 ex(m+k cy(n-+l
3 a‘4 4 a4

s:A(; ;ZZZ 227;2 [ —k)*(n=1)’ ex(m=k)cy(n=1)+B,(m—k)* (n+1) cx(m—k)cy(n+1)

Bs(m+k) (n—I) cx(m+k)cy(n—l)+B4(m+k)2(n+I)2cx(m+k)cy(n+l)}

= T YT B (r-1) e ox(mk)ey(n-1) By (n+1) T ex(m-k )y (n+1)

n

Bs(n—l)4g—:cx(m+k)cy(n—l)+B4(n+l)4E—jcx(m+k)cy(n+l)



On adding the above three relations, we get:

AR, , 0'AF, O'AF, _
ox* Ox? 6y oy*

DN { [ff(m 0+ 1) 2(m-k (0-1) oK)y (n-1)

2
+ B{b— - n+|) +2(m—k)*(n+1) }cx (m—k)cy(n+1)
a’
b2
+B3[¥ (m+k)* (n=1)"+2(m+k)’ cx(m+k)ey(n—1)
b2
+B{¥ (m+k)' n+|) +2( m+k (n+1) }cx (m+k)cy(n+1)

Put o :% , then

84AFP+ 0'AF, 84AF
ox* ox? ay oy*

zzzzabz{ [ (m—k)’ +a(n—|)2Tcx(m—k)cy(n—l)

"By
|

+ B{é(erk)2 +a(n+|)2T cx(m+k)cy(n+l)}

IS

(m—k)z+a(n+|)2Tcx(m—k)cy(n+l)

R |+

(m+k)2+a(n—|)2Tcx(m+k)cy(n—l)

27
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Comparing the above relation with equation (19) , we get the values of coefficients
B,.B,,B, B, as:

Ea? " —(kn-ml)’
B,(m,nk,1)= Z‘AAK,(Am§+AOmn) (2 . ) — (21)
[(m—k) +a (n—I)}
Eqa? " kn+ml)’
B, (m,n,k,I)= Z‘ AA (ARt + Ay, (2 ) — (22)
[(m—k) +a’(n+l) }
Ea? g kn+ml)’
B, (m,n,k,1)= Z‘ AA (AR + Ay, ) (2 2) — (23)
[0n+k)-+a (n_|)}
Ea? o —(kn—ml)’
B, (m,n,k,1)= Z‘ AAy (A +Agny ) (2 ) — (24)
[(m+k) +a?(n+1Y |
where o = a/b.
Substituting the above values of B,,B,,B,,B, into the expression for equation (20),
Ea? g —(kn—ml)’
i-1
AFP:ZZZZTAAH (Amn+AOmn) ) ) zcx(m—k)cy(n—l)
m n k | |:(m—k) +a2(n—|)J
N (kn+m|)2 (kn+m|)2

-cx(m—k)ey(n+1)+
[(m=k)+a (n+1)] [(m+k) +a*(n=1)]

-ex(m+k)ey(n—1)

—(kn—ml)2
Bm+kf+a%n+uﬂ

+ ~cx(m+k)ey(n+1)

AF, Can be written in a more simplified form as follows:
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Ea? i
AFP :%Zmlznlzk:ZAAkl (Ami +A0mn)
2 r+s+1

> (-0 () k(0 Jex[me (<) K Jey [ (1)1

r=1s

(25)

where
(—na, +ma, )’

[(m+a)1)2+0¢2(n+a)2)2}2
h=0if m+e,=0 and n+w, =0

hl[a)va’z]:

Let the homogeneous solution, AF,, of stress function increment AF , be given by

2 2 3 2 2 =3
AFH :K+dxy+i+fi+w+hﬂ+i
2 2 6 2 2 6

Now, at boundary, stress increment in x direction = —AP, —%(y—%}

- . . N 12AM, a
Similarly, stress increment in y direction = AP — n X_E
a

and shear stress increment = Az,

at boundary,
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O°AF, 12AM a
=c+ fx+qgy=—AP_— y _e
aXZ gy y a3t 2
O°AF, : 12AM b
=e+hx+iy=—-AP, — x _=
2 y X b3t (y 2)
2
O ARy _ (d+gx+hy)=-Az,
oxoy
On solving, we get:
AP, 12AM
C:__y_—syxE , d=-Ar,
at a‘t 2
_ AP, 12AM, 9 __12AMyX
bt bt 2 a%t
9=0 , h=0, __1233':&
AP AP AM AM
AF = X y/2 y X2_ X ys2 2 —3b _ y X2 2)(_33_ _A»Z- X 26
: 2bt ) 2at bt y ( y ) adt ( ) xy XY (26)

Since the overall stress increment is equal to the sum of the particular and homogeneous

solutions, therefore:

AF = AR, + AR,
Similarly , to get the stress function , F.™ , at the end of the (i —1)th load increment
step , we substitute the values of w, wp and wi into the incremental form of the

compatibility equation at the end of the (i—l)thload increment step, resulting in the

following equation :
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o'F_, o'F_, O'F

= i1 _ Ez* i-lAi-1 A0 AO
aX4 +26X ay + ay 48. bz ZZZZ(AmnAkI AmnAkI)
x[ml(kn—ml)cx(m—k)cy(n—l)+m|(kn+m|)cx(m—k)cy(n+|) (27)

+ml(kn+ml)ex(m-+k)cy(n—1)+ ml(kn—ml)cx(m+k)cy(n+l)]

A particular solution, F.™, for the stress function increment , F_is then obtained as

follows: Let,

Fit =;anzk“zl:[q(m,n,k,l)cx(m—k)cy(n—l)
+C, (m,n,k,lex(m—k)ey(n+1)+C,(m,n,k,I)cx(m+k)cy(n—1) (28)
C,(m,n,k,I)ex(m+k)ey(n+1)]

The coefficients C,,C,,C;,C, can then be determined as follows:

ml (kn—ml)

[(m=Kk)"+(n-1)"/a”

2
C,(m,n,k,1)= Ea (ALALY - A% AY)

2

ml (kn+ml)

]
(m=K)* +(n+1Y /o |
]
]

2
C,(m.nk,1)==% (ALZALY - A% AY)

ml (kn+ml)

2
C,(m.nk,1)=E% (ALALY - A% AY)

2

ml (kn—ml)
(m+k) +(n+1)*/a?

2
C,(m.nk,1)=2% (ALZALY - AD AY)

2

T
Um+k)+(n4)/a
T

Substituting the above values of C;, Cy, Cs, C4 into the expression for Fy ™,
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Fpi_l = ;;;ZEZZ (Air;r%Aile _A:wnAgl) [(m:)lz(_ik_r;_z r(T:,:)|)2}2 cx(m—k)cy(n—l)
ml(kn+ml) ml(kn+ml)

~cx(m—k)ey(n+1)+

[(m=k)+a* (n+1)] [(m+k) +a*(n=1)]
ml(kn—ml)

[(m+k) +a® (n+1)]

~cx(m+k)ey(n—1)

+ zex(m+k)ey(n+1)

F. ™ can be written in a more simplified form as follows:

Fit= ] ZZZ;Z(A;;AT A A°)

xgg(—l)mhz (0 ko (<2)  ox [ me (<2 k ey (1)1 ] (29)
where
h, [y, @,] M, (Nw, — M, )

[(m+a)l) +(n+a,)’ /a ]

h,=0 if m+@o, =0 and n+w, =0

The homogeneous solution F.™ , at the end of (i—l)th load increment step, being the

summation of load steps from 1 to (i-1) , is given by:

| pt o pit o Mi—l i‘l
L Tx 2T y2 Y 2 T 2 TP 3b
oY T2 Toa 2 bt (2y=%)

x?(2x—3a)—1,'xy

(30)
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Therefore, the stress function, F™* at the end of the (i —l)thload increment step can be

obtained by the sum of equations (29) and (30) as follows:
Fr=R*'+F"

The values of Aw,w_,,w,, AF and F'™" are then substituted into the incremental form of

the governing equilibrium equation. We then apply the Galerkin method to compute the

unknown coefficients AA,, .

