Chapter 1
INTRODUCTION

1.1 Preamble

Research on stability of structural element was initiated by Loenhard Euler in 1744. He
showed that, a slender column under an axial compressive load will fail due to lateral
deflection rather than crushing of material. Wood and stone were the major construction
materials during that period and so the structures were huge and massive; stability was not a
prime consideration. Steel was used in a big way in the construction industry in the later half
of nineteenth century. Steel structural elements (beams, plates and shell panels) used in
aircrafts, spacecrafts, ships, bridges and offshore structures are subjected to a variety of static
and dynamic loads during their life span and may undergo static and dynamic instabilities.
The structural instability may lead to large deflections or large amplitude vibrations of the
structural elements leading to global or local failures. Hence, buckling and dynamic

instability characteristics have become important design considerations.

Geometric effects cause structural instability failure in elastic structures. Nonlinearities are
introduced by the geometry of deformation which amplify the stresses calculated based on
the initial undeformed configuration of the structure (Bazant and Cedolin, 2003). Different
definitions of stability are used for different problems. However, dynamic stability definition
is applicable to all structural stability problems. The structures appear stable from static
buckling analysis when subjected to dynamic inplane loads but actually they fail due to ever

increasing amplitude of vibration. This is correctly detected by dynamic analysis.

Columns are often, a part of complex structural system and hence load coming on it may not
be always uniform. In the case of I-beam or wide flanged beam for example, subjected to
bending moment at the ends or lateral loads on the flange, the web of the beam is subjected to
non-uniform in-plane loads. The load exerted on the stiffened plate, or on the aircraft wings
in the ship structures or on the slabs of a multi-storey building by the adjoining structures
usually is non uniform. The type of distribution in an actual structure depends on the relative

stiffnesses of the adjoining elements. The non-uniform edge loading introduces all 3-



components of stress (oxx ,Oyy and oxy ) in the plates of column which may considerably

influence the static stability behaviour of column.

Columns subjected to dynamic in-plane loading may undergo unstable transverse vibrations,
for certain combinations of the load amplitude, disturbing frequency of transverse vibration.
This type of dynamic instability is called parametric instability or parametric resonance
because of the fact that the applied load is parametric with respect to the motion of the plate.
The dynamic axial loading is known as parametric excitation and the range of the values of
parameters causing dynamic instability is called the dynamic instability region or parametric
resonance region. Parametric instability zones are generally defined by the boundaries which
separate stable and unstable regions in the parametric space defined above. Unlike in the case
of resonances occurring under transverse forced vibration, parametric resonance will occur
over a wide range of excitation frequencies, particularly when the amplitude of the dynamic
load is large. In general, a significant portion of the total spectrum of the values of parameters

may be occupied by parametric resonance zones.

The transverse vibration of structures are result of dynamic instability with ever increasing
amplitude. Linear strain-displacement relations are erroneous at higher amplitude of vibration
and hence geometric nonlinearities need to be considered Nonlinear theory results in new
phenomena (Shivamoggi, 1977), which have no place in the corresponding linear problem.
The new phenomena are existence of solution for all values of the frequency rather than only

for a set of characteristic values and dependence of amplitude on frequency

1.2 Objective of the Present Investigation
The objective of the present investigation is plot different zones of instability of
column under periodic axial loading and to investigate the instability of different points on

amplitude frequency curve through phase portraits.



Chapter 2
LITERATURE REVIEW

2.1 Introduction

Columns are often used as structural components are subjected to severe mechanical,
thermal and dynamic axial loads under operating conditions. The structure loses its stability
at critical value of static axial load and become dynamically unstable for certain
combinations of load amplitude, disturbing frequency and frequency of transverse vibration
of the structure. In the last few decades their bending and vibration behaviour have been
extensively studied. Much work has been reported in literature in the recent past on the
buckling and dynamic instability of columns subjected to uniform static and dynamic axial
loads. However, as discussed in the previous chapter, structural elements are often subjected
to non-uniform static and dynamic in-plane loads. This has necessitated reconsidering
buckling, and dynamic buckling of columns subjected to different sets of axial loads. Also, it
is required to understand the changes in the vibration behaviour of the structural components
in the presence of loads for the design of these components. The parametric vibration
behaviour is affected by the large amplitude of vibration. If the nonlinearity is considered,
then dynamic instability region changes. Hence, for the proper design of different structural
members under dynamic in-plane loads the knowledge of nonlinear dynamic instability

analysis is required.

Static Buckling

More than two centuries ago the instability of an axially compressed column was studied by
Euler. However, Euler’s work didn’t have any practical importance during his time as
structures were massive and constructed with wood and stone masonry and there was no
further interest in the buckling problems till mid-nineteenth century. The introduction of steel
and later composites as structural materials prompted further interest in the buckling problem

as the structures became slender.



Dynamic Buckling

In elastic systems, structural members such as columns, plates and shell panels under time
dependent compressive axial load problem of dynamic instability arises. When the loading is
time dependent, the systems are called parametrically excited systems and the instability is
referred as parametric instability or dynamic instability. Dynamic instability occurs in
structural components (beams, plates and shells) for certain combinations of load amplitude,
disturbing frequency and frequency of transverse vibration of plates. It is essential to have the
knowledge of static and dynamic stability behaviour of composite structural members
subjected to various types of dynamic loads in the design of these components. Most of the
early development in this field is due to Russian researchers. Bolotin (1964) has reviewed
literature on the dynamic instability of isotropic beams, plates and shells in his book. The first
observation of parametric resonance is attributed to Faraday in 1831 and first mathematical
explanation of phenomenon is given by Rayleigh in 1883. The mathematical formulation of
the problem leads to Mathieu-Hill type of linear differential equation with periodic
coefficients. Boundedness of the solution corresponding to stability or instability is Hill’s
infinite determinant method originally developed by Hill in 1886 for a single degree of
freedom system. This method has been further extended for a multiple degree of freedom
system by Bolotin (1964), Valeev (1961).

Buckling of rectangular plates with various boundary conditions loaded by non-uniform
inplane loads and Dynamic instability of composite plates subjected to non-uniform in-

planeloads have been studied by L.S. Ramachandra and Sarat Kumar Panda



Chapter 3

Mathematical Formulations

3.1 Introduction

The transverse vibration of simply supported elastic column of uniform cross section
subjected to dynamic axial load P (t) as shown in figure 1. Before deflection due the axial

load, the column is straight with length L.

1 p(t)=p, + p,CoSMt

LA El

Figure 1.



3.2 Formulation
3.2.1 Mathieu Equation

Consider the problem of transverse vibrations of a straight rod loaded by a periodic
longitudinal force. The rod is assumed to be simply supported and of uniform cross section
along its length. The usual assumptions in the field of strength of materials are made i.e., that

Hooke’s law holds and plane sections remain plane.

