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On a class of analytic functions involving
Carlson-Shaffer linear operator (**)

1 - Introduction

Let @y be the class of analytic functions of the form
f@)=z2+ 2 a,2" (zed:={zeC: |z| <1}).
n=2

Let A be the class of all analytic functions p(z) in 4 with p(0) = 1. Let the fun-
ction ¢(a, ¢; z) be given by

= (o
@(a, c; z) = 2 ﬁz”’“ (c=0, -1, -2,...;ze4),
n=10 (C)n

where (x), is the Pochhammer symbol defined by

1, n=0;
()., :=[
ve+1)(x+2)..(w+n—-1), neN:={1,2,3,..}.

Corresponding to the function ¢(a, ¢; z), Carlson and Shaffer [1] introduced a li-
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near operator L(a, ¢), which is defined by the following Hadamard product .-
convolution):

n+1

L(a, ¢) f(z) 1= g(a, c; 2)+ f(z) = >, @)y a,z
n=0 (C)n ;,(

We note that
L(a, a) f(z) =f(z), L(2,1) f(z) =2f'(z), L(rn+1,1) f(2) =D"f(2),

where D"f(z) is the Ruscheweyh derivative of f(z). If
Over the past few decades, several authors have obtained criteria for univalen-

#' @) and 1+ (@)

ce and starlikeness involving the functionals
Dn+1f(z) D?H—Zf(z)

an

D" f(z) D*+15(2)
Patel and Sahoo [6] have studied certain classes defined by the Carlson-Shaffer li-
near operator L(a, ¢). Liu and Owa [2] studied the operator for a class of multiva-
lent functions. In this paper, we obtain sufficient conditions involving t/
La+1, o)f(z) d L(a+2, ¢)f(z)

e, o0fe) 0 La+1, 0f®)
the subordination

or

r

2 2 |
. See Singh [7] and the references therein. Recently\?-

for certain analytic function f(z) to satisfy

L(a+1, ¢) f(2)
L(a, ¢)f(2)

< q(z). a

In our present investigation, we need the following Theorem of Miller and Mo-
canu to prove our main results:

(
Theorem 1.1. ([3], Theorem 3.4h, p. 132) Let q(z) be univalent in the unit
disk A and 9 and @ be analytic in a domain D containing q(A) with ¢(w) =0 j
when we q(A). Set Q(z) :=zq'(z) p(q(2)), h(z) :=9(q(2)) + Q(z). Suppose that
either
(i) h(z) is convex, or
(i) Q(z) is starlike univalent in A. In addition, assume thal

R P o e,
Q(2)
If p(z) is analytic in A, with p(0) =¢q(0), p(4)cD and
(1.1) Hp(2)) + 2p’ (2) p(p(z)) < Hq(2)) + zq' (2) @(q(2)) = h(2),

then p(z) < q(z) and q(z) is the best dominant.



[3] ON A CLASS OF ANALITIC FUNCTIONS... 37

2 — Main results
-

By making use of Theorem 1.1, we first prove the following:

Theorem 2.1. Let a, B and y be complex numbers, y =0 and a = —1. Let
q(z) e @ be convexr univalent in A and

H

alea+1)+y N 2[6(a + 1) + ay] o (1+ 2q"(z) )] -
Y 4 q'(z)

If f(2) e Ay and

L(a+1,¢) f(2) +p Lia+1, ¢) f(2) )2+ L(a+2, ¢) f(z)
o
@1) L(a, c) f(2) I(a, c) f(2) L(a, c) f(z)
1
i {lata + 1)+ y1qz) + [Bla + 1) + ay] ¢(2)? + yzq' ()},
then

L(a+ 1, ¢) f(z)
L(a, ¢) f(z)

< q(z)

and q(z) is the best dominant.
Proof. Define the function p(z) by

L(a+1, ¢) f(z)

2.2 p(2) =
22) p(2) I(a. ) @)

By taking logarithmic derivative of p(z) given by (2.2), we get

zp'(2) _ 2(L(a+1,c) f(2)) 2(L(a, c) f(z))

(2.3)
p(z) L(a +1, ¢) f(z) L(a, c) f(2)

By using the identity:
z(L(a, ¢) f(2)) =alla+1, ¢) f(z) — (a—1) L(a, ¢) f(z)
and (2.2) in (2.3), we obtain

zp'(z) (a4t 1) L(a +2, ¢) f(z) —ap(z) — 1
p(2) L(a+1,¢) f(2)
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or

@.4) Lia+2, ¢) f(z) _ 1
Lita 41,.:8) i) a+1

zp'(2)
p(2)

+ ap(z) + 1) .