The integration of equilibrium equation eventually results in a set of linear first

order simultaneous equations for the unknown coefficients AA,, .The equation can be

written in a matrix form as follows:
{AF}=([R]+[B]+[M]){aA} (31)

where {AF}= external load increments, [F]= stiffness matrix associated with initial
stress (including weight -induced residual stresses), [B]= bending stiffness matrix, [M | =

stiffness matrix due to membrane action. {AA} = unknown coefficients of deflection
amplitudes.

Having obtained AA,, we can then calculate Aw ,AF, w(=w_, +Aw)and
E(z F., +AF) at the end of the i"™ load increment step. By repeating the above

procedure with increase in the applied loads, the elastic large deflection response for

simply supported plate can be obtained.
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8.1 Examples of the Analysis

Nx / Ncr

8.1.1 Simply Supported square plate under uniaxial compression

The square plate in example 7.1.2 is now analyzed using the incremental
technique. The dimensions of the plate are same as in example 7.1.2. The initial
and the added deflection functions are also assumed to be the same. A comparison

of Fig 6 and Fig 7 shows that the new method is quite accurate for this case.

Present
1.8 e Traditional
161
1.4—-
1.2 a=1000 , b=1000, t =10
104 E =210000N/mm? , v=0.3
084 W:Asin%xsin%y
0-6‘_ w, =0.45sin %Xsin”—y
0.4
0.2—-
0.0—- —

I T I T I T I T I T I T I T
0.0 O. 02 03 04 05 06 07 08 09

Maximum deflection / Plate Thickness

Fig.7. Simply Supported Plate subjected to uniaxial compression (incremental
method)

8.1.2 Simply Supported square plate under uniaxial compression



Px/Pxcr
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A simply supported square plate subjected to uniaxial compression is analyzed

and the Load deflection relationship is obtained at the centre for different values

of initial deflection. The dimensions of the plate are the same as in example 9.1.1.

The initial and the added deflection functions are also assumed to be the same.

The critical load however, is 81994 N/mm? in this case.

1.8

1.6

14

1.2

0.8

0.6

0.4

0.2

. TTX . T
W=Asm—s.|n—y
a b

y

. TTX
w, =0.45sin —sin
a

P, =81994 N/mm’

A0 =10.25

A0 =0.45
A0 =0.65

A0 =0.85

A0 =1.05

[ [ [ r r r r L

0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8

Maximum Deflection/Thickness (w/h)
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Fig.8. Load deflection relationship for a Simply supported Plate subjected to uniaxial
compression (incremental method)

e Square Plate subjected to Lateral Loading
The square plate in example 7.1.1 is now analyzed using the incremental technique. A

comparison of Fig 10 with Fig 4 and Fig 5 shows that the present method is quite
accurate for a square plate subjected to lateral loading.

50
Present Method
. ’nnr\FE,. 1 N+ 10
ad—=—1VUVUU ; U=1UUU, 1 =1U
40 4 ,
E =210000 N/mm? , v=0.3
# -
L= W:Asinﬂ—xsin”—y , w, =0
#_Q 30 a b 0
g i
=l
©
(@)
|
© 204
o)
©
|
10 4
0 . . . , :
0.0 0.5 1.0 1.5

Maximum Deflection/ Plate Thickness

Fig.10 Load deflection relationship for square plate subjected to lateral loading (present
method)

e 8.1.4 Rectangular Plate subjected to in-plane compression in longitudinal
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Direction

A simply supported rectangular plate as shown in figure 11 is now analyzed
taking two terms of the deflection function for different values of the initial
deflection. The plate is subjected to uniaxial in plane compression in longitudinal
direction. The analysis is carried out by the present method for two different
points A and B on the plate. The load is applied incrementally from 0 to an
average stress of 16 kgf/mm?.