The basic equation of static bending of a rod is

d2
Elﬁﬂay: 0 (3.1)

Where y(x) is deflection of the rod, El is its bending stiffness, and P is the longitudinal force.
After two differentiations, the equation takes the form

d4y dzy _
EIZZ+PZ2=0 (3.2)

This gives the condition that the sum of the y components of all the forces per unit length

acting on the rod is equal to zero.

To arrive at the equation for the transverse vibrations of a rod loaded by the periodic

longitudinal force
P(t) = Py + PcosOt (3.3)

It is necessary to introduce additional terms into above fourth order equation that take into

account the inertial forces.

Inertia forces associated with the rotation of the cross sections of the rod with respect to its
own principal axes are not included as in the case of the applied theory of vibrations. Note
that longitudinal inertia forces can substantially influence the dynamic stability of a rod only
in the case where the frequency of the external force is near the longitudinal natural
frequencies of the rod, i.e., when the longitudinal vibrations has a resonance character. In the
following discussion, we will consider that the system is not close to the resonance of the

longitudinal vibrations.



The inertia forces acting on the rod can be reduced to a distributed loading with these limiting
assumptions, whose magnitude is

&y

—m
dt?

(3.4)

Where m is the mass per unit length of the rod. Thus, we arrive at the differential equation

d4y dzy dzy _
EI@‘FP@‘FTTLF—O (35)
ie.,
d*y d%y d?y
Elm+(P0+Pcost9t)@+mﬁ— 0 (36)

for the dynamic deflections y(x,t) of the rod at any arbitrary instant of time.

We will seek the solution of above equation in the form

y(x, t) = q(t)sink% (3.7)

Where q(t) are unknown functions of time and length of the rod. It is easily seen that above
expression satisfies boundary conditions of the problem, requiring in the given case that the
deflection, together with its second derivative, vanish at the ends of the rod. We remind that
the “coordinate functions”

o, (x) = sinkﬂTx (3.8)

Are of the same form as that of the free vibrations and the buckling of a simply supported

rod.

Substitution of y(x,t) = q(t)sink% in to our differential equation gives

] sink% =0 (3.9)

d2 k4 4 kZ 2
[mﬁ+ El% — (Py + Pcos6t) ; 4

It is necessary and sufficient that for the chosen solution to satisfy the quantity in brackets

should vanish at any t. In other words, the functions g must satisfy differential equation



dZ Po+P ot
dtczl_ + w2 (1 - %) q=0, (k=123,...) (3.11)
Where
kZn? |EI
w, = l;‘r a (3.12)

Is the k™ frequency of the free vibrations of an unloaded rod, and

2.2
P, ==~ = (3.13)

Is the k™ Euler buckling load (the asterisk denotes this quantity in the problems).

For convenience, we represent above differential equation in the form

2
L4 4 021 - 2ucos0tlg =0 (k=123,...) (3.14)

dt?
Where Qy is the frequency of the free vibrations of the rod loaded by a constant longitudinal
force Py,

Q= [1- 2L, (3.15)

And

_ Py
Hie = 20—ry)

(3.16)

Since above differential equation is identical for all the forms of vibrations, i.e., it is identical
for all k, we will in the future omit the indices of Q, and y, and write this equation in the

form
q" + 2%[1 - 2ucosbt]q = 0. (3.17)
The prime denotes differentiation with respect to time.

The above equation is well known Mathieu equation. For the more general case of the

longitudinal force given by
P(t) = Py + P:p(t) (3.18)

Where ¢ (t) is a periodic function with a period T,



q +0%[1-2up(t)]qg =0 (3.19)
Such an equation, more general than the Mathieu equation, is usually called the Hill equation.

In various areas of physics and engineering Mathieu-Hill equations are encountered. Similar
equations are obtained in certain problems in theoretical physics, particularly the problem of
the propagation of electromagnetic waves in a medium with a periodic structure. In the
quantum theory of metals, the problem of the motion of electrons in a crystal lattice reduces
to the Mathieu Hill equation. The Mathieu-Hill equation is also encountered in the
investigations of the stability of the oscillatory processes in nonlinear systems, in the theory
of the parametric excitation of electrical oscillations, and other branches of the theory of
oscillations. Certain problems of celestial mechanics and cosmogony also lead to the Hill

equation, particularly the theory of the motion of the moon.



As shown above the governing differential equation derived is as

d, +a)n2 {1—@}% =0 ,wheren=1,23... (3.20)

n

XD =FaOB); B =sin X @21)

@, is the nth natural frequency of a simply supported column withP(t)=0, and p, is the

nth Euler buckling load given by

nz) [El nrz
2B sl
L PA L (3.22)

The dynamic load P(t) appears as a coefficient or parameter in the equation of motion,
yielding a parametrically excited system. If P(t)is a periodic function of period T , i.e
P(t)=P(t+T), then the governing differential equation with a periodic coefficient is known

as Hill equation. If P(t) is a sinusoidal function of period T of the form P(t)=PF, + P, cosvt,

in which v = ?ﬂ is the circular excitation frequency than the governing differential equation

becomes
G, +Q’[1-24,cosvt]q, =0,  n=123.. (3.23)
where, O = @’ {1—5}, 24 = Py (3.24)
P, P, — Po

Equation (23) is known as Mathieu equation.
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3.2.2 Stability of the Mathieu-Hill Equations
A Second order differential equation with a periodic coefficient of the form
G+ w?[1—2ud(t)]g =0 (3.25)

Is called a Mathieu-Hill equation, where ®(t + T) = ®(t) is a periodic function of period T,
which may be expressed as a Fourier series,

@(t) =Y~ (a;cosivt + b; sinivt), T = 27” (3.26)

If ®(t)is a sinusoidal function, i.e. ®(t) = asinvt or ®(t) = acosvt, then the above
differential equation is called Mathieu equation. Examples of Mathieu-Hill equations can be
found in the study of dynamics of elastic systems, such as columns under axial loads.

If the time parameter is shifted from t to t+T, the above differential equation (3.25) remains
unchaged. Hence, if q(t) is a solution, so is q(t+T). Since equation is a linear ordinary
differential equation of order 2, if gi(t) and g(t) are two linearly independent solutions, then
g(t+T) and g(t+T) are also two solutions. For example, one can take qi(t) = q(t) and g(t)

=q(1).
The solutions at time t+T and t have the following relationship

q1(t+T) = ay1q:(t) + ai2q2(¢),

q2(t +T) = az191(t) + az2q2(b), (3.27)
Or, in the matrix form,

q(t+T) = Aq(t) (3.28)
Where g = {01,0-}" and A is a 2X2 matrix with constant elements.