Therefore, it follows from (2.2) and (2.4) that

aL(cH— 1, ¢) f(z) N ( I{a+1, ¢) f(2) )2+ L{a+2, ¢) f(2)
L(a, ¢) f(z) L(a, ¢) f(z) L(a, ¢) f(z)

= ap(z) + Bp(2)* + —— (zp" (2) + ap®(2) + p(2))
a+1

1
- ) {[a(a + 1) +ylpz) + [Bla+ 1)+ ay] p(z)* + yzp’(z)} ,

and hence the subordination (2.1) becomes

[ala +1) + y1p(z) + [Bla + 1) + ay] p(z)* + yzp' (2)
<[ala+1)+y1q2)+ [Bla+ 1)+ ay] gz + yzq'(2).

(2.5)

This subordination (2.5) is same as (1.1) when the functions ¢ and ¢ are defined
by

Hw) i=[ala+1)+ylw+[Bla+1)+ay]lw? and gpw) =1y .

Note that @(w) # 0 and H(w), @(w) are analytic in C. Let the functions Q(z) and
h(z) be defined by

Q(z) :=2q'(2) p(q(z)) = yzq'(2),
h(z) :==9(q(z)) + Q(z)

= [ale+ 1)+ y]1q@) + [Bla+ 1) + ay] q(z)* + yzq ' (2).

By our hypothesis of the Theorem 2.1, we see that Q(z) is starlike and

t

m[zg;(j)]_m[a(a—kl)nLy 5 2[fla+1) +ay] 22+ (1+ 2q"(2) )]>0.
z Y

Since ¢ and ¢ satisfy the conditions of Theorem 1.1, our Theorem 2.1 follows
by an application of Theorem 1.1. =
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( By taking a=n+1 and ¢=1 in Theorem 2.1, we have the following re-
sult:

Corollary 2.2. Let a, B and y be complex numbers, y = 0. Let q(z) e @ be
convexr unwalent in A and

g{"a(n+2)+y N 2[8(n+2)+ (n+1) y] q(z)+(1+ zq"(z))]}o.
14 14 q'(2)

If f(z) e Ay satisfies

n+1 n+1 n+ 2
DL fiay [a o5 D*+1£0a) o D™ +2f(z) ]
D*f(z) D"f(z) IS

< —niz {latn +2) + y1 g(2) + [BOn +2) + (n + 1) y] q(2)% + yeq' (@)},

then

D??-r-l (2)
D" f(z)
and q(z) is the best dominant.

By taking a=c¢=1 in Theorem 2.1, we have the following result:

Corollary 23. Let a, f and y be complex numbers, y = 0. Let q(z) € & be
convex univalent in A and

%ﬁ[%hLy + 2[2ﬁ+y]q(z)+(1+ 22"(z) )}>0.
Y o q' ()

If f(z) e Ay satisfies

zf’(Z)[(a+ 1)+5zf'(2) : 1(1+ zf”(z))]
f(z) 2 2 i )

< (a+ ;)q(z)Jr (/3+ %)q(z)2+ gzq’(z)’
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then ‘ i

zf' (2)
f(2)

< q(z)

and q(z) is the best dominant.