Details of the plate:
a=1500, b=1000,v=0.3

E= 21000 kgf /mm?, AE(E,EJ, B 5(3—6‘,9)

4 2 42
w, :(1.1sinﬂ—x+0.225in mJsinﬂ—y
a a b
W= (Ansin”—XJrAﬂsin@jsin”—y
a a b
A
Y
Px Px
> A B p
1000 > ’ ’ >
< » X
1500

Fig. 11. All edges are simply supported and kept straight in the plane of the plate



Mean Stress in x direction (kgf/mmz)

16
14 -
12 -
AOL1= 15
Lol 0202
- AL=13
A012=0.42 o OINT.
A0l1=11 __POINTB
gl. A012=022
4“—  p011=15 A012=062
6 [
<« A011=13A012=0.42
e AOL1= 1.1 A012=0.22
2 L.
0 L r r r r r L
-15 -10 -5 0 5 10 15

Deflection (mm)
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Fig.12 Load Deflection relationship of a plate subjected to in plane compression (present

method)
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9. Treatment of Plasticity

Till now, the differential equations governing the elastic large deflection response of
plates have been formulated and are solved analytically. But the effects of plasticity have
not been included. It is normally difficult to formulate governing differential equations
representing both geometric and material nonlinearities for plates, although not
impossible. A major source of difficulty is that an analytical treatment of plasticity with
increase in the applied loads is very difficult. Even if such treatment were possible, it
would not be an easy task to solve the resulting equations analytically. Hence an easier
alternative is to deal with progress of the plasticity numerically. In the present method,
therefore, the progress of plasticity with increase in the applied loads is treated
numerically. For this purpose, as indicated in Fig. 3, the plate is subdivided into a number
of mesh regions in the three dimensions similar to the conventional finite element
method. The average membrane stress components for each mesh region can be
calculated at every load increment step. Yielding for each mesh region is checked for the

plate by using the following von Mises yield criteria:
o’ — 0,0, + 0'5 + 3rfy > o} (32)

As the applied loads increase, the stiffness matrices for the plate are redefined by
considering the progress of plasticity. In Eq. (31), the stiffness matrix associated with
external loads would be calculated for the whole volume of the plate regardless of the
plasticity. However, the bending stiffness will be reduced by the plasticity if any mesh
region yields. In the calculation (i.e. integration) of the bending stiffness matrix,
therefore, contribution to the yielded regions is removed.

As noted above, it is assumed that the plate is composed of a number of
membrane strings (or fibers) in the two (i.e. x, y) directions. Each fiber has a number of
layers in the z direction. The end condition for each fiber would satisfy the plate edge

condition as well. In fact, due to the membrane action of the fibers, occurrence of the
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additional plate deflection may to some extent be disturbed with further increase in the
applied loads. However, if any local region in the fiber is yielded, the fiber (i.e. string)
will be cut such that the membrane action is not available further. In calculating (or
integrating) the stiffness matrix due to membrane action, therefore, the entire fibers
associated with yielded regions are not included. It should be noted that a mesh region
inside the plate may be common to two fibers, i.e. in the x (i.e. length) and y (i.e. breadth)
directions. In this case, the contribution from the two relevant fibers (i.e. strings) should
be removed in the calculation of the stiffness matrix associated with the membrane
effects.

The stiffness for the plate will be progressively reduced by large deflection and
local yielding. The plate can be considered to have reached the ultimate limit state when
the plate stiffness eventually becomes zero (or negative). The process indicated above to
include plasticity effects is carried out numerically. In this regard, the present method

could perhaps be better classified as a semi-analytical approach.
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10. Conclusion*

e The Incremental technique is the most efficient method for analyzing large

deflection behaviour of plates.

e Plasticity can be numerically incorporated into this technique thereby saving
computational effort.

e The applicability of the method has been verified to a great extent by comparing
the results obtained in various cases with existing theoretical and experimental

results.

e The insights and developments obtained in this study can be very efficiently used
for the design of ship structures since the developed method is quick as well as

accurate.

*Remark: Although the formulation for plasticity has been carried out, but it has not been
included for obtaining the results in this paper and the material of the plate is assumed to

be elastic everywhere.
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