Matrix A is in genera a full matrix so that it is a challenge to deal with above equation (3.28).
In order to simplify the analysis, let q*(t) = {q;(t),q5(t)}" be another set of linearly
independent solutions to be determined later. Then there is a constant non-singular matrix B,
i.e., det(B) not equal to zero, such that the following relations are satisfied.

q(t) =Bq*(t),and q(t + T) = Bq*(t + T). (3.29)

From above two equations (28) and (29), one has

q(t+T) =Aq(t) = ABq*(t) (3.30)
And hence
q (t+T)=B1ABq'(t) (3.31)

From these equations it is desirable that B*AB have the simplest from possible so that above
equation can be easily studied.
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If p; and p, are the eigen values of the matrix A, then matrix B diagonalizes matrix A i.e., B’
'AB = diag{ p1, p»}, Therefore,

det(4A — pI) =0, (3.32)

And the columns of B are eigenvectors of matrix A, then matrix B diagonalizes matrix A, i.e.,
B'AB = diag{ p1, p>}. Therefore

qi1(t+T) = p1q*(t)
q2(t +T) = pq"(t) (3.33)

It is seen that by constructing matrix B using the eigenvectors of matrix A, one obtains a set
of above equation (3.33), which are much simpler than the before. Since solutions q(t) and
q (t) are linearly related, they have the same stability behaviour.

To determine matrix A, consider q;(t) and g(t) as two linearly independent solutions
satisfying the initial conditions

q:(0) =1, :(0) =0, q2(0) =0, ¢2(0) = 1. (3.34)
From these we get,
1(T) = a1. 1+ a;5.0 =ayy, ¢1(T) =a;1.0+app. 1 =ayp
q2(T) = az1. 1+ az2.0 = az1, §2(T) = az1.0+ ag2.1 = ay (3.39)
The Characteristic equation becomes,

(M) —p (T | _
T @ —-pl = (3.36)

Which, after expanding the determinant, yields a quadratic equation in p,
p? —2bp +c =0, (3.37)
Where
2b = q1(T) + q,(T) = tr(4) = py + pa,
¢ = q1(T).42(T) — q1(T). q2(T) = det(4) = p1p; (3:39)

Since g1(t) and g(t) are solutions of our basic Mathieu equation (3.25), it is easy to show that
c=1 as follows.

i1 (t) + w?[1 — 2u@(t)]q, () =0,
G2 (t) + w?[1 — 2ud(D)]q,(t) = 0, (3.40)

Multiplying the first equation by g,(t), multiplying the second equation by q;(t), and
subtracting the two resulting equations yield

12



G1()q2(t) — q2(0)G,(t) = 0, (3.41)

(1) — 2 (DG (D] = 0, (3.42)
Which leads to
¢ = [q:1(D)q2(t) — q2(£) 2 (t)] = constant
= [¢1(0)q2(0) — q2(0)q,(0)] =1.1—0.0 =1, for all time t
Hence the characteristic equation becomes
p?—2bp+1=0, (3.43)

And the characteristic roots are given by p; , = b + Vb2 — 1. Depending on the values of b,
there are three possibilities for p; and p.

Case I. |b| > 1, Distinct Real Roots

If b?> lor |b| >1 then p; and p; are real and have the same sign. Furthermore, if | ps| < 1, then
| p2| > 1 and vice versa.

Case Il |b| = 1, Equal real Root
If|b| =1,p1=p2= +1.
Case I11. |b| < 1, Complex Roots

If |b| < 1, p1 and p; are a pair of complex conjugate numbers, i.e., p;, = ae*?. Since pip; =
1, one must have a? = 1 or @ = 1. Hence p; , = ae*", i.e., p1 and p; lie on the unit circle |
p1,2| =1.

Im(p

Figure 2
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q1(t +T) = p1q*(t)
q;(t +T) = poq*(t) (3.44)

The above equations (3.44) (derived previously) are functional equations. An equation of the
form f(x,y,...)=0 is called a functional equation if f contains a finite number of independent
variables, known functions, and unknown functions for which they must be solved. From the
theory of functional equations, it can be shown that the general solutions of above equations
(3.44) are of the form

g (1) = P (Dekt, k=1,2, (3.45)
Where A« = (1/T)log pk, k = 1,2, are called the characteristic exponents.
Substituting these equations in the functional equations yields

Py (t+ T)er D = pp (t)eh! (3.46)

Since exp(AT) = exp(logpk) = pk, 0ne has ¥ (t + T) = ¥, (t), implying that ¥, (t) is a
periodic function of period T.

Expressing the characteristic exponents pg in the polar form of the complex numbers as

P = lpillcos(argpy) + isin(argp,)] = |pile' >8Pk, (3.47)
Where

ol = VTRe(pIT? + TIm(p)F, argpy = tan™' {222 (3.48)
Hence

Ay = %loy pr = %(IOgI pil +iarg py), (3.49)
And hence

4 (t) = ¥ (Dexp (1 logl py 1) . exp (iTiarg py ) (3.50)

From the above equation it can be seen that the stability of solution g, (t) is determined by
the sign of log|pk|. Hence, depending on the values of b, there are three stability regions for
the solutions given by above equation (3.50).

Case . |b| > 1 i.e., |p1/ < 1and |pz| > 1 or |p1| > 1 and |py| < 1

When pi > 1, log|pk| > 0. One of the solutions g; — o when t — oo, leading to instability of
the solution of Mathieu equation.

14



Casell. b|=11.e,p1=p2==1
If p1 =p2=1, arg px = 0 for k = 1,2, and the equation become
;. (©) = Yy (1), (3.51)
i.e. periodic solutions of period T.
If p1 =p2=-1, arg px = © for k = 1,2 and one obtains.
9;(0) = ¥, (0)
i (T) = ¥ (T)e'™ = ¥ (T) = —¥(0)
q; (2T) = ¥ (2T)e™" = ¥, (2T) = ¥, (0)
i.e., q; (t) are periodic solutions of period 2T.
Case III. |b| < 1 i.e., p; and p, complex, | p12| =1

The equation (3.50) become

qr(t) = Wi (t).exp (i%iarg pk), k=12 (3.52)
Which represent bounded, almost-periodic solutions.

Therefore, the stability boundaries are given by |b| =1, i.e. |q.(T) + ¢, (T)| = 2.

3.2.3 Periodic Solutions of Period 2T:

Periodic solution of period 2T , T = 2z can be expressed as a fourier series of the form

1%
qt)=> (a sink—ﬁterk cos@): D (3 sinMerk cosm) (3.53)
k odd T T k odd 2 2

Substituting equation (3.53) into equation (3.52) and expanding the resulting equation results
in
3t

[(1+,u—r2 )('sll—yadsin%t+[(1—9r2 )a, — (@, +a, )]sinTJr...