By choosing suitable parameters and the function g(z), we get the result of
Padmanabhan [5]. Our next result is a generalization in a different direction:

Theorem 24. Let a, f and vy be complex numbers, =0 and a = —1. Let
0 #qg(z) e A be convex univalent in A and

g [3.4. 2[aB + y(a+ 1)] (2) — y(a+1) +(1+ zg”(z)) -
“ g By 7@ |7

If f(z) e Qy satisfies

L(a, ¢)f(2) N I{a +1, C)f(Z)( L(a+2, ¢)f(2) N Lia +1, c)f(z)
@ 6)a L(a +1, ¢)f(z) L(a, c)f(2) L(a+1, ¢)f(2) v L(a, c)f(z) )

"D o),
z)

< & {;’)’q(z) + [aB + y(a+ 1)] q(z)* +
a+1
then

Lia+1, ¢) f(z)
L(a, ¢) f(2)

<q(z)

and ¢(z) is the best dominant.

Proof. Define the function p(z) by (2.2). In view of (2.2) and (2.4), we
get

L(a, c) f(z) N Lia+1, c) f(2) I{a~+2, e)f(z) " L(a+1, ¢) f(2)
Le+1,0f@ L@, ofe \ Le+lof® | La,efe) )

ala+1)

1
=— {ﬁp(Z) + [af + yla+ 1)] p(z)* + + Bzp’ (z)] '
a+1
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al * hence the subordination (2.6) becomes

(-
+1
Buta & [ vla b Lilptep s Bt 1) gty
@n p(2)
’ )
B + aB+ via+ 131 gl 20t Y iy
By defining the functions ¢ and ¢ by
Hw) = pw + [af + y(a + 1)) w? + A+ L) and @(w) =8,

we see that the subordination (2.7) is same as (1.1). Note that ¢(w) # 0 and Hw),
@(w) are analytic in C — {0}. The functions Q(z) and h(z) be defined by

Q(z) :=2q'(2) p(q(2)) = Bzq'(2),

1
Mz) = 9(q(2)) + Q(2) = Bg(2) + [aB + y(a + 1)] q(2)* + a(;z(-zl-) ) + B2q'(2).
Clearly Q(z) is starlike and
% 2h' (2) ol 20aB + y(a +1)] () - y(a+1) N (1 N 2q"(2) )] -
Q(2) B By(z) q'(2)

Our Theorem 2.4 now follows by an application of Theorem 1.1. =
By taking a=#n+1 and ¢=1 in Theorem 24, we have the following result:

Corollary 25. Let a, § and y be complex numbers, f#0. Let 0 # g(z) e A
be convex univalent in A and

M1+ 2[(%+1)ﬁ+y(n+2)]q(z)— i+ 2) +(1+ 2" ) )] >0,
B Bq(z)* q' ()

If f(z) e Ay satisfies

an(z} Dw+1f(z)
a I
D?l+1f(z) D'nf(z)

Dn+2f(z) N Dmr—lf(z))
D'n+1f(z) v an(z)

+2)

= n—li-2 lﬁQ(z) +[m+1)B+n+2)ylq)F+a ( +ﬁzq’(z)],
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then .

Dn+1f(2)

D% ftz) <7

and q(z) is the best dominant.

By taking e =c=1and 2a = 4, 2y = 8 in Theorem 2.4, we have the following
result:

Corollary 2.6. Let a, f and y be complex numbers, f#0. Let 0 # q(z) € A
be convex univalent in A and

m[1+2(ﬁ+6) 0 +(1+zq"(z))}>0.

)_
5 97 ser 7@

If f(z) e Ay satisfies

f(2) ' (=) zf' () 2" (2)
PREACS &) L5 L ply
7@ 1@ [ﬁw“ T ”3( "o )]

; A
< Bq(z) + (B +0) g+ — + Bzq'(2),
q(z)

then

2f' (z)
f(z)

< q(z)

and q(z) is the best dominant.

Theorem 2.7. Let a and O be complex numbers, 6 # 0. Let q(z) e Ql be uni-
valent in A and Q(z) = 0zq(2)q'(2) be starlike in A. Further assume that

m[z_a+ ZQ!(Z)]>0
0 Q(z)

If f(z) e A, satisfies

2
(2.8) a( } < aq(z)*+9d2q(z) q'(2),

L(a+1, ¢)f(2) )2+ 5z [( Lia+1, ¢)f(2)
2

L(a, 0)f(2) 2 |\ L, of)
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Lia+1, e)f(2)
L(a, c)f(z)

< q(z)

and q(z) 1s the best dominant.
Proof. Define the function p(z) by (2.2) and the functions ¢ and @ by
Hw) :=aw? and ¢:=ow.