(1= =17, - b, Jeos 2+ [ (197 Yo, - (b, +b; ) Jeos 2+ =0
2 2 (3.54)
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Where r = Y . Since
20

vt . 3vt . 5wt vt 3vt 5vt
sin—,sin—,sin—,...,C0S —,C0OS —,CO0S —, ...
2 2 2 2

are linearly independent, it is required that the coefficient of each sine and cosine term be

. - . kvt : . -
zero. Hence, setting the coefficient of sm% to zero results in equations for the coefficients

k=1: (1+p—r*)a, —pa; =0, (3.55)
k=3,5,..: (1-k*r*)a, —(a,_, +a,,,)=0,

: - kvt : : -
And equating coefficient of sm% to zero results in equations for the coefficients

k=1: (1-pu—r?)o, — ub, =0, 356)
k=35,..: (1-k*r*)o, —u(b, ,+b,,)=0, '

Equation (3.55) and (3.56) are systems of homogeneous linear algebraic equations for the
coefficients a,,a;,a,,...,and b, ,b; b, ..., respectively. The conditions for equations (3.55) and
(3.66) to have non-trivial solutions are that the determinants of the coefficient matrices,

which are tridiagonal of infinite dimensions, are zero, i.e

l+u-r* —p 0
—-u 1-9r*  —p 0
0 —u 1-25r* —pu ... |=0 (3.57)

As u— 0, the coefficient matrices become diagonal and equations (3.57) reduce to

16



diag{1-r?1-9r*1-25r%, .. }|=0,

Which yields

1-(2k-1)’r*=0, k=1,2,3,...,

Namely, the stability boundaries when p — 0 are given by

3.2.4 Periodic Solutions of Period T:
Similarly, periodic solutions of period T can be expressed as a Fourier series of the form

q(t)=by+ > (ak sin%+bk cos%j => (ak sin%erk cos%) (3.58)
keven keven

From the same procedure as for periodic solutions of period 2T, substitution equation (3.58)
into (3.52) and equating the coefficients of sin(k v t/2) to zero yield

k=2: 1-4r*)a, —ua, =0,

k=4,6,.: (1-k’r*)a —u(a_,+a,,)=0,

And setting the coefficients of cos(k v t/2) to zero gives

k=0: b, — 1b, =0,

k=2: (1-4r?)b, — u( 2b, +b, ) =0, (3.60)
k=4,6,.: (1-k*r*)o, —u(b_,+b,,)=0.

17



For non-trivial solutions of axand by the determinants of the tridiagonal coefficient matrices

must be zero, i.e.

1-4r° —u 0
2
—u 1-16r —u 0 120, (3.61)
0 —U 1-36r? —H .
1 —u 0
—2u 1-4r? —U 0
0 .y 1-16r2 -y 0 .| (3.62)
0 0 —U 1-36r? -1

Again, as p—0, the stability boundaries are reduced to points given by r = 1/(2k), k =1,2,...,

which are shown.

It is obvious that the first, the third, the fifth, .., stability boundaries are given by periodic
solutions of period 2T, and the second, the fourth, the sixth,..., stability boundaries are
obtained from periodic solutions of period T.

In general, it is impossible to solve the determinantal equations (3.57), (3.61), and (3.62) of
infinite dimension to determine the stability boundaries. Various orders of approximations

can be applied to obtain approximate results.

3.3 Instability Boundaries
3.3.1 Boundaries of First Instability Region:

The first stability boundaries are given by periodic solutions of period 2T.

First-Order Approximation

First element (1,1) of the matrix in equation (3.57), the first-order approximation of the first

stability boundaries is given by 1+p—r? = 0, which leads to
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L. (3.63)

The corresponding periodic solution of period 2T is

vt vt .t it
q(t)=a, sin—+b, cos—=a, sin—+b, cos —,
2 2 T T (3.64)
Where T = 2z /v . The stability boundaries (3.63) shown in figure could also have been
obtained by substituting this solution directly into the Mathieu equation and equation (3.53)

coefficients of various harmonics to zero.

It should be emphasized that by setting the determinant (3.57) to zero, the conditions for non-
trivial periodic solutions of period 2T are obtained, which give the stability boundaries.
However, this analysis does not give the stability behaviour, i.e. it does not provide the
information on whether the region inside the V shaped region is in figure is determined by
some other methods, such as the method of averaging. This remark also applies to the
stability boundaries of the second, third, .... Stability regions obtained in this section.

Second Order Approximation:

The second order approximation of the first stability bondaries is obtained from the first 2 X

2 submatrix, i.e.

l+u-r* —p ‘

—u 1-9r?
(3.65)

Which gives ((1+u—r?)(1-9r?)—u®* =0. Solving for the r in (L+p—r?) yields

20 1=9r% (3.66)

Substituting from the first-order approximation (3.63) yields
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2
LN\/ ey K
ie.
v 1 1,
AU D 3.68
20 2% 16 (368)

In the second-order approximation, the stability boundaries are not symmetric, as shown in

Figure. The width of the stability region is

A(1)=‘(Hlu—iﬂzj—(l—lﬂ—iﬁJ = .

2 16 2 16

(3.69)
3.3.2 Boundaries of Second Instability Region:
The second stability boundaries are given by periodic solutions of period T.

First-Order Approximation

The first 2x2 sub-matrix in equation (3.57) gives

-o0.
2
—H 1-16r (3.70)
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Solving for the r in (1-4r? )yields

v 1 2 1/2
et )"
Substituting in the stability boundary r =% obtained for u—0 results in

1/2

2 1/2
vy ZE(HEMJ |
20 2 1 2 3
1-16| =
2
~1+i 2 for small
AARTIa He (3.72)

Similarly, the first 2x2 submatrix of equation (3.62) yields

1 —H
—2u 1-4r? (3.73)
And solving for the r in (1-4r®) leads to
v _1 _ 2 ~£_1 2
20 T VITA R TR (3.74)
The corresponding periodic solution of periodic T, T =27z /v, is
. 2nt 2t
q(t)=hb, +a, smTer2 cosT.
Second Order approximation
The first 3x3 submatrix o f equation (3.61) gives
1-4r? — U 0
—u 1-16r? —u =0,
0 —u 1-36r? (3.75)

Which leads to
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(1-4r")[(1-16r°)(1-361")—p* [=(~p)(-p)(1-36r")=0. (325

Solving for the r in (1-4r) yields

ol 12(1-36r7) e
217 (1-16r?)(1-36r2)—1 |
(3.77)
Substituting in the first-order approximation (3.74) results in
l 1 2 1/2
1 l—36(-+y2j
v 1 . 2 12
-  =r~—- _
20 2 1 1 ,Y 1 1 ,Y
1-16] =+ = u° 1-36| —+—pu? | |- 4°
[ [2 12””{ (2 12”] H
1.1 2 35 4 (3.78)

2 12" Tsea”

The first 3x3 sub-matrix of equation (3.62) yields

L[ (1-4r%)(1-16r")— g |-[ (-#)(-2u)(1-1617) | =0.

Solving for the r in (1-4r%) results in

y 1{1;12 [1+2(1—16r2)}}1/2.

1-16r

Substituting in the first order approximation (3.74) leads to
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(3.79)

Or, after expanding in series of x,

LA SR S S

—u. 3.80
20 2 12" T1aa” (3.80)
3.3.3 Boundaries of Third Instability Region:

For the third stability boundaries, consider periodic solutions of period 2T.

First Order Approximation

The first 2x2 submatrix in equation (3.57) gives

1+ u—r> —u

=0, (3.81)
—u 1-9r?

Which results in (li,u—rz)(l—Qrz)—,u2 =0. solving for the r in (1—9r2) leads to

1/2

2
VoM
20 37| ﬁ
tTu 3
1.3 pa2l 5 (3.82)

3716 T128"
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Second Order Approximation

The first 3x3 submatrix of equation (3.57) yields

l+u-r* —p 0
—u 1-9r*  —pn =0,
0 - 1-25r?
H (3.83)

Which leads to

(12a-r) (1-0r")(1-250") -4 |=(-a)(-)(1-25r) =0 (g g

Solving for the rin (1—9r2) results in

_ 2 B 1/2
rzi{l—ﬂz(l+%j(l—25r2) 1} :
3 1tp—r (3.85)
Substituting in the first-order approximation for r given by equation (3.82) results in

1% 1
—_— ===
3

2w

3 ,, 21 5, 243 ,
B Bl 3.86
32" 128" " 4006 " (3:80)
The stability boundaries of the third stability region are shown in above figure. The width of

the stability region is

Aﬁ:‘(liﬂuﬂﬂa_ﬂ 4H1_iz 21 4 243 j

o7,
3) 13 32 T128" Ta006” ) (3 32% "128* 4006 "

64" (3.88)
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3.4 Stability of the Damped Mathieu Equations
Consider the damped Mathieu equations of the form
G+ 284+ w?(1 —2ucosvt)q = 0. (3.89)

To study the first, the third, the fifth ..., stability regions, periodic solutions of period 2T are
considered, whereas to determine the second, the fourth, the sixth, .., , stability boundaries,

periodic solutions of periodic solutions of period T must be investigated.

3.4.1 Periodic Solutions of Period 2T

Substituting the periodic solution of period 2T given by equation (3.53) into the damped
Mathieu equation (3.89) and setting the coefficients of sin(’%t) and cos(l%t) to zero lead to

k=1 {(1 +u—12)ay — paz — (2Br/w)b; =0,
" (A= pu=712)by — ubs + (2pr/w)a; =0,

k=35,..; {(1 — k22 ay — u(ay—z + ag12) — (2kBr/w)b; =0,

,5, 0 3.90
(1 = K22y — by + biay) — CkBr/w)a, =0, 20

Where r = v/2w. This is a system of homogeneous linear algebraic equations for the

coefficients a4, as ..., by, b3 ...

In order to have non-trivial solutions, the determinant of the coefficient matrix of vector

{..,a3,a4,by, b3 ... }7 is setto zero, i.e.

— 92 - _ 8
1—-9r U 0 ”
—u 1+4u—r? —% 0
28 , =0 (3.91)
0 e l1—pu—r —u
i 0 —u 1-9r2

As u — 0, equation (3.91) becomes A, = A Az ... Ay ..., Where

1 — k2p2  _Zebr )
_ w — (1 _ 1,2..232 2kpr
M= g . (1 — k2r2)? + (—w ) >0, (3.92)

w

For k odd, which implies that the stability boundaries do not intersect the » = v/2w axis.
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Boundaries of the First Instability region

For the first-order approximation, the 2x2 submatrix in equation (3.91) that corresponds to

the coefficients {a;,b;}" yields

Y -
‘1+u r 287/ _o. (3.93)

2Br/w  1—pu—1?

Which leads to [(1 — %) — u?] + (287 /w)? = 0. Solving for the r in the bolded yields, for
small u and B/ w,

L=r= j1 + fu? - (%)2 (3.94)

LI Jli w2 - (£ (3.95)

The minimal value of the amplitude of forcing for instability is given by u.,. = 28/w The
stability boundaries given by equation (3.95) for the damped Mathieu equation are shown in

figure in the shaded regions as compared with those of the undamped Mathieu equation.

3.4.2 Periodic Solutions of Period T

Substituting the periodic solution of period T given by equation (3.58) into (3.89) and

. . . ke kvt
equating the coefficients of various harmonics sm% and cos % to zero lead to

by — ub, =0,
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(4Br/w)ay — 2ubg + (1 — 4r*)b, — ub, = 0,
—payi, + (1= k*r¥)ay, — pay_, — (2kpr/w)b;, = 0,
(2kBr/w)ay — pby_y + (1 — k*r?)by — by = 0,
Wherer = v/2w and ay = 0.

This is a system of homogeneous linear algebraic equations for the coefficients

ay Ay .....,bo by by .... FOr non-trivial solutions, setting the determinant of the coefficient
matrix of the vector {....ay, ay, ..., bo by by, ... }T to zero yields
1—16r? —u 0 0 —-8fr/w 0
- 1—4r2 0 —4fr/w 0 0 -
Ap= | 0 0 1 —u 0 0 =0 (3.96)
0 4r/w  —2u 1 —4r? —u (S
861 /w 0 0 —u 1—-16r*> —pu

Boundaries of the second stability region

For the first-order approximation, the 3x3 submatrix corresponding to the coefficients
{a,, by, b,}" in equation (3.96) yields
1—-4r? 0 —4fr/w
0 1 -u | =0, (3.97)
4r/w  —2u 1 —4r?

Which leads to, after expanding the determinant,
2
(1 — 4r2)2 — 2u2(1 — 4r2) + (%) = 0. (3.98)

This may be regarded as a quadratic equation in (1 — 4r2); solving for r in it yields

1 4r2
ﬁ:’"zzjl_“zi /#4_(%) (3.99)
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~
~

N | =

In which the stability boundary r = % for u — 0 is substituted. The stability boundaries are

shown.

From equation (3.99), the minimal value of the amplitude of forcing for stability sy, ., =

2B/ ).
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3.5 Stability of the Undamped Mathieu Equations
Consider the undamped Mathieu equation
g(t) + w?(1 — 2eucosvt)q(t) = 0, (3.100)

For small amplitude of parametric excitation with 0 < e << 1 being a small parameter. Apply
the time scaling T = vt and denote differentiation with respect to t using a prime. Above

equation (3.100) becomes
" 2
q (t) + (:—2(1 — 2¢eu cost)q(t) = 0. (3.101)
Let the parametric excitation frequency v vary around a reference frequency wgi.e. v =

wo (1 — €A), wehre A is detuning parameter. Above equation (3.101) can be written as

w?

q'(1) + 2 (1 — 2&u cost)q(zr) = 0. (3.102)

(1—eA)?