Then the subordination (2.8) becomes (1.1) and our Theorem 2.7 follows by an ap-
plication of Theorem 1.1. m

By taking a=n+1 and ¢=1 in Theorem 2.7, we have the following re-
sult:

Corollary 2.8. Let a and 6 be complex numbers, 6 = 0. Let q(z)e @ be
univalent and Q(z) :=0z2q(z) q'(z) be starlike in A. Further assume that

m[z—a + le(z)]>0.
0 Q(2)

If f(z) € Ay satisfies

’

n+1 2 n+1 2
a(w) e > [(D_@)] < ag(2)* + d29(2) ¢’ (2),

D*f(z) 2 [\ D"fz)

then

Dn+1f(z)

D) < q(z)

and q(z) is the best dominant.
By taking @ =c=1 in Theorem 2.7, we have the following result:

Corollary 29. Let a and 6 be complex numbers, & =0. Let q(z) e @ be
univalent and Q(z) := 62q(z) q'(2) be starlike in A. Further asswme that

R 2_0£Jr 2Q " (z) -
0 Q(z)
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If f(2) e A, satisfies _ N
@V s[(f@V] :
a( f(z) ) * ?“ f(z) ) <aq(z)” + 0zq(z) q¢'(2),
then
" (2)
@ <q(2)

and q(z) is the best dominant.

Theorem 2.10. Let a, 8, y and & be complex numbers, 6 = 0. Let 0 #= g(z)
e A be univalent in A and Q(2) := 02q'(2)/q(z) be starlike in A. Further assume
that

% ala+ 1)+ ad )+ 28(a+1) - yla+1) . 2Q ' (z) 50
d 1) oq(z) Q)

If f(2) e Ay satisfies

2
. L(a+1,0)f(2) " ( La+1,c)f(2) ) 2 yL(a, c)f(z) -1-(5( L(a+2,c)f(z) )

@9) L(a, c)f(2) L(a, c)f(2) Lia+1,0)f(2) L(a+1,c)f(2)
' (@+1)  2¢'(2)
LS [[a(a+1)+aé]q(2)+/3(a+1)q(z)2+y +6 +6]
a+1 q(z) q(2)
then

Lla+1, ¢)f(z)
Ifa, ¢)f(2)

<q(z)

and q(z) is the best dominant.
Proof. Define the function p(z) by (2.2) and the functions ¥ and ¢ by

(@a+1) %)
and ¢:= —.
w

Hw) i=[ala+1)+adlw+Bla+1)w2+y

Then the subordination (2.9) becomes (1.1) and our Theorem 2.10 follows by an
application of Theorem 1.1. =
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By taking a=n+1 and ¢=1 in Theorem 2.10, we have the following
result:

Corollary 2.11. Let a, 8,y and 6 be complex numbers and o #=0. Let
0 = q(z) e A be univalent and Q(z) :=06zq'(2)/q(z) be starlike in A. Further as-
sume that

S‘i{a(n+2)+(n+l)6q(z)+ 2,8(n+2)q2(z)_ y(n+2) " 2Q (z)]>0.

el o 0q(z) Q(z)
If f(2) e Ay satisfies

n+1 n+1 2 n n+2
D f(2)+‘6(D f(Z))+ D™ f(2) +6(D f(Z))

a Y e —
[ (n+2) 2q'(2) }
< [a(n+2)+ (n+1)6] ¢(z) + Bn + 2) q(2)2 + y +9 +i0
n+2 q(z) q(z)
then
Dn+ lf(z)
E I

and q(z) ts the best dominant.
By taking a=c=1 in Theorem 2.10, we have the following result:

Corollary 2.12. Let a, 8, y and o be complex numbers, 6 # 0. Let 0 # g(2)
e A be univalent and Q(z) := ozq'(2)/q(z) be starlike in A. Further assuwme
that

2a+ 0 48 2y 2Q ' (2)
R ZFoa2(2) — 0.
{ 5 q(z) + 1 (2) 542 + 0 ]>

If f(z) e Qq satisfies

’ ’ 2
aZf (2) +ﬁ(2f (Z)) - f(=)
f(2) f(2) 2" (2)

ro(1s 1 2]
2 f'(z)

o] 5 y o 2q'(2) o)
-<(a+ E)q(z)Jrﬁq(z) + o <k E_@)_ 4 o !
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then .

2’ (2)
f(z)

< q(z)

and q(z) is the best dominant.

Theorem 2.13. Let a, 8 and 6 be complex numbers, 6 = 0. Let q(z) e A be
univalent in A and Q(z) :=06zq'(2)/q%(z) be starlike in A. Further assume
that

ol = i o BB s Iy@t1)+6] | 2Q'(®)
.R{d(a+1)q(z)+ 3 (a4 1D.gCz) 3 + T =0

If f(2) e Ay satisfies

L(a+1, e)f(2) ( Lia+1, ¢)f(z) )2 L(a, ¢)f(z)
a + 8 -+
L(a, c)f(2) L(a, ¢)f(z) Lia+1, e)f(z)

46 L(a + 2, e)f(z)L(a, ¢)f(z)

Lia+1, ¢)f(z)? = agle) Fhate

( o] ) 1 o  zq'(z) ad
+(y + - + .
a+1l/qz) a+1 g3(z) a+1

then

Lia+1, ¢) f(z)
L(a, c) f(2)

< q(z)

and q(z) is the best dominant.

The proof is similar to that of Theorem 2.10 and therefore omitted. By taking
a@=n+1 and ¢=1 in Theorem 2.13, we have the following result:

Corollary 2.14. Let a, B and O be complex numbers, & = 0. Let q(z) e € be
univalent and Q(z) 1= dzq’'(2)/q*(z) be starlike in A. Further assume that

?R[%(n+2)q2(z)+ 2ﬁ(n+2)q3(z)- L+ 2 8 + ZQ'(z)}>0,

Ky 0 Q(2)
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I.'(z) e A, satisfies

n+1 n+1l 2 n n+2 n
D" f(z) +ﬁ(D f(Z)) F: D™ f(z) +6D f(z) D" f(2)

& an(z) an(z) yDnJrlf(z) D’n.—o—lf(z)z
5 1 ( o )zq’(z) 6n+1
FH0dE TP +('y+ n+2) q(z) " n+ 2 qg(z) - n+2’
then
Dn+1f(z)
b 1@

and q(z) is the best dominant.
By taking a=c=1 in Theorem 2.13, we have the following result:

Corollary 2.15. Let a, 8 and & be complex numbers, 0 = 0. Let q(z) e  be
univalent and Q(z) := 02q'(2)/q*(z) be starlike in A. Further assume that

2a 48 [2y +0] 2Q'(2)
| ——i= ——q3%(z) — .
[éq(z)+ 6q(z) 3 + 0% >0
If f(z) e Ay satisfies
o 1 z"(z)
' ’ 2 o '
Osz(z)+ (zf(z))+yf(2) o 2 ()
f(=) f(z) zf"(2) zf' ()
f(2)
ey 2] L o ) 8
< aq(z) + Bq(z) +(V+ 2 ) 7 i 2 2’0 + ok
then
zf"' (2)
<
I q(z)

and q(z) is the best dominant.

1+
Fora=8=0,y=—-0/2,q(z) = 1—2 , the Corollary 2.15 reduces to a recent
=
result of Obradovi¢ and Tuneski [4], (Theorem 3, p. 62).
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Abstract

In the present investigation, we obtain some sufficient conditions involving
La+1, ¢)f(z) P L{a +2, ¢)f(z)
N — n ———

a for certain analytic function f(z) defined on the
L(a, ¢)f(z) L(a +1, ¢)f(z) , . Lla+1,e0)f(z)
open unit disk in the complex plane to satisfy the subordination L(_)f() < q(z),
a, c)f(z

where L(a, ¢) is the familiar Carlson-Shaffer linear operator.