Denoting k = w/wq and because (1 — e4)™2 ~ 1 + 2&A, one obtains, after dropping terms

of higher order.
q (1) + k?q(t) = —2ek?(A — p cost)q(7). (3.103)
The complementary solution of equation (3.103) when setting the right side to zero is given
by
qc(t) = a cos®(1), q'C(T) = —ak sin®(t), ®(t) = kTt + ¢, (3.104)

Where a and ¢ are constants. The solution g(t) is a sinusoidal function with frequency k or
period 27 /k.

Equation (102) can be solved by applying the method of variation of parameters. In the
complementary solution (3.104), a and ¢ are constants or parameters. Varying the
parameters, a and ¢ in equation (3.104) and making them functions of 7 instead of constants,
leads to

q(t) = a(t) cos®(t), ®(1) = kt+ (1)

q' (1) = —a(k sin ©(1). (3.105)
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Differentiating equation q(t) = a(t) cos ®(7) (3.105) yields

q'(t) = a'(t) cos (1) — a(®)[k + ¢ ()] sin D (7). (3.106)
Comparing with g '(7)given by q'(t) = —a(7)k sin ®(r) (3.105) one must have

a'(t) cos (1) — a(t) e (r) sin®(r) = 0. (3.107)

Differentiating equation q'(7) = —a(t)k sin ®(z) (3.105) leads to
q' (1) = —a'(t)k sin®(7) — a(r)k? cos ®(1) — a(r)ke (t) cos®(r)  (3.109)
and substituting it along with equation (3.105) into (3.103) yields
a'(t) sin®(7) + a(t) e (t) cos (1) = 2ek(A — p cost)a(r) cos®(r) (3.110)
Solving for a'(t) and ¢’(t) from equations (3.107) and (3.109) results in

a'(t) = 2eka(t)(A — u cost) sin ®(t) cos O(7),

¢ (1) = 2ek(A — p cost)cos?d(t) (3.111)

From eqns (3.111), it is seen that a'(t) and ¢'(t)are small because of the small parameter «,
which imples that a(t) and ¢(t) change slowly with . In one period Aa/a(t) « 1 and
A@ «1. The amplitude function a(t)changes slowly with = while g(7) varies fast with a

frequency approximately equal to k as given by eqn (3.105).

As an approximation, the right sides of equations (3.111) can be replaced by their averaged
values in one period, i.e. a(t) and ¢(t) replaced by a(t) and @ (t), where the over-bar stands

for the averaged value. The averaging operator is defined by

AQ) = limy,,, % [ O, (3.112)

Where integration is performed over the explicitly appearing time parameter t in the

integrand. This approach is called method of averaging.

It is easy to evaluate the operation of the averaging operator <A on terms of the form

cos(kt + ap) and sin(kt + adp) fork + 0
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cos _ . 1 14T (COS _
A {Sin} (kt + ap) = llmT—mo;fT {sin} (kT + ap)dr,
) 1 (+sin _\T+T
= hmT_mﬁ{_cos} (r+a@)l L =0 (3.113)

Andfork=0

A {COS} (a@) = limy_, % J-TT+T {COS} (a@)d,

sin sin
_feosy .. 1 T+T _ (cosy
- {sin} (ap)lim 7| _ = {Sin} (ap) (3.114)

Hence, when the method of averaging is applied, sine and cosine terms of the form cos(kt +

a@) and sin(kt + a{p) vanish in the averaged equations if t is equal to 0.

Applying the method of averaging (discussed in Appendix A) and combining the

trigonometric terms in equations (3.111) yield
a' = ekaA{A sin(2kt +29) ~ %{sin[(Zk + DT+ 2] + sinl(2k - D7 + 2313},

., A[1 + sin(2kt + 29)] —
¢ = ekA %{2 cos T + cos[(2k + 1)t + 2] + cos(2k — 1)7 + 2p} |’ (3115)

In which the sine and cosine terms in the bolded vanish when averaged. The values of other
sinusoidal terms, when averaged, depend on the values of k.

It should be emphasized that @ and ¢ are treated as constants when performing the averaging.

Hence, one obtains

a= —%ekya_cﬂ{sin[(Zk -1t + 2¢]},

¢ = ekA — - ekpA{cos[(2k — 1) + 2]} (3.116)
Whenk +#1/2,1.e. wy = 2w

The averaged equation (3.116) become

a=0, @ =ckA,
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The solutions of which can be easily obtained as
a = Constant = @, @ = kAt + @y.
The solution of equation (3.103) is then given by, form equation (3.105)
q(t) = acos® =ag cos[k(1 + eA)T + @] (3.117)

Since k = wio = w(1 —eA)/v, Hence k(1 + €A) = w(1 + £2A%) /v ~ o/v. Equation (3.117)
becomes

q(t) = a, cos (%T + (ﬁo),

q(t) = ay cos(wt + @y), (3.118)
Which is the same as the solution of the system (3.101) without forcing i.e,

§(t) = w?q(t) = 0.

Therefore, if w, # 2w, the parametric forcing function 2u cos vt has no effect on the system

in the first-order approximation
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3.6 Finding Instability at VVarious points by Plotting Phase Portraits

Consider a simply supported column under axial load P(t) = P, cos vt as earlier. When only

the fundamental mode is taken, the equation of motion is given by
G + 2elwq + w?q(1 — 2eucosvt + yq?) = 0 (3.119)

Where 0 < € « 1 is a small parameter

3.6.1 Steady State Solutions

Apply the time scaling T = vt and v = wy (1 — €A), where wy, is a reference frequency and A

is the detuning parameter. With the notation k = w/w, ‘Z—(T) = (), above equation (3.119)

becomes
” , 2 2
q + k’q =£(—2%Cq —2Ak2q+2%uqcosr—y%q3). (3.120)
Applying the transformation

q(t) = a(t)cos®(1), q'(t) = —a(?)ksin®d (1), ®(t) =kt + (1)

Results in

, {w , yw? 2 (1 . 1
a =sa{—— (1 —cos2®) + kAsin2® + —-a (—sm4<l> + —sm2<1>>
v kv? 8 4
2

2kv?

[sin(2D — 1) + sin(2P® + ‘r)]},

{w
’ v

2
sin2® + kA(1 + cos2®) + %az (% cos4d + %COSZCD + %)
p =&

o : ‘ (3.121)
——|cost + Ecos(Zd) —-7)+ Ecos(ZCD + ‘L’)]

kv?

For a first-order approximation, apply the method of averaging (Appendix A) to approximate
a(7) and ¢(7) by the averaged values a(7) and @(t), respectively, with the averaging as

described above in equation (3.112).
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Case 1 No Resonance k + 1/2

For the case k #+ 1/2, i.e. wy # 2w or v is not in the vicinity of 2w, all sinusoidal terms in

above equations vanish when averaged and the averaged equations are
d=-:2g (3.122)

7 =cek(a+ %az).

From above equation (3.112) one obtains
— {w
a(t) = apgexp (—671) = exp(—&dwt), (3.123)

Which approaches 0 as t— oo.

Case Il Subharmonic Resonance k = 1/2

Fork =1/2,i.e. wg = 2w or v is in the vicinity of 2w, all sinusoidal terms in bold in above

equations (3.121) vanish when averaged. Noting that

2 2 2

v o __ ol (3.124)

kv2 kwo2(1—eA)?2  kwg?

One obtains the averaged equations as
a =—¢ (%w + %sinZgo) a,
Q= s%(A+%dz —%cosZgﬁ). (3.125)
The steady state solutions @, and ¢, are givenby a,= @' =0
If @ = 0then g(t) = 0.
If @ # 0, then from equation (3.125), one obtains
_ Ko

sin2@p, = o (3.126)

Which gives
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_ 150 \2]H*
cos2(py = * [1 — ( ) ] (3.127)

v
Equation (3.125) yields

2

1/2
3y __ _ 3y __ 20w \?
A=—2a" +5cos2gg = —— " * [MT - (%) ] (3.128)

Since eA = 1 —v/w, equation (3.128) becomes

v 3y — 2 20w\ ? 1/2
Y- g{gaoz £ [ - (2] (3129)

2w v

Which gives the amplitude-frequency relation.

3.6.2 Undamped Case { = 0

In the undamped case { = 0,sin 2¢, = 0, and cos 2{p, = 1, which imples ¢, = 0,/2,
and the response is

— 1

ay COS-T,

q(t) = agcos(kt + @py) = | corresponding to ¢y = 02 (3.130)
—a, sin 50 n/

Corresponding amplitude-frequency relation is reduced to

Y _1=¢ (%’a—oz + %) (3.131)

When the nonlinear term is not considered, i.e. y = 0 in egn (3.120) the V shaped instability
region of the undamped Mathieu equation. For a given value of u the system is unstable when
v/2w is between 1 — eu/2 and 1 + u/2. In this unstable region, the amplitude of the

solution grows exponentially

When the system is nonlinear, i.e. y # 0 in the egn (3.120) the solution of the system cannot
grow unbounded because of the nonlinearity. The system has steady state solutions, the

amplitudes of which are governed by the amplitude-frequency relation.
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3.7 Stability of the Steady State Solutions

To study the stability of the steady-state solutions, leta = a, + uand ¢ = ¢, + v, where u
and v are small variations about the steady state solutions a, and ¢, and substitute in to

equations. Noting that, with sin2v = 2v, cos2v =1,
Sin2{ = sin2@q.cos2v + cos2pq. sin2v = sin2p, + 2v.cos2p,

COS2(p = c0S2{y.cos2V — Sin2{ . Sin2v = coS2{py — 2v.sin2@,

ag = —e( + = sm2<p0) ay, Po= €= (A +— —%cosgﬁo), (3.132)
One obtains
u'=—¢ (%w + %sinZ(ﬁO) u— e%docoséo.v,
v = sj—Z(ZdOu +u?) + e%sin 20 .V (3.133)

Linearizing the equations in u and v and using equation (3.126) leads to

' 0 eEa,cos@,
1+ 5 2 " =o0. (3.134)
v) o |-Fa, —ebsin2gy| v

This is a system of first-order linear ordinary differential equations that admit solutions of the

form Ce”®, in which the characteristic numbers p are the roots of

Jo; s%docos‘(ﬁo
3y _ u =0 (3.135)
——ay p—&E=sin2p
8 2
i.e.,
p?+e=2p 4+ 2 y: a3 cos2py, =0 (3.136)

In which equation (3.127) has been used. The solutions of this quadratic equation are

1/2
p= e{—%w + [(— qu) 31}/: a3 cos 2(,00] } (3.137)
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3.7.1 Non Trivial Solution
Consider first the non trivial solution a, # 0
Case 1. Damped System, { > 0

When cos 2¢, < 0 i.e., along the lower or right curve, p,,., 1S real and positive. The steady-

state solution represented by this curve is unstable.

When cos 2¢, > 0, there are two possibilities, i.e. tow real roots that are both negative or a
pair of complex conjugate roots with negative real part, provided ¢ > 0. The steady-state

solution represented by the upper or left-hand curve is stable.

When cos 2y = 0, p; = 0, p, = —2&{w /v, and the steady-state solution represented by the

point with vertical tangent, which bounds the upper and lower curves, is stable.
Case 2. Undamped System ¢ = 0

For the undamped case of ¢ = 0, the characteristic numbers are

p= i%,/—Syu cos 2. (3.138)

cos 2{p, = —1. The characteristic numbers are real with p; > 0 and p, < 0. Hence the

steady-state solution represented by the right curve is unstable.

cos 2{p, = 1. This corresponds to the left curve and the characteristic numbers are purely

imaginary given by p = +ie,/3yua,/4. Hence stability cannot be decided by consideration

of the linear terms alone in the perturbed equations.

In this case, equation (3.125) can be written as, for { = 0,

dd_; -7 2A+%Cjizijuz<is 20 (3.139)
i.e.
(2a+ %yc‘zz) da — pu(cos 2@ da — asin 26 d@) = 0. (3.140)
Multiplying this equation by a and integrating both sides of the equation yield
AG?> + 13—6)/514 — %dz cos2p = C. (3.141)
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If one puts x = a cos ¢ and y= asin ¢, equation (3.142) becomes

(A-8)x?+ (a+5)y? + L +yD)? =C. (3.142)

By plotting equation (3.142) for various values of u and y, the stability of the steady-state

solution can be determined.

1.

2.

3.

When A = %,u, equation (3.142) becomes
3
wr+ (e +yH =C (3.143)

The phase portrait is drawn . It is seen that the steady-state solution corresponding to

the singular point x = y = 0 is a centre and is hence stable.

When A = 0, equation (3.142) becomes
u? )+ Ly =, (3.144)
With the phase portrait shown. The steady-state solution correspondingtox =y =0

is a saddle point and is therefore unstable. The steady-state solutions with a, # 0 are

related to two centres on the x-axis and are hence stable.

When A = —%y, equation (3.142) is reduced to

—ux? + i_Z(xZ +y2) =, (3.145)
And the phase portrait is shown. Similar to the case when A = 0, the steady-state
solution corresponding to x =y = 0 is a saddle point and is unstable. The steady-

state solutions with @, = 0 correspond to two singular points that are centres and are

stable.

When A < —%M, a typical phase portrait is shown. The steady state solution

corresponding to x =y = 0 is a centre and is stable. The steady-state solutions
represented by the lower or right curve of the amplitude-frequency relationship are
two saddle points and are unstable; whereas those represented by the upper or left-

hand curve of the amplitude-frequency relationship are two centres and are stable.
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3.7.2 Trivial Solution

For the trivial solution, a, = 0. The damped and undamped cases are studied in the

following.

For the damped case when ¢ # 0, equations (3.125) can be converted to rectangular

coordinates by putting x = a cos ¢ and y= a sin @,

1

X =a'cosp—asin@g.p’

4 N N _ 1 3y _ N .
= —¢ (Tw + %sm Z(p) acosp — SE(A +?ya2 —%cosZcp) asin (3.146)

Which yields

1

A 3
x = —s[%wx+(5+%)y+%(x2 +}’2)3’]
And similarly

Y e[y G- 1] @en

To investigate the stability of the trivial solution x, = y, = 0, consider the linearized

equations
¢ =efen Gty v = e[y (-2 6199

Which admit solutions of the form x, y « e”*, where the characteristic numbers are given by

p+867w 8(%-'_%) =0, (3.149)
—e(5-%) p+e?
i.e.
(e rer(E-)=o 0150
or
. s

The trivial solution is unstable when p is real and p,,,,, > 0, implying that
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1/2
_Sw (ﬁ_ﬁ)
v T 16 4 >0,

Or, since v =~ 2w,

<[]~ (-2

Otherwise the solution is Stable.

1/2
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Chapter 4

Results and Discussions

Frequency ratio

The first stability boundaries

First Order
approximation

------- Second Order
approximaion

0 0.5 1 1.5
Excitation Parameter

Figure 3: First and second approximation to principle instability region for column under

axial excitation

The first stability boundaries are shown in figure 3. The second order approximation gives
the better results as two terms has been considered in the fourier series solution. As the

excitation parameters increases, the width of the instability boundaries widens. The width of

the instability zone can be expressed as the expression

A(l)z‘(l

VY NP P
2416 2416
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The Second Stability Boundaries.

1.2 4
=) !
8os
x First Order
y Approximation
< 0.6
S N ™. - Second Order
go4 Approximation
T

0.2

0 \
0 0.5 1

Excitation Parameter

Figure 4: First and second approximation to second instability region for column under axial

excitation

The boundaries of second stability region is shown in figure 4. As the value of excitation
frequency increases the width of the second instability region widens. The width of the

second instability region can be expressed as

<1

(1.1, 3 N(L 5, 7,
A S = SH ol o || S
2) (2 12" 864 2 127 144 2 4.2)
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The Third Stability Boundaries
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Frequency Ratio
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[
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Figure 5: First and second approximation to third instability region for column under axial

excitation

The third zone of instability is shown in figure 5. The width of the third zone of instability is
smaller than first and second zone of instability. The instability zone widens with the increase

of excitation parameter. The width of the zone at any point can be expressed as

27 4

A(EJ_(E_E 2, 21 5 243 4){1_1 2 21 5 243 4} 27
3) 13 32 T128" Ta006” ) |3 32% "128* "a006” )" ea? 43)
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Figure 6: Amplitude Frequency relation Undamped Case.

v 3y—2_,u

~—1=¢(L@m? £ .

2o 1TE ( g 0 —2 (4.4)

The solid curve (left) is stable and the dotted curve (left ) is unstable.
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Figure 7: Phase Portrait 1

When A = %u, equation (3.142) becomes

3
wy? + %(x2 +y?)=C. (4.5)
The phase portrait is drawn . It is seen that the steady-state solution corresponding to the

singular point x = y = 0 is a centre and is hence stable.

The origin is a centre and is stable, which corresponds to this point (amplitude=0, stable) on

the amplitude-frequency diagram.
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Figure 8: Phase Portrait 2

When A = 0, equation (3.142) becomes

1 3
THOE =X+ L+ = C, (4.6)
With the phase portrait shown. The steady-state solution correspondingto x =y =01isa

saddle point and is therefore unstable. The steady-state solutions with @, + 0 are related to

two centres on the x-axis and are hence stable.

The origin is a saddle point and is unstable, which corresponds to this point (zero amplitude,

unstable) on the amplitude-frequency diagram.
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Figure 9: Phase Portrait 3

When A = —%,u, equation (3.142) is reduced to
3
—px? + L x4y = 4.7)
And the phase portrait is shown. Similar to the case when A = 0, the steady-state solution

corresponding to x = y = 0 is a saddle point and is unstable. The steady-state solutions with

a, = 0 correspond to two singular points that are centres and are stable.

The origin is a saddle point and is unstable, which corresponds to this point (zero amplitude,

unstable) on the amplitude-frequency diagram.
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Figure 10: Phase Portrait 4

When A < — %#, a typical phase portrait is shown. The steady state solution corresponding to

x =y = 0 isacentre and is stable. The steady-state solutions represented by the lower or
right curve of the amplitude-frequency relationship are two saddle points and are unstable;
whereas those represented by the upper or left-hand curve of the amplitude-frequency

relationship are two centres and are stable.

The origin is a centre and is stable, which corresponds to this point (amplitude=0, stable) on

the amplitude-frequency diagram.

The two equilibrium points on x-axis are centres and are stable, which correspond to this

point (non-zero amplitude, stable) on the amplitude-frequency diagram.

The two intersecting points (nodes) on y-axis are saddle points and are unstable, which
corresponds to this point (non-zero amplitude, unstable) on the amplitude-frequency diagram.
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Conclusions

1. While plotting instability regions, second order approximation gives better results as
two terms has been considered in Fourier series solution. As load parameter increases,
the width of instability boundary is widening.

2. From the first, second and third instability boundaries, it is found that the width of
first instability region is wider than the second instability region and the width of
second instability region in wider than the third instability region.

3. The frequency amplitude relation has been plotted and its stability at various points

has been checked by plotting phase portraits and it has been found that the solid curve
in figure 6 is stable and dotted curve is unstable.
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Appendix A

Method of Averaging

As an approximation, the periodic functions can be replaced by their averaged values in one
period, i.e. a(t) and ¢(t) replaced by a(t) and @ (t), where the over-bar stands for the
averaged value. The averaging operator is defined by

AQ) =limy. 7 [ Odr, (A-1)

Where integration is performed over the explicitly appearing time parameter t in the

integrand. This approach is called method of averaging.

It is easy to evaluate the operation of the averaging operator A on terms of the form

cos(kt + ap) and sin(kt + adp) fork + 0

A {sm} (kT + ap) = limy_,, = ! fTHT {C(.)S} (kT + ap)dr,

T sin
= limy_,, = {+5m} (kt+ap)lT T tT_p (A-2)
And fork =0
A5 e 5
= {n} cmpm el L7 = (G} o) ()

Hence, when the method of averaging is applied, sine and cosine terms of the form cos(kt +

a@) and sin(kt + ag) vanish in the averaged equations if  is equal to 0.
